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Introduction

The goal of this chapter is to generalize a result of Blasius and Rogawski [BR] on
the transfer of cohomological tempered automorphic representations of H ′ = U(2)
to G = U(3), when H ′ is replaced by U(n) for any even n = 2m and G is a
specific inner form of U(2m + 1). Endoscopic transfer properly requires an auto-
morphic representation, or rather an L-packet, of an endoscopic group of the form
H = U(a)× U(b), with a+ b = n+ 1; so here H should be U(n)× U(1). However,
the representations of the factors U(n) and U(1) play different roles here. In sub-
sequent books we will want to attach compatible families of ℓ-adic representations
to cohomological automorphic representations of GL(n) that descend to H ′. The
additional character χ of U(1) serves as a factor of adjustment to guarantee that
the resulting L-packet of G corresponds to an n-dimensional piece of the ℓ-adic
cohomology of the corresponding Shimura variety. This is not always possible, and
when n = 1 [BR] determines exactly when the character χ can be chosen to obtain
an L-packet of G of the desired form. This is the result we generalize. We only
treat situations in which the ramification at finite primes is as simple as possi-
ble, which allows us to concentrate on the complications at archimedean primes.
Our calculation is almost an immediate consequence of the results of [C.III.A] and
[L.IV.A].

We thank G. Chenevier for a careful reading that has allowed us to correct a
number of omissions and misprints and for his request that we include Theorem
4.7, whose proof he was thoughtful enough to provide.

1. Conventions for unitary groups

Let F be a totally real field, K/F a totally imaginary quadratic extension,
η = ηK/F the corresponding quadratic character of A×

F /F
× (and equivalently of

Gal(F̄ /F ), d = [F : Q], c ∈ Gal(K/F ) the non-trivial Galois automorphism. Let
n be a positive integer and G = Gn be the algebraic group RK/QGL(n)K. Let
g = Lie(G(R)), K∞ ⊂ G(R) a maximal compact subgroup. We consider cuspidal
automorphic representations Π of G satisfying the following two hypotheses:

Hypotheses 1.1. Writing Π = Π∞ ⊗ Πf , where Π∞ is an admissible (g, K∞)-
module, we have

(i) (Regularity) There is a finite-dimensional complex algebraic irreducible rep-
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resentation W (Π) = W∞ of G(R) such that

H∗(g, K∞; Π∞ ⊗W∞) 6= 0.

(ii) (Polarization) The contragredient Π∨ of Π satisfies

Π∨ ∼
−→Π ◦ c.

Remark. These are natural generalizations of Hecke characters of type A0, inas-
much as present methods do not allow us to attach Galois representations to more
general algebraic representations, in the sense defined by Clozel in [C90]. The po-
larization condition is unnecessarily restrictive; the more general condition would
be

Π∨ ∼
−→Π ◦ c⊗ ξ

where ξ is a Hecke character that factors through the norm to the idèles of F . Two
questions arise:

(1) Can the theory developed below be extended to this more general setting?
(2) Can the authors or their friends find a convincing name (rather than acronym

such as RP for Regular Polarized) for this class of automorphic representa-
tions?

We are hopeful at least with regard to (1).
The following hypotheses will remain in force throughout this chapter.

Simplifying Hypotheses 1.2.

(1.2.0) The degree n is even.
(1.2.1) K/F is unramified at all finite places (in particular d > 1).
(1.2.2) Πv is spherical (unramified) at all non-split non-archimedean places v of K.
(1.2.3) The degree d = [F : Q] is even.

In Book 2, we will associate a compatible system of Galois representations, occur-
ring in the cohomology of Shimura varieties, to representations Π satisfying these
hypotheses and (when n is even) those satisfying Hypotheses 1.3 below. If n is odd
the Shimura varieties are attached to unitary groups of vector spaces of dimension
n. When n is even, and only then, this is not always possible, and we must resort to
endoscopy. Thus we assume (1.2.0). However, all the results of this chapter remain
true for odd n, when appropriately modified, but the appropriate modifications
require the introduction of additional notation. The remaining hypotheses allow us
to simplify the analysis of the stable trace formula, and in particular to sidestep the
problem of classification of L-packets for p-adic unitary groups, important for the
classification of automorphic representations but not essential for the construction
of Galois representations.

The irreducible representation W (Π) factors over the set ΣF of real embeddings
of F

W (Π) = ⊗v∈ΣF
Wv,

where Wv is an irreducible representation of G(K⊗F,v C)
∼
−→GL(n,C)×GL(n,C),

each factor associated to a prime (say ṽ, ṽc) of K extending v. Each factor is
parametrized by its highest weight; thus

µ(ṽ) = (µ1(ṽ) ≥ µ2(ṽ) ≥ · · · ≥ µn(ṽ))
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and µ(ṽc). Moreover, the polarization condition implies that the two factors are
dual, or equivalently that

(1.2.4) µi(ṽ
c) = −µn+1−i(ṽ).

Strong Regularity Hypothesis 1.3. For every v ∈ ΣF , the highest weight µ(v)
is regular, i.e. µi(ṽ) 6= µj(ṽ) if i 6= j.

Remark. It should be enough to assume 1.3 for a single v ∈ ΣF , but this probably
requires results of Book 2.

1.4. Existence of hermitian spaces with fixed local invariants.
The following lemmas are special cases of the well known classification of her-

mitian spaces.

Lemma 1.4.1. There exists a hermitian space V1/K of dimension n + 1 relative
to the extension K/F such that, letting G = U(V1),

(1.4.1.1) For all finite places v of F , G(Fv) is quasi-split and splits over an unram-
ified extension of Fv; in particular, G(Fv) contains a hyperspecial maximal
compact subgroup.

(1.4.1.2) For all real places v of F , with the exception of one place v0, G(Fv) is

compact; G(Fv0)
∼
−→U(1, n).

Lemma 1.4.2. There exists an n-dimensional hermitian space V0/K relative to
the extension K/F such that the unitary group G0 = U(V0) satisfies

(1.4.2.1) For all finite places v, G0(Fv) is quasi-split and splits over an unramified
extension of Fv; in particular, G0(Fv) contains a hyperspecial maximal com-
pact subgroup.

(1.4.2.2) For all real places v, G0(Fv) is compact.

Moreover, G0 is unique up to isomorphism.

Lemma 1.4.3. Under Hypotheses 1.2 there exists an n-dimensional hermitian
space V2/K relative to the extension K/F such that, letting G2 = U(V2),

(1.4.3.1) For all finite places v of F , G2(Fv) is quasi-split and splits over an unrami-
fied extension of Fv; in particular, G2(Fv) contains a hyperspecial maximal
compact subgroup.

