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DY v = 0 P ∗(y) − 1/x = 1+y
x − 1

x =
y
x = uv P ∗(y) = 1/x DY

DZ E2 (u, v) = (x/y, 1/x) DZ
1
y = uv = 0 DZ

P ∗(1/y) − x/y =
x

1 + y
−

x

y
=

x

y
(

1

1 + 1
y

− 1) = 0

E2 DX (u, v) = (x, 1/y)
E2

1
y = uv = 0 E2

P ∗(x/y) − x = x(
1

1 + 1
y

− 1) = 0

P

XSymp

Ω
−1 P : (x, y) %→ (y, 1+y

x )
XH

XSL(2,Z)

Ω p ∈ Ω



D
D s ∈ S

D δs δ2
s

δs D δk
s

δk−1
s D

XH H

P
X1 CP2

(1, 0, 0), (0, 1, 0), (0, 1,−1) X2 CP2 (1, 0, 0), (0, 1, 0), (1, 0,−1)
XP CP2 (1, 0, 0), (0, 1, 0), (0, 1,−1), (1, 0,−1)

D1, D2, C1, C2 XP X1

X2 P Ψ : XP =→ XP

XP DX , DY , D1, DZ , D2

−1





−1 1 0 0 1
1 −1 1 0 0
0 1 −1 1 0
0 0 1 −1 1
1 0 0 1 −1





5
Pic(XP ) 5 Ψ∗

Ψ∗ : DX → DY → D1 → DZ → D2 → DX

(X = 0) =
(Y = 0) = (Z = 0) Pic(XP )

DX + E2 + C1 = DY + E1 + C2 = DZ + E1 + E2

C1 C2

C1 = DZ + E1 − DX

C2 = DZ + E2 − DY

Ψ∗(C1) = C2 Ψ∗(C2) = DX + E2 − E1



XG G
XG

G
f : A → B B

f∗ : Pic(B) → Pic(A) (E)
Pic(A) = f∗Pic(B) ⊕ Z(E)

f∗ : Pic(A) → Pic(B)
Pic

(X,π) ∈ XG f∗

Pic(XG) = lim
→

Pic(X)

BlG XG

Pic(XG) = Pic(CP2) ⊕
⊕

E∈BlG

Z

P̂ ic (X,π) ∈ XG

f∗
P̂ ic(XG) = lim

←
Pic(X)

Pic(XG) = Pic(CP2) ⊕
∏

E∈BlG

Z

Pic ⊂ P̂ ic

P ic
P̂ ic

(•, •) : Pic × P̂ ic → Z

f : A → B a ∈
Pic(A) b ∈ Pic(b)
A B

(a, f∗b) = (f∗a, b)



Ample ⊂ Pic Eff ⊂ P̂ ic

XSL(2,Z), XSymp, XH

XSL(2,Z) S
Z2

S Fun(S)
S Z f : S → Z

v1, .., vn ∈ S
u ∈ S vi, vi+1

f(u) = af(vi) + bf(vi+1)

a, b ∈ Q avi + bvi+1 = u
PL(S) ⊂ Fun(S) S Z

Lin 2

pl : Pic(XSL(2,Z)) → PL/Lin

fun : P̂ ic(XSL(2,Z)) → Fun/Lin

(X,π) ∈ XSL(2,Z) CP2

λ = {s1, .., sn}
si ∈ S Di

D
Pic(X) Di

D =
∑

niDi X fD : λ → Z

fD(si) := ni

π : Y → X Di Di+1

E si + si+1

π∗Di = Di + E π∗Di+1 = Di+1 + E Div(Y )
fπ∗D(si + si+1) = ni + ni+1

D =
∑

niDi

xayb



CP2

Div(CP2)
(x) = (X = 0)− (Z = 0) (y) = (Y = 0)− (Z = 0)

f(x) : ((1, 0), (0, 1), (−1,−1)) = (1, 0,−1)

f(y) : ((1, 0), (0, 1), (−1,−1)) = (0, 1,−1)

X λ
Pic(X)

f P ic(X) Fun(λ)/Lin(λ)
λ

(X, π) XSL(2,Z)

SL(2,Z) Pic(XSL(2,Z)) P̂ ic(XSL(2,Z))
PL Fun Lin

Eff ⊂ P̂ ic(XSL(2,Z))
S Amp ⊂

Pic(XSL(2,Z))
SL(2,Z)

F S Z a ∈ S
d(F, a) F

a u v u ∧ a = a ∧ v = 1 a
u v F a

a u v
u + v = ka k ∈ Z F a

d(F, a) := F (u) + F (v) − kF (a)

u v
0 F d

Pic(XSL(2,Z)) P̂ ic(XSL(2,Z))
F G S F G

Pic(XSL(2,Z)) P̂ ic(XSL(2,Z))

< F.G >=
∑

α∈S

d(F, α)G(α)



H Pic(XH) P̂ ic(XH)

Pic(XH) P̂ ic(XH)
H Pic(XH)

V ⊂ Pic(XH)

⊕s∈S,k≥0Zδk
s δk

s

∏
s∈S,k>0 Zδk

s

s ∈ S k ∈ Z>0 δk
s

k
−1 s ∈ S

XH

Pic(XH) = Pic(XSL(2,Z)) ⊕
∑

s∈S,k>0

Zδk
s

P̂ ic(XH) = P̂ ic(XSL(2,Z)) ⊕
∏

s∈S,k>0

Zδk
s

Pic(XH) P̂ ic(XH)
XSL(2,Z) δk

s Pic(XSL(2,Z))

δk
s .δk

s = −1

V ′ ⊂ P̂ ic(XSL(2,Z)) ⊂ P̂ ic(XH)
F : S → Z 1 0

V ′

H
V ′

H H V ⊂ Pic(XH)
V

F ∈ PL(S)

F ′ := F −
∑

i

d(F, si)δ
1
si
∈ Pic(XH)

V ⊂ Pic(XH) U ⊂

P̂ ic(XH) F ′ δk
s −δk+1

s F ∈ PL(S)
s ∈ S k ∈ Z>0 V H



(X, π) ∈ XH Di

−1
D1, .., Dn, δ1

s1
, .., δ1

sn
∈ Pic(X)

Pic(X) 2n− 2 Di X δ1
si

U(X) ⊂ Pic(X)
D1, .., Dn

U(X) n fi = Di + δ1
si

fi(si) = 1 fi(sj) = 0 j -= i
(fi, fi) = −ki

(fi, fi+1) = 1 ki kisi = si+1 + si−1

fi δ1
sj

j

f ′
i = fi + kiδ

1
si
− δ1

si+1
− δ1

si−1
∈ Pic(X)

Dj = fj−δ1
sj

j fi

X
V (X) f ′

i n − 2 U(X)
−1

1 δk
s − δk+1

s

V Di V (X)
n V V (X)

H P C
Pic(XH) TP : S → S P

TP : (a, b) %→

{
(−b, a) a ≥ 0

(−b + a, a) a < 0

P ∗

S TP P ∗ S

A A(x, y) = max(0,−y)
(1, 0) (−1, 0)

P ∗ Pic(XH) = PL(S)/Lin ⊕
⊕

s,k δk
s

δk
s %→ δk

(TP (s)) k ≥ 1 s -= (0,±1)

δk
(0,−1) %→ δk+1

(1,0)



