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Introduction

Cette these se compose de deux grandes parties.

La premiere partie a pour objet de donner - en francais - une vue d’ensemble de notre travail.
Elle contient un chapitre de préliminaires qui tente d’exposer de fagon concise les principaux outils
utilisés dans la suite et un chapitre de présentation qui fait un bilan relativement détaillé des résultats
obtenus et de leur cohérence, en les replacant dans le contexte du probleme de Galois inverse régulier.

La deuxieme partie se divise en quatre chapitres. Les trois premiers reprennent les articles suivants :
Chapitre 3 : Counting real Galois covers of the projective line (a paraitre au P.J.M.).

Chapitre 4 : Harbater-Mumford subvarieties of moduli spaces of covers (soumis).

Chapitre 5 : Rational points on Hurwitz towers (soumis).

avec, a ’occasion, quelques modifications ou compléments que nous signalons en en-téte de chapitre.
Le chapitre 6 est original.

On a conservé dans leur intégralité les sections introductives des chapitres 3, 4, 5. Celles-ci
contiennent des rappels sur les notations et les notions permettant de lire la suite sans se référer
au chapitre 1. Inversement, la lecture du chapitre 1 permet de sauter ces sections introductives (ou de
ne s’en servir que comme aide-mémoire pour les notations).

Le chapitre 3 consideére le probleme suivant : étant donné un groupe fini GG, un diviseur de points
de branchement réel t de cardinal » > 3 et un r-uplet C = (Cq,...,C,) de classes de conjugaison
non triviales de G, combien y-a-t-il de G-revétements de Pl définis sur R ou de corps des modules
R et d’invariants G, C, t? J.-P. Serre a montré que le nombre total de G-revétements d’invariants
G, C, t pouvait étre calculé a partir de la table des caracteres de G. Nous réutilisons cette méthode
dans le contexte des G-revétements définis sur R ou de corps des modules R pour lesquels il existe
une caractérisation des descriptions de cycles de branchement due a P. Debes et M. Fried du méme
type que celle donnée par le théoreme d’existence de Riemann dans le cas général. Nous obtenons
ainsi des formules explicites. Ces formules permettent d’évaluer le nombre de G-revétements de corps
des modules R mais non définis sur R et, en particulier, d’exhiber de nombreuse familles infinies
de G-revétements non définis sur leur corps des modules avec des groupes de Galois arbitrairement
grands. De méme, on peut comparer le nombre de G-revétement défini sur R au nombre total de
G-revétements. Quand ces deux nombres coincident, on obtient des réalisations régulieres sur le corps
Q' des nombres algébriques totalement réels avec un diviseurs de point de branchement rationnel ;
nous donnons ainsi une réalisation réguliere non rigide des groupes prodihédraux Doge sur Q" avec
diviseur de points de branchement rationnel.

Le chapitre 4 donne un résultat d’irréductibilité sur les espaces de Hurwitz dessymétrisés dans
I'esprit du théoreme de Conway-Parker pour les espaces de Hurwitz symétrisés ou du théoreme 3.21
[F95a] de Fried pour les composantes H-M des espaces de Hurwitz dessymétrisés mais avec, de plus,
une interprétation modulaire en termes de points de branchement. Si G est, par exemple, un groupe
fini possédant deux classes de conjugaison A, B telles que G =< A >=< B > et G =< a,b >, quelque
soit a € A, b € B alors, en posant C, = (A, A~!, (B, B~1)*7!), pour s suffisamment grand I’espace
de Hurwitz dessymétrisé HéS’G(CS) classifiant les G-revétements d’invariants G, C, avec points de
branchements ordonnés possede une composante géométriquement irréductible ’HIQIs{ ](‘;/[ (Cs), définie sur
le méme corps Qg que H’287G(C s) et dont les sous-variétés fermées obtenues en spécialisant tous les



points de branchement sauf le premier restent géométriquement irréductibles. Dans le cas général,
ce résultat reste vrai en remplacant ”tous les points de branchement sauf le premier” par "tous les
points de branchement sauf les r(G) premiers” ou r(G) est une constante ne dépendant que de G ; on
obtient donc des sous-variétés fermées géométriquement irréductibles de dimension r(G) et ce sont ces
sous-variétés fermées que ’on appelle sous-variétés de Harbater-Mumford. En combinant techniques de
recollement pour les corps complets, variétés de descente et principe local-global, on peut en outre, pour
tout ensemble fini ¥ de places de Q¢ de caractéristique résiduelle premiere a I'ordre de G, construire
ces sous-variétés de sorte que leur image symétrisée (i.e. via le morphisme M, ,(C;) — H;, c(Cs)
possedent des points Qg‘—rationnels correspondant & des G-revétements définis sur Qg (ou Qg I’exten-
sion maximale de Q{ totalement décomposée en chacune des places P € ¥). Par ailleurs, notre résultat
est compatible avec les extensions de Frattini ; on peut en particulier remplacer les espaces de Hurwitz

dessymétrisés H), (C) par les tours modulaires (K., ,+15(Cnt1) = H,,_, 2(Cn))n>0 associées a G,
P p

C, p (p étant un nombre premier divisant |G| mais pas l'ordre des éléments de C1,...,C;), obtenant
ainsi la conservation d’une propriété arithmétique forte le long de la tour modulaire. En termes de
G-revétements, on obtient par exemple que pour tout n > 0 le n-iéme 5-quotient caractéristique QMQ;),
du groupe de Matthieu Mas est groupe de Galois d’une extension réguliere de Q(iv/7)> avec un divi-
seur de ramification de la forme {¢;} + ts ou ty est rationel (Pour tout ensemble fini ¥ de places de
Q(iv/7) de caractéristique résiduelle ne divisant pas |Ma3|).

Le chapitre 5 étudie le probleme de Galois inverse régulier pour les groupes profinis G qui sont
extension d’un groupe fini Gy par un groupe pronilpotent projectif de rang fini P. On montre que de
tels groupes ne peuvent étre groupe de Galois d'une extension K/k(T) de corps des modules k quand
k est un corps de nombres ou un corps fini de caractéristique ne divisant ni |G| ni p si P est un
pro-p groupe. Géométriquement, ce résultat signifie qu’aucune tour d’espaces de Hurwitz associée a G
ne possede de systéeme projectif de points k-rationnels. On montre dans un premier temps que G ne
peut étre réalisé régulierement sur k puis que toute extension galoisienne réguliere K/k(T) de corps
des modules k et de groupe G est définie sur une extension finie ky/k. On donne ensuite quelques
applications des résultats précédents au probleme de Galois inverse (régulier) pour G, par exemple la
variante g-adique suivante : Soit ¢ un nombre premier ne divisant pas |G| et k/Qg, une extension finie.
Alors il existe une réalisation réguliére de G sur k ssi G est engendré par un nombre fini d’éléments
d’ordre fini. Toute réalisation réguliére de G sur k a alors un diviseur de points de branchement fini et
ayant mauvaise réduction modulo q. On termine en montrant que la Strong Torsion Conjecture pour
les variétés abéliennes implique 'une des conjectures de Fried sur la disparition des points rationnels
le long d’une tour modulaire.

Le chapitre 6, enfin, étudie les courbes de Hurwitz standards i.e. les courbes obtenues en fixant tous
les points de branchement sauf le premier sur un espace de Hurwitz dessymétrisé. Nous démontrons
d’abord une formule générique - qui généralise la formule classique du cas r = 4 au cas r quelconque -
permettant de calculer le genre d’une telle courbe. Puis nous décrivons une nouvelle méthode de genre
0 pour r = 4 basée sur le principe de Hasse.
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Introduction

L’objet de ce chapitre consacré aux préliminaires est d’introduire - de facon aussi cohérente que pos-
sible - les notions étudiées dans cette these et les outils utilisés. Nous rappelons d’abord les différentes
manieres de manipuler la notion de G-revétement et celles, associées, de corps des modules et corps de
définition. Nous introduisons ensuite les espaces de modules pour les G-revétements, leur description
combinatoire et quelques unes de leurs propriétés arithmétiques puis énoncons les résultats fonda-
mentaux pour les G-revétements sur les corps complets. Nous terminons par deux outils géométrico-
arithmétiques, le principe local-global et les variétés de descentes. Nous ne donnons ici aucune preuve
des résultats énoncés qui - pour la plupart - sont classiques; nous renvoyons pour cela a la riche
littérature sur le sujet.

1.1 Catégories des G-revétements de la droite projective

La premiere partie de cette section a pour but de définir les objets centraux de cette theése que sont
les G-revétements de la droite projective. Nous en présentons succintement les différentes catégories
(topologique, analytique, géométrique, arithmétique ou combinatoire) et les invariants qui peuvent leur
étre associés. Le théoreme d’existence de Riemann (et sa généralisation par Grothendieck) montre que
ces différentes catégories sont équivalentes. Dans la seconde partie de cette section nous rappelons
les notions de corps de module et corps de définition d’un G-revétement ainsi que la construction de



I’obstruction cohomologique.

Dans tout ce qui suit, étant donné un corps k algébriquement clos, on supposera toujours fixée un
systeme compatible ((,)n>1 de ragines primitives n-iemes de 'unité (i.e. (J}},, = Cn, n,m > 1). Quand
27
k=C, on prendra (,, = e ,n > 1.

1.1.1 Théoreme d’existence de Riemann
1.1.1.1 Théoréme d’existence de Riemann pour les G-revétements

Dans tout ce qui suit on se fixe un groupe fini G, un entier 7 > 3 et un sous ensemble t C P!(C)
de cardinal r. On notera X P I’espace topologique P!(C), X" la droite projective complexe munie
de sa structure de surface de Riemann et X8 la droite projective complexe munie de sa structure de
variété algébrique complexe. On notera REOP la catégorie des revétements topologiques finis galoisiens
de X'P\ t (resp. R" la catégorie des revétements analytiques finis galoisiens non ramifiés de X "\ t,
R:lg la catégorie des revétements algébriques finis galoisiens étales de X8 \ t). A ces catégories on
peut associer des G-catégories, Rzog, Ztmg, Rilg, un G-objet étant un couple (f, ) ou f est un objet
de la catégorie initiale et « : Aut(f) — G un ié.omorphisme de groupes et un morphisme de G-objets
de (f1,a1) dans (fa2,@2) un morphisme u de f; dans fo dans la catégorie initiale vérifiant de plus
o o u* = 1. Le théoréme d’existence de Riemann pour les G-revétements s’énonce alors

Theorem 1.1 (théoreme d’existence de Riemann (1)) Les catégories sz)g, el R:% sont équivalentes.

On peut résumer les grandes lignes de la preuve de ce théoreme par le schéma suivant, ot R, (resp.

7@:%) désigne la catégorie des G-revétements analytiques (resp. algébriques) finis de X (resp. X2I8)
ramifiés seulement au dessus de t :

local complétion restriction
top an S an Salg alg
Rt,G t,G t,G Rt,G Rt,G
- — principe G.A.G.A —
oubli restriction complétion

On peut énoncer le principe G.A.G.A. en termes de G-revétements comme suit :

Theorem 1.2 Etant donnés un recouvrement de P(C) par deuw ouverts métriques X1 et Xo d’inter-
section X le foncteur de changement de base naturel

alg D an B Dan
Reio,e = RiioXra  RX, o

est une équiva{ence de catégories (ici, le terme de droite désigne le 2-produit fibré de 7@_%?1@ et 7@_%?276;
au dessus de RY, )-

Nous renvoyons par exemple a [D95] ou [V99] pour des preuves détaillées de ce théoreme.

Dans tout ce qui suit, notons 7¢ le groupe fondamental 77(X™ \ t) et P; 5 la catégorie dont les
objets sont les épimorphismes de groupes ® : m; — G et les morphismes de ®; dans ®, ’ensemble des
g € G tels que iy 0 1 = Py, o1 iy € Inn(G) est la conjugaison intérieure par g € G. Par définition du
groupe fondamental, les catégories Py . et Rf  sont équivalentes pour x =top, an, alg. En particulier,
on déduit du théoréme 1.1 le théoreme suivant

Theorem 1.3 (théoreme d’existence de Riemann (2)) On a les isomorphismes canoniques de groupes
fondamentaux

an alg /to\p
T Ty 2Ty

. _top s . top
ou T, - est la complétion profinie de m; " .



1.1.1.2 Invariants canoniques de l’inertie

A t C P!(C) on peut associer un bouquet topologique 7 c’est & dire un r-uplet de classes d’homoto-
pie de chemins 7y, ...,7, basés en un point ty ¢ t tels que (1) Y1, .-, Yy €ngendre le groupe fondamental
topologique WEOP avec la seule relation 71 ---v, = 1 et (ii) 7; est un chemin fermé simple tournant une
fois, dans le sens direct, autour de ¢;, : = 1,...,7. La donnée de y définit une présentation de Tr,EOP, i.e.
un isomorphisme p, : Fr_j — WEOP, Iy — v, ot By =<Ty,....,T|'1-- T =1 > est le groupe libre
ar—1 générateurs. Cela donne en particulier une équivalence (non canonique) de catégorie entre 73:%3
et la catégorie N, ¢ dont les objets sont les r-uplets g = (g1, ..., gr) € G” tels que (1) G =< g1, ..., gr >
et (2) g1---gr = 1 et les morphismes de g1 = (91,1, ...,91,-) dans g2 = (g2.1, ..., g2,») I'ensemble des
g € G tels que gglvl-g_1 =G24, 1 =1,...,7.

Toutes les G-catégories Cy ¢ définies ci-dessus sont en fait des groupoides; notons ~ la relation
d’isomorphisme sur l’ensemble Ob(Ct ) des objets de C¢ . Le choix d'une présentation p, comme
ci-dessus définit pour chacune de ces catégories C¢ ¢ une équivalence de catégories F, , : Ce.q = Ny
donc, par passage au quotient, une bijection Fg, ., : Ob(Ce,c)/ ~— Ob(N,.g)/ ~ !. Cela permet de
définir une application ”invariant canonique de l'inertie” Inve, , = Fg, . oInv a valeur dans I'ensemble

C,(G) des r-uplets C = (CY, ..., C;) de classes de conjugaison de G tels que C N Ob(N,. ) # 0,

FCt,G Inv . Inv: Ob(/\/‘r G) — CT(G)
Ob(C Ob(N; r ’
( t7G) (N7G) ¢ (G) ot g = (gb -~-agr) - (Ogle ) Cgci)
N

[Ne:

Ob(C,)/ ~—= Ob(N, )/ ~

est surjective et constante sur les classes d’isomorphismes des objets de C¢ . En outre la définition
de Inve, ., est indépendante du choix de la présentation p,. En utilisant les définition explicites des
équivalehces de catégories que nous n’avons pas rappelées, on retrouve les descriptions usuelles de
I’invariant canonique de l'inertie :

- description topologique : Soit v un bouquet topologique pour PL(C)\t basé en tg ¢ t. La monodromie

induit un (anti)epimorphisme de groupes BCD., : m;® — Aut(f) et on dit que a o BCD,(v;) est le

générateur topologique distingué de l'inertie associé a ¢; ; sa classe de conjugaison CY, := CSO BCD. ()
ne dépend pas du choix de v, i = 1,...,r et on dit que le r-uplet C = (Cy,,...,Cy.) € Cr(G) est
I'invariant canonique topologiaue de l'inertie de (f, a).

- description algébrique : On suppose ici que k est un corps algébriquement clos de caractéristique 0
ou de caractéristique p > 0 et que (f, ) est alors ordinairement ramifié. Soit Py, la place de k(T')
associé a t;, @, une place de k(X) au-dessus de P, et u € ¢, une uniformisante. On peut alors
définir un monomorphisme (car la ramification est ordinaire) de groupes (indépendant du choix de
P'uniformisante u € Q) ¢, : [(Q,|P,) — k, w — w(u)/ulmod Py,]. L’image de ¢, est le groupe des
racines e, -iemes de I'unité ou ey, = [I(Qy,| P, )| est ordre du groupe d’inertie au dessus de ¢;. On dit
que wy;, = o ¢y 1((eti) € (G est le générateur algébrique distingué de l'inertie associé a t;; sa classe

de conjugaison Cy, := C’SOM_ ne dépend pas du choix de Q,|P;;, i = 1,...,r et on dit que le r-uplet

C = (Cy,...,C.) € Cr(G) est I'invariant canonique algébrique de l'inertie de (f, ).
Les invariants topologiques et algébriques de I'inertie coincident.

1.1.1.3 Changement de base

Via le foncteur de complétion la catégorie R:lg est équivalente a la catégorie des revétements

algébriques finis galoisiens de X 22 ramifiés seulement au dessus de t; on ne fera pas la distinction

(. PP 1 lg . e
entre ces deux catégories. Les définitions de Ry®, sz % s’étendent pour un corps k de caractéristique

1On dit que Ob(N: ) est la classe de Nielsen associée a 7, G et on la note plut6t ni, (G) ; de méme, pour Ob(Ny,c)/ ~
on note ni,(G).



0 (non nécessairement algébriquement clos), en remplacant X2& par la structure X Zlg de k-variété

. . . 1 1 , . . .
de la droite projective; on notera R: ,%, Ri é . les catégories ainsi obtenues. Pour un corps k de

caractéristique p > 0, on imposera de plus aux revétements d’étre ordinairement ramifiés au dessus
tame,al, tame,al, ’ .
de t; on notera donc Ry . 8, Riar & les catégories correspondantes.

b b b

Etant donné une extension de corps ¢ : k < [, on dispose d’un foncteur naturel de changement de

base * : R:lék — Ri}él défini par le diagramme cartésien
(feoar) —  *(fe,an) = (fi, )
fi
alg _J1 Aoy )
spec(l) X; Yy < Y, avec o;: Aut(fy)) — G
L l L l ol —  ag(ok)
| O pr pr
spec(k) leg Jr Yie<s—Yk

En particulier, pour tout [-G-revétement (f, ), les antécédents de (f, o) par i* s’appellent les modeles
de (f,«a) sur k.

On peut maintenant énoncer le théoréeme de descente de Grothendieck [Gr61], Exp. XIII, cor. 2.12
qui généralise le théoreme d’existence de Riemann a tout corps algébriquement clos de caractéristique
0 ou - avec restrictions - de caractéristique p > 0 :

Theorem 1.4 (Grothendieck) Soit k un corps algébriquement clos de caractéristique 0 et i : k — C

. 1 1 P L S
un plongement complexe. Alors i* : R:% ~ Ry ® est une équivalence de catégories qui induit un
isomorphisme

Soit k un corps séparablement clos de caractéristique p > 0, A un anneau de valuation discréte de
corps résiduel k et de corps des fraction K de caractéristique 0, f(l), 0y 192 spec(A) — }P’}L‘ des sections
relevant tq, ..., t, etty,...,t, : spec(K) — IP’% leur tiré en arriére sur la fibre générique géométrique. On

a alors un foncteur de spécialisation s : szl,%’ fame _y Rgl% qui est essentiellement surjectif et devient

une équivalence de catégorie si on suppose en outre que p f|G|. En terme de groupes fondamental cela
signifie qu’on a un épimorphisme de groupes

alg tame,alg
Tkt Tkt

et, en ne considérant que les p’'-parties des groupes fondamentauz, cette épimorphisme devient un

isomorphisme
alg (p’) alg (p’)
I X

Rappelons enfin que, via le foncteur corps de fonctions [Ha77], Chap. I §6, la G-catégorie R‘Z‘% 5 (resp.

Rtagl Z’a &) est équivalente & la G-catégorie &tk associée a la catégorie & ;. des extensions galoisiennes

finies régulieres de k(7") non ramifiées hors de t (resp. a la G-catégorie 5;5%mke associée a la catégorie

5;5%1116 des extensions galoisiennes finies régulieres de k(T') non ramifiées hors de t et ordinairement
ramifiée au dessus de t). En particulier,

Theorem 1.5 ((RIGP/k), k corps algébriquement clos de caractéristique 0) Pour tout sous-ensemble
Tx-invariant t C PY(k) de cardinal v, la donnée d’une présentation py P — ﬂzlf définit une
bijection entre les classes d’isomorphismes d’extensions galoisiennes finies K/k(T) de g}roupe G non
ramifiées hors de t et ni.(G).
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1.1.1.4 Action galoisienne

Dans tout ce qui suit on se fixe un corps k, une cloture séparable k°, un entier » > 3 et un
sous ensemble I'y-invariant t C P!(k®) de cardinal 7. Soit k(T)* une cloture séparable de k(T
et My ¢/k*(T) lextension algébrique maximale (dans k(7")®) non ramifiée hors de t et ordinaire-
ment ramifiée au-dessus de t. Les extensions My, ¢/k*(T) et My ¢/k(T) sont galoisiennes de groupes
Wza,;ne’ ale Gal(My 1 |k*(T)) et m"® > = Gal(My,¢|k(T)) respectivement. On a alors la suite exacte
courte fondamentale de la théorie de Galois

tame,alg tame,ar
1— Tht — Thy —I'p —1
. . P . 6
et chaque point k-rationnel ¢y € P}(k) en définit un scindage s, : [y — wkafl “* Le paragraphe
o .. t 1 C s . .
1.1.1.3 donne une description précise de Wkain %8 On peut aussi décrire partiellement I’action de I'j,
t 1 . . . , . . . t 1
sur Wkafl %8 Pour cela, introduisons la notion de présentation Galois-compatible de Wkafl %8 Une
—_—
présentation p : F._q — ﬂ]zafl ealg de W,tgafl a8 gt dite Galois-compatible si

(i) p(T;) engendre un groupe d’inertie 7I(Qti |P;) au-dessus de t;, i = 1,...,7.
(ii) Via I'isomorphisme canonique ¢y, I(Qy,|P;;) — Z(1) := lim p,, (défini par passage a la limite projec-
n>1
tive des isomorphismes du paragraphe 1.1.1.2) on demande que ¢y, (p(I';)) = ¢¢, (p(T'5)), 1 <i #j <.
Les présentations induites via les isomorphismes de groupes fondamentaux ci-dessus par les Iﬁéientation
p~ associées a des bouquets topologiques sont Galois-compatibles. Une présentation p : F._1 —

t: 1 . . ‘ . . t 1 i
e % Galois-compatible étant fixé, Paction de T'y, sur 7y ¢ a la propriété suivante :

(o) P 17

Lemma 1.6 (Branch cycle agument) Pour tout o € T, (7)r; est conjugué d 7;‘(0)(2.), 1 =1,...,7,

ou x : I'p — 7* est le caractére cyclotomique de k et w(o) € S, la permutation induite par o sur
t={t1,....t,}.

1.1.2 Corps des modules et corps de définition

On garde les hypothese du paragraphe 1.1.1.4. Soit (f : X — IP’,];S, a) un k*-G-revétement d’inva-

riants G, t, C correspondant & un épimorphisme de groupes @ ;) : wza,;n cals _, @q.

1. On dira que k est un corps de définition de (f,«) si 'une des deux conditions équivalentes
suivante est remplies :
(i) (f,a) admet un k-modele i.e. il existe un k-G-revétement (fj,ay) d’invariants G, t, C tel
que (f, ) = *(fx, o).
(ii) ®(f.0) WZ?Fe’alg — G s'étend en un épimorphisme @ s o), : WZTIQ’M — G.

2. On dira que k est un corps des modules de (f, «) si I'une des deux conditions équivalentes sui-
vante est remplie :
(i) k = (B°)M({(F) ot My((f,a)) = {0 € Tk | (f,a) ~ o*(f,a)} <j Tj est le sous-groupe
(fermé, d’indice fini) de I'y fixant la classe d’isomorphisme de (f, ).
(ii) Il existe une application Wi £y Tk = G telle que Q(fva)(s(”)fy) = h;(f’a)(a)q)(f’a) (’y)(h;(f’a) (o)1,

tame,alg

AS Wk,t
Plus généralement, on dira que (k%)Me((/:®) est le corps des modules de (f, o) relativement d k
et on le notera k, 7.4y Si k = Q(t) est le corps de définition du diviseur t (ici, Q — k est le
sous-corps premier de k) on dira seulement que K, (f,a) €st le corps des modules de (f,a).

L’extension ki, (1q)/k est finie (de degré < [ni,(G)| par le branch cycle argument) et contenue dans
tout corps de définition de (f, ) mais la réciproque est fausse en général ; plus précisément, K m,(f,0)
est l'intersection des corps de définition de (f, ) donc, (f, @) admet un plus petit corps de définition
si et seulement si (f, «) est définie sur Ko (f,0)5 [CoH85], prop. 2.7. On peut donner une mesure coho-
mologique [w(f,q)] € H 2(k:m,( f.0): Z(G)) a ce que le corps des modules soit un corps de définition. Pour
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simplifier, supposons que k = k,, (). L’obstruction a ce que k,, () soit un corps de d’efinition de

(f, @) est 'obstruction a pouvoir choisir un morphisme de groupe pour h} (f0) considerons donc ’ap-

plication EZ( fy: Th — G /Z(Q) , qui est un morphisme de groupes bien défini,
o = Dyl o)[mod Z(G)]

ne dépendant que de s et pas de hy k(fr0)" En munissant Z(G) de sa structure de I'y, module trivial,

soit la cochaine

w(f,a) : Pk X Fk — Z(G)
(0.7) = (0 (1) (0T T (5.0 (O, (.0 ()

qui définit [wf,e)] € H2(k, Z(G)). Alors, [w(tq)] € H?(k, Z(G)) ne dépend pas de la section s : I'y —

tame ar

Tt et [w(f,q)] est nul dans H?(k, Z(G)) si et seulement k est un corps de définition de (f, ) ou,

de fcon équivalente, si et seulement si il existe un morphisme 52( fa) Tk — G rendant le diagramme
suivant commutatif

1 Z(G) G‘ G/Z(G) —1

T‘bk,(f,a)

3% (o)
Iy

C’est en particulier le cas si Z(G) = {1} ou si Z(G) est un facteur direct de G.

1.2 Espaces de modules pour la catégorie des G-revétements

1.2.1 Groupes de tresses

Les espaces de modules pour les G-revétements sont naturellement présentés comme des revétements
topologiques des espaces de configurations U"(C) = {t' = (t1,...,t,) € PY(C) | t; #t;, 1 <i#j <7}
et U.(C) = U"(C)/S, = {t C P}(C) | [t| = r}. Nous rappelons ici les résultats sur les groupes fon-
damentaux de U"(C) et U,(C) que nous utiliserons en 1.2.2.1; pour les preuves, nous renvoyons a
[FVI1], [V99] et [Ri04] p. 21-33, dont nous synthétisons ici les résultats. Notons o, : U"(C) — U, (C)
la projection canonique, qui est un revétement topologique galoisien de groupe S,..

Pour tout t’ = (¢1,...,t,) € U"(C), notons t = o,(t’) et fixons un chemin continu fermé injectif
c:[0,1] — PY(C) tel que c(ug) = tg, k = 1,..,7 avec 0 < u; < ... < u, < 1; la courbe ¢([0,1])
sépare P1(C) en deux composantes connexes que I'on note C; (la composante & droite de ¢) et Cy (la
composante & gauche de ¢). On peut alors construire un r — 1-uplet de chemins continus fermés injectifs
(cx : [0,1] — PY(C))1<k<r—1 tels que (i) cx(0) = cx(1) =t et cx(1/2) = tgr1, (ii) cx(]0,1/2]) C Oy et
cx(J1/2,1]) C Oy et (iii) la courbe ¢ ([0, 1]) sépare P(C) en deux composantes connexes que 1'on note
Ck,1 (la composante & droite de ¢;) et Cy 2 (la composante & gauche de ¢y) vérifiant ¢(|ug, ugt1[) C Cia
et Ur<izr<r([0,1]) \ {tx:this1} C Cro, k = 1,...,r — 1. On peut ainsi définir les tresses topologiqes
standard ¢ : [0,1] — U"(C) yk=1,..,r—1.

U = (t1y ey b1, cp(u/2), (1 — u/2), tgao, ..., ty)
Par ailleurs, notons H, le groupe de tresses de Hurwitz i.e. le groupe défini par les générateurs
Ql, ...,Q,«_l et les relations (1) QZQZ+1QZ = Qi+1QiQi+17 1= 1, ey T — 2.
(2) Qin:QjQia 1,7 =1,....,7m — 1 avec |’l—j‘ > 1.
(3) Qe Q@ Q=1
et SH, le groupe de tresses pures de Hurwitz i.e. le noyau du morphisme de groupes H, — S,
Q; — (i,i+1). En notant SH? le groupe défini par les générateurs A;j, 1 <1< j <retles relations

A;slAi,jAT,s: A j , r<s<i<jour<r<s<ij.
Ay jAijAS r<s=i<]j.
U RE N EE B . ’ ) ] ’ l’appli—
A,«,jASJAwA FAS i ,T=1<s<]j.
ArjAs AL AlA JAsjAAALT ST <i<s<].

Arg--- A1, =1

)
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cation SH? — SH,, A;; — Qi---Qj_ng__lej__12---Qi_1 est une présentation de SH, (cf. [Bi74],
lemme 1.8.2 avec correction des relations dans [H87], appendice 2). Finalement, on peut énoncer le
classique :

Theorem 1.7 (Fadell et Van Buskirk) Les applications

w i Hy — mPUAC),t) v SHY — m®PUT(C),t)
et 2’ 1 1
Qi — [O'r © Qi] Ai,j - [Qi o gi—245 1950 4; ]

sont des isomorphismes de groupes.

Nous aurons aussi besoin de définir les actions de tresses T} ¢ et T} et de les expliciter. Notons By
le groupe topologique des homéomorphismes continus de P!(C) préservant I’orientation canonique muni
de la topologie compact-ouvert et considerons les fibrations localement triviales €,y : By — U"(C)
h  —  (h(t1),...,h(t,))
et €.t = 0y 0 €.¢7. Comme 7y (By) = {1}, les connexions d’indice 0 des suites exactes longues d’homo-
topie associées a ces fibrations permettent de définir deux antiépimorphismes de groupes :

O wEOP(Z/{’”((C),t’) —  mo(Stabg, (t)) ot Ort : 7T§OP(UT(C),13) —  mo(Stabg,(t))
[a] —  [a(1)] [q] - [g(1)]

oua: [0,1] — By (resp. 7 : [0,1] — By) est I'unique application continue telle que €, ¢ 0@ = a et @(0) =
Id (resp. €, 40 = g et §(0) = Id). On appelle alors action de tresses pures (resp. de tresses) le morphisme
de groupes Ty.¢ = Ay 4:00, 4+ (resp. Tyy = A, 400,.4) avec A, ¢ : mo(Stabg, (t)) — Out(m;°P (P (C)\t, o)),
I'application qui & [h] associe la classe [¢] — [Yh.¢,][hoc][Vhto] ™ (01 Yy : [0,1] — PL(C) est un chemin
continu joignant to et h(tg)) (resp. At etc).

Construisons pour terminer un bouquet topologique v = (1, ...,7;) pour P1(C)\t basé en tg = c(0)
comme suit : (i) 7, = akﬁkalzl ou [ est un chemin fermé continu injectif tournant une fois (dans le
méme sens que c¢) autour de tg, (ii) o est un chemin continu injectif joignant ¢y & un point de [ et
tel que ax(]0,1[) C C2 \ Ui<i<,Cp 1, (iil) les (ax)1<k<, ne se coupent qu’en ¢ et sont ordonnés de sorte
que 1 - - - v = 1. Avec ces notations,on peut décrire explicitement les actions de tresses :

Theorem 1.8 (Actions de tresses) On a T¢(Q;)(v) = (71, ...,fyi_l,’y;ﬁl,’yi,’yiJrg, v Yr ), i =1,,r—1
et le diagramme commutatif 7}°P(U"(C),t')——— 7\ (U, (C), t)

Tr,t
Tr,t’

Out(m}** (P1(C) \ t,0))

1.2.2 Espaces de Hurwitz

Soit GG un groupe fini et > 3 un entier. Nous rappelons dans cette partie les principales propriétés
des espaces de modules classifiant les G-revétements de groupe G avec r points de branchement. Il
existe différentes constructions de ces espaces de modules et nous renvoyons par exemple a [E01] ou
[RoWO04] pour des exposés de synthése sur ce sujet. Nous présentons brievement deux d’entre elles.
La premiere [FV91], [V99], "a la main”, décrit les structures topologiques, analytique et algébriques
de ces espaces ; la seconde [W98], basée sur la théorie des champs algébriques, permet de donner une
compactification naturelle de ces espaces de modules.

1.2.2.1 1lére construction

Posons
Hea= ] Rie/~et Vrg: Heg - U(C)
tel,-(C) (t,(fia)) — t
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On peut alors munir H, ¢ d'une topologie 7 qui fasse de ¥, ¢ un revétement topologique. Pour cela,
définissons une base de voisinage d’un point (f,«) € R:}éc/ ~. At ={t,....t,} € U.(C) on peut
associer la base de voisinages (U(D) = {to € U(C | [toN D;| =1, i = 1,...,7)}) p—(D,,...,D,)eD;» OU
D¢ est I’ensemble des r-uplets D = (D, ..., D,) de disques ouverts D; centrés en t; et deux a deux
disjoints. Pour tout D = (D, ..., D,) € Dy et tout t € T (D) on a alors des isomorphismes canoniques
induits par l'inclusion

can

/\

mP(PH(C) \ t) —=mP (PY(C) \ Ur<i<, Ds) —> m P (P1(C) \ to)
ce qui permet de poser

T(D,(f.a) = [ {(fo,a0) € ReBsc/ ~ | ®(fy.a0) ~ P(sa) © can}
tocU(D)

et la topologie 7 sur H,. ¢ est celle définie par les bases de voisinages de la forme (7 (D, (f,®))) pep,-
On dispose donc maintenant d’un revétement fini d’espace topologique et du revétement topolo-
gique produit fibré défini par le carré cartésien :

/ P
HT,G ’ HT,G

\Ij;«’Gl O l/ql'r,G

U(C) —~u:(C)

Par la théorie des revétements topologiques finis, on peut décrire les classes d’isomorphismes de ces
revétements en termes d’action des groupes fondamentaux 7;°P (U" (C), t') et 7P (U, (C), t). Reprenons
les notations du 1.2.1 : pour tout t' = (¢1,...,t,) € U"(C) d’image t = o, (t’) on a construit un bouquet
topologique v = (71, ..., V) permettant de décrire explicitement les actions de tresses. Par ailleurs, on
dispose d’une part de I’application de monodromie :

My, . : 7P (Uy(C), t) — Perm(¥; (t))
et d’autre part de 'application de composition :

C‘I’r,c : ﬂo(StabBO (t)) — Perm(\Ilr_é(t))
(] — (fia) = (ho f,a)
Notons BCD, (pour branch cycle description) I'isomorphisme (¥, cc)~H(t) ~ ni,(G) induit par la
monodromie ; cette isomorphisme ne dépend en fait que de la classe d’équivalence de v dans I’ensemble
Top(t) des bouquets topologiques pour P1(C) \ t muni de ~ défini par : pour tout 7, €Top(t) basé en
to; € t,i=1,2, 7, ~ 7, s'll existe un chemin continu A : [0,1] — PL(C) \ t joignant to1 & to2 tel que
Yy = A Yy A~L. En particulier, I'action de tresses A, définit une action

mo(Stabg, (t)) x Topy/ ~ — Topy/ ~
([F1:2) = flxa:=(er, . fon)

Theorem 1.9 (description combinatoire de ¥, ¢ et U, ) Le diagramme

C‘IIT,G —1
mo(Stabg, (t)) — Perm (¥, ~(t))

ér,
1w

U (C), 1)
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commute. Par ailleurs, pour tout [f] € Stabp,(t), on @ BCD, o Cy, ,([f]) = BCD On en

déduit que pour tout g = (g1, ..., g,) € ni (G),

BCDZ(M\I/r,G(QZ)(BCDl_l(g))) = (gl) "'7972—1797;9.?_1797279724-27 "'797‘)7 1= 17 sy T — 1

f e

De méme, Uaction des A;j, 1 <i < j <r surni,(G) se déduit de celle des Q;, i = 1,....,7 — 1 sur
ni, (G).

L’étape suivante consiste a montrer que les objets topologiques définis ci-dessus sont en fait munis
de structures algébriques :

1. U, posséde une structure naturelle de variété analytique U2" donc H, ¢ hérite d’'une unique
structure de variété analytique H qui fasse de V¥, ¢ un revétement \Ifan : ffnG — UM de
variétés analytiques.

an

2. D’apres le théoréme de Grauert-Rummert, on peut compléter W27, en un revétement @ine

HinG — Z/{ de variétés analytiques compactes.

3. Par des théoremes de type G.A.G.A., \IJTG : ﬂiﬂz} — Han possede une unique structure de

1 1
revétement de variétés algébriques complexes ¥, G Hag ag . En faisant le produit fibré de

@ilg par U, c — L{r , on obtient la structure de variété algebrlque complexe ¥, g c : HilG c—
Uy c de TT

4. la descente de C a Q s’effectue en deux étapes. Le théoreme de descente de Serre [S92], théoréme
6.7 permet de descendre de C & QQ puis une application - non triviale - du critere de descente de
Weil [We| permet de descendre de Q & Q et de décrire I'action de I'g.

Finalement :

Theorem 1.10 ([FVI1]) ¥, ¢ : H, ¢ — U, (C) posséde une unique structure ¥, c o : Hrc.o — Uro
de revétement étale de variétés algébriques défini sur Q et compatible avec sa structure de revétement
de variétés analytiques. De plus

- les composantes géométriquement irréductibles de H, g, sont en correspondance bijectives avec les
composantes connexes de H, q.

- pour tout p € H, ¢ 0(C) correspondant a un G-revétement (f,a) de points de branchement t € U, (C)
avec k = Q(t), p € H, (k) et pour tout o € Ty, °p correspond au G-revétement conjugué o*(f, )

donc p € HyG.0(km,(f.0))-

On a un énoncé similaire pour ¥,  : H, o — U"(C).

Terminons ce paragraphe en rappelant la définition des espaces de Hurwitz proprement dits. Pour
tout C € C,.(G) soit ni(C) le sous-ensemble de ni,.(G) des r-uplets g = (g1, ..., gr) € ni, (G) tels que (3)
gi € Cy(i), @ = 1,...,7 pour une permutation o € S, et sni(C) le sous-ensemble de ni,(G) des r-uplets
g = (91,...,9r) € ni.(G) tels que (3) g; € C;, i = 1,...,7. On notera ni(C) et sni(C) les ensembles
quotient correspondants modulo I’action composantes par composantes de Inn(G). Comme H,..ni(C) =
ni(C), ni(C) correspond a une réunion H, c(C) de composantes géométriquement irréductibles de
H, ¢, qu’on appelle I'espace de Hurwitz associé a C et qui paramétrise les classes d’isomorphismes
de G-revétements d’invariant canonique de I'inertie C. Autrement dit, si on note I’action naturelle du
groupe symmétrique S, sur C,.(G) par S, X C,.(G) — G (Q) on obtient

(0,C=(Cy,...,Cr)) — C=(Chays- Copry)
H,c5 = Hcee (¢)/s, Hr.c(C). On peut aussi définir un espaces de Hurwitz dessymmétrisé H; (C).
Un point du produit fibré H, ¢(C) xy, U™ correspond a un G-revétement (f, ) donné avec un ordre
t' = (t1,...,t,) de ses points de branchement, ce qui permet de définir une application de monodromie :

M: H,q(C)xyU" — {C1,...C.}"
(h,(tl,...,t,«)) — (Ctl,...,C'tT)
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qui, étant continue, est constante sur chacune des composantes connexes de H, g(C) xy, U". En
particulier, M ~!(C) est une réunion de composantes connexes de H, (C) Xz, U"; c’est cette variété
que I’'on notera H! ~(C). On a toujours un carré cartésien

! 6(C) =M, 4(C)

;’Gl O lwr,G

ur—=>—=1u,

Et, en fait, H, q(C) xy, U" = HUEST/StabST(C) H, (°C). Enfin, le deuxi¢tme point du théoreme
1.10 combiné au "branch cycle argument” décrit 1'action de I'g sur les espaces de Hurwitz : Pour
tout o € Iy, “H,.¢(C) = Hyc(CX)) et M, 5(C) = H;GVG(CX(")). Donc, par le critere de descente
de Weil, ces espaces sont définis sur des extensions cyclotomiques de Q, que 'on notera Q¢ et Qg
respectivement. En particulier

- H,,c(C) est défini sur Q si et seulement si C est une union rationnelle de classes de conjugaison
(i.e. pour tout entier m premier a ordre des C;, i = 1,...,7, C™ = “C pour une permutation o € S,).

- H%G(C) est défini sur Q si et seulement si pour tout entier m premier a I’ordre des C;, ¢ = 1,..., 7,
Ccm™=C.

1.2.2.2 2éme construction

La théorie des champs algébriques et de leur représentabilité donne un cadre plus formel pour
construire et étudier les espaces de modules pour les G-revétements ; elle permet notamment de les
compactifier avec une interprétation modulaire du bord [W98]. Le principe consiste a construire des
diagrammes commutatifs de catégories fibrées

HT,G(—> an et H;",G(—) ﬁ;",G

\I/T,Gl l\I}r’G \P;’Gl \L@;G

Ur(—> Ur UTC—> UT

puis de montrer que ces catégories fibrées sont en fait des champs algébriques admettant des espaces
de modules grossiers.

1)U, U, U, U :

Pour tout schéma T', on appelle

- T-courbe r-marquée de genre 0 tout triplet (x : X — T, D,u) ou x : X — T est un schéma propre
et plat dont les fibres géométriques sont des courbes lisses de genre 0, ip : D <— X est un sous-schéma
fermé tel que x oip : D — T est étale fini de degré constant r et u : X — ]P’lT est un T-isomorphisme.

- T-courbe r-pointée de genre 0 tout triplet (z : X — T\, (s;)1<i<r, ) O : (8;)1<i<r sont r sections
de x telles que s;(T)Ns;(T) =0,1 <i#j<ret(x:X — T ,U<i<rsi(T),u) est une T-courbe
r-marquée de genre 0.

U, (resp. U") désigne alors la catégorie fibrée des courbes r-marquées (resp. r-pointées) de genre
0. Ce sont des champs algébriques sur la catégorie des Z-schémas; U" est représentable par le Z-
schéma U" = SpeC(Z[Th-~7Tr]<]‘[9¢j§T(Ti—Tj)>) et U, admet pour espace de modules grossiers le
Z-schéma U, = spec(Z[T1,...,T;]<a,>) (ou A, € Z[T1,...,T,;] est le polynome irréductible défini par
Meisjer(Xi = X;) = A(01(X), 00 (X))).

Pour tout schéma T, on appelle T-courbe nodale genre 0 tout T-schéma x : X — T propre et plat
dont les fibres géométriques sont des courbes de genre 0 n’ayant pour singularités éventuelles que des
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points doubles ordinaires. On appelle

- T-courbe stable r-marquée de genre 0 tout couple (z : X — T, D) ou: z : X — T est une T-
courbe nodale genre 0, ip : D — X'55¢ est un sous-schéma fermé tel que zoip : D — T est étale fini
de degré constant 7 et pour toute composante irréductible C' — X on a |C' N (X *"9 U supp(D))| > 3.

- T-courbe stable r-pointée de genre 0 tout couple (z : X — T, (s;)1<i<r) OU : (8i)1<i<r sont 7
sections de x telles que s;(T)Ns;(T) = 0,1 < i # j <ret(z:X — T, U<i<rsi(T),u) est une
T-courbe stable r-marquée de genre 0.

Lorsque les points marqués d’un objet de U, (resp. U,) coalescent, on peut les séparer par une
série d’éclatements et obtenir ainsi des courbes stables r-marquées (resp. r-pointées). Pour garder trace
dans cette déformation de la donnée u de l'isomorphisme initial entre X et P, il faut adjoindre aux
données d’une T-courbe stable r-marquée (resp r-pointée) de genre 0 un cadre projectif A : X — IP’l
(cf. [W98] §2.3). On obtient ainsi U, (resp. U"), la catégorie fibrée des courbes stabilisées r-marquées
(rep. r-pointées) de genre 0. Ce sont des champs algébriques propres et lisses sur la catégories des
Z-schémas:; U est représentable par un Z-schéma intégre, propre et lisse sur spec(Z), U " et U, admet
pour espace de modules grossiers un Z-schéma intégre, propre et lisse sur spec(Z), U " On a de plus
un carré cartésien de Z-schémas ou les fleches verticales sont des immersions ouvertes

uri»z/[r
=
u —=u,

v

-/

(2) HT,G7 H{n,G> HT,G? HnG :

Etant donnée une courbe stable r-marquée (z : X — T,D) (avec T connexe), on appelle G-
revétement admissible de (z : X — T,D) tout couple (p : ¥ — X, a) ou p : Y — X est un
morphisme fini vérifiant : (i) la restrlctlon Pl o1 (xtisse) : p~l(Xtsse) — Xlisse est ordinairement ramifiée
le long de D, (ii) pour tout y € Y (k) point géométrique tel que x, := poy € Xsmg(k:) , en notant
t, := xox, € T(k), on peut trouver pour tout systéme de coordonnées (u,v) € Ox .z, de X en z, un
couple (r,s) € Oyy, un entier e > 1 premier a la caractéristique de k et un élément T € OTt tels que
le morphisme de localisation étale induit par p, Ox 2y R, S]) < R® = u,8° =v,RS =17 >— Oyy,
(R,S) — (r,s), soit un isomorphisme. (Dans ce cas, (xop:Y — T,p l(D)) est une courbe stable 7-
marquée de genre 0 et (1, s) € Oy, un systéme de coordonnées de Y en y), (iii) Les fibres géométriques
de p sont des revétements galoisiens de groupe de Galois isomorphe & G et « : Aut(p) — G est un
isomorphisme de groupes. Quand (x : X — T, D) est en fait une courbe r-marquée de genre 0, on
retrouve la notion usuelle de G-revétement ordinairement ramifié au dessus de D.

H, désigne alors la catégorie fibrée des G-revétements admissibles de courbe r-marquée de genre
0 (i.e. des G-revétements ordinairement ramifiés avec r points de branchement) et H, ¢ celle des G-
revétements admissibles de courbes stables r-marquées de genre 0. On dispose de foncteurs naturels
"points de branchement”, ¥,.q : H, ¢ — U, g et an : an — Ung. Et

Theorem 1.11 (Compactification des espaces de modules pour les G-revétements) H. rG est un
champs algébrique qui admet pour espace de modules grossier un Z[‘—é']—schéma integre, propre et

lisse, Hyc muni d’un morphisme naturel U, ¢ : H,.c — U, qui est un revétement fini modérément
ramifié le long de U, \ Ur,c correspondant au foncteur W, q. Avec les notations du carré cartésien

HT,GC_O» ﬁ’I“,C; )

\PT,G\L O l@r’c

Z/[T;o—> HT

V. a: Hrag — Upg est un revétement étale de Z-schémas integres correspondant au foncteur ¥, g. De
plus,
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(1) HTG est normal a fibres Hr G ®y L] Q et Hr G ®Z[‘ &1 Fp F, (ot p est un nombre premier ne divisant

pas |G|) normales.
(2) Les composantes géométriquement irréductibles de H, c ®7 Q et H, g ®zF, (ot p est un nombre
premier ne divisant pas |G|) sont en correspondance bijective.

(3) Hr.c ®z Q ~q Hr,c,0-

On a des énoncés similaires pour H;«,G/ﬁ;,G’ H,c(C)/H,c(C) etc.; on renverra a [E01] pour un
exposé de synthese.

Terminons par un corollaire important prouvé dans [DE03]. On suppose de plus que r = 2s est pair
et on se fixe un r-uplet C formé de s paires de la forme C;, C;” 1 On appelle sous-variété de Harbater-
Mumford de H, ¢(C) la réunion des composantes géométriquement irréductibles correspondant aux
H,-orbites des r-uplets de la forme g = (g1,9; ', ..-,9s,95 ") € ni(C) et on la note H,{{CJ‘{I(C) En
utilisant le fait que les composantes géométriquement irréductibles de ﬁr,g(C) sont les adhérences dans
e H,,(C) des composantes géométriquement irréductibles de H,,¢(C) et I'interprétation modulaire de

H ( ) \H M(C) on montre que le bord de Hf]g[ (C) est I'gg-invariant et donc que

Corollary 1.12 Hfg[(C) est définie sur Qc.

hN ’ ’ . . . /
La encore, on a un énoncé similaire pour H,ZM(C).
)

1.2.3 Tours modulaires de M.Fried

Les tours modulaires introduites par M.Fried [F95a], [FK97], [BF02] constituent une généralisation
de la théorie des espaces de Hurwitz dans le sens ou, au lieu de n’associer a un groupe G et un r-uplet
de classes de conjugaison non triviales C qu'un seul espace de Hurwitz H, ¢(C), on leur associe un
ou plusieurs systeémes projectifs d’espaces de Hurwitz - les tours modulaires.

Plus précisément, on se fixe un groupe G et un r-uplet C = (C1,...,C,) de classes de conjugaison
non triviales de G tel que (1) 'ensemble P(G, C) des nombres premiers p divisant I'ordre de G mais
premiers a l'ordre des éléments de chacune des C;, ¢ = 1, ..., soit non vide et (2) la classe de Nielsen
ni(C) est aussi non vide. Pour tout p € P(G, C), on consideére le p-revétement de Frattini universel
de G, pqﬁ P G — G. Son noyau est un pro-p-groupe libre de rang fini; sa série de Frattini

kerg := ker(qu), ker; = ®(kerg) = kerf [kerg, kerg, ], ..., ker,, 41 = ®(ker,) = ker? [ker,,, ker,,, |, etc
forme donc un systeme de voisinages ouverts de 1 et, en notant
(ZHC;‘ = pé/kernﬂ —» ZG‘ = pé/kern)nzo

le systeme de quotients caractéristiques associés on a donc : ,G = lim ;’G De plus, par le lemme de
n>0

Schur-Zassenhauss, il existe un unique C,, = (Cy, 1, ...,Cp ) € Cp (gé) relevant C dans ZCNT‘ et tel que les
éléments de C}, sont de méme ordre que ceux de C;, i = 1,...,7, n > 0. On obtient donc un systeme
projectif (! G,Cpnyi1) — (G, Cn))n>0 définissant un systeme projectif d’espaces de Hurwitz

(Hynt1a(Cnt1) = My n@(Cn))nzo

qu’on appelle la tour modulaire associée aux données (G,C,p). De méme, on dispose de la tour
modulaire dessymmeétrisée correspondante

(H;7g+1@(cn+1) —H ng(cn))nzo'

Nous étudions ces objets dans les chapitres 4 et 5.3 de cette these. Mentionons pour terminer I’exemple
des groupes dihédraux, qui sert de fil conducteur & I’énoncé des conjectures dans la théorie des tours
modulaires.
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Example 1.13 (La tour modulaire des dihédraux) Notons G = Day, le groupe dihédral d’ordre 2p ot p > 3
est un nombre premier et C = (I,I,1,I) le 4-uplet formé de 4 copies de la classe d’involutions de Dap. Dans ce cas
pé = Dopoo = Zp X Z/27 et ZC:' = Dyynt1, Cn = (In, In, In, In) est le 4-uplet formé de 4 copies de la classe d’involutions
de Dapn, n > 0. On a alors pour tout n > 1, [D04], un diagramme commutatif

HT,D2pn+1 (Cn+1) — X, (pn+1)

Hr,ppn (Cn) ——— X1(p™)

autrement dit un morphisme de la tour modulaire associée & (D2p, C,p) sur la tour usuelle (X1(p™))n>0 des courbes
modulaires.

1.3 G-revétements sur les corps complets

Les théoremes d’existence de Riemann et de descente de Grothendieck permettent de résoudre
tres précisément la conjecture (RIGP/k) pour un corps k algébriquement clos de caractéristique 0.
En généralisant la méthode de recollement analytique complexe qui sous-tend la preuve du théoreme
d’existence de Riemann aux corps complets, D.Harbater a montré la conjecture (RIGP/k) pour k
un corps complet non archimédien. De nombreuses variantes de la preuve de ce résultat ont ensuite
été données par D.Haran, Q.Liu, F.Pop, H.Volklein etc.. On peut distinguer deux types d’approche,
le cadre de la géométrie formelle et celui de la géométrie rigide. Pour le cas des réels, P.Debes et
M.Fried ont obtenu par des méthodes de descente un énoncé aussi précis que le théoreme d’existence
de Riemann.

