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CHAPITRE 1

Introduction

Durant ces années de these, mon travail de recherche a porté sur le probleme de
la classification (& isomorphisme pres) de certaines algeébres de von Neumann, ou encore
facteurs, provenant de deux contextes tres différents : la théorie ergodique et les probabilités
libres. Ce premier chapitre a deux objectifs : a la fois, je veux présenter mon travail de
recherche, c’est-a-dire introduire les notions, outils et concepts qui seront utilisés dans les
autres chapitres, et je veux donner aussi, pour le lecteur non spécialiste de ces questions,
une introduction générale aux algebres de von Neumann et aux probabilités libres. Cette
introduction est donc le reflet de mes années d’apprentissage dans ce domaine tout a fait
passionnant.

Outre ce premier chapitre introductif, ma these se compose de quatre autres chapitres.
Le deuxieme chapitre est un article paru au Journal of Functional Analysis dans lequel
je construis une nouvelle famille de facteurs de type III;. Je classifie completement cette
famille dans un cas assez général. Le troisieme chapitre est un article soumis aux Interna-
tional Mathematics Research Notices dans lequel je prouve des résultats de classification
pour certains produits libres d’algebres de von Neumann. Le quatrieme chapitre est une
note dans laquelle je montre que certains produits libres d’algebres de von Neumann sont
premiers, au sens ol ils ne peuvent se décomposer comme le produit tensoriel de deux
algebres de von Neumann diffuses. Enfin, le cinquieme chapitre est constitué de quelques
problemes sur lesquels je compte poursuivre mes recherches.

1. Une Introduction aux Algébres de von Neumann

1.1. Généralités. Fixons H un espace de Hilbert complexe séparable. On note (-, -)
son produit scalaire que l'on suppose linéaire en la premiere variable. Notons B(H)
I’algebre de tous les opérateurs bornés sur H. Cette algebre est munie d’une involution
notée * et appelée I’adjonction. L’adjonction est définie par

<T§777> = <§’T*77>7V§777 € HVT € B(H)

L’algebre B(H) est de plus normée par la norme d’opérateurs ou norme du sup, définie
par
IT[| = sup ||T¢[, VT € B(H).
§EH,||¢]I<1
L’algebre B(H) est complete pour cette norme, et l'on a ||[ST| < ||S||||T]|, pour tous
S,T € B(H) : ainsi, B(H) est une algébre de Banach. Enfin, cette norme vérifie la relation
fondamentale suivante :

(1) IT*T|| = |TT*|| = | T|]*,YT € B(H).

La propriété donnée par I'Equation (1) fait de B(H) une C*-algébre. Plus généralement,
on appelle C*-algebre toute sous-algebre involutive de B(H) fermée pour la topologie
normique.



8 1. INTRODUCTION

On peut en fait définir d’autres topologies sur B(H) plus faibles que la topologie
donnée par la norme. Ces topologies sont données dans le tableau suivant (on les définit
pour des suites généralisées) :

Topologie 7 — 0
normique 5] — O
ultra-+-forte | S, (IT& 7 + [T7&nl?) — 0, V(&) € B(N) & A

ultraforte S T2 — 0, V(&) eP(N)® H

ultrafaible Mo Tilnmn) — 0, V(&), () € P(N)® H
Torte [TEE+ I Trel> — 0, vee
forte I3l — 0, Yé&e H
faible (T:;¢,m) — 0, V&,neH

La relation entre ces différentes topologies est la suivante :
normique =< ultra-  -forte < ultraforte < ultrafaible
A A A
x-forte < forte < faible,

ou “<” signifie que le coté gauche est plus fin que le coté droit. Si H est de dimension finie,
ces topologies sont évidemment toutes les mémes. Par contre, si H est de dimension infinie,
ces topologies sont toutes distinctes deux a deux. Pourquoi définir des topologies faibles ?
L’idée est tres simple : moins d’ouverts pour plus de compacts. Ainsi, on peut facilement
montrer que la boule unité de B(H) est compacte pour la topologie faible. Quelle est la
relation entre ces différentes topologies sur les parties bornées de B(H)? Notons B; la
boule unité de B(H). On a les relations suivantes :

e topologie ultrafaible sur B; = topologie faible sur B ;
e topologie ultraforte sur B; = topologie forte sur Bj ;
e topologie ultra-x-forte sur B = topologie *-forte sur Bj.
Pour une partie A C B(H) non vide, on définit le commutant de A noté A’ par
A'={x € B(H);zy = yz,Vy € A}.

On voit facilement que le commutant A’ est une sous-+-algébre de B(H ). On définit de la

méme maniere A7, A®) ... La relation entre ces différents commutants est la suivante :
A c A
A(2n71) _ A(2n+1)7vn > 1;
A(2n) _ A(2n+2) Vn > 1.

)

La définition suivante devient alors naturelle.

DEFINITION 1.1. Une algebre de von Neumann M sur H est une sous-x-algébre de
B(H) telle que
M= M".

Un facteur est une algebre de von Neumann M avec centre trivial, i.e., M N M' = C1.
Pour toute partie non vide A C B(H), le commutant A’ est une algebre de von Neumann.
Le lien profond entre la notion de commutant et les différentes topologies définies sur
lalgebre B(H) est donné dans le théoreme suivant :
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THEOREME 1.2 (Théoréeme du Bicommutant de von Neumann). Soit M C B(H) une
sous-x-algeébre contenant 1. Alors, il y a équivalence entre les propriétés suivantes :

(1) M est fermée pour la topologie ultra-x-forte.
(2) M =M".

On voit donc qu’il y a pour une algebre de von Neumann une caractérisation algébrique
et une caractérisation topologique. Parmi toutes les topologies que nous avons définies
plus haut, I'une d’entre elles joue un réle particulier : c’est la topologie ultrafaible. Etant
donnée M C B(H) une algebre de von Neumann, on note M, l'espace vectoriel des
formes ultrafaiblement continues sur M. C’est en fait un espace de Banach normé par
[l = supgzens o<1 [#(2)]- On montre I'égalité suivante :

(2) M = (M,)*.

Pour cette raison, M, est appelé le prédual de M. Toute C*-algebre A qui est le dual d’un
espace de Banach comme dans I’Equation (2) est appelée une W*-algébre. On montre qu’il
y a en fait équivalence entre la notion de W*-algebre et celle d’algebre de von Neumann.
Il existe donc une notion intrinséque d’algebre de von Neumann indépendante de ’espace
de Hilbert sur lequel elle est représentée. La topologie ultrafaible est donc intrinseque. Une
forme ¢ sur M est dite normale si pour toute suite généralisée (x;);c; bornée, croissante,
constituée d’éléments positifs de M, on a
p(sup ;) = sup ().
il icl

Une forme sur M est normale si et seulement si elle est ultrafaiblement continue. Un état
@ sur une algebre de von Neumann M est une forme qui vérifie

o p(xz*x) >0, Vx € M. C’est la condition de positivité.

° p(1) =1
Un état est dit fidéle si de plus p(z*z) =0 = = = 0.

1.2. La Classification des Facteurs en Types. Dans toute cette partie, on sup-
pose que l'algébre de von Neumann M C B(H) est un facteur, i.e., M N M’ = C1. On
appelle projection de M tout élément p € M vérifiant p?> = p et p* = p. L’ensemble des
projections de M est noté P(M). On appelle isométrie partielle de M tout élément u € M
tel qu’il existe un sous espace fermé K C H avec u isométrique sur K et nulle sur K.
On définit sur P(M) une relation d’équivalence. Soient e, f € P(M). On dit que e est
équivalent a f et on écrit e ~ f, s’il existe une isométrie partielle u € M telle que e = u*u
et f =wuu*. On vérifie aisément que c’est bien une relation d’équivalence. Si p,q € M, on
écrit p < ¢ pour dire que pH C ¢H ou encore I'image de p est incluse dans celle de ¢. Si
une projection p € M est équivalente a une projection ¢ € M avec ¢; < g € M, alors on
écrit p 2 qou g 77 p. Si p 2 g mais p » g, alors on écrit p < g. Soit p € P(M)\{0}.

e On dit que p est finie si
Vg € P(M) telle que g <p, g~p = q=p.
e On dit que p est minimale si
Vge P(M), q<p = g=poug=0.

Il est facile de voir que minimale = finie. Si p n’est pas finie, on dit qu’elle est infinie.
Nous sommes a présent en mesure de pouvoir définir le type du facteur M. On dit que

M est de type I, s’il existe dans M une projection minimale. On dit que M est de type 11,

si M possede une projection finie mais aucune projection minimale. On dit alors que M est
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de type 11y, si 'identité est finie et de type Il, si 'identité est infinie. On dit enfin que M
est de type III, si M ne possede aucune projection finie. On remarque immédiatement que
I’on est bien dans I'un des trois cas de figures cités ci-dessus. Une étude plus approfondie
de la géométrie des projections conduit au théoreme suivant :

THEOREME 1.3 (Murray & von Neumann, [6]). Soit M un facteur. Il existe une ap-

plication D : P(M) + [0, +00] unique a un scalaire X > 0 prés telle que :

(1) p~q <= D(p) = D(q).

(2) p T ¢+ D(p) < D(q).

(3) pg=0= D(p+q) = D(p) + D(q).

(4) p finie < D(p) < +oo.
De plus, a normalisation preés, l'image de D est l'un des sous-ensembles suivants de
[0, +o0] -

{0,...,n} dans ce cas M est un facteur de type I,

{0,...,+o0} I
0,1] I,

[0, +o0] I
{0, +o0} 11

Donnons tout de méme quelques précisions sur ce théoreme. Pour n € N*, un facteur
de type I,, n’est rien d’autre que M, (C). Quant au facteur de type I, il est isomorphe a
B(£?). Un facteur M de type II; est un facteur de dimension infinie munie d’une trace 7
normale et fidele, i.e., un état normal et fidele qui vérifie de plus 7(zy) = 7(yzx), Va,y € M.
On montre qu’une telle trace est nécessairement unique sur M. De plus, on a la notion de
dimension continue, a savoir

T7:P(M)—[0,1]

est une surjection. A chaque projection p dans M, on associe sa dimension T(p) qui est
un nombre réel compris entre 0 et 1. Tous les réels du segment [0, 1] sont atteints de cette
maniere. Le probleme de la classification des facteurs de type II; & isomorphisme pres est
un probleme extrémement difficile. Un facteur de type Il n’est en fait rien d’autre que
le produit tensoriel d’un facteur de type II; avec B(£?). Enfin, un facteur de type III est
un facteur qui n’est ni de type I ni de type II'! Nous donnerons plus loin des théorémes de
structure pour de tels facteurs. Mais notons ici que la géométrie des projections n’est plus
d’aucun ressort car toutes les projections non nulles sont équivalentes dans un facteur de
type IIL.

1.3. Quelques Constructions Classiques de Facteurs.

1.3.1. L’Algébre de von Neumann d’un Groupe Dénombrable. Soit I' un groupe infini
dénombrable muni de sa topologie discrete. L’action de I'" par translations a gauche sur
lui-méme induit une représentation unitaire de I' sur I'espace de Hilbert £2(T") notée Ar et
appelée la représentation réguliére gauche :

r — /2(I)

v o (57’ — 57,},/).

L’algebre de von Neumann du groupe I' est par définition L(T') := Ap(T")”. Cette algebre
de von Neumann est finie, i.e., elle possede une trace 7 fidele et normale donnée par :

7(z) = (20, b)), Vo € L(T).

AT
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On dit qu'un groupe " est a classes de conjugaison infinies ou encore CCI, si toutes les
classes de conjugaison hormis celle de 1’élément neutre 1 sont infinies. Il est facile de voir
que T est CCI si et seulement si L(T") est un facteur. Dans ce cas, L(I') est un facteur de
type I1;.

ExXEMPLES 1.4. Nous donnons quelques exemples de groupes CCI.

e Soit So = |J,;>1 Sn le groupe des permutations a support fini sur N*. Le groupe
Swo est CCI et moyennable, i.e., il existe une suite de vecteurs unitaires (&,) dans
%(Sw), telle que pour tout o € Sx, [[Ao(€r) — &nll2 — 0 lorsque n — co. On note
R = L(S~) et on lappelle le facteur hyperfini de type I1;. Le célebre théoreme
de Connes [4] sur 'unicité du facteur injectif implique en particulier que tous
les groupes moyennables CCI donne exactement le méme facteur de type II;, a
savoir R.

e Pour n € N*U{+o0}, notons F,, le groupe libre a n générateurs. Pour tout n > 1,
le groupe F,, est CCI et a la Propriété de Haagerup, i.e., il existe sur F,, une
fonction conditionnellement de type négatif propre [2]. On ne sait toujours pas
a I’heure actuelle si L(F,,) = L(F,,) pour m # n. L’alternative die a Radulescu
[27] et & Dykema [10] est la suivante : soit les L(F,,) sont tous isomorphes, soit
ils sont deux a deux non isomorphes.

e Pour n € N*, notons I';, le groupe SL(2n + 1,Z). Pour tout n > 1, le groupe I',,
est CCI et a la Propriété (T) de Kazhdan, i.e., toute fonction conditionnellement
de type négatif sur I';, est bornée [14]. Connes a conjecturé que pour m # n,
L(T,,) et L(T),) ne sont pas isomorphes.

1.3.2. Group Measure Space Construction de Murray & von Neumann. Soit (X, A, u)
un espace mesuré, soit G un groupe dénombrable et soit une action mesurable notée -, de
G sur (X, A, p). On suppose que Iaction

e préserve la classe de la mesure, i.e., pour tout A € A, u(A) =0= pu(g-A) =0,
pour tout g € G;
e est libre, i.e., pour tout g # 1, p({z € X,g-x =x}) =0;
e est ergodique, i.e., pour tout A € A, si pour tout g € G on a uy(AAg-A) =0,
alors p(A) =0 ou u(X\A) =0.
Soit v une autre mesure sur l'espace (X,.A). On dit que v est équivalente a p si pour tout
Aec A v(A) =0<«<= p(A) =0. On dit que v est G-invariante si pour tout A € A et tout
ge G, v(g-A) =v(4).

L’action de G sur (X, A, pn) s’interprete facilement en termes d’action sur l'algebre
de von Neumann L*®°(X, A,u) C B(L*(X,A,u)). Pour tout g € G, pour tout F €
L>(X, A, ), on définit

0y(F)(x) = F(g~" - x),Vr € X.
Notons H D'espace de Hilbert L?(X, A, ) ® 2(G). Soit 7y : L®(X, A, u) — B(H) la
représentation définie par :
(mo(F)E)(,9) = £(g™" +,9), YF € L(X, A, ), V€ € H.

Il est clair que 1 ® A définit une représentation unitaire de G sur H. L’action o et les
représentations m, et 1 ® Ag vérifient la relation de covariance suivante :

(1® Ac(9)m (F)(1 @ Ac(9))" = mo(og(F)),VE € L™(X, A, p),Vg € G.

On dit aussi que le systéme {L>°(X),G, 0} est covariant. On appelle produit croisé de
L>(X, A, n) par G et on note L>®(X, A, u) X, G, 'algebre de von Neumann agissant sur
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H engendrée par 75 (L (X, A, 1)) et (1@ Ag)(G). On a alors le théoreme de classification
suivant :

THEOREME 1.5 (Murray & von Neumann, [41]). En reprenant les hypothéses men-
tionnées plus haut, notons M = L*(X, A, ) xs G. Alors M est un facteur et

(1) M est de type 1 si et seulement si laction est transitive.

(2) M est de type 11 si et seulement s’il existe une mesure finie v, G-invariante et
équivalente a p.

(3) M est de type Il si et seulement s’il existe une mesure infinie v, G-invariante
et équivalente a p.

(4) M est de type 111 si et seulement s’il n'existe aucune mesure non triviale v, G-
twvariante et équivalente a .

EXEMPLE 1.6 (Décalage de Bernoulli). Prenons (Xo, o) = ([0, 1], \) espace borélien
standard avec la mesure de Lebesgue. Soit G un groupe dénombrable et infini. Soit

(X, 1) = [ (Xo, po)g-

geG

On regarde l'action o de G sur (X, p) par décalage, i.e., o4((w1)) = (z4-1p), pour tout
g € G. Cette action préserve trivialement la mesure p. On vérifie aisément que cette action
est libre et ergodique. Elle vérifie méme une propriété d’ergodicité plus forte appelée
le mélange. Ces dernieres années, Popa a montré des résultats de rigidité tout a fait
spectaculaires pour de telles actions (voir par exemple [22, 23, 43]).

Soit N une algebre de von Neumann quelconque. On peut munir le groupe Aut(NV)
d’une structure de groupe topologique. En effet, soient 0, (6,,),en des éléments de Aut(N),
on définit

0, — 0 <= |[pob, —1ob| — 0,V € N,.

Cette topologie fait de Aut(N) un groupe polonais. Soit maintenant G un groupe locale-
ment compact quelconque et o : G — Aut(N) une action continue. On peut alors définir
de la méme maniere que précédemment le produit croisé N X, G. Par la suite, cette notion
sera utilisée pour établir les théoremes de structure des facteurs de type III.

1.4. La Classification des Facteurs de Type III.

1.4.1. La Théorie de Tomita-Takesaki pour un état. Soit (M, ) une algebre de von
Neumann munie d’'un état fidele et normal. La construction GNS associée a cet état
donne un triplet (Hy, Ty, &y) avec H, = L2(M, ¢). Si on note n, : M — H, le plongement
canonique, on a &, = 1,(1) et la représentation 7, est donnée par :

mp(a)n,(b) = n,(ab),Va,b € M.

L’état ¢ est donné par la relation p(x) = (my(x)&,,&,), pour tout & € M. De plus,
comme ¢ est fidele, la représentation 7, est elle-méme fidele. Dorénavant, nous regarderons
M C B(H,), autrement dit nous supposons 7, = id. Le vecteur &, est cyclique, i.e.,
M¢, = H, et séparant, i.e., pour tout x € M, 2§, =0 = 2 = 0.

On définit a présent

Hy — H,

x€, — T,

L’opérateur S, est anti-linéaire, densément défini et non borné a priori. Le premier
résultat-clé de la Théorie de Tomita-Takesaki affirme que l'opérateur S, est fermable.

Sy
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Nous continuerons a noter S, sa fermeture. Ecrivons alors sa décomposition polaire :

Sy = J,AY2,
avec J, anti-unitaire, ie., J; = J, et Jg =1, et A, = 555, auto-adjoint, positif,

densément défini et non borné a priori. Le résultat majeur de cette théorie est le suivant :

THEOREME 1.7 (Tomita & Takesaki, [40]). Les notations sont celles adoptées plus
haut. Soit M' le commutant de M sur H,.

(1) Ve e M, Jyx*J, € M.
(2) of 1w Ag:cA;it définit un flot d’automorphismes sur M.

1.4.2. La Classification des Facteurs de Type III. On suppose que M est un facteur.
Notons Out(M) = Aut(M)/Int(M) le groupe des automorphismes extérieurs de M. No-
tons € : Aut(M) — Out(M) la projection canonique. Connes a montré dans sa these [5]
qu’a U'instant ¢ fixé, e(of) ne dépend pas du choix de 1’état ¢. Ceci permet alors de définir
I’homomorphisme suivant :

R — Out(M)

t — e(of).
Selon Connes, cette application est 1’ évolution naturelle dans le temps de ’algebre de von
Neumann M. On écrit T (M) = kerd : c’est un invariant algébrique pour M. Il montre
I’équivalence suivante :

0

T (M) # {0} <= M est de type IIIL.

Dorénavant, on supposera que M est un facteur de type III. Malheureusement, 'invariant
T est insuffisant pour pouvoir définir le sous-type de M. Connes définit alors un autre
invariant, l'invariant S. Cette construction est difficile, et nous renvoyons a [5]. Nous
allons brievement exposer I’approche de Takesaki de ce probleme [42].

On appelle core de M le produit croisé M x,» R. On sait d’apres les résultats de
Connes [5] que ce produit croisé ne dépend pas du choix de I’état ¢ ; Takesaki montre que
ce core est une algebre de von Neumann semi-finie, i.e., il existe sur M X,+» R une trace
fidele, normale et semi-finie. I1 définit dans [42] I'action duale 0¥ de R sur M X+ R, de
la facon suivante (les notations pour les générateurs du produit croisé sont celles utilisées
précédemment) :

07 (mov (x)) = mge(x), Vo € M,Vs e R

02(1@AR) = s "(1®N\g),Vs € R, Vt € R.
L’action duale 8¥ échelle la trace au sens ou il existe une trace fidele, normale, semi-finie
sur M x,- R, notée Tr, telle que

Tr(6¢(y)) = sTr(y), Vs € R, Vy € (M x4 R)T.

Le systeme covariant { M x,» R, R , 0¥} ne dépend pas du choix de I’état ¢, et le théoreme
de dualité de Takesaki montre ’isomorphisme suivant :

(M x50 R) xgs R ~ M @ B(L*(R)).
De plus, il montre que 'action duale ¥ restreinte au centre de M x,+» R est ergodique :

cette action est donc un invariant de M et est appelée le flot des poids. Soit cette action
est proprement ergodique, et alors M est de type Illy, soit cette action est transitive, et

e si 0% est 'action R} ~ R, alors M est un facteur de type I ou II;

e si 6% est Paction R% ~ R% /A% pour A €]0,1], alors M est de type III, ;
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e si 0% est 'action R ~ {1}, alors M est de type III;.