δk
(0,1) %→ δk−1

(−1,0) k ≥ 2

δ1
(0,1) %→ −δ1

(1,0) + A

F ∈ PL(S) F (0, 1) = F (0,−1) = 0 F %→ F ◦ T−1
P

A %→ A ◦ T−1
P − δ1

(1,0)

P XP

P ∗ Pic(XP )

Pic(XH) = Pic(XP )
⊕

⊕blow−upsZeexc

XP

DX , DY , E1, DZ , E2 XP

λ = ((1, 0), (0, 1), (−1, 0), (−1,−1), (0,−1))

1 0
Pic(XP )

⋂
PL(S)/Lin

DX + δ1
(1,0), DY + δ1

(0,1), E1, DZ , E2

δ1
(1,0) = C1 δ1

(0,1) = C2

P ∗(δ1
(0,1)) = Ψ∗(C2) = DX + E2 − E1 = φ − δ1

(1,0)

φ (1, 0,−1, 0, 1)
φ (−1, 0, 1, 1, 0) A

Ψ∗(DX + δ1
(1,0)) = DY + δ1

(0,1)

Ψ∗(E1) = DZ

Ψ∗(DZ) = E2

f Ψ∗(f) =
f ◦ T−1

P f
f(0, 1) = f(0,−1) = 0



A ∈ PL(S) DZ + E2

A ◦ T−1
P (1, 0, 0, 0, 1)

Ψ∗(A) = Ψ∗(DZ + E2) = DX + E2 = A ◦ T−1
P − δ1

(1,0)

S
A (0,±1)

P PL(S)/Lin
F ∈ PL(S)

Ψ∗ : F %→ F ◦ T−1
P − F ((0,−1))δ1

(1,0) + F ((0, 1))(−δ1
(1,0) + A)

V ⊂ Pic(XH) H
H

B =
⊕

α∈S

bα

E =
∞⊕

k=1,α∈S

ek
α

Υ : B → Z2 Υ(b(m,n)) =
(m, n) B0 = ker(Υ)

0 → B0 → B → Z2 → 0

Θ : PL(S) → B

Θ : F →
∑

s

d(F, s)bs

d(F, s) F s

Θ PL(S)/Lin B0

Lin Θ
PL(S)

f u, u + v, v (0, 1, 0)
u, v u ∧ v = 1 Θ(f) = bu + bv − bu+v B0



Γ : V → B0 ⊕ E

V ⊂ Pic(XP ) F ′

δk
α − δk+1

α

Γ(δk
α − δk+1

α ) = ek
α ∈ E

Γ(F ′) = Θ(F ) ∈ B0

Γ V B0 ⊕E
SL(2,Z) V B0 E

e b

v ∈ S µv Z2 v

µv : w %→

{
w + (v ∧ w)v v ∧ w ≥ 0

w v ∧ w < 0

µv B ⊕ E

bv %→ −b−v

b−v %→ e−v + b−v

bw %→ bµv(w) w ∧ v > 0

bw %→ bµv(w) + (v ∧ w)b−v w ∧ v < 0

ev %→ bv + b−v

ek
v %→ ek−1

v

ek
−v %→ ek+1

−v

ew %→ eµv(w)

I∗P ∗

µ(0,1) B0 ⊕ E



P
bv, ev I∗P ∗ Z2

(x, y) %→ (x, y) x > 0 (x, y) %→ (x, y − x) x < 0
µ(0,1)

I∗P ∗ : ek
w = δk

w − δk+1
w %→ ek

µ(0,1)(w)

ek
(0,1) %→ ek−1

(0,1) k > 1 ek
(0,−1) %→ ek−1

(0,−1)

I∗P ∗(e1
(0,1)) = I∗P ∗(δ1

(0,1)−δ2
(0,1)) = (A◦I−δ1

(0,−1))−δ1
(0,1) = (A◦I)′ = b(0,1)+b(0,−1)

I∗P ∗(e1
(0,1)) = µ(0,1)(e

1
(0,1))

I∗P ∗(δ1
(0,1)) − δ1

(0,1) = A ◦ I − δ1
(0,−1) − δ1

(0,1) = (A ◦ I)′ = b(0,1) + b(0,−1)

I∗P ∗(δ1
(0,−1)) − δ1

(0,−1) = δ2
(0,−1) − δ1

(0,−1) = −e1
(0,−1)

F ∈ PL(S) F (x, y) = 0 x > 0 d1 =
d(F, (0, 1)) d2 = d(F, (0,−1)) F ′ =

∑
α mαbα + d1b(0,1) + d2b(0,−1)

I∗P ∗(F ′) = I∗P ∗(F − d1δ
1
(0,1) − d2δ

1
(0,−1)) =

= F ◦ µ′
(0,1) − d1(A ◦ I)′ + d2e

1
(0,−1) =

=
∑

α

mαbµ(0,1)(α) − d1b(0,−1) + d2(b(0,−1) + e(0,−1)) = µ(0,1)(F
′)

I∗P ∗ µ(0,1) F ′

F ∈ PL(S) F (x, y) = 0 x > 0
A′ = b(1,0)+b(−1,0)

I∗P ∗(A′) = I∗P ∗(A − δ1
(1,0) − δ1

(−1,0)) =

= A ◦ µ(0,1) − δ1
(0,−1) − δ1

(−1,1) − δ1
(1,0) =

= (A ◦ µ(0,1))
′ = b(−1,1) + b(0,−1) + b(1,0) = µ(0,1)(b(1,0) + b(0,−1))



µ(0,1) = I∗P ∗

v = (0, 1) γ ◦ µ ◦ γ−1

v v = γ((0, 1))

B0 ⊕E

Θ = Z2 \ (0, 0)

W =
⊕

α∈Θ

Zpα

Θ W
v ∈ S ⊂ Θ µv Θ

µv : w %→

{
w + (v ∧ w)v v ∧ w ≥ 0

w v ∧ w < 0

µv W

µv : pα %→






pα+(v∧α)v + (v ∧ α)p−v v ∧ α > 0

pα v ∧ α < 0

pα−v − p−v v ∧ α = 0

µv pv −p−v

µ(0,1) W

p(x,y) %→ p(x,y) x > 0

p(x,y) %→ p(x,y−x) − xp(−1,0) x < 0

p(0,y) %→ p(0,y−1) − p(0,−1)

W → Z2 p(x,y) %→ (x, y)
V1

0 → V1 → W → Z2 → 0

γ ∈ SL(2,Z) α ∈ Z2

γ(pα) := pγ(α)



V ⊂ Pic(XH) V1 ⊂
W H =< P, SL(2,Z) >

Θ : V → B0 ⊕ E (3.3.5)
I∗P ∗ B0 ⊕ E

µ(0,1) Φ : V1 → B0 ⊕ E
v ∈ S k

Φ : pkv → ek−1
v + 2ek−2

v + ... + (k − 1)e1
v + kbv

Φ W B ⊕ E
W B Z2

V1 B0 ⊕ E
γ ∈ SL(2,Z) Φ(pγ(α)) = γ(Φ(pα))

µ(0,1) Φ µ0,1 SL(2,Z)
Φ µv v ∈ S

s ∈ S k > 0 α = ks
µv B ⊕ E

1 s ∧ v > 0

µv(Φ(pα)) = µv(e
k
s + 2ek−1

s + .. + (k − 1)e1
s + kbs) = Φ(pα)

