
Purity reigns supreme∗

Laurent Clozel

... Puro infino al primo giro (Purgatorio, Canto 1)

The purpose of this note is to prove the Ramanujan conjecture for cuspidal
representations π of GL(n,AF ) when F is either a totally real or a CM field,
and π is a cohomological representation that is self–dual if F is totally real, or
conjugate self–dual if F is CM . We will prove the conjecture only at primes
v of F where all data are unramified. If p is the rational prime divided by
v, this means that F is unramified at p, and that all factors πv′ of π for the
primes v′|p are unramified.

That such a result is accessible has been known since the work of the
author [7] relying on Kottwitz’s description of particular Shimura varieties.
Increasingly precise and general variants have been proved by Harris and
Taylor [10] and then, recently, by S.–W. Shin [18] and as a result of the
collective effort embodied in [S]. See in particular the final chapter [9] by
Harris, Labesse and the author. S. Morel has proved [17], in particular cases,
a result true for an unspecified set of primes.

A cohomological representation is associated to a finite – dimensional rep-
resentation L of the reductive group G – here GL(n, F ) – being considered ;
in the geometric cases L can also be seen as a coefficient system on the as-
sociated Shimura variety. At least for even n, the recent proofs [9, 18] of the
Ramanujan conjecture require a regularity property of the highest weight of
L : Shin calls L “mildly regular” in [18]. We will show that this assumption
is unnecessary, at least at the primes of good reduction.

We refer to [6] for the notion of cohomological or algebraic representation,
and for the attendant properties. If F is complex denote by c the complex
conjugation ; it acts naturally on representations of GL(n,AF ).

∗Provisional title
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We now state the main result.

Theorem. Assume F is either a totally real or a CM field. Assume π is a
cuspidal representation of GL(n,AF ), π =

⊗
v

πv, and

(i) π ∼= π̃ (F real) or π ∼= π̃c (F CM).

(ii) π is cohomological.

If p is a prime at which F is unramified, if the prime v of F divides p,
and if πv′ is unramified for all v′|p, πv is a tempered representation.

Without the regularity assumption, Chenevier and Harris [4] have proved
that there exists a compatible system (rλ) of Galois representation of Gal(F/F )
associated to π, λ ranging over the set of finite primes of the field of coef-
ficients E for π ; rλ has image in GL(n,Q`) where ` is the rational prime
divided by λ. Theorem 1 then implies (cf. § 3) :

Corollary. rλ is pure of weight n−1, i.e., for any prime v of F not dividing `,
and unramified in the previous sense, rλ is unramified at v and the eigenvalues
of a geometric Frobenius element Frobv ∈ Gal(F/F ) are Weil numbers of
weight (n− 1).

Remark.– Even though the system of representations (rλ) is pure, it is not
“motivic”. The representations of Chenevier and Harris are obtained by `–
adic interpolation, and one does not know, so far, how to exhibit a “motive”
associated to π, even after a suitable base change.

Acknowledgement.– This theorem is for me the culmination of a story
started in 1988. That this result could be proven became clear in the Spring
2009. Discussions with Michael Harris suggested however that technical prob-
lems might arise in the use of Labesse’s trace formula results. By the end
of 2009, it was evident that these fears were unwarranted. Indeed R. Tay-
lor then informed me that he could also prove the theorem, using a slightly
different method. The problem remains open at ramified primes.

I also recall that for n odd the full result, i.e., the fact that πv is tempered
at all primes, and the compatibility of the representation rλ with the local
Langlands correspondence, is proved by Shin [18]. (For even n, the same is
true under the regularity assumption). I will therefore concentrate on the
even case.
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1 Some simple reductions

Assume first that F , π are as in the theorem and that F is totally real.
As usual we reduce to the CM case. Our extra data are p and v|p. We
can choose a quadratic imaginary field E unramified at p and replace F by
F ′ = EF . By base change π defines a representation π′ of GL(n,AF ′) [1]. If
π ∼= π̃, π′ ∼= π̃′ ∼= (π′)c. The results of [1] imply that π′ is cohomological. We
are therefore reduced to the CM case.

We must however preserve the cuspidal character of π. If ε is the Artin
character of F associated to EF/F , π′ is cuspidal if π⊗ ε � π. If π⊗ ε ∼= π,
we know from [1, Thm. 3.4.2] that, with the notations introduced there :

π′ = ρ� ρc

where ρ is a cuspidal representation of GL(m,AF ′) and c is complex conju-
gation on F ′. Since π̃′ ∼= π′ we have ρ̃ ∼= ρc or ρ̃ ∼= ρ.

Consider a real prime v of F , and the associated complex prime w of F ′.
Since πv is cohomological and self–dual, the Langlands parameter of π′w is
given by n characters of C× of the form

(z/z̄)p1 , . . . , (z/z̄)pn , (z/z̄)−pn , . . . , (z/z̄)−p1

with pi ∈ 1
2

+ Z and (pi,−pi) all distinct. Up to a reordering, the Langlands
parameter of ρw is then

(z/z̄)p1 , . . . , (z/z̄)pn

since the conjugate parameter appears in ρc.
The condition ρ̃w ∼= ρw would this imply that pi = −pj, which is impos-

sible. Thus ρ̃ ∼= ρc and we are reduced to the Theorem for m = n/2. We are
reduced to a smaller, even degree, or to the odd case which is known.