(1.4.3.2) For all real places v, with the exception of one place v0, G2(Fv) is compact;

G2(Fv0)
∼
−→U(2, n− 2).

Sketch of proofs. In dimension n + 1, which is odd, it is known that there is no
Hasse obstruction to the existence of a unitary group with prescribed local factors.

In Lemmas 1.4.2 and 1.4.3, the hermitian spaces are of even dimension. Kot-
twitz’ explicit description of the Hasse obstruction in the even-dimensional case (cf.
[Clozel, IHES §2]) implies the existence of the groups G0 and G2.

We let U∗ denote the quasi-split inner form of G0 (or G2). In Book III G is
denoted G1.

(1.5) Vanishing of the obstruction to stable descent.
The central character ξΠ of Π is a Hecke character of K satisfying the analogues

of hypotheses 1.1(i) and (ii), and in particular

ξ−1
Π = ξΠ ◦ c.
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It follows that the restriction of ξΠ to the idèles of F is a Hecke character trivial
on norms from K, in other words

(1.5.1) ξΠ |
A

×

F
= ηu, u = 0, 1.

Moreover, ξΠ is obtained by base change from a Hecke character of U(1) if and only
if u = 0. This global condition can be checked at any place of F that does not split
in K. In particular, it suffices to check the condition at an archimedean place, and
it follows from (1.2.4) that u = 0. Thus ξΠ is locally a base change everywhere, in
other words:

Lemma 1.5.2. Let v be an inert place of F , w the place of K dividing F . Then
there is a character βv of U(1)v = kerNKw/Fv

: K×
w → F×

v such that, for all z ∈ K×

ξΠ,w(z) = βv(z/c(z)).

2. Review of stable descent

For any finite prime v of F , let U∗
v denote a quasisplit unitary group over v,

relative to the extension K/F (a split étale extension if v is a split prime). With w
a prime of K dividing v, we can construct a formal descent πv of Πw as follows:

(2.1) v split. Then

GL(n,Kv)
∼
−→GL(n, Fv) ×GL(n, Fv)

and the polarization condition implies for the local components of Π:

Πv = Π1 ⊗ Π2

with Π2
∼
−→Π1 ◦

tg−1. The group U∗
v (

∼
−→GL(n, Fv)) embeds (up to conjugacy) via

g 7→ (g, tg−1)

We set πv = Π1, which is well-defined. We let πv = Πw with respect to this
isomorphism.

(2.2) v inert. Then Πw is unramified by (1.2.2) and invariant under the outer
automorphism corresponding to descent to U∗

v . In the notation of [M.III.C], this

implies that Πw is in the image of either the base change map B̃C or the twisted base

change B̃C
′
. Combining Lemma 1.5.2 and Theorem 4.1 of [M.III.C], and bearing

in mind that n is odd, one verifies that Πw is in the image of B̃C. We let πv be

the spherical representation of U∗
v such that B̃C(πv) = Πw. The existence and

properties of this formal base change are recalled in [M.III.C], where in particular
it is proved that this property characterizes πv uniquely.

In each of the above cases we choose an open compact subgroup Kv ⊂ U∗
v such

that πKv
v 6= 0. In case (2.2), and for all split v outside a finite set S = S(Π) of split

primes, πv is spherical with respect to a hyperspecial maximal compact subgroup
Kv, and we choose such a group Kv. For v ∈ S(Π) choose Kw ⊂ GL(n,Kw) so that
ΠKw
w 6= 0, and let Kv ⊂ U∗

v be the corresponding subgroup under the isomorphism

U∗
v

∼
−→GL(n,Kw).
Let Kf = KΠ,f =

∏
vKv. Letting πf be the restricted tensor product of the

πv defined above, we then have π
Kf

f 6= 0. Using the theory of the conductor for

GL(n), we can even assume dim π
Kf

f = 1, but this seems to be irrelevant. We recall
the results of Labesse on stable descent:
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Theorem 2.3 [L.IV.A]. Let Π satisfy Hypotheses 1.1-1.3. Let A(G?) be the space
of (necessarily cuspidal) automorphic forms on (the anisotropic unitary group) G?,
where G? = G0, G2, U

∗.
(a) There is exactly one representation π∞ of G0,∞ such that π∞⊗πf occurs in

A(G0), and it occurs with multiplicity one.

(b) There are n(n−1)
2 distinct representations πj of G2,∞ such that πj⊗πf occurs

in A(G2), each with multiplicity one.
(c) Finally, Π descends to some L-packet τ = {τi(Π)} of U∗ with (τi(Π))f = πf

for all i, each with multiplicity one.

The representations at the real primes are described as follows. Let v be a
real prime of F . The coefficient system W has a factor Wv, a representation
of GL(n,K ⊗v C), described above. We write W = W ′ ⊗ W ′′. The group
G?(F ⊗v C) embeds naturally in GL(n,K ⊗v C) and, by the polarization con-
dition, the restriction W+ of W ′ or W ′′ to G?(Fv) is the same. Thus we have an
irreducible complex representation W+ of G?(Fv), or equivalently of its compact
inner form.

In case (a), the factor at v of π∞ is the dual of W+. In cases (b,c), W̃+ defines,
as in [Clozel, C.III.A, beginning of §2], an L-packet of discrete series of G2(Fv) or
U∗(Fv) at the place(s) v where this group is non-compact. The representations πj of
(b) are, with multiplicity one, the constituents of this L-packet. In case (c) we get,
with multiplicity one, the tensor products over all real primes of these constituents.

Remark. For this chapter, only (c) of 2.3 is really needed. However, we note
here that (a) is verified in [L.IV.A] without hypothesis 1.3.

We write τf instead of (τi(Π))f ; of course τf is just another name for the πf
constructed above.

3. Endoscopic parameters

3.1. Conventions. In what follows we let H denote the quasi-split F -group
U∗ × U(1), where U∗ is the quasi-split form of U(n) introduced at the end of §1.
We viewH as an elliptic endoscopic group for the groupG of Lemma 1.4, cf. [H.I.A],
5.5. The transfer of parameters, and of automorphic representations, depends on
the choice of an L-homomorphism

ξ : LH → LG

which we normalize as in [H.I.A, (5.5)]. We recall the formulas here. Fix a Hecke
character µ of K whose restriction to the idèles of F is the quadratic character ηK/F
and which is unramified at all finite places of K that do not split over F . (This is

possible by (1.2.1)). On Ĥ = LH0 = GL(n) ×GL(1), we have

(3.1.1) ξ(hn, h1) =

(
hn 0
0 h1

)
∈ Ĝ ⊂ LG, hn ∈ GL(n), h1 ∈ GL(1)

The Hecke character µ can be viewed as a character of WK by class field theory,
and for w ∈WK we let

(3.1.2) ξ(w) =

(
µ(w)In 0

0 1

)
× w ∈ Ĝ⋊WK
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Finally, if wσ ∈WF is a representative of the non-trivial coset of WK, we set

(3.1.3) ξ(wσ) =

(
Φn 0
0 1

)
· Φ−1

n+1 × wσ.