2 s ∧ v < 0

µv(Φ(pα)) = µv(e
k
s + 2ek−1

s + .. + (k − 1)e1
s + kbs) =

= ek
µv(s) + 2ek−1

µv(s) + .. + (k − 1)e1
µv(s) + kbµv(s) + k(s ∧ v)b−v =

= Φ(pµv(α) + (α ∧ v)p−v)

3 α = kv

µv(Φ(pα)) = µv(e
k
v + 2ek−1

v + .. + (k − 1)e1
v + kbv) =

= ek−1
v +2ek−2

v + ..+(k− 2)e1
v +(k− 1)(bv + b−v)+kb−v = Φ(p(k−1)v − p−v)

4 α = −kv

µv(Φ(pα)) = µv(e
k
−v + 2ek−1

−v + .. + (k − 1)e1
−v + kb−v) =

= ek+1
−v + 2ek

−v + .. + (k − 1)e2
−v + k(b−v + e1

−v) = Φ(p−(k+1)v − p−v)



µ

t V (t) =
⊕

λ∈Λ(t) Ceλ

Λ(t) bij(t)
µi

i ∈ Λ(t) t t′ σi : Λ(t) → Λ(t′)
µi : V (t′) → V (t)

eσ(k)(t
′) %→ ek + max(bik(t), 0)ei

eσ(i)(t′) %→ −ei

b(t)∧2 V ∗(t) bij ei ∧ ej

Λ = Z2

S ⊂ Λ bij = i ∧ j

σv v ∈ S Λ σv : w %→ w − min(v ∧ w, 0)v
w ∧ v -= 0

σv : w %→ w − v w = kv
Λ σγ(v) = γ ◦σv ◦ γ−1

γ ∈ Γ µ := σ(1,0)

T

T Γ µ

(I2µ)2 = U−1

(I−1µ)5 = 1

(Iµ)7 = 1

T

T =< L, C ′|I = LC ′L,C ′3 = I ′4 = L5 = (C ′I ′L)7 = 1, I ′2C ′ = C ′I ′2 >

SL(2,Z)
P = L−1 C = C ′−1 I = I ′−1

T =< P, C|I = PCP,C3 = I4 = P 5 = (PIC)7 = 1, I2C = CI2 >



Γ = SL(2,Z) T

(
−1 1
−1 0

)
C

(
0 −1
1 0

)
I U = CI =

(
1 1
0 1

)
µ = IP

U µ I PCP = I

U−1 = I−1C−1 = I−1(P−1IP−1)−1 = (I∗P ∗)2 = (I2µ)2

P 5 = 1 (I−1µ)5 = 1 P = I−1µ
(PIC)7 = 1 (CPI)−7 = 1 CP =

P−1I (CPI)−1 = (P−1II)−1 = I2P = Iµ
(Iµ)7 = 1

V0

V0 =
⊕

s∈Λ Ces µv

ew %→ eσv(w) + max(v ∧ w, 0)e−v

ev %→ −e−v

µ H
ew w v





K = C(x, y)

CP2 K

A

X C̃(X)
X X Y

C̃(X) C̃(Y )
C̃(X)

OX

1
C̃(CP2)

P O(1)

RHom0
C̃(CP2)

(P, P ) = A

A

A
φ : A → K

R = C < x, y >⊂ A R

I = A[A,A]A φ
A \ I



A0 := R = C < x, y >
I0 := R[R,R]R = R(xy − yx)R

B B[B,B]B = [B, B]B = B[B, B]
B

Ai+1 Ai Ai \ Ii Ii Ai

Si = Ai \ Ii

Bi := Ai < us|s ∈ Si > Pi Bi uss − 1
sus−1 Ai+1 := Bi/Pi Ai → Ai+1

A := lim−→Ai

(1) φi : Ai → K
Ai → Ai+1

(2) ker(φi) = Ii

φ : A → K ker(φ) = I
φ Ak A

ker(φ) = I φk

i = 0 φ0 : R → C[x, y] ⊂ K
I0

ker(φi) = Ii i = k φk Sk

K φk(us) :=
φk(s)−1 Bk Pk 0 φk+1

Ak+1 = Bk/Pk

Sk φk

Ak+1

usut = uts ts(uts−usut) = (tsuts−1)+t(sus−1)ut+(tut−1) ∈ Pk

(utsts−1)(uts−usut) ∈ Pk (uts−usut) ∈
Pk

ker(φk+1) = Ik+1 k
Ak+1 φk+1 K

b ∈ Bk a, s ∈ Ak

b − aus ∈ Bk[Bk, Bk] + Pk

a1us1a2us2 ..an − a1a2...anus1us2 ..usn−1 ∈ Bk[Bk, Bk]

aus1us2 ..usk
− ausk...s2s1 ∈ Pk

aus + bup − (ap + bs)ups ∈ Bk[Bk, Bk] + Pk



b′ ∈ Ak+1 = Bk/Pk a′, s′ ∈ Ak

b′ − a′u′
s ∈ Ak+1[Ak+1, Ak+1] = Ik+1 φk+1(b′) = 0 φk+1(a′us′) =

φk(a′)φk(s′)−1 = 0 φk(a′) = 0 a′ ∈ Ak[Ak, Ak] =
Ik b′ ∈ Ik+1

A B
x y A0 B

Ak B
Ak+1 B

a, b ∈ A i : K → K
i : x %→ φ(a) i : y %→ φ(b)

f : A → A f(x) = a f(y) = b

a, b ∈ A f0 : A0 → A f0(x) =
a f0(y) = b fk : Ak → A

fk(x) = a fk(y) = b φ ◦ fk = i ◦ φk

φ(f(Sk)) φk(Sk) i
fk(Sk) fk fk+1 : Ak+1 → A

A
A K

A M = Mk×k(K[[ε]])
K[[ε]] K
X = xId + εX1 Y = yId + εY1 X1, Y1

M M
ε R → M

x %→ X y %→ Y A → M
XY − Y X = ε2(X1Y1 − Y1X1)

xy − yx A A

i : A0 = C < x, y >→ A

M = Mk×k(K[[ε]])
k K[[ε]]

S, T ∈ Mk×k(C)
f : A → M x %→ xId + εS y %→ yId + εT

a ∈ A0 i : A0 → A
f ◦ i(a) = 0 ε

ε a(S, T ) = 0
0



a =

(
P (x) Q(x)
R(x) S(x)

)
∈ PGL(2, k(x))

K C

a : (x, y) %→ (x,
yP (x) + Q(x)

yR(x) + S(x)
)

τ : (x, y) %→ (y, x)

Cr τ PGL(2, k(x))

1 → PGL(2, k(x)) → B → PGL(2, k) →
1 B k(x) ⊂ k(x, y) D = PGL(2, k)×PGL(2, k) =
D1 × D2 ⊂ B k(x) k(y) M =(

a b
c d

)
∈ D1 (x, y) %→ (ax+b

cx+d , y) N =
(

a b
c d

)
∈ D2 (x, y) %→ (x, ay+b

cy+d)

τ, B

τ2 = 1
τDτ = D
(τe)3 = a

e : (x, y) %→ (x, x
y ) ∈ B a : (x, y) %→ ( 1

x , 1
y ) ∈ D

D1 = D2 = PGL(2, k)
G = PGL(2, k(x)) k ⊂ k(x)