Note that there is certainly a choice of E such that π′ is cuspidal. It
is likely that this can be proved by using the associated L–functions. We
can also use the existence of the Galois representation, proved by Chenevier
and Harris. Indeed, if π ⊗ ε ∼= π, the Artin character ε occurs (for any
λ) in the semi–simplification of Rλ ⊗ Rλ ⊗ ω−(n−1). (Recall that there is a
natural pairing Rλ×Rλ → Q`(n−1) ; ω : Gal(F/F )→ Z×` is the cyclotomic
character). This leaves a finite set of choices for ε, thus for FE and therefore
for E ⊂ FE.

We now consider only the CM case. We write F+ for the maximal real
subfield of F . Our data are again p, v and πv, all unramified. By replacing F
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by FE where E is a quadratic imaginary field, split at p and linearly disjoint
from F , we are reduced to a field F = F+E (change notation) with E split
at p. We use the foregoing argument on the Galois representation to ensure
that the new representation, obtained by base change, remains cuspidal. It
is conjugate self–dual, cf. [1, Prop. 3.4.4]. We may further consider the
primes v′ of F where πv′ is ramified, and the set S of rational primes below
these primes. Clearly we can so choose E that each prime q ∈ S splits in E.
Finally, note that all our data (the new field F , the new representation π)
remain unramified at p.

If we did not avail ourselves of the Galois representation, we would be
bound to find a direct proof of the existence of E by using L–functions.
(The argument, based on the Archimedean composants, that we used in the
first reduction does not apply in the complex case). We leave this interesting
exercise to the reader.

We are then reduced to prove

Proposition 1.1. Assume F CM , π̃ ∼= πc, p unramified in F , and F = EF+

with the previous conditions (cf. Hypothesis 2.1). Assume p unramified in F
and πp =

⊗
v|p
πv unramified. Then, for all v|p, πv is tempered.

2 Preparation for the proof

2.1

For definiteness we assume n even. As we shew in § 1 we can make the
following assumptions.

Hypothesis 2.1.

(i) F = F+E where E is quadratic imaginary.

(ii) p is a rational prime where F+ is unramified and E split.

(iii) πw is unramified for any place w of F dividing p.

(iv) Any place w of F where π is ramified divides a rational prime q split in
E.

There exists a quasi–split unitary group G∗0, relative to the extension
F/F+ and defined over F+. At Archimedean primes v of F+, G∗0(F+

v ) is
isomorphic to U(m,m) where n = 2m. We can twist G∗0, by the results in [6,
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Ch. 2] so as to get a unitary group G0/F
+, still quasi–split at finite primes,

and of the following type at infinity :
(2.1) G0 is compact, isomorphic to U(n), at all Archimedean primes but

one, denoted by v0. Moreover G0(F+
v0

) ∼= (2, n− 2).
If m and d = [F+ : Q] are odd, it is possible to obtain G0 verifying the

same condition but with G0(F+
v0

) ∼= U(1, n − 1). This leads to a stronger
result, cf. [18, p. 6].

We denote by G the Q–group obtained from G0 by restriction of scalars.
Denote, as in [9], by GU the group of unitary similitudes (with rational
coefficient) deduced from G. If H is the vector space of dimension n over
F , endowed with the Hermitian form (., .) defining G0, we have for any
commutative Q–algebra R

GU(R) = {G ∈ GL(H
⊗

Q

R) : (gv, gw) ≡ λ(g)(v, w), λ(g) ∈ R+} .

There is then a natural exact sequence of Q–groups :

1→ G→ GU −→
λ
Gm → 1 .

This sequence splits after extension of scalars to E. Indeed, denote by g∗

the adjoint of g ∈ GL(H) for the Hermitian form. The prime of GU(Q) are
given by

(2.2) {g ∈ GL(H) : gg∗ = λ ∈ Q×} .

We have G(E) = G0(E ⊗ F+) = G0(F ) = GL(H) and the Galois automor-
phism on G(E)× E× :

(2.3) (g, λ) 7−→ ((g∗)−1λ̄, λ̄)

has for fixed points the set (2.2). This extends to any couple R, R⊗E where
R is a Q–algebra, whence our assertion by Galois descent :

GUE ≡ GE ×GL(1)E

where GE = ResF/EGL(n)F .
A Shimura variety forGU is defined by the datum of h : C× = ResC/RGm →

GU(R). The group GU(R) is the subgroup of∏
v|∞

GU(pv, qv) (v a prime of F+)
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defined by the equality of the similitude ratios. We may assume (pv0 , qv0) =
(2, n− 2), (pv, qv) = (0, n) for v 6= v0, and h = (hv) is defined by

z 7−→ (z, z̄) (diagonal matrices of size (2, n− 2))

at v0,
z 7−→ z̄ (diagonal) at v 6= v0 .

