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patience, gentillesse et pédagogie. Sa rigueur et l’étendue de sa culture mathématique
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Je remercie également Michèle Wasse et Monique Douchez pour leur gentillesse et leur
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1.3 Une autre construction de la catégorie amassée . . . . . . . . . . . . . . . . 44
1.3.1 Enveloppe triangulée . . . . . . . . . . . . . . . . . . . . . . . . . . 44
1.3.2 Construction du foncteur π . . . . . . . . . . . . . . . . . . . . . . 44

2 On the structure of triangulated categories with finitely many indecom-
posables 47
2.1 Serre duality and Auslander-Reiten triangles . . . . . . . . . . . . . . . . . 48

2.1.1 Serre duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.1.2 Auslander-Reiten triangles . . . . . . . . . . . . . . . . . . . . . . . 49

2.2 Valued translation quivers and automorphism groups . . . . . . . . . . . . 50
2.2.1 Translation quivers . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.2.2 Groups of weakly admissible automorphisms . . . . . . . . . . . . . 50

2.3 Property of the Auslander-Reiten translation . . . . . . . . . . . . . . . . 52
2.4 Structure of the Auslander-Reiten quiver . . . . . . . . . . . . . . . . . . . 53

2.4.1 Auslander-Reiten quivers with a loop . . . . . . . . . . . . . . . . . 53
2.4.2 Proof of theorem 2.9 . . . . . . . . . . . . . . . . . . . . . . . . . . 55

2.5 Construction of a covering functor . . . . . . . . . . . . . . . . . . . . . . . 57

5



6 Table des matières

2.5.1 Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.5.2 Infinite case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
2.5.3 Uniqueness criterion . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.6 Particular cases of k-linear equivalence . . . . . . . . . . . . . . . . . . . . 59
2.6.1 Equivalence criterion . . . . . . . . . . . . . . . . . . . . . . . . . . 59
2.6.2 Cylindric case for An . . . . . . . . . . . . . . . . . . . . . . . . . . 59
2.6.3 Other standard cases . . . . . . . . . . . . . . . . . . . . . . . . . . 60

2.7 Algebraic case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
2.7.1 ∂-functor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
2.7.2 Proof of theorem 2.15 . . . . . . . . . . . . . . . . . . . . . . . . . . 64
2.7.3 Finite algebraic standard case . . . . . . . . . . . . . . . . . . . . . 65

2.8 Triangulated structure on the category of projectives . . . . . . . . . . . . 68
2.8.1 S-complexes, Φ-S-complexes and standard triangles . . . . . . . . . 68
2.8.2 Properties of the functors Z0 and T . . . . . . . . . . . . . . . . . . 69
2.8.3 Proof of theorem 2.21 . . . . . . . . . . . . . . . . . . . . . . . . . . 73

2.9 Application to the deformed preprojective algebras . . . . . . . . . . . . . 76
2.9.1 Preprojective algebra of generalized Dynkin type . . . . . . . . . . 76
2.9.2 Deformed preprojective algebras of generalized Dynkin type . . . . 77
2.9.3 Corollaries of [BES07] . . . . . . . . . . . . . . . . . . . . . . . . . 78

3 Appendice 81

4 Construction of a Serre functor in a quotient category 89
4.1 Bilinear form in a quotient category . . . . . . . . . . . . . . . . . . . . . . 89

4.1.1 The quotient category T /N . . . . . . . . . . . . . . . . . . . . . . 89
4.1.2 Construction of a bilinear form in T /N . . . . . . . . . . . . . . . . 91
4.1.3 Cluster category of an hereditary algebra . . . . . . . . . . . . . . . 93

4.2 Non-degeneracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3.1 Stable category . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.3.2 Cluster category: general case . . . . . . . . . . . . . . . . . . . . . 100
4.3.3 Relation with Tabuada’s article . . . . . . . . . . . . . . . . . . . . 102

5 Cluster category of an algebra of global dimension 2 105
5.1 Reminder on t-structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.2 Endomorphism algebra of the object A . . . . . . . . . . . . . . . . . . . . 106

5.2.1 Endomorphism algebra . . . . . . . . . . . . . . . . . . . . . . . . . 106
5.2.2 Quiver of the endomorphism algebra . . . . . . . . . . . . . . . . . 107

5.3 Condition of Hom-finiteness . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.3.1 Criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.3.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109



Table des matières 7

5.4 Cluster-tilting in the orbit category . . . . . . . . . . . . . . . . . . . . . . 110
5.4.1 Proof of the rigidity . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
5.4.2 Orbit-cluster-tilting . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6 Particular case coming from preprojective algebras 115
6.1 Definition and first properties . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.1.1 Hom-finiteness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.1.2 Construction of the functor F : modM → f.l.Λ . . . . . . . . . . . . 119
6.1.3 Fundamental propositions . . . . . . . . . . . . . . . . . . . . . . . 121

6.2 Case where B = EndkQ(T ) is hereditary . . . . . . . . . . . . . . . . . . . . 125
6.2.1 Results of Geiss, Leclerc and Schröer . . . . . . . . . . . . . . . . . 125
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Introduction

La notion de catégorie triangulée a été introduite par Verdier et Grothendieck dans
les années 60 (cf. [Ver96]). Leur but était d’axiomatiser certaines propriétés des catégories
dérivées. A partir des années 80, ces catégories ont beaucoup été étudiées en théorie des
représentations, notamment par D. Happel, C. Riedtmann, M. Broué et J. Rickard. Voici
une liste des principales catégories utilisées en théorie des représentations (nous travaillons
sur un corps k algébriquement clos) :

– la catégorie stable ModA des A-modules à droite sur une k-algèbre auto-injective ;
– la catégorie dérivée bornée Db(modA) des modules de type fini sur une k-algèbre

de dimension finie ;
– la catégorie stable CM(R) des modules de Cohen-Macaulay sur une singularité

isolée R ;
– certaines catégories d’orbites de catégories triangulées.

Décrivons plus en détail cette dernière classe. Si A est une k-algèbre de dimension finie,
et Φ une auto-équivalence (algébrique) de la catégorie dérivée bornée Db(modA) des
A-modules (à droite) de dimension finie, alors on peut construire la catégorie d’orbites
Db(modA)/Φ : les objets sont les mêmes que ceux de la catégorie Db(modA) tandis que
l’espace des morphismes entre X et Y est de la forme

⊕

n∈Z

HomDbA(X,ΦnY ).

B. Keller a montré le théorème essentiel suivant dans [Kel05] :

Théorème 0.1 (Keller). Soit A une k-algèbre de dimension finie et Φ =?
L
⊗A X une

auto-équivalence algébrique de Db(modA). Supposons que
– la catégorie Db(modA) est équivalente à une catégorie de la forme Db(H) où H est

une catégorie héréditaire,
– pour tout indécomposable X de H, il n’y a qu’un nombre fini d’entiers n tels que

Φn(X) appartient à H.
– il existe un entier N ≥ 0 tel que l’orbite sous Φ de tout objet indécomposable de
Db(modA) contient un objet U [n], où 0 ≤ n ≤ N et U appartient à H.

Alors la catégorie d’orbites est triangulée.
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10 Introduction

Appelons acyclique un carquois sans cycle orienté. Alors le théorème implique en
particulier que la catégorie amassée CQ associée à un carquois acyclique Q est triangulée.

Ce travail de thèse se compose de deux parties indépendantes. Le but de la première
(chapitre 2) est la classification des catégories triangulées k-linéaires n’ayant qu’un nombre
fini d’indécomposables (et vérifiant certaines conditions supplémentaires). Dans la deuxième
(chapitres 4, 5, 6 et 7), le but est de généraliser la construction de catégories amassées
en partant non plus d’un carquois acyclique mais d’une algèbre de dimension finie et de
dimension globale 2. Le chapitre 1 est dédié à des préliminaires sur les notions de base
utilisées dans cette thèse.

Première partie

Dans cette partie (correspondant au chapitre 2 de la thèse) on classifie, dans une large
mesure, les petites catégories triangulées k-linéaires T (où k est un corps algébriquement
clos) vérifiant la propriété de Krull-Schmidt et les conditions de finitude :

a) T est Hom-finie, i.e. les espaces de morphismes sont de dimension finie sur k.

b) T est localement finie, i.e. pour tout objet X indécomposable de T , il existe
un nombre fini de classes d’isomorphisme d’objets indécomposables Y tels que l’espace
HomT (X, Y ) est non nul.

Il est montré dans [XZ05] que la condition b) implique son dual. On dira que T est
additivement finie si le nombre de classes d’isomorphisme d’indécomposables est fini.
Notons que si la catégorie T est additivement finie, elle est localement finie.

Ces conditions peuvent parâıtre très restrictives, mais beaucoup de catégories cons-
truites de manières très différentes rentrent dans cette description. En particulier, on
retrouve des catégories de tous les types décrits ci-dessus :

– Si A est une k-algèbre auto-injective de dimension finie et de représentation finie,
la catégorie modA vérifie toutes les hypothèses. Dans [Rie80a], [Rie80b], [Rie83b]
et [Rie83a], C. Riedtmann a classifié ces algèbres et décrit la structure k-linéaire de
leur catégorie de modules stables.

– Dans [Hap87], D. Happel a montré que la catégorie dérivée bornée Db(kQ) (où Q
est un carquois connexe et acyclique) est localement finie si et seulement si Q est
un carquois de Dynkin, c’est-à-dire que le graphe sous-jacent à Q est un diagramme
de Dynkin simplement lacé.

– Grâce à ce résultat, il est facile de voir que la catégorie amassée CQ associée à un
carquois connexe acyclique Q est additivement finie si et seulement si Q est un
carquois de Dynkin.

– Si R est une singularité isolée de dimension 1, M. Auslander et I. Reiten ont montré
dans [AR86] que la catégorie stable des modules de Cohen-Macaulay est additive-
ment finie, et ont calculé son carquois d’Auslander-Reiten.
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Carquois d’Auslander-Reiten

La stratégie pour classifier les catégories T vérifiant les hypothèses de finitude com-
porte comme première étape le calcul d’un invariant important : le carquois d’Auslander-
Reiten de T . Rappelons d’abord quelques résultats sur les exemples précédents :

Le théorème suivant de D. Happel (cf. [Hap87]) donne une description explicite du
carquois d’Auslander-Reiten de la catégorie dérivée Db(kQ), où Q est un carquois de
Dynkin.

Théorème 0.2 (Happel). Soit Q un carquois de Dynkin. Alors le carquois d’Auslander-
Reiten de la catégorie dérivée Db(kQ) est le carquois de répétition ZQ, muni de la trans-
lation canonique.

Exemple. Soit Q le carquois suivant 1 // 2 // 3 // 4 . Le carquois d’Auslander-
Reiten de la catégorie Db(kQ) a alors la forme suivante :

4 [−1]
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22
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1
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Chaque module est ici représenté par sa filtration radicale. Le module
3
2
1

a une tête iso-

morphe au module simple S3 associé au sommet 3, la tête de son radical est S2, et son
socle est S1.

Utilisant ce dernier théorème, A. Buan, R. Marsh, M. Reineke, I. Reiten et G. Todorov
ont determiné dans [BMR+06] la structure du carquois d’Auslander-Reiten d’une catégorie
d’orbites de la forme Db(kQ)/Φ, où Q est un carquois de Dynkin.

Théorème 0.3 (Buan-Marsh-Reineke-Reiten-Todorov). Soit Q un carquois de Dynkin, et
Φ une auto-équivalence d’ordre infini de la catégorie Db(kQ). Alors le carquois d’Auslander-
Reiten de la catégorie Db(kQ)/Φ est de la forme ZQ/ϕ, où ϕ est l’automorphisme de
carquois à translation de ZQ correspondant à l’auto-équivalence Φ.

Exemple. Soit Q le carquois précédent 1 // 2 // 3 // 4 . Alors la catégorie amassée
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CQ a pour carquois d’Auslander-Reiten :
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Les bords droit et gauche de ce carquois sont identifiés. On obtient ainsi un “ruban de
Möbius”.

Exemple. Soit A l’algèbre préprojective de type A4, c’est-à-dire l’algèbre définie par le
carquois :

1
a

((
2

b
((

a∗
hh 3

c
((

b∗
hh 4

c∗
hh

et par les relations

a∗a = 0, aa∗ + b∗b = 0, bb∗ + c∗c = 0 et cc∗ = 0.

La figure 1 présente le carquois de la catégorie modA. Les modules projectifs-injectifs sont
entourés en rouge. On voit alors que la catégorie stable modA a le même carquois que la
catégorie amassée associée au carquois D6.
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Fig. 1 – Carquois d’Auslander-Reiten de la catégorie modΛ(A4)
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Exemple. Soit R la singularité isolée k{x, y}/(x2y+y4) de dimension 1, où k{x, y} désigne
l’anneau des séries formelles. Alors le carquois d’Auslander-Reiten de CM(R) a la forme
suivante (cf. [Yos90], Exemple 9.11) :
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Les pointillés représentent la translation d’Auslander-Reiten qui, dans ce cas, est d’ordre
2. L’unique module de Cohen-Macaulay projectif est le module R. Il est alors facile de
voir que ce carquois muni de la translation est isomorphe au quotient de ZA7 par l’auto-
morphisme envoyant le domaine fondamental • sur le domaine fondamental ◦.
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Dans le deuxième chapitre de cette thèse, section 2.4, on donne une autre preuve du
résultat suivant dû à J. Xiao et B. Zhu [XZ05], où contrairement à eux, on ne traite pas
à part le cas où le carquois d’Auslander-Reiten comporte une boucle.

Théorème (Xiao-Zhu). (Théorème 2.9) Soit T une catégorie triangulée de Krull-Schmidt
localement finie. Soit Γ une composante connexe de son carquois d’Auslander-Reiten.
Alors il existe un arbre de Dynkin Q de type A, D ou E, et un automorphisme ϕ
d’ordre infini (ou trivial) de ZQ, tel qu’on ait un isomorphisme de carquois à transla-

tion θ : Γ
∼ // ZQ/ϕ .

Dans cette thèse, la preuve consiste d’abord à démontrer l’existence d’un foncteur
de Serre dans la catégorie T (section 2.1), c’est-à-dire d’une auto-équivalence ν et d’un
isomorphisme bifonctoriel :

ηX,Y : HomT (X, Y ) ∼ // DHomT (Y, νX)

où D = Homk(?, k) est la dualité par rapport au corps de base. Ceci revient à démontrer
l’existence de triangles d’Auslander-Reiten. Puis il est possible de construire une fonction
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sous-additive sur le carquois d’Auslander-Reiten et d’utiliser des résultats de combinatoire
de D. Happel, U. Preiser et C. M. Ringel (cf. [HPR80a], [HPR80b]) pour conclure sur la
structure de ΓT (sections 2.2, 2.3 et 2.4).

Etant donné un carquois à translation de la forme Z∆/ϕ, il existe une catégorie trian-
gulée admettant ce carquois comme carquois d’Auslander-Reiten : la catégorie d’orbites
Db(k∆)/Φ. La question naturelle qui se pose donc est la suivante :

Si T est une catégorie triangulée localement finie dont le carquois d’Auslander-Reiten
de la forme ZQ/ϕ, peut-on construire une équivalence entre T et Db(modkQ)/Φ ?

Si on distingue le cas d’équivalence seulement k-linéaire (on dira dans ce cas que la
catégorie T est standard), du cas plus fort d’une équivalence triangulée, cette question se
divise en réalité en deux.

Equivalence k-linéaire

Pour construire une équivalence k-linéaire entre T et la catégorie d’orbites Db(kQ)/Φ,
le plus simple est d’utiliser la propriété universelle de la catégorie k-linéaire sous-jacente
à la catégorie d’orbites. Il faut donc construire un foncteur de revêtement :

F : Db(modkQ)

Φ

UU
// // T

et un isomorphisme de foncteurs entre F et F ◦ Φ. Suivant la méthode de C. Riedtmann
dans [Rie80a], il est facile de construire un foncteur de revêtement (section 2.5), avec donc
pour corollaire immédiat (Corollaire 2.11) que si le carquois Γ est isomorphe à ZQ, alors
la catégorie T est standard et donc k-linéairement équivalente à Db(kQ).

Ensuite, on montre qu’il est possible de construire un isomorphisme de foncteurs entre
F et F ◦ Φ si la catégorie est “suffisamment grande” et on obtient le théorème suivant :

Théorème. (cf. Théorèmes 2.12 et 2.13) Soit T une catégorie triangulée de Krull-
Schmidt localement finie de carquois d’Auslander-Reiten ZQ/ϕ. Alors T est standard,
i.e. k-linéairement équivalente à Db(modkQ)/Φ où Φ est l’équivalence de Db(modkQ)
induite par ϕ, si on est dans un des deux cas suivants :

– le carquois Q est de type An et ϕ est une puissance de la translation d’Auslander-
Reiten ;

– le nombre de classes d’isomorphisme d’indécomposables de la catégorie T est supérieur
au nombre d’indécomposables de la catégorie modkQ.

En particulier, si T est maximale d-Calabi-Yau avec d ≥ 2, alors T est k-linéairement
équivalente à la catégorie d-amassée CdQ (Corollaire 2.14).
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Néanmoins en utilisant les travaux de J. Bia lkowski, K. Erdmann, et A. Skowroński
[BES07], il est possible de trouver des catégories 1-Calabi-Yau non standard. Ceci est
traité à la fin du deuxième chapitre (section 2.8). On montre le théorème suivant :

Théorème. (Théorème 2.21) Soit P une catégorie k-linéaire munie d’une auto-équivalence
S, telle que modP soit une catégorie de Frobenius. Supposons qu’il existe une suite exacte
de foncteurs exacts de modP dans modP :

0 // Id // X0 // X1 // X2 // S // 0

où les X i sont à valeurs dans projP, et où S est le foncteur de modP induit par S. Alors
la catégorie P a une structure naturelle de catégorie triangulée avec foncteur suspension
S.

Ce théorème nous permet de montrer que les catégories des modules projectifs de di-
mension finie sur des algèbres préprojectives déformées de type Dynkin généralisé ont
une structure de catégorie triangulée (Corollaire 2.24). Puis en utilisant les résultats
de J. Bia lkowski, K. Erdmann, et A. Skowroński (cf.[BES07]), on montre l’existence de
catégories triangulées non standard en caractéristique 2.

Le chapitre 3 de cette thèse est un appendice dans lequel il est montré (Théorème 3.1)
que la structure naturelle triangulée des complexes parfaits perA sur une dg-algèbre A
provient d’une suite exacte comme dans le théorème 2.21.

Equivalence triangulée

Montrer qu’une catégorie triangulée est triangle-équivalente à une catégorie d’orbites
est beaucoup plus complexe. On ne peut parvenir à une réponse partielle qu’en rajou-
tant une hypothèse supplémentaire sur la structure triangulée. Nous supposons que la
structure triangulée de T est algébrique, c’est-à-dire que T est la catégorie stable d’une
catégorie de Frobenius, ou de manière équivalente qu’elle admet un renforcement en une
catégorie différentielle graduée (dg) (cf. [Kel06]). Notons que toutes les catégories citées
en exemple comme étant des catégories triangulées utilisées en théorie des représentations
sont algébriques.

Supposons donc que T est une catégorie algébrique de la forme perB, où B est une
dg-catégorie. Alors pour construire une équivalence algébrique entre T et Db(kQ)/Φ, où

Φ est un foncteur algébrique de la forme ?
L
⊗kQ Y , on doit construire un foncteur de

revêtement algébrique F =?⊗kQX et un isomorphisme dans D(kQop⊗B) entre Y
L
⊗kQX

et X. Nous parvenons alors au résultat suivant :

Théorème. (Théorème 2.16) Toutes les catégories triangulées localement finies standard
connexes et algébriques sont des catégories d’orbites de la forme Db(kQ)/Φ, où Q est un
carquois de Dynkin, et où Φ est une auto-équivalence d’ordre infini de Db(kQ).
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Ces résultats s’appliquent en particulier à de nombreuses catégories stables modA
d’algèbres autoinjectives de représentation finie. Ces algèbres ont été classifiées à équivalence
stable près par C. Riedtmann dans [Rie80b] et [Rie83b] et par H. Asashiba dans [Asa99].
Dans [BS06], J. Bia lkowski et A. Skowroński donnent une une condition nécessaire et suffi-
sante sur ces algèbres pour que leur catégorie stable modA soit Calabi-Yau. Dans [HJ06a]
et [HJ06b] T. Holm et P. Jørgensen prouvent que certaines catégories stables modA sont
en fait des catégories d-amassées en utilisant le théorème 2.16.

Deuxième partie

Dans la deuxième partie de cette thèse, correspondant aux chapitres 3, 4, 5 et 6, nous
nous intéressons à généraliser la construction des catégories amassées.

Définition 0.4. [BMR+06] Soit k un corps algébriquement clos. Soit Q un carquois
fini connexe acyclique. Notons ν le foncteur de Serre de la catégorie dérivée bornée
Db(modkQ) des kQ-modules à droite de dimension finie et [1] son foncteur suspension.
Alors la catégorie amassée est la catégorie d’orbites Db(modkQ)/ν[−2].

Notons qu’une autre définition a été donnée indépendamment par [CCS06] pour le cas
où le carquois Q est de type An.

Ces catégories ont été introduites dans le but de “catégorifier” les algèbres amassées,
inventées par S. Fomin et A. Zelevinski en 2000 (cf. [FZ02], [FZ03],[FZ07]) l’objectif étant
de mieux en comprendre la combinatoire. De très nombreux articles ([MRZ03], [BMR+06],
[CK08],[CC06],[BMR07], [BMR08], [BMRT07],[CK06]) traitent du problème de catégori-
fication d’algèbres amassées par des catégories amassées associée à un carquois acyclique.

Un autre point de vue de la théorie consiste à catégorifier des algèbres amassées par des
sous-catégories de modules d’une algèbre préprojective associée à un carquois acyclique
(cf. [GLS07a], [GLS06a], [GLS06b], [GLS07b], [BIRS07]).

Dans ces deux cadres, les catégories T étudiées vérifient les propriétés-clés suivantes :
– la propriété 2-Calabi-Yau, i.e. il existe un isomorphisme

HomT (X, Y ) ∼ // DHomT (Y,X[2])

bifonctoriel en les objets X et Y de T ;
– l’existence d’objets amas-basculants, c’est-à-dire d’objets basiques tels que pour tout

objet X, l’espace Ext1T (T,X) s’annule si et seulement si X appartient à add(T ), la
plus petite sous-catégorie de T contenant T et stable par facteurs directs.

Des catégories vérifiant ces propriétés ont donc été étudiées de manière plus générale (cf.
[IY06],[KR06], [KR07], [Kel08a], [Pal], [Tab07]). Dans [IY06] O. Iyama et Y. Yoshino ont
montré en particulier que dans une catégorie triangulée ayant ces deux propriétés, il existe
une “mutation”, concept essentiel à la catégorification.
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Le but de cette partie est de construire une “catégorie amassée” vérifiant ces deux
propriétés en partant non plus d’une algèbre héréditaire kQ mais d’une algèbre de dimen-
sion globale 2, de dimension finie. Le candidat naturel pour cette catégorie est donc la
catégorie d’orbites

Db(modA)/ν[−2]

où ν désigne le foncteur de Serre de Db(modA). Mais on ne peut conclure sur la structure
triangulée de cette catégorie d’orbites que dans le cas où on a une équivalence dérivée
entre modA et une catégorie héréditaire H en utilisant le théorème 0.1 de B. Keller.
D’après la classification de D. Happel et I. Reiten (cf.[HR02] [Hap01]), ceci se produit si
et seulement si A est équivalente par dérivation à une algèbre héréditaire ou à une algèbre
canonique. On se trouve donc dans un des deux cas suivants :

– Soit A l’algèbre des endomorphismes d’un module basculant T d’une algèbre héréditaire
kQ. Alors A est de dimension globale ≤ 2. De plus, d’après D. Happel [Hap88], on
a une équivalence de catégories

Db(modkQ)
RHomkQ(?,T )

// Db(modA) .

Donc d’après le théorème 0.1, la catégorie d’orbites Db(modA)/νA[−2] est triangulée
et équivalente à la catégorie amassée CQ.

– Dans [Rin84], C. M. Ringel a introduit les algèbres canoniques A(p, λ), dépendant
d’une suite de poids p = (p1, . . . , pt) d’entiers positifs et d’une suite de paramètres
λ = (λ3, . . . , λt) dans k deux à deux distincts. Plus précisément l’algèbre A(p, λ) est
définie par le carquois :

•
a12 // • · · · • // •

a1p1

��.
..

..
..

..
..

..
..
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��<
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•

a11

GG���������������
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AA��������
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��<
<<
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•
at2 // • · · · • // •

atpt

AA��������

et les t− 3 relations suivantes :

pour tout i = 3, . . . , t aipi
· · ·ai2ai1 = a2p2 · · ·a22a21 − λia1p1 · · ·a12a11.

Cette algèbre est de dimension globale 2. W. Geigle et H. Lenzing ont montré dans
[GL] l’équivalence entre les catégories Db(modA(p, λ)) et Db(cohX) où X est la
droite projective pondérée X(p, λ). La catégorie des faisceaux cohérents coh(X) est
une catégorie héréditaire, donc là encore le théorème 0.1 s’applique, et la catégorie
d’orbites Db(modA(p, λ))/νA[−2] est triangulée.
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Construction de la catégorie amassée et propriété 2-CY

Mais pour une algèbre A de dimension globale ≤ 2 quelconque, la catégorie d’orbites
Db(modA)/νA[−2] n’est pas triangulée. Il semble donc judicieux de prendre son enveloppe
triangulée calculée par B. Keller dans [Kel05] (Théorème 2). Ceci nous amène à poser la
définition suivante :

Définition. Soit A une k-algèbre de dimension globale 2. Posons B = A ⊕ DA[−3]
l’algèbre différentielle graduée, où DA est le A-A-bimodule Homk(A, k). Alors on définit
la catégorie amassée CA associée à A comme la sous-catégorie épaisse engendrée par A
dans le quotient :

C+
A = Db(B)/perB

où Db(B) est la catégorie dérivée des dg-B-modules dont l’homologie est de dimension
totale finie, et où perB est la sous-catégorie épaisse engendrée par B dans Db(B).

La catégorie quotient C+
A n’est pas Hom-finie en général, ce qui pose donc un problème

si on veut montrer que CA est 2-Calabi-Yau. En revanche, il existe une forme bilinéaire
bifonctorielle non-dégénérée β :

βNX : HomD(N,X) × HomD(X,N [3]) → k

pour tout N dans perB et pour tout X dans Db(B). Ceci nous permet (chapitre 4, section
1) de construire une forme bilinéaire bifonctorielle β ′

β ′XY : HomC(X, Y ) × HomC(Y,X[2]) → k

pour tous X et Y objets de C+
A . Cette forme β ′ sera non dégénérée (chapitre 4, sections

2 et 3) si les objets de DbB sont “limites” d’objets de perB. En particulier on obtient le
corollaire suivant :

Corollaire. (Corollaire 4.4) Soit A une k-algèbre de dimension finie et de dimension glo-
bale ≤ 2. Supposons que le foncteur TorA2 (?, DA) est nilpotent. Alors la catégorie amassée
CA est Hom-finie et 2-Calabi-Yau.

Je remercie R. Rouquier de m’avoir informée que ces résultats ont été obtenus de façon
indépendante, sous une forme beaucoup plus forte, dans la prépublication en préparation
[CR].

Objet amas-basculant

Le but est maintenant de trouver un objet amas-basculant dans cette catégorie 2-
Calabi-Yau. Il y a un candidat canonique qui est l’algèbre A elle-même, de même que
l’algèbre kQ vue comme objet dans la catégorie amassée CQ est un objet amas-basculant.
Cet objet A est en effet rigide (Proposition 5.4.1). Et de plus, si le foncteur TorA2 (?, DA)
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est nilpotent, l’objet A est amas-basculant dans la catégorie d’orbites Db(modA)/νA[−2]
(Proposition 5.4.2). De manière plus précise, si X est un objet de Db(modA)/νA[−2]
tel que Ext1C(T,X) est nul, alors X est dans add(A) la sous-catégorie de CA des facteurs
directs de somme directes de A. Au chapitre 7, nous montrerons par d’autres méthodes un
résultat plus fort : l’objet A est amas-basculant dans la catégorie amassée toute entière.

On peut calculer l’algèbre des endomorphismes de cet objet A dans la catégorie
amassée, et on obtient l’algèbre tensorielle TAExt2A(DA,A) (Proposition 5.2.1). Cette
algèbre est de dimension finie si et seulement si le foncteur TorA2 (?, DA) est nilpotent
(Théorème 5.1).

Remarque. Si A est l’algèbre des endomorphismes d’un objet basculant T de modkQ où
Q est un carquois acyclique, alors les catégories amassées CA et CQ sont équivalentes.
L’objet T vu dans CQ est amas-basculant, et il est montré dans [ABS06] que son algèbre
des endomorphismes CQ est

EndCA(A) ≃ EndCQ(T ) ≃ A⊕ Ext2A(DA,A).

En effet dans ce cas le produit tensoriel Ext2A(DA,A) ⊗A Ext2A(DA,A) est nul.

Cas d’une algèbre d’endomorphismes d’un morceau “postprojec-
tif”

On s’intéresse dans le chapitre 6 au cas particulier où A est l’algèbre des endomor-
phismes d’un morceau “postprojectif” M stable par prédecesseurs d’une algèbre dérobée
(=concealed) B (cf. [Rin84]). Plus précisément, soit T un module basculant préinjectif
d’une algèbre héréditaire kQ et B l’algèbre d’endomorphismes EndkQ(T ). On pose

M = {X ∈ modB | Ext1B(X,H) = 0}

où H est une tranche post-projective de modB.
Dans ce cas, d’après le résultat précédent et les résultats de I. Assem, T. Brüstle et

R. Schiffler, le carquois de l’algèbre des endomorphismes de A dans la catégorie amassée
CA est le carquois d’Auslander-Reiten de M auquel on rajoute, pour chaque module x de
M non-projectif, une flèche x → τBx où τB est la translation d’Auslander-Reiten de la
catégorie modB (Proposition 5.2.2).

Exemple. Soit A l’algèbre d’Auslander du carquois de Dynkin :

1 // 2 // 3 // 4.

Alors le carquois de l’algèbre EndCA(A) est le suivant :
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qui est le carquois d’un objet amas-basculant de la catégorie modΛ(A5) d’après [GLS06a].
On peut donc se demander si les catégories modΛ(A5) et CA sont équivalentes.

Plus généralement, C. Geiss, B. Leclerc et J. Schröer ont construit [GLS07b] des sous-
catégories CM de modΛ (où Λ = ΛQ est une algèbre préprojective) associées à certains
kQ-modules terminaux. On montre dans cette thèse (Théorème 6.5) que la catégorie stable
de cette catégorie de Frobenius est triangle équivalente à une catégorie amassée CA où A
est une l’algèbre des endomorphismes d’un module postprojectif d’une algèbre héréditaire.

Suivant un autre point de vue, A. Buan, O. Iyama, I. Reiten et J. Scott ont construit
dans [BIRS07] des catégories triangulées 2-Calabi-Yau de la forme SubΛ/Iw où Iw est un
idéal d’une algèbre préprojective Λ = ΛQ associé à un élément w du groupe de Weyl du
graphe de Q. Pour certains éléments w du groupe de Weyl, qui sont associés à des kQ-
modules basculants préinjectifs, on construit une équivalence triangulée entre SubΛ/Iw
et une catégorie amassée CA (Théorème 6.8) où A est l’algèbre des endomorphismes d’un
module post-projectif d’une algèbre dérobée.

Algèbre préprojective dérivée

En utilisant la théorie du basculement généralisée aux dg-algèbres élaborée par B. Kel-
ler dans [Kel94], on trouve dans le chapitre 7 une autre construction de la catégorie
amassée CA. La catégorie amassée est définie comme le quotient de catégories triangulées

CA = 〈A〉B/perB,

où B est la dg-algèbre A⊕DA[−3] et 〈A〉B est la sous-catégorie épaisse de DbB engendrée
par A. Notons Π3A la dg-algèbre RHomB(AB, AB). D’après [Kel94], le foncteur

RHomB(AB, ?) : DbB → perΠ3A

induit une équivalence triangulée entre les catégories

RHomB(AB, ?) : 〈A〉B
∼ // perΠ3A

perB
?�

OO

∼ // DbΠ3(A)
?�

OO .

On obtient donc une autre définition de la catégorie amassée comme le quotient

CA = perΠ3A/D
bΠ3A.

L’image de A par ce foncteur est le dg-module libre Π3A.
Cette dg-algèbre est isomorphe dans la catégorie homotopique des dg-algèbres à la

dg-algèbre TAΘ[2] où Θ est le dg-A-bimodule RHom•A(DA,A). Cette dg-algèbre (la 3-
algèbre préprojective dérivée) a été introduite très récemment par B. Keller et vérifie les
propriétés (cf.[Kel08a], [Kel08b]) :
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– Π3A est homologiquement lisse (au sens de M. Kontsevich et Y. Soibelman [KS06]) ;
– Π3A a son homologie nulle en degrés strictement positifs ;
– Π3A est 3-Calabi-Yau en tant que bimodule (au sens de V. Ginzburg [Gin06]).
La condition de nilpotence de TorA2 (?, DA) est équivalente au fait que H0(Π3A) est de

dimension finie. On obtient dans cette thèse le résultat suivant :

Théorème. (Théorème 7.1) Soit Γ une dg-algèbre homologiquement lisse, 3-Calabi-Yau
en tant que bimodule, d’homologie nulle en degré strictement positif et telle que H0(Γ) est
de dimension finie. Alors la catégorie perΓ/Db(Γ) est Hom-finie, 2-Calabi-Yau et l’objet
libre Γ est un objet amas-basculant.

Ce théorème implique donc que l’objet A est un objet amas-basculant de la catégorie
amassée CA (Corollaire 7.2).

De plus, le théorème 7.1 peut s’appliquer aux dg-algèbres de Ginzburg (cf. [Gin06])
Γ(Q,W ) où (Q,W ) est un carquois à potentiel (cf. [DWZ07]) dans le cas où l’algèbre de
Jacobi J (Q,W ) est de dimension finie. On construit alors une catégorie amassée Hom-finie
2-Calabi-Yau qu’on notera C(Q,W ). Le résultat suivant est alors un corollaire immédiat :

Théorème. (Théorème 7.10) Soit (Q,W ) un carquois à potentiel. Si l’algèbre Jacobienne
J (Q,W ) est de dimension finie, alors J (Q,W ) est Calabi-Yau-amassée (Calabi-Yau-
tilted au sens de Reiten [Rei07]).

En combinant ce dernier résultat avec des résultats récents de B. Keller ([Kel08b]), de
B. Keller et D. Yang [KY08] et de A. Buan, O. Iyama, I. Reiten et D. Smith [BIRS08],
on obtient en particulier le résultat suivant :

Proposition. (Corollaire 7.13) Soit Q un carquois acyclique et T un objet amas-basculant
de la catégorie amassée C = CQ. Soit (Q′,W ) le carquois à potentiel associé à l’algèbre
des endomorphismes EndCQ(T ) (cf. [BIRS08] et [Kel08b]). Alors la catégorie C(Q′,W ) est
triangle équivalente à la catégorie CQ.

Perspectives

Les résultats de cette deuxième partie amènent de nombreuses nouvelles questions.
– Soit C une catégorie triangulée 2-Calabi-Yau et T = T1 ⊕ · · · ⊕ Tn un objet amas-

basculant. Alors d’après [IY06], on peut “muter” l’objet T pour chaque i = 1, . . . , n.
Si le carquois QT de T et le carquois de son “muté” µi(T ) n’ont ni boucle ni 2-cycle,
alors le carquois du “muté” µi(T ) est le “muté” du carquois µi(QT ). Il s’agirait donc
de trouver des conditions sur le carquois à potentiel (Q,W ) associé à une algèbre A
de dimension globale 2 pour qu’il soit rigide au sens de [DWZ07]. Ainsi, on pourrait
muter (Q,W ) indéfiniment sans qu’il n’apparaisse ni boucle ni 2-cycle.

– B. Keller et I. Reiten ont montré dans [KR06] que si une catégorie triangulée
algébrique 2-Calabi-Yau C a un objet amas-basculant T dont le carquois QT est
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acyclique, alors il existe une équivalence triangulée entre C et la catégorie amassée
CQ. Ceci serait faux dans le cas où le carquois de T comporte des cycles orientés
(cf. [Tep]), mais il semblerait que le carquois à potentiel (Q,W ) soit un meilleur
invariant de la catégorie amassée C(Q,W ). Formulons donc la question suivante :

Soit C une catégorie 2-Calabi-Yau algébrique admettant un objet amas-basculant.
Existe-t-il un carquois à potentiel (Q,W ) et une équivalence triangulée entre C et
C(Q,W ) ?

– La motivation initiale des catégories amassées est de ‘catégorifier’ des algèbres
amassées. Il serait donc intéressant d’explorer la classe des algèbres pouvant être
catégorifiées par les catégories C(Q,W ). Nous montrons une première propriété de
clôture à la section 7.4.3 : la classe des carquois à potentiels (Q,W ) Jacobi-finis est
stable par extension triangulaire (Proposition 7.4.1). Soient deux algèbres amassées
A1 et A2 catégorifiées par des catégories C(Q1,W1) et C(Q2,W2) Jacobi-finies. Soit A un
“recollement” (=gluing) des algèbres A1 et A2 comme le décrivent C. Fu et B. Keller
(cf. [FK07] section 5). Alors l’algèbre A pourra être catégorifiée par une catégorie
C(Q̄,W̄ ) où le carquois à potentiel (Q̄, W̄ ) est une extension triangulaire de (Q1,W1)
par (Q2,W2).



24 Introduction



Summary of results

This thesis is divided into two independant parts. The first one, corresponding to chapters
2 and 3, is devoted to the problem of classifying triangulated categories with finitely
many indecomposables. In the second one (chapters 4, 5, 6, and 7), we are concerned in
generalizing the construction of cluster categories. The first chapter is devoted to basic
definitions and properties used in this thesis.

Part 1

The results of the first part are communicated in the article [Ami07]. The aim is to classify
the small triangulated k-categories T (where k is an algebraically closed field) with the
Krull-Schmidt property and satisfying the following finiteness properties:

• T is Hom-finite i.e. the morphism spaces HomT (X, Y ) are finite dimensional for all
objects X and Y in T ;

• T is locally finite, i.e. for each indecomposable X of T , there are at most finitely
many isoclasses of indecomposables Y such that HomT (X, Y ) 6= 0 (this condition
implies its dual by [XZ02]).

Auslander-Reiten quiver

The strategy to classify such categories consists first in computing an invariant of the
category T : the Auslander-Reiten quiver. Here we give another proof of a theorem by
B. Xiao and J. Zhu [XZ02].

Theorem (Xiao-Zhu). (theorem 2.9) Let T be a triangulated Krull-Schmidt k-category
which is Hom-finite and locally finite. Let Γ be a connected component of its Auslander-
Reiten quiver. There exists a simply laced Dynkin quiver Q and an automorphism ϕ of
the repetition quiver ZQ of infinite order (or trivial) and an isomorphism of translation

quivers θ : Γ
∼ // ZQ/ϕ .

The first step of the proof consists in showing the existence of Auslander-Reiten trian-
gles in T (section 2.1). Next we construct a subadditive function on the Auslander-Reiten
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quiver. Finally we conclude the proof using combinatorial results of D. Happel, U. Preiser
and C. M. Ringel [HPR80a], [HPR80b](sections 2.2, 2.3 and 2.4).

In the other hand, by [Kel05] and [BMR+06], for each quiver ZQ/ϕ where Q is Dynkin,
there exists a triangulated category whose quiver is ZQ/ϕ: the orbit category Db(kQ)/Φ.
Thus we formulate the following question:

If T is a triangulated locally finite category with Auslander-Reiten quiver ZQ/ϕ, is it
possible to construct an equivalence between the categories T and Db(kQ)/Φ?