Here for any m, Φm is the anti-diagonal m × m-dimensional matrix with entries
(Φm)ij = (−1)i−1δi,n−j+1 [cf. M. III.C., 3.2.5].

Let Π be a representation satisfying Hypotheses 1.1-1.3, and let τ = τΠ be the
L-packet of U∗ of Theorem 2.3 (c). Let χ be a character of U(1), and let

χ̃(z) = χ(z/c(z)) : K×\A×
K → C×

be the base change of χ to a Hecke character of GL(1)K. The goal of this chapter
is to analyze the endoscopic transfer of the L-packet τ ×χ for the endoscopic group
H to an L-packet, denoted π(τ, χ), of G.

3.2. Local endoscopic transfer at non-archimedean places.
Expanding the set S = S(Π) if necessary, we may assume that χ (and equiva-

lently χ̃) is unramified for v /∈ S. We may also assume that all primes at which χ
ramifies are split in K/F ; thus S consists only of split primes. We consider factoriz-
able test functions f = ⊗vfv on G(A), and write f = f∞⊗ff . Let Gv = G(Fv) and
let K ′

v ⊂ Gv be a hyperspecial maximal compact subgroup for each finite v /∈ S, so
that K ′

v =
∏
vK

′
v is an open compact subgroup of G((Af )S). For v ∈ S the endo-

scopic transfer πv(τv, χv) of τv×χv is defined as an explicit induced representation
in [M.III.C, 4.2.3; cf. H.I.A, (9.3.2)]: identifying Gv with GL(n+ 1, Fv), we have

(3.2.1) πv(τv, χv) = IGv

Pn
(Πv ⊗ (µv ◦ det) × χ̃v),

where Pn is the standard maximal parabolic with Levi factor GL(n, Fv)×GL(1, Fv),

IGv

Pn
denotes normalized induction, and the induced representation is necessarily

irreducible.4 Note that the transfer depends on the homomorphism ξ, and partic-
ularly on the local component µv of µ at v. For v /∈ S we assume fv belongs to
the Hecke algebra of K ′

v-bi-invariant functions. For v ∈ S we choose a K ′
v so that

πv(τv, χv)
K′

v 6= 0. One can make a more judicious choice using the theory of types,
but this is not necessary.

Combining the theorems of Laumon-Ngô, Hales, and Waldspurger recalled in
part II (cf. a summary in [H.I.A, §6]), we know that there is a test function fH on
H(Af ) such that

(3.2.2)
∑

γ∼γH

∆f (γH , γ)Oγ(f) = SOγH
(fH)

whenever γ ∈ G(Af ) and γH ∈ H(Af ) are associated and ∆f (•, •) is the corre-
sponding product of local transfer factors. Moreover, for v /∈ S, fv and fHv are
related by

(3.2.3) fHv = bv(ξ)(fv), bv(ξ) : H(Gv, K
′
v) → H(Hv, Kv ×K1,v)

4Because Π is cuspidal unitary, hence Πv is generic and unitary, and χ̃v is also unitary.
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where, in the notation of [M.III.C, (2.7)], bv(ξ) is the homomorphism of Hecke
algebras corresponding to the L-homomorphism ξ and K1,v ⊂ U(1)v is the unique
maximal compact subgroup (cf. [H.I.A., (9.3.3.3)] and [M.III.C]). For v split, the
relation between fv and fHv is explicitly given by Theorem 9.3.3.4 of [H.1.A] (in
terms of distributions), or in terms of functions, by:

(3.2.4) fHv = (µv ◦ det)(hn)f
Pn,1(hn, h1),

cf. [M.III.C, Corollary 4.7] for a more general formula.

3.3. Local endoscopic transfer at real places.
Now let v be a real place. The analogue of transfer formula (3.2.2) is in this

case due to Shelstad, and is recalled in [C.III.A]. We apply it when fv is a pseu-
docoefficient for a member of the discrete series L-packet attached to the local
representation W (Π)v. Let φG : WR → LG be the Langlands parameter of this
L-packet. As in [C.III.A], §3, let φH be a discrete series parameter for Hv with
φG = ξ ◦φH . We assume φH dominant (formula (3.14) in [C.III.A]) and φG regular.
Then

(3.3.1) (ΘφH
, fHv ) =

∑

π∈ΠG(φG)

∆v(φH , π)(Θπ, fv)

where the transfer factors ∆v(φH , π) are signs calculated explicitly by Clozel, fol-
lowing Shelstad and Kottwitz, in [C.III.A., Theorem 3.4].

We only need to determine the local transfer factors explicitly in two situations.
Notation and terminology is as in [C.III.A].

Compact places. Assume v 6= v0, so that Gv is compact. Then ΠGv
(φG) is a

singleton, which we denote simply by πv. Let ω ∈ Ω be the unique element such
that ω−1r is dominant, with r the parameter associated to φG in [C.III.A, before
(3.14)]. Then

(3.3.2) ∆v(φH , πv) = detω.

Indeed, Theorem 3.4 in [C.III.A] yields

∆v(φH , πv) =< aωσ
, s > detω

where s =

(
In

−1

)
∈ Ĝ. Here σ ∈ Ω/ΩR, the quotient of the complex Weyl

group by the real Weyl group, so we can take σ = 1. At any rate, Gv being compact,
the cocycle aω is trivial [C.III.A, before (3.12)]. Thus

(3.3.3) ∆v(φH , πv) := δv = detω.

Note that ω depends on v.

The non-compact place. We assume v = v0 and choose φH – i.e., we choose
χ, because the representation of U∗ will be fixed – so that φG is in dominant
position. Then with our notation, which is that of Theorem 3.4 in [C.III.A], ω = 1.
The transfer factor is determined as follows. Recall that Gv = U(1, n), Ω = Sn+1,
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ΩR = Sn (acting on the last n letters). The discrete series L-packet ofGv associated
to φ comprises the representations

π(φ, σ−1B0)

[C.III.A, after (3.11)], σ ∈ Ω/ΩR ≃ {1, 2, . . . , n + 1}, the bijection being given by
σ 7→ σ · 1. We identify σ with σ · 1 and write π(φ, i) for π(φ, σ−1B0). Then, for a
suitable choice of holomorphic structure5 on the symmetric space of G:

(3.3.4) π(φ, 1) is a holomorphic discrete series

(3.3.5) π(φ, n+ 1) is an antiholomorphic discrete series

(3.3.6) Π(φ,
n+ 2

2
) has a Whittaker model .