On obtient alors le théoreme de structure pour les facteurs de type III; encore appelé
décomposition continue des facteurs de type II1;.

THEOREME 1.8 (Takesaki, [42]). Soit M un facteur de type I111;. Alors, il existe N un
facteur de type Il et une action 0 : R — Aut(NN) qui échelle la trace tels que

M =N xgR%.
De plus, cette décomposition est unique d conjugaison pres.

Le facteur N est isomorphe a M x5+ R, le core de M. L’action 6 n’est alors rien d’autre
que l'action duale de o¥. Précisons quelque peu ce que signifie a conjugaison prés. Pour
i € {1,2}, soient §" : R ~ N; une action qui échelle la trace. On dit que ' et 62 sont
conjuguées s’il existe un isomorphisme 7 : N7 — No, tel que

7 0?n(x) = 0} (x),Vx € N1,V € R.

Dans sa these [5], en utilisant d’autres méthodes, Connes avait obtenu un théoréeme
de structure analogue pour les facteurs de type III. C’est la décomposition discréte des
facteurs de type III,.

THEOREME 1.9 (Connes, [5]). Soit M un facteur de type 111y, pour X\ €]0,1[. Alors, il
existe N un facteur de type Il et un élément 0 € Aut(N) tels que Trof = X Tr et

M = N x4 Z.
De plus, cette décomposition est unique a conjugaison pres.

1.5. Un Raffinement de la Classification pour les Facteurs de Type III; : le
Cas Presque-Périodique. Au vu du Théoréme 1.8, les facteurs de type I11; admettent-
ils tous une décomposition discrete ? Connes répond négativement & cette question dans
son article [3]. Il introduit alors la notion fondamentale suivante :

DEFINITION 1.10 (Connes, [3]). Soit M un facteur. On suppose que le groupe Aut(M)
est munie de la topologie introduite précédemment. On dit que M est un facteur plein si
le sous-groupe Int(M) est fermé dans Aut(M).

Un facteur de type I, B(K), est trivialement plein car Aut(B(K)) = Int(B(K)).
Connes montre qu'un facteur plein ne peut pas étre de type IIIy. Pour un facteur de type
I1;, il montre 1’équivalence entre les trois propriétés suivantes ([4]) :

e M est un facteur plein;

e M n’a pas la propriété I' de Murray & von Neumann, i.e., toutes les suites cen-
trales son triviales;

e L’algebre des opérateurs compacts K(L?(M)) est incluse dans la C*-algebre
C*(M, M").

Dans toute la suite, on supposera que M est un facteur de type III; plein. Soit ¢ un
état fidele, normal sur M. On dit que ¢ est presque périodique si I'opérateur modulaire A,
dans la théorie de Tomita-Takesaki est diagonalisable. Notons Sp(A,,) le spectre ponctuel
de l'opérateur A,. Pour v € Sp(A,), notons M” I’ensemble des y-vecteurs propres pour
I’état ¢ dans M, i.e.,

MY = {x e M;p(zy) = ve(yx),Vy € M}
{zx € M;of(x) ="z}.



2. UNE INTRODUCTION AUX PROBABILITES LIBRES 15

On remarque immédiatement que M M2 C M7, Notons que M! est le centralisateur
de I’état ¢ : on le note en général M¥. Ainsi ¢ est presque périodique si et seulement
si la sous-algebre @Vesp( A,) M7 est ultrafaiblement dense dans M. Notons I' C R le
sous-groupe engendré par le spectre ponctuel Sp(A,). En fait, le groupe modulaire peut
s’étendre par continuité au groupe compact G = T dual du groupe I'. Connes prouve le
théoreme suivant :

THEOREME 1.11 (Connes, [3], Dykema, [9]). Soit M un facteur de type 111 plein. Soit
@ un état fidele, normal et presque périodique sur M. On suppose que le centralisateur M¥
est un facteur. Alors Sp(A,) C RY est un sous-groupe dénombrable et dense noté I'. Il
existe N un facteur de type Ily, et une action 6 : T' — Aut(N) qui échelle la trace tels
que
M =N xyT.

Le facteur N est isomorphe a M X4+ G ou G = T.Le produit croisé M X« G est parfois
appelé le core discret de M. L’action 6 n’est alors rien d’autre que 'action duale de o%.
Bien sur, les produits croisés M X,» R et M X, G ne sont absolument pas isomorphes.
Enfin, Connes montre qu’en fait le groupe I" est un invariant algébrique de M, il ne dépend
pas du choix de I’état ¢. On note dans ce cas I' = Sd(M ). Nous verrons dans la deuxieme
partie que certains facteurs d’Araki-Woods libres fournissent des exemples de facteurs de
type III; pleins munis d’un état presque périodique préféré, a savoir 1 état quasi-libre libre.

2. Une Introduction aux Probabilités Libres

2.1. Liberté. Produits Libres d’Algebres de von Neumann. Soit (M, ¢) une
algébre de von Neumann munie d’un état normal, fidele. Dans la suite, une telle algebre
sera appelée W*-espace de probabilité non-commutatif. Ses éléments seront appelés des
variables aléatoires libres.

DEFINITION 1.12. Soit (M, ) un W*-espace de probabilité non-commutatif. Soit x €
M. La distribution de x est la fonctionelle linéaire p,, sur C[X] (I’algébre des polynomes
complexes en une variable) définie par py(P) = ¢(P(x)), pour tout P € C[X].

REMARQUE 1.13 (Théoréme Spectral). Si de plus z = z*, u, s’étend naturellement
en une mesure a support compact sur R. Plus précisément, il existe une unique mesure
dp,; dont le support est Sp(z), le spectre de x, et telle que pour toute fonction f bornée,
borélienne sur Sp(z), on a

/ F()dpat) = o(f(x)).

DEFINITION 1.14. Soit (M, @) un W*-espace de probabilité non-commutatif. Soit une
famille (A,),cr de sous-algébres de von Neumann. On dit que cette famille est libre dans
M pour Uétat ¢ si pour tout n € N*, pour tous aj € A,; avec 11 # -+ # tn, on a

(3) Vie{l,....,n}p(a;) =0= p(a1---ay,) =0.

Supposons que la famille (4,),er soit libre dans (M, ¢) et que |J,; A, engendre M en
tant qu’algebre de von Neumann. Alors, grace a I’Equation (3), I'état ¢ est totalement
déterminé par ses restrictions (cp| 4, )wer- De plus, si chacune de ses restrictions est une
trace, ¢ est lui-méme un état tracial. Nous présentons un moyen tres naturel d’obtenir des
sous-algebres libres dans une algebre de von Neumann donnée.

Soit (M,, ¢,).er une famille d’algebres de von Neumann, chacune d’entre elles étant
munie d’un état fidele, normal ¢,. On fait la construction GNS pour chacune des (M,, ¢,).



16 1. INTRODUCTION

On obtient alors un triplet (H,,n,,£,) ot comme précédemment H, = L?(M,, p,). Si 7, :
M, — H, est le plongement canonique, on a § = 7,(1). On supposera comme avant
M, C B(H,), autrement dit 7, = id. On définit tout d’abord (H,¢) 'espace de Hilbert
produit libre des espaces (H,,€,). Notons HY = H, © C¢,. On pose

H=c¢a P b H 2 -oH,

n>1 \t1#£Fin€l

On note aussi (H,&) = *,c7(H,,&,). Afin de pouvoir définir le produit libre des algebres
(M,,p,), il faut faire agir chacune des algebres M, sur l'espace de Hilbert H. Pour cela,
nous définissons & présent un plongement A, : B(H,) — B(H). Pour ¢ € I, notons

H(i)=c¢o @ & H ® --oH |,

n>1l \u#-#in€l, 17t

et définissons 'unitaire V, : H, ® H(t) — H de la fagon suivante :

E®E — &

H®¢{ — H/
(@ H,®--@H)) — Hj®---®H,
H®(H ® ---®H)) — H®H)® - ®H.

La représentation \, de B(H,) sur H est donnée par
)\L(a) = va(a ® 1H(L))VL*7va € B(HL)

DEFINITION 1.15. L’algébre de von Newmann produit libre des (M,,p,), notée M =
x,c1 M, et agissant sur (H,§) = x,c1(H,,&,) est définie par

M=Ww* (U )\L(ML)> .

el

Comme pour chaque ¢ € I, la représentation A, est fidele, on identifiera par la suite
M, avec \,(M,), son image dans B(H). On définit alors un état sur M par p(z) = (2§, ),
pour tout x € M. Il est appelé le produit libre des états ¢, et noté ¢ = *,c1 v,. On montre
aisément que ¢ est normal, fidele et la restriction de ¢ & chacune des sous-algebres M,
n’est rien d’autre que ¢,. Enfin, la famille (M,),cr est libre dans M pour Iétat ¢. Alors,
on peut synthétiser ce résultat dans la proposition suivante :

PROPOSITION 1.16. Soit (M;,¢,),cr une famille d’algébres de von Neumann, chacune
d’entre elles étant munie d’un état @, fidéle et normal. Alors, il existe a isomorphisme
pres qui préserve ’état, une unique algebre de von Neumann M munie d’un état @ normal
et fidéle, telle que

— (M;, ;) se plonge dans (M, @) d’une fagon qui préserve l’état,
— M est engendrée par la famille (M,),e; qui est libre dans (M, p).

NOTATION 1.17. Par la suite, nous emploierons librement la notation suivante. Soient
(M, ) et (N,¢) deux algebres de von Neumann, chacune munie d’un état normal et
fidele. S’il existe un isomorphisme 0 : M — N qui préserve l’état, i.e., 1 o 8 = p, on écrit
simplement (M, ) = (N, ).
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EXEMPLE 1.18. Soit (G,),e; une famille de groupes discrets, dénombrables. On note
(L(G,),7,) leurs algebres de von Neumann respectives munies de leur trace canonique.
Notons G = #,c1G, le produit libre des groupes G, et (L(G),7q) son algebre de von
Neumann munie de sa trace canonique. On a alors tres naturellement l’isomorphisme
suivant :

(L(G)a TG) = Lzl(L(Gb)’ TL)-
Ainsi pour tout n € N*, si on note F,, le groupe libre a n générateurs, on a

L(F,)=L(Z)*---x L(Z)J.

n fois

2.2. Le Foncteur CAR Libre. Les Facteurs d’Araki-Woods Libres. Nous
présentons enfin un analogue libre des facteurs hyperfinis. Les facteurs hyperfinis peuvent
étre construits de bien des manieres. Une construction qui retient notre attention est celle
du foncteur CAR ou encore foncteur des relations d’anticommutation canoniques. Elle a
une généralisation tres naturelle dans le cadre des probabilités libres. Cette construction
est diie & Voiculescu dans le cas tracial [48]. Elle a été étendue dans un cadre plus général
par Shlyakhtenko [39]. C’est cette derniére que nous allons exposer.

Soit Hg un espace de Hilbert réel. Soit (U;)ier une représentation orthogonale de
R sur l'espace Hr. Notons Hc = Hgr ®gr C l'espace de Hilbert complexifié de Hr. La
représentation complexifiée de (Uy)ier devient unitaire : elle sera toujours notée (Uyp)icr.-
Le théoréme de Stone affirme qu’il existe alors un opérateur A de Hc, autoadjoint, positif,
densément défini, non borné a priori, tel que Uy = A%, pour tout t € R. Quant & 'opérateur
H%’ il est borné, autoadjoint, positif et injectif. Il permet alors de définir un nouveau
produit scalaire sur Hc,

(€l = (). ¥ € Ho

Nous noterons H la fermeture de Hc pour le produit scalaire (-,-)y. On définit alors
I'espace de Fock plein de H :

F(H)=CQoPH.
n>1

Le vecteur € est appelé vecteur du vide. On note @y 'état vectoriel associé, ¢y (y) =
(yQ, Yy, pour tout y € B(F(H)). Pour tout £ € H, on définit [(£), I’opérateur de création
d gauche par

. JUON=¢,
HQ) - F(H) = FUH) { (G @ 0&) =068 @&

Sa partie réelle notée s(£) est définie par

UIRIIN
PRGESCY
Le résultat crucial de Voiculescu [48] affirme que la distribution de 'opérateur s(¢) pour
Pétat oy est la loi semi-circulaire portée sur le segment [—||£|[, [|£]|] et donnée par :

d'YHEH "5”2 VIIEIP — t>dt.

Cette loi semi-circulaire est en fait ’analogue libre de la loi Gaussienne pour les probabi-
lités classiques. Plus généralement, une variable aléatoire libre dont la loi est semi-circulaire
est tout simplement appelée une variable semi-circulaire.
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DEFINITION 1.19 (Shlyakhtenko, [39]). Soit Hr un espace de Hilbert réel de dimension
au moins 2. Soit (Up)ier une représentation orthogonale de R sur Hg. L’algébre de von
Neumann incluse dans B(F(H)) et engendrée par {s(§),§ € Hr} est un facteur. On
Uappelle le facteur d’Araki-Woods libre associé a Hr et (Up)ier- L'état oy sur T'(Hg, Uy)”
est fidéle et normal. Il est appelé ’état quasi-libre libre.

Regardons plus en détail le cas ou la représentation (U;)cr est triviale. Dans ce cas,
Iétat du vide ¢ est tracial et le facteur I'(Hgr)” est isomorphe & L(Fgin, iy ) le facteur du
groupe libre a dim Hgr générateurs. De plus, 'application

Hr — TD(Hm)"
£ — s

vérifie la propriété suivante : pour toute famille orthogonale (§,),c; dans Hg, la famille
(s(&,)).er est libre dans T'(Hgr)” pour la trace ¢. Pour cette raison, cette application
est aussi appelée foncteur Gaussien libre. C’est une construction tres efficace qui permet
d’obtenir un mouvement Brownien libre. Prenons, en effet, Hgr = L?([0, +-oc[, d)\). Notons
pour t > 0, X[o.( la fonction caractéristique de l'intervalle [0,t[ et By = s(x|o,). Alors
t — By est un analogue libre du mouvement Brownien classique, i.e., il satisfait :

(1) Pour tout ¢t > 0, By est semi-circulaire.
(2) Pour tous t > s > 0, By — B; est libre avec la famille {B,,0 < u < s}.

Dans le cas général d’une représentation (U;)icr quelconque, la propriété fonctorielle
de liberté est toujours valable. Plus précisément, nous avons canoniquement l’isomor-
phisme suivant :

n
" (@ i) = ri o

el el
Shlyakhtenko obtient le résultat suivant :
THEOREME 1.20 (Shlyakhtenko [34, 37, 38, 39]). Soit Hr un espace de Hilbert réel

de dimension au moins 2. Soit (Ui)ier une représentation orthogonale de R sur Hg.
Notons N =T'(Hg,U,)". Alors, on a

(1) N est un facteur plein; donc N n’est jamais de type 111y.

(2) N est de type 11y si et seulement si (Up)ier est triviale.

(3) N est de type I1I (0 < A < 1) si et seulement si (Up)icr est périodique de période
o

(4) N est de type 111y dans tous les autres cas.

(5) L’état du vide oy est presque périodique si et seulement si (Up)ier lest.

On suppose dorénavant Hgr séparable. Nous allons regarder plus en détail le cas ou
la représentation (U;)icmr est presque périodique, i.e., Popérateur A est diagonalisable.
Notons Sp(A) le spectre ponctuel (i.e. 'ensemble des valeurs propres) de l'opérateur A et
I' € R le sous-groupe multiplicatif qu’il engendre. Apres réduction de la représentation
orthogonale (Uy)ier et en utilisant ’Equation (4), on se rend compte qu’il nous suffit de
comprendre uniquement les blocs de taille 1 et 2, i.e., les cas ou dim Hgr = 1 et dim Hg = 2.
Le cas ou dim Hg = 1 est facile car on sait déja que I'algebre correspondante n’est autre
que L(Z). Pour dim Hg = 2, on adopte la notation suivante :
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NoTATION 1.21. Soit Hr = R2 Pour 0 < A < 1, soit (Up)ier la représentation
orthogonale définie par
A [cos(tlogA) —sin(tlogA)
t 7 \sin(tlogA) cos(tlogA) /-

La représentation (U)ier est |1()Qgﬁ—périodique, on sait alors que le facteur d’Araki-

Woods libre correspondant T'(R2, U)” est de type ITIy. Il sera simplement noté (T, ¢y ),
avec ) son état quasi-libre libre.

Ainsi, grace a la Formule (4), I'(Hgr, U;)” est obtenu comme un produit libre ot figurent
des L(Z) et des (T, ) pour A € Sp(A)\{1}. En fait, Shlyakhtenko obtient un résultat
remarquable de classification beaucoup plus précis. Le voici :

THEOREME 1.22 (Shlyakhtenko, [34, 39]). Soit Hr un espace de Hilbert réel séparable.
Soit (Up)ier une représentation orthogonale de R sur Hr presque périodique. Notons A
son générateur infinitésimal et N = T'(Hgr,U)" le facteur d’Araki-Woods libre corres-
pondant. Alors, a isomorphisme preés qui préserve l'état, N ne dépend que du groupe I’
engendré par Sp(A), le spectre ponctuel de A. Réciproqguement, SA(N) = T'. En conclusion,
pour tout sous-groupe dénombrable A C R7, il existe (a isomorphisme prés qui préserve
létat) un unique facteur d’Araki-Woods libre dont linvariant Sd est exactement A. De

plus, le centralisateur N®U est toujours isomorphe ¢ L(Fo).

L’outil essentiel pour montrer ce théoreme est un modéle matriciel, tres algébrique
en nature, qui généralise dans le cas non tracial celui de Voiculescu [49]. Rappelons tres
sommairement que le modele de Voiculescu reposait sur le fait que 'on peut approcher
en distribution une famille libre de variables semi-circulaires par des matrices aléatoires
gaussiennes et indépendantes de grande taille.

Ainsi, (T, p)) est I'unique facteur d’Araki-Woods libre de type III,. Shlyakhtenko
montre de nombreux résultats d’isomorphisme pour ces facteurs. En particulier, il prouve

(Th, ox) = (M3(C), wy) * L(Z),
avec wy(eij) = 0;;M /(1 + N), pour 4,57 € {0,1}. Riddulescu avait montré dans [28] que

(M2(C),wy) * L(Z) est un facteur de type III) en identifiant son core et l'action duale
correspondante [29]. Plus généralement, adoptons la notation suivante :

NoTATION 1.23. Soit I' C R un sous-groupe dénombrable. On note (1T, ¢r) 'unique
facteur d’Araki-Woods libre dont I'invariant Sd est exactement I'. Si T' = A%, le facteur
d’Araki-Woods libre correspondant est noté (T, ¢)) comme dans la Notation 1.21. Shlya-
khtenko obtient 1’isomorphisme suivant :

T = T. .
( 1"7%01") WZF( 7790’7)

De plus, soit K un espace de Hilbert complexe de dimension finie ou séparable et ¥ un
état fidele et normal sur B(K). Soit I' le groupe engendré par les valeurs propres de ).
Shlyakhtenko montre aussi l'isomorphisme suivant :

(5) (Tr, ¢r) = (B(K), ¢) * L(Z).
3. Apercu des Principaux Résultats

3.1. Une Nouvelle Construction de Facteurs de Type III;. Dans [15], j’ai
construit une nouvelle famille de facteurs de type IIIy. J’ai pu classifier compléetement
cette famille dans un cas assez général en utilisant un résultat de Popa. Voici tout d’abord
I'idée de la construction. On se donne P un facteur de type III; et w un état fideéle, normal
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sur P. On prend v : R ~ (X, ) un flot libre, ergodique qui préserve la mesure p. La
mesure p peut étre finie ou infinie. Ainsi, le produit croisé L*°(X) x, R est le facteur
hyperfini de type Il. L’objet d’étude est essentiellement 1’algebre de von Neumann

M = (L®(X) ® P) X,g0 R.

Bien entendu, M ne dépend pas du choix de I’état w sur P. Il s’avere que cette algebre
de von Neumann est en fait un facteur de type III; dont la plupart des invariants sont
calculables : j’ai pu identifier le core de ce facteur ainsi que son action duale. Ces résultats
sont donnés dans le théoreme suivant :

THEOREME 1.24 ([15]). L’algébre de von Neumann M est un facteur de type 111y dont
le core est isomorphe a
(L*(X) x4y R) ® (P xsv R).
Sous cette identification, ’action duale 8 est donnée par
0 =7-s @07, Vs € R

Au vu de ce résultat, il semble raisonnable de penser qu’une classification est possible
pour cette famille. Pour ce faire, j’ai utilisé un tres beau résultat de Popa dont j’ai ap-
pris I'existence durant son cours au College de France & I’Automne 2004. Ce résultat est
déroutant car il est a la fois tres simple dans son énoncé et puissant dans sa conclusion.
J’en donne ici la version pour les facteurs de type Il car c’est celle-ci que je vais utiliser
par la suite.