In order to answer to this question, we have to make precise what we mean by ‘equiv-
alence’. We consider two possibilities: k-linear equivalence and triangle equivalence.

k-linear equivalence

In order to give a k-linear equivalence between T and Db(kQ)/Φ, we use the universal
property of the orbit category. First we construct a covering functor (section 2.5)

F : Db(kQ)

Φ

UU
// // T

following the method of C. Riedtmann [Rie80a]. We provide then an isomorphism of
functors between F and F ◦Φ when the category T has ‘enough’ indecomposables. More
explicitly, we obtain the following result:

Theorem. (cf. Theorems 2.12 and 2.13) Let T be a Krull-Schmidt locally finite trian-
gulated category with Auslander-Reiten quiver ZQ/ϕ. The category T is standard, i.e.
k-linearly equivalent to Db(kQ)/Φ where Φ is the equivalence of Db(kQ) induced by ϕ, if
we are in one of the following two cases:

• the quiver of Q is of type An and ϕ is a power of the Auslander-Reiten translate;

• the number of isoclasses of indecomposables of the category T is at least equal to the
number of indecomposables of the category modkQ.

In particular, if T is maximal d-Calabi-Yau, with d ≥ 2, then T is k-linearly equivalent
to the d-cluster category (corollary 2.14).

By using results of J. Bia lkowski, K. Erdmann, and A. Skowroński [BES07], we succeed
in constructing non-standard 1-Calabi-Yau categories in caracteristic 2 (Theorem 2.25).
We show the existence of a triangulated structure on the category of projective mod-
ules of finite dimension over deformed preprojective algebras of generalized Dynkin type
(Corollary 2.24).
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Triangle equivalence

We make some additional assumptions on the triangulated category T . We assume that
T is algebraic, i.e. triangle equivalent to the stable category of a Frobenius category. We
prove the following result:

Theorem. (Theorem 2.16) If T is a triangulated category which is locally finite, con-
nected, algebraic and standard, then T is triangle equivalent to some category Db(kQ)/Φ,
where Q is a Dynkin quiver and Φ is an autoequivalence of infinite order of Db(kQ).

Part 2

In the second part of the thesis (chapters 4, 5, 6, and 7), we generalize the construction
of cluster categories.

Let k be an algebraically closed field, and Q an acyclic quiver. The cluster category
CQ is the orbit category

Db(kQ)/ν[−2]

where ν is the Serre functor of the derived category Db(kQ) and where [1] denotes its
suspension functor.

This category has been introduced by [BMR+06] (and by [CCS06] in the An case) in
order to ‘categorify’ cluster algebras. In the ‘categorification’ process, all categories T
satisfy the following fundamental properties:

• T is a triangulated category;

• T satisfies the 2-Calabi-Yau property, i.e. there exists an isomorphism

HomT (X, Y )
∼ // DHomT (Y,X[2])

which is bifunctorial in the objects X and Y of T ;

• there exist cluster-tilting objects, i.e. basic objects T with the property that the
space Ext1T (T,X) vanishes if and only if X is in add(T ) (= the smallest subcategory
of T which contains T and which is stable under direct summands).

If T is a category with such properties, then by [IY06], it is possible to mutate the
cluster-tilting objects. This is an essential property of the ‘categorification’ process.

Cluster category and 2-CY property

We want to generalize the construction of CQ by replacing the hereditary algebra kQ with
a finite dimensional algebra A of global dimension ≤ 2. A candidate might be the orbit
category Db(A)/ν[−2], where ν is the Serre functor of the derived category Db(A). By
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[Kel05], such a category is triangulated if A is derived equivalent to an hereditary category
H. By [HR02] and [Hap01], this is true if and only if A is a canonical algebra, or if A
is the endomorphism algebra of a tilting module over an hereditary algebra. However in
general, it is not triangulated.

Thus a more appropiate candidate is the triangulated hull of the orbit category
Db(A)/ν[−2]. It is defined in [Kel05] as follows: Let B be the dg algebra A ⊕ DA[−3]
where DA is the dual Homk(A, k) of A over k. The category Db(B) is the derived cate-
gory of dg B-modules whose homology is of finite total dimension. Denote by perB its
thick subcategory generated by B. The cluster category of A is then defined as the thick
subcategory CA of the quotient

C+
A = Db(B)/perB

generated by A.
The category C+

A is not Hom-finite in general. This can be a problem since we want
to show that CA is 2-Calabi-Yau. Nevertheless there exists a non degenerate bilinear
bifunctorial form β:

βNX : HomD(N,X) × HomD(X,N [3]) → k

for each N in perB and each X in Db(B). This allows us to construct a bilinear bifunctorial
form (chapter 4, section 1)

β ′XY : HomC(X, Y ) × HomC(Y,X[2]) → k

for all X and Y objects of C+
A . The form β ′ will be non degenerate (chapter 4, sections 2

and 3) if each object of Db(B) is a ‘limit’ of objects of perB. In particular we obtain the
following result:

Corollary. (Corollary 4.4) Let A be a finite dimensional k-algebra of global dimension
≤ 2. If the functor TorA2 (?, DA) is nilpotent then the cluster category CA is Hom-finite
and 2-Calabi-Yau.

I thank R. Rouquier for informing me that these results have been independently
obtained, in a much stronger form, in the forthcoming preprint [CR].

Cluster-tilting object

The next step is to find a cluster-tilting object in this 2-Calabi-Yau category. Since kQ is
a cluster-tilting object of CQ, the canonical candidate would be the object A itself. This
object A is rigid (Proposition 5.4.1). Moreover, if the functor TorA2 (?, DA) is nilpotent,
the object A is orbit-cluster-tilting (Proposition 5.4.2). More precisely, if X is an object of
the orbit category Db(A)/ν[−2] such that Ext1CA(T,X) vanishes, then X is in add(A). In
chapter 7 we will show that A is in fact cluster-tilting using completely different methods.



29

Its endomorphism algebra is the tensor algebra TAExt2A(DA,A) (Proposition 5.2.1).
It is finite dimensional if and only if the functor TorA2 (?, DA) is nilpotent (Theorem 5.1).
Using same techniques as in the paper [ABS06] we can compute its quiver (Proposition
5.2.2).

Endomorphism algebra of a postprojective module

In [GLS07b], C. Geiss, B. Leclerc and J. Schröer constructed subcategories CM of modΛ
(where Λ = ΛQ is a preprojective algebra of an acyclic quiver) associated to certain ter-
minal kQ-modules M . We show in chapter 6, that the stable category in such a Frobenius
category CM is triangle equivalent to a cluster category CA where A is an endomorphism
algebra of a postprojective module over an hereditary algebra (Theorem 6.5).

Another approach is given by A. Buan, O. Iyama, I. Reiten and J. Scott in [BIRS07].
They construct 2-Calabi-Yau triangulated categories SubΛ/Iw where Iw is a two-sided
ideal of the preprojective algebra Λ = ΛQ associated with an element w of the Weyl group
of Q. For certain elements w of the Weyl group (namely those coming from preinjective
tilting modules), we construct a triangle equivalence between SubΛ/Iw and a cluster
category CA where A is the endomorphism algebra of a postprojective module over a
concealed algebra (Theorem 6.8).

Derived preprojective algebra

Using generalized tilting theory (cf. [Kel94]), we give another construction of the cluster
category in chapter 7. Let A be a finite dimensional algebra of global dimension ≤ 2 and
let B be the dg algebra A ⊕ DA[−3]. Let Π3(A) be the dg algebra RHomB(AB, AB).
Using the results of [Kel94] we show that the functor RHomB(AB, ?) : DbB → perΠ3A
induce the following triangle equivalences:

RHomB(AB, ?) : 〈A〉B
∼ // perΠ3A

perB
?�

OO

∼ // DbΠ3(A)
?�

OO ,

where 〈A〉B is the thick subcategory of Db(B) generated by AB. We then obtain another
definition of the cluster category as the quotient:

CA = perΠ3A/D
bΠ3A.

The image of the rigid object A is the free dg module Π3(A). This dg algebra is in
fact isomorphic, in the homotopy category of dg algebras, to the derived 3-preprojective
algebra defined by B. Keller. As a consequence of results in [Kel08a] and [Kel08b], it
satisfies the following properties:

1. it is homologically smooth in the sense of M. Kontsevich and Y. Soibelman (cf.
[KS06]);
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2. it has its homology concentrated in negative degrees;

3. it is bimodule 3-Calabi-Yau (i.e. 3-Calabi-Yau in the sense of V. Ginzburg [Gin06]).

The nilpotence of the functor TorA2 (?, DA) is equivalent to the fact that H0(Π3(A)) is
finite-dimensional. Therefore we study in chapter 7 dg algebras with such properties and
we prove the theorem

Theorem. (Theorem 7.1) Let Γ be a dg k-algebra with properties (1), (2) and (3). Sup-
pose that H0(Γ) is finite dimensional. The category perΓ/Db(Γ) is Hom-finite, 2-Calabi-
Yau and the free dg module Γ is a cluster-tilting object.

As a direct consequence of this theorem, A becomes a cluster-tilting object of the
cluster category CA (Corollary 7.2).

Furthermore it is possible to apply Theorem 7.1 to Ginzburg’s dg algebras Γ(Q,W ) (cf.
[Gin06]) where (Q,W ) is a quiver with potential (cf. [DWZ07]) when the Jacobi algebra
J (Q,W ) is finite dimensional. We construct a cluster category C(Q,W ) which is Hom-finite,
2-Calabi-Yau. This category admits a cluster-tilting object whose endomorphism algebra
is isomorphic to J (Q,W ).

Combining this last result with some results of [Kel08b], [KY08] and [BIRS08], we
obtain the corollary:

Corollary. (Corollary 7.13) Let Q be an acyclic quiver, and T a cluster-tilting object
of the cluster category CQ. Let (Q′,W ′) be the quiver with potential associated to the
endomorphism algebra EndCQ(T ). The cluster category C(Q,W ′) is triangle equivalent to the
category CQ.

Perspectives

The results of the second part of this thesis lead to many questions:

• Let C be a 2-Calabi-Yau triangulated category and T = T1⊕· · ·⊕Tn a cluster-tilting
object. By [IY06], for each i = 1, . . . , n it is possible to mutate the object T into
another cluster-tilting object µi(T ). If the quivers of T and of µi(T ) have no loops
nor 2-cylces, then the quiver of the mutated object µi(T ) is the mutation µi(QT ) of
the quiver QT of the endomorphism algebra of T . Therefore, it would be very useful
to find conditions on the quiver with potential (Q,W ) associated to an algebra A
of global dimension 2 to be rigid in the sense of [DWZ07]. We could then mutate
indefinitely the quiver with potential (Q,W ).

• B. Keller and I. Reiten showed in [KR06] that if a 2-Calabi-Yau algebraic triangu-
lated category C has a cluster-tilting object whose quiver Q is acyclic, then C and
CQ are triangle equivalent. This is not true when the quiver Q has oriented cycles,
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but the quiver with potential (Q,W ) might be a better invariant. Therefore we
formulate the following question:

Let C be a 2-Calabi-Yau algebraic triangulated category with a cluster-tilting object.
Does there exist a quiver with potential (Q,W ) such that C and C(Q,W ) are triangle
equivalent?

• Cluster categories have been constructed in order to categorify cluster algebras.
Hence it might be interesting to explore the class of cluster algebras that may be
categorified by categories of the form C(Q,W ). We show a first closure property of this
class in section 7.4.3 which can be related to the ‘gluing process’ of cluster algebras
described in section 5 of [FK07].
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Chapitre 1

Préliminaires

1.1 Catégories triangulées

1.1.1 Définitions et propriétés de base

Soit T une (petite) catégorie additive munie d’une auto-équivalence Σ. Soit S l’en-
semble des sextuplets (X, Y, Z, u, v, w) où X, Y et Z sont des objets de T et u : X → Y ,
v : Y → Z et w : Z → ΣX des morphismes. On notera un tel sextuplet :

X
u // Y

v // Z
w // ΣX

Un morphisme de sextuplets est la donnée d’un diagramme commutatif

X

f
��

u // Y

g

��

v // Z

h
��

w // ΣX

Σf
��

X ′
u′ // Y ′

v′ // Z ′
w′

// ΣX ′

.

Si f , g et h sont des isomorphismes, on dira que (f, g, h) est un isomorphisme de sextuplets.

Définition 1.1. Une catégorie triangulée T est une catégorie additive munie d’une auto-
équivalence Σ et d’un sous-ensemble ∆ de S appelé l’ensemble des triangles qui vérifient
les axiomes suivants :

TR0 : L’ensemble des triangles est stable par isomorphisme. Pour tout objet X
de T , le sextuplet X X // 0 // ΣX est un triangle.

TR1 : Pour tout morphisme u : X → Y dans T , il existe un triangle :

X
u // Y // Z // ΣX

TR2 : Si X
u // Y

v // Z
w // ΣX est un triangle, alors le sextuplet

Y
v // Z

w // ΣX
−Σu // ΣY

33
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est un triangle.
TR3 : Pour tout diagramme commutatif de la forme

X

f
��

u // Y

g

��

v // Z
w // ΣX

Σf
��

X ′
u′ // Y ′

v′ // Z ′
w′

// ΣX ′

où les deux lignes sont des triangles, il existe un morphisme h : Z → Z ′ (non unique) tel
que (f, g, h) est un morphisme de triangles.

TR4 (Axiome de l’octahèdre) : Etant donné un diagramme commutatif de la
forme

X

x
��

X

��
Y

y // Y1
//

��

Y2

��

// ΣY

Σy

��

Y // Z1
f //

��

Z2
g //

��

ΣY

ΣX

Σx

99ΣX ΣY1

où les deux colonnes et la première ligne sont des triangles, il existe des morphismes
f : Z1 → Z2 et g : Z2 → ΣY , tels que la deuxième ligne soit un triangle et que tous les
carré commutent, y compris le carré :

Z2
g //

��

ΣY

Σy
��

ΣX
Σu // ΣY1

Si les axiomes TR1-TR3 sont vérifiés, cet axiome est équivalent à l’axiome suivant
[Nee01] :

TR4’ : Etant donné un diagramme

X

f
��

u // Y

g

��

v // Z
w // ΣX

Σf
��

X ′
u′ // Y ′

v′ // Z ′
w′

// ΣX ′

où les lignes sont des triangles, il existe un morphisme h : Z → Z ′ rendant le diagramme
commutatif et tel que le cône est un triangle :

Y ⊕X ′

“

−v 0
g u′

”

// Z ⊕ Y ′

“

−w 0
h v′

”

// ΣX ⊕ Z ′

“

−Σu 0
Σf w′

”

// ΣY ⊕ ΣX ′
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Pour les propriété de bases des catégories triangulées, nous renvoyons au premier
chapitre de [Hap88]. Rappelons juste la propriété bihomologique du bifoncteur Hom.

Proposition 1.1.1. Soit T une catégorie triangulée. Alors, tout triangle

X
u // Y

v // Z
w // ΣX

induit des suites exactes longues :

· · · // HomT (?,Σ−1Z) // HomT (?, X) // HomT (?, Y ) // HomT (?, Z) // HomT (?,ΣX) // · · ·

· · · // HomT (ΣX, ?) // HomT (Z, ?) // HomT (Y, ?) // HomT (X, ?) // HomT (Σ−1Z, ?) // · · ·

Définition 1.2. Soit (T ,Σ) et (T ′,Σ′) deux catégories triangulées. Une foncteur tri-
angulé (F,Φ) : T → T ′ est la donnée d’un foncteur F : T → T ′ de catégories addi-
tives et d’un isomorphisme de foncteurs Φ : F ◦ Σ → Σ′ ◦ F tel que pour tout triangle

X
u // Y

v // Z
w // ΣX de T , le sextuplet

FX
Fu // FY

Fv // FZ
ΦX◦Fw // Σ′FX

est un triangle de T ′.

1.1.2 Dualité de Serre et catégories de Calabi-Yau

Soit k un corps commutatif.

Définition 1.3. Une catégorie triangulée k-linéaire T vérifie la propriété de Krull-Remak-
Schmidt si tout objet est isomorphe à une unique (à permutation près) somme directe de
d’objets indécomposables et si l’anneau des endomorphismes d’un objet indécomposable
est local. Celà est équivalent au fait que les idempotents se scindent, i.e. si e est un
idempotent de X, alors e s’écrit σρ où σ est une section et ρ une rétraction [Hap88](I.3.2).

Dans toute cette thèse, les catégories triangulées étudiées sont k-linéaires
et vérifient la propriété de Krull-Remak-Schmidt.

La catégorie est dite Hom-finie si pour tous objets X et Y dans T , le k-espace vectoriel
HomT (X, Y ) est de dimension finie.

Définition 1.4. Soit T une catégorie triangulée k-linéaire et Hom-finie. Un foncteur de
Serre est la donnée d’une auto-équivalence k-linéaire ν : T → T et d’un isomorphisme de
foncteur

DHomT (X, ?)
∼ // HomT (?, νX)

pour tout objet X de T , où D est le foncteur dual Homk(?, k).

Si T admet un foncteur de Serre, alors celui-ci est unique à isomorphisme près.

Définition 1.5. Soit T une catégorie triangulée k-linéaire et Hom-finie, de foncteur sus-
pension Σ. La catégorie T est dite d-Calabi-Yau, si le foncteur Σd est un foncteur de
Serre.
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1.1.3 Exemples

Algèbre préprojective

Un carquois Q = (Q0, Q1, s, t) est la donnée d’un ensemble de sommets Q0, d’un
ensemble de flèches Q1 et de deux applications s : Q1 → Q0 (l’application source) et
t : Q1 → Q0 (l’application but).

Soit Q un carquois fini et sans cycle orienté. On définit Q̄ le carquois double à partir
de Q en ajoutant à chaque flèche a : i → j une flèche a : j → i. L’algèbre préprojective
ΛQ = kQ̄/IQ associée à Q est définie comme le quotient de l’algèbre des chemins kQ̄ du
carquois double quotienté par l’idéal IQ engendré par les relations :

∑

a∈Q1

(aa + aa).

Les résultats suivants sont classiques :

Théorème 1.6. Si le graphe sous-jacent à Q est Dynkin de type A, D ou E, alors l’algèbre
ΛQ est de dimension finie, auto-injective, et la catégorie stable modΛQ est triangulée 2-
Calabi-Yau.

Q = An (n ≥ 1) : 0
a0 //

1
a1 //

a0
oo 2

a1
oo n− 2

an−2 // n− 1
an−2

oo

Q = Dn (n ≥ 4) : 0
a0

��;
;;

;;
;;

;

2
a2 //

a0

]];;;;;;;;

a1����
��

��
��

3
a2

oo n− 2
an−2 // n− 1
an−2

oo

1

a1

@@��������

Q = En (n = 6, 7, 8) : 0

a0

��
1

a1 //
2

a1
oo

a2 //
3

a2
oo

a3 //

a0

OO

4
a3

oo n− 2
an−2 //

n− 1
an−2

oo

Théorème 1.7. ([BBK02], [Boc07]) Si Q n’est pas de type Dynkin, alors l’algèbre ΛQ

est de dimension infinie. Notons Λ̄Q la complétion de l’algèbre Λ, et f.l. Λ̄Q la catégorie
des Λ̄Q-modules de longueur finie. Alors la catégorie dérivée Db(f.l. Λ̄Q) est triangulée
2-Calabi-Yau.
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Catégorie amassée

Soit Q un carquois fini sans cycle orienté. La catégorie amassée est définie comme la
catégorie d’orbites :

CQ = Db(kQ)/ν[−2]

où ν est le foncteur de Serre de la catégorie Db(kQ) et [1] le foncteur décalage, qui est
la suspension de la catégorie triangulée Db(kQ). Les objets de cette catégorie sont les
mêmes que ceux de Db(kQ), et étant donnés deux objets X et Y de Db(kQ), l’espace des
morphismes dans CQ entre X et Y est donné par :

HomCQ(X, Y ) =
⊕

p∈Z

HomDb(kQ)(X, ν
pY [−2p]).

Un corollaire du théorème 0.1 est le suivant :

Corollaire 1.8. Soit Q un carquois fini sans cycle orienté. La catégorie amassée CQ est
Hom-finie, triangulée, 2-Calabi-Yau. La projection canonique π : Db(kQ) −→ CQ est un
foncteur triangulé.

La structure k-linéaire sous-jacente à la catégorie CQ vérifie la proposition universelle
suivante : soit T une catégorie triangulée et F un foncteur k-linéaire F : Db(modkQ) → T .
Si il existe un isomorphisme de foncteur entre F et F ◦ν[−2], alors F se factorise à travers
π. En particulier, si T est 2-Calabi-Yau et que F est triangulé, alors F induit un foncteur
k-linéaire CQ → T .

1.2 Généralités sur les dg-catégories

Cette section reprend les notations et définitions de [Kel06].
Soit k un corps commutatif.

1.2.1 Cas général

k-modules différentiels gradués

Un k-module gradué est un k-espace vectoriel V muni d’une décomposition :

V =
⊕

p∈Z

V p.

On note V [1] le k-module gradué tel que pour tout p and Z, on a V [1]p = V p+1.
Un morphisme de k-module gradué homogène de degré n est une application linéaire

f : V → V ′ telle que pour tout p dans Z, on a f(V p) ⊂ V ′p+n.
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Le produit tensoriel de deux k-modules gradués est un k-module gradué par

(V ⊗W )n =
⊕

p+q=n

V p ⊗W q.

Si f : V → V ′ est un morphisme gradué et g : W → W ′ est un morphisme homogène
de degré p, alors l’application f ⊗ g est définie par

(f ⊗ g)(v ⊗ w) = (−1)pqf(v) ⊗ g(w)

si v ∈ V est homogène de degré q.
On note G(k) la k-catégorie tensorielle des k-modules gradués où les morphismes sont

les morphismes homogènes de degré 0.

Un k-module différentiel gradué (dg-k-module) est un k-module gradué V muni d’un
endomorphisme de degré 1 dV : V → V appelé différentielle tel que d2

V = 0. Alors on
définit le décalage et le produit tensoriel de dg-k-modules par :

(V, d)[1] = (V [1],−d) et (V, dV ) ⊗ (W, dW ) = (V ⊗W, dV ⊗ 1W + 1V ⊗ dW ).

Un morphisme de dg-k-module est un morphisme homogène de degré 0 qui commute à la
différentielle.

dg-catégories

Définition 1.9. Une dg-catégorie A est une k-catégorie dont les espaces de morphismes
sont des dg-k-modules et dont les compositions

A(x, y) ⊗A(y, z) → A(x, z)

sont des morphismes de dg-k-modules.

Exemple. Soit Cdg(k) la catégorie définie comme suit :
– les objets de Cdg(k) sont les dg-k-modules,
– si V et W sont des dg-k-modules, l’espace Cdg(k)(V,W ) = Hom•k(V,W ) est le com-

plexe suivant :

· · · // G(k)(V,W [p]) d // G(k)(V,W [p+ 1]) // · · · ,

où d est définie comme df = dW ◦ f − (−1)pf ◦ dV , si f est dans G(k)(V,W [p]),
c’est-à-dire homogène de degré p.

Cette catégorie est une dg-catégorie.

Définition 1.10. Soient A et A′ deux dg-catégories. Un dg-foncteur est la donnée d’une
application F : obj(A) → obj(A′) et de morphismes de dg-k-modules

Fxy : A(x, y) → A′(Fx, Fy)

pour tous objets x et y de A.
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dg-A-modules

Définition 1.11. Un dg-A-module M est un dg-foncteur de Aop → Cdg(k). En particulier,
M est la donnée :

– pour tout objet x de A, d’un complexe de k-espaces vectoriels Mx,
– pour tous objets x, y de A d’un morphisme de complexes :

M(x, y) : A(y, x) // Cdg(k)(Mx,My)

qui doit être compatible avec la composition.
Comme M(x, y) = M est un morphisme de dg-k-module, il commute à la différentielle et
alors si f est dans A(y, x), on a M ◦ d(f p) = dMx ◦Mf p − (−1)pMf p ◦ dMy.

Notons CdgA la classe des dg-A-modules. Un morphisme f entre deux dg-A-modules
M et N , est la donnée pour x dans A d’un élément fx de G(k)(Mx,My) tel que si g est
dans Ap(y, x), alors pour tout q on a le diagramme commutatif suivant :

Mx
fq

x //

Mg
��

Nx[q]

Ng
��

My[p]
fq

y // Ny[p+ q]

.

On munit cet espace gradué de morphismes de la différentielle induite par celle de Cdg(k).
C’est-à-dire que si f est homogène de degré q entre M et N , on pose (df)x = d(fx).
Munie de ces espaces de morphismes, la catégorie des dg-A-modules Cdg(A) forme alors
une dg-catégorie.

Pour tout objet x de A, le foncteur x∧ = A(?, x) est un dg-A-module. Le foncteur de
Yoneda :

Yon : A −→ Cdg(A)
x 7−→ x∧

est un dg-foncteur pleinement fidèle.

Catégorie dérivée d’une dg-catégorie

On définit ensuite les catégories CA et HA. Les objets sont les mêmes que ceux de
Cdg(A) et les espaces de morphismes sont donnés par :

CA(M,N) = Z0(Cdg(A)(M,N)),

et HA(M,N) = H0(Cdg(A)(M,N)).

Donc si f est dans CA(M,N), et x dans A, alors fx est un morphisme de complexes entre
Mx et Nx. Si f est dans HA(M,N) alors fx est un morphisme de complexes modulo
homotopie entre Mx et Nx.
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Un quasi-isomorphisme h est un morphisme de HA tel que pour tout x de A et pour
tout p, Hp(fx) est inversible. On définit la catégorie dérivée DA comme la localisation de
la catégorie HA par les quasi-isomorphismes.

La catégorie CA est une catégorie exacte pour les conflations

0 // L
i //M

p // N // 0

qui sont les suites exactes scindées de CA. Les objets contractiles, c’est-à-dire homotopes
à 0 sont les projectifs-injectifs de cette catégorie. La catégorie CA est une catégorie de
Frobenius. Sa catégorie stable est la catégorie HA qui est donc une catégorie triangulée.
La catégorie DA est alors triangulée, comme localisation d’une catégorie triangulée.

On a la suite de foncteurs suivante :

A
� � Y on // Cdg(A) Z0

// CA // HA // DA

La catégorie perA est définie comme la plus petite sous-catégorie triangulée de DA conte-
nant les x∧ et stable par facteurs directs (=sous-catégorie épaisse). La catégorie DbA est
la sous-catégorie de DA formée des objets M tels que pour tout x de A, l’espace vectoriel

⊕

p∈Z

Hp(Mx)

est de dimension finie. C’est une sous-catégorie triangulée de DA.

1.2.2 Cas où la dg-catégorie provient d’une dg-algèbre

Cas général

Une dg-algèbre A est une algèbre Z-graduée munie d’une différentielle vérifiant la règle
de Leibniz, c’est-à-dire que d est un morphisme k-linéaire homogène de degré 1 et si a et
b sont dans A et a est homogène de degré p, alors d(ab) = (da)b+ (−1)pad(b).

On peut voir A comme une dg-catégorie : la dg-catégorie n’ayant qu’un seul objet ∗
et où End(∗) est la dg-algèbre A.

Un dg-A-module est alors la donnée :
– d’un complexe de k-espaces vectoriels M∗, que l’on notera M ,
– et d’un morphisme de dg-algèbres M(∗, ∗) : A→ Cdg(k)(M,M).

M(∗, ∗) est un morphisme gradué, donc pour tout p, Ap s’envoie dans Cdg(k)(M,M [p]),
c’est-à-dire que pour tout n, on a une application

Mn × Ap −→ Mn+p

(m, a) 7−→ m.a.

De plus, M(∗, ∗) est un morphisme de complexes, il commute donc à la différentielle. Ceci
signifie que si a est dans Ap et m dans Mn, alors

m.dAa = dM(m.a) − (−1)p(dMm).a.
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Enfin M(∗, ∗) est un morphisme de k-algèbre, donc pour m dans Mn, a dans Ap et b
dans Aq, on a (m.a).b = m.(ab) dans Mn+p+q.

Soient M et N deux dg-A-modules. Un morphisme f de dg-A-modules entre M et N
est un élément de Cdg(k)(M,N) tel que pour tout a dans Ap, et pour tous n, q, le carré
suivant commute :

Mn
fq

//

.a

��

Nn+q

.a

��
Mn+p

fq

// Nn+p+q.

Dans la catégorie CA les morphismes sont les morphismes de complexes de k-espaces
vectoriels gradués entre M et N tels que si a est dans Ap, on a le carré commutatif :

Mn
f //

.a

��

Nn

.a

��
Mn+p

f // Nn+p.

Le dg-A-module représentable ∗∧ est le complexe A muni de la multiplication de l’algèbre.

Cas d’une algèbre

Soit A une k-algèbre, on peut la voir comme une dg-algèbre concentrée en degré 0.
Les objets de Cdg(A) sont alors les complexes de A-modules à droite. La composante
homogène de degré p de l’espace des morphismes de Cdg(A) de M dans N est l’ensemble
des morphismes gradués de A-modules de M dans N [p] (f commute avec l’action de A
mais pas avec la différentielle de M).

La catégorie CA est simplement la catégorie des complexes de A-modules.

La catégorie DA est la catégorie D(ModA). Si A est de dimension finie, on a toujours :

perA ⊂ Db(modA) ⊂ DbA ⊂ DA = D(ModA),

où modA désigne la catégorie des modules de présentation finie sur A (=modules de type
fini).

Si A est de dimension globale finie, on a de plus l’égalité perA = Db(modA) = DbA.

1.2.3 Foncteur de Serre

Soit A une dg-algèbre de dimension finie. Notons D la catégorie DbA, et pour X et
Y des dg-A-modules, notons Hom•A(X, Y ) l’espace des morphismes entre X et Y dans la
dg-catégorie Cdg(A). Il a donc une structure de complexe de k-espaces vectoriels.
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Lemme 1.2.1. Soit X un objet de perA et Y un objet de DbA, alors on a un isomorphisme
bifonctoriel

DHomD(X, Y ) ≃ HomD(Y,X
L
⊗A DA).

Démonstration. Pour X dans perA, notons νX = DHom•A(X,A). Nous allons construire
un morphisme bifonctoriel :

FXY : DHom•A(X, Y ) // Hom•A(Y, νX)

Soit ϕ un élément du dual de Hom•A(X, Y ). On utilise l’isomorphisme canonique

Hom•A(Y, νX) ≃ Hom•A(Hom•A(A, Y ), DHom•A(X,A)).

A un élément f de Hom•A(A, Y ) on associe la forme FXY (f), qui à un g de Hom•A(X,A)
associe ϕ(gf).

En utilisant les formules classiques d’adjonction, on vérifie facilement que FAY est un
isomorphisme. Donc pour tout X appartenant à la sous-catégorie épaisse HA contenant
A, FXY est un quasi-isomorphisme. Donc, H0(FXY ) est un isomorphisme, i.e. on a un
isomorphisme fonctoriel :

DHomHA(X, Y ) ∼ // HomHA(Y, νX)

Pour tout objet cofibrant X de perA, νX est fibrant et on a donc un isomorphisme :

DHomDA(X, Y )
∼ // HomDA(Y, νX)

Il reste à montrer que pour tout X de perA, on a un quasi-isomorphisme entre νX =

DHom•A(X,A) et X
L
⊗A DA. Si X est un dg-module, on a un morphisme fonctoriel :

X
L
⊗A DA

//DHom•A(X,A)

x⊗ ϕ � //
(
g 7→ ϕ(g(x))

)

qui s’étend à un morphisme pour tout X dans perA. Comme c’est un isomorphisme pour
X = A, c’est un quasi-isomorphisme pour X dans perA.

Remarque. En utilisant les formules d’adjonction, on obtient immédiatement que si X est
dans perA et Y dans Db(A) alors on a un isomorphisme

DHomD(X, Y ) ≃ HomD(Y
L
⊗A RHomA(A,DA), X).

Ce lemme nous donne immédiatement le corollaire suivant :
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Corollaire 1.12. Soit A une dg-algèbre de dimension finie. Si DA est isomorphe à A[d]
en tant que A-A-bimodule, alors pour tout X dans perA et pour tout Y dans DbA, on a
un isomorphisme fonctoriel :

DHomD(X, Y )
∼ // HomD(Y,X[d]) .

En particulier la catégorie perA est d-Calabi-Yau.

Remarque. Plus généralement, Keller a montré dans [Kel08a] que si A est un dg-algèbre
de dimension quelconque, alors pour tout X dans perA et Y dans Db(A) on a un isomor-
phisme

DHomD(X, Y ) ≃ HomD(Y
L
⊗A RHomAe(A,Ae), X).

Si A est une algèbre de dimension finie et de dimension globale finie alors le foncteur

ν =?
L
⊗ADA est une équivalence dont l’inverse est ?

L
⊗ARHomA(A,DA). Donc la catégorie

Db(A) = perA admet un foncteur de Serre.

1.2.4 Catégories triangulées algébriques

Soit T une catégorie triangulée k-linéaire. On dit que T est algébrique s’il existe une
équivalence triangulée entre T et E où E est une catégorie de Frobenius k-linéaire. En
fait d’après Keller [Kel06], une catégorie triangulée est algébrique si et seulement si elle
admet un renforcement en catégorie différentielle-graduée, i.e. il existe une équivalence
triangulée entre T et DA où A est une dg-catégorie. Cette notion est stable par passage
à une sous-catégorie triangulée et par localisation. Ainsi, toutes les catégories triangulées
apparaissant en algèbre et en géométrie sont algébriques.

Si DA et DB sont des catégories triangulées algébriques, alors un foncteur algébrique

F est un foncteur ‘provenant’ des renforcements A et B, i.e. F =?
L
⊗A X est le produit

tensoriel dérivé par un objet X de D(Aop ⊗ B).

Cette définition nous permet de donner la propriété universelle de la catégorie amassée.
Soit T = DA une catégorie algébrique, et soit X un objet de D(kQop ⊗A).

Db(modkQ)

?
L
⊗kQDkQ[−2]

UU

?
L
⊗kQX // DA

Si il existe un isomorphisme dans D(kQop ⊗A) entre DkQ ⊗kQ X[−2] et X, alors le

foncteur ?
L
⊗kQ X se factorise en un foncteur algébrique de CQ vers DA.
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1.3 Une autre construction de la catégorie amassée

1.3.1 Enveloppe triangulée

Soit A une k-algèbre de dimension finie et de dimension globale finie. Alors la catégorie

Db(A) est triangulée et admet un foncteur de Serre νA =?
L
⊗A DA où DA = Homk(A, k)

est le dual de A. La catégorie d’orbites

Db(A)/?
L
⊗A DA[−2]

n’est pas triangulée en général si la dimension globale de A est ≥ 2. Son enveloppe trian-
gulée est la catégorie CA vérifiant la propriété universelle suivante :

– il existe un foncteur triangulé algébrique π : Db(A) → CA (pas essentiellement
surjectif en général) ;

– Soit ?
L
⊗A X : Db(A) → DB un foncteur algébrique où B est une dg-catégorie. Si

on a un isomorphisme dans D(Aop ⊗B) entre DA
L
⊗AX[−2] et X, alors le foncteur

?
L
⊗A X se factorise par π.

Db(A)

?
L
⊗ADA[−2]

UU

?
L
⊗AX //

π

""F
FFFFFFF

DA

CA

==

1.3.2 Construction du foncteur π

Soit B la dg-algèbre suivante :

A⊕DA[−3] = · · · // 0 // A // 0 // 0 // DA // 0 // · · · .

Un objet M de CB est un complexe de A-modules muni d’une action de DA de degré
3 qui anticommute à la différentielle. Ce qui signifie que pour tout n et pour tout a∗ dans
DA le diagramme suivant anticommute :

Mn ×DA
a∗ //

(dM ,id)
��

Mn+3

dM

��
Mn+1 ×DA

a∗ //Mn+4

et que pour tous a∗, b∗ dans DA, m.a∗.b∗ = 0.
La projection p : B → A induit un foncteur restriction pleinement fidèle p∗ : CA→ CB.

Ce foncteur envoie un complexe de A-modules sur lui même muni de l’action de DA
nulle. L’objet A peut être vu comme un A-B-bimodule, et alors le foncteur p∗ est égal
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au foncteur ?⊗A AB. Deux complexes homotopes dans CA vont être homotopes dans CB
donc ce foncteur induit un foncteur HA→ HB. De même les quasi-isomorphismes de CA
sont des quasi-isomorphismes de CB, donc la projection induit un foncteur DA → DB.
De plus si l’homologie de M est de dimension totale finie alors l’homologie de son image
sera la même et donc de dimension totale finie. Finalement, on a un foncteur :

p∗ : DbA −→ DbB.

Maintenant, comme A (et donc DA) est de dimension finie, perB est inclus dans DbB.
On obtient donc un foncteur :

F : DbA −→ DbB/perB =: C+
A .

Notons i : A→ B l’injection canonique, et i∗ : DbB → DbA, le foncteur ‘oubli’ associé.
Alors on a les adjonctions suivantes :

DbB

i∗
��

et DbA

p∗
��

DbA

−
L
⊗AB

OO

DbB

−
L
⊗BA

OO .

La suite exacte de A-B-bimodules :

0 // DA[−3] // B // A // 0

nous donne un triangle dans D(Aop ⊗B)

ADAB[−3] //
ABB

//
AAB //

ADAB[−2] .

L’objet BB est parfait donc le morphisme AB → DAB[−2] est un isomorphisme dans
C+
A = DbB/perB. D’après la propriété universelle de l’enveloppe triangulée de la catégorie

d’orbites, p∗ induit un foncteur triangulé algébrique :

p∗ : CA → C+
A = DbB/perB.

Ce foncteur est pleinement fidèle et Keller a montré le théorème suivant [Kel05] :

Théorème 1.13 (Keller). Soit A une algèbre de dimension finie et de dimension globale
finie. Soit B la dg-algèbre A ⊕ DA[−3] et p∗ : DbA → DbB le foncteur restriction de la
projection p : B → A. Notons 〈A〉B la sous-catégorie épaisse (=sous-catégorie triangulée
stable par facteurs directs) de DbB engendrée par l’image de A par p∗. Alors l’enveloppe
triangulée de la catégorie d’orbites

Db(A)/?
L
⊗A DA[−2]

est algébriquement équivalente à la catégorie 〈A〉B/perB.
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Notons que dans le cas où la dimension globale de A est 1, ou que A est dérivée
équivalente à une catégorie héréditaire, la catégorie d’orbites est triangulée et donc on a
une équivalence triangulée :

Db(A)/?
L
⊗A DA[−2] ≃ 〈A〉B/perB



Chapter 2

On the structure of triangulated
categories with finitely many
indecomposables

Ce chapitre correspond à l’article [Ami07].

Notation and terminology

We work over an algebraically closed field k. By a triangulated category, we mean a
k-linear triangulated category T . We write S for the suspension functor of T and

U
u // V

v //W
w // SU for a distinguished triangle. We say that T is Hom-finite

if for each pair X, Y of objects in T , the space HomT (X, Y ) is finite-dimensional over
k. The category T will be called a Krull-Remak-Schmidt category if each object is iso-
morphic to a finite direct sum of indecomposable objects with unicity (up to reordering)
of this decomposition, and if the endomorphism ring of an indecomposable object is a
local ring. This implies that idempotents of T split, i.e. if e is an idempotent of X, then
e = σρ where σ is a section and ρ is a retraction [Hap88, I 3.2]. The category T will
be called locally finite if for each indecomposable X of T , there are only finitely many
isoclasses of indecomposables Y such that HomT (X, Y ) 6= 0. This property is selfdual by
[XZ02, prop 1.1].

The Serre functor will be denoted by ν (see definition in section 2.1). The Auslander-
Reiten translation will always be denoted by τ (section 2.1).