Since s =

(
In

−1

)
, formula (3.13) of [C.III.A] now yields

∆v(φH ,Π(φ, i)) =< aσ, s >= {
1 i ≤ n
−1 i = n+ 1

.

Thus

Lemma 3.3.7. The discrete series L-packet ΠG(φG) is partitioned into two subsets
Π+ and Π− such that

(1) Π+ has n elements, Π− has 1 element;
(2) ∆v(φH , π) = 1 (π ∈ Π+), −1 ( π ∈ Π−).
(3) Π− is the unique antiholomorphic discrete series.

In conclusion, we have

Corollary 3.3.8. Let δ ∈ ±1. Fix an archimedean L-packet τ∞ of the first factor
U∗
∞ of H∞. There is a choice of local characters χv for v ∈ ΣF , or equivalently a

character χ∞ of the second factor U(1)∞ of H∞, so that, letting φH(τ∞, χ∞) be
the corresponding Langlands parameter, the product over the archimedean places

∆v0(φH(τ∞, χ∞), πv0) ·
∏

v 6=v0

∆v(φH(τ∞, χ∞), πv) = δ ⇔ πv0 ∈ Π+.

Here for v 6= v0 we write ΠGv
(φG) = {πv}.

Proof. As in the proof of Lemma 3.3.7, we choose χv0 such that ξ ◦ φH(τv0 , χv0) is
a dominant discrete series parameter for G. Then

δv0 = ∆v0(φH(τv0 , χv0), πv0) = 1

5In the applications to Galois representations, this will be specified more precisely in Book 2.
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for πv0 ∈ Π+ (cf. Lemma 3.3.7). We fix a v1 6= v0 in ΣF and for v /∈ {v0, v1}, we
choose χv arbitrarily again, and let δv = ∆v(φH(τv, χv), πv). Let ε =

∏
v 6=v1

δv.
Thus we need to show that, for an appropriate choice of χv1 , we have

∆v1(φH(τv1 , χv1), πv1) = ε · δ.

The left-hand side is the determinant of the permutation ω such that ω−1r(ξ ◦
φH(τv1 , χv1)) is dominant. Recall that there is a Grössencharacter µ in the definition
of ξ, cf. (3.1.2). Let pτ = (p′1, . . . , p

′
n) be the (integral) parameter of τv1 , m that of

µv1 , p
′ that of χv1 . Then

r = (m+ p′1, . . . , m+ p′n, p
′) := (p1, . . . , pn+1).

Note that m ≡ 1
2 (mod 1), cf. [C.III.A, §3.1]. For instance, we could take m = 1

2 .
There are now two cases to consider.

Assume first that εδ = 1. It will suffice to choose p′ = pn+1 such that r is
dominant. The parameter (p1, . . . , pn) being so by assumption, it will be enough
to take p′ very negative.

Assume εδ = −1. We seek ω with sign −1 such that

pω(1) > · · · > pω(n+1).

We know that p1 > · · · > pn; moreover, the weight being regular we have pi ≥
pi+1 + 2 for all i. We can thus choose p′ = pn+1 such that pi > pn+1 > pi+1 for
i such that the corresponding shuffle permutation has sign −1. This proves the
Corollary.

Remark. The proof shows that the assumed regularity of the highest weight is
too strong a condition. For instance, if pi ≥ pi+1 + 2 for two successive values
(i, i+ 1), the argument applies. Nevertheless, the regularity is useful elsewhere, for
example in the proof of multiplicity one in [L.IV.A §10].

4. Global calculation

4.1. We let f be a test function on G(A) for which the simple stable trace formula
is valid as in [L.IV.A, Théorème 8.4]. Recall that this is true if [F : Q] ≥ 2 and if f
is a very cuspidal coefficient of discrete series at the real primes. This is an identity

(4.1.1) TGdisc(f) =
∑

ι(G,H)STHdisc(f
H)

where H runs over the endoscopic groups for G. Since G is anisotropic,

(4.1.2) TGdisc(f) = TG(f) =
∑

π

trace π(f)

where {π} decomposes L2(G(F )\G(AF )). By our choice of f∞, fH∞ can be taken
to be a linear combination of pseudo-coefficients of discrete series (cf. Shelstad
[Shel1], Clozel-Delorme [CD]). Since fH∞ intervenes only through its stable orbital
integrals, this linear combination may be chosen stable. Then fH∞ is, up to a scalar,
an Euler-Poincaré function ([CD, Théorème 3], [L, Proposition 9]). Fix H. Let ϕH

be a function on H(AK) corresponding to fH by base change. This is legitimate
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in our situation because base change for Hecke algebras is surjective, cf. [M.III.C,
Cor. 4.2]. At the archimedian places ϕH is a twisted Euler-Poincaré function, as in
[CL]. By [L.IV.A, §4], we may suppose that ϕH∞ and fH∞ are very cuspidal. Theorem
4.4 of [L.IV.A] guarantees that

(4.1.3) STHdisc(f) = TL
∗

disc(ϕ
H × θ).

The notation is essentially that of Labesse: L∗ is the “espace tordu” associated
to (H(AK), θ); cf. [loc. cit, 2.1], where θ is the Galois automorphism. We have
written ϕH × θ for the function on the non-identity component L∗ obtained from
ϕH by translation by θ.

A description of the terms of the twisted trace TL
∗

disc will be given below.
With this choice of f∞, we now have:

Lemma 4.2. We can choose our test function ff on G(Af ) such that

(1) For all finite v, fv is biinvariant under the subgroup K ′
v of §3.2;

(2) For all finite v, Tr(fv; πv(τv, χv)) 6= 0;
(3) STH(fH) = 0 unless H = U(n+ 1)∗ or H = U(n)∗ × U(1)

Proof. Note that by the choice of f∞, (4.1.2) and all terms (4.1.4) now range over
a finite set of representations once the level of ff is fixed.

Consider a term of (4.1.1) indexed by an endoscopic group H = U∗(a) × U∗(b),
a+ b = n+ 1. By Labesse’s result

(4.2.1) STH(fH) = TL
∗

a,b(ϕH)

Again we have adapted Labesse’s notation from [L.IV.A, §2.2]. Thus L∗
a,b is the

“espace tordu” GL(a)K×GL(b)K ⋊ θ with the Galois conjugation θ acting on both
factors. However, unlike Labesse, we denote by ϕH a function on the adelic group
HK(A) = GL(a)(AK) ×GL(b)(AK). Then we have further [L.IV.A, Prop. 3.7]

(4.2.2) TL
∗

a,b(ϕH) =
∑

Π

cΠ trace (Π(ϕH)Iθ).