Note that the image by ν is then

z 7−→ zz̄ .

The reflex field for the family of Shimura varieties SK(G, h) associated to
compact open subgroups K ⊂ G(Af ) is F .

Let π be our given representation of G0(AF ) = G(AE) ∼= GL(n,AF ).
Denote by θ the Galois automorphism of GU(AE) ∼= G(AE) × A×E given
by (2.3).

Lemma 2.2. There exists an algebraic Grössencharakter χ of A×E such that
π ⊗ χ (exterior tensor product) is stable by θ.

Denote by z ∈ A×E the similitude ratio λ of (2.3). The automorphism θ
sends π(g) ⊗ χ(z) to π((g∗)−1z̄) ⊗ χ(z̄) ∼= π̃c ⊗ ωπ(z̄)χ(z̄). The condition is
therefore ωπ(z̄) = χ(z)/χ(z̄).(We have denoted complex conjugation on AE
by z → z̄).

At each real prime v, (≡ each complex prime w of F ) the Langlands
parameter of πw is of the form

z 7−→ ((z/z̄)p1 , . . . (z/z̄)pn) (z ∈ C×)

with pi ∈ 1
2

+Z [6]. At w, ωπ is therefore given by z 7−→ (z/z̄)Pv with Pv ∈ Z
since n is even.

Since E× is embedded diagonally into F×, ωπ(z), for z ∈ E×∞, is of the
form (z/z̄)P . However, ωπ = cω−1

π , so ωπ(zz̄) = 1 for z ∈ A×E. By Hilbert’s
theorem 90, we have the exact sequence

7−→ Q× \ A× −→ E× \ A×E −→ U(Q) \ U(A) −→ 1

where U is the torus of dimension 1 whose Q–points are ker(E× −→
N
Q×),

and the map E× → U(Q) is z 7→ z/z̄. Since ωπ vanishes on NE/Q A×E and
also on −1 ∈ R× ⊂ Q× \A×, ωπ vanishes on A× and therefore comes from a
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character χU of U(Q) \ U(A), which we can extend to a Grössencharakter χ
of A×E.

We have χ∞ = zpz̄q with p− q ∈ Z. We can write χ∞ = (z/z̄)
p−q
2 (zz̄)

p+q
2 .

We have p − q = P since χ∞(z) = (z/z̄)P if zz̄ = 1. If P is even, we can
twist χ by a power of the idele norm to obtain χ∞ = (z/z̄)P/2, an algebraic
Grössencharakter that is unitary. If P is odd, χ∞ = (z/z̄)P/2(zz̄)s. We can

twist so s = 1
2

and χ∞ = z
P+1

2 z̄
1−P

2 , an algebraic Grössencharakter which
is, however, not unitary. The necessity of a weight translation in this case
already appeared in [7, § 5.3].

The data (π, χ) determine an infinitesimal character for GU(C). Since
it is θ–invariant it gives by descent an infinitesimal character for GU(R).
The latter is regular since π is cohomological, and determines in turn an
irreducible representation L of GU(R) ; L is in fact defined over F . The
parity constraint that occurred before is reflected in the nature of L. We
have an exact sequence of Q–groups

1 −→ (±1) −→ G×Gm −→ GU −→ 1 .

In the even case, the representation of G associated to Π is trivial on the
kernel (±1) and we can assume that the split center Gm acts trivially, giving
on the Shimura variety a local system of weight 0. In the odd case, we can
choose a local system of weight 1.

2.2

As in [9, §4], we now consider Kottwitz’s expression for the alternating trace
of Frobenius elements on H•ét(SK ×

F
Q̄ , L(Q̄`)), twisted by suitable Hecke

correspondences. We have abridged SK(GU, h) as SK . We consider a prime
w of F dividing a rational prime p where our data, i.e. (F, π) are unramified
(Proposition 1.1). Let Frobw be a corresponding (geometric) Frobenius ele-
ment in Gal(F̄ /F ). Finally, L is the local system on SK defined by L and `
is a prime distinct from p.

Kottwitz’s formula is a sum over the set E of endoscopic groups for GU ,
modulo equivalence. E contains the quasi–split inner form GU∗ of GU , and
Q–groups H associated to proper partitions

n = n1 + n2 (n1 ≥ n2 > 0) .
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The corresponding group H is the subgroup of GU∗(n1) × GU∗(n2) –
product of quasi–split groups of unitary similitudes – given by the equality
of the rational similitude ratios. There is a restriction on the pairs (n1, n2) :
see [18, § 3.2].

The constructions that follow also necessitate, for all H, an “embedding”
of L–groups over Q ,LH → LG, i.e., an L–homomorphism. This is given by
a Grössencharakter η of A×E of a certain type. Cf. again [7, § 3.2] where our
η is denoted by ω̄. We may assume that η is unramified at p. Recall that
by assumption p is split in E, so this means that each component of η is
unramified.