Let T and T ′ be two triangulated categories. An S-functor (F, φ) is given by a k-linear
functor F : T → T ′ and a functor isomorphism φ between the functors F ◦ S and S ′ ◦ F ,
where S is the suspension of T and S ′ the suspension of T ′. The notion of ν-functor, or
τ -functor is then clear. A triangle functor is an S-functor (F, φ) such that for each triangle

U
u // V

v //W
w // SU of T , the sequence FU

Fu // FV
Fv // FW

φU◦Fw // S ′FU

47
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is a triangle of T ′.
The category T is Calabi-Yau if there exists an integer d > 0 such that we have a

triangle functor isomorphism between Sd and ν. We say that T is maximal d-Calabi-Yau
if T is d-Calabi-Yau and if for each covering functor T ′ → T with T ′ d-Calabi-Yau, we
have a k-linear equivalence between T and T ′.

For an additive k-category E , we write modE for the category of contravariant finitely
presented functors from E to modk (section 2.8), and if the projectives of modE coincide
with the injectives, modE will be the stable category.

2.1 Serre duality and Auslander-Reiten triangles

2.1.1 Serre duality

Recall from [RVdB02] that a Serre functor for T is an autoequivalence ν : T → T
together with an isomorphism DHomT (X, ?) ≃ HomT (?, νX) for each X ∈ T , where D
is the duality Homk(?, k).

Theorem 2.1. Let T be a Krull-Remak-Schmidt, locally finite triangulated category.
Then T has a Serre functor ν.

Proof. Let X be an object of T . We write X∧ for the functor HomT (?, X) and F for the
functor DHomT (X, ?). Using the lemma [RVdB02, I.1.6] we just have to show that F is
representable. Indeed, the category T op is locally finite as well. The proof is in two steps.

Step 1: The functor F is finitely presented.
Let Y1, . . . , Yr be representatives of the isoclasses of indecomposable objects of T such

that FYi is not zero. The space Hom(Y ∧i , F ) is finite-dimensional over k. Indeed it is
isomorphic to FYi by the Yoneda lemma. Therefore, the functor Hom(Y ∧i , F ) ⊗k Y

∧
i is

representable. We get an epimorphism from a representable functor to F :

r⊕

i=1

Hom(Y ∧i , F ) ⊗k Y
∧
i −→ F.

By applying the same argument to its kernel we get a projective presentation of F of the
form U∧ −→ V ∧ −→ F −→ 0, with U and V in T .

Step 2: A cohomological functor H : T op → modk is representable if and only if it is
finitely presented.

Let U∧
u∧ // V ∧

φ // H // 0 be a presentation of H . We form a triangle

U
u // V

v //W
w // SU.

We get an exact sequence

U∧
u∧ // V ∧

v∧ //W∧ w∧
// (SU)∧ .
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Since the composition of φ with u∧ is zero and H is cohomological, the morphism φ
factors through v∧. But H is the cokernel of u∧, so v∧ factors through φ. We obtain a
commutative diagram:

U∧
u∧ // V ∧

v∧ //

φ

��

W∧ w∧
//

φ′||yy
yy

yy
yy

SU.

H

i
<<yyyyyyyy

The equality φ′ ◦ i ◦φ = φ′ ◦ v∧ = φ implies that φ′ ◦ i is the identity of H because φ is an
epimorphism. We deduce that H is a direct factor of W∧. The composition i ◦ φ′ = e∧ is
an idempotent. Then e ∈ End(W ) splits and we get H = W ′∧ for a direct factor W ′ of
W .

2.1.2 Auslander-Reiten triangles

Definition 2.2. [Hap87] A triangle X
u // Y

v // Z
w // SX of T is called an Auslander-

Reiten triangle or AR-triangle if the following conditions are satisfied:

(AR1) X and Z are indecomposable objects;

(AR2) w 6= 0;

(AR3) if f : W → Z is not a retraction, there exists f ′ : W → Y such that vf ′ = f ;

(AR3’) if g : X → V is not a section, there exists g′ : Y → V such that g′u = g.

Let us recall that, if (AR1) and (AR2) hold, the conditions (AR3) and (AR3’) are
equivalent. We say that a triangulated category T has Auslander-Reiten triangles if, for
any indecomposable object Z of T , there exists an AR-triangle ending at Z:

X
u // Y

v // Z
w // SX.

In this case, the AR-triangle is unique up to triangle isomorphism inducing the identity
of Z.

The following proposition is proved in [RVdB02, Proposition I.2.3]

Proposition 2.1.1. Let T be a Krull-Remak-Schmidt, locally finite triangulated category.
Then the category T has Auslander-Reiten triangles.

The composition τ = S−1ν is called the Auslander-Reiten translation. An AR-triangle
of T ending at Z has the form:

τZ
u // Y

v // Z
w // νZ.



50 Chapter 2. On the structure of triangulated categories with finitely many indecomposables

2.2 Valued translation quivers and automorphism groups

2.2.1 Translation quivers

In this section, we recall some definitions and notations concerning quivers [Die87]. A
quiver Q = (Q0, Q1, s, t) is given by the set Q0 of its vertices, the set Q1 of its arrows, a
source map s and a tail map t. If x ∈ Q0 is a vertex, we denote by x+ the set of direct
successors of x, and by x− the set of its direct predecessors. We say that Q is locally finite
if for each vertex x ∈ Q0, there are finitely many arrows ending at x and starting at x (in
this case, x+ and x− are finite sets). The quiver Q is said to be without double arrows, if
two different arrows cannot have the same tail and source.

Definition 2.3. A stable translation quiver (Q, τ) is a locally finite quiver without double
arrows with a bijection τ : Q0 → Q0 such that (τx)+ = x− for each vertex x. For each
arrow α : x→ y, let σα be the unique arrow τy → x.

Note that a stable translation quiver can have loops.

Definition 2.4. A valued translation quiver (Q, τ, a) is a stable translation quiver (Q, τ)
with a map a : Q1 → N such that a(α) = a(σα) for each arrow α. If α is an arrow from
x to y, we write axy instead of a(α).

Definition 2.5. Let ∆ be an oriented tree. The repetition of ∆ is the quiver Z∆ defined
as follows:

• (Z∆)0 = Z × ∆0

• (Z∆)1 = Z × ∆1 ∪ σ(Z × ∆1) with arrows (n, α) : (n, x) → (n, y) and σ(n, α) :
(n− 1, y) → (n, x) for each arrow α : x → y of ∆.

The quiver Z∆ with the translation τ(n, x) = (n− 1, x) is clearly a stable translation
quiver which does not depend (up to isomorphism) on the orientation of ∆ (see [Rie80a]).

2.2.2 Groups of weakly admissible automorphisms

Definition 2.6. An automorphism group G of a quiver is said to be admissible [Rie80a]
if no orbit of G intersects a set of the form {x} ∪ x+ or {x} ∪ x− in more than one point.
It said to be weakly admissible [Die87] if, for each g ∈ G− {1} and for each x ∈ Q0, we
have x+ ∩ (gx)+ = ∅.

Note that an admissible automorphism group is a weakly admissible automorphism
group. Let us fix a numbering and an orientation of the simply-laced Dynkin trees.

An : 1 // 2 // · · · // n− 1 // n
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n− 1

zzuuuuuuuuu

Dn : 1 // 2 · · · //// n− 2

n

eeJJJJJJJJJJ

4

En : 1 2oo 3oo //

OO

5 // · · · // n

Let ∆ be a Dynkin tree. We define an automorphism S of Z∆ as follows:

• if ∆ = An, then S(p, q) = (p+ q, n+ 1 − q);

• if ∆ = Dn with n even, then S = τ−n+1;

• if ∆ = Dn with n odd, then S = τ−n+1φ where φ is the automorphism of Dn which
exchanges n and n− 1;

• if ∆ = E6, then S = φτ−6 where φ is the automorphism of E6 which exchanges 2
and 5, and 1 and 6;

• if ∆ = E7, then S = τ−9;

• and if ∆ = E8, then S = τ−15.

In [Rie80a, Anhang 2], Riedtmann describes all admissible automorphism groups of
Dynkin diagrams. Here is a more precise result in which we describe all weakly admissible
automorphism groups of Dynkin diagrams:

Theorem 2.7. Let ∆ be a Dynkin tree and G a non trivial group of weakly admissible
automorphisms of Z∆. Then G is isomorphic to Z, and here is a list of its possible
generators:

• if ∆ = An with n odd, possible generators are τ r and φτ r with r ≥ 1, where φ =
τ

n+1
2 S is an automorphism of Z∆ of order 2;

• if ∆ = An with n even, then possible generators are ρr, where r ≥ 1 and where
ρ = τ

n
2S. (Since ρ2 = τ−1, τ r is a possible generator.)

• if ∆ = Dn with n ≥ 5, then possible generators are τ r and τ rφ, where r ≥ 1 and
where φ = (n− 1, n) is the automorphism of Dn exchanging n and n− 1.

• if ∆ = D4, then possible generators are φτ r, where r ≥ 1 and where φ belongs to S3

the permutation group on 3 elements seen as subgroup of automorphisms of D4.
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• if ∆ = E6, then possible generators are τ r and φτ r, where r ≥ 1 and where φ is the
automorphism of E6 exchanging 2 and 5, and 1 and 6.

• if ∆ = En with n = 7, 8, possible generators are τ r, where r ≥ 1.

The unique weakly admissible automorphism group which is not admissible exists for An,
n even, and is generated by ρ.

2.3 Property of the Auslander-Reiten translation

We define the Auslander-Reiten quiver ΓT of the category T as a valued quiver (Γ, a).
The vertices are the isoclasses of indecomposable objects. Given two indecomposable
objects X and Y of T , we draw one arrow from x = [X] to y = [Y ] if the vector space
R(X, Y )/R2(X, Y ) is not zero, where R(?, ?) is the radical of the bifunctor HomT (?, ?).
A morphism of R(X, Y ) which does not vanish in the quotient R(X, Y )/R2(X, Y ) will
be called irreducible. Then we put

axy = dimkR(X, Y )/R2(X, Y ).

Remark that the fact that T is locally finite implies that its AR-quiver is locally finite.
The aim of this section is to show that ΓT with the translation τ defined in the first part
is a valued translation quiver. In other words, we want to show the proposition:

Proposition 2.3.1. If X and Y are indecomposable objects of T , we have the equality

dimkR(X, Y )/R2(X, Y ) = dimkR(τY,X)/R2(τY,X).

Let us recall some definitions [Hap88].

Definition 2.8. A morphism g : Y → Z is called sink morphism if the following hold
(1) g is not a retraction;
(2) if h : M → Z is not a retraction, then h factors through g;
(3) if u is an endomorphism of Y which satisfies gu = g, then u is an automorphism.
Dually, a morphism f : X → Y is called source morphism if the following hold:
(1) f is not a section;
(2) if h : X →M is not a section, then h factors through f ;
(3) if u is an endomorphism of Y which satisfies uf = f , then u is an automorphism.

These conditions imply that X and Z are indecomposable. Obviously, if

X
u // Y

v // Z
w // SX is an AR-triangle, then u is a source morphism and v is a

sink morphism. Conversely, if v ∈ HomT (Y, Z) is a sink morphism (or if u ∈ HomT (X, Y )

is a source morphism), then there exists an AR-triangle X
u // Y

v // Z
w // SX (see

[Hap88, I 4.5]).
The following lemma (and the dual statement) is proved in [Rin84, 2.2.5].
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Lemma 2.3.1. Let g be a morphism from Y to Z, where Z is indecomposable and Y =⊕r
i=1 Y

ni

i is the decomposition of Y into indecomposables. Then the morphism g is a sink
morphism if and only if the following hold:

(1) For each i = 1, . . . , r and j = 1, . . . , ni, the restriction gi,j of g to the jth component
of the ith isotopic part of Y belongs to the radical R(Yi, Z).

(2) For each i = 1, . . . , r, the family (gi,j)j=1,...,ni
forms a k-basis of the space R(Yi, Z)/R2(Yi, Z).

(3) If h ∈ HomT (Y ′, Z) is irreducible and Y ′ indecomposable, then h factors through
g and Y ′ is isomorphic to Yi for some i.

Using this lemma, it is easy to see that proposition 2.3.1 holds. Thus, the Auslander-
Reiten quiver ΓT = (Γ, τ, a) of the category T is a valued translation quiver.

2.4 Structure of the Auslander-Reiten quiver

This section is dedicated to another proof of a theorem due to J. Xiao and B. Zhu ([XZ05]):

Theorem 2.9. [XZ05] Let T be a Krull-Remak-Schmidt, locally finite triangulated cate-
gory. Let Γ be a connected component of the AR-quiver of T . Then there exists a Dynkin
tree ∆ of type A, D or E, a weakly admissible automorphism group G of Z∆ and an
isomorphism of valued translation quivers

θ : Γ ∼ //Z∆/G.

The underlying graph of the tree ∆ is unique up to isomorphism (it is called the type of
Γ), and the group G is unique up to conjugacy in Aut (Z∆).

In particular, if T has an infinite number of isoclasses of indecomposable objects, then
G is trivial, and Γ is the repetition quiver Z∆.

2.4.1 Auslander-Reiten quivers with a loop

In this section, we suppose that the Auslander-Reiten quiver of T contains a loop, i.e.
there exists an arrow with same tail and source. Thus, we suppose that there exists an
indecomposable X of T such that

dimkR(X,X)/R2(X,X) ≥ 1.

Proposition 2.4.1. Let X be an indecomposable object of T . Suppose that we have
dimkR(X,X)/R2(X,X) ≥ 1. Then τX is isomorphic to X.

To prove this, we need a lemma.

Lemma 2.4.1. Let X1
f1 // X2

f2 // · · ·
fn // Xn+1 be a sequence of irreducible mor-

phisms between indecomposable objects with n ≥ 2. If the composition fn ◦ fn−1 · · · f1 is
zero, then there exists an i such that τ−1Xi is isomorphic to Xi+2.
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Proof. The proof proceeds by induction on n. Let us show the assertion for n = 2.

Suppose X1
f1 // X2

f2 // X3 is a sequence such that f2 ◦ f1 = 0. We can then construct
an AR-triangle:

X1
(f1,f)T

// X2 ⊕X
(g1,g2) //

(f2,0)

��

τ−1X1
//

β
yy

SX1

X3

The composition f2◦f1 is zero, thus the morphism f2 factors through g1. As the morphisms
g1 and f2 are irreducible, we conclude that β is a retraction, and X3 a direct summand
of τ−1X1. But X1 is indecomposable, so β is an isomorphism between X3 and τ−1X1.

Now suppose that the property holds for an integer n−1 and that we have fnfn−1 · · · f1 =
0. If the composition fn−1 · · · f1 is zero, the proposition holds by induction. So we can
suppose that for i ≤ n−2, the objects τ−1Xi and Xi+2 are not isomorphic. We show now
by induction on i that for each i ≤ n − 1, there exists a map βi : τ−1Xi → Xn+1 such
that fn · · · fi+1 = βigi where gi : Xi+1 → τ−1Xi is an irreducible morphism. For i = 1, we
construct an AR-triangle:

X1

(f1,f ′1)
T

// X2 ⊕X ′1
(g1,g′1) //

(fn···f2,0)

��

τ−1X1
//

β1yy

SX1

Xn+1

As the composition fn · · · f1 is zero, we have the factorization fn · · · f2 = β1g1.

Now for i, as τ−1Xi−1 is not isomorphic to Xi+1, there exists an AR-triangle of the
form:

Xi

(gi−1,fi,f ′i)
T

//τ−1Xi−1 ⊕Xi+1 ⊕X ′i
(g′′i ,gi,g′i) //

(−βi−1,fn···fi+1,0)

��

τ−1Xi
//

βitt

SXi

Xn+1

By induction, −βi−1gi−1 + fn · · · fi+1fi is zero, thus fn · · · fi+1 factors through gi. This
property is true for i = n − 1, so we have a map βn−1 : τ−1Xn−1 → Xn+1 such that
βn−1gn−1 = fn. As gn−1 and fn are irreducible, we conclude that βn−1 is an isomorphism
between Xn+1 and τ−1Xn−1.

Now we are able to prove proposition 2.4.1. There exists an irreducible map f : X →
X. Suppose that X and τX are not isomorphic. Then from the previous lemma, the
endomorphism fn is non zero for each n. But since T is a Krull-Remak-Schmidt, locally
finite category, a power of the radical R(X,X) vanishes. This is a contradiction.
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2.4.2 Proof of theorem 2.9

Let Γ̃ = (Γ̃0, Γ̃1, ã) be the valued quiver obtained from Γ by removing the loops, i.e. we
have Γ̃0 = Γ0, Γ̃1 = {α ∈ Γ1 such that s(α) 6= t(α)}, and ã = a|Γ̃1

.

Lemma 2.4.2. The quiver Γ̃ = (Γ̃0, Γ̃1, ã) with the translation τ is a valued translation
quiver without loop.

Proof. We have to check that the map σ is well-defined. But from proposition 2.4.1, if α
is a loop on a vertex x, σ(α) is the unique arrow from τx = x to x, i.e. σ(α) = α. Thus Γ̃
is obtained from Γ by removing some σ-orbits and it keeps the structure of stable valued
translation quiver.

Now, we can apply Riedtmann’s Struktursatz [Rie80a] and the result of Happel-
Preiser-Ringel [HPR80b]. There exist a tree ∆ and an admissible automorphism group G
(which may be trivial) of Z∆ such that Γ̃ is isomorphic to Z∆/G as a valued translation
quiver. The underlying graph of the tree ∆ is then unique up to isomorphism and the
group G is unique up to conjugacy in Aut (Z∆). Let x be a vertex of ∆. We write x for
the image of x by the map:

∆ //Z∆ π //Z∆/G ≃ Γ̃
� � //Γ.

Let C : ∆0 × ∆0 → Z be the matrix defined as follows:

• C(x, y) = −ax y (resp. −ay x) if there exists an arrow from x to y (resp. from y to
x) in ∆,

• C(x, x) = 2 − ax x,

• C(x, y) = 0 otherwise.

The matrix C is symmetric; it is a ‘generalized Cartan matrix’ in the sense of [HPR80a].
If we remove the loops from the ‘underlying graph of C’ (in the sense of [HPR80a]), we
get the underlying graph of ∆.

In order to apply the result of Happel-Preiser-Ringel [HPR80a, section 2], we have to
show:

Lemma 2.4.3. The set ∆0 of vertices of ∆ is finite.

Proof. Riedtmann’s construction of ∆ is the following. We fix a vertex x0 in Γ̃0. Then
the vertices of ∆ are the paths of Γ̃ beginning on x0 and which do not contain subpaths
of the form ασ(α), where α is in Γ̃1. Now suppose that ∆0 is an infinite set. Then for
each n, there exists a sequence:

x0
α1 // x1

α2 // · · ·
αn−1 // xn−1

αn // xn
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such that τxi+2 6= xi. Then there exist some indecomposables X0, . . . , Xn such that the
vector space R(Xi−1, Xi)/R2(Xi−1, Xi) is not zero. Thus from the lemma 2.4.1, there
exists irreducible morphisms fi : Xi−1 → Xi such that the composition fnfn−1 · · · f1

does not vanish. But the functor HomT (X0, ?) has finite support. Thus there is an
indecomposable Y which appears an infinite number of times in the sequence (Xi)i. But
since RN (Y, Y ) vanishes for an N , we have a contradiction.

Let S a system of representatives of isoclasses of indecomposables of T . For an inde-
composable Y of T , we put

l(Y ) =
∑

M∈S

dimk HomT (M,Y ).

This sum is finite since T is locally finite.

Lemma 2.4.4. For x in ∆0, we write dx = l(x). Then for each x ∈ ∆0, we have:
∑

y∈∆0

dyCxy = 2.

Proof. Let X and U be indecomposables of T . Let

X
u // Y

v // Z
w // SX

be an AR-triangle. We write (U, ?) for the cohomological functor HomT (U, ?). Thus, we
have a long exact sequence:

(U, S−1Z)
S−1w∗//(U,X)

u∗ //(U, Y )
v∗ //(U,Z)

w∗ //(U, SX).

Let SZ(U) be the image of the map w∗. We have the exact sequence:

0 // SS−1Z(U) // (U,X)
u∗ // (U, Y )

v∗ // (U,Z)
w∗ // SZ(U) // 0.

Thus we have the following equality:

dimk SZ(U) + dimk SS−1Z(U) + dimk(U, Y ) = dimk(U,X) + dimk(U,Z).

If U is not isomorphic to Z, each map from U to Z is radical, thus SZ(U) is zero. If
U is isomorphic to Z, the map w∗ factors through the radical of End(Z), so SZ(Z) is
isomorphic to k. Then summing the previous equality when U runs over S, we get:

l(X) + l(Z) = l(Y ) + 2.

Clearly l is τ -invariant, thus l(Z) equals l(X). If the decomposition of Y is of the form⊕r
i=1 Y

ni

i , we get:

l(Y ) =
∑

i

nil(Yi) =
∑

i,X→Yi∈Γ̃

aXYi
l(Yi) + aXX l(X).
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We deduce the formula:

2 = (2 − aXX)l(X) −
∑

i,X→Yi∈Γ̃

aXYi
l(Yi).

Let x be a vertex of the tree ∆ and x its image in Γ̃. Then an arrow x → Y in Γ̃ comes
from an arrow (x, 0) → (y, 0) in Z∆ or from an arrow (x, 0) → (y,−1) in Z∆, i.e. from
an arrow (y, 0) → (x, 0). Indeed the projection Z∆ → Z∆/G is a covering. From this we
deduce the following equality:

2 = (2 − axx)dx −
∑

y,x→y∈∆

ax ydy −
∑

y,y→x∈∆

ay xdy =
∑

y∈∆0

dyCxy.

Now we can prove theorem 2.9. The matrix C is a ‘generalized Cartan matrix’. The
previous lemma gives us a subadditive function which is not additive. Thus by [HPR80a],
the underlying graph of C is of ‘generalized Dynkin type’. As C is symmetric, the graph
is necessarily of type A, D, E, or L. But this graph is the graph ∆ with the valuation a.
We are done in the cases A, D, or E.

The case Ln occurs when the AR-quiver contains at least one loop. We can see Ln as An

with valuations on the vertices with a loop. Then, it is obvious that the automorphism
groups of ZLn are generated by τ r for an r ≥ 1. But proposition 2.4.1 tell us that a
vertex x with a loop satisfies τx = x. Thus G is generated by τ and the AR-quiver has
the following form:

1
((
2hh

((
3hh

((
nee ee

This quiver is isomorphic to the quiver ZA2n/G where G is the group generated by the
automorphism τnS = ρ.

The suspension functor S sends the indecomposables on indecomposables, thus it can
be seen as an automorphism of the AR-quiver. It is exactly the automorphism S defined
in section 2.2.2.

As shown in [XZ05], it follows from the results of [Kel05] that for each Dynkin tree ∆
and for each weakly admissible group of automorphisms G of Z∆, there exists a locally
finite triangulated category T such that ΓT ≃ Z∆/G. This category is of the form
T = Db(modk∆)/ϕ where ϕ is an auto-equivalence of Db(modk∆).

2.5 Construction of a covering functor

From now, we suppose that the AR-quiver Γ of T is connected. We know its structure. It
is natural to ask: Is the category T standard, i.e. equivalent as a k-linear category to the
mesh category k(Γ)? First, in this part we construct a covering functor F : k(Z∆) → T .
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2.5.1 Construction

We write π : Z∆ → Γ for the canonical projection. As G is a weakly admissible group,
this projection verifies the following property: if x is a vertex of Z∆, the number of arrows
of Z∆ with source x is equal to the number of arrows of Z∆/G with source πx. Let S be
a system of representatives of the isoclasses of indecomposables of T . We write indT for
the full subcategory of T whose set of objects is S. For a tree ∆, we write k(Z∆) for the
mesh category (see [Rie80a]). Using the same proof as Riedtmann [Rie80a], one shows
the following theorem:

Theorem 2.10. There exists a k-linear functor F : k(Z∆) → indT which is surjective
and induces bijections:

⊕

Fz=Fy

Homk(Z∆)(x, z) → HomT (Fx, Fy),

for all vertices x and y of Z∆.

2.5.2 Infinite case

If the category T is locally finite not finite i.e. if there is infinitely many indecomposables,
the constructed functor F is immediately fully faithful. Thus we get the corollary.

Corollary 2.11. If indT is not finite, then we have a k-linear equivalence between T and
the mesh category k(Z∆).

2.5.3 Uniqueness criterion

The covering functor F can be see as a k-linear functor from the derived category
Db(modk∆) to the category T . By construction, it satisfies the following property called
the AR-property :

For each AR-triangle X
f // Y

g // Z
h // SX of Db(modk∆), there exists a tri-

angle of T of the form FX
Ff // FY

Fg // FZ
ǫ // SFX .

In fact, thanks to this property, F is determined by its restriction to the subcategory
projk∆ = k(∆), i.e. we have the following lemma:

Lemma 2.5.1. Let F and G be k-linear functors from Db(modk∆) to T . Suppose that F
and G satisfy the AR-property and that the restrictions F|k(∆)

and G|k(∆)
are isomorphic.

Then the functors F and G are isomorphic as k-linear functors.

Proof. It is easy to construct this isomorphism by induction using the (TR3) axiom of
the triangulated categories (see [Nee01]).
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2.6 Particular cases of k-linear equivalence

From now we suppose that the category T is finite, i.e. T has finitely many isoclasses of
indecomposable objects.

2.6.1 Equivalence criterion

Let Γ be the AR-quiver of T and suppose that it is isomorphic to Z∆/G. Let ϕ be a
generator of G. It induces an automorphism in the mesh category k(Z∆) that we still
denote by ϕ. Then we have the following equivalence criterion:

Proposition 2.6.1. The categories k(Γ) and indT are equivalent as k-categories if and
only if there exists a covering functor F : k(Z∆) → indT and an isomorphism of functors
Φ : F ◦ ϕ→ F .

The proof consists in constructing a k-linear equivalence between indT and the orbit
category k(Z∆)/ϕZ using the universal property of the orbit category (see [Kel05]), and
then constructing an equivalence between k(Z∆)/ϕZ and k(Γ).

2.6.2 Cylindric case for An

Theorem 2.12. If ∆ = An and ϕ = τ r for some r ≥ 1, then there exists a functor
isomorphism Φ : F ◦ϕ→ F , i.e. for each object x of k(Z∆) there exists an automorphism
Φx of Fx such that for each arrow α : x→ y of Z∆, the following diagram commutes:

Fx
Φx //

Fα
��

Fx

Fϕα
��

Fy
Φy // Fy.

To prove this, we need the following lemma:

Lemma 2.6.1. Let α : x → y be an arrow of ZAn and let c be a path from x to τ ry,
r ∈ Z, which is not zero in the mesh category k(ZAn). Then c can be written c′α where
c′ is a path from y to τ ry (up to sign).

Proof. There is a path from x to τ ry, thus, we have Homk(Z∆)(x, τ
ry) ≃ k, and x and τ ry

are opposite vertices of a ‘rectangle’ in ZAn. This implies that there exists a path from x
to τ ry beginning by α.

Proof. (of theorem 2.12) Combining proposition 2.6.1 and lemma 2.5.1, we have just to
construct an isomorphism between the restriction of F and F ◦ ϕ to a subquiver An.

Let us fix a full subquiver of ZAn of the following form:

x1
α1 // x2

α2 // · · ·
αn−1 // xn
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such that x1 . . . , xn are representatives of the τ -orbits in ZAn. We define the (Φxi
)i=1...n by

induction. We fix Φx1 = IdFx1. Now suppose we have constructed some automorphisms
Φx1 , . . . ,Φxi

such that for each j ≤ i the following diagram is commutative:

Fxj−1

Φxj−1 //

Fαj−1

��

Fxj−1

Fϕαj−1

��
Fxj

Φxj // Fxj.

The composition (Fϕαi) ◦ Φxi
is in the morphism space HomT (Fxi, Fxi+1), which is

isomorphic, by theorem 2.10, to the space

⊕

Fz=Fxi+1

Homk(Z∆)(xi, z).

Thus we can write

(Fϕαi)Φxi
= λFαi +

∑

z 6=xi+1

Fβz

where βz belongs to Homk(Z∆)(xi, z) and Fz = Fxi+1. But Fz is equal to Fxi+1 if and
only if z is of the form τ rlxi+1 for an l in Z. By the lemma, we can write βz = β ′zαi. Thus
we have the equality:

(Fϕαi)Φxi
= F (λIdxi+1

+
∑

z

β ′z)Fαi.

The scalar λ is not zero. Indeed, Φxi
is an automorphism, thus the image of (Fϕαi)Φxi

is not zero in the quotient

R(Fxi, Fxi+1)/R
2(Fxi, Fxi+1).

Thus Φxi+1
= F (λIdxi+1

+
∑

z β
′
z) is an automorphism of Fxi+1 which verifies the

commutation relation

(Fϕαi) ◦ Φxi
= Φxi+1

◦ Fαi.

2.6.3 Other standard cases

In the mesh category k(Z∆), where ∆ is a Dynkin tree, the length of the non zero paths
is bounded. Thus there exist automorphisms ϕ such that, for an arrow α : x → y of ∆,
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the paths from x to ϕry vanish in the mesh category for all r 6= 0. In other words, for
each arrow α : x→ y of Z∆, we have:

Homk(Z∆)/ϕZ(x, y) =
⊕

r∈Z

Homk(Z∆)(x, ϕ
ry) = Homk(Z∆)(x, y) ≃ k,

where k(Z∆)/ϕZ is the orbit category (see section 2.6.1).

Lemma 2.6.2. Let T be a finite triangulated category with AR-quiver Γ = Z∆/G. Let ϕ
be a generator of G and suppose that ϕ verifies for each arrow x→ y of Z∆

⊕

r∈Z

Homk(Z∆)(x, ϕ
ry) = Homk(Z∆)(x, y) ≃ k.

Let F : k(Z∆) → T and G : k(Z∆) → T be covering functors satisfying the AR-property.
Suppose that F and G agree up to isomorphism on the objects of k(Z∆). Then F and G
are isomorphic as k-linear functors.

Proof. Using lemma 2.5.1, we have just to construct an isomorphism between the functors
restricted to ∆. Let α : x→ y be an arrow of ∆. Using theorem 2.10 and the hypothesis,
we have the following isomorphisms:

HomT (Fx, Fy) ≃
⊕

Fz=Fy

Homk(Z∆)(x, z) ≃
⊕

r∈Z

Homk(Z∆)(x, ϕ
ry) ≃ k

and then

HomT (Gx,Gy) ≃ HomT (Fx, Fy) ≃ k.

Thus there exists a scalar λ such that Gα = λFα. This scalar does not vanish since F
and G are covering functors. As ∆ is a tree, we can find some λx for x ∈ ∆ by induction
such that

Gα = λxλ
−1
y Fα.

Now it is easy to check that Φx = λxIdFx is the functor isomorphism.

This lemma gives us an isomorphism between the functors F and F ◦ ϕ, Moreover,
using the same argument, one can show that the covering functor F is an S-functor and
a τ -functor.

For each Dynkin tree ∆ we can determine the automorphisms ϕ which satisfy this
combinatorial property. Using the preceding lemma and the equivalence criterion we
deduce the following theorem:

Theorem 2.13. Let T be a finite triangulated category with AR-quiver Γ = Z∆/G. Let
ϕ be a generator of G. If one of these cases holds,
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• ∆ = An with n odd and G is generated by τ r or ϕ = τ rφ with r ≥ n−1
2

and

φ = τ
n+1

2 S;

• ∆ = An with n even and G is generated by ρr with r ≥ n− 1 and ρ = τ
n
2 S;

• ∆ = Dn with n ≥ 5 and G is generated by τ r or τ rφ with r ≥ n − 2 and φ as in
theorem 2.7;

• ∆ = D4 and G is generated by φτ r, where r ≥ 2 and φ runs over σ3;

• ∆ = E6 and G is generated by τ r or τ rφ where r ≥ 5 and φ is as in theorem 2.7;

• ∆ = E7 and G is generated by τ r, r ≥ 8;

• ∆ = E8 and G is generated by τ r, r ≥ 14.

then T is standard, i.e. the categories T and k(Γ) are equivalent as k-linear categories.

Corollary 2.14. A finite maximal d-Calabi-Yau (see [Kel05, 8]) triangulated category T ,
with d ≥ 2, is standard, i.e. there exists a k-linear equivalence between T and the orbit
category Db(modk∆)/τ−1Sd−1 where ∆ is Dynkin of type A, D or E

2.7 Algebraic case

For some automorphism groups G, we know the k-linear structure of T . But what about
the triangulated structure? We can only give an answer adding hypothesis on the trian-
gulated structure. In this section, we distinguish two cases:

If T is locally finite, not finite, we have the following theorem which is proved in
section 2.7.2:

Theorem 2.15. Let T be a connected locally finite triangulated category with infinitely
many indecomposables. If T is the base of a tower of triangulated categories [Kel91], then
T is triangle equivalent to Db(modk∆) for some Dynkin diagram ∆.

Now if T is a finite standard category which is algebraic, i.e. T is triangle equivalent
to E for some k-linear Frobenius category E ([Kel06, 3.6]), then we have the following
result which is proved in section 2.7.3:

Theorem 2.16. Let T be a finite triangulated category, which is connected, algebraic
and standard. Then, there exists a Dynkin diagram ∆ of type A, D or E and an auto-
equivalence Φ of Db(modk∆) such that T is triangle equivalent to the orbit category
Db(modk∆)/Φ.

This theorem combined with corollary 2.14 yields the following result (compare to
[Kel05, Cor 8.4]):
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Corollary 2.17. If T is a finite algebraic maximal d-Calabi-Yau category with d ≥ 2,
then T is triangle equivalent to the orbit category Db(modk∆)/Sdν−1 for some Dynkin
diagram ∆.

2.7.1 ∂-functor

We recall the following definition from [Kel91] and [Ver77].

Definition 2.18. Let H be an exact category and T a triangulated category. A ∂-functor
(I, ∂) : H → T is given by:

• an additive k-linear functor I : H → T ;

• for each conflation ǫ : X // i // Y
p // // Z of H, a morphism ∂ǫ : IZ → SIX func-

torial in ǫ such that IX
Ii // IY

Ip // IZ
∂ǫ // SIX is a triangle of T .

For each exact category H, the inclusion I : H → Db(H) can be completed to a
∂-functor (I, ∂) in a unique way. Let T and T ′ be triangulated categories. If (F, ϕ) :
T → T ′ is an S-functor and (I, ∂) : H → T is a ∂-functor, we say that F respects ∂ if
(F ◦ I, ϕ(F∂)) : H → T ′ is a ∂-functor. Obviously each triangle functor respects ∂.

Proposition 2.7.1. Let H be a k-linear hereditary abelian category and let (I, ∂) : H →
T be a ∂-functor. Then there exists a unique (up to isomorphism) k-linear S-functor
F : Db(H) → T which respects ∂.

Proof. On H (which can be seen as a full subcategory of Db(H)), the functor F is uniquely
determined. We want F to be an S-functor, so F is uniquely determined on SnH for
n ∈ Z too. Since H is hereditary, each object of Db(H) is isomorphic to a direct sum
of stalk complexes, i.e. complexes concentrated in a single degree. Thus, the functor F
is uniquely determined on the objects. Now, let X and Y be stalk complexes of Db(H)
and f : X → Y a non-zero morphism. We can suppose that X is in H and Y is in
SnH. If n 6= 0, 1, f is necessarily zero. If n = 0, then f is a morphism in H and Ff is
uniquely determined. If n = 1, f is an element of Ext1H(X,S−1Y ), so gives us a conflation

ǫ : S−1Y // i // E
p // // X in H. The functor F respects ∂, thus Ff has to be equal to

ϕ◦∂ǫ where ϕ is the natural isomorphism between SFS−1Y and FY . Since ∂ is functorial,
F is a functor. The result follows.

A priori this functor is not a triangle functor. We recall a theorem proved by B. Keller
[Kel91, cor 2.7].

Theorem 2.19. Let H be a k-linear exact category, and T be the base of a tower of
triangulated categories [Kel91]. Let (I, ∂) : H → T be a ∂-functor such that for each
n < 0, and all objects X and Y of H, the space HomT (IX, SnIY ) vanishes. Then there
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exists a triangle functor F : Db(H) → T such that the following diagram commutes up to
isomorphism of ∂-functors:

H
� � //

(I,∂)   @
@@

@@
@@

@ Db(H)

F
||xx

xx
xx

xx
x

T

From theorem 2.19, and the proposition above we deduce the following corollary:

Corollary 2.20. (compare to [Rin06]) Let T , H and (I, ∂) : H → T be as in theorem
2.19. If H is hereditary, then the unique functor F : Db(H) → T which respects ∂ is a
triangle functor.

2.7.2 Proof of theorem 2.15

Let F be the k-linear equivalence constructed in theorem 2.10 between an algebraic tri-
angulated category T and Db(H) where H = modk∆ and ∆ is a simply-laced Dynkin
graph. As we saw in section 2.6, the covering functor is an S-functor.

The category H is the heart of the standard t-structure on Db(H). The image of
this t-structure through F is a t-structure on T . Indeed, F is an S-equivalence, so the
conditions (i) and (ii) from [BBD82, Def 1.3.1] hold obviously. And since H is hereditary,
for an object X of Db(H), the morphism τ>0X → Sτ≤0X of the triangle

τ≤0X // X // τ>0X // Sτ≤0X

vanishes. Thus the image of this triangle through F is a triangle of T and condition (iii)
of [BBD82, Def 1.3.1] holds. Then we get a t-structure on T whose heart is H.

It results from [BBD82, Prop 1.2.4] that the inclusion of the heart of a t-structure can
be uniquely completed to a ∂-functor. Thus we obtain a ∂-functor (F0, ∂) : H → T with
F0 = F|H .

The functor F is an S-equivalence. Thus for each n < 0, and all objects X and Y of
H, the space HomT (FX, SnFY ) vanishes. Now we can apply theorem 2.19 and we get
the following commutative diagram:

H
� � //

(F0,∂)   @
@@

@@
@@

@ Db(H),

F
{{xx

xx
xx

xx
xG

{{xx
xx

xx
xx

x

T

where F is the S-equivalence and G is a triangle functor. Note that a priori F is an S-
functor which does not respect ∂. The functors F|H and G|H are isomorphic. The functor
F is an S-functor thus we have an isomorphism F|SnH

≃ G|SnH
for each n ∈ Z. Thus the

functor G is essentially surjective. Since H is the category modk∆, to show that G is
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fully faithful, we have just to show that for each p ∈ Z, there is an isomorphism induced
by G

HomDb(H)(A, S
pA) ∼ // HomT (GA, SpGA)

where A is the free module k∆. For p = 0, this is clear because A is in H. And for p 6= 0
both sides vanish.

Thus G is a triangle equivalence between Db(H) and T .

2.7.3 Finite algebraic standard case

For a small dg category A, we denote by CA the category of dg A-modules, by DA the
derived category of A and by perA the perfect derived category of A, i.e. the smallest tri-
angulated subcategory of DA which is stable under passage to direct factors and contains
the free A-modules A(?, A), where A runs through the objects of A. Recall that a small
triangulated category is algebraic if it is triangle equivalent to perA for a dg category A.
For two small dg categories A and B, a triangle functor perA → perB is algebraic if it is
isomorphic to the functor

FX =?
L
⊗A X

associated with a dg bimodule X, i.e. an object of the derived category D(Aop ⊗ B).
Let Φ be an algebraic autoequivalence of Db(modk∆) such that the orbit category

Db(modk∆)/Φ is triangulated. Let Y be a dg k∆-k∆-bimodule such that Φ = FY . In
section 9.3 of [Kel05], it was shown that there is a canonical triangle equivalence between
this orbit category and the perfect derived category of a certain small dg category. Thus,
the orbit category is algebraic, and endowed with a canonical triangle equivalence to the
perfect derived category of a small dg category. Moreover, by the construction in [loc.
cit.], the projection functor

π : Db(modk∆) → Db(modk∆)/Φ

is algebraic.
The proof of theorem 7.0.5 is based on the following universal property of the trian-

gulated orbit category Db(modk∆)/Φ. For the proof, we refer to section 9.3 of [Kel05].