1.3.1 G-revétements p-adiques

L’une des difficultés pour étendre la preuve du théoreme d’existence de Riemann a d’autres corps
que C est de trouver une "bonne” catégorie pour remplacer celle des espaces analytiques complexes
dans le principe G.A.G.A. et donner un sens a la notion de recollement. Pour les corps valués complets
non archimédiens, c’est le role que vont jouer la catégories des schémas formels (G.A.G.F.) ou des
espaces analytiques rigides (G.A.G.R.). Avant d’énoncer les résultats qui nous seront nécessaires,
rappelons les définitions de ces deux catégories :

1.3.1.1 Schémas formels

Soit X un schéma noetherien et Y — X un sous-schéma fermé défini par un faisceau d’idéaux
Iy < Ox. On appelle complétion formelle de X le long de Y T'espace annelé (X,0¢) ol : X est

I'espace topologique Y et Oy, le faisceau d’anneaux lim Ox /Ty sur X. En notant Y,, — X ,n >0,
n>0

le sous schéma fermé défini par le faisceau d’idéaux Z3> < Ox, on peut interpréter (X ,O¢) comme
la limite inductive lim Y, dans la catégorie des espaces localement annelés. Intuitivement, (X ,O0%)

n>0
est plus "épais” que chacun des Y,, mais est contenu dans tout voisinage ouvert de Y dans X ; on

parle donc du voisinage formel de Y dans X. De méme, pour tout faisceau cohérent F € Coh(X)
on peut définir la complétion formelle de F le long de Y par F = lim F/Zy Fl|y. La catégorie des
n>0

schémas formels noethériens est alors la sous-catégorie pleine de la catégorie des espaces localement
annelés dont les objets (X, Oy) vérifient : il existe un recouvrement ouvert fini (U;)1<i<p, de X tel
que (U;, Ox|y,) soit isomorphe & la complétion formelle d’un schéma noethérien X; le long d’un sous-
schéma fermé Y; — X;, 1 < i < n. Le théoréeme d’existence de Grothendieck (G.A.G.F.) peut alors
s’énoncer en termes de G-revétements comme suit :

Theorem 1.14 (G.A.G.F., théoreme d’existence de Grothendieck) Pour tout anneau noethérien A
complet par rapport a un idéal I et pour tout schéma X/A, propre sur A, notons Y = X X spec(A)
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spec(A/I). Pour tout ouverts affines U; <Y, i = 1,2 tels que Y = U1 UUy en notant Uy = Uy NUs et
X; la complétion formelle de X le long (ge U; (i.e. la complétion formelle de U; le long de U; ou U; < X
est un ouvert quelconque de X tel que U;NY =U;), 1 = 0,1,2. Le foncteur naturel de changement de

base

Salg > form > form
Rxa — Rx,¢ Xﬁﬁggrg RX,.c

est une équivalence de catégories.

1.3.1.2 Espaces analytiques rigides

Soit k£ un corps valué complet non archimédien, la catégorie des k-espaces analytiques rigides est
plus difficile & décrire succintement que celle des schémas formels. Notons k{X1, ..., X,,} la k-algebre
des séries formelles convergentes sur le polydisque unité fermé; on appelle k-algébre affinoide toute
k-algebre quotient d’une telle k-algebre. Une k-algebre affinoide est alors noethérienne, complete, tous
ses idéaux sont fermés et le corps résiduel de tout idéal maximal est une extension finie de k. En
particulier, on dispose du foncteur bien défini de la catégorie des k-algebres affinoides dans celle des
ensembles : A —  spm(A)

-1
A%B - spm(B) ¢—>()spm(A)

Si A est une k-algebre affinoide, on peut considérer les éléments de A comme des fonctions sur spm(A)

a valeur dans k et en notant |- | 'unique norme de k prolongeant celle de k, on peut munir spm(A)
d’une topologie en définissant pour tout My €spm(A) une base de voisinages :
(Ue(g1y -y Gns Mo) = {M € spm(A) | |g;(M)| <€, i=1,....,n}) >0

G1seees gn€A | g;(My)=0, i=1,..., n

On appelle alors k-variété affinoide ’espace localement annelé (spm(A), A). Pour obtenir une bonne
catégorie (par exemple telle que les morphismes entre deux k-variétés affinoides soit rigide i.e. de
la forme ¢~—1()) il faut “rigidifier” la sous-catégorie pleine de la catégorie des espaces localement
annelés localement isomorphes & des k-variétés affinoides; on obtient ainsi la catégorie des k-espaces
analytiques rigides dont les objets sont des espaces localement annelés (X, O y) pour une topologie de
Grothendieck et admettant un recouvrement admissible (U;);er tel que (U;, Ox|y,) soit isomorphe &
une k-variété affinoide. On peut alors, dans ce contexte, énoncer un principe G.A.G.R. en termes de
G-revétements.

1.3.1.3 Enoncés

Pour obtenir des énoncés type (RIGP/k) pour un corps k valué complet non archimédien de corps
résiduel x, on procede en deux étapes :
(1) On réalise les groupes cycliques comme G-revétements de }P’,lC dont la fibre spéciale est un mock
cover (i.e. dont toutes les composantes irréductibles sont isomorphes & PL) dans le cadre formel ou
possedant une fibre totalement k-rationnelle au-dessus d’un k-point non ramifié dans le cadre rigide
(cf. [HO3], [L95], [Des95]). Ces deux conditions assurant la trivialité des G-revétements que 1'on recolle
au-dessus de Xj.
(2) Etant donné un groupe fini G, on choisit un systéeme de générateurs g1, ..., g. de G et on recolle les
G-revétements cycliques de groupes < g1 >,...,< g, > de facon ad hoc via G.A.G.F. ou G.A.G.R. (cf.
[HO3], [L95]). On peut méme, comme dans [D95], donner un énoncé de construction explicite :

Theorem 1.15 (Harbater) Soit G un groupe fini et Hy, Hy < G deux sous groupes tels que G =<
Hy,Hy >. Soit (f; : X; — ]P’}C,a) un G-revétement défini sur k d’invariants H;, C; = (Cj1,...,Cir,),
ti = (ti1,...,tiy,) et possédant une fibre totalement k-rationnelle au-dessus de to; € PL(k) \ ti,
i = 1,2. Alors il existe un G-revétement (f : X — PL a) défini sur k, d’invariants G, C =
(Cfu ceey Cfm,Cgfl, "'7026,;7“2)7 t= (Xl(tl,l)a ...,Xl(t177«1),)(2(t271), ~-~7X2(t2,7"2)) ou Xi € PSLQ(k‘), 1= 1, 2
(et on peut remplacer k par n’importe quel sous-corps ko dense dans k).
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XT=

X=infini

\
/

>
L

X=T

X=0

X1 X2

X=infini X=0 X=T X=1 XT=1

)

X0

Fic. 1.1 — Recouvrement de Pilf[[TH par deux ouverts formels affines : X1 = spec(k[X][[T]]), X2 =
spec(k[X1[[T]]) et Xo = spec(k[X, X ~[[T]])

X=infini
X=0
X1 X2 X0
Fic. 1.2 — Recouvrement de ]P’i,((T)) par deux ouverts admissibles : X; = {lz|] < 1}
spm(K[X]([T])[1/T)), X = {lo] = 1} = spm(k[XT[TNL/T]) et Xo = {lz| = 1}

spm (k[X, X H[[T][1/T])
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Citons pour terminer un corollaire important concernant les HM G-revétements [DE03].

Theorem 1.16 (HM G-revétements sur les corps complets) Soit G un groupe fini et k un corps valué
complet non archimédien de caractéristique 0 et de caractéristique résiduelle p ne divisant pas l’ordre
de G. On suppose en outre que k contient toutes les racines |G|-iémes de l'unité. Soit g1,...,9s € G
un systéme de générateurs de G et S = S1 U Sy C P} tel que S§ := Sy xp k* = {1, ..., z5}, S5 =
Soxpk® ={y1,...,ys} avec S§NS5 = 0. On note (C) la condition |al,|b] <1 et |a—b| <1 ou |al,|b] > 1
pour a,b € k. Si

(*)  wm;,y; vérifient (C), 1 =1,...,s et x1, ..., x5 vérifient deuzr a deux "non (C)”

alors il existe des HM G-revétements définis sur k d’invariants G, C = (Cgci,CgCi -1 ...,Cgcj,Cg -1,
S.

Si on ne suppose plus que k contient toutes les racines |G|-iemes de 'unité, on peut énoncer une
variante de ce théoreme cf. lemme 4.17.

Pour un exposé de synthese sur les techniques de recollement et leur applications, on renverra a
larticle de D. Harbater, [H03].

1.3.2 G-revétements réels

Soit un groupe fini G, un entier » > 3 et un r-uplet C de classes de conjugaison non-triviales de
G. Nous nous intéressons dans ce paragraphe aux G-revétements de corps des modules R ou définis
sur R d’invariants GG, C. Nous supposerons donc toujours que le diviseur des points de branchement
est réel, i.e. formé de

- r1 points de branchement réels ¢4, ...,¢,,, que I'on supposera ordonnés : t; < ... < t,,.
- ro paires complexes conjuguées {z;,%;} C PY(C)\P*(R). On écrira généralement

2; = tr 4+, i = tr+1—i, ¢ = 1,...,72 , que l'on ordonnera, si besoin est, selon leurs parties
réelles et imaginaires.

(bp)

Définissons les sous-ensembles suivants de sni(C) :
- L’ensemble sni™*®®(C;r1,7r9) qui est le sous-ensemble de sni(C) formé des r-uplets (g1, ...,g,) de
sni(C) vérifiant la condition supplémentaire :

(4) Tl existe gy € G tel que - go(gl...gz-)go_1 = (g1..g;) P pouri=1,...,r3 —1
- Gogri+i%y = Gri1—i €6 Gogr+1-iGy = gy pour i =1,... 7y

- Pensemble sni® (C; 71, 72), qui est le sous-ensemble de sni”*®(C;rq, ry) formé des r-uplets (g1, ..., gr)

de sni™*4R(C;ry,7) pour lesquels
(4)’ dans (4) on peut prendre en outre gg d’ordre < 2

—mod,R
On notera encore sni~ (

C;ri,7m2) et ER(C; r1,72) les ensembles quotient correspondants modulo
l’action composante par composante de Inn(G).

On peut maintenant énoncer le résultat principal de [DF94]

Theorem 1.17 (RIGP/R) Etant donné un diviseur de points de branchement t € U,(R) ordonné
comme dans (bp), il existe un bouquet topologique v pour PLY(C) \ t tel que la bijection BCD, :
( ;7G)_1(t’) ~ sni(C) identifie ﬁmOd’R(

dans R et ﬁR(C;rl,rg) aur G-revétements définis sur R.

C;r1,7r2) aux G-revétements de corps des modules contenu
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Schéma de preuwve. Soit t € U, (R) ordonné comme dans (bp). On peut trouver un bouquet topologique
7 pour PL(C)\ t tel que la conjugaison complexe ¢ agisse sur 7 par les formules de Hurwitz [MMa99] :

( Y =71 'Yi—l'}’i_l('}’l " '%’—1)_1 pouri=1,...,7m1
CVridi = Vpi1—i pour i =1,...,79

Notons par C Popérateur formel qui envoie la iétme composante ; d’un r-uplet (71, ..., ;) sur le membre
de droite des formules (*) (i.e. c.y; = 7¢). Considerons la bijection BCD, : ( ;’G)_l(t’) ~ sni(C);
puisque c est continue, tout G-revétement (f, ) tel que BCD,((f,®)) = (g1, ..., 9») a pour conjugué

le G-revétement (f,«)¢ tel que BCDl((f, @)°) = (g%,...,g%). Cela donne la condition définissant

—.mod,R s . —R . A
sni (C;ry,72). Pour celle définissant sni (C;ry,73), il suffit de remarquer qu'un G-revétement

(f,a) de corps des modules contenu dans R est défini sur R si et seulement si I’épimorphisme

@t : 77%17% — G s’étend en un épimorphisme @ s R : W%r’t — (G ou, par la suite exacte fonda-

al

1 . .
mentale, 7, ~ s X I'r avec I'action de ¢ sur m; déerite par les formules (¥). O

t

Remark 1.18 Il existe d’autres facons de définir sni™°*®(C;r1,rs) et sni®(C; 71, r2), ce que nous ferons parfois dans
la suite.

1.4 Deux outils arithmético-géométriques

1.4.1 Principe local-global pour les variétés

Nous utiliserons le principe local-global pour les variétés [Mo89], [GPR97] sous sa forme la plus
élémentaire. Soit & un corps global (i.e. un corps de nombres ou un corps de fonctions en une variable
sur un corps fini) et k* un cloture séparable de k. Pour tout ensemble fini ¥ de places de k on note k>
le corps des nombres totalement Y-adique i.e. ’extension maximale de k£ dans k° qui est totalement
décomposée en chaque place v € ¥; par exemple, si k = Q et ¥ = {+o00}, k¥ = Q" est le corps
des nombres algébriques totalement réels, de méme, si k = Q et ¥ = {p}, k¥ = Q™ est le corps des
nombres algébriques totalement p-adiques. On a alors

Theorem 1.19 (Principe local-global pour les variétés) Pour toute k> -variété V/k*, lisse et géométriquement
irréductible, si pour toutv € X, V(ky) # 0 pour tout plongement k> — k, (ou si, de fagon équivalente,
V(ky) # 0 pour tout o € T,) alors V (k*) # .

Le principe local-global généralise en un sens la notion de corps existentiellement clos dans une
extension : un corps kg est dit existentiellement clos dans une extension réguliere ky < k si pour toute
ko-variété V/kg, lisse et géométriquement irreductible, V (k) # () implique V (ko) # 0. Un corps ample
ou large par exemple (i.e. un corps k tel que pour touter k-variété V/k, lisse et géométriquement
irréductible, V (k) # () implique V (k) est Zariski-dense) est existentiellement clos dans k — k((T)),
[P96].

Nous appliquerons essentiellement le principe local-global pour les variétés aux variétés de descente.

1.4.2 Variétés de descentes

Les variétés de descente donnent une approche géométrique de I’obstruction corps de module/corps
de définition. Les énoncés ci-dessus sont des formes simplifiés des Main Theorems A et B de [DDoMo04].

Theorem 1.20 (Variété de descente pour un G-revétement) Etant donné un G-revétement (f,«) de
corps des modules k, il existe une k-variété affine V(f,«)/k, lisse et géométriquement irréductible
telle que
(1) Il existe un G-revétement (F : X — ]P’%/(ﬁa),/l) vérifiant :

(1.1) Pour tout v € V(f,a), le G-revétement v*(F, A) est un k(v)-modeéle de (f,c).

(1.2) Pour toute extension k — [ et pour tout l-modéle (fi, ) de (f,a) il existe v € V(f,a)(l) tel
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que (fi, ar) ~ v*(F, A).
(2) Pour toute extension k — 1 telle que V(f,a)(l) # 0, V(f,«) est unirationnelle sur .

Autrement dit, montrer qu'un G-revétement (f, ) est défini sur une extension k < [ de son corps
des modules revient a chercher des points [-rationnels sur sa variété de descente V(f,«). On peut
globaliser cette construction aux espaces de Hurwitz.

Theorem 1.21 (Variété de descente globale pour un espace de Hurwitz) Etant donné un groupe
fini G, un entier r > 3, il existe un Q-schéma V/Q, lisse et quasi-projectif et un G-revétement
(F: X =P}, A) € H.a(V) tel que :

(1) vF,a + V — Heg est lisse a fibres géométriquement irréductibles (ou y(r 4y est le morphisme
structurel i.e. l'image de (F,A) par le morphisme canonique H, (V) — Hom(V, H, q)).

(2) Pour tout corps k de caractéristique 0 et pour tout k-G-revétement (f,a) € H,q(k), il existe
v € V(k) tel que (f,a) ~ v*(F,A). En particulier, l’ensemble vz 4)(V(k)) =: Hy. (k)0 est le lieu
de k-non obstruction de H, g i.e., l’ensemble des k-points de H, g correspondant a des G-revétements
définis sur k.

On a un énoncé similaire pour M,  (resp. H;¢(C) en remplacant Q par Qc, H;. 5(C), en rem-
placant Q par Q.
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Etant donné un corps k et un groupe - fini ou profini - G, considérons les énoncés suivants :

(RIGP/k/G) 1l existe une extension galoisienne K/k(T') réguliere sur k (i.e. telle que k soit
algébriquement clos dans K') de groupe de Galois G.

(IGP/k/G) 1l existe une extension galoisienne K/k de groupe de Galois G.

Quand k est un corps hilbertien (par exemple un corps de nombres) et G un groupe fini on a
I'implication

(RIGP/k/G) = (IGP/k/G)

Le cadre général de ce travail est le probleme de Galois inverse régulier, i.e. I’étude de 1’énoncé
(RIGP/Ek/G) pour tout corps k et pour tout groupe - fini ou profini - G.

Dans le cas des groupes finis, on peut distinguer deux types d’énoncés :

- Les énoncés valables pour tout groupe fini :

(RIGP/k/-) est vrai pour k =k corps algébriquement clos de caractéristique 0.
k=R.
k corps valué hensélien.
k corps ample!.

Les preuves actuelles de ces résultats sont toutes basées sur un principe G.A.G.(A., F., R.) (cf.
chapitre 1). Le théoréme d’existence de Riemann et le théoreme de descente de Grothendieck donne un
description complete des G-revétements sur un corps k algébriquement clos de caractéristique 0 et la
continuité de la conjugaison complexe permet d’obtenir un résultat du méme type pour £k = R. Dans le
cas des corps valués complets non archimédiens, on ne dispose plus de la notion de groupe fondamental
topologique et donc plus non plus d’un énoncé du type 1.3 décrivant entierement le groupe fondamental
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algébrique de la droite projective privée d’un certain nombre de points. En outre, ’équivalence entre
G-revétements ramifiés de la droite projective et G-revétements étales de la droite projective privée
d’un certain nombre de points n’est plus toujours vérifiée. On a cependant un analogue partiel du
théoréeme d’existence de Riemann :

Theorem 2.1 (1/2 théoreme d’existence de Riemann, Pop [P94]) Soit k un corps valué hensélien de
rang 1, de caractéristique résiduelle p et S C IP’/,l€ un ensemble v-ajusté en paires (i.e. S est la réunion
disjointe de deux sous-ensembles fermés S = S U Sy tels que S7 := S; X k* = {xj1, ..., x5}, i = 1,2
avec |21 — T2 < |1, —214|[p|Y PV, 1 <i# j < s). Alors, la suite evacte courte fondamentale

1—>7TZ%—>7TZTS—>I’;€—>1
a pour quotient la suite exacte courte
1-II—-IIxI'y—I—1

Ou I est le produit libre de s copies de 7 si p=0 ou de Z/Zp sinon et o € 'y, agit sur les générateurs
(Y1y ey yr) de I par o - (41, .0y ) = (7::((;))(1)7"‘77:((;))(,«)) avec, comme d’habitude, x : T'y — 7% le

caractere cyclotomique de k et m: I'y, — Sg la permutation induite par Uaction de I'y, sur S7.

Les résultats sur les corps amples sont encore plus partiels. Ils s’obtiennent en construisant d’abord
un G-revétement (f : X — ]P’}g((T)), a) de groupe G défini sur k£((7)) qui, en fait, est défini sur une k-
courbe projective C'/k géométriquement irréductible possedant un k((7"))-point donc un sous-ensemble
Zariski-dense de k-points; on applique ensuite le théoreme de Bertini-Noether et 'hypothese ample
pour montrer qu’il existe un ouvert non vide U de C dont dont la spécialisation (f : X, — P}, «)
en tout point k-rationnel u de U est encore un G-revétement de groupe G défini sur k. Alternative-
ment, pour les corps amples de caractéristique 0, on peut utiliser une Q-composante géométriquement
irréductible d’un espace de Hurwitz associé a G et possedant des k((T'))-points correspondant & des
G-revétements définis sur k((7')) (cf. le théoreme de Conway & Parker de [FV91] :Pour tout groupe
fini G, si C = (C4,...,Cy,) est une énumération de toutes les classes de conjugaison non triviales de G,
il existe un entier r(G) > 1 tel que pour tout r > r(G) Haorn,c(C") soit géométriquement irréductible
(et définie sur Q).); la variété de descente correspondante, qui est aussi géométriquement irréductible
défini sur Q possede des k((7"))-points, donc aussi des k-points.

L’absence de preuves purement algébriques des précédent résultats a jusqu’a présent interdit leur
généralisation aux corps ”maigres” comme Q? ou les corps de nombres. On ne dispose dans ce cas que

- D’énoncés valables pour certains groupes finis :

(RIGP/Q/QG) est vrai pour G groupe commutatif.
G = G1 ¥ Gy produit semi-direct de deux groupes G1, Go
vérifiant (RIGP/Q/G;), i =1, 2.
tous les groupes sporadiques sauf Mog.
etc.

On renverra par exemple & [MMa99] pour un exposé complet sur ce sujet. Ces types de résultats sont
obtenus par des méthodes ad hoc comme la rigidité ou les méthodes de genre 0, qui, toutes deux,
peuvent se ramener a la recherche de points Q-rationnels sur les espaces de Hurwitz. Quand le centre
Z(G) n’est pas un facteur direct de G, les points Q-rationnel d’un espace de Hurwitz ne correspondent
qu’a des G-revétements de corps des modules Q; se pose alors le probleme de I'obstruction corps des
modules/corps de définition dont ’étude intervient a plusieurs endroits de cette these.

Pour les groupes profinis métrisables, de nouvelles obstructions apparaissent, notamment le role
essentiel des racines de I'unité. Le Branch cycle argument contredit par exemple (RIGP/k/Z,) pour
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tout corps k tel que 11111 [k(Cpn) : k] = 400 (ici, (pn désigne une racine primitive p™-ieme de I'unité)
n—-+oo

bien que (RIGP/Q/Z/p"Z) soit vrai pour tout n > 0. Inversement, (RIGP/Q/GL,,(Z;)) a récemment
été prouvé en utilisant l'algorithme de Katz pour la rigidité. L’extension des résultats du cadre fini
au cadre profini est donc loin d’étre immédiate et systématique. On peut cependant citer quelques
énoncés positifs : (RIGP/k/G) est vrai pour

k = k corps algébriquement clos de caractéristique 0 et G = E,.

(1) k=Ret G=F,.

(2) k corps valué hensélien de caractéristique résiduelle 0 contenant toutes les racines de 'unité et

Eﬁ>v

G

k corps valué hensélien de caractéristique résiduelle p > 0 contenant toutes les racines de 'unité

F. —
k corps ample et G = lim G, pour un systéme projectif complet d’extensions scindées ( Grn11 —= Gy, )n>o0-
n>0

3

I =

K
et G
(4

~—

ou F, désigne le groupe prolibre 4 un nombre dénombrable de générateurs et Ef,p ) sont quotient maxi-
mal d’ordre premier a p. On peut définir trois types de méthodes pour aborder ce probleme :

- des méthodes "négatives” comme le Branch cycle argument ou I’argument de M. Fried dans la
preuve du théoréme 6.1 de [BF02].

- Le passage a la limite dans un systéme projectif d’ensembles finis : Etant donné un systéme projec-
tif complet (py, : Gn+1 — Gr)n>0 de groupes finis, on se fixe pour tout n > 0, t, = {tp 1, ..., tnr, } € Ur,
et C, = (Cpi,...;Cnpy) € Cr (Gr) tels que py(Cri1) = Cin, @ = 1,10, Do(Cng1s) = {1},
i =1n+ 1,41 €t tyy1i = tni, ¢ = 1,...,7,. On montre ensuite que l'ensemble E, (k) des
G-revétements d’invariants G, C,, t, définis sur k est non vide; ce qui donne un systéme pro-
jectif d’ensembles finis non vides (Ep+1(k) — En(k))n>0 dont tout élément de la limite projective
lim E,, (k) convient. C’est la méthode utilisée par P. Debes et B. Deschamps [DDes04] pour traiter les

n>0

cas (1), (2), (3) ci-dessus et celle qui, combinée a la rigidité, donne par exemple (RIGP/Q(ppe(1))/Zy),
(RIGP/Q(juye(1))/ Dayee ), (RIGP/Q/GLy (Z,) e

- La résolution en chaines de problemes de plongements réguliers : Etant donné un systéme projec-
tif complet (p,, : Gp+1 — Gp)n>0 de groupes finis, on suppose que 'on sait construire un G-revétement
(fo, ) défini sur k correspondant a un épimorphisme ¢q : I'yx)y = Go tel que k(X )ker(¢0) Nk =k
et on essaye de construire un G-revétement (f1, ) défini sur k& de quotient (fo, o) autrement dit de
construire un épimorphisme ¢; : T'y(x) — G1 tel que ¢g = pg o ¢1 et k(X)ker(¢1) Nk = k puis on
itere. C’est la méthode utilisée par F. Pop [P96] pour prouver le cas (4) ci-dessus en résolvant d’abord
inductivement les problemes de plongement sur k((T')) par recollement puis en spécialisant.

Pour reprendre la terminologie de [DDes04], on dira qu'un corps k est régulierement W-libre si
(RIGP/k/E,) est vrai ou, de facon équivalente, si (RIGP/k/G) est vrai pour tout groupe profini
métrisable. L’une des lignes directrices de cette these était 1’étude de la U-liberté réguliere des corps
amples et, dans un premier temps, de Q. D’apres (1), (2) ci-dessus R et Q((T")), par exemple, sont
régulierement W-libres par contre A. Tamagawa a prouvé que Q) ne I’était pas, [DDes04], proposition
1.10. Cela illustre encore une fois la difficulté d’étendre les résultats du cadre fini au cadre profini.
La W-liberté réguliere est une propriété plus faible que l'w-liberté réguliere (tout probleme de plon-
gement régulier fini admet une solution réguliere propre) ; la méthode de passage a la limite dans un
systeme projectif d’ensembles finis semble donc la plus naturelle. Elle impose cependant, étant donné

un groupe profini métrisable G = lim G,,, de savoir réaliser a priori tous les groupes finis (G, ),>0 avec
n>0

un diviseur de points de branchement t,, fixé. C’est un cas particulier du probleme (RIGP/k/G/div)

qui consiste a réaliser un groupe fini G' régulierement sur k£ avec une condition div sur le diviseur de
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points de branchement fixée & priori (par exemple, ko-div : étre ko-rationnel ou ko-pts : étre constitué
de points kg-rationnels si kg < k est un sous corps de k, etc). Résoudre (RIGP/k/div) est une condi-
tion cruciale pour appliquer la plupart des critéres de descente ou recoller les G-revétements. De plus,
I'énoncé (RIGP/ky/G) implique ’énoncé (RIGP/k/G/ko-div), pour toute extension de corps k/kq ; les
vérifications de (RIGP/k/G /Q-div) (resp. (RIGP/k/G /Q%-div)) oti k est un corps de caractéristique
0 (resp. un corps de caractéristique 0 contenant toutes les racines de I'unité) et G' un groupe fini
constituent donc autant de tests pour I’étude du probleme de Galois inverse régulier sur Q ou Q. On
ne sait cependant apporter de réponses satisfaisantes a ce probleme que pour les corps algébriquement
clos de caractéristique 0, R et les corps valués henséliens. Dans le cas des corps k amples, les données
sur le diviseur de point de branchement du G-revétement sur k((T')) sont perdues dans Iétape de
spécialisation ; c’est aussi ce qui se passe quand on applique le principe local-global pour les corps
Y-adiques.

(RIGP/k/G/div) est finalement le probléeme qui sous-tend les différents chapitres de cette these,
par ailleurs relativement indépendants. Au chapitre 3, on donne par exemple un critére combinatoire
pour résoudre (RIGP/Q! /-/Q-div). Au chapitre 4, on s’intéresse a la condition (r1/r/Q-div) définie
par : le diviseur de points de branchement t € U, (@) s’écrit comme réunion disjointe t = t1 U to avec
te € Uy, (Q) et on explique comment associer a un groupe fini G une constante ¢(G) pour laquelle

(RIGP/ @IZG\ /-/(c(G)/r/Q-div)) est vrai pour une infinité de r et pour tout ensemble fini ¥ de places
de Qg := Q(e%i/ |G|) ne divisant pas |G| (par exemle, si G est un groupe simple possedant un uplet
g-complet de longueur [(G), on peut prendre ¢(G) = 2I(G) — 3). Le chapitre 5 étudie (RIGP/k/G)
pour les groupes profinis G extension d’'un groupe fini Gy par un groupe pronilpotent projecctif de
rang fini P et k& un corps de nombres ou un corps fini de caractéristique ne divisant ni |G| ni p
si P est un pro-p groupe; l'un des corollaires que 'on obtient est que, pour de tels groupes, en
notant -bad la condition ”avoir mauvaise réduction modulo Q”, (RIGP/kq/G/Q-bad) équivaut a
(RIGP/kg/G) . Le chapitre 6 énonce deux résultats techniques sur les courbes de Hurwitz standards
(i.e. obtenues en fixant tous les points de branchement sauf un), & savoir une formule générale pour
en calculer le genre et une méthode de genre 0 quand r = 4. Le chapitre 5 enfin, utilise plutot des
méthodes "négatives” pour montrer que (RIGP/k/G) est faux pour un groupe profini G' extension
d’un groupe fini GGy par un pro-p groupe libre P de rang fini. Des résultats sur ’obstruction corps des
modules/corps de définition apparaissent aussi naturellement en plusieurs endroits des chapitres 3 et 5.

La suite de ce chapitre décrit en détails les résultats et - quand c’est possible - les idées clef des
preuves des chapitres 3, 4, 5, 6.

2.1 Chapitre 3 : Counting real Galois covers of the projective line

L’objet de cet article est d’étendre les méthodes combinatoires utilisées pour évaluer [sni(C)| au
calcul de |ﬁm0d’R(C;r1,T2)] et IER(C; r1,72)|. Cela nous permet de donner des versions effectives
de criteres de descente (de @ & Q" ou de Q™ & Q) et des informations sur I'obstruction corps des
modules/corps de définition.

Rappelons d’abord ’énoncé classique qui sert de base au critere de rigidité :

Proposition 2.2 (Rigidité) Soit G un groupe fini, C = (C4, ...,C,.) € C.(G) et t = {t1,...,t,} € U (Q)
tel que la représentation m : T'g — S, induite par laction naturelle de T'g sur t' = (t1,...,t,) vérifie
pour tout o € T'g C’Z-X(U) = Cr(s)- Alors les G-revétements d’invariants G, C, t’ ont pour corps des
modules une extension de degré < |sni(C)| de Q2.

2En fait, on peut toujours construire t ainsi. En effet, si |G| = n, avec ' := Gal(Q(¢,)|Q),

r'x {Cy,..,C.} — {Ci,..,C.}
(0,C) - oC)= ox(o)
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Quand |sni(C)| = 1, on parle de configuration rigide. L'une des difficultés de cette méthode est le
calcul de [sni(C)|. Au chapitre VII de [S92], J.-P. Serre montre que

_ G- 1G] Z x(C1) - x(Cr)

2(C)]

G 1)r—2

G e O
o ¥(C) est ’ensemble défini comme sni(C) mais sans la condition d’engendrement (1) de la définition
de sni(C). En particulier, lorsque ¥(C) = sni(C), on obtient directement |sni(C)| = % Sinon,

on peut exploiter les sous-groupes maximaux de G pour déterminer inductivement |sni(C)|. Cette
formule - qui ne fait intervenir que la table des caracteéres de GG i.e. une donnée facilement accessible -
s’est révélée étre un outil puissant pour la détection des configurations rigides; la plupart des groupes
sporadiques par exemple ont ainsi été réalisés régulierement sur Q (c¢f. [MMa99] pour une investigation
systématique de cette méthode).

Les deux criteres de descente suivants peuvent étre considérés comme des variantes du critere de
rigidité classique :

Proposition 2.3 (Descente de Q & Q) Soit G un groupe fini et C = (C4,...,C,) € C.(G). Pour tout

t € U (Q) en configuration (ry,r2), si :
- pour tout m > 1 premier a |G|, |ﬁm0d’R(C;r1,r2)| = |sni(C)| alors tous les G-revétements d’inva-
riants G, C, t ont leur corps des modules contenu dans Q.

o —R
- pour tout m > 1 premier a |G|, |sni (
G, C, t sont définis sur Q'".

C;71,72)| = |sni(C)| alors tous les G-revétements d’invariants

Proposition 2.4 (Descente de Q" & Q) Soit G un groupe fini et C = (C1,...,C;) € C(G) et t =
{t1, ..., t; } € U (Q) en configuration (r1,72) tel que C’Z-X(U) = Cr(e), 0 € Tq. 8l existe un G-revétement
(f,a) d’invariants G, C, t et
- de corps des modules contenu dans Q'", alors le corps des modules de (f, ) est contenu dans une
od,R

T(Ciryy o)l

- défini sur Q' alors (f, ) est défini sur une extension de Q de degré < |sni

extension de Q de degré < |sni"
R
(07 1, TQ) | :
La proposition 2.3 donne donc un critére pour étudier (RIGP/Q /Q-div) en utilisant \ER(C; r1,72)|
et la proposition 3.18 illustrera le role joué par (RIGP/Q /Q-div) pour descendre de Q" & des ex-
tensions de degré fini de Q (évidemment, le gain de la proposition 3.18 par rapport & la proposition
2.2 est d’obtenir une meilleure majoration du degré des extensions de Q!). Ces deux propositions
nous ont donc semblé fournir des raisons suffisantes pour chercher un analogue de la formule de Serre :
c’est 13 le résultat central de cet article. Dans ce qui suit, 2R (C;ry,ry) (resp. ER(C;71,72)) désigne

'ensemble défini comme sni™°%®(C; 7y, 73) (resp. sni%(C;ry,72)) mais sans la relation d’engendrement

(1).

Theorem 2.5 Soit G un groupe fini et C = (Cq,...,C,) € C.(G).
(1) Si R(C;r,0) # 0 alors |[S®(C;7,0)| = n®(C;r,0) avec :

GT‘
n®(C;r,0) = B Z x1(C1) -+ xr(Cr)Iy
xelrr(@)r

définit une action de groupe. En notant I'; le stabilisateur de C1 et o1, ..., oy, un systéme de représentants de I'/T'1, quitte
A renuméroter, on peut supposer que o;(C1) = Cy, i = 1,...,71. Soit alors ¢; un élément primitif de k1 = Q(¢,)°/Q et
t; = oi(t1) le point de branchement associé & C;, ¢ = 1,...,r1. On vérifie immédiatement que (C4,...,Cr,), (t1,..., tr;)
ainsi définis vérifient les relations cherchées et on itere le procédé sur (Cy, 41, ..., Cr)
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(2) Si 20MR(Cir,0) £ 0 alors |[X™R(C;r, 0)] = n™°%R(C; 7, 0) avec :

mo Gr Mo
RO = [ X () e
! xelrr(c)r

Les I, (resp. I;wd) sont des termes définis a partir des involutions de G (resp. des involutions de G

modulo modulo une certaine relation d’équivalence faisant intervenir le centre Z(G)) et nous renvoyons
au théoréme 3.2 et au commentaire 3.2.2.5 pour leur définition.

Theorem 2.6 Soit G un groupe fini et C = (C1, Cl_l..., Cs,C7Y) € Cos(GQ) un 2s-uplet symétrique.
(1) |ZR(C;0,5)| < n®(C;0,s) avec égalité si X*(C;0,5) = sni®(C;0,s) et :

G-+ 1Cs] x(C1) -+ x(Cs)
(C e |G| xegr:(G) X(l)s 1 B

(2) |ZmedR(C; 0, 5)| < n™%R(C;0,5) avec égalité si X0HR(C; 0, 5) = sni™*R(C;0,5) et

modR(C 0, ) |Cl |C | Z X Ol (C )Amod

—1
xelrr(a) x({ )

Les A, (resp. A;’md ) sont des termes définis a partir des involutions de G (resp. des involutions de
G modulo une certaine relation d’équivalence faisant intervenir le centre Z(G)) et nous renvoyons au
théoréme 3.4 et au commentaire 3.2.2.5 pour leur définition

En appliquant le théoreme 2.6 et la proposition 2.3, on obtient par exemple

Corollary 2.7 Pour tout a > 2, toute extension galoisienne K/Q(T) de groupe le groupe prodihédral
Doyoo = Ly XL )27, d’invariant canonique de linertie (I,1, A, A) ot I est une classe d’involutions non
triviales et A la classe d’un générateur de Z,, de points de branchement (21,Z1, z2,Z2) avec {z;,Z;} €
Us(Q), i = 1,2 est définie sur Q'.

Ce qui, & notre connaissance, est la seule réalisation réguliere d’un groupe profini sur Q¥ par une
autre méthode que la rigidité.

Les théoremes 2.5 et 2.6 permettent aussi de rendre effectif 1’évaluation de
AR (Cpy ry) = [smi P (Ciry,ro)| — 50T (Cy o, 7o)

offrant ainsi une nouvelle approche du probléme corps des modules/corps de définition. Par exemple,
pour G = Hg et C un uplet formé de a copies de la classe {+i}, b copies de la classe {£j} et ¢ copies
de {£k} (et a,b>1oub,c>1oua > 1) on obtient :

and’R(C;O,a—i- b+ C) — 2a+b+c—1 % (5 + (_1)b+c + (_1)a+c + (_1)a+b)
DR(C;O,G +b+ C) — 9gatbtc

donc AR (C; 0, a+b+c) = 2010334 (—1)b+e 4 (—1)2F¢4(—1)2*P). En particulier, avec a = b = 1,
c=0,t =(vV-1,1++/~1,1 —/—1,—+/—1), on obtient deux G-revétements d’invariants Hg, C, t’;
I'un - disons (fi, 1) - défini sur R et 'autre - (fa,a2) - de corps des modules contenu dans R mais
non défini sur R. En utilisant ces informations, on montre alors que (f1, 1) est en fait défini sur Q et
que (fo x@@, ag) a pour corps des modules Q2 mais n’est pas défini sur Qg ; ¢’est un nouvel exemple
de G-revétement de corps des modules p-adique mais non défini sur son corps des modules (cf. [W02]
pour p > 5 et G = Aj, Pextension centrale universelle de As et, pour le cas des revétements purs,
[CoRo04]).

Enfin, la formule explicite de AmOd’R(C; 0, s) permet d’énoncer une condition suffisante facilement
vérifiable pour qu’un groupe fini G admette des G-revétements non définis sur leur corps des modules :
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Corollary 2.8 Soit G un groupe fini. Il existe des G-revétements d’invariants G, t ot t est un diviseur
réel en configuration (0,s) de corps des modules réel mais non définis sur R ssi Z(G) contient un
élément qui est un carré dans G mais pas dans Z(QG).

Cela permet en particulier d’exhiber de nombreuses familles de G-revétements non définis sur les corps
des modules et dans lesquelles le groupe G peut étre pris arbitrairement grand (D, avec 4|n, GL,,(p™)
avec n > 2, m > 1, p > 3 premier, tous les groupes finis G tels que Inv(G) C Z(G) et 2|[G : Z(G)]
comme par exemple Ty, avec n > 2, SLa(p™) avec m > 1, p > 3 premier, etc.).

Signalons enfin que nous obtenons des énoncés similaires aux théoremes 2.5 et 2.6 pour les revétements
purs; nous donnons leur preuve a la fin du chapitre 3. Nous donnons aussi, dans certains cas, une
borne inférieure du nombre de G-revétements définis sur les corps p-adiques qui utilise le 1/2 Théoreme
d’existence de Riemann.

2.2 Chapitre 4 : Harbater-Mumford subvarieties of moduli spaces
of covers

Les méthodes du chapitre 3, s’inspirant de la rigidité, étaient essentiellement combinatoires ; celles
du chapitre 4 sont plus géométriques et utilisent I'arithmétique des espaces de Hurwitz pour résoudre
(RIGP/E/(n/r/Q-div)).

Si, par exemple, G est un groupe fini contenant un couple g-complet (A, B) de classes de conju-
gaison telles que G =< A >=< B > (par exemple, si G est une extension de Frattini finie d’'un des
groupes suivants : M1, Mas, Jo, J3, Sz(8), La(p) pour p premier tel que p = 3[mod4], A, pour p

premier > 5 etc.). Alors, en notant e(G) 'exposant de G et k := Q(e%), C;:= ((A, A7, (B,B7Y)%),
rs := 25+ 2, on montre que pour s suffisamment grand la variété de Harbater-Mumford H;fj M(Cy) est
géométriquement irréductible (définie sur k) et que, pour tout ty € U™"1(Q), la courbe H;f M (Cs)sy
obtenue en spécialisant tous les points de branchement sauf le premier est encore géométriquement
irréductible (définie sur k(t))). En outre - quittes a remplacer [B]® par un uplet "rationalisé” ¢(B®)
- pour tout ensemble fini ¥ de places de k de caractéristique résiduelle premiere a 'ordre de G, on
peut choisir t§, =: t), € U™"1(Q) de sorte que Hg%(cs)té(lﬂz)”wb # 0 (ou HZ%(Cs)t’Q est 'image
de H;f g (C 5)t/2 via le morphisme ¥, ). En termes de G-revétements on obtient donc qu’il existe des
G-revétements (f, ) de groupe G, définis sur k> et avec un diviseur de ramification de la forme
tr=ts1+txol |ty =1et ty €U,_1(Q). Dans le cas général, on peut associer a G une constante
7(G) telle que les résultats ci-dessus restent vrais avec th, € U™~ "(¢)(Q); au lie de courbes, on obtient
donc des sous-variétés fermées géométriquement irréductibles de dimension r(G). (par exemple, si G
est un groupe fini simple non abélien, on peut prendre r(G) = 2[(G) — 1 ou I(G) est la longueur
minimale d’un uplet g-complet de classes de conjugaisons de G). Ce sont ces sous-variétés fermées
que l'on appelle sous-variétés de Harbater-Mumford. La constante r(G) peut s’interpréter comme une
"mesure générique” du nombre de points de branchement qu’il faut laisser varier pour réaliser G sur
k.

Sous certaines hypotheses, notre construction est compatible avec les extensions de Frattini. Par
exemple, avec les notations ci-dessus, si A, B sont en outre des p’-classes de conjugaison pour un

. .« s / / « s, 2
premier p divisant 'ordre de G alors (HTHﬁlé(CS,kH) — HTH%(Cs,k))mo est une tour de variétés
sp SHp -

de Harbater-Mumford géométriquement irréductibles (définies sur k) et pour tout th € U™~1(Q),

/ / 7 7 . . 7 .
(HHM, G’(CS 1)y, — ’}'lTHi‘/é(CS k)t,)k>0 est une tour de courbes géométriquement irréductibles
T57p 9 S7p K -

(définies sur k(t5)). La encore - quittes a remplacer [B]® par un uplet "rationalisé” ¢(B?®) - pour tout
ensemble fini ¥ de places de k de caractéristique résiduelle premiere & ’ordre de G, on peut choisir t§ =:
th € U™"1(Q) de sorte que (i) hﬂlH,{if‘g@(Cs,k)tgz(kp)"OOb £0, PeX et (i) Hi{M~ (Cs,k)t’z(kz)nOOb ”

kG
k>0 Sp

(. En termes de G-revétements on obtient donc que pour tout k£ > 0 il existe des G-revétements
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(fr, ) de groupe ’;é, définis sur k> et avec un diviseur de ramification de la forme t o =tp1+ts
ou ’tfk,l‘ =letty €eU,—1(Q).
La preuve de ces résultats se décompose en plusieurs étapes. On se fixe dans ce qui suit un groupe
2mi
fini G et on note k := Q(e<(@).

— Corps de définition de H2S G( )t £ Dans un premier temps, il faut trouver des composantes

géométriquement irréductibles d’espaces de Hurwitz ”dessymétrisés” associés a G de corps de
définition aisément calculables. Le théoreme de Conway & Parker ne s’applique qu’aux espaces
de Hurwitz ”symétrisés” mais le théoréeme 3.21 de [F95a] et le corollaire 1.12 suggerent que les
variétés de Harbater-Mumford peuvent jouer un role analogue. En particulier, pour tout 2s-
uplet symétrique C = (C’l,Cl_l,...,Cs,Cs_l) € Cos(@), H;Igg(C) est défini sur Q donc pour
tout th, € U, HHAM ¢ (C)yy, est défini sur Q(t2") (par exemple, si toutes les classes de conju-
gaison C; sont rationnelles, i = 1,..., s et si t) € U**~"(Q) alors H25 el (C)t/2 est défini sur Q).

— Condition pour que HIQIZ ]C\;/[ (C)t/2 soit géométriquement irréductible : C’est le résultat qui rem-

place le théoreme de Conway & Parker dans la preuve du (RIGP/k) pour k corps ample de
caractéristique 0 et c’est 1a qu’apparait la constante r(G).

1/ On reformule d’abord le probléme en termes d’actions de groupes. Etant donné t’ = (t},t}) €
U*(C) (on t) € U"(C) et th € U*7(C)), tout bouquet topologique y pour P*(C) \ t basé en
to ¢ t définit une bijection BCD, H2SG( ) =~ [li<ic,, Oi ot O1,...,Op sont les orbites de

sni(C)/SHo, d’intersection non vide avec I'ensemble hm(C) des HM-représentants de sni(C)
(i.e. les éléments g € sni(C) de la forme g = (91,97, -, gs, g5 ) =: [g1, -, gs]). Notons TI,. o5 le
sous-groupe de SHa, engendré par les éléments A;;, 1 < i < r, ¢ < j < 2s5. On montre alors
qu’on a un isomorphisme de suites exactes courtes

1 —m P UF ) — 7P U, t) — 7P U, t)) — 1

1 Hr,2s SH25 SH2S—T —1

ce qui permet de décrire de fagon combinatoire le revétement (¢, )¢, : H28 Vel (C)t/2 — L{t%j : les

composantes géométriquement irréductibles de H2 5G (C)t/ sont en correspondance bijective avec
les orbites de [ [;;<,, Oi/Ily2s. On obtient donc : HATM ¢ (C) est géométriquement irréductible ssi
il n’y a qu'une seule orbite O#M(C) € sni(C)/SHys de HM-représentants et ngi{](\;/[(c)tg reste
géométriquement irréductible ssi 11, o, agit transitivement sur oM ().

2/ On peut maintenant énoncer une forme purement combinatoire de notre résultat.

Notations : Pour tout m-uplet a = (aq,...,a,) € G™ et pour tout uplet (Fq,..., E,) de sous-
ensembles de G, on note < a<Fi--En> > le sous-groupe de G engendré par les éléments
ai' ---agr avec ey, ..., e, €< Ei,..,E, >. Pour tout m-uplet A = (A, ..., 4,,) € Cyn(G), on
note [A] = (A1, AT, .., A, A1) et [A]® le 2ms-uplet obtenu en répétant s fois le 2m-uplet [A].

Theorem 2.9 Soit A = (A4,..., An) € Cn(G), B = (By, ..., B,) € C,(G) deux uplets. Considérons
les hypothéses suivantes :

(H1)=(H1.0)+(H1.1)+(H1.2) avec

(H1.0) Il existe a € A tel que G =< a,B >.

(H1.1) < a<P> > agit transitivement sur B; pour toutac€ A, beB,i=1,...n
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(H1.2) < afB> > agit transitivement sur A; pour tout a; = (a1, ...,a;—1) € A1 X -+ X A;_1,
1=2,...,Mm.

(H2) Il existe b; € B;, bj € Bj tels que bibj = bjb;, 1 <1i # j <n.

Alors

(C1) Si A, B vérifient (H1) alors pour s suffisamment grand et en posant Cs = ([A], [B]?),
tous les HM-représentants sont dans une seule orbite OfM (Cy) € sni(C) /S Ho(m+sn)-

(C2) Si, de plus, B vérifie (H2) alors Iy, o(m+sn) agit transitivement sur la S Hy(yy, 4 sp)-orbite
des HM-représentants OFM | (Cy) € sni(Cs)/SHagmtsn)-

Remark 2.10 On peut remplacer (H1.1),(H1.2) par les conditions plus fortes mais plus faciles & vérifier :
(HT1.1) <a<P”> >= G pour touta€ A, b c B

(H+1.2) < ai<B> >= @ pour tout a; = (a1, ...,ai—1) € A1 X -+ X Aj_1,1=2,...,m.

Cela permet d’obtenir par exemple un corollaire facilement manipulable comme :

Corollary 2.11 Si G contient deux uplets A = (A1, ..., An) € Cn(G) et B = (Bu, ..., Bn) € Co(G) tels que

(i) G=<A; >=<B>.

(i)  (A,B) € Cmtn(G) est g-complet.
(i5i) 1l existe b; € B;, b; € Bj tels que bib; = bjb;, 1 <i#j<n.

Alors, pour s suffisamment grand, en écrivant C, := ([A], [B]®), il y a une unique SHa (1 sny HM-orbite O"M (C,) €
sni(Cs)/SHa(mqsn) et am_1,2(m+sn) agit transitivement sur cette orbite.

Par exemple, si G est un groupe fini et (C1y,...,Cy) € Ci(G) un t-uplet g-complet tel que
G =< (1 >=< Cy >, on peut prendre A = (C1,...,Ci—1) et B = (Cy). On peut de fagon
générale définir r(G) comme le minimum des 2m — 1 sur I'ensemble des uplets A, B vérifiant
les hypotheses du théoreme 2.9

La preuve de ce théoreme est technique; elle se schématise comme suit :

(1) On montre d’abord que pour s suffisamment grand tous les HM-représentants sont dans une
méme H172m_1-01"bite Ofmj‘/ﬁl(cs) S Q(Cs)/ﬂlgm_l.

(2) On montre ensuite que pour tout 1 < i < j < 2(m + ns) il existe g; ; € O¥M | (Cy) tel que
Aij - 9ij = 9ij-

(3) On conlut en utilisant le fait que II; 9,,—1 est distingué dans SH,, donc que les A;; per-
mutent les orbites de sni(Cs) /Iy 21

Nous renvoyons a la section 4.3 pour les détails techniques.

Application du principe local-global : On conserve les notations du théoreme 2.9.

1/ Pour tout ensemble fini ¥ de places de k, les techniques de recollement p-adique (formelles
ou rigides) permettent, pour tout P € X, de construire des G-revétement définis sur kp et
d’invariants G, Cg, (t,l,Z’ tl2,2)- Il n’est pas évident a priori que ces G-revétements sont des HM-
G-revétements. Si les caractéristiques résiduelles des places de k sont premieres a 'ordre de G,
le théoréme 1.16 permet de construire (t] y,tyy) avec thy € Urs=Cm=1 (k) de sorte que les
G-revétements obtenus soient bien HM. Dans le cas général, le probleme est encore ouvert (a
cause de la mauvaise réduction des expaces de Hurwitz en ces places). En outre, les conditions
de congruences (*) imposées a (t/1,2= té,z) imposent de grossir le corps k pour les réaliser. Pour
palier ce probleme i.e. obtenir des HM-G-revétements qui sont encore définis sur kp, P € X
et des variétées définies sur k, il faut remplacer [B]® par un uplet "rationalisé” Rat,,(B*) et
travailler dans I'image symétrisée Hg f‘é(C)t/2 de H;Ij M (C)ty,- Nous renvoyons & la section 4.4.2
pour les détails.

2/ D’apres le théoréeme 2.9, Hg f\éf;(C)tgZ est géométriquement irréductible définie sur Qg donc
la variété de descente globale associée Dg %(C)t% est aussi lisse géométriquement irréductible
défini sur k. De plus, d’apres le point 1/, Dgf\é(C)t/Z (kp)™o°® #£ (), P € ¥ donc en appliquant le
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principe local-global & Dg %(C)t/2 , on obtient Dg %(C)t% (k*)10% —£ () ou, de facon équivalente,
que HZ%(C)% (k>)roob £ (),

Compatibilité avec les extensions de Frattini : Elle résulte de la proposition suivante, démontrée
au paragraphe 4.3.

Proposition 2.12 Pour tout groupe fini G vérifiant les hypothéses (H1.0), (HT1.1), (H'1.2)
avec A = (A, ...,Am), (B1, ..., Bp), pour s suffisamment grand Cs := ([A], [B]®) vérifie (C1) et
(C3) siles By, i = ,n sont des p’-classes de conjugaison pour un nombre premier p ne divi-
sant pas lordre de |G| et si B vérifie (H2) alors pour tout p revétement de Frattini fini G - G,
il existe A € Cpn(G), B € Cn(G) relevant A, B et tels que le uplet ([A], [B]®) vérifie (C2).

(C4) Sin = 1 alors pour tout revétement de Frattini fini G — G, pour tout A € Cp(Q),
B € C,(G) relevant A, le uplet B, ([A],[B]®) vérifie (C2).

On se fixe un groupe fini G vérifiant les hypotheses (H1.0), (H"1.1), (H"1.2) avec A =
(A1, ..., An), (B, ..., By). Pour tout ensemble fini ¥ de places de k de caractéristique résiduelle
premiére a 'ordre de G,

- Dans le cas ot (C3) est vérifiée, on peut considérer la tour (HH k+1G(CS’k+1)t,E — Hf]\gG(Cs,k)t’Z)kzo

de HM-sous-variétés géométriquement irréductibles définies sur k; elle vérifie les proprletés (i)
et (ii) introduites au début de cette section.

- Dans le cas ou G est aussi g-parfait pour un nombre premier g # p divisant I'ordre de G, Schur-
Zassenhauss implique qu'il existe un unique systeme projectif (¢Cs ) x>0 de rs-uplets symétriques

q/(\]S,k € Cy, (q(’;é)) relevant Cg j, € C,, (’;é) dans la g-extension centrale universelle 9 (’;CNT‘) de ';é
avec la propriété que les éléments des classes de conjugaison de 9C; j, est méme ordre que ceux

des classes de conjugaison de Cj . En notant H, HHMG(C k) (1/7\‘53,1@ HHM( )(qCS k)
Tqu

Cspy i= HH ( R k)t’ et QCS ey HHM( ) (‘YCS k) , k > 0 on obtient le diagramme défini

sur k :
WCh s THit1,5

v

Crt1,6 52— Hil1s

ICY s = THy

v

Crsx—— His

dont la partie de gauche porte des (doubles) systemes projectifs de points kp-rationnels pour
tout P € X et vérifie 1C, w1 (K=)"% £ ), k > 0.

On peut itérer ou varier (par exemple si G est parfait, considérer les extensions centrales uni-
verselles etc) ce procédé. Cela montre en particulier que des propriétés structurelles fortes sont
conservées le long de certaines tours modulaires (et tours centrales associées comme (ﬁ{s’kﬂ —
‘1/7\{8,;6) k>0) et souligne la difficulté des conjectures de Fried sur la disparition des points rationnels
sur les tours modulaires au-dela d’un certain niveau.
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Nous n’avons esquissé ci-dessus la preuve que dans le cas ou le corps de base est Q(e%). On
peut généraliser cela au cas ou le corps de base est Q (quitte & augmenter 7(G)). On explique aussi
au paragraphe 77 ce qui se passe quand on essaye d’appliquer directement le procédé décrit ci-dessus
aux corps amples ou quand ’ensemble fini 3 est remplacé par un ensemble infini; les résultats obtenus
sont alors beaucoup plus faibles.

