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Résumé

Cette thése porte sur I'étude de diverses conséquences des résultats de catégorifications monoidales
d’algeébres amassées par les algébres de Hecke carquois, établis dans les travaux de Kang-Kashiwara-
Kim-Oh [69]. Nous nous intéresserons en particulier & trois aspects de cette théorie: en premier
lieu celui de la combinatoire, puis de la géométrie polytopale, et enfin celui de la théorie des
représentations géométrique.

Nous étudierons tout d’abord certaines relations combinatoires entre objets de nature a priori
différentes: d’une part, les g-vecteurs au sens de Fomin-Zelevinsky, et d’autre part les partitions de
racines qui paramétrisent les représentations simples de dimension finie des algébres de Hecke car-
quois de type fini. Ces relations proviennent directement de certaines compatibilités remarquables
entre différents ordres partiels naturels issus respectivement de la théorie des algébres amassées et de
la théorie des représentations. Nous montrons I'existence de telles relations dans le cas d’algébres de
Hecke carquois de type A,. Nous établissons également une expression explicite pour les partitions
de racines associées aux modules déterminantaux qui catégorifient une graine standard particuliére
de C[N].

La deuxiéme partie de cette thése est consacrée a la construction de polytopes de Newton-
Okounkov en utilisant de maniére naturelle la théorie des représentations des algébres de Hecke
carquois. Nous commencerons par étendre les résultats de la partie précédente au cas d’algebres de
Hecke carquois de tout type (fini) simplement lacé, et ce grace aux récents résultats de Kashiwara-
Kim [72]. Ceci joue un réle important dans la preuve de plusieurs propriétés combinatoires et
géométriques de ces polytopes. Nous montrons ainsi que les volumes de certains de ces polytopes
sont reliés & des formules des équerres (colorée) issues de la théorie combinatoire des éléments
complétement commutatifs des groupes de Weyl.

Enfin, nous étudierons les modules déterminantaux catégorifiant les graines standard de C[N]
a ’aide d’une notion géométrique a priori non reliée a la théorie des algébres de Hecke carquois
ni aux algébres amassées et appelée multiplicité équivariante, introduite par Joseph [63], Ross-
mann [108| et Brion [17]. Baumann-Kamnitzer-Knutson [6] ont récemment défini un morphisme
d’algébre D sur C[N] reli¢ aux multiplicités équivariantes des cycles de Mirkovié-Vilonen via la
correspondance de Satake géométrique. Nous montrons qu’en types A, et Dy, I'évaluation de D
sur les mineurs drapeaux de C[N] prend une forme distinguée, semblable aux valeurs prises par D
sur les éléments de la base canonique duale correspondant aux modules fortement homogénes des
algebres de Hecke carquois selon la construction de Kleshchev-Ram [78|. Ceci souléve également la
question de certaines propriétés de lissité des cycles MV correspondant aux mineurs drapeaux de
C[N]. Nous mettons également en évidence certaines relations entre les images par D des mineurs
drapeaux d’une méme graine standard et nous montrons qu’en tous types ADE ces relations sont
préservées par mutation d’une graine standard a une autre.
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Abstract

The purpose of this thesis is to investigate various consequences of Kang-Kashiwara-Kim-Oh’s
monoidal categorifications of cluster algebras via quiver Hecke algebras [69]. We are interested in
three different aspects of this theory: combinatorics, polytopal geometry, and geometric represen-
tation theory.

We begin by studying some combinatorial relationships between objects of different natures: the
g-vectors in the sense of Fomin-Zelevinsky on the one hand, and the root partitions parametrizing
irreducible finite-dimensional representations of finite type quiver Hecke algebras on the other hand.
These relationships arise from certain compatibilities between various natural partial orderings
respectively coming from cluster theory and representation theory. We prove the existence of such
relationships in the case of quiver Hecke algebras of type A,,. We also provide an explicit description
of the root partitions associated to the determinantial modules categorifying a particular standard
seed in C[N].

The second part of this thesis is devoted to constructing Newton-Okounkov polytopes in a
natural way using the representation theory of quiver Hecke algebras. We begin by extending the
results of the previous part to any (finite) simply-laced type using recent results of Kashiwara-Kim
[72]. This plays a key role for proving several combinatorial and geometric properties of these
polytopes. In particular, we show that the volumes of certain of these polytopes are related to
(colored) hook formulae coming from the combinatorics of fully-commutative elements of Weyl
groups.

Finally, we study the determinantial modules categorifying the standard seeds of C[N] using
certain a priori unrelated geometric tools, called equivariant multiplicities, introduced by Joseph
[63], Rossmann [108] and Brion [17]. Baumann-Kamnitzer-Knutson [6] recently defined an algebra
morphism on C[N] related to the equivariant multiplicities of Mirkovié¢-Vilonen cycles via the
geometric Satake correspondence. We show that in types A, and Dy, the evaluation of D on the
flag minors of C[N] takes a distinguished form, similar to the values of D on the elements of the
dual canonical basis corresponding to Kleshchev-Ram’s 78] strongly homogeneous modules over
quiver Hecke algebras. This also raises the question of certain smoothness properties of the MV
cycles corresponding to the flag minors of C[IN]. We also exhibit certain identities relating the
images under D of the flag minors belonging to the same standard seed and we show that in any
ADE type these relations are preserved under cluster mutation from one standard seed to another.
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Chapter 1

Introduction

1.1 Contexte historique et motivations

1.1.1 Groupes quantiques et anneaux de coordonnées unipotents

Introduits dans les années 1985 par Drinfeld [33] et Jimbo [62], les groupes quantiques peuvent étre
vus comme des déformations des algébres enveloppantes d’algébres de Lie simples complexes de
dimension finie. Etant donnée une telle algébre de Lie g simple de type fini, son algébre enveloppante
U(g) est en un sens la plus petite algébre associative contenant g. Bien que considérée comme un
objet de nature classique d’un point de vue algébrique, elle peut elle-méme étre construite comme
quantification de l’algébre des fonctions sur le groupe de Poisson-Lie correspondant & g (on renvoie
aux livres de Chari-Pressley et d’Etingof-Schiffmann [30, 34] pour plus de détails sur ce point).
Le groupe quantique Ug,(g) est une déformation de U(g) selon un paramétre ¢ qui en général est
supposé appartenir au corps des complexes. Le groupe quantique U,(g) peut étre muni d’une
structure d’algébre de Hopf ce qui confére naturellement une structure monoidale a la catégorie des
U,(g)-modules. La théorie des représentations des groupes quantiques est trés riche: en premier
lieu, les représentations irréductibles de dimension finie de U,(g) admettent une paramétrisation
remarquable en termes de plus haut poids. Par ailleurs, I’étude de ces représentations a permis
d’exhiber certaines R-matrices (ou opérateurs d’entrelacement) dans la catégorie des Uy (g)-modules
de dimension finie, c’est-a-dire des isomorphismes de U,(g)-modules

ruyv :UQV — VU
satisfaisant I’équation de Yang-Baxter i.e. rendant commutatif le diagramme suivant:

UVeW

VRUW UWeV

TU,W\L lTU,W

VWU WUV

m\%

WeVeU

Prouver I'existence de morphismes non triviaux solutions de cette équation est en général un prob-
leme difficile. Dans le cas des groupes quantiques, Drinfeld a en fait montré 'existence (et 'unicité)
d’une R-matrice universelle, i.e. un élément R € U,(g)®U,(g) ott & désigne un produit tensoriel
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complété. Cette R-matrice universelle se spécialise sur les représentations de dimension finie de
U,(g) en des morphismes comme ci-dessus qui sont alors toujours inversibles.

Il existe une généralisation de Ugy(g) obtenue par un procédé d’affinisation et appelée algébre
affine quantique. Drinfeld a montré que cette algébre pouvait en fait étre réalisée comme défor-
mation quantique de I'algébre enveloppante d’une algébre de Lie complexe g appelée algébre de
Kac-Moody affine. Cette algébre de Lie est de dimension infinie dont un sous-quotient est 1’algébre
des lacets Lg de g définie par

Lg:=C[t,t ] ®cg

ou ¢ est le paramétre d’affinisation. L’algebre affine quantique correspondante est alors notée Uy, (g).
Elle peut étre regardée autant comme un affinisation du groupe quantique U,(g) que comme une
quantification de U(g) selon le diagramme suivant.

affmlsitl/ml/j wn\jﬁzhcatwn
quantzfzc;;b\A %Znsatwn

Uq(9)

On peut également construire des opérateurs d’entrelacement dans certaines catégories de représen-
tations de dimension finie de l'algeébre affine quantique U,(g). Cependant, contrairement au cas
des groupes quantiques issus d’algébres de Lie de type fini, ces R-matrices ne sont pas des isomor-
phismes en général. Chari-Pressley ont donné une classification des représentations irréductibles
de dimension finie de I'algébre affine quantique U,(g) en termes de polynomes de Drinfeld, d’abord
dans le cas g = sly [29], puis dans le cas général [30]. Par les travaux de Frenkel-Reshetikhin [44],
on dispose également d’une notion de g-caractére, i.e. on a un morphisme d’anneau injectif

¢ Ko (Uy(8) —mod) — C[YTl ie I,ae CX]

,a

ou Y;, est une indéterminée pour chaque ¢ € I et a € C*. La notation Ky désigne 'anneau de
Grothendieck de la catégorie considérée. Pour certains modules simples, il est possible de calculer
explicitement ces g-caractéres en utilisant un algorithme appelé algorithme de Frenkel-Mukhin.

Pour une algébre de Lie ou de Kac-Moody affine g, on note n la sous-algébre nilpotente de g, et
N le groupe pro-unipotent associé & n. Le groupe quantique (ou l'algebre affine quantique) Uy (g)
admet une décomposition triangulaire, c’est-a-dire qu’on a un isomorphisme

Uye) ~ U (9) @ U; (8) @ Uy (9)

La partie positive U (g) dans la décomposition ci-dessus est isomorphe (en tant que Q(qg)-algébre)
a une g-déformation de 'anneau C[N] des fonctions sur N. Cette déformation est notée A, (n) et
appelée anneau de coordonnée unipotent quantique.

L’étude et la caractérisation de bonnes bases dans l'algebre A,(n) sont devenues des questions
importantes dés le début des années 1990 avec les travaux de Kashiwara et Lusztig. Kashiwara [70]
introduisit la notion de cristal comme modéle combinatoire pour décrire la structure des représenta-
tions irréducibles de dimension finie de Uy(g). Il définit la base globale inférieure (resp. base globale
supérieure) comme certaines bases cristallines du groupe quantique Uy (g) (resp. de 'anneau de
coordonnée unipotent quantique Aq(n)). Lusztig [88] utilisa des méthodes géométriques en étudi-
ant des catégories de faisceaux pervers sur certaines variétés carquois. Il définit la base canonique
(resp. base canonique duale) de U, (g) (resp. Agy(n)). Grojnowski-Lusztig [54] et Kashiwara-Saito
[73] ont prouvé que la base canonique duale coincide en fait avec la base globale supérieure. Une des
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propriétés essentielles de la base canonique (ou globale inférieure) est qu’elle permet de construire
naturellement des bases de toutes les représentations de dimension finie de Ug(g).

A la suite de 'introduction de ces bases remarquables, Berenstein et Zelevinsky remarquérent
que certains éléments de la base canonique duale admettaient des propriétés combinatoires intéres-
santes, et notamment que dans certains cas leurs produits étaient encore des éléments de la base
canonique duale. Dés lors se posa la question d’une description algorithmique des éléments de la
base canonique duale. Ceci fut I'une des motivations principales pour 'introduction des algébres
amassées par Fomin et Zelevinsky [41]. Leurs observations les avaient amenés a formuler la con-
jecture que les éléments de la base canonique duale pouvaient étre décrits comme les produits de
certains éléments irréductibles distingués regroupés en ensembles finis de méme cardinalité appelés
amas. Ces produits, appelés mondémes d’amas, peuvent étre décrits de maniére combinatoire grace
aux outils de la théorie des algeébres amassées développés dans [43]. Berenstein et Zelevinsky [10]
ont ensuite considéré certaines déformations non commutatives des algébres amassées, appelées
algébres amassées quantiques.

Geiss-Leclerc-Schréer [52] ont prouvé que I'anneau de coordonnée unipotent quantique A, (n)
admet une structure d’algébre amassée quantique. Plus généralement, ils définissent une famille
{A;(n(w)), w e W} de sous -algebres de A, (n) paramétrée par le groupe de Weyl W correspondant
a g, et ce pour n'importe quelle algébre de Kac-Moody g. Ces sous-algébres A, (n(w)) sont appelées
sous-groupes unipotents quantiques de Aq(n). Lorsque le paramétre ¢ tend vers 1, on obtient une
sous-algébre de C[N] notée C[N(w)]. Lorsque g est simple de type fini, la cellule A,(n(wp))
associée au plus long élément wy de W coincide avec Ay(n). Geiss-Leclerc-Schréer prouvent que
chaque sous-algebre A;(n(w)) de Ay(n) admet une structure d’algébre amassée quantique. En
s’inspirant de constructions dues a Berenstein-Fomin-Zelevinsky [7], ils construisent également de
maniére explicite de nombreux amas dans Ag(n(w)), paramétrés par 'ensemble des expressions
réduites de w. Leur construction repose sur des techniques de catégorification additive par des
catégories de représentations de dimension finie de P’algébre préprojective issues de [51] ainsi que
des travaux de Buan-Marsh-Reiten-Reineke-Todorov [21].

1.1.2 Algébres amassées

Les algebres amassées furent introduites par Fomin et Zelevinsky [41] dans les années 2000 dans
le but d’étudier des questions de positivité totale et de comprendre les propriétés combinatoires
des bases canoniques et canoniques duales des groupes quantiques. Ce sont des sous-algébres
commutatives du corps Q(z1, ...,z x) des fonctions rationnelles & N variables indépendantes. Elles
sont engendrées (en tant que Q-algébres) par certaines fonctions rationnelles appelées variables
d’amas définies de maniére inductive comme suit. On part d’une donnée initiale constituée des
éléments suivants:

1. le N-uplet de variables (z1,...,zN),

2. un carquois ) & N sommets sans boucle et sans 2-cycle.

Le N-uplet de variables (z1,...,xy) est appelé un amas et la donnée d’un amas et d’un carquois
Q est appelée une graine. On note J = {1,..., N} 'ensemble des sommets de ). On décompose J
en

J = Jex udJ fre

Les sommets des ensembles Jy, et Je, sont respectivement appelés sommets gelés et sommets
échangeables.