Proposition 2.7.2. Let B be a small dg category and

FX =?
L
⊗k∆ X : Db(modk∆) → perB

an algebraic triangle functor given by a dg k∆-A-bimodule X. Suppose that there is an

isomorphism between Y
L
⊗k∆X and X in the derived bimodule category D(k∆op⊗B). Then

the functor FX factors, up to isomorphism of triangle functors, through the projection

π : Db(modk∆) → Db(modk∆)/Φ.

Moreover, the induced triangle functor is algebraic.
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Let us recall a lemma of Van den Bergh [KR06]:

Lemma 2.7.1. Let Q be a quiver without oriented cycles and A be a dg category. We
denote by k(Q) the category of paths of Q and by Can : CA → DA the canonical functor.
Then we have the following properties:

a) Each functor F : k(Q) → DA lifts, up to isomorphism, to a functor F̃ : k(Q) →
CA which verifies the following property: For each vertex j of Q, the induced morphism

⊕

i

F̃ i→ F̃ j,

where i runs through the immediate predecessors of j, is a monomorphism which splits as
a morphism of graded A-modules.

b) Let F and G be functors from k(Q) to CA, and suppose that F satisfies the
property of a). Then any morphism of functors ϕ : Can ◦ F → Can ◦ G lifts to a
morphism ϕ̃ : F → G.

Proof. a) For each vertex i of Q, the object Fi is isomorphic in DA to its cofibrant
resolution Xi. Thus for each arrow α : i→ j, F induces a morphism fα : Xi → Xj which
can be lifted to CA since the Xi are cofibrant. Since Q has no oriented cycle, it is easy to
choose the fα such that the property is satisfied.

b) For each vertex i of Q, we may assume that Fi is cofibrant. Then we can lift
ϕi : Can ◦ Fi→ Can ◦Gi to ψi : Fi→ Gi. For each arrow α of Q, the square

Fi
Fα //

ψi

��

Fj

ψj

��
Gi

Gα // Gj

is commutative in DA. Thus the square

⊕
i Fi

Fα //

(ψi)
��

Fj

ψj

��⊕
iGi

Gα // Gj

is commutative up to nullhomotopic morphism h :
⊕

i Fi → Gj. Since the morphism
f :

⊕
i Fi → Fj is split mono in the category of graded A-modules, h extends along f

and we can modify Ψj so that the square becomes commutative in CA. The quiver Q
does not have oriented cycles, so we can construct ϕ̃ by induction.

Proof. (of theorem 2.16) The category T is small and algebraic, thus we may assume
that T = perA for some small dg category A. Let F : Db(modk∆) → T be the covering
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functor of theorem 2.10. Let Φ be an auto-equivalence of Db(modk∆) such that the AR-
quiver of the orbit category Db(modk∆)/Φ is isomorphic (as translation quiver) to the

AR-quiver of T . We may assume that Φ = −
L
⊗k∆ Y for an object Y of D(k∆op ⊗ k∆).

The orbit category Db(modk∆)/Φ is algebraic, thus it is perB for some dg category B.
The functor F|k(∆)

lifts by lemma 2.7.1 to a functor F̃ from k(∆) to CA. This means

that the object X = F̃ (k∆) has a structure of dg k∆op⊗A-module. We denote by X the
image of this object in D(k∆op ⊗A).

The functors F and −
L
⊗k∆ X become isomorphic when restricted to k(∆). Moreover

−
L
⊗k∆ X satisfies the AR-property since it is a triangulated functor. Thus by lemma

2.5.1, they are isomorphic as k-linear functors. So we have the following diagram:

Db(modk∆)
−

L
⊗k∆X //

−
L
⊗k∆Y

UU
perA = T

The category T is standard, thus there exists an isomorphism of k-linear functors:

c : −
L
⊗k∆ X

//
−

L
⊗k∆ Y

L
⊗k∆ X.

The functor −
L
⊗k∆X restricted to the category k(∆) satisfies the property of a) of lemma

2.7.1. Thus we can apply b) and lift c|k(∆)
to an isomorphism c̃ between X and Y

L
⊗k∆ X

as dg-k∆op ⊗A-modules.
By the universal property of the orbit category, the bimodule X endowed with the

isomorphism c̃ yields a triangle functor from Db(modk∆)/Φ to T which comes from a
bimodule Z in D(Bop ⊗A).

Db(modk∆)
−

L
⊗k∆X //

π

��

−
L
⊗k∆Y

		
perA = T

Db(modk∆)/Φ = perB
−

L
⊗k∆Z

44hhhhhhhhh

The functor −
L
⊗k∆ Z is essentially surjective. Let us show that it is fully faithful. For M

and N objects of Db(modk∆) we have the following commutative diagram:

⊕
n∈Z

HomD(M,ΦnN)
−

L
⊗k∆X=F

**UUUUUUUUUUUUUUUU
π

ttiiiiiiiiiiiiiiii

HomD/Φ(πM, πN)
−

L
⊗k∆Z // HomT (FM,FN),
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where D means Db(modk∆). The two diagonal morphisms are isomorphisms, thus so is

the horizontal morphism. This proves that −
L
⊗k∆Z is a triangle equivalence between the

orbit category Db(modk∆)/Φ and T .

2.8 Triangulated structure on the category of projec-

tives

Let k be an algebraically closed field and P a k-linear category with split idempotents.
The category modP of contravariant finitely presented functors from P to modk is exact.
As the idempotents split, the projectives of modP coincide with the representables. Thus
the Yoneda functor gives a natural equivalence between P and projP. Assume besides that
modP has a structure of Frobenius category. The stable category modP is a triangulated
category, we write Σ for the suspension functor.

Let S be an auto-equivalence of P. It can be extended to an exact functor from
modP to modP and thus to a triangle functor of modP. The aim of this part is to find
a necessary condition on the functor S such that the category (P, S) has a triangulated
structure. Heller already showed [Hel68, thm 16.4] that if there exists an isomorphism of
triangle functors between S and Σ3, then P has a pretriangulated structure. But he did
not succeed in proving the octahedral axiom. We are going to impose a stronger condition
on the functor S and prove the following theorem:

Theorem 2.21. Assume there exists an exact sequence of exact functors from modP to
modP:

0 // Id // X0 // X1 // X2 // S // 0 ,

where the X i, i = 0, 1, 2, take values in projP. Then the category P has a structure of
triangulated category with suspension functor S.

For an M in modP, denote TM : X0M // X1M // X2M // SX0M a standard

triangle. A triangle of P will be a sequence X : P
u // Q v // R

w // SP which is
isomorphic to a standard triangle TM for an M in modP.

2.8.1 S-complexes, Φ-S-complexes and standard triangles

Let Acp(modP) be the category of acyclic complexes with projective components. It is
a Frobenius category whose projective-injectives are the contractible complexes, i.e. the
complexes homotopic to zero. The functor Z0 : Acp(modP) → modP which sends a
complex

· · · // X−1 x−1
// X0 x0

// X1 x1
// · · ·

to the kernel of x0 is an exact functor. It sends the projective-injectives to projective-
injectives and induces a triangle equivalence between Acp(modP) and modP.
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Definition 2.22. An object of Acp(modP) is called an S-complex if it is S-periodic, i.e.
if it has the following form:

· · · // P
u // Q v // R

w // SP
Su // SQ // · · · .

The category S-comp of S-complexes with S-periodic morphisms is a non full sub-
category of Acp(modP). It is a Frobenius category. The projective-injectives are the
S-contractibles, i.e. the complexes homotopic to zero with an S-periodic homotopy. Us-
ing the functor Z0, we get an exact functor from S-comp to modP which induces a triangle
functor:

Z0 : S-comp −→ modP.

Fix a sequence as in theorem 2.21. Clearly, it induces for each object M of modP, a
functorial isomorphism in modP, ΦM : Σ3M // SM .

Let Y be an S-complex,

Y : · · · // P
u // Q v // R

w // SP
Su // SQ // · · · .

Let M be the kernel of u. Then Y induces an isomorphism θ (in modP) between Σ3M
and SM . If θ is equal to ΦM , we will say that X is a Φ-S-complex.

Let M be an object of modP. The standard triangle TM can be seen as a Φ-S-complex:

· · · // X0M // X1M // X2M // SX0M // SX1M // · · · .

The functor T which sends an object M of modP to the S-complex TM is exact since
the X i are exact. It satisfies the relation Z0 ◦ T ≃ IdmodP . Moreover, as it preserves the
projective-injectives, it induces a triangle functor:

T : modP → S-comp .

2.8.2 Properties of the functors Z0 and T

Lemma 2.8.1. An S-complex which is homotopy-equivalent to a Φ-S-complex is a Φ-S-
complex.

Proof. Let X : P
u //Q

v //R
w //SP be an S-complex homotopy-equivalent to the Φ-

S-complex X ′ : P ′
u′ //Q′

v′ //R′
w′

//SP ′ . Let M be the kernel of u and M ′ the kernel
of u′. By assumption, there exists a S-periodic homotopy equivalence f from X to X ′,
which induces a morphism g = Z0f : M → M ′. Thus, we get the following commutative
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diagram:

P //

f0

��

Q //

f1

��

R //

f2

��

"" ""F
FF

FF
FF

FF SP

Sf0

��

M

g

��

<<

<<yyyyyyyyy
Σ3M

θ //

Σ3g

��

SM
::

::uuuuuuuuuu

Sg

��

P ′ // Q′ // R′

"" ""E
EE

EE
EE

EE
// SP ′.

M ′
<<

<<yyyyyyyyy
Σ3M ′ ΦM′

// SM ′
::

::uuuuuuuuuu

The morphism g is an isomorphism of modP since f is an isomorphism of S-comp . Thus
the morphisms Σ3g and Sg are isomorphisms of modP. The following equality in modP

θ = (Sg)−1ΦM ′Σ3g = ΦM

shows that the complex X is a Φ-S-complex.

Lemma 2.8.2. Let

X : P
u // Q v // R

w // SP and X ′ : P ′
u′ // Q′

v′ // R′
w′

// SP ′

be two Φ-S-complexes. Suppose that we have a commutative square:

P
u //

f0

��

Q

f1

��
P ′

u′ // Q′.

Then, there exists a morphism f 2 : R → R′ such that (f 0, f 1, f 2) extends to an S-periodic
morphism from X to X ′.

Proof. Let M be the kernel of u, M ′ be the kernel of u′ and f : M →M ′ be the morphism
induced by the commutative square. As R and R′ are projective-injective objects, we can
find a morphism g2 : R → R′ such that the following square commutes:

Q v //

f1

��

R

g2

��
Q′

v′ // R′.
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The morphism g2 induces a morphism g : SM → SM ′ such that the following square is
commutative in modP:

Σ3M
ΦM //

Σ3f
��

SM

g

��
Σ3M ′

ΦM′ // SM ′.

Thus the morphisms Sf and g are equal in modP, i.e. there exists a projective-injective
I of modP and morphisms α : SM → I and β : I → SM ′ such that g − Sf = βα. Let p
(resp. p′) be the epimorphism from R onto SM (resp. from R′ onto SM ′). Then, as I is
projective, β factors through p′.

Q v //

f1

��

R
w //

p ## ##G
GG

GG
GG

GG
G

g2

��

SP

Sf0

��

SM
::

::uuuuuuuuu

α

��

Sf

��

g

��

I

β

��

γ

{{
Q′

v′ // R′

p′ ## ##G
GGGGG

GGG
// SP ′

SM ′
::

::uuuuuuuuu

We put f 2 = g2 − γαp. Then obviously, we have the equalities f 2v = v′f 1 and
w′f 2 = Sf 0w. Thus the morphism (f 0, f 1, f 2) extends to a morphism of S-comp.

Proposition 2.8.1. The functor Z0 : Φ-S-comp −→ modP is full and essentially sur-
jective. Its kernel is an ideal whose square vanishes.

Proof. The functor Z0 is essentially surjective since we have the relation Z0◦T = IdmodP .
Let us show that Z0 is full. Let

X : P
u // Q v // R

w // SP and X ′ : P ′
u′ // Q′

v′ // R′
w′

// SP ′

be two Φ-S-complexes. Let M (resp. M ′) be the kernel of u (resp. u′). As P , Q, P ′ and
Q′ are projective-injective, there exist morphisms f 0 : P → P ′ and f 1 : Q→ Q′ such that
the following diagram commutes:

M // //

f

��

P
u //

f0

��

Q

f1

��
M ′ // // P ′

u′ // Q′.



72 Chapter 2. On the structure of triangulated categories with finitely many indecomposables

Now the result follows from lemma 2.8.2.
Now let f : X → X ′ be a morphism in the kernel of Z0. Up to homotopy, we can

suppose that f has the following form:

P
u //

0

��

Q v //

0
��

R
w //

f2

��

SP

0

��
P ′

u′ // Q′
v′ // R′

w′
// SP ′.

As the composition w′f 2 vanishes and as Q′ is projective-injective, f 2 factors through
v′. For the same argument, f 2 factors through w. If f and f ′ are composable morphisms
of the kernel of Z0, we get the following diagram:

P
u //

0

��

Q v //

0
��

R
w //

f2

��

h2

~~

SP

0

��
P ′

u′ //

0

��

Q′

0
��

v′ // R′

f ′2

��

w′
// SP ′

0

��

h′3

||
P ′′

u′′ // Q′′
v′′ // R′′

w′′
// SP ′′.

The composition f ′f vanishes obviously.

Corollary 2.23. A Φ-S-complex morphism f which induces an isomorphism Z0(f) in
modP is an homotopy-equivalence.

This corollary comes from the previous theorem and from the following lemma.

Lemma 2.8.3. Let F : C → C′ be a full functor between two additive categories. If the
kernel of F is an ideal whose square vanishes, then F detects isomorphisms.

Proof. Let u ∈ HomC(A,B) be a morphism in C such that Fu is an isomorphism. Since
the functor F is full, there exists v in HomC(B,A) such that Fv = (Fu)−1. The morphism
w = uv − IdB is in the kernel of F , thus w2 vanishes. Then the morphism v(IdB − w)
is a right inverse of u. In the same way we show that u has a left inverse, so u is an
isomorphism.

Proposition 2.8.2. The category of Φ-S-complexes is equivalent to the category of S-
complexes which are homotopy-equivalent to standard triangles.

Proof. Since standard triangles are φ-S-complexes, each S-complex that is homotopy
equivalent to a standard triangle is a Φ-S-complex (lemma 2.8.1).
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Let X : P
u // Q v // R

w // SP be a Φ-S-complex. Let M be the kernel of u.

Then there exist morphisms f 1 : P → X0M and f 1 : Q → X1M such that the following
diagram is commutative:

M // // P
u //

f0

��

Q

f1

��
M // // X0M // X1M.

We can complete (lemma 2.8.2) f into an S-periodic morphism from X in TM . The
morphism f satisfies Z0f = IdM , so Z0(TM ) and Z0(X) are equal in modP. By the
corollary, TM and X are homotopy-equivalent. Thus the inclusion functor T is essentially
surjective.

These two diagrams summarize the results of this section:

Φ-S-comp � � full // S-comp
(Frobenius)

//

Z0

(exact)

��

Acp(modP)
(Frobenius)

Z0

(exact)

zzvvvvvvvvvvvvvvvvvvv

modP
(Frobenius)

T
(exact)

OO

T

ccHHHHHHHHHHHHHHHHHHHH

Φ-S-comp � � // S-comp
(triang.)

//

Z0

(exact, full,
ess. surj.,
pr.2.8.1)

��

Acp(modP)
(triang.)

Z0

(triangle
equivalence)

{{wwwwwwwwwwwwwwwwww

modP
(triang.)

T
(triang.)

OO

T
(ess.surj.,
pr. 2.8.2)

ccFFFFFFFFFFFFFFFFFFFF

2.8.3 Proof of theorem 2.21

We are going to show that the Φ-S-complexes form a system of triangles of the category
P. We use triangle axioms as in [Nee01].

TR0: For each objectM of P, the S-complex M M // 0 // SM is homotopy-
equivalent to the zero complex, so is a Φ-S-complex.
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TR1: Let u : P → Q be a morphism of P, and let M be its kernel. We can find
morphisms f 0 and f 1 so as to obtain a commutative square:

X0M
a //

f0

��

X1M
b //

%% %%KKKKKKKKKK

f1

��

X2M

M
::

::uuuuuuuuu
Cokera

99

99ssssssssss

γ

��

P
u // Q

%% %%KKKKKKKKKKK

M
::

::uuuuuuuuuu
Cokeru.

We form the following push-out:

0

PO

// Cokera //

γ

��

X2M

��

// SM // 0

0 // Cokeru // R // SM // 0.

It induces a triangle morphism of the triangulated category modP:

Coker a //

γ

��

X2M //

��

SM // ΣCoker a

Σγ

��
Coker u // R // SM // ΣCoker u.

The morphism γ is an isomorphism in modP since Coker a and Coker u are canonically
isomorphic to Σ2M in modP. By the five lemma, X2M → R is an isomorphism in modP.

Since X2M is projective-injective, so is R. Thus the complex P
u // Q // R // SP

is an S-complex. Then we have to see that it is a Φ-S-complex. Let θ be the isomorphism
between SM and Σ3M induced by this complex. We write α (resp. β) for the canonical
isomorphism in modP between Σ2M and Coker a (resp. Coker u). From the commutative
diagram:

Coker a //

γ

��

X2M //

��

SM //

ΦM

##G
GG

GG
GG

GG
ΣCoker a

Σγ

��

Σ2M

α
99ssssssssss

β

%%KKKKKKKKKK Σ3M

Σα
99rrrrrrrrrr

Coker u // R // SM //

θ

##H
HH

HH
HH

HH
ΣCoker u

Σ3M

Σβ
88rrrrrrrrrr



2.8. Triangulated structure on the category of projectives 75

we deduce the equality θ = (Σβ)−1ΣγΣαΦM = ΦM in modP. The constructed S-complex
is a Φ-S-complex.

TR2: Let X : P
u // Q v // R

w // SP be a Φ-S-complex. It is homotopy-equivalent
to a standard triangle TM . Thus the S-complex

X ′ : Q
−v // R

−w // SP
−Su // SQ

is homotopy-equivalent to TM [1]. Since T is a triangle functor, the objects TΣM and TM [1]
are isomorphic in the stable category S-comp , i.e. they are homotopy-equivalent. Thus,
by lemma 2.8.1, TM [1] is a Φ-S-complex and then so is X ′.

TR3: This axiom is a direct consequence of lemma 2.8.2.

TR4: Let X and X ′ be two Φ-S-complexes and suppose we have a commutative
diagram:

X : P
u //

f0

��

Q
v //

f1

��

R
w //SP

Sf0

��
X ′ : P ′ u′ //Q′ v′ //R′ w′

//SP ′.

Let M (resp. M ′) be the kernel of u (resp. u′), and g : M → M ′ the induced morphism.
The morphism Tg : TM → TM ′ induces a S-complex morphism g̃ = (g0, g1, g2) between
X and X ′.

We are going to show that we can find a morphism f 2 : R→ R′ such that (f 0, f 1, f 2)
can be extended in an S-complex morphism that is homotopic to g̃. As (g0, g1) and (f 0, f 1)
induce the same morphism g in the kernels, we have some morphisms h1 : Q → P ′ and
h2 : R → Q′ such that f 0 − g0 = h1u and f 1 − g1 = u′h1 + h2v. We put f 2 = g2 + v′h2.
We have the following equalities:

f 2v = g2v + v′h2v and w′f 2 = w′g2

= v′(g1 + h2v) = (Sg0)w
= v′(f 1 − u′h1) = (Sf 0 − Sh1Su)w
= v′f 1 = (Sf 0)w

Thus (f 0, f 1, f 2) can be extended to an S-periodic morphism f̃ which is S-homotopic to
g̃. Their respective cones C(f̃) and C(g̃) are isomorphic as S-complexes. Moreover, since
g̃ is a composition of Tg : TM → TM ′ with homotopy-equivalences, the cones C(g̃) and
C(Tg) are homotopy-equivalent.

In modP, we have a triangle

M
g //M ′ // C(g) // ΣM.
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Since T is a triangle functor, the sequence

TM
Tg // TM ′

// TC(g) // TΣM

is a triangle in S-comp . But we know that

TM
Tg // TM ′

// C(Tg) // TM [1]

is a triangle in S-comp . Thus the objects C(Tg) and TC(g) are isomorphic in S-comp ,

i.e. homotopy-equivalent. Thus, the cone C(f̃) of f̃ is a Φ-S-complex by lemma 2.8.1.

2.9 Application to the deformed preprojective alge-

bras

In this section, we apply the theorem 2.21 to show that the category of finite dimensional
projective modules over a deformed preprojective algebra of generalized Dynkin type (see
[BES07]) is triangulated. This will give us some examples of non standard triangulated
categories with finitely many indecomposables.

2.9.1 Preprojective algebra of generalized Dynkin type

Recall the notations of [BES07]. Let ∆ be a generalized Dynkin graph of type An, Dn

(n ≥ 4), En (n = 6, 7, 8), or Ln. Let Q∆ be the following associated quiver:

∆ = An (n ≥ 1) : 0
a0 //

1
a1 //

a0
oo 2

a1
oo n− 2

an−2 //
n− 1

an−2

oo

∆ = Dn (n ≥ 4) : 0
a0

��;
;;

;;
;;

;

2
a2 //

a0

]];;;;;;;;

a1����
��

��
��

3
a2

oo n− 2
an−2 // n− 1
an−2

oo

1

a1

@@��������

∆ = En (n = 6, 7, 8) : 0

a0

��
1

a1 //
2

a1
oo

a2 //
3

a2
oo

a3 //

a0

OO

4
a3

oo n− 2
an−2 // n− 1
an−2

oo



2.9. Application to the deformed preprojective algebras 77

∆ = Ln (n ≥ 1) : 0ǫ=ǫ 99
a0 //

1
a1 //

a0
oo 2

a1
oo n− 2

an−2 // n− 1
an−2

oo .

The preprojective algebra P (∆) associated to the graph ∆ is the quotient of the path
algebra kQ∆ by the relations:

∑

sa=i

aa, for each vertex i of Q∆.

The following proposition is classical [BES07, prop 2.1].

Proposition 2.9.1. The preprojective algebra P (∆) is finite dimensional and selfinjective.
Its Nakayama permutation ν is the identity for ∆ = A1, D2n, E7, E8 and Ln, and is of
order 2 in all other cases.

2.9.2 Deformed preprojective algebras of generalized Dynkin

type

Let us recall the definition of deformed preprojective algebra introduced by [BES07]. Let
∆ be a graph of generalized Dynkin type. We define an associated algebra R(∆) as
follows:

R(An) = k;
R(Dn) = k〈x, y〉/(x2, y2, (x+ y)n−2);
R(En) = k〈x, y〉/(x2, y3, (x+ y)n−3);
R(Ln) = k[x]/(x2n).

Further, we fix an exceptional vertex in each graph as follows (with the notations of the
previous section):

0 for ∆ = An or Ln,
2 for ∆ = Dn,
3 for ∆ = En.

Let f be an element of the square rad2R(∆) of the radical of R(∆). The deformed
preprojective algebra P f(∆) is the quotient of the path algebra kQ∆ by the relations:

∑

sa=i

aa, for each non exceptional vertex i of Q,

and

a0a0 for ∆ = An;
a0a0 + a1a1 + a2a2 + f(a0a0, a1a1), and (a0a0 + a1a1)n−2 for ∆ = Dn;
a0a0 + a2a2 + a3a3 + f(a0a0, a2a2), and (a0a0 + a2a2)n−3 for ∆ = En;
ǫ2 + a0a0 + ǫf(ǫ), and ǫ2n for ∆ = Ln.

Note that if f is zero, we get the preprojective algebra P (∆).
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2.9.3 Corollaries of [BES07]

The following proposition [BES07, prop 3.4] shows that the category projP f(∆) of finite-
dimensional projective modules over a deformed preprojective algebra satisfies the hy-
pothesis of theorem 2.21.

Proposition 2.9.2. Let A = P f(∆) be a deformed preprojective algebra. Then there
exists an exact sequence of A-A-bimodules

0 //
1AΦ−1 // P2

// P1
// P0

// A // 0,

where Φ is an automorphism of A and where the Pi’s are projective as bimodules. More-
over, for each idempotent ei of A, we have Φ(ei) = eν(i).

So we can easily deduce the corollary:

Corollary 2.24. Let P f(∆) be a deformed preprojective algebra of generalized Dynkin
type. Then the category projP f(∆) of finite dimensional projective modules is triangulated.
The suspension is the Nakayama functor.

Indeed, if Pi = eiA is a projective indecomposable, then Pi⊗AAΦ is equal to Φ(ei)A =
eν(i)A thus to ν(Pi).

Now we are able to answer to the question of the previous part and find a triangulated
category with finitely many indecomposables which is not standard. The proof of the
following theorem comes essentially from the theorem [BES07, thm 1.3].

Theorem 2.25. Let k be an algebraically closed field of characteristic 2. Then there
exist k-linear triangulated categories with finitely many indecomposables which are not
standard.

Proof. By theorem [BES07, thm 1.3], we know that there exist basic deformed preprojec-
tive algebras of generalized Dynkin type P f(∆) which are not isomorphic to P (∆). Thus
the categories projP f(∆) and projP (∆) can not be equivalent. But both are triangulated
by corollary 2.24 and have the same AR-quiver Z∆/τ = Q∆.

Conversely, we have the following theorem:

Theorem 2.26. Let T be a finite 1-Calabi-Yau triangulated category. Then T is equiv-
alent to projΛ as k-category, where Λ is a deformed preprojective algebra of generalized
Dynkin type.

Proof. Let M1, . . . ,Mn be representatives of the isoclasses of indecomposable objects of
T . The k-algebra Λ = End(

⊕n
i=1Mi) is basic, finite-dimensional and selfinjective since T

has a Serre duality. It is easy to see that T and projΛ are equivalent as k-categories.
Let modΛ be the category of finitely presented Λ-modules. It is a Frobenius category.

Denote by Σ the suspension functor of the triangulated category modΛ. The category T
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is 1-Calabi-Yau, that is to say that the suspension functor S of the triangulated category
T and the Serre functor ν are isomorphic. But in modΛ, the functors S and Σ3 are
isomorphic. Thus, for each non projective simple Λ-module M we have an isomorphism
Σ3M ≃ νM . By [BES07, thm 1.2], we get immediately the result.
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Chapitre 3

Appendice

Exemple des complexes parfaits

Les hypothèses du théorème 2.21 peuvent parâıtre très fortes. Dans cette partie nous
allons voir l’exemple d’une catégorie triangulée dont la structure provient d’une suite
exacte de foncteurs.

Généralités sur les catégories de modules

Soient C et D deux catégories additives dans lesquelles les idempotents se scindent.
Soit i : C → D un foncteur pleinement fidèle. Le foncteur de Yoneda

Yon : C → modC
C 7→ HomC(?, C)

est un foncteur pleinement fidèle de la catégorie C dans la catégorie modC. La catégorie
C peut être vue comme la sous-catégorie pleine des projectifs de modC.

Le foncteur i induit immédiatement un foncteur restriction :

R : modD → modC
F 7→ F ◦ i.

Remarquons que si D est un objet de D vue comme sous-catégorie de modD alors RD =
HomD(i?, D) n’est pas forcément un foncteur représentable, donc pas forcément un objet
de C.

Un objet F de modC est un foncteur de présentation projective finie, donc on peut
écrire une suite exacte :

HomC(?, C1) // HomC(?, C2) // F // 0.

Notons LF le conoyau du morphisme de foncteur :

HomD(?, iC1) // HomD(?, iC2).

81
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Ceci nous donne un foncteur L : modC → modD tel que L|C = i. Ceci se résume en un
diagramme :

C
� � Yon //

� _

i

��

modC

L

��
D

� � Yon // modD.

R

OO

Lemme 3.0.1. Les propriétés suivantes sont vérifiées :
– Le foncteur L est pleinement fidèle.
– Le foncteur R est exact.
– Le foncteur L est adjoint à gauche de R.
– R ◦ L ≃ Idmod C

Démonstration.
– Soient F et G deux objets de modC. Notons C1 et C2 (resp. C ′1 et C ′2) des objets de
C tels que F (resp. G) soit le conoyau d’un morphisme C1 → C2 (resp. C ′1 → C ′2).
Alors se donner un morphisme de F dans G revient exactement à se donner un carré
commutatif :

C1
//

��

C2

��
C ′1 // C ′2.

Mais le foncteur i est pleinement fidèle donc tout revient à se donner un carré
commutatif :

iC1
//

��

iC2

��
iC ′1 // iC ′2,

ce qui est encore équivalent à se donner un morphisme de LF dans LG.
– La seconde propriété est évidente.
– Soit F un objet de modC et G un objet de modD. On veut montrer l’isomorphisme

suivant :
HommodD(LF,G) ≃ Hommod C(F,RG).

Soient C1 → C2 → F → 0 et D1 → D2 → G → 0 des présentations projectives.
Elles induisent les suites exactes iC1 → iC2 → LF → 0 et RD1 → RD2 → RG→ 0
car R est exact. Il suffit donc de prouver que pour tout objet C de C et pour tout
objet D de D, on a un isomorphisme :

HommodD(iC,D) ≃ Hommod C(C,RD).
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La catégorie D est une sous-catégorie pleine de modD donc le terme de gauche
est égal à HomD(iC,D). Par définition RD est égal à HomD(i?, D). Se donner un
morphisme de modC de C dans RD, c’est se donner un morphisme de HomC(?, C)
dans HomD(i?, D). Mais comme i est pleinement fidèle, on a un isomorphisme entre
HomC(?, C) et HomD(i?, iC). En utilisant maintenant le fait que le foncteur Yon est
pleinement fidèle, tout ceci revient à se donner un morphisme entre iC et D dans
D, ce qu’on voulait.

– La dernière propriété est une conséquence directe des autres.

Lemme 3.0.2. Soit F un objet de modC tel que LF soit dans D. Alors F est un objet
de C.

Démonstration. Soit C1 → C2 → F → 0 une présentation projective de F . On a alors le
suite exacte iC1 → iC2 → LF → 0. Par hypothèse, l’objet LF est projectif, donc il existe
une section de LF dans iC2. En appliquant R on trouve une section de F dans C2. Le
foncteur F est alors un facteur direct d’un projectif C2 car les idempotents se scindent,
donc F est projectif.

Complexes parfaits

Soit A une k-algèbre différentielle graduée. Dans toute la suite, sauf mention du
contraire, les produits tensoriels seront sur k. La catégorie des complexes parfaits perA
est la sous-catégorie triangulée de la catégorie dérivée DA stable par passage aux fac-
teurs directs et engendrée par le module libre AA. Nous supposerons que perA admet une
dualité de Serre et nous noterons Σ le foncteur suspension de la catégorie perA qui n’est
autre que le foncteur décalage.

L’objet de ce paragraphe est de démontrer le théorème suivant :

Théorème 3.1. Il existe une suite exacte de foncteurs de mod (perA) dans mod (perA) :

0 // Idmod (perA)
// X0 // X1 // X2 // Σ // 0,

où les X i sont des foncteurs exacts à valeurs dans les projectifs.
La structure de catégorie triangulée qui en découle est la structure naturelle de perA.

Lemme 3.0.3. Le foncteur suivant

(perA)op ⊗ perA → per (Aop ⊗A)
(P,Q) 7→ Pˇ⊗Q,

où Pˇ = RHomA(P,A), est pleinement fidèle.
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Démonstration. Soient P, P ′ , Q ,Q′ des objets de perA. Le foncteur suivant est une
équivalence de catégorie :

(perA)op → per (Aop)
P 7→ Pˇ

De là, on déduit donc les isomorphismes suivants :

Hom(perA)op⊗perA((P,Q), (P ′, Q′)) ≃ Hom(perA)op(P, P ′) ⊗ HomperA(Q,Q′)
≃ Homper (Aop)(P ,̌ P ′ )̌ ⊗ HomperA(Q,Q′).

Notons F (resp. G) le multifoncteur HomperA(?, ?) ⊗ HomperA(?, ?) (resp.
Homper (Aop⊗A)(?⊗?, ?⊗?)) de per (Aop) × perA × per (Aop) × perA dans Dk. Les multi-
foncteurs F et G sont multitriangulés et additifs. De plus on a un isomorphisme entre
F (Aop, A, Aop, A) et G(Aop, A, Aop, A). La fin de la preuve découle directement du lemme
suivant.

Lemme 3.0.4. Soient F et G deux foncteurs additifs et triangulés de perA dans Dk.
Supposons qu’on ait un morphisme de de foncteur Φ : F → G tel que ΦA : FA→ GA est
un isomorphisme, alors Φ est un isomorphisme de foncteurs.

Démonstration. Les foncteurs F et G sont triangulés, donc Φ est un isomorphisme pour
tous les décalés de A.

Supposons que pour des objets X et Y de perA, le morphisme ΦX⊕Y soit un isomor-
phisme. Alors, comme F et G sont additifs, on a le carré commutatif

F (X ⊕ Y )
ΦX⊕Y //

��

G(X ⊕ Y )

��
FX ⊕ FY 2

4

a b
c d

3

5

// GX ⊕GY,

où toutes les flèches sont des isomorphismes. Les carrés suivants sont commutatifs :

FX

2

4

1
0

3

5

//

ΦX

��

FX ⊕ FY

2

4

a b
c d

3

5

��

h

0 1
i

// FY

ΦY

��
GX 2

4

1
0

3

5

// GX ⊕GY h

0 1
i

// GY.
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De là, il vient que la matrice

[
a b
c d

]
est égale à la matrice

[
ΦX 0
0 ΦY

]
. Comme c’est

un isomorphisme, ΦX et ΦY sont des isomorphismes.

Enfin, si X // Y // Z // ΣX est un triangle de perA et que ΦX et ΦZ sont
des isomorphismes, le lemme des cinq nous dit que ΦY est aussi un isomorphisme. Comme
la catégorie perA est la sous-catégorie triangulée de DA engendrée par A et stable par
passage aux facteurs directs, Φ est bien un isomorphisme de foncteurs.

Les résultats du paragraphe précédent nous donnent l’existence des foncteurs L et R
adjoints. La catégorie mod (per (Aop⊗A)) est de Frobenius comme catégorie de modules sur
une petite catégorie triangulée. La catégorie mod((perA)op⊗perA) est aussi de Frobenius
car nous avons supposé que perA admettait un foncteur de Serre. On a donc le diagramme
suivant :

(perA)op ⊗ perA � � Yon //
� _

(plein. fid.)

��

mod ((perA)op⊗perA)
(Frobenius)

L
(exact,

plein. fid.)
(adj.)

��

per (Aop ⊗A) � � Yon // mod (per (Aop ⊗A))
(Frobenius)

.

R
(exact)

OO

Lemme 3.0.5. La catégorie des foncteurs exacts à droite de mod(perA) dans mod (perA)
est équivalente à la catégorie mod((perA)op ⊗ perA).

Démonstration. Soit F un objet de mod ((perA)op ⊗ perA), alors F est un foncteur :

F : (perA)op ⊗ perA → modk
(P,Q) 7→ F (P,Q)

.

Regardons le foncteur suivant :

F̃ : perA → mod (perA)
P 7→ (Q 7→ F (P,Q))

Ce foncteur se prolonge sur mod (perA) en un foncteur exact à droite de manière unique.

Réciproquement, si G est un foncteur exact à droite de mod (perA) dans lui même,
alors le foncteur G̃ : (P,Q) 7→ GP (Q) est un élément de mod ((perA)op ⊗ perA). On a
donc une équivalence de catégorie.

Montrons maintenant le théorème 3.1.
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Démonstration. Le foncteur Idmod (perA) correspond au bifoncteur HomperA(?,−) par l’équivalence
du lemme précédent. Prenons une coprésentation injective de ce foncteur dans mod((perA)op⊗
perA). On a alors une suite exacte de la forme :

0 // Idmod (perA)
//
⊕

i(Pi, Qi) //
⊕

j(Pj , Qj)

Les objets
⊕

i(Pi, Qi) et
⊕

j(Pj, Qj) peuvent être vus comme des objets de (perA)op⊗perA
puisque ce sont des projectifs-injectifs de mod ((perA)op⊗perA). Si on applique le foncteur
exact L à cette suite exacte, on obtient :

0 // LIdmod (perA)
//
⊕

i(Pǐ ⊗Qi) //
⊕

j(Pjˇ⊗Qj) .

Les objets
⊕

i(Pǐ ⊗ Qi) et
⊕

j(Pjˇ ⊗ Qj) sont dans per (Aop ⊗ A) qui est triangulée.
Formons donc un triangle dans per (Aop ⊗ A) en utilisant l’axiome TR1 :

⊕
i(Pǐ ⊗Qi) //

⊕
j(Pjˇ⊗Qj) // X // Σ

⊕
i(Pǐ ⊗Qi).

L’objet X est un objet de per (Aop⊗A). Appliquons le foncteur exact R à ce triangle, on
obtient : ⊕

i(Pi, Qi) //
⊕

j(Pj , Qj) // RX // Σ
⊕

i(Pi, Qi).

On obtient de cette manière une suite exacte :

0 // Idmod (perA)
//
⊕

i(Pi, Qi) //
⊕

j(Pj, Qj) // RX // Σ // 0.

L’objet RX est dans mod((perA)op⊗perA). On voudrait montrer qu’il est dans (perA)op⊗
perA, c’est à dire projectif en tant que bimodule. Ré-appliquons le foncteur L à la suite
précédente :

⊕
i(Pǐ ⊗Qi) //

⊕
j(Pjˇ⊗Qj) // LRX //

��

Σ
⊕

i(Pǐ ⊗Qi)

⊕
i(Pǐ ⊗Qi) //

⊕
j(Pjˇ⊗Qj) // X // Σ

⊕
i(Pǐ ⊗Qi).

Le morphisme LRX → X est le morphisme d’adjonction. C’est un isomorphisme par
le lemme des cinq. On peut alors utiliser le lemme 3.0.2 pour conclure que RX est un
objet de (perA)op⊗ perA donc projectif en tant que bimodule. Vu comme un foncteur de
mod (perA) dans mod (perA), il envoie tout module dans les projectifs-injectifs.

Le théorème 2.21 nous donne une structure de catégorie triangulée sur perA. Vérifions
que cette structure correspond à la structure classique. Commençons par énoncer un
résultat immédiat :
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Lemme 3.0.6. Si P // Q // R // ΣP est un triangle de per (Aop⊗A) alors pour
tout objet M de perA, la suite

M ⊗A P //M ⊗A Q //M ⊗A R // Σ(M ⊗A P )

est un triangle de perA.

La suite exacte d’objets de mod((perA)op ⊗ perA) que l’on vient de construire

0 // Id // X0 // X1 //X2 // Σ // 0

est telle que

LX0 // LX1 // LX2 // ΣLX0

est un triangle de per (Aop ⊗A). Donc d’après le lemme ci-dessus,

M ⊗A LX
0 //M ⊗A LX

1 //M ⊗A LX
2 // Σ(M ⊗A LX

0)

est un triangle de perA. Les ”triangles standards” du théorème 2.21 sont les Σ-complexes
de la forme

X0M //X1M // X2M // ΣX0M .

Il suffit donc de vérifier qu’on a un isomorphisme :

X0M ≃M ⊗A LX
0.

L’objet X0 est un élément de (perA)op ⊗ perA, supposons qu’il soit de la forme (P,Q)
avec P et Q dans perA. Alors vu comme un foncteur de (perA)op ⊗ perA dans modk le
foncteur X0 s’écrit Hom(perA)op⊗perA(?, (P,Q)). On en tire les égalités suivantes :

X0M = Hom(perA)op⊗perA((M, ?), (P,Q))
= HomperA(P,M) ⊗ HomperA(?, Q)

.

De l’autre côté on a les égalités :

M ⊗A LX
0 = HomperA(?,M ⊗A (Pˇ⊗Q))

= HomperA(?, (M ⊗A HomperA(P,A)) ⊗Q)
= HomperA(?,HomperA(P,M) ⊗Q)
= HomperA(P,M) ⊗ HomperA(?, Q)

.