THEOREME 1.25 (Popa, [21]). Soient Ry, Ry deux copies du facteur hyperfini de type
Il. Soient Ny, No deux facteurs pleins de type . Soit un isomorphisme

p: R ® N — Ry ® No.
Alors il existe deux isomorphismes
a: R — Ry
B:N1 — N
et un unitaire u € U(Ry ® N3) tels que Ad(u) o p=a® 3.

J’ai donné une preuve de ce résultat dans [15]; Popa a démontré son théoreme dans
[21]. Grace a ce théoreme, j’ai pu obtenir la classification suivante.

THEOREME 1.26 ([15]). Pour i € {1,2}, soity' : R ~ (X;, 1;) un flot libre, ergodique
qui préserve la mesure w; et soit P; un facteur de type 1111 dont le core P; x,«; R est plein.
On note pour i € {1, 2},

M,; = (LOO(XZ) X PZ) Hri@owi R.
On a alors l’équivalence suivante :

Plﬁpg

My = My { 71 et 72 sont conjugués.

Il est utile de faire quelques commentaires sur ce théoreme. Le facteur d’Araki-Woods
libre P = T'(L?(R,R), \;)"” associé a la représentation réguliere gauche de R a un core
isomorphe a L(F) ® B(H) (voir [34]) : il fournit donc un exemple trés naturel de facteur
de type III; avec core plein. Ainsi, si 'on prend P = P, = P, on obtient une famille de
facteurs de type III; completement classifiée par un flot libre et ergodique qui préserve
une mesure.

J’esquisse a présent 1’idée de la preuve du Théoreme 1.26 afin de voir comment on peut
utiliser le théoreme de Popa. La construction étant assez naturelle, on voit immédiatement
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que si P; ~ P, et si les flots 4! et 42 sont conjugués, alors M; ~ Ms. Réciproquement,
supposons My ~ M. Sachant que le core de M; est isomorphe a

(L=(X3) @y R) @ (P %@ R),
le théoreme de structure de Takesaki affirme alors qu’il existe un isomorphisme
p:(L®(X1) ¥ R) ® (P Xoe1 R) — (L®(X2) %2 R) ® (P2 o2 R)

qui entrelace les action duales 61 et 2. Comme L>(X;) x.: R est isomorphe au facteur
hyperfini de type Il et par hypothése P; x,«; R est plein, le théoreme de Popa affirme
qu’il existe deux isomorphismes

a LOO(Xl) NVl R — LOO(XQ) >4,Y2 R
,BZPl ><|O-W1R — P2 NngR

tels que, & un unitaire pres, p = o ® (. Puisque les actions duales #° sont données par
0L =7’ . ® 0% je montre que, quitte & conjuguer « et 3 par des unitaires, 'isomorphisme
o entrelace les actions duales ' et 32, et de méme, l'isomorphisme 3 entrelace les actions
duales 6“! et #“2. En travaillant encore un peu, ceci permet de montrer que P, ~ P» et
que les flots v! et v? sont conjugués.

3.2. Résultats de Classification pour Certains Produits Libres d’Algebres
de von Neumann. Le probleme de la classification des produits libres d’algébres de
von Neumann hyperfinies a été étudié par Dykema il y a une quinzaine d’années. Il a
completement résolu la question dans le cas tracial [12]. Pour ce faire, il a utilisé comme
outil essentiel les facteurs interpolés des groupes libres [10, 27] et a défini la notion de
dimension libre. Ses techniques reposent principalement sur des généralisations de cer-
tains modeles matriciels de Voiculescu. Dans le cas non tracial [8], il n’obtient plus de
résultats de classification comme précédemment. Il montre cependant un résultat tres
intéressant : un produit libre d’algebres de von Neumann hyperfinies (selon des états
presque périodiques dont 1'un au moins est non tracial) contient nécessairement un fac-
teur de type IIT dont le centralisateur est isomorphe & L(F,). Voici un énoncé précis dans
le cas d’un produit libre de facteurs de type I :

THEOREME 1.27 (Dykema, [8]). Soient Hy, Hy deur espaces de Hilbert séparables

de dimension finie ou infinie. Soient Yn, V9 deux états fidéles et normauz sur B(Hy) et
B(Hs). Alors le produit libre

(M, @) = (B(H1), ¢1) * (B(H2),42)

est un facteur de type 111 plein. L’état ¢ est presque périodique et le centralisateur MY
est isomorphe au facteur de type 111, L(F). Donc, M est nécessairement un facteur de
type III\ avec A €]0,1].

Dykema pose alors la question suivante (Question 9.1 et 9.3 dans [8]) : les facteurs de
type III obtenus en prenant des produits libres d’algebres de von Neumann de dimension
finie et plus généralement hyperfinis ayant le méme invariant Sd sont-ils isomorphes ? Au vu
des résultats d’absorption libre des facteurs d’Araki-Woods libres, Shlyakhtenko pose & son
tour la question suivante : les produits libres d’algebres de matrices sont-ils isomorphes aux
facteurs d’Araki-Woods libres presque périodiques 7 On voit immédiatement que répondre
a la question de Shlyakhtenko, c’est aussi répondre a la question de Dykema, car les
facteurs d’Araki-Woods libres sont completement classifiés dans le cas presque périodique.

Soit A €]0,1[. Sur M»(C), I'état wy est défini par : wy(e;;) = 6;;M /(A + 1), pour
i,j € {0,1}. Soit 3 €]0, 1[. Si I'on regarde C? engendré par une projection p, on définit la
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trace 75 sur C? par 73(p) = (3. Le produit libre (Mz(C),wy)*(C?, 73) est en quelque sorte le
plus petit produit libre dans lequel peut apparaitre un facteur de type III,. Les résultats
de Dykema (voir [8]) assurent que ce produit libre est un facteur de type III) deés que
A/(A+1) < min{3, 1—/}. La question soulevée par Dykema, dans ce cas tres particulier, est
de savoir si, finalement, ce produit libre dépend du parametre 3. J’ai répondu négativement
a cette question et plus précisément, j’ai montré le théoréeme suivant :

THEOREME 1.28 ([16]). Soient 3, A €]0, 1] tels que A\/(A+ 1) < min{3,1 — 3}. Alors,
(M2(C),wy) * (C?,75) = (T, 1)

Ce cas particulier a été en fait le socle pour montrer d’autres résultats de classification
du méme type. En utilisant, en effet, une technique de produits libres avec amalgamation
au-dessus de petites algébres comme (Mz(C),wy) ou (C?,73), j'ai pu classifier d’autres
produits libres. J’introduis la définition suivante afin de pouvoir énoncer ensuite un résultat
de classification plus général.

DEFINITION 1.29 ([16]). Soient (A,p4) et (B,pp) deux algébres de von Neumann
munies d’états fidéles et normauz. Soit p : (A,pa) — (B,pp) un plongement d’algébres
de von Neumann qui préserve [’'état. On dit que p est modulaire si p(A) est globalement
invariante sous le groupe modulaire (of%).

J’ai montré le théoreme général suivant :

THEOREME 1.30 ([16]). Soient (M1, 1) et (Ma,ps2) deuzx algébres de von Neumann
munies d’états fidéles, normauz, presque périodiques. Soient 5, \ €]0,1[ tels que A\/(\ +
1) <min{p3,1 — B}. On suppose que les plongements

{(M2(C),WA) — (M, 1)
(C?,73) — (Mg, )

sont modulaires. Alors,
(M1, p1) * (Mz, p2) = (M1, 1) * (Ma, p2) * (Tx, o)

En particulier, ce résultat classifie completement les produits libres d’algebres de ma-
trices de dimension paire Ms,(C) = M3(C) @ M, (C), selon des états du type wy ® w.
Soient A, u €]0, 1] tels que A # 1. Soient d’autre part (M, (C),w1), (Mn,(C),w2) deux
algebres de matrices munies d’états fideles. Soit I' C R le sous-groupe engendré par A, p
et les spectres ponctuels de wy et wo. Alors,

(Man, (C),wx @ w1) * (M2, (C),wy ® w2) = (Ir, ¢r).

3.3. Les Facteurs d’Araki-Woods Libres sont Premiers. Une algebre de von
Neumann M est dite diffuse si elle ne contient pas de projection minimale. Dans une
courte note (cf. Chapitre 5), je montre le résultat suivant :

THEOREME 1.31. Tout facteur d’Araki-Woods libre est premier, i.e., il ne peut s’écrire
comme le produit tensoriel de deux algébres de von Neumann diffuses. De plus, tout produit
libre de facteurs de type 1 est lui-méme premier.

En fait, je montre un résultat plus fort : tout facteur d’Araki-Woods libre est solide
dans un sens généralisé. Cette notion de solidité pour une algebre de von Neumann avait
été introduite par Ozawa dans son remarquable article [18]. Il avait montré que l’algebre de
von Neumann d’un groupe hyperbolique est solide, i.e., le commutant relatif de n’importe
quelle sous-algebre de von Neumann diffuse est injectif.



CHAPITRE 2

A New Construction of Factors of Type II[;

This chapter is the text of an article [15] appeared in Journal of Functional Analysis,
242 (2007), 375-399.

We give in this chapter a new construction of factors of type III;. Under certain
assumptions, we can, thanks to a result by Popa, give a complete classification for this
family of factors. Although these factors are never full, we can nevertheless, in many
cases, compute Connes’ 7 invariant. We obtain a new example of an uncountable family
of pairwise non-isomorphic factors of type I1I; with the same 7 invariant.

1. Introduction

Let N be a type Il factor endowed with a trace-scaling one-parameter automorphism
group denoted by (as) scRy - Let I' be a countable, dense subgroup of R7. The crossed
product of N by I' under the action «, denoted by N x, I', is a factor of type III; ; this
factor has almost-periodic states and its invariant Sd is included in I" (see [3] for further
details). We want to generalize this construction to the case of a virtual subgroup of R :
for (X, ) a measure space with p a finite or infinite measure, and (y¢)ier a measure-
preserving, free, ergodic action of R on (X, ) by automorphisms, we shall give the right
definition of the crossed product of N by the virtual subgroup (L% (X),~).

We present the main result of this paper. First, we start with a factor P of type III;.
Its core P x4, R is a factor of type Il and does not depend on the choice of the state
(or weight) w. Consider also a free, ergodic, measure-preserving flow v : R ~ (X, ). The
object of study is essentially the von Neumann algebra (L>°(X) ® P) Xygs« R. This von
Neumann algebra turns out to be a factor of type I1I; whose core is canonically isomorphic
to (L (X)x,R)®(Pxs«R) (see Theorem 2.11). Under this identification, the dual action
is given by 0, = 7_s ® 6%, with 74 the dual action of v and 6* the dual action of ¢“. Notice
that since 7 is free, ergodic and measure-preserving, and R is amenable, L>°(X) x R is
the hyperfinite type Il factor.

We shall prove a result of complete classification for this family of factors in the case
the core P x,+ R is a full factor. For this, we shall use a very nice result by Popa on
unique tensor product decomposition of McDuff II; factors. The following theorem is at
the heart of this paper :

THEOREM 2.1. [21] Let Ry and Ra be two copies of the hyperfinite type 11, factor; let
N1 and Ny be two full factors of type 111. Let us assume that the factor N has both of the
following decompositions : N = Ry ® N1 = Ry ® No. Then there exist t > 0 and a unitary
u € N such that Ry = u*(R1)Y*u and Ny = u*(Ny)u.

We can give an equivalent version of this theorem in the type Il case :

THEOREM 2.2 (Mc Duff I1, factors). Let R and R$° be two copies of the hyperfinite
type Il factor; let NT° and NS° be two full factors of type Il. Let o : RI°QN° — R ®
N3® be an isomorphism. Then, there exist a unitary u € RS° @ N5© and two isomorphisms
B:R¥ — RY, v: Nf° — N5° such that for any x € R?® @ Ni°, v*a(x)u = (B ® v)(z).

23
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We can now give our main result concerning the complete classification of the construc-
tion in the case P x,~ R is a full factor.

THEOREM 2.3. Let P be the factor of type 1111 whose core is isomorphic to L(Fy) ®
B(H) and the dual action is given by the trace-scaling one-parameter automorphism group
(a)ter from Réadulescu [29]. Let (X, pui,7*) (i = 1,2) be two measure spaces endowed with
measure-preserving, free, ergodic flows. Denote M; = (L*(X;) ® P) X igoo R (i = 1,2).
Then My and Ms are isomorphic if and only if ¥' and v are conjugate.

Since the construction is canonical, it is obvious that if v! and 72 are conjugate then
My and M, are isomorphic. Let us give a few ideas about the proof of the converse.
Assume that M; and My are isomorphic. Then, we know that the cores of My and M> are
isomorphic and the dual actions are cocycle conjugate (see [40, 42] for further details).
But for i = 1,2, the core of M;, denoted by Core(M;), is isomorphic to the McDuff type
o factor (L°(X;) ¥, R) ® (P Xow R). If we apply the result by Popa (Theorem 2.2),
we get on the “first leg” of the tensor product decomposition of Core(M;) and Core(Ms)
an isomorphism 7 : L*°(X1) x,1 R — L*(X3) %2 R and a family (vs)ser of unitaries in
Core(My) such that for any z € L>(X1) x1 R

7 (V=) @ 1= 0T (2) @ i

Using classical techniques, we show that there exists a family of unitaries (ws)ser which
is a one-cocycle for 77 and such that
71'_1’)/2871' = wsfylsw:‘

At last, using classical results by Takesaki [40, 42], we prove that v! and 72 are necessarily
conjugate. Consequently, if the factor P satisfies the assumptions of Theorem 2.3 (and more
generally if the core of P is full), the factor of type III;, (L>°(X) ® P) Xgo~ R, entirely
remembers the flow ~.

Finally, when P is a free Araki-Woods factor [39], we will compute Connes’ 7 invariant

for the factor (L>(X) ® P) X,gs» R. We will exhibit a new example of an uncountable
family of pairwise non-isomorphic factors of type III; with the same 7 invariant.

2. The General Construction

Notation. We want to introduce here all the notation we will use in this paper. Let
(A, (ai)ter) and (B, (Bt)ier) be two von Neumann algebras endowed with a one-parameter
automorphism group. Let F : L?(R) — L?(R) be the Fourier transform on R : for f €
LYR)NL*R), F(f) = & [5 f(t) exp(—it)dt. So, if p = Ad(F) : L*(R) — B(L*(R)),
we get for any t € R, p(e") = p;, with p; the translation operators on L?(R). Let
a:A— A® L*®(R) defined by : for any z € N and any t € R, a(x)(t) = a_¢(x). Let
B:B— L*(R)® B defined by : for any y € B and any t € R, 5(y)(t) = B-+(y).

DEFINITION 2.4. We define the crossed product of A and B under a and (8 in the
following way : it is the von Neumann subalgebra of A ® B(L*(R)) ® B generated by
(a(A)®1U1l® B(B)), with f = (p®1)B. We shall denote it by AaXgB.

It is clear that A,xgB is canonically isomorphic to the von Neumann subalgebra of
A ® B(L?*(R)) ® B generated by (&(A) ® 1U1® B(B)), with @ = (1 ® p)a. Let (v)ier
be a free, ergodic flow on (X, u) and let (N, (ay)ier) be a factor of type Il endowed
with a trace-scaling one-parameter automorphism group. Let P be the factor of type I1l,
N %, R. Let 75 be a faithful, semi-finite, normal trace on N (this trace is unique up
to a scalar A\ > 0) and let w be the dual weight on P of 7y under the action «; let
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o“ be the modular automorphism group of the weight w and 8 the action v ® o“ of
R on L*(X) ® P. We shall denote by C the crossed product Nox,L*(X) of N and
L>(X) under o and . We will prove in Proposition 2.5 that C ® B(L?(R)) is canonically
isomorphic to (L™(X) ® P) Xyge~ R. We shall denote by ¢ the n.f.s. weight 7 ® w on
L®(X) ® P, and ¢ the dual weight of ¢ on (L®(X) ® P) X,gs« R under the action §.
Moreover, most of the time L>°(X) ® P ® B(L?(R)) will be denoted by M ; the canonical
embedding of (L*(X) ® P) X gew R into M will be denoted by m. At last we know,
according to Proposition 8.4 in [42], that (N x4 R) X« R is canonically isomorphic to
N ® B(L?*(R)), i.e. P x,o R = N ® B(L?(R)). We shall always identify both of these
factors.
The following proposition gives a justification to Definition 2.4.

PROPOSITION 2.5. Let (A, (at)ier) and (B, (Bt)ier) be two von Neumann algebras
endowed with a one-parameter automorphism group. Let C' = AyaXgB.
(1) If B= L™ (f), with T' subgroup of R and (B¢)ier is the action of R by transla-
tions, then C is canonically isomorphic to A x4 T.

(2) If A= Ag %0 R and « is the dual action of a°, then C is canonically isomorphic

PRrROOF. (1) Let B = L™ (f), with (0:)tcr the action of R by translations. Let G = T
For v €T, let u, € L*°(G) defined by u(g) = (g,7). Then for any t € R,

Bi(uy)(g) = (g—1t,7)
= exp(—ity)(g,7)
= exp(—ity)uy(g).
Thus, for any y € I', uy is an eigenvector associated with g; for the eigenvalue exp(—ity).
Therefore, f(uy) = p—y ® u, and consequently

(1@ Bluy)) (@) @ 1 ® Buy))" = (18 p—y)a(@)(1®p-s) ®1
— afa_(@) L.
As L*°(@) is spanned by the operators u, for v € I, it is clear that A,x B is canonically
isomorphic to A x, I'.

(2) Let A = Agx0R and let a be the dual action of a”. We still denote by o : 49 — A,
the mapping defined by : for any z € Ag and any t € R, a%(z)(t) = oa%,(x). We shall
denote by \; € A the unitaries which implement the action a’ of R on Ag. By definition
of the dual actions [42], for any a € Ap and any t € R, we get :

a(a’(a)) = a(a)®1
5(()\,5) = )\t &K pt.-
The von Neumann algebra A, xgB is generated by &(a’(4¢))®1, &(\)® 1 for t € R and
1® B(B). But @(Ap) ® 1 is isomorphic to Ay, 1 ® G(B) is isomorphic to B, and &(4p) ® 1
and 1 ® (B) commute in A,xgB. Moreover, for any a € Ay and any b € B, we have
a(A)a(a’(a)a(\) = a’(af(a))
(@(M) @)1 @p(0) (@) ®@1)" = 1@ B(8(b)).

Finally, after trivial identifications, we get that A, gB is canonically isomorphic to (A ®
B) X405 R. O
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From now on, let (N, «) be a factor of type Il endowed with a trace-scaling one-
parameter automorphism group and let (7;);ecr be a finite or infinite measure-preserving,
free, ergodic flow on the measure space (X, u). Let P = N x,R and f = y®0%“. According
to the theorem of duality by Takesaki, we know that P X« R is canonically isomorphic to
N ® B(L?*(R)). Thus, we get thanks to Proposition 2.5 that C' ® B(L?(R)) is canonically
isomorphic to (L*>°(X)® P) xgR, with C' the crossed product N,X~L>(X). From now on,
we shall identify C @ B(L?(R)) with (L>°(X)® P) x5 R. For any weight 1, we shall denote
by Ay the modular operator associated with 1. Let 7 be the faithful, normal, semifinite
trace on L>°(X) given by the measure p (preserved by the flow (v;)tcr). It is clear that
¢ =T Quw is a faithful, normal, semifinite weight on L*>°(X) ® P. As 7 is preserved by the
action vy and w by of’, it is obvious that ¢ is preserved by the action §; = v ® o’. Let ¢~)
the dual weight of ¢ on (L*°(X)® P) xg R under the action 3 and A, the unitaries which
implement the action 3 of R on L*>(X) ® P. According to Proposition 5.15 in [42], we
know that o acts on (L*°(X) ® P) xg R in the following way : for any z € L®(X) ® P
and s € R,

of (ma(x)) = ma(of (@)

aP(N) = s

Let us denote by L?(X, ) and L?(P,w) the Hilbert spaces on which L>(X) and P act
canonically. Hence, the Hilbert space on which (L*°(X) ® P) x3 R acts is nothing but

L*(X)® L*(P,w) ® L*(R) ; by definition of the dual weight ¢ on (L®(X)® P) x5 R. (see
[42] for further details), we have

\ﬁeR,Ag = Alwl
= 1eAY®1.

On the other hand, as the family ()\;) is in the centralizer of the weight , it is a one-

cocycle for the action 0®. We know according to Theorem 1.2.4 of [5] that there exists a
faithful, normal, semifinite weight ¢ on (L*(X) ® P) xg R such that :

VteR, ol = XoP A

We denote by U the unitary representation of R on L?(X, ) which implement the action
v of R on L*(X). For any € L>*(X) ® P, we have

o} (ma(x)) = Aof(ma(x))h
= Nma(of (2)h
= m5(B-i(of (1))
= 7p((7-¢ ®id)()).
Hence, by definition of the modular operator,
(6) VteR, Al =U_®1®1.