We change notation and denote by v a finite place of E ; u will denote
a finite place of Q. The group GU × Ev is isomorphic with GEv ×GL(1)Ev ,
and GEv = (ResF/EGL(n)F )×

E
Ev. Thus GEv

∼=
∏
w|v
GL(n, Fw) where w runs

over the places of F dividing v.
For α ≥ 1, Kottwitz defines functions fHp,α in the unramified Hecke algebra

of H(Qp) for each H, including of course GU∗. (fHp,α depends in fact on w,
not only on p, but this would render our notation confusing). Similarly,
the coefficient system L naturally defines functions fH∞ on (each) H(R). Let
fp be an arbitrary function in the Hecke algebra of functions on GU(Apf )
invariant by Kp ⊂ GU(Apf ). We assume K decomposed, K = KpK

p, where
Kp is hyperspecial in GU(Qp). (This was implicit in the earlier discussion :
the variety SK then has good reduction at the primes w|p of F ).

Endoscopy associates to fp, and to the endoscopic data (embeddings),
functions fp,H defined by their stable orbital integrals.

Let us write H•(SK ,L) for the alternating sum of representations of
Gal(F̄ /F ) :

2D∑
i=0

(−1)i H i(SK ×
F
F̄ , L(Q̄`)) .

where D = dim(SK) = 2(n − 2). Write qw for the cardinality of the residue
field of F at w.

Kottwitz’s formula [13, Theorem 7.2] is then

(2.4) q
−Dα

2
w trace(Frobαw × fp | H•(SK ,L)) =

∑
H∈E

ι(a,H)ST ∗e (fHα )

where fHα = fH∞ ⊗ fHp,α ⊗ fp,H and ST ∗e is a sum of stable integral orbitals on
the elliptic (GU,H)–regular elements in H(Q) [12].
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The definition of fH∞ implies that the right-hand side has a simpler ex-
pression. Cf. [17, Thm. 6.2.1]. We give a simple argument, which is quite
general. For H = GU∗ the regularity condition is void. For H a proper en-
doscopic subgroup, note that fH∞ is defined, at (GU,H)–regular elements, by

(2.5) SOγH (fH∞) =< β(γ), s > ∆∞(γH , γ)e(I) · trace ξ(γ)v−1

where ξ is the finite–dimensional representation on L and the character γ 7→<
β(γ), s >, the sign e(I), or the volume v, need not concern us. Cf. [13,
(7.4)]. The discriminant ∆∞ can be taken equal to ∆B(γ−1)∆BH (γ−1

H )−1

times, again, a sign and a character, cf. [13, p. 184]. Here B, BH are
complex Borel subgroups adapted to tori T , TH containing γ, γH .

Now the pair (γ, γH) is (GU,H)–regular if γα 6= 1 for any root α of (GU, T )
not in H (in a natural sense). Cf. [12, p. 378]. Assume, on the contrary, γ is
H–regular but not (GU,H)–regular. We have an identity

∆BH (γ−1
H )SOγH (fH∞) = F (γH) ∆B(γ−1) .

The discriminant ∆BH (γ−1
H ) is non-zero, while ∆B(γ−1) vanishes ; SOγH (hH∞)

is smooth in γH on the regular set, and so is F (γH) up to a sign. We deduce
that SOγH (fH∞) = 0. Thus SOγH (fH∞) vanishes on all H–regular elements
that are not (GU,H) regular.

Now fH∞ is a linear combination of Euler–Poincaré functions associated
to a family of rational representations of H (cf. [13, § 7], [8]). Its stable
orbital integrals are linear combinations of rational characters affected by a
sign (the same for each character). Take γH ∈ TH . To say that γH is not
(G,H)–regular is to say that γαH = 1 for a root α figuring in BG but not
in BH . It suffices to show that γH is limit of elements γ′H , H–regular and
such that (γ′H)α = 1. Clearly it suffices to solve the problem in the adjoint
group, and then again in the unitary group. The following assertion is then
obvious : let t = (ti) be an element of TG ≡ TH ∼= U(1)n. Assume i0 6= j0,
ti0 = tj0 . Then t is a limit of elements t′ ∈ U(1)n such that t′i 6= t′j for all
(i, j) 6= (i0, j0), i 6= j and t′i0 = t′j0 = tj0 .

We can therefore rewrite (2.4) as

(2.6) q
−Dα

2
w trace(Frobαw × f | H•(SK ,L)) =

∑
H

ι(G,H) STe(f
H
α ) ,

STe being the complete elliptic term of the stable trace formula.
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We can now use the results of Labesse [15]. Recall that fH∞ is a sum of
Euler–Poincaré functions associated to certain finite–dimensional representa-
tions of H. In particular it is associated to a sum of twisted Euler–Poincaré
functions, ϕH∞, on H(E∞). Let us assume for the moment that fHp,α and
fp,H are associated, by the identities of stable base change [14], to functions
ϕHp,α and ϕp,H . For each H define ϕHα as the obvious tensor product. By [15,
Théorème 5.8] we now have

(2.6) STe(f
H
α ) = STdis(f

H
α ) = T H̃dis(ϕ

H
α ) .