On the right-hand side, Π runs over a “discrete” set of representations ofGL(a,AK)×
GL(b,AK) such that Π and Π ◦ θ are isomorphic, θ being “complex conjuga-
tion” with respect to HF ; Iθ is the naturally defined, global intertwining operator
Π ≃ Π ◦ θ; and cΠ 6= 0. Let us recall what these representations are. We may
as well consider only one factor GL(a,AK); change notation and write Π for a
representation of this group. The condition on Π is that

(1) (tempered case) Π should be of the form Π1 ⊞ · · · ⊞ Πr, Πi a cuspidal
representation of GL(ai,AK), a1 + . . . ar = a, Πi ≃ Πθ

i , and Πi 6= Πj . Here
⊞ denotes block parabolic induction,

(2) (general case) More generally, Π has a similar decomposition, but with Πi

the Speh representation Sp(Pi, bi) where ai = cibi and Pi is cuspidal for
GL(ci,AK). (Cf. [A, Theorem 26.2] or [MW]).

For a justification, cf. [L.IV.A, Cor. 9.2 and Lemme 5.1]). The condition
Πi 6= Πj is not explicitly mentioned there but is automatic for representations such
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that trace Π∞(ϕH∞) 6= 0, as follows from the regularity of discrete series parameters
(cf. [C.III.A, (3.6)]). As we will see, the case (2) is irrelevant for us.

Now fix the level of ff , for instance K ′ =
∏
K ′
v. Consider our representation

πf (τ, χ) = ⊗vπv(τv, χv). For H = U∗(n)×U(1), (4.2.2) contains a term such that,
for v /∈ S, the associated character of Hv(H) is, composed with the endoscopic
morphism Hv(G) → Hv(H) of [H.A.1, (9.3.3.3)], the character of Hv(G) given by
πv. On the right-hand side, it is simply the twisted trace associated to (Π ⊗ µ ◦
det) ⊗ χ (§1). For H = U∗(n+ 1), there is a similar term of the form (1), which is
now composite, associated to an induced representation Π ⊗ µ ◦ det ⊞χ.

We can certainly choose f verifying (1), (2) of Lemma 4.2. We may vary f at
the primes v /∈ S, preserving (2).

Now consider the terms (4.2.2) for H = U∗(a) × U∗(b), and a or b > 1. By our
choice of f , thus of fH , ϕH is a twisted Euler-Poincaré function [CL,Theorem 5.1].
In particular, for fixed level, the sum in (4.2.2) is again finite. By a theorem of
Jacquet-Shalika [JS], the characters of

HS
K = ⊗′

w/∈SH(GL(n,Kw), GL(n,Ow))

associated to all terms in (4.2.2) for allH with (a, b) 6= (n, 1) or (n+1, 0) are linearly
independent. (For instance, the non-tempered terms of type (2) above have different
Hecke eigenvalues by the Jacquet-Shalika estimate for the Hecke eigenvalues of cusp
forms; if a or b > 1 terms of type (1) do not contain a cuspidal factor of dimension
n and we apply [JS, II, Theorem 4.4]).

A fortiori the terms (4.2.1) in STH(fH) are linearly independent, as characters of
the unramified Hecke algebra of G, via the endoscopic morphisms H(Gv) → H(Hv),
from the term (2) of the lemma, if we consider a large set of v /∈ S. This proves
the Lemma.

The same proof shows the stronger statement:

Corollary 4.3. Let W be a finite set of finite-dimensional representations of G(R).
We can choose ff as in Lemma 4.2 to satisfy the additional conditions

(4) Suppose π is an automorphic representation of G of level
∏
vK

′
v, the product

taken over all finite places of F , such that π∞ is cohomological relative to
some W ∈ W. Then Tr(ff , πf ) = 0 unless πf = ⊗′

vπv(τv, χv), in which
case Tr(ff , πf) = 1.

The hypotheses on π imply that π belongs to a finite set of automorphic repre-
sentations. The assertion now follows from the standard argument of separation by
Hecke eigenvalues that is needed in every application of the trace formula.

Henceforward, we assume ff to be chosen as in 4.2 and 4.3. We write πf (τf , χf ) =
⊗′
vπv(τv, χv). The next two subsections determine the contributions STH(fH) for

H = U(n + 1)∗ and H = U(n)∗ × U(1), respectively, when f∞ is chosen to be
a (very cuspidal) pseudocoefficient of a fixed discrete series representation. These
contributions will be controlled by base change, using Labesse’s results in [L.IV.A].

4.4. Calculation of STH(fH), H = U(n+ 1)∗.
Let H = U(n+ 1)∗, so that ι(G,H) = 1. By the Jacquet-Shalika classification,

the representation πf (τf , χf ) cannot base change to the finite part of a cuspidal
automorphic representation of GL(n + 1,K). It does, however, base change to
the (finite part of) an Eisenstein representation on GL(n+ 1,K) induced from the
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standard maximal parabolic subgroup Pn already encountered in (3.2). In what
follows we write P instead of Pn. The components τ and χ are respectively θn-
stable and θ1-stable, where θi is the outer automorphism of GL(i,K) considered
in [L.IV.A]. Thus the corresponding automorphic representation, occurring in the
space of Eisenstein series on GL(n + 1,K), say Π(τ, χ), is θn+1-stable. Moreover,
although it belongs to a one-dimensional complex continuous family of automorphic
representations, Π(τ, χ) is even θn+1-discrete in the sense that it is the only fixed
point in the family under θn+1. It will, then, contribute a discrete term (4.4.3) to
the left hand side of (4.4.1).

Now let f∞ be a very cuspidal pseudocoefficient of a discrete series representation
π∞ ∈ ΠG(φG) in the L-packet with parameter φG = ξ ◦φH , as in (3.3). We assume
the strong regularity hypothesis 1.3. By Théorème 8.2 of [L.IV.A], we have

(4.4.1) TL
∗

disc(ϕ
H × θ) = STH(fH)

for fH = fH∞ ⊗ fHf and ϕH , fH associated. The left hand side is the twisted trace

as in [L.IV.A], L∗ being the component of 1 ⋊ θ in GL(n + 1,K) ⋊ {1, θ}. The
function ϕH∞, being associated to fH∞, must be such that

(4.4.2) trace (Π∞(ϕH × θ)) = 1,

the 1 on the right-hand side being the trace of fH∞ in the L-packet for H(F∞)
associated to Π∞. Here Π∞ has been extended to the twisted space using the
Whittaker normalization: Π∞(θ) is the Whittaker-normalized intertwining operator
for θ = θn+1, as in [C.III.A,§2] (see the remarks at the end of [§2 of that chapter]).
Up to a scalar, φ∞ is a Lefschetz function for Π∞.