Terminons par citer un exemple ou le fait d’avoir tous les points de branchement fixés sauf un
permet de réaliser régulierement un groupe profini sur Q" : notons Dy, =< u,v|u® = v? = 1,vuv =
u~! > le groupe dihédral d’ordre 2a. En prenant A = (I), ou I est une classe d’involutions et
B = ({u,u™1}), le groupe Dy, avec les uplets A et B vérifie les hypotheses (H1.0), (H1.1), (H*1.2)
et (H2) donc pour s suffisamment grand il existe des G-revétements ( f1, &) définis sur Q" d’invariants
Do, ([A],[B)®), t/ = (t1,0,4,—i,1 +4i,1 —4,...,.6 —1+1i,5s — 1 —1), o1 t; € Q. Puis en observant que
tout G-revétement défini sur R et d’invariants Dag, ([A], [B]*)™ (avec (m,2a) = 1), t’ en configuration
(2,5 — 1) se releve en des G-revétements d’invariants Dagn, ([A], [B]*)™, t' tous définis sur R, on
conclut que tout systéme projectif de G-revétements (f,, v, )n>1 d’invariants Dogn, ([A], [B]*), t' avec
(f1,00) = ( fi, 1) est en fait un systéme projectif de G-revétements définis sur Q.

2.3 Chapitre 5 : Rational points on towers of Hurwitz spaces

Cet article a pour objet I’étude du (RIGP/G/k) pour k un corps de nombre et G un groupe profini
extension d’un groupe fini Gy par un groupe pronilpotent projectif de rang fini P (Cela inclut en parti-
culier Zy,, Dapeo, tout p-revétement de Frattini universel d’un groupe fini etc.) ainsi que sa généralisation
en terme de systemes projectifs de points k-rationnels sur les tours d’espaces de Hurwitz associées a G.

Commencons par décrire un procédé général ”d’abélianisation” qui permet de se ramener au cas
ou P est un pro-p groupe libre abélien de rang fini et, ainsi, d’appliquer les techniques de [F95b] pour
les groupes prodihédraux.

La série de Frattini d’un pro-p groupe P est la famille de sous groupes caractéristiques définie
inductivement par

PO = _P7 Pl = PP[P7 P], ceey Pn+l = PYZ:[Pn,Pn], ...ete.

Si G est un groupe profini extension d’'un groupe fini Gy par un pro-p groupe libre de rang fini P,

posons Gy, := G/P,, n > 0; on a alors G = lim G, ce qui nous conduit a étudier les réalisation
n>0

régulieres des G,. Celles-ci sont liées aux réalisations régulieres des G, := G/P%®/(P®),, n > 0 via
le diagramme commutatif de tours d’espaces de Hurwitz

Hrir s (Cott) —= M, (Cot)

l n+1
HrnyGn(Cn) Tnyan (En)

(ot1, si C est un uplet quelconque de classes de conjugaison de G, C,, (resp. C,) est I'image de C
via la projection canonique G — G, (resp. G — G/P%® — G,,)). Tout G-revétement f, : X,, — IP%
d’invariants G,,, C,, induit un G-revétement fn X, — IP% d’invariants G,,, C,. En outre le quotient
modulo P/P, de f, et le quotient modulo P®/(P%), de f, sont identiques; c’est un G-revétement
fo: Xo— IP% d’invariants Gy, Cg.

Si on suppose de plus que C n’est formé que d’un nombre fini de classes de conjugaison d’éléments
d’ordre fini, les revétements X,, — X sont étales de groupe P%/(P®),, ~ (Z/p"Z)" (o1 7 est le rang
de P). Or, si f,, est défini sur k, il en est de méme X,, — X et, quitte & prendre une extension finie
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ko/k telle que Xq(ko) # 0, X, xx ko — Xo X} ko induit un unique diagramme cartésien sur kq

Xn Xk ]CO An

| e

XO Xk ]CO E—— JaC(X() Xk k‘o)

ou A, est une kg-variété abélienne isogene a Jac(Xox ko) et possédant un point de torsion kg-rationnel
d’ordre p™. Ce résultat interviendra a plusieurs reprises dans la suite.

Le résultat principal que nous y démontrons est le suivant :

Theorem 2.13 Un groupe profini G extension d’un groupe fini Gy par un groupe pronilpotent projectif
P de rang fini ne peut étre groupe de Galois d’une extension galoisienne K/Q(T') de corps des module
un corps de nombres ou un corps fini de caractéristique q # p si P est un pro-p groupe.

Géométriquement, ce théoréeme signifie qu’il n’existe pas de systéme projectifs de points k-rationnels
(avec k un corps de nombres) sur les tours de Hurwitz (Hg, ., .c,.; — Ha,,C,)n>0 induites par les
systemes projectifs de groupes finis (et de uplets de classes de conjugaison) (G,+1 — Grn)n>0 tels que
G = limG,,.

La preuve de ce résultat nous a conduit a developper différentes techniques de géométrie arithmétique
profinie. On se ramene d’abord au cas ou P est un pro-p groupe libre de rang fini. On peut ensuite
décomposer la preuve en deux grandes étapes.

La premiére consiste a généraliser 'obstruction cohomologique cdm/cdd usuelle & des systémes
projectifs de G-revétements®. Cette obstruction profinie nous permet de donner des critéres simples
sur un groupe profini quelconque G pour que toute extension galoisienne K/Q(T) de groupe de Galois
G et de corps des modules un corps de nombres k soit définie sur une extension finie de k. Plus
précisément, dans notre situation, ils deviennent

Proposition 2.14 Si l'une des trois conditions suivantes est vérifiée

(1) Z(G) est facteur direct de G.
(2) [G:Z(Q)] est fini.
(3) Z(G)NP,, = {1} pour un ny > 0.

Alors toute extension galoisienne K/k(T) de groupe G et de corps des modules k peut étre définie sur
une extension finie ko/k. De plus, ko/k peut étre choisie comme suit : k = ko en (1), [ko : k] < [G :
Z(G)] en (2) et [ko : k] <|Gp,l en (3).

La vérification de ses critéres utilise essentiellement trois ingredients : la classification des groupes pro-
cycliques, la théorie du multiplieur de Schur et les propriétés des centralisateurs des produits libres. 11
est a noter que lorsque rang(P) > 2 ou lorsque G est le p-revétement de Frattini universel d’un groupe
fini p-parfait Gy, on a toujours Z(G) N P = {1}.

La deuxieme étape est donc de montrer qu’il n’existe pas de réalisation réguliere de G sur un corps
de nombres. On utilise pour cela le procédé d’abélianisation qui, essentiellement, réduit le probleme
au cas ou P est un pro-p groupe abélien libre de rang fini. Il faut ensuite distinguer les cas ou tous les
groupes d’inertie sont d’ordre fini (contradiction du nombre de points de la réduction (modulo certaines
places) de la jacobienne de la courbe du premier G-revétement des systémes projectifs considérés) et

3La difficulté, dans le cas profini n’est pas seulement de pouvoir réaliser régulierement chaque quotient fini de G' mais
de réaliser ces quotients finis de facon compatible.
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le cas ot au moins 'un des groupes d’inertie est d’ordre infini (contradiction de I’action galoisienne
sur les générateurs distingués de l'inertie).

Dans le cas des corps finis, il est naturel de se demander ce qui se passe pour les caractéristiques
manquantes du théoreme 2.13. En utilisant des résultats sur les problemes de plongement en ca-
ractéristiques positives [MMa99], chap. IV, on obtient I’énoncé suivant

Theorem 2.15 Soit G un groupe fini, p un premier divisant |G| et pé le p-revétement de Frattini
universel de G alors toute réalisation régulicre de G sur un corps fini F' de caractéristique p induit
une réalisation régulicre de ,G sur F

qui montre en particulier que les hypothéses sur la carcatéristiques sont loin d’étre liées & la méthode !

On donne ensuite quelques applications des précédents résultats aux (RIGP/G/k) et (IGP/G/k).
Le théoréme 2.13 combiné au théoreme de Beckmann [Be89] et a un argument de [S89] permet par
exemple de montrer

Proposition 2.16 [ eziste une extension algébrique k/Q ot seules un nombre fini de places se ra-
mifient et telle que (IGP /G /k) est vrai.

Des arguments de réduction modulo Q mettent par ailleurs en évidence 'importance des propriété
arithmétiques du diviseur de ramification. Par exemple, si ’on considere la tour d’espaces de Hurwitz
(Hrpi1,Gosr (Crg1) = Hr, i (Cr))nz0 €t que pour, tout nombre premier g, on définit X°(g) C Uy (Q)
comme le sous-ensemble de tous les diviseurs t € U,.(Q) ayant bonne réduction modulo ¢ et, étant
donné un corps de nombres k, X, (k, ) comme la PGLy(k)-orbite de X?(g). Alors, en notant H,, 4(k) :=
Her, 6o (Cn)(k) N (¥, 6,) "1 (X, (K, q)) le sous-ensemble de H,., g, (Cyp)(k) correspondant aux Q G-
revétements d’invariants G,,, C,,, de corps des modules k et de diviseur de pooints de branchement

dans X, (k, q), on obtient
Proposition 2.17 Pour tout nombre premier q ne divisant pas |G| et pour tout entier d > 1 il existe
n(q,d,C) > 0 tel que

*)  |J Hagk) =0, n>n(qd,C)
[k:Q]<d

La derniére partie de ce travail est consacrée a la conjecture de Fried qui généralise aux tours
modulaires le théoreme de Merel pour la tour des courbes modulaires. A savoir,

Conjecture 2.18 Si Gy est un groupe fini p-parfait, alors, pour tout entier r > 3, pour tout r-uplet
Cy de p'-classes de conjugaison de Gy et tout entier d > 1 il existe n(d, gc,) > 0 tel que

U H,na(Cn)(k) = 0, for each n > n(d, gc,)
kQl<d

(ot g, est le genre de la courbe Xo associée a un G-revétement fo: Xo — Pt d’invariants canoniques
de linertie Cy).

En réexploitant les techniques précedemment développés on donne des bornes effectives ” partielles”
pour le rang n(d, gc, ). Plus précisément, si I'on définit n(g, d, Co)™**” comme dans la proposition 2.17
mais en ne considerant que les lieux de non obstruction, on obtient

In(N (gc,, g?1¢0l/o(Co)))
In(p)

n(g,d, C)"*” <

avec N(g,n) =n+2g(y/n— 1)+ 29.

Enfin, en combinant & nouveau la procédure d’abélianisation et un argument cohomologique (qui
fait intervenir de fagon essentielle le fait que Z(G) N P = {1} on montre que la conjecture de Fried est
une conséquence de la strong torsion conjecture pour les variétés abéliennes.
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2.4 Chapitre 6 : Standard Hurwitz curves

Le dernier chapitre de cette thése est consacré aux courbes de Hurwitz standard i.e. les courbes
définies par des diagrammes cartésiens

+6(C) =——H, (C)t

‘I’;Gl O l/

ur Ur ~ P\t

ot t = (ta,...,t,) € U"~L. 1l se compose de deux parties distinctes.

Dans la premiere partie, on démontre une généralisation a un entier r > 4 quelconque de la formule
du genre pour r = 4 donnée dans [DF94], §4 : Etant donné un groupe fini G et un 4-uplet C € C4(Q),
pour toute Il 4-orbite O € ﬁ(C)/Hm, les composantes géométriquement irréductibles des courbes de
Hurwitz standard correspondantes ont pour genre

go:1—|0|+% Z Zil,z’(g)_l

2<i<4 g€ i1i(g)

avec
i12(8) = [<gq192> /<9192 >NZ(g1,92)Z(93)|
i13(8) = |<g492 >/ < gag2 > NZ(g4,92)Z(93)|
i14(8) = [ <9191 >/ <9191 > NZ(94,91)Z(93)|

Soit maintenant un entier r > 4, un r-uplet C € C,(G) et une Iy ,-orbite O € sni(C)/II; .. Pour
tout g € O posons

Zi(g)= [ Ceng(g;)Ceng(gr) .
2<itj<r , 1 =27

ai(g) = g1 gi—1
Le genre des composantes géométriquement irréductibles des courbes de Hurwitz standard correspon-
dantes est alors donné par

Proposition 2.19

go =1+

(r=3)o 1 Sy 1Zi(g)N < g;" g1 > |
(677 N

2 2 5% 50 1<9'an>|
Cette formule permet de manipuler le genre de facon plus générale que la formule de Riemann-Hurwitz
”brute” et, notamment, d’en donner des bornes inférieures quand C vérifie certains types d’hypotheses.

La deuxieme partie décrit une méthode de genre 0 pour les courbes de Hurwitz standard quand
r = 4 (ou les courbes de Hurwitz réduites) basée sur le principe de Hasse et non sur l'existence de
diviseurs de degré impair - comme les méthodes de genre 0 usuelles - pour montrer l'existence de
points rationnels. Donnons en les différentes étapes et résultats qu’elle met en jeux. Soit G un groupe
fini et C = (C1, Cl_l, Cs, 02_1) € C4(G) un 4-uplet symétrique.

(1) On recherche d’abord des composantes géométriquement irréductibles de H]. ,(C)¢ définie sur
Qg de genre 0. Pour cela, on cherche O € sni(C)/II;, telle que

-go=0

- L’une des trois propriétés suivantes est vérifiée :

(i) O = sni(C)

(i1) [sm1(C)]| — [0] < [Bm(C)|

(iii) 11 n’y a qu'une seule HM-orbite O™ (C) € sni(C)/SH4 et O = OHM(C).
Pour prouver que 'orbite correspondant & O est définie sur Q¢, on utilise, dans le cas (ii) le fait qu’elle
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est isolée (i.e. toutes les autres orbites sont de cardinal < |O]) et dans le cas (iii), le théoreme 1.12.

(2) On vérifie ensuite la condition de Hasse i.e. H; (C)t 0(Qg p) # 0 pour toutes places P de Qg
sauf éventuellement une. Dans les cas (i) et (ii), cette condition est toujours vérifiée ; dans le cas (iii),
elle l'est toujours si G est un p-groupe. Dans le cas (i), cela se voit en utilisant le théoréeme 1.15, dans
le cas (ii), cela résulte du fait que |hm(C)| est borne inférieure du nombre de G-revétements définis
sur Q¢ p sous réserve que les points de branchement soient bien choisis (ce qui est un corollaire du
1/2 théoreme d’existence de Riemann) et, dans le cas (iii), de I'application du théoreme 1.16 d’ou, en
particulier, la restriction aux p-groupes.
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Deuxieme partie
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Chapitre 3

Counting real Galois covers of the
projective line

Il s’agit de la version longue de Uarticle [C04b] a paraitre au P.J.M. Outre les résultats de
[CO04b], on y trouve la preuve intégrale du théoréme 3.5 (§5.5.3), le developpement de l’exemple
3.4.1.1 (§3.4.1.2), le traitement complet de la réalisation réguliére des groupes prodihédraux D g0
sur QU ainsi que quelques compléments sur la descente de Q a QU et Uobstruction corps des
modules/ corps de définition. On donne finalement un analogue des théorémes 3.2 et 3.4 pour les
revétements purs (§3.7) et, dans certains cas, une borme inférieure du nombre de G-revétements
d’invariants fixés définis sur les p-adiques.
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Introduction

By Riemann’s Existence Theorem there is a bijective correspondence between isomorphism classes
of Galois covers f: X — P<1c of the projective line with Galois group G and branch points t1, ..., t, €
P!(C) and r-tuples (g1,...,g-) € G of generators of G satisfying the relation g;---¢g, = 1. Fixing a
r-tuple C = (C1, ..., C}) of conjugacy classes of G, we say f is of type C if the corresponding r-tuple
(91,--,9r) € G has the extra property that there exists a permutation o such that g; € Cy;), for
1=1,..,r.

An important and well-known formula proved by Serre in [S98] chap.7 computes the number of
r-tuples (¢1,...,9r) € G with g; € C; for i = 1,...,r and such that g7 --- g, = 1. In many cases, this
formula can be used to compute the number of isomorphism classes of G-covers of P! of type C, with
branch points t1, ...,t, € P(C). This formula proved to be particularly powerful in the classical rigid
situation and, for instance, led to the realization over Q of many sporadic groups (see [MMa99] chap
IT for a systematic investigation of this method).

In this paper we consider the refined problem of counting the number of those G-covers of P! with
fixed branch locus and for which the field of the real numbers R is a field of definition. We also consider
the related problem of how many G-covers have their field of moduli contained in R. For these two
questions P. Debes and M. Fried showed in [DF94] there is also a group theoretic characterization :
the r-tuples (g1, ..., 9r) € G should verify some additional conditions, involving the involutions of G
(see §3.1).

Our results are the following. First, generalizing Serre’s formula, and using Debes and Fried’s re-
sults, we give a general formula for the number of r-tuples (g1, ..., g») € G corresponding to G-covers
f : X — P! with given branch locus and which are defined over R. In the general situation, this
formula is more complicated than the one given by Serre. In order to simplify it and make it effective,
we consider two special cases separately, where the branch locus consists either only of real points
or only of pairs of complex conjugate points. We give then several applications. On the one hand,
we deal with the existence of G-covers which are not defined over their field of moduli. Some criteria
are already known to guarantee that the field of moduli is a field of definition, for instance when
Z(G) is a direct summand of G (see [CoH85] prop.2.8). Most of these results rely on a cohomological
approach (see for instance [D95], [DD097] or [W02]); ours is different and leads to criteria - one of
them being an easy-to-check group theoretic condition - for G-covers not to be defined over their field
of moduli. Applying these criteria, we exhibit infinite families of groups for which one can always find
such G-covers. We also give a criterion for profinite groups. On the other hand we explain how to use
our computations to descend from C to the field Q" of all totally real algebraic numbers. It is known
(cf [DF94] Theorem 5.7) that each finite group is the Galois group of a regular extension of Q' (X)
but the proof of this result does not show this can be done with a branch point divisor t defined over
Q. Our method - when it works - enables us to choose t this way. It also provides regular regular
realizations of the profinite dihedral groups Dg,~ over Q' (X) with rational branch point divisor.
This is, we believe, the first non trivial regular realizations of profinite groups over Q% (X) (Recall
that Dy can not be realized regularly over Q(X) [F04]). We conclude by considering the case of the
Mathieu group Mji;.

The paper is organized as follow. In §1 we introduce the main tools. In §2 we state the results and
make some comments. §3 is devoted to the proofs, §4 to the first application, §5 to the second one. In
86 we give the Mathieu group. In appendix A, we give the statements and proofs for mere covers. We
also give in appendix B the character tables which are used in our examples.

I wish to thank P. Déebes for encouraging me to write this paper and making many helpful sugges-
tions.
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3.1 Preliminaries

Notations :For a finite group G, denote :

- the set of all inner automorphisms of G' by Int(G).

- the set of all elements of order < 2 in G by Inv(G).

- the set of all the irreducible complex characters of G by Irr(G) and the trivial character of G by
X1-

- for all g € G the centralizer of g in G by Ceng(g).

Recall a G-cover with group G is a pair (f,a) where f : X — P! is a Galois cover with group
G and « : Aut(f) — G is a group isomorphism. One can attach to each G-cover of IP’}C the three
following invariants : the monodromy group G, the branch point set t = {t1,...,t,} C P1(C) (that
we sometimes view as a divisor (t1) + ... + (¢,) on P!) and for each t € t the associated inertia ca-
nonical conjugacy class Cy . To summarize this, we will sometimes say the considered G-cover has
ramification type [G,C,t] (see [V99] definition 2.12 p.37). Adopting the topological point of view, let
us recall what these invariants correspond to : given t = {t¢1,...,¢,} introduce a topological bouquet

7 of ]P’(lc\t, that is an r-tuple of homotopy classes of loops 71, ..., ¥, based at some point ¢y ¢ t such that

-1, ..., 7 generate the topological fundamental group WEOP (PY(C)\t, to) with the single relation 71 ...y, =

1.

- 7; is a loop revolving once, counterclockwise, about t;, ¢ =1, ..., 7.

Now, considering a G-cover f: X — IP’%;, the monodromy action defines a permutation representation
% (PY(C)\t, o) — Per(f*(t)). The image group G of this representation is the monodromy group
(or, equivalently the Galois group) of f and the conjugacy class Cy, of the image of v; in G is the
inertia canonical class corresponding to t;, i = 1,...,r.

For any integer r > 3 let U” C (PL)" be the subset of (P&)" consisting of all r-tuples t' =
(t1, ...y tr) € (PL)" such that ¢; # t; for 1 < i # j <r, let U, =U"/S, be the quotient space of U" by
the natural action of the symmetric group S, and 7, : U, — U" /S, the canonical projection. Given a
finite group G let ¢, ¢ : H, ¢ — U, be the coarse moduli space ( fine assuming Z(G) = {1} ) for the
category of G-covers of P<lc with group G and r branch points, where 1), ¢ is the application which to
a given isomorphism class of G-covers associates its branch point set. For any r-tuple C = (C14, ..., C;)
of non trivial conjugacy classes in G let H, ¢(C) be the corresponding Hurwitz space [FV91], that
is the union of irreducible components of H, ¢ parametrizing the isomorphism classes of G-covers
with ramification type [G, C,t]. A point h = (h, (¢1,...,t,)) of the fiber product H, ¢(C) xy, U" then
corresponds to a G-cover given with an ordering of its branch points, which allows us to define a
monodromy application :

M: H,q(C)xyU" — {Ci,....Cr}"
(h,(tl,...,t,«)) — (Ctl,...,C'tr)

This application, being continuous, is constant on each connected component of H, (C) xy, U".
So, M~1(C) is a union of connected components of H,.c(C) xy, U"; we will denote this variety by
».c(C). We have a cartesian square :

! (C) = H, 5(C)

;'Gl O lwr,G

ur ——-——=u,

We will freely use the general theory of Hurwitz spaces (see for instance [FV91] and [V99]), and only
recall here the description of the fibers of 9, ¢ and w;’G in terms of Nielsen classes ni(C) and straight
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Nielsen classes sni(C) respectively, where :

(1) G =< g1, Gr >
ni(C) =4 (91,-,9r) €EG" [ (2) g1---gr =1
(3) gi € Cyyy, i =1,...,7 for some o € S,

and sni(C) is the set defined as ni(C), but replacing (3) by
(3 gieCifori=1,..r.

We use the notations ni(C) and sni(C) for the corresponding quotient sets modulo the componentwise
action of Int(G).

Given t € U,, it is classical that (¢, )7 1(t) is in bijection with ni(C). Furthermore, if we choose
an ordering of the branch points t' = (t1,...,%,;) in t, sni(C) is in bijection with ( %G)_l(t’). The
correspondence is given by the monodromy action. We will sometimes say abusively that a G-cover
with branch point set t € U,(C) is in ni(C) when its isomorphism class has ramification type |G, C, t]
or that, if an ordering t' = (t1,...,t,) € U"(C) is given, a G-cover is in sni(C) when C; is the inertia
canonical class associated with t; fori =1,...,r.

Since we are interested in G-covers defined over R, we will always suppose the branch point divisor
is real, that is consists of

- rp real branch points ¢y, ..., ¢,,, which we assume to be ordered : t; < ... < t,,.
- ro complex conjugated pairs {2;,%;} C P1(C)\P*(R). We will generally write
2 = try4iy 2 = try1-i, ¢ = 1,...,72. We may also, if needed, order them
according to their real and imaginary parts.

(bp)

We now introduce the two following subsets of sni(C), which play an important part in the sequel :
— the set sni”*®®(C;ry,ry), which is the subset of sni(C) consisting of those (g1, ..., g,) in sni(C)
verifying the additional condition :

(4) there exists gop € G such that
- go(gl...gi)lggl = 1(gl...gi)_1 for i = 1,1...,7°1 n 1
- 909r1+i9% = 91— and gogr11-igy = gr_ﬁi fori=1,...,7r

:mod,R

R(C;r1,72), which is the subset of sni

— the set sni (C;ry,r9) consisting of those (g1, ..., g,) in

) for which

(4)” in addition to (4) go can be taken in Inv(G).
As above we write ﬁmOd’R(C; r1,72) and ﬁR(C; r1,72) for the corresponding quotient sets modulo
the action of Inn(G). We have the following relation :

R
*( (Csr1,m2)|[G : Z(G)]

50i(Cs 71, 7)| = [ou

We will also need the ” X-versions”, 7% (C; 71, ry) and ®(C;r1,r9) of ) and ) which are defined by
conditions (2), (3)’, (4) and (2), (3)’, (4)’ respectively (that is we drop the generating condition (1)).
It readily follows from the definitions that

R( \sniR(C;rl,rg)] < ISR(Ciry, 1)

G:2(@)] — G Z(G)]

|sni (C;ry,re)| =

So, computing the cardinality of the ”X-versions”, which is easier, gives an upper bound for |)| and
|)|. Moreover, in lots of situations ) = X™°4R(C;ry,7r;) and ) = 2¥(C;ry,72) (see comment 3.2.2.3).
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One of the main results of [DF94]| is that, given t € U,(R) ordered as is (bp), there exists an
identification ( %G)_l(t’ ) ~ sni(C) as recalled above such that sEmOd’R(C; r1,72) is exactly the set
of those G-covers in sni(C) with field of moduli contained in R and SER(C;H,TQ) the one of those
G-covers in sni(C) which are defined over R.

A complete proof of this statement can be found in [DF94]. We only recall here the main ideas.
Let t € U,(R) be a real branch point divisor ordered as in (bp). The first step consists in descri-
bing the action of complex conjugation ¢ on the fundamental group 7;°P(P!(C)\t,ts) of P*(C)\t,
which we denote by 7%*P. One can find I'y,...,T", € 7*°P which generate 7*°P with the single relation

I'y...I = 1 and complex conjugation ¢ acts on 7P by Hurwitz’s formulas (see for instance [MMa99]) :

( cIl; = F1...Fi_ll“l._l(I‘l...Fi_l)_l fori=1,...,m
el i = P;il_l- fori=1,...,79

We will denote by C the formal operator which maps each component I'; of an r-tuple (I'y, ..., I';) to the
right hand side term of the formulas (*) (that is c.I'; = T, i = 1,...,7). Let ©/C(X) be the maximal
algebraic extension of C(X) unramified outside t; Q/C(X) is Galois with group Gal(2|C(X)) =: w28,
And, by Riemann’s Existence Theorem we get an isomorphism g 72le where 7P is the profinite
completion of 7%P [S98].

The second step is an if and only if condition for the "descent from C to R” : As the branch
point divisor is real, Q/R(X) is Galois with group Gal(QR(X)) =: mg. Furthermore, since P! has
real points, the short exact sequence (**) below splits and 7 ~ 78 x Z/27Z. Now, if K/C(X) is the
function field extension of an algebraic G-cover f : X — P! and ¢ : 79 — G is the corresponding
epimorphism, f can be defined over R (so f is in )) if and only if there exists a map 1; such that the
following diagram commutes :

(k) 1 ol TR 727 —=1
¥
G

For all ¢ € Hom (7?8, @), write g; = ¢(I';) i=1,....r. Then, ¢ extends to 1) € Hom(n®€ x Z/2Z, G) if
and only if there exists go € Inv(G) for which gogigo = ¢%, i = 1,...,7 (see [DF94] ; lemma 3.3). This
provides the condition in the definition of ).

Furthermore, if f : X — P{ corresponds to (g1,...,9») € sni(C), f¢: X¢ — P{ corresponds
to (¢¥,...,g%) € Sni(C€, G). So the set of all isomorphism classes of G-covers with field of moduli
contained in R and branch points t’ in sni(C) corresponds to ﬁmOd’R(
g2 = 1 that appears in ) comes from Weil’s cocycle condition [We).

C;r1,72). The extra condition

Remark 3.1 If we fix t € U-(R), the real points in the fiber (1,c) ' (t) correspond to G-covers which have their
field of moduli contained in R. So, when working with moduli spaces, it is no longer posssible to distinguish between the
G-covers defined over R and those which only have their field of moduli contained in R. Some information is lost.

3.2 Statements and comments

3.2.1 Statements
*(

Our main results are estimates of the cardinality of |sni” (C;ry,72)|. What we actually compute is

not ]ER(C; r1,72)| but |[ZR(C;ry,79)|, which is an upper bound for |)|. In the sequel, we will always
assume SR(C;ry,r9) # 0.

We distinguish between the three following situations, depending on the branch points configura-
tion :
- General configuration (R-C) : r1,7m3 > 0.
and the two special cases :
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- Real configuration (R) : rq = 0.

- Complex pairs configuration (C) : ry = 0.

Though (R) and (C) are only special cases of (R-C), it is easier to compute |S®(C;ry,72)| in those
two situations and the formulas obtained are much simpler than in the general case.

To make the formulas more legible, we will write :

- Z; for the order of the centralizer of any element in the conjugacy class C}.
- x € Irr(@)" for any r-tuple (x1, ..., xr) € Irr(G)".

-u € Inv(G)" for any r-tuple (ug, ..., u,_1) € Inv(G)".

We also fix ¢1,...,9, € Gwith g; € C;, i =1,...,r.

3.2.1.1 Statement of theorem 3.2 (configuration (R))
For all x € Irr(G)" we set :
L= > xi(uour)xa(uiug) - xr(tr_1uo)
welnv(Q)" /G-
where Inv(G)" /G- is the quotient set of the equivalence relation on Inv(G)" which identifies two r-

tuples u, v’ € Inv(G)" if (ug, ..., ur—1) = g.(ufy, ..., ul._;) for some g € G. We also write :

1
n®(Cir,0) = —— > xilg)-xelor) Iy
Zy- 2y
x€lrr(G)"

Theorem 3.2 (Real branch points) We have

1S¥(C;r,0)] = n®(C;r,0)

Remark 3.3 This formula can be improved to give exactly [sni (C;r,0)|

Z *
|sn1 (C;r,0)| = & E x1(g1) - xr(gr) Iy
|G|Z: - =

XeIrr(G)*

where I} is defined as I, with the only difference that the summation domain is the subset of Inv(G)"/G of those
r-tuples of representatives u € Inv(G)" /G- such that G =< uouz, ..., ur—2ur—1 >. This condition does not depend on the
representive u since, if g - u € Inv(G)" for some g € G then gu;guit1 = (gu:) ' guit1 = wittip1, 4 =0,...,7 — 2.

3.2.1.2 Statement of theorem 3.4 (configuration (C))

For any x € Irr(G) and for any gg € G we denote the number of occurences of the trivial repre-
sentation in the decomposition of X|geng(gy) into a direct sum of irreducible linear representations by

Ax:90 : .
Cena(a)l’ that is (see [S98]) :
QXx,90 = Z x(u)

u€Ceng(go)
We also set :
Ay = Z Qx,g0
90€Inv(G)/Z(G)-
where Inv(G)/Z(G)- is defined as Inv(G)" /G- above and :
C C X gs
xE€Irr(G)
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Theorem 3.4 (Complex conjugate branch points) We have
[2¥(C;0,5)] < n¥(C;0,5)

with equality if Z&(C;0, s) = Sni®(C;0, s)

3.2.1.3 Statement of theorem 3.5 (configuration (R-C))

Our formula for the general case is more complicated. We set, for rq,79 > 0" :

ro ] ri—1
ng (C;r1,72) = Z s )ﬁl?f;z?fgnﬂ) H (xi(gi)xi(wi-1ui)) Z a(up, 12~ o) B(2)
X0,8,u i=1 z€G

where the first summation is taken over all x € Irr(@)™ 1 all o, 8 € Irr(@), all w € Inv(G)™/ ~ and
~ is an equivalence relation on Inv(G)"™ which we will define in 3.3.3. We also write

R ‘Cr1+1|”‘ ’Cr1+r2| R
C; - C;
n ( 7T17T2) ‘G|Zer1 1’10( ,7"1,7"2)

Theorem 3.5 (Real and complex conjugate branch points) We have

|ZR(Cﬂ 1, T2)| < nR(C; 1, 7’2)

3.2.2 Comments
3.2.2.1

For a fixed t € U, (R), the invariants of G and C on which the number of real G-covers in sni(C)
depends clearly appear in Theorems 3.2, 3.4 and 3.5. Compared with Serre’s formula for the basic
rigidity criterion, one can notice the important part played by the involutions of G.

3.2.2.2

From a practical point of view, the terms depending on involutions make formulas in configurations
(R) and (R-C) complicated for direct computations. On the contrary, n®(C;0, s) is easy to compute
once the character table of G and the centralizers of its involutions are known. When Sni®(C;0, s)
is properly contained in X®(C;0,s), n®(C;0,s) only gives an upper bound for |Z®(C;0, s)|, but we
explain in the next comment how this difficulty can be handled.

3.2.2.3

One can proceed as in the classical rigidity context, generalizing the method given by Serre in
[S98] to evaluate |ﬁR(C;r1,r2)| from |ER(C;ry, o) :
1. Evaluate |[®(C;rq,72)| by n®(C;r1,73), using the character table of G.

2. Compute |ZR(C;ry, )| — [sni®(C;71,79)|, by finding r-tuples (g1, ...,9,) = g in ZR(C;ry,73)
which do not generate G (to do this, try to find r-tuples the entries of which are contained in
a maximal subgroup of G). But we are to be careful : when a r-tuple g € YR(C;ry,r9)—) has
been found, the following should be done,
— In situation (R) : g has to be counted once as in the classical rigidity method.

orra =0o0rr = 0, the formulas are the ones given in 3.2 and 3.4
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— In situation (C) : an extra difficuly arises from the computation of A,. One has to compute
Ceng(< g1,...,92s >) and notice that g corresponds to one single class of Inv(G)/Ceng(<
g1, - g2s >)-. If this class can be written has the union of n classes of Inv(G)/Z(G)-, g has to
be counted n times. -

— Situation (R-C) has to be dealt with as situation (C).

The best situation is obviously when X®(C;ry,75) =). This occurs for instance when each non trivial
conjugacy class of G appears at least once in C or, more generally when C is g-complete [F95a],
that is for any g; € C;, ¢ = 1,...,7, we have G =< g1, ..., g, >. Then theorem 3.4 directly provides
|ﬁR(C;r1,r2)|. Moreover, if 3(C,G) = sni(C), one can also compute |sni(C)| with Serre’s formula
[S98] and consequently the proportion of G-covers defined over R : |sni(C)|/ |SER(C; r1,72)|.

3.2.2.4
As in the rigidity context |sni(C)| and |ER(C;T1,7“2)| provide some information about the field
of moduli of the associated G-covers. For instance, the condition [sni(C;ry,m2)| = |ﬁR(C;’F1,T2)|

(under some technical assumptions) leads to G-covers defined over Q' (see 3.5.2 for some applications
of this). Similarly, when sni(C) contains a G-cover f defined over Q' and satisfying some other

technical conditions, |sni (C;71,72)| is an upper bound for the degree of a field extension K/Q over
which f is defined :

Theorem 3.6 [D95] Th. 4.1 For any f € sni(C), if
1. Z(G)=<1>
2. Q-rationality condition :
— configuration (R) : for alln > 1 such as |G| An=1V1<i<r CI'=C;
— configuration (C) : for alln > 1 such as |G|An =131 e< {(i,2r+1—i) }1<i<r >; V1 <0 <2r
= Cra
— configuration (R-C) : for allm > 1 ; |G|An =1Vl < i < r; C!' = C; and there is
Te<{(r +i,r1+2r2 + 1 — i) hici<r, > such as V1 <i <213 CF ;= Crip 44

3. the G-cover f is defined over Q"
4. i (Cir, ) = 1

then the G-cover f is defined over Q.
If only conditions (1) to (3) are fulfilled, |sni®(C;ry,r9)| gives however an upper bound for the degree
of the field if definition of f over Q.

3.2.2.5

As in theorems 3.2, 3.4 and 3.5, one can give formulas for G-covers with field of moduli contained
in R. They can be proved exactly as the ones for G-covers defined over R, using in the proofs, instead
of condition (4), the equivalent one

(4)” there exists go € G such that g € Z(G) and
- (9091--.9012 =g} 1for 1=1...,rm—1
- 909r+idy = Gpp1_; for i =1,...;7r9

We write Z(G)% = {g € G|g® € Z(G)}. We only state the results for configuration (R) and (C) :
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1. Configuration (R) : Set E, ¢ ={u € G" | 3go € Z(G)% s u? =gt fori=0,..,r—1}/G- and

1

Igwd - Z X1 (uouy xa(uruy ) - X (ur1ug ') for any x € Trr(G)"
EEET,G
1
mod,R . — mod
n (C;r,0) = A Z x1(91)---Xxr(gr) IK

x€lrr(G)"

Then we get : |[2°4R(C;r,0)| = n™4R(C;r,0).

2. Configuration (C) :Set

A?Od = Z Qy g, for any x € Irr(G)
0€Z(G)?/2(G)-
mou . _ 1G] |Cs ---x(gs Mo
n™dR(C; 0, 5) = \ 1‘|G\‘ \ ZXEIrr(G) X(i}(l()l)s{(lg )AX d

Then we get : [S™°%R(C;0,5)| < n™%R(C;0, 5) with equality if ™R (C; 0, s) = Sni™*4R(C;0, s).

As recalled in the introduction, one already has criteria to say when the field of moduli is the field of
definition, for instance when Z(G) is a direct submand of G (c.f. [CoH85] prop.2.8). Let us give an
alternative proof of the weaker following result :

For any finite group G such as Z(G) is a direct submand of G, any G-cover with group G

is defined over R if and only if its field of moduli is contained in R.
So, suppose G ~ Z(G) x H, with g; = (2;, h;) we have Z; = |Z(G)|Z; iz (where we set |Cy(hi)| = Z; i)
and |C;| = |Int(H).h,| for i = 1,...,r and we get :

1. Configuration (R) :
E.q ~ E. 7(a) X Erpg. But, as Z(H) = {1} we have E, gy = Inv(H)"/H-. Likewise, as Z(G) is

abelian,
Bz = {(CmGa1) € Z(G) IG5 = . = (1} /2(G) -
= {(o Gr1) € Z(G)IGE = o = 1}/ 2(G) -
= {(zuo,...,2ur—1)|z € Z(G), (ug,...,ur—1) € Inv(Z(G))"}/Z(G) -
~ Inv(Z(G))/Z(G)-

so BE.q ~ Inv(Z(G))/Z(G) - xInv(H)"/H- ~ Inv(G)" /G- which provides IXmOd = I, for any
X € Irr(G)" and, as a result, n***(C;r,0) = n®(C;r,0) becomes :

2. Configuration (C) :

Z(G): = Z(G) x Inv(H) so Z(G)2/Z(G) - . ~ Inv(H) and for all x? € Irr(Z(G)), for all
x? € Irr(H), with x = x% @ x

Amed = %7 >, X7 ()" (u)

ho€lnv(H) (z,u)€Z(G)xCeng (ho)

= Y X >, X'

z€Z(Q) ho€Inv(H) ueCeng (ho)
—_————
=<xZx{>

= |Z(G)|Ayn if x? = x%, 0 otherwise
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So

mod R(C 0, ) |Cl| Z X hl h )AX

and once again the above argument applied to n®(C;0, s) gives n®(C;0,s5) = n™?R(C;0, s).

x€Irr(H)

In fact, given a G-cover f with field of moduli k,,, there is a cohomological obstruction w(f) €
H2 (K, Z(G)) (where Z(G) acts on k,, trivially) for the field of moduli to be a field of definition (see

for instance [W02]). w(f) is functorial in k,, and in particular, ﬁmOd’R(C;rl,rg) = sni®(C;ry, 7o) if
and only if for all f in sni(C) w(f)|g =0 .

3.3 Proofs

We give the proofs of theorems 3.2 and 3.4 in details; for theorem 3.5, we just explain the main
changes, in particular we give the description of ®(C;ry,73) we use so as to explain the definition of

~,

Following Serre’s method, we are going to compute |S®(C;71,72)| using the function
1
€= @ Z x(1)x
x€Irr(G)

which is 1 on 15 and 0 elsewhere.
First, we prove the following technical lemma, which we will use in the sequel.

Lemma 3.7 Given a finite group G, for any irreducible character x € Irr(G) and for any g1, ..., gn, u, v €

G we have : am
Y15y )EG X(l)

Proof. Let R : G — GL(V) be a linear irreducible representation of G with character y. Then

> R(ugl*---girv)=R(u) [ Y R(g")-— > R(g}") | Rv)

vEG TEeC Yn€G
But for any g,h € G
>_R(R() =Y R(g"h) = Y R(hg" ") = R(h) Y R(g" ") = R(h) }_ R(g")
vEG vEG vEG vEG vEG
So, according to Schur’s lemma (cf. for instance [S98] proposition 4 chap.2) :
|Gl

. 1
%Z(;R(g”) = Aldy with A = dimVﬁ(é R = 1y X@

Consequently we get

GI"[T- i
Z R(gzl)..‘ Z R(g)") = |G| H(Zl_)lnX(g)IdV
S0,

ZR uglt - g)rv) = GI" T[Ty X(gi)R(uv)

n
= x(1)

And, taking traces yields the formula in lemma 4.10. [J
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3.3.1 Real branch points
We first note that conditions (2) and (4) in the definition of £®(C;r,0) are equivalent to
(%) 3go € G such that (gog1---g;)> =1, i=1,...,r—landg;---g, =1
which in turn is equivalent to
(%%) g1 = UQUL, -y Gr—1 = Up_2Uyr_1 and g, = u,_1ug for some (ug, ..., ur_1) € Inv(G)"

(just take u; = go---gi, ¢ = 0,...,7 — 1). In the the rest of the paragraph we will use the r-cycle
¢ = (0,..,7 — 1) € S, to shorten the formulas. For instance (**) can be re-written g;11 = uiuc(),
1=0,.,r—1

Now, fix g1,...,9, € G with g; € C;, i = 1,...,7 and consider the set E, of those r-tuples
¥ = (71,-) € G" such that g1} = Uitte(y, © = 0,...,r — 1 for some (ug,...,u,—1) € Inv(G)".
The correspondence ¥ — (g7, ..., g/") provides a surjective map E; — YR(C;r,0). Note then that

two distinct r-tuples 7,7" € G" have the same image if and only if %—1%( € Ceng(gi), i = 1,...,r
Consequently
| Ey|

SB(C;r,0) = 50—
S5O 0)] = 5
which reduces the problem to computing |E,|.

We proceed this way : for each (v1,...,7,) € G", we check for every r-tuple (ug,...u,_1) € Inv(G)"

whether /14" = wju(), i = 0,...,7 — 1, that is whether

r—1

] cCuig) ey =1

i=0
However, we should take into account that for a given v € G", distinct r-tuples w, v € Inv(G)" can
satisfy g?jr“il = Ujlle(j), © = 0, ...,7—1; this is equivalent to the condition uouy = uruy = ... = up_1u; 4,

which can also be written G - (ug, ..., ur—1) = G - (ug, ...,ul._;), where G acts on G" by left translation.
This defines the equivalence relation G- on Inv(G)" which appears in the statement of Theorem 3.2.
Putting these remarks together we get :

|Eg| = Z H € uzg]rilu ) = Z Z H € Uzgzriluc(z )

FEGT u€lnv(G)" /G- \7€G =0

welnv(e)r /G-
r—1
D IR § | DIy

w€lnv(G)" /G- \ i=0~veG

Using the formula € = ﬁ erlrr(G) x(1)x and lemma 4.10 we obtain, for ¢ = 0,...,r — 1 and

u € Inv(G)"

1
ZE(UiQE{HUc(i)) = @ Z X(l)ZX(uigZ—i-luc(i))

e XEIrr(G) vEG
— Z X(gir1) X (Uitte(s) )
XEIrr(G)

Substituting this back in the previous formula leads to the announced result. Note the generating
condition G =< uguq, ..., Ur_2Ur_1 > can be taken into account to get SniR(C; r,0) : the only change
is then that, in the sums above, the r-tuples u should run over the subset of Inv(G)" /G- of those
r-tuples u of representatives satisfying this extra generating condition.This yields remark 3.3.

0
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3.3.2 Complex conjugate branch points :

This time note that conditions (2) and (4) in the definition of £®(C;0, s) are equivalent to
() there exists gg € Inv(G) such that go ¢; go g2s+1—i =1, i =1,....,sand g1 -- - gos = 1
which in turn is equivalent to

there exists go € Inv(G) such that go g; go gos+1—i =1, i =1,...,s and [g1- - gs,90] =1
(where we write [u,v] for the commutator uvu~tv=! of u,v € G).

()

As above, fix g1,...,92s € G with g; € C;, ¢ = 1,...,2s and consider the set E, of those 2s-tuples
7 = (71,-,725) € G such that go ¢ go gooi=; = 1fori =1,..,s5 and [g]" - gd*,g0] = 1 (or,
equivalently g/ - - - gJ* € Ceng/(go)) for some gy € Inv(G). Again, the correspondence v — (g7, ..., g32°)
provides a surjective map E; — YR(C;0,s) and two distinct 2s-tuples Vs ’1’ € G" have the same image

if and only if ’yi_l’y; € Ceng(g;) for i = 1, ..., 2s. Consequently

[ Ey|

»R(C;0 =
| ( Y ?S)‘ Z]_Z25

which reduces the problem to computing |E,|.

We proceed this way : for each (vi,...,72s) € G?*, we check for every gy € Inv(G) whether
90 97" 90 9aei i =1, i=1,..,2s and [g]" - - g°, go] = 1, that is whether

s

e(lg7" 92, 90)) | | €(9097" g0gaai=s) =1
i=1

As in 3.3.1 note that for a given v € G”, distinct involutions go, g € Inv(G) can satisfy condi-
tion (**). This is equivalent to the condition gogh € Ceng(g]',...,g3*) or Ceng(g7", ..., 99°).90 =
Ceng(g;", ..., 90°).94- And, as Z(G) < Ceng(g", ..., 93*), the preceeding equivalent conditions are im-
plied by Z(G) - go = Z(G) - g}, (see remark 3.8), where Ceng(g;",...,9s°) and Z(G) act on G by left
translation. Here again this gives the equivalence relation Z(G)- on Inv(G) which appears in the sta-
tement of theorem 3.4.

Putting these remarks together we get :

s

By < S ellgl g2 90) [ [ eloo 97 90 93235
=1

EEGQS
90€Inv(G)/2(G)-

S
gl Y €90 97 g0 9335

(71,--7s)EG (Ys41se-5725)EG =1
g0€InV(G)/2(G)-

IN
()
—
S
=

S
e(lat -9 90D [T D €90 9" 90 93541-4)

(V15--,7s)EG i=1~veG
g0€lnv(G)/z(a)-

(]

As before lemma 4.10 combined with the formula defining € gives :

S
11D (99 9093011—s) = H > x(9097 90)x(g2541-4)

i=1~veG i=1 yelrr(G)

= H Z g2s+1 z)

=1 xelrr(G)
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Hence we have now :

|Eg| < Z e(lg7" -+~ 927, 90]) H Z X(92s+1-i)

(V1s---78)EG 1=1 x€Irr(G)
goelnv(G)/z(G)-

Noting that, for all go € Inv(G), [u,v] =1 if and only if u € Ceng(v)

doooellgl gl =D > gt gl

(71,-.-,Ys)EG ueCeng(90) (71,---,yys)EG
1
= > 2 x> xeg)
ueCeng(go) x€Irr(G) (71,-.-Ys)EG

So, using lemma 4.10 again,

Z 6([91/1“‘938,90]) _ |G|s 1 Z Z Hz IX gz X(U)

(Y15--575)EG u€eCeng(go0) x€lrr(G) X
X 9
= |G]*” 1 Z Hz 1 v Z x(u)
x€lrr(G) ueCeng(go)

We recognize here ay, g) = x(u). Finally, we get :

u€Ceng (g0)

Bl <o (T X x| | 3 Haddady

i=1 xelrr(G) x€lrr(G)

To end the proof, just recall that we have assumed |L®(C;0,5s)| # 0, this implies in particular that
C;,= C2s+2 Lfori=1,..,8, 80 Z; = Zasr1-i and x(gi)x(g2s+1-i) = |x(gi)|* whence

2
> x(gx(gzsi-i) = Y, Ix@)l =2
x€E€lrr(G) x€lrr(G)
for ¢ = 1,..., s, which leads to the announced result.
O
Remark 3.8 We only get an upper bound for |£®(C;0, s)| because of the inclusions, which may be proper, Z(G) <
Ceng(g7", ..., g7%). But if ©%(C; 0, s) = Sni®(C;0, s), these inclusions become equalities and |~®(C; 0, s)| = [Sni®(C; 0, 5)|.
3.3.3 Real and complex conjugate branch points

The method consists in rewriting conditions (2) and (4)’ as in the two preceeding sections but repla-
cing conditions g1 --- ¢y, =1 and ¢r,4+1 - - gr,+2r, = 1 by the weaker one g1 -+ gr Gri4+1 - Gri+2r = L.
So, in the general situation conditions (2) and (4)’ are equivalent to

g1---gr =1
(%) there exists gg € Inv(G) such that (gog1---g:)°=1,i=1,..,r —1

90 9r1+i 90 Gr+1—i = l,e=1,...,7m

which in turn is equivalent to

UoUr; —19r [ng-i-l o g?“1+7“2)u0] =1
(xx) there exists (ug, ..., ur,—1) € Inv(G)"™ such that i+l = Uillitr1, + =0, ...,71 — 2

U Gri+i o Gr41—i = L, i =1,...,79
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(% % ) there exists (ug, ..., ur,—1) € Inv(G)"* such that

dz € G such that ¢, 41 gry+r, =z and up,—1 g, T uo =1
Gi+1 = Willjq1, © = 0,...,m — 2
U Gry4i U0 Grq42r0+1—i = 1, 0 =1,...,79

We still fix g1,...,9» € G with g; € C;, ¢« = 1,...,r and consider the set F,,, ,, of those r-
tuples v = (y1,...,7) € G" such that UQ Uy, 1977 [g:;“ﬁl"'gzlrﬁ?,uo] =1 and g;’fll = wu;u;q for

. Vg +i . .
1=0,..,7m1 — 2, uogrfﬁ;uog:jrﬁl_; =1,i=1,...,r9. As above

[Egri,r2]

R (C; =
| ( 707S)| Zl"'Zr

which once again reduces the problem to computing |Ey ., r,|. That is, for each v = (v1,...,%) €

Yi+1

" whether g7 = w1, i = 0,..,11 — 2,

G", we check for every u = (ug,...,ur,—1) € Inv(G)
Vrq+i Yri+ro+1—1i . Yr Yrq4+1 Yrq+r .
uogn}H- u09r1i27«22+1_i =1,i=1,...,7r2 and uoUr,—19r, " [grlﬂr]L g 102 ug] = 1, that is whether

“Iritre o
ri—1 ro
L Yigl, Tri+i Yr4+1—i Yrip Yri+1 Yri+ro _
H E(UZgi—i-l U’H‘l) H E(uogrl-i-i uogr—i—l—i )E(UOUH—IQH [grl-‘rl T grl-i-rg ,UO]) =1
=0 =1

Now, the introduction of ~ derives from the usual remarks about counting exactly one time each
element v € Eg ), -
- for all (1, ..., Y —1) € G 7L, w, v’ € Inv(G)™, the condition

Vi+1 _ o Yit1, .
ui gy uir1 = 1= wig Y ug, g, i =0,..,r1 — 1
is equivalent to wouy = wu) = ... = url_lu;1_1 which can also be written G.(ug,...ur—1) =
G.(ug, ...u,, 1), where G acts on G™ by left translation.

- for all (Yp,41,.,%) € G2, ug,ufy € Inv(G) the condition

Yrq+i r4+1—i\—1 Yrq+i .
uogmﬂ ug = (g4~ = u{)gnfi uf, i =1,...,79
is equivalent to
Yr Yr I8
upug) € Cen(;(gn}ﬁl, ...,gmﬂ;;)
. Yr Yr I8 Yr Tr I8 . .. .
that is Ceng(gnfll, s G ) s ug = Ceng(gmfll, s G 402) - ufy which is implied by
N - ug = N - u6

where N = Ceng(Cyr 41, ..., Cr +r,) is the centralizer of the subgroup generated by the conjugacy
classes of ¢, 41, ..., Gr,+r, and both Ceng(g;fffll, ,gzlrirt’;) and N act on G by left translation.