De là, on déduit le théorème 3.1.
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Chapter 4

Construction of a Serre functor in a
quotient category

4.1 Bilinear form in a quotient category

Let k be a field. Let T be a k-linear triangulated category and N a thick subcategory of
T (i.e. a triangulated subcategory stable under taking direct summands). We denote by
[1] the suspension functor of T . We assume that there is an auto-equivalence ν in T such
that ν(N ) ⊂ N . Moreover we assume that for each N in N and each X in T there is a
bifunctorial non degenerate bilinear form:

βN,X : T (N,X) × T (X, νN) −→ k.

4.1.1 The quotient category T /N

The objects of the category T /N are the objects of the category T . Given two objects
X and Y in T , the morphisms from X to Y in T /N are given by equivalence classes of
diagrams:

s−1 ◦ f : X

f ��@
@@

@@
@@

@ Y

s
����

��
��

��

Y ′

where f and s are morphisms in T and where the cone of s is in N .

89
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Two diagrams s−1 ◦ f and s′−1 ◦ f ′ are equivalent if there exists a diagram

Y ′′

��
X

f !!B
BB

BB
BB

B

f ′
==||||||||
// Z Yt

oo

s
~~||

||
||

||

s′
``BBBBBBBB

Y ′

OO

where all ‘triangles’ commute and where the cone of t is in N .
If s−1 ◦f : X → Y and s′−1 ◦ g : Y → Z are morphisms in T /N , then the composition

(s′−1 ◦ g) ◦ (s−1 ◦ f) is defined as follows:
Denote by M the cone of s, and let Z ′′ be the object in T such that there is a triangle

morphisms

Y
s //

g

��

Y ′ //

f ′

��

M // Y [1]

g[1]
��

Z ′
s′′ // Z ′′ //M // Z ′[1].

It yields the following diagram:

X
f

  A
AA

AA
AA

A Y

s
}}||

||
||

|| g

!!B
BB

BB
BB

B Z

s′~~~~
~~

~~
~

Y ′
f ′

!!B
BB

BB
BB

B Z ′

s′′}}||
||

||
||

Z ′′

.

Then the composition (s′−1 ◦ g) ◦ (s−1 ◦ f) is defined by (s”s′)−1 ◦ f ′f . Note that the
cones of s′ and s are in N , so by the octahedral axiom, the cone of the composition s′′s′

is also in N .
It is now classical to check that this composition is well-defined on the equivalence

classes of diagrams and that it is associative. Thus T /N is a k-category.
Moreover, the category T /N is naturally triangulated and there is an exact sequence

of triangulated categories

0 // N
I // T

P // T /N // 0

where I and P are triangle functors.

Lemma 4.1.1. A morphism f : X → Y is in the kernel of P if and only if it factorizes
through an object of N .
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Proof. Let f : X → Y be a morphism in T which factorizes through an object N in N .
Then we have the following commutative diagram:

Y

X

0

<<xxxxxxxxxxxxx

f

""F
FF

FFFF
FFFF

FF

“

0
g

”

// Y ⊕N

( 1 0 )

OO

( 1 h )

��

Y

FFFFFFFFFFFFF

FFFFFFFFFFFFF

xxxx
xxxxx

xxxx

xxxx
xxxx

xxxx
x( 1

0 )
oo

Y

where f = h◦g is the factorization of f through N . Thus the image of f in T /N vanishes.
Conversely, let f : X → Y be a morphism in T such that its image in T /N vanishes.

It means that there exists a commutative diagram:

Y

X

0
>>~~~~~~~~

f   A
AA

AA
AA
g // Z

t

OO

u

��

Y.

AAAAAAA

AAAAAAA

~~
~~

~~
~~

~~
~~

~~
~~

s
oo

Y

The composition t ◦ s is the identity of Y , so Z decomposes in Y ⊕ Cone(s). But by
definition, the cone of s is in N . Finally, the previous diagram can be written:

Y

X

0

<<xxxxxxxxxxxxx

f

""F
FF

FFFF
FFFF

FF

“

0
g2

”

// Y ⊕N

( 1 t2 )

OO

( 1 h )

��

Y

FFFFFFFFFFFFF

FFFFFFFFFFFFF

xxxx
xxxxx

xxxx

xxxx
xxxx

xxxx
x( 1

s2 )
oo

Y

Thus f is the composition h ◦ g2, and since N = Cone(s) is in N , the morphism f
factorizes through an object of N .

4.1.2 Construction of a bilinear form in T /N

Let X and Y be objects in T . The aim of this section is to construct a bifunctorial
bilinear form:

β ′X,Y : T /N (X, Y ) × T /N (Y, νX[−1]) −→ k.
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Let s−1 ◦ f : X → Y and t−1 ◦ g : Y → νX[−1] be two morphisms in T /N . As we saw
previously, we can construct a diagram

X

f ��?
??

??
??

? Y

s
{{vv

vv
vv

vv
vv

v

g
&&MMMMMMMMMMMM νX[−1]

tyyrrrrrrrrrr

νu[−1]

ss

Y ′

##H
HH

HH
HH

HH
H νX ′[−1]

xxqqqqqqqqqq

νX ′′[−1]

.

Denote by N [1] the cone of u. It is in N since N is ν-stable. Thus we get a diagram of
the form:

N //

v
//

X
u //

f

��

X ′′ // N [1]

Y ′

��

w

��
νX[−1]

νu[−1]
// νX ′′[−1] // νN // νX,

where the two horizontal rows are triangles of T . Then we define β ′X,Y as follows:

β ′X,Y (s−1 ◦ f, t−1 ◦ g) = βN,Y ′(v, w).

Lemma 4.1.2. The form β ′ is well-defined.

Proof. Let X and Y two objects of T . We have to show that if two fractions s−1
1 ◦ f1 and

s−1
2 ◦ f2 are equal, then we have

β ′X,Y (s−1
1 ◦ f1, t

−1 ◦ g) = β ′X,Y (s−1
2 ◦ f2, t

−1 ◦ g).

We can assume that there exists such a commutative diagram:

Y2

X

f2
>>}}}}}}}

f1   A
AA

AA
AA

Y

s2
``@@@@@@@

s1~~~~
~~

~~
~

Y1

ϕ

OO

For i = 1, 2 let Mi be the cone of fi : X → Yi. Then ϕ induces immediately a morphism



4.1. Bilinear form in a quotient category 93

m : M1 → M2. Then we get the following commutative diagram:

M2 = Cone(s2) νX ′′2 [−1]

Y2

;;vvvvvvvvvv

ffMMMMMMMMMMMM
νX ′[−1]

s′′2

ffMMMMMMMMMM

X

f1
&&MMMMMMMMMMMMMM

f2

88qqqqqqqqqqqqqq
Y

s2

ccHHHHHHHHHHH

s1
{{vv

vv
vv

vv
vv

v

g
88qqqqqqqqqqqq

g

&&MMMMMMMMMMMM νX[−1]

t

eeLLLLLLLLLL

tyyrrrrrrrrrr

νu2[−1]

kk

νu1[−1]

ss

Y1

##H
HH

HH
HH

HH
H

ϕ

OO

xxqqqqqqqqqqqq νX ′[−1]
s′′1

xxqqqqqqqqqq

M1 = Cone(s1)

m

EE

νX ′′1 [−1]

ψ

EE
.

But Mi is also the cone of s′′i : νX ′[−1] → νX ′′i [−1], so m induces a morphism

ψ : νX ′′1 [−1] → νX ′′2 [−1].

Now, if we denote by Ni[1] the cone of ui : X → X ′′i , the morphism ψ induces a
morphism n : N1 → N2 such that the following diagram commutes:

N1
v1 //

n

��

Y1
w1 //

ϕ

��

νN1

νn

��
N2

v2 // Y2
w2 // νN2

.

Since the form β is bifunctorial, we have immediately the equality βN1,Y1(v1, w1) =
βN2,Y2(v2, w2). By definition β ′X,Y (s−1

i ◦ fi, t−1 ◦ g) is equal to βNi,Yi
(vi, wi). Thus we

get the equality:
β ′X,Y (s−1

1 ◦ f1, t
−1 ◦ g) = β ′X,Y (s−1

2 ◦ f2, t
−1 ◦ g).

We can show similary that β ′ is well-defined on the second factor.

Lemma 4.1.3. The form β ′ is bilinear and bifunctorial.

Proof. These two properties come directly by the construction of β ′ and by the bilinearity
and bifunctoriality of β.

4.1.3 Cluster category of an hereditary algebra

Let A be a finite dimensional hereditary k-algebra. Denote by B the dg-algebra A ⊕
DA[−3]. The cluster category CA is the orbit category Db(modA)/ν[−2] where ν =
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?
L
⊗A DA is the Serre functor of Db(modA). By [Kel05], it is triangle equivalent to the

quotient category Db(B)/perB. The category perB is 3-Calabi-Yau, and there is even
such a duality: for X in Db(B) and N in perB, there is an isomorphism (see chapter 1)

HomDB(N,X) → DHomDB(X,N [3]).

Thus, by the last section, it is possible to construct a bifunctorial bilinear form

β ′XY : CA(X, Y ) × CA(Y,X[2]) → k

on the cluster category CA. But in the other hand, the cluster category is 2-Calabi-Yau.
Thus there is a bifunctorial duality

ηXY : CA(X, Y ) × CA(Y,X[2]) → k

We show in this section that the bilinear form β ′ constructed on the quotient Db(B)/perB
coincide with η.

Recall by chapter 1, that the morphisms A
i // B

p // A induce the following ad-
joint functors:

DbB

i∗
��

and DbA

p∗
��

DbA

i∗=−
L
⊗AB

OO

DbB.

p∗−
L
⊗BA

OO

Let X and Y be two A-modules. The exact sequence of A-B-bimodules

0 // DA[−3]
ι // B

p // A // 0

induces a canonical triangle in DbB

p∗(νX[−3])
u // i∗X

v // p∗X
w // p∗(νX[−2])

Let f : X → Y and g : Y → νX be morphisms in DbA. We have the following diagram

X
L
⊗A B

v // p∗X
w //

p∗f

��

p∗(νX[−2]) //
X

L
⊗A B[1]

p∗Y

p∗g

��
p∗X[2] // p∗(νX)

u[3] //
X

L
⊗A B[3]

// p∗(X[3]),
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Since i∗X = X
L
⊗A B is an object of perB, by definition of β ′, we have β ′(p∗f, p∗g) =

β(p∗f ◦ v, u[3] ◦ p∗g).
The morphism v is induced by the morphism p : B → A of A-B-bimodules. The

morphism u[3] is induced by ι[3] : DA → B[3] which is also equal to the composition
Dp : DA → DB ≃ B[3]. Then the equality β(p∗f ◦ p,Dp ◦ p∗g) = η(f, g) comes directly
by the following lemma.

Lemma 4.1.4. Let A and B be k-algebras, and p : B → A a morphism of B-module,
then the following diagram commutes:

HomB(A,DA) //

π

��

k

HomB(B,DB)

99rrrrrrrrrrrr

where the application π is given by π(f) = Dp ◦ f ◦ p and where the other two arrows are
standard duality.

4.2 Non-degeneracy

In this section, we find conditions on X and Y such that the bilinear form β ′XY is non-
degenerate.

Definition 4.1. Let X and Y be objects in T . A morphism p : N → X is called a local
N -cover of X relative to Y if N is in N and if it induces an exact sequence:

0 // T (X, Y )
p∗ // T (N, Y ).

Let Y and Z be objects in T . A morphism i : Z → N ′ is called a local N -envelope of
Z relative to Y if N ′ is in N and if it induces an exact sequence:

0 // T (Y, Z)
i∗ // T (Y,N ′).

Theorem 4.2. Let X and Y be objects of T . If there exists a local N -cover of X relative
to Y and a local N -envelope of νX relative to Y , then the bilienar form β ′XY constructed
in the previous section is non-degenerate.

Proof. Let f : X → Y be a morphism in T whose image in T /N is in the kernel of β ′.
We have to show that it factorizes through an object of N .

Let p : N → X be a local N -cover of X relative to Y , and let X ′ be the cone of p. The
morphism f is in the kernel of β ′. Thus for each morphism g : Y → νN which factorizes
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through νX ′[−1], β(fp, g) vanishes.

N
p //X //

f

��

X ′ // N [1]

Y

���
�
�

g

$$II
II

II
II

II
I

νX[−1] // νX ′[−1] // νN // νX

This means that the linear form β(fp, ?) vanishes on the image of the morphism

T (Y, νX ′[−1]) −→ T (Y, νN).

This image is canonically isomorphic to the kernel of the morphism

T (Y, νN) −→ T (Y, νX).

Let νi : νX → νN ′ be a local N -envelope of νX relative to Y . Then the sequence

0 // T (Y, νX) // T (Y, νN ′)

is exact. Therefore, the form β(fp, ?) vanishes on Ker(T (Y, νN) −→ T (Y, νN ′)).

N
p // X //

f

��

i

!!D
DDD

DD
DD X ′ // N [1]

N ′

||y
y

y
y

Y

g

��
νX ′[−1] // νN //

..

νX
νi

""E
EE

EE
EE

EE
// νX ′

νN ′

Now, β is non-degenerate on

Coker(T (N ′, Y ) −→ T (N, Y )) × Ker(T (Y, νN) −→ T (Y, νN ′)).

Thus the morphism fp lies on

Coker(T (N ′, Y ) −→ T (N, Y )),

that is to say that fp factorizes through ip. Since p : N → X is a local N -cover of X, f
factorizes through N ′.
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Proposition 4.2.1. Let X and Y be objects in T . If for each N in N the vector spaces
T (N,X) and T (Y,N) are finite-dimensional, then the existence of a local N -cover of X
relative to Y is equivalent to the existence of a local N -envelope of Y relative to X.

Proof. Let g : N → X be a local N -cover of X relative to Y . It induces an injection

0 // T (X, Y )
g∗ // T (N, Y ).

The space T (N, Y ) is finite dimensional by hypothesis. Fix a basis (f1, f2, . . . , fr) of this
space. This space is in duality with the space T (Y, νN). Let (f ′1, f

′
2, . . . , f

′
r) the dual basis

of the basis (f1, f2, . . . , fr). We show that the morphism

Y
(f ′1,...,f

′
r)

//
⊕r

i=1 νN

is a local N -envelope of Y relative to X. We have a commutative diagram:

T (X, Y )
��

g∗

��

(f ′1,...,f
′
r)∗ //

⊕
T (X, νN)

g∗

��
T (N, Y )

(f ′1,...,f
′
r)∗ //

⊕
T (N, νN).

If f is in the kernel of (f ′1, . . . , f
′
r)∗, then for all i = 1, . . . , r, the morphism f ′i ◦ f ◦ g is

zero. Thus f ◦g is orthogonal on the vectors of the basis f ′1, . . . , f
′
r and therefore vanishes.

But since g is a local N -cover of X relative to Y , f is zero, and the morphism

T (X, Y )
(f ′1,...,f

′
r)∗ //

⊕
T (X, νN)

is injective. Therefore, the morphism

Y
(f ′1,...,f

′
r)

//
⊕r

i=1 νN

is a local N -envelope of Y relative to X. The proof of the converse is dual.

4.3 Examples

This section is dedicated to examples where the hypothesis of theorem 4.2 are satisfied.

4.3.1 Stable category

Let A be a finite dimensional self-injective k-algebra. Denote by T the derived category
Db(modA) and by N the triangulated category perA. Since A is finite dimensional,
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there is an inclusion N ⊂ T . Moreover A is self-injective so of infinite global dimension.
Therefore the inclusion is strict. From [KV87], there is an exact sequence of triangulated
categories:

0 // perA // Db(modA) // modA // 0.

The derived category Db(modA) admits a Serre functor ν =?
L
⊗ADA which stabilizes

perA. Thus there is an induced functor in the quotient modA that we will also denote
by ν. Let Σ be the suspension of the category modA which comes directly from the
suspension [1] of Db(modA). Then we have the following proposition:

Proposition 4.3.1. The functor Σ−1 ◦ν is a Serre functor for the stable category modA.

Proof. We have to check that modA satisfies the hypothesis of theorem 4.2. Since
Db(modA) is Hom-finite, by proposition 4.2.1, it is sufficient to show the existence of
local N -covers. Let X and Y be in Db(modA). We can assume that X cofibrant, i.e.

X : · · · // P−2
// P−1

// P0
// P1

// · · · // Pm // 0 // · · ·

where the Pi are projective. We can also assume that Y is of the form:

· · · 0 // 0 // Y0
// Y1

// · · ·Yn−1
// Yn // 0 // · · ·

Now let N be the stupid truncation of X in degrees ≥ 0.

N : · · · // 0 //

��

P0
// P1

// · · · // Pn // Pn+1
// · · ·

X : · · · // P−1

��

// P0

��

// P1
//

��

· · · // Pn

��

// Pn+1
//

��

· · ·

Y : · · · // 0 // Y0
// Y1

// · · · // Yn // 0 // · · ·

It is then obvious that there is an exact sequence

0 // T (X, Y ) // T (N, Y ).

Since N is left bounded with projective components, N is perfect, and there exist local
N -covers.

Thus by theorem 4.2, the stable category modA = Db(modA)/perA admits a Serre
functor induced by the functor ν ◦ [−1] of the derived category Db(modA).
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Note that we could see directly, given M and N in modA, that there is a duality
between HomA(M,N) and HomA(N,Σ−1νM). Let

· · · // P−2
// P−1

// P0 (resp. I1 // I2 // I3 // · · · )

be a projective (resp. injective) resolution of M . Since A is self-injective, there is an
acyclic complex with projective components

· · · // P−2
// P−1

// P0
//

!! !!C
CC

CC
CC

C I1 // I2 // I3 // · · ·

M
>>

>>||||||||

If we apply the functor HomA(−, N), we get the complex

· · · HomA(P−1, N)oo HomA(P0, N)oo HomA(I1, N)oo · · ·oo

By definition, the space HomA(M,N) is exactly the zeroth cohomology of this complex.
More precisely, it is the space of morphisms P0 → N whose composition with P−1 → P0 is
zero, modulo the morphisms which factorize through I1. By definition of ν, this complex
is in duality with the complex:

· · · // HomA(N, νP−1) // HomA(N, νP0) // HomA(N, νI1) // · · ·

Therefore HomA(M,N) is in duality with the zeroth homology of this complex. More
precisely, HomA(M,N) is in duality with the space of morphisms N → νP0 whose com-
position with νP0 → I1 vanishes modulo the morphims which factorize through νP1. We
have the following diagram:

· · · // P−2
// P−1

%% %%KKKKKKKKKK

0

--

// P0

��

//

"" ""F
FF

FF
FF

FF
I1

qq

// I2 // I3 // · · ·

Σ−1M
::

::tttttttttt
M

w� wwwwwwww

wwwwwwww

<<

<<yyyyyyyyy

N

��tt

0

))RRRRRRRRRRRRRRRRRR

�� ��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

· · · // νP−2
// νP−1

//

%% %%KKKKKKKKKK
νP0

//

"" ""F
FF

FF
FF

FF
νI1 // νI2 // νI3 // · · ·

νΣ−1M
::

::ttttttttt
νM

<<

<<yyyyyyyyy

Thus HomA(M,N) is isomorphic to the dual of the space HomA(N,ΣνM).
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4.3.2 Cluster category: general case

Let A be a finite dimensional k-algebra with finite global dimension. Let B be the dg
algebra A⊕ DA[−3]. The projection p : B → A yields a restriction functor p∗ : DbA →
DbB. We denote by 〈A〉B the thick subcategory of DbB containing the image of DbA.
(This is not equal to DbB in general.) We define the cluster category CA as the quotient
category 〈A〉B/perB. This is the triangulated hull of the orbit category Db(modA)/νA[−2]

(cf [Kel05]) where νA is the auto-equivalence ?
L
⊗A DA of Db(modA).

The categories T = 〈A〉B and N = perB satisfy the hypothesis of the chapter: for

all N in perB and all X in DbB, the spaces HomD(N,X) and HomD(X,N
L
⊗B DB) are

finite dimensional. Now by corollary 1.12, the functor νB =
L
⊗BDB is isomorphic to [3]

and therefore it stabilizes perB. So we can construct a bifunctorial bilinear form:

β ′XY : HomCA(X, Y ) × HomCA(Y,X[2]) → k.

Theorem 4.3. Let X and Y be objects in DbB. If the spaces HomD(X, Y ) and HomD(Y, νBX) =
HomD(Y,X[3]) are finite dimensional, then the bilinear form

β ′XY : HomCA(X, Y ) × HomCA(Y,X[2]) → k

is non-degenerate.

Before proving this theorem, we recall some results about inverse limits of sequence of

vector spaces that we will use in the proof. Let . . . // Vp
ϕ // Vp−1

ϕ // · · · // V1
ϕ // V0

be an inverse system of vector spaces (or vector space complexes). We then have the fol-
lowing exact sequence

0 // V∞ = lim
←
Vp //

∏
p Vp

Φ //
∏

q Vq // lim
←

1Vp // 0

where Φ is defined by Φ(vp) = vp − ϕ(vp) ∈ Vp ⊕ Vp−1 where vp is in Vp.
Recall two classical lemmas due to Mittag-Leffler:

Lemma 4.3.1. If for all p, the sequence of vector spaces Wi = Im(Vp+i → Vp) is station-
ary, then lim

←

1Vp vanishes.

This happens in particular when all vector spaces Vp are finite dimensional.

Lemma 4.3.2. Let . . . // Vp
ϕ // Vp−1

ϕ // · · · // V1
ϕ // V0 be an inverse system

of finite dimensional vector spaces such that V∞ = lim
←
Vp is also finite dimensional. Let V ′p

be the image of V∞ in Vp. Then the sequence V ′p is stationary and we have V ′∞ = lim
←
V ′p =

V∞.
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Proof. (of theorem 4.3) Let X and Y be objects of DbB such that HomDbB(X, Y ) is
finite-dimensional. We will prove that there exists a local perB-cover of X relative to Y .

Let P• : . . . // Pn+1
// Pn // Pn−1

// . . . // P0 be a projective resolution
of X. The complex P• has components in perB, and its homology vanishes in all degrees
except in degree zero, where it is X. Let P≤n and P>n be the natural truncations, and
denote by Tot(P ) the total complex associated to P•. Then for all n ∈ N, there is an
exact sequence of dg B-modules:

0 // Tot(P≤n) // Tot(P ) // Tot(P>n) // 0

The complex Tot(P ) is quasi-isomorphic to X, and the complex Tot(P≤n) is in perB.
Moreover, Tot(P ) is the colimit of Tot(P≤n). Thus by definition, we have the following
equalities

Hom•B(Tot(P ), Y ) = Hom•B(colim
→

Tot(P≤n), Y )

= lim
←

Hom•B(Tot(P≤n), Y ).

Denote by Vp the complex Hom•B(Tot(P≤p), Y ). In the inverse system

. . . // Vp
ϕ // Vp−1

ϕ // · · · // V1
ϕ // V0 ,

all the maps are surjective. Thus by lemma 4.3.1, there is a short exact sequence

0 // V∞ //
∏

p Vp
Φ //

∏
q Vq // 0

which induces a long exact sequence in cohomology

· · ·
∏

qH
−1Vq

'' ''OOOOOOOOOOO
// H0(V∞)

%% %%JJJJJJJJJJ
//
∏
H0Vp //

∏
H0Vq · · ·

lim
←

1H−1Vp

99

99rrrrrrrrrr

lim
←
H0Vp

99

99tttttttttt

.

We have the equalities

H0(V∞) = H0(Hom•B(Tot(P ), Y ))
= HomH(Tot(P ), Y )
= HomD(X, Y ).

Denote by Wp the complex HomD(Tot(P≤p), Y ) and by Up the complex H−1(Vp) =
HomD(Tot(P≤p), Y [−1]). The vector spaces Up are finite dimensional. Thus by lemma
4.3.1, lim

←

1Up vanishes and we have an isomorphism

H0(lim
←
Vp) = H0(V∞) ≃ lim

←
H0(Vp).
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The system (Wp)p satisfies the hypothesis of lemma 4.3.2. In fact, for each integer p, the
space HomD(Tot(P≤p), Y ) is finite dimensional because Tot(P≤p) is in perB. Moreover,
by the last two equalities W∞ = lim

←
Wp is isomorphic to HomD(X, Y ) which is finite

dimensional by hypothesis. By lemma 4.3.2, the system (W ′
p)p formed by the image of

W∞ in Wp is stationary. More precisely, there exists an integer n such that W ′
n = lim

←
W ′
p.

But W ′
n is a subspace of Wn = HomD(Tot(P≤n), Y ) and there is an injection

HomD(X, Y ) � � // HomD(Tot(P≤n), Y ) .

This yields a local perB-cover of X relative to Y .
The spaces HomD(N,X) and HomD(X,N) are finite dimensional for N in perB and

X in DbB. Thus by proposition 4.2.1, there exists local perB envelopes. Thus theorem
4.2 applies and β ′ is non-degenerate.

By theorem 4.3, we can deduce the corollary:

Corollary 4.4. Let A be a finite dimensional k-algebra with finite global dimension. If
the cluster category CA is Hom-finite, then it is 2-Calabi-Yau as a triangulated category.

Proof. Denote by p∗ : DbA → DbB the restriction of the projection p : B → A. Let X
and Y be in Db(A). Then by hypothesis, the vector spaces

⊕

p∈Z

HomDbA(X, νpAY [−2p]) and
⊕

p∈Z

HomDbA(Y, νpAX[−2p + 3])

are finite dimensional. But by [Kel05], the space HomDbB(p∗X, p∗Y ) is isomorphic to

⊕

p≥0

HomDbA(X, νpAY [−2p]),

so is finite dimensional. For the same reasons, the space HomDbB(Y,X[3]) is also finite
dimensional. Applying theorem 4.3, we get a non-degenerate bilinear form β ′p∗X,p∗Y . The
non-degeneracy property is extension closed, so for each M and N in 〈A〉B, the form β ′MN

is non-degenerate.

4.3.3 Relation with Tabuada’s article

An article of G. Tabuada [Tab07] gives another example of such categories. Let D be
an algebraic 2-Calabi-Yau category endowed with a cluster-tilting object. The author
constructs a triangulated category T and a triangulated 3-Calabi-Yau subcategory N
such that the quotient category T /N is triangle equivalent to D.
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More precisely, let C be a cluster-tilting object of D. The category D is algebraic,
therefore it is the stable category E of a certain Frobenius category E . Denote by M the
preimage of C under the projection E → E . The category M contains the subcategory P
of projective-injectives. We have the following commutative diagram

M
� � //

����

E

����
C

� � // E = D.

Denote by HE the homotopic category of E , and let T = HP−b
E−ac be the full subcategory

of HE of E-acyclic complexes of the form

· · ·Pi−2
// Pi−1

//Mi
//Mi+1

// . . . //Mn
// 0 // 0 // . . .

where the Pj are in P and where the Mj are in M. Denote by N = Hb
E−ac the subcategory

of HE of the E-acyclic complexes which are bounded and which have components in M.
Then G. Tabuada shows the following result:

Theorem 4.5. [Tab07] The category Hb
E−ac is 3-Calabi-Yau and there exists a triangle

equivalence between D and the quotient HP−b
E−ac/H

b
E−ac.

The categories T = HP−b
E−ac and N = Hb

E−ac satisfy the hypothesis of theorem 4.2.

Indeed, let X and Y be objects in HP−b
E−ac. We can assume that for n ≥ 1 the Xn are

projective-injective, and that for n ≤ 0, the Yn are projective-injective.

Y = · · · // Q−2
// Q−1

// Q0
//

'' ''PPPPPP N1
// N2

// · · ·

K
77

77nnnnnn

Denote by K the kernel of the morphism N1 → N2. Since M is a cluster-tilting
subcategory of E there exists an admissible short exact sequence:

0 // N−1
// N0

// K // 0

with N0 and N−1 in M.

Let N be the following complex:

N = · · · // 0 // N−1
// N0

// N1
// N2

// · · ·

This complex N is acyclic and bounded, so it belongs to N = Hb
E−ac. Moreover since

Q0 and Q−1 are projective, there exists a morphism of complexes:
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· · · // Q−2
//

��

Q−1

��

// Q0

��

// N1
// N2

// · · ·

· · · // 0 // N−1
// N0

// N1
// N2

// · · ·

Let us show that this morphism Y → N is a local N -envelope of Y relative to X.
Let f : X → Y be a morphism of complexes such that the composition X → Y → N is
homotopic to zero.

· · · // P−2
x−2 //

��

P−1

|| ��

x−1 // P0

}}

����
��
��
��
��
��
��
��

��

x0 // P1

����
��
��
��
��
��
��
�

//

��~~

M2
//

��h2}}||
||

||
||

· · ·

· · · // Q−2
y−2 //

��

Q−1

��

y−1 // Q0

��

y0 // N1
// N2

// · · ·

· · · // 0 // N−1
// N0

// N1
// N2

// · · ·

Since P1 is projective, it is possible to find a morphism h1 : P1 → Q0 such that
f1 = y0h1 + h2x1. Then since all Pi and Qi are projective for i ≤ 0, it is classical to
construct an homotopy (see also [Pal08]). Thus there exist local N -envelopes in T .

Since the category T = HP−b
E−ac is Hom-finite, by proposition 4.2.1 there exist local

N -covers.



Chapter 5

Cluster category of an algebra of
global dimension 2

Let A be a finite dimensional k-algebra with global dimension ≤ 2. Since A is of finite

global dimension, the triangulated category Db(modA) admits a Serre functor ν =?
L
⊗ADA

(cf. chapter 1). In this chapter, we want to study the cluster category CA associated to
this algebra, namely the triangulated hull of the orbit category Db(modA)/ν[−2]. We
will still denote by A the image of A under the functor

Db(modA) // Db(modA)/ν[−2] �
� // CA

5.1 Reminder on t-structures

The derived category Db(modA) = DbA admits a t-structure. For each n ∈ Z, let D≤n be
the full subcategory of DbA consisting of complexes whose cohomology vanishes in degrees
> n, and D≥n the full subcategory of DbA consisting of complexes whose cohomology
vanishes in degrees < n. The categories D≤n and D≥n satisfy the following properties:

• D≤0[n] = D≤−n and D≥0[n] = D≥−n;

• D≤0 ⊂ D≤1, D≥1 ⊂ D≥0;

• HomD(D≤0,D≥1) = 0,

• for each object Y in DbA, there exists a unique (up to unique triangle isomorphism)
triangle

τ≤0Y // Y // τ≥1Y // (τ≤0Y )[1]

such that τ≤0Y ∈ D≤0 and τ≥1Y ∈ D≥1.

105
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Lemma 5.1.1. Let A be a finite dimensional k-algebra with global dimension ≤ 2. Denote

by ν =?
L
⊗A DA the Serre functor of the derived category DbA. Then we have the follow-

ing inclusions ν(D≥0) ⊂ D≥−2 and ν−1(D≤0) ⊂ D≤2. Moreover, the space HomD(U, V )
vanishes for all U in D≥0 and all V in D≤−3.

5.2 Endomorphism algebra of the object A

5.2.1 Endomorphism algebra

In this section, we study the endomorphism algebra of the object A in the cluster category
CA.

Proposition 5.2.1. Let A be a finite dimensional k-algebra with global dimension ≤ 2.
Let X be the A-A-bimodule Ext2A(DA,A). Then there is an isomorphism

Ã = EndCA(A) ≃ TAX

where TAX is the tensor algebra of X over A.

Proof. By definition, we know that EndCA(A) =
⊕

p∈Z
HomD(A, νpA[−2p]). For p ≥ 1,

the object νpA[−2p] is in D≥2, so since A is in D≤0, the space HomD(A, νpA[−2p]) vanishes.
Therefore, we can write EndCA(A) =

⊕
p≥0 HomD(A, ν−pA[2p]).

The functor ν =?
L
⊗A DA admits an inverse

ν−1 = −
L
⊗A RHomA(DA,A).

Since the global dimension of A is ≤ 2, the homology of the complex RHomA(DA,A) is
concentrated in degrees 0, 1 and 2 :

H0(RHomA(DA,A)) = HomD(DA,A)

H1(RHomA(DA,A)) = Ext1A(DA,A)

H2(RHomA(DA,A)) = Ext2A(DA,A)

Let us denote by Y the complex RHomA(DA,A)[2]. Then we have

ν−pA[2p] = A
L
⊗A (Y

L
⊗Ap) = Y

L
⊗Ap.

Therefore we get the following equalities

HomDA(A, ν−pA[−2p]) = HomDA(A, Y
L
⊗Ap)

= H0(Y
L
⊗Ap).

Since H0(Y ) = X, we conclude using the following lemma.
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Lemma 5.2.1. Let M and N two complexes of A-modules whose homology is concentrated
in negative degrees. Then there is an isomorphism

H0(M
L
⊗A N) ≃ H0(M) ⊗A H

0(N).

Proof. Without loss of generality, we can assume that M and N are cofibrant. Then, we

have M
L
⊗A N = M ⊗A N and so we have

H0(M ⊗A N) = Coker(M−1 ⊗A N
0 ⊕M0 ⊗A N

−1 →M0 ⊗A N
0)

≃ (CokerdM) ⊗A (CokerdN)

≃ H0(M) ⊗A H
0(N).

5.2.2 Quiver of the endomorphism algebra

Let A = kQ/I be a finite dimensional k-algebra of global dimension ≤ 2. Suppose that
I is an admissible ideal generated by a finite set of minimal relations ri, i ∈ J where for
each i ∈ J , the relation ri starts at the vertex s(ri) and ends at the vertex t(ri). Let Q̃
the following quiver:

• the set of the vertices of Q̃ equals that of Q;

• the set of arrows of Q̃ is obtained from that of Q by adding a new arrow ρi with
source t(ri) and target s(ri) for each i in J .

Then we have the following proposition, which has essentially been proved by I. Assem,
T. Brüstle and R. Schiffler [ABS06] (thm 2.6). The proposition is also proved in [Kel08b].

Proposition 5.2.2. If the algebra EndCA(A) = Ã is finite-dimensional, then its quiver is

Q̃.

Proof. Let B be a finite dimensional algebra. The vertices of its quiver are determined
by the quotient B/rad(B) and the arrows are determined by rad(B)/rad2(B). Denote by
X the A-A-bimodule Ext2A(DA,A). Since X ⊗A X is in rad2(B), the quiver of Ã = TAX
is the same as the quiver of the algebra A⋊X. Then the proof is exactly the same as in
[ABS06] (thm 2.6).
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5.3 Condition of Hom-finiteness

5.3.1 Criterion

Theorem 5.1. Let A be a finite-dimensional k-algebra of global dimension ≤ 2. Then
the cluster category CA is Hom-finite if and only if the functor Tor2A(?, DA) is nilpotent.

Lemma 5.3.1. The functor Tor2A(?, DA) is nilpotent if and only if the functor ? ⊗A

Ext2A(DA,A) is nilpotent. This is equivalent to the existence of an integer N such that
ΦN (D≥0) is included in D≥1 where Φ is the functor ν[−2] of Db(A).

Proof. The functor Φ is the following endofunctor ν(?)[−2] =?
L
⊗ADA[−2] of Db(A). Thus

it is obvious that Tor2A(?, DA) is the functor H0(Φ(?)). Since A is of global dimension

≤ 2, if M is an A-module, the object M
L
⊗ADA[−2] lies in D≤0. Thus H0(ΦH0Φ(M)) =

H0Φ2(M) and we get for all n ≥ 0

Tor2A(?, DA)n(M) ≃ H0(ΦnM).

Using the formula ν−1 = −
L
⊗A RHomA(DA,A), one can easily check that the functor

?
L
⊗A Ext2A(DA,A) is isomorphic to the functor H0(Φ−1(?)). By lemma 5.2.1, we have for

all n ≥ 0,

M
L
⊗A Ext2A(DA,A)

L
⊗An ≃ H0(Φ−nM).

Proof. (of theorem 5.1) By proposition 5.2.1, the algebra Ã = EndCA(A) is finite-dimensional
if and only if the functor ? ⊗A Ext2A(DA,A) is nilpotent.

Now suppose that there exists some N ≥ 0 such that ΦN (D≥0) is included in D≤1.
For each object X in CA, the class of the objects Y such that the space HomCA(X, Y )
(resp. HomCA(Y,X)) is finite dimensional, is extension closed. Therefore, it is sufficient
to show that for all simples S, S ′, and each integer n, the space HomCA(S, S ′[n]) is finite
dimensional.

There exists an integer p0 such that for all p ≥ p0 Φp(S ′) is in D≥n+1. Therefore,
because of the defining properties of the t-structure, the space

⊕
p≥p0

HomD(S,Φp(S ′)[n])
vanishes. Similary, there exists an integer q0 such that for all q ≥ q0, we have Φq(S) ∈
D≥−n+3. Since the algebraA is of global dimension ≤ 2, the space

⊕
q≥q0

HomD(Φq(S), S ′[n])
vanishes. Thus the space

⊕

p∈Z

HomD(S,Φp(S ′)[n]) =

p0⊕

p=−q0

HomD(S,Φp(S ′)[n])

is finite dimensional.
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5.3.2 Examples

1. Let Q be a Dynkin quiver. Let A be its Auslander algebra. The algebra A is of global
dimension ≤ 2. The category modA is equivalent to the category mod(modkQ) of
finitely presented functors (modkQ)op → modk. The projective indecomposables of
modA are the representable functors U∧ = HomkQ(?, U) where U is an indecompos-
able kQ-module. Let S be a simple A-module. Since A is finite dimensional, this
simple is associated to an indecomposable U of modkQ. If U is not projective, then
it is easy to check that in Db(A) the simple SU is isomorphic to the complex:

· · ·
// 0
−3

// (τU)∧
−2

// E∧
−1

// U∧
0

// 0
1

//
· · ·

where 0 // τU // E // U // 0 is the Auslander-Reiten sequence associ-
ated to U . Thus Φ(SU) = νSU [−2] is the complex:

· · ·
// 0
−1

// (τU)∨
0

// E∨
1

// U∨
2

// 0
3

//
· · ·

where U∨ is the injective A-module DHomkQ(U, ?). It follows from the Auslander-
Reiten formula that this complex is quasi-isomorphic to the simple SτU .

If U is projective, then SU is isomorphic in Db(A) to

· · ·
// 0
−2

// (radU)∧
−1

// U∧
0

// 0
1

//
· · · ,

and then Φ(SU) is in D≥1. Since for each indecomposable U there is some N such
that τNU is projective, there is some M such that ΦM(D≥0) is included in D≥1. By
theorem 6.1, the cluster category CA is Hom-finite, and 2-Calabi-Yau by corollary
4.4.

The quiver of A is the Auslander-Reiten quiver of modkQ. The minimal relations of
the algebra A are given by the mesh relations. Thus the quiver of Ã is the same as
that of A in which arrows τx → x are added for each non projective indecomposable
x.

For instance, if Q is A4 with the orientation 1 // 2 // 3 // 4 , then the quiver

of the algebra Ã is

•
  @

@@

•

>>~~~

  @
@@

•oo

  @
@@

•

>>~~~

  @
@@

•oo

>>~~~

  @
@@

•oo

  @
@@

•

>>~~~
•oo

>>~~~
•oo

>>~~~
•oo
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2. Let A be the Auslander algebra of the algebra of dual numbers k[X]/X2. This
algebra is defined by the quiver

P
a

))
S

b

ii with the relations ab = 0.

This a finite dimensional algebra of global dimension 2 since it is an Auslander
algebra. The vertex P corresponds to the unique projective-injective k[X]/X2-
module, and S corresponds to the simple. Moreover we have τS = S, so τ is of
infinite order. In the derived category Db(modA), we have Φ(SS) = SS. Therefore
the space of morphism in the cluster category HomC(SS, SS) is infinite dimensional.

3. Let A the following algebra:

2
a
��<

<<

1 c
//

b @@���
3

with the relations ab = 0.