Pour chaque sommet échangeable k, on définit une nouvelle graine & partir de la graine initiale
S = ((z1,...,2N),Q) en remplacant () par un nouveau carquois @’ et xy par une nouvelle variable
). (les variables x;,j # k sont laissées inchangées). Le carquois Q' a le méme ensemble de sommets
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La graine 8" est don-
née par le carquois @’ et
lamas (z,...,2/) avec

xi =zj pour j #k

La graine S est don- Mutation dans la
née par le carquois Q)

et Vamas (z1,...,2N) direction k

Figure 1: Une mutation dans la direction k.

que @ mais a des fléches différentes, qui sont obtenues & partir de ) par un certain algorithme. La
nouvelle variable x} est entiérement déterminée par les variables d’amas x5, j # k et le carquois Q.
Elle est donnée par la relation d’échange

x%:lek Hm—i— ij . (1.1)

Le procédé qui consiste & produire la graine &’ := ((1,..., k1, T}, Th41,- .-, TN), Q') & partir de
la graine S = ((z1,...,2n), Q) est appelé mutation dans la direction k de la graine S.

La premiére propriété essentielle de ce procédé est son involutivité: si 'on mute deux fois
consécutivement dans une méme direction k, on retrouve la graine de départ. On peut ensuite
itérer ce processus en réalisant des suites (finies) de mutations dans des directions échangeables
arbitraires & partir d’une graine initiale S fixée. On obtient ainsi pour toute suite quelconque
t = (t1,...,t,) d’entiers appartenant a .J., une graine S* constituée d'un amas (zf,...,z%) et
dun carquois Q%. Les nouvelles variables obtenues ainsi (i.e. les variables :1:;c pour tous les i € J
et toutes les suites t arbitrairement longues) sont appelées variables d’amas. 1’algébre amassée
engendrée par la graine S est par définition la sous-Q-algébre de Q(z1, ...,z xN) engendrée par les
variables d’amas:

AS) 1= Qlat,i € 1 € Zoo,t = (b, ) € T2 ).

Les mondmes ne faisant intervenir que des variables d’amas appartenant a un méme amas sont
appelés mondémes d’amas.

Une algébre amassée peut contenir un nombre fini ou infini de variables d’amas. Autrement
dit le processus de mutations successives & partir d’une graine initiale fixée peut ne produire qu’un
nombre fini de graines distinctes, ou au contraire peut générer une quantité infinie de nouvelles
graines. Fomin-Zelevinsky [42] ont classifié¢ les algébres amassées de type fini, i.e. ne contenant qu'un
nombre fini de variables d’amas. Cette classification remarquable se fait en termes de diagrammes de
Dynkin. Les variables d’amas sont alors en bijection avec les racines presque positives correspondant
(c’est-a~dire la réunion des racines positives et des opposées des racines simples).

Le premier résultat fondamental de la théorie des algébres amassés est le phénomeéne de Laurent,
dt & Fomin et Zelevinsky [41]: pour une graine S fixée quelconque, toute variable d’amas x de
l'algébre amassée A(S) s’écrit comme polynéme de Laurent a coefficients entiers en les variables
d’amas de §. On appelle cela la décomposition amassée de x par rapport & S. Fomin et Zelevinsky
conjecturérent que les coefficients de ces polynémes de Laurent étaient en fait des entiers naturels.
Cette conjecture de positivité a d’abord été prouvée par Musiker-Schiffler-Williams [93| pour une
classe importante d’algébres amassées intensément étudiées [48, 39, 81|: celles provenant de surfaces
de Riemann triangulées. Lee-Schiffler [85] et Gross-Hacking-Keel-Kontsevitch [55] prouvérent la
conjecture de positivité dans le cas général. Une autre conjecture importante de la théorie des
algébres amassées est I'indépendance linéaire des mondémes d’amas, prouvée en toute généralité
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par Cerulli-Irelli-Keller-Labardini-Fragoso-Plamondon [28]. Comme on le verra dans la section
suivante, cette conjecture peut étre prouvée lorsque ’on dispose d’une catégorification monoidale
au sens de Hernandez-Leclerc [56| de l'algébre amassée considérée.

Il est en fait possible de préciser la forme de la décomposition amassée d’une variable d’amas
x par rapport a une graine S = ((x1,...,2n),Q). En effet, 'ensemble des monémes de Laurent
en (r1,...,xyN) peut étre muni d'un ordre partiel <s appelé ordre de dominance pour S selon la
terminologie de F. Qin [106] par analogie avec 'ordre de Nakajima dans la théorie des algébres
affines quantiques (voir Section 1.1.3). On peut alors montrer que la décomposition amassée de x
par rapport & S s’écrit

_ 0 gN
rT=x7 Ty + 2 amm

ott les ay sont des entiers et x8 := ' ---2%. Le N-uplet (g1,...,9n) € ZV est appelé g-vecteur
de x par rapport a S et est noté gs(z).

Autrement dit 'ensemble des monoémes de Laurent apparaissant dans la décomposition amassée
de = par rapport & S admet un unique monéme minimal et (de maniére duale un unique monoéme
maximal) pour <g. Ce résultat avait été conjecturé par Fomin-Zelevinsky [43| et a été prouvé par
Derksen-Weyman-Zelevinsky [32] dans le cas anti-symétrique en utilisant la théorie des carquois
a potentiels, et par Gross-Hacking-Keel-Kontsevitch [55] en toute généralité. La décomposition
amassée de x par rapport & S peut alors s’écrire

:zzF(gjl,...,y%)xﬁ“--'x%\'

ol Y1, - .-,Yn sont des mondémes de Laurent en x1,...,xn qui ne dépendent que de la graine de
référence S (et pas de x) et F' est un polynome de terme constant 1 appelé F-polynéme de x par
rapport & S. Si x est une variable d’amas quelconque et S et &’ sont deux graines reliées par
une mutation, les g-vecteurs gs(z) et gs/(z) sont reliés par une relation d’échange tropicale. Ces
derniéres relations apparaissent dans les travaux de Fock-Goncharov [38] comme des formules de
changement de base: a chaque graine S de A est associée une base d’un réseau, de telle sorte que
la base associée a une graine 8’ mutée de S soit reliée a la base initiale par ces relations d’échange
tropicales. Celles-ci jouent un réle crucial dans la construction des variétés amassées dans [38]
comme recollement de tores. Dans le cas des algébres amassées avec coefficients, les mutations
des coefficients sont également encodées par des vecteurs a coefficients entiers appelés c-vecteurs.
La conjecture prouvée par [32, 55| ci-dessus est équivalent & celle dite de cohérence de signes,
i.e. chaque c-vecteur a toutes ses composantes non nulles de méme signe (voir par exemple [97]).
Nakanishi-Zelevinsky [98] ont également mis en évidence une dualité entre c-vecteurs et g-vecteurs,
qui peut s’interpréter en termes de géométrie polytopale (voir [61]): les c-vecteurs peuvent étre
vus comme les vecteurs normaux aux facettes d’un polytope dont les sommets correspondent aux
g-vecteurs.

Berenstein-Zelevinsky [10] ont introduit certaines déformations non commutatives des algébres
amassées, appelées algébres amassées quantiques. Dans ce cadre, les variables d’amas d’'un méme
amas ne commutent pas, mais g-commutent, i.e. satisfont des relations de la forme

xTixj = inijxi.
Les résultats principaux de la théorie classique des algébres amssées, tels que le phénoméne de
Laurent ou la positivité des coefficients des décompositions amassées, admettent des analogues
quantiques (voir [10, 31]). Plus de détails sur les algébres amassées quantiques sont donnés dans la

Section 1.1.5.
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1.1.3 Catégorifications des algébres amassées

Tres vite aprés 'introduction des algébres amassées par Fomin et Zelevinsky, 'idée d’utiliser des
techniques de catégorifications s’est révélée particuliérement fructueuse. On peut regrouper ces
différentes catégorifications en deux grandes classes: celles dites additives et celles dites monoidales.

Les catégorifications additives sont apparues peu de temps aprés l'introduction des algébres
amassées par Fomin-Zelevinsky. Elles font intervenir des catégories de représentations carquois
telles que la somme directe de représentations correspond au produit dans une algébre amassée.
Les catégories amassées furent introduites par Buan-Marsh-Reineke-Reiten-Todorov [21] et furent
ensuite intensément étudiées par Caldero-Keller [22, 23], Amiot [1], Plamondon [101, 102]. Geiss-
Leclerc-Schroer [50] ont également mis en évidence de telles catégorifications, bien que de nature
un peu différente. Ils montrent que certaines catégories de modules de dimension finie sur les al-
gébres préprojectives de types de Dynkin finis simplement lacés catégorifient une structure amassée
naturelle sur les cellules unipotentes C[N(w)] de C[N].

Les catégories amassées admettent un nombre fini d’objets simples ainsi qu’un nombre fini
d’objets projectifs indécomposables. Les premiers sont en bijection avec les racines simples et les
seconds avec les racines positives du systéme de racines correspondant. En ce qui concerne les
représentations d’algébres préprojectives de type de Dynkin fini, les résultats de Geiss-Leclerc-
Schroer [50] montrent que les modules qui catégorifient les mondémes d’amas des anneaux de coor-
donée unipotents appartiennent & une certaine classe de modules appelés rigides.

Ici nous nous intéressons & un autre point de vue sur les catégorifications d’algébres amassées
da & Hernandez-Leclerc |56], et sensiblement différent du précédent.

Catégorifications monoidales

Partant d’une algébre amassée A, 1'idée est de réaliser A comme anneau de Grothendieck K(C)
d’une catégorie monoidale C via un isomorphisme compatible avec la structure amassée sur A. Plus
précisément, on requiert les deux conditions suivantes

1. Il y a un isomorphisme d’anneaux A —> Ky(C).

2. L’image d’un mondéme d’amas de A par cet isomorphisme est la classe d’'un objet simple dans

C.

On peut ainsi utiliser la théorie des algébres amassées pour comprendre la catégorie C, ou au
contraire utiliser la structure de C pour en déduire des résultats non triviaux au niveau de A. On
peut déja constater que cette définition impose implicitement certaines restrictions sur les objets
simples de C correspondant aux monomes d’amas dans A. En effet, par définition, le carré (et plus
généralement toute puissance) d’'un monéme d’amas est encore un monoéme d’amas. En revanche,
le produit tensoriel dans C d’un objet simple par lui-méme n’a aucune raison d’étre simple. Une
condition nécesssaire pour que la classe d'un objet simple M de C soit un monoéme d’amas dans
A est donc que M soit réel dans la terminologie de Hernandez-Leclerc [56], i.e. que M ®¢ M soit
simple dans C. Notons que la définition originale de [56] demande la condition plus forte d’avoir
une bijection

{objets réels simples de C}/ ~ «—  {mondmes d’amas de A}.

Il résulte également de la définition ci-dessus que les catégorifications monoidales d’algébres amassées
admettent une infinité d’objets simples & isomorphisme prés, ce qui les distingue des catégorifica-
tions additives qui n’admettent qu’un nombre fini d’objets simples.

18



CHAPTER 1

Algébres affines quantiques

Le premier exemple de catégorification monoidale d’algébre amassée a été construit par Hernandez-
Leclerc [56] en utilisant des catégories de représentations de dimension finie d’algébres affines quan-
tiques. Etant donnée une algébre de Lie g de type fini simplement lacé, on note g l'algébre de
Kac-Moody affine correspondante et on considére la catégorie C des représentations de dimension
finie de U,(g). Comme dans le cas des groupes quantiques de type fini, on peut construire des
opérateurs d’entrelacement dans la catégorie C, i.e. des morphismes de Ugy(g)-modules

T’U,V:U®V—>V®U

satisfaisant ’équation de Yang-Baxter (cf. Section 1.1.1). Cependant, contrairement au cas des
groupes quantiques, ces morphismes ne sont plus inversibles en général. Ils donnent donc lieu a des
suites exactes courtes dans C de la forme

0—Kerrypy —UQ®V — Imryy — 0.
Dans anneau de Grothendieck K((C), ceci équivaut a
[U]-[V] = [Ker ryy] + [Im ry,v].

L’idée de Hernandez-Leclerc est que certaines de ces relations peuvent interpréter comme les rela-
tions d’échange associées aux mutations d’une algébre amassée isomorphe (en tant qu’anneau) a
Ky(C).

L’ensemble des polynémes de Drinfeld qui paramétrisent I’ensemble des objets simples de C
peut étre muni d’une structure de monoide. Ce monoide est partiellement ordonné selon un ordre
appelé ordre de Nakajima. Hernandez-Leclerc [56] étudient en particulier une sous-catégorie C; de
C dont les objets simples sont donnés par certains polynémes de Drinfeld remarquables (cf. [56,
Sections 3.7-3.8]). Ils construisent un isomorphisme d’anneaux de Ky(C1) vers une algébre amassée
de type fini (i.e. contenant un nombre fini de variables d’amas) et formulent la conjecture que cet
isomorphisme induit une bijection entre les monémes d’amas et les classes d’objets réels simples
de C;. Ils prouvent cette conjecture pour les types A, et Dy. Cette conjecture fut prouvée en tout
type ADE par Nakajima [96] en utilisant la géométrie des faisceaux pervers sur certaines variétés
carquois (appelées variétés de Nakajima).

Hernandez-Leclerc [56] utilisent aussi ces résultats de catégorification monoidale pour établir
des correspondances entre objets issus de la théorie des représentations d’une part et de celle des
algébres amassées d’autre part:

Théorie des représentations Théorie des algébres amassées

Ordre de Nakajima ordre de dominance
Polynomes de Drinfeld g-vecteurs
g-caractéres F-polyndémes.

D’autres résultats de catégorifications monoidales ont été obtenus pour d’autres catégories de
représentations de Uy(g) [57, 20, 11]. Enfin Cautis-Williams [27] ont montré que la catégorie
de Satake cohérente pour la Grassmanienne affine était une catégorification monoidale de certains
anneaux de coordonnées affines.