Hence, for all v = (y1,...,%r,—1) € G ! let ~, the relation defined on Inv(G)™, by :
for all u,u’ € Inv(G)"™, a

/ Tri+1 Yri+ro o Yri+1 Yri+ro 4
Uy U = Cen(;(grlJrl s G i) U0 = Cen(;(gT1Jr1 s G i)+ Ug
/ /
and G - (ug, -+, Upy—1) = G - (Ugy oy Uy, 1)
SRS ICAL AL
and write ~ for the relation one gets replacing Ceng(g,, }; "' ) by Ceng(N) in the definition

above. These relations are equivalence relations on Inv(G)™ and we obtain formula n®(C;ry,75) in

theorem 3.5 by summing on the equivalence classes Inv(G)"™/ ~.
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Remark 3.9 When for all ¥ =1, v-1) €G N = CenG(g:;}Jl, ...,g;/:ﬁrt;), the inequality in Theorem 3.5
becomes an equality

ri—1 T2
— Vi, Vrq+i Vri+2rg+1—i
‘Eg,m,rz| = § E(Uzgi Z’U«z—i-l) H E(UOQTH.Z' U09r1+2r2+1_z’)
year i=1 i=1
gEInv(G)’“/~l
Yrip Yri+1 Yri+ro
XE(UOUTl_lgrl [gT1+1 o r1+72 ’uo])
ri—1 T2
Vi, Yri+i Yri42ro+1—i
< Z H E(ulgi Uit1) HE(Uogrl_H- uogT1+2T2+1—i)
year =1 i=1
welnv(G)r/~

Yryp Yri+1 Yri+ro
Xf(uOurl—lgrl [grl—i-l e gT1+T2 ,ZLO])

First we reorder the sum to isolate terms that can be computed separately :

72

Vriti  Yri+2ro+l—i
‘Eg,mﬂ“z‘ < E E E HE(U097«1+2‘ u09r1+2r2+1—z’)

UETNY(G)" [~ Yoy ooy 473 €G Yoy rg 15T 20y €G =1

Yri1 Yri+1 Yri+roy b
XG(UOUn—lgm [‘gT1+1 “ Orytro ,’LL()]) E H G(Uz'gi Zuz'—i-l)
('Ylv"'v"frlfl)eG 1<i<r;—1

Yryp Yri+1 Yri+ro
E : E : E : e(uoum—lgm [grl—i-l e 4o ,uo])

w€Inv(G)"1 [~ Yry+15e5Yr +rg Yr €G

Vr1+i Vrq42rg+1—i v
% Z H €(U0y, yi W09y, Yoyt 1-1) E H €(uig;" tiv1)

Vri+rg+1yeyVry+2rg €G 1<i<ra (Y1507 —1)EG 1<i<r1—1

_ Yryp Yri+1 Yri+ro
N Z Z Z E(uourl_lgrl [ P41l T Ori 4y 7u0])

WEINV(G)"1 /~ Vry 41y Ve 419 Yrq eG

Yri+i Vrq42rg+1—i v
X H z: e(uogr1+i uogr1+2r2+1—z’) H § e(uzgi uz—i—l)

1<i<r2 Ypy 42ry+1-i €G 1<i<ri—14;€G

IN

Now we compute from right to left, eliminating the conjugacy terms vi, ..., Yri—1, Yri+ro+1s --s Vri+2rgs

vr, and eventually, Vp, +1, ..., Vry+r, Successively. Combining one more time lemma 4.10 and the formula
_ 1 .

€= > yetr(@) X(1)x we get :

II > ecwglu) = ] > xalg)xi(i )

1<i<ri—1v;,€eG 1<i<r;—1 XiEI’I"I‘(G)

- Z H Xi(9)xi (wi— 1)

(X1yeeXry —1)EIrr(G) 1<i<r1 —1

and
Yri+i Yri+2ro+1—i o
H § 6(u09r1+i u09r1+2r2+1—z’) = H E Xr1+i(Gri+i) X1 +i (G +2r0+1-1)
1<i<re Ypy +2rg+1-i €G 1<i<r2 xpy i €17 (G)

= Z H Xrl—i-i(grl—i-i)Xrl—i-i(gr1+2r2+l—i)

(Xrq 41503 X 4rg ) EITT(G) 1<i<r2
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So, substituting this back in we get :

‘E27T17T2| < Z H Xl(gl) H XT1+i(gr1+i)xr1+i(gr1+2r2+1_i)
X1seooXpy —1€1rm(G)  1<i<ri—1 1<i<rg
Xrq+1oes XT1+T2€I7‘T(G)

x Y I xilwioaw) > > e(ugup, 190 (gl - gl u))

u€lnv(G)" /~ 1<i<ri—1 Yry41s- 7'YT1+7‘26G VYrq eG

but, according to (s s )

Yrip Yri+1 Yri+ro
> > eluour, 1971 (g 45 - 914002 uo))
7r1+17---7’7T1+r2€G7T1€G
_ Yr1 Yri+1 'Y'r1+r2 Yri+1 Yri+roy—1
= > > elur 190 g 0 (g, 0 )

Tri+1y-Vr1+rg e Yrq eG

_ Tri+l o ity Try,—1
= E E 6(9r1+1 Gy o T) E €(Upy—19r, ' T~ )

TEG Yry+1,-Yr +r2 €G vri €G

and, one more time we can compute from right to left, using lemma 4.10 :

Z 6(ur1—lg771rlx_lu0x): Z a(grl)a(un—lx_luox)

i €G a€lrr(G)

and
Z (g’y'r}‘:il gﬂ/r}:»rQ |G|r2 1 Z HZ 1/8 gT1+Z)/8(x)
r1 r1+72 rg 1
('7T1+17~~~7"fr1+r2)€G ﬁEIIT

which finally leads to :

ri—1 9

‘Eg,rl,rz| S ’G’m_l Z 5?1(9:21 1 HB gm—i—z H Xi gz HXrl—i-z gr1+z)Xr1+z(gr1+2r2+l z)
X1seees xrl_lelrr(c) =1 =1 i=1
X7‘1+1 vvvv X7‘1+7‘2€Irr(c)
a,Belrr(@)
r1—1
X Z H Xi(wi—1u;) Z oty 12 ugx) B(z)
u€lnv(G)"1 [/~ =1 zeqG

To end the proof, just note that, once again |S¥(C;ry,79)| # 0 implies that Cy, s = for

1= 17 -y "2 SO Z; = Zr1+2r2—z+1> X(gr1+z)X(gr1+2r2—z+1) |X(gr1+z)| and

Z X(9T1+i)X(9T1+2T2—i+1): Z |X(97‘1+i)|2: ri+i

x€lrr(G) x€lrr(G)

1 +2r2 i+1

for ¢ = 1,...,79, which leads to the announced result.

3.4 G-covers which are not defined over their field of moduli

Except in 3.5.2.2, we will always assume we are in the complex pair configuration (C). We keep
the notations from section 3.2, particularly concerning A, A;”Od, Qiy,g0, etc. In addition, say C is
Cg-complete symetric if :

(1) ¥(C,GE) =sni(C) and
(2) C = (Cy,...,Cs,CY, ..., CTY) (and so BR(C;0,5) # 0)
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If (1) is replaced by
(DE =R(C;0,s) = Sni®(C;0, 5)

say C is Rg-complete symetric. In the following computations we will always make the hypothesis C is
Cg-complete symetric. Clearly we have g-complete implies (1), which implies (1)®. Under condition (1)
one can use directly Serre’s formula to compute |sni(C)|, and under condition (1)%, formula n®(C;0, s)
to compute |Sni®(C;0, s)|.

In the examples, we describe the 2s-tuples C satisfying (2) using the following notation C =
[Agal), - Aq({l”)] to indicate that the 2s-tuple C consists of
- s first entries where A; occurs a; times,..., A, occurs a, times (so s = a; + ... + ay,)
- s last entries which are the inverses of the s first ones, in reversed order.

When C is Cg-complete symetric, Serre’s formula becomes :

2 2
SRi(C)| = 12(G)| <%> 3 (M)

Xelrr(G) x(1)s
hence :
[sni(C)| 2 xelnG) (%)2

Remark 3.10 Note that Z(G) = N, cqp(q)Zx where Z, = {g € G| [x(9)| = x(1)}, x € Irr(G), so, if C is g-complete
symetric, |¥(C)| remains unchanged when adding central classes whereas |[X™°4%(C;0,s)| and |[Z™°4®(C; 0, 5)| do not.

So adding central classes in C can change the proportion [sni(C)|/ \ER(C; 0, s)| of G-covers defined over R (and with
field of moduli contained in R as well).

First we deal with the quaternion group Hg for which we exhibit G-covers not defined over their field
of moduli. Then we generalize to obtain in particular a simple group-theoretic criterion for a finite
group to be the Galois group of some G-cover not defined over its field of moduli. Lots of infinite
families of groups verify this criterion.

3.4.1 Quaternion group Hg
3.4.1.1 G-covers with group Hg which are not defined over their field of moduli

In the quaternion group Hg we have 4 non trivial conjugacy classes : A = {—1}, A; = {£:},
A; = {45}, Ay = {£k} Take

C =14, A" A" A sos=z+a+b+ec)

To compute n®(C;0, s) note that Inv(Hg)/Z(Hg)- = {1}, consequently A, = a, 1 = 8 if x = x1 and
A, = 0 otherwise, which leads to :

HR(C; 07 S) — 2a+b+c

’ﬁR(C, 07 S)| — 2a+b+C—2

sni(C)| = 92(a+b+c)—3

M _ gatbte—1

sni (C;0,9)]

[sni(C)| - \ER(C; 0,5)| = 20tb+e2(gatbte—1 _ )

\
Ifa=b=1 2 =c=0andsor =2s =4, we get |sni(C)| = 2 and |SER(C;O,2)| = 12. This
gives rise to a new example of a G-cover with group Hg not defined over its field of moduli (recall

2We can give here explicit representatives : sni(C) = {(4, j, —j, —1), (4,4, 4,4)} and sﬁR(C; 0,2) = {(4, 4, —4, —)}.
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that such an example was already given by K.Coombes and D.Harbater in [CoH85] p.831 but with
three rational branch points (1,2, 3) and canonical inertia invariant C = ({+:i}, {£;}, {£k}). Since C
is a rigid Q-rational 3-tuple the corresponding G-cover has field of moduli Q but it can’t be defined
over R since Hg is not generated by its involutions (cf. [DF94], Théoreme 1.1).) We give a precise
argument in 3.4.2, but the general idea is that, given the branch points (z1, 29,%2,%1) € U" with z1, 29
not real, the fiber (wi,Hs)_l((zl, 29,7%2,%1)) C M}, (C) consists of two points Py, P; corresponding to
two G-covers f1, fo, one of which, say f1, is defined over R and the other one, f5, is not. If P; = H4(P{)
and Py = H4(P2/) are the corresponding points on Hy e (C) then, Pf = P; forces P5 = Py so P, is a
real point i.e. fy has its field of moduli contained in R.
We can also use formula n™°4R(C;0,s), which is more precise : for this, note that

Z(Hs)?/Z(Hs). = Hs/Z(Hs). = {1,4,5,k} 50 AT = a1 + ayi + ayj + a1 = 20 if x = x1
and A;’md = 4 otherwise, which leads to

° nmod R(C;O,S) — 2a+b+c—1 % (5 + (_1)b+c + (_1)a+c + (_1)a+b)
o |Snim0d’R(C;0, S)‘ — 2a+b+c—3 % (5 4 (_1)b+c 4 (_1)a+c 4 (_1)a+b)

Taking a = b =1, x = ¢ = 0 gives T C;0,2)| = 2, as expected. But we get more since
g g g

A™d(C;0, ) == [sni " (C;0,5)] — [sni (C;0,5)| = 20F0Te=3(3 4 (—1)b+e 4 (—1)aFe 4 (—1)a+b) > 0
(indeed A™4(C;0,58) =0 < b+c=a+c=a+b= 1mod2 = 2b = 1mod2 a contradiction) so
there are exactly A™°%0:5 G-covers in ER(C; 0,s) which are not defined over R but with their field
of moduli contained in R.

3.4.1.2 Going further
We still consider the tuple C = ({+i}, {£j}, {£j}, {£i}) of section 3.4.1.1, and take t' = (i, (1 +

i), (1—i), —4) for the corresponding branch points. We have computed |sni(C)| = 2 = |snim0d’R(C; 0,2)],
\ER(C; 0,2)| = 1. As above, write f; for the G-cover which is defined over R, fy for the one which is
not and P;, P for the corresponding points on H4 i, (C). Both f1, f2 have field of moduli k contained in
a real quadratic number field Q(v/d)/Q. Furthermore, the only prime where t = (X2 +1)(X2 —2X +2)
has bad reduction is p = 2, which is also the only prime dividing |Hg|. So, according to Beckman’s
theorem [Be89], 2 is the only prime which may be ramified in k. As a result k = Q or k = Q(v/2).
If k= Q, set P =2 and if & = Q(+/2), let denote by P the only place lying above 2. According to
[DH98]| corollary 4.3, f1 and fy are defined over the completions kg of k at any place Q lying above
q # p. But fi is also defined over R so, [DD097] §3.4 implies that f; is defined over its field of moduli,
k. Likewise, assume fo is defined over the completion kp of k at P then [DD097] §3.4 would imply,
this time, fo is defined over R, a contradiction. To conclude with this example, recall ”being defined
over its field of moduli” is a Galois invariant property. Consequently, for any o € Gal(Q|Q), f{ is still
defined over its field of moduli whereas f§ is not that is, P = P; and P§ = P». Conclude £ = Q and
- f1 is defined over Q.

- f2 has field of moduli Q but is not defined over Q. Its extension f27@2 has field of moduli Q9 but
is not defined over Qs. This is a new example of G-cover with p-adic moduli field but which is not
defined over its field of moduli ([W02] exhibits examples of this kind with G = As and any prime
p > b).

Remark 3.11 Another way to find G-cover with group Hg which have field of moduli Q but are not defined over
their field of definition is the genus 0 argument. Indeed, consider the tuple C = ({%i},{£j}, {£j}, {£i}) and fix the
three last branch points t' = (1,2, 3). Then H;’HS (C) is absolutely irreducible defined over Q. Its genus can be computed
applying Hurwitz formula to the cover Wy, : H;,Hs (C) — Pé which is branched at 1,2,3 with corresponding branch
cycle description the image of a12 = Q7 2, a13 = Q1Q5°Q7 ", a14 = QngngleQl_l in Per(sni(C, Hs)) (cf [DF94]).
writing a = (4,4, —j, —i), b = (i, 4,5,%), we get a12 = a1,3 = (a,b) and a14 = (a)(b). So H; p,(C) has genus g = 0 and
the ramified point above 1 as well as the one above 2 are Q-points. Deduce the set of Q is dense in ’H;’HS (C). Any of
these Q-point then corresponds to a G-cover with field of moduli Q but which is not defined over R.
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3.4.2 General criteria

With the usual notations write

Aol (C;ry,re) = ]smmOd

(Cr1,7)| — [0 (C;r1,70)]
When C is Rg-complete symetric and (r1,7r2) = (1,0) or (0, s),

AmOd(C; r1,7) = andR(C; r1,72) — nR(C;rl,rg)
Thus we obtain the following simple criterion :

Proposition 3.12 Let G be a finite group. For any Rg-complete r-tuple C = (Cq,...,C;) of non
trivial conjugacy classes in G and for any r-tuple t' = (t1,...,t,) € U"(R) with t; < ... < t,, of all the
isomorphism classes of G-covers in the straight Nielsen class sni(C) with ordered branch point set t’,
exactly

mo 1Z2(G)] mo
A™(C;r,0) = G127, Z X1(g1)---xr (gr) (LY 1-1,)
x€lrr(G)"

have field of moduli contained in R but are not defined over R.

Similarly, for any Rg-complete symetric r-tuple C = (C1, ..., C}.) of non trivial conjugacy classes in G
and for any r-tuple t' = (21, ..., 2, Z5, ..., 21) € U"(C) with z; not real, i = 1, ..., s, of all the isomorphism
classes of G-covers in the straight Nielsen class E(C) with ordered branch point set t’, exactly

mod . _ |Cl Xgl ) mod
A™4(C;0,5) = ERAEIE |G| Z AU (AT — A

have field of moduli contained in R but are not deﬁned over R.

Proposition 3.12 shows in particular that, once a Rg-complete symetric canonical inertia invariant C
and a branch point configuration - (R) or (C) - are given, the number of G-covers in sni(C) with field
of moduli contained in R but not defined over R can be computed explicitly and is independent of the
branch points.

Corollary 3.13 Given a finite group G, there are G-covers with group G and branch point configura-

tion (C) with field of moduli contained in R but not defined over R if and only if Z(G) has an element
which is a square in G but not in Z(QG).

Proof. Let us compute A?Od - A, = Zgo Qy g for any x € Irr(G) and where gg ranges over a

system of representatives of the set Z(G)%/Z(G) ‘\Inv(G)/Z(G)- For this, just note that for all
go € Z(G)% there exists z € Z(G) such that (zgg)? = 1 (that is, Z(GQ)go € Inv(G)/Z(G)-) if and
only if g2 is a square in Z(G). Consequently, setting Eg = {go € Z(G)%ng ¢ {z2}zeZ(G)}, we get
A?Od = Ay =2 0B /2(G) Qx.go- Also note that it follows from their definition that the a4, are non
negative integers and for x = x1, they also are non zero (o, 4, = |Ceng,(G)|), so the A?Od—Ax are non
negative integers. Now, suppose there is a Rg-complete symetric 2s-tuple C of non-trivial conjugacy
classes of G such that A™°4(C;0,s) > 0. Then there is x € Irr(G) such that Agwd — A, > 0, which
obviously implies Eq # ().

Conversely, let C1,...,Cs be a listing of all the non trivial conjugacy classes in G and set C =
(C1, C’l_l, 0y Cs, CTLC, O L, ChL CF ) This 2s-tuple is g-complete symetric. So one gets

mod [ (. s _ (‘Cl"CSD ‘X(gl)|2|X(gs)| mod
ATUCOS) = e z@er = aEe AV A

(IC1]---1Cs])? d Ix(g1)1*- - x(gs)? d
= -— " A% AN+ Amod _ A

G: Z(@)]|G| XE%:(G)( X x) XE%:(G) Y(1)2-1 ( X x)
deg(x)=1 deg(x)>1
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and, since Eg # 0, A7 — A, = > goeEq/z(G) 1Ceng (G)] > 0.0

Remark 3.14 (a) Pierre Débes made me notice that corollary 3.13 can be proved directly, only using the defini-
tions of ﬁmOd’R(C;O, s) and ER(C; 0, 5). However, this elementary proof also requires the 4s-tuple C = (C°,C° ~1),
which appears naturally in the proof above, to construct a G-cover in sﬁmOd’R(C;O,s)\ﬁR(C;O, s) : For the neces-
sary condition, let (gi,...,g,) € smi " (C;0,s)\sni (C;0,s). The go given by condition (4) is such as g2 € Z(G).
But, if it were a square ¢? in Z(G), we would have (go¢™")? = ¢8¢™% = 11ie (Cq1(h, ., CorCY) = (91,0, 90) €
ER(C;O,S), a contradiction. For the sufficient condition, let u = g3 be a square in G but not in Z(G), we are
going to attach to it a G-cover with field of moduli contained in R but which is not defined over R. For this, consi-

der the inertia canonical invariant C of the proof of corollary 3.13 and a 4s-tuple g € ﬁmo‘i’R(C;O, 2s) such as

—1 - 1 - 1 - 1 - . —R
9= (9179091 190 17 -0y 9s; 9095 1gO 179179091 190 17 -~y 9s,909s 190 1)' Then7 1f£ € sni (C§07 25) there would be g(,) € II]V(G)

such as gégiggfl = gogigy  for i =1,.... 5, i.e. ghgo € M<i<sCeng(g:) = Z(G), so go € Z(@G), a contradiction. [J.

(b) Lots of groups satisfy the condition of corollary 3.13 - and so are groups of G-covers not defined over their field of
moduli : for instance,

- Gl,(p™) with n > 2, m > 1, p > 3 prime,

- Do, with n > 4 such that 4|n,

- (02(p™,q™)) with m > 1, p > 3 prime and q" the hyperbolic form on F2.,

- any group G such that Inv(G) C Z(G) and 2|[G : Z(G)] (for instance Sl2(p™) with m > 1, p > 3 irreducible, T4, with
n>2).

To my knowledge, the only example of families of G-covers not defined over their field of moduli and in which the group
G can be taken arbitarily large was given by S.Wewers in [W02]. He takes the G-covers f, with group Sla(p) where
p # £1[8] is an odd prime, canonical inertia invariant (44,pA,pB) = C and branch points (t1,t2,t3) where t; € Q
and {t2,t3} is Q-rational. By [V99] 1.3.3.6. this 3-tuple is rigid and Q-rational so f, has field of moduli Q. But, as
Inv(Sla(p)) C Z(Sla(p)), there are no go €Inv(Slz(p)), g1 €4A such that (gog1)? = 1! So f, can’t be defined over R.

Computing AmOd(C; r1,72) can be difficult. The following proposition gives a weaker but more practical
criterion for the existence of G-covers not defined over their field of moduli. We give here the statement
and proof for situation (C) but it can immediately be generalized to situations (R) and (R-C).

Proposition 3.15 Suppose given a finite group G and a symetric 2s-tuple C of non trivial conju-

gacy classes in G. If |sni(C)| — IER(C;O,SH is odd then for any 2s-tuple of branch points t' =

(21, oy 25, Zg, oy 21) € U (C) with z; not real for i=1,...,s, there is, in sni(C), at least one isomorphism

class of G-covers with field of moduli contained in R but not defined over R.

R
(

Proof. Write m = [sni (C;0,5)|, n = [sni(C)|, and let Pj, ..., P,, be the points in (wés’G)_l(t’) corres-

ponding to the G-covers defined over R and ,/n L1 PTIL the points corresponding to the G-covers which
are not. Set P; = HgS(PZ-/), i=1,..,n, E={P,...Py}, F = {Ppnt1,..., Py}. So, with t = mo,(t’)
we have E U F C (¥2s )" (t). Then observe that E U F = Hgs((wés,G)_l(t’)) is left invariant by
complex conjugation c. Indeed (T/Jés,g)_l(t/ ) is the set of all G-covers f for which C; is the inertia

canonical class associated with z; and C’Z._1 is the inertia canonical class associated with z; = 29511
for i = 1,..., s whereas (wés,G)_l(t’)c is the set of all G-covers f¢, for which - by Fried’s ”Branch cycle
argument” - C’Z._1 is the inertia canonical class associated with Z; = 29541—; and (C; 1)_1 = (; is the
inertia canonical class associated with Z; = z; for i = 1, ..., s. Now, since P, ..., P, are real points on
(P2s.) "L (t), we have E¢ = E, which forces F¢ = F. Hence, as |F| is odd, F has at least one point
P invariant under c¢. This point P is real, which means it corresponds to an isomorphism class of

G-covers with field of moduli contained in R but, by definition of F', not defined over R. [J

3.4.3 Dicyclic groups T}, of order 4n

We give here an application of proposition 3.15. The quaternion group Hg is the first term of the
family of dicyclic groups (T4p)n>2. The group Ty, can be defined by generators and relations :

T =<a,bla®™=1,a"=b*b"tab=0a""' >
and contains n 4 2 non trivial conjugacy classes :

- n classes A1, ..., A, with A; = {a’,a™"}, i =1,...,n (note that A, = {a"}).
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- By = {a2jb}0§j§n—1 and By = {a2j+1b}0§j§n—1.
Take
C = [Alen) gle) | glen) BB plB)

e
and also write « = a1 + ... + ay,. So s = a + (1 + P2. We have Inv(Tyy,)/Z (Tun)- = {1}, consequently
A, =a,1 =4nif x = x1 and A, = 0 otherwise. Using the character tables of these groups, which
can be found in [?] p.385, and taking into account that, for C to be g-complete we need 51 + B2 > 1,
we obtain .

e n"4R(C;0,5) = 29n 172
o smi (C;0,s)| = 20— Iphitia-l
° E(C)‘ — 2204—1n2(61+62)—2
° jgl(c)| = 9apfi1+62—1

|sni (C;0,s)|
o [sni(C)|— [sni (C;0,s)| = 20~ Lpfi+he—l(gapfi+th—1 _ 1)

Fora;=1,8>1,3>0,a; = ... = a, = 0, C is g-complete symetric and |sni(C)| — |ﬁR(C; 0,s) =
nSrB2=1(2pf1+2=1 1) is odd when n is (and, when 3 + 32 = 1, it is always odd). So, for each n > 2,
for each t = {z1,%1, ..., 25, Zs } € U,(Q) with z; not real, i = 1,...s, there is at least one isomorphism
class of G-cover f,, with ramification type [Ty, C,t] which is not defined over R but has its field of

moduli contained in R.

3.4.4 A criterion for profinite groups

One could ask if the above criteria could be generalized to profinite groups. Recall that ”being
defined over its field of moduli” is a property which does not behave well when passing to quotient.
Indeed, let k be a field of characteristic 0, G a finite group and s : G - H a group epimorphism.
Consider a G-covers ® : Wilg(P,ﬁs\t) — G and its quotient s o @ : wilg(]}”}gs\t) — H. Suppose k is the
field of moduli of ® and kz < k, the one of s o ®. Then we have the following diagram

H?(k, Z(G)) —— H?(k, Z(H))

TU

H?(k, Z(H))

If wg € H?(k,Z(G)) is the cohomological obstruction for ® and wsoe € H2(ky, Z(H)), the one for
50 ® we have u(we) = V(Wsop), 50 W = 0 only implies wsop € ker(v). Since H%(ky, Z(H)) is of
|Z(H)|-torsion and ker(v) < H?(ky, Z(H))([k : kul), ([k : kg, |Z(H)|) = 1 entails v is injective but
this is the only case where we can conclude directly.

Consider now a finite group G and a group epimorphism s : G — H. Fix also C = (C4, ...,Cs,C7 L, ..., C’l_l)
an 2s symetric g-complete tuple of conjugacy classes in G and observe that

(915 925) € Sni(C,G) | (4)” there exists go € Z(G)% such that
Sni™°dR(C;0,5)\Sni®(C;0,s) = (i) g2 ¢ {22}zeZ(G)
(H) 9091961 = 92_314_1_3'7 Z = ]-7 (RS S

So, assuming ker(s) N Z(G) = {1}, we get
5(Snim°E(C;0,5)\Sni®(C; 0,5)) € Sni™°HE(5(C);0,5)\Sni* (s(C);0,s)

Indeed, for any g = (g1, ..., g2s) € Sni™°HR(C;0,5)\Sni®(C;0,s) fix a go as in condition (4)”. Then
s(g) € Snim°dE(5(C);0,s) and the set of those hg € H verifying condition (4)” for s(g) is exactly
Z(G) - s(go). So, if s(g) € Sni*(s(C);0,s), and since s is an epimorphism, there exists z € Z(G) such
that s(go)? = s(2)? that is, (goz~1)? € ker(s) N Z(G) = {1}, a contradiction. This gives the following
statement
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Sn+1

Proposition 3.16 Let ((Gy41,Cni1) — (Gn,Cp))n>0 a complete projective system of finite groups
and symetric g-complete 2s-tuples of non trivial conjugacy classes. If

(1) ker(sn) N Z(Gy) = {1}, n > 1.
{ (2) Sni™°HR(C,;0,5)\Sni®(Cy; 0,5) # 0, n > 0.

then there exists a profinite Galois extension K/C(X) with group G := limG,,, the field of moduli of
n>0
which is contained in R but which is not defined over R.

Sn+1

Proof. According to (1) (Sni™°%®(C,11;0,5)\Sni®(Cphy1;0,8) — Sni™°R(C,;0,5)\Sni®(Cy;0,5))
is a projective system of finite sets, each of them being non empty by (2). So taking any g =
(91ms s G25.n)n>0 € lgnSnimOd’R(Cn; 0,5)\Sni®(C,;0,s) and fixing an 2s-tuple t' = (21, ..., 25, Zs, ..., Z1) €
n>0
U"(R) in configuration (C) we get an inductive system (K, /C(X) — K, +1/C(X))n>0 of finite Galois
extensions which are not defined over R but such that Isomgx)(Ky,c(Ky)) is a non empty finite set,
n > 0. This in turn gives a profinite Galois extension K := Up>0K,,/C(X) which is not defined over
R but with field of moduli contained in R since Isomgx) (K, c(K)) = limIsomex) (Kn, c(Kn)) # 0. O
n>0

Example 3.17 Consider the natural projective system ((Dgyn+1,Cn1) s Dgpn, Cn))n>0, where p > 3 is a prime
number, and C,, = (A1,n, A7 L, B, B;;), n > 1. Then, for any n > 0 we get (cf. [C04b] for the method of computation)

1,n»

s (Cns0, $)\S0I (Cn; 0, 8)| = 10p™ > 0

so condition (2) is fulfilled. As for condition (1), just observe ker(sn) =< u®" " > does not contain w2 Contrary to
the preceeding examples G := Dgpoo is an extension of Go := Dgp by P = Z/4Z X Z,, which is not projective. More

precisely, Z(,G) NP =2.Z/4Z

3.5 Descent from C to Q.

3.5.1 A general criterion

We give here a combinatorial method to determine if a finite group GG admits G-covers defined over
Q' with a prescribed ramification type [G, C,t]. For this, we look for r-tuples of non trivial conjugacy
classes C in G such that \ﬁmOd’R(C;rl,mﬂ = |sni(C)|. In that case and if t € U,.(R), the image
on H,(C) of the fiber (¢ ,)1(t') N H. 5(C) above any ordering t’ of t as in (bp), consists of real
points ; we denote it by 7 7

E)+(C) = TL((¢).¢) ' (t) N H;.5(C)) C (¢re) ' (t) N Hra(C))
Let us also write

Erou(C):i= | Elgi(C™)
m>1/(|G],m)=1

Then if for any m > 1 such that (|G|,m) = 1 we have |SER(Cm;T1,T2)| = |sni(C™, Q)| E,c+(C)
consists of real points. But, if we also assume t € U,.(Q), Fried’s ”Branch cycle argument” asserts that
Gal(Q|Q) stabilizes E,. g ¢(C). So, any point in this set is Q*"-rational that is, corresponds to a G-cover
with field of moduli contained in Q. If, for instance, Z(G) is a direct summand of G, any G-cover
with group G is defined over its field of moduli. As a result, all the G-covers above are actually defined
over Q. This is a special case of the statement below

Proposition 3.18 Let G be a finite group and C = (C1,...,C}) an r-tuple of non trivial conjugacy
classes of G. For any t' € U"(C) the associated branch point divisor of which is rational, the following
condition

(1)  for any n > 1 such that (|G|,n) =1, |sni(C")| = |ﬁR(C”;T1,r2)].
implies all the G-covers in sni(C) are defined over Q.
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Remark 3.19 1. Observe that condition (1) can be replaced by the stronger one - easier to check when C is not
g-complete :
(1 for any n > 1 such that (|G|, n) = 1, |2(C"™, G)| = |[Z®*(C™;71,72)| and ER(C";h,rg) # .

2. Proposition 3.18 could be replaced by the more general statement : Let G be a finite group and C = (C4, ..., Cr)
an r-tuple of non trivial conjugacy classes of G. For any t’ € U"(C) the associated branch point divisor of which
is rational, the following conditions

—mod,R

(1)  for any n > 1 such that (|G|,n) = 1, |sni(C™, G)| = |sni (C™;r1,72)]|.
(2) there is at least one G-cover f in ER(C; r1,72) with field of moduli Q.

imply all the G-covers in ER(C; r1,72) with field of moduli Q are defined over Q"". More generally, condition (2)
could be replaced by

(2)’ there is at least one G-cover f in ER(C; r1,72) such that for any o € Gal(Q|Q),
£ also lies in ER(CX(U); T1,72)

Proof With the notations above, condition (1) asserts that E, ¢ +(C) consists of real points, so of
R(C; r1,72) have their field
of moduli contained in Q'". Consider now one of the G-cover f in ER(C”; r1,7r2) and write V(f) for a
descent variety associated with f; V(f) is defined over Q'". Since for any o € Gal(Q|Q) f€ is defined
over R, V(f7)(R) # 0 and as V(f7) ~ V([f)?, we get V(f)?(R) # 0. So, applying Moret-Bailly-Pop
local-global principle on varieties, V(f)(Q!) # 0 that is, f is defined over Q. This is a special case
of corollary 1.3 [DDoMo04]. O

Q'"-points by Fried’s ”Branch cycle argument”. So, all the G-covers in sni

3.5.2 Dihedral groups

Let n > 3 an integer and recall Do, is given by the generators and relations

s

Dy, =< u,vlu”™ = v? = 1,0uv = u~
In our computations, we have to distinguish between three cases :
-2 [n then, Z(Day,) = {1} and Do, has 251 + 1 non trivial conjugacy classes :
- "T_l classes Ay, ..., A, _1/2 with A; = {w',u=},i=1,.., "T_l,
- B = {vu'}o<i<pn—1-
- 2 | n then Z(Dy,) =< u? > and Ds, has 5 + 2 non trivial conjugacy classes :
- & classes Al, coy Ao With A; = {yz,u_z}, i=1,..,%,
- By = {vu*'}o<i<n o1, Be = {vu M Yocicn o1
In this situation, we will have to consider the case 4 | n (Inv(Dgy,)/Z(Day) is strictly contained in
Z(Day)2 /Z(Day)) and 4 fn (Inv(Day)/Z(Dan) = Z(Dan)2 /Z(Day)) separately.
We first carry out the computations and show that any dihedral group D, is the Galois group of a
regular extension of Q" (X) with a four branch point rational divisor in configuration (C). If 2 fn we
also show that for any r > 3 Dy, is the Galois group of a regular extension of Q% (X) with exactly r
rational branch points (compare for instance with Conjecture 5.2 in [DF94])

3.5.2.1 0Odd dihedral groups in configuration (C)

We take

C = [Al"), ...,Ai“j;/lf), B (sos=aj+..+a, 15 +Db)

and also write @ = a1 + ... + a,,_1 2. Here Inv(Day,)/Z(Day)- = {1, {vu' }o<i<n—1} so we get for the

(07

ye *

Xt | xe [ xerni 1<h <24
1|2n]| O 0
v| 2 0 2
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and for the A :

x| xe [ xerni 1<h < 2H
A |4n | O 2n

which, noticing that for C to be g-complete symetric we need b > 1, leads to :
( IIR(C; 0, 8) — 2a+lnb

jsui (C;0,5)| = 200~

|E(C)| — 22a—1n2b—2

% _ ga—1,b-1
\ [sni (C;0,s)]

For instance, if a; = b =1 and az = ... = a,_1/5 = 0 we get [sni(C™)| = 2 = |ﬁR(C”;O,s)|
for all m > 1 such that (2n,m) = 1. As a result, if we choose a 2s-tuple of branch points t =
(21, ey Zs5 25 -, 21) € UT(C) the associated divisor of which is rational the discussion above shows
that any point in E4 p,, +(C) is a Q"-point and, since Z(Da,) = {1}, we conclude all the G-covers
in sni(C) are defined over Q'". Notice that C = (C1,C,, Cy, C1) is not rational, so all the G-covers in
sni(C) are defined over Q" but none of them is over Q.

3.5.2.2 0Odd dihedral groups in configuration (R)

The example we give here corresponds to situation (R). For any r» > 3 we exhibit G-covers with
group Ds, defined over Q" (but not over Q) and with r rational branch points. It also illustrates the
difficulties one can encounter when trying to compute n®®(C;r, 0) directly. We will use the commutative
diagram :

Inv(G)" —2

wi :
0
Inv(G)" /G-
where 7 is the canonical surjection and 6 is the map given by the correspondence (ug,...,ur—1) —

(upuy, uitg, ..., ur_2u,_1). Rewrite n®(C;r,0) as follows (where ¢ denotes as in §3.3.1 the r-cycle
0,1,....,7—1)) :

n®(C;r,0) = Zlf-Zr > I Gailg)xi(uizaue—ry))

X1s-->xr€Irr(G) 1<i<r
(ugs--rup_1)ElNV(G)T /G-

- Zl}.Z ) 11 > x(g)x(wi1te-1))

" (uyeeyur_1)ElnV(G)T /G- 1<i<r \ x€Irr(G)

Gr—l

and also recall the general form of Serre’s formula :

n(c,q)| = [Gil-1G >

‘G| x€Irr(GQ)

When G = Dy, we have XY = x for any irreducible character x € Irr(Ds,), so we get

Z X (9i)x (Wi—1Uc(i—1)) = Z X(9i) X (ui—1uci—1)) is equal to Z; if g; and u;—1u.;_1) are conju-
x€lrr(G) x€lrr(G)
gate, and is equal to 0 otherwise, for ¢« = 1,...,7. Consequently, the only tuples u = (ug,...,ur—1) €

Inv(G)/G- we will need in our computation are the (0_1(g1“, ey 81 )1 When they exist.

So,

H1§z’§7« x(9:)
x(1)r=2

1

R . _

nf(C;r,0) = > > xlgr)x(ur—1uo)
uw€d (Cy x...xCp_1) XEIT(G)

64



With the notations of 3.5.2 let us try and apply these remarks to the specific r-tuple

C=(B,A;,...,A;,,B) (sor =t+2)

where we choose 1 < i1,..,4 < "T_l so that C is g-complete. A representative of

1 . S . . .
0 " (vuF,ush L utit) s (1,puk,vuk'+61“,...,Uuk+6”1+“'+et“), k=0,..,n—1, €,..,e € {£1}. Mo-
reover, since u,_ug = vuFtaitFeit ¢ B we obtain :

n—1

n®(C;r,0) = ﬁ Y D 2xntx2=2n
€1,....,es€{£1} k=0

Hence on the one hand for all m > 1 such that (2n,m) = 1 we have |SER(C’”;7“, 0)| = 271 and on

the other hand, by Serre’s formula : |sni(C)| = 2¢71. So if we fix a r-tuple of rational branch points

t = (t1,....,t,) € U"(Q), using the same argument as above we get that all the G-covers in sni(C) are

defined over Q. Moreover choosing for instance i1 = ... = i; = 1, we can assert those G-covers are

not defined over Q.
Remark 3.20 The computation we made above can be generalized to any tuple

C= (B, A, Aiy o, B, B, Ay, ooy A BB, ., By A,y ooy Ay )

i2,u27

with 7 = 2t+u1 + ...+ ue, we obtain |sni®(C;r, 0)] = 241+ T4 =1nt=1 and [sni(C)| = 2Wr T Hue—1p2t-2 5o BSMO]
[sn1 (C;r,0)|

n'~! which only depends on t.

3.5.2.3 Even dihedral groups in configuration (C)

Take
C=[A", . A% B B
and also write a = ay + ... + apj2_1, b=">b1 + b2 s0 s =a+a,; +b.
Suppose first 4 | n, then
- Inv(Dan)/Z(D2n) = {1, {Vu2i}0§i§n/4—17 {Vu2i+1}0§i§n/4—1}'
- Z(D23)? /Z(Day) = {1, {vu?}o<icnjamt, {00 bocicp a1, ut )
so, we get for the o :

—
<
[

v | vu

X1 2n | n [ 4| 4

X2 0 0 |0]| 4

X3 0 n 0] 0

X4 0 0 |4] 0

Xath; 1<h< G —1land2|h | 0| 0 |4] 4
Xatn; 1<h<g—1land2 fh | O 0 (0] O

and for the A™4 A :

Xt | xe | x3 | xa| Xaqgn; 1<h<S—land2|h|xaqpp;1<h<G5—1and2 jh
A dn | n | 0 | n 2n 0
A™@ [ 5n | n|n|n 2n 0
So, we get :

|ﬁ(0)\ — 92(a—b)+1,,2(b—1)
S (C0,0 4 b+ agy)] = 20707 b5 + (<) + (— )T (< 1)+ (<1)2)
S (C30,a + b+ apo)] = 2070 b1 (4 4 (~)EET i ((— 1) 4 (~1)2))
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So, for instance, taking b = 1, a1 = 1, by = ag = ... = a,,) = 0 we obtain [sni(C)| = 2 = |ﬁR(C; 0,2)|.
So, all the G-covers in sni(C) are defined over Q.
Suppose now 4 fn then

Inv(Day)/Z(Dan) = {1, {0 }o<icnjo1} = Z(Dan)? /Z(Dan)

so, we get for the o :

X1 | X2 | X3 | X4
1{2n| 0 | 0O | O

vi4 01010

and for the A :

X1 | X2 | X3 | X4
A |(4n| 0| 0| O

(We do not carry out the computations for the x444; 1 < h < § — 1, since they play no part in the
computations of |ER(C; 0,a + b+ ay/2)|.) So, we get :

[sni(C)| = 22(a=b)+1p2(6-1)
|ﬁR(C; 0,a + b+ ay,s)| =200 pb~t

So, for instance, taking by = 1, a1 = 1, by = ag = ... = a,,/5 = 0 we obtain [sni(C)| = 2 = |ER(C; 0,2)|.
So, all the G-covers in sni(C) are defined over Q.

3.5.2.4 Application to regular realizations of Dy, (with a > 3) over Q" (X)

The results obtained in 3.5.2.1, 3.5.2.2 and 3.5.2.3 do not depend on n > 3, which yields regular
realizations of the profinite groups Dagee := limDogn =~ Zg x Z/2Z, a > 3, over Q" (X). Indeed, for
n>0
any a > 3 and for any n > 1 write
- Aian, "'7Aa”—1/2,a,n with A; = {ui,u_i}, 1=1,.., a"2—1’
- B = {vu'}o<i<an—1 if 2 fa and B, = {vu2i}0<i<ﬂ_l else.
== ='=73

for the non trivial conjugacy classes of Dogn. Also set Cq , = (A1, Bans Ban, A1,a,n). This gives rise
to a tower of Hurwitz spaces

(Cant1) — Hﬁl,Dgan (Can) = - — H&,Dga(ca,l)

Fix t' = (21,21, 20, Z2) € U*(C) with z; € P1(C)\P'(R) and {z;,%;} € Uz(Q), i = 1,2, and consider the
projective system of finite sets of Q!"-points

- = (MY p, .y (Cans1)e) = MWa(H) p, . (Cap)e) = -+ = Ma(H) p_ (Cat)e)

then, imIT4(Hy p, , (Can)e) # 0 and, according to 3.5.2.1 and 3.5.2.3, any p € limI14(H} p, , (Can)e)

n>0 n>0
corresponds to a regular Galois realization of Doy over Q' (X) with branch points t’ and inertia ca-
nonical invariant (A1 4,00, Ba,cos Ba.cos Al.ace) (Where By oo = {vui}iso if 2 fa, By oo = {vu?'}i> else
and A; g0 = {u,u™"}, i > 1) ¢f §5.3.1. (Likewise, if 2 fa using the results of 3.5.2.2, one gets regular
Galois realization of Dyge over Q' (X) with rational branch points t' = (t1, ..., t;42) € U2(Q) and
inertia canonical invariant (Bg oo, Ai;a,00, - Ais 0,00, Ba,oo) Where 41, ..., > 1 such that, for instance,
(ij,a) =1, j =1,...,t.) As aresult, we can state :

Theorem 3.21 (Regular realization of Dy, over Q" (X)) For any a > 3 the profinite group
Doy = Zy ¥ )27 is the Galois group of a reqular extension K/QU(X) with a four branch point
rational divisor in configuration (C) and inertia canonical invariant (A1,4,00, Ba,cos Ba,cos Al,a,00)-
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This statement, as stressed in the introduction, is the first one giving a non trivial (That is, which

is not already defined over Q) regular realization of a profinite group over Q" (X). This - though our
method probably works only for very specific groups - show the problem raised in section 4.3(b) of
[DDes04] can have positive answers in non trivial situations.
Remark 3.22 Actually, our argument also trivially works for any profinite abelian group A = lim A,,. since one can
always build a projective system of g-complete symetric tuples {an, = (a1,n, - Gsp,ny, —spyny ooy —n;:,n)}nzo as well as
a corresponding sequence of branch points (t], = (21,n, -y Zsp,n» Zsn,ms - 21,n) )n>0 (Where z;ni1 = 2in for 1 < i < sy,
n > 0). Then for any n > 0 and any m > 1 such that (|4,],m) = 1 we have |sni({man,}, A,)|=1= |%R({man}; 0, sn)l,
so we get a regular realization of A over Q' (X). If, futhermore, A is of finite rang 7, this realization can be chosen with
a 2r-branch point rational divisor in configuration (C).

3.5.3 A family generalizing dihedral groups

Let m > 3, n > 1 two integers and write
Unn=<u,vju™ = v =1ouw =0t >
(Observe that Uy,,1 = Doy, m > 3). We will not carry out all the computations for these groups but
we will only consider the case 2 fm. Then Uy, ,, has n(2 + mT_l) conjugacy classes :
nm—Jrl classes A;; = {v¥uw/,v¥u I}, i=0,..,n—1,j=0,.., mT_l
-n classes B; = {v* w}ocj<mo1, i =0,..,n — 1.
and we have
- Z(Umn) =< v? >.
- Inv(Upn) = {Lov"}if2|n
= {1, {v™ }o<j<m—1} else.

- Z(Um,n)% = {{v'}o<i<on—1, {v* T I} o<i<n—1 } Taking

1<j<m—1

C= [A(Z J), 1=0,...n—1,5=0,..., — (1,7) # (0,0), Bi( ), i=0,..,n—1]
and setting a = Z] 1 ZZ o Gij, b= STl (sos=a+b+ Z?:_()l a;0) we get, noticing that for C to
be g-complete symetric we need b > 1 :

|Sn1( )‘_22(1—1 2(b—1)

s (C; 0, 8)] = 20mb
\san( C;0,s) = 29mb~! if 2 fn

20-Imb=1 " ¢lge.
As a result, taking a01 =by =1, a,; = b, =0if (4,j) # (0,1), k # 0 we obtain |sni(C)| =
sni™(C;0,2)] = [sni (C;0,2)] = 2if 2 fn and [sni(C, Up.,)| = 2 = [sni " (C;0,2)|, [sni (C;0,2)| =

1 else. So, when 2 Jn the two G-covers in sni(C) are defined over Q" and when 2 | n one of them is
defined over R whereas the other is not, but both of them have their field of moduli contained in Q.
Applying the argument of 3.5.2.4, we obtain For any b > 1, for any a > 3 such that 2 fa the profinite

group Uy p := limUqn , is the Galois group of a regular extension of Q" (X) with a four branch point
n>0
rational divisor in configuration (C). Likewise, one can consider the projective groups Ug peo o1 Ugeo poo.

3.6 Examples of computations

3.6.1 [F,, with p,¢ prime number such that p > ¢ and p|g —1

First recall that for any prime numbers p, g such that p > g we have :
(1) if ¢ fp — 1 then any group G with order pq is abelian.
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(2) if ¢ | p — 1 then any group G with order pq is either abelian or isomorphic to F}, 4.

where F), , is the group given by the generators and relations F , =< a,b|a? = b? =1, b=tab = a* >
with u € Z/pZ* of order q . Fixing vy, ...,vs, a system of representative of Z/pZ*/ < u > (where
s = E), we obtain the following description of Fj,, :

F,q,= {axby}géz%;j' When q = 2, F,, 2 = Dy, so we will always assume ¢ > 2.

And F, 4 has s + ¢ — 1 non trivial conjugacy classes :

- s classes Ay, ..., As with A; = {a"" }o<j<q-1,i = 1,..., 5.

-q— 1 classes Bl, ---,Bq—l with Bz = {ajbi}ogjgp_l, 1= 1, N 1.
Take

C = (A", .. Al B, Bl
We also write a = Zlgigs a; and B = Zlgngq—l bn, so ¥ = a+ [ When ¢ is odd we have

Inv(Fp,q)/Z(Fp,q)- = {1} 50 Ayy o = i 0,1 = pg and VX # X1,0 Ay = ay,1 = 0.
So we get, noticing that for C to be g-complete symetric we need a,b > 1 :

a b
-n%(C;0,5) = T x pg = ¢°p°
—R _ _
- [sni (C;0,5)| = ¢*~'p*!
- ‘SE(Can,q)’ = g2 1p?2

_ |S_ni]%C»Fp,q)| — 4ab—1
sni (C;0,9)]
For instance, if a; = by = 1l et ag = ... = a, = by = ... = by_1 = 0 we get [sni(C, F,,)| = ¢ and
i (C:0,5)] = 1.

3.6.2 The Mathieu group M,

Our formulas are manageable even for more complicated groups, particularly in the branch point
configuration (C). In our last example, the group is the Mathieu group Mi;.

According to the Atlas |[My1| = 11.5.32.2% and My, has 10 conjugacy classes : 1A, 2A, 3A, 4A, 5A,
6A, 8A, B*, 11A, B**. The difficulty here is to compute Cen s, (2A). We apply theorem 3.4 to the
specific 4-tuple (8A,B* ,11A,B**) to do this. We will use that |Cen s, (2A4)| = 3.2% and that any 2-Sylow
Sy of Cenyy,, (24) is semidihedral with order 16 i.e. So = < z,a | 22 = 1 = a® zax = a® > = SDsg
(cf. [R82] Ex. 7.4.4 p.205) to prove the following lemma, which is needed to carry out computations
of n®(C;0, 5).

Lemma 3.23 Cenjy,, (2A) contains : 1 element with order 1, 13 elements with order 2, 8 elements
with order 3, 6 elements with order 4, 8 elements with order 6, 12 elements with order 8 (6 in each
conjugacy class).

First, note that SDg contains :

- 4 elements with order 8 : a, a®, a®, a”

- 6 elements with order 4 : a2, a%, za, za®, za®, za”

- 5 elements with order 2 : a?, za?, za?, zab, x

- 1 element with order 1: 1

Moreover, Z(SD1g) =< a* > and SDyg has 3 kinds of subgroups of index 2 : Z/8Z =< a >, Dg =<
a?, x>, Hg =< a?, za >.

We are now able to describe Cenyy,, (24) more precisely. According to the Atlas, there is an unsplit
short exact sequence : 1 — Z/2Z — Cenyy,, (24) 28— 1. So, as the center of Sy is trivial, we get
the inclusions < 24 > C Z(Cenyy, (24)) C Z/2Z, which obviously are equalities. Consequently, for
all o€ Sy :

- If o has order 2k + 1,k = 0,1 then #~!(o) contains an element with order 2k + 1 and an element
with order 4k + 2.
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- If o has order 2 then §~1(o) contains either two elements with order 2 or two elements with order 4
or two elements with order 6. Let us denote by n the number of elements with order 6 we obtain this
way (0 <n <6).

- If o has order 4 then §~1(o) contains either two elements with order 4 or two elements with order 8.
In particular, we have exactly 8 elements with order 3 and 8+n elements with order 6 in Cen s, (24).
All the other ones have order 1,2,4 or 8, so are contained in the 2-Sylow subgroups of Cen r,, (24). Let
us write n, for the number of p-Sylows in Cenjy,, (24). From the above we deduce ng = 4. Furthermore,
since no|3 and ny = 1 [mod2] we have ng = 1, 3. But if ng = 1, [Cenyyy, (24)| = 32+n : a contradiction,
hence ng = 3. Still according to the Atlas Cenys,, (24) contains a normal subgroup with order 8, V,
and as the 2-Sylows of Cenjy,, (2A) are conjugate, for all S, T € Sa(Cenpyy, (24)) we get SNT = V.
Consequently, computing the order of Ceny,, (24) we get now |Cenjpy,, (24)| = 48 4+ n, which leads to
n = 0. There are 4 possibilities for V :

1/ V = 7Z/8Z and we have in Ceny,, (24) : 1 element with order 1, 13 elements with order 2, 8 elements
with order 3, 14 elements with order 4, 8 elements with order 6, 4 elements with order 8 (2 in each
conjugacy class).

2/ V = Dg and we have in Cenyy,, (24) : 1 element with order 1, 5 elements with order 2, 8 elements
with order 3, 14 elements with order 4, 8 elements with order 6, 12 elements with order 8 (6 in each
conjugacy class).

3/ V = Hg and we have in Cenjy,, (24) : 1 element with order 1, 13 elements with order 2, 8 elements
with order 3, 6 elements with order 4, 8 elements with order 6, 12 elements with order 8 (6 in each
conjugacy class).

Here are the computations corresponding to the three configurations above :

A Ao [ As | Au | A [ A [ Av | A | A | Ao
V =7Z/8Z | 15840 | 10560 0 0 7920 | O 0 | 15840 | 2640 | 5280
V =Dg | 15840 | 7920 | 2640 | 2640 | 2640 | 0 0 | 10560 | 5280 | 7920
V =Hg | 15840 | 7920 0 0 7920 | O 0 | 15840 0 7920

Finally, since the maximal subgroups of Mj; have order 720, 660, 144, 120, 48 and none of these

orders can be divided by both 8 and 11, we conclude that (8A, B*, 11A, B**) is g-complete symetric.

Now, the first two configurations give |SER(C;O, 2)| = % and |ER(C;O,2)| = % respectively whe-
reas the third one gives |ER(C; 0,2)] = 180. So V = Hg, which gives a description of the centralizer
of the involution class in Mj;. For this 4-uple Serre’s formula gives |sni(C)| = 8752.

3.7 the case of mere covers

The computations we made for G-covers can be generalized to mere covers easily. We give here the
statements and proofs only for configurations (R) and (C). Before explaining how to describe the mere
covers with field of moduli contained in R or defined over R in terms of Nielsen classes, we introduce
the notations we will use. We then state the theorems and prove them.