This is clearly a finite dimensional algebra of global dimension 2. The projectives
and the injectives have the following composition series:

P1 = 1 , P2 = 2
1 , P3 = 3

1 2 , I1 = 2 3
1 , I2 = 3

2 , and I3 = 3 .

The A-module 3
1 is quasi-isomorphic to the complex:

· · · // 0 // 1 // 2
1

// 3
1 2

// 0 // · · ·

Thus the object Φ( 3
1 ) is quasi-isomorphic to:

· · · // 0 // 2 3
1

// 3
2

// 3 // 0 // · · ·

and so to 3
1 . Therefore the space HomC( 3

1 ,
3
1 ) is infinite-dimensional.

5.4 Cluster-tilting in the orbit category

5.4.1 Proof of the rigidity

Proposition 5.4.1. Let A be a finite dimensional k-algebra of global dimension ≤ 2. Then
the object A is a rigid object in the category CA, in the sense that the space Ext1CA(A,A)
vanishes.

Proof. By definition, the space Ext1CA(A,A) is isomorphic to
⊕

p∈Z
HomD(A, νpA[−2p+1]).

We show that for all p in Z, the space HomD(A, νpA[−2p + 1]) vanishes.
For p = 0, the space HomD(A, νpA[−2p + 1]) = HomD(A,A[1]) obviously vanishes.
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Let p be ≥ 1. Then, since νA = DA is in modA, νA is in D≥0. Thus by lemma 5.1.1,
the object νpA lies in D≥−2(p−1). Finally, the object νpA[−2p+ 1] is in D≥1. But, since A
is in D≤0, the space HomD(A, νpA[−2p + 1]) vanishes.

Now, let p = −q be ≤ −1. Then we have HomD(A, νpA[−2p+1]) = HomD(νqA,A[2q+
1]). The object νqA is in D≥−2q+2 and the object A[2q + 1] is in D≥2q+1. Since the space
HomD(D≥0,D≤−3) is zero, the space HomD(A, νpA[−2p + 1]) vanishes.

5.4.2 Orbit-cluster-tilting

Definition 5.2. Let A be a finite dimensional k-algebra of global dimension ≤ 2. A rigid
object T of the orbit category will be called orbit-cluster-tilting if for all X in the orbit
category DbA/Φ, the space Ext1CA(T,X) vanishes if and only if X is in add(T ).

Proposition 5.4.2. Let A be a finite dimensional k-algebra with global dimension ≤ 2.
If the functor TorA2 (?, DA) is nilpotent, then the object A is orbit-cluster-tilting.

Remark. We will show in chapter 7, that under the hypotheses of the proposition, the
object A is in fact cluster-tilting in the triangulated hull of the orbit category.

Proof. Denote by Φ the auto-equivalence ν[−2] of D = Db(modA). Let X be an object
in Db(modA) such that Ext1CA(A,X) vanishes. We have to show that X lies in add(A),
i.e. that X is a direct sum of objects of the form Φn(P ), where n is an integer and P is
a projective module.

The space Ext1CA(A,X) vanishes, so for each integer n in Z, the space HomD(A,Φn(X)[1])
vanishes. In other words, for each n we have H1(Φn(X)) = 0. By hypothesis, there exists
an integer N such that ΦN (D≥0) ⊂ D≥1 for the t-structure of Db(modA). Therefore we
can assume that X lies in D≥0. Look at the canonical triangle:

τ≤0X // X // τ≥1X
w // τ≤0X[1] .

Since H1(X) is zero, the complex τ≥1X lies in D≥2. The global dimension of A is ≤ 2
and so τ≤0X[1] lies in D≤−1 Thus by lemma 5.1.1, the morphism w is zero. Therefore we
can write X = τ≤0X ⊕ τ≥1X.

Since X is in D≥0, τ≥0X is the module H0(X). The space Ext1CA(A,H0(X)) is a direct

summand of Ext1CA(A,X), so it vanishes. Therefore we have

HomD(A,Φ(H0(X))[1]) = 0.

But this space is HomD(A, νH0(X)[−1]) = HomD(A, τH0(X)). Thus H0(X) is a projective
module, which may be zero.

Let Y be the complex Φ−1(τ≥1X). The complex τ≥1X lies in D≥2, and so is ν−1X.
Therefore Y = ν−1τ≥1X[2] lies in D≥0. On the other hand, since τ≥1X is a direct summand
of X, for each integer n, the space HomD(A,Φn(τ≥1X)[1]) vanishes. Thus for each n,
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HomD(A,Φn(Y )[1]) is zero. The complex Y satisfies the same hypothesis as X and we
have the decomposition Y = H0(Y )⊕τ≥1Y where H0(Y ) is a projective module (possibly
zero).

Finally, we have

τ≥1X = Φ(H0Φ−1(τ≥1X)) ⊕ Φτ≥1Φ−1τ≥1X.

We can continue and apply this process to Φτ≥1Φ−1τ≥1X, and finally we get, by an obvious
induction, the decomposition:

X = H0(X) ⊕ Φ(H0Φ−1(τ≥1X)) ⊕ Φ2(H0(Φ−1τ≥1Φ
−1τ≥1X)) ⊕ · · · .

The decomposition ends since X is the sum of finitely many indecomposables.

Proposition 5.4.3. Let T be an orbit-cluster-tilting object of the cluster category CA.
Then for each X in the orbit category Db(A)/Φ, there exists a triangle in CA

T1
// T0

// X // T1[1]

with T0 and T1 in add(T ).

Proof. Let X be an object in DbA. Let t be the full subcategory of DbA generated by the
ΦpT where p is in Z. The object T is orbit-cluster-tilting, so the subcategory add(t) of
Db(A) is a 2-cluster-tilting subcategory of Db(A) in the sens of Iyama and Yoshino (see
[IY06]). Let T0 → X be a right add(t)-approximation in DbA. Denote by T1[1] the cone
of this morphism. For p in Z, let f : ΦpT → T1[1] be a morphism in DbA. We have the
following diagram in DbA

T0
u // X

v // T1[1]
w // T0[1].

ΦpT

f

OO
0

;;vvvvvvvvv

aahh

The composition w ◦ f vanishes, because T is a rigid object in CA. Thus f factorizes
through v. But since u is an add(t)-approximation, this factorization factorizes through
u. Thus f is zero and T1 is in add(t). The image of this triangle through the triangle
functor

Db(A) → Db(A)/Φ → CA

gives the result.

Lemma 5.4.1. Let C be a 2-Calabi-Yau category endowed with a cluster-tilting object R.
Let A be a finite dimensional k-algebra of global dimension ≤ 2 with an orbit-cluster-
tilting object T . Assume that F : CA → C is an algebraic triangle functor which induces
an equivalence between add(T ) and add(R). Then F is triangle equivalence.
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Proof. Look at the following diagram:

DbA/Φ
F◦i //

� q

i ##G
GG

GG
GG

GG
C

CA

F

;;wwwwwwwwww

add(T )
∼ //

?�

OO

add(R)
?�

OO

First we show that the functor F is essentially surjective. In fact, let X be in C, there
exists a triangle in C

R1
r // R0

// X // R1[1] .

Since F induces an equivalence between add(T ) and add(R), the cone of F−1r yields an
object which is sent on X.

Now let X and Y be objects in the orbit category DbA/Φ. There exist triangles in CA

T1
t // T0

// X // T1[1] and S1
s // S0

// Y // S1[1]

where Si and Ti are in add(T ). These triangles are just images through of the previous
triangles in DbA. The space of morphisms HomCA(X, Y ) is then isomorphic to the space
of commutative squares

T1
t //

��

T0

��
S1

s // S0

Thus it is isomorphic to the space of commutative squares of the form:

FT1
Ft //

��

FT0

��
FS1

Fs // FS0.

which is clearly isomorphic to the space of morphisms HomC(FX,FY ) in C. This proves
that the functor F ◦ i is fully faithful. The functor F is the ‘triangulated hull’ of the
functor F ◦ i. It stays fully faithful. Thus F is an triangulated equivalence.
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Chapter 6

Particular case coming from
preprojective algebras

6.1 Definition and first properties

Let Q be a finite quiver without oriented cycles with set of vertices {1, · · · , n}. Let T be
a preinjective tilting kQ-module. We denote by B the endomorphism algebra EndkQ(T ).
The algebra B is a concealed algebra in the sense of Ringel [Rin84]. By Happel [Hap87],
there is a triangle equivalence:

Db(modkQ)
RHomkQ(T,?)

// Db(modB).
?

L
⊗BT

oo

We denote by H the image of the injective module DkQ under the functor RHomkQ(T, ?).
The B-module H is a ‘slice’ in the postprojective component of modB. Define M′ and
M as the following subcategories:

M′ = {Y ∈ modkQ | Ext1kQ(T, Y ) = 0} = {Y ∈ modkQ | Y is generated by TkQ}

and

M = {X ∈ modB | Ext1B(X,H) = 0} = {X ∈ modB | X is cogenerated by HB}

115
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HDb(B)

M′

M

T

RHomkQ(T, ?)

Db(kQ)

?
L
⊗B T

Let τB be the Auslander-Reiten translation of modB, and τD the Auslander-Reiten
translation of Db(modkQ) ≃ Db(modB). Note that τkQ and τD become isomorphic when
we restrict them to the full subcategory of kQ-modules without non zero projective direct
factors. But in general, τB and τD are not isomorphic when restricted to the full subcat-
egory of B-modules without non zero projective direct factors. If X is an object of M,
then X has projective dimension 1, so X is isomorphic in Db(modB) to a complex of the
form:

· · · // 0 // 0 // P1
// P0

// 0 // · · ·

Thus τDX is isomorphic to

· · · // 0 // 0 // 0 // νBP1
// νBP0

// 0 // · · ·

where νB is the Serre functor of the category modB. By definition, τBX is the kernel of
νBP1 → νBP0, so it is isomorphic in Db(modB) to H0(τDX). Therefore there is a non
trivial morphism τBX → τDX.

The following proposition is a classical result in tilting theory (see for example [Rin84]).

Proposition 6.1.1. 1. For each X in M there exists a triangle

X //H0
// H1

// X[1]

in Db(modB) functorial in X with H0 and H1 in add(H);

2. the functor HomkQ(T, ?) induces an equivalence between the exact categories M′ and
M;

3. M seen as a subcategory of modB, is closed under kernels so in particular, M is
closed under τB;
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4. for each indecomposable X in M there exists a unique q ≥ 0 such that τ−qB X is in
add(H);

5. the category M has finitely many indecomposables.

Proof. 1. Since M is the subcategory of B-modules cogenerated by H , we have just to
see that the triangle X // H0

//H1
// X[1] is functorial in X. This comes

from the fact that kQ-modules admit functorial injective resolutions.

2. this is classical [Rin84][Theorem of Brenner-Butler, p. 170];

3. see [Rin84][(1), p. 179];

4. The indecomposable direct factors of H form a slice in the postprojective component
of the Auslander-Reiten quiver of B. Therefore, they contain a unique vertex of each
τ−1
B -orbit of this component;

5. this is obvious since H is a post-projective slice of modB.

6.1.1 Hom-finiteness

Let M be the quotient M/add(H). Denote by p : M → M the canonical projection.
Since H is a slice, we have the following properties.

Proposition 6.1.2. 1. The category M is equivalent to the full subcategory of M
whose objects do not have non zero direct factors in add(H). We denote by i :
M → M the associated inclusion.

2. The category M ⊂ modB is closed under kernels, and hence under τB.

3. The right exact functor i : modM → modM induced by i : M → M is isomorphic
to the restriction along p.

Proposition 6.1.3. Let A be the endomorphism algebra EndB(
⊕

M∈indMM). Then the
global dimension of A is at most 2.

Proof. Let F be the following functor

mod (M) −→ modA

F 7→ F (
⊕

M∈indM

M).

It is right exact and induces an equivalence between the projectives. In fact, the inde-
composable projectives of modM are the representable functors M∧ = HomB(?,M)|

M
,
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where M is an indecomposable of M. But their image through F is exactly the direct
summand of A seen as right A-module. Thus F is an equivalence of category.

Now let F be in modM, it is of finite type. Thus there is an exact sequence:

U∧
ϕ // V ∧ // F // 0,

where U and V are in M. By Yoneda’s lemma, the morphism ϕ comes from a morphism
f : U → V in M. The category M is stable under kernels, so the following sequence

0 // (Kerf)∧ // U∧
f∧ // V ∧ // F // 0

is exact and gives a projective resolution of length 2 of the module F .

Theorem 6.1. The cluster category CA is a Hom-finite, 2-Calabi-Yau category, and the
object A is an orbit-cluster-tilting object in CA.

Remark. We will show in chapter 7 that the image of A in CA is in fact a cluster-tilting
object.

Proof. Using corollary 4.4, theorem 5.1 and proposition 5.4.2, we have just to check that
the functor Tor2A(?, DA) is nilpotent.

Denote by D the derived category Db(modA) and Φ the endofunctor ν ◦ [−2]. We
have to show the existence of a positive integer N such that ΦN(D≥0) is included in D≥1.

Let U be an indecomposable of M. Denote by SU the simple A-module associated to
U . If U is not projective, then look at the Auslander-Reiten sequence associated to U :

0 // τBU // E // U // 0.

Then the simple SU is isomorphic in D to the complex

· · ·
// 0
−3

// (τBU)∧
−2

// E∧
−1

// U∧
0

// 0
1

//
· · · .

By proposition 6.1.2, E and τBU are also in M. Thus this complex has projective com-
ponents. Therefore the object νSU is isomorphic in D to the complex:

· · ·
// 0
−3

// (τBU)∨
−2

// E∨
−1

// U∨
0

// 0
1

//
· · ·

where U∨ is the injective A-moduleDHomB(U,−)|M̄. Since 0 // τBU // E // U // 0
is an Auslander-Reiten sequence, this complex is exact except in degree −2 where its ho-
mology is SτBU . Therefore we get an isomorphism between νSU [−2] = Φ(SU ) and SτBU .

If U is projective, then SU is isomorphic in D to the complex
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· · ·
// 0
−2

// (radU)∧
−1

// U∧
0

// 0
1

//
· · ·

Thus the object νSU [−2] is quasi-isomorphic to

· · ·
// 0
0

// (radU)∨
1

// U∨
2

// 0
3

//
· · ·

which lies in D≥1.
For each indecomposable U in M, there exists an integer NU ≥ 0 such that τNU

B U is a
projective of modB. The category M has only finitely many indecomposables, so for N
the maximum of the NU , we get the inclusion ΦN (SU) ∈ D≥1.

The algebra A is finite dimensional, so all simples of modA are of the form SU . More-
over, each object X of D≥0 is an iterated extension of shifts SU [−i], i ≥ 0, of simples SU ,
where U is indecomposable in M. Thus, for each object X of D≥0, the object ΦN (X)
belongs to D≥1.

6.1.2 Construction of the functor F : modM → f.l.Λ

Denote by I(kQ) the subcategory of the preinjective modules of modkQ.

Proposition 6.1.4. There exists a k-linear functor P : I(kQ) → M unique up to iso-
morphism such that

• P restricted to subcategory of the injective kQ-modules is isomorphic to the restric-
tion functor HomkQ(T, ?);

• for each indecomposable X in I(kQ) such that P (X) is not projective, the image

0 // P (τDX)
Pi // P (E)

Pp // P (X) // 0

of an Auslander-Reiten sequence in modkQ ending at X

0 // τDX
i // E

p // X // 0

is an Auslander-Reiten sequence in modB ending at P (X).

Moreover, this functor P is full, essentially surjective, and satisfies P ◦ τD ≃ τB ◦ P .

Proof. The Auslander-Reiten quivers ΓI of I(kQ) and ΓM of M are connected translation
quivers. Each vertex of ΓI is of the form τ qDx with q ≥ 0 and x indecomposable injective.
Each vertex of ΓM is of the form τ qBx where x is in add(H) (cf. (4) of prop 6.1.1).
Moreover, there is a canonical isomorphism of quivers P̄ : ΓDkQ → Γadd(H). Thus we can
construct inductively a morphism of quivers (that we will still denote by P̄ ) P̄ : ΓI → ΓM
extending P̄ such that:
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• P̄ (τDx) = τBP̄ (x) for each vertex x of ΓI ;

• P̄ (σDα) = σBP̄ (α) for each arrow α : x → y of ΓI , where σDα (resp. σBβ) denotes
the arrow τDy → x (resp. τBy → x) such that the mesh relations in ΓI (resp. in
ΓM) are of the form

∑
t(α)=x σD(α)α (resp.

∑
t(β)=x σB(β)β).

Clearly, this morphism of translation quivers induces surjections in the sets of vertices
and the sets of arrows.

The categories I(kQ) and M are standard, i.e. k-linearly equivalent to the mesh
categories of their Auslander-Reiten quivers. Up to isomorphism, an equivalence k(ΓI) →
I(kQ) is uniquely determined by its restriction to a slice. Thus there exists a k-linear
functor P : I(kQ) → M up to isomorphism which is equal to HomkQ(T, ?) on the slice of
the injectives and such that the square

k(ΓI)

P̄
��

∼ // I(kQ)

P

��
k(ΓM)

∼ // M

is commutative. This functor P sends Auslander-Reiten sequences

0 // τDX
i // E

p // X // 0

to Auslander-Reiten sequences

0 // τBP (X)
Pi // P (E)

Pp // P (X) // 0

if P (X) is not projective. Since P̄ is surjective, P is full and essentially surjective.

Lemma 6.1.1. Let X and Y be indecomposables in I(kQ). The kernel of HomkQ(X, Y ) →
HomB(PX, PY ) is generated by compositions of the form X // Z // Y where Z is
indecomposable and P (Z) is zero.

Proof. If P (X) or P (Y ) is zero this is obviously true. Suppose they are not. The mesh
relations are minimal relations of the k-linear category M and P is full. Thus the kernel
of the functor P is the ideal generated by the morphisms of the form

U
g // V

h //W

where

0 // P (U)
Pg // P (V ) Ph // P (W ) // 0

is an Auslander-Reiten sequence in M. Since P (U) is isomorphic to τBP (W ), the inde-
composable U is isomorphic to τD(W ). By the construction of P , V is a direct factor of
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the middle term of the Auslander-Reiten sequence ending at W , and we can ‘complete’

the composition τDW
g // V

h //W in an Auslander-Reiten sequence

0 // τDW

“ g
g′

”

// V ⊕ V ′
(h h′ ) //W // 0

with P (V ′) = 0 and P (g′) = P (h′) = 0. Thus, the morpism hg = −h′g′ does indeed
factor through an object in the kernel of P .

Now let Λ be the preprojective algebra associated to Q. We denote by ei the idempo-
tents of Λ associated with the vertex i. Then we have a natural functor

projΛ −→ IΠ(kQ)
Λei 7→

∏
p≥0 τ

p
DIi

where IΠ(kQ) is the closure of I(kQ) under countable products. Composing this functor
with the natural extension of P to IΠ(kQ), we get a functor:

projΛ −→ M
eiΛ 7→

⊕
p≥0 τ

p
BHi.

Therefore the restriction along this functor yields a functor F : modM → modΛ.
Moreover, since M has finitely many indecomposables, the functor F takes its values in
the full subcategory f.l.Λ formed by the Λ-modules of finite length.

This is an exact functor since it is a restriction functor. If M is a M-module, that is to
say a finitely presented functor M → modk, then the vector space F (M)ej is isomorphic
to

⊕
p≥0M(τ pBHj). For X in M, there exists i ∈ Q0 and q ≥ 0 such that τ qHi = X. It

is then easy to check that the image F (SX) of the simple associated to X is the simple
Λ-module Si.

6.1.3 Fundamental propositions

Proposition 6.1.5. For each X in M, there exists a functorial sequence in modΛ of the
form

0 // F ◦ i∗(X∧) // F (H∧0 ) // F (H∧1 ) // F ◦ i∗(X∨) // 0

where i∗ : modM → modM is the right exact functor induced by i : M → M, and where
H0 and H1 are in add(H).

Proof. Let X be in M, and iX its image in M. By property 1 of proposition 6.1.1, there
exists a triangle, functorial in X:

iX // H0
// H1

// (iX)[1]
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with H0 and H1 in add(H). It yields a long exact sequence in modM:

0 // (iX)∧ // H∧0 // H∧1 // Ext1B(?, iX)|M
// Ext1B(?, H0)|M

// · · · .

By definition, the functor Ext1B(?, H0)|M is zero. The Auslander-Reiten formula gives us
an isomorphism

Ext1B(?, iX)|M ≃ DHomB(τ−1
B iX, ?)|M/projB.

Since F is an exact functor, we get the following exact sequence in f.l.Λ:

0 // F ((iX)∧) // F (H∧0 ) // F (H∧1 ) // F ((τ−1
B iX)∨/projB) // 0

By definition, we have F ((iX)∧) ≃ (F ◦ i∗)(X
∧). For j = 1, · · · , n, we have an isomor-

phism:

F ((τ−1
B iX)∨/projB)ej ≃

⊕

p≥0

DHomB(τ−1
B iX, τpBHj)/projB.

For p ≥ 0, we have τ pB(Hj) = τ−1
B (τp+1

B Hj) if and only if τ pBHj is not projective. Thus we
have a vector space isomorphism

F ((τ−1
B iX)∨/projB)ej ≃

⊕

p≥0

DHomB(τ−1
B iX, τ−1

B τp+1
B Hj)/projB.

A morphism f : τ−1X → τ−1Y factorizes through a projective object if and only if
τ(f) : X → Y is not zero. Thus we have:

F ((τ−1
B iX)∨/projB)ej ≃

⊕

p≥1

DHomB(iX, τpBHj)

≃
⊕

p≥0

DHomB(X, τpBHj)/[add(H)]

≃ (F ◦ p∗)(X∨)ej ≃ (F ◦ i∗)(X
∨)ej.

Therefore we get this exact sequence in f.l.Λ, functorial in X:

0 // (F ◦ i∗)(X∧) // F (H∧0 ) // F (H∧1 ) // (F ◦ i∗)(X∨) // 0

Proposition 6.1.6. Let U and V be indecomposables in M. Then we have

HomCA(U∧, V ∧) ≃
⊕

p≥0

M(τ pBU, V )/[addτpBH ]

where M(τ pBU, V )/[addτpBH ] is the cokernel of the composition map

M(τ pBU, τ
p
BH) ⊗M(τ pBH, V ) −→ M(τ pBU, V ).
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We first show the following lemma:

Lemma 6.1.2. Let eU and eV be the idempotents of A associated to the indecomposables
U and V . Then we have an isomorphism

eUExt2A(DA,A)eV ≃ M(τBU, V )/[addτBH ]

where M(τBU, V )/[addτBH ] is the coker of the composition map

M(τBU, τBH) ⊗M(τBH, V ) −→ M(τBU, V ).

Proof. We have the following isomorphisms:

eUExt2A(DA,A)eV = Ext2A(D(eUA), AeV )

≃ HomD(M)(DM(U, ?),M(?, V )[2]).

Denote by M the category M/projB. Then τB induces an equivalence of k-linear cate-
gories τB : M → M. Thus we get the following isomorphisms

HomD(M)(DM(U, ?),M(?, V )[2]) ≃ HomD(M)(DM(τ−1
B U, τ−1

B ?),M(τ−1
B ?, τ−1

B V )[2])

≃ HomD(M)(DM(τ−1
B U, ?),M(?, τ−1

B V [2]))

≃ HomD(M)(DM(τ−1
B U, ?)/projB,M(?, τ−1

B V )/projB[2])

But by the previous lemma, we know a projective resolution in modM of the module
DM(τ−1

B U, ?)/projB. Namely, there exists an exact sequence in modM of the form:

0 // M(?, U) // M(?, H0) // M(?, H1) // DM(τ−1
B U, ?)/projB // 0

where H0 and H1 are in add(H). Thus we get (using Yoneda’s lemma)

HomD(M)(DM(U, ?),M(?, V )[2]) ≃ HomD(M)(M(?, U),M(?, τ−1
B V )/projB)/[addM(?, H)]

≃ M(U, τ−1
B V )/[addH ]

≃ M(τBU, V )/[addτBH ].

Since V is in M, a non-zero morphism of M(τBU, V ) cannot factorize through add(H).
Thus we get M(τBU, V )/[addτBH ] ≃ M(τBU, V )/[addτBH ].

Proof. (of proposition 6.1.6) In this proof, for simplicity we denote τB by τ . Let Ã be the
algebra EndCA(A). By proposition 5.2.1, we have a vector space isomorphism

eU ÃeV ≃ eUAeV ⊕ eUExt2A(DA,A)eV ⊕ eUExt2A(DA,A)⊗A2eV ⊕ . . .
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We prove by induction that

eUExt2A(DA,A)⊗ApeV ≃ M(τ pU, V )/[addτpH ].

For p = 0, eUAeV is isomorphic to M(U, V ) by Yoneda’s lemma, and so to M(U, V )/[add(H)].
Suppose the proposition holds for an integer p− 1 ≥ 0. Then we have

euExt2A(DA,A)⊗ApeV ≃
∑

W∈ind (M)

euExt2A(DA,A)⊗Ap−1eW ⊗ eWExt2A(DA,A)eV .

The sum means here the direct sum modulo the mesh relations of the category M. Thus
this vector space is the sum over the indecomposables W of M of

M(τ p−1U,W )/[add(τ p−1H)] ⊗M(τW, V )/[add(τH)]

modulo the mesh relations of M. This is isomorphic to the cokernel of the map ϕp−1
τp−1U,W⊗

1τW,V + 1τp−1U,W ⊗ ϕ1
τW,V where

ϕjX,Y : M(X, τ jH) ⊗M(τ jH, Y ) −→ M(X, Y )

is the composition map and where

1X,Y : M(X, Y ) −→ M(X, Y )

is the identity. The cokernel of this map is isomorphic to the cokernel of the map ϕpτpU,τW⊗
1τW,V + 1U,τW ⊗ ϕ1

τW,V . But we have an isomorphism

∑

W∈indM

M(τ pU, τW ) ⊗M(τW, V ) ≃ M(τ pU, V ).

Finally we get

Coker




∑

W∈indM

ϕpτpU,τW ⊗ 1τW,V + 1U,τW ⊗ ϕ1
τW,V



 ≃ Coker(ϕpτpU,V + ϕ1
τpU,V ).

Furthermore, a morphism in M(τ pU, V ) which factorizes through τH factorizes through
τpH since H is a slice and U is in M. Thus this cokernel is in fact isomorphic to the
cokernel of ϕpτpU,V that is to say to the space

M(τ pU, V )/[addτpH ].
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6.2 Case where B = EndkQ(T ) is hereditary

6.2.1 Results of Geiss, Leclerc and Schröer

Let us first recall some definitions and results of Geiss, Leclerc and Schröer [GLS07b].
Let Q be a finite connected quiver without oriented cycles with n vertices. Denote

by P the postprojective component of the Auslander-Reiten quiver of modkQ, and by
P1, . . . , Pn the indecomposable projectives.

Definition 6.2 (Geiss-Leclerc-Schröer, [GLS07b]). A kQ-module M = M1 ⊕ · · · ⊕Mr

with Mi indecomposables and pairwise non isomorphic, is called initial if the following
conditions hold:

• for all i = 1, . . . , r, Mi is postprojective;

• if X is an indecomposable kQ-module with HomkQ(X,M) 6= 0, then X is in add(M);

• and Pi ∈ add(M) for each indecomposable projective kQ-module Pi.

We define the integers ti as

ti = max{j ≥ 0|τ−j(Pi) ∈ add(M) − {0}}.

Denote by Λ the preprojective algebra associated to Q. There is a canonical algebras
embedding kQ � � // Λ . Denote by πQ : modΛ → modkQ the corresponding restriction
functor.

Geiss, Leclerc and Schröer showed the following theorem:

Theorem 6.3 (Geiss-Leclerc-Schröer, [GLS07b]). Let M be an initial kQ-module, and let
CM = π−1

Q (add(M)) be the subcategory of all Λ-modules X with πQ(X) ∈ add(M). Then
the following holds:

(i) the category CM is a Frobenius category with n projective-injectives;
(ii) the stable category CM is a 2-Calabi-Yau triangulated category.

Recall from Ringel [Rin98] that the category modΛ can be seen as modkQ(τ−1, 1).
The objects are pairs (X, f) where X is in modkQ and f : τ−1X → X is a morphism in
modkQ.The morphisms ϕ between (X, f) and (Y, g) are commutative squares:

τ−1X
f //

τ−1ϕ
��

X

ϕ

��
τ−1Y

g // Y

The image of an object (X, f) under πQ : modΛ → modkQ is then the module X.
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Let X = τ−lPi be an indecomposable summand of an initial module M . Then let
RX = (Y, f) be the following object in modkQ(τ−1, 1) ≃ modΛ:

Y =
l⊕

j=0

τ−jPi and f :
l+1⊕

j=1

τ−jPi −→
l⊕

j=0

τ−jPi

is given by the matrix

f =




0

1
...
...

...
1 0


 .

Geiss, Leclerc and Schröer proved the following:

Proposition 6.2.1 (Geiss-Leclerc-Schröer,[GLS07b]). The category CM has a canoni-
cal maximal rigid object R =

⊕
X∈ind add(M) RX. The projective-injectives of CM are the

Rτ−tiPi
, i = 1, . . . , n. Therefore, R is a cluster-tilting object in CM .

6.2.2 Endomorphism algebra of the cluster-tilting object

Let Q be a connected quiver without oriented cycles and denote by B the path algebra
kQ. Let M be an initial B-module. Let H be the following B-module H =

⊕n
i=1 τ

−tiPi.
Thus EndB(H) is an hereditary algebra isomorphic to kQ′ where Q′ is a quiver with the
same underlying graph as Q. We have the following triangle equivalence:

Db(modkQ′)
?

L
⊗kQ′ν−1H

// Db(modkQ′)
DRHomkQ(?,H)

oo

which sends H on DkQ′ ∈ modkQ′. Let T be the image in Db(modkQ′) of kQ under this
equivalence. Thus T is a tilting object in the preinjective component of Db(modkQ′), and
B = EndkQ′(T ) ≃ kQ. The previous equivalence can be also written

Db(modkQ′)
RHomkQ′ (T,?)

// Db(modkQ).
?

L
⊗kQT

oo

Let us define, as in the previous section, the subcategory M of Db(modkQ) as

M = {X ∈ modkQ /Ext1B(X,H) = 0}.

Then it is obvious that M = add(M). As previously, we put Λ = ΛQ = ΛQ′ because
Q and Q′ have the same underlying graph. Recall that we have M = M/add(H), and
that A = EndB(M) is an algebra of global dimension 2. Note that in this case τB and τD
coincide on modB since B is hereditary.
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Lemma 6.2.1. Let U and V be indecomposables in M. Then we have

HomΛ(RU , RV ) ≃
⊕

j≥0

M(τ jU, V ).

Proof. Let P and Q be projective indecomposables such that U = τ−qQ and V = τ−pP .
Then the morphisms bewteen RU and RV are given by commutative diagrams

⊕q+1
i=1 τ

−iQ

τ−1f

��

0

B

B

B

@

0

1
...
...

...
1 0

1

C

C

C

A

//
⊕q

i=0 τ
−iQ

f

��⊕p+1
j=1 τ

−jP

0

B

B

B

@

0

1
...
...

...
1 0

1

C

C

C

A

//
⊕p

j=0 τ
−jP

Case 1: p ≤ q
An easy computation gives the following equalities

HomΛ(RU , RV ) ≃

p⊕

j=0

M(Q, τ−jP )

≃

p⊕

j=0

M(τ−p+jQ, τ−pP )

≃

p⊕

j=0

M(τ−p+j+q(τ−qQ), τ−pP )

≃

q⊕

j=q−p

M(τ jU, V )

Since M(τkU, V ) vanishes for k ≤ q − p+ 1 and since τkU vanishes for k ≥ q + 1, we get
an isomorphism

HomΛ(RU , RV ) ≃
⊕

j≥0

M(τ jU, V ).

Case 2: p > q
In this case, a morphism from RU to RV is given by morphisms aj ∈ M(Q, τ−jP ), with
j = 0, . . . , p such that τ−q+1aj = 0 for j = 0, . . . , p − q − 1. But since τ−q+1−jP is not
zero for j = 0, . . . , p− q− 1, the morphism τ−q+1aj : τ−q+1Q→ τ−q+1−jP vanishes if and
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only if aj vanishes. Thus we get

HomΛ(RU , RV ) ≃

p⊕

j=p−q

M(Q, τ−jP )

≃

p⊕

j=p−q

M(τ−p+jQ, τ−pP )

≃

p⊕

j=p−q

M(τ−p+j+q(τ−qQ), τ−pP )

≃

q⊕

j=0

M(τ jU, V )

Since τ jU vanishes for j ≥ q + 1 we get

HomΛ(RU , RV ) ≃
⊕

j≥0

M(τ jU, V ).

Corollary 6.4. Let U and V be indecomposable objects in M. Then we have

HomCM
(RU , RV ) ≃ eU ÃeV

and therefore the algebras Ã and EndCM
(R) are isomorphic.

Proof. The projective-injectives in the category CM are the RHi
with i = 1, . . . , n. Denote

by RH the sum
⊕n

i=1RHi
. Then HomCM

(RU , RV ) is the cokernel of the composition map

HomCM (RU , RH) ⊗ HomCM (RH , RV ) −→ HomCM (RU , RV ).

By the previous lemma this map is isomorphic to the following

⊕
i,j≥0 M(τ iU,H) ⊗M(τ jH, V ) Φ //

⊕
p≥0 M(τ pU, V )

Given two morphisms f ∈ M(τ iU,H) and M(τ jH, V ), Φ(f ⊗ g) is the composition
τ jf ◦ g ∈ M(τ i+jU, V ). Thus the cokernel of this map is the cokernel of the map

⊕
p≥0

⊕p
i=0 M(τ pU, τ iH) ⊗M(τ iH, V ) Φ //

⊕
p≥0 M(τ pU, V ) .

Since H is a slice and since U is in M, a morphism in M(τ pU, V ) which factorizes through
τ iH with i ≤ p factorizes through τ pH . Finally we get

HomCM
(RU , RV ) ≃

⊕

p≥0

M(τ pU, V )/[addτpH ],

and we conclude using proposition 6.1.6.
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6.2.3 Triangle equivalence

The aim of this section is to prove the following theorem:

Theorem 6.5. The functor F ◦ i∗ : modM → f.l.Λ yields a triangle equivalence between
CM and CM .

Proof. Let X = τ−lB Pi be an indecomposable of M. The M-module X∧ = HomB(?, X)|M
is projective. The underlying vector space of F (X∧) is

F (X∧) ≃
⊕

q≥0

HomB(τ qBH, τ
−l
B Pi)

≃
⊕

q≥0

HomB(τ−qB B, τ−lB Pi)

≃
⊕

q≥0

HomB(B, τ q−lB Pi) ≃
l⊕

q=0

τ−qB Pi

The action on the arrows is obviously given by the morphism

f :

l+1⊕

j=1

τ−jPi −→
l⊕

j=0

τ−jPi

with

f =




0

1
...
...

...
1 0



 .

Thus each projective X∧ is sent on an object of CM . Moreover, H is equal to
⊕n

i=1 τ
−tiPi

so F (H∧) is equal to
⊕n

i=1Rτ−tiPi
the sum of all the projective-injectives of CM . Therefore

F induces a functor F : Db(modM) → Db(CM). We have the following composition:

Db(modM) ≃ Db(modA)

?
L
⊗ADA[−2]

TT

i∗ // Db(modM)
F // Db(CM)

π // Db(CM )/perCM ≃ CM

The functor F ◦ i∗ is clearly isomorphic to the left derived tensor product with the A-Λ-
bimodule R = F ◦ i∗(A). By proposition 6.1.5, for X in M, we have the following exact
sequence, functorial in X:

0 // F ◦ i∗(X∧) // F (H∧0 ) // F (H∧1 ) // F ◦ i∗(X∨) // 0

with H0 and H1 in add(H). It yields a morphism

F ◦ i∗(DA) → F ◦ i∗(A)[2]
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in the derived category of A-Λ-bimodules. Since the objects F (H∧0 ) and F (H∧1 ) vanish in
the stable category CM , the image

F ◦ i∗(DA) → F ◦ i∗(A)[2]

of this morphism in the category of A-B-bimodules is invertible, where B is a dg category
whose perfect derived category is algebraically equivalent to the stable category CM . In
other words, in the derived category D(Aop ⊗ B), we have an isomorphism

DA
L
⊗A πFi∗(A) ≃ πFi∗(A)[−2].

By the universal property of the orbit category, we have the factorization

Db(modM)
?

L
⊗AR //

%%KKKKKKKKKK
CM .

CM

==

This factorization is an algebraic functor between 2-Calabi-Yau categories which sends
the orbit-cluster-tilting object A on the cluster-tilting object R. Moreover by corollary
6.4, it yields an equivalanece between the categories add(A) and add(R). Thus using the
lemma 5.4.1, it is an algebraic triangle equivalence.

Note that if M is the initial module kQ⊕ τ−1kQ, Geiss, Leclerc and Schröer proved,
using a result of Keller and Reiten [KR06], that the 2-Calabi-Yau category CM is triangle
equivalent to the cluster category CQ. Here, H is τ−1kQ and then M is kQ, so we get
another proof of this fact.

6.2.4 Example: Dynkin case

Let Q be A4 with the following orientation:

1 2oo // 3 // 4.

Let M be the following initial module:

M = 2 ⊕ 3
2 ⊕ 1

2 ⊕
4
3
2
⊕ 1 3

2 ⊕
4

1 3
2

⊕ 3 ⊕ 1 ⊕ 4
3

Thus we have

H =
4

1 3
2

⊕ 3 ⊕ 1 ⊕ 4
3 and M = 2 ⊕ 3

2 ⊕ 1
2 ⊕

4
3
2
⊕ 1 3

2 .
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Figure 6.1: Auslander-Reiten quiver of the category modkQ
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Figure 6.2: Auslander-Reiten quiver of the category CM

In figure 6.1 we can see the Auslander-Reiten quiver of the category modkQ. The in-
decomposables of add(M) are framed and the indecomposables of add(H) are marked in
red.

The category CM is then a subcategory of modΛ(A4). Figure 6.2 shows its Auslander-
Reiten quiver. The corresponding stable category is triangle equivalent to CD5 . The direct
summands of the canonical maximal rigid object are marked in red. Let πQ : modΛ →
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modkQ be the canonical projection. The Λ-module
2

1 3
2 4

3
is a projective-injective of CM ,

and its image under πQ is 2 ⊕ 1 3
2 ⊕ 4

3 which is the direct sum of a τ -orbit in add(M).
The quiver of the category M = add(M) is the following:
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The endomorphism algebra A = EndkQ(M) is defined by the following quiver with the
mesh relations.
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Figure 6.3: Auslander-Reiten quiver of the category modA

Figure 6.2.4 shows the Auslander-Reiten of modA. The indecomposable projectives
are marked in red and the indecomposable injectives are marked in blue.

The algebra A can be seen as the endomorphism algebra of a tilting module in modkD5,
so the derived category Db(modA) is equivalent to the category Db(modkD5). Figure 6.4
shows its Auslander-Reiten quiver. The object X is the following complex:

· · · // 0 // 3
2 ⊕ 1

2
// 6
1 3

2
// 0 // · · ·

whose homology is non zero in degree −1 and 0.
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Figure 6.4: Auslander-Reiten quiver of the derived category Db(modA)

Now let X = 2 be an indecomposable of M = add(M). Then τ−1X is 1 3
2 ∈ M. The

triangle X // H0
// H1

// X[1] of property 1 of proposition 6.1.1 is the following:

2 // 4
1 3

2
// 1 ⊕ 4

3
// 2 [1] .

The exact sequence

0 // X∧|M
// H∧0|M

// H∧1|M
// (τ−1X)∨|M/projB // 0

of modM is then

0 // 2 ∧ // 7 ∧ // 8 ∧ ⊕ 9 ∧ // 6 ∨/projB // 0

that is to say the sequence

0 // 2 //
7

6 4
1 3

2

//
9

5 7
6 4

3
⊕

8
7
6
1

// 9 8
5 7

6
// 0 .