Ici nous nous intéresserons tout particuliérement a d’autres exemples importants de catégori-
fications monoidales d’algébres amassées apparus dans les travaux de Kang-Kashiwara-Kim-Oh
[66, 67, 69, 72|. Les catégories qui interviennent dans ce cas sont des catégories de modules sur
certaines algébres appelées algébres de Hecke carquois ou algébres KLR.
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1.1.4 Algébres de Hecke carquois

On considére une algébre de Kac-Moody symétrique g et on note IT = {«;,i € I} 'ensemble des
racines simples de g ou I est un ensemble fini. On note également

Q4 = @Zzoai
i

Les algebres de Hecke carquois (ou algébres KLR) ont été introduites par Khovanov-Lauda [76]
et Rouquier [110]. II s’agit d’une famille {R(5),5 € Q4+} indexée par Q4 d’algébres associatives
Z-graduées. Pour chaque § € @, lalgébre R(S3) est engendrée par trois familles de générateurs:
des générateurs polynomiaux x1,...,Z,, des générateurs de tresse 7, ..., 7,1, et des idempotents
e(w) indexés par un ensemble fini (entiérement déterminé par () de mots sur I'alphabet I. Ces
idempotents commutent avec les générateurs polynomiaux et sont orthogonaux entre eux dans le
sens suivant:
6(11))6(11),) = 5w,w’e(w)

pour tous w,w’. Les autres relations généralisent celles qui définissent les algébres de Hecke affines,
d’olt la terminologie d’algébres de Hecke carquois. La principale propriété de ces algébres est de
catégorifier la partie négative du groupe quantique U,(g) associé a g au sens suivant. Pour chaque
B € Q4, on désigne par R(8) — gmod la catégorie des R(()-modules gradués de dimension finie.
On pose alors
R — gmod := (—D R(B) — gmod.
BeQ+

Cette catégorie peut étre munie d’une structure de catégorie monoidale, notée o, définie par induc-
tion parabolique. Le groupe de Grothendieck de R — gmod hérite par conséquent d’une structure
d’anneau. On a également un endofoncteur de décalage: pour tout objet M = @, ., M, dans
R — gmod on définit ¢ - M = @, .5(q- M), par (¢- M), := M,41. Ceci confére a I'anneau de
Grothendieck Ko(R — gmod) une structure de Z[g*!]-module. Khovanov-Lauda [76] et Rouquier
[110] prouvent qu'il existe un isomorphisme de Z[g*!]-modules

Ko(R — gmod) => Ay(n). (1.2)

La seconde propriété cruciale des algébres de Hecke carquois est que cet isomorphisme induit une
bijection entre les classes d’isomorphisme d’objets simples de R — gmod et la base canonique duale
(ou base globale supérieure) de A,(n). Ce résultat est di & Rouquier [110] et Varagnolo-Vasserot
[113].

Kleshchev et Ram [79] ont donné une classification des objets simples de R — gmod pour les
algébres de Hecke carquois de type fini, c’est-a-dire lorsque g est une algébre de Lie simple de
dimension finie. Cette paramétrisation d’objets simples utilise la combinatoire des mots Lyndon
et peut étre vue comme une catégorification des bases de Lyndon de A,(n) étudiées par Rosso
[109] et Leclerc [84]. Soit I I’ensemble indexant les racines simples de g et soit < un ordre total
arbitraire sur /. On note encore < l'ordre lexicographique induit sur 'ensemble M des mots (finis)
sur I'alphabet I. Pour chaque mot u € M, le poids de p est I’élément de Q) défini par

wt(v) := Y #{k, by = i}ou.
el

Kleshchev-Ram construisent une classe remarquable d’objets simples dans R — gmod appelés mod-
ules cuspidauz, paramétrés de maniére combinatoire par un sous-ensemble de M noté GL dont les
éléments sont appelés bons mots Lyndon. On a une bijection

GL — Oy
i wt(j)
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ou ¥, désigne '’ensemble des racines positives du systéme de racine de g. Les modules simples
dans R — gmod sont alors réalisés comme quotients de produits (pour la structure monoidale o de
R — gmod) de modules cuspidaux; en termes combinatoires, ils sont paramétrés par I’ensemble

M= {ji-jr |J1,. . Jk€GLJ1 = = i} = M. (1.3)

Pour p = ji---jr € M, l'unique (& isomorphisme prés) module simple de dimension finie L(u)
correspondant & p est donné par

L(p) = hd (L(j1) o -+~ o L(jk)) -

De plus, si p est de la forme j™ pour un certain j € GL, alors on a L(p) = L(j)°". Les éléments de
M sont appelés mots dominants ou partitions de racines. Une classification similaire a été étudiée
par McNamara [90]. Lorsque g est une algébre de Kac-Moody affine (non tordue), Kleshchev
[77] a établi une classification analogue des objets simples de R — gmod. Dans ce cas, il y a une
infinité de modules cuspidaux. Par ailleurs, on dispose alors seulement d'un étiquetage (c’est-a-
dire une bijection ensembliste) de ces modules cuspidaux par des partitions d’entiers, et non d’une
description explicite de chaque module cuspidal comme en type fini.

L’étude des modules cuspidaux fut I’'une des motivations principales & la définition par Kleshchev-
Ram [78] (en types simplement lacés) de certaines représentations irréductbles remarquables, ap-
pelées représentations homogénes. Ces modules vérifient la propriété d’étre concentrés en un seul
degré pour la graduation naturelle des algebres de Hecke carquois. Ces représentations sont clas-
sifiées par la combinatoire des éléments complétement commutatifs des groupes de Weyl. Les
propriétés combinatoires de ces éléments est trés riche et a été étudiée par Proctor [104, 105],
Stembridge [111], et Nakada [95]. On note FC I’ensemble des éléments complétement commutatifs
de W. La construction de Kleshchev-Ram [78] donne une bijection

FC — Hom
w — S(w)

entre ’ensemble Hom des classes d’isomorphisme de ces modules homogénes et le sous-ensemble
(fini) FC des éléments complétement commutatifs de W. Ces modules sont en un sens les seuls ob-
jets simples de R— gmod dont on puisse facilement calculer le caractére gradué: en effet, Kleshchev-
Ram [78] montrent que pour tout w € FC, les sous-espaces de poids de S(w) sont tous de dimension
1 et sont paramétrés par les expressions réduites de w.

Parmi cette famille de modules, on distingue une sous-famille remarquable, que l'on notera
Hom™, dont les éléments sont appelés modules fortement homogénes. L'image inverse de Hom™
par la bijection précédente est un sous-ensemble Min™ < FC dont les éléments sont appelés
dominant minuscules. Kleshchev-Ram avaient déja observé que les dimensions de ces modules
étaient donnés par la formule des équerres de Peterson-Proctor. Cette formule, introduite dans
un travail non publié de Peterson et Proctor, a été généralisée par Nakada [95] dans un contexte
purement combinatoire en une formule des équerres colorée qui peut s’écrire comme suit: si w est
dominant minuscule, alors on a

1 1 1 1
HB: Z 047'04' + o ”.Oé' + o+ + (14)
peey (i1,0in)eRed(w) 01 Tl T Gz i T, in

ot Red(w) désigne ’ensemble des expressions réduites de w et ai,...,ay, sont des variables al-
gébriquement indépendantes correspondant aux racines simples de g. Les racines positives sont
vues comme des fonctions linéaires en les a;. Si l'on évalue tous les a; en 1, alors cette égalité entre
fonctions rationnelles redonne la formule des équerres de Peterson-Proctor.
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1.1.5 Catégorifications monoidales des anneaux de coordonnées quantiques

Dans une série de travaux [66, 67, 69], Kang-Kashiwara-Kim-Oh utilisent la théorie des représenta-
tions des algébres de Hecke carquois pour établir des résultats de catégorification monoidale. Ces
résultats sont valables lorsque g est une algébre de Kac-Moody symmétrique. Grace aux résul-
tats de Khovanov-Lauda et Rouquier rappelés dans la Section 1.1.4, on dispose d’un isomorphisme
d’anneaux Ko(R—gmod) ~ C[N], ce qui établit la premiére condition d’une catégorification monoi-
dale (cf. Section 1.1.3). II reste donc a prouver que les mondémes d’amas de C[N] correspondent
toujours a des classes d’objets simples dans R — gmod.

Opérateurs d’entrelacement dans R — gmod

L’outil crucial dans les travaux de Kang-Kashiwara-Kim-Oh est la construction de R-matrices (ou
opérateurs d’entrelacement) dans R — gmod, c’est-a-dire pour chaque couple de modules M, N €
R — gmod, un morphisme de modules non-trivial

runN:MoN — NoM

satisfaisant ’équation de Yang-Baxter, i.e. faisant commuter le diagramme hexagonal suivant:

LoMoN
TLJ\,[ON W
MoLoN LoNoM
MOTL’N\L \LTL’NOM
MoNolL NoLoM
NoMolL

Dans ce diagramme la notation r7 ps o N désigne le morphisme qui agit comme ry, j; sur les deux
premiéres composantes de L o M o N et comme l'identité sur la troisiéme. Ces R-matrices sont
construites dans [66] en utilisant un procédé d’affinisation puis de renormalisation, par analogie avec
la théorie des algebres affines quantiques. Par construction, ces R-matrices sont compatibles avec
la Z-graduation naturelle des modules de R — gmod provenant de celle des algébres R(53),5 € Q.
Ces R-matrices ne sont pas des isomorphismes en général; par conséquent elles donnent lieu a des
suites exactes courtes dans R — gmod:

0— Ker ryyy —> MoN — Im ry ny — 0.
Dans anneau de Grothendieck Ky(R — gmod) cela donne
[M]-[N] = [Ker rar,n] + [Im 7a7, 5]

L’idée dans [56] est que certaines de ces égalités correspondent aux relations d’échange dans 1’algébre
amassée A, (n). Par ailleurs les R-matrices rps ny donnent certains critéres trés utiles pour prouver
que le produit de deux objets réels simples est encore simple. Ces critéres font intervenir de maniére
essentielle la graduation naturelle des objets de R — gmod.

Degré des R-matrices dans R — gmod

Etant donnés deux modules simples M et N dans R — gmod, la R-matrice rys,y est un morphisme
entre modules gradués; on peut donc considérer le degré de rps v, noté A(M, N). Kang-Kashiwara-
Kim-Oh [69] prouvent que si M et N sont simples et si M ou N est réel, alors M o N est simple si
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et seulement si A(M, N) = —A(N, M) (|69, Lemme 3.2.3]). Dans ce cas on dit que les modules M
et N commutent. La R-matrice rps n est alors un isomorphisme de modules gradués

ruN:MoN = qA(N’M)NoM

dont 'inverse est 7y s (& une constante multiplicative prés). De plus, Kang-Kashiwara-Kim-Oh
prouvent ([69, Théoréme 2.2.4]) que si M et N sont des objets simples tels que M ou N est réel,
alors I'image de rps v est toujours simple et coincide avec hd(M o N) ainsi qu’avec soc(N o M). De
méme 'image de ry s est toujours simple et coincide avec hd(N o M) ainsi qu’avec soc(M o N).
En particulier M o N et N o M ont des tétes et des socles simples.

Graines monoidales quantiques et leurs mutations

La notion de graine monoidale est introduite par Kang-Kashiwara-Kim-Oh comme une version
catégorifiée des graines des algébres amassées définies Section 1.1.2 ci-dessus. Comme dans le cas
des graines usuelles, on se donne un carquois ) (sans boucle et sans 2-cycle) & N sommets, mais
les N variables indépendantes sont remplacées par la donnée de N objets simples My, ..., My de
R—gmod tels que tous les produits M;, o---oM;,,i1,...,4 € {1,..., N} sont simples. En particulier
chaque M; est réel. Pour chaque k € Je;, la mutation d’une graine monoidale ((Mji,..., My), Q)
dans la direction k est constituée du carquois @’ donné par la mutation usuelle dans la direction k
et des objets simples My, ..., My_1, M|, Mjy11,..., My ot Mj est un objet réel simple uniquement
déterminé par k et par la graine monoidale de départ. La relation d’échange (1.1) prend alors la
forme catégorifiée suivante:

0— OinMZ' _—> Mk o M]é _— Ojeij —0

L’involutivité des mutations impose certaines relations sur les poids des M; (i.e. les §; € Q4 tel
que M; € R(B;) — gmod). En tenant compte de la graduation naturelle des objets de R — gmod,
Kang-Kashiwara-Kim-Oh adaptent la notion de graine monoidale au cas quantique. Une graine
monoidale quantique est alors définie par la donnée d’un carquois (), d’une matrice carrée de taille N
anti-symmétrique L = ();;), et de N objets réels simples My, ..., My tels que M;oM; ~ ¢*ii MjoM;
pour tous 1 < 4,5 < N; on demande en outre que la matrice L et le carquois () soient compatibles
dans le sens de Berenstein-Zelevinsky [10, Définition 3.1|. Dans le cas de R — gmod, la matrice L
est donnée par les degrés des R-matrices entre les M;:

L:=(—A(M;, Mj))lsz’,jgN .
Les relations d’échanges issues des mutations s’expriment alors par des suites exactes courtes
graduées de la forme

On renvoie & ([69, Définition 3.1.3]) pour une définition précise de A(Mj, Mj).

L’un des résultats essentiels de [69] (|69, Théoréme 7.1.3]) consiste & montrer que si une graine
monoidale quantique S admet une mutation S, dans chaque direction k € Je,, alors il en est
de méme pour toutes les graines monoidales S;,k € J.,. Autrement dit, si on peut muter S
une fois dans chaque direction échangeable, alors on peut en fait effectuer des suites arbitraires
de mutations & partir de S. Par conséquent, 'existence d’une telle graine monoidale quantique S
implique directement les résultats de catégorifications monoidales voulus. Dans le cas de R—gmod,
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il ne reste donc plus qu’a mettre en évidence une telle graine monoidale. Kang-Kashiwara-Kim-
Oh prouvent ([69, Théoréme 11.2.2]) que les versions catégorifices des graines S' construites par
Geiss-Leclerc-Schroer [52] satisfont la condition voulue. Ceci prouve que R — gmod constitue bien
une catégorification monoidale de A,(n) et donc que les monémes d’amas de A4(n) appartiennent
a la base canonique duale. On renvoie a l'exposé de Kashiwara lors de 'ICM 2018 [71]| pour
davantage de précisions sur le role que jouent les catégorifications monoidales d’algébres amassées
dans la théorie des bases cristallines, notamment via les bases globales des anneaux de coordonnée
quantiques.

En utilisant les mémes techniques, Kang-Kashiwara-Kim-Oh construisent également une caté-
gorification monoidale de chaque cellule unipotente quantique Aq(n(w)) par une sous-catégorie
Cw de R — gmod. Ces catégories Cy, w € W peuvent étre vues comme des analogues monoidaux
des catégories de représentations de 'algébre préprojective considérées par Geiss-Leclerc-Schroer
[51, 52|. Lorsque g est de type fini, la catégorie R — gmod coincide avec C,, ot wy désigne le plus
long élément du groupe de Weyl de g.