Thus, from the Equation (6), it is not difficult to see that, since the action ~ is ergodic,
the centralizer of ¢ (denoted by Cent(1))) is the von Neumann algebra (m,«(P) U A(R))”
spanned by 7, (P) and A(R); after trivial identifications, it is nothing but N ® B(L?(R))
and consequently Cent (1)) is a factor of type II,,. We are now able to prove the following
theorem :
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THEOREM 2.6. Let (N,«) be a factor of type I, endowed with a trace-scaling one-
parameter automorphism group and (¢ )ter be a finite or infinite measure-preserving, free,
ergodic flow on (X, ). Then the crossed product C = NoX~L>®(X) is a factor of type II1;.

PROOF. Let us prove first that C is a factor. We remind that C ® B(L?(R)) is ca-
nonically isomorphic to (L*°(X) ® P) xg R. We denote by 7 the natural embedding of
(L®(X)® P) xg R into M = L*°(X) ® P ® B(L*(R)). As P is a factor of type III;, we
know according to Theorem XII 1.7 of [40] that

{P® B(L*(R))} N (P %, R) = C.
So, it is not very difficult to see that
{(L¥(X) ® P) xygoe R}N(1@7(P %0 R)) CL®(X)®1®1,

with L*>°(X)7 the fixed points subalgebra of L°°(X) under the action «y. But, as v is
ergodic, we know that L>°(X)? = C. Consequently, we obtain that

(7) {(L*(X) ® P) xygoe R} N (1@ (P %00 R))' = C

and C is a factor.
Furthermore, we want to prove that C' is a factor of type III. Indeed, suppose that C

were semifinite. Then (L*°(X) ® P) x3 R would be semifinite and the modular automor-

phism group al’b would be inner. Hence, there would exist unitaries u; € (L*°(X)®P)xgR

such that Uzp = Ad(u) for any t € R. But, this implies that u; € (L*°(X) ® P) xg RN
Cent(¢)’, and thanks to Equation (7), we get af’ = Id for any t € R. That means exactly
that ¢ would be a trace and consequently A, = Id. Thus, according to Equation (6),
U; =1 for any ¢t € R which contradicts the fact that () is free. Therefore, C is a factor
of type III. Moreover, as Cent(7)) is a factor, we know according to Corollary 3.2.7 of [5],
that C cannot be a factor of type Illy. So now, if we want to find out the under-type
of C, we can compute T invariant of Connes [5]. We remind that we have showed that

U?(Trﬁ(x)) = mg((7—¢ ®id)(x)) for any x € L>(X)® P. As the flow (v;) is supposed to be

free, it cannot be periodic ; moreover, for the same reasons as before, a,fb cannot be inner.

Therefore T(C) = {0} and C' is a factor of type I11;. O

Before proceeding, we are going to remind the definition of a strongly ergodic action
of a locally compact group, the definition of a full factor and state a well-known theorem.

DEFINITION 2.7. [30, 31] Let G be a locally compact group which acts on a probability
space X by (vg) in a finite measure preserving way. This action is said to be strongly
ergodic when for any sequence of projections (py) in L*(X), if the sequence (v4(pn) — Dn)
tends to 0 x—strongly uniformly on compacts sets, then the sequence (p, — 7(pn)1) tends
to O x—strongly.

DEFINITION 2.8. [3] Let C be a factor. Let (xy)nen be a bounded sequence in C. The
sequence (xy,) is said to be centralising if for any normal state ¢ on C, ||[xy, ¢]|| — 0 when
n — 400 ; it is said to be trivial if there exists a sequence of complex numbers (Ap)neN
such that x, — A, — 0 x—strongly. At last, the factor C is said to be o full factor if any
centralising sequence in C' is trivial.

THEOREM 2.9. [30, 31| Let G be a locally compact group. If G has Kazhdan pro-
perty (T'), then any ergodic action of G on a probability space is strongly ergodic. If G is
amenable, then it cannot act strongly ergodically on a probability space.

We are now able to state the following general proposition :
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PROPOSITION 2.10. Let (N, «) be a factor of type 1o endowed with a trace-scaling one-

parameter automorphism group and (V¢)icr be a finite measure-preserving, free, ergodic
flow on (X, ). Then the crossed product C = N4, L>(X) is a non-full factor.

PROOF. We still denote by M the von Neumann algebra L>(X)® P® B(L*(R)) and
we remind that C® B(L%(R)) is canonically isomorphic to the factor (L>(X)®P)x,g.«R.
We remind that 7 is the embedding of (L>°(X) ® P) xgR into M. In order to prove that
C is not a full factor, we have thus to find a centralising sequence which is not trivial. The
action (y¢) of R on L*°(X) is not strongly ergodic because R is abelian and thus amenable.
Therefore, there exists a sequence of projections (py) in L*°(X) such that (v:(pn) — pn)
tends to 0 x—strongly, uniformly on compact sets, but (p, — 7(p,)1) does not tend to 0
«—strongly. We have now to study the behaviour of (p,) in (L*°(X) ® P) xg R. The fact
that (v¢(pn) — pn) tends to 0 x—strongly, uniformly on compact sets implies that in M,
(m(pn) — pn ® 1 ® 1) tends to 0 *—strongly. Furthermore, every single element p, ® 1 ® 1
is central in M and therefore it commutes trivially with any normal form on M : hence
(pn ®1®1) is a centralising sequence in M. As (7(pn) —pn ® 1®1) tends to 0 *—strongly,
(m(pn)) is also a centralising sequence in M. Consequently, (p,) is also a centralising
sequence in (L>°(X) ® P) x3 R. Moreover, one can easily prove that (p,) is not a trivial
sequence in (L>(X) ® P) xg R because (p, — 7(pn)1) does not tend to 0 x—strongly.
Consequently, C' is not full. O

We can notice that C' may be full when the preserved measure p is infinite. For example,
if R acts by translations on (R, ), then Nox,L*°(R) is isomorphic to P = N x, R
according to Proposition 2.5, which is full if N is full [34]. We are now going to give a
precise description of the core of the factor C.

THEOREM 2.11. Let (N,a) be a factor of type I, endowed with a trace-scaling one-
parameter automorphism group and (7¢)ier be a finite or infinite measure-preserving, free,
ergodic flow on (X, p). Then the crossed product C = N 4%, L>(X) is a factor of type I1I;

whose core is isomorphic to
(L*(X) xyR)® N.

Under this identification, the dual action of R on the core of C, denoted by (0s), is given
by 0s = 7_s ® ag, with 5 the dual action of .

PRrOOF. For the convenience of the proof, we shall denote by N7 the crossed product
P x5+ R; we know that Nj is nothing but N ® B(L?(R)), and according to Theorem 4.6
n [42], the dual action of ¢ on Nj is nothing but a; ® Ad(p;) with p; the left regular
representation of R on B(L?(R)). We remind that 7 is the faithful, normal, semifinite
trace on L*°(X) given by the measure p (preserved by the flow (v;)icr). It is clear that
¢ = T ®uw is a faithful, normal, semifinite weight on L*°(X) ® P. As 7 is preserved by the
action 7 and w by oy, it is obvious that ¢ is preserved by the action ; = v ® o. Let
¢ be the dual weight of ¢ on (L*(X) ® P) x5 R under the action 3. Let us denote by
H = L?(X, ) et K = L?(P,w) the Hilbert spaces on which L>(X) and P act canonically.
Hence, (L*°(X)®P) xgR acts on L*(R, H®K). Let us denote by Core((L>°(X)® P)x3R)
the core of the factor (L*>°(X) ® P) x5 R. By definition, we have Core((L*°(X) ® P) xg
R) = ((L*(X) ® P) xg R) x_; R. The core of (L*°(X) ® P) x5 R acts on the Hilbert
space L>(R x R,H ® K), and it is spanned by 7_s(N) and p(R), if we denote by ps

the unitaries which implement the action 0 of R on (L*°(X) ® P) xg R. Therefore,
Core((L™(X) ® P) xgR) is spanned by three types of operators :
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(1) a®b=m_somg(a®b), for a € L(X) and b € P; for any ¢ € L2 (R xR, H@K),

we have (a @ D))(s',t) = (1-(a) © 0% 4 () (/..
(2) ux = 7 _;(A\t), for t € R; for any ( € L>(R x R,H® K), we have (u;¢)(s,t') =

C(s,t' —t).
(3) vs = ps, for s € R; for any ¢ € L?*(R x R,H ® K), we have (vi()(s',t) =
C(s" —s,t).

Let U be the following unitary :
2R, H) @ L2(R,K) — L*RxRHDK)

fon — {(\t)—=ELl)ons’ +t)}
Let us denote by 7 (L>°(X)) and A(R) the images of L>°(X) and R in the crossed
product L®(X, 1) x, R; in the same way, we denote by myw(P) and A%(R) the images
of P and R in P Xs,o R = Nj. But now the question is : what is the behaviour of our

three types of operators when we intertwine them by the unitary U ? Let ¢ € L*(R,H),
n € L*(R,K), s, s/, t and ¢’ € R. We have

(UrabUEon) ) = 1-e(@&t) @ o bn(s)

U wUEen) (s t) = (' —t)@ns —1)
UvsUE@n) (s,t) = &) @n(s' —s).

Using notations we have just introduced, we easily obtain :

U:

(8) U'a@bU = 7y(a)® mee(b)
(9) UuU = N @\
(10) Uv,U = 1@\

Therefore at this stage, we have proved that the core of (L*°(X) ® P) xg R, intertwined
by U, is equal to
(L*(X) x4y R) ® Ny.

It remains us to understand what the dual action of o (denoted by 6s) is. According to
[42], for any g € R and s, t € R, we have :

—

by(a®b) = a®b
Og(ue) = w
Oy(vs) = e v,
For any g € R, let 0, = U*0,U ; we notice, thanks to Equations (8), (9) and (10) that :
0, (7(a) © Toeu (D)) = 7(a) & Toun (b)
g, (N ®1) = €9\ ®1)
0 (1 ® Ag) = i (1 ® Ag) .
Finally, as ay ® Ad(p;) is the dual action of ¢, we know according to [42] that the dual
action 0y, is given by :
Vg € R, 9’9 =g ® ag ® Ad(py).
As C ® B(L*(R)) is canonically isomorphic to (L>®(X) ® P) x5 R, after trivial identifica-

tions, we obtain that the core of C' is nothing but (L*>°(X) x, R)® N and the dual action
is given by 7_s ® as. O
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3. Classification in the Case N is a Full Factor

In this section, we shall assume that N is a full factor of type Il endowed with a
trace-scaling one-parameter automorphism group denoted by (ay):cr and (7¢):er is a free,
ergodic, measure-preserving flow on (X, u). The first example of such a full factor N has
been given by Radulescu in [29] : it is L(Fs ) ® B(H). We can notice that other examples
exist thanks to the theory of free Araki-Woods factors developed by Shlyakhtenko in
(32, 34, 39].

Before stating the main theorem of this section, let us introduce a few notations. Let
(X, ) and (X', 1) be two measure spaces on which R acts by v and 4/ in a free, ergodic
and measure-preserving way. Let (IV, «) and (N’,a’) be two full factors of type I, both
of them endowed with a trace-scaling one-parameter automorphism group denoted by «
and «’. According to [42], the covariant systems (N, ) and (N’, o) are said to be weakly
equivalent, if there exist an isomorphism 7 : N — N’ and a strongly continuous family of
unitaries (us) of N such that (us) is a one-cocycle for the action « and for any = € N and
any s € R,

r ol m(x) = usas(x)ul.
Takesaki proved in [42], Corollary 8.4, that it is equivalent to say that the factors N x4, R
and N’ X, R are isomorphic. Let us denote by C' the crossed product Nox,L>(X) and
C' the crossed product N’ x,/L>°(X'). As our construction is canonical in a obvious way,
it is clear that if the flows (X,~) and (X’,~’) are conjugate and (N,a) and (N', ') are
weakly equivalent, then C' and C” are isomorphic (this claim is true even if N and N’ are
not full). We want to prove the converse here, when N and N’ are full :

THEOREM 2.12. If C and C' are isomorphic, then (N,«a) and (N',o/) are weakly

equivalent, and the flows (X,~) and (X',~") are conjugate, i.e. there exists an isomorphism
7 L°(X) — L°(X') such that for any t € R, my = vy,m.

First of all, we want to prove an important result about full factors of type II;.

LEMMA 2.13. Let M be a full factor of type 111 and N be any type 111 factor. Then,
for any net of unitaries (u;) in M @ N such that ||zu; — wix|2 — 0 for allz € M @ N,

sup  |lui(x ®1) — (x @ Duy|l2 — 0.
zeM,||z||<1

PROOF. Let Jys be the canonical anti-unitary on L?(M) associated with the trace 7y;.
Let (u;) be a net of unitaires in M ® N such that ||zu; — u;x||2 — 0 for all z € M @ N. We
are going to prove that [|u; — 1 ® En(u;)|l2 — 0 with Ex : M ® N — N the conditional
expectation defined by Ex = 73y ® Id. It will prove our result ; indeed, for any © € M, as
x®1 commutes with 1® En(u;), we get |[(x @ 1)u; —ui(z®1)]|2 = [[(z®@1)v; —vi(x @1)]|2,
with v; = u; — 1 ® En(u;). Moreover, for any = € M, ||z|| < 1, we have

I(z @ v — vi(z @ 1)l Iz @ Dvillz + [[vi(z © 1)]2
Iz @ Dvilla + [[(Jara™ Jar @ L)vill2
[l Mlville + [[Tarz™ Tagl] [|vill2
2|vil2-

VAN VAN VAR VAN

Consequently, we get

sup  |[(x @ Du; — ui(z @ 1)||2 < 2||u; — 1@ En(ug)|l2 — 0.
veM, [lz]<1

We shall denote by Qy € L?(M) and Qx € L?(N) the images of 1y € M and 1y € N
associated with the GNS constructions respectively for M and N. For any x € M and 2’ €
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M’ [u;, z2' @1] = (2' @ 1)[u;, * @ 1]. Therefore, as (u;) is a bounded net in B(L?*(M))® N,
we get that for any y € C*(M, M), [u;, y ® 1] — 0 *—strongly. According to Theorem 2.1
in [4], as M is a full factor of type II;, we know that K (L?(M)) C C*(M, M’). Thus, if
we denote by Pq,, € B(L?(M)) the rank-one projection onto CQ,s, we have proved that
[ui, Pa,, ® 1] — 0 *—strongly.

We still denote by €5 : C — L?(M) the map which sends A onto AQy. It is easy
to notice that QpQ%, = Po,, : L*(M) — L?(M). We can notice that Ex(u;) = (Q%, ®
Dui(Qar ® 1), thus
EN(UZ)*EN(’U,Z) = ( *M & 1)UI(PQM & 1)UZ(QM & 1)

= (@ 1)(Poy @ 1)( 0 1) — (@4 @ Dl [, Py, @ 1(Qu @ 1),
Finally, we get

lui 1@ En(u)ll3 = {(ui —1© En(ui))(Qy @ Q). (u; — 1@ En(ui))(Qr © Q)
1 —7n(En(ui)*En(ui))

= (ui[us, Poy, @ 1](Qr @ Qn), (2 © Q)

< ||[ui7PQM®1](QM®QN)”-

As we know that ||[u;, Po,, ® 1](Qx ® Qn)|| — 0, the proof is complete. O

Before proceeding, we want to remind a few things on basic constructions. Let B C N
be an inclusion of type II; factors; we denote by ep : L*(N) — L?(B) the orthogonal
projection, and Ep : N — B the unique trace-preserving conditional expectation from N
onto B. If we denote by Jy the canonical anti-unitary on L?(NN) associated with the trace
TN, it is well known that

<N,6’B> = (NUSB)”
= JIn{B'NnB(L*(N))}Jn.

Moreover, as eg commutes with B and as for any x € N, egrep = Ep(x)ep, NegN turns
out to be a x—algebra; as the central support of ep is 1, Nep N is weakly dense in (N, ep).
Then we can define a semifinite canonical trace ® on (N, epg) in the following way :

Va,y € N ®(zepy) = 7n(xy).

According to [19], we remind that if a type II; factor M is decomposed as M = M; ® My
for some type II; factors M, Mo and t > 0 then, modulo unitary conjugacy, there exists a
unique decomposition M = Mf®M21/t, such that py Myp1 V paMops and g1 Miqy \/ng21/tq2
are unitary conjugate in M for any projections p; € Proj(M;), i = 1,2 and ¢; € Proj(M?),
a2 € Proj(My""), with 7(p1)/7(q1) = 7(g2)/7(p2) = 1.

We are now able to state the result by Popa of conjugation of subfactors in type II;
factors mentioned in the introduction (see [19] for other results of the same kind). Our
complete classification is based on the following theorem. We wish to gratefully thank
Sorin Popa for allowing us to present it here. We should mention that Sorin Popa has
recently given a proof of his result in [21]. For the sake of completeness, we shall give a
proof of this theorem.

THEOREM 2.14. Let Ry and Ry be two copies of the hyperfinite type 111 factor; let Ny
and Ny be two full factors of type I1. Let us assume that the factor N has both of the
following decompositions : N = R1 ® N1 = Ro ® No. Then there exist t > 0 and a unitary
u € N such that Ry = u*(R1)Y*u and Ny = u*(Ny)tu.
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PrOOF. First of all, we are looking at the inclusion N1 C Ry ® N = N ; we know
now, according to Lemma 2.13, that for any central sequence of unitaries (u;) in N,

sup  ||(x @ Du; — ui(z @ 1)||2 — 0.

If we write the hyperfinite type II; factor Ry = @),,~;(Mat2(C),7), and if we denote by
Rgno) the product @), (Mata(C),7), we get immediatly that for any ng > 1, Ry =
Matano (C) ® Rgno). Therefore, as N = Ry ® Na, we obtain that

Ve > 03ng e NVu e U(N;) Vo € U(Rgm’)) luv — vulj2 < e.
Let ¢ = % So, we know there exists ng € N such that for any v € U(NN;) and any
vE U(Réno)), |luv — vulj2 < 4. For an inclusion B C N of type II;, we know according to
Proposition 1.3.2 in [26], that for any x € N
Epnn(x) € co{u*zu,u € U(B)}.
Here, let B = Nj, then B'N N = R;. Noticing that for any v € U(N;) and any v €
U(RS"™), luv —vullz = [lv— u*vulls, we get that for any v € U(RY), v — Eg, (v)]2 < 1

(the same technique is used in [24]). Let now a € co*{v*er,v,v € U (Réno))} of minimal

|| - ||l2,0—norm. We are going to prove that a is not 0. From the one hand, for any u € N,
the basic construction for Ry C N gives us eg,u*er,uer, = Er, (u*)ERg, (u)eg,. From the
other hand, as for any v € U(RS™), [[v — Eg, (v)l|2 < %, we get for any v € U(RS")),

2
|ER, (v)||2 > 3. Thus, for any v € U(Rg”f’)),

q)(eRlv*quveRl) = (I)(ER1(U*)ER1(U)6R1)
= TN (ER,(v")ER, (v))
= |Er,(v)|3
1

> R

- 4
therefore ®(eg,aer,) > 1, and a # 0. Furthermore, as a is of minimal || - ||2,¢—norm,
necessarily we have for any v € U (Réno)), a = v*av. Finally, we have found a € (N, eg,)™ N

(Rgno))’ with a # 0 and ®(a) < co. We can notice that (N, eg,) = R1 ® B(L?*(IN1)); so, if
we denote by e the spectral projection of a corresponding to the interval [||al|/2, ||a||], then
e is a finite non-zero projection in Ry ® B(L?(Ny)), which commutes with R;"O). We can
proceed by using the proof of Proposition 12 of [19]. The Hilbert space H = eL?(N) is an
Ré"o) — R; Hilbert bimodule and dim Hp, < oo. As Rj NN = Nj is a factor, Proposition
12 of [19] claims that there exists s > 0 and v € U(N) such that uRgno)u* C R§. Thus, up

to a conjugation by a unitary in N, we get Rg"o) C Rj. But by construction, we know that

Ry = Matano (C) ® R§"°), so up to a conjugation by a unitary in N, we get R;/Zno C R3,
i.e. up to a conjugation by a unitary in N, we have Ry C R‘{l with s’ = 2"0s. So, we get
that Ny = RV N,/* with Ry = R, N RY'. Since Ny = Ry ® N/, Ry is a subfactor of
Rf/. As Ny is a full factor, Ry has to be finite-dimensional. If d> = dim Ry, t = d/s’, and
if we decompose N as Ri/ ‘o N, we obtain up to a conjugation by a unitary in N that

Ny = Nt and Ry = R}/". O

The following lemma is an easy consequence of the previous theorem. It is this result
we will use in the proof of Theorem 2.12.
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LEMMA 2.15. Let R{® and RS° be two copies of the hyperfinite type 1l factor; let
NT° and N3° be two full factors of type Il. Let o @ R® ® N° — RS° ® N5° be an
isomorphism. Then, there exist a unitary u € R3° ® N5° and two isomorphisms 3 : R{® —
R, v : N{° — N3° such that for any x € R$° @ N{°, v a(z)u = (8 ® v)(z).