Note that in this case, since B = EndkQ(T ) is hereditary, (τ−1X)∨|M/projB is isomorphic

to (τ−1X)∨|M. Its image under F in modΛ is

0 // 2 //
3

2 4
1 3

2

//
2

1 3
2 4

3
⊕

4
3
2
1

// 2 4
1 3

2
= F (

6 4
1 3

2
) // 0 .

Thus we get an isomorphism in CM between 2 [2] = F ( 2 ∧)[2] and
2 4

1 3
2

= F (
6 4

1 3
2

) =

F ( 2 ∨
|
M

).

Now let X be the indecomposable object 3
2 of M. Then τ−1X is

4
1 3

2
which is in

M. The triangle X // H0
// H1

// X[1] in Db(modkQ) is the following:

3
2

// 4
1 3

2
⊕ 3 // 1 ⊕ 4

3
// 3
2 [1].
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The exact sequence 0 // X∧|M
//H∧0|M

// H∧1|M
// (τ−1X)∨|M

// 0 of modM

is then

0 // 3 ∧ // 7 ∧ ⊕ 5 ∧ // 8 ∧ ⊕ 9 ∧ // 7 ∨ // 0

that is to say the sequence

0 // 3
2

//
7

6 4
1 3

2
⊕

5
6
3

//
9

5 7
6 4

3
⊕

8
7
6
1

// 8 9
7

// 0 .

Its image under F in modΛ is

0 // 3
2

//
3

2 4
1 3

2
⊕

1
2
3

//
2

1 3
2 4

3
⊕

4
3
2
1

// 2 4
3 = F ( 2 4

3 ) // 0 .

Thus there is an isomorphism in CM between 3
2 [2] = F ( 3 ∧|

M

)[2] and 2 4
3 = F ( 2 4

3 ) =

F ( 3 ∨|
M

).

6.2.5 Example: Non-Dynkin case

Now take Q = Ã2 = 1
//// 2 . Thus the postprojective component of the Auslander-

Reiten quiver of modkQ is

P2,1

!!C
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CC
CC

C
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CC
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C
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CC

C
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CC
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>>}}}}}}}}}

>>}}}}}}}}}
· · ·

where P1,1 = 1 , P2,1 = 2
1 1 , P1,2 = 2 2

1 1 1 , P2,2 = 2 2 2
1 1 1 1 , etc.

Put M = P1,1 ⊕ P2,1 ⊕ P1,2 ⊕ P2,2 ⊕ P1,3, then M is the direct sum P1,1 ⊕ P2,1 ⊕ P1,2

and H is P2,2 ⊕ P1,3. Thus the algebra EndkQ(M) is defined by the following quiver with
the mesh relations:

2

��=
==

==
==

��=
==

==
==

4

��?
??

??
??

?

��?
??

??
??

?

1

@@�������

@@�������
3

@@�������

@@�������
5.

The indecomposable projectives of the algebra EndkQ(M) are given by

P1 = 1 , P2 = 2
1 1 , P3 =

3
2 2

1 1 1
, P4 =

4
3 3

2 2 2
1 1 1 1

and P5 =
5

4 4
3 3 3

2 2 2 2
1 1 1 1 1

.
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The projective-injectives of the category CM are the modules F (P4) =
2

1 1
2 2 2

1 1 1 1
and

F (P5) =
1

2 2
1 1 1

2 2 2 2
1 1 1 1 1

.

Let X = 1 be an object in M. Then we have the short exact sequence:

0 // 1 // P 4
2,2

// P 3
1,3

// 0

But we have X∧|M = X∧|
M

= 1 , (τ−1X)∨|M =
5 5 5

4 4
3

and X∨|
M

=
3 3 3

2 2
1

. Therefore the

following sequence is exact in modM

0 // 1 // P 4
4

// P 5
5

// 5 5 5
4 4

3
// 0 .

For X = 2, in the same way, we have the following exact sequence

0 // 2
1 1

// P 3
4

// P 2
5

// 5 5
4

// 0

Those exact sequences in CM give isomorphisms in CM between F (X∧|
M

)[2] and F (X∨|
M

).

6.3 Relation with categories SubΛ/Iw

6.3.1 Results of Buan, Iyama, Reiten and Scott

Let us recall some results of Buan, Iyama, Reiten and Scott in [BIRS07]. Let Q be a finite
connected quiver without oriented cycles and Λ the associated preprojective algebra. We
denote by {1, . . . , n} the set of vertices of Q. For a vertex i of Q, we denote by Ii the
ideal Λ(1 − ei)Λ of Λ. We denote by W the Coxeter group associated to the quiver Q.
The group W is defined by the generators 1, . . . , n and the relations:

• i2 = 1 for all i in {1, . . . , n};

• ij = ji if there are no arrows between the vertices i and j;

• iji = jij if there is exactly one arrow between i and j.

Let w = i1i2 . . . ir be a W -reduced word. For m ≤ r, let Iwm
be the the following

ideal:
Iwm

= Iim . . .Ii2Ii1 .

For simplicity we will denote Iwr
by Iw. The category SubΛ/Iw is the subcategory of

f.l.Λ generated by the sub-Λ-modules of Λ/Iw. Buan, Iyama, Reiten and Scott proved
the following:
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Theorem 6.6 (Buan-Iyama-Reiten-Scott [BIRS07]). The category SubΛ/Iw is a Frobe-
nius category and its stable category SubΛ/Iw is 2-Calabi-Yau. The object

⊕r
m=1 eimΛ/Iwm

is a cluster-tilting object.

Note that this theorem is written only for non Dynkin quiver in [BIRS07], but the
Dynkin case is an easy consequence of theorem II.2.8 and corollary II.3.5 of [BIRS07].

6.3.2 Construction of a reduced word

Let Q be a finite connected quiver without oriented cycles, and Λ the associated prepro-
jective algebra. Let T be a preinjective tilting kQ-module, and B = EndkQ(T ) its endo-
morphism algebra. As previously, we define the B-modules Hi = HomkQ(T, Ii) where the
Ii are the indecomposable injectives of modkQ, and M = {X ∈ modB /Ext1B(X,H) = 0}
where H =

⊕
iHi.

Let us order the indecomposables X1, . . . , XN of M in such a way: if the morphism
space HomB(Xi, Xj) does not vanish, i is smaller than j. It is possible since Q has no
oriented cycles.

By proposition 6.1.1, for Xi ∈ M there exists a unique q ≥ 0 such that τ−qB Xi ≃ Hϕ(i)

for a certain integer ϕ(i). So we get a function ϕ : {1, . . . , N} → {1, . . . , n}. Let w be
the word ϕ(1)ϕ(2) . . . ϕ(N).

Proposition 6.3.1. The word w is W -reduced.

Proof. The proof is in several steps:

Step 1: For two integers i < j in {1, . . . , N}, we have ϕ(i) = ϕ(j) if and only if there
exists a positive integer p such that Xi = τpBXj.

Step 2: The element w of the Coxeter group does not depend on the order on the
indecomposables of M.

Let i be in {1, . . . , N − 1}. Assume there is an arrow ϕ(i) → ϕ(i + 1) in Q. We show
that there is an arrow Xi → Xi+1 in the Auslander-Reiten quiver of M. By proposition
6.1.1, there exist positive integers p and q such that Xi = τ qBHϕ(i) and Xi+1 = τpBHϕ(i+1).
By hypothesis, there is an arrow between Hϕ(i) and Hϕ(i+1). Thus we want to show that
p is equal to q.

Suppose that p ≥ q + 1, then since M is closed under τB, the objects τ qBHϕ(i+1) and

τ q+1
B Hϕ(i+1) are non zero and are in M. Let l be the integer in {1, . . . , N} such that

Xl = τ q+1
B Hϕ(i+1). We have an arrow

Xi = τ qBHϕ(i) → τ qBHϕ(i+1) = τ−1
B Xl.

Thus, by the property of the AR-translation, there is an arrow

Xl → Xi.
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Thus i should be strictly greater than l. But by step 1, and the hypothesis p ≥ q + 1, we
have i+ 1 ≤ l. This a contradiction.

The cases q ≥ p + 1, and ϕ(i+ 1) → ϕ(i) in Q can be solved in the same way.

Step 3: It is not possible to have ϕ(i) = ϕ(i+ 1).

Suppose we have ϕ(i) = ϕ(i + 1). By step 1 there exists a positive integer p such that
Xi = τ pBXi+1. Suppose that p is ≥ 2, then τBXi+1 = τ−p+1

B Xi is in M, it is isomorphic
to an Xk for an integer k with ϕ(k) = ϕ(i). But k must be strictly greater than i and
strictly smaller than i+ 1 which is clearly impossible. Thus p is equal to 1. There should
exist an Xl in M such that Hom(Xi, Xl) 6= 0 and Hom(Xl, Xi+1) 6= 0. Thus l must be
strictly between i and i+ 1 which is impossible.

Step 4: It is not possible to have ϕ(i) = ϕ(i+ 2) and ϕ(i+ 1) = ϕ(i+ 3) with exactly
one arrow in Q between ϕ(i) and ϕ(i+ 1).

In this case we have, by step 1, Xi = τpBXi+2 and Xi+1 = τ qBXi+3. By the same argument
as in step 3, p and q have to be equal to 1. Thus the AR quiver of M has locally the
following form:

%%L
L

��:
: //__ Xi+1

$$JJ
JJ

Xi+3

::v
v

//__

!!B
B

B

// Xi

;;xxxx
Xi+2

::tttt
//___

''NNN??~
~ .

There is only one arrow with tail Xi+2. Indeed, suppose there is an Xk with an arrow
Xk → Xi+2. Thus there is an arrow τBXi+2 = Xi → Xk and k must be strictly between i
and i+ 2. By the same argument, there is only one arrow with tail Xi+3, one arrow with
source Xi and one arrow with source Xi+1. Thus we have the following AR sequences in
modB:

0 // Xi
// Xi+1

// Xi+2
// 0 and 0 // Xi+1

// Xi+2
// Xi+3

// 0

which is clearly impossible.

Step 5: There is no subsequence of type jkjlkl in w with an arrow between j and k and
an arrow between k and l

Suppose we have ϕ(i) = ϕ(i+ 2) = j, ϕ(i+ 1) = ϕ(i+ 4) = k and ϕ(i+ 3) = ϕ(i+ 5) = l.
As previously, we have Xi = τBXi+2, Xi+1 = τBXi+4 and Xi+3 = τBXi+5. There is an
arrow Xi+1 → Xi+2 so there is an arrow Xi+2 → Xi+4. There is an arrow Xi+3 → Xi+4.



138 Chapter 6. Particular case coming from preprojective algebras

Thus there is an arrow Xi+1 → Xi+3. Finally, the AR quiver of M locally looks like:

''OOO

##G
G

G //___ Xi+3

$$JJ
JJ

Xi+5

;;w
w

//

  @
@

@

//__ Xi+1

::tttt

$$JJ
JJ

Xi+4

::tttt
//___

$$J
J

J

//Xi

;;xxxx
Xi+2

::tttt
//___

''OOO>>}
}

As in step 4, it is easy to check that there are only two arrows with tail Xi+4, one arrow
with tail Xi+5 and Xi+2, one arrow with source Xi+3 and Xi and two arrows with source
Xi+1. Thus we have the 3 following AR sequences in modB:

0 // Xi
//Xi+1

// Xi+2
// 0 0 // Xi+3

// Xi+4
// Xi+5

// 0

and 0 // Xi+1
// Xi+3 ⊕Xi+2

// Xi+4
// 0

Therefore we get the following equalities:

dimkXi+1 = dimkXi + dimkXi+2

dimkXi+4 = dimkXi+3 + dimkXi+5

dimkXi+3 + dimkXi+2 = dimkXi+1 + dimkXi+4

which imply that Xi and Xi+5 are zero.
By the second step, we know that using the relation of commutativity is the same as

changing the order on the indecomposables of M. Moreover we just saw that locally we
can not reduce the word w. Thus it is reduced.

6.3.3 Image of the orbit-cluster-tilting object

Let F : modM → f.l.Λ be the functor constructed in section 6.1.2.

Proposition 6.3.2. For i = 1, . . . , N , we have an isomorphism in f.l.Λ:

F (X∧i ) ≃ eϕ(i)Λ/Iwi

where wi is the word ϕ(1) · · ·ϕ(i).

Proof. The functor F is right exact and sends the simple functor SXi
onto the simple Sϕ(i).

Since F (X∧i ) surjects onto F (SXi
), there is a morphism eϕ(i)Λ → F (X∧i ). Explicitly, we

will take the morphism given in this way:
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The object Xi is of the form τ qBHϕ(i) for a q ≥ 0. If j is in {1, . . . , n}, the vector
space eϕ(i)Λej is isomorphic to

∏
p≥0 HomkQ(τ pDIj , Iϕ(i)) where Ij is the injective inde-

composable module of modkQ corresponding to the vertex j. Let f be a morphism
in HomkQ(τpDIj , Iϕ(i)), then τ qD(f) is a morphism in HomkQ(τp+qD Ij , τ

q
DIϕ(i)), and then

P (τ qDf) = τ qBP (f) is a morphism in M from τ p+qB Hj to τ qBHϕ(i) = Xi, so is in F (X∧i )ej .

Step 1: The morphism eϕ(i)Λ → F (X∧i ) vanishes on the ideal Iwi
.

A word j1j2 · · · jr will be called a subword of wi if there exist integers 1 ≤ l1 < l2 <
· · · < lr ≤ i such that j1j2 · · · jr = ϕ(l1)ϕ(l2) · · ·ϕ(lr). Then it is easy to check that the
vector space eϕ(i)Iwi

ej is generated by the paths from j to ϕ(i) such that there exists a
factorization

j ///o/o/o j1 ///o/o/o j2 ///o/o/o · · · ///o/o/o jr ///o/o/o ϕ(i)

with jj1j2 · · · jrϕ(i) not a subword of wi.
Let f be a morphism τ pDIj → Iϕ(i) in I(kQ) given by such a path. Assume that the

image P (τ qDf) of f in F (X∧i ) is non zero. Let

τpDIj
f0 // τp1D Ij1

f1 // τp2D Ij2
f2 // · · · // τpr

D Ijr
fr // Iϕ(i)

be the factorization of f given by the above factorization of the path. Then P (τ qDf) is
equal to the composition

τp+qB Hj
// τp1+q
B Hj1

// τp2+q
B Hj2

// · · · // τpr+q
B Hjr

// τ qBHϕ(i) = Xi .

Since P (τ qDf) is not zero, all morphisms P (τ qDfl) are not zero, and all objects τ pl+q
B Hjl are

non zero. Thus the objects τ pl+q
B Hjl are of the form Xhl

with h0 < h1 < · · · < hr < i.
Furthermore, we have ϕ(hl) = jl. Thus jj1 · · · jrϕ(i) = ϕ(h0)ϕ(h1) · · ·ϕ(hr)ϕ(i) is a sub-
word of wi. This contradiction shows that the image of f in F (X∧i ) must be zero.

Step 2: The morphism eϕ(i)Λ → F (X∧i ) is surjective.

Let f be a morphism τ p+qB Hj → τ qBHϕ(i) = Xi in M. Hence τ−qB f is a morphism
τpBHj → Hϕ(i) in M. Since P is full (cf. proposition 6.1.4), there exists a morphism
g : τ pDIi → Iϕ(i) such that P (g) = τ−qB f . Thus we have P (τ qDg) = τ qBP (g) = f .

Step 3: The morphism eϕ(i)Λ/Iwi
→ F (X∧i ) is injective.

Let f be a non zero morphism τ pDIj → Iϕ(i) in I(kQ) such that P (τ qDf) is zero. By
lemma 6.1.1, we can assume that there exists a factorization of τ qDf of the form

τ q+pD Ij
h // Y

g // τ qDIϕ(i)
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with Y indecomposable and P (Y ) = 0. The object Y is of the form τhDIl with h ≥ q and
we have τhBHl = 0.

The morphism g is a sum of compositions of irreducible morphisms between indecom-
posables. Let

τhDIl
g0 // Y1

g1 // Y2
g2 // · · · // Ys

gs // τ qDIϕ(i)

be such a summand of g. The objects Yk, 1 ≤ k ≤ s are indecomposable and so are
of the form τ rkD Ijk , and the morphisms gk, 0 ≤ k ≤ s are irreducible. We will show
that the word lj1j2 . . . jsϕ(i) is not a subword of wi. Without loss of generality, we
may assume that for 1 ≤ k ≤ s, P (Yk) is not zero, so there exist integers lk such
that P (Yk) = Xlk . Since the morphisms gk are irreducible, P (gk) does not vanish, and
we have 1 ≤ l1 < l2 < · · · < ls < i. The word j1j2 . . . jsϕ(i) is equal to the word
ϕ(l1)ϕ(l2) · · ·ϕ(ls)ϕ(i), so j1j2 . . . jsϕ(i) is a subword of wi.

Substep 1: The sequence 1 ≤ l1 < l2 < · · · < ls < i is the maximal element of the set
{1 ≤ i1 < i2 < · · · < is < is+1 ≤ i | ϕ(i1) = j1, . . . , ϕ(is) = js, ϕ(is+1) = ϕ(i)} for the
lexicographic order.

We prove by decreasing induction that lk is the maximal integer with lk < lk+1 and
ϕ(lk) = jk. For k = s + 1 it is obvious. Now suppose there exists an integer ik such that
ϕ(lk) = ϕ(ik) = jk and lk < ik < lk+1. Thus by step 1 of proposition 6.3.1, there exists an
integer r ≥ 1 such that Xlk = τ rBXik . The morphism P (gk) : Xlk → Xlk+1

is irreducible,
so there exists a non zero irreducible morphism Xlk+1

→ τ−1
B Xlk . The object τ−1

B Xlk is in
M since Xlk and τ−rB Xlk = Xik are in M. It is of the form Xt, and we have lk+1 < t.
Since r is ≥ 1, by step 1 of proposition 6.3.1, t is ≤ ik. This implies lk+1 < ik which is a
contradiction.

Substep 2: l does not belong to the set {ϕ(1), ϕ(2), . . . , ϕ(l1 − 1)}.

Suppose that there exists an integer 1 ≤ k ≤ N such that ϕ(k) is equal to l. Thus there
exists an integer r ≥ 0 such that Xk is equal to τ rBHl. Since τhBHl = P (τhDIl) is zero, r is
≤ h− 1.

Since the morphism g0 : τhDIl → Y1 is an irreducible morphism of I(kQ), there exists an
irreducible morphism Y1 → τh−1

D Il in I(kQ). Thus there exists an irreducible morphism
τ r−h+1
D Y1 → τ rDIl in I(kQ). The object P (τ rDIl) = τ rBHl = Xk is not zero and lies in M,

so the object P (τ r−h+1
D Y1) = τ r−h+1

B Xl1 is not zero and lies in M since M is stable by
kernel. Thus there is an irreducible morphism τ r−h+1

B Xl1 = Xt → Xk in M. Therefore t
has to be < k. Moreover since r − h + 1 ≤ 0, by step 1 of proposition 6.3.1, l1 is ≤ s.
Finally we get l1 < k.

Then combining substep 1 and substep 2, we can prove that lj1j2 . . . jsϕ(i) can not
be a subword of wi. Indeed, assume lj1j2 . . . jsϕ(i) is a subword of wi. Thus there exist
1 ≤ i0 < i1 < . . . < is < is+1 ≤ i such that ϕ(i0)ϕ(i1) . . . ϕ(is+1) = lj1j2 . . . jsϕ(i). In
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particular, the word j1j2 . . . jsϕ(i) is a subword of wi and 1 ≤ i1 < . . . < is < is+1 ≤ i is
in the set of substep 1. Thus by substep 1, i1 has to be ≤ l1. By substep 2, i0 can not
exist.

6.3.4 Endomorphism algebra of the cluster-tilting object

Lemma 6.3.1. Let Xi and Xj be indecomposables of M. Then we have an isomorphism
of vector space

HomΛ(eϕ(j)Λ/Iwj
, eϕ(i)Λ/Iwi

) ≃
⊕

p≥0

M(τ pBXj , Xi).

Proof. Case 1: j ≥ i

Then by [BIRS07] (lemma II.1.14) we have an isomorphism

HomΛ(eϕ(j)Λ/Iwj
, eϕ(i)Λ/Iwi

) ≃ eϕ(i)Λ/Iwi
eϕ(j).

By proposition 6.3.2, this is isomorphic to the space

⊕

p≥0

M(τ pBHϕ(j), Xi).

By definition of the function ϕ, there exists some q ≥ 1 such that Xj = τ qBHϕ(j). Thus we
can write the sum

⊕

p≥0

M(τ pBHϕ(j), Xi) =

q⊕

p=1

M(τ−pB Xj , Xi) ⊕
⊕

p≥0

M(τ pBXj, Xi)

Since j ≥ i, there is no morphism from τ−pB Xj to Xi for p ≥ 1, and the first summand is
zero. Therefore we get the result.

Case 2: j < i

Then by [BIRS07] (lemma II.1.14) we have an isomorphism

HomΛ(eϕ(j)Λ/Iwj
, eϕ(i)Λ/Iwi

) ≃ eϕ(i)(Iϕ(i) . . .Iϕ(j+1)/Iwi
)eϕ(j).

By proposition 6.3.2, this space is a subspace of the space

⊕

p≥0

M(τ pBHϕ(j), Xi) ≃
⊕

p≥1

M(τ−pB Xj , Xi) ⊕
⊕

p≥0

M(τ pBXj , Xi).
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Step 1: If f is a non zero morphism in M(τ−pB Xj, Xi) with p ≥ 1 then f is not in the
space eϕ(i)Iϕ(i) . . .Iϕ(j+1)eϕ(j).

Let Xl0 be the indecomposable τ−pB Xj. Since p ≥ 1 then l0 is ≤ j + 1. The morphism is
a sum of composition of the form

Xl0
// Xl1

// · · · // Xlr
// Xi

with the Xlk indecomposables. Since f is not zero, we have j+ 1 ≤ l0 < l1 < . . . < lr < i.
Thus the word ϕ(l0)ϕ(l1) . . . ϕ(lr)ϕ(i) is a subword of ϕ(j + 1)ϕ(j + 2) . . . ϕ(i). Since it
holds for each factorization of f , the morphism f is not in the space eϕ(i)Iϕ(i) . . .Iϕ(j+1)eϕ(j).

Step 2: If f is a morphism in M(τ pBXj, Xi) with p ≥ 0 then f is in the space
eϕ(i)Iϕ(i) . . .Iϕ(j+1)eϕ(j).

Let Xl0 be the indecomposable τ pBXj . Since p is ≥ 0, we have l0 ≤ j. Let us show that if
f is a composition of irreducible morphisms

Xl0
// Xl1

// · · · // Xlr
// Xlr+1 = Xi

then the word ϕ(l0)ϕ(l1) · · ·ϕ(lr)ϕ(i) is not a subword of ϕ(j + 1)ϕ(j + 2) . . . ϕ(i).
We have l0 < l1 < · · · < lr < i. Since l0 is < j + 1, and i is ≤ j + 1, there exists

1 ≤ k ≤ r + 1 such that lk−1 < j + 1 ≤ lk. Therefore ϕ(lk) . . . ϕ(lr)ϕ(i) is a subword of
ϕ(j+1)ϕ(j+2) . . . ϕ(i), and the sequence lk < lk+1 < · · · < lr < i is the maximal element
of the set

{j + 1 ≤ ik < · · · < ir+1 ≤ i | ϕ(ik) = ϕ(lk), . . . , ϕ(ir) = ϕ(lr), ϕ(ir+1) = ϕ(i)}

for the lexicographic order (exactly for the same reasons as in substep 1 of proposi-
tion 6.3.2). Now we can prove exactly as in substep 2 of proposition 6.3.2 that ϕ(lk−1)
does not belong to the set {ϕ(j + 1), . . . , ϕ(lk − 1)}. Thus ϕ(lk−1)ϕ(lk) . . . ϕ(lr)ϕ(i) can
not be a subword of ϕ(j + 1)ϕ(j + 2) . . . ϕ(i).

Finally, let f = f1 + f2 be a morphism in
⊕

p≥0

M(τ pBHϕ(j), Xi) ≃
⊕

p≥1

M(τ−pB Xj , Xi) ⊕
⊕

p≥0

M(τ pBXj , Xi).

By step 2, f2 is in the space eϕ(i)Iϕ(i) . . .Iϕ(j+1)eϕ(j). By step 1, the morphism f is in
eϕ(i)Iϕ(i) . . .Iϕ(j+1)eϕ(j) if and only if f − 1 is zero. Thus we get an isomorphism

HomΛ(eϕ(j)Λ/Iwj
, eϕ(i)Λ/Iwi

) ≃
⊕

p≥0

M(τ pBXj , Xi).

Corollary 6.7. If Xi and Xj are indecomposables of M, then we have

HomSubΛ/Iw
(eϕ(j)Λ/Iwj

, eϕ(i)Λ/Iwi
) ≃ eXj

ÃeXi
.

Proof. The proof is exactly the same as the proof of corollary 6.4.
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6.3.5 Construction of the triangle equivalence

Finally, we can formulate the following theorem:

Theorem 6.8. The functor F ◦ i∗ : modM → f.l.Λ induces an algebraic triangle equiv-
alence between CM and SubΛ/Iw.

Proof. For an indecomposable X in M, we have seen that F (X∧) is in SubΛ/Iw. Thus
F induces a triangulated functor F : Db(modM) → Db(SubΛ/Iw). Thus we have the
following composition:

Db(modM) ≃ Db(modA)

?
L
⊗ADA[−2]

TT

i∗ // Db(modM)
F // Db(SubΛ/Iw) // SubΛ/Iw

As previously, the functor F ◦ i∗ is triangulated algebraic. It is isomorphic to the

functor ?
L
⊗A R where R = F ◦ i∗(A) is a cluster-tilting object of SubΛ/Iw. Let X be

an indecomposable of M. By proposition 6.1.5, we have the following exact sequence
functorial in X:

0 // F ◦ i∗(X∧) // F (H∧0 ) // F (H∧1 ) // F ◦ i∗(X∨) // 0

with H0 and H1 in add(H).

By lemma 6.3.2, we know that

Λ/Iw ≃
n⊕

i=1

Λ/Iwei ≃
n⊕

i=1

F (X∧N−i) ≃
n⊕

i=1

F (H∧i )

Thus F (H∧0 ) and F (H∧1 ) are projective-injective in SubΛ/Iw. Now we conclude as in
the proof of theorem 6.5. We get a triangle algebraic functor F : CA → SubΛ/Iw which
sends the orbit-cluster-tilting object A onto the cluster-tilting object T =

⊕N
i=1 eϕ(i)Λ/Iwi

.
Moreover, by corollary 6.7 it induces an equivalence between the subcategories add(A)
and add(T ). Thus by lemma 5.4.1 this is an algebraic equivalence.

6.3.6 Example: Dynkin case

Let Q be A5 with the following orientation:

Q : 1 // 2 // 3 // 4 // 5 ,

and T the following tilting module:
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Then the algebra B = EndkQ(T ) is given by the quiver:

5
��<
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4

@@���
3

2

@@���

1

@@���

with the relation given by the dotted line. On figure 6.5 we can see the Auslander-Reiten
quiver of the category modB, the subcategory M is formed by the framed modules.
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Figure 6.5: Category M ⊂ modB

Now put an order on the indecomposables of M, respecting the morphisms. For
example:
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The indecomposable projectives of modM are the following:

1 , 2
1 ,

3
2 , 4 , 5

4 ,
6
5 ,

7
2 6

1 5

8
7 3

6 2
5

,
9
8
7
6
5

The projective-injectives of modΛ(A5) have the following form:

1
2
3
4
5

,
2

1 3
2 4

3 5
4

,
3

2 4
1 3 5

2 4
3

,
4

3 5
2 4

1 3
2

,
5
4
3
2
1

With the ordering we put on the quiver of M, we get the word w = 545212345 of the
Coxeter group of A5. Then it is easy to compute:

Λ/Iw = 1
2 ⊕ 2

1 ⊕
3

2 4
1 5

⊕
4

3 5
2 4

1
⊕

5
4
3
2
1

The rigid maximal object associated to this word w is the following:

R = 5 ⊕ 4
5 ⊕ 5

4 ⊕ 2 ⊕ 1
2 ⊕ 2

1 ⊕
3

2 4
1 5

⊕
4

3 5
2 4

1
⊕

5
4
3
2
1

One can see easily, that this is the image of the projectives of M through the morphism
F : modM → f.l.Λ.

Then it is not difficult to compute the Auslander-Reiten quiver of SubΛ/Iw. It is
shown here in figure 6.3.6. The indecomposables of the cluster-tilting object are framed,
and the projective-injectives are framed in red. We can easily check that the stable
category SubΛ/Iw is equivalent to CA3 × CA1 and that the endomorphism algebra of the
tilting object has the form:

1
2

��:
::

2

AA����
2
1

oo

""F
FF

F

3
2 4

1 5

$$II
II

4
5

��;
;;

;;
;;

;

??~~~~~ 4
3 5

2 4
1

oo

��;
;;

;;
;

5

GG�������
5
4

oo

<<yyyyyyy
5
4
3
2
1

oo

Moreover, the category M has the following quiver:

4 2
��<

<<

1

@@���
3
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3
2 4

1 5

##G
GGG

4
5

==|||||

��@
@@

@@
@@

@

3
2 4

1

!!C
CC

CC
C

5

##F
FF

FF
FF

4
3
2
1

4

""D
DD

DD
DD

DD
D

<<zzzzzzzz 3 5
2 4

1

##F
FF

FF
FF

FF

;;xxxxxxxx
//

4
3 5

2 4
1

//
4

3 5
2

1

@@������

��=
==

==

4
3
2
1

��=
==

==
==

=

??~~~~~~~~~
5
4

=={{{{{{{
3
2
1

;;xxxxxxxx
4
5

5
4
3
2
1

==|||||||||

2
1

II������������������������

**VVVVVVVVVVVVVVVVVV 1
2

##H
HHHHH

1

44iiiiiiiiiiiiiiiii
2

88pppppppp
1

Figure 6.6: Auslander-Reiten quiver of the Frobenius category SubΛ/Iw

Thus M is equivalent to the direct sum of k with the endomorphism algebra of a tilting
module T ′ of modkA3 with the usual orientation. Thus the derived category of M is
equivalent to Db(modk) × Db(modA3). Finally, the cluster category of M is equivalent
CA1 × CA3 . This confirms theorem ??.

6.3.7 Example: Non-Dynkin case

Let Q be the following quiver: 1 // 2 3oo oo . The preinjective component of modkQ
looks as follows:

· · · [ 4 16 9 ]

%%LLLLL

%%LLLLL
[ 2 6 3 ]

%%KK
KK

%%KK
KK

[ 0 2 1 ]

%%KK
KKK

%%KK
KKK;;wwwwwww

;;wwwwwww

##G
GGG

GG [ 3 11 6 ]

99rrrr 99rrrr

%%LLLLL
[ 1 4 2 ]

99sssss

99sssss

%%KK
KK

[ 0 1 0 ]

· · · [ 3 8 4 ]

99rrrr

[ 0 3 2 ]

99sssss
[ 1 1 0 ]

99ssss

Here we denote the kQ-modules by their dimension vector in order to lighten the writ-
ing. For example the module [ 1 4 2 ] has the following decomposition series: 2 2 2 2

3 1 3 .

If we mutate the tilting object [ 2 6 3 ]⊕ [ 1 4 2 ]⊕ [ 1 1 0 ] in the direction [ 1 4 2 ], we stay
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in the preinjective component. We get the tilting object:

T = [ 2 6 3 ] ⊕ [ 3 8 4 ] ⊕ [ 1 1 0 ] .

The algebra B = EndkQ(T ) is given by the quiver:

2
a

��=
==

==
==

a′ ��=
==

==
==

1

b
@@������� b′

@@�������
3

with the relation ba+ b′a′ = 0.

The category M ⊂ modB, has the following Auslander-Reiten quiver:

2
��=

==
=

��=
==

= 5
��=

==
=

��=
==

= 3

1

@@����
@@����

3

@@����

@@����

��=
==

= 6 2

4

@@����
1

The projective indecomposables of modM are the followings:
[

0 0
1 0 0

0

]
,

[
1 0

2 0 0
0

]
,

[
2 0

3 1 0
0

]
,

[
2 0

3 1 0
1

]
,

[
3 1

4 2 0
0

]
,

[
6 2

8 4 1
1

]

The associated word is w = 232132. The projectives of the preprojective algebra associ-
ated to Q have the following composition series:

1
2

3 3
2 2 2

3 1 3 3 1 3 3 1 3
...

...
...

,

2
3 1 3

2 2 2 2
3 1 3 3 1 3 3 1 3

...
...

...

, and

3
2 2

3 1 3 1 3
2 2 2 2 2 2

...
...

The maximal rigid object of the category SubΛ/Iw associated to the writing of w =
232132 is

R = 2 ⊕ 3
2 2 ⊕

2
3 3

2 2 2
⊕

1
2

3 3
2 2 2

⊕
3

2 2
3 3 3

2 2 2 2
⊕

2
3 1 3

2 2 2 2
3 3 3 3 3 3

2 2 2 2 2 2 2 2

.

The last three summands are the projective-injectives of the Frobenius category SubΛ/Iw.
If we write these modules with their dimension vectors we get:

R =
[

0
1
0

]
⊕

[
1
2
0

]
⊕

[
2
4
0

]
⊕

[
2
4
1

]
⊕

[
4
6
0

]
⊕

[
8
13
1

]

and it is easy to check that this module corresponds to the projection of T .
Now take the module X = 1 in M. It corresponds to the module [ 3 8 4 ] in modkQ.

We have the injective resolution in modkQ:

0 // [ 3 8 4 ] // [ 0 2 1 ]4 ⊕ [ 1 1 0 ]3 // [ 0 1 0 ]3 // 0
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Thus the short exact sequence in M 0 // X // H0
// H1

// 0 is the following:

0 // 1 // 43 ⊕ 54 // 63 // 0

Therefore, the sequence 0 //X∧ // H∧0 // H∧1 // (τ−1X)∨/projB // 0 in modM

becomes:

0 //
[

0 0
1 0 0

0

]
//
[

2 0
3 1 0

1

]3

⊕
[

3 1
4 2 0

0

]4
//
[

6 2
8 4 1

1

]3
//
[

0 2
0 1 3

0

]
// 0

where
[

0 2
0 1 3

0

]
is the quotient of (τ−1

B 1)∨ = 3∨ =
[

0 2
0 1 4

1

]
by the projectives. Applying

the projection functor we get the exact sequence in modΛ:

0 //
[

0
1
0

]
//
[

2
4
1

]3

⊕
[

4
6
0

]4
//
[

8
13
1

]3
//
[

2
4
0

]
// 0

The M-module 1∨|
M

is
[

2
1 3

0

]
=

3 3 3
2 2

1
. We have F ◦ i∗(1∨|

M

) =
[

2
4
0

]
. By the exact

sequence above, there is an isomorphism in SubΛ/Iw between F ◦i∗(1∧|
M

) and F ◦i∗(1∨|
M

)[2].



Chapter 7

Cluster-tilting object

Let k be a field and A a differential graded (=dg) k-algebra. We denote by Ae the dg
algebra Aop ⊗ A. We denote by D = DA the derived category of dg A-modules and
by DbA its full subcategory formed by the dg A-modules whose homology is of finite
total dimension over k. We write perA for the category of perfect dg A-modules, i.e.
the smallest triangulated subcategory of DA containing A and stable under taking direct
summands. The suspension functors of all these categories will be denoted by [1].

Suppose that A has the following properties:

• A is homologically smooth (i.e. the object A, viewed as an Ae-module, is perfect);

• for each p > 0, the space HpA is zero;

• the space H0A is finite dimensional;

• A is bimodule 3-Calabi-Yau, i.e. there is an isomorphism in D(Ae)

RHomAe(A,Ae) ≃ A[−3].

Since A is homologically smooth, the category DbA is a subcategory of perA (see
[Kel08a], lemma 4.1). We denote by π the canonical projection functor π : perA → C =
perA/DbA. Moreover, by the same lemma, there is a bifunctorial isomorphism

DHomD(L,M) ≃ HomD(M,L[3])

for all objects L in DbA and all objects M in perA. We call this property the Calabi-Yau
property.

The aim of this chapter is to show the following result:

Theorem 7.1. Let A be a dg k-algebra with the above properties. Then the category
C = perA/DbA is Hom-finite and 2-Calabi-Yau. Moreover, the object π(A) is a cluster-
tilting object. Its endomorphism algebra is isomorphic to H0A.

149
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7.1 t-structure on perA

The main tool of the proof of theorem 7.1 is the existence of a canonical t-structure in
perA.

7.1.1 Construction of a t-structure on DA

Let D≤0 be the full subcategory of D whose objects are the dg modules X such that HpX
vanishes for all p > 0.

Lemma 7.1.1. The subcategory D≤0 is an aisle in the sense of Keller-Vossieck [KV88].

Proof. The canonical morphism τ≤0A → A is a quasi-isomorphism of dg algebras. Thus
we can assume that Ap is zero for all p > 0. The full subcategory D≤0 is stable under

X 7→ X[1] and under extensions. We claim that the inclusion D≤0
� � // D has a right

adjoint. Indeed, for each dg A-module X, the dg A-module τ≤0X is a dg submodule of X,
since A is concentrated in negative degrees. Thus τ≤0 is a well-defined functor D → D≤0.
One can check easily that τ≤0 is the right adjoint of the inclusion.

Proposition 7.1.1. Let H be the heart of the t-structure, i.e. H is the intersection
D≤0 ∩ D≥0. We have the following properties:

(i) The functor H0 induces an equivalence from H onto ModH0A.

(ii) For allX and Y in H, we have an isomorphism Ext1H0A(X, Y ) ≃ HomD(X, Y [1]).

Note that it is not true for general i that ExtiH(X, Y ) ≃ HomD(X, Y [i]).

Proof. (i) We may assume that Ap = 0 for all p > 0. Then we have a canonical morphism
A→ H0A. The restriction along this morphism yields a functor Φ : ModH0A→ H such
that H0 ◦Φ is the identity of ModH0A. Thus the functor H0 : H → ModH0A is full and
essentially surjective. Moreover, it is exact and an object N ∈ H vanishes if and only
if H0N vanishes. Thus if f : L → M is a morphism of H such that H0(f) = 0, then
ImH0(f) = 0 implies that H0(Imf) = 0 and Imf = 0, so f = 0. Thus H0 : H → ModH0A
is also faithful.

(ii) By section 3.1.7 of [BBD82] there exists a triangle functor Db(H) → D which
yields for X and Y are in H and for n ≤ 1 an isomorphism (remark (ii) section 3.1.17
p.85)

HomDH(X, Y [n]) ≃ HomD(X, Y [n]).

Applying this for n = 1 and using (i), we get the result.
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7.1.2 Hom-finiteness

Proposition 7.1.2. The category perA is Hom-finite.

Lemma 7.1.2. For each p, the space HpA is finite dimensional.

Proof. By hypothesis, HpA is zero for p > 0. We prove by induction on n the follow-
ing statement: The space H−nA is finite dimensional, and for all p ≥ n + 1 the space
HomD(τ≤−nA,M [p]) is finite dimensional for each M in modH0A.

For n = 0, the space H0A is finite dimensional by hypothesis. Let M be in modH0A.
Since τ≤0A is ismorphic to A, HomD(τ≤0A,M [p]) is isomorphic H0(M [p]), and so is zero
for p ≥ 1.

Suppose that the property holds for n. Form the triangle:

(H−nA)[n− 1] // τ≤−n−1A // τ≤−nA // (H−nA)[n]

Let p be an integer ≥ n + 1. Applying the functor HomD(?,M [p]) we get the long exact
sequence:

· · · // HomD(τ≤−nA,M [p]) // HomD(τ≤−n−1A,M [p]) // HomD((H−nA)[n− 1],M [p]) // · · · .