Modules déterminantaux

Geiss-Leclerc-Schroer [52] ont construit une famille de graines remarquables dans C[N] ainsi que
dans chaque cellule unipotente C[N(w)]. Leur construction fait intervenir la structure d’algébre
amassée quantique de Ay(n) (resp. Ay(n(w))) mais on ne rappelle ici que la version classique. La
construction de Geiss-Leclerc-Schréer [52] fournit pour chaque w € W une famille de graines

{S1ie Red(w)}

dans C[N(w)], paramétrée par I’ensemble Red(w) des expressions réduites de w. Ces graines
sont parfois appelées graines standard de C[N(w)]. Cette construction repose sur des techniques
de catégorification additive via des représentations des algébres préprojectives. Kang-Kashiwara-
Kim-Oh [69] adaptérent ceci au cadre des catégorifications monoidales en considérant les objets
simples de C,, correspondant aux variables d’amas des graines S via l'isomorphisme (1.2).

R—gmod > (Mi,...MY) modules déterminantaux de S

C[N] 5 (af,...,7l) variables d’amas de S'.

Ces objets simples de R — gmod appartiennent a C, (par construction de C,) et sont appelés
modules déterminantaux de C,,. Par |69, Proposition 10.2.4], les modules déterminantaux peuvent
étre obtenus récursivement par applications successives des foncteurs d’induction qui catégorifient
la structure cristalline de la base canonique duale. On renvoie a [82] pour plus de détails sur ce
dernier point.

Dualité de Schur-Weyl affine quantique généralisée

Hernandez-Lelcerc [58] ont mis en évidence un isomorphisme d’anneaux entre la partie négative
U, (g) du groupe quantique (de type fini) U,(g) et une déformation quantique de I'anneau de
Grothendieck d’une certaine sous-catégorie Cg (dépendant d’un carquois @) de représentations de
dimension finie de 'algébre affine quantique associée a g. De plus, ils ont montré que la base
canonique de U (g) correspond & la base des objets simples dans Cg. Ainsi 'anneau de coor-
donnée quantique Ay(n) (isomorphe a la partie positive du groupe quantique U,(g)) admet deux
catégorifications par des catégories a priori différentes : d’une part via des catégories de représen-

tations de dimension finie de 'algébre affine quantique U,(g), d’autre part par des catégories de
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modules sur les algébres de Hecke carquois associées a g. Kang-Kashiwara-Kim-Oh [68] ont mis en
évidence un foncteur qui relie ces deux catégories. Lorsque g est de type A, ou D, ce foncteur est
exact, monoidal, et envoie objets simples sur objets simples. Fujita [47] a également prouvé que ce
foncteur est une équivalence de catégories.

e ey

R — gmod : modules Cqo < Uy(g) — mod :
(gradués) de dimensions représentations de di-
finies d’algébres de Hecke mensions finies d’algébres
carquois affines quantiques

Agy(n) : partie positive du
groupe quantique Ug(g)

1.1.6 Corps de Newton-Okounkov

Les corps de Newton-Okounkov ont été introduits par Kaveh-Khovanskii [75] et indépendamment
par Lazarsfeld-Mustata [83] en s’inspirant d’idées d’Okounkov [99]. Le point de départ des travaux
d’Okounkov était I’étude de certaines propriétés de log-concavité des multiplicités de représentations
irréductibles d’un groupe réductif connexe G dans le G-module de I'algébre des fonctions sur une
variété projective X munie d’'une action de G. La preuve d’Okounkov fait intervenir certains
polytopes qui coincident dans ce cas avec des polytopes déja connus sous le nom de polytopes de
Gelfand-Tsetlin. Kaveh-Khovanskii [75] et Lazarsfeld-Mustata [83] ont repris et généralisé cette
construction & un cadre plus large. Les objets obtenus sont toujours compacts convexes dans
un espace vectoriel de dimension finie sur un corps algébriquement clos, mais ne sont plus des
polytopes en général. On les appelle corps de Newton-Okounkov ou simplement corps d’Okounkov.
Leur construction repose sur les trois objets élémentaires suivants:

e un corps algébriquement clos k.

e une k-algébre A munie d’'une N-graduation telle que chaque composante homogéne de A est
de dimension finie en tant que k-espace vectoriel.

e une valuation de rang rationnel maximal ¥ sur A a valeurs dans Z" pour un certain N > 1.

La présente formulation de la derniére propriété est tirée du séminaire Bourbaki de Sébastien Bouck-
som [13]; Kaveh-Khovanskii [75] utilisent la terminologie de valuations avec feuilles de dimension 1.
On renvoie & [13] pour une preuve du fait que ces deux définitions sont essentiellement équivalentes.
Cette propriété a pour conséquence cruciale que pour chaque n > 0, on a

dim Ay, = §¥(A,\{0})

permettant ainsi d’étudier I’asymptotique de dim A, lorsque n — o0. Pour toute sous-algébre
graduée B de A, le corps de Newton-Okounkov de B est défini par

A(B) := Conv (U i@(&z\{()}))

n=1
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La propriété essentielle des corps de Newton-Okounkov est que leur volume est intimement relié
au comportement asymptotique de la fonction de Hilbert de B (voir par exemple |75, Théoréme
2.31]). La théorie des corps de Newton-Okounkov s’est révélée étre un outil puissant en géométrie
algébrique notamment dans les travaux de Boucksom-Chen [14] pour apporter des preuves spec-
taculaires de certaines conjectures ou résultats qui utilisaient auparavant des techniques plus lour-
des. Les corps de Newton-Okounkov ont aussi fait leur apparition en théorie des représentations
[74, 45, 46] ou ils permettent d’obtenir de nouvelles constructions des string polytopes définis par
Berenstein-Zelevinsky [9] et Littelmann [86]. Ils sont également d’une grande utilité dans I’étude
des dégénérations toriques [12, 35]. La thése de Lara Bossinger [12] donne un excellent apergu
des différents domaines d’application de ces constructions et de leurs intéractions. Récemment, les
corps de Newton-Okounkov ont également été utilisés par Rietsch-Williams [107] dans un contexte
différent, plus proche de la combinatoire et de la géométrie des Grassmaniennes. Dans ce cas,
les corps de Newton-Okounkov sont issus de certaines algébres de sections globales de fibrés en
droite sur la Grassmannienne Gr,_(C") (la variété des sous-espaces de codimension k dans C").
La valuation est définie & partir de la structure d’algébre amassée sur ’anneau des fonctions sur
Grp—(C™).

1.1.7 Cycles de Mirovié-Vilonen et multiplicités équivariantes

Dans cette section, on rappelle les principales notions de la théorie des cycles de Mirkovié-Vilonen
dans les Grassmanniennes affines d’aprés [92, 6]. Ces éléments seront utiles dans I’étude des mul-
tiplicités équivariantes sur C[N]. On renvoie & [114] pour plus de détails sur les Grassmanniennes
affines ainsi que sur la correspondance de Satake géométrique.

Correspondance de Satake géométrique et bases MV

Mirkovi¢-Vilonen [92] ont découvert une correspondance inattendue entre certaines catégories de
faisceaux pervers sur la Grassmannienne affine Grg associée a un groupe réductif complexe G et
la catégorie des représentations de dimension finie du dual de Langlands G de G. Ils mirent en
évidence un foncteur reliant ces deux catégories et prouvérent que ce foncteur satisfait plusieurs
propriétés remarquables. C’est la correspondance de Satake géométrique. En particulier, pour
chaque couple (A, ) de poids de G tels que A est dominant, le sous-espace de poids p de la
représentation simple V' (\) de plus haut poids A de G peut étre interprété comme un espace
d’homologie d’une certaine sous-variété de Grg dont les composantes irréductibles sont appelées
cycles de Mirkovié-Vilonen de type X et de poids p. On note Z(\), 'ensemble de ces cycles MV.
Les classes des cycles MV de Z(\), forment alors une base de V(\), ce qui implique en particulier

dim V() = 2(\),.

En considérant la réunion de toutes ces bases pour p variant dans ’ensemble des poids, on obtient
une base de V(\) appelée base MV (supérieure) de V(A). Cette base peut étre munie d’une
structure de base cristalline dans le sens de Kashiwara [70] (voir [16, 4]). On peut alors concaténer
les bases MV des V(A) (ou A décrit l'ensemble des poids dominants) pour former une base de
C[N] appelée base MV de C[N] (voir |6, Section 6.1] pour plus de détails). Cette base est notée
{bz,Z € Z(0)} on Z(00) désigne une famille de cycles MV appelés cycles MV stables. Les travaux
de Kamnitzer [65], Anderson [2] et Baumann-Kamnitzer [5] ont montré que cette base peut étre
également paramétrée de maniére combinatoire en termes de polytopes MV et que ces polytopes
rendent compte de la structure cristalline de la base MV. On renvoie aussi a [3, 112] pour des
généralisations des polytopes MV aux types affines.
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Multiplicités équivariantes des bases de C[N]

Dans ce paragraphe, on rappelle certains outils utilisés par Baumann-Kamnitzer-Knutson [6] pour
prouver une conjecture de Muthiah [94]. Cette conjecture portait sur la W-équivariance d’'une
certaine application V(A) — C(aq,...,ay), ot L(\) est la représentation simple de plus haut
poids A de GY. Cette application est définie par certains outils géométriques appelés multiplicités
équivariantes introduites par Brion [17]. La preuve de [6] fait intervenir de maniére cruciale la
correspondance de Satake géométrique ainsi qu'une formule de Knutson [80] pour les mesures de
Duistermaat-Heckmann.

La notion de multiplicité équivariante d’un schéma projectif fermé fut introduite par Brion [17].
Etant donné un tel schéma X muni d’une action d’un tore T, on note X T 'ensemble des points fixes
pour cette action et on considére 'espace H (X) d’homologie T-équivariante de X. Les résultats
de Brion [18] impliquent que 1’ensemble des classes d’homologie équivariantes des points de X7
forme une base de HZ' (X). On peut donc décomposer la classe d’homologie de X sur cette base:

[(X]= > & X)p}.

peXT

Le coefficient eg(X ) est une fonction rationnelle en ay, ..., a;, appelée multiplicité équivariante de
X en p. Plus généralement, on peut aussi considérer la multiplicité équivariante en p de n’importe
quelle sous-variété fermée T-invariante Y < X. On la note eg(Y). Cette fraction rationnelle est
nulle si Y ne contient pas p. Lorsque p € Y, il y a un essentiellement une seule situation ou 1’on
peut connaitre précisément la forme de eg(Y): si p est non dégénéré alors on a

: T 1
Yisseenp = ¢,(Y) BB

our:=dim(Y) et 5i,,..., 5, désignent les poids de I'action de T sur T,,Y < T, X.

Baumann-Kamnitzer-Knutson [6] ont appliqué cette notion de multiplicité équivariante a la
théorie des cycles MV. Ainsi avec les notations précédentes, on considére X := Grg la Grassman-
ienne affine associée a un groupe réductif simple G, munie de l'action du tore 7'(C). L’ensemble
des points fixes de cette action est en bijection avec ’ensemble des poids de g et ses éléments dont
notés L,,u € P. Pour chaque p € P, le point L, appartient a tous les cycles MV de poids p,
qui jouent le réle de Y puisqu’ils sont invariants sous 'action de T'. L’un des principaux résultats
de Baumann-Kamnitzer-Knutson [6] est d’interpréter la multiplicité équivariante d’un cycle MV Z
comme 'image de ’élément correspondant by de la base MV de C[N] par un morphisme d’algébres

D :C[N] — Q(aq,...,an).

En particulier, on obtient en utilisant les résultats de Brion [17] évoqués plus haut que pour tout
Z est un cycle MV (stable) de poids —pu, si Z est lisse en L, alors
Dlby) — — (1.5)
z) = ‘
Bi--- Bm
ou fB1,...,053m € 4 sont les poids de 'action de T sur 'espace tangent a Z en L,. Ce morphisme
D constitue un outil utile pour comparer différentes bases de C[N]. Ainsi Dranowski-Kamnitzer-
Morton-Ferguson [6] montrent que la base MV et la base semicanonique duale ne sont pas les mémes
en considérant certains éléments de ces bases satisfaisant certaines conditions de compatibilité (cf.
|6, Definition 12.1]) mais sur lesquels D prend néanmoins des valeurs différentes.
Dans cette thése, on s’intéressera tout particuliérement aux images par D des éléments de la
base canonique duale. Comme on ’a vu dans la section 1.1.4, un tel élément peut étre vu comme
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la classe d’isomorphisme d’une représentation irréductible de I’algébre de Hecke carquois associée
a g. Un tel module M peut se décomposer comme la somme de ses sous-espaces de poids

M = @ e(w) - M.

weSeq(wt(M))

L’évaluation de D en [M] e C[N] est alors donnée par

_ 1

D(M) = dim(e(w) - M) . (1.6)
wz(gnm iy (iy + i) - (o + - aiy)

Dans la troisiéme partie de cette thése, on utilisera cette expression pour calculer les multiplicités

équivariantes de divers éléments de la base canonique duale. On s’intéressera notamment aux

classes des modules (fortement) homogenes, ainsi qu’aux mineurs drapeaux de C[N]. On discutera

également des liens possibles entre ces deux familles déléments de C[N].

1.2 Reésultats de la thése

Cette section rassemble les différents résultats obtenus dans cette thése. En premier lieu, on
s’intéresse aux partitions de racines (ou mots dominants) qui paramétrisent les objets simples de
R — gmod comme on I’a vu dans la section 1.1.4. On montre que ’ensemble de ces partitions de
racines peut étre muni d’une structure de monoide (abélien) dont la loi est compatible avec le pro-
duit de convolution dans R — gmod (Théoréme 1). Ceci permet de formuler une conjecture portant
sur l'existence de certaines compatibilités entre certains ordres partiels provenant de la théorie des
algébres amassées d’une part et de la théorie des représentations d’autre part (Conjecture A). On
prouve cette conjecture en type A, (Théorémes 2 et 3), puis en tout type fini simplement lacé
(Théoréme 3.2.7) en utilisant certains résultats récents de Kashiwara-Kim [72]. Ces compatibil-
ités entre ordres partiels impliquent certaines relations remarquables entre g-vecteurs des variables
d’amas de C[N] et partitions de racines des objets simples correspondant dans R — gmod. Des ré-
sultats similaires ont été obtenus par Kashiwara-Kim [72] dans un cadre plus général. On présente
ensuite dans la Section 1.2.3 une construction de corps de Newton-Okounkov naturellement asso-
ciés aux anneaux de coordonnée (quantiques) et leurs cellules unipotentes. On prouve plusieurs
résultats qui décrivent des propriétés géométriques et combinatoires de ces corps (Proposition 1.2.3
et Théorémes 5 et 6). On énonce également une conjecture reliant deux types de combinatoires
a priori différents: la théorie des algébres amassées d’une part et celle des éléments complétement
commutatifs des groupes de Weyl d’autre part. Les expressions rationnelles intervenant notam-
ment dans le Théoréme 6 sont similaires a certaines formules intervenant dans un travail récent de
Baumann-Kamnitzer-Knutson [6], qui porte sur la géométrie des Grassmanniennes affines et des
cycles de Mirkovié-Vilonen. Baumann-Kamnitzer-Knutson [6] utilisent certains outils géométriques
appelés multiplicités équivariantes introduits par Brion [17] et les relient & I’évaluation sur les élé-
ments de la base MV d’un certain morphisme d’algébres D défini sur C[N]. A la fin de cette
thése, on se propose d’étudier les images par D de certains éléments de la base canonique duale
de C[N] via la catégorification de cette derniére par les objets simples de R — gmod. On montre
que lorsque g est de type A,,n = 1 et Dy, I'évaluation de D sur les mineurs drapeaux de C[N]
prend une forme remarquable (Théoréme 7). On met aussi en évidence certaines identités reliant
les images par D des mineurs drapeaux d’une méme graine standard, et on montre qu’en tout type
ADE ces relations sont préservées par mutation d’une graine standard & une autre (Théoréme 8).
On formule également certaines conjectures qui suggérent que ces valeurs distinguées prises par D
pourrait constituer une caractérisation des monoémes d’amas des graines standard (Conjectures C
et D). On conclut par une possible interprétation géométrique de cette caractérisation en utilisant
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la précédente construction de corps de Newton-Okounkov. Enfin on présente en annexe quelques
programmes effectués a ’aide du logiciel de calcul formel SAGE qui étayent les observations et
conjectures portant sur les multiplicités équivariantes des modules déterminantaux en types A, et
Dy.