The first equality is [15, Prop. 5.7], and is due to Arthur. The second is
the quoted theorem of Labesse. The right–hand side is an ordinary twisted
trace. Finally we obtain

(2.7) q−
Dα
2 trace(Frobαw × fp | H•(SK ,L)) =

∑
H

ι(G,H)T H̃dis(ϕ
H
α ) .

2.3

We now return to the local functions defining ϕHα . The function fHp,α is in
the unramified Hecke algebra of H at p. We have assumed that p split in
E, so base change between the unramified Hecke algebras of H × Qp and
(H × E) × Qp is split base change, i.e. convolution, which is surjective. At
the other primes, however, we have to assume that the function fHu defined,
via its stable orbital integrals, by fu, is in the image of the base change map.

Since our datum will be, by Lemma 2.2, a representation of GU(AE) we
reverse the maps. So assume given a function

ϕ =
⊗

ϕv (places of E)

on GU(AE). At the Archimedian place, ϕ∞, an Euler–Poincaré (twisted)
function, is associated to f∞. At the prime p, ϕp,α is associated to fp,α as
before. (ϕp,α = ϕv,α⊗ϕv′,α where v, v′ divide p. We can take ϕv,α = fp,α and
ϕv′,α = 1). At any other finite prime we take fu associated to ϕu =

⊗
v|u
ϕv.

This is possible by Labesse’s results [14, Ch. III]. Thus we have defined f∞,p

from ϕ. At almost all primes, ϕp and fp can be taken to be the units in the
Hecke algebra by the (stable) fundamental lemma.

The function f∞,p, the power α of Frobenius, and the local system de-
termine as above functions fH for each (non principal) H. The function fH∞

10



determines a twisted Euler–Poincaré function ϕH∞ ; we must show that at the
finite primes fHu is in the image of the base change map. This is obvious at
p since p is split. At other (inert) primes u we can avail ourselves of a result
of Arthur converse to the one we used in the other direction :

Lemma 2.3 (Arthur). Assume that h, a C∞c function on H(Qu), has vanish-
ing stable orbital integrals on semi–simple regular elements not in the image
of the norm between H(Eu) and H(Qu). Then h is associated to a function
hE on H(Eu).

Cf. Labesse [14, p. 80, Remarque]. Note that this depends on the general
case of the fundamental lemma, now proven. At split primes, the existence
of ϕHu =

⊗
v|u
ϕHv is, as usual, obvious. At inert primes we must so choose our

functions that the condition in the Lemma is verified. We distinguish two
cases.

First let u, and v|u, be arbitrary. Up to conjugacy, there are a finite
number of maximal tori (over Qu) TH ⊂ H. If fH , a function on H(Qu),
is associated to f , SOγH (fH), for γH regular in TH , is a linear combination
of orbital integrals Oγ(f) at elements γ ∈ T ⊂ G such that (γ, T ) is stably
conjugate to (γH , TH).

We can choose an open, closed, invariant neighbourhood Ω of 1 in G such
that the trace of Ω on any of the maximal tori T ⊂ G is arbitrarily close
to 1 (use the characteristic polynomial for a faithful representation of G).
Assume f is supported on Ω. Suppose then that SOγH (fH) 6= 0. Thus there
exists (γ, T ) such that < Oγ(f) 6= 0. Suppose Ω is chosen so that γ ∈ T is
then a square. Since there is a Qu–isomorphism T → TH sending γ to γH ,
γH is a square. Then γH is a norm in H. Therefore the condition of the
Lemma is satisfied by fH .

We also note that if f is associated by base change to ϕ on G(Eu), the
condition on f will be satisfied if the support of ϕ is sufficiently close to 1.
(Again, if γ = N δ, γ ∈ G(Qu), δ ∈ G(Eu), the characteristic polynomial of
γ is a continuous function of that of δ × θ).

We now consider a place u where all data are unramified. This means
that F is unramified at u, and that G is therefore an unramified group over
Qu ; and that the endoscopic group H is also unramified, i.e., H is unramified
and the map LH → LG, given by

(2.8) jH : (h,w) 7−→ (j(h,w), w)
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(h ∈ Ĥ, w ∈ WQu) factors through Ĥ ×W (Qnr
u /Qu).

We simplify the notation by writing K = Qu, L = Ev. Our datum is ϕu,
which we assume belongs to the unramified Hecke algebra of G(L). By the
fundamental lemma we can, and do, take fu equal to the image of ϕu in the
unramified Hecke algebra of G(K).