PROOF. Let a be an isomorphism from R{® ® N7° onto R5® ® N3°. Let e; and f1 be
two finite projections in RY® et N7°. It is clear that a(e; ® f1) is a finite projection in
R3° ®@ N3°; thus there exist two finite projections ey and fo in R3° and INg© such that
ale1® f1) ~ ea® fo. If we denote by p; the projection a(e; ® f1), as R3° @ N5° is a properly
infinite factor, there exists a family (p,) of pairwise orthogonal and mutually equivalent
projections such that >~ p, = 1. If we do again the same thing with ¢; = ea ® f2, we obtain
another family (g,) of pairwise orthogonal and mutually equivalent projections such that
> qn = 1. But, as p; ~ ¢1, we obtain for any n € N, p, ~ ¢,. Let u,, € R® @ N5° be
the partial isometry such that w}wu, = p, and u,u} = ¢, ; then v = ) u, is a unitary in
R5°® N5*© and upiu* = ¢1. Consequently, up to a conjugation by a unitary, we can assume
that a(e; ® f1) = e2 @ fo.

From now on, we denote by Ry the factor (R{°)., and N; the factor (N7°)s,. We obtain
immediately that o(R1 ® N1) = (R5°)e, ® (N5°),, because a(e1 ® f1) = ea® fa. According
to Theorem 2.14, as a(R; ® f1), (R)., are two copies of the hyperfinite factor of type
I1;, and a(e1 ® N1), (N5°), are two full factors of type II;, we know there exists a unitary
u € a(R; ® N7) and t > 0 such that :

ua(Ry @ fr)u* = {(Rgo)ez}l/t
and ua(e; ® Np)u* = {(Nfo)fz}t‘

Moreover, there exist a projection €] in RS® and a projection fi in N5° such that :
1/t t
{(B5)ex 1! = (R)eq and {(N5°)p,}' = (N5°) g
Consequently, we have proved :

ua(Ry @ fi)u" = (R @ fi
and ua(e; ® Np)u* €1 ® (N3®) gy

Thus, up to a conjugation by a unitary, we can assume that :

a(R1® fi) = (Rgo)e’l(g)f{
and a(e; ® N1) = 6/1®(N§O)f{‘

Let (e;5)ij>1 be a system of matrix unit in R{® such that
enn=e, R =V* (R ® B(1*)V,
with the unitary V' defined in the following way (we shall assume that R$° acts on the

Hilbert space H) :

H — eH®I?

v h — (einh)

In the same way, we denote by (fij)ij>1, (€};)ij>1, (fi;)ij>1 the systems of matrix unit

associated respectively with NT°, R5°, N5°. Let us denote by U the unitary Zi’j(egl ®
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1)a(eri ® fij). The computation of Ua(e, ® fj)U™ gives us :

Ualeir, ® f)U" = (e @ fi1)alen ® fij)alex @ fi)a(er ® fin)(ely @ 1)
i1 ® fipalen ® fu)(el, ® fi)

1 ® fi)(en @ fi)len ® f1y)

i ® fi)

Let 8 : RY® — R3° defined in the following way : §(z) = «a(x) for all z € Ry and ((e;5) = €}

ij
for all 4,5 > 1. It is clear that 3 is an isomorphism from R{® onto R5°. In the same way,

we define v : N° — N3° by : v(x) = a() for all x € Ny and 7(f;) = fj; for all 4,5 > 1.
Once again, 7 is an isomorphism from N7 onto N5°. Finally, with these notations, for
any r € RY® ® N7°, we have :

(e
(e
(e

Ua(z)U" = (6 ©7)(x).
|

PROOF OF THEOREM 2.12. We keep the notations introduced at the beginning of this
section, C' = NoX,L®(X) and C" = N’y X L>®(X"). We have seen, according to Theorem
2.11, that the core of C is isomorphic to (L*°(X) %, R) ® N and the dual action 6, is
given by s = J_s ® as. The same thing is true for C'. As C' ~ C’, (Core(C),0) and
(Core(C"),0") are weakly equivalent, according to Corollary 8.4 of [42]. That means that
there exist an isomorphism 7 : Core(C') — Core(C’) and a strongly continuous family of
unitaries (ugs) of Core(C') such that (us) is a one-cocycle for 65 and for any x € Core(C)
and any s € R,

7w (z) = usbs(x)u.
But, according to Lemma 2.15, we know that there exist a unitary u € Core(C”) and
two isomorphisms m : L>(X) Xy R — L*®(X’) xy R, m3 : N — N’ such that for any
x € Core(C),
um(z)u® = (m @ ma)(x).
Thus we obtain, for any « € Core(C') any s € R :
Oi(m(x)) = m(us)m(Bs(a))m(us)”
05 (u) 05 ((m1 @ m2) ()04 (u) = m(us)u”(m1 @ m2) (6s () Jum (us)".

If vy = (m @ m2) "L (04 (u) 7 (us)u*), for any z € Core(C) and any s € R, we have

(m1 @ m2) 7104 (M1 ® 72) () = wsbs(2)s

If we take now z =z ® 1, for z € L>(X) x4 R, we have
(1) ™ (Voam () @ 1= vy(3-5(2) @ Do

Let us denote (35 = (Wl)_lf/y\’_sﬂﬁs ; it is an automorphism of L>°(X) x., R. Moreover, for
any y € L*°(X) x4 R, we have

(ﬁs(y) ® 1)Us = Us(y ® 1)'
Now, we are going to use a classical technique. Let ¢ € N, ; we have, for any y € L>(X) x,
R, the equality :
ﬁs(y)(id ®¢) (Us) = (id ®¢) (Us)y-
As vg # 0, there exists necessarily ¢ € N, such that (id ®¢)(vs) # 0. A classical lemma
allows us to claim that [, is an inner automorphism of L*°(X) x, R. Therefore, there
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exists a family of unitaries (ws) in L>°(X) x, R (we can choose it strongly continuous
because s — [, is a continuous map), such that for any z € L*(X) x4 R,

(11) (1)~ (w1 (2) = wiFs(2)ws.

But, we have to be careful here because (ws) is not in general a one-cocycle for 7 ; for s
and t € R,

()Y A = Ad(wsFs(we))Fsre

and (m1) "' m = Ad(Weps)Tort-

Consequently, Ad(wg7s(wi))Ys+¢ = Ad(wst¢)Ys4¢, and we obtain that w}, ,weys(wy) is in
the center of L>(X) x, R; As L™(X) xy R is a factor, we have finally proved that
wi,wsYs(wy) € T. Hence, there exists w(s,t) € T, such that wei; = w(s,t)wsys(wy).
Moreover, we can easily see that w(s,t) satisfies a 2-cocycle relation. But, it is well-known
that Z?(R,T) = B?*(R,T), therefore w(s,t) is a coboundary and there exists a map
A : R — T, such that for any s, t € R, w(s,t) = A(s +t)A(s)A(t). We can notice that if
we multiply ws by A(s), A(s)ws becomes a one-cocycle for ¥ and we do not change the
Equation (11). Finally, up to a multiplication by a scalar A(s) € T, we can assume that
ws is a one-cocycle for 7.

We can apply now Proposition 4.2 of [42]. We obtain the existence of an isomorphism
7 L®°(X) ® B(L}(R)) — L>®(X’) ® B(L*(R)) which intertwines both of the bidual

actions § and 7/, Le. for any z € L>®(X)® B(L*(R)),

~

Moreover we have both of the equalities %S = 75 ® Ad(A}) and ’;’S =~ @ Ad(X). We
can notice that L>®°(X) = Z(L>®(X) ® B(L*(R))) and L>®(X') = Z(L>(X') ® B(L*(R))).
Let us denote by p : L*(X) — L°(X’) the isomorphism obtained from 7 by taking

restrictions to the centers. Finally, we obtain for any s € R and = € L*>°(X),

pys(x) = Yep(@).
Therefore, we have proved that the flows (X,~) and (X’,v;) are conjugate ; we can prove
exactly in the same way that (N, a) and (N, ') are weakly equivalent. O

4. Computation of Connes’ 7 Invariant

For this section, we are going to keep the same notations as before. We shall denote
by C' the factor of type IIIj, Nox,L>®(X); we remind that C ® B(L%(R)) is canonically
isomorphic to (L*(X) ® P) Xyge« R with P = N x, R. We assume that the flow v is
free and ergodic and finite or infinite measure-preserving ; the action v ® ¢ will be still
denoted by 8 and A4 are the unitaries which implement the action of R on L*°(X) ® P.
Furthermore, we shall assume that P is a free Araki-Woods factor [39]; but N is not
necessarily full. At last, we shall denote by o the canonical embedding of (L (X)®@P)xgR
into M = P® L>(X) ® B(L?(R)). First of all, let us remind the definition of Connes’ 7
invariant.

DEFINITION 2.16. Let C be a factor of type 1Il;. Let ¢ : Aut(C) — Out(C) =
Aut(C)/Inn(C) be the canonical projection. Let v be any weight on C. The mapping
d: R — Out(C), with 6(t) = 5(0?’) is independent of the choice of the weight 1 thanks to
Theorem 1.2.1 of [5]. The T invariant of C, denoted by T(C) is the weakest topology on
R that makes the map & continuous.
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Although C' is not a full factor, we can nevertheless give an explicit computation of
Connes’ 7 invariant in many cases. We want to remind a few things about free Araki-Woods
factors [39]. Let Hr be a real Hilbert space and (U;) be an orthogonal representation of
R on Hgr. Let H = Hr ®r C be the complexified Hilbert space. If A is the infinitesimal
generator of (U) on H, we remind that j : Hr — H defined by j(() = (A,%+1)1/2C is
an isometric embedding of Hg into H. Let Kr = j(HRr). For £ € H, we denote by (&)
the creation operators on the Fock space F(H) and s(£) their real part. By definition,

L(Hr,U)" = {s(§),€ € Kr}".

DEFINITION 2.17. Let Hr be a real Hilbert space and (Up) be an orthogonal represen-
tation of R on Hr. Let P = T'(Hgr,U;)"” be the free Araki-Woods factor associated with
(Ut) and Hr [39]. We shall say that P satisfies the condition (M) of mizing if there exist
&, n € Hr, such that the continuous function f defined by f(t) = (Uyj&, jn) vanishes at

infinity and f # 0.
For example, if Hg = L?(R,R) and Uy = ) for any t € R, the factor T'(L?(R, R), \;)”
satisfies the condition (M). We remind that T'(L?(R,R), \;)” is nothing but N x, R, with

N = L(F«) ® B(H) and « the trace-scaling automorphism group of Radulescu [29, 38].
The aim of this section is to prove the following theorem :

THEOREM 2.18. Let P = T'(Hr, U:)” be a free Araki-Woods factor satisfying the condi-
tion (M). For C = Nox,L®(X), 7(C) = the weakest topology on R that makes the map
t — v continuous for the u-topology on Aut(L>°(X)).

The proof of this result is based on a kind of “14e lemma”, it will be stated in the
Appendix (Lemma 2.25).

From now on, we are going to use notations and results of [3]. For C' our factor of type
I11;, for any normal faithful state ¢ on C and for any free ultrafilter w on N, we shall
denote by A, ., the norm closed x—subalgebra of [*°(N, C') of all sequences (z,,)nen such
that ||[zn, ¢]|| — 0 when n — w. Let I, = {(zn)neN, Zn — 0 * —strongly when n — w}. It
is a two-sided ideal of [*°(N, C'). Moreover, A, N1, is a two-sided ideal of the C*—algebra
A, ., and the canonical quotient map will be denoted by p,.,. We shall denote by C* the
ultraproduct of C along w, i.e. the quotient of [*°(N, C') by the two-sided ideal I, ; we shall
denote by C, ., the quotient of the C*—algebra A, by the two-sided ideal A, NI,. We
know, according to Proposition 2.2 of [3], that Cy, is a finite von Neumann algebra. Let
© be a given faithful normal state on C' and D the set of faithful normal states on C with
ap <Y < oa_lgo for some o > 0. Let

Co,= m pcp,w(Acp,w N Aw,w)-
PpeD

According to Theorem 2.9 of [3], C,, is a finite von Neumann called the asymptotic cen-

tralizer of C' at w. Before proceeding, we want to remind a classical result on compact
. ; 2

operators on the Hilbert space L(R).

PROPOSITION 2.19. Let A C B(L*(R)) be a unital C *-algebra. Assume that for any
t € R, \;y € A and that there exists f € Co(R), f # 0, such that My € A (My is the
multiplication operator). Then K(L*(R)) C A.

Proor. We identify g with M, for any g € C,(R). Since f # 0 and all its translations
belong to ANC,(R), ANC,(R) is a sub—C*—algebra of C,(R) which separates the points.
Consequently, AN C,(R) = C,(R) and thus C,(R) C A. Moreover, C}(R) C A because
for any t € R, \; € A. Therefore, K(L*(R)) = [C(R)C,(R)] C A. O
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For any subset E C C and a sequence (xj) of elements in C, we shall say that (zy)
almost commutes with E if for any a € E, [z}, a] — 0 x—strongly. Let C' = N4x,L>(X);
we know that C' ® B(L%(R)) is canonically isomorphic to (L>°(X) ® P) x5 R. We remind
that we have denoted by ¢ the dual weight on (L>*(X)® P) xgR of the weight ¢ = TQw
on L*(X)® P. Let \; be the unitaries in (L*°(X) ® P) xg R which implement the action
B=~®0* of Ron L®°(X)® P. As the family ()\;) is in the centralizer of the weight ¢, it
is a one-cocycle for the action 0. We know according to Theorem 1.2.4 of [5] that there
exists a faithful, normal, semifinite weight 1) on (L*°(X) ® P) xg R such that :

Vt e R, ol = XoP A

We remind that we have shown in the first section that for any t € R and any = €
L>*(X)® P,

(12) of (15(x)) = m5((v— ® id)(2)).

Thanks to Equation (12), we know that Cent(¢)) = (75« (P) UA(R))” ~ P x5+ R. We are
proving now, thanks to Proposition 2.26, the following technical lemma which will turn
out to be essential in proof of Theorem 2.18 :

LEMMA 2.20. Let C be as in Theorem 2.18, and v the weight on (L>*(X) ® P) xg R
which satisfies Equation (12). Let w be any free ultrafilter on N. Any bounded sequence
(un) of (L*(X) ® P) xg R which almost commutes with Cent(1)) is centralising. In a
shorter way, we have the following equality :

(L>®(X) ®@ P) xg R)* N Cent(y) = (L=(X) ® P) x5 R),.

ProoF. The inclusion D is trivial. We have just to prove C. We assume as in Theorem
2.18, that P = T'(Hr, U;)" is the free Araki-Woods factor associated with the orthogonal
representation (U;). Let © be the vacuum vector and let ¢ = (-Q,Q) be the free quasi-
free state on P, and (oy) the modular group associated with ¢y. We remind that we
have for any ¢t € R, and any ¢ € Kr, 0+(s(¢)) = s(U(). We remind that we take M =
P ® L®(X) ® B(L*(R)) and the embedding of (L®(X) ® P) x3 R into M is denoted
by o. Let (uy) be a sequence of elements in (L>°(X) ® P) x3 R which almost commutes
with Cent () and such that ||u,| < 1 for any n € N. Thus (o(u,)) almost commutes with
o(Cent(¢)) and in particular (o(u,)) almost commutes with o(P). Hence, according to
Proposition 2.26, there exists a bounded sequence (v;,) of elements in L>° (X)) x,R such that
o (up)—1®v, — 0 x—strongly in M = P®L>®(X)®B(L*(R)) and ||v,|| < 1 for any n € N.
Actually, v, is nothing but E(u,), for any n € N, with £ : M — L>®(X) ® B(L*(R))
the conditional expectation ¢y ® Id. We have somewhat reduced the difficulty of the
problem : instead of looking at the sequence (u,) in (L*°(X) ® P) xg R, we are looking
at the sequence (v,) in L*>(X) x, R. But we want to go further; we want to prove that
there exists a sequence (wy,) in L*°(X) such that o(u,) — 1 ® w, ® 1 — 0 x—strongly
in M. If we are able to prove such a result, we are done. Indeed, as 1 ® w, ® 1 € Z(M)
for any n € N, the sequence (1 ® w, ® 1) turns out to be centralising in M ; but as
o(up) —1®@w, ® 1 — 0 s—strongly in M, (o(uy)) is also centralising in M. Therefore,
(un) is centralising in (L*°(X) ® P) xgR.

As o(up) — 1 ® v, — 0 x—strongly in M and (u,) almost commutes with Cent(1)),
for any y € Cent(v), [1 ® vp,y13] — 0 *—strongly in M (we are regarding y as a element
in M = P® L>®(X) ® B(L?(R)), that is why it is denoted by y13). Thus for any normal
state ¢ on P, [v,,1 ® (¢ ®id)(y)] — 0 *— strongly in L>®(X) ® B(L*(R)). Let B =
C*((p®1d)(y),y € P xow R, ¢ € P,). We see that B C B(L?(R)) is a unital C*—algebra,
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and for any t € R, \; € B. Now, since P satisfies condition (M), we know that there exist &,
1 € Hr such that the continuous function f defined by f(t) = (U&, n) vanishes at infinity
and f # 0. Let ¢’ = j(£) and o’ = j(n). Let ¢ = @u(s(n')-) € P and & = (01(s({')))eer €
Core(P), with Core(P) = P x,~ R. We get immediatly that for any t € R,
(p@Id)(z)(t) = (s(n)ou(s(£))Q,Q)
= (ou(s(£) (1))
= (s(U:£")Q, s(n))

1
= 4 <Ut€/7 77/>-

Consequently, (¢ ® Id)(z) € Co(R) and (¢ ® Id)(x) # 0. Then, according to Proposition
2.19, K(L?(R)) C B. Hence we have proved that for any y € K(L?(R)), [v,,1®y] — 0
x—strongly. Let £ € L?(R) such that ||¢]| = 1; for any p € L?(R) we shall denote again by
p the map from C into L?(R) such that for any A € C, u(A\) = Ap. Thus for u, i’ € L*(R),
6, = ' op* is a rank-one operator and it is exactly (-, u)p/. In particular, these operators
are compact. For any n € N, let w,, be the element of L>°(X) defined by (1®&£*)v,(1®E).
For any n € L?(X), we have

lwanl|* = (whwnn, n)

(1@ &)1 @)L )v(1®E)n,n)

V(1 @ Oge)vn(n®§),n@E)

Ui (1@ Oge)vn —vn(1®0g))(n @ E),n@E) + [lon(n @ &)

=
=
= {

Therefore, we get

llwnnl® = lon(n @ O] < [(vn(1 @ bee) = (1@ ee)vn) (@ O] -
For any n € L?(X) and u € L?(R), we have

[ (v, — wy, @ 1)(n @ p)| [(vn —wn @ 1)(1®6¢)(n® &)l

< [(vn(1®@0ue) = (1@ bue)vn)(n @]
(1 ® Oue)(vn —wn @ 1)(n@ &l
[(vn(1®@6bpe) — (1@ Ope)vn)(n @&
F[(vn —wn @ 1) @ | [|ll-

But ||(vy —w, @ 1) (@)% = |lon(n @ €)||?> — ||wen||?>. Thus, using the several inequalities
we obtained above and the fact that for any y € K(L?(R)), [vn,1 ® y] — 0 x—strongly,
for any € > 0, there exists ng € N large enough such that for any n > ny,

|(vp —wp @ 1)(n@ p)|| <e.

That means exactly that (v, — w, ® 1) — 0 strongly. We can do the same thing with v}
and w; instead of v, and w,,. Hence we have proved that (v, — w, ® 1) — 0 x—strongly.
The proof is complete. O

IN

PROOF OF THEOREM 2.18. Here, as usual, Aut(C) is endowed with the u-topology.
Let us denote by 7 the weakest topology on R that makes the map ¢ — ~; continuous for

the u-topology on Aut(L>(X)). According to Equation (6), as (y—¢) and the restriction
of (Jf ) on the von Neumann algebra L>°(X) are exactly the same, it is clear that for any
sequence of real numbers (t,), if ¢, — 0 w.r.t. the topology 7 then ¢, — 0 then w.r.t. the
topology 7(C'). We are going to prove the converse. Let (¢,,) be a sequence of real numbers

such that ¢, — 0 w.r.t. the topology 7(C). There exists a sequence of unitaries (uy) in C
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such that Ad(u,) o O';i — Id in Aut(C). Then the sequence (u,) almost commutes with
Cent . So according to Lemma 2.20, (u,) is centralising in C'. That means exactly that
Ad(u,) — Id in Aut(C), thus Uz/; — Id in Aut(C). Therefore t,, — 0 w.r.t. the topology
T. U

We wish to end this section by giving a consequence of the previous result. First, we
are going to remind a few things about mixing actions on a probability space.

DEFINITION 2.21. [20] Let (X,u) be a probability space, and let v be a measure-
preserving transformation of (X, u). Let T be the canonical trace on L*°(X) given by the
probability measure p. The transformation v is said to be mixing if for any f, g € L*(X, i),

/X (f o y™)gdu — 7(f)7(g) when |n| — +oo.

Example. Let r €]0, 1[. Let X = {0, 1} with p((0) = r and p(1) = 1—r. Let (X, i1y)
be the probability space H(Xo, 1h), and let 7, be the Bernoulli shift on (X, u,) defined
z
by :
V(cn)nez € X, v+ (cn)nez = (Cnt1)nez.