1.2.1 Partitions de racines et g-vecteurs

On considére & présent une algébre de Lie g simple de type fini et on fixe un ensemble I indexant
les sommets du diagramme de Dynkin de g. Soit « une variable d’amas quelconque dans A, (n)
et soit M l'unique (& isomorphisme et décalage prés) objet simple de R — gmod tel que [M] =
x. Considérons la décomposition amassée de x par rapport & une graine S = ((x1,...,znN), Q)
arbitraire fixée; on sait que parmi les mondémes de Laurent en les z; qui interviennent dans cette
décomposition, il y en a un et un seul qui est maximal pour 'ordre de dominance <g, donné par
le g-vecteur gs(z) de = par rapport a S. Par ailleurs, on dispose d’une décomposition de M en un
nombre fini de sous-espaces de poids

M= P e(w) M.
weM

L’ensemble M étant totalement ordonné, on peut considérer ¥)(M) le plus haut poids de M dans
le sens suivant

(M) := max (w, e(w) - M #0).

Il est naturel de se demander si on peut relier ¢)(M) au g-vecteur de x par rapport a S. Le
diagramme suivant résume la situation: la commutativité du carré supérieur consiste exactement a
demander que C soit une catégorification monoidale de A (chaque ligne correspondant a 'une des
deux propriétés requises). La partie gauche du diagramme n’utilise que des éléments de théorie des
algébres amassées; les fleches verticales sont issues des résultats de [43, 106, 32, 55]. A contrario,
la partie droite ne dépend que de la structure de la catégorie C et les fléches verticales reposent
seulement sur des notions classiques de théorie des représentations.

A = Ko(C)
monomes d’amas® objets simples
ordre de dominance <g<- - — A > ordre naturel <
ﬂ ? . .
g-vecteurs < — — — — — — — — — > paramétres d’objets simples

On peut déja noter que ¥ (M) est indépendant de S, ce qui n’est pas le cas du g-vecteur gs(z).
On a donc formalisé dans cette thése une propriété au niveau de la graine S qui garantit I'existence
d’une telle relation: c’est la notion de graine compatible (|25, Définition 4.7]). Cette définition
dépend d’un choix préalable de paramétrisation des objets simples dans la catégorie étudiée, c’est-
a-dire une bijection ensembliste

¥ : {[S], S objet simple de C} — (M, ®, <)

de I'ensemble des classes d’isomorphisme des objets simples de C vers un monoide (M, ®) muni
d’un ordre partiel <. Une graine S de A est dite compatible si la paramétrisation choisie v induit
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une compatibilité entre 'ordre < et l'ordre de dominance pour § au sens de F. Qin [106]. En
particulier on a

[M] <s [N] dans A = +([M]) < ¢ ([N]) dans M.
Dans cette thése, on propose la conjecture suivante:

Conjecture A (|25, Conjecture 4.10]). Soit A une algebre amassée. On suppose que A admet une
catégorification monoidale artinienne C. On suppose que les objets simples de C sont paramétrés
par un monoide partiellement ordonné satisfaisant un certain couple d’hypothéses A et B (voir
Section 2.3.2 ci-dessous). Alors il existe une graine compatible dans A.

Le premier exemple de graine compatible apparait dans les travaux de Hernandez-Leclerc [56]
dans le cadre de catégorifications d’algébres amassées de types finis A,, et D4 par certaines catégories
de représentations de dimension finie d’algébres affines quantiques. Dans ce cas, le monoide qui
décrit les objets simples (& isomorphisme prés) est I'ensemble des mondmes dominants introduits
par Frenkel-Reshetikhin [44] (la loi ® est alors simplement la multiplication usuelle de monémes)
et 'ordre partiel < est I'ordre de Nakajima. Les relations entre g-vecteurs et paramétres d’objets
simples sont également données de maniére explicite (|56, Corollaire 7.4]). Dans un travail ultérieur
de Hernandez-Leclerc [59] ces relations entre g-vecteurs et polynomes de Drinfeld jouent un role
important et ont des conséquences de nature géométrique via les résultats de Plamondon [102, 103].

Ici on s’intéresse a la catégorie R — gmod pour une algébre de Lie g simple de type fini. On
note I ’ensemble des sommets du diagramme de Dynkin de g. Par les résultats de Kleshchev-Ram
[79], on dispose d’un grand nombre de choix de paramétrisations v des objets simples de R — gmod,
chacune étant entiérement déterminée par le choix d’un ordre total arbitraire < sur I. L’ensemble
des classes d’isomorphisme d’objets simples dans R — gmod est en bijection avec ’ensemble M des
mots dominants donné par ’Equation (1.3).

Dans cette thése, on commence par montrer que I'on peut munir M d’une structure naturelle
de monoide: pour tous pu, i’ € M, on note u @ p/ 'unique élément de M tel que la décomposition
du produit [L(p)] - [L(p')] sur la base des classes d’objets simples dans R — gmod s’écrit

[L()]- L] = L0+ ), a[L®)]

v<pOp’

ou (ay) est une famille presque nulle d’entiers naturels.

Notons N le nombre de racines positives de g et {j; < --- < jn} les éléments de GL ordonnés
dans 'ordre croissant. Le premier résultat de cette thése est le suivant. Il est prouvé en type A,
dans [25] et dans sa version générale ci-dessous dans [24].

Théoréme 1 (|25, Théoréme 5.5|,[24, Proposition 2.4]). Soit g une algébre de Lie simple de type
classique fini et soit < un ordre total arbitraire sur 1. Alors la loi © confére @ M une structure de
monoide (abélien) et on a un isomorphisme de monoides

(MaQ) - (ZJZVO’_'_)
NN 31t — (c1,...,cN).

Dans le cas ou g est type A,, on met en évidence une graine compatible dans 1’algébre amassée
Ag(n). On fait le choix de 'ordre naturel 1 < --- < n sur 'ensemble des sommets du diagramme de
Dynkin de g. La premiére étape consiste a calculer explicitement les mots dominants correspondant
aux modules simples d'une graine S! issue de la construction de Geiss-Leclerc-Schréer.

Théoréme 2 (cf. Théoréme 2.5.1). Soit g une algébre de Lie de type A, et soit S§ la graine de
Ay(n) correspondant a lexpression réduite

(1,2,1,3,2,1,...,n,n—1,...,1)
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de wq selon la construction de [52, 69]. Alors les modules simples de R — gmod correspondant aux
variables d’amas de S peuvent étre décrits en termes de mots dominants comme suit:

Sur la derniére ligne figurent les modules correspondant aux variables gelées.
Ceci permet de vérifier que cette graine S satisfait la propriété de compatibilité désirée.
Théoréme 3 (cf. Théoréme 2.5.2). La graine S§} est compatible dans le sens de la Définition 2.3.7.
En particulier, ceci prouve la Conjecture A pour la catégorie R — gmod associée & une algébre
de Lie g de type A,.
1.2.2 g-vecteurs pour les objets simples de C,

Peu de temps aprés la mise en ligne de [25], Kashiwara-Kim [72]| ont établi des résultats de nature
similaire mais avec une plus grande généralité. Pour tout élément w € W et pour chaque graine S
de Ay(n(w)), Kashiwara-Kim définissent deux applications linéaires par morceaux

gga 9§ : {simples de C,,} — 7l(w)

de maniére intrinséque a la catégorie C,, (et donc sans faire intervenir de paramétrisation des objets
simples). Kashiwara-Kim prouvent que ces applications satisfont les propriétés suivantes:

e Si My,..., My, désignent les objets simples de C, correspondant aux variables d’amas de

S, alors gB(M;) et g&(M;) coincident avec le iéme vecteur de la base standard de Z!*™) pour
tout 1 <4 < (w).

e Si &' est obtenue a partir de S par une mutation dans une direction k € J,;, alors gg, (resp.
ggl) est relié a gg (resp. gf;i) par les relations d’échange tropicales suivantes:

95(M) = 65 ,(98(M)) et g5 (M) = 05 4(95(M))

ol M est un objet simple arbitraire de C,, et cbgk,(bé . sont les applications linéaires par

morceaux de Z®) dans lui-méme définies par

— Gk sij =k,
(bg,k(g) = g, avec g;' =49+ [bki]+9k sij#ketgy=0,
gj + [bir]+gx sij#ketgy <O,
— Gk sij =k,
05 1(9) :=9g" avec g =< g; + [brilegr sij# ket g <
gi + [bir]+gx sij#ket gy =

0,
0
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En particulier, si M est un objet simple de C,, dont la classe d’isomorphisme est une variable d’amas
dans Ko(Cy) ~ Ag(n(w)), alors g5 (M) est exactement le g-vecteur (au sens de Fomin-Zelevinsky)
de cette variable d’amas par rapport a la graine §. Kashiwara-Kim donnent également une formule
explicite (|72, Proposition 3.14]) reliant gZ¥(M) a la décomposition cuspidale de M dans le cas
oil la graine de référence S est une des graines standard i.e. S est de la forme S',i € Red(w)
(cf. Section 1.1.5). Dans la situation particuliére considérée dans [25], i.e. g de type A,, w = wy
(auquel cas C,, = R—gmod), et < est 'ordre naturel 1 < 2 < --- < n, la formule de Kashiwara-Kim
redonne exactement les relations obtenues dans [25].

Dans cette thése, on utilise ces résultats de Kashiwara-Kim pour établir une généralisation du
Théoréme 2 valable pour toute algébre de Lie g de type A,, D, ou E,, tout ordre total arbitraire
< sur I, et pour chaque sous-catégorie Cy,, w € W. Comme on I’a vu dans la section 1.1.4, 'ordre
< induit un ordre (lexicographique) sur GL qui se transporte en un ordre convexe sur ’ensemble
des racines positives ®, associé & g. Etant donné w € W de longueur N, cet ordre se restreint
en un ordre convexe sur ®%. Notons i~ 'epxression réduite de w correspondante. On peut alors
décrire explicitement les modules déterminantaux correspondant aux variables d’amas de la graine
Si< en termes de partitions de racines.

Théoréme 4 (cf. Theorem 2.5.1). Soit w € W de longueur N et soient (z1,...,xN) les variables
d’amas de la graine S*< dans Ag(n(w)). Pour chaque k € J, on note py, € M l'unique mot dominant
tel que xy, = [L(ug)] et on écrit la factorisation canonique de py sous la forme

i = (i) -+ (1),

Alors le N-uplet (c1,...,cn) est donné par

1 sij<ketij=ip
Cj = .
0 sinon.

1.2.3 Corps d’Okounkov et représentations d’algébres de Hecke carquois

Les résultats de la section précédente montrent que l'on peut interpréter les paramétres des objets
simples de R — gmod (et plus généralement de C,, pour tout w € W) comme des généralisations
de g-vecteurs. Or, la théorie des algébres amassées fournit plusieurs constructions géométriques
intéressantes qui permettent de comprendre la structure d’une algébre amassée a partir de la con-
naissance des g-vecteurs des variables d’amas. En premier lieu, la notion de complexe d’amas a
été introduite dés le début des années 2000 par Fomin-Zelevinsky [42]: il s’agit d’'un modéle poly-
topal purement combinatoire d’une algébre amassée, oll les sommets correspondent aux variables
d’amas et les facettes aux graines. Hohlweg, Padrol, Palu, Pilaud, Plamondon, et Stella |61, 100]
construisent des polytopes de nature un peu différente, en réalisant certains éventails de g-vecteurs
comme éventails normaux de polytopes. Les polytopes ainsi obtenus peuvent étre construits pour
n’importe quelle algébre amassée de type fini (cyclique ou acyclique) et sont appelés associaédres
généralisés.