Recall the formalities of base change1. We have

L(G/K) = ĜoWK ,

the action of WK factoring through Wnr = W (Knr/K). If G̃ = ResL/K(G/L),
we have

L(G̃/K) = (Ĝ× Ĝ)oWK :=
̂̃
GoWK ,

Wnr acting through w(g1, g2) = (wg2, wg1), the componentwise action being
defined by G. If HH , HL are the unramified Hecke algebras, HK is the ring of
polynomial functions on Ĝ×Frob invariant by Ĝ ; HL is the ring of functions

in
̂̃
G× Frob invariant by

̂̃
G. The diagonal map

βG : L(G/K) −→ L(Ĝ/K)

(g, w) 7−→ (g, g, w)

gives dually the stable base change map bG : HL → HK .
Of course this applies to H, yielding βH and bH . Furthermore – (cf. (2.8)

– jH defines naturally

j̃H : LH̃ −→ LG̃

(h1, h2, w) 7−→ (j(h,w), j(h,w), w) .

The commutativity of the diagram

LH −−−→
βH

LH̃

jH

y yejH
LG −−−→

βG

LG̃

then implies the following : let λ : HK → HH,K be the natural homomor-

phism of unramified Hecke algebras, and λ̃ : HL → HH,L its analogue for

1See Langlands [16, §2] ; Borel [2].
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L. Then λ(bGϕ) = bH(λ̃ϕ). In particular fH , which can be taken equal to
λf = λ(bGϕ), is in the image of bH .

We summarize this as :

Lemma 2.4. Let S be a large set of finite primes such that p /∈ S and
containing all places of ramification f or π, χ, GU and the endoscopic data.
Suppose given a decomposed function ϕ on GU(AE) such that

(i) At the Archimedean prime v∞, the function ϕHv∞, for each H, is a
twisted Euler–Poincaré functions as above.

(ii) As the split prime p, ϕHp,α =
⊗
v|p
ϕHv,α has fHp,α for image by base change.

(iii) At the places u ∈ S, ϕu is so chosen that fHu is in the image of the base
change map (all H)

(iv) ϕu is unramified for u /∈ S, u 6= p.

Then the identity (2.7) obtains, with, for all H :

ϕHα = ϕHv∞ ⊗ ϕ
H
p,α ⊗

⊗
u∈S

ϕHu ⊗
⊗
u/∈S

ϕhu ,

with ϕHu (u /∈ s) equal to the endoscopic image of ϕu, and fp,∞ equal to the
base change image of ϕp,∞.

Note that over E, all endoscopic group H are in fact isomorphic to
ResF/E(GL(n1) × GL(n2)) × Gm. Note also that the primes of ramification
for GU are in fact the primes of ramification for F .

3 Proof of Proposition 1

3.1

We assume that Hypothesis 2.1 is verified, and we consider the given represen-
tation π of GL(n,AF ). In Lemma 2.1 we have constructed a representation
Π = π ⊗ χ of GU(AE) = GL(n,AF )× A×E.

Let S be, as in §2, a set of primes of Q containing all ramified primes,
including those for π. For brevity let us write for the moment H for GU∗,
the principal endoscopic group. Let ϕ = ϕ∞ ⊗ ϕp,α ⊗ ϕ∞,p where ϕ∞,p, a

13



tensor product, is unramified at the places u /∈ S. The main term in the
contribution of H to (2.7) is

(3.1)
∑
(ρ,η)

trace((ρ⊗ η)(ϕ)Iθ)

where ρ is a cuspidal representation of GL(n,AF ) and η a Grössencharakter
of A×E ; Iθ is the intertwining operator given by Galois action. It is a finite
sum if the ramification of ϕS is fixed. We take automorphic forms on the
quotient of H(AE) = GL(n,AF )× A×E by R×+ × R×+ embedded diagonally, if
P is even (§ 2.1) ; if P is odd we consider automorphic forms ψ such that
ψ((t1, t2)g) = t2ψ(g) for(t1, t2) ∈ R×+ × R×+ and g ∈ H(AE), as we must by
§ 2.1. Note that this space is invariant by θ, cf. (2.3). The trace formula,
generally written for functions invariant by the neutral component R×+ ×R×+
of the split centre, extends trivially to this case : the map ψ(g) 7→ |z|1/2ψ(g),
where g = (g1, z) ∈ GL(n,AF ) × A×E and |z| is the idele norm, yields an
isomorphism between our space and L2(R×+ × R×+ \H(AE)).

The representation Π contributes one term to (3.1).
It is decomposed as a product of local, twisted traces. The twisted trace

of ϕ∞, i.e., the twisted Euler–Poincaré characteristic of π ⊗ χ, is non-zero
: cf. [14, Lemme 4.7]. The twisted trace of ϕp,α = fp,α ⊗ 1 is given by the
Langlands–Kottwitz construction of fp,α. Up to a sign – since the decompo-
sition of Iθ, an involutive operator, into local factors is not uniquely defined2

– we have
trace(Π(ϕp,α)Iθ) = trace R(tΠ,p)

where tΠ,p is the Hecke matrix of Π in GL(n,C)(F :Q) × C×, and R the rep-
resentation of the dual group defined by (GU, h). Given the expression of h
(§ 2.1) we have, up to a sign :

trace(Π(ϕp,α)Iθ) = trace(Λ2tαΠ,Wχ
α(NFw/Ev ω̄w)

where w is the prime of F considered in § 2.2, tπ,w ∈ GL(n,C) is the Hecke
matrix of π at the prime w, and v is the prime of E below w ; ω̄w ∈ Fw is a
uniformizer.