It is well-known that -, is a measure-preserving, free, ergodic, mixing transformation. So,
we obtain a measure-preserving, free, ergodic, mixing action of Z on the probability space
(Xr, 1y ). Moreover, according to [20], the entropy of the transformation =, is given by
H(vy) = —(rlogy(r) + (1 — r)logy(1 — r)). Therefore, we obtain a continuum of pairwise
non-conjugate measure-preserving, free, ergodic, mixing actions.

From now on, let (7"),cz be a measure-preserving, free, ergodic, mixing action of Z
on L>®(X, u). We are going to induce this action up to R in the following way. Let

A = L®Rx X)Z
(FEL®Rx X),n - F=FVYneZ
= {FeL®RxX),F(t,7y"(x)) = F(t+n,z),Y(n,z,t) € Z x X x R}.

We consider the action (o) of R on A defined by : for any s, t € R, x € X and F € A,
(0¢F)(s,x) = F(s — t,x). It is well known according to [42] that (o) is a measure-
preserving, free, ergodic action of R on A, and A x, R is isomorphic to (L>(X) %, Z) ®
B(L?*(R/Z)). We can identify A with L°°(Y,v) where (Y, v) isomorphic to ([0, 1], \) x (X, )
as a probability space. More precisely, for any t € R, let t = [t] + {t}, with [¢] the entire
part of . The mapping 6 : L?([0,1[,\) ® L?(X, ) — L?(Y,v) defined by, (¢ ® n)(t,z) =
E{tHn(y¥(x)), for € € L2([0,1[,\) and € L*(X, ) is an isomorphism of Hilbert spaces.
Through this isomorphism, we can identify L?([0,1[,\) ® C1 with L?(R/Z, \). We shall
denote by Hg the orthogonal of L?(R/Z) in L?(Y,v), i.e. Hg is nothing but L?([0,1]) ®
(L*(X, ) © C1). Moreover, the action (0;) of R on A = L*>®(Y) gives rise to a unitary
representation (U;) of R on the Hilbert space L?(Y,v) : if the canonical embedding of
L>®(Y) into L2(Y,v) is denoted by n, (U;) is defined by Un(y) = n(o_(y)) for any
y € L>®(Y). We want to go further and prove the following result :

PROPOSITION 2.22. With the previous notations, we have for any (1, (2 € Ho,

(C1,UC2) — 0 when |t| — +oo
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PROOF. It suffices to show that for any &1, & € L2([0,1[,A\) N L*(]0, 1) and any
M, 2 € (L2(X,p) © C1) N L>(X), (&1 @ m,Ui(§ @ n2)) — 0 when [t| — +o00. Let &,
& € L2([0,1[,A\) n L>([0,1]), n1, m2 € (L*(X,p) © C1) N L>®(X) and t € R. We get

(Grom,Ul&emn) = / otk & {sHm (@) &({s + tHn (v (@))dp(z)dA(s)

(13)

sH&({s LY (@) e (VT (2 T s).
/Ma({ Dea({s + 1)) (/Xn (99 (@) e () () >) aA(s)

As the action (y™),cz is mixing, it is clear that with s € R fixed,

/x m (v (@) (7 (@) du(a) — 0

when [t| — 400, because 0y, 72 € (L*(X,u) © C1) N L>®(X). The function f : s —
& ({sDEx({s + 1) ([ m (1 (@)me(+5(2))du()) is such that for any s € R, |f(s)| <
€1 1[[E2Im|l||m2]] which is integrable on [0, 1] with respect to the Lebesgue measure A.
Finally, thanks to the dominated convergence theorem applied to f with Equation (13),
we have proved that (§; ® 1, U(§2 ® n2)) — 0 when [¢t| — +o0. O

For the flow (0¢)ier on the probability space (Y, v), let 7(0) be the weakest topology
on R that makes the map from R to Aut(L*(Y")), which sends ¢ onto oy, continuous
(notice that Aut(L>*(Y)) is endowed with the u-topology). We can prove the following
result :

PROPOSITION 2.23. For the flow (0¢)icr on the probability space (Y,v) as before, the
topology T(0) is the usual topology on R.

PROOF. Let (tx)ren be a sequence of real numbers such that ¢, — 0 with respect
to the topology 7(c). Then, oy, — Id in Aut(L*°(Y')) with respect to the u-topology.
In particular, for any ¢ € L*(Y) © L3 (R/Z), ¢ # 0, (¢, U, ¢) — ||¢|*> # 0 when k —
+00. Consequently, we get, thanks to Proposition 2.22; that (¢x) is necessarily bounded.
Moreover, for any cluster point ¢ of the sequence (¢j), we must have oy = Id. As the flow
(0s)ser is free, t = 0 necessarily. Therefore, t;, — 0 w.r.t the usual topology on R. Il

At last, it is easy to prove the following claim : let o1 and o9 be two flows which come
from two actions of Z, v and 75 ; if the flows o1 and o2 are conjugate, then the actions
~1 and o are conjugate. Therefore, we have proved the following result :

THEOREM 2.24. Let N be L(F) ® B(H) endowed with the one-parameter automor-
phism group (oq)ier scaling the trace from Radulescu [29]. For r €]0,1/2], let v, be the
Bernoulli shift on (X,, p,) defined as before, and o, the flow on L>®(Y,) obtained from
Y after induction to R. With the family (NaXq, L (Y:))relo,1/2), we get an uncountable
family of pairwise non-isomorphic factors of type I11y. All these factors are non-full but
they have the same T invariant : it is the usual topology on R. In particular, they have no
almost periodic weights.

5. Appendix

In this last section, we are going to prove a kind of “14¢ lemma” which can be viewed as
a new version of Lemma 4.1 in [44] and Lemma 4.1 in [45], which were also a generalization
of 14e lemma due to Murray & von Neumann [17] (see [1] for another version of this lemma
in case of a free product of two von Neumann algebras of type III). We will denote by
(P,w) a free Araki-Woods factor with its free quasi-free state w : we remind that w is
given by (-Q,Q) with Q the vacuum vector (see [39] for further details). We shall denote
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by A the von Neumann algebra L>°(X)® B(L?(R)). Let o be the canonical embedding of
(L*(X) ® P) Xygov R into P ® A; in particular, for any y € P, o(y) = (6%,(y))tcr and
thus o(y) € P® L>®(X). Let £ : P® A — A be the conditional expectation defined by
E =w®id. Let £ = L?>(X) ® L?(R) be the Hilbert space on which A acts; let & € K such
that ||| = 1, and we the vector state on A associated with £&. We shall denote by |||
the semi-norm with respect to the normal state w ® we on P ® A.

w®we

LEMMA 2.25. Let (P;,w;) be two von Neumann algebras endowed with a faithful normal
state w; (i = 1,2) such that we can write (P,w) = (P,w1) * (P2, ws). Let a € P; and b,
c € Py. Assume that a, b, ¢ are analytic with respect to the state w. For any x € P® A
and any § € K, €] =1,

lz = B@)llyge, < E(a,b,c)max {[|[o(a), 2]llwgwe: [[o(b), 2]llwswe, llo(c), 2] lugwe §
+F(a,b,c) ||z
with
Ea,b,c) = 6lall® + 4[[l* + 4|e]l®,
Fla,b,c) 3C(a) +2C(b) + 2C(c) + 12|w(c™D)| ||c*bl,
Cla) = 2lalPlla —afjs(a)ll +2[al*llo(a)(a* @ 1) = 1|2,
+3(1+ [lal®)lla*a — 1] + 6|w(a)| [|a]-

PROOF. For each P; let us denote by H; the Hilbert space which comes from the

GNS representation of w; and let & be the associated cyclic vector. Let us take (H, ) =
(H1,q) * (Ha,Q2). We remind [48] that

H=CQ® (H, @H(2,1)® (Ha @ H(1,1))
with H; = H; © CQ;,
H2,)=CQeHy® (Ho@H1) D (Ho @HI @Ha) B -+,

H(1,)=CQaH, & (H1 @ Ha) @ (H1 @ Hy @ Hi) &

Moreover we shall denote by H, and Hs the Hilbert spaces Hy ® H(2,1) ® K and Ho @
H(1,1) @ K.

Let x € P® A and let us definen = - (Q®¢). We write n = (1 E(z))- (Q®&)+pu+7
Wlth,uéHl and’yEHg WedeﬁneforCGHandyeP C-y=Jy*J-(, and we
notice that (2Q) - 2/2( y) = zyQ for y € D(o /2) Let 2 =z —1® E(x), no = p+ 7,

i=o(a) n (a®1),7=0(a) v (a*®1), i=0(a) p-(a*®1)and { =ny — v — 7.

First of all, we are going to assess the quantity || — 7|| wBwe” We have
1 = ola):n-(a"®1)
= o(a)z- (QA®E) (" ®1)
= [o(a),2]- (Q®&) - (a"®1) +xo(a) - (Q®E) - (a"®1)
= lo(a),z] - (2®&) (@ ®@1)+z0o(a)  (ARE) - ((a" = 07)y(a”)) ® 1)
+zo(a) - (Q®E) - (07)5(a”) ®1)
= lo(a),z] (Q®&) - (a"®@1)+z0o(a) (ARE) - ((a" = 07)n(a”)) ®1)

+zo(a)(a*®1) - (Q®E).
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Thus, we get immediatly
(14) 17 = nllogwe < lalllllo(a), 2]ll,guw, + l1zlllalllla — o, (a)ll
+lzl lo(a)(a™ @ 1) — 1]
Moreover, a straightforward computation gives us
WP = 1517 < (@ + llal®)lla*a = 1] |£]2 g -
(@A) < A+ llal®)lla*a = 1| |2]2g,, -

Let us denote by Q2 the projection onto the Hilbert space Hy. As a € Py, we can easily
see that

w®uwe *

1Q2(c(a)(JaJ @ 1) - )| < |w(a)[[[(Ja] @ 1) - 7]|.
Thus, we obtain the following inequality

13, < @ alll &),

Because p L 7, we get immediately (C, )| = |(7,7)|. We still have to assess the quantity
|{C,7)|. Before doing that, we can notice that asa € Pi, 0(a*)(1 E(z))(Q2®¢&) € CQOH;.
Hence
=m0,y = (1@E®)) (Q®¢),0(a) -7 (a" 1))
= (o(a)(1® E(z))- (2©¢),7-(a"®1))
= 0.

We can prove exactly in the same way that

(7 —10,7) = 0.
Now
<§a ;5/> = <770 - ;777 :Y)
= M=—7=%7
= =177 =7+ 0-%7

)
= =179 — %+ o —%7)
= =109 — %7+ {7

because (1 —10,7) = (77 — 7o, ¥) = 0. Thus, thanks to Equation (14), we get an inequality
for [((,7)]. Of course

Il + 1912 = 1+ 7+ 71 N ~
I+ Il + 13112 = 214G, 2} = 246,33 — 217 )]
20712 = 112 = 11| = 21,1 = 21 ) — 206, .

Finally, noticing that [|||wgw, < [|Z]|wgw, because £ = w ® id, and using all the previous
inequalities we obtained above, we have

(15) 712 < Hlel® + 2llalPll[o(a), 2] logwe [Ellwgwe +Cla)]]1#]waw-

We can do now exactly the same thing as before with b and c instead of a. Indeed, let
n'=o(b)n 0®1),n" =0(c)n-(c"®1), p' =0ob) -p-(b*®1) and p" = o(c)-p- (c*®1).
We define ¢/ =ng — p — i/ — p’. We find that

l® 11> = 30l = [lel® = 1 1P] = [laell® = 12| = 21" 1] = 20 1)

=21(¢" 1) = 20, )| = 20, 1" = 20 1)

ARV
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Once again, we assess the negative terms and we get
(16)  20lul® < P+ 2062 ®), 2] lwswe + 2lelPlllo(e), 2] lwewe 1 lwawe
+(C(b) + C(c) + 6lw(cb)|lc"dl]) [z} | ] wewe -

As ||ul?+1v)? = Hi“Hf)@wg, a combination of inequalities (15) and (16) gives the inequality
of the lemma. O

Let P; be two free Araki-Woods factors endowed with their free quasi-free state w;,
(1 = 1,2) such that (P,w) = (P1,w1) * (P2, w2). We know, thanks to Lemma 4.3 in [44],
that P; contains a bounded sequence of elements (a,) analytic w.r.t. the state w and
which satisfy [|0y(an) — anl — 0, [lagan — 1|l = 0, w(an) — 0 and o(an)(a; ®1) =1 =0
x—strongly. We know besides that P, contains bounded sequences (b,) and (¢,) which
satisfy the same condition as (a,,) and the condition w(c}b,) — 0. We can now state the
following proposition, used in proof of Lemma 2.20 :

PROPOSITION 2.26. Let (zy) be a bounded sequence in C CM=Pg L>(X) ®
B(L?*(R)) which almost commutes with o(P). Then E(xy) — x) — 0 *—strongly.

PRrROOF. The proof of this proposition is a straightforward application of Lemma 2.25.
Let £ € K, [[€]| = 1, € > 0, and M = sup {{|an/[, [|bnl [lenll; 2]} As o(an)(a;, ©1) =1 =0
*-strongly, it is clear that ||o(a,)(a;, ® 1) — 1|lugw, — 0. So, there exists n € N such that
F(an,bn,cn) < 57- Then with this particular n, as () almost commutes with o(P), there
exists kg € N such that for any k > ko,

mass { o (an), 24] o - 1700), 78] o - 1(en): 2l } < 77
Hence, we have proved that

VEE K Ve >0 ko€ NV > ko |z, — E(xp) <e.

Hw®w£ —_

That means exactly that z; — E(x) — 0 strongly in M. We can do the same thing for
xy. Thus, we have proved that z;, — E(zy) — 0 *—strongly in M. O






CHAPITRE 3

On some Free Products of von Neumann Algebras which
are Free Araki-Woods Factors

This chapter is the text of a paper [16] submitted to International Mathematics Re-
search Notices.

We prove that certain free products of factors of type I and other von Neumann
algebras with respect to nontracial, almost periodic states are almost periodic free Araki-
Woods factors. In particular, they have the free absorption property and Connes’ Sd
invariant completely classifies these free products. For example, for A, pu €]0, 1[, we show
that

(M2(C),wy) * (M2(C), wy)

is isomorphic to the free Araki-Woods factor whose Sd invariant is the subgroup of R
generated by A and u. Our proofs are based on algebraic techniques and amalgamated free
products. These results give some answers to questions of Dykema and Shlyakhtenko.

1. Introduction

In [8] and [11], Dykema investigated free products of finite dimensional and other
von Neumann algebras with respect to nontracial faithful states. We are interested in free
products of factors of type I. In this respect, we recall Theorem 1 of [8] in the particular
case of factors of type I (see Proposition 7.3 of [8] for a precise statement in full generality).

THEOREM 3.1 (Dykema, [8]). Let

(M, 8) = (A1, ¢1) * (A2, ¢2)

be the von Neumann algebra free product of factors of type I with respect to faithful states,
at least one of which is nontracial. Then M is a full factor of type 111 and ¢ is an almost
periodic faithful state whose centralizer is isomorphic to the type 111 factor L(Fs,). The
point spectrum of the modular operator Ay of ¢, is equal to the subgroup of R’ generated
by the union of the point spectra of Ay, and of Ag,. Thus in Connes’ classification, M is
always a factor of type 111, with 0 < A < 1.

The fact that ¢ is an almost periodic faithful state [3] is an easy consequence of basic
results on free products (see Section 4 in [8] for further details). Of course, the fact that
the centralizer of ¢ is isomorphic to the type II; factor L(F) is the most difficult part
of the theorem. To prove this, Dykema uses sophisticated algebraic techniques on free
products that he developed also in [10] and [12]. Finally, the fact that M is of type III
follows from results of Section 4 in [8].

However, natural questions were left unanswered. Dykema asked in Question 9.1 [8],
whether the type III) factors that are obtainable by taking various free products of fi-
nite dimensional or hyperfinite algebras are isomorphic to each other, and more precisely
whether they are isomorphic to the factor of Radulescu [28],

(L(Z),7z) * (M2(C),wy)

45
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where wy(pij) = 0;;M /(A + 1) for i, j € {0,1}. Furthermore, he asked in Question 9.3 [8],
whether the full factors of type III; having the same Sd invariant that are obtainable by
taking free products of various finite dimensional or hyperfinite algebras are isomorphic
to each other. We will see that we partially give positive answers to these questions.

In [39], Shlyakhtenko introduced a new class of full factors of type III. His idea is to
give a version of the CAR! functor and of the associated quasi-free states in the framework
of Voiculescu’s free probability theory [48]. In Section 2, we recall his construction. But
roughly speaking, we can say that to each real Hilbert space Hr and to each orthogonal
representation (U;) of R on Hg, he associated a factor I'(Hg, U;)"” called the free Araki-
Woods factor. He proved that I'(Hg,U;)” is a type III factor except if Uy = id for all
t € R. The restriction to I'(Hg, U;)"” of the vacuum state denoted by ¢y and called the
free quasi-free state is faithful. Moreover, he proved that op is an almost periodic state iff
the orthogonal representation (U;) is almost periodic. Recall in this respect the following
definition :

DEFINITION 3.2 (Connes, [3]). Let M be a von Neumann algebra with separable predual
which has almost periodic weights. The Sd invariant of M s defined as the intersection
over all the almost periodic, faithful, normal, semifinite weights ¢ of the point spectra of
the modular operators A,.

Connes proved that for a factor of type III, Sd(M) is a countable subgroup of R [3].
In the almost periodic case, using a powerful tool called the matricial model, Shlyakhtenko
obtains this remarkable result :

THEOREM 3.3 (Shlyakhtenko, [34, 39]). Let (U:) be a nontrivial almost periodic or-
thogonal representation of R on the real Hilbert space Hr with dim Hgr > 2. Let A be
the infinitesimal generator of (Uy) on Hc, the complexified Hilbert space of Hr. Denote
M =T(Hr,Uy)". LetT' C R be the subgroup generated by the point spectrum of A. Then,
M only depends on T' up to state-preserving isomorphisms.

Conversely, the group T coincides with the Sd invariant of the factor M. Consequently,
Sd completely classifies the almost periodic free Araki-Woods factors. Moreover, the cen-
tralizer of the free quasi-free state @y is isomorphic to the type 11y factor L(F).

He proved also that the (unique) free Araki-Woods factor of type IIIy, denoted by
(T, ¢x), is isomorphic to the factor of Radulescu [28] and “freely absorbs” L(F). Since
the free Araki-Woods factors satisfy free absorption properties, Shlyakhtenko asked whe-
ther the free products of matrix algebras (Aj, ¢1) * (Ag, ¢2) are stable by taking free
products with L(Z), in other words whether they are free Araki-Woods factors.

We give in this paper a positive answer to the question of Shlyakhtenko for certain free
products of matrix algebras and other von Neumann algebras. Thanks to Theorem 6.6 of
[39], It partially gives positive answers to Questions 9.1 and 9.3 of Dykema [8]. Before
giving the results, we must introduce a few notation. For an almost periodic state ¢, we
denote by Sd(¢) the subgroup of R7 generated by the point spectrum of the modular
operator A,. On B(¢2(N)), we denote by 1, the state given by 1 (e;;) = d;;M (1 — \) for
i, j € N. For 8 €]0, 1], we denote by (C?,73) the algebra generated by a projection ¢ with
78(q) = B. The hyperfinite type II; factor together with its trace is denoted by (R, 7).
At last, we denote by (71, ¢r) the unique (up to state-preserving isomorphism) almost
periodic free Araki-Woods factor whose Sd invariant is exactly I' (see Notation 3.13 for
further details).

LCanonical Anticommutation Relations
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DEFINITION 3.4. Let p: (B, ¢p) — (A, d4) be an embedding of von Neumann algebras.

We shall say that p is modular if it is state-preserving and if p(B) is globally invariant

under the modular group (o ¢A).

Our main results are given in the following theorem.

THEOREM 3.5. Let (A;,¢;) i = 1,2, be two von Neumann algebras endowed with a
faithful, normal, almost periodic state ¢;, such that for i =1,2

(Ais ¢i) * (L(Z),72) = (Tsa(g,)s Psd(ey))-
Let T' = < Sd(¢1),Sd(¢2) > be the subgroup of R7 generated by Sd(¢1) and Sd(¢2).
Assume that for some X, 3 €]0, 1], there exist modular embeddings
(M2(C),wx) — (A1,91)
(027Tﬁ) — (A2a¢2>7
such that A\/(A+1) <min{s,1 — B}. Then
(Tr, ¢r) = (A1, ¢1) * (A2, d2).

In particular, for any A, p €]0, 1], (M2(C),wy) * (M2(C),w,), (M2(C),wy) * (R, 7) and
(B(£*(N)), ) * (R, T) are free Araki-Woods factors.

The paper is organized as follows. Section 2 is devoted to a few reminders on free
products and free Araki-Woods factors. In Section 3, we show that the free product
(M3(C),wy) * (C?, 75) is isomorphic in a state-preserving way to (Th, ¢y ), whenever \/(A+
1) < min{f,1 — S}. In Section 4, we prove Theorem 3.5 using the “machinery” of amal-
gamated free products. Section 5 is devoted to technical proofs on amalgamated free
products. Finally, Section 6 is a remark.