3.7.1 Notations and statements
3.7.1.1 Notations

We fix a transitive permutation representation of G T' : G — S,, a real branch point divisor
t = {t1, s br s 2121, oy Zry» 21y } € Up(R) with the usual convention and an r-tuple C = (Cy,...,C;) of
non trivial conjugacy classes of G. We introduce then the straight normalizer

SN(G,C) = {o € Norgs,(G) | 6Cioe™ ' =Cy, i=1,...,1}
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and the absolute Nielsen class

b (1) G =< g1, .-, 9r >
Sni*’(C, G) = (9159r) €EG | (2) g1--9r =1
(3) geC,i=1,...r

As in 3.1, we also define the subsets of Sniab(C,G) corresponding to covers with field of moduli
contained in R, Sni**™°4&(C: 1y, 15) and defined over R, Sni**®(C;ry,ry) that is,
— the set Sni*®™°dR(C: 1y, 15) consists of those (g1, ..., g,) in Sni**(C, G) verifying the additional
condition

(5) there exists o € SN(G, C) such that
-0g1 - 'gia_l = (gl o ‘gi)_17 1= 17 Tl
- 0G40 L =gy, i = 1,279

— the set Sni*®®(C;ry,15) consists of those (g1, ..., g,) in Sni*»™°4R(C; 1y, 15) for which

(5)” in addition to (5) o can be taken in such a way that o2 = 1
Observe that, in (5), the generating condition (1) G =< g1,9192, -, 9192 * * * Gry» Gri+15 ---» §r > implies
that 0 € Cengn(g,c)(G). So we can rewrite (5) this way
(5) there exists o € SN(G, C) such that o € Cengy(g,c)(G) and
-ogrgio b= (g1 gi) i =1,
- 0Gr4i0 N = gryio1, 1= 1,70
We write X% (C, @), £modR(C:ry, 1y), BWR(C; 71, 75) for the sets obtained by removing the genera-

ting condition (1) and E‘“’(C, G), ﬁab’mOd’R(C; T1,72), ﬁab’R(C; r1,72) for the quotient sets modulo
SN(G, C). We still have
ab
—ab _ |Sni*P (C, Q)| < |2X(C, G)]
|Sn1 (C,G)’ — [SN(G,C):Cengn(a,c) ()]  — [SN(G,C) . CenSN(G,C)(G)]

—ab,(mod),R _ |Snitb-(mod).B(C @) < |Zab,(mod),R(C7 Q)|
|SIl1 (C7 G)| [SN(G,C)CGHSN(Gyc) (G)] - [SN(G’ C) : CenSN(G7C) (G)]

For the computations, we will also set

U™ (C) = {o€SN(G,C) |0’ € Cengyc,c)(G)}
U(C) = {o€SN(G,C)|o?=1}

3.7.1.2 Mere covers and Nielsen class

Fix an ordered branch point set
t' = (t1, - try 2121, 207n,) € UT(C), the associated branch point divisor of which, t, is real and
a topological bouquet ~ for P1(C)\t as in 3.1. Then the monodromy gives a bijective correspondence
between (\Ilfff’G)_l(t) that is, the isomorphism classes of degree n connected mere covers of P with

branch point divisor t, and isomorphism classes of transitive representations 7;°P(P*(C)\t,t9) — S.
When fixing the monodromy group G <— S,, and the inertia canonical invariant C € G/Int(G) we
obtain a bijective correspondence between the isomorphism classes of degree n connected mere covers

of P{ with branch point divisor t', monodromy group G, inertia canonical invariant C and %‘”’(C, G).

And, in this correspondence, the subset %ab’mOd’R(C; r1,72) corresponds to mere covers with field of
bR
" (

. . . . . —a
moduli contained in R. Likewise, the subset snz C;rq,7r2) corresponds to mere covers defined over

70



R.
Proof. Given v as in 3.1, we get

{ =iy (i) T i =1
c _ A1 -
Vriti = Vra1—is = 1,..,2r2

And, for any ¢ : X — ]P’(lC degree n connected mere cover with monodromy group G and branch point
divisor t, BCD,(¢¢) = (Ty(71), .-, Tp(75)), where Ty denotes the monodromy action associated with
¢o: X — IP)(IC. As aresult, the field of moduliof ¢ : X — IP’}C is contained in R if and only if ¢ is isomorphic
to ¢ that is, there exists o € SNg, (C,G) such that o(Tys(71), ..., Tp (7))o~ = (Tp(5), .oy T(75)).

Conversely, suppose ¢ : X — P(lc is a degree n connected mere cover with monodromy group G, branch
point divisor t and branch cycle description BCD.(¢) = (g1, ..., 9r) € sni®” mOdR(

o € U™°4(C) such that

{ ogio ™! :( 9 1)9; ( gic1) L i=1,,m
0Gri+i0 97«4.1 i 0 =1,..,2r9

C;rq,7r2). Then any

corresponds to one and only one isomorphism &, : ¢-=¢¢. Writing ¢~ '(tg) = {z1,...,2,} we get
¢ (to) = {x5, ..., 25} and 0, (z;) = Toiys = 1,...,7. Now, since Gal(C|R) =< 1,¢ >, Weil cocycle
conditions only reduce to dgod. = 1. But, here, 6¢0d.(7;) = 0¢ (T4 (i)c) = (0c(T0(;)))¢ = (xgg(z.))c = Zg2(j)-
So ¢ : X — P{. is defined over R if and only if o can be chosen in U(C). O

3.7.1.3 Statements

In the following, we will always assume 29 (MR (C: o) £ ()
1. Configuration (R). For all x € Irr(G)" we set :

r—1

J(KmOd) — Z Z Xl(al_l) H Xi(ai_lai+1)Xr(ar—1)

oeU(med)(C)/Cengy(a,c)(G) aeqr—t =2

—1_,.—1
cajoT t=a, T, i=1,...,

and

nab,(mod),R(C; r 0) — X1 (Cl) . XT(CT)J(mOd)

77 X
2 Zr X€Irr(G)r

Theorem 3.24 (Real branch points) We have
| Rt med B (s, 0)] < n®>meDE(C;r, 0)
with equality if R MR (C:r 0) = Sni®(med.R(C;r,0)
2. Configuration (C). For all x € Irr(G) we set :

B(md) — 3 > x(a)

oeU(mod)(C)/Cengn(a,c) (G) aEd

oaoflza
and
s—1
ab,(mod),R [ . _ |G| X(Ol) "' X(CT (mod)
n (C7 07 S) - Z1 L. Zs X(l)s—l BX
Xx€Irr(G)

Theorem 3.25 (Complex conjugate branch points) We have
|nabmedR (G0, 5)] < n®(meDR(C; 0, 5)
with equality if E“b’(mOd)’R(C; 0,s) = Snigab,(mod).R (C;0,s).
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3.7.2 Proofs

3.7.2.1 Real branch points

Once again fix ¢1,...,9, € G with g; € C’Z, i = 1,...,7 and consider the set E(mOd) of those r-

tuples v = (’yl,...,%) € GT such that o(g]" - g]")o S (" -+ g7t i = 1,...,7 — 1 for some
o € Umd)(C) and g]* ---g/" = 1. This is the same as the set of those v = (71, ..,%) € G" such that

Y . —1
91 —0411
Yi o~ c
() g9;' =a; ajy1,1=2,...,7r—1
|
gr = Q.

for some o € UMD (C), a = (a1, ...,ap_1) € G" ' with cayo™' = a; ', i = 1,...,r — 1. The corres-
pondence y — (g7, ...,g/") provides a surjective map Egmd) — Z“b’(mOd)’R(C;r, 0) and two distinct
r-tuples 7,7’ € G" have the same image if and only if v, 1) € Ceng(gi), i = 1,...,7. So

mod
&)

Eab,(mod),R . _
| (C?T?O)‘ ZIZT

Then, for each v € G" we check for every o € U(med) (C) whether there exists o = (a1, ..., p_1) € G~ 1
with cayo~! = ai_l, i = 1,...,7 — 1 and verifying (*). In this case, « is necessarily unique. Or,

equivalently, we check whether

ﬁ
|
—

Z 6(Oél lgiﬂ) (Oé lgz%az l) (g;ﬁar 1) 1

I}

m

I Q

. ?
L

-

U
I\

Futhermore, given y € G”, distinct permutations o, 0’ € U(med) (C) can satisfy ogio ™' = (g1 - - - gi_l)gi_l(gl cegii)Th

o'gic =1, i =0,...,r—1; this is equivalent to o 1o’ € Cengn(c,c) (21" - &"), which, in turn, is implied
by 010" € Cengn(c,q)(G). As a result, writing U (mod) /¢ for U(mOd)(C)/CenSN(G’C)(G), we obtain

|
—

T

d - —1 7Y r
B < Y ST elartel) [ eloi tg air)e(grar)

yEGT acGr—1
oseu(mod) /C o'a,b-o'_lzai_l

r—1
Z Z Z elay 91 H Z 5(0%_19304i+1) Z (g, ar—1)

oeU(mod) |C  aeGr—1 ~y€G i=2 yeG veG
1

o'ozio'_lza._
%

@
Il
I\

IN

But, applying lemma 4.10, we get

Yecelargl) =2 erma) X(g1)x(er )
Yeqela; gl aip) = > xeln(G) x(gi)x (o i), i =2,.r =1
z'yeG e(g;/ar—l) = zxelrr(G) X(QT)X(O‘T—I)

So
B <Y S Y xlg)x(er H > xgdx(e; ) Y x(gn)x(ar1)
oeU(mod) /¢ gefil’“_—l_l x€lrr(G) 1=2 x€Irr(G) x€lrr(G)
< > sz ()L

Xx€EIrr(G)r i=1
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3.7.2.2 Complex conjugate branch points

We still follow the same method, introducing the set EémOd) of those v = (71,...,72s) € G?* such
that og)io™! = 92514;1252*1 i=1,.,sand g]*---gLo(g]t - g3*)"to~! =1 for some o € UM (C).
The correspondence ¥ — (g7, ..., go.° provides a surjective map Egmd) — nab(mod)R(C: 0, 5) and two
distinct r-tuples v, € G?* have the same image if and only if fyz-_l’y; € Ceng(gi), i = 1,...,2s. So

b,(mod) R B
E:a,?nO (j 0 s
| (C;0,5)| = 21 7o
Then, for each v € G** we check for every o € Umed)(C) whether g} o' = 9251&25?1 i=1,...5
and g{' ---gd*o(g]" -+ - gd*) Lo~! =1 that is, whether
S
1 S k2 S —_—
[[elcgl o gazi=elo -+ g2°,0]) =1
i=1
Futhermore, given y € G*, distinct permutations 0,0’ € U (mod) (C) can satisfy og]ioc ™! = g, 81;{25;” C =
o'g)io’~1; this is equivalent to o~ 'o’ € Cengn(c,c)(g]'s - g"), which, in turn, is implied by o~'0’ €
Cengy(c,q)(G). So, with Umed) /¢ for U(mOd)(C)/CeHSN(Gyc)(G), we get
d S 1 S
B <Y H6 a9 0 gaaii Ve(lg]t - 927, 0])
766‘25
JEU(mOd)/C
S
< > eyl gl o) [ID elogi o g0 )
(715---78)EGS i=1~veG
an(mod)/C
Lemma 4.10 gives for i =1, ..., s
Z (0907 gr1) = Z x(09; 0 )x(g251-i)
veG x€lrr(G)
= Z X(0gio™ )X (g2s11-1)
x€lrr(G)
Consequently,
d
e Y (I S aomo emn)| X el o)
oeU(mod) /¢ \i=1 xelrr(G) (V15-7s)EGH

And, using one more time lemma 4.10

S el gt = > > eyt gra)

(V1,5+-575)EG® (Y1,.-.77s)EGS  @€G

cac—l=a

= Z Z (gl - g a)

gl (717H'7’YS)EGS

cac—l=a

- Tz = oo

@€l XGIrr

cac—1l=

73



So, finally,

|Eém0d)| < Z Z Z |G| o HX 9i)X H Z x(0gi0™ " )x(9254+1-i)

o—eU(mod)/C ae?ﬁ XEIrr(G =1 xelrr(G)

Now, recalling that 39 (med)-R(C; 0, s) # () we have 0Cio " 023+1 Jfori=1,..,5,0 € UMD (C)so

X(0gi0™") = x(g2s+1-i) fori = 1,..., 8, x € rr(G) and 3 1y X(0gi0 ™ )X(92s+1—i) = > venr@) X(g2s+1-0)* =

Z9s+1—i, which leads to the announced result.

3.8 A lower bound for the number of G-covers defined over the
p-adics

A crucial point in the proof of theorem 3.1, [DF94] is the fact complex conjugation c is continuous
for the usual complex topology. There is (probably) no p-adic analog of theorem 3.1 (cf. [DF94],
§3.6) ; however, patching methods can be used to give a lower bound for the number of G-covers with
prescribed invriants defined over a henselian field (k,v), provided the inertia canonical invariant and
the branch point divisor satisfy some technical proprties. A good tool for this is Pop’s half Riemann’s
existence theorem with Galois action [P94].

3.8.1 Half Riemann’s existence theorem with Galois action

Let (k,v) be a henselian valued field ; we denote by k* its separable closure, by k(v) its residue
field and by p the characteristic of k(v).

Given a finite closed subset S C IP,&

(1) We say that S is pairwise v-adjusted if S xj k* = S1[[S2 with |S1| = |Se| = r and S; =
{z1,.., 2}, S2 = {y1,...,yr} such that v(z; —y;) > v(x; —2;), 1 <i#j<r, Iy-5=5,i=1,2
(one then necessarily has o(x;) = z;, iff o(y;) =vi,, 0 €T, i =1,...,7).

(2) With the notations of (1), let us define s;, i =1, ...,7 as follows :

- If we are in the equal characteristic case, then s; is the Steinitz number defining Z, 1=1,..,r

- Else, s; is the Steinitz number defining Z/p®7Z x Z/Zp, where e¢; = max{0,¢e,} and €} is the
‘;;jllv(p) >v(w;—xj), 1<i#j<r,i=1,..,r

(3) With the notations of (1), (2), let Ilg be the profinite group defined by the generators and
relations

maximal integer e; € Z satisfying v(x; — y;) —

Os =< Gayy Gyi» i =1,.00,7 | g9y, =1, g3t =1, i=1,..,r >

IIg can be endowed with the right I'j-action 9e, = gxl( () ) where y : 'y, — Z* denotes as usual the

cyclotomic character of I'y.
We can now state :

Theorem 3.26 (Half Riemann’s existence theorem with Galois action) Let S C Pi be a pairwise
v-adjusted finite closed subset and write U = IE’),lg \ S, U* = U xy k®. Then the canonical short exact
sequence of profinite groups

1— m8U°) - r28(U) - Ty, — 1

has, in a canonical way, the following quotient
1 — i B(U*) —=a}5(U) —= T —>1

N

1 Iy Mg xT)—Tr—1

Furthermore, g, (resp. gy,) is an inertia element associated with x; (resp. y;), i =1,...,r
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3.8.2 A construction

From now on, we assume that k is of characteristic 0. Let G be a finite group and ¢y, ...,c, a
generating system of G. For each 1 <i <r,set n; =| < ¢; > | = p“m; with p fm;. Let ;1 € k()
such that k(z;1) = k((,) and, with T'y.2;1 = {21, ..., zir, } (Where r; = [k((y,) : k]), choose a system
of representatives ;braceo; 1, ...,0;y, } of Fk/rk(Cni) verifying o; j(x;1) = ®i 4, j = 1,...,r;. By Hensel’s
lemma, the minimal polynomial of a; 1 over k can be written [[; ;< (X —u; (1)) where u; j € k[[T]]
has a positive radius € > 0 and u; ;(0) = x; j, j = 1, ...,7;. So, one can find ¢; € k such that 0 < |t;| < €
and (yi,j = uiJ(ti))lSeri satisfy (1), (2) of 3.8.1 with (JIi,j)lngri, (27 < €;, 1= 1, ey T

Thus, up to translating, we can assume that S = {z; 1, ..., Zir, }1<i<r [[{¥i1, s Yir, J1<i<r 18 pair-

0.7.1
wise v-adjusted and define ¢ : IIg x Ty, — G by ¢{(ga,,) = i)

2 , 1 <3< r,i=1..r and
-1

qbg(a) = 1, 0 € I'y (in the following, write u;; = x(0;;), 1 < j < r;, ¢ = 1,...,7). One easily

(2]
checks that qﬁg is a well-defined group epimorphism and, setting ¢; = (;52 o ps : W?lg(U ) - G, one
obtains a group epimorphism corresponding to a G-cover defined over k£ with invariants G, C, S,
where C = ((CM,CZle)lgjgri)lgigr and C;; = (CS)“Z’J, 1 <j<mr,i=1,..rr. Observe that the
construction above can also be performed replacing ¢; by ¢ for any o = (a1, ..., ) € G such that (¥)
et ..., ¢ still generate G. We denote by g@, ¢q the corresponding group epimorphisms. Then, for all
a, 3 € G verifying (*), ¢4 is equivalent to ¢g iff g =9 ¢ for some g € G, which in turn is equivalent
to “i¢; =98 ¢; for some g € G. (Indeed, let Mg /k*(T) be the Galois extension corresponding to ILg,
Pxi,j the place of Mg /k® dividing T'— z; ; and with inertia group < 9z ; > Pxi,j a place of M g/k* divi-
ding ]5%]. and 7, ; one of the generators of its inertia group such that pg(vs, ;) = gz, ; ; likewise, define
Yyi;» 1 < j <7, i =1,...,r and conclude using W?lg(Us) =< VYo Vyiy | 1< J <y =101 >,
So, there is a bijection between the isomorphism classes of G-covers of the form ¢, a € G" verifying
(*) and the quotient set {(g;1,....gir)i<i<r € G | gij € Cij, 1 < j <y i =1,...,7r and G =<
{9ins e Gir; hi<i<r >}/Inn(G). In particular, if snif(C) denotes the set of all G-covers defined over
k with invariants G, C, S and ﬁ’;((}) the set of all isomorphism classes of G-covers defined over k
with invariants G, C, S (or, equivalently, the quotient set of sni@(C) modulo componentwise inner
conjugation), we obtain

Proposition 3.27
_.k _
[snig(C)| = [hm(C)],

where hm(C) denotes the set of all g € sni(C) of the form g = ((gi7j,g;j-1)1§j§ri)1§i§r and hm(C),
its quotient set modulo componentwise inner conjugation. In particular, if (C11,...,Cr1) is g-complete

we have Coal ol
—k 1,1 " |G| " k
( > —. 1m (

and so

L. Tr T, T\ 2
SH(C)| = mb(C) |C1.1] |Cr 1 Z Ix(C1,1)] Ix(Cr1)l >

- G 1)s—1
G| e, x(1)
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3.9 tables of characters

- Hg .

C -1 +/i|+/5|+/-k

[Calg)l | 8] 8 4
X1 1)1 1 1 1
X2 1)1 -1 -1
X3 111 -1 1 -1
X4 111 -1 -1 1
X5 2|-2 0 0

- Doy, n=2m+1 odd :

C 1 rF srF
[Calg)l 2n n
X1 1 1 1
X2 1 1 1
Xo+h; L <h < ”T_l 9 2608(%) 0
- Doy, n=2m even :
¢ 1 re ¥ srk
1Ca(9)] 2n 2n n
X1 1 1 1 1
X2 1 (—1)% (_1)k (_1)k+1
X3 1 1 1 -
X4 1 (—1)% (_1)k (_1)k
Xarn; L<h<2—1] 2 [ (=1)"2 ] 2cos(ZZE) 0

- Unpn, n>1,m> 3 such that 2 fm :

; - T =T :
C 1| Ao, 1< <20 | A5, Ogjgr@ Bi,0<i<n-—1
|Ca(g)] 2mn 2mn mn 2n
Y 0 §é€ kg 2nl— 1 1 ezi ez’ ‘ 62Z+1
Xkl jojem 2 2} e (W +w”) 0
k211 1274 m—1
where ¢ =e 2n , k=0,.,n—landw =emn ,[=1,.., 7.

- F, , where p, ¢ are odd primes such as p > g and plg — 1 :

C 1 a’;1<i<s ", 1<n<qg-1
[Calg)] pq P q
2mikn
Xl,k§0§k3§q—1 1 1 e 4
27rvlv,LuJ
Xgi;1<l<s q zo<1<q—1e ! 0

—M112
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Chapitre 4

Harbater-Mumford subvarieties of
moduli spaces of covers

Il s’agit essentiellement de l’article [CO4c] auquel nous avons rajouté une derniére partie (§77)
présentant quelques questions ouvertes liées aux résultats de [C04c]. Nous y avons aussi developpé le
§4.4.2 en y ajoutant une sous-section (4.4.2.3) et détaillé I’exemple ?7.

Introduction

The regular inverse Galois problem over some field k, (RIGP/k), essentially reduces to finding
k-rational points on Hurwitz moduli spaces of covers [FV91]. In this context, two main methods can
be distinguished : on the one hand, genus 0 methods [Ma89] which may provide Q or Q®-rational
points on usually low-dimensional Hurwitz spaces and, on the other hand, large field methods [DF94],
[D92], [Des95]!, which combine irreducibility Conway and Parker type results [FV91], realization re-
sults over local fields [HO3], [DF94] and the local-global principle for varieties [Mo89], [P96] to provide
Q*2-rational points. Our main theorem (theorem 4.4) conjoins these two aspects : it is, as Conway
and Parker’s theorem, a global structure result about high-dimensional Hurwitz spaces but, as genus 0
methods, it deals with low-dimensional closed subvarieties (of those high-dimensional Hurwitz spaces)
obtained by specializing most of the branch points.

The starting point are special components of Hurwitz moduli spaces of covers introduced by M.
Fried [F95a] - the Harbater-Mumford components (cf. §4.2.1). We consider the closed subvarieties - we
call HM-subvarieties - of these HM-components obtained by specializing most of the branch points;
our main result is a general criterion to ensure they are geometrically irreducible. If for instance G
is any group verifying the assumptions of theorem 1 below, our criterion produces infinitely many
Hurwitz spaces carrying geometrically irreducible HM-curves, defined over the same field as the whole
Hurwitz space, and lying in the sublocus corresponding to covers with all their branch points but one
fixed. In general, ”all their branch points but one” should be replaced by ”all their branch points but
r(G)” for some integer r(G) depending only on the finite group G in question.

One motivation for this work was to gain more information about the branch point divisor of
covers defined over large fields. Indeed, when applying the local-global principle to solve for instance
(RIGP/Q'"), this information is entirely lost. Showing that any finite group G can be regularly realized
over Q" with a Q-rational branch point divisor would be a significant step towards the (RIGP/Q) : as
explained in [D95], the monodromy of such a cover and its conjugates obeys strong group-theoretical
constraints. Also, showing all the groups G,, of a projective system (Gp+1 — Gp)n>0 can be regularly

1See also works of Pop et al who have developped a parallel approach based on common principles but not using
Hurwitz spaces [P96], [H03], [V99].

2@Given a global field k and a finite set & of places of k, we always denote by k> the maximal algebraic extension of
k (in a fixed separable closure of k) which is totally split at each place P € X.
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realized over a large field k with the same branch point divisor t is a missing step to investigate the
(RIGP/k) for profinite groups; this is the underlying idea of works like [DDes04]. Our result enables
us to handle the derived problem - we denote by (RIGP/ts C t) - where the subset to C t is fixed and
its complement, t; is allowed to vary (the cardinality |t1| of t; corresponding to the dimension of the
HM-subvarieties we consider). We are particularly interested in the case when ts is defined over Q and
|t1] is as small as possible. The first and most difficult step, which is to ensure the HM-subvarieties
are geometrically irreducible, is given by our criterion. The second one consists in showing these HM-
subvarieties can be built in such a way they carry real or p-adic points; this requires a careful use
of recent results from [DE03] about the existence of p-adic points on HM-components. We can then
apply the usual local-global machinery to obtain results like

Theorem 1 Let G be a finite group containing two conjugacy classes A, B such that G =< A >=<
B> and G =< a,b > for anya € A, b € B. Let o(A) denote the order of the elements in A and write

2mi
ka := Q(e°@). Then, for any finite set X of non archimedean places of ka of residue characteristic
not dividing |G| there exists a Q-rational divisor ts, and G-covers (f,a) defined over k% with group G
and branch point divisor ty =ty + tx where [ty ]| = 1.

As another application, we obtain new regular realizations of some prodihedral groups over Q" (cf.
also [?]).

Moreover, our irreducibility criterion behaves well with Frattini extensions. This allows us to
investigate the arithmetic of Fried’s modular towers [F95a] (section 4.4.1.2) and tackle the related
(RIGP/te C t) for profinite groups like the universal p-Frattini cover pé of a finite p-perfect group G
(for some prime p dividing |G|). For instance, with the notation and hypotheses of theorem 1 but assu-
ming in addition that G is p-perfect and A, B are p’-conjugacy classes, one obtains this structure result

Theorem 2 There exist modular towers (Hp+1 — Hn)n>0 associated with G such that for any finite
set X of non archimedean places of k of residue characteristic not dividing |G| there exists a Q-rational
diisor ty. and a projective system (Cpi1x — Cnx)k>0 of geometrically irreducible HM-curves defined
over k verifying :

(1) Cn». C Hy, classifies G-covers (fr, o) with group gé and branch point diwvisor ty, =ty 1+t
where |tf, 1] =1, n > 0.

(ii) HimCp, 52 (kp)"” # 0, P € X.

n>0

(i) Cp52(k¥)% # (), n > 0.

Here ZG‘ denotes the nth characteristic quotient of pé and the "noob” labelling (for no obstruction)

means we consider the sets of k-rational points corresponding to G-covers defined over k£ and not only
with field of moduli k.

The preceding statement shows a strong arithmetical property is kept along some modular towers. It
is a positive result which emphasizes the difficulty of Fried’s conjectures about the disappearence of
rational points over a number field on a modular tower beyond a certain level [D04], [F95a].

The paper is organized as follows. In section 1 we recall necessary definitions and basic results,
section 2 is devoted to the statements and examples, section 3 to the proofs. In section 4, we give

applications of our results such as theorems 1, 2.

I wish to thank P. Debes for encouraging me to write this paper and the careful re-reading he
made of it.
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4.1 Preliminaries

This section is devoted to recalling the necessary definitions and some basic facts about Hurwitz
spaces.

Given a morphism V' — W of algebraic varieties and Wy — W a subvariety, we will often denote
the fiber product V' xyw Wy by Viy,. Also, given a finite group G and an integer » > 1 we will denote
the set of all the r-tuples C = (C4,...,C,) of non trivial conjugacy classes of G by C,.(G); we will
sometimes write [(C) := r for the length of such a tuple C € C,(G). And for any conjugacy class C,
we will write o(C') for the order of any element in C'. Eventually, given a tuple t' = (1, ..., t,) and two
integers 1 <1 < j < r, we will write t;j = (ti, ..., ).

4.1.1 G-covers and Hurwitz spaces

Recall a G-cover with group G is a pair (f,a) where f : X — P! is a Galois cover with group
G and « : Aut(f) — G is a group isomorphism. One can attach to each G-cover of Pl the three
following invariants : the monodromy group G, the branch point set t = {t1,...,t,} C P}(C) and for
each t € t the associated inertia canonical conjugacy class Cy . To summarize this, we will sometimes
say the considered G-cover has invariants G, (C})et, t. Adopting the topological point of view, let
us recall what these invariants correspond to : given t = {t1,...,t,}, introduce a topological bouquet
v of ]P’(lc\t, that is an r-tuple of homotopy classes of loops 71,...,7. based at some point ty, ¢ t
such that (1) 71,...,7, generate the topological fundamental group 7;°° (P'(C)\t,#y) with the single
relation ;... = 1 and (2) ~; is a loop revolving once, counterclockwise, about ¢;, i = 1,...,7. Now,
considering a G-cover f : X — IP’}C, the monodromy action defines a permutation representation
TP (PY(C)\t, to) — Per(f(t)). The image group G of this representation is the monodromy group
(or, equivalently the Galois group) of f and the conjugacy class Cy, of the image of v; in G is the
inertia canonical class corresponding to t;, ¢ =1,...,7.

For any integer r > 3 let U” C (P{)" be the subset of (P{)" consisting of all r-tuples t' =
(t1,....,t;) € (P&)" such that t; # t; for 1 < i # j < r, let U, = U"/S, be the quotient space of
U" by the natural action of the symmetric group S, and o, : U, — U" /S, the canonical projection.
Given a finite group G let v, ¢ : H, ¢ — U, be the coarse moduli space (fine assuming Z(G) = {1})
for the category of G-covers of IP)(%: with group G' and r branch points, where 1, ¢ is the application
which to a given isomorphism class of G-covers associates its branch point set. For any r-tuple C =
(Ch,...,Cr) € Cr(G) let H,(C) be the corresponding Hurwitz space [FV9I1], that is the union of
irreducible components of H, ¢ parametrizing the isomorphism classes of G-covers with invariants G,
C, t. A point h = (h, (t1,...,%,)) of the fiber productH, ¢(C) xy, U" then corresponds to a G-cover
given with an ordering of its branch points, which allows us to define a monodromy application :

M: H,q(C)xyU" — {Ci,....Cr}"
(h,(tl,...,t,«)) i (Ctl,...,C'tT)

This application, being continuous, is constant on each connected component of H, (C) xy, U".
So, M~1(C) is a union of connected components of H,.c(C) Xy, U"; we will denote this variety by
».c(C). We have a cartesian square :

! ¢(C) == H, 5(C)

;'Gl O lwr,G

ur —=—=u,

We will freely use the general theory of Hurwitz spaces (see for instance [FV91] and [V99]), and only
recall here the description of the fibers of v, ¢ and w,’”G in terms of Nielsen classes ni(C) and straight
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Nielsen classes sni(C) respectively, where :

(1) G =< g1, 9r >
ni(C) =4 (91,-,9r) €EG" [ (2) g1+ gr =1
(3) gi € Cy(i), i =1,...,r for some o € S,

and sni(C) is the set defined as ni(C), but replacing (3) by
(3) gieCifori=1,..,r.

We use the notation ni(C) and sni(C) for the corresponding quotient sets modulo the componentwise
action of the inner automorphism group, Inn(G).

Given t € U,, it is classical that (¢, )71(t) is in bijection with ni(C). Furthermore, if we choose
an ordering of the branch points t’ = (¢1,...,¢,) in t, then sni(C) is in bijection with ( ;,G)_l(t’). The
correspondence is given by the monodromy action and depends on the choice of a topological bouquet
7 for P1(C)\t; we denote it by BCD., (for B(ranch) (C)ycle (D)escription).
~ For later use, we also recall that two finite cyclotomic field extensior}s of Q - which we denote by
Qc and Qg - are associated to C. Precisely, Qc = @AC and Q = @AC where Ac and A are the
closed subgroups of finite indice of Gg defined by Ac = {0 € GQ|CX(") = C up to permutation}
and Aly = {0 € Gg|CX(?) = C} (here, x : Gg — Z is the cyclotomic character). Resulting from the
branch cycle argument [V99] lemma 2.8, Q¢ is the field of definition of H, ¢(C) and Q¢, the one of

;,G(C). When Q¢ = Q, we say that C is a rational union of conjugacy classes and, when Q¢ = Q,
that C is a tuple of rational conjugacy classes.

Finally, since Hurwitz spaces are only coarse moduli spaces in general, we will write H.. ¢ (C) (k)"
for the set of all the k-rational points in the non obstruction locus that is, corresponding to G-covers
defined over k.

4.1.2 The covers ¥, and V]

From now on, we will always assume r > 4. We first recall useful results about Hurwitz braid groups
and then give a description of the covers ¥, ¢ and \I!;7G in terms of group actions. Fix t = {1,...,r} €

U.(C) and t' = (1,...,7) € U"(C) and for k = 1,...,r — 1 define the simple arcs fx; : [0,1] — P(C),
i=1,2 by Foa

k k+1

Jr2
and write ¢ : [0,1] — U"(C) for the usual topological braid.

t — (L. k—=1,fe1(t), fro(t),k+2,...,7)
Let H, be the abstract group given by the presentation with generators Q1,...,Q,_1 and defining
relations

(1) QiQi1Qi = Qi1QiQi1 fori=1,..,r—2
(2) QiQ; =Q;Q; fori,j=1,...,7 —1 with [j —i] > 1
(3) Q1Q2 e Qr—lQr—l e Q2Q1 =1

and SH, the kernel of the morphism H, — S,, @Q; — (i, + 1). Set
Aiji=Q 1 QihQ7%Qip1 Q1 = Qi Q5 2Q2Q5 Y, Q7 1<i<j<r
—1

(we will also often use the notation a;; = Az’j, 1 <i < j <r)and denote by II;, the subgroup of
SH, generated by {A; j<i<ki<j<r, K =1,...,7 — 1. The following result will play an important part
in the proof of theorem 4.4. It is a direct corollary of lemma 1.8.2 [Bi74], which gives a presentation
of SH, with generators A;;, 1 <i < j <r and defining relations.

81



Theorem 4.1 The groups Il , are normal in SH,, k=1,...,r — 1.

The next theorem gives the link between the abstract groups H,., SH, and the topological fundamental
groups 7r11:°p (U (C),t), 7r11:°p (U (C),t’), more precisely, it states that

Theorem 4.2 (Artin (1925), Fadell and Van Buskirk (1962)) The group homomorphisms
u, - Hy — m®UA(C),t) and v, : SH, — U (C),t")

Qi —  [(or)«(a)] Aij = g2 40 a4 ')
are isomorphisms.

Let us use this result to show that ITj , ~ wEOp( v (C),t],), k=1,..,r — 1. For this, consider the
k+1,r )

homotopy sequence of the fibration with connected fibers

Pk+1,r ¢ MT(C)
(t1y..str)

N ur—k(@)
— (tk+1,...7tr)

which gives rise to the short exact sequence of topological fundamental groups

1 — 7_riop( ‘&H’T’t/l,k) N wEOP(uT"tl) (pk+_l>,r)* ﬂiop(ur—k’t%_i_l’r) — 1
It follows from the definition of the topological braids (¢;)1<i<r—1 that v, (Ilx ) < ker((pg41,r)s). The
group homomorphism 7y, : SH, — SH,_j defined by ny,(A4;;) = Ai—pj—r if k <i < j < r and
Mier(Aij) = 1 else is well defined and we get the commutative diagram with exact rows

Nk,r

1 Hkr SHr ’ SHr—k

Ur|nk7rl vr Ur—kl

top 7 yr / t to _
1——m Uy ) ——mP U ) ——m U ) — 1
k+1,r (pk+l,r)* s

1

But, according to theorem 4.2, the two last vertical arrows v,., v,_; are isomorphisms and, by the five
lemma so is the first one, v,|ry, .-

For any t € U,(C), for any to € P}(C) \ t, any ordering t’ of t defines generators Q1, ..., Q,_1
of TP (U,(C),t) ~ H, [FV91] §1.3 as above. With these generators, the cover ¥, g : H,q(C) — U,
corresponds to the action of H, on the fiber (¥, ¢)71(t) ~ ni(C) given by

Qi.g = (g1, ...,gi_l,gigjrl,gi,gprg, o Gr), =1, —1

Likewise, the cover W]  : H]. 5(C) — U" corresponds to the action of SH, on the fiber ( 7’“7G)_1(t) ~

sni(C) induced by the one of H, on ni(C) [FV91] §1.4.
Fix now an (r — k)-tuple t; ., . = (tks1,.-,tr) € U™ *(C) and consider the following cartesian
square

(H;7G)t;c+l,7‘ - H;”?G

!
(\PT,G)t;H_LT l/ d L‘I’;G

U, T
t;€+1,'r Z/{

By Grauert-Remmert’s Theorem (for k£ = 1, Riemann’s Existence Theorem) the etale cover (V7. )

. —/ . —/ Lk . .
extends to a ramified cover (\IJT,G)%HJ : (Hng)t;“_l’r — U" associated with

’ .
k+1,r

/ r
—
(HTvG)t;H—l,r t;c«l»l,'r

the action of II;, induced by the one of SH, on sni(C). When k& = 1, we obtain a ramified cover
(W;,G)té L (ﬁ;7G)t/2 i ]P’%: with branch points ¢s,...,t, and branch cycle description the images of

(A1i)2<i<, under the permutation action of SH, on sni(C).
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Resulting from the branch cycle argument [V99] lemma 2.8, (H;. G)t/ » is defined over the field
Qg (thy1,) and its image 3, ((H;, G)t’ ) is defined over a subfield Q(C’ hr 1, 7q) of Qg (ty1,.) which

can be explicitely computed taking mto account the ratlonahty property of (C’,t}, +1, ,) (for instance, if
C is a tuple of rational conjugacy classes then Q(C’, t/ s ) = Q(tg41,)). Similar fields can be defined
for any field @ of characteristic 0.

4.2 HM-subvarieties

4.2.1 HM-components of Hurwitz spaces

We recall here the definition and main properties of H(arbater)-M(umford) components of Hurwitz
spaces, which have been introduced by M. Fried [F95a] and then studied by P. Débes and M. Emsalem
[DE03]. To do this, we need the notion of H(arbater)-M(umford) type for covers of P1. Given a finite
group (7, an even integer r = 2s > 4 and a symmetric r-tuple C of non trivial conjugacy classes of
G, that is consisting of s pairs (C;, Cz-_l), any 7-tuple in ni(C) of the form g = (gl,gl_l, sy Ga b)) =t
[91,...,9s] is called a Harbater-Mumford representative ; we denote the set of all these r-tuples by
hm(C). A G-cover f: X — IP’(IC with ramification type [G, C, t] is said to be of Harbater-Mumford type
(a HM-G-cover for short) if there exists a topological bouquet v for P!(C)\t and an r-tuple g € hm(C)
such that BCD,(f) = g. A HM-component of the Hurwitz space H,,¢(C) is the component of some
HM-cover. Equivalently, it is a component that corresponds to the orbit of some HM representative
under the action of the Hurwitz braid group H,. The following theorem is proved in [F95a], with
the assumption Z(G) = {1}, and in [DE03] without this assumption; a main tool of these proofs is
Wewer’s compactification of Hurwitz spaces [W98].

Theorem 4.3 The union st M.(C) of all the HM-components of the Hurwitz space Has (C) is defi-

ned over Qc. Likewise, the union H;I;”C‘?(C) of all the HM-components of the Hurwitz space H’257G(C)
is defined over Q.

Using Fried’s terminology, say an r-tuple C of non trivial conjugacy classes of G is g-complete if
for any g; € C;, i = 1,...,7, we have G =< ¢1,...,g, > and an 2s-tuple C consisting of s pairs
(Cs, Ci_l) of non trivial conjugacy classes of G is HM-g-complete if, when removing a pair (C, Ci_l),
the remaining (2s — 2)-tuple is g-complete. Being HM-g-complete is a condition that ensures there is a
single HM-component in Hy, (C), as proved in [FF95a] Th. 3.21. In particular, if C is both a rational
union of non trivial conjugacy classes of G and HM-g-complete, then the HM-component st G(C)
of Has,¢(C) is an geometrically irreducible variety defined over Q. Likewise, if C is both a tuple of
non trivial rational conjugacy classes of G and HM-g-complete, then the HM-component ’HIQISJ ](\;4 (C) of
5 s,G(C) is an geometrically irreducible variety defined over Q.

4.2.2 Definition

Given a finite group G' and an integer r, the closed subvarieties of H, g, H;’G obtained by spe-
cializing some of the branch points are of particularly interest when considering the regular inverse
Galois problem. We will deal with special kinds of such subvarieties - we call HM-subvarieties. More
precisely, given a symmetric 2s-tuple C = (C1, C’_ ., Cs,C71) of non trivial conjugacy classes of G,
for any t}, | 5, € U F(@Q), with 1 <k <2s—1 we W111 say that H25 M(c )’ - is the HM-subvariety

associated with the data (G, C,t} _ ,,) and that HE G( Yo 1= Do (MM (C ) » ) (which is a subset

of the fiber of Wy, ¢ above the set of all 7 € Uss(Q) such that t C 7) is the symmetrised HM-subvariety
associated with the data (G,C,t}, Jrl728). Finding HM-subvarieties which are geometrically irreducible
and defined over Q with k£ small is the aim of this paper.

Starting from a symmetric 2s-tuple C = (Cf, C’l_l, ..., Cs,C1) such that there is one single HM-
component in HéS,G(C) - or, equivalently, such that all the HM representatives fall in one single
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orbit O#M(C) € sni(C)/SHa, - and given 1 < k < 25 — 1, for any thi1os € U*~*(Q), the num-
ber of geometrically irreducible components of HIQISJ ](‘;/[ (C)t;ﬂ 1o corresponds to the number of orbits
of OfM(C)/II;, o5. Consider the associated symmetrised HM-subvariety, Hgf‘é(C)t/ . An obvious

k+1,2s
necessary condition to get one of its geometrically irreducible component defined over Q is given by

the branch cycle argument [V99] Lemma 2.8 that is,

® (Cii1, ..., Cy) is a rational union of conjugacy classes and tjq1 25 € Uas—1(Q).
e For any o € Gg, nggg(i) = C,;, with k +1 < ¢ < 2s where x : Gg — 7 is the
cyclotomic character and « : Gg — Sas—x is the natural representation induced
by the action of Gg on t§6+1725.

(BCArg)

The starting point of our work was problem B.2 [F95a] raised by M.Fried and which asks for a
sufficient condition to ensure

(C1) all the HM representatives fall in one single orbit O™ (C) € sni(C)/TI; o5

Our main theorem (theorem 4.4) gives such a sufficient condition. However, Of*(C) may be strictly
contained in O#M(C), in which case, for general t’, no geometrically irreducible component of HEZ X, (C)y/
is defined over Q. 7

Indeed, assume k = 1 and consider a birational equation H(ty,...,t25,Y) = 0 of HIM(C). Then
H(t1,...,t2s,Y) € Qlt1,...,t25,Y] is absolutely irreducible. Let H(ty,...,t2,Y) = [[i<i<,
F;(t1,Y) be the factorization of H(t1, ..., tas, Y') into a product of irreducible factors in Q(t, ..., t2s)[t1, Y.
Assume r > 2 that is, H(t1, ..., t2s, Y) splits and let z be a primitive element of the field generated over
Q(ta, ..., tas) by the coefficients of the (F;)1<i<,. The finite Galois extension Q(ts, ..., t2s, 2)/Q(t2, ..., tas)
is not trivial and we denote by h(ta, ..., tas, Z) € Qlta, ..., t2s, Z] the irreducible polynomial of z (up to
multiplication by an element of Q[ta, ..., tas]) over Q(ta, ..., tas). By the Bertini-Noether theorem, there
exists a Zariski closed subset F' of the hypersurface V' (h) defined by h(ta, ..., tes, Z) = 0 such that for
any (t9,...,19,,2%) € V(R)(Q) \ F, the polynomials (F;(t9,...,t3,,2°,t1,Y))1<i<, remain irreducible in
Q[t1,Y]. Setting W := (V(h)(Q) NQ%*~! x Q) \ F, Hilbert irreducibility theorem states there exists
a Zariski dense subset U of W such that for any (¢, ...,1,,2°) € U, Q(z°)/Q is a Galois extension
with group Gal(Q(2?)|Q) = Gal(Q(t2, ..., t2s, 2)|Q(t2, ..., tas)). In particular, Gg acts transitively on the
(F;(19, ..., 19, 2%, t1,
Y))1<i<r the same way as Ggyt,,... t,,) does on the (Fj)i<i<,

To get geometrically irreducible (symmetric) HM-subvarieties defined over Q we will have to choose
C=(Cy,Cyt,...,C5,C71), 1 <k <25—1and 105 € U*~k(Q) in such a way that (BCArg) holds
and Hg%(c);;+1 N is geometrically irreducible, which is equivalent to the group theoretic following

transitivity condition :
(C2) IlIj s acts transitively on the SHyg-orbit oM (C)

Theorem 4.4 gives a sufficient condition depending on the conjugacy classes of G' to obtain (C2) with
k as small as possible.

4.2.3 Irreducible HM-subvarieties defined over Q
4.2.3.1 Statements and comments

Given a group G, for any tuple a = (ay, ..., a,,) € G™ and any tuple (Eq, ..., ) of subsets of G,
we will write

<El7“"En

> o 2 ¢
<a >i=< {al ,...,an’l”}el,...,eme<E1,---,En> >

Given a tuple A = (Aq, ..., A;,) of subsets of GG, the symbol a € A means we consider a tuple of elements
a=(ay,...,an) with a; € A;, i = 1,...,m. Finally, given a tuple A = (A, ..., A;,) of conjugacy classes
of G, we write [A] = (41, Al_l, oy A, AL and [A]” for the tuple obtained by repeating r times [A].
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Theorem 4.4 (Main Theorem) Let G be a finite group containing two tuples A = (A1, ..., An),
B = (B, ..., B,) of non trivial conjugacy classes and consider the following hypotheses :

(H1.0) There exists a € A such that G =< a,B >.

(H1.1) < a<P> > acts transitively on B;, for allac A, b€ B,i=1,..,n.

(H1.2) < afB> > acts transitively on A;, for all a; = (ay,...,a;_1) € Ay X -+ X A;_1,
1 =2,...,Mm.

(H1)

(H2) There exists b; € By, bj € B; such that bjb;j = bjb;, 1 <i# j <n.
Then we have the conclusions

(Cl) If A, B verify (H1) then for s large enough and writing Cs := ([A],[B]®), all the
HM-representatives fall in one single orbit OYM (Cy) € E(CS)/HQm_LQ(mﬂn).

(C2) If, in addition B verify (H2) then Ila,_1 a(m+sn) acts transitively on the SHoy(py, 1 o)
-orbit OHM(C,) € sni(Cs)/SHa(mysn)-

Comments

1. For any t’ := t’2m’2(m+sn)

corresponding to HM-representatives all lie on the same connected component of H;ﬁrﬁ sn),G(C s)t/-

€ U**"*t1(Q), conclusion (C1) in theorem 4.4 asserts that the points

Conclusion (C2) asserts that H;I({ni‘/i sn) (Cs)tr is connected and consequently geometrically irre-

ducible defined over Q¢ _(t'). The same is true for the corresponding HM-subvariety Hf(nj‘f +m) o(Cs)y,

which is defined over the field Q(Cs, t') contained in Q_(t'). Both H;{Iﬁsn)ﬁ(cs)t/ and H;{%—Q—sn),G(CS)V
are of dimension 2m — 1. In particular, when m = 1, we obtain HM-curves and condition (H1.2)

is empty. The constant ¢(G) mentioned in the introduction can be defined by
¢(G) = min{2m — 1] there exists A, B verifying (H1), (H2) with |A| = m}

Also observe that the tuple Cs = ([A], [B]®) built in theorem 4.4 is far from being unique. For
instance, any tuple of the form (C,, B;,, B; !, ---,Bit,BiZl), 1<1i1,...,9: < n, t>0 also works.

11

2. Instead of (H1.1) and (H1.2) one can consider the stronger -but easier to check - conditions

(H1.1%) <a<P>>=(G,forallac A, b e B.
(H1.2%) < ai<B> >= G, for all a; = (a1, ...,a;-1) € Ay X -+ X Aj_1,1=2,...,m.

These lead to the following practical corollary

Corollary 4.5 Let G be a finite group containing two tuples A = (A1,...,Ap) € Cn(G) and
B = (By,...,By) € Co,(G) such that

(i) G=<A; >=<B>.
(ii) (A,B) € Cpsn(G) is g-complete.
(111) There exists b; € B, b; € Bj such that bjb; = bjb;, 1 <i# j <n.

Then, for s large enough, writing Cs = ([A],[B]°), there is a unique SHy(y, 1,y HM-orbit
oM (c,) e sni(Cy)/SHo(mtsn) and Moy, 1 o(msny acts transitively on it.

Proof. For any a € A, b € B, < a<P> > is normal in < a,b >. But by (ii) < a,b >= G
thus, < a<P> > is normal in G and, in particular, contains < A; >= G (by (i)), which implies

(H1.17). As for (H1.2T), since < a7B> > is normal in < B >= G (by (i)) so it contains
< Ay >=G (by (i)), which implies (H1.2%). O

85



The hypotheses of corollary 4.5 are fulfilled automatically when G is simple and (A,B) g-
complete (cf. example (2)). They also are preserved by Frattini extensions (cf. proposition 4.8).
However compared with theorem 4.4, corollary 4.5 is often too restrictive (cf. examples (1) and

(3))

3. Compared with theorem 3.21 of [F95a], observe that theorem 4.4 usually provides lower dimen-
sional geometrically irreducible varieties. For instance, with G = M;; and A = (84), B = (11A4)
(cf. example (2) below), the former provides an 8-dimensional variety whereas the latter provides
a curve.

4.2.3.2 Examples

The purpose of this section is to give examples of groups verifying (H1.1), (H1.2) and (H2) (condi-
tion (H1.0) is here to ensure hm(C) is not empty and it will always be fulfilled in our examples - where
either the tuple (A,B) is g-complete or the stronger condition (H1.1") holds). We are particularly
interested in minimizing m that is, obtaining HM-subvarieties of low dimension.

(1) Symmetric and alternating groups : Consider the symmetric group S, where p > 5 is a prime

number, A = (C®?)) and B = (C®) where C¥) denotes the conjugacy class of i-cycles in G, i = 2, ..., p.
For any a € c®) beC? < a<t> >q< a,b>. But < a,b > is a transitive group of prime degree
p, so it is primitive [Wi84] Th.8.3 and, since it contains a 2-cycle, it is S, Th.13.3 [Wi84]. As a
consequence < a<t> >= A,, which acts transitively on the 2-cycles class. Likewise, consider the al-
ternating group G := A, where p > 5 is a prime number, A = (C®) and B = (C®). For any
aeCP e B <at> >q<a,b>. But < a,b > is a transitive group of prime degree p, so it
is primitive and, since it contains a 3-cycle it is A, [Wi84] Th. 13.3. So conditions (H1) and (H2) hold.

(2) Non abelian finite simple groups : Suppose G is a non abelian finite simple group. With the
notation of corollary 4.5, observe that since G is simple hypotheses (i) is automatically fulfilled since
the groups < A; >, < B > are normal. So we are only left to check hypotheses (ii) and (iii). Taking
n = 1, (iii) is automatically fulfilled too. So, for a simple group G we always have ¢(G) < 2{(G) — 3
where [(G) denotes the minimal length of a g-complete tuple (A1, ..., Ay, B) of non trivial conjugacy
classes of G

Example 4.6 1. According to the Atlas, the Mathieu group M1 has 10 conjugacy classes : 1A, 2A, 3A, 4A, 5A,
6A, 8A, B¥* 11A, B** and its maximal subgroups have order 720, 660, 144, 120, 48. Since none of these orders
can be divided by both 8 and 11, (8A, 11A) is a g-complete 2-tuple for Mi1. So, M1 satisfies (H1) with A = (8A4),
B = (11A4).

2. The argument above, using the maximal subgroups given by the Atlas, works for instance with m = 1 and
M,z with A = 7A and B = 114, (443520, 40320, 20160, 7920, 5760, 253).
Sz(8) with A =5A and B = 7A, (448, 52, 20, 14).
J2 with A =5A and B = TA, (6048, 2160, 1920, 1152, 720, 600, 336, 300, 60).
Js with A =54 and B = 17A, (8160, 3420, 2880, 2448, 2160, 1944, 1920, 1152).
Ly with A = 37A and B = 674, (5859.10°%, 5388768.10%, 465.10%, 299168.10%, 9.10%, 3849120, 699840, 1474, 666).
ete.

3. Consider the projective special linear groups La(p) where p = 3 [mod4], p > 7 is a prime number. Then, by a
theorem of Dickson [?] :Let p > 5 a prime number, then the order of the mazimal subgroups of the projective
special linar group Lo (p) belongs to {@71)— 1,p+ 1,60} if p = £1 [mod10] and to {@,p —1,p+1,24,12}
else, the tuple (24, pA) is g-complete.

(3) Families of p-groups : All the assertions in the following can be found in [Su86], Chap. 2 §2 or
Chap. 4 §4.

(3-1) p=2: Then G is one of the following groups :

- Dihedral group of order 2" : Don =< $,y|x2n_1 =y’ =1, yry=a" ! >.
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- Special dihedral group of order 2" : Son =< :r,y|3:27k1 =2 =1, yry=a 1+ >,

- Generalized quaternion group of order 2" : Qon =< x,y[:ﬁzn_l =92 yloy =271 >,
and, taking A = C’f , B = C¢&, using the relations, one immediately checks that for each a € A
B = {x,axa"'}, so condition (H1.1) is fulfilled and, since m = n = 1, conditions (H1.2) and (H2)
are empty.

(3-2) p > 2 : Recall that for any finite p-group G with Frattini

Lemma 4.7 Let G be a finite group with Frattini subgroup ®(G). Assume the quotient G/®(G) is

abelian, then,, for any x1,...,xq € G such that G/®(G) = @?:1 < T; >, the tuple C := (Cfl, ...,C’gj)
s g-complete.
Proof. Indeed, for any g¢i,...,94 € G, since G/®(G) is abelian, one has :c_;(-” =T, 1 = 1,...,7 so

G =< z{',..,2%,®(G) > which, by the characterization of the Frattini subgroup, implies G =<
', L2y >0

A finite p-group G has the property that G/®(G) is an elementary abelian p-group. Assume
furthermore that ®(G) = Z(G) and G/®(G) =< T > & < y >. Then any g € G can be written in
a unique way g = "9y ¢, = y 9z 1), with ¢4,1, € Z(G) and all the elements in A := Cz? are of
the form y¢, ¢ € Z(G) thus, for any a € A, B = CF = {a’za"};>¢ with < a >C< a<*> > for any
b € B. This shows (H1.1) is fulfilled and, once again, since m = n = 1, conditions (H1.2) and (H2)
are empty. The following groups satisfy these hypotheses :

M) =<z, yla?" T =P =1, ylay = 2P >

- Any non abelian group of order p? (Recall that an abelian group of order p? is isomorphis to Dg
or Qg if p =2 or to M(p?) or E(p?) if p > 2, where

E(p3) < Jj,y|$p = yp = [xvy]p =1, [xvy] € Z(E(p?’)) >

(4) Frattini extensions : The next result is about Frattini extensions; it is related to Modular
Towers §4.4.1.2 and will be proved in 4.3.2. It will give us information about regular realizations of
finite unsplit extensions of a given finite group G, which is a difficult matter, even when the group G
is known to be regularly realized (this is the theory of embedding problems, [MMa99], Chap.V)

Proposition 4.8 (Frattini covers) Let G be a finite group verifying (H1.0), (H1.1%),(H1.2") with
A = (A1, ...,An), B=(B1,...,By). Then, for s large enough, ([A],[B]®) verifies (C1) and

(C3) Given a finite Frattini cover G — G, for any tuples A, B above A, B, the tuple
([A], [B]?) verifies (C1).

We have the following additional conclusions :

(C4) If the B;, i = 1,...,n are p’'-conjugacy classes for a given prime number p and G, A,
B verify (H2) then, given a finite Frattini cover G — G with p-group kernel, there
exists tuples A,B of conjugacy classes of G above A and B such that the tuple ([A],
[B]*) verifies (C1) and (C2).