At primes v /∈ S, the twisted trace is, again up to a sign – equal to 1
almost everywhere – equal to the trace and this yields the product

2We could obtain a decomposition into well -defined factors using Whittaker vectors :
[3, 14, 8]. This is not necessary here.
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∏
v/∈S

(∏
w|v

trace πw(ϕ′w)
)

trace χv(ϕv”)

where we have written ϕv = (
⊗
w

ϕ′w)⊗ϕ′′v, the first functions on the GL(n)–

factors and the second on E×v .
Consider now the places in S. Here we must enforce the restriction on

the ϕv discussed in § 2.3, at least for v inert. That this is possible will be
proved presently ; we state the result now. Write ϕS =

⊗
u∈S

ϕu.

Lemma 3.1. We can choose functions ϕu in an arbitrary neighbourhood of
1 (for all u ∈ S) such that trace( ΠS(ϕS)Iθ) 6= 0.

We choose such a function ϕS – and therefore a level.
The contribution of Π to (3.1) is then, with SE = {v|u, u ∈ S} :

(3.2) C0 trace(Λ2tαπ,wχ(Nω̄w)α)
∏
w-S

trace Πw(ϕ′w) ·
∏
v/∈SE

χv(ϕ
′′
v)

with C0 6= 0, and N = NFw/Ev .
The other representations in the cuspidal spectrum (3.1) contribute a

finite number of terms

(3.3) C(ρ, η) trace
(

Λ2tαρ,wη(Nω̄w)α
)∏
w-S

trace ρw(ϕ′v) ·
∏
v/∈SE

ηv(ϕ
′′
v) .

Using the result of Jacquet–Shalika on the independence of Hecke eigen-
values for cuspidal representations [11], and the classical analogue for A×E/E×,
we can choose the functions ϕ′v, ϕ

′′
v for v /∈ S such that (3.3) vanishes and

(3.2) is reduced to

(3.4) C0 trace(Λ2 tαπ,w χ(Nω̄w)α) .

The same argument applies to the terms of T H̃dis not described by (3.1) since
they are associated to twisted traces in representations of GL(n,AK) × E×
induced from parabolic subgroups, using this time the Jacquet–Shalita result
for distinct values of n. These terms are explicitly described in [15, Prop. 3.3].

Finally, the endoscopic terms in (2.7), relative to groups H 6= GU , yield
twisted traces associated to products GL(n1, F )×GL(n2, F )×E×, of smaller
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(semi–simple) rank. They can also be eliminated by the same argument based
on the results of Jacquet–Shalika.

We still have to prove Lemma 3.1. Note that the problem is local. For a
place v ∈ S, we must show that the twisted character of Πv does not vanish
identically in any neighbourhood of 1. The non–twisted analogue is obvious,
but the result in the twisted case is surprisingly difficult. The assertion for
Π easily reduces to the same for π. Note that πv =

⊗
w|v
πw (w a prime of F )

is generic. Under this mere assumption Lemma 3.1 can be proven using the
methods introduced in [3] by Chenevier and the author. In the context of
this proof however, S can be taken as the set of primes of ramification of F ,
π, χ and the character η of A×E used to define the endoscopic embeddings.

By Hypothesis 2.1, each prime of ramification for π is split in E. Thus we
can assume πw unramified. If w divides a prime w+ of F+ split in F , we are
again in a split situation. Otherwise G0(F+

w+
) is a true unitary group split in

Fw. The computation of the twisted character for the unramified, θ–stable
principal series is standard, cf. e.g. [5] : π is an induced representation of the
form π(χ1, χ

−1
1 , χ2, χ

−1
2 , . . . χm, χ

−1
m ) (n = 2m) which descends to a principal

series π+ of G0(F+
w+

) and the characters of π and π+ are associated by the
norm map.

3.2

We now return to our basic identity (2.7). We have Matsushima’s decompo-
sition of the cohomology with complex coefficients3 :

(3.5) H i(SK(C),L) =
⊕

Π=Π∞⊗Πf

H i(g, K∞,Π∞ ⊗ L)⊗ πKf

where the sum, in effect finite for a given level K, runs over a full decompo-
sition of the space of automorphic forms on L2(AGU(Q) \ GU(A)) when
the weight (§ 2.1) is zero ; A denotes the connected component, at the
Archimedean prime, of the split centre of GU . In the odd case we must
take automorphic forms transforming under A ∼= R×+ by the inverse of the
weight character t 7→ t.

The action of the Hecke algebra being naturally defined over Q̄ (as a
field of coefficients for the cohomology) and commuting with the action of

3We free, for an instant, the letter Π in order to denote an arbitrary representation of
GU(A).
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Gal(F̄ /F ) on the étale cohomology with coefficients in Q̄`, we can rewrite
(3.5) as a decomposition of the representation of Gal(F̄ /F ) if we group the
terms giving the same factor Πf :

(3.6) H i(S̄K ,L) := H i(SK × F̄ ,L(Q̄`)) =
⊕
Πf

H i(S̄K ,L)(Πf )

where Πf runs over the finite factors of all representations Π in (3.5), and,
for an embedding Q̄` ⊂ C, each factor yields in Betti cohomology the sum⊕

Π

H i(g, K∞ ; Π∞)

where Π runs over the summands of (3.5) with given component Πf .
We must now strengthen Lemma 3.1.