2. Conventions and Preliminary Background

Throughout this paper, we will be working with free products of von Neumann algebras
with respect to states. For the convenience of the reader, it is useful to remind the following
notation :

NOTATION 3.6. If (M, ) and (IV, 1) are von Neumann algebras endowed with states ¢
and 1, the notation (M ) = (N, 1) means that there exists a x—isomorphism v : M — N
such that Ya =

We remind this well-known proposition concerning free products of von Neumann
algebras with respect to states.

PROPOSITION 3.7. [48] Let (M;, ¢;) be a family of von Neumann algebras endowed with
faithful normal states. Then, there exists, up to state-preserving isomorphism, a unique
von Neumann algebra (M, ¢) endowed with a faithful normal state ¢ such that

— (M;, ;) embeds into (M, ) in a state-preserving way,
— M s generated by the family of subalgebras (M;) which is a free family in (M, ).
The free product of (M;, ¢;) is denoted by (M, @) = *I(Mi’ ©i)-
ic

NOTATION 3.8. [12] For von Neumann algebras A and B, with states 4 and ¢p, the
von Neumann algebra

%)

SN
==
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where o, 8 > 0 and o 4+ 8 = 1, will denote the algebra A & B whose associated state is
v(a,b) = apa(a) + Bep(b). Moreover, p € A and ¢ € B are projections corresponding to
the identity elements of A and B.

Now, we want to remind the construction of free Araki-Woods factors [39]. Let Hr
be a real Hilbert space and let (U;) be an orthogonal representation of R on Hg. Let
H = Hr ®Rr C be the complexified Hilbert space. If A is the infinitesimal generator of
(Uy) on H, we remind that j : Hg — H defined by j({) = (A,%H)l/zc is an isometric
embedding of Hg into H. Let Kr = j(HR). Introduce the full Fock space of H :

o0
F(H)=CQo P H
n=1
The unit vector €2 is called vacuum wvector. For any ¢ € H, we have the left creation
operator

1N =¢,
1@ ®&) =06 ® - ® &y

For any £ € H, we denote by s(§) the real part of [(§) given by

L&)+ 1)
RICES(
The crucial result of Voiculescu [48] claims that the distribution of the operator s(&£) with
respect to the vacuum vector state p(x) = (£Q,Q) is the semicircular law of Wigner
supported on the interval [—||£]|, [|£]|]-

(&) : F(H)— F(H): {

DEFINITION 3.9. Let (Uy) be an orthogonal representation of R on the real Hilbert
space Hg (dim Hg > 2). The free Araki-Woods factor denoted by I'(Hgr,U;)" is defined
by

D(Hr,U))" = {s(¢),€ € Kr}".

The vector state oy (x) = (22, Q) is called free quasi-free state.
As we said previously, the free Araki-Woods factors provide many new examples of full

factors of type I1I [1, 5, 34]. We can summarize the general properties of free Araki-Woods
factors in the following theorem (see also [44]) :

THEOREM 3.10 (Shlyakhtenko, [34, 37, 38, 39]). Let (U;) be an orthogonal represen-
tation of R on the real Hilbert space Hg with dim Hg > 2. Denote M = T'(Hr, U;)".

(1) M s a full factor.

(2) M is of type 11y iff Uy = id for every t € R.

3) M is of type I, (0 < X < 1) iff (Uy) is periodic of period 2.
[log Al

(4) M is of type 111y in the other cases.

(5) The factor M has almost periodic states iff (Uz) is almost periodic.

Let Hr = R? and 0 < A < 1. Let
(17) _ [cos(tlog\) —sin(tlog\)
t7 \sin(tlog\) cos(tlog)) /-

NOTATION 3.11. [39] Denote (T}, ¢)) := ['(HR, U;)"” where Hgr = R? and (U;) is given
by (17).
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Using a powerful tool called the matricial model, Shlyakhtenko was able to prove the
following isomorphism

(Tas a) = (B(E(N)), 9n) * (LP[=1,1], ),
where 15 (e;;) = d;;M(1 — N), i,j € N, and p a nonatomic measure on [—1,1]. He also
proved that (T, p)) is isomorphic to the factor of type III, introduced by Radulescu in
[28]. Namely,
(T)\’ SOA) = (MQ(C)va) * (Loo[_L ”vu)a

where wjy(pi;) = 6;M /(A + 1), 4,5 € {0,1}, and p a nonatomic measure on [—1,1].
Moreover, he showed that (T, ¢)) has a good behaviour when it is compressed by a
“right” projection. More precisely, denote (C,) := (B(£?(N)),¥y) * (L*°[—1,1], ) and
(D,w) := (M2(C),wy) * (L*°[—1,1], u). The following proposition is an easy consequence
of proofs of Theorems 5.4 and 6.7 of [39]. It will be useful in Section 3.

PROPOSITION 3.12. Let (C,), (D,w) defined as above and epy € B(£*(N)) C C, poo,
p11 € Ma(C) C D. Then
1

T & _
(Th, r) (6000600,11)(600)1/1)
1
= Dpoo, w
(poo Poo w(poo) )
1
& Dpiy, ——
(Pn P11 w(pu)w

When the representation (Uy) is assumed to be almost periodic, we have seen (Theorem
3.3) that I' C R}, the subgroup generated by the point spectrum of A completely classified
the free Araki-Woods factor I'(U;, Hr)".

NoTATION 3.13. For any nontrivial countable subgroup I' C R’ , we shall denote
by (11, ¢r) the unique (up to state-preserving isomorphism) almost periodic free Araki-
Woods factor whose Sd invariant is exactly I'. Of course, or is its free quasi-free state. If
I' = \Z for A €]0,1], then (Tt, ¢r) is of type IIIy; in this case, it will be simply denoted
by (T, ¢x) [39], as in Notation 3.11. Theorem 6.4 in [39] gives the following formula :

T ~ & (T .
(Tr, ¢r) 7;&F( I

3. Study of (M3(C),wy) * <(ﬂj@1Cﬂ> for \/(A+1) <min{p,1 - 3}

For any 8 €]0,1[, the von Neumann algebra C@® C is simply denoted by (CQ,Tﬁ).
g 1-p

Let A €]0, 1] and denote o = A/(A +1). We remind that the faithful state wy on M(C) is
defined as follows : wy(p;j) = d;; N /(A + 1), for ¢, j € {0,1}. The aim of this section is to
prove the following theorem :

THEOREM 3.14. If a = A\/(A+1) <min{f3,1 — g}, then
(18) (MQ(C)7W)\) * (CQ,Tﬁ) = (T)\,(p)\).

NOTATION 3.15. The von Neumann algebra of the left-hand side of (18) together with
its free product state will be denoted by (M,w).

To prove Theorem 3.14, we will need the following result due to Voiculescu [51] (see
also [10, 12]) which gives a precise picture of the von Neumann algebra generated by two
projections p and ¢ free with respect to a faithful trace. More precisely,
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THEOREM 3.16 (Voiculescu, [51]). Let 0 < a < min{f,1 — 8} < 1. Then

0 (&) (§o ) =" B (= (3] ) e ) TE
2c

where v is a probability measure without atoms on [0,7/2], and L*°([0,7/2],v) has trace
given by integration against v. In the picture of the right-hand side of (19), we have

1 0
p—O@(O O)@O,

e cos? 6 cosfsin @ ©0
4= cosfsin 0 sin?6 ’

where 0 € [0, 7/2].

REMARK 3.17. The von Neumann algebra of the right-hand side of (19) together with
its trace will be denoted by (N, 7). With the previous notations, (N, 7) embeds into (M, w)
in a state-preserving way. We shall assume that N C M, and p = p1;. Consequently, p is
the “smallest” projection with respect to the state w, i.e. w(p) = o = A/(A+1). As in
[10], let

=00 <(1) 8) ©® 0 = pol((1 — p)gp),

where “pol” means “polar part of”. Then z is a partial isometry from p into 1 — p, i.e.
z*xr = p and zz* <1 — p. Let z be the projection

0 0
2-1@(0 1)@0.

Note that z <1 — p. We see that N is the von Neumann generated by pgp together with
x and z. We shall denote N = W*(pgp, z, 2).

DEFINITION 3.18. [10] Let (S,).er be a family of subsets of a unital algebra A > 1. A
nontrivial traveling product in (S,).es s a product ay - - - a,, such thata; € S,; (1 <j <n)
and 11 # 1y # + -+ F# tp—1 F# tn. The trivial traveling product is the identity element 1. The
set of all traveling products in (S,),cr, including the trivial one is denoted by A((S,).cr)-
If |I| = 2, we will call traveling products alternating products.

We are now ready to prove the following proposition; it gives a precise picture of
the compression of the von Neumann algebra (M,w) by the projection p. The proof is
based on algebraic techniques developed in [8, 10, 12], and techniques of computation of
«—distributions developed in [39] and [50].

PROPOSITION 3.19. Let (M,w) = (M2(C),wy) * (C%,73) and p = p11 € Mz(C). As-
sume as in Theorem 3.16, that « = N\/(A+ 1) <min{3,1 — 8}. Then

Lw o~ % 2 T 2
(pM0. S5) = 112 (70 8 (BEN). )

__B_ .
where (C?,75) = ?@196 with § = 11_1;‘)‘ and Py (ej;) = 955N (1 = X), for i, j € N.

PROOF. Let (M,w) = (Ma,w)) * (C?,75). Let p and ¢ be the projections in M such
that N = W*(p,q) as in Theorem 3.16; p and ¢ are free in M with respect to w and
wp) =a=A/(A+1), w(g) = B. Let x and z as in Remark 3.17. We know that N =
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W*(pgp, x, z). Denote u = pp; € M3(C) the partial isometry from p to 1 — p, i.e u*u =p
and uu* = 1 — p. Then, thanks to Lemma 5.3 from [48]

pMp = W*(pgp, u*x,u*zu).

Denote v = u*z and P = u*zu. Since v*v = p and vv* < p, v is an isometry in pMp.
Moreover, since Pv = u*zuu*r = u*zx = u*xr = v, we get vv* < P. Denote w, = ﬁw
the canonical state on pMp. First, we are going to compute the x—distributions of the

elements v and vP in pMp with respect to wp.
LEMMA 3.20. Let vy =pB(A+1)=5/(1 —«). For any k, l € N,

(20) wp(W* (W) = ¥,
(21) wp(W* P()) = iy,

PrOOF OoF LEMMA 3.20. Step (0). First, we review the “algebraic trick” of Dykema
[10]. Denote a = p—w(p) and b = ¢—w(q) ; we have N = span”A({a}, {b}). Let w € N such
that w(w) = w(pw) = 0. By Kaplansky Density Theorem, w is the s.o.-limit of a bounded
sequence in span A({a}, {b}). Note that since a and b are free and w(a) = w(b) = 0, if
y € span A({a}, {b}), then w(y) is equal to the coefficient of 1 in y. Since w(w) = 0,
we may choose that approximating sequence in span (A({a}, {b})\{1}). Moreover, since
w(pw) = 0, we may also assume that each coefficient of a be zero, i.e. we have a bounded
approximating sequence for w of elements of span (A({a}, {b})\{1, a}).

Step (1). We prove now Equation (20). Assume k > 1 and [ = 0, then v* = (u*z)¥ is
a nontrivial alternating product in {u*} and {z}. Since w(x) = w(pz) = 0, = is a s.o.-limit
of a bounded sequence in span (A({a}, {b})\{1,a}). So to show that w,(v*) = 0, it suffices
to show that if s is a nontrivial alternating product in span (A({a}, {b})\{1,a}) and {u*}
then w(s) = 0. But since u*a = —au* and au* = (1 — a)u*, regrouping gives a nontrivial
alternating product in {a,u*} and {b}, hence by freeness w(s) = 0. We get also immediatly
wp((v*)!) = 0. Assume at last k > 1 and [ > 1, then v*(v*)! = (u*2)*Lu*zz*u(z*u) 1.
Let y = xa™ — al 4+ Aa. Since w(zz*) = w(z*x) = a and py = 0, w(y) = w(py) = 0,
hence y is a s.o.-limit of a bounded sequence in span (A({a},{b})\{1,a}). Replacing in
(v z)*w*zar*u(z*u)! =t the term z2* by y + al — Aa, and since u*au = —ap, we have

(22) wp(v*(v")") = wp((w'2)*utyu(e*n) ™) + dop((wz)*p(au)' ).

To prove wy((u*z)*tu*yu(z*u)=1) = 0, it suffices to show that if r is a nontrivial alter-

nating product in span (A({a}, {b})\{1,a}) and {u*,u} then w(s) = 0. But for the same
reasons as above, regrouping gives a nontrivial alternating product in {a,u*, u} and {b},
hence by freeness w(r) = 0. If in Equation (20), k # [, then applying Equation (22) several
times we eventually get wy(u*x - - - u*z) or wy(x*u - - - z*u), both of which are zero. If k = [,
then we eventually get A¥w,(p) = A¥. Thus Equation (20) holds.

Step (2). We prove at last Equation (21). Since w(u*zu) = Aw(z), and v = f(A+1) =
B/(1 — a), we get wy(P) = 7. Assume k, [ > 0, then v*P(v*)! = (u*z)*u*zu(z*u)!. Since
w(z) = f and pz = 0, y = z — B1 + ~va satisfies w(y) = w(py) = 0. Consequently, y is
a s.0.-limit of a bounded sequence in span(A({a}, {b}\{1,a}). Replacing in the product
(w*z)*Fu* zu(z*u)t the term z by y + 81 — va, and since u*au = —ap, we have

(W P(0")) = wp(u'a) " yu(a™u)!) + ywp((u” ) p(a™u))).

For the same reasons, w,((u*z)*u*yu(z*u)!) = 0 and w,(v* P(v*)) = yw,(vF(v*)!). Thus
Equation (21) holds. O
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LEMMA 3.21. In pMp, the von Neumann subalgebras W*(pqp) and W*(v, P) are
*— free with respect to wy.

PRrROOF OF LEMMA 3.21. Lemma 4.2 in [39] inspired us to prove Lemma 3.21. It is
slightly more complicated because here, in some sense, the assumptions are weaker and
we must additionally deal with the projection P. To overcome these difficulties, we will
use the “algebraic trick” [10] mentioned above.

Let B = W*(pgp) be the von Neumann subalgebra of pMp generated by pgp and
C = W*(v, P) the von Neumann subalgebra of pMp generated by v and P. Let g, =
(pgp)* — wp((pgp)¥)p for k > 1. Let Wy = vF(v*)! — S \Fp, W/ = v" P(v*)* — 48,5 \"p for
k,l,r,se€ N, k+1>0. Since

B = span“{p,gx | k > 1},
C = span”{p, Wi, W/ | k,l,r,s € Nk +1> 0},

it follows that to check freeness of B and C, we must show that

(23) wp(bowi by - - - wyby) =0
w

where

(24) bj = Gm,,

(25) wj = W,

(26) or wj = W,fjsj,

with kj,l;,mj,rj,s; € N, kj +1; > 0,m; > 0 for all j, except possibly by and/or b, are
equal to 1. We shall prove Equation (23) under a weaker assumption, which is that w; is
also allowed to be

(27) (wz)¥uyu(z"u)",

sj,t; > 0 and y = z2* — al 4+ Aa or y = z — 81 + ~ya as in proof of Lemma 3.20.

We will denote by W = bow1b1 - - - wpby, such a word with w; as in Equation (25) or
(26). Let w; be as in Equation (25) with both k; and [; nonzero and let y; = za* —al+ Aa.
We will replace this w; by

wj = (W)t yru(a® ) D)
+ (Mu*z)F Yz )b~ — Ok AR
= Aj + Bj.

Let now w; be as in Equation (26) with both r; and s; nonzero and let y» = z — 1 4+ ~va.
We will replace this w; by
wj = (W) u you(z"u)”)
+’Y( ( )j( - ) - rjsj)‘rj)
= ((u"z)u you(z™u)™)
+ (W)t yru(au) )
+ ~ ()\(u*x)Tf_l(:E*u)Sf_l _ 5Tj3j)\rj)
_ / " )
= A+ A4+ 0.
After such replacements are done, w can be rewritten as a sum of terms, in which some
w; are replaced by A;’s, Al’s, A7’s, some by Bj’s and some by Cj’s. Consider the terms
where all replacements are replacements by A;’s, A;’s, A;»’ ’s. These terms can be written
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as alternating products in Q = {z, 2%, y1, y2, 9k, Tgk, g™, vgrx*} and {u,u*}. But each
element h € Q satisfies w(h) = w(ph) = 0, hence h is a s.o.-limit of a bounded sequence
in span (A({a}, {b})\{1,a}). We use the same argument as before. To prove that w, is
zero on such terms, it suffices to show that w is zero on a nontrivial alternating product
in span (A({a},{b})\{1,a}) and {u,u*}. But regrouping gives a nontrivial alternating
product in {a,u,u*} and {b}. So, by freeness w is zero on such a product.

In the rest of the terms at least one wy; is replaced by B; or Cj. Then, since

Bj Y ((u*x)kjfl(x*u)ljfl . 5kj—1,lj—1)\kj71>
Cj — ’Y)\ ((u*x)”_l(x*u)sf_l _ 67']'*1,6']’*1)\7‘]._1) ,
we see that such a term is once again
bow'lbl e w;Lbn,

so of the same form as W in Equation (23), but now with the total number of symbols
u* and x strictly smaller than the total number of such symbols in W. Thus applying
the replacement procedure to each of these terms repeatedly, we finally get w,(W) =
wp(D>_ W;), where each W; has the same form as W in Equation (23), but for which the
substrings w; are either as in Equation (25) with k; or [; equal to zero, or wj is as
Equation (27) (so that no further replacements can be performed). But then each W; can
be rewritten as a nontrivial alternating product in 2 and {u, u*}, so as before wy,(W;) = 0.
Thus w,(W) = 0. O

We finish at last the proof of Proposition 3.19. We know that pMp = W*(pgp, v, P),
and thanks to Lemma 3.21, W*(pgp) and W*(v, P) are x—free in pMp with respect to wy.
As pgp is with no atoms with respect to wy, with the previous notation, we get W*(pgp) =
L(Z). Concerning W*(v, P), let

eij = v'(p—P)v"),

fu = OF(P =)0,
for 4, j, k,1 € N. With straightforward computations, we see that (e;;); jen and (fi1)r1en
are systems of matrix units, for all 4,5, k,0 € N, e;jfii = frei; = 0, and W*(eyj, fr) =
W*(v, P). Moreover, wy(e;) = (1 —¥)A" and wy(fer) = (v — M)AF, with v = 8/(1 — ).
Consequently, with notation of Proposition 3.19, we finally get (W*(v, P),w,) = (C?,75)®
(B(£?(N)), ). The proof is complete. O

NOTATION 3.22. For a von Neumann (A4, ¢4) endowed with a state ¢4, we will denote
by A° the kernel of ¢4 on A.

The next proposition is in some sense a generalization of Theorem 1.2 of [12]. For the
convenience of the reader, we will write a complete proof.

PROPOSITION 3.23. Let (A, ¢a), (B,¢p) and (C, ¢c) be three von Neumann algebras
endowed with faithful, normal states such that A is a factor of type 1. Let

(M7¢) = ((07¢C)®(A7¢A))*(Bv¢3)
U

(Naw) = (A7 ¢A) * (B7¢B>
and let e be a minimal projection of A. Then in eMe, we have that eNe and C ® e are
free with respect to Y. = ﬁd} and together they generate eMe, so that

(eMe, 1) = (C,p¢c) * (eNe, ).
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PRrOOF. We follow step by step the proof of Theorem 1.2 of [12]. For notational conve-
nience, we identify C with C ® 1 € M. To see that eNe and eC generate eMe, note that
N and eC generate M ; so span A(N,eC) is dense in M and eA(N,eC)e = AleNe, eC).