(C5) Ifn=1 then, given a finite Frattini cover G — G, for any tuples A, B above A,

B, the tuple ([A],[B]®) verifies (C1) and (C2).

Example 4.9 Here are two examples of central Frattini extensions we will deal with in the following :

- If G is perfect (that is, G = [G,G]) then, by Schur’s theorem, the universal central extension G — G of G exists;
furthermore, it is finite, Frattini and its kernel is the Schur Multiplier M(G) of G.

- If G is p-perfect (that is generated by elements of prime-to-p order) for some prime p dividing |G| then the universal
central p-extension PG — G of G exists ; furthermore, it is finite, Frattini and its kernel is the p-part M (G), of the Schur
Multiplier M(G) of G.
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4.3 Group theoretical proofs

This section is devoted to the proofs of theorems 4.4 and proposition 4.8. They rely on the following
technical lemma, the proof of which is postponed to section 4.3.3 :

Lemma 4.10 Given a finite group G and a symmetric 2s-tuple C = [Ch, ..., Cs] € Ca5(G).
(1) For any 1 < k < s there exists uy, € Il o5 such that for any HM representative g = [g1,...,3s] €
hm(C)

U - 8= (g1, 955 gs)

(2) For any 2 < k < s and for any i = (i1,...,3,) with 2 < i1 < iy < ... < i, < k — 1 there exists
vk € Iy 25 such that for any HM representative g = [g1, ..., gs] € hm(C)

Giy -+-9iqy

Vik 8= [91,---79;31 7"'798]

(3) For any 2 < k < s, for any i = (i1,....5,) with k+1 < i1 < iy < ... < i, < s — 1 there exists
wy; € I o5 such that for any HM representative g = [g1, ..., gs] € hm(C)
Gip --9iq

91

Wk 8= [gla”'7gk 7‘”795]

The underlying idea of lemma 4.10 (and of the whole proof) is that, the larger the tuple [Cs, ..., Cs]
is, the larger the groups G}, generated by the gf”mg”, 2 < i < < .. < dp < k—1 (resp.
E+1<i <iy <..<i <s—1) are; our purpose is to show that under the assumptions of

theorem 4.4 these groups are large enough to act transitively on the conjugacy classes Co, ..., Cs.

4.3.1 Proof of theorem 4.4

In the following, we say o = (¢(1),...,0(r)) is an ordered v-tuple in a subset ¥ C N if o(k) € X,
k=1,..,vand o(1) < 0(2) < ... < o(v). Given such an ordered v-tuple o, we write o + [ for the
translated ordered v-tuple (o(1) 4+ 1,...,0(v) +1).

4.3.1.1 Casem=1

Let G be a finite group and A, B = (By, ..., B,) be n + 1 non trivial conjugacy classes of G.

(1) Given b = (b1, ...,b,) € B, write < b >= {1, ..., Bs} ; each [3; can be written as a product of say
s(j) terms of the form bg, ; := by, (1) Do, (1, ;) Where oy j = (0k(1), ..., 0%, (g ;)) is an ordered
tuple in {1,...,n}, k =1,...,5(j), 7 = 1,..., 5. Setting N(b) = max{s(j)}1<j<s, the set

{bcf1 e bcrs } o ordered tuple in {1,...,n}
s<N(b)

contains < b >, that is, is equal to < b >. And, since by definition < a<P> > is the subgroup

generated by {a’}pc<p>, one deduces from the above that

,,,,,

s<N(b)

(2) Write N; = |B;|, i = 1,...,n and N = max{N(b)}pep and set N = Ny --- N, N°. Then, for any
(bi1s -y bin)i<i<n € BY there is at least one b = (b1, ...,b,) € B which is repeated N times among
the (b;1,...,bin), i =1,..., N and since N(b) < N, step (1) yields :
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Lemma 4.11 There exists N := N(B) > 1 depending only on B such that for any (u;)i<i<nn =
(bi1s s bin)i<i<n € BY there exists b € B satisfying

<b> — o(v) Us
<a >=< {au @ (1)}0 ordered tuple in {1,...,nN} >, for eacha € A

We now show that, for z > N(B) + 1, the tuple C, = ([A], [B]**) will satisfy (C1) provided A, B
satisfy (H1) and (C2) provided B also satisfies (H2).

(H1) = (C1) : For any 1 < k < 4nx one can always find in [B]?* either N(B) + 1 copies of
[B] before k (if 2nz < k < 4nz) or N(B) + 1 copies of [B] after & ( if 0 < k < 2nz). Let
g = [a,h1,..., hanz] € hm(C,) be a HM-representative and g € G. We are to show that, for any
1 <k <2nz, gand [a,hy, ..., hi, ...y hapg] fall in the same orbit under ITj 4p,,42. Suppose for instance
2nx < 2k < 4nx, that is there are at least N(B) + 1 copies of [B] before k and so, according to
lemma 4.11, there is at least one n-tuple b = (by,...,b,) € B such that < a<P> > is generated by
the set {aho(v)“'hU(l)}U ordered tuple in {1,...nz—1}- But since < a<P> > acts transitively on the conjugacy
class of hj, we can assume that ¢ €< a<P> > and, consequently, that ¢ can be written as a product
x1--- x5 of s terms of the form zj, = ah%(”k)"'h"k(l), where o, = (0k(1),...,01(v)) is an ordered tuple
in {1,....,nx — 1}, k =1,...;s. So, we are left to do the following s operations

g - [CL, hl7‘”7hgs7i;7h2n:c]
— [a,hl,...,hks‘ 5,...,h2nz]

Tl Ts_1T
- [CL, hl,...,hk ° S,...,hQWC]

But, according to part (2) of lemma 4.10, these can be handled by applying successively vy 1 k+1,
Vg 141,41 €tc, k=1,...,s. If 1 <k < 4nx, use part (3) of lemma 4.10 instead of part (2).

(H1) & (H2) = (C2) : From now on, we denote by C the tuple C, built above and set s = 2nz + 1.
We assume furthermore (H2) is fulfilled that is, there exists b; € B;, b; € B; such that b;b; = b;b;,
1 < i # j < n. We have shown that all the HM-representatives fall in one single orbit O} (C) €
sni(C)/I; 25 so in one single orbit OYM(C) € sni(C)/Ia 2 as well. In the first place, we prove the
M5 2s HM-orbit OYM(C) has the same length as the SHos HM-one OHMM(C), that is, they coincide. In
the second place we show that O¥M(C) = O1™M(C).

Condition (H2) implies SHag leaves OYM(C) globally invariant. Indeed, since I3 25 is normal in
SHss, SHys permutes the orbits of sni(C)/Ily 2. But, for any HM-representative g = [g1, ..., gs] €
hm(C), straightforward computations give

_ -1, gi_l — . .
agi2;j - 8=((91, 911,95, (9, )% 99, [git1, - 95-1)9;" 195 (G415 G2nat1]), 2 <0 < < s
—1 —1 -1 —1
’

a2i2+1 - &=([91, .-, gi—1], g4, (gi_l)g'i 9 [Git1s - 9i—1]s G5 (gj_l)gj 9 [gj+1s - 92nat1]), 2<i<j<s—1
azi—1,2; - =91, - 9i—1), 977, 97, [gi+1, ---793‘71]79?179;17 [95+1, - 92nat1]), 2<i<j<s
1

J

g5 _ _1.g7 g, . .
azi—1,2j+1 - =91, - 9i—1),9;° 95 [9i+1, - 95-1], 95, (95 1959 [gj 1y G2nat1]), 2< i <j—1< s —2

Consequently, any HM-representative g = [g1,...,9s] € hm(C) with 9i9; = gjg; - such a HM re-
presentative always exists according to (H2) and the way C was built - is fixed by a;; that is,
aij - OFM(C) = OM(C), 3 < i < j < 2s. And, since OM(C) is a Iy 5, orbit, we obviously have
aij - OFM(C) = OM(C), i = 1,2 < j < 2s. Consequently

SHy,-OfM(C) = ofM(C)
S5  SHy,-hm(C) = OHM(C)

We now show that O{JM(C) = OfM(C). As above, IIj o5 being normal in Il 9, entails that
I 55 permutes the orbits of sni(C)/II; o5. Thus, it is enough to show that for any i = 3, ...,2s there
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exists g € hm(C) with as; - g € OFM(C). But, for any HM-representative g = [g1, ..., gs] € hm(C)
straightforward computations give

a;éiﬂg (91, (91 1Y9i g2, 0 gim 1} 90> (979, [9it1, - 5))
-1 -1 —1
9; NPt 9; 9;
= (91L 791 7[92 s 792 1} gw(gi 1)91 91’[91_117'”7981 D
+
-1
— ._ g9; 91
agéi-g = (917(91 )91 lg2, ..., gi— 1} g; 295 (Gt o 95))
(

AR TR AR L) N P I 3 )

and, by lemma 4.10, there exists u; g, v; ¢ € Il 25 such that

g‘_1 -1 71
Uig & = [91, [ggg , ,gl 1] Gis [gZH . ,ggmﬂﬂ
Vig '8 = [917[92' 5o 792 1] g’u[gz+17- 792nz+1ﬂ
SO,
a1,2; " Uj g & = a£§i+1 g
a1,2i—1Vi,g ' 8 = az_éi 3

4.3.1.2 Case m > 2

Keeping the same notation as above the 2s-tuple we are going to consider will be once again of the
form C, = ([A], [B]?**) with x large enough. The following lemma is a straightforward generalization
of lemma 4.11.

Lemma 4.12 Let G be a finite group andconsider two tuples A = (Ai,...,An) € Cn(G), B =
(B1, ..., Bp) € Co(G). There exists N := N(B) > 1 depending only on B such that for any (u;)1<i<nn =
(bigs -y bin)i<i<n € BY there exists b € B satisfying

Ug(v) o (1)

<a<P> >=< {q } 1<i<m > foreacha € A

o ordered tuple in {1,...,nN}

(H1) = (C1) & (C2) : As in section 4.3.1.1, if x > N + 1, condition (HI1.1) ensures two HM-
representatives of the form [a1, ..., @, M1, ..., hong] and [aq, ..., am, K", ..., h32*] fall in the same orbit
under Iy, 1 4nz+2m- To prove it, just observe the method used to construct the elements wy, v; i, wg;

of II1 25 in lemma 4.10 gives similarly elements ui, vf > w,iz- of II;_1 2, such that

uig:[gl)vggzvvgs] _ 71§i<k§5

. g, . N . .
Vico ik 8= (915 G, | s Gs] 5 0= (i1, .y tp) With 1 < i) <o < ... <ip <k

a3
; 9; . .
w,@7il<___<ir g =91, gy yees Js] 8= (1, ey i) With @ < k <y < g < ... </,

Now, let 2 < i < m and g € G. We are left to show g = [a1, ..., am, 1, ..., hong] and [aq, ..., a?, ..., am, A"

hgi’;z] fall in the same orbit under I, _1 4nz42m- First note that there exists a constant M > 1
such that any element of < B > can be written as the product of at most M elements of U1<;<,B;. Up
to increasing the number z of copies of BY, we assume 2z > M. Since < afB> > acts transitively on

the conjugacy class of a;, we can assume that g €< a<B> > and consequently that g can be written as

bhouy b ) .
the product x1 - - - x5 of s terms of the form x; = a;, v R , where i, € {1,...,1 — 1}, by j € Ui<i<nBi,
j=1,..,vpand vy < M, k=1,...,s. So, this time, We have to carry out the following s operations

X
g — [a17‘”7ais7‘”7amah17”'7h2nx‘]
Ts_1T
— a1, a;" 7 am, R hong)
T Te 1
- la,...,q; T am, Py ey hong ]
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Since 2o > M, one can always find (R}, ..., h),.) € B?® and s ordered tuples o}, = (0%(1), ..., 0% (v1))

in {1,....,2nz}, k = 1,..., s such that bkZ = hgk(z), 1 =1,..,v, k= 1,...,s. But, as already noticed,
[@1y ooy @y Py ooy o] and [al, ey Uy N oy B, ] fall in the same orbit of Hgm 1 4nz+2m- Then apply
successively the elements w;; s wzs’lﬁmi etc., k=1,...,7 to [a1,...,am, h}, ..., hL, .| in order to ob-
tain [a1,...,a?, ..., am, hy, ..., hb,,]. To conclude, use once again that [ay,...,af,...,am, k), ..., kb, ] and
[a1, ..., af, S Qs P, e hgm] fall in the same orbit of oy, —1 4ngz-+2m.

( ) (H2) = (C3) : This part of the proof remains unchanged since (H2) ensures S H 4,5 42m leaves

OlM _ (C,) globally invariant.

4.3.2 Proof of proposition 4.8

We retain the notation of 4.3.1.1, 4.3.1.2 and of proposition 4.8. Consider the integer N := N(B) >
1 defined in lemma 4.12. Then, according to (H1Y), for any (@;)1<i<nn = (bZ Ty.nn bm)1<Z<N c BY
there exists b € B satisfying

G =< {s(a ? vty 1<i<m >, for eacha € A

o ordered tuple in {1,...,nN}

But, s : G—G being a Frattini cover, this entails

G =< {ELZLJ(")MU”(D} 1<i<m >, foreacha € A

o ordered tuple in {1,...,nN}

So we can always take N = N(B) = N(B). Now, recall that in (H1) = (C1) & (C2) we have also
imposed that 2z > M. The Frattini property shows M does not have to be increased when passing
from G to G. Indeed, (H2") means that

G =< {s(&gl"'ﬂl)} 1<k<io1 foreacha; € Ay X - x A, i=2,...m

which entails that

G =< {Ezflmﬁl)} 1<k<i—1 foreacha; € Ay X - x Ay, i=2,...m

BjE€U1<i<n By ISM

This and section 4.3.1.2 show the 4nx + 2m-tuple C one gets replacing A; by 1212-, 1=1,...,n and B;
by B;,i=1,...,m satisfies (C1). As for the second part of proposition 4.8, we are left to show B can
be chosen in such a way that the commutativity conditions (H2) are still fulfilled. For this, choose
b; € B; and apply Schur-Zassenhauss lemma to the short exact sequence

1 —ker(s) — s (< b >) < by >— 1

which splits uniquely up to conjugation, defining thus a single conjugacy class B; above B; the elements
of which have the same order as those of B;, i = 1,...,n. Let us show the n-tuple B = (Bl, .., B, )
works. For any 1 <i # j <nlet b; € B;, b; € B; such that bibj = b;b; so, in particular < b;,b; >~<
b; > x < bj >. Once again Schur-Zassenhauss lemma implies the short exact sequence

1 — ker(s) — s (< by, by >) =< by, by >— 1
splits uniquely up to conjugation and, in particular that, for any section o of s we have o(b;)o(b;) =

o(b;)o(b;) with o(b;) € By, a(bj) € B;. This proves (1) and (2) is straightforward since n = 1.

4.3.3 Proof of lemma 4.10

We proceed in two steps :
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4.3.3.1 First step

Set
i 201 4+1 20241 20i—1+1 ~27v; ~28i—1+1 2B2+1 ~201+1 s
1,25_{ 1 Q2 Q l Q IQ Z -QQ Ql oqyeoj 1€ZL 3 Z—l,...,28
B1ssB;_1€L
v;€Z—{0}

and By g5 1= U?il ’1'728. Then By o5 is contained in II; o5. Indeed, each of the 8’1'728, 1=1,...,2s is. For
1 = 1, this is obvious. For 2 <4 < 2s, this results from the following equality : for any a;, ..., ;1 € Z,
ﬁl) "'7672—1 € Zv Vi € 7 — {O}

Qi1 Bi— 1+1 B3s+1 Pa+1  ~2a1+12a0+1 20!1 1+1 27, 251 1+1 28241 ~261+1
6‘12@13 Ay lalzalz 1 @13 Q1o T Wy Q3 Qi Q; " Q- Q5 Q]

one can check computing ”from the center”, i.e. :

Bi—1+1 2vi A28i—1+2—1
alzalzz 11 = Ql QZ— Q%Q T Qz 2 Ql

o Bi—1+1 o 2 2Bi—1+1
ajiy(ala ) = a4 hQ1QiQy QT Qi Q1
_ Ql Q 2@20[1 1+1Q272Q261 1+1Q
- = i— 2 1
Bi—1+1 Bi—a+1 2 +1 42 25 +1 1 ﬁ +1
(a?zz 11((11 'Lalzz 11 ))alji—22 — Ql Qz QQ Olz 1 Q ’YzQ i—1 Q Ql 111 22

21 +1 27 ~268i—1+1 A208i—2+2—1
= Q1..Qi QX Q”Qﬁl Qﬁf QrY..Qr!

etc.

4.3.3.2 Second step

We use now elements of By 2, to build ug, v; 1 et wy ;.
Set «y, 1= ng_gng_ngk_g, k =2,...,s and note that

(P, ooy hok—3, G Ghs G s Poi 15 -y Bs) = (B ey B3, 9, 97, (90) ™Y Bkt ooy hs)

(1) Construction of uy :
Set By = Qox_3...Q1, k = 2, ..., 5, then, for any g = [g1, ..., gs] € hm(C),
- 52 ‘g8 = (91_17917 [g27 798])

- 53 ‘g8 = (91_179317 (ggl)_17g17 [g37 798])
- By recurrence, observing that Bx11 = Qop—1Q2x—20k, kK > 1, conclude that

Be-g= (91" 199" 90 1), 91, [9k> - 95))
So, setting up = ﬁk_lakﬁk € Bj 24, one gets :

up-g = B (ak- (97095 90 1], 91, [k o 95])
Bt (or 198 gl ) o Lol e s))
Bt (B [91, 92 s Gk—15 91" Gt 15 -, G25])
= (91,92, Gk—1, 97", Gkt 15 - G25)

In the following, given = (i1,.p) with 1 <43 < ... < i, < s and g = [g1, ..., 9s] € hm(C), we

will write y(z,j) = g1 g” i=1,..,7

(2) Construction of vj :

In this section, given i = (i1,...,4,) with 1 < i; < ... < i, < s and g = [g1, ..., 9s] € hm(C), we will

write g0 = [gglv "'7gg11—1] and g; j = [g:(i{)" "gzj(i’ljzlL J=1..r

For any 1 <i < j < s, write v,<j == sz_lQQj_Q .-+ (2, which acts this way :

77:<j'(h1) (X h2i—lagv [gi—i-lv 79]]7 h2j+1) EEE) hQS) = (hla ceey h?i—lv [9;9_;_1, "'79]9'_1]7.9?7 gj_lvggj) h2j+17 seey h?S)
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and for any ¢ = (i1,...,4,) with 1 < i1 < ... < i, < s set 72(1) = Yi,_1<iy O+ OYiy<ip ©Y1<iy © Q1. Then,

for any g = [g1, ..., gs] € hm(C) :

- For any 1 <i; <, *y((z-ll)) g ="1<i 8= (91 (98" 001 ) 00 93 g1 (g o 0))-

- By recurrence, observing that 7((11,1T+1) = 'Yir<ir+1'7§'(1)> 1= (i1, .ydp) with 1 < i1 < ... < i < s,
iy < ip41 < 8, 7 > 1, conclude that

’Yi(l) v(i,r—2) y(,r—1) -1

g = (gl_lagi,07g‘igll7gi_117gi,la' 7917, 1 ngr 17g7,7“ 1, gl 7gir 77(17r)7[gir+17”‘7gs])

Finally, given i = (i1,...,%,), k with 1 < i3 < ... < i, < k < s write %(2]2 = QQk_g...QQZ'T.’}/Z-(l) and
compute .

2 - - 1 i, .
FYZ(JC) 8= (gl 1’ 8,0, gigll’gill’ 8i,1s - Bir— 1’gz glir- )7 gir [gz,«(-li-;)v . .795(_117”)]7 g(la ’l“), [gk’ "'798])
So, setting
2)\— 2
Vi = (7;(,13) lak’Yz-(,k) € Bi,2s

for any g = [g1, ..., 9s] € hm(C) one gets :

9in 94
2)v—1 (2 ro
Vik & = (’72(7]2) l%'(Jg) ' [gl)"'agk—lag]zl 7gk+l)"'7gs]
- - Gip--9iq
= [gl)-'-agk—lag]zl )gk-‘rl)'“vgs]

(3) Construction of wi :

In this section, given ¢ = (i1,...,4,) with 1 < i; < ... < i, < s and g = [g1, ..., 9s] € hm(C), we will
1 1 1
write g; 0 == [gz(Z )T . ,g;;(z I) | and 8ij = [gz](-i-l) . ,g;ﬁ:)l ,i=1..,r

For any 2 <i < j < s, write d;<; 1= Q2j_3 QQZ_IQQZ_Q, which acts this way :

Sici-(P1y ooy R2i 3,0, [Gis ooy Gj—1]s h2jats s has) = (B1y ey Boio3, 97, G5 b [Gi 1y s 95119 h2jss ooy hs)

and for any i = (i1, ...,4,) with 1 < i1 < ... < i, < s set 5( )= = 0j, <i,+100i,_,<i, O+ 00;, <ip ©01<i; OQ1.
Then, for any g = [g1, ..., gs] € hm(C) :

1 — — 2 _
5£( ) ‘g8 = (gl 1)[927"'791'1—1]79?11)91'117[gil—i-lv"'?gig—l] 7gZT(Z1T )’giTi17[girfl“rl?"'?gir—l]?
jr—1) .
gz,(lr )Jgirlafy(br_ 1)7[gir+l7‘”7gs])
Next, set 51(2) = Ql_ . Q2Z 1 1 ) ¢ Bos and compute
2 . i T Npi a1
52( ) g = (v(@r), (g 1)7(1,7“) gzO, (911 )G ) (gill)v(u) il (gZT(ZlT ))w(m) 7(91i1)v(27r)

i1, (g @™ (g EnD T g 1 g4))

Finally, given i = (i1, ...,%,), k with 1 < k < i1 < ... < i, < s write 5( ). = e;q;, ey ;, Where

{ e = Q1 Qu—3Q5 Q21 Qai, ,—3Q5" | 5Qai, -1 Qai,_,
erin = Q-3 QuQy Qo sQok—3 Q1
then, 5,232 € Bsy,, which entails wgi = 5,232 -62-(2) € I; 25 and for any g = [g1, ..., gs] € hm(C) one gets

( 71)91'7, '“gil

wkz g_[gl7 ‘7gk—17gkgl 7gk+17”'798]

As a result, wy; = (0} )‘<91>‘ 1 € T o5 works. Note that, this is the only step in the proof of lemma
4.10 where we use the assumption G is finite. Actually, part (1) and (2) of lemma 4.10 remain true
without this assumption and part (3) only requires g1 to be of finite order.
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4.4 The regular inverse Galois problem with fixed branch points

4.4.1 General strategy
4.4.1.1 For a finite group

We would like now to apply theorem 4.4 to the regular inverse Galois problem with fixed branch
points. Consider a field @ of characteristic 0, a finite group G, a symmetric 2s-tuple (resp. rational
union of conjugacy classes) C = [Cy, ..., 0] € C25(G) and suppose that (C1) and (C2) from theorem
4.4 are satisfied that is, there exists 1 < I < 2s such that all the HM representatives of SE(C) fall
in one single orbit O#M(C) € sni(C)/SHas and TI; 5, acts transitively on this orbit. Then, H,ZY o (C)
(resp. HiL G(C)) is a geometrically irreducible variety defined over Q¢ (resp. over @) such that for
any t) 128 € U*~*1(Q), the HM-subvariety H;I;I M (C)tQH . (resp. the symmetrised HM-subvariety
HE G( )t/ t 725) is a smooth geometrically irreducible variety of dimension [ defined over the finite
extension Qg(t),;4,)/Q (resp. the finite extension Q(C,t;,,,,)/Q). So the problem is reduced to
studying the rational points of a smooth modular geometrically irreducible variety V' of dimension [
defined over a finite extension ko/Q.

This situation is particularly adapted to the Local-global principle [Mo89], [GPR97] that is : consi-
dering a global field ky and a nonempty finite set of places ¥ and denoting by k‘g /ko the maximal
extension of kg in a separable closure k/ko which is totally split at each v € X, the local-global prin-
ciple for varieties states that, for any smooth geometrically irreducible k(?—variety V, if V(koy) # 0 for
each embedding /cg — kg, and each v € ¥ then V(k‘g) # (). This applies in particular to kg = Q and
¥ = {p}, where p is a prime number (resp. co) that is, kop = Qp, k:gl = Q' (resp. koso = R, k(? = Q).

So, using the modular interpretation of Hurwitz spaces we can state, for instance :

Proposition 4.13 Fiz a finite group G, a symmetric 2s-tuple C = [C1,...,Cs] € Cas(G) and an
integer 1 <1 < 2s. Let kg be a global field and ¥ a nonempty finite set of places. Assume

(Trans) All the HM representatives fall in one single orbit OHM(C) € sni(C)/S Has
and I1; o5 acts transitively on this orbit.

(LocReal)  There exists a tuple ty, ;| 5, € U (ko) such that Q(C,tk 111.25) C ko and, for each
v € X, there exists a HM G-cover f defined over ko, with invariants G, C (t’ t5)
(where ty € Uj(ko,) depends on f).

Then there exists a HM G-cover f defined over ng with invariants G, C and branch points (t’f, tIE,lHQs)
(where t; € Uy(k§) depends on f).

Proof. In terms of Hurwitz spaces, condition (Trans) implies that st G(C) is a geometrically irre-

ducible variety defined over ko and that for any t], , .. € U**~(ko), H2! G( )™ remains geometri-

141,25 _
cally irreducible. Furthermore, according to condition (LocReal), there exists t& 14125 € U= (ko)

such that HQS M(C)y (koy)™% £ 0, v € ¥ with Q(C, t& 1+1.25) C ko. So, since H28 M(C)y

1S
ty 141,25

t 141,28
smooth, geometrically irreducible and defined over kg, the local-global principle entails that 1% G(C) T (kF)neod £
(), which is the expected conclusion when, for instance, Z(G) = {1}. Else, the local-global prin-

ciple should be applied to the global descent variety D237(;(C)t/2 . [DDoMo04] associated with

HE G( )t i instead of HE G(C) 110 itself. Indeed, one has
DQS,G(C) E,L+1,2s (k’o,y) 7'5 @, v € 2. Since DQS,G(C) E,L+1,2s

ned over kg, the local-global principle yields D257g(C)t/E - 2S(kg) # () or, equivalently,
H2S G( ) 5 141,28 (kgl)noob #0.0

is smooth geometrically irreducible and defi-

Remark 4.14 Existentially closed extension analog Recall a field ko is said to be existentially closed in a
regular extension k/ko if for any smooth geometrically irreducible ko-variety V', V (k) # 0 entails V (ko) # (. For instance
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a large field ko is existentially closed in ko((X))/ko [P96]. Thus, an analog of proposition 4.13 can be stated for this
situation, more precisely :Let ko be a field existentially closed in a regular extension k/ko. Fix a finite group G, a
symmetric 2s-tuple C = [C1, ..., Cs] € C25(G) and an integer 1 <1 < 2s. Assume (Trans) and

(LocReal) There exists a HM G-cover defined over k with invariants G, C and branch points
t' € U* (ko) such that Q(C,t,,.4,) C ko.

Then there exists a HM G-cover f defined over ko with invariants G, C and branch points (t', ], o5) (where ty € Us(ko)
depends on f).

4.4.1.2 For a projective system of finite groups

The above strategy can also be developped for a complete projective system of finite groups (sg41 :
Gry1 = Gi)i>o0- Indeed, assume there exists a projective system (Cj = [Cj 1, ..., C s]) k>0 of symme-
tric tuples (resp. rational union of conjugacy classes) Cj, € Cas, (G) and an integer 1 <1< 259 such
that (C1) and (C2) from theorem 4.4 are satisfied at each level £ > 0. Then (’H2Sk+1 Gk+1(Ck+1) —

H;I;[kj\/ék( k))k>0 (resp. (Hgi\ithH (Ckt1) — 'stk ¢, (Ck))k>0) is a tower of geometrically irreducible

varieties defined over Uk>0QC (resp. over Q) such that for any projective system of branch points
(t))kso € lim U*+~1(Q) the corresponding tower (H25k+1 Gk+l(ck+1)t;€+ H25k Gk(ck)t;)kzo (resp.

k>0
symmetrised tower (Hgi\f_th+1(Ck+1)t;€+l — Hgi\{(}k(ck)t;)kzo) is a tower of geometrically irredu-

cible [-dimensional varieties defined over Uy>0Qg, (t},) (resp. Ux>0Q(Ck, t},)). Theorem 4.1 of [DEO3]
states that, given a complete projective system of finite groups (sg+1 : Gk+1 — Gi)r>0, (Ck)r>0 can
always be built in such a way that (C1) is fulfilled for any k£ > 0 and that, for any henselian field A
of characteristic 0 with residue characteristic either p 0 or p > 0 not dividing any of the |G|, k >0
and containing all the prime-to-p roots of 1, lim HQSk Gk(Ck)()\)”OOb # (). We would like to obtain the

k>()
same kind of results replacing the towers of HM-components by towers of HM-subvarieties in order to

apply the following profinite version of proposition 4.13.

Proposition 4.15 Let ko be a global field and ¥ a monempty finite set of places. Fixz a complete
projective system of finite groups (Sk+1 @ Gg+1 — Gr)k>0, a projective system of symmetric tuples
(Ck =[Ck,1, s Crs))k>0 and an integer 1 <1 < 2sg. Assume

(Trans) All the HM-representatives fall in one single orbit O™ (Cy) € sni(Cy,)/S Has,
and 11; o5, acts transitively on this orbit, k > 0.

(LocReal) For all k > 0, there exists t, ;1 5, € U+ (ko) such that Q(C,t5 1 0,,) C ko and
for each v € X, there exists a HM G-cover fi, defined over ko, with invariants Gy, Cy,
(t,/fk7t,27l+1723k) (where ty, € Uj(koy) depends on f).

Then for each k > 0 there exists a HM G-cover f defined over k§ with invariants Gy, Cy and branch
points (t} 5,15, ) (where ty, € Uy(k3) depends on fr).

We will deal with modular towers [F95a] and some towers of Hurwitz spaces associated with modular
towers we call associated central towers. The end of this section is devoted to describing the construc-
tion of these objects which are the main motivation for proposition 4.8 and example 77.

a/ Modular towers : Fix a finite group G' and a prime number p dividing |G|. Consider then the
universal p-Frattini cover of G, qu ip G — G. Since ker(, 55) is a free pro-p group, its Frattini series,
defined inductively by kerp = ker(, qﬁ), ker; = kerp[kero, kerg], ..., ker; = ker! ,[kery, kery],..., is a
fundamental system of nelghbourhoods of 1. This provides a complete projective system of finite
groups (Sgi1 .];H G —»k G) >0 with G :=, G/kery, k > 0 such that ,G = lim kG Furthermore,

kZO

for any £ > 0 and any p’-conjugacy class C} of ';G‘, there exists a unique conjugacy class Cgyq of
]Z‘;’Hé above Cj with o(Ci4+1) = 0o(Ck) [F95a], lemma 3.7. As a result, if G is p-perfect, any tuple
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of p’-conjugacy classes Co = (Co 1, ...,Co,) € C-(G) with hm([Co]) # 0 defines a unique projective
system (Cy = (Ck.1, ..., Ck.r))k>0 such that for all k > 0, o(Ck;) = 0o(Ckyp), i = 1,...,r, hm([Ck]) # 0
(Frattini property) and Cj, has the same rationality properties as Co>. The corresponding projective
system of HM-varieties

(H;Iié\{lé([ck—i-l]) — H;ﬁé‘é([ck])kzo

is called the HM-modular tower associated with the data (G,[Cygl,p). As usual, (Hif\gﬂé([(}kﬂ]) —

Hg A G([C k] k>0 will be called the symmetrised HM-modular tower associated with the data (G, [Co], p).
b/ Associated central towers : We keep the above notation, assuming furthermore that G is ¢-
perfect for some prime ¢ # p dividing |G|. Denote by ¢  the functor "universal g-central extension”

o —

and consider the projective system (4s;41 : 4(h71G) — q(’;é))kzo. For each k > 0 let Ay be the set

of all symmetric 2r-tuples of conjugacy classes of q(’gé) above [Cg]. Then (q/:9k+1 s Agr1 — Ak)k>o0
is a projective system of non emptwite sets, so its projective limit is non empty. In other words,
there exists a projective system (4[Cy])r>0 of symmetric g-complete 2r-tuples of conjugacy classes
above ([Cg])r>0. Such a system defines a tower of Hurwitz spaces covering the HM-modular tower
associated with the data (G, [C], p) we call an associated g-central tower. It cannot be defined uniquely
in general except if Cy 1, ..., Cp, (and thus, Ciay s Cloprs k2> 0) are also ¢’-conjugacy classes, in which
case, by Schur—Zassglgauss, the associated g¢-central tower can be defined uniquely with, furthermore,
the property that ¢[Cy]) has the same rationality property as [Cy], kK > 0 and, consequently that the
associated g-central tower is defined over the same field as the original modular tower. In general,
if the original modular tower is defined over k C Q, an associated g-central tower is defined over a

subfield of k(ee“‘;#))q) where e(M(G)), denotes the g-part of the exponent of the Schur multiplier
M(G) of G. Indeed, one has e(M(’;é)| e(’;é) with e(lgé) = p"ke(G) thus e(M(];é))q =e(M(G)),-

If G is perfect, one can carry out the same construction with the functor ”universal central exten-
sion”, ~ , but the resulting associated central towers are not necessarily defined over a finite extension
of k since {e(M(';é))}kzo is not necessarily bounded.

Theorem 4.4 and proposition 4.4 give group-theoretical conditions to ensure the transitivity condi-
tion (Trans) holds. Sections 4.4.2 and 4.4.3 are devoted to prove the local realization condition
LocReal for fields like R, Q@,. As a result we can give explicit forms of propositions 4.13 and 4.15 :
theorems 4.18 and 4.19. Theorems 1 and 2 from the introduction are special cases of these results.

4.4.2 (RIGP/t; C t) over QF
4.4.2.1 G-covers over a complete field of characteristic 0

We start with a preliminary paragraph about the regular realization of finite groups over complete
fields satisfying some additional technical conditions that we will need for our construction.

Let k£ be a complete discrete valued field of characteristic 0 and of residue characteristic p. The
main tools to deal with G-covers over k are formal geometry [H87] or rigid geometry [L95], [P94]. Given
a symmetric 2s-tuple C = [C1,,...,Cs] € Ca5(G), these methods provide a construction of G-covers
defined over QQ, with invariants G, C, t € U,(Q). However, it is not obvious these G-covers are HM
G-covers - and, in general, they are not. For a prime p not dividing |G|, some technical assumptions
on the branch points - conditions (*) and (**) below - are necessary to ensure they are [DE03] and for
primes p dividing |G|, the problem remains open (because of the possible bad reduction of Hurwitz

®Indeed, for any k > 1, [EG : G] = p™* so, for any ¢ > 1, g is prime to |G| if and only if ¢ is prime to |G|. As a
result, for any ¢ > 1 prime to |¥G| and for any 1 < j < 7, C} ; is the only conjugacy class above Cf with elements of
the same order as those of C. In particular, for any ¢ > 1 prlme to |G|, if o4 € S» verifies C? = (Cy (1), -y Co,(ry) then

Ck — (Ck oq(1 Ck ,0q(s) )
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spaces for these primes). Suppose given t = {x1,y1, ..., s, ys } € Uas(k) and consider the conditions

(*)  ;,y; lie in the same coset, i = 1, ..., s and x1, ...,z lie in pairwise distinct cosets.

1 1
(**) xg —yi| < |z —xjllp|P~T, 1 < # j < s (with the convention [p|»-T =1if p = 0).

where a,b € k lie in the same coset means that either [a|, [b| < 1 and |a —b] < 1 or |al, [b] > 1. We will
sometimes write ¢, := e%, n > 2 in the following.

Remark 4.16 Comment about condition (*) Theset By = {(z1, ..., #:) € U'(Q) | x, z; lie in distinct cosets, 1 <
i # j <t} is empty for t > p+ 1.
Indeed, let (z1,...,z+) € E; and assume for instance that |x1| > 1 then |z;| < 1,4 =2,...,t. Write z; := z2 + ‘;—; with
a; € Z\ {0}, b; € N\ {0}, (as,b;) =1,7=3,...,t. Then
- |xs — x2| = 1 implies that p fa;, bi, i =3, ..., ¢t
bja;—bja,

- i — x; = 252 = 1 implies that p fbja; — bia;, 3<i#j <t.
b

In other words, writing @ for the reduction of a € Z modulo p, (@i, b;), (@;,b;) is a basis of F3, 3 < i # j < t with
Ti,bi # 0,4 =3,...,t. But for any n > 1, if (v1,...,v,) € ]Ff7 is a tuple of vectors with non-zero coordinates such that
(vi,v;) is a basis of F2, 1 <4 # j < n, there are only p* — (2(p — 1) +n(p — 1)) = (p — 1)®> — n(p — 1) vectors v,4+1 with
non-zero coordinates such that (vi, vny1) is a basis of Fi, i =1,...,n. Conclude that, necessarily, n > p — 1.

Remark 4.16 underlines how careful we are to be when constructing HM-G-covers defined over Q, with
branch points in a given number field ; for instance, we can’t assert there are HM-G-covers defined
over Q, with p + 3 rational branch points. Lemma 4.17 gives a procedure to solve this problem.

Since the statement and proof of lemma 4.17 are rather technical, we first explain how we are going
to proceed. As usual, the method consists in glueing cyclic G-covers in an appropriate way. But here,
we want to build HM G-cover defined over k and with a rational branch points divisor so the cyclic
G-covers we are to consider must be, in particular, (1) defined over Q with a Q-rational unramified
point the fiber of which is totally Q-rational and (2) HM.

Classicaly, a cyclic G-cover f: X — }P’}@ verifying condition (1) is a G-cover with group < g >:=
Z/nZ, inertia canonical invariant ({g/});—1,... ¢(n)/2, e=+1 and associated branch points (¢ )i—1,... ¢(n)/2, e=+1
(where (Z/nZ)* = {£ui}i=1,. ¢n)2) [Des95]. But such a G-cover does not verify condition (2)
(J¢gv — 7| = 1 when (e;,4) # (ej,5)). So we consider instead the cyclic G-cover f : X — ]P’}@
with group < g >:= Z/nZ, inertia canonical invariant ({g“}, {97 })i=1,....¢(n)/2, e=+1 and asso-

ciated branch points (z§ 1= (5%, yf = a + (,““)i—1,. ¢(n)/2, e=+1 Where a € Q is chosen in such a

way that |a] < min{1,|p\ri1}. This still verifies both conditions (1) and (2) (|z§ — y§| = |a|] < 1,
ja§ — ;| = ¢ — (| = T and |2f — 2| = |5 — G =1,1<i# )< 6(n)/2).
In order to obtain a HM-G-covers when glueing together two cyclic HM-G-covers f; : X; — ]P%

€

(with invariants < g; >:= Z/n;Z, ({g;

€U; 5

Y g7 ) o1 )2, =t (z5; = a;+Cn; 7, Y5 j 1= aitat

Cn—iﬁui,j)jzlru’(b(ni)/z e=+1); ¢ = 1,2 as in the preceding paragraph, we have to check (2 ;, y5 ;) i=1.... Blng)/2 =41

verify conditions (¥) and (**) as well. This will occur for instance if n1 # ny and |ay|, |az|, a1 —az| < 1
(where a1,a2 € Q are just translation terms). If ny = ng, one can still enlarge the inertia canonical
invariants replacing n; by n;"* so that ny" # ny?. Consequently, given any integer m > 1, we will
denote by Rat,, the rationalization operator which to each conjugacy class C of a finite group G
associated the rational union of conjugacy classes

Rat,,,(C) := (C C7M )iz b(o(C)m) /2, e=+1

where {+u; }1<i<g(o(cym)/2 = (Z/o(C)™Z)*. Likewise, given any tuple m = (my,...,m;) € N\ {0}, let
Rat,, be the rationalization operator which to any tuple C = (C1, ..., C}) € C;(G) associates the tuple

Rat,, (C) := (Raty,, (C1), ..., Raty,, (Cy)).
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We now state lemma 4.17 and its proof, which is just a slight adjustement of the method described
above (we only give the proof of assertion (1), leaving the ones of assertions (2-1) and (2-2) to the
reader as an easy exercise).

Lemma 4.17 Let G be a finite group and C = (C1,...,Cy) € C¢(Q). Assume that p [ |G|, k contains
all the o(C1)th roots of 1.

(1) If to < p then choose m = (Myy41,...,m¢) € N\ {0} such that o(C;)™ # o(C;)"™, to+1 <
i # j <t and write v := l[(Raty, (Cy+1, ..., Ct)). Then there exists a branch point tuple t’ € U0 (Q)
verifying (*), (**), t] .5, € U(Q) and thy 1 .\ 0, € Ur(Q). And, for any such branch point tuple,
there exist HM G-covers defined over k with invariants G, ([C1, ..., Cy, ], Raty (Cry41, -, Cr)), t

(2) Else, choose m := (mu,...,my) € N\{0} such that o(C;)™ # o(C;)™i, 1 <i# j <t and wrzte

(2-1) g1, 2= URab(m, . my)(Cro41, -, Cr)). Then there exists a branch point tuple t’ € U0 (Q)
verifying (*), (*%). £ 91, € U (Q(CNy s, ) (where Niy gy :=lem{o(C1)™ ..., 0(Cty)™0 }) and ty 1 4oy, €
U (Q). And, for any such branch point tuple, there exist HM G-covers defined over k with invariants
G, ([Cl, ) Ct()]a R&tm(ct0+1, ceey Ct)), t

(2-2) Tty = Z(Rat(ml7___7mt0)(01,...,Cto)), Tto4+1,t = Z(Rat(mt0+1,...,mt)(Ct0+1’"'7Ct)) and r =
T1to + Tto+1t- Then there exists a branch point tuple t' € U"(Q) verifying (*), (**), t1,1,, € Ur,,,(Q)
and t;17t0+17r € Upyiny (Q). And, for any such branch point tuple, there exist HM G-covers defined
over k with invariants G, Rat,(C), t'.

Proof (of assertion (1)) Write o; := o(C;) and choose g; € C;, i = 1,...,t. Then for each 1;eqi < %
and for any a;,b; € Q, the G-cover f; : X; — IP’}@ with group < g; >, inertia canonical invariant
({g1},{g; '}) and associated branch points (z; := a;,y; := b;) is defined over Q((,,) and has a Q((,, )-
rational unramified point the fiber of which is totally Q((,,)-rational. Likewise, for each to+1 <1i <t¢,
write

Ratmi (CZ) — ((C;Li,j70i_ui,])€ :I:].) 7 7¢( mz)/z)

Then, for any a;,b; € Q, any G-cover f; : X; — IP’}@ with group < ¢; >, inertia canonical in-

Ui, j E _
m,L ? Z’] -

variant ({gi“i’j},{g;ui’j})6:i1)1<j<¢( mi) sy and associated branch points ((zf; = a; + (

b; + C eul Ne=+1)1<; <G<(O]) /2 is defined over Q and has a Q-rational unramified point the fiber of

which i 1s totally Q-rational. Choose futhermore (a;)1<i<t € Q! in such a way that

la;| < 1 A=1,..,1
la; —ajl=1 ,1<i#j<tp
lai —a;| <1 | 1<i<tto+1<j<t

1
and, given a € Q such that [a| <min{1,[p[?=T} set b; := a; +a, i = 1,....,t. With N := [[,c;, 0/,
by assumption p AN. Thus, X N _ 1 remains separable over the residue field of k and, as a result,
|¢,mi| = 1,4 =ty + 1,...,t and |Coin§i(z’]) — ¢EMRD) = 1) (4,5) # (k,1). From this one easily check
z 7 k
condition (*) and (**) are both fulfilled by t’ = (4, yi)1<i<to ((xze-’j,yf,j)jzlww(o?i)/2)t0+1§z’§t, e=+1)-
Condition (**) allows us to glue together - via rigid geometry - the G-covers (f; XQ(Co,) k)i<i<to

and (fi xXq k)t+1<i<t to get a G-cover f : X — P,ﬁ defined over k with group G, inertia canonical
invariant ([C1, ..., Cy, ], Raty, (Cyy+1, ..., C¢)) and branch points t’. Condition (*) combined with [DEO03],
proposition 2.3 and theorem 1.4 shows that the G-cover f: X — }P’/,l€ is actually a HM-cover.l

4.4.2.2 Results

To avoid rationality problems, we only deal, in this section, with fields containing enough roots
of 1. We explain succintly in the next paragraph how to adapt the statements and proofs to fields
without roots of 1.
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Theorem 4.18 Let G be a finite group containing two tuples A = (Aq,...,An) € Cn(G), B =
(B1, ..., Bn) € Cu(G) verifying (H1) and (H2) from theorem 4.4. Set ka := Q(Co(a1)s -+ Co(Anm)) and
write

C; := ([A],Rat,,(B®)) rs:=1(Cy)

where m = (mq,...,mps) € N\ {0} is any tuple such that o(B Yitkn £ o(By)™itin (i, k) # (4,1),
1<4,57<n,0<k,l<s—1. Then, for s large enough, Hr& (Cy) is a geometrically irreducible
variety and, for any t' € UTs~Cm=1(Q) the (2m —1)-dimensional HM-subvariety H;Ijé‘;/[(Cs)t/ remains
geometrically irreducible. Furthermore, for any finite set ¥ of (non archimedean) placés of k o of residue
characteristic not dividing |G|,

(1) If there exists ay,...,am € Q such that |a; —ajlp, = 1, 1 < i # j < m for any residue
characteristic p of P € X then there exists t, € U~m=D)(Q) with tx € Uy, —2m—1)(Q) and such
that the corresponding (2m — 1)-dimensional symmetrised HM-subvariety Hg{g(cs)t% is defined over

ka with the property that
HroG(Coeg, (k7)™ # 0.

m =

i # 7 < m and O(Ai)m? + o(B;-n”’“"), 1<i<m,1<j<n, Oegk <s—1 and set kp o =

mY
(2) Else, choose furthermore m® == (m{,..,m2) € N™ such that o(4;)™ o(A;7), 1 <

Q(¢ (Am(l)’ ...,O(Azg)"). Then the above assertion remains true replacing ka by ka mo-
o] 1 -

Proof. Asume (1). According to theorem 4.4, for s large enough Cg verifies condition (Trans) of

proposition 4.13 (since ([A],[B]®) already does) so we are only left to check condition (LocReal).

Writing ¥ N Q = {p1,...,pr}, re-use the notation of lemma 4.17 and take for instance a,,i; =

(pr---pr)t i = 1,..,ns, a := (p1---p.)"* with n >max{ 1}1<Z<r These satisfy the conditions

lamtilp < 1, |amti — amyjlp < 1 and |a], < \p[ﬂ*l for all p €%, 1<i4#j <l Finally

set tlE = ((gZ = a;,Y; = a; + a)lgigm,((x‘g+kn7j = Qjtkn,j + C;?é+k£z]7yz+knj = Qjtkn,j +a+

CO_(ZLi)ﬂ“Z"’j )j=1,....p(o(Byymi+thn)j2) 1sk<s—1, 1<i<n ) and conclude thanks to lemma 4.17 that for each P € ¥
e e= i

there exists a HM-G-cover defined over (ka)p with invariants G, Cs, t' with t,, .= ty that is,

Hrsg(cs)t%(k‘P)nOOb # (). By the branch cycle argument, Hrs,G(CS)tg is defined over ka. Thus, as in
the proof of proposition 4.13 applying the local-global principle to the global descent variety yields
the announced result. Part (2) can be similarly deduced from (2-1), lemma 4.17. O

In terms of G-covers, (1), theorem 4.18 means that for s large enough there exists HM-G-covers
(f,a) defined over ki, with invariants G, C,, t; where t; can be written t; = t;; + ty with
[t1,r| =2m —1and ty € Uy, _(2m—1)(Q). For instance, take for G' any group of section 4.2.3.2 (1), (2),
(3); in that case m = 1 and we always are in situation (1).

Combining proposition 4.8 and the constructions of section 4.4.1.2 yields the following profinite
version of theorem 4.18

Theorem 4.19 Let G be a finite group and p a prime number dividing |G|. Assume G contains two
tuples A = (A1, ..., An) € Cn(G), B = (By,..., By) € Cu(G) verifying (H1.17), (H1.2%) and (H2)
from proposition 4.8 (for instance, assume G, A, B verify conditions (i), (ii) and (iii) of corollary
4.5). Set ka == Q(Co(a,)s -+ Co(Ar,)) and write

C; := ([A],Rat,,(B?®)) rs:=1(Cy)

where m = (my,...,mps) € N\ {0} is such that o(B;)™i+kn £ o(Bj;)™i+in, (i,k) # (4,1),

0
i,j < n, 1 <kl < s—1. Then, for s large enough, the HM-modular tower (HTHk+1G(Ck’+1, )
'@

"HM
rs,pG

<
—

Ch.s))k>0 s a tower of geometrically irreducible varieties and, for any t' € U™~ (2m—1)

—~

)

-
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!

(HTZ%@(CHLQV — H;Z}%(Ck,s)t/)kzo 1s a tower of HM-curves which are still geometrically irre-

ducible. Furthermore, for any finite set > of (non archimedean) places of ka of residue characteristic
not dividing |G|,

(1) If there exists ay,...,am € Q such that |a; — aj], =1, 1 < i # j < m for any residue cha-
racteristic p of P € X then there exists tiy € U™~ Cm=D1(Q) with ty, € Uy, —(2m—1)(Q) and such that
the corresponding tower of (2m— 1)-dimensional symmetrised HM-subvarieties (Hf]\g+1@(ck+1,s)tgz -

SHp

Hfj‘,fG(Ck s)t/ k>0 is defined over ka with the property that
lim HH (Cro)ey (ka)p)™® #0, P and  HIE(Ca)gy (k)" # 0.
kZO
m0
(2) Else, choose furthermore m® == (mf{,...,m%) € N™ such that O(Ai)m? # o(4;7), 1 <

i # j < m and O(Ai)m? + O(B;-n”k"), 1<i<m,1<j<n, Oegk <s—1 and set kp 0 =

0
Q(¢ m0s <.y o(Am™). Then the above assertion remains true replacing ka by ka mo-

o(4;

These conclusions still hold (with the same s and t%,) for any associated q-central tower (for primes
q # p dividing |G| and such that G is q perfect) replacing e(G) by e(G)e(G),4.

Proof. Assume (1). According to proposition 4.8, for s large enough and for all £ > 0, Cy, 5 (resp. qf?;g)
verifies (C1), (C2) that is, H THM, (Ck s)ty (vesp. H HMG(qu s)t,,) is a geometrically irreducible HM-

T

curve. Consider the t’ € U" (Q) e Yrs—(@m-1) (Q) built in the proof of theorem 4.18. Then, for any
Pey, HHM a(Ch,s)ty, (kp)rood £ @ (resp. HHM (qu 5)t, (kp)™©°® £ () and these sets being finite,

one  has hmHH &(Crs)t (kp)"OOb 7& 0, P € Y (resp.

kZO

limHH Aj G(qu s)tl, (kp)”OOb # 0, P € X) and the second part of the conclusion is obtained, once
k>0 TSP

again, using the local-global principle and the global descent varieties. One obtains assertion (2) in a
similar way. [J

In terms of G-covers, theorem 4.19 means that for s large enough and for all £ > 0 there exists HM-
G‘—covers (fx, a) defined over k%, with invariants ];G, Cps, ty, wherety canbe writtenty, =ty s +tx
with |t1,fk‘ =2m —1and ty € urs—(2m—1)((@)-

Example 4.20 Let us consider for instance Mi1 (cf. section 4.2.3.2 (2)). Take A = (84), B = (11A) and, with
the notation of theorem 4.19, let (Hi+1,s — Hk,s)k>0 be the HM-modular tower associated with the data (Mi1,Cs, 3)
and write Ck,s,x := (Hg,s)ty,, k = 0 for the resulting symmetrised HM-curves. Since 5 does not divide 8, 11, by Schur-
Zassenhauss, there exists a unique conjugacy class 5@k (resp. 5@@ lifting (84)% (resp. (11A)x) in 5 kG with
0(5(84)r) = 8 (resp. 0o(°(11A);) = 11). This defines uniquely an associated 5-central tower (5/7\—(k+1,5 — @k,s)kzo
defined over the same field k := Q(z\/i) as (Hi+1,s — Hi,s)k>0; write 5Cp s, = (5Hk,s)t/2, k > 0 for the resulting
curves. The following commutative diagram defined over k summarizes the situation

sck,.s,E 5Hk+1,s

v

Cra1,5,5— Hpl1,s

5Cy, — SHi,s

e

Ck,s,E(ﬁ Hk,.s
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Theorem 4.19 then means that the non obstruction locus of the left side of this diagram carries (double) projective
systems of kp-points for each P € ¥ and that Cp s (k%)% #£ (), 5C . 5(K¥)"°* £ 0, k > 0.