Dans la situation qui nous intéresse, la structure amassée sur A,(n) ou Agy(n(w)) n’est pas
de type fini en général et ce type de construction ne peut donc pas s’appliquer directement a
priori. Néanmoins, la théorie des représentations des algébres de Hecke carquois fournit les outils
nécessaires au contournement de cette obstruction. On considére une algébre de Lie g simple de
type fini; les représentations des algébres de Hecke carquois correspondantes ont alors la propriété
remarquable d’étre totalement ordonnées comme on I’a vu dans la Section 1.1.4. En particulier,
une fois fixé un ordre total < sur I, on dispose d’un ordre total naturel sur I’ensemble des variables
d’amas de chaque graine de Ag(n) (ou Ag(n(w))). En s’'inspirant des travaux de Rietsch-Williams
[107], ceci donne une motivation naturelle pour la construction de corps d’Okounkov.
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Dans ce qui suit on prendra toujours comme corps de base k = C. Comme on I’a vu plus
haut, les anneaux de coordonnée unipotents quantiques A,(n(w)) admettent des catégorifications
par certaines sous-catégories C,, de R — gmod. Par construction (voir [69]) ces catégories admettent
des décompositions

R—gmod = @ R(B) — gmod et Co= @ Cuwn R(B) — gmod.
BeQ+ BeQ+

Pour chaque w € W, on peut oublier la graduation dans C,, (ce qui revient a passer a la limite
g — 1 dans A, (n(w))) et I'isomorphisme d’algeébres Ko(Cy) ~ C[N(w)] permet de munir C[N (w)]
d’une structure de C-algébre graduée en posant pour chaque objet simple M de C,:

[M] € Ko(Cw) — ht(wt(M))

ou wt(M) désigne 'unique 5 € Q4 tel que M € R(f) — gmod. Enfin, on montre que les paramétri-
sations en termes de mots dominants des objets simples de R — gmod (cf. Section 1.1.4) donnent
naturellement lieu a des valuations de rang rationnel maximal

¥, : C[N(w)] — Z'®),

L’argument principal est donné par le Théoréme 1. On peut a présent utiliser ces outils afin de
construire des corps de Newton-Okounkov: ceci permet d’associer un corps convexe compact a
n’importe quelle sous-algébre graduée de C[N(w)]. On s’intéressera tout particuliérement a deux
types de telles sous-algebres: 1'algébre C[ N (w)] elle-méme, et les sous-algébres libres engendrées par
les variables d’amas d’un méme amas dans C[N(w)]. Le corps de Newton-Okounkov A(A,(n(w)))
est un simplexe de codimension 1 dans RY. Le corps Ag associé a une graine S = ((21,...,zy), B)
est également un simplexe, inclus dans A(Ag(n(w))). Lorsque g est de type simplement lacé, les
résultats de catégorification monoidale de Kang-Kashiwara-Kim-Oh [69] sont valables et on peut
alors montrer les propriétés suivantes des simplexes Ag:

Proposition (|24, Proposition 5.3|). Les points rationnels de Ag correspondent aux monémes
d’amas monoidaux pour S dans le sens suivant:

1
M est un monéme d’amas monoidal pour S < M\Il([M]) € As.

De plus, tout point rationnel de Ag est de la forme W ([M]) pour un monéme d’amas monoidal

M
M de Cy. il

Théoréme 5 (|24, Théoréme 5.12|). L’éventail normal du simplexe As peut étre relié par une

correspondance explicite a l'ordre de dominance pour S. Plus précisément, si on note ./\f3 le cone

linéaire tel que pour tout objet simple M de Cy, on ait
(M) + N¥ = (BN, [V] <s [M])

alors il existe une unique transformation universelle T € My (Q) (par universelle, on entend in-

dépendante de la graine), telle que pour chaque graine S, le cone TN est une face de 1’éventail
normal de Ag.

Cet énoncé donne en particulier une interprétation géométrique de certains outils techniques
introduits de maniére algébrique dans |25, Section 4.2|. Enfin, on peut également s’intéresser au cas
ou l'algebre amassée Ay (n(w)) est de type fini (i.e. il n’y a qu'un nombre fini de graines distinctes).
Les simplexes Ag recouvrent alors A(A,(n(w))). Pour chaque graine S, notons 37, ..., 5% les poids
des objets simples de C,, correspondant aux variables d’amas de §. On montre alors la formule
suivante:
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Théoréme 6 (cf. Théoréme 3.5.3). Supposons que w € W soit tel que Ay(n(w)) est de type amassé

fini. Alors on a . .
11 3 => 1] s (1.7)
S

Bed? 1<j<N i

Nakada [95], a prouvé une formule appelée formule des équerres colorées qui prend une forme
trés similaire a celle de I’équation (1.7). Néanmoins, la combinatoire utilisée dans [95] est a priori
trés différente de la théorie des algébres amassées. Ces formules sont valables sous une certaine
condition portant sur w (w est dominant minuscule selon la terminologie de Stembridge [111]).
Dans cette thése, on propose la conjecture suivante:

Conjecture B ([24, Conjecture 6.8]). Si w € W est dominant minuscule, alors l’algébre amassée
Ag(n(w)) est de type fini.

Cette conjecture est motivée par I’étude de plusieurs exemples, dont certains sont détaillés dans
la Section 3.5. L’idée est que, bien que de nature différente de la formule des équerres colorées de
Nakada [95], ’équation (1.7) ci-dessus serait valable dans une plus grande généralité que celle de
Nakada. Par exemple, si w = s18981 est le plus grand élément du groupe de Weyl de type As,
I'équation (1.7) s’écrit

1 1 1

+
aj(ar + ag)as  aj(ag +az)?  as(ag + ag)?

alors que la formule de Nakada ne s’applique pas puisque w n’est pas dominant minuscule.

1.2.4 Multiplicités équivariantes des mineurs drapeaux en type simplement
lacé

La formule des équerres colorée peut en fait étre interprétée naturellement du point de vue de
la théorie des représentations grace a la notion de multiplicité équivariante introduite par Brion
[17]. Baumann-Kamnitzer-Knutson [6] ont récemment défini un morphisme d’algébres D défini sur
C[N] et qui est étroitement relié aux multiplicités équivariantes des cycles de Mirkovié-Vilonen
via la correspondance de Satake géométrique. La derniére partie de cette thése porte sur I'étude
des valeurs prises par D sur certains éléments de la base canonique duale. On montre qu’en types
An,n = 1et Dy, I'évaluation de D sur les mineurs drapeaux de C[N] prend une forme remarquable,
analogue aux valeurs prises sur les classes d’isomorphisme des modules fortement homogénes des
algébres de Hecke carquois. On met également en évidence certaines identités reliant les images
par D des mineurs drapeaux appartenant & une méme graine standard. On montre qu’en tout type
ADE, ces relations sont préservées par mutation d’une graine standard & une autre.

L’équation (1.6) permet de reformuler la formule des équerres colorée de Nakada comme suit:
pour tout w € Min™, I'évaluation de D sur la classe d’isomorphisme du module (fortement)
homogeéne associé a w par la construction de Kleshchev-Ram [78] prend la forme

B 1
Hﬁeqﬂj B

Ceci met en évidence un parallélisme remarquable entre des énoncés de nature géométrique portant
sur la lissité de certains cycles MV et d’autres de nature algébrique portant sur ’homogénéité (forte)
de certaines représentations d’algébres de Hecke carquois. On peut d’ailleurs d’attendre & ce que
les éléments de la base MV associés a des cycles MV lisses coincident en fait avec les classes
d’isomorphismes des modules fortement homogénes de R — gmod. Par ailleurs, ’étude de plusieurs

D([S(w)]) (1.8)
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exemples (comme les types Az et Dy) suggére I'existence de certaines coincidences entre les modules
fortement homogenes premiers de R — gmod et les modules déterminantaux qui catégorifient les
mineurs drapeaux, et donne donc une motivation naturelle a ’étude des images de ces derniers
par D. On propose la Conjecture suivante, qui suggére que D prend des valeurs remarquables de
la méme forme que (1.5) et (1.8) sur tous les mineurs drapeaux de C[N], bien que les objets de
R — gmod associés ne soient pas nécessairement homogénes. Ceci suggére également d’étudier la
lissité éventuelle des cycles MV correspondant aux mineurs drapeaux.

Conjecture C. Soit g une algébre de Lie de type fini simplement lacé et soit x un mineur drapeau
de C[N]. Alors l’évaluation de D en x prend la forme

1
o Hﬂedu [,

ot (ng)gew, est une famille d’entiers positifs indexée par l'ensemble des racines positives de g.

D(z)

Le but de la derniére partie de cette thése est de prouver le résultat suivant:

Théoréme 7. On suppose que gest de type Ap,n =1 ou Dy. Alors la Conjecture C est vraie. De
plus, pour chaque graine standard S = ((z1,...,2x), Q") de C[N], les polynomes P; := (ﬁ(:cj))_l
vérifient les relations suivantes:
PiPig =8 [ R
l<j<ly(i)
iij=—1
La stratégie de la preuve peut se résumer comme suit: on sait que les graines standard de C[N]

sont reliées entre elles par certaines mutations qui correspondent & des changements d’expression
réduite de wg. Par conséquent, on commence par montrer que 1’énoncé désiré est préservé par ces
mutations, avant de vérifier qu’il est effectivement vérifié pour une graine standard bien choisie.

Propagation par mutation. On considére deux graines standard St et SY reliées par une
mutation dans la direction k. On note x1,...,zy les variables d’amas de S' et x). la nouvelle
variable produite par la mutation. On suppose que 5(30]-) est de la forme 1/P; pour chaque
1 < j < N et on veut montrer que D(z}) est de la forme 1/P] (ou P} est un produit de racines
positives). Le premier résultat de cette partie consiste & mettre en évidence certaines identités
polynomiales reliant les P; qui sont entiérement déterminées par i et qui impliquent que E(:c%,) est
de la forme 1/P], ainsi qu’a prouver que ces relations se propagent par mutation, i.e. les polynomes
Pi,...,Py_1, P, Py, ..., Py satisfont les relations analogues déterminées par i’.

Si P est un produit de racines positives et 3 est une racine positive, on note (3; P) la multiplicité

de 8 dans P.

Théoréme 8. Soit g une algebre de Lie de type fini simplement lacé et soient i et i’ deuz expressions
réduites de wy. On suppose que les variables d’amas x1,...,xy de la graine standard S' vérifient
les propriétés suivantes:

(A) Pour chaque 1 < j < N, la fraction rationnelle D(x;) prend la forme 1/P; ot Pj est un
produit de racines positives.

(B) Pour chaque 1 < j < N, on a:

PPiw=6 [] B
I<j<ly(i)
ipij=—1

(C) Pour chaque j € Jex et chaque 1 <i < N, on a (Bi; Pj) — (Bi; P, 1)) < 1.

35



CHAPTER 1

Alors les variables d’amas de la graine standard S vérifient les propriétés analogues déterminées
s/
par .

La Propriété (B) est forte et a des conséquences remarquables (cf. Remarques 4.5.8 et 4.6.4).
La Propriété (C) est automatiquement vérifiée en type A, (car dans ce cas les P; sont toujours
sans facteur carré) et n’est donc utile que pour les types D,, Eg, E7 et Eg. Cette propriété est
néanmoins cruciale pour prouver que E(ﬂf) prend la forme voulue.

Condition initiale Le second résultat de cette partie consiste & montrer qu’en types A,,n > 1
et Dy, les conditions requises par le précédent énoncé sont effectivement réalisées pour une graine
standard bien choisie. On utilise pour cela le Théoréme 4 (qui repose sur les travaux de Kang-
Kashiwara-Kim-Oh [69, 72|).

Théoréme 9. On suppose que g est de type Ap,m =1 ou Dy. Soit inq Uexpression réduite de wq
correspondant & 'ordre naturel sur les sommets du diagramme de Dynkin associé a g. Alors les
Propriétés (A), (B) et (C) sont vérifiées pour la graine standard Sinat.

Lorsque g est de type A,, les modules déterminantaux qui catégorifient les mineurs drapeaux
de S'nat sont tous fortement homogénes et on peut alors appliquer ’'Equation (1.8). En revanche,
ce n’est plus le cas lorsque g est de type Dy. Ainsi dans ce cas, parmi les quatre modules simples
de R — gmod correspondant aux variables gelées de C[N], trois sont fortement homogeénes et le
quatriéme n’est pas homogéne. Notons M ce module. On présente un calcul du caractére gradué
de ce module, puis on en déduit (avec I'aide du logiciel de calcul formel SAGE) son image par D.
Par des méthodes similaires, on peut obtenir les images par D de tous les mineurs drapeaux de
Sinat - Les calculs effectués sont présentés en Annexe.

Comme expliqué plus haut, on obtient le Théoréme 7 en combinant les Théorémes 8 et 9. De
plus, on a également montré que lorsque g est de type A, ou Dy, les mineurs drapeaux de toutes
les graines standard de C[N] vérifient les Propriétés (B) et (C).

En effectuant des mutations successives, on peut calculer sur des exemples les multiplicités
équivariantes de nombreuses variables d’amas de C[N]. Il semblerait que la propriété ci-dessus
cesse d’étre vérifiée dés lors que I'on considére des variables d’amas autres que les mineurs drapeaux.
Ceci suggére une version plus forte de la conjecture précédente:

Conjecture D. Soit g une algébre de Lie de type fini simplement lacé et soit wg le plus long
élément du groupe de Weyl associé a g. Alors les mineurs drapeauz sont exactement les variables
d’amas de C[N] dont l’image par D est de la forme

-
[pew, B
pour une famille d’entiers positifs (ng)sea, -
En d’autres termes, les mineurs drapeaux seraient essentiellement caractérisés par la forme
particuliére de leurs multiplicités équivariantes.
1.2.5 QOwuvertures

Les résultats obtenus dans la deuxiéme partie de cette thése montrent que les fractions rationnelles
de la forme (1.6) apparaissent dans des calculs d’intégrales de fonctions de la forme

e~ (Bryi+-+Bnyn)
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sur des simplexes de Newton-Okounkov. Par conséquent, il est naturel de chercher & interpréter
les multiplicités équivariantes des classes d’objets simples dans R — gmod comme des intégrales sur
certains polytopes. Etant donné un module simple M dans R — gmod, on cherche a construire un
polytope P(M) de codimension 1 dans un espace affine RY (N étant un entier pouvant a priori
dépendre de M) et une fonction

B :RY — R(ay,...,an)

tels que si T' désigne le cone convexe de RY engendré par P(M) et si on pose

V(PO = [ ey dyy,
r
alors on a:

D(M) = V(P(M)).

Ainsi, le polytope correspondant & un module fortement homogene S(w),w € Min™ coinciderait
avec le simplexe de Newton-Okounkov A(w) issu de la construction présentée dans la Section 1.2.3.
En effet si w est dominant minuscule, alors

D([s(w))) S By, dyy, (19)

el
=== e
Hgeoy B Jraw)

ott I'(w) désigne le cone convexe de R{®) engendré par A(w). Afin de pouvoir utiliser une telle
construction pour I’étude des Conjectures C et D ci-dessus, il faudrait au préalable montrer que
pour tout polytope P de codimension 1 dans R, P est un simplexe si et seulement si V(P) est de
la forme

_ 1
V(P) = =————
Hﬁe‘bp BTLPVB
ot ®p est un sous-ensemble fini de Q)4 et nys g est un entier positif non nul pour chaque 3 € ® ;.
On peut alors reformuler la Conjecture D de la maniére suivante:

Conjecture E. Les monomes d’amas monoidauz pour les graines St de C[N] sont ezactement les
objets simples M dans R — gmod tels que P(M) est un simpleze.
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Chapter 2

Dominance order and monoidal
categorification of cluster algebras

This chapter corresponds to [25] published in the Pacific Journal of Mathematics 305 (2020) no.2,
473-537.