Remark. In (4.4.1) one would like to replace H by G, but the stable trace is only
defined for quasi-split groups. Since H(Af ) = G(Af ), the function fHf = ff is in

fact a function on G(Af ). On the other hand, f∞ and fH∞ are associated, hence
the 1 on the right-hand side of (4.4.2) can be interpreted as the trace of f∞ in the
L-packet for G(F∞) associated to Π∞. Thus in fact one could make sense of the
right-hand side of (4.4.1) in terms of G directly.

The purpose of this section is to determine the contribution of STH(f) to the
formula (4.1.1). In the calculation that follows, we identify this contribution with
the left-hand side of (4.4.1).

Using the finiteness arguments in the proof of Lemma 4.2 and the fact that φ∞
traces only in cohomological representations, we can now refine our choice of fH

(and associated ϕH) so that only one class of terms survives in the expression of
[L.IV.A, (5.2)] for (4.4.1), namely

(4.4.3)

TL
∗

disc(ϕ
H × θ) =

∑

M≡GL(1)×GL(n)

|W (M)|−1TLM,disc(ϕ
H × θ)

=
1

2

∑

Π

trace IP (Π, s)(ϕH × θ)

=
1

2
trace IP (Π(τ, χ), s)(ϕH × θ)

where IP (Π, s)(ϕH) is the operator defined in [L.IV.§5]; the argument used in the
proof of Lemma 4.2 guarantees that we can choose fH so that only the term Π =
Π(τ, χ) survives. Recall that Labesse writes ϕ for our ϕH × θ.
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Proposition 4.4.4. Let f∞ be a very cuspidal pseudocoefficient of a discrete series
representation π∞ ∈ ΠG(φG) as above, and let fHf satisfy the conditions of (4.2)

and (4.3). Then, if fH is a stable transfer of f on H = G∗ = U(n+ 1)∗,

STHdisc(f
H) =

1

2
.

Proof. Using
TL

∗

disc(ϕ
H × θ) = STH(fH)

it suffices to show that (4.4.3) is equal to 1
2

when ϕH admits fH as stable transfer.
One has to compute

trace IP (Π, s)(ϕH × θ)

Implicit in the definition there is a globally defined intertwining operator

Iθ = IP (Π, s)(θ)

using the Arthur normalization (cf. [L.IV.A, §3.4]). Now

Π(τ, χ) = ind
GL(n+1,AK)
P (AK) (τK ⊗ χK) := IGP (τK ⊗ χK)

where τK is the representation Π of §1 – the base change to GL(n,AK) of the
L-packet τ of (3.1) – and χK = χ ◦ NK×/U(1) is the base change of χ (denoted χ̃
above), the notation NK×/U(1) being self-explanatory.

The term (4.4.3) comes from Arthur’s twisted trace formula, and in particular
the implicit normalization of the intertwining operator is defined by Arthur. It is
the product of two operators ([L.IV.A, §3.2], where they are denoted MQ|s(Q)(0)
and ρQ(s, 0, y)).

The automorphism θn+1 acts on GL(n+1,AK), and θn× θ1 acts on the GL(n)-
component of the Levi subgroup GL(n)×GL(1). There is a tautological intertwin-
ing operator

(4.4.5) Tθ : IGP (τK ⊗ χK) → IGθP (θτK ⊗ θχK)

where θP is now of type (1, n). The groups P and θP contain the unipotent radical
of the Borel subgroup, and Tθ sends the natural Whittaker functional W ′ (on the
right-hand side of (4.4.3), with respect to a choice of additive character) to its
analogue W on the left-hand side.

We now have to send IGθP (θτK⊗θχK) back to IGP (τK⊗χK), and this is done by the
standard unnormalized intertwining operator (integration on a suitable unipotent
subgroup), composed with θM . Note that

θM (τK ⊗ χK) ≃ τK ⊗ χK.

Further, θM fixes a Whittaker functional on the space of the inducing representation
and therefore also on the space of the induced representation.

Let us denote by

A : IGθP (θτK ⊗ θχK) → IGP (τK ⊗ χK)
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the unnormalized intertwining operator. It is defined, a priori, for a complex pa-
rameter σ such that Re(σ) > 0. We take σ real and consider A(σ). Following
Langlands and Shahidi [Sh1] we normalize A(σ) in the form

A(σ) = n(Π, σ)N(σ),

where

(4.4.6) n(Π, σ) =
L(τK ⊗ χ∨

K, σ)

ε(τK ⊗ χ∨
K, σ)L(τK ⊗ χ∨

K, σ + 1)
,

the L and ε factors being the Rankin-Selberg L-function and ε-factor (in this case
for GL(n) ×GL(1)) as in [JS], including the archimedean factors. The functional
equation

L(τK ⊗ χK, σ) = ε(τK ⊗ χK, σ)L(τ∨K ⊗ χ∨
K, 1 − σ)

here gives the following result.

n(Π, σ) =
L(τ∨K ⊗ χK, 1 − σ)

L(τK ⊗ χ∨
K, 1 + σ)

.

But τK and χK are unitary, thus isomorphic to the duals of their complex conjugates
(complex conjugation acting on the coefficients), and σ is real. We thus obtain

n(Π, σ) =
L(τK ⊗ χ∨

K, 1 − σ)

L(τK ⊗ χ∨
K, 1 + σ)

.

Arthur’s formula involves the value of this function at σ = 0, and thus

n(Π, 0) = 1.

We still need to calculate the effect of N(0) on the Whittaker functionals. The
normalized operator is a product of local operators. At the finite places where
our data are unramified, we know that N(0) acts trivially on the vector fixed by
the hyperspecial maximal compact subgroup (Lemma 6.1 in [KS]; note that the
special assumptions in that paper are removed in [Sh2]) and that it acts by 1 on
the Whittaker functional. At split places, a simple calculation shows that this is
still true. (One could also use the argument that follows, completing [Sh1, loc. cit.],
by the fact that it is now known that his local coefficients cψ(s,Π) admit analogous
formulas to those that we use below at real places.)

Now consider a real place v. If f is a function in the local induced representation

IGθP (θτw ⊗ θχw) = IGθP (τw ⊗ χw)

for w dividing v, and if the natural Whittaker functions (for which the previous
arguments, relative to induction, apply) on the two induced representations are
denoted Wh, Shahidi [Sh1, p. 298] shows the formula

< Wh, f >= c(σ, τ ⊗ χ) < Wh,A(σ)f >
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where we have dropped the subscripts on τ and χ and the factor c(σ, τ ⊗χ), which
depends locally on an additive character ψ of Kw – is given by

c(σ, τ ⊗ χ) = cψ(σ, τ ⊗ χ) = ε(τ ⊗ χ∨, ψ, σ)×
L(τ∨ ⊗ χ, 1 − σ)

L(τ ⊗ χ∨, σ)
.