4.4.2.3 Working over fields with no roots of 1

Refining lemma 4.17 and the method of section 4.4.2.2 yields analogs of theorems 4.18, 4.19 with
kA, kam replaced by Q. In counterpart, the dimension of the (symmetrised) HM-subvarieties we
have to use will be in general larger than the one of the (symmetrised) HM-subvarieties that appear
in theorems 4.18, 4.19. Indeed, the branch cycle argument gives a necessary condition to obtain
symmetrised HM-subvarieties defined over Q : Cy (resp. C5, & > 0) have to be replaced by the
rational union of conjugacy classes C, := Raty, (A, B?) (resp. C,j := Rat,, (Ag,B), £ > 0) and thus
2m — 1 by r == l(Rat (.. m,)(A)), 7s by 75 := 75 + 1 — 2m. We also have to check ty, can be built
in such a way that the r-dimensional geometrically irreducible symmetrised HM-variety Hg ]\é(C S)t'z
(resp. Hf]\lfé(ck,s)tlz7 k > 0) is defined over Q and carries Q,-points for each P € X. This can be done

Sp

using (2-2), lemma 4.17, which also explains how to choose my, ..., m,,. These results can be improved
depending on the rationality properties of A and the value of the integer m compared with the one
of the residue characteristic of the places in X.

Theorem 4.21 Let G be a finite group containing two tuples A = (Aj,...,An) € Cn(G), B =
(B1, ..., Bp) € Cph(G) verifying (H1) and (H2) from theorem 4.4. Set

C, = (Ratm(A,B%)) 7 :=(Rat(n,.. m.)(A)) 75 :=1(Cy)

where m = (M1, ..., Mpstm) € N\ {0} is any tuple such that the o(A;)™i, o(B;)mi+n, 1 < i < m,
1<5<n,0<1<s—1 are all distincts. Then, for s large enough, H;Ii](‘;/[(CS) s a geometrically irre-
ducible variety and, for any t' € U"s~Cm=1)(Q) the (2m — 1)-dimensional HM-subvariety H;Zé/[(cs)t/
remains geometrically irreducible. Furthermore, for any finite set 2 of (non archimedean) places of
Q of residue characteristic not dividing |G|, there exists t& € U™""(Q) with tx € Ur,—(Q) and such
that the corresponding r-dimensional symmetrised HM-subvariety Hfg\é(cs)t/Z is defined over Q with
the property that

MG (Co)ey, (@)™ # 0.

In terms of G-covers, theorem 4.21 means that for s large enough there exists HM-G-covers (f, «)
defined over Q¥, with invariants G, Cg, t; where t; can be written t; = ty 5 + tx with [ti ¢| = r,

ty € UTS_T(Q).

If A, is a rational conjugacy classes, t§, € U™~"(Q) can be replaced by t5, € Z/{’”S_(’"H)(@). If
A is a tuple of rational conjugacy classes and if there exists aq,...,a, € Q such that |a; — a;], = 1,
1 <4 # j < m for any residue characteristic p of P € 3, p € 3, the statement of theorem 4.21 remains
true with Raty,(A) replaced by [A]. In that case, the (symmetrised) HM-subvariety H}! %‘(CS)tg in
theorem 4.21 has the same dimension as the (symmetrised) HM-subvariety in theorem 4.18. When
m =1 and A; is rational, the statement of theorem 4.21 is actually true for any finite set ¥ of prime
not dividing |G| since, in that case, the condition |a; — aj|, = 1, 1 < i # j < m (which is the main
obstruction as explained in the comment about condition (*)) is empty.

Example 4.22 Take G := Lz(p) with p = 3 [mod4], p > 7 is a prime, A := (24), B := (pA). Then since m = 1 and
2A is rational, for s large enough and for any finite set of prime not dividing p(p* — 1)/2 there exists HM-G-covers (f, a)
defined over QF, with invariants La2(p), Cs, t; where t; can be written t; =t 5 + ts with [t1,¢| = 1, ts € Ur,—1(Q).

Profinite versions of theorem 4.21 and its improvements under the above rationality assumptions
can be given. We leave this to the reader who can show, for instance, that for any odd primes p < ¢
and for all n > 0 there exists HM-G-covers (f,, a,) defined over Q> with group Zﬂq and a branch
point divisor ty, =ty f, 4+ tx where |t; s,| = 1 and tyx is rational (where ¥ is any finite set of primes

> q).
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4.4.3 (RIGP/t, Ct) over Q"
4.4.3.1 G-covers defined over R

We first recall succintly the description of G-covers defined over R with prescribed invariants given
in [DF94]. We will use it in the next paragraph.

Let t' € U"(Q) be an r-tuple consisting of = r1 + 2ry branch points in configuration (ry, o), that
is with - 7y real branch points ¢y, ...,¢,,.

- 7o complex conjugated pairs {z;,%;} C PL(C)\PY(R) with z; = t,, i1,
Zi =tp4i, 0= 1,..,72.

and assume that ¢t; < ... < t,,, Re(z1) < ... < Re(zy,). Then there exists a standard ordered topological
bouquet y = (y1, ..., 1) for P1(C) \ t such that complex conjugation ¢ € I'g acts by

Sy = (g DOV =1,

- C’Yr1+2i—l = (77"_1%1-22')(%”'%1)’ 1=1,...,19

Let G be a finite group and C = (C1, ...,C,) € C.(G). Define the subset sni®(C;r1,r2) of sni(C)
consisting of those (g1, ..., gr) in sni(C) verifying the additional condition :
(4) there exists an involution gy € G such that - g% = (gi_l)(gl"'gi—l)fl, i=1,..,7m

- gg?-i—%—l = (91“_11-i-2i)(glmgrl)> =17

Write ER(C; r1,72) for the corresponding quotient set modulo the componentwise action of Inn(G).
Then, BCD,, defines an identification (\Il;,G)_l(t’ ) ~ sni(C) such that ER(

those G-covers in sni(C) which are defined over R.

C;rq,r2) corresponds to

4.4.3.2 Statements and applications

We will use here a variant Rat of the rationalization operator Ratg introduced in paragraph 4.4.2.1.
Namely, Rat(c) = (CU17 (O PN G C_ur) if {CU}UG(Z/O(C)Z)* = {CiUi}i:L...,r

Theorem 4.23 Let G be a finite group containing two tuples A = (A1, ..., Apn), B = (B, ..., By) veri-
fying (H1) and (H2). Write C; := (Rat(A),Rat(B)®) andr := )" | [Rat(Ag)|, 7s == s> _,_, [Rat(Bx)|.
Then, for s large enough, Hg%(cs) is a geometrically irreducible Q-variety and there exists ti, €

U™"(Q) with a Q-rational associated divisor tg € U,,_(Q) and such that the symmetrised HM-
subvariety Hgf\é(Cs)tk is a geometrically irreducible r-dimensional Q-variety with,

HyG(Co)eg, (@) #0

Proof. As in the proof of theorem 4.18, we are only to show Hg %(Cs)tﬁg (R)™o°b £ (), For this, apply
the following procedure (with the notation of section 4.4.2.1) : given a non trivial conjugacy class C'
(1) - If o(C) = 2, associate to C the tuple t/, := (i, —i).

- If o(C > 2), associate to C the tuple t/, := (Cg(l ) 0_(2}), ...,CZ(%‘;<C))/2, 0‘(24;(0@))/2).
(2) Set t' := (tll,r’t;“-i—lms) with tll,r = (t:42 + 4(Z - 1))i:1,...,m and t;“-i—lms = ((tlBZ + 4(Z - 1))2‘:1,...,11) +
4(777, + jn))j=07,,,7s—1'
Then, t' € U"*(Q) is in configuration (0,7,/2) and since (} # hm(C,) C sni®(Cs;0,15/2), we obtain
Hg%(cs)t/(R)”“b # 0. Set tp := t;, ;. , which satisfies t € Uy,—(Q). Then, by the branch cycle
argument, Hg ]\é(C S)tﬁg is defined over QQ and conclude applying the local-global principle to the asso-
ciated global descent variety as in the proof of proposition 4.13. [J

As in section 4.4.2.2, one can state a profinite version of theorem 4.23 for modular towers and

associated g-central towers ; we leave this to the reader and give another application of our method to
the profinite regular inverse Galois problem over Q' (see also [?]).
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Let (sg41 : Gg41 — Gj) be a complete projective system of finite groups and (Cy, = (C 1, ..., Ck.r) Jk>0
a projective system of tuples Cy € C,(Gj). Assume there exists 71,79 > 0 with » = r1 + 2ry and
(*) For all m > 1 such that (m,e(G)) =1, slzil(ﬁR(Ck;rl,rg)) C ER(Ck_i_l;Tl,TQ)
Lemma 4.24 Assume there exists a Q' -G-cover (fo, ) with invariants Go, Cy, t' such that “t'is
in configuration (ri,r2), 0 € I'q. Then there exists a reqular realization of lim Gy over Q" with
k>0
invariants imCy,, t'.
k>0

Proof. Let pg € HTVGO(CO)t(Q”)”OOb and (fx, ax)k>0 @ projective system of G-covers corresponding to
a projective system of points (px)r>0 € lim M, g, (Cy)t above pg. For any o € I'g, by the branch cycle
k>0
argument, 7 (pg)r>0 € lim H,«,Gk(C:(U))t. Furthermore, since (fo, ag) is defined over Q' 7(fo, ag) is
k>0
defined over R with branch points ?t’ in configuration (r1,r3) so, its branch cycle description lies in

ER(CO; r1,72). The branch cycle description of 7(f%, ay) lies in sni(C},) above the one of 7 (fo, ) so,

according to (*), in ER(C;C; r1,72). As a result, 7(f, o) is defined over R. Now, let D(f, o) be the
descent variety of (fx,ax) [DDoMo04]; it is a smooth geometrically irreducible R-variety such that
for any o € T'g “D(fk, ou)(R) = D(?(fx, o)) (R) # 0. Apply then the local-global principle to show
D(fr, ar)(Q) # 0 that is, (fx, ) is defined over Q. [J

Example 4.25 Let Daa> := lim D, be the prodihedral group of order 2a* where

k>1

ak 2 —1
Dy =< u,v|u* =0v" =1, vuv=u"~ >
For any k > 1, let A ; be the conjugacy class of u’ in Dyr, i =1, ..., E(alC +1)/2 and By, be the conjugacy class of v in
Dy,

First step : For any 1 < i1, ...,ix < E(a® +1)/2 (*) is fulfilled with Cy := ([Bx], [Ak.iy» - Akir]), k > 1.
>

Proof. One checks that, given n 1, any element of ER(CTL;Q,S — 1) is either of the form g1 = [vn,ul, ..., u%]
(go = 1) or of the form gak, c = (Un,Unub™, uSt uSt, .. ult uSt) with € = 1 and kn + 2¢(i; + - -i¢) = 0 [moda™]
(go = vn). But, on A;, ny1, k = 1,...,t, s, is bijective so - due to relation (2) in the definition of sni(Cni1) -
the preimage of g; is necessarily [vn+1,ui}+1,...7uil‘+1] whereas the one of go 1, . consists of elements of the form
(Un41, Unprukntle” ugt o ust et ust ) with 0 < 1< a— 1 such that kn +1a™ +2€(i1 + -+ -i;) = 0 [moda™*']. The
proof remains the same when replacing C by C™. Conclude using §5.3.1. O

Second step : To prove the existence of (f1,a1) as in the lemma, we re-use the idea (and the notation!) of the proof of
theorem 4.23 as follows : observe that A := (B1), B := (A1,1) verify (H1) and (H2) so, with C; := Cs, for s large enough
and for any t5, € U="1(Q), Hi%% (Cl)t/3 __ is a geometrically irreducible curve. Let t3,., € U™72(Q) built as in the
proof of theorem 4.23 then, since B is rational (o(B) = 2), H,{iﬁgga (Cl)(o’t/3 _y is defined over Q. According to section

4.4.3.1, HfIS%%(Cl)(O’té N )(]R)"‘mb # D so, applying once again the local-global principle to the global descent variety,

’

HIEM. (Ci)eoyty, . y(QP)™°0 £ (B and, if (f1, 1) is a G-cover corresponding to a point p1 € H', (Ci)oyty, . (@)%,

)

its branch point divisor is of the form (¢1,0, )t5,,., that is in configuration (2,7,/2 — 1) and satisfying the hypothesis of
lemma 4.24.

Conclude, by applying this lemma, that there exists regulr realization of Dagoc over Q" with invariants lim ([B], [A}Y, ..., A:ﬁ(“)/ 1),

k>0

(t1,0,t5,.,).

4.4.4 Concluding remarks

The preceding constructions give rise to two natural questions :

Problem 4.26 Is there an analog of theorem 4.18 for large fields ¢
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Problem 4.27 Is it possible to carry out the construction of geometrically irreducible HM-subvarieties
/ ’ 2mi_
HT%M(C)V in such a way that HT%M(C)t/(kp) # () for almost all places P of k ¢ (where k := Q(e=(@)

Both problems have a partial answer if we assume the ground field has enough roots of 1 but with
losing the control of the dimension of the HM-subvarieties we obtain.

More precisely, for problem 4.26, let G be a finite group and let k be a large field of characteristic 0
containing all the e(G)th roots of 1. Assume G contains two tuples A = (A4,...,Ay), B = (By,..., By)
verifying (H1) and (H2) and, as usual, set C; = ([A],[B]®), rs := 2(m + ns)). Then, for s large
enough and for any t2m7‘ e Yrs—@m-1), H;f g (Cs )t/ . remains geometrically irreducible defined

over k(ty,, ,.); thus, for any closed subvariety V' — urs containing t5,, .. , H;f M(C,)v also remains
geometrically irreducible. In particular, consider the case when V"dd ={u cU™ | uy 9 =

th;112i41> @ = M,...,ns} that is, we assume the odd entries of 1nd1ces 2 2m + 1 are those of ty,,, . .
Now, take t' = (t1,....t,,) € U (k(T)) with ty;—1 € k, and to; = to;—1 + T, i = 1,....,m + ns;
"€ U™ (k(T)) and verifies (*) for the complete field k((T)) so, we can apply (1) of lemma 4.17 to
build HM-G-covers defined over k((T")) with invariants C, t’. In other words, the geometrically irre-
ducible k- HM-subvariety H;f M(C, )Vodd carries k((T'))-points corresponding to G-covers defined

2m \T's

over k((T)) so its global descent variety, which is also geometrically irreducible defined over k carries
k((T))-points ; conclude, using the fact k is large, that H;%M (Cs )Vodd (Kk)nocb =£ ().

2m \Ts

Likewise, for problem 4.27, consider any t’ € U"(Q) then the set X of places of k diving |G| or where
V"dd has bad reduction is finite. Thus, for any place P ¢ ¥, one can always build t’, € V"dd (k)

2'm ,T's

verifying (*) for the complete field kp thus, HM-G-covers defined over kp with invariants Cs, t
Conclude as above that H,HM(C )Vodd (kp)neot £ ) for all places P ¢ X.

2mr

Obviously, the main drawback of these constructions is that we obtain 2m + ns-dimensional HM-
subvarieties where s is hard to control and a priori very large.

The following conjecture is a variant of problem 4.27 which is a stronger version of the results of
[Des95] or [DE03]. We give a track to investigate it.

Conjecture 4.28 Let G be a finite group, then there exists a geometrically irreducible Q-component
H% of some Hurwitz space H¢g associated with G containing a geometrically irreducible Q-curve C% C
HY, wverifying C%(Qp)"""b # 0 for all places p ¢ X, where X is a finite set of places explicitly
computable *

An idea to tackle this conjecture would be to use other rational base curves than the standard
t P\ {to, ..ty — Ut — (t ta,...,t,) we use to define HM-curves. Considering (1) of lemma 4.17

(we still work over k := Q(ee G>) to avoid rationality matters), let C : P*\{0,00+1,...,+(s—1)} = U",

— (t,3t,t +2,3t +2,....,t +2(s — 1),3t + 2(s — 1)) =: t/(t). Then, for any places P of k of residue
characteristic p such that p A2 and p fl—k, 0 <k <l <s—1, t'(p) verifies condition (*) thus, for
any s-tuple C = (C1, ..., Cy) € Cs(G),

0 # M8 ([CDw ) (kp) " € HLE ([C)e (kp)"

Since C is defined over Q, H. Ke M(IC))c is a k-curve. Provided Ho Y ¢ ([C]) is geometrically irreducible,
the problem is to show stG ([C])c is too that is the monodromy group of H2SG ([C)he — P\

{0,00,#1,...,4(s — 1)} acts transitively on O#M([C]). We would like an equivalent of [F95a] Th.
3.21. (that is to control s so as to control X) but if this seems more likely to occur for curves like C

4We insists on the fact one must be able to define precisely Y¢ since Hensel’s lemma and Hasse-Weil bounds for
curves over finite fields imply any Q-curve carries Q,-rational points for almost all places p of Q! Actually, one can even
expect X to be contained in the set of all primes p dividing |G|.
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(more ramification points) than for standard curves, the monodromy is also more difficult to compute ;
however, choosing a more appropriate C and a clever topological bouquet for P\ {0, 0o, +1, ..., +(s—1)}
might lead to at least partial results.

Example 4.29 With s = 3, we can compute the monodromy starting from the topological bouquet of figure 1 for
P\ {0, 00 + 1, £2}. We obtain the subgroup of SHg generated by

-2 Q5Q4Q3Q:Q72Q5 Q51 Q

- -1 :QuQ3Q2Q5Q4Q5°Q1 Q51 QTR QTR
- 0 :Q3Q204Q5°Q5%Q1 QTR Q5 !

- QsQ17Q57Q5 !

- Q5

- Yoo (-2 y2)

If we take for instance G := Ds =< w,v | u* = v> = 1, vuv = v~ > and C := [By, Ba, B2] where B; is the
conjugacy class of v and Bs the one of vu, we obtain a degree 8 connected cover Hg,pg ([C])c — P*\ {0, 00 &1, £2} with
ramification type ((2)%,(2)%, (2)%, (2)*, (1)%, (2)*) that is He,ps ([C])c is a genus 3 geometrically irreducible Q-curve with
He,ps ([C])c (Qp)™° # § for all primes p # 2 and He,pg ([C])c (R)™°° # 0.
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Chapitre 5

Rational points on Hurwitz towers

Il s’agit de Uarticle [C04d].
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Introduction

The problem motivating this paper is the regular inverse Galois problem RIGP for profinite groups
over number fields and its translation in terms of rational points on towers of Hurwitz spaces. Though
strongly related to the RIGP for finite groups, additional obstructions - such as the lack of roots of 1
- are attached to the RIGP for profinite groups. For instance, the branch cycle argument (lemma 5.5)
rules out the regular realization of such elementary profinite groups as Zj, or Dap over any number
field [F95b]. On the contrary, groups as GL,(Z,) have been recently regularly realized over Q by
Katz’s algorithm for the rigidity method. So, there is no hope to obtain a global answer to the RIGP
for profinite groups over number fields.

In this paper, we generalize a result of [BF02] which states that, given a number field k£ and a
centerless p-perfect finite group Gy, there is no regular realization of its universal p-Frattini cover péo
over k with only inertia groups of finite prime-to-p order. More precisely, we replace the universal
p-Frattini cover péo of Gg by any profinite group G which is an extension of a finite group G by a
pronilpotent projective group P of finite rank and we impose no restriction on the ramification. We
thus obtain
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Theorem 5.1 Let 1 — P — G — Gg — 1 be a short exact sequence of profinite groups with Gy a
finite group and P a pronilpotent projective group of finite rank and k be either a number field or a
finite field of characteristic ¢ > 0 not dividing |Go| and not dividing p if P is a pro-p group‘. Then
there is no regular realization of G over k(T') for any number field k.

In terms of towers of Hurwitz moduli spaces of covers, this means that, for any number field k& (or
any finite field as in the statement), there is no projective system of k-rational points lying in the
non-obstruction locus (that is, corresponding to projective systems of G-covers not only with field
of moduli k£ but defined over k compatibly) of any tower of Hurwitz spaces associated with such a
profinite group G. It is rather natural to ask whether there may exist projective systems of k-rational
points outside this non-obstruction locus. We show the answer is no.

Theorem 5.2 Under the hypotheses of theorem 5.1, there is no Galois extension K/k(T) with group
G and field of moduli k. In other words, there is no projective system of k-rational points on any
tower of Hurwitz spaces (Hy,,\ Gue1 — Hrn,Gn)n>0 associated with any complete projective system
(Gnt1 — Gn)n>o0 of finite groups such that G = 1(21 Gy,.

The proof of theorem 5.1 has two parts : the first one (lemma 5.6) generalizes some argument from
[F95b], the second one (lemma 5.7) rests on the branch cycle argument. Both involve some abelianiza-
tion procedure that will be more systematically discussed in section 5. Theorem 5.2 is a consequence
of both theorem 5.1 and the following result

Theorem 5.3 Under the hypotheses of theorem 5.1 but with P a free pro-p group of finite rank, any
reqular Galois extension K/k(T) with group G and field of moduli k is defined over a finite extension
ko/k.

For finite G-covers, there is a classical obstruction to the field of moduli being a field of definition. The
proof of theorem 5.3 uses a generalization of this obstruction. This theorem also extends to the case
P is a pronilpotent projective group of finite rank with only finitely many rank 1 p-Sylow subgroups,
as we explain in §5.3.2.2.

A related problem is Fried’s conjecture about the disappearance of rational points on modular
towers beyond a certain level. We discuss this conjecture in the last section of our paper, showing in
particular

Theorem 5.4 Fried’s conjecture is a consequence of the strong torsion conjecture for abelian varieties.

The paper is organized as follows : section 1 recalls the basic notions and introduces the notation,
section 2 is devoted to the proof of theorem 5.1, section 3 to the one of theorem 5.3. Section 4 gives
some applications and section 5 is about Fried’s conjecture.

Aknowledgment : This work originates in Fried’s papers [F95b], [FK97]|, [BF02] where some
of the ideas we generalize here already appear. I am also very grateful to P. Debes for his many
re-readings and helpful comments.

5.1 Notation and basic notions

Given a field k, we will always denote by I'j its absolute Galois group. For any r > 3, set U" =
spec(Z[T1, ”'7T7“]H1<i<j<r(Ti—Tj)) and let U, = U"/S, be the quotient of U" by the natural action of
the symmetric group S

IThe latter condition being empty if at least two distinct primes divide |P|
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5.1.1 Arithmetic fundamental group and G-covers

Let k be a field of characteristic 0 and k(T") an algebraic closure of k(7'). We fix a compatible
system ((p)n>2 of primitive roots of 1 in k that is, (", = (,, n,m > 2 (when k = C, the canonical
choice is ¢, = e%“/f, n > 0). Given a non singular projective algebraic curve X /k and a divisor
t on it, let M}, x¢/k(X) be the maximal algebraic extension of k(X) (in a fixed algebraic closure
k(X)) unramified outside t. Then My, x ¢/k(X) and My, x+/k(X) are Galois extensions with groups
we denote by 77‘;1% (X \ t) and 7% (X \ t) respectively.

If X =P and t = {t1,....t,} € Up(k), we write My, wklf, mity instead of My x ¢, wlk(X\ t),
i k(X \ t). In particular, we have the fundamental short exact sequence from Galois theory

S

alg rar
1 Tht Tt Iy 1.

which splits since P!(k) # (. By Riemann Existence Theorem, 7121% is the profinite completion of the
group defined by the generators 7y, , ..., 7, with the single relation ’%1 oy, =1 (Y4, ey T, arise from
a standard topological bouquet of loops around the branch points for ]P’l,lf \ t and, in the following, we
will always assume such a topological bouquet has been fixed). For each ¢ € t, the element 7; is a
distinguished generator of the inertia group I(P|t) of some place P, of My, ¢ above t. By distinguished,
we mean the following. There is a group isomorphism between I(P;|t) and the group of e;>-roots of 1

in the residue field x(P;) ~ k : it maps each w € I(Pt) to % mod P; where u; is an uniformizing

parameter for P;. Then v; is the preimage of (., via this isomorphism. The action of I'y, on Tet alg 1 as
the following property [V99] lemma 2.8.

x(o)

Lemma 5.5 (Branch cycle argument) For any o € ', t € t, s(7)r, is conjugate in TI'k ¢ to ’ya(t) where

x: Tk — 7 denotes the cyclotomic character.

A classical consequence of lemma 5.5 is that many branch points are necessary to realize regularly
cyclic groups over number fields (for instance at least ¢(n) branch points are necessary for Z/nZ over
Q, where ¢ is the Euler function). We will re-use lemma 5.5 to obtain a similar conclusion but in a
non abelian context. This will be a key ingredient of our proof (c¢f. lemma 5.7).

A k G-cover is a pair (f,a) where f: X — P} is an algebraic Galois cover and « : Aut(f) — G is
a group isomorphism; k G-extensions (K/k(T),«) are defined similarly. We often drop the reference
to a in the following.

One can attach to any G-cover f defined over an algebraically closed field k of characteristic 0
three invariants : the Galois group G, the branch point divisor t = {t1,...,t,} € U.(k) and, for each
t € t, the corresponding inertia canonical conjugacy class Cy. This last invariant can be defined as
follows : consider the restriction fyt|E( x) and its conjugates in Gal(k(X)|k(T)). They are called the

distinguished inertia generators of k(X)/k(T) above t and they form a conjugacy class which is the
class C;.

Let G be a finite group, t = {t1, ..., t,} € U, (k) and C = (C})iet an r-tuple of non trivial conjugacy
classes of G. The following categories are classically equivalent :

- (C1) the category of k-G-covers with invariants G, t, C.

- (C2) the category of k-G-extensions with invariants G, t, C.

- (C3) the category of group epimorphisms ¢ : 7"y — G such that (C’g( " C@(w )) = C and

@(ﬂzlf) G, where CgG is the conjugacy class of g in G.

In the category (C1) a morphism from (f; : X7 — Pk,al) to (fy: Xo — Pk,ag) is the data of a
morphism of covers u : fi — f2 such that for any g € Aut(f1) we have as(uogou™t) = a; in the

2here, e; denotes the profinite order of the cyclic group I(P;|t)
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category (C3), a morphism from ®; to ®, is an inner automorphism i, € Inn(G) such that ijo®; = ®.

The usual notions of field of moduli and field of definition can be easily described in the category
(C3). Indeed, let f: X — }P% be a k G-cover corresponding to @ : 7121% — (G then

- (fod) k is a field of definition for f if the two following equivalent conditions are fulfilled :
(i) There exists a k G-cover fj, such that f ~ fi Xy k.
(ii) @y : 7121% — G extends to a group epimorphism @y : 'y — G.

- (fom) K is the field of moduli for f (relatively to the extension k/k) if the two following equivalent

conditiogtjsw are fulfilled :

(i) k =k 7" where Myy, = {oc € Ty | f =~ °f} C Iy is the closed subgroup (of finite index) of T

fixing the isomorphism class of f.

(ii) There exists an application hyy : Ty — G such that ®;(5(7)y) = hy (o) - D4(7) - (hyr(o)) ™, for

all v € Walg, o € I'. (Observe that the map h¢; depends on the section s : I'y — 7%, but the notion
k.t f, k.t

of field of moduli does not).

Clearly (fod) implies (fom) but the converse is false in general. One can define a cohomological
obstruction [wy ] € H?(k, Z(G)) for a G-cover f with group G and field of moduli k to be defined over
k [DDo097] : with the notation above, the map

Ef,k: 'y — G/Z(G)
o —  hgi(o) mod Z(G)]

is a well-defined group morphism, which only depends on s and not on the particular representative
hy. Considering Z(G) as a trivial I'y-module, the cochain

wrr: D xTy —  Z(G)
(o,7) — hf7k(0'7')_1hf7k(0')hf7k(7')

defines a class [wyx] € H?(k, Z(G)) which does not depend on s. Classically, [w; ] € H*(k, Z(G)) is
0 in H2(k, Z(@)) iff f is defined over k and this, in turn, is equivalent to the existence of a group
morphism ¢y : I', — G making the following diagram commute

| — 2(6) —= G —= G/2(G) —1

N Tqb,-,k
L'y

(this occurs in particular if Z(G) = {1} or if Z(G) is a direct factor of G). We call [w ;] € H?(k, Z(G))
the cohomological obstruction for f to be defined over k.

5.1.2 Hurwitz spaces and modular towers
5.1.2.1 Notations for Hurwitz spaces

Given a finite group G and an integer r > 3, denote by ¥, ¢ : H,q¢ — U, the coarse moduli
space (fine assuming Z(G) = {1}) for the category of G-covers of P! with group G and r branch
points, where 1, ¢ is the application which to a given isomorphism class of G-covers associates its
branch point set. For any r-tuple C = (C1,...,C,) of non trivial conjugacy classes of G let H, ¢(C)
be the corresponding Hurwitz space [FV91], that is the union of all irreducible components of H, ¢
parametrizing the isomorphism classes of G-covers with r branch points, group G and inertia canonical
invariant C. We will freely use the general theory of Hurwitz spaces (cf. for instance [FV91], [V99],
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[W98], etc.).

In particular, given a field k of characteristic 0, H, ¢(k) corresponds to G-covers with field of
moduli k£ and we write H,«,G(k‘)”wb for the k-non obstruction locus that is, the (possibly empty) subset
of H, (k) corresponding to G-covers defined over k (equivalently, to regular realizations of G over
k). The construction of Hurwitz spaces being functorial in G, any complete projective system of finite
groups and tuples of conjugacy classes ((Gn+1,Crni1) = (Gn,Cp))n>0 defines a tower of Hurwitz
spaces H = (Hr,,,1,Gns1 (Cng1) — Hrp 6, (Cr))n>o (Where 7, is the length of the tuple C,, n > 0).
As we did for Hurwitz spaces, we can define the k-non obstruction locus H (k)" of the tower H to
be the set of all projective systems of k-rational points corresponding to regular realizations of the
profinite group 1{111 G, over k or, equivalently, to projective systems of G-covers defined over k and

with compatible models over k. In general, H (k)™ is strictly contained in lim M, q, (k)" (cf.
§5.3.1).

5.1.2.2 Modular towers

In the following, given a short exact sequence of profinite groups 1 — P — G — Gg — 1 with
Gy a finite group and P a finitely generated pro-p-group, we will write Py = P, P = P§[Py, Py], ...,
P, = PY|P,, P,], etc. for the Frattini series of P, which constitutes a fundamental system of open
neighborhoods of 1 in P by [RZ00], proposition 2.8.13. We will also write G,, for the characteristic
quotient G/P,, and s, : G — G, for the canonical projection, n > 0.

An important special case of the above situation is this. Fix a finite group Gy and a prime number
p dividing |Go|. Let G := ,Go be the universal p-Frattini cover of Gy [F95a] §I1.A, ILB. Then the
kernel P of G — Gj is a free pro-p group of finite rank. In this special case, we will write ;’é instead
of G,, n > 0. We thus obtain a complete projective system of finite groups (;,L“(N; — Zé)nzo with
the property that for any p’-conjugacy class (that is, of prime-to-p order, where we define the order
of a conjugacy class as the order of any element in it) C,, of gé there exists a unique conjugacy
class Cpyq1 of ZHG above C,, with the same order as C,([F95a], lemma 3.7). Assume furthermore
that G is p-perfect, that is generated by p’-elements, then any r-tuple C = (C1,...,C;) of non trivial
p’-conjugacy classes of G such that the set - we call the straight Nielsen class and denote by sni(C)
- of all g1,...,9, € G verifying (i) G =< g1,...,9, >, (ii) g1---g» = 1 and (iii) g; € C; is non empty
defines a unique projective system of tuples (C,,),>0 and the corresponding system of Hurwitz spaces

(Hyp+16(Cnt1) = My na(Cn))nzo

is called the modular tower associated with the data (G, C,p). These objects were introduced and stu-
died by M. Fried ([F95a], [FK97], [BF02], [D04] etc.) and were the starting point of this work.

5.2 Proof of theorem 5.1

For simplicity, we only give here the proof for the case k = Q, leaving to the reader the details of
the generalization to the number field case. As for the finite field case, we make some comments in 5.2.3.

We first explain how the general case for which P is a pronilpotent projective group of finite rank
can be reduced to the case P is a free pro-p group of finite rank. If P is a pronilpotent group, it
can be written as the direct product of its Sylow subgroups : P ~ Hp‘ P Sp and, P being projective,
each group S, is a free pro-p group [RZ00] proposition 7.6.7 and corollary 7.7.6, (p| | P|). As a result,
considering the characteristic subgroup S}', = Hp,‘ \P|p'£p Sy of P, one gets the quotient short exact
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sequence of profinite groups :

1 P G Go 1

e

1—>Sp—>G/S},7—>GO—>1
So, it is enough to consider the case when P is a free pro-p group?.

The proof of theorem 5.1 then follows from the two following lemmas.

Lemma 5.6 There is no reqular realization of G over k(T) with only inertia groups of finite order.

Lemma 5.7 There is no reqular realization of G over k(T') with an inertia group of infinite order.

5.2.1 Proof of lemma 5.6

Let K/Q(T) be a regular Galois extension with group G and only inertia groups of finite order.
Since P is torsion free the extension K /KT is unramified and the places which ramify in K/Q(T) are
those which ramify in K /Q(T), in particular there are only a finite number - say r - of such places.
Let t € U, (k) be the branch point divisor of K/Q(T') and C = (C14, ..., C;) the corresponding canonical
inertia invariant. Our proof now generalizes a reduction argument of [F95b] for the prodihedral groups.

The characteristic subgroup [P, P] being normal in G, the regular extension K [FF1/Q(T) is Ga-
lois with invariants G := G/[P,P], C = (C4,...,C,), t (where C; denotes the image of C; in
G — G/[P,P]). Since P is a free pro-p group of finite rank p, P%® := P/[P,P] is a free abe-
lian pro-p group of rank p that is, [RZ00], theorem 4.3.4, P%® ~ 7§ and, as a result, the nth
term of the Frattini series of P% is (P), = p"P%® n > 0. The tower of regular G-extensions
Q(T) < KFP™o « P o« KPR o g(PP)ni1 corresponds to a tower of Q-G-covers

.= Xpp1 — Xn — .. = Xo — Pg. Let k/Q be a finite extension such that Xo(k) # 0 then,
X, xgk — Xg xg k being an unramified G-cover defined over k with group P®/(P%®),, ~ (Z/p"Z)*,
it comes from an unramified G-cover A,, — Jac(Xo X k) defined over k with group (Z/p"Z)*. Thus,
since End(A,,) is torsion free, A, carries a k-torsion point of order p™. Let Q be a place of k not
dividing p where Jac(Xo xg k) has good reduction then, A,, and Jac(Xy X k) being isogenous, their
reductions modulo Q : 4, and Jac(Xy xq k) have the same number of F,m-points (where [k : Q] = m).
Consequently, the reduction modulo @ map being injective on the p"™-torsion subgroup of A,, p" di-
vides |Jac(Xo xq k)(Fgm)| for all n > 1 : a contradiction. O

5.2.2 Proof of lemma 5.7

Assume there exists a regular Galois extension K/Q(7) with group G and an inertia group < g >
of infinite order. Denote by « the order of the element s(g) € Gq (so, in particular, g% € P) and by
no > 0 the smallest integer such that g® € P, \ Py,+1. Consider the quotient short exact sequence of

profinite groups :
Sng

1 Py, G G 1
1 —— P> —— G/[Ppy, Pny) Gy 1

3Note also that if at least two distinct primes divide the order of the pronilpotent group P, then one is different from
the characteristic ¢ of k in the finite field situation, so our reduction argument shows that the assumption on ¢ in this
case is just that it does not divide |Go|.
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By [RZ00], corollary 3.6.4, P, is a free pro-p group of finite rank - say p. Thus Pﬁé’ is a free abelian
pro-p group of rank p that is, P ~ Zf (and thus (P),, ~ (p™Zy)?, m > 0).

Now, set L = K!Pro-Prol [_} = Q(T) and L,, = L(P’?(I)))m, m > 0. For any place P of L, denote by
P, the restriction of P to Ly, and by I(P|P,,) the corresponding inertia group , m > —1. Finally, set
G := G/[Ppy, Py,]- The following diagram of regular Galois extensions sums up the situation,

PR
Gy
S
L—IC LO Lmo( LmC ...C LC K
N~
w [Prag»Pro]

G

Since g® € P,, is non zero modulo P,,.1 and that [Py, Ps,] < Pyo11, its image in G — G is non
zero that is, of infinite order and so is the image of g. But the image of ¢ modulo [Py, P,,] generates
an inertia group of L/L_1 and, Lo/L_; being finite, the Galois extension L/Lg is necessarily ramified.
More precisely, if P is a place of L/L_; with inertia group I(P|P-1) =< g >, we deduce from the
canonical short exact sequence

1 — I(P|Py) — I(P|P-1) — I(Py|P-1) — 1

that I(P|Py) =< ¢g* >. Write g, := g|1,,, m > —1 and let mo > 0 be the smallest integer m > 0 such
that g%, # 0. Finally, for all m > mg, denote by W(m) the set of all integers 1 <[ < p™~"0 — 1 such
that (I,p|Gr,|) = 1 (where p™~ ™0 is, by definition of my, the order of ¢%,). Then, by lemma 5.5, for
any m > my, | € U(m), the element ¢! is conjugate to a distinguished inertia generator of L.,/L_1.
But an element of PS?/(Pa),, has at most |Gp,| conjugates in G/(P2),,. Indeed, consider the
short exact sequence
L— P2 J(P2)y = G/ (P 5> Gy — 1

Given any set-theoretic section o : Gpy — G/(P),, of 7, any element u € G/(P2%),, can be written
in a unique way u = o(m(u))z, with z, € P /(P3®),,, which implies that uzu™! = o(m(u))zo(m(u))
for any z € P2 /(P3b),,.

In particular, g3/ has at most |Gy, | conjugates in G/(P2),,, 1 € ¥(m). So given r distinct integers
l, ...l € U(m), if glt, ..., gln are conjugate in G/(P),, then so are the g&*, ..., g%, which are all
distinct by definition of ¥(m). Conclude : r < |Gy,|. As a result there are at least |U(m)|/|Gp, |
places of L_; that ramify in L,,/L_; with a distinguished inertia generator conjugate to an element
of the form ¢!, I € ¥(m). Such places also ramify in L,,,/L_1. Indeed, the canonical image of ¢!, in
G/ (P,‘jé’)mo is gino, which has the same order as g,,, which, in turn, is non zero (since, by definition
of mog, gy, is non zero) , I € ¥(m). But lim,, o0 [¥(m)|/|Gp,| = +00 : a contradiction. [J

5.2.3 Comments about the finite field case

The proof of lemma 5.6 relies on a reduction modulo @ argument and, actually, it also works
for any finite field of characteristic not dividing p|Gy|; its adjustment is straightforward. Likewise, in
lemma 5.7, the obstruction to the regular realization of G over k(T') rises from the lack of roots of 1
in k and, as a result, lemma 5.7 also works for any field k of characteristic 0 such that [k N Qb . Q] is
finite or any finite field of characteristic ¢ # |G|. This yields the finite field assertion of theorem 5.1.

One could ask what occurs for the missing characteristics. The following theorem shows - at least
for the characteristics p dividing |P| - this situation is quite different.

Theorem 5.8 Let G be a finite group, p a prime dividing |G| and péo the universal p-Frattini cover
of Go. Then, given a finite field F' of characteristic p, any regular realization of Go over F yields a
reqular realization of ,Go over F.
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Proof. Starting from a regular realization No/F(T') of Gy, we construct inductively a projective system
(Nn/F(T))n>o0 of regular Galois extension Ny, /F(T') with group 3G, n > 0. So, assume N,/ F(T') exists,
corresponding to a group epimorphism ¢, : I'p() — G and observe that the canonical projection

»Gni1 — Gy is a Frattini cover with elementary p-abelian kernel P, /P, 41 =~ (Z/pZ)™ for some
rn, > 1. The corresponding embedding problem

Lrr)

|

1 (Z/pZ)Tn > pén—i-l pGn 1

is thus a geometric Frattini embedding problem with p-group kernel. Consequently, by [MMa99],
theorem IV.8.3, it has a solution ¢y11 : T'pp)y — pén—i—l- And, by [MMa99], proposition IV.5.1, any
solution is a geometric proper solution. So take for N, the fixed field of ker(¢,41) in F(T)* (which
is regular over F). OJ

In terms of Hurwitz spaces, theorem 5.1 means that for any complete projective system of finite
groups and tuples of conjugacy classes ((Gpn+1,Cnt1) = (Gn,Cp))n>o0 such that G = lim G, the

k-non obstruction locus of the corresponding tower of Hurwitz spaces H = (H,, ;,Gpi1(Cnt1) —
Hr...Gn(Cr))n>0 is empty. We wonder now if lim H,. ¢, (k) is empty as well. This fact (theorem 5.2)

will appear as a corollary of theorem 5.1 and theorem 5.3, which we prove in the following section.

5.3 Projective system of rational points

The aim of this section is to prove theorem 5.3. We divide it into two parts. In §5.3.1, we explain
how to generalize to a projective system of k-G-covers the classical cohomological obstruction [w fk] €
H%(k, Z(@)) for a k-G-cover f with group G and field of moduli k to be defined over k. We then apply
these results to reduce the proof of theorem 5.3 (when P is a free pro-p group of finite rank) to a group
theoretical verification. We give the proof for a field k of characteristic 0. Replacing ﬂ'Z{t, T Dy their
tame analogues w}ame(]P’l \ t), miame(PL\ t), the proof of theorem 5.3 remains unchanged for a field k
of characteristic ¢ > 0 not dividing |Ggl. In §5.3.2.2, we show how to extend theorem 5.3 to the case

P is a pronilpotent projective group of finite rank with only finitely many rank 1 p-Sylow subgroups.

5.3.1 The field of moduli obstruction
5.3.1.1 Notation

Let (Gn41 = Gn)n>0 be a complete projective system of finite groups and G := lim G,,. For each

n > 0, denote by s, : G - G, the canonical projection and by P, its kernel. Given a field k of
characteristic 0, any regular Galois extension K/k(T) with group G and field of moduli k yields a
projective system (f,)n>0 of k-G-covers f,, with group G,, and field of moduli k. Indeed, if K/k(T)
has field of moduli contained in k then so do the f,, n > 0. Conversely, if for each n > 0, f,, has field
of moduli contained in k, for each o € T'j, the set of k-isomorphisms f,, ~° f, being non-empty and
finite, there exists a compatible choice (Xo.n)n>0 of k-isomorphisms Xon © fn — 7 fn, which implies
that K /k(T) also has field of moduli k.

For each n > 0, let t,, € U, (k) be the branch point divisor of f, and @, : 7121‘% — G, the
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corresponding group epimorphism. We get the commutative diagrams

alg €n alg
Thtns1 0 Tkytn

q>n+li iq)n

Gpy1 — Gy,

1 lg . . e . . . .
where e, : FZ% o 772 %n is the canonical restriction epimorphism defined by the Galois extensions
"vn ’

E(T) < My, < Mgy, ., n >0 (see §5.1.1 for the notation).

5.3.1.2 Projective system of splitting morphisms

Next, considering the projective system of fundamental short exact sequences

Stnt1
alg ar
1 7Tk,tn+1 ﬂ-kvtn+l Pk 1
en i en i Sty Idt
alg rar TS T
1 k.t kot k 1

observe that one can take the splitting morphisms s¢, in such a way that e, o s¢,., = s¢,, n > 0.
Indeed, set M = U,,>0My ¢, and choose ¢y € k; the Galois extension M/k(T) can be embedded into
the field of Puiseux series k{{T — to}}, on which I}, acts naturally. This defines a splitting morphism
s : I'y — Gal(M|[k(T)) and so, via the restriction Gal(M|k(T)) — w3 , a compatible system of
splitting morphisms (s, : I'x, — 7% Jn>0- Ik \ (KN Up>oty) # 0 (which, for instance, always occurs
if k is uncountable), one can choose to € k \ (k N Uy>ot,), embedding then M/k(T) into the field of
Laurent series k((T — to)) as usual.

Note also that, as a consequence of s¢, = e, 0 s¢,,,, we have, for any y € 7}, ~and o €I’

n+1

€n(St,41(0)V8t,21 (0) 1) = st (0)en (V)54 (0) 7

5.3.1.3 Projective system of cohomological obstructions

Now, with the notation of 5.1.1, if k is the field of moduli of f,, n > 0 then, for any n > 0, o € [',
there exists hy(0) := hy, (o) € G, such that

¢n(3tn(0)75tn (U)_l) = hn(o-)(l)n(’}/)hn(o')_la v € Wli,rtn

Denote by Hy(0) C G,, the set of all such elements. It is straightforward that (Hp41(0) — Hyn(0))n>0
is a projective system of finite sets ; as they also are non empty the inverse limit lim H,,(o) is non empty.

Let h: Ty — G be the map sending o to k() = (hy(0))n>0 € lim H,, (o). Write ¢, : Ty — G, /Z(Gy),
wp : Ty x Ty — Z(G,) and [w,] € H3(k, Z(G,)), n > 0 for the group morphism, cochains and
cohomological classes associated with h,, : 'y — Gy, n > 0 (see §5.1.1).
5.3.1.4 The profinite cohomological obstruction

Using the map h : I'y — G defined in §5.3.1.3, we can introduce as in §5.1.1

¢o: Ty — G/Z(G) , w: IexTy — Z(G) . w] € H2(k, Z(@Q))
o — k(o) [mod Z(G)] (o,7) —  h(or) " h(o)h(T)

114



As in the finite case, [w] = 0 in H?(k, Z(G)) iff the morphism ¢ : 'y — G/Z(G) can be lifted to
a morphism ¢ : Iy — G. This is equivalent to the existence of (@, : W,‘:ftn — Gp)n>0 such that
@, k| alg = P, and the following diagrams commute?

k,tn

ar €n ar
Thtner — Tk t,

q>n+l,ki i¢n,k

Gny1 —= G,

, n>0

that is, to the existence of a projective system ( fy, x)n>0 of k-models of the (f,)n>0 which, in turn, define
a regular Galois extension Ky /k(T) with group G such that K;.k = K. So we call [w] € H?(k, Z(G))
the cohomological obstruction for the projective system of G-covers (fy,)n>0 to be defined over k (as
projective system).

Proposition 5.9 Assume one of the three following conditions holds :

(1) Z(G) is a direct factor in G.
(2) |G :Z(G)] is finite.
(3) Z(G)NP,, ={1} for some ng > 0.

Then any projective system (fn)n>0 of k-G-covers f, with group G, and field of moduli k can be
defined (as projective system) over a finite extension ko/k. Furthermore, ko/k can be taken in such a
way that k = ko under condition (1), [ko : k] < [G : Z(G)] under condition (2) and [ko : k] < |Gyl
under condition (3).

. . : 7ker(9)
Proof. (1) is straightforward. For (2), take for instance ko = k
Z(G) N P,, = {1}. Then there is a canonical commutative diagram

. To prove (3), suppose that

1 5,0 (Z(Q)) Gy G /2(G) — 1
| Z(@) G 55> G/2(G) — 1
i

and the class [s,,, ow] in H(k, 5,,,(Z(G))) is the cohomological obstruction for the existence of a group
morphism ¢ : 'y — G, such that m,, 0 ¢ = 5, 0 ¢. As a result, setting ko := Eker(snow) (which is
a degree < [G, : Z(G)] extension of k) one has [s,, o w] = 0 in H2(kg, s,,(Z(G))), that is, s, 0 w
is a coboundary and, since by assumption s,, is injective on Z(G), so is w : conclude [w] = 0 in
H?(ko, Z(G)). O

5.3.1.5 Concluding remark

We end this section by comparing the global cohomological obstruction [w] € H?(k, Z (G)) and the
projective system of cohomological obstructions ([wy,])n>0 € imH?(k, Z(G,,)). Clearly, i o ¢ = lim ¢,

where i : G/Z(G) — lim G, /Z(G,,) is the canonical monomorphism (note that lim Z(G,) = Z(G)).

“Given ¢ : 'y — G, for any n > 0, define @, : 5%, — Gn by Pk (V84,,(0)) = Pn(7)sno¢(0), (v € WS&HH, o eTly).
Conversely, given (®n x : T, — Gn)n>o define ¢ = lim®,, 1 o s¢,,.
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Likewise, w = lim w,, and j([w]) = ([wn])n>0 where j : H?(k, Z(G)) — lim H?(k, Z(G,,)) is the canoni-
cal morphism. In general j is not injective and non trivial global cohomological obstructions [w] lying
in the kernel of j correspond to projective systems of k G-covers (fy)n>0 such that for each n > 0 the
set Gy, (k) of all the k-models of f, is not empty but the projective limit lim Gy, (k) is. In terms of

Hurwitz spaces, if j is injective then H(k)"% = limM,., ¢, (k).

A sufficient condition for j to be injective is classically given by the Mittag-Leffler property [L02],
IIL.10 for the projective system of 1-cocycles (C'(k, Z(Gpi1)) — C(k, Z(Gpn)))n>0. It holds, for ins-
tance, when :

- Z(G) ={0}.

- The morphism Z(Gp+1) — Z(Gy,) is an epimorphim and any morphism I'y, — Z(G),) can be lifted
to a morphism I'y — Z(G),4+1) (for instance if k is of cohomological dimension < 1), n > 0.

-k is p-closed for each prime p dividing |Z(G)|.

5.3.2 Proof of theorem 5.3

We consider first the case when P is a free pro-p group of finite rank and then prove a more general
version of theorem 5.3.

5.3.2.1 Two lemmas

In this paragraph, assume P is a free pro-p group of finite rank. By proposition 5.9, in order to
prove theorem 5.3 it is enough to prove that Z(G) N P, = {1} for some ny > 0 or that [G : Z(G)] is
finite. We consider separately the case rank(P) > 2 and rank(P) = 1.

Lemma 5.10 If rank(P) > 2 then PN Z(G) = {1}.

Proof. Assume there exists z € PN Z(G) \ {1} and let ny > 0 be the smallest integer such that
x € Ppy \ Puy+1- Then, according to [RZ00], corollary 3.6.4, P,, is a free pro-p group of rank
rank(P,,) = 1+ [Py : Py,J(rank(Fy) — 1) > 2. And since x € P, is non zero modulo P, 41, co-
rollary 7.6.10 of [RZ00] shows there exists ug,...,u, € Py, such that the elements x,us, ..., u, freely
generate P,,,. The group P,, can be viewed as the free product < z > [] < ug, ..., u, > so, according
to [RZ00], theorem 9.1.12, for any y € P,,\ < = > one has < z > N < z¥ >= {1}, in particular
x712¥ # 1 : a contradiction since x € Z(G). U

Lemma 5.11 Ifrank(P) =1 and one of the three following conditions is fulfilled

(i) |G : Z(GQ)] is not finite or,

(i1) |G, G] is not finite, or

(iii) for each n >0, p| |Gn|, Gn is p-perfect and the short exact sequences 1 — P, — G 23 G,, — 1
18 unsplit,
then PN Z(G) = {1}.

Furthermore, if PN Z(GQ) # {1} then [P : Z(G) N P] is finite.

Proof. If rank(P) = 1 and PNZ(G) # {1} then by [RZ00], proposition 2.7.1, PNZ(G) =< x > for some
x € P\ {1} and [P :< x >] is finite. As a result, [G: Z(G)NP] =[G : P][P :< z >] = |Gy|[P :< = >]
is finite and so, [G : Z(G)] is too, whence (i) and the last assertion of lemma 5.11.

As for (ii) and (iii), observe that P, ~ p"Z, (n > 0) thus, if ng is the smallest integer such that
x € Ppy \ Pyy+1 we have P, =<z >C Z(Q).

Assume (iii). The key ingredient here will be the Schur multiplier M (G,,,) of Gy,. Let g1, ...,G» € G
be a generating system of G' and set s,,(gi) = ¢i, @ = 1,...,r. Denote by F the pro-free group with
r generators i, ...,7-. The universal property of F,. allows us to define uniquely two epimorphisms
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u: F, - Gy, and u : F;, - G mapping v; to ¢g; and g; respectively ; in particular s,, o 4 = u. Set
N = ker(u) then, since P, is central, ([N, F,]) < [Pn,,G] = {1}. Thus, we obtain the following
commutative diagram of short exact sequences

1——=NNI[F, F/[N, F] — [F, F} /[N, Fy] — [Ghy, Gno) —= 1

| i |

1 Pno [Gv G] [Gnov Gno] —1

But, by Schur’s theorem, NN[F,, F,]/[N, F,] ~ M(G,,) is the Schur multiplier of G,,, and, in particu-
lar, it is of finite exponent which implies, P,, being torsion free, that N N [F,, F;.]/[N, F,] is contained
in the kernel of the middle vertical arrow. Thus, the above commutative diagram yields the following
one

1 ——1——=[F, F]/NO[F, F] —[Gny, Gy —> 1

| | |

1 Pno [Ga G] [Gnm Gno] —1

where the middle vertical arrow maps a finite group onto a non finite group : a contradiction.

Assume (ii). Here, it is the p-part M(Gy, ), of the Schur multiplier M(G,,,) of Gy, that we are
going to use. Since Gy, is p-perfect, there exists a central extension 1 — M (G ), — G/nﬁ 5 Gy — 1
which is universal for central extensions of G,,, with p-group kernel [BF02], §3.6. Consequently, there
exists a canonical commutative diagram

1 ——> M(Gpy)p —> G, ? —— G, 1
1 P G —2> Gy, 1

so, the fact that M (G, ), is of finite exponent and P, is torsion free, implies once again that M (G ),
is contained in the kernel of the middle vertical arrow. This leads to the commutative diagram

1—>I—>G/,LF/M(GHO)]D“ Gy 1
1 P, G 0 Gy 1

where u becomes an isomorphism, thus providing a section of s,, : a contradiction. [

Remark 5.12 Proposition 5.9 and lemmas 5.10, 5.11 actually show that the finite extension ko/k of theorem 5.3 can
be taken to be of degree [ko : k] < |Go| if PN Z(G) = {1} and of degree [ko : k] < [G : Z(G)] else.

In particular, when considering the universal p-Frattini cover péo — Gy of a finite p-perfect group
Go, for each n > 0 ,Go — ;G is the universal p-Frattini cover of G and, as a result, does not split.