We study a compatibility relationship between Qin’s dominance order on a cluster algebra A and
partial orderings arising from classifications of simple objects in a monoidal categorification C of A.
Our motivating example is Hernandez-Leclerc’s monoidal categorification using representations of
quantum affine algebras. In the framework of Kang-Kashiwara-Kim-Oh’s monoidal categorification
via representations of quiver Hecke algebras, we focus on the case of the category R — gmod for a
symmetric finite type A, quiver Hecke algebra using Kleshchev-Ram’s classification of irreducible
finite-dimensional representations.

2.1 Cluster algebras and their monoidal categorifications

In this section, we recall the main results of the theory of cluster algebras from [41], [42], [43], as
well as the notion of monoidal categorification from [56].

2.1.1 Cluster algebras

Cluster algebras were introduced in [41] by Fomin and Zelevinsky. They are commutative Z-
subalgebras of the field of rational functions over Q in a finite number of algebraically independent
variables. They are defined as follows.

Let 1 < n < m be two nonnegative integers and let F be the field of rational functions over Q
in m independent variables. The initial data is a couple ((x1, ..., %), B) called an initial seed and
made out of a cluster i.e. m algebraically independent variables x1,...,x,;, generating F and a
m x n matrix B := (b;;) called the exchange matriz whose principal part (i.e. the square submatrix
(bij)1<ij<n) is skew-symmetric.

To the exchange matrix B one can associate a quiver, whose index set is {1,...,m} with b;;
arrows from 4 to j if b;; = 0, and —b;; arrows from j to 4 if b;; < 0.

By construction, one can recover the exchange matrix from the data of a quiver without loops
and 2-cycles in the following way:

b;j = (number of arrows from i to j) — (number of arrows from j to 7).
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For any k € {1,...,n} one defines new variables :

’ ;,g(l_[a:?”“—k]_[xl_blk) it j =k,

blk>0 blk<0

(2.1)
Tj lf]#k,

as well as a new matrix B’ :

vi.i (B —bij if i =k orj=k,
z, ij = b b |brs
J J byj + Labratbalbsl ey goang g .

Note that the principal part of the matrix B’ is again skew-symmetric.

The procedure producing the seed ((,...,2),), B") out of the initial seed ((x1,...,2m), B)

m

is called the mutation in the direction k of the initial seed ((z1,...,%m), B). This procedure is
involutive, i.e. the mutation of the seed (a,...,2},), B’) in the same direction k gives back the

initial seed ((z1,...,%m), B). Any seed can give rise to n new seeds, each of them obtained by a
mutation in the direction k for 1 < k£ < n. Let T be the tree whose vertices correspond to the seeds
and edges to mutations. There are exactly n edges adjacent to each vertex. This tree can have a
finite or infinite number of vertices depending on the initial seed. Let ((z1,...,zn), B) be a fixed
seed and ¢y the corresponding vertex in T. For any vertex ¢ € T one denotes by ((z},... ¢ )), B)
the seed corresponding to the vertex ¢. It is obtained from the initial seed ((x1,...,2m), B) by
applying a sequence of mutations following a path starting at tp and ending at ¢.

Definition 2.1.1. The cluster algebra generated by the initial seed ((x1, . .., xy), B) is the Z[z:!

subalgebra of F generated by all the variables x%, ..., x% for all the vertices t € T.

For any seed ((z1, ..., o), B), the variables x1, ..., z,, are called the cluster variables, z1, ..., z,
are the unfrozen variables and 1, ..., 2, are the frozen variables. These last variables do not
mutate and are present in every cluster.

The first main result of the theory of cluster algebras is the Laurent phenomenon :

Theorem 2.1.2 ([41, Theorem 3.1]). Let ((z1,...,2m), B) be a fized seed in a cluster algebra A.

Then for any seed ((x},...,2L,), BY) in A and any 1 < j < n, the cluster variable 335 s a Laurent
polynomaal in the variables x1, ..., Tpy.
Let P be the multiplicative group of all Laurent monomials in the frozen variables x,, 41, ..., Tn.

One can endow it with an additional structure given by
: Bi . _ min(ai,B:)
Haﬁf‘ @Hwi = sz

making P a semifield. Any substraction-free rational expression F'(uq,...,u) with integer coeffi-
cients in some variables u1,...,u; can be specialized on some elements p1,...,pr in P. This will
be denoted by Fip(p1, ..., pk)-

The mutation relation (2.1) can be rewritten as

l’k$§€=p,—: H l,l[bikh_'_p’; H xl[—bik]Jr

1<isn 1<isn
where
b; - —b;
p,‘: — H ml[ il and P = H wl[ ik ]+
n+l<i<m n+1<i<m
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belong to the semifield P.

Thus the frozen variables x,11,...,Z, play the role of coefficients and the cluster algebra A
can be viewed as the ZP algebra generated by the (exchange) variables 2, ..., z! for all the vertices
t of the tree T. Here ZPP denotes the group ring of the multiplicative group of the semifield P. This
group is always torsion-free and hence the ring ZP is a domain.

The notion of isomorphism of cluster algebras is introduced in [42]: two cluster algebras A ¢ F
and A" ¢ F’ with the same coefficient part IP are said to be isomorphic if there exists a ZP algebras
isomorphism F — F’ sending a seed in A onto a seed in A’. In particular the set of seeds of A is
in bijection with the set of seeds of A’ and A and A’ are isomorphic as algebras.

The second important result is the classification of finite type cluster algebras, i.e. the ones
with a finite number of seeds.

Theorem 2.1.3 (|42, Theorem 1.4]). There is a canonical bijection between isomorphism classes
of cluster algebras of finite type and Cartan matrices of finite type.

Let A be a cluster algebra and let us fix ((z1,...,%m), B) an initial seed. In [43], Fomin and
Zelevinsky define, for any 1 < j < n:

Yj = H ;L‘?” and ;= H :E?”

n+1<is<m 1<is<m

Theorem 2.1.4 (|43, Corollary 6.3|). Let ((z%,..., 2!, Zni1,...,2Tm), BY) be any seed in A. Then
for any 1 < I < n, the cluster variable z} can be expressed in terms of the initial cluster variables
1, ..., Tm in the following way:

FUG ) b g
zl = 2 gt adn (2.2)
7\P(y17"'7yn)

In this formula F'* is a polynomial called the F-polynomial associated to the variable z! and

Lt 1t
. . It > .
the gﬁ’t are integers. We write for short x8 " for zJ' --- 2" and gh! = (gi’t, o 797lit) is called the

g-vector associated to the variable z!.

The F-polynomial associated to any cluster variable satisfies several important and useful prop-
erties, which have been conjectured by Fomin-Zelevinsky in [43] and proved by Derksen-Weyman-
Zelevinsky in [32] using the theory of quivers with potentials. We recall here some of these results,
which we will use in Section 2.3 in the study of compatible seeds.

Theorem 2.1.5 (|32, Theorem 1.7]). Let ((«},..., 2%, Zpi1, ..., 2m), BY) be any seed in A. Let
1 <1< n, and FY be the F-polynomial associated to the cluster variable :Uf Then

(i) There is a unique monomial in Fbt that is strictly divisible by any other monomial in Fbt.
This monomial has coefficient 1.

(i) The polynomial F** has constant term 1.

2.1.2 Monoidal categorification of cluster algebras

The notion of monoidal categorification of a cluster algebra was introduced by Hernandez and
Leclerc in [56]. Recall that, if C is a monoidal category, a simple object M in C is said to be real if
the tensor product M ®¢ M is simple. It is said to be prime if it is not invertible in C cannot be
decomposed as M = M| ®c My with My and M, two simple non invertible modules neither trivial
nor equal to M itself. We denote by Ky(C) the Grothendieck ring of the category C. Recall that
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for any objects A, B,C in C, the relation [B] = [A] + [C] holds in K((C) if there is a short exact
sequence 0 > A — B — C — 0 in C. The ring structure on Ky(C) is directly inherited from the
monoidal structure of C: [M] - [M'] = [M ®¢ M'] for any objects M, M’ in C.

Remark 2.1.6. In the category R—gmod that we will mostly be studying in this paper, all the sim-
ple objects are non-invertible. However in other categories, simple objects may be invertible. This
happens for instance in categories of modules over Borel subalgebras of quantum affine algerbras
in the work of Hernandez-Leclerc [60].

Definition 2.1.7 (Monoidal categorification of a cluster algebra). A monoidal category C is a
monoidal categorification of a cluster algebra A if the following conditions simultaneously hold:

(i) There is a ring isomorphism

Ko(C) ~ A

(i) Under this isomorphism, classes of simple real objects in C correspond to cluster monomials
in A and classes of simple real prime objects in C correspond to cluster variables in A.

Several examples of monoidal categorifications of cluster algebras appeared more recently in
various contexts: on the one hand using categories of (finite dimensional) representations of quiver
Hecke algebras through the works of Kang-Kashiwara-Kim-Oh [66, 67, 69]; on the other hand,
via the coherent Satake category studied by Cautis-Williams in [27]. Let us point out that these
examples use a slightly different notion of monoidal categorification:

Definition 2.1.8 (Monoidal categorification of a cluster algebra in the sense of [69, 27]). A
monoidal category C is a monoidal categorification of a cluster algebra A if:

(i) There is a ring isomorphism

Ko(C) ~ A.
(i1) Under this isomorphism, any cluster monomial in A is the class of a simple real object in C.

See for instance Definition 2.2.11 for a precise definition in the context of quiver Hecke algebras.

2.1.3 Example: representations of quantum affine algebras

Let g be a finite-dimensional semisimple Lie algebra of type A,,, Dy, or E, and § the corresponding
Kac-Moody algebra. The quantum affine algebra U,(g) can be defined as a quantization of the
universal enveloping algebra of g (see [33] or [30] for precise definitions). Consider the category C
of finite dimensional Uy(g)-modules. In [30], Chari and Pressley proved that simple objects in this
category are parametrized by their highest weights. More precisely, let I be the set vertices of the
Dynkin diagram of g and, for each ¢ € I and a € C*, let Y; , be some indeterminate. The notion
of g-character of a finite dimensional U,(g)-module was introduced by Frenkel and Reshetikhin in
[44] as a an injective ring homomorphism

Xq: Ko(C) = Z[YElieI,aeC*].
Let M be the set of Laurent monomials in the variables Y;,. For any i € I and a € C*, set

Wi
Aiﬂ = Yi,an;,aq*1 H Y;‘,(le e M.
J#i
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One defines a partial ordering (the Nakajima order) on M in the following way:

/
m < m’ & — is a monomial in the 4;,
m ,

for any monomials m,m’ € M.

A monomial m € M is called dominant if it does not contain negative powers of the variables
Yi.. Let M™T denote the subset of M of all dominant monomials. For any simple object V' of
C, the set of monomials occurring in the g-character of V' has a unique maximal element uy for
the above order, and this monomial is always dominant. Conversely, it is possible to associate a
simple finite dimensional U, (g)-module to any dominant monomial in the variables Y; 4, providing
a bijection between the set of simple objects in C and M*. For any dominant monomial m, we
let L(m) denote the unique (up to isomorphism) simple object in C corresponding to m via this
bijection. In the case where m is reduced to a single variable Y; , for some 7 € I and a € C*, the
simple module L(m) = L(Y; 4) is called a fundamental representation.

The Dynkin diagram of g is a bipartite graph hence its vertex set I can be decomposed as
I = Iy u I; such that every edge connects a vertex of Iy with one of I;. Then for any i € I set:

0 ifiEIo,
&= .
1 ifiel.

Hernandez and Leclerc introduce a subcategory C; of C whose Grothendieck ring is generated (as
a ring) by the classes of the fundamental representations L(Y; s, ), L(Y; ¢;+2)(i € I). One of the
main results of [56] can be stated as follows:

Theorem 2.1.9 (|56, Conjecture 4.6]). The category Ci is a monoidal categorification of a (finite
type) cluster algebra of the same Lie type as the Lie algebra g.

They prove this conjecture for g of types A, (n = 1) and Dy (|56, Sections 10,11]). In [96],
Nakajima proved this conjecture in types ADFE using geometric methods involving graded quiver
varieties. Note that this geometric construction is valid for any orientation of the Dynkin graph of g.
In [57], Hernandez-Leclerc exhibit other examples of monoidal categorifications of cluster algebras
via categories of representations of quantum affine algebras in types A,, and D,, (|57, Theorem 4.2,
Theorem 5.6]).

2.2  Quiver Hecke algebras

The works of Kang-Kashiwara-Kim-Oh [66, 67, 69] provide many examples of monoidal categorifi-
cations of cluster algebras arising from certain categories of modules over quiver Hecke algebras. In
this section, we recall the main definitions and properties of quiver Hecke algebras; then we recall
the constructions of renormalized R-matrices from [66] as well as the statements of monoidal cate-
gorification from [69]. We also recall the classification of simple finite dimensional representations
of quiver Hecke algebras of finite type using combinatorics of Lyndon words from [79].

2.2.1 Definition and main properties

In this subsection we recall the definitions and main properties of quiver Hecke algebras, as defined
in |76] and [110].

Let g be a Kac-Moody algebra, P the associated weight lattice and IT = {«;,i € I} the set of
simple roots. We also define the coweight lattice as P¥ = Hom(P,Z) and we let IIV denote the
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set of simple coroots. We also denote by A the generalized Cartan matrix, W the Weyl group of
g, and (-,-) a W-invariant symmetric bilinear form on P. Let k be a base field.

The root lattice is defined as Q := @, Za;. We also set Q4 := @, Zxoa; and Q_ := @, Z<oay.
For any (3 € @ that we write ), m;ay, its length is defined as ), [m;|. When € Q, we denote as
in [76] by Seq(B) the set of all finite sequences (called words) of the form i1, ..., i, (where n is the
length of §) with m; occurrences of the integer i for all i. For the sake of simplicity, we identify
letters with simple roots. In particular, for any 4,5 € {1,...,n}, (¢,j) stands for (o4, a;) and if
U="1,...,0n and v = j1,..., Jm are two words in Seq(f3), (u,v) stands for vaq(ip,jq).

To define quiver Hecke algebras, we fix a nonnegative integer n and a family {Q; ;,1 <i,j < n}
of two-variables polynomials with coefficients in k. These polynomials are required to satisfy certain
properties, in particular Q;; = 0 if ¢ = j and Q; ;(u,v) = Qji(v,u) for any i,j (see for instance
[69, Section 2.1] for more details). In the case of finite type A, symmetric quiver Hecke algebras
(which we will focus on in Sections 2.4 and 2.5), the polynomials @); ; are the following (see [79]):

u—wv) ifj=i+1,
v—u) ifj=i-1,
if i =7,

—~

Qi j(u,v) =

)

otherwise.