By induction the space HomD(τ≤−nA,M [p]) is finite dimensional.
Since M [p] is in DbA we can apply the Calabi-Yau property. If p is ≥ n+ 3, we have

isomorphisms:

HomD((H−nA)[n− 1],M [p]) ≃ HomD((H−nA),M [p− n+ 1])

≃ DHomD(M [p− n− 2], H−nA).

Since p− n− 2 is ≥ 1, this space is zero.
If p = n+ 2, we have the following isomorphisms.

HomD((H−nA)[n− 1],M [n + 2]) ≃ HomD((H−nA),M [3])

≃ DHomD(M,H−nA)

≃ DHomH0A(M,H−nA).

The last isomorphism comes from lemma 7.1.1 (i). By induction, the space H−nA is
finite dimensional. Thus for p ≥ n + 2, the space HomD((H−nA)[n − 1],M [p]) is finite
dimensional.

If p = n+ 1 we have the following isomorphisms:

HomD((H−nA)[n− 1],M [n + 1]) ≃ HomD((H−nA),M [2])

≃ DHomD(M,H−nA[1])

≃ DExt1H0A(M,H−nA)
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The last isomorphism comes from lemma 7.1.1 (ii). By induction, since H−nA is finite
dimensional, the space HomD((H−nA)[n − 1],M [n + 1]) is finite dimensional and so is
HomD(τ≤−n−1A,M [n + 1]).

Now, look at the triangle

τ≤−n−2A //

0
--

τ≤−n−1A //

��

(H−n−1A)[n + 1] //

vvmmmmmmmmmmmm
(τ≤−n−2A)[1]

0ppM [n + 1]

.

The spaces HomD(τ≤−n−2A,M [n + 1]) and HomD((τ≤−n−2A)[1],M [n + 1]) vanish since
M [n + 1] is in D≥−n−1. Thus we have

HomD(τ≤−n−1A[n− 1],M [n+ 1]) ≃ HomD((H−n−1A)[n + 1],M [n + 1])

≃ HomD(H−n−1A,M)

≃ HomH0A(H−n−1A,M).

This holds for all finite dimensional H0A-modules M . Thus it holds for the compact
cogenerator M = DH0A. The space HomH0A(H−n−1A,DH0A) ≃ DH−n−1A is finite
dimensional, and therefore H−(n+1)A is finite dimensional.

Proof. (of proposition 7.1.2) For each integer p, the space HomD(A,A[p]) ≃ Hp(A) is
finite dimensional by lemma 7.1.2. The subcategory of (perA)op×perA whose objects are
the pairs (X, Y ) such that HomD(X, Y ) is finite dimensional is stable under extensions
and passage to direct factors.

7.1.3 Restriction of the t-structure to perA

Lemma 7.1.3. For each X in perA, there exist integers N and M such that X belongs
to D≤N and ⊥D≤M .

Proof. The object A belongs to D≤0. Moreover, since for X in DA, the space HomD(A,X)
is isomorphic to H0X, the dg module A belongs to ⊥D≤−1. Thus the property is true
for A. For the same reasons, it is true for all shifts of A. Moreover, this property is
clearly stable under taking direct summands and extensions. Thus it holds for all objects
of perA.

This lemma implies the following result:

Proposition 7.1.3. The t-structure on DA restricts to perA.

Proof. Let X be in perA, and look at the canonical triangle:

τ≤0X // X // τ>0X // (τ≤0X)[1].
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Since perA is Hom-finite, the space HpX ≃ HomD(A,X[p]) is finite dimensional for all
p ∈ Z and vanishes for all p ≫ 0 by lemma 7.1.3. Thus the object τ>0X is in DbA and
so in perA. Since perA is a triangulated subcategory, it follows that τ≤0X also lies in
perA.

Proposition 7.1.4. Let π be the projection π : perA → C. Then for X and Y in perA,
we have

HomC(πX, πY ) = lim
→

HomD(τ≤nX, τ≤nY )

Proof. Let X and Y be in perA. An element of lim
→

HomD(τ≤nX, τ≤nY ) is an equivalence

class of morphisms τ≤nX → τ≤nY . Two morphisms f : τ≤nX → τ≤nY and g : τ≤mX →
τ≤mY with m ≥ n are equivalent if there is a commutative square:

τ≤nX
f //

��

τ≤nY

��
τ≤mX

g // τ≤mY

where the vertical arrows are the canonical morphisms. If f is a morphism f : τ≤nX →
τ≤nY , we can form the following morphism from X to Y in C:

τ≤nX

||zzzz
zzzz

f //

$$H
HH

HH
HH

HH
H

τ≤nY

��
X Y,

where the morphisms τ≤nX → X and τ≤nY → Y are the canonical morphisms. This is
a morphism from πX to πY in C because the cone of the morphism τ≤nX → X is in
DbA. Moreover, if f : τ≤nX → τ≤nY and g : τ≤mX → τ≤mY are equivalent, there is an
equivalence of diagrams:

τ≤nX

��

||xxxxxxxx

f //

$$J
JJJJJJJJJ
τ≤nY

��

��

X Y

τ≤mX

bbFFFFFFFF
g //

::tttttttttt
τ≤mY

OO

Thus we have a well-defined map from lim
→

HomD(τ≤nX, τ≤nY ) to HomC(πX, πY ) which is

injective.
Now let X ′ s

!!C
C

}}zz

X Y

be a morphism in HomC(πX, πY ). Let X ′′ be the cone of s. It is

an object of DbA, and therefore lies in D>n for some n≪ 0. Thus there are no morphisms
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from τ≤nX to X ′′ and there is a factorization:

τ≤nX

��

0

""E
EE

EE
EE

EE

||
X ′

s // X // X ′′ // X ′[1]

We obtain an isomorphism of diagrams:

X ′

$$I
IIIs

zzuuuu

X Y

τ≤nX
f

;;vvvv
ddHHHH

OO

The morphism f : τ≤nX → Y induces a morphism f ′ : τ≤nX → τ≤nY which lifts the given
morphism. Thus the map from lim

→
HomD(τ≤nX, τ≤nY ) to HomC(πX, πY ) is surjective.

7.2 Fundamental domain

Let F be the following subcategory of perA:

F = D≤0 ∩
⊥D≤−2 ∩ perA.

The aim of this section is to show:

Proposition 7.2.1. The projection functor π : perA → C induces a k-linear equivalence
between F and C.

7.2.1 add(A)-approximation for objects of the fundamental do-
main

Lemma 7.2.1. For each object X of F , there exists a triangle

P1
// P0

// X // P1[1]

with P0 and P1 in add(A).

Proof. For X in perA, the morphism

HomD(A,X) → HomH(H0A,H0X)
f 7→ H0(f)
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is an isomorphism since HomD(A,X) ≃ H0X. Thus it is possible to find a morphism

P0 → X, with P0 a free dg A-module, inducing an epimorphism H0P0
// //H0X . Now

take X in F and P0 → X as previously and form the triangle

P1
// P0

// X // P1[1].

Step 1: The object P1 is in D≤0 ∩ ⊥D≤−1.

The objects X and P0 are in D≤0, so P1 is in D≤1. Moreover, since H0P0 → H0X is an
epimorphism, H1(P1) vanishes and P1 is in D≤0.

Let Y be in D≤−1, and look at the long exact sequence:

· · · // HomD(P0, Y ) // HomD(P1, Y ) // HomD(X[−1], Y ) // · · · .

The space HomD(X[−1], Y ) vanishes since X is in ⊥D≤−2 and Y is in D≤−1. The object
P0 is free, and H0Y is zero, so the space HomD(P0, Y ) also vanishes. Consequently, the
object P1 is in ⊥D≤−1.

Step 2: H0P1 is a projective H0A-module.

Since P1 is in D≤0 there is a triangle

τ≤−1P1
// P1

// H0P1
// (τ≤−1P1)[1].

Now take an object M in the heart H, and look at the long exact sequence:

· · · // HomD((τ≤−1P1)[1],M [1]) // HomD(H0P1,M [1]) // HomD(P1,M [1]) // · · · .

The space HomD((τ≤−1P1)[1],M [1]) is zero because HomD(D≤−2,D≥−1) vanishes in a t-
structure. Moreover, the space HomD(P1,M [1]) vanishes because P1 is in ⊥D≤−1. Thus
HomD(H0P1,M [1]) is zero. But this space is isomorphic to the space Ext1H(H0P1,M) by
proposition 7.1.1. This proves that H0P1 is a projective H0A-module.

Step 3: P1 is isomorphic to an object of add(A).

As previously, since H0P1 is projective, it is possible to find an object P in add(A) and a
morphism P → P1 inducing an isomorphism H0P → H0P1. Form the triangle

Q u // P
v // P1

w // Q[1]

Since P and P1 are in D≤0 and H0(v) is surjective, the cone Q lies in D≤0. But then w
is zero since P1 is in ⊥D≤−1. Thus the triangle splits, and P is isomorphic to the direct
sum P1 ⊕Q. Therefore we have a short exact sequence:

0 // H0Q //H0P // H0P1
// 0,

and H0Q vanishes. The object Q is in D≤−1, the triangle splits, and there is no morphism
between P and D≤−1, so Q is the zero object.
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7.2.2 Equivalence between the shifts of F

Lemma 7.2.2. The functor τ≤−1 induces an equivalence from F to F [1]

Proof. Step 1: The image of the functor τ≤−1 restricted to F is in F [1].

Recall that F is D≤0 ∩
⊥D≤−2 ∩ perA. Thus F [1] is D≤−1 ∩

⊥D≤−3 ∩ perA. Let X be an
object in F . By definition, τ≤−1X lies in D≤−1 and there is a canonical triangle:

τ≤−1X //X // H0X // τ≤−1X[1] .

Now let Y be an object in D≤−3 and form the long exact sequence

· · · // HomD(X, Y ) // HomD(τ≤−1X, Y ) // HomD((H0X)[−1], Y ) // · · ·

Since X is in ⊥D≤−2, the space HomD(X, Y ) vanishes. The object H0X[−1] is of finite
total dimension, so by the Calabi-Yau property, we have an isomorphism

HomD(H0X[−1], Y ) ≃ DHomD(Y,H0X[2]).

But since HomD(D≤−3,D≥−2) is zero, the space HomD((H0X)[−1], Y ) vanishes and τ≤−1X
lies in ⊥D≤−3.

Step 2: The functor τ≤−1 : F → F [1] is fully faithful.

Let X and Y be two objects in F and f : τ≤−1X → τ≤−1Y be a morphism.

H0X[−1] // τ≤−1X //

f

��

X

��

// H0X

H0Y [−1] // τ≤−1Y
i // Y //H0Y

The space HomD(H0X[−1], Y ) is isomorphic to DHomD(Y,H0X[2]) by the Calabi-Yau
property. Since Y is in ⊥D≤−2, this space is zero, and the composition i ◦ f factorizes
through the canonical morphism τ≤−1X → X. Therefore, the functor τ≤−1 is full.

Let X and Y be objects of F and f : X → Y a morphism satisfying τ≤−1f = 0. It
induces a morphism of triangles:

H0X[−1] //

��

τ≤−1X
i //

0
��

X //

f

��

H0X

}} ��
H0Y [−1] // τ≤−1Y // Y //H0Y

The composition f ◦ i vanishes, so f factorizes through H0X. But by the Calabi-Yau
property the space of morphisms HomD(H0X, Y ) is isomorphic to DHomD(Y,H0X[3])
which is zero since Y is in ⊥D≤−2. Thus the functor τ≤−1 restricted to F is faithful.
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Step 3: The functor τ≤−1 : F → F [1] is essentially surjective.

Let X be in F [1]. By the previous lemma there exists a triangle

P1[1] // P0[1] // X // P1[2]

with P0 and P1 in add(A). Denote by ν the Nakayama functor on the projectives of
modH0A. Let M be the kernel of the morphism νH0P1 → νH0P0. It lies in the heart H.

Substep (i): There is an isomorphism of functors: Hom(?, X[1])|H ≃ HomH(?,M)

Let L be in H. Then we have a long exact sequence:

· · · // HomD(L, P0[2]) // HomD(L,X[1]) // HomD(L, P1[3]) // HomD(L, P0[3]) // · · · .

The space HomD(L, P0[2]) is isomorphic to DHomD(P0, L[1]) by the Calabi-Yau property,
and vanishes because P0 is in ⊥D≤−1. Moreover, we have the following isomorphisms:

HomD(L, P1[3]) ≃ DHomD(P1, L)

≃ DHomH(H0P1, L)

≃ HomH(L, νH0P1).

Thus HomD(?, X[1])|H is isomorphic to the kernel of HomH(?, νH0P1) → HomH(?, νH0P0),
which is just HomH(?,M).

Substep (ii): There is a monomorphism of functors: Ext1H(?,M)
� � // HomD(?, X[2])|H .

For L in H, look at the following long exact sequence:

· · · // HomD(L, P1[3]) // HomD(L, P1[3]) // HomD(L,X[2]) // HomD(L, P1[4]) // · · · .

The space HomD(L, P1[4]) is isomorphic to DHomD(P1[1], L) which is zero since P1[1] is
in D≤−1 and L is in D≥0. Thus the functor HomD(?, X[2])|H is isomorphic to the cokernel
of HomH(?, νH0P1) → HomH(?, νH0P0). By defninition, Ext1H(?,M) is the first homology
of a complex of the form:

· · · // 0 // HomH(?, νH0P1) // HomH(?, νH0P0) // HomH(?, I) // · · · ,

where I is an injective H0A-module. Thus we get the canonical injection:

Ext1H(?,M)
� � // HomD(?, X[2])|H.

Now form the following triangle:

X // Y //M // X[1].

Substep (iii): Y is in F and τ≤−1Y is isomorphic to X.
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Since X and M are in D≤0, Y is in D≤0. Let Z be in D≤−2 and form the following long
exact sequence:

· · ·HomD(X[1], Z) // HomD(M,Z) // HomD(Y, Z) // HomD(X,Z) // HomD(M [−1], Z) · · · .

By the Calabi-Yau property and the fact that Z[2] is in D≤0, we have isomorphisms

HomD(M [−1], Z) ≃ DHomD(Z[−2],M)

≃ DHomH(H−2Z,M).

Moreover, since X is in ⊥D≤−3, we have

HomD(X,Z) ≃ HomD(X, (H−2Z)[2])

≃ DHomH(H−2Z,X[1]).

By substep (i) the functors HomH(?,M) and HomD(?, X[1])|H are isomorphic. Therefore
we deduce that the morphism HomD(X,Z) → HomD(M [−1], Z) is an isomorphism.

Now look at the triangle

τ≤−3Z // Z // H−2Z[2] // (τ≤−3Z)[1]

and form the commutative diagram

HomD(M, τ≤−3Z) // HomD(M,Z) // HomD(M,H−2Z[2]) // HomD(M, τ≤−3Z[1])

HomD(X[1], τ≤−3Z) //

a

OO

HomD(X[1], Z) //

b

OO

HomD(X[1], H−2Z[2]) //

c

OO

HomD(X[1], τ≤−3Z[1])

d

OO
.

By the Calabi-Yau property and the fact that (τ≤−3Z)[−3] is in D≤0, we have isomor-
phisms

HomD(M [−1], τ≤−3Z[−1]) ≃ DHomD(τ≤−3Z[−1],M)

≃ DHomH(H−3Z,M).

Since X is in ⊥D≤−3, we have

HomD(X, (τ≤−3Z)[−1]) ≃ HomD(X,H−3Z[−2])

≃ DHomH(H−3Z,X[1]).

Now we deduce from substep (i) that a[−1] is an isomorphism.
The space HomD(X[1], τ≤−3Z[1]) is zero because X is ⊥D≤−3. Moreover there are

isomorphisms

HomD(M,H−2Z[2]) ≃ DHomD(H−2Z,M [1])

≃ DExt1H(H−2Z,M).
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The space HomD(X[1], H−2Z[2]) is isomorphic to DHomD(H−2Z,X[2]). And by substep
(ii), the morphism Ext1H(?,M) → HomD(?, X[2])|H is injective, so c is surjective. Therefore
using a weak form of the five-lemma we deduce that b is surjective.

Finally, we have the following exact sequence:

HomD(X[1], Z) // // HomD(M,Z) // HomD(Y, Z) // HomD(X,Z) ∼ // HomD(M [−1], Z)

Thus the space HomD(M,Z) is zero, and Z is in ⊥D≤−2.
It is now easy to see that there is an isomorphism of triangles:

τ≤−1Y //

��

Y // H0Y //

��

τ≤−1Y [1]

��
X // Y //M // X[1].

7.2.3 Proof of proposition 7.2.1

Step 1: The functor π restricted to F is fully faithful.

Let X and Y be objects in F . By proposition 7.1.1 (iii), the space HomC(πX, πY ) is
isomorphic to the direct limit lim

→
HomD(τ≤nX, τ≤nY ). A morphism between X and Y in

C is a diagram of the form
τ≤nX

$$II
I

zzuuu

X Y.

The canonical triangle

(τ>nX)[−1] // τ≤nX // X // τ>nX

yields a long exact sequence:

· · · // HomD(τ>nX, Y ) // HomD(X, Y ) // HomD(τ≤nX, Y ) // HomD((τ>nX)[−1], Y ) // · · ·

The space HomD((τ>nX)[−1], Y ) is isomorphic to the space DHomD(Y, (τ>nX)[2]). The
object X is in D≥0, hence so is τ>nX, and the space DHomD(Y, (τ>nX)[2]) vanishes. For
the same reasons, the space HomD(τ>nX, Y ) vanishes. Thus there are bijections

HomD(τ≤nX, τ≤nY ) ∼ // HomD(τ≤nX, Y ) ∼ // HomD(X, Y )

Therefore, the functor π : F → C is fully faithful.

Step 2: For X in perA, there exists an integer N and an object Y of F [−N ] such that
πX and πY are isomorphic in C.
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Let X be in perA. By lemma 7.1.3, there exists an integer N such that X is in
⊥D≤N−2. For an object Y in D≤N−2, the space HomD((τ>NX)[−1], Y ) is isomorphic
to DHomD(Y, (τ>NX)[2]) and so vanishes. Therefore, τ≤NX is still in ⊥D≤N−2, and so is
in F [−N ]. Since τ>NX is in DbA, the objects τ≤NX and X are isomorphic in C.

Step 3: The functor π restricted to F is essentially surjective.

Let X be in perA and N such that τ≤NX is in F [−N ]. By lemma 7.2.2, τ≤−1 induces
an equivalence between F and F [1]. Thus since the functor π ◦ τ≤−1 : perA → C is
isomorphic to π, there exists an object Y in F such that π(Y ) and π(X) are isomorphic
in C. Therefore, the functor π restricted to F is essentially surjective.

Proposition 7.2.2. If X and Y are objects in F , there is a short exact sequence:

0 // Ext1D(X, Y ) // Ext1C(X, Y ) // DExt1D(Y,X) // 0.

Proof. Let X and Y be in F . The canonical triangle

τ<0X // X // τ≥0X // (τ<0X)[1]

yields the long exact sequence:

HomD((τ≥0X)[−1], Y [1]) HomD(τ<0X, Y [1])oo HomD(X, Y [1])oo HomD(τ≥0X, Y [1])oo .

The space HomD(X[−1], Y [1]) is zero because X is in ⊥D≤−2 and Y is in D≤0. More-
over, the space HomD(τ≥0X, Y [1]) is zero because of the Calabi-Yau property. Thus this
long sequence reduces to a short exact sequence:

0 // Ext1D(X, Y ) // HomD(τ<0X, Y [1]) // HomD((τ≥0X)[−1], Y [1]) // 0 .

Step 1: There is an isomorphism HomD((τ≥0X)[−1], Y ) ≃ DExt1D(Y,X).

The space HomD((τ≥0X)[−1], Y [1]) is isomorphic to DHomD(Y, τ≥0X[1]) by the Calabi-
Yau property.

Y
0

yy �� %%LLLLLLLLLLL 0

��
(τ<0X)[1] // X[1] // (τ≥0X)[1] // (τ<0X)[2]

But since HomD(Y, (τ<0X)[1]) and HomD(Y, (τ<0X)[2]) are zero, we have an isomorphism

HomD(τ≥0X[−1], Y ) ≃ DExt1D(Y,X).

Step 2: There is an isomorphism Ext1C(πX, πY ) ≃ HomD(τ≤−1X, Y [1]).

By lemma 7.2.2, the object τ<0X belongs to F [1] and clearly Y [1] belongs to F [1]. By
proposition 7.2.1 (applied to the shifted t-structure), the functor π : perA → C induces

an equivalence from F [1] to C and clearly we have π(τ<0X, Y [1])
∼ // π(X). We obtain

bijections

HomD(τ<0X, Y [1])
∼ // HomD(πτ<0X, πY [1])

∼ // HomD(πX, πY [1]).
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7.2.4 Proof of the main theorem

Step 1: The category C is Hom-finite and 2-Calabi-Yau.

The category F is obviously Hom-finite, hence so is C by proposition 7.2.1. The categories
T = perA and N = DbA ⊂ perA satisfy the hypotheses of chapter 4. By [Kel08a], thanks
to the Calabi-Yau property, there is a bifunctorial non degenerate bilinear form:

βN,X : HomD(N,X) × HomD(X,N [3]) → k

for N in DbA and X in perA. Thus, by chapter 4, there exists a bilinear bifunctorial form

β ′X,Y : HomC(X, Y ) × HomC(Y,X[2]) → k

for X and Y in C = perA/DbA. We would like to show that it is non degenerate. Since
perA is Hom-finite, by theorem 4.2 and proposition 4.2.1, it is sufficient to show the
existence of local N -envelopes. Let X and Y be objects of perA. Then by lemma 7.1.3,
X is in ⊥D≤N . Thus there is an injection

0 // HomD(X, Y ) // HomD(X, τ>NY )

and Y → τ>NY is a local N -envelope relative to X. Therefore, C is 2-Calabi-Yau.
Note that the bilinear form βX,Y yields a bifunctorial map

ηXY : Ext1C(X, Y ) → DExt1C(Y,X).

One can check that it makes the following diagram

0 // Ext1D(X ′, Y ′) //

∼

��

Ext1C(πX
′, πY ′) //

η

��

DExt1D(Y ′, X ′) // 0

0 // DDExt1D(X ′, Y ′) // DExt1C(πY
′, πX ′) // DExt1D(Y ′, X ′) // 0

commutative, where X ′ and Y ′ are objects in F such that π(X ′) = X and π(Y ′) = Y .

Step 2: The object πA is a cluster-tilting object of the category C.

Let A be the free dg A-module in perA. Since H1A is zero, the space Ext1D(A,A) is also
zero. Thus by the short exact sequence

0 // Ext1D(A,A) // Ext1C(πA, πA) // DExt1D(A,A) // 0

of proposition 7.2.2, π(A) is a rigid object of C. Now let X be an object of C. By
proposition 7.2.1, there exists an object Y in F such that πY is isomorphic to X. Now
by lemma 7.2.1 , there exists a triangle in perA

P1
// P0

// Y // P1[1]
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with P1 and P0 in add(A). Applying the triangle functor π we get a triangle in C:

πP1
// πP0

// X // πP1[1]

with πP1 and πP0 in add(πA). If Ext1C(πA,X) vanishes, this triangle splits and X is a
direct factor of πP0. Thus, the object πA is a cluster-tilting object in the 2-Calabi-Yau
category C.

7.3 Application to the cluster category of an algebra

of global dimension 2

Let A be a finite dimensional k-algebra of global dimension ≤ 2. We denote by B the
dg-algebra A ⊕ (DA)[−3], and by p the canonical projection B → A. Let us denote by
〈A〉B the thick subcategory of DbB generated by the image of the restriction along p. The
cluster category associated to A is defined as the quotient CA = 〈A〉B/perB (section 7 of
[Kel05]). We assume that the functor TorA2 (?, DA) is nilpotent. This is equivalent to the
fact that CA is Hom-finite by theorem 5.1.

We denote by Θ a cofibrant resolution of the dg A-bimodule RHom•A(DA,A). Fol-
lowing [Kel08a] and [Kel08b], we define the 3-derived preprojective algebra as the tensor
algebra

Π3(A) = TA(Θ[2]).

The complex RHom•A(DA,A)[2] has its homology concentrated in degrees −2, −1 and 0,
and we have

H−2(Θ[2]) ≃ HomDA(DA,A), H−1(Θ[2]) ≃ Ext1A(DA,A) and H0(Θ[2]) ≃ Ext2A(DA,A).

Thus the homology of the dg algebra Π3(A) vanishes in strictly positive degrees and we
have

H0Π3A = TAExt2A(DA,A) = Ã.

Moreover, by lemma 5.3.1 the nilpotence of the functor TorA2 (?, DA) means that there
exists N such that Ext2A(DA,A)⊗N vanishes. Keller showed that Π3(A) is homologically
smooth and bimodule 3-Calabi-Yau [Kel08b]. Thus we can apply theorem 7.1 and we
have the following results:

Corollary 7.2. The category C = perΠ3A/DbΠ3A is 2-Calabi-Yau and the free dg module
Π3A is a cluster-tilting object in C.

The aim of this section is to construct a triangle equivalence between CA and C sending
A to Π3A.

Let us recall a theorem of Keller ([Kel94], or theorem 8.5, p.96 [AHHK07]):
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Theorem 7.3. [Keller] Let B be dg algebra, and T an object of DB. Denote by C the
dg algebra RHom•B(T, T ). Denote by 〈T 〉B the thick subcategory of DB generated by T .
Then the functor RHom•B(T, ?) : DB → DC induces an algebraic triangle equivalence

RHom•B(T, ?) : 〈T 〉B
∼ // perC.

Let us denote by Ho(dgalg) the homotopy category of dg algebras, i.e. the localization
of the category of dg algebras at the class of quasi-isomorphisms.

Lemma 7.3.1. In Ho(dgalg), there is an isomorphism between Π3A and RHomB(AB, AB).

Proof. The dg algebra B is A⊕ (DA)[−3]. Denote by X a cofibrant resolution of the dg
A-bimodule DA[−2]. Now look at the dg submodule of the bar resolution of B seen as a
bimodule over itself (see the proof of theorem 7.1 in [Kel05]):

bar(X,B) : · · · // B ⊗A X
⊗A2 ⊗A B // B ⊗A X ⊗A B // B ⊗A B // 0 // · · ·

This is a cofibrant resolution of the dg B-bimodule B. Thus A⊗B bar(X,B) is a cofibrant
resolution of the dg B-module A. Therefore, we have the following isomorphisms

RHom•B(AB, AB) ≃ Hom•B(A⊗B bar(X,B), A)

≃
∏

n≥0

Hom•B(A⊗A X
⊗An ⊗A B,AB)

≃
∏

n≥0

Hom•A(X⊗An,HomB(B,AB)A)

≃
∏

n≥0

Hom•A(X⊗An, AA),

where the differential on the last complex is induced by that of X⊗An. Note that

Hom•A(X,A) = RHom•A(DA[−2], A)

= RHom•A(DA,A)[2] = Θ[2].

We can now use the following lemma:

Lemma 7.3.2. Let A be a dg algebra, and L and M dg A-bimodules such that MA is
perfect as right dg A-module. Then there is an isomorphism in D(Aop ⊗A)

RHom•A(L,A)
L
⊗A RHom

•
A(M,A) ≃ RHom•A(M

L
⊗A L,A).

Proof. Let X and M be dg A-bimodules. The following morphism of D(Aop ⊗ A)

X
L
⊗A RHomA(M,A) −→ RHomA(M,X)

x⊗ ϕ 7→ (m 7→ xϕ(m))



164 Chapter 7. Cluster-tilting object

is clearly an isomorphism for M = A. Thus it is an isomorphism if M is perfect as a
right dg A-module. Applying this to the right dg A-module RHomA(L,A), we get an
isomorphism of dg A-bimodules

RHomA(L,A)
L
⊗A RHomA(M,A) ≃ RHomA(M,RHomA(L,A)).

Finally, by adjunction we get an isomorphism of dg A-bimodules

RHomA(L,A)
L
⊗A RHomA(M,A) ≃ RHomA(M

L
⊗A L,A).

Therefore, the dg A-bimodule Hom•A(X⊗An, AA) is isomorphic to (Θ[2])⊗An, and there
is an isomorphism of dg algebras

RHom•B(AB, AB) ≃
⊕

n≥0

(Θ[2])
L
⊗An = Π3(A)

because for each p ∈ Z, the group Hp(Θ[2]
L
⊗An) vanishes for all n≫ 0.

By theorem 7.3, the functor RHom•B(AB, ?) induces an equivalence between the thick
subcategory 〈A〉B of DB generated by A, and perΠ3(A). Thus we get a triangle equiva-
lence that we will denote by F :

F = RHom•B(AB, ?) : 〈A〉B
∼ // perΠ3A

This functor sends the object AB of DbB onto the free module Π3A and the free B-module
B onto RHom•B(AB, B), that is to say onto AΠ3A. So F induces an equivalence

F : perB = 〈B〉B
∼ // 〈A〉Π3A.

Lemma 7.3.3. The thick subcategory 〈A〉Π3A of DΠ3A generated by A is DbΠ3A.

Proof. The algebra A is finite dimensional, therefore 〈A〉Π3A is obviously included in
DbΠ3A. Moreover, the category DbΠ3A equals 〈modH0(Π3A)〉Π3A by the existence of the
t-structure. The dg algebra Π3A is the tensor algebra TA(θ[2]) so there is a canonical
projection Π3A → A which yields a restriction functor DbA → Db(Π3A) respecting the
t-structure:

modH0Π3A = H
� � // Db(Π3A)

modA

OO

� � // DbA

OO
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This restriction functor induces a bijection in the set of isomorphism classes of simple
modules because the kernel of the map H0(Π3A) → A is a nilpotent ideal (namely the
sum of the tensor powers over A of the bimodule Ext2A(DA,A)). Thus each simple of
modH0Π3A is in 〈A〉Π3A and we have

〈A〉Π3A ≃ 〈modH0(Π3A)〉Π3A ≃ DbΠ3A.

In conclusion, we have the following commutative square:

F : 〈A〉B
∼ // perΠ3A

perB
∼ //

?�

OO

DbΠ3A
?�

OO

Thus F induces a triangle equivalence

CA = 〈A〉B/perB
∼ // perΠ3A/DbΠ3A = C

sending the object A onto the free module Π3A. By theorem 7.1, A is therefore a cluster-
tilting object of the cluster category CA.

7.4 Cluster category for Jacobi-finite quivers with

potential

7.4.1 Ginzburg dg algebra

Let k be a field and Q a finite quiver. For each arrow a of Q, we define the cyclic derivative
with respect to a ∂a as the unique linear map

∂a : kQ/[kQ, kQ] → kQ

which takes the class of a path p to the sum
∑

p=uav vu taken over all decompositions of
the path p (where u and v are possibly idempotents ei associated to a vertex i of Q).

An element W of kQ/[kQ, kQ] is called a potential on Q. It is given by a linear
combination of cycles in Q.

Definition 7.4 (Ginzburg). [Gin06](section 4.2) Let Q be a finite quiver and W a po-

tential on Q. Let Q̂ be the graded quiver with the same vertices as Q and whose arrows
are

• the arrows of Q (of degree 0),
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• an arrow a∗ : j → i of degree −1 for each arrow a : i→ j of Q,

• a loop ti : i→ i of degree −2 for each vertex i of Q.

The Ginzburg dg algebra Γ(Q,W ) is a dg k-algebra whose underlying graded algebra is the

graded path algebra kQ̂. Its differential is the unique linear endomorphism homogeneous
of degree 1 which satisfies the Leibniz rule

d(uv) = (du)v + (−1)pudv,

for all homogeneous u of degree p and all v, and takes the following values on the arrows
of Q̂:

• da = 0 for each arrow a of Q,

• d(a∗) = ∂aW for each arrow a of Q,

• d(ti) = ei(
∑

a[a, a
∗])ei for each vertex i of Q where ei is the idempotent associated

to i and the sum runs over all arrows of Q.

The strictly positive homology of this dg algebra clearly vanishes. Moreover B. Keller
showed the following result:

Theorem 7.5 (Keller). [Kel08b] Let Q be a finite quiver and W a potential on Q. Then
the Ginzburg dg algebra Γ(Q,W ) is homologically smooth and bimodule 3-Calabi-Yau.

7.4.2 Jacobian algebra

Definition 7.6. Let Q be a finite quiver and W a potential on Q. The Jacobian algebra
J(Q,W ) is the zeroth homology of the Ginzburg algebra Γ(Q,W ). This is the quotient
algebra

kQ/〈∂aW, a ∈ Q1〉

where 〈∂aW, a ∈ Q1〉 is the two-sided ideal generated by the ∂aW .

Remark: We follow the terminology of H. Derksen, J. Weyman and A. Zelevinsky
([DWZ07] definition 3.1).

Exemple. 1. Let Q be the following quiver

2
b

��=
==

==
==

1

a
@@�������

3c
oo
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with the potential W = acb. Then the quiver Q̂ is given by

2

t2

��

b ��=
==

==
==

a∗

����
��

��
�

1

t1

LL

a

@@�������

c∗
// 3

t3

RR

b∗
^^=======

coo

The differential of the Ginzburg dg algebra satisfies

d(a∗) = cb, d(t1) = cc∗ − a∗a

d(b) = ac, d(t2) = aa∗ − b∗b

d(c∗) = ba d(t3) = bb∗ − c∗c.

The Jacobi algebra J(Q,W ) is then kQ/〈ba, ac, cb〉 and so is finite dimensional.

2. Let Q be the quiver

1

x

��

y
;;

z

nn

with the potential W = xyz− xzy. Then the Jacobi algebra J(Q,W ) is isomorphic
to the algebra

k〈x, y, z〉/(xy − yx, xz − zx, yz − zy) ≃ k[x, y, z]

and so is infinite dimensional.

In recent works, B. Keller [Kel08b] and A. Buan, O. Iyama, I. Reiten and D. Smith
[BIRS08] have shown independently the following result:

Theorem 7.7 (Keller, Buan-Iyama-Reiten-Smith). Let T be a cluster-tilting object in the
cluster category CQ associated to an acyclic quiver Q. Then there exists a quiver potential
(Q′,W ) such that EndCQ(T ) is isomorphic to J(Q′,W ).

7.4.3 Jacobi-finite quiver potentials

The quiver potential (Q,W ) is called Jacobi-finite if the Jacobian algebra J(Q,W ) is
finite dimensional.

Definition 7.8. Let (Q,W ) be a Jacobi-finite quiver potential. Denote by Γ the Ginzburg
dg algebra Γ(Q,W ). Let perΓ be the smallest thick subcategory of DΓ which contains Γ
and DbΓ the full subcategory of DΓ of the dg Γ-modules whose homology is of finite total
dimension. The cluster category C(Q,W ) associated to (Q,W ) is defined as the quotient of
triangulated categories perΓ/DbΓ.
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Combining theorem 7.1 and theorem 7.5 we get the result:

Theorem 7.9. Let (Q,W ) be a Jacobi-finite quiver potential. Then the cluster category
C(Q,W ) associated to (Q,W ) is Hom-finite and 2-Calabi-Yau. Moreover the image T of
the free module Γ in the quotient perΓ/DbΓ is a cluster-tilting object. Its endomorphim
algebra is isomorphic to the Jacobian algebra J(Q,W ).

As a direct consequence of this theorem we get the corollary:

Corollary 7.10. Each finite dimensional Jacobi algebra J (Q,W ) is 2-Calabi-Yau-tilted
in the sense of I. Reiten (cf. [Rei07]), i.e. it is the endomorphism algebra of some
cluster-tilting object of a 2-Calabi-Yau cateogry.

Definition 7.11. Let (Q,W ) and (Q′,W ′) be two quiver potentials. A triangular exten-
sion between (Q,W ) and (Q′,W ′) is a quiver potential (Q̄, W̄ ) where

• Q̄0 = Q0 ∪Q
′
0;

• Q̄1 = Q1 ∪ Q′1 ∪ {ai, i ∈ I}, where for each i in the finite index set I, the source of
ai is in Q0 and the tail of ai is in Q′0;

• W̄ = W +W ′.

Proposition 7.4.1. Denote by JF the class of Jacobi-finite quiver potentials. Then JF
satisfies the properties:

1. it contains all acyclic quivers (with potential 0);

2. it is stable under quiver potential mutation defined in [DWZ07];

3. it is stable under triangular extensions.

Proof. 1. This is obvious since the Jacobi algebra J(Q, 0) is isomorphic to kQ.

2. This is corollary 6.6 of [DWZ07].

3. Let (Q,W ) and (Q′,W ′) be two quiver potentials in JF and (Q̄, W̄ ) a triangular
extension. Let Q̄1 = Q1 ∪Q′1 ∪ F be the set of arrows of Q̄. Then we have

kQ̄ = kQ′ ⊗R′ (R′ ⊕ kF ⊕ R) ⊗R kQ

where R is the semi-simple algebra kQ0 and R′ is kQ′0. Let W̄ be the potential
W + W ′ associated to the triangular extension. If a is in Q1, then ∂aW̄ = ∂aW ,
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if a is in Q′1 then ∂aW̄ = ∂aW
′ and if a is in F , then ∂aW̄ = 0. Thus we have

isomorphisms

J(Q̄, W̄ ) = kQ̄/〈∂aW̄ , a ∈ Q̄1〉

≃ kQ′ ⊗R′ (R′ ⊕ kF ⊕R) ⊗R kQ/〈∂aW, a ∈ Q1, ∂bW
′, b ∈ Q′1〉

≃ kQ′/〈∂bW
′, b ∈ Q′1〉 ⊗R′ (R′ ⊕ kF ⊕R) ⊗R kQ/〈∂aW, a ∈ Q1〉

≃ J(Q′,W ′) ⊗R′ (R′ ⊕ kF ⊕ R) ⊗R J(Q,W ).

Thus if J(Q′,W ′) and J(Q,W ) are finite dimensional, J(Q̄, W̄ ) is finite dimensional
since F is finite.

In a recent work [KY08], B. Keller and D. Yang proved the following:

Theorem 7.12 (Keller-Yang). Let (Q,W ) be a Jacobi-finite quiver potential. Assume that
Q has no loops nor two-cyles. Then for each vertex i of Q, there is a derived equivalence

DΓ(µi(Q,W )) ≃ DΓ(Q,W ),

where µi(Q,W ) is the mutation of (Q,W ) at the vertex i in the sense of [DWZ07].

Remark: in fact Keller and Yang proved this theorem in a more general setting. This
also true if (Q,W ) is not Jacobi-finite, but then there is a derived equivalence between
the completions of the Ginzburg dg algebras.

Combining this theorem with theorem 7.9 and some results of [BIRS08], we get the
corollary:

Corollary 7.13. 1. If Q is an acyclic quiver, and W = 0, the cluster category C(Q,W )

is canonically equivalent to the cluster category CQ.

2. Let Q be an acyclic quiver and T a cluster-tilting object of CQ. If (Q′,W ) is the quiver
potential associated with the cluster-tilted algebra EndCQ(T ) (cf. [Kel08b], [BIRS08]),
then the cluster category C(Q,W ) is triangle equivalent to the cluster category CQ′ .

Proof. 1. The cluster category C(Q,0) is a 2-Calabi-Yau category with a cluster-tilting
object whose endomorphism algebra is isomorphic to kQ. Thus by [KR07], this
category is triangle equivalent to CQ.

2. In a cluster category, all cluster-tilting objects are mutation equivalent. Thus by
results of [BIRS08], (Q,W ) is mutation equivalent to (Q′, 0). Moreover, (Q,W ) and
Q′ have no loops nor two-cycles. Thus, the theorem of Keller and Yang [KY08]
applies and we have an equivalence

DΓ(Q,W ) ≃ DΓ(Q′, 0).

Thus the categories C(Q,W ) and C(Q′,0) are triangle equivalent. By 1. we get the
result.
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[Ver77] J.-L. Verdier, Catégories dérivées. Quelques résultats, Lect. Notes Math. 569
(1977), 262–311.
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