We now return to the formula (4.4.6) for the normalizing factor. We have (locally)
N(σ) = n(σ)A(σ), thus

< Wh,N(σ)f >= n(σ)c(σ, τ ⊗ χ) < Wh, f > .

The scalar product is thus

ε(τ ⊗ χ∨, ψ, σ)×
L(τ∨ ⊗ χ, 1 − σ)

L(τ ⊗ χ∨, σ)
·

L(τ ⊗ χ∨, σ)

ε(τ ⊗ χ∨, ψ, σ)L(τ ⊗ χ∨, σ + 1)

At σ = 0, this equals
L(τ∨ ⊗ χ, 1)

L(τ ⊗ χ∨, 1)

But τ and χ are (locally) unitary, thus τ∨ = τ̄ , χ∨ = χ̄, and since σ = 1 is real we
have

L(τ∨ ⊗ χ, 1) = L(τ̄ ⊗ χ̄∨, 1) = L(τ ⊗ χ∨, 1).

Now, by the choice of our functions locally everywhere at finite places and thanks
to the compatibility of the Whittaker normalization with the spectral transfer
[C.III.A, §2] we have

trace πv(ϕ
H
v × θ) = trace τv(fv)

if πv is the base change of τv (known to exist for unramified representations and
at split or archimedean places) extended to the twisted space using the Whittaker
normalisation [C.III.A,§2]. In particular, with Iθ as defined by Arthur,

trace (IP (Π, s)(ϕH × θ)) = 1

if Π = Π(τ, χ).

Note that this theorem does not depend on the choice of χ, nor does it depend on
the choice of π in the L-packet ΠG(φG). This will not be the case in the following
section.

4.5. Calculation of STH(fH), H = U(n)∗ × U(1).
Now let H = U(n)∗ × U(1). Then ι(U∗, H) = 1

2
[L.IV.A, §3]. We have the

analogue of (4.4.1):

(4.5.1) T
L∗

H

disc(ϕ
H × θ) = STHdisc(f

H)

where L∗
H is to Gn × G1 as L∗ above was to Gn+1, and φH and fH are matching

functions. Moreover, in this case the proof of Lemma 4.2 shows that the analogue
of (4.4.3) is simply
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(4.5.2) TL
∗

disc(ϕ
H × θ) = TL

∗

L,disc(ϕ
H × θ).

For the precise meaning of the notation in (4.5.2), see [L.IV.A,§2]. In words, the
only θn×θ1-discrete representations that contribute are the θ-stable representations
in the discrete spectrum for GL(n,K) ×GL(1,K). Hypothesis 1.3 guarantees that
these representations are in fact cuspidal, and we use this fact without comment in
what follows.

To determine the contribution of ι(U∗, H)STH(fH) = 1
2ST

H(fH) to (4.1), it

suffices to determine fH . This has been done in (3.2) and (3.3), and we just collect
the answers. The result depends this time on the choice of π ∈ ΠG(φG). Refer to
Corollary 3.3.8, let δ = 1 and choose χ∞ so that

(4.5.3) ∆v0(φH(τ∞, χ∞), πv0) ·
∏

σ 6=v0

∆σ(φH(τ∞, χ∞), πσ) = δ ⇔ πv0 ∈ Π+.

Then

Proposition 4.5.4. With this choice of χ∞, let f∞ be a (very cuspidal) pseudo-
coefficient of a discrete series representation π∞ = ⊗σ∈ΣF

πσ. Let ff be as above.
Then

ι(U∗, H)STH(fH) = {
1
2 if πv0 ∈ Π+

−1
2

if πv0 ∈ Π−

Proof. By the previous remarks, and by refining the choice of ff as in the proof
of Lemma 4.2, we see that there is only one term in the left-hand side of (4.5.1).
With notation that may be clearer than in [L.IV.A] we get

(4.5.4.1) trace (Π′(ϕH × θ)) = STHdisc(f
H)

where Π′ = Π ⊗ χ, and where Iθ = Π′(θ) (acting on the space of automorphic
forms on GL(n,AK) × A×

K) stabilizes a Whittaker vector [Cl,§2], and φH , fH are
associated. The right-hand side is a finite sum, in fact equal to THdisc(f

H) (proof
of Lemma 4.2 again); on all representations of H(A) involved, the trace of ff is 1.
Thus (4.5.4.1) is an identity

(4.5.4.2) trace (Π′(ϕH × θ)) =
∑

πH

trace πH,∞(fH∞).

Assume πv0 ∈ Π+ and f∞ = ⊗vfv with fv0 a pseudocoefficient of πv0 . According to
the results in [C.III.A,§3] recalled in this chapter, the stable trace, trace ΠH,∞(fH∞)
is equal to 1 when ΠH,∞ is the L-packet of discrete series ΠH(φH) defined by the
Langlands parameter φH . It is 0 for other discrete series L-packets (this was not
stated in [C.III.A] but follows easily from Shelstad’s construction [Shel1] of fH ,
or from a simple argument with infinitesimal characters). Assume moreover the
Strong Regularity Hypothesis 1.3. Then fH has non-zero trace only in discrete
series representations. Now by [C.III.A, §2], since Iθ is Whittaker normalized, we
have

(4.5.4.3) trace (Π′(ϕH × θ)) =
∑

π′
∞

∈ΠH(φH)

trace π′
∞(fH∞).
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(We extend the results, trivially, to take care of the one-dimensional factor.)
Comparing (4.5.4.2) and (4.5.4.3), and keeping in mind that the right-hand side

of (4.5.3) contributes only representations with the specified Hecke eigenvalues at
(almost all) finite primes, we obtain the first part of the Proposition. If πv0 belongs
to (the singleton) Π−, the same argument applies, now with trace ΠH,∞(fH∞) = −1,
yielding the requisite equality in that case.

Combining the last two propositions, we conclude:

Theorem 4.6. Let Π be a cuspidal automorphic representation of G = Gn satis-
fying Hypotheses 1.1, 1.2, and (strong regularity) 1.3. Define G = U(V1) as in
Lemma 1.4. Then there exists a Hecke character χ of U(1) such that the repre-
sentation π∞ ⊗ πf (τf , χf ) occurs with multiplicity one (resp. multiplicity zero) in
the automorphic spectrum of G for any π∞ ∈ Π+ ⊂ ΠG(φG) (resp. π∞ /∈ Π+,
in particular π∞ ∈ Π−). Here the partition ΠG(φG) = Π+

∐
Π− is as in Lemma

3.3.6, and depends on φG, hence on χ∞.