D2 = G(k) ⊂ G = G(k(x)) D1 k(x)
D1 PGL(2, k(x)) = G D2

G Z/2 =< 1, τ >

1 D1 = τD2τ G D1 G
PGL(2, k) = D1 k(x)



2 (τe)3 = a e =

(
0 x
1 0

)
∈ G a =

(
0 1
1 0

)
×

(
0 1
1 0

)
∈

D1 × D2

B
1 → G → B → D1 → 1

A

a ∈ GL(2, k(x))

(
P (x) Q(x)
R(x) S(x)

)
A

ta : (x, y) %→ (x, (yR(x) + S(x))−1(yP (x) + Q(x)))

pa : (x, y) %→ (x, (P (x)y + Q(x))(R(x)y + S(x))−1)

R = C < x, y > Rop = C < x, y >

ρ : R −→ Rop

(x, y) %−→ (x, y)

ρ(xy) = yx ρ(x2y3x7) = x7y3x2

ρ A Aop

ρ(P−1Q) = ρ(Q)ρ(P )−1 ta pa

ρ ◦ ta = pa ◦ ρ

ta pa

τ : (x, y) %→ (y, x) Crnc

τ ta a ∈ GL(2, k(x)) A[A,A]A
Crnc A/A[A,A]A = C(x, y)

Cr Crin Crnc

(x, y) %→ (rxr−1, ryr−1)
r ∈ A∗ Crin

Crnc → Cr

Crnc → Cr
A



Cr Crnc Crin

tatb = tab a, b ∈ GL(2, k(x))

b =

(
P (x) Q(x)
R(x) S(x)

)
a =

(
P1(x) Q1(x)
R1(x) S1(x)

)
a

A

tb : (x, y) %→ (x, (yR(x) + S(x))−1(yP (x) + Q(x))) =: (x, y1)

ta : (x, y1) %→ (x, (y1R1(x) + S1(x))−1(y1P1(x) + Q1(x))) =: (x, y2)

y1R1(x) + S1(x) = (yR + S)−1(y(PR1 + RS1) + (QR1 + SS1))

y1P1(x) + Q1(x) = (yR + S)−1(y(PP1 + RQ1) + (QP1 + SQ1))

tatb : (x, y) %→ (x, (y(PR1+RS1)+(QR1+SS1))
−1(y(PP1+RQ1)+(QP1+SQ1)))

tatb = tab

ab =

(
P1(x)P (x) + Q1(x)R(x) P1(x)Q(x) + Q1(x)S(x)
R1(x)P (x) + S1(x)R(x) R1(x)Q(x) + S1(x)S(x)

)

GL(2, k(x)) ⊂ Crnc Cr

d =

(
d(x) 0

0 d(x)

)
td : (x, y) %→

(x, d(x)−1yd(x)) d(x) td ∈ Crin

m =

(
a b
c d

)
∈ D2 = GL(2, k)

m1 = τ tmτ : (x, y) %→ ((cx + d)−1(ax + b), y)
m1 GL(2, k(x)) ⊂ Crnc

k(x)

(τe)3 = a

τ : (x, y) %→ (y, x)

e : (x, y) %→ (x, y−1x)

a : (x, y) %→ (x−1, y−1)



τe : (x, y) %→ (y−1x, x)

(τe)2 : (x, y) %→ (x−1y−1x, y−1x)

a−1(τe)3 : (x, y) %→ (x−1yxy−1x, x−1yx)

x−1y a−1(τe3) ∈ Crin

C̃
P

P
H∗(EndC(P )) 0

A
Cr A

D CP2

π : X → CP2 CP2

D(X) X X
CP2

O,O(1), O(2) O
CP2 , OCP2(1), O

CP2(2)
D 0

Lπ∗O, Lπ∗O(1), Lπ∗O(2) ∈ D(X)
Lπ∗ : D → D(X)

E
D̃(X) D(X)

OX

D1(X) D(X)
≤ 1

D̃1(X) D(X) D̃(X)
D1(X)

RHom(F,G) D(X)



F,G D RHom D Lπ∗

C̃(X) = D̃(X)/D̃1(X)
P ∈ C̃(X) O(1)
a, b, e ∈ Hom(O, O(1)) X, Y, Z
R = C < x, y >
A
K = C(x, y)
A•[1] A•

C̃ = D̃/D̃1

P RHomC̃(P, P ) ∼= A•

H0(A•) = A

Lπ∗ : D → D(X)
C̃ C̃(X) π : X → CP2

C̃

P
A

x, y ∈ A

D

C = D/D1

K = C(CP2) C̃ → C
D̃ ⊂ D

comm : A → K

C(X) X Db(C(X) − mod)



C(X) = D(X)/D1(X) Db(C(X)−
mod)

η(F ) F X
η(F ) C(X)

η : D(X) → Db(C(X) − mod)
≥ 1

C(X) = D(X)/D1(X) Db(C(X) − mod) 1
C(X) O

X 1
C(X) O

C(X)
Z X i : U ↪→ X Z

D(X)/DZ(X) D(U)
i∗ : D(X) → D(U)

U Q = OU (U) D(U)
Db(Q −mod) Homi

D(X)/DZ(X)(OU , OU ) = 0

i -= 0 Hom0
D(X)/DZ(X)(O, O) = OU (U)

HomiC(X)(A,B) = lim−→fHomi
D(X)(A, F )

f : B → F
Cone(f) ∈ D1(X) f Z1 Cone(f)

X Z
Z1 ⊂ Z ⊂ X Z X

HomiC(X)(A,B) = lim−→Z lim−→gHomi
D(X)D(A, F )

Z
g Cone(g) Z

Homi
D(X)/DZX(F,G) = Homi

D(U)(F, G)

Homi
C(X)(O, O) = 0 i -= 0 Hom0

C(X)(O, O) = lim−→ZOU (U) =

C(X) C(X) =
D(X)/D1(X) → Db(C(X)−mod) O

C(X) O

K = C(X)



π : X → Y

Ψ : C(Y ) →
C(X) Lπ∗

C(X) ←η∗

X Db(K − mod) →η∗

Y C(Y )

ηX X ηY Y
π ◦ ηX = ηY

η∗X ◦ Lπ∗ = η∗Y
E

D(X) =< Lπ∗D(Y ), O|E > D1(X) =<
Lπ∗D1(Y ), O|E >
< A,B > /B A D(X)/ < O|E >1 Lπ∗D(Y )

D(X)/D1(X) = (D(X)/ < O|E >)/Lπ∗D(Y ) 1 Lπ∗D(Y )/Lπ∗D1(Y ).