Lemma 3.2. We can choose ϕ such that, at each place u ∈ S, fu is the
characteristic function of a small compact–open subgroup Ku of G(Qn).

This follows immediately from the proof : at places split in E, we can
take ϕu = 1Kv′ ⊗ 1Kv′′ where Kv′ , Kv′′ are permuted by the Galois action.
At the other primes, πv is unramified and we choose ϕv associated to the
characteristic function of a small subgroup Ku. This is possible by Arthur’s
results on inverse base change : see Lemma 2.3. One could give a more direct
proof of our specific assertion.

Choose ϕ, at the places u ∈ S, as in Lemma 3.2 ; ϕ∞ and ϕp = ϕαp
have been described in § 2.2. Once ϕS is fixed, so is the level and the right–
hand side (so also the left–hand side) of (2.7) involves a finite number of
characters of the unramified Hecke algebra HS =

⊗
v-S
v-∞

H(GU(Ev), Kv) with

Kv
∼= GL(n,O(F⊗E)v) × O×Ev . Note that each factor πKf of (3.5) defines by

composition a character of HS. We choose ϕS ∈ HS as described in § 3.1.
The basic identity (2.7) now yields the equality of

(3.7) q
−Dα

2
w

2D∑
i=0

(−1)i
∑
Πf

dim(ΠK,S
S ) trace(Frobαw | H i(S̄K ,L)(Πf ))

and

(3.8) C0 trace(Λ2 tαπ,ωχ(Nω̄w)α) , C0 6= 0 .
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In (3.7), we have set KS =
∏
u∈S

Ku ; Πf runs over the representations of

GU(Af ), unramified at p, such that ΠS
f is associated by base change to our

given representation π ⊗ χ (at rather ΠS ⊗ χS). This is an identity of the
form

(3.9) q
−Dα

2
w

∑
i,j

(−1)i λαij = C
∑
k

µαk (α ≥ 1)

for some complex numbers λij, µk. The λij for different i, being Weyl numbers
of different weights, are distinct. We deduce that C is a rational number and
that the parity of i in the left–hand side is fixed.

Assume first, for simplicity, that the coefficient system L has weight 0, i.e.
that P is even (§ 2.1). The λij are Weil numbers of weight i. The character
χ is unitary, and the µk are in fact parametrized by (a, b) (a < b ≤ n) and
given by

µab = tatb χ(Nω̄w) .

where (ta) are the entries of the Hecke matrix tπ,w.
Thus we have for any a 6= b, χ being unitary :

(3.10) |tatb| = qi/2w , i ∈ [−D,D] .

Suppose first that all weights i (translated by D) are even. Then |tatb| ∈
qZ
w ; but by the results of Jacquet–Shalika [11] and Tadič [19] :

(3.11) q−1/2
ω < |ta| < q1/2

ω .

Thus q−1
w < |tatb| < qw and we deduce that |tatb| = 1 ; since n ≥ 4 (3

would suffice) this implies that |ta| is independent of a and therefore equal
to 1.

Suppose all weights are odd. Then |tatb| ∈ q
1/2+Z
w . Again, this implies

|ta/tb| ∈ qZ. But (3.11) implies also q−1
w < |ta/tb| < qw, so |ta| is independent

of a. Since the central character of π is unitary, this implies that |ta| = 1.

This however contradicts the fact that |tatb| ∈ q1/2+Z
w , so this possibility does

not occur. Since the dimension D = 2(n− 2) is even, we see that we have in
fact proved that the cohomology associated to Π in SK occurs only in even
degrees.

If P is odd, the coefficient system has weight 1 and the weights on (3.10)
are now in [−D + 1, D + 1]. However, the character χ also has weight 1,
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and |χ(Nω̄w)| = q
1/2
w . After taking care of this translation, the rest of the

argument is the same. This proves Proposition 1.1, and the Theorem.
Finally, let us show that this implies the Corollary to the Theorem. Let

E be the field of definition of Πf ([6, § 3]). Then the normalized entries

λi = q
n−1

2
w ti are the roots of a polynomial Pw(X) ∈ E[X] of degree n. More-

over, for each embedding σ : E → Q̄ ⊂ C, σPw(X) is associated to a cuspidal
representation σΠ of GL(n,AF ), still cohomological [6, Thm. 3.13]. Since
σ acts on the coefficients, σπ is still conjugate self–dual ; the ramification

assumptions are obviously conserved. We see that |λi| = q
n−1

2
w for each em-

bedding Q(λi) ⊂ Q̄ ⊂ C : the λi are Weyl numbers of the indicated weight,
and the normalization of rλ is such that they are the Frobenius eigenvalues.
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