The arguments given above apply without change if the group G is replaced by
any anisotropic unitary group in n+1 variables which is quasi-split at all finite places
and either U(n, 1) or compact at each archimedean place. The article of Belläıche
and Chenevier about the determination of the sign of the Galois representations
constructed in these books requires the following additional case.

Assume now that G is the unitary group associated to a totally definite hermitian
space of odd dimension n + 1 over K/F . The letter χ still denotes a character of
U(1) such that χv is unramified if v is finite and inert. We have χv(z) = z−av for
some av ∈ Z if v is archimedean. Let Π be a cuspidal automorphic representation of
Gn satisfying Hypotheses 1.1, 1.2, and 1.3. The unitary group G being compact at
each real place, the Langlands parameter φG defined in 3.3 defines a unique (finite
dimensional) irreducible representation π∞ of

∏
v real G(Fv).

Theorem 4.7. If av is big enough for each real place v, the representation π∞ ⊗
πf (τf , χf ) occurs in the automorphic spectrum of G (and with multiplicity one).

Indeed, the analysis of §4 applies verbatim to this case, the only difference oc-
curing in §4.5. There is no choice now for the element π ∈ ΠG(φG) = {π∞} and
Proposition 4.5.4 has to be replaced by the following observation. Assume that
for each real place v of F , the integer av is big enough so that the endoscopic L-
parameter φG at v is dominant ”in the natural order” (the permutation ωv of 3.3
is then the identity), then ι(U∗, H)STH(fH) = 1

2
. Indeed, by the proof of Prop.

4.5.4 and the character identity (3.3.1), whose right-hand side reduces to the term
π∞ now, it is enough to show that ∆v(φH , (π∞)v) = 1 for each v. But this follows
from (3.3.2) as ωv is the identity, and concludes the proof. Note that the conclusion
of the statement would hold as well under the “opposite” assumption “−av is big
enough at each real place v”, as then ωv would be a n+1-cycle, whose signature is
1 again as n is even.

5. A remark on transfer factors

Identities such as (4.1.1) are true on the nose, not up to a constant, and therefore
rely on a precise definition of the correspondence f 7→ fH . This has been defined
by Langlands and Shelstad [LS]. Locally, the transfer factors may be defined up to
a constant; globally, they must satisfy a product formula proved in §6 of [LS].
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The transfer factors we use must therefore be those of Langlands and Shelstad,
and it is those that are described by Renard in [R.II.1]. However, in [C.III.A] and
in the endoscopic transfer of §3, we have used Kottwitz’ simple description of the
factors ∆v(γH , γ), denoted ∆0(γH , γ) in [C.III.1, Définition 3.1]. (We choose once
and for all ∆0 as our “Kottwitz-Shelstad” transfer factor.)

On the other hand, the global transfer factor is also determined by the choice
of endoscopic embedding, denoted ξ in (3.2.3), and this choice is reflected in the
determination of the non-archimedean component πf (τf , χf ) in the statement of
Theorem 4.6.

It is therefore incumbent upon us to verify, on the one hand, that the factors
∆LS(γH , γ) and ∆KS(γH , γ) of Langlands-Shelstad, resp. Kottwitz-Shelstad, coin-
cide; on the other, to verify that they are compatible with the local factors at finite
places corresponding to our choice of endoscopic embedding. In the present section
we content ourselves with the following. We are working at a single real prime, and
the data are as in [C.III.A]. We note that Shelstad [Shel2] has now given a careful
discussion of the real transfer factors in relation in [LS]. Referring to that paper,
however, would have required a comparison of the factors of [Shel2] with those of
Kottwitz, i.e. those of [Shel1]. We leave this task to the reader.

Proposition 5.1. There exists a sign ε = ±1, depending on G and H, such that

∆LS(γH , γ) = ε∆KS(γH , γ).

Remark. The compatibility of this choice of archimedean transfer factor with
our chosen endoscopic embedding is verified in [L.III.D, §7].

Proof. The factor on the left is, we repeat, the one given by Renard . We work out
his constructions explicitly in our context, following [R.II.1, §5.5-5.9]. The factor
∆LS is given as a product of the five terms

∆disc, ∆I , ∆II , ∆III1 , and ∆III2 .

We are in the situation of [C.III.1, §3.2], so TH = TG is the diagonal unitary torus
in GL(n,C) (note that n is actually n+ 1 in this chapter. . .) and the factor ∆0

is evaluated in Définition 3.1 at a pair (γH = γH = γ).
The first factor ∆disc is not included by Renard because he uses Harish-Chandra’s

normalization of the orbital integrals [R.II.1, §3.2]. Compensating for this, we have

(5.2) ∆disc(γ, γ) =
DG(γ)

1

2

DH(γ)
1

2

where DG(γ) = | det(1 − γ) | g/t| =
∏
α |1 − γα|, the product over all the roots of

(G, T ).
The second factor ∆I is a sign depending only on (G, T,H) [R.II.1, §5.6]. The

third factor, in the notation of [C.III.1], is

(5.3) ∆II(γ, γ) =
∏

α∈B,α/∈BH

γα − 1

|γα − 1|
.

The fourth factor is apparently complicated but we can make it trivial. It de-
pends on the datum of γ = γH and of another analogous pair, say (γ′, γ′H). Globally
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[LS, p. 267] γ′H will be taken in H(F ) and γ′ ∈ G(AF ), associated, at all primes,
to γ′H . We may, be weak approximation, take (γ′, γ′H) of the same form as γ, γH .
Then the elements uσ and vσ (σ ∈ Gal(C/R)) of [R.II.1, §5.8] are equal and

inv(γH , γ; γ′H, γ
′) = 1.

The fifth factor is obtained as in [C.III.1, §3.2] by comparing ηG0 and ξ0η
H
0 and

is equal to χ0(γ) [R.II.1, §5.9]:

(5.4) ∆III1 (γ, γ) = χ0(γ).

Finally, we get from (5.2), (5.3), and (5.4)

∆LS(γ, γ) =
∏

α∈B,α/∈BH

(γα − 1)χ0(γ)ε

= (−1)ab(−1)q(G)+q(H)ε∆KS(γ, γ)

where the sign ε comes from ∆I . This implies the Proposition.

We now seem to have a problem with the proof of Theorem 4.6, which relied
on Kottwitz’ factors. Suppose, however, that the product of transfer factors at
archimedian primes is the opposite of the ones we used in §4. The comparison in
§4.4 does not change (the transfer factor is 1 for the inner form). In §4.5, we may
now use Corollary 3.3.8 with δ = −1 (this entails taking a different value of χv at a
compact archimedian place). Now Proposition 4.5.4, with a different choice of χ∞,
remains true, and Theorem 4.6 follows.
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