Lπ∗ C(Y ) C(X)

0 C(X)

K
Cr = Aut(C(x, y)/C)

K = C(x, y)

X C̃

D̃(X) Db(Coh(X))
OX F ∗ RHomD(X)(F

∗, OX)

D̃1(X)
OX



X
C̃(X) C̃(X) = D̃(X)/D̃1(X)

Y D̃(X) QY f : Y → Z
Cone(f) D̃1(X)

(12.1)

Exti
D̃(X)/D̃1(X)

(U, Y ) = lim
−→

(Y →Z)∈QY

Exti
D̃(X)

(U,Z)

X Z C̃(X)
C̃(Z)

π : Z → X X Y
(Lπ∗, Rπ∗ D(X), D(Z) Lπ∗OX = OZ

Rπ∗OZ = OX

D0(Z) D(Z) F
Rπ∗F Lπ∗D(X) D(Z)

Lπ∗

(1) D0(Z) Lπ∗D(X)
(2) F → Rπ∗Lπ∗F D(X)
(3) Lπ∗ D(X) Lπ∗D(X)
(4) Lπ∗D(X) D0(Z) RHomD(Z)(Lπ∗F, G)

(5) F ∈ D(X) F1 → F → F0

F0 ∈ D0(Z), F1 ∈ Lπ∗D(X)
F1 Lπ∗Rπ∗F

(6) D0(Z)

(1) (2) X
D(X)

OX → Rπ∗Lπ∗OX (3)
RHomD(Z)(Lπ∗F,Lπ∗G) = RHomD(X)(F,Rπ∗Lπ∗G) (2) (4)

(5)



Lπ∗Rπ∗F → F
Rπ∗F → Rπ∗F

F1 X %→ HomLπ∗D(X)(X, F ) F0

X %→ HomD0(Z)(F, X)∗ (6) Rπ∗ π

D(Z)
D(Z) =< D0(Z), Lπ∗D(X) >

D(Z) =< D(Y )−r+1, .., D(Y )1, Lπ∗D(X) >
r Y X

D1(Z) ⊂ D
K−1

Z ⊗L F F ∈ D0(Z)
Lπ∗D(X)

D(Z) =< Lπ∗D(X), D1(Z) >

(1) D1(Z) D̃1(Z)
(2)

D̃(Z) =< Lπ∗D̃(X), D1(Z) >

D̃1(Z) =< Lπ∗D̃1(X), D1(Z) >

D1(Z) Lπ∗D(X)
OZ = Lπ∗OX D(Z)

D1(Z)
D0(Z)

C̃(Z) = D̃(Z)/D̃1(Z) =< Lπ∗D̃(X), D1(Z) > / < Lπ∗D̃1(X), D1(Z) >

D̃(Z) D1(Z)

D̃(Z)/D̃1(Z) → Lπ∗D̃(X)/Lπ∗D̃1(X)

C̃(X) Lπ∗



A• k
A P

HomA(P, P ) = A•

Apre−tr [D, 2.4]
B = (⊕n

j=1P
⊕mj [kj ], q) q

qij ∈ Hom1
A(P⊕mj , P⊕mi)[ki − kj ] = Matmi×mj (

ki−kj+1)

qij = 0 i ≥ j dq + q2 = 0

B = (⊕j=n
j=1P⊕mj [kj ], q) B′ = (⊕j=n′

j=1 P⊕m′

j [k′
j ], q

′)
f = (fij)

fij ∈ Hom(P⊕mj , P⊕m′

i)[k′
i − kj ] = Matm′

i×mj
(Ak′

i−kj )

df = (dfij) + q′f + (−1)lfq
l = deg(fij) Atr

Apre−tr HomAtr(X, Y ) = H0(HomApre−tr(X, Y ))
Apre−tr M ∈ HomA(Pm, Pm)

m × m A 0 Cone(M)
(Pm ⊕ Pm[1], q) q21 = M [−1] q11 = q12 =

q22 = 0 M
B

A A/B A
X ∈ B uX ∈ Hom−1

A/B(X,X)

d(uX) = idX (A/B)tr

Atr/Btr

A
Atr

A/Cone(a) (A/Cone(a))tr Atr a
A P HomA(P, P ) =

A• Q = Cone(a) ∈



Apre−tr a ∈ A0 0
D1 =< P, Q > P, Q

D2 =< Q > Q D1 D2

Apre−tr

D1/D2 =< P, Q > / < Q >
P EndD1/D2

(P ) = B
H0(B)

H0(A) a

D1

EndD1(P ) = A•

HomD1(P, Q) = A• ⊕ A•[1] = A•e0 ⊕ A•e−1

HomD1(Q,P ) = A• ⊕ A•[−1] = A•f0 ⊕ A•f1

EndD1(Q) = A•[1] ⊕ A• ⊕ A• ⊕ A•[−1] = A•e0f1 ⊕ A•e0f0 ⊕ A•e−1f1 ⊕ A•e−1f0

f1e0 = f0e−1 = 0 f1e−1 =
f0e0 = 1 idQ = e0f0 + e−1f1

e−1, e0, f0, f1 A•

de−1 = ae0 df0 = −f1a

u ∈ End(Q) −1 du =
idQ A• B = EndD1/D2

(P )
t = f1ue0 x = f1ue−1 y = f0ue0 z = −f0ue−1 t

0 x, y −1 z −2
dt = 0 dx = ta − 1 dy = 1 − at dz = ax + ya

B 0 A0 < z >
z 0 A −1

a1xa2 + a3ya4 + a5 ai 0 a5 −1
H0(B) = H0(A•)[z]/(az − 1, za − 1) H0(A•) a

D1 =< P, Q > D2 =< Q >
Apre−tr Q = Cone(M) M A•

0



M =

(
1k×k 0

0 a

)
+dM−1 a ∈ A•

0 EndD1/D2
(P ) = B

H0(B) H0(A•) a

Cone(M) = (P⊕m ⊕ P⊕m[1], q =

(
0 M
0 0

)
)

ei
0, e

i
−1 i = 1..k + 1 HomD1(P, Q) A•

e0 =




e1
0

..
ek+1
0





e−1 =




e1
−1

..
ek+1
−1



 A•

de−1 = Me0

HomD1(Q,P ) f i
0, f

i
1 i = 1..k + 1

f0 = (f1
0 , .., fk+1

0 ) f1 = (f1
1 , .., fk+1

1 )

df0 = −f1M f i
1e

j
0 = f i

0e
j
−1 = 0 f i

1e
j
−1 = f i

0e
j
0 = δij idQ =

Σk+1
i=0 (ei

0f
i
0 + ei

−1f
i
1)

u −1
End(Q) du = idQ B = EndD1/D2

(P )

0 f i
1uej

0 A0

B0 A0 < uij >

A0 uij f i
1uej

0

d(f i
0uej

0) = (df i
0)uej

0 + f i
0(du)ej

0 = −(Σkmikfk
1 uej

0) + f i
0IdQej

0 =

−(Σkdmik
−1(f

k
1 uej

0))− (mii − dmii
−1)f

i
1uej

0 + δij mij
−1

M−1 d(fk
1 uej

0) = 0

δij = (mii − dmii
−1)f

i
1uej

0 (mii − dmii
−1) = 1 i -= k + 1 H0(B)

δij = f i
1uej

0 i -= k + 1 d(f i
0uej

−1)

δij = f i
1uej

0 j -= k + 1 H0(B)
t = fk+1

1 uek+1
0 H0(A•)

d(fk+1
0 uek+1

0 ) = −at + 1 d(fk+1
1 uek+1

−1 ) = −ta + 1 H0(B)
H0(A•) a

C̃(CP2) = D̃/D̃1

D CP2 O, O(1), O(2)



D̃ O O(1)
O(2) V = RHomD(O(1), O(2)) = Hom

CP2(O(1), O(2))
3

P1 = O(1), P2 = O(2) HomD(P1, P2) = V
End(P1) = End(P2) = C

D
Pm

1 → Pn
2 n × m V

D1 D
1 D̃1 D1

D̃ D
O 1

O D̃1

Cone(M) M : O(1)⊕m → O(2)⊕n

1 M
m = n

M

e ∈ V D̃/Cone(e) 1
Db(R−mod) Db(R−mod)