Consequently, Z(,Go) N P = {1} and one obtains

Corollary 5.13 ° Let Gy be a finite group and p a prime dividing |Go| such that Gy 1s p-perfect. Then
any reqular Galois extension K/k(T) with group the universal p-Frattini cover ,Go of Gg is defined
over a field extension ko/k of degree [ko : k] < |Gol.

®K.Kimura also obtained corollary 5.13, giving furthermore a precise description of the center Z(,G) of the universal
p-Frattini cover of G.
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5.3.2.2 Generalization of theorem 5.3

We will show now theorem 5.3 still holds if P is a pronilpotent projective group of finite rank with
only finitely many rank 1 p-Sylow subgroups.

Write P =~ [],p|Sp as the direct product of its Sylow subgroups. For each p| |P|, S is a free
pro-p group of finite rank. From the fact that S, is a characteristic subgroup of P one has S, < G,
pl |P|, and so Z(G) N P ~ ][, p; Z(G) N Sp. Denote by S the set of those primes p| [P| such that
Z(G)N S, = {1}, by Sy the set of those primes p| |P| such that Z(G) NS, # {1} (which is finite by
lemma 5.10) and write @Q; = HpESi Sp, @ = 1,2. Then,

e P/QyN Z(G/Qa) = {1} : indeed, for any g1 € Q1, if g1gg; 'g~' € Q2 for all g € G then, since
Q1 is a characteristic subgroup of P, one also has g1gg; lg=1 € @, for all ¢ € G and, as a result,
g1 € Z(G)Nn @y ={1}. B

So, according to proposition 5.9 (3), K92 /k(T) is defined over a finite extension ko /k.

e [G/Q1:Z(G/Q1)] is finite : indeed, since Z(G) N Q1 = {1}, Z(G) is a subgroup of Z(G/Q1) and,
[G/Q1 : Z(G/Q1)] divides [G/Q1 : (Z(G) N P)/Q1] with [G/Q1 : (Z(G) N P)/Q1] = |Go|[P/Q1 :
(Z(G)N P)/Q1] = |Gol[Q2 : Z(G) N Q2], which is finite by lemma 5.11.

So, according to proposition 5.9 (2), K@ /k(T) is defined over a finite extension k; /k.

o Set kg = ki.ky, then K@i /k(T) is defined over kg that is, there exists a regular Galois extension
K;/ko(T') with group G/QZ such that K k: = K% (i = 1,2). We will show K1.K3/ko(T) is a model
for K/k(T). We have, K lk=KF = K Lk, so, up to taking a finite extension of kg, we may assume
that K?Q = KQ1 ; denote this field by K. Also set

Qin = HpES S, (where S} is the canonical image of S, in G — Gy, n > 0)
K, =K, ”‘/kg( ), i=1,2
Ln - Kl,n K2,n/k0( )7 n Z 0

Then K1.K2 = Up>0Lyp, which implies K1.K5. k=K.
So, we are left to show that Kj.Ks/ EO(I:) is egular or, equivalently, that L, /ko(T) is regular,
n > 0. This, in turn, is equivalent to [L,.k : k(T)] = [Ly : ko(T)]. On the one hand,

[Lnk:k(T)] = [Ln.k:KF]|Go|
= [K9n K@ KP)|Gy|
= |
[

K®@un . KP[KQ2n . KP)|Gy
K1y ¢ Lo|[Kan : Lol|Gol

)

and, on the other hand, [L,, : ko(T)] = [Ly : Lo]|Go|. But, [K;p : Lo]|[Ln : Lo|, ¢ = 1,2, which entails
(K1 @ Lo|[Kap : Lol|[Ln : Lo] (as (|Q1/Q1nl, |Q2/Q2x|) = 1) and so [K1,, : Lo][K2y : Lo] = [Ly : Lo).
5.4 Applications

As a corollary of theorems 5.1 and 5.3, one obtains theorem 5.2.

Proof of theorem 2. We re-use the reduction argument from the beginning of section 5.2. With the
notation there, assume K/k(T) is a Galois extension with field of moduli k¥ and group G. Then, for
any prime p| | P|, the subextension K /k(T) is Galois with field of moduli k and group G/ S, Since
G/ S; is an extension of the finite group G by the free pro-p group P, of finite rank, theorem 5.3 im-

plies that K5 /k(T) is defined over a finite extension ko /k, hence contradicting theorem 5.1 for G/ S, 0

As a special case of theorem 5.2, we obtain the following generalization of theorem 6.1 [BF02]
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Corollary 5.14 Let C be a r-tuple of non trivial p’-conjugacy classes of G such that sni(C) # 0. Then
there is no projective system of k-rational points on the modular tower defined by the data (G,p,C)
for any number field k/Q.

In the following, let 1 — P — G — Gy — 1 be a short exact sequence of profinite groups with G
a finite group and P a pronilpotent projective group of finite rank with only finitely many rank 1
p-Sylow subgroups.

5.4.1 Galois realizations of GG
Though it is not possible to realize regularly G over a number field, theorem 5.3 yields the following.

Corollary 5.15 The group G can be regularly realized over an algebraic extension k/Q where only a
finite number of primes ramify.

Proof. Let g1,...,9» € G be a generating system of G such that g;---¢, = 1 and denote by C; the
conjugacy class of g;, i = 1,...,r. Set C = (C4,...,C;) and let C,, = (C},...,C; ) be the canonical
image of C in Gy, p := G/, p|(Sp)n (Where, as usual, S, denotes the p-Sylow of P and (Sp)n the
nth term of its Frattini series, p| |P|), n > 0. The projective system of r-tuples (C,,),>0 defines a
tower of Hurwitz spaces

H = (HT,Gn+1’p(CTL+1) - Hr,Gn,p (Cn))nzo

Consider then any t € U,(Q) and a projective system of points (p,)n>0 on H above t. Each p,, cor-
responds to a G-cover f,, with invariants G, p, C,, t and field of moduli k,, n > 0. Denote by St
the finite set of primes where t has bad reduction and by S(|G|) the set of all prime divisors of |G]|.
By Beckmann’s theorem [Be89], the only primes which may ramify in k£ := Up,>ok, are those from
St U S(|G|) and since all the (fy)n>0 have their field of moduli contained in k, theorem 5.3 implies
they all are defined over a finite extension ko /k. OJ

Corollary 5.16 The group G is the Galois group of an algebraic extension K/k with k/Q an algebraic
extension where only a finite number of primes ramify.

Proof. By corollary 5.15, there exists a regular Galois extension K /k(T') with group G, a finite number
of branch points and such that £/Q is an algebraic extension where only a finite number of primes -
P1, ..., Pn - ramify. In particular, k is contained in the maximal algebraic extension Q,, . ,,./Q unra-
mified outside p1,...,p,. Let ¢ ¢ {p1,...,pn} a prime then Q,, . .(v/7)/Qps,...p, is a proper quadratic
extension (indeed, ¢ ramifies in Q(,/q)/Q!) and Qy,,... »,/Q being Galois, deduce from Weissauer’s
theorem that k := Qps,... pn (1/Q) is Hilbertian. Conclude by [S89], §10.6 (the proposition and the theo-
rem) observing that G verifies (iv) of the proposition and, so, the theorem can be applied. [J

5.4.2 On the ”weak disappearance” of rational points along Hurwitz towers

The spirit of Fried’s conjecture is that under suitable assumptions rational points over number
fields k disappear beyond a certain level (depending only on d) on towers of Hurwitz spaces (see
§5.5.3 for a precise statement). Proposition 5.17 below is a weak form : if one only considers rational
points lying above branch points divisor t € U,.(Q) with good reduction at some prime ¢, then they
do disappear beyond a certain level.

More precisely, let (H,,..; Gni1 (Cnt1) = Hrp,c, (Cn))n>o0 be the Hurwitz tower previously consi-
dered where C is any tuple of non trivial conjugacy classes of G and C,, the image of C in G,,.
Define for each prime ¢ the subset X%(¢) C U.(Q) of all the divisors t € U,.(Q) having good
reduction at ¢ and, given a number field k, by X,(k,q) the PGLy(k)-orbit of X?(q). Then, let
Hn (k) == Hyp.c (Cn) (k) N (P4, )" H (X (K, g)) be the subset of H,,, ¢, (Cr)(k) corresponding to Q
G-covers with invariants G,,, C,, field of moduli £ and a branch point divisor lying in X,.(k, q).
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Proposition 5.17 For any prime q not dividing |G| and any integer d > 1 there exists n(q,d,C) > 0
such that
) U Hagk) =0, n>n(q,d,C)
[k:Q]<d

Proof. From [W98], corollary 4.2.3 and the remark following it, for any prime ¢ not dividing |G| the
tower of Hurwitz spaces (Hy,,,.G,1(Cn+1) = Hrp,Gn (Cr))n>0 has good reduction modulo ¢. For any
n>0,let f,: X, — ]P’}@ be a G-cover with invariants G,,, t,, C, and field of moduli a number field

ky, such that [k, : Q] = d, that is a kj-rational point p,, on H,, ¢, (C;). Assume furthermore that for
some prime ¢ not dividing |G|, t, € X, (ky,q) for all n > 0. Then, up to composing by elements of
PGLy(ky), one may assume that t,, € X(q) for all n > 0. As a result, for any place Q,, of k, dividing
q, fn has good reduction modulo Q,, and reduces to a G-cover f, with invariants Gy, t,, C,, and field
of moduli contained in F 4, that is a F 4-rational point p,, on the reduced Hurwitz space Hrp . (Cn)C.
This produces a projective system of non-empty finite sets

(Hrn+l 7Gn+1 (C?”L-‘,-l)(qu) - ﬁr’l’LyGTL (Cn) (]qu))nzo

the projective limit of which should be empty by the finite field version of theorem 5.2 : a contradic-
tion. [J

Remark 5.18 About g-adic realizations The same kind of arguments show that for any prime ¢ not dividing
|G| and any finite extension k/Qq, there exists a regular realization of G over k if and only if G is generated by a finite
number of elements of finite order the product of which is trivial and, in that case, any regular realization of G over
k has a finite branch point divisor with bad reduction at g. Indeed, the only if condition follows from the fact lemma
5.7 holds for any field k of characteristic 0 such that [k N Q" : Q] is finite. So any regular realization K/k(T) of G has
only inertia groups of finite order. But then, these are the ones of the finite extension K /k(T) so there are only finitely
many of them. The if condition can be proved using Pop’s Half Riemann existence theorem [P94] as in [DDes04]. The
last assertion is obtained by reducing modulo ¢ as in the proof of proposition 5.17.

The necessary bad reduction at g of the branch point divisor of any regular realization of G over g-adic fields also
suggests that the bad reduction at ¢ of the branch point divisors of known regular realizations of finite groups over g-adic
fields might not only be due to the method involved.

A way to tackle Fried’s conjecture is to bound the n(g, d, C) uniformly in q. We come back to this
in §5.5.2, giving, when C = (C1,...,C;) is a r-tuple of non trivial conjugacy classes of elements of
finite order, an effective bound - still depending on ¢ - for n(q, d, C).

5.5 Around Fried’s conjecture

We now consider a short exact sequence of profinite groups 1 - P — G — Gy — 1 with Gy a
finite group and P a free pro-p group of finite rank p. In §5.5.3, we will deal with the special case of
the universal p-Frattini cover G :=, G of a finite p-perfect group Gj.

5.5.1 The abelianization procedure

We formalize here an idea which is reminiscent of the strategy of lemmas 5.6, 5.7. It consists in
defining a quotient tower H of our initial tower H = (H,.,,,¢pi1(Cnt1) — Hpp,Gn(Cn))n>o- This
tower H, we call the abelianized tower of H is easier to handle and, since what is at stake is the

disappearance ~of rational points on ‘H beyond_a certain level,_it is Enough to consider ﬂ
To define H, as in lemmas 5.6, 5.7, write G = G/[P, P], G,, = G/(P®),,, n > 0 and for any tuple

SIndeed, if Q is any place of Q dividing Q,, identifying I'r, with Do/Io (where Do and Ig respectively denote
the decomposition and inertia groups of Q in Q/Q), the reduction modulo Q yields a canonical Galois-equivariant
isomorphism c : (ﬂali)(q,) ~ (ﬂ;i%t)(q,) and, if f, corresponds to a group epimorphism Py, : (71'517%)(",) —p G then f,

corresponds to @y, oc .

120



C of conjugacy classes of G, C for the image of C in G — G and C,, for the image of C in G — G,
(also assume the length r,, of C,, is finite), n > 0. From the canonical commutative diagrams of finite
groups (*) one deduces the canonical commutative diagrams of Hurwitz spaces (**)

(*) Gnp1 —>>=Gpp1 ;1 >0 (%) Hrpyy Gyt (Crg1) —> Hrnﬂ,énﬂ(én-kl) ,m=>0

] |

Gn Gn Hrn,Gn (Cn) Hrn ,Gn (6")

The right-hand side of diagram (**) is the abelianized tower H of H.

Given a number field k, any G-cover f, : X, — IP’i, defined over k with invariants G,,, C,, induces
a G-cover f, : X, — P} defined over k with invariants G,,, C,,. Denote by fo: Xo — P}, the quotient
of f, modulo P®/(P®), ~ (Z/p"Z)?, which is also the quotient of f,, modulo P/P,.

N

Reducing ourselves to the abelian cover X, — X, will allow us to use the jacobian tool in the
etale case.

From now on, assume furthermore C = (C1,...,Cy) is a r-tuple of non trivial conjugacy classes of
elements of finite order and write o; for the order of any element of Cy ;, i = 1, ...,r. Since P is torsion
free, the covers X,, — Xo and X,, — Xy are etale. Indeed, let C' be a conjugacy class of elements of
finite order and g € C. Let « be the order of the elements of Cy then ¢* € P. But P is torsion free
and g¢ is of finite order so, conclude that g¢ = 1 that is, the elements of C' and Cy have the same
order « that is, there is no ramification above Xj.

With o(Cp) = maxj<;<t{0;}, one can always find a field extension kg/k of degree [ko : k] < O‘(Cé)o')

such that Xg(kg) # (). Thus, the abelian etale cover X,, xj ko — Xo X ko with group P®/(P%®),, ~
(Z/p™Z)P arises from a cartesian diagram

yn Xk k‘() An

| e
XO Xk ]CQ —>Jac(X0 Xk k‘o)

where A, is an abelian variety defined over ko, isogenous to Jac(Xgy Xy ko) and carrying a ko-torsion
point of order p”. Conclude

Abelianization procedure conclusion : Given a number field k and an integer n > 0, any G-cover

fn: Xy — IP’,]; defined over k with invariants G,,, C,, gives rise to an abelian variety A, defined over

an extension ko of k of degree [ko : k] < %, isogenous to Jac(Xgy Xp ko) and carrying a ko-torsion

point of order p" (where X denotes the quotient of X,, modulo P/P,).

5.5.2 An effective bound for k-rational points in the non-obstruction locus

We retain the notation and hypotheses above. Denote by n(q,d, C)""Ob the smallest integer such
that (x) from proposition 5.17 holds with H,, ¢, (C,)(k)"°° replacing H,., , (Cy)(k). Our aim is
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T

to find an explicit bound for n(q,d, C)"?. Define gc, = 1 + |G|(= 5 Z Ot _ 1) and N(g,n) =
i=1

n+2g(y/n — 1) + 29.

In(N (gc,, g?1¢0l/2(€0)))
In(p)

Proof. Let k be any number field such that [k : Q] < d and f, : X,, — IP’,IC be a G-cover defined over
k with invariants G, C,, t. Let ¢ be a prime not dividing p|Gg| and such that t € X,.(k,q); up to
composing f,, by an element of PGLy(k), we may assume t € X?(q). Let Q be any place of kg dividing
q (where kg is, as above, a finite extension of & such that Xo(ko) # 0 and [ko : k] < O‘(G O‘)) Then
X has good reduction at Q and, consequently, so does Jac(Xy X ko). As a result, if F' denotes the

residue field of kg at Q, p"| |[Jac(Xo X ko)(F)| so, in particular,

< In(Jac(Xo X ko)[(F))
- In(p)

We are left to compute |Jac(Xo xx ko)(F)|. For this observe that by the Riemann-Hurwitz formula,
Xo has genus gg, so Jac(Xy X ko) is a gc,-dimensional abelian variety defined over F' which, by
Lang-Weil bounds [Mi86], theorem 9.1, yields

[IJac(Xo xx ko) (F)| = [F[| <29 (V/|F| = 1) + 29,

and conclude using |F| < ¢4Gol/o(Co) [

Proposition 5.19 We have n(q,d, C)”OOb <

5.5.3 Modular towers and the strong torsion conjecture

We use here the notation introduced in §5.1.2.2 for modular towers. In this context, Fried’s conjec-
ture is the following statement’.

Conjecture 5.20 If Gy is a p-perfect finite group then, for any integer r > 3, any r-tuple Cqy of
p'-conjugacy classes of Go and any integer d > 1 there exists n(d, gc,) > 0 such that

U H nG (k) =0, for each n > n(d, gc,)
[k:Q]<d

As theorem 5.4 from the introduction asserts, we will show it is a consequence of the Strong Torsion
Conjecture for abelian varieties [S192], [Ka98].

1 such

» (it) of

Conjecture 5.21 (S.T.C.) Given two integers g, d > 1, there exists an integer n(d,g)
that the set of all abelian varieties A (i) defined over a number field k of degree [k : Q] <
dimension g and (1ii) carrying a k-rational torsion point of order n is empty for n > n(d, g).

>
d

We decompose the proof of theorem 5.4 in two steps :

First step : Conjecture 5.21 combined with the abelianization procedure conclusion (and the arguments
of the proof of proposition 5.19) implies that

U H nG ) (k)" = ), for each n > H(M’QCO)
[k:Q]<d "

"Fried’s conjecture is actually weaker than our conjecture 5.20 [FK97]. Namely, it states that for any number field k
there should exist n(k, Go, Co) > 0 such that H, .s(Cr)(k) = 0, for each n > n(k, Go, Co). However, Merel’s theorem
P

for modular curves makes it rather natural to generalize Fried’s conjecture by conjecture 5.20 (as it is alluded to, for
instance, in [F95a] theorem 1.1 and Appendix B.)
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In order to remove the "noob” superscript, we will use a cohomological argument.

Second step : Denote by s, 1, : pém —» pén the canonical epimorphism, m > n. From lemmas 5.10,
5.11 we have PN Z(péz = {1} so, in particular, for each n > 0 there exists N,, > n such that the
image of P/Pn, NZ (é\f" G) in P/P, N Z(;G) via the canonical epimorphism sy, , is trivial (recall that
PNZ(,G) = lim P/P,N Z(Zé)) Setting ny = n(%,gco) and ng = Np,, we are going to show that
for any integer d > |G|
U Hrgé(Cn)(k) = (), for each n > ny
[k:Q]<d/|G|

So, let k be a number field such that [k : Q] < d/|G| and suppose there exists a G-cover fp, : Xp, —

IP’}@ with invariants ;2G, C,, and field of moduli k. Denote by fn, its quotient modulo P,,/P,,. If

[wn,] € B2(k, Z (p? @)) is the cohomological obstruction for f,, to be defined over k then [s,,, , 0wp,] €
H%(k, Z (glé)) is the cohomological obstruction for f,, to be defined over k. We aim at showing there
exists a finite extension ko/k with [ko : k] < |G| (so, [ko : Q] < d) such that [sp,n, © wp,] becomes
trivial in H?(ko, Z (glé)) Consequently, f,,, will be defined over ko hence contradicting the definition
of niy.

Consider the following canonical diagram

1 — sn,0(Z(12G)) Go Go/sny0(Z(32G)) —=1
1 Z(32@) G n2G/Z(32G) 1
‘
T

and set ko := Eker(§”2’oo¢”2). Then [sp,0 0 wn,] = 0 in H2(k0,sn2,0(Z(g2C~¥))) that is there exists

h: Ty — sn270(Z(QQC~¥)) such that sp,0 0 wn,(0,7) = h(oT) " h(o)h(7), 0,7 € Tk,. Since s,,0 :

Z (2261‘) — Spy0(Z (gQCNT‘)) is an epimorphism, one can define a map hy, : Ty, — Z (22@) such that

82,0 © flm = h and thus a coboundary
Bny 0 T2 Z(2G)

Ry (0T) ™ iy (0) sy (7)

-
o,T —
Now, up to replacing wy, by the equivalent cocycle wy,,&,, one has s, 0 wp, = 0 that is Im(wp,) <
P/P,, N Z(ZQG). But then, by definition of ny, we have s, », ocwp, = 0. O

Remark 5.22 (a) The variant of conjecture 5.21 for which it is only requested to bound the p-torsion (that is where
the bound n(d, g) is replaced by a bound n(d, g,p) also depending on p and condition (iii) by condition (iii)’ carrying a
k-rational torsion point of order p™) still implies conjecture 5.20, provided the bound n(d, gc) is replaced by a bound
n(d, gc,p) depending also on p.

(b) Provided that P N Z(G) = {1}, the second step of the proof of theorem 5.4 also yields an effective bound for
n(C, ¢,d) itself. Namely, one can take n(q,d, C) := N, (4 4q|,c)neob, Where N is defined as in the proof of theorem 5.4.

For instance, if G = Z/27 x Zs then n(q, d, C) = n(q, d, C)"°°* + 1.

The discussion above provides a conjectural approach of conjecture 5.20. When considering the weaker

form of conjecture 5.20 obtained by replacing the bound n(C,d) by a bound n(C, k) depending on

the number field k, there is an alternative conjectural approach, based on reduced modular towers

(H:%HG(C”H) — 'H;‘ié(Cn))nzo (we refer to [FK97] or [DF99] for the existence and properties of
) P

reduced Hurwitz spaces; in brief, H:flG(C) is the quotient space H, ¢(C)/PSL2(C) where the action
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of PSLy(C) on H, ¢(C) is obtained by extending the one of PSLy(C) on U, (C) and, in particular, it is

a r — 3-dimensional variety). This approach consists in proving that all the geometrically irreducible

components of H:‘i G(C”) are of general type (of genus > 2 when r = 4) in order to obtain, relying on
p

the Bombieri-Lang conjecture (Faltings’ theorem when r = 4), that if H:‘ié(cn)(k) # () for all n > 0
p
then lim H”ié(Cn)(k) # 0. Up to taking a finite extension ko /k, this entails that lim H . =(Cy)(ko) #
— Tsp — Tsp
0, [DF99] §6.5, contradicting theorem 5.2. When r = 4, M. Fried gives in [F04] an outline of the proof

of the fact all the geometrically irreducible components of szn G(C”) have genus > 2 for n large
P

enough.
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Chapitre 6

Standard Hurwitz curves
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Given a finite group G and a r-tuple C of non trivial conjugacy classes of GG, we call standard
Hurwitz curve any 1-dimensional closed subvariety of H;’G(C) obtained by fixing the r —1 last branch
points that is, given t' € Y"~!, we consider the cartesian square :

H;“7G(C)t, _— H;”,G(C)
W;,G,t/l 0 lqj{rG

v ur

Using the homotopy sequence of the fibration with connected fibers
p2r U"(C) - U0
(tl,...,tr) — (tg,...,tr)

which gives rise to the short exact sequence of fundamental groups

Lo ml Pt ) — TP — U e )

(where we write t;j = (tiy...,t;) for any t' = (t1,...,t,) € U", 1 < i < j < r) one can show that
m P ( b ot11) =< {Aujlecj<r >=: I, where 4y ; = Q1 Q2Q;5Q; Q' 2 < j < r(in
particular, one recovers the sphere relation Aj--- Ay, = 1). We will allso write a1 ; = Al_Jl Thus,

the completed ramified cover @;,ch' : ﬁ;7G(C)t/ — P! corresponds to the action of II;, on sni(C)
induced by the one of SH,. This will allow us to use Hurwitz formula to compute the genus g(C) of
the standard Hurwitz curve ﬁ;G(C)t/.

6.1 Genus of standard Hurwitz curves

[DF94] §4 provides a general genus formula for standard Hurwitz curves when r = 4, precisely for
any II; 4-orbit O € sni(C)/II; 4, the genus of the corresponding geometrically irreducible component
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is given by :
2(]0| +g(C) — 1) =Ind(A12) + Ind(A13) + Ind (A1 4)

where Ind(A1 ;) = > ,c0(11,i(8) — 1)/i1,(g), j = 2,3,4 and

i2(8) = | <g192>/<q192 >NZ(g1,92)Z(93)|
i13(8) = | <9192 >/ < gag2 > NZ(94,92)Z(g3)|
ita(g) = | <9191 >/ < gagr >NZ(g94,91)Z(g3)|
(where Z(gi,9;) = Z(9i) N Z(g;) and Z(g) is the centralizer of g in G). The purpose of this section is

to generalize this formula for any r > 4.

6.1.1 Invariants associated with a standard Hurwitz curve

Given a finite group G and a r-tuple C of non trivial conjugacy classes of G, one can associate to C

a family of numerical invariants {(go,l0)} OESIi(C)/M1 Indeed, there is a one-to-one correspondence
1,r

between the connected components of H;. ;(C) and the orbits of sni(C)/SH,. Given O € sni(C)/SH,
and g € O, the corresponding connected component X (O) is the set of those G-covers f such that
there exists @Q € SH, and a standard ordered topological bouquet v for PL(C)\t with BCDQ.Z(f) e 0.
Now, let t5,. € U™ 1(C) and (‘I/;,G)t’lr : X(O)té’r — P1(C) \ t2, be the corresponding cover. Once
again, there is a one-to-one correspondence between the connected components of X (O)t/2 i and the

orbits of O/II; ;. Since II; , is normal in SH, ([Bi74] theorem ), it permutes transitively the orbits
of O/I1;, and, as a result they all have the same length, [p. We define the genus of a given orbit
U € O/II;, by Riemann-Hurwitz’s formula :

U—1—|U|+ > ) (long(eiy) — 1)

2<z<r 1<5<r;

where ¢; 1 0--- 0 ¢;,, is the decomposition of the permutation induced on U by A;; into a product
of disjoint cycles, i = 2,...,r. Given Uy # Uz € O/Il;, and @Q € SH, such that Q- U; = Uy if
¢i10---0¢;y, is the decomposition of Ay ; on U; then (ch-,lQ_l) o0---0 (QcmiQ_l) is the one of A; ; on
Us so gu, = gu,. We denote the common genus of the orbits of O/II; , by go. The end of this section
is devoted to giving a general formula for go.

6.1.2 A general formula to compute the genus

Let U € O/II; . First, note that

Z Z (long(cij) — Z Z (long(c IJ )—1)

2<i<r 1<5<r; 2<i<r 1<j<r;

and that

(| <ar;>.gl—1) (I<aii>.gl-1)
long 7 - 7
> (long(c;; = > > [ <ai,; > g 2 | <ai; > g

1<j<r; 1<j<r; gesupp(ci ;) geU
The following technical lemma explains how to compute the | < ay; > .g|, i =2,...,r

Lemma 6.1 For any g = (g1, ..., g,) € sni(C, Q) and for any 2 <i <r
—1

( (951 g1)" (917 gi)"

a?,i'g 91 y 92, -+, 9i-1,9; ! 7gi+17"'7gr)

where o; = g1...g;_1-
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Proof. For n = 1 : A straightforward computation shows that

—1

o
g2..-gi—10; 919 91"
a1,4.8 = (gl 792)"'797:—1).%' )gi—‘rl)"'vg?“)
which can also be written
—1 -1

1 1 a;
92...gi—10; ' g19; 91 . g7 taia; taug; 7,
(gl 792)"'7972—1797; 7gi+17"'7g7“) — (gl ! ! y 925, 9i—-1,9; )gi-l—l)"'vg?“)
g5° ga"_1
— ) 1
- (glz 7927"‘7gi—17gi 7gi+17‘”7g1“)
)
«

g ‘o 9’ g
(gl 792)"'7972—1).%'1 )gi-l—l)"'vg?“)

Wl
For n > 1: suppose a?,z"g = (gggz o) y 925 -y Ji— lagfgl ) » Ji+1, ‘”791“) = (gl,n7 "‘791“,71)‘
Since i p = gip---Gi-1,n = 91,n91_104z', we get

—1
gz:r, 9i,n g n gzn
a?:—l'g = CLLZ'.(CL?’?:.g) = (gln y92,m5 -0y Gi— 1n7gZ:1 7gi+1,n7~-7gr,n)
91,n91_1ai o 919;,711
im 91,n glyn Jin
(glm 792)"'7972—1797;7” 7gi+17"'7g7“)
= (91,n+1, 92 n+1y -+ Gi—1n+15 Gin+1 Ji+1,n+1s -+-» gr,n+1)
Rewriting
g n -1 _ -1 _ _ -1 o _ .
91,n=9§gi791) = ailgig o gas(gigt ) et = cugilal g lgt (g8 i)~ Vg tar!
gngf‘ql 9" = a7 (grg? ) engiog (g1 en = g g (% gn) L (g gr) " Vg
We get then
1a-
gl"(gln ") i i i —(n— i — i - —
Grni1 = 1 = g1 (990" 07 (979" ) g (9 0)" 107 (g8 90) V) i
but
; : —(n— . X _ . _ i f"b —(n—1) ;
G (g2 g1 g% (% g1) "D = (g2 g1) g (g% g1) " (g gr) g0 Y =9 q

. . . . . _ n+1
which implies g1 41 = (95791)g1,n (g5 1) = gggz )t

Likewise, for g; ,+1 we get

-1 i ! ) g n—1 O‘;lglgl,n _ ) ) _n
Gim1 = (gfln a )% 9191 — ((g?z)(gi g1) > = 0] 191(9?191)719?1(9?191) ngl 10%

—1

) —1 L . i gntl
but, a;lgl(gfzgl)” = (g?l gi)”“a g; 1% which implies Gint1 = g(gl 9:) O

7

As a result, for any g € U, a7, - g = g if and only if

o1

(*) there exists v € Na<;zj<,Ceng(g;) such that g(gl )" _ = g{ and g(gl 9" _ qg;
a.ﬁl
But, assume g(gl 9" = g{ then gggl 9:) = (g § )" g2 Gio1) g1 gr)
=(¢{92- - g9i—1) H(git1---gr) "
— g
KA

So (*) is equivalent to

(**) (9i"g1)™ € (N2<izj<rCeng(g;)Ceng(g1))N < g;" g1 >
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But the right-hand term of the formula above is a subgroup of < ¢{"g; >. Indeed, g{" g1 = (g1 - gi)(g2 - - - gi—1) "

(gix1- 9 )(g2 - gi1) ! so any element u € No<izj<rCeng(gj) commutes with g;" g1. Setting Z;(g) =

(Na<izj<rCeng(g;))Ceng(g1), i = 2, ...,r, we deduce
| <a; > gl =min{n > 1|(g"g1)" € Zi(g)N < g'&1 >} =] < gf"g1 > /Zi(g)N < g{"'g1 > |
That is,

Proposition 6.2 (general genus formula)

_ (r—=3)o 1 |Zi(g)N < gi"g1 > |
=1+ 0 Yo L5y |

@
2 s 1<9ta >
(Note that, if Na<izj<rCeng(gj) = Z(G), then Z;(g) is just Ceng(g1), i = 2,...,7).

Remark 6.3 Given a group epimorphism s : G - G, C a tuple of conjugacy classes of G, C = 5(C) one can observe
i 1Zi@n<gtai>l g g 1Zi@)0<5; g >

=1 as well
23 n .
[<g; “g1>| |<7; g, >

that for any g € sni(C)

In the next section, we use this genus formula to give a lower bound for the genus and thus, illustrating
problem B.3 [F95a).

6.1.3 Growth of the genus

We keep the notations of section 6.1.2. Define the function m; : O — N* by m;(g) = %

(so mi(g)| | < g;"g1 > |). Then one can rewrite

go=1+ "0 LS LS i)

meN* 2<i<lr

A first minoration of go is given by go > 1+ W+A/[O, where Mo = 3 5o, |m;1(1)| This em-
phasizes the intuitive idea that as soon as r is large enough and C ”g-complete enough”, standard
Hurwitz curves are intricate arithmetic objects. More precisely observe that :

-If Mo < (r—6)lo — 2 the go > 2.

-If Mp <7+ (r—10)lp then 1+ 970 > lp that is, the corresponding standard Hurwitz curves are
general in the sense of [?], theorem F.1.2.2.

Let us precise the notion of being ”g-complete enough” by giving a definition compatible with
problem B.3 [F95a]. Given an r-tuple C € C,(G) and an integer ¢ > 3 we will say C is t-g-complete
if for any O € sni(C)/SH, we have go > 1+ f(t)lp where f : N* — R is a function verifying
lim,,—, 4o f(n) = +00. Here are two examples of ¢-g-complete tuples :

1. If C = (C4,...,Cy) such that |C1| > 2 and there exists a partition {2,...,r} = I U ... U I; with
(Ci)ier, g-complete, k =1,...,t.

Proof. Assume t > 2 then, when removing C1 and C; from C, the resulting tuple is still g-complete, which entails
that Z;(g) = Ceng(g1), i = 2,...,7, g € U. Thus, % = 1iff g;" € Ceng(g1. But, if g;* € Ceng (g1
for all 4 € I, then, by the g-completeness assumption, Ceng(g1) = G : a contradition since g1 is not central. Thus
there exists 00 # Ji(g) C I such that for any i € Ji(g), 1Zi@n<sta1>] _ 1iff g € Ceng(gh < 2, k=1,..,¢,

|<g;?g1>| -2
g € U. As a result we get

.
(r=3)lo _ 1 |Z:(g)N<g; “91>|
L+ 3 DgeU 2a1<k<t Zielk <ag>|

1+ % - l% geU Zlgkgt(% + (|Ik| - 1))
1+ % =2 k<l = 3)
1+ (1 —1lo)

go

VIV IV
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2. If C = (C1,Cr Y, ..., Cy) such that there exists a partition {3,...,7} = I1 U... U I, with (C1, (Ci)ier,) g-complete
and there exists ir € I, such that C;, N Ceng(g1) =0, k =1,...,t

Proof. Assume t > 2 then, when removing C and C; from C, the resulting tuple is still g-complete, which entails

that Z;(g) = Cenc(g1), i = 2,...,7, g € U. Thus, % = 1iff g € Ceng(g1. But, following from the
i 91

hypothesis, there exists ¢ € I;; such that g;"* ¢ Ceng(¢g1 and, consequently,% < forallgeU. As

a result we get

(r—3)1 |Zi(8)N<g;g1>|
go = 1+ 3) e -3 deU(l + Zl<k<t Zie]k ‘g<g ’g1>g‘1 )
(r—=3)1
> 1+ 3);) —5(lo+ X pev Dicrae(3 + (k] = 1))
(r—3
> 1+ (r=2lo _ (1+Zlgkgz(|1k| )
> 1+ (— —1)lo)

Now, recall that problem B.2 [F95a] asks for a condition to ensure a standard HM-curve re-
mains geometrically irreducible. Problem B.3 [F95a] asks furthermore for a condition to ensure
the genus of standard HM-curves grows towards +oo along a Modular Tower. Chapter 7?7 deals
with the former problem, as for the latter, let us come back to an example : take G = M;; and
C = ([84],[114]"). According to the Atlas (84,11A) is g-complete and Ceny, (84) =< 84 >,
Cenyy,, (11A) =< 114 > in particular, we always have 11ANCenyy,, (84) = (). For r large enough, we
know that |O#M(C) /11y 942,| = 1 thus, by case 2 above gormcy > 1+ (7 — D|OHM(C)| > 2 as soon
as r > 5. If we consider for instance the Modular Tower associated with the data (M1, C, 3) we know
that |OHFM(C,,) /111 242,| = 1, n > 0 and since C,, also verifies case 2 above (recall being g-complete
is a property which passes to Frattini extensions) we obtain, gonm(c,) > 1+ (3 —1joHM(C,)|. As
a result, as soom as r is large enough (and > 5) we get a tower

(H2r+2 W, (Cns1)er — H2r+2 n M (Cn)e')nzo

of geometrically irreducible HM-curves defined over Q(C’,t’) the genus of which grows towards +oo
with n, for any t’ € 4?1 (Q). In particular, by theorem 6.1 of ?? for any finite extension k/Q(C’,t’)

there exists n(k) > 0 such that for any n > n(k), 'H;ﬁg anl(Cn)t/(k) =0.
P

6.2 Hasse property for Hurwitz curves when r =4

6.2.1 How to get rational points on a genus 0 curve ?
Recall first the classical classification statement about curves of genus 0 over a field k.

Proposition 6.4 Let X/k be a smooth projective curve of genus 0 defined over a field k then (1) X/k is isomorphic
(2) X/k is isomorphic

Proof. By Riemann Roch theorem, the canonical divisor K € Div(X/k) of X/k is of degree —2 so —K is a very ample

divisor of degree 2 and linear dimension 3 defining a k-embedding of X into P? as a smooth curve of degree 2 that

is, a conic. If furthermore X has a k-rational point P € Div(X/k), by Riemann Roch theorem, there exists a non

constant algebraic function z € k(X) \ k such that (z) > —P. But P is effective of degree 1 therefore () = P and
[k(X) : k(z)] = deg(z)oo = 1. O

There is two distinct ways to show X/k possesses a k-rational point. The first one is a consequence
of Riemann-Roch theorem :

Proposition 6.5 Let X/k a smooth projective curve of genus 0 defined over k then X/k possesses a
k-rational point if and only if it possesses an odd degree divisor.

Proof. Since the canonical divisor K € Div(X /k) is of degree —2, any divisor D € Div(X /k) of odd degree deg(D) = 2n+1
defines a divisor D — nK of degree 1. So, assume D € Div(X /k) is of degree 1, by Riemann-Roch theorem there exists
a non constant algebraic function x € k(X) \ k such that D + (z) > 0. So P = D + (z) is an effective divisor of degree 1
that is, corresponds to a k-rational point on X/k. O

The second one is a special case of the Hasse principle for quadratic forms :
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Proposition 6.6 Let k/Q be a number field and X/k a smooth projective curve of genus 0 defined
over k then the following assertions are equivalent :

(i)  X/k is isomorphic over k to P}.
(ii)  X/k possesses a ky-rational point over all completions k, of k.
(iii) X/k possesses a ky-rational point over all but one completions k., of k.

Sketch of the proof. We obviously have (i) = (i7) = (4i7). (4¢) = (i) results from the local global property for Hilbert
symbols and (iii) = (i¢) from the product formula [[,.,, (a,b), = 1. O

Classical genus 0 methods are based on proposition 6.5. The most classical one consists in exhibiting
genus 0 standard Hurwitz curves defined over a number field k and using the branch cycle description
of the covers U] . 1, to show one of the ramified place is of odd degree [Ma89], [Det00] etc. The following
example shows however finding an odd degree ramified place is not always possible.

Example 6.7 (Dz'cyclic group of order 16) The dicyclic group of order 4n is given by the generators and relations

2n 2 1

1 _
Tin =< u,vfu™ =1Lu" =v v T wv=u"" >

Assume n = 2% k > 2 and denote the two conjugacy classes of non trivial involutions by B = {w”v}ocicor 1,
By = {u2i+1v}09§2k_1. Then the 4-tuple Cr = (B1,k, B1,k, B2k, B2,x) has the property that IT; 4 acts transitively on
sni(Cy,) and straightforward computations gives : [sni(Cr)| = 227!, a1, has type ((1)%", ((21@4_1)2’&‘*1)0?972)7 a3
and a1,4 have type ((2]“)2]%1), As a result g(Cy) = 2"72(2F — k — 3) 4+ 1. In particular for k = 2, |sni(C2)| = 8, a1 2 has
type ((1)*,(2)?), a1,3 and a1,4 have type ((4)?) and g(Csz) = 0. Thus, choosing t’ = (t2,t3,t4) € U*(Q) we obtain a genus
0 standard Hurwitz curve defined over Q but we cannot assert one of the ramified place is of odd degree.

However, proposition 6.6 can be applied to the curve of example 6.7. The next sections describe how,
and provide a general method when r = 4 ( and some technical properties are fulfilled) to use the
Hasse principle instead of the odd degree divisor method to find rational points on Hurwitz curves.

6.2.2 The Hasse condition for Hurwitz curves when r = 4
6.2.2.1 Using directly patching methods

Theorem 6.8 (Nearly Hasse Condition) Let G be a finite group and C = (Cq, C’l_l, Co, 02_1) a syme-
tric 4-tuple of non trivial conjugacy classes. Assume hm(C) # (). Then there exists a finite cyclotomic
extension Q/Q such that for any place v of Qg, of residue characteristic prime to |G|, there exists
a HM-G-cover f, defined over (Qg), with invariants G, C, (t,,0,1,2).

Remark 6.9 Denote by o; the order of the elements in C;, i = 1,2, by m their less common multiple and for any
2mi

" Then the finite cyclotomic extension Qg /Q verifies Qc C Q(¢m) and actually depends on
the rationality properties of the tuple C = (C1,C*, C2,C5 ') : Q¢ = @Ac where Ag = {0 € T'g | C’Z‘(g) =C;, i1 =1,2}

integer n > 1 write ¢, ;== e

Proof. We proceed in two steps.

The first step consists in showing theorem 6.8 is true when replacing (¢, 0, 1,2) by (21,4, Y105 Z2,0, Y2,0) €
UHQ) or by (21,0, Y1,0, T2,0, Y2,0) € UHQ) with z, = zi, yi0 =% and 2, € Q((ny), @ = 1,2.

By assumption hm(C) # ) so let us fix a HM-representative g = (g1, gl_l,gg, 92_1) € hm(C).
(1) Real G-covers : Given an r-tuple C of non trivial conjugacy classes and a real branch point
divisor t € U, (R) consisting of r = r; + 2r9 branch points with
- 71 real branch points ¢4, ..., ¢, .
- 79 complex conjugated pairs {z;,%;} C PY(C \ PL(R)); we will generally write 2; = t,, 441,
Zi = lpj4it2, 0 =1,..., 12,
then [DF94] there exists a topological bouquet v for P!(C) \ t based at ¢, € P'(R) \ t such that
via the identification Revgc ~ sni(C) induced by the monodromy BCD.,, the G-covers defined over
R correspond to the equivalence classes of those (g1, ...,¢,) in sni(C) verifying, for some involution
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9 € G,

g = (g )99t i =1,

9 o1 = (970_114-%)91“'9’“1, 1=1,..,79.

Thus, g defines - via BC'D.,, - a G-cover defined over R with branch point tuple t’ = (ZOl 2 Cor s 2202, 2¢,,)
if 01,09 >.

(2) p-adic G-covers : Let k be a complete valued field of characteristic 0 and of residue characteristic
p. Suppose given {x1,y1,22,y2} € U*(k) and consider the conditions above :

1 1
(*)  |xi — il <|z1— x2||p|P—1, i = 1,2 (with the convention |p|r-T =1 if p = 0).
(**)  ;,y; lie in the same coset, i = 1,2 and z1, x5 lie in pairwise distinct cosets.

where a,b € k lie in the same coset means that either |al,|b| <1 and |a —b| < 1 or |al,|b] > 1.

Take for instance xf := 1, ¥} == p+ 1, 28 := p=2, y8 := p72 + 1. Then [2}| = [y} =1 > 1 and
lz] — ¥ = |p| < 1, 28] = |y}| = |p|72 > 1 so condition (**)lis fulfilled. As for condition (*), one
has |2} — 28| = |p|™2 so max{|z] — ¥¥||zh — ¥B],} = |p| < |p|*~7 |2} — 2B|. Futhermore, any G-cover
fi: Xi — IP’}@ with group < g; >, inertia canonical invariant ({g;},{g; *}) and branch points (z?,y?)
is defined over Q({,,) C Q((n) and has a Q((,,)-rational unramified point the fiber above which is
totally Q((o,)-rational, ¢ = 1,2. condition (**) allows us to glue together - viarigid geometry [L95] -
the G-covers fq XQ(Coy ) Q(¢m)p and fo X Q(Coy) Q(¢m)p to get a G-cover f: X — P%E(Cm)p defined over
Q(¢m) p with invariants G, C, (2,25, v}, y5). By proposition 1.4 and remark 1.6 of [DE03], condition
(*) is enough to assert f is a HM-G-cover.

The second step relies on the following technical lemma

Lemma 6.10 Let {z,2,z},{2/,2,Z'} € U3(C) then the single homography ¢ € PSLy(C) sending
(z,2,Z) on to (2',2',Z') is in PSLo(Q(z, 2" Re(z2"), Im(22"))).

In particular, this yields the final remark of theorem 6.8. [J

In the statement of theorem 6.8, the places of residue characteristic dividing |G| have to be ex-
cluded. This is a technical - but essential, if considering the Hasse property! - hypothesis required
to be sure the G-covers we build are HM-G-covers [DE03]. To my knowledge, there is no proof yet
concerning the existence of HM-G-covers defined over complete field of residue characteristic dividing
|G| so one step is still missing to apply the Hasse principle to HM-components. However, if removing
the HM-hypothesis, one can prove exactly as above but without the (**) condition :

Theorem 6.11 (Hasse Condition) Let G be a finite group and C = (01,01_1,02,02_1) a symetric
4-tuple of non trivial conjugacy classes. Assume hm(C) # (). Then there exists a finite cyclotomic
extension Qs /Q such that for any place v of Q, there exists a G-cover f, defined over (Qg), with
invariants G, C, (t,,0,1,2).

6.2.2.2 Using Pop’s Half Riemann Existence Theorem

We retain the notations of the paragraph above. Given a prime p and a place P of Q¢ dividing
p, we consider the valuation v associated with P. Write o; = p“m,; with p fm;, i = 1,2 and choose,
for instance, t'? = (2], v}, 25, yh) € UY(Q) as follows : 2} =0, 28 =1, y¥ = 2; + p“ T2, i = 1,2. One
immediately checks that

u; + 1
p—1

p_opy_ Uitl
o(z; — ;) =

Py v(p) = (ui +2— Jo(p) > v(p) > 0 = v(a] — )
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As a result, by proposition 3.27 (which is based on Pop’s Half Riemann Existence Theorem [P94]),

the number |ﬁ§,@c)” (C)| of G-cover defined over Q¢ with invariants G, C, t verifies

iy (©)] > [fm(C)|
Now, using one more time lemma 6.10, we get

Proposition 6.12 Let G be a non abelian finite group and C = (01,01_1,02,02_1) a symmetric
4-tuple of non trivial conjugacy classes of G. Assume there is a Iy 4-orbit O € sni(C)/Ily 4 such
that |sni(C)| — |O] > [hm(C)| then there exists a cyclotomic extension Qg/Q such that, denoting by
ﬁLG(O) the geometrically irreducible component ofHﬁl,G(mathbe’) corresponding to SH4.0O one has :
(i) Hy (O) is defined over Qg and, for any t' € us, Hy (O)y remains geometrically irreducible.
(ii) For any place v of Qf, H;G(O)t’c carries (Qg)v-points corresponding to G-covers defined over
(Qg)v, where t = (0,1,2) € U3(Q).

Proof. To prove (i), it is enough to prove that there is no other II; 4-orbit O’ # O € sni(C)/II; 4 such
that |O| = |O'| since this directly implies that O = SH4.O. First, note that [sni(C)| > 2|hm(C).
Indeed, the map
ay2: E(C) — a172.E(C)
(91,91 9202 = (9008 )

is a bijection and, since G =< g1,g2 > is a non abelian group, one necessarily has g; # g7{* that is,
hm(C)Naj 9.hm(C) = (. So, if there exists O’ # O € sni(C) /I 4 such that |O| = |O’| then |hm(C)| >
[sni(C)| [0 > hm(C) > [0 and thus [hm(C)| = 2/hm(C)| — [hm(C)| < [sni(C)| — O] < [hm(C)| : a
contradiction. For (ii), the discussion above shows that for any place v of Q¢ above a given prime p,
Hy o (0)N (H;G)_l(t'p) carries (Qg)o-points corresponding to G-covers defined over (Q¢), ; conclude
using lemma 6.10. O

6.2.3 Description of the Hasse-genus 0 method for r =4

Starting from a finite (non abelian) group G and a symetric 4-tuple C = (C1,C| L ¢y, Cy 1) of non
trivial conjugacy classes of G, we can now give a general procedure to test the existence of Q-points
on M) (C). Indeed, suppose there exists a II; 4-orbit O € sni(C)/II; 4 such that :

(G) go =0.
(H) One of the three following condition is fulfilled :

(1) O_: ﬁ(C) o

(2) [m(C)| - [0] > [Fm(C)| B

(3) @ is a p-group and there is only one HM-orbit O™ (C) € sni(C)/SH,4
and O = O#M(C).

Let Qg be as in the preceeding paragraph and write t' := (0,1,2). Condition (G) implies that
4,c(O)y, is a geometrically irreducible genus 0 curve defined over Q(, conditions (H) (1)-(2) that
for any place v of Qg, H} (O)y, carries (Q¢)o-points corresponding to G-covers defined over (Qg)v
(cf. propositions 6.11 and 6.12) and condition (H) (3) that for any place v of Q¢ not dividing p,
H}y (O)¢y, carries (Qg),-points corresponding to G-covers defined over (Qg)o (cf. proposition 6.8).
Now, apply proposition 6.6 (i) for (H) (1)-(2) and (ii) for (H) (3), observing that, for (H) (3), Q/Q
is a cyclotomic extension only containing p™th roots of 1 so the only prime which ramifies in Q/Q is
p and it is totally ramified that is there is only one place v of Q¢ dividing it. Finally, conclude that

Theorem 6.13 (Hasse-genus 0 method) If (G) and (H) are fulfilled then there exists a G-cover f :

X — PL with invariants G, C, (tf,t') and field of moduli Q. Furthermore, this G-cover is a HM-G-
Q

cover.
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Remark 6.14 We have presented our Hasse-genus 0 method for standard Hurwitz curves but it can be generalized
to any kind of symmetrised Hurwitz curves (cf. [Ma89]) as well as for reduced Hurwitz curves (cf. [DF99], [BF02]) since,
when r = 4, any k-point of the reduced Hurwitz space lifts to a k-point on the inner Hurwitz space, [DF99], proposition
6.8. Furthermore, the use of symmetrised Hurwitz curves or reduced Hurwitz curve is all the more interesting that they
are often defined over smaller number fields than standard Hurwitz curves.
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Résumé

Cette these aborde le probléeme de Galois inverse régulier via 'arithmétique des espaces de Hur-
witz. La premiere partie - en frangais - comporte deux chapitres, I'un de préliminaires et I'autre de
présentation détaillée des résultats. La seconde partie - en anglais - rassemble trois articles et un
dernier chapitre original. Le chapitre 3 donne une méthode utilisant les caracteéres pour calculer le
nombre de (G-)revétements avec invariants fixés de corps des modules/ de définition réel. Cela permet
en particulier d’exhiber de nombreuses familles infinies de groupes admettant des G-revétements non
définis sur leur corps des modules et de donner des réalisations régulieres non rigides des groupes
prodihédraux sur le corps des nombres algébriques totalement réels avec diviseur de ramification ra-
tionnel. On prouve au chapitre 4 un resultat de structure ”a la Conway et Parker” pour les espaces de
Hurwitz et les tours modulaires mais avec, en outre, une interprétation modulaire en terme de diviseur
de ramification. Combiné aux techniques de recollement a la Harbater, aux variétés de descente et au
principe local-global ce resultat permet de montrer, par exemple, que tout groupe fini G contenant
deux classes de conjugaison A, B telles que G =< A >=< B > et G =< a,b > pourtouta € A, b€ B
peut étre réalisé régulierement - ainsi que tous ses revétements de Frattini - sur I'extension algébrique

totalement p-adique (pour les places p ne divise pas |G|) d’un corps cyclotomique k C Q(e%) avec
tous ses points de branchement Q-rationnels sauf éventuellement un. Au chapitre 5, on montre qu’un
groupe profini extension d’un groupe fini par un groupe pronilpotent projectif de rang fini ne peut étre
le groupe de Galois d’une extension régulite de corps des modules un corps de nombres. On montre
aussi que la strong torsion conjecture pour les variétés abéliennes implique une conjecture de Fried
pour les tours modulaires. Le chapitre 6, enfin, contient deux résultats sur les courbes de Hurwitz : une
formule générique permettant de calculer leur genre et une méthode de genre 0 pour r = 4 utilisant
le principe de Hasse.

Abstract

This thesis deals with the regular inverse Galois problem via the arithmetic of Hurwitz spaces.
The first part - in french - is divided into a preliminary chapter and a survey chapter. The second
part - in english - consists in three papers and a fourth original chapter. Chapter 3 gives a method
based on character theory to compute the number of (G-)covers with given invariants and a real field
of moduli/of definition. This method applies to the field of moduli/field of definition problem and to
the non rigid regular realization of the prodihedral groups over the field of all the totally real algebraic
numbers with a rational branch point divisor. Chapter 4 states a ”Conway and Parker’s” structure
result for Hurwitz spaces and modular towers but with, furthermore, a modular interpretation in
terms of branch points. This result, combined with Harbater’s patching methods, descent varieties
and local-global principle shows that any finite group G containing two conjugacy classes A, B such
that G =< A >=< B > and G =< a,b > for all a € A, b € B can be regularly realized - as well as
all its Frattini covers - over the algebraic totally p-adic extension (for places p not dividing |G|) of a

cyclotomic field k£ C Q(e\%) with all its branch points except may be one Q-rational. Chapter 5 shows
that a profinite group which is an extension of a finite group by a pronilpotent projective group of
finite rank can’t be the Galois group of a regular extension with field of moduli a number field. It also
shows the strong torsion conjecture for abelian varieties implies one of Fried’s conjectures for modular
towers. Eventually, chapter 6 is about standard Hurwitz curves; it gives a general formula to compute
their genus and describe a genus 0 method for » = 4 based on the Hasse principle.