We shall show that 1), is zero on a nontrivial alternating product in (eNe)° and eC®.
Let a = e —1(e)l. Then A° = Ca + S where

S={se A|Y(s) =0, ese = 0}.
Let € (eNe)°. Then by Kaplansky Density Theorem, x is a s.0.-limit of a bounded
sequence (Rg)ren in span A({a}US, B°). For Q € span (A({a} U S, B°)\{1}), we see that
¥ on eQe is equal to a fixed constant times the coefficient of a in Q. So since ¥(Ry) — 0
and ¢ (eRre) — 0, we may assume that the coefficients in each Ry of 1 and a are zero.
Since Ry — eRpe — 0 for the s.o. topology, we may also assume that the coefficient of
each element of S in Ry is zero, i.e., that each Ry € span (A({a} U S, B°)\({1,a} U S)). To
prove the proposition, it suffices to show that v is zero on a nontrivial alternating product
in A({a}US, B°)\({1,a}US) and eC°. But regrouping and multiplying some neighboring
elements gives (a constant times) a nontrivial alternating product in {a}USU(eC°)U(SC?)
and B°. Thus by freeness, 9 is zero on such a product. O

PROOF OF THEOREM 3.14. Apply Proposition 3.23 with (A,¢4) = (B(F2(N)), 1)),
(B, ¢B) = (L(Z),7), (C,¢c) = (C?,75). Let e = ego € B(£*(N)), and denote

(M, y) = ((C? 75) @ (B((N)),¥n)) * (L(Z),7)
U

We get
(eMe,e) = (C?,75) * (eNe, ).
But with notation of Section 2, (N, ) =& (T, ¢, ) is the free Araki-Woods factor of type
III,. Since e = eq, applying Proposition 3.12, we get (eNe, 1) = (Th, ¢x). We use now
the “free absorption” properties of (T, ¢)). Denote L(F(s)) the interpolated free factor
with s generators. We know that (T, pz) * (L(Fs),7) = (T, pa) (Corollary 5.5 in [39])
and L(Z) * (C?%,75) = L(F(1+26(1 — §))) (Lemma 1.6 in [12]). Consequently,
(€M€>¢e) = (CgvTé) * (T)n QO,\) = (T)\a SO)\)
But, in a canonical way
(M, ) = (eMe,vbe) @ (B(£2(N)),)y).
Since (T, ) = (Th, pa) @ (B(L?(N)), y), we get
(Ma dj) = (Tkaw)\)'
We remind that we have proved (Proposition 3.19) that
(PMp,wp) = L(Z) + ((C?,75) @ (B(*(N)),95)) = (M, ),

where (M,w) = (M2(C),w)) * (C?,73) and p = p1; € Ma(C). Thus,

(pMp7wp) = (TA7¢A)~

But once again
(Maw) = (pMp7 wp) ® (MQ(C)>W/\)'

(M(C)
(Mz(C)

Since (T, pa) = (Th, pa) @ ,wy), we finally get

7WA) * (0277_6) = (T/\,‘PA)~
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4. Proof of the Main Theorem

The aim of this section is to prove Theorem 3.5. We will be using the “machinery”
of amalgamated free products of von Neumann algebras. The reader interested in the
technical developments on amalgamated free products can find more material background
in Section 5.

LEMMA 3.24. Let (A1, ¢1) and (Asg, ¢p2) be any von Neumann algebras endowed with
faithful, normal states. Assume that for some X\, €]0,1[, there exist modular embeddings
(M2(C),wx) — (A1,01)

(C*15) — (A2, ¢0),
such that \/(A+ 1) <min{3,1 — 3}. Then
(A1, ¢1) * (A2, d2) = (A1, ¢1) * (T, ) * (A2, P2).
PROOF. We shall simply denote by My the matrix algebra Ma(C). Denote (M, ¢) =

(A1, ¢1) * (A2, ¢2). Let
(N,w) = (Alad)l)( * )(T)\,QO)\).

2,WX

Since (Ma,w)) * (C?,73) = (T, ¢») (Theorem 3.14), applying Proposition 3.28, we get

M,d) =2 (N,w) x (A, o).

(M, ¢) = ( )(sz)( 2, 92)
Applying Lemma 3.29, since the modular embedding of (Ms,wy) into (T}, ¢y) is unique
(up to a conjugation by a unitary in 7Y*), we conclude that

(NVyw) = (A1, ¢1) * (T, px)
= ((A1,01) * (T, 00)) * (Th, ).
From Theorem 11 of [1], we get that the centralizer algebra N* is a factor. If p; : (C?,73) —
(N,w) are two modular embeddings, denote p; = p;(p) € N¥ such that w(p;) = (. Since
p1 and po are equivalent in N¥, p; and ps are unitarily conjugate. Consequently, using the
isomorphism
(N7w) = (Al') (bl) * (T)\v SO/\) * <C27Tﬁ)7

and applying again Proposition 3.28, we finally get

(M, ) = ((A1, 1) * (Ta,0x) % (C*,73))  _* (A, ¢2)

(0277-5)
= (A1, ¢1) * (T, i) * (A2, d2).
O
Theorem 3.5 is a straightforward corollary of Lemma 3.24. We end this section by
giving some examples of von Neumann algebras which satisfy assumptions of Theorem

3.5. We introduce the class S of all von Neumann algebras (M, ¢) with separable predual
and endowed with a faithful, normal, almost periodic state ¢ such that

(M, ¢) x (L(Z),7z) = (Tsa(s), Psd(s))-
Note that if (M1, ¢1) and (Ma, ¢2) are in S, then (M, ¢1) * (Ms, ¢2) is also in S.
ExXaMPLE 3.25. We give several examples of von Neumann algebras in the class S.

This list is not exhaustive and there is nothing really new here : these examples are mere
consequences of results in [8, 10, 12, 27, 39, 48], and of Proposition 3.23.

e Type I : All factors of type I endowed with a faithful, normal nontracial state ¢.
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e Type IIT : All the almost periodic free Araki-Woods factors (1t, ¢r) endowed
with their free quasi-free state.

e Tensor products : All the tensor products (N,w) ® (Type I, ¢), where (Type I, ¢)
means a factor of type I endowed with a faithful normal state ¢, and (N w) is :

— Any finite-dimensional von Neumann algebra of the form C D--- D C with

a; > 0for all i and ) oy = 1. "
— (R, 7) the hyperfinite II; factor.
— Any interpolated free group factor L(F(s)), s > 1.

e Free products : All the free products of the previous examples.

5. Appendix on Amalgamated Free-Products

First, we recall this fundamental result by Takesaki on conditional expectations in
general von Neumann algebras.

THEOREM 3.26. [40] Let N C M be an inclusion of von Neumann algebras and ¢
a faithful normal state on M. Let (cf) be the modular automorphism group of ¢ on M.
There exists a state-preserving conditional expectation E : M — N iff the subalgebra N
is globally invariant under (o). Moreover, whenever E exists, it is unique. We shall call
it the state-preserving conditional expectation E from M onto N.

Let (B, ¢p) be a von Neumann algebra together with a faithful normal state. We shall
say that (M, ¢, E, p) is a quadruplet associated to B if :
— M is a von Neumann algebra with a faithful normal state ¢.
— p:(B,¢p) — (M, ¢) is a modular embedding.
— If E’ is the unique state-preserving conditional expectation from M onto p(B),
then £ = (p~H)E'.

Let (M;, ¢i, Es, pi) be two such quadruplets. We shall say that (M, ¢1, F1, p1) embeds into
(Mg, ¢2, Es, p2) if there exists a modular embedding 6 : M; < Ms such that the following
diagram is commuting

(Mi,¢1) —2 (Mo, ¢2)

| £

(B,éB) (B, ¢8B)
In particular, thanks to Theorem 3.26, it implies that E26 = FE;. We shall denote
(M, ¢1, Ex, p1) = (M2, 2, B2, p2).

If 6 is a state-preserving isomorphism, we shall say that the quadruplets (M, ¢1, E1, p1)
and (Ma, 9, E9, p2) are isomorphic and we will denote (M1, ¢1, Eq, p1) = (Ma, ¢2, Ea, p2).
B

We refer to [52] for the construction of the reduced amalgamated free product of C*-
algebras. Via a GNS construction, we can define the free product of two von Neumann
algebras (M;, ¢;, E;, p;) i = 1,2, with amalgamation over B. The main properties of this
amalgamated free product can be summarized in the following proposition (see also [25]
for the tracial case) :

PROPOSITION 3.27. Let (M;, ¢i, Ei, pi) i = 2 be two quadruplets associated to B
defined as before. There exists a quadruplet (M, ¢, E, p) such that
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- (M17¢17Elapl) ? (M> d)a Ea 10)

— M is generated by My and My which are free with amalgamation over B, i.e.,
E(ay---ap) = 0 wheneveraj € M,;, 1y # tg11 (1 <k <n—1) and E(a;) = 0, Vj.
We call (M, ¢, E, p) the amalgamated free product over B of (M;, ¢;, E;, p;) and we denote
(Ma (Z)v Eﬂ p) = <M17 d)l: Ela Pl) E(M% (Z)Qa E2a /)2)
If no confusion is possible, we will simply denote (M, ) = (M, ¢1)§(M2, ®2).

We describe now a natural way to define a quadruplet. Let (B, ¢p) and (M, 1)) be two
von Neumann algebras together with a faithful normal state. Let (M, ¢) = (B, ¢p)*(M, )
be their free product. We have a canonical state-preserving embedding p : (B, ¢p) —
(M, @), such that p(B) is globally invariant under (af) ) [11]. We regard M C M. De-
fine as before £/ : M — p(B) the (unique) state-preserving conditional expectation
and E = (p~1)E'. Let M° = M Nker(¢), p(B)° = p(B) Nker(¢) and denote as usual
Q = A(p(B)°, M°) the set of alternating products in p(B)° and M°. From [8], we know
that

Vbe B, E(p(b) = b
Vz e O\p(B)°, B(z) = 0.

PROPOSITION 3.28. Let (B, ¢p), (Ma,12) be two von Neumann algebras together
with a faithful normal state. Let (My, ¢1, E1,p1) be any quadruplet associated to B. Let
(Ma, ¢o, Ea, p2) be the quadruplet associated to B, constructed from (Ma,1p2) as above.
Then

(M, ¢1, Ev, p1) E(M27¢2,E2,/32) = (My, 1) ¥(Ma, 12).
Or, more simply

(M1, ¢1) x (B, ¢B) * (Ma,12)) = (M, ¢1) *(Maz,v2).

PROOF. Denote (Ma ¢)E7p) = (Mla¢1aE17pl)E(M25¢25E27p2)7 and

92‘ : (M’Lv(blaEZapZ) (E) (M7 ¢7 EJ p)

the embeddings of quadruplets. As p = 01p1 = 02p2, we see immediatly that (Mi, ¢1) and
(Mg, 1)9) embed in (M, ) in a state-preserving way and together they generate (M, ¢).
For notational convenience, we may assume M; C M. Denote M7 = M; Nker(¢), M3 =
Ma Nker(¢). Let W be a nontrivial alternating product in M7 and M3, so that W can
be written

W = xowix1 -+ - Wpky,

where z; € M3, w; € M7 for all j, except possibly o and/or z,, are equal to 1. Denote
Q= A(p2(B)°, M5). If W € My, there is nothing to do. If not, for each j, replace w; by

— ‘
wj = wj + bj,

where wé- € My Nker E and b; € p1(B)° = p2(B)°. Applying the replacement procedure
and multiplying some neighboring elements, we get ¢(W) = ¢(>_ W;) where each W; is a
nontrivial alternating product in M; Nker E and Q\p2(B)°. But, we saw that 2\ p2(B)°

ker E. Thus, by freeness over B, we get E(W;) = 0. But ¢(W;) = (¢ o E)(W;) =

-
0,
consequently ¢p(W) = 0. O
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LEMMA 3.29. Let (N,w) be a von Neumann algebra endowed with a faithful normal
state such that the centralizer N* is a factor. Let p; : (M3(C),wy) — (N,w), i = 1,2, be
two modular embeddings. Then there exists a unitary u in N such that Ad(u)py = p2. In
particular, using our notation

(Na W, P1, El) = (N? W, P2, EZ)
M>(C)

PrOOF. Let (p;;) ¢,5 € {0,1}, be the matrix unit in M>(C) such that wy(pi;) =
6i;M/(A+1). Let v = p1(p1o) € N and w = pa(p1o) € N. Let ¢¢ = v*v € N and
g2 = w*w € N. We see that w(q1) = w(g2) and ¢; and ¢o are in N“, the centralizer of the
state w. But N* is a factor. Since ¢; and ¢o are equivalent projections in N, there exists
a unitary u € N“ such that ugiu™ = ¢o. Thus, we may assume that ¢ = g2. We denote
by ¢ this projection.

We see that wv* € N“ is a unitary in (1 — ¢)N(1 — ¢). Thus v = ¢+ wv* € N¥ is a
unitary in N. Moreover, uvu* = wv*vqg = w. Consequently, 6, = Ad u is a state-preserving
x—automorphism of (N,w), such that 6,p1 = po. O

6. Remark

We still do not know whether all the free products of finite dimensional matrix algebras
(A1, ¢1) * (A2, ¢2) are isomorphic to free Araki-Woods factors. Assume that 4; = M, (C)
with

A1
¢1 =Tr oA <A

Let 8 €]0, 1] such that A\ < min{3,1 — #}. With our techniques, it is not difficult to see
that if one can prove that (A1, ¢1) * (C?,75) is a free Araki-Woods factor, then all the free
products (A1, ¢1) * (A2, ¢2) are also free Araki-Woods factors. That is exactly what we
did in Section 3 for n = 2. But one of the crucial ingredients in the proof was the precise
picture of Voiculescu in Theorem 3.16. This precise description no longer exists for n > 3
(see [12] for further details).
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Free Araki-Woods Factors are Generalized Solid

In his remarkable paper [18], Ozawa discusses the consequences of the following condi-
tion for a von Neumann algebra M. Let M C B(H) and denote m : C*(M,M') —
B(H)/K(H) the restriction of the quotient map.

CONDITION 4.1 (Ozawa, [18]). There are two C*-subalgebras A of M and B of M’,
so that

(1) A is locally reflexive
(2) A generates M and B generates M’
(3) The map
D ai @b 7Y aib;) € B(H)/K(H)

extends to a continuous map on the minimal (spatial) tensor product A Qmin B.

Ozawa proved that if M is finite and satisfies Condition 4.1, then it is solid : the
relative commutant M N A’ of any diffuse von Neumann subalgebra of M is injective.
The notion of solidity has been extended by Vaes and Vergnioux [46] to arbitrary von
Neumann algebras.

DEFINITION 4.2 (Vaes & Vergnioux, [46]). A von Neumann algebra M is said to be
generalized solid if the relative commutant M N A’ is injective for any diffuse subalgebra
A C M for which there exists a faithful, normal conditional expectation £ : M — A.

If M is solid and if N C M is a von Neumann subalgebra such that there exists
a faithful, normal conditional expectation £ : M — N, then N is solid. Moreover, a
generalized solid factor is prime, i.e., it cannot be written as the tensor product of two
diffuse von Neumann algebras. They proved the following theorem, which is the exact
analogue of Theorem 6 of [18] :

THEOREM 4.3 (Vaes & Vergnioux, [46]). Any von Neumann algebra M C B(H) sa-
tisfying Condition 4.1 is generalized solid.

We present now the main theorem of this note :

THEOREM 4.4. Let Hgr be a real Hilbert space, and (U;) be any orthogonal representa-
tion. The free Araki-Woods factor T'(Hgr,U;)” C B(F(H)) satisfies Condition 4.1.

PROOF. The proof of this theorem is inspired by the one of Theorem 4.2 in [33],
where Shlyakhtenko proved that the von Neumann algebra generated by a finite family of
¢-Gaussian random variables satisfies Condition 4.1 for ¢ < v/2—1. First of all, remind the
discussion at the beginning of Section 3 in [39]. Let Hr be a real Hilbert space, and (Uy)
be any orthogonal representation. We recall some notation. Let Hc be the complexified
space of Hr, and let H be the completion of Hc w.r.t. the following inner product

2
(z,y)u = <mx,y>,w},y € Hc,

59
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with A the infinitesimal generator of (U;) on Hg. Let F(H) be the full Fock space of H,
F(H)=CoaPH
n>1

we have the left and right creation operators :

. C JUOYL=¢
1) FH) ~ FH) {l(é)(&@--'@fn)=£®§1®-~®§n,

‘ o[ rmQ =,
r(n): F(H) — F(H) : {r(Z)(m@n--@nm)=m®"'®77m®77'

Denote now

l l * *
5(€) = 9, ; ©) () = r(n) 4;’(77)
the real part of [(§) and r(n). Consider the real subspace

Lge. .
Hy = iHg"""V ={ne H: (n&)u € R,VS € Hr}.

Let M = T'(Hgr,U;)" = s(Hr)" C B(F(H)) be the free Araki-Woods factor associated
with the Hilbert space Hr and the orthogonal representation (U;). Shlyakhtenko proved
in Theorem 3.3 of [39], that M’ = d(Hg)". Set

A= C*(s(Hr)), B =C*(d(Hg)), A= C*(I(HR)).

From [7, 48], it is well known that for Hgr of dimension n < co, A is an extension of the
Cuntz algebra O, by the compact operators, and for Hg separable infinite dimensional, A
is O. Thus, A is always nuclear. Consequently, A is locally reflexive (see the discussion
in [18]).

By definition, [[(£),r(n)] = 0 for all &, n. From [39], we know that if A L 2, then
[1(€),r(n)*]h = 0 for all £, n. Moreover,

WEr(n) =0
while
F) UER = (€U
Thus, [[(£),d(n)] = —(&,n)vPcq, where Pog is the orthogonal projection on CS2. Conse-
quently, we have shown that [A, B] ¢ K(F(H)).
Denote by 7 : B(F(H)) — B(F(H))/K(F(H)) the quotient map. It follows that the
images 7(A) and 7(B) commute. Thus, the map

Zai@)bin—wr(Zaibi), CLZ'GA, b, e B

is continuous for the max tensor product on A ® B. Since A is nuclear, we find that the

min and max tensor norms on A ® B coincide. Thus this map is ®min-continuous.
Restricting this map to the image of AQ B C AQuin B C A @pin B, we obtain finally

that Ozawa’s condition is indeed satisfied. O

COROLLARY 4.5. All the free Araki-Woods factors are prime. All the free products of
factors of type 1 are prime.

PRrOOF. Let (M;, p;), i = 1,2, be two factors of type I such that at least one of which
is non tracial. Let I' C R* be the subgroup generated by the point spectra of ¢; and s.
From Equation (5), we know that

(My, 1) * (Mz, 2) * L(Z) = (T, ¢r).
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The inclusion (M7, ¢1)*(Ma, p2) C (1T, ¢r) is modular. In particular, there exists a unique
state-preserving conditional expectation

E: (TFWPF) - (Mla(pl) * (M27802)'
Thus, the free product (M7, ¢1) * (Ma, ¢2) is solid and prime. O






CHAPITRE 5

Problems

I wish to end this text by giving a few problems which are related to my work.

PROBLEM 5.1. In my article [15], from a free, ergodic, measure-preserving flow, I
constructed a family of factors of type III; which entirely remembers the flow. One can
ask whether it is possible to find an invariant for this construction (and more generally
for any factor of type III;) that can give back this flow.

PrROBLEM 5.2. The second problem I am thinking about is to prove other isomorphism
results in the spirit of Theorem 3.5 ([16]). For example I would like to show that the
classical Araki-Woods factor of type IIIy, @n(M2(C),wy), is in the class S. To do this I
think I should further develop the algebraic techniques of Dykema and extend the matricial
models of Shlyakhtenko.

PROBLEM 5.3. One the most spectacular applications of the free entropy was the proof
of the lack of Cartan subalgebras in the free group factors L(F,,), 2 <n < +oo (see [47]).
Shlyakhtenko showed in [36] that the free Araki-Woods factors of type III, (0 < A < 1)
have no Cartan subalgebras. I think it could be possible to show that any almost periodic
free Araki-Woods factor cannot have a Cartan subalgebra (see [35]).

PrROBLEM 5.4. For M a factor of type II;, M is full if and only if it does not have
the property I' of Murray & von Neumann, in other words, any central sequence in M is
trivial. For a factor of type III;, this equivalence no longer holds. In general, to prove that
a factor of type II1; is full, one uses a 14¢ lemma a la Murray & von Neumann. Thus, one
proves a stronger result : one proves that actually any central sequence is trivial. Does
there exist a full factor of type III; which has non trivial central sequences ?
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RESUME. Ma theése porte sur le probléeme de la classification (& *-isomorphisme pres) de
certaines familles d’algebres de von Neumann. En effet, j’étudie des classes de facteurs
de type III provenant de deux contextes tres différents : la théorie ergodique et la théorie
des probabilités libres.

Tout d’abord, partant de v : R ~ (X, u) un flot libre, ergodique qui préserve la
mesure, et N un facteur de type Il., je construis de maniére canonique un facteur
de type IIli, noté Cy n, pour lequel je peux calculer le core et ’action duale. Cette
construction est en quelque sorte le “produit croisé” de N par le sous-groupe virtuel ~.
Si je fixe N un facteur plein de type Il., en utilisant un résultat de Popa, jobtiens
la classification suivante : si v; : R ~ (X5, u;), pour ¢ = 1,2, sont deux flots libres,
ergodiques qui préservent la mesure, alors

1 et y2 sont conjugués <= C,,; n et C,, N sont x-isomorphes.

C’est un phénomene de rigidité dans la théorie des facteurs de type III analogue a ceux
obtenus par Popa ces derniéres années pour les facteurs de type II;.

J’étudie ensuite le probleme de la classification des produits libres d’algebres de
von Neumann hyperfinies selon des états non-traciaux. Cette question a été résolue par
Dykema dans le cas tracial en utilisant les modeles matriciels de Voiculescu. Dans le cas
non-tracial, Dykema a réussi a calculer le centralisateur de ces produits libres mais le
probleme de la classification restait toujours ouvert. Je classifie complétement certains
de ces produits libres en montrant qu’ils sont en fait x-isomorphes, en préservant 1’état,
aux facteurs d’Araki-Woods libres presque périodiques de Shlyakhtenko. Par exemple,
pour A, > 0, je montre que

(M2(C),wn) * (M2(C),wy)
est *-isomorphe, en préservant 1’état, au facteur d’Araki-Woods libre dont I'invariant Sd

est engendré par \ et u. Les preuves reposent sur des techniques algébriques d’étymologie
libre et utilisent les produits libres amalgamés.