R
Q

P1 P2 Hom(P1, P2) = V 3 0
Hom(P2, P1) = 0

Qtr

D̃ Cone(e : P1 → P2)
e Q1

Qpre−tr P1, P2, Cone(e) R
P HomR(P, P ) = R = C < x, y >

x, y 0

R Q1/Cone(e)

2.5 Rpre−tr (Q1/Cone(e))pre−tr

Db(R − mod) (Q1/Cone(e))tr



Cone(e) P2⊕P1[1] e : P1 → P2(
P2

P1[1]

)

EndQ1(Cone(e))

(
Hom(P2, P2) Hom(P1, P2)[−1]

Hom(P2, P1)[1] Hom(P1, P1)

)
=

(
k V [−1]
0 k

)

k 1 0 V = Hom(P1, P2)

d :

(
x v
0 y

)
%→

(
0 (x − y)e
0 0

)

R•

2 V ′ ⊂ V V ′ ⊕ ke = V
a, b Q1/Cone(e)

Q1 η ∈ Hom−1(Cone(e), Cone(e))
dη = idCone(e)

HomQ1(P2, Cone(e)) =

(
k
0

)

HomQ1(Cone(e), P2) =
(
k V [−1]

)

R•

HomQ1/Cone(e)(P2, P2) =
∞⊕

n=0

Hom(n)(P2, P2)

Hom(n)(P2, P2) = HomQ1(Cone(e), P2)⊗η⊗R•⊗η⊗...R•⊗η⊗HomQ1(P2, Cone(e))

n η
0

k ⊕ V ηk ⊕ V ηV ηk ⊕ ... = T (V )

T (V ) V
F : R → Q1/Cone(e)

F (P ) := P2 F (x) = aηi F (y) = bηi i
HomQ1(P2, Cone(e)) HomR(P, P ) = R = C < x, y >=
T (W ) W x, y F T (W )



T (V ′) ⊂ T (V ) = HomQ1/Cone(e)(P2, P2)
Q1/Cone(e) P1 P2

e ∈ Hom0
Q1/Cone(e)(P2, P1) jηi ∈ Hom0

Q1/Cone(e)(P1, P2)

j HomQ1(Cone(e), P1)
Ho(F )

F EndR(P )
EndQ1/Cone(e)(P2)

T (V ′)

R•
0 ⊂ R•

(
k ke
0 k

)
R′ ⊂ R•

(
0 V ′

0 0

)
R• = R•

0 ⊕R′

Tη(R•
0) ⊂ HomQ1/Cone(e)(P2, P2)

Tη(R
•
0) =

∞⊕

n=0

η ⊗ R•
0 ⊗ η...R•

0 ⊗ η

n R•
0

R•
0

Id Tη(Id) ⊂ Tη(R•
0)

Tη(Id) = kη ⊕ kη ⊗ Id ⊗ η ⊕ kη ⊗ Id ⊗ η ⊗ Id ⊗ η ⊕ ...

C0 =
(
k ke

)

HomQ1(Cone(e), P2) = C0 ⊕ R′

R• = R•
0 ⊕ R′

HomQ1/Cone(e)(P2, P2) =
∞⊕

m=0

Hom′
m(P2, P2)

Hom′
m(P2, P2) = (R′ ⊕C0)⊗ Tη(R

•
0)⊗R′ ⊗ Tη(R

•
0)⊗ ...⊗R′ ⊗ Tη(R

•
0)⊗ ki

HomQ1/Cone(e)(P2, P2) = (R′ ⊕ C0) ⊗ Tη(R
•
0) ⊗ T (R′ ⊗ Tη(R

•
0)) ⊗ ki

C0 ⊗Tη(R•
0)⊗R′ R′⊗Tη(R•

0)⊗R′

η



H•(C0)⊗T (H∗(R•))⊗R′ H∗ C0 H∗(C0) = 0
C0 ⊗ Tη(R•

0) ⊗ R′

R′ ⊗ TηId ⊗ R′ d(η) = 1 η
R′ηR′

HomQ1/Cone(e)(P2, P2)
⊕∞

k=0 R′ηR′η...R′ηki =
T (R′) = T (V ′)

Db(R−mod)
Cone(M) M : R⊕k → R⊕k

V =< 1, x, y >
D̃1

D̃/Cone(e)
M Matk

k × k 3 V =<
1, x, y >

A•
k

P
Atr/ < Cone(M)|M ∈ Matk >

A•
k k = 0, 1, 2, ..

1 A•
0 = R = C < x, y > 0

2 Dk = Db(R−mod)/Cone(M)|M ∈ Matk
RHomDk

(P, P ) ∼= A•
k

3 H0(Ak+1) H0(Ak)

4 Matk H0(Ak)

1 A• = lim−→Ak

C̃ = D̃/D̃1 RHomC̃(P, P ) ∼=
A•

2 H = lim−→H0(Ak)
R



A•
0 = R 0

k = 0 k+1
M ∈ Matk+1

M ′ k × k
H0(A•

k) M ′
1

A•
k M ′M ′

1 = 1 + dM2 A•
k

M

(
M ′ b
a c

)

(
M ′

1 0
−aM ′

1 1

) (
1 −M ′

1b
0 1

)

M0 =

(
1k×k 0

0 q

)
+ dM3 q = −aM ′

1b + c ∈ A•
k

M3 (k + 1) × (k + 1) −1 A•
k

(A•
k)pre−tr Cone(M) BM

pre−tr BM

H0(B)
H0(A) q

A•
k+1 = lim−→MBM

H0(A•
k+1) H0(A•

k)
q

q M
M ′

H = H0(A•) = RHom0
C̃(CP2)

(P, P )

R = C < x, y >
A

H → A

H = H0(A•) → A

M ∈ Mk(V ) V =< 1, x, y >
M Hk

M
M = UT U

Hk−1 Hk−1

1 T
Hk−1 T (1, 1, .., 1, ∆)



∆ Hk S H
∆ Hk M

k S
V k = 1

comm : H → K = C(x, y)
R = C < x, y >→ K S

H comm

1 ∆ ∈ S ∆−1 ∈ S
2 ∆1, ∆2 ∈ S ∆1∆2 ∈ S
3 ∆1, ∆2 ∈ S comm(∆1 + ∆2) -= 0 ∆1 + ∆2 ∈ S

M ∈ Matk×k(V )
UM = T U T

(1, .., 1,∆) λ ∈ C∗

D = diag(1, .., 1,λ) MD V
(TD) (1, .., 1,λ∆)

λ∆ ∈ S
M UM = T M ′ =(

M e(k)
e(k)t 1

)
e(k) k × 1 e(k)i1 = 0 i

e(k)k1 = 1 M ′ V ∆M

T U ′

u′
ii = 1 i = 1..k − 1 u′

kk = ∆−1
M u′

k+1k = −1
u′

k+1k+1 = 1 (U ′U)M ′ = T ′ U
(k + 1) × (k + 1) uk+1k+1 = 1

T ′ 1 t′k+1k+1 = ∆−1
M

∆ ∈ S ∆−1 ∈ S (1)
UM = T WN = Q tkk = ∆1 qnn = ∆2 M0

k − 1 M M1 M N0

(l − 1) N N1 N O(k, l) k × l
e(l) l× 1

e(l)l1 = 1

P =

(
M0 e(k) O(k, l − 1) M1

O(l, k − 1) N1 N0 O(l, 1)

)

U ′ =

(
U O(k, l)

O(l, k) W

)



U ′P =

(
UM0 Ue(k) O(k, l − 1) UM1

O(l, k − 1) WN1 WN0 O(l, 1)

)

Ue(k) = e(k) U
1 WN1

∆2 UM1 ∆1 l × k
W ′ =

(
O(l, k − 1) −WN1

)
(k + l) × (k + l)

U ′′ =

(
1k×k O(k, l)
W ′ 1l×l

)

W ′UM0 = 0 W ′UM1 −∆2∆1

U ′′U ′P
1 −∆2∆1 P

V =< 1, x, y > U ′′U ′ 1
−∆2∆1 ∈ S

∆1 ∈ S
UM = T tkk = −∆1 ∈ S WN = Q qll = ∆2

M0,M1, N0, N1, O(k, l), e(k)

P =

(
M0 e(k) O(k, l − 1) M1

O(l, k − 1) e(l) N0 N1

)

U ′ =

(
U O(k, l)

O(l, k) W

)

U ′P =

(
UM0 e(k) O(k, l − 1) UM1

O(l, k − 1) e(l) WN0 WN1

)

U ′P (U ′P )k+l,k = 1
U ′′ u′′

ii = 1
i u′′

k+l,k = −1 U ′′U ′P
∆1 + ∆2

H

comm : H → K

A



C̃ f ∈ Cr

X
g

!!

πX

""

Y

πY

""

CP2
f

!! CP2

πX ,πY g
(Lπ∗

X)−1 ◦ Lg∗ ◦ Lπ∗
Y

ψf C̃ = D̃/D̃1

ψf◦ψg

ψf◦g

C̃

Lg∗ ◦ Lπ∗
Y (O

CP2(1)) = g∗(πY (O
CP2(1)))

X OX

P = O(1) ∈ C̃

π : X → CP2 f : X → CP2

f ◦ π−1 L = f∗O(1) = Lf∗O(1)
X O
PGL(3,C) f

Lf∗O(1) = O(1)
π CP2

E Lf∗O(1) = O(2 − E)
O(2−E) ↪→ O(2) Lf∗O(1)

O(2) O(1) C̃(X)

C̃ P
Hk(End(P )) H0(End(P )) = A



Cr A

A = H0(EndD̃/D̃1(P ))

A H0(EndD̃/D̃1(P ))

H0(CP2, O(1)) = V =< e, a, b >
e O(1) O(2) e−1a, e−1b x, y ∈ End(P )

e′, a′, b′ e, a, b
γ = e−1e′, α = e−1a′, β = e−1b′ 1, x, y
x′ = e′−1a′ = (e−1e′)−1(e−1a′) = γ−1α y′ = γ−1β

CP2 (x : y : 1) %→
(α,β, γ) H0(EndD̃/D̃1(P )) = A

(x, y) %→ (γ−1α, γ−1β)

α = ax + by + c β = dy + e γ = 1
(x, y) %→ (ax + by + c, dy + e)

α = y β = x γ = 1 (x, y) %→ (y, x)
α = x β = 1 γ = y

(x, y) %→ (y−1x, y−1)
(x, y) %→ (y−1x, y) (x, y) %→ (x, y−1) (x, y) %→ (y−1x, y−1)

GL(3,C) A

a : (x, y) %→ ( 1
x , 1

y )

a : (x, y) %→ (x−1, y−1) a ∈
D1 × D2

f : X → Y D(X)
D(X) =< Lf∗D(Y ), OE > E

OE

X CP2 3
(0 : 0 : 1), (0 : 1 : 0), (1 : 0 : 0) π E

f : (x : y : z) %→ (yz, xz, xy)



g ◦ π−1 g g : X → CP2

Lg∗O(1) = O(2 − E) Lg∗O(2) = O(4 − 2E) e, a, b ∈
Hom(O(1), O(2)) Lg∗ e′, a′, b′ ∈ HomX(O(2 −
E), O(4 − 2E))

A
e′−1a′, e′−1b′ ∈ EndD̃/D̃1(P )

O(1−E) X
OX RHom(O(1−E), O) = RΓ(O(E−1))

0 → O(−1) → O(−1+E) → O(−1+E)|E → 0 O(−1+E)
Ei E O(Ei)|Ei

∼= O(−1)|CP1

O(−1)X RΓ(O(−1 + E)) = 0
O(1 − E) ∈ D̃(X)

D̃(X)

ux, uy, uz ∈ Hom(O(1 − E), O(2 − E)) = Hom(O(1), O(2))

f = xyz ∈ Hom(O(1), O(4 − 2E))

a′, b′, e′ ∈ Hom(O(2 − E), O(4 − 2E))

i : O(1 − E) ↪→ O(1), j : O(2 − E) ↪→ O(2)

j ◦ ux = x ◦ i j ◦ uy = y ◦ i j ◦ uz = z ◦ i
f ◦i = a′◦ux = b′◦uy = e′◦uz a′ = yz, b′ =

xz, c′ = xy Hom(O(2 − E), O(4 − 2E)) = Γ(O(2 − E))
C̃(X) = D̃(X)/D̃1(X)

1 a′ ◦ j−1 ◦ x ◦ i = e′ ◦ j−1 ◦ z ◦ i
e′−1a′ = j−1 ◦ zx−1 ◦ j e′−1b′ = j−1 ◦ zy−1 ◦ j

(x, y) %→ (x−1, y−1)





H A
q = x−1y−1xy Hnc ⊂ Crnc

A

P̃ : (x, y) %→ (x−1yx, x−1(1 + y))

C̃ : (x, y) %→ (x−2yx, x−1)

q̃ : (x, y) %→ (qxq−1, qyq−1)

Crnc → Cr Hnc →
H P̃ %→ P C̃ %→ C q̃ %→ 1 C1(q) ⊂ C(q)

q q = 1
(q − 1)

Hnc → H
C1(q)

4.3.1
a ∈ A

q a q a
q q − 1 = x−1y−1xy − 1 =

x−1y−1(xy − yx) A
A a ∈ C1(q)

q
H Hnc

q Crnc

q
Ĩ : (x, y) %→ (y−1, y−1xy)

P̃ , C̃, Ĩ, q̃

[q̃, C̃] = [q̃, P̃ ] = 1

C̃3 = q̃

P̃ C̃P̃ = q̃Ĩ

Ĩ4 = q̃−1

[C̃, Ĩ2] = 1

P̃ 5 = q̃



1 q̃ P̃ C̃ q̃
Hnc P̃ , C̃ Hnc

2 q = x−1y−1xy C̃(q) = q
C̃(x, y) = (x−1yq−1, x−1)

C̃2(x, y) = (qy−1xx−1q−1, qy−1x) = (qy−1q−1, qy−1x)

C̃3(x, y) = (qxq−1, qxx−1yq−1) = (qxq−1, qyq−1) = q̃(x, y)

3 P̃ C̃P̃

C̃P̃ : (x, y) %→ ((x−1y−1x)x−1(1+y)q−1, x−1y−1x) = (x−1(1+y−1)q−1, qy−1)

P̃ C̃P̃ : (x, y) %→ ((q(1 + y−1)−1x)x−1y−1x(x−1(1 + y−1)q−1,

(q(1 + y−1)−1x)(1 + qy−1)) = (qy−1q−1, qx) = q̃(y−1, xq) = q̃Ĩ(x, y)

Ĩ ∈ Hnc

4 Ĩ2

Ĩ2(x, y) %→ (y−1x−1y, (y−1x−1y)y−1(y−1xy)) = (q−1x−1, y−1q

Ĩ4(x, y) %→ (q−1xq, q−1yq) = q̃−1(x, y)

5 Ĩ2

C̃Ĩ2(x, y) %→ (xqy−1qq−1, xq) = (y−1x, xq)

Ĩ2C̃(x, y) %→ (q−1qy−1x, xq) = (y−1x, xq) = C̃Ĩ2(x, y)

6

P̃ 2 : (x, y) %→ ((x−1y−1x)(x−1(1+ y))(x−1yx), (x−1y−1x)(1+x−1(1+ y))) =

= (x−1(1 + y)q−1, x−1y−1(1 + x + y))

P̃ 3 : (x, y) %→ ((q(1 + y)−1x)x−1y−1(1 + x + y)(x−1(1 + y)q−1),

(q(1 + y)−1x)(1 + x−1y−1(1 + x + y))) = (qy−1(x−1 + (1 + y)−1)(1 + y)q−1,

q(1 + y)−1(1 + y−1)(1 + x)) = (x−1y−1(1 + x + y)q−1, qy−1(1 + x))

P̃ 4 : (x, y) %→ ((q(1 + x + y)−1yx)x−1y−1x(1 + x)(x−1y−1(1 + x + y)q−1),

(q(1+x+y)−1yx)(1+qy−1(1+x))) = (q(1+x+y)−1(1+x)y−1(1+x+y)q−1,

q(1 + x + y)−1(yx + x(1 + x))) = (qy−1(1 + x)y−1yq−1, qx) =

= (qy−1(1 + x)q−1, qx)

P̃ 5 : (x, y) %→ ((q(1+x)−1yq−1)qx(qy−1(1+x)q−1), q(1+x)−1yq−1(1+qx)) =

= (qxq−1, qyq−1) = q̃(x, y)



X,Y n × n

T : (X, Y ) %→ (Y, (Y + Y −1)X−1Y )

Mn n × n T

T−1 : (X, Y ) %→ (XY −1(X + X−1)−1, X)

T

F = Y −1X + Y X−1 + Y −1X−1

G = Y −1XY X−1

2n × 3n

M =

(
a b c
d e f

)

a, b, c, d, e, f n × n

U1 =

(
a b
d e

)

U2 =

(
b c
e f

)

U1, U2 2n × 2n
Sn M

U2
1 = U2

2 = −1

Ψ : M %→ (a, b)
Ψ : Sn → Mn



Ψ X, Y
U2

1 = −1 d, e
b, e U2

2 = −1 c, f
Ψ

Ψ−1(X, Y ) =

(
X Y (Y + Y −1)X−1Y

−Y −1(1 + X2) −Y −1XY −Y −1XY X−1Y

)

U = U2U1 =

(
−F −1
G 0

)

U−1 = U1U2 U U−1 λ
U λ−1

Sn

P : M %→ −UM

P (U1) = −UU1 = −U2U1U1 = U2 P (U2) = −UU2 = −U2U1U2

P (U1)2 = P (U2)2 = −1 P (M) Sn

P (U) = P (U2)P (U1) = (−U2U1U2)U2 = U U
P U U1, U2 P

(Sn, P ) (Mn, T )
Ψ : Sn → Mn Ψ−1 ◦ T ◦

Ψ = P

ΨPΨ−1 = T Ψ
P (M) P (U1)

U2 ΨPΨ−1(X, Y ) U2

(Y, (Y + Y −1)X−1Y ) T (X,Y )

R(t) t

R(t)R(
1

t
) = 1

M %→ R(U)M
Sn U = U2U1



U1 R(U)U1 U2 R(U)U2

(R(U)Ui)2 = −1

R(U)U1R(U)U1 = −R(U)U1R(U2U1)U
−1
1 =

= −R(U)R(U1U2) = −R(U)R(U−1) = −1

(R(U)U2)2 = −1

Bn 2n × 2n U =

(
−F −1
G 0

)
U

U−1 Bn (2n2 − n)
(F, G) 2n2 U

U−1 Ch(t) U

Ch(
1

t
)t2n = Ch(t)

n Bn

π n dimC(Bn) =
2n2 − n

π : Sn → Bn

π : M %→ U = U2U1

U
n

R(t) M %→ R(U)M
π U

G(U) R(U) R R(U)
G(U)

π R(t) = −t M %→ −UM
P P π

G(U) U ∈ Bn

U U D =
diag(x1, x

−1
1 , ..., xn, x−1

n ) R(U)

R(D) = diag(R(x1), R(x−1
1 ), .., R(xn), R(x−1

n )) =

= diag(R(x1), R(x1)
−1, .., R(xn), R(xn)−1)



R(t) t+c
ct+1 c

R(U) diag(a1, a
−1
1 , .., an, a−1

n )
(C∗)n

U G(U) (C∗)n

CP2

(x, y) %→ (y,
1 + y2

x
)

(x, y)
1
xy + x

y + y
x

k

µk : (X,Y ) %→ (X−1Y X, X−1(1 + Y k))

X,Y A
A q =

X−1Y −1XY µk

L =
C[F2] = C < X,X−1, Y, Y −1 >

X, Y µn(X), µn(Y ) ∈ L ⊂ A n
k = 2

µ : (X, Y ) %→ (X−1Y X,X−1(1 + Y 2))

X0 := X

X1 := µ(X) = X−1Y X

Xn = µn(X)

T (Xn−1, Xn) = (Xn, Xn+1)



n = 1 T : (X,Y ) %→
(Y, (Y + Y −1)X−1Y )

µ(X, Y ) = (X−1Y X, X−1(1 + Y 2)

X2 = (X−1Y X)−1(X−1(1 + Y 2))(X−1Y X) = X−1(Y + Y −1)X−1Y X

T (X0, X1) = (X1, (X1+X−1
1 )X0X1) = (X1, X

−1(Y +Y −1)XX−1(X−1Y X)) =

= (X1, X2)

k =
2 µn(X), µn(Y ) ∈ L

Xn = µn(X) = µn−1(X−1Y X) = µn−1(Y q−1) q =
X−1Y −1XY µ Xn = µn−1(Y )q−1

Xn ∈ L µn−1(Y ) ∈ L q ∈ L

(Xn, Xn+1) = Tn(X0, X1) = (ΨPΨ−1)n(X, X−1Y X) = Ψ◦(−U)n◦Ψ−1(X, X−1Y X)

Sn

Ψ
Ψ−1(X,X−1Y X) =

=

(
X X−1Y X X−1(Y + Y −1)X−1Y X

−X−1Y −1X(1 + X2) −X−1Y −1XY X −X−1Y −1XY X−1Y X

)

U1

U2 L
U = U2U1 (−U)n (Xn, Xn+1) =

Ψ ◦ (−U)n ◦ Ψ−1(X, X−1Y X) L