Definition 2.2.1. For any 8 in Q4 of length n, the quiver Hecke algebra R(3) at B associated to
the Kac-Moody algebra g and the family {Q; ;,1 < i,j < n} is the k-algebra generated by operators

{e(V)}veseq(p), 1Titieq1,..ny » and {Tk}req1,..n—1} satisfying the following relations :

e(y)e(y/) = 51/,1/’6(1/)7

Z e(v) =1,

veSeq(B)
LT =TT,
zie(v) = e(v)z,,
Tre(v) = e(sk(v)) T,
T = TT) if |k — 1| > 1,
7_136(”) = Qup iy (T, Thr1)e(v),

—e(v) ifi=kvp=uvk1,

(T — 2, () TR)e(V) = | e(v) ifi=k+1,u; = g1
0 otherwise
B Q”k’”kJrl(zk’war;):g”kv”kJrl($k+2’$k+1)6(1/) if Ve = Usa,
(Tk+17'k7'k+1 - Tk7k+17'k)6(1/) = k—Tk+2 '
0 otherwise,

where for any v € Seq(B), vi stands for the kth letter of the word v.

The quiver Hecke algebra R(f3) is called symmetric when the polynomials @); ; are polynomials
inu—wv.
The first main property of quiver Hecke algebras is that they naturally come with a Z-grading
by setting
dege(v) =0, degxre(r) =2, degme(v)=—(v;,Vit1).
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For any 8 and 7 in Q4 of respective lengths m and n, let M be a R(f) module and N a R(v)
module. One defines the convolution product of M and N via parabolic induction (see |76, 66]).
Set

e(B,7)i= D, e(wh)eR(B+7).

veSeq(B)
AeSeq(y)

It is an idempotent in R(/ + ). Consider the homomorphism of k-algebras

R(B) ® R(v) — e(B,7)R(B + v)e(B,7)

given by

!

e(v\),v e Seq(B), A € Seq(7)

e(v)®e(X)
1 <m71®$l’_’xm+le(ﬁ’7)71<l<n

:Ek@ 1— %6(577)7 k
T ®1— 1e(B,7),1 <k <m,1®7 — Tmyie(B,7),1 <1 <n.

Then one defines
Mo N :=R(B+7)®r@)erH) MN.

For any 8 € Q4, let R(S8) — pmod be the category of (left) graded finite type projective R([)
modules, R(f) — gmod the category of left finite dimensional graded R(/)-modules, and also

R —pmod :== P R(B) —pmod, R-—gmod:= @ R(8)— gmod.
BeEQ+ BeEQ+

Convolution product induces a monoidal structure on the categories R — gmod and R —pmod. The
grading on quiver Hecke algebras also yields shift functors for these categories: decompose any
object M as

M =P M,
neL
and define ¢M as
gM = P M.
neZ
The natural Z[¢*!] action
q-[M]:= [¢M]

gives rise to Z[gT!]-algebras structures on the Grothendieck rings of the categories R — pmod and
R — gmod.

The following definition introduces a notion of graded character for representations of quiver
Hecke algebras.

Definition 2.2.2 ([76, 79]). Let M be a finite dimensional graded R(B)-module. For any v €
Seq(B), set M, :=e(v)- M. The module M can be decomposed as

M= M,.
v

Define
chqe(M) = Z(diquy).u

v

where for any graded vector space V.= @,y Vn, dimg(V) == >, ., ¢"dimV,,. This is a formal
series in words belonging to Seq(B) with coefficients in Z[q, q'].
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One can put a ring structure on the image set of chy by defining a "product" of two words
called quantum shuffle product. For any nonnegative integer n, let G,, denote the symmetric group
of rank n.

Definition 2.2.3 (Quantum shuffle product). Let i = iy,...,4, and j = j1,...,Js be two words.
We set ip11 := j1, tras := Js SO that we can consider the concatenation ij = i1+ tp1s.
Define the quantum shuffle product of i and j :

ioj:= Z qie(a) (7:0-71(1), R ,7;071(7,_’_5))

0€Cy s
where &, s denotes the subset of &, defined as:
S,si={0€Gys|oc(l)<---<o(r) and o(r+1)<---<o(r+s)}

and, for any element o € &, 4,

e(0) = > (ig i)

1<k<r<I<r+s
o(k)y>o(l)

By linearity one can also define quantum shuffle products of two formal series in elements of
Seq(B) with coefficients in Z[q, ¢~ '] (for any B € Q).

Proposition 2.2.4 (|76, Lemma 2.20|). For any 8,7 € Q+, and any M € R(B) — gmod and
N € R(y) — gmod, we have:
chq(M o N) = chq(M) o chy(N).

One can now state the main property of quiver Hecke algebras, which is to categorify the negative
part of the quantum group U,(g) in a way that makes correspond the basis of indecomposable
objects in R — pmod with the canonical basis of Uj(n). In the following we will mostly consider
the category R — gmod hence we give here the dual statements, involving the category R — gmod
and the quantum coordinate ring Ag(n) (the precise definition of which can be found in [52] or
[69]). The first theorem was proved by Khovanov-Lauda |[76] and Rouquier [110]. The second was
conjectured by Khovanov-Lauda, and proved by Rouquier [110] and Varagnolo-Vasserot [113] using
geometric methods.

Theorem 2.2.5 (Khovanov-Lauda, Rouquier). The map chy induces a Z[q,q~1]-algebra isomor-
phism
Ko(R — gmod) ~ Ay(n).

Theorem 2.2.6 (Rouquier, Varagnolo-Vasserot). The map chy (see Definition 2.2.2) induces a bi-
jection between the canonical basis of the quantum coordinate ring Aq(n) and the set of isomorphism
classes of self-dual simple modules in the category R — gmod.

2.2.2 Renormalized R-matrices for quiver Hecke algebras

Recall from Section 2.2.1 that the weight lattice associated to the Kac-Moody algebra g is given
with a symmetric bilinear form (-,-). Denoting by A the symmetrizable generalized Cartan matrix
of g, this bilinear form is entirely determined by its values on simple roots, namely:

Viv j7 (aia O[]) = siaij
where the s; are the entries of a diagonal matrix D such that DA is symmetric.
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One also defines another symmetric bilinear form (-, -), on the root lattice @ as in [66]:

o 1 ifi=y,
VZ7]7 (aiaaj)n = { J

0 otherwise.

Let 5 € Q4+ of length m and 1 < k < m; the following operators ¢ are introduced in [66]:

(Te (@ — Tpt1) + De(v)  if vg = v,
Tre(v) otherwise.

Vv e Seq(B), pre(v) := {

These operators satisfy the braid relation, hence for any permutation o, ¢, := ¢;, - - - ¢;, does not

depend on the choice of a reduced expression o = s;, - - - 5;,.

For any m,n € Zxg, let w[m,n] be the element of &,,, sending k on k + n if 1 <k < m and
onk—mifm<k<m+n.

Consider a non-zero R($)-module M and a non-zero R(7y)-module N. The following map is
defined in [66]:
M®®N — NoM
URV > Pyn,m] (VO u).

It is R(S) ® R() linear and hence induces a homomorphism of R(/3 + «)-modules
Ryn:MoN — NoM.

The map Ry n satisfies the Yang-Baxter equation (see [66]).
Let z be an indeterminate, homogeneous of degree 2. For any 8 € Q1 and any non-zero module
M in R(S) — gmod, one defines M, := k[z] ® M with the following k[z] ® R(5)-module structure:

e(v).(P®m) :=P® (e(v)m)
Tp.(P@m) := (2P) ®m + P ® (zxm)
Tk.(P®m) := P® (1,m)

for any v € Seq(B), P € k[z] and m € M.

It is shown in [66] that for any (8,7 € @+ and any non-zero R(f)-module M and non-zero
R(7y)-module N, the map Ry, n is polynomial in z and does not vanish. Let s be the largest non-
negative integer such that the image of Rz, n is contained in 2°/N o M,. One defines R-matrices
in the category R — gmod in the following way:

Definition 2.2.7. Let 8,7 € Q4. For any non zero R(3)-module M and non zero R(7y)-module
N, define a homomorphism of R(8 + 7)-modules

T‘MjN:MON—>NOM

by setting
TM,N = (Z_SRMZ7N)|Z:0

where s is the integer defined above.

Proposition 2.2.8 (|66]). The homomorphism rys N does not vanish and satisfies the Yang-Baxter
equation.
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Thus the maps 77, x are R-matrices for the category R—gmod. They are called renormalized R-
matrices. As in the case of categories of representations of quantum affine algebras, these R-matrices
are in general not invertible and thus yield (graded) short exact sequences in the category R—gmod.
Consequently this produces some relations in the Grothendieck ring Ko(R — gmod) ~ Agy(n). In
the context of monoidal categorifications of (quantum) cluster algebras (see Section 2.2.3 below),
the exchange relations in A, (n) will be identified with some of these relations.

The corresponding relations in the Grothendieck ring Ky(R — gmod) will be identified with
exchange relations For any non-zero modules M and N, we denote by A(M, N) the homogeneous
degree of the morphism 7y n. It is given by

A(M,N) = 7(577) +2(57’7)n*25

The next statement gives a criterion for the renormalized R-matrix 737 x to be an isomorphism. It
will be particularly useful for the proof of Theorem 2.5.1 (see for instance Corollary 2.5.6).

Lemma 2.2.9 ([69, Lemma 3.2.3]). Let M and N be two simples in the category R — gmod and
assume one of them is real. Then the following are equivalent :

(1)) A(M,N)+ A(N,M) = 0.

(it) rar,n and vy are inverse to each other up to a constant multiple.
(iii) M o N and N o M are isomorphic up to grading shift.
(iv) M o N is simple in the category R — gmod.

One says that M and N commute if they satisfy these properties.

2.2.3 Monoidal categorification via representations of quiver Hecke algebras

In this subsection we focus on the case where C is a full subcategory of R — gmod stable under
convolution products, subquotients, extensions, and grading shifts. C can be decomposed as

C= P Cs

BeQ+

with Cs := C n R(B) — gmod for every 8 € Q4, so that the tensor product in C sends Cg x Cy onto
Cp4~ for any 5,7 € Q.

Kang-Kashiwara-Kim-Oh [69] adapt the notion of monoidal categorification to the setting of
quantum cluster algebras. In the classical setting, a monoidal seed in C is defined as a triple
({M;}1<i<n, B, D) where {M;}1<i<n is a collection of simple objects in C such that for any iy, ...,
in {1,...,n} , the object M;, o---o M;, is simple in C, B is an integer-valued matrix with skew-
symmetric principal part and D is a diagonal matrix encoding the weights of the modules M; (i.e.
the elements f3; € Q4 such that M; € Cg,). Cluster mutations correspond to some (ungraded)
short exact sequences in the category C. These exact sequences come from the failure of the
renormalized R-matrices (see Definition 2.2.7) to be isomorphisms. The cluster mutations being
involutive imposes some relations between the entries of the matrices B and D.

In the framework of [69], one takes into account the natural grading of quiver Hecke algebras de-
fined in Section 2.2.1: objects in C are graded as well. A quantum monoidal seed is the data of such
a triple ({M;}, B, D) with the further assumption that there exist integers A;; and isomorphisms
of graded modules M; ® M; ~ q’\iJ'Mj ® M; for any i,j € {1,...,n}. The matrix L = (X\j;)1<ij<n
is a skew-symmetric matrix and is assumed to satisfy some compatibility relations with the matrix
B as in [10]. See [69, Section 6.2.1] for a precise definition.

In the quantum setting, cluster mutations correspond to some graded short exact sequences.
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Definition 2.2.10 (|69, Definition 6.2.3]). Let k € {1,...,r} fized. A quantum monoidal seed
S = ({Mi}hi<i<n, L, B, D) admits a mutation in the direction k if there exists a simple object Mj,
of C such that:

a) Mj e Cd;C with dj, := —dj, + Db,y 0 Dikdi-
b) One has the following short exact sequences in C :
0— qul — qn"”“]\ik@)]\/[,’c — MY —0
0 —> gM®" — ¢™ M ® M, — M® — 0
where my, and m), are some integers.

¢) 8"V = ({M;}iwr v (ML}, L'®) B'*®) D'*)) s again a quantum monoidal seed in C, where
L'®) and B'®) are defined as in [10, Definition 3.5] and D'®) is the diagonal matriz whose
entries are the d; for i # k and dj, for i = k.

Definition 2.2.11. The category C is a monoidal categorification of a quantum cluster algebra A
if:
a) There is an isomorphism of graded rings Z[qi%] ®z[qgz1] Ko(C) ~ A.

_ (dj,dy)
4

b) There exists a quantum monoidal seed S := ({M;}, L, B, D) in C such that [S] := ({g
s a quantum seed in A.

[M:]}, L, B)
¢) The quantum monoidal seed S admits arbitrary sequences of mutations in all directions.

In this setting, the existence of a monoidal categorification implies that any (quantum) cluster
monomial is the class of some real simple object in C. Recall from Section 2.1.2 that this notion is
slightly different from the notion of monoidal categorification initially defined by Hernandez-Leclerc
[56].

The following definition provides a sufficient condition for producing quantum monoidal seeds.

Definition 2.2.12. A pair ({M;}, B) is admissible if:
(1) {M;}1<i<n is a family of self-dual real simple modules commuting with each other.
(i) The matriz B is defined as above.

(iii) For each 1 < k < r there exists a self-dual simple module M, such that M}, commutes with
the M; for i # k and there is a short exact sequence of graded objects in C

0 — qu/ N qA(Mk,M];)Mk OM}Q _ Mb// 0.
where A(M, N) is defined as L(A(M, N)+(B,7)) for M € R(B)—gmod and N € R(v)—gmod.

The data of an admissible pair naturally gives rise to a quantum monoidal seed in C. More
precisely, if ({M;}i<i<n, B) is an admissible pair in C, Mj, as in the previous definition, then one
defines a r x r skew-symmetric matrix L and a diagonal matrix D of size n by setting

Lij = A(Mi,Mj) and D = Diag(dl, ‘e ,dn)

where d; stands for the weight of the module M;. Then (|69, Proposition 7.1.2]) the quadruple
S = ({M;}i<i<n, —L, B, D) is a quantum monoidal seed in C which admits mutations in every
direction k (for 1 < k <r).
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The main result of [69] can now be stated as follows:
Let ({M;}1<i<n, B) be an admissible pair in C and

S = ({M;}1<i<n, —L, B, D)

_ (wt(My),wt(M;))
1

the corresponding quantum monoidal seed. Set [S]:= ({g [M;]}1<i<n, —L, B, D).

Theorem 2.2.13 (|69, Theorem 7.1.3]). Assume there is a Q(q%)—algebms isomorphism
Q(q?) ®zjqg211 Ko(C) ~ Q(q ([S])-

Then for each 1 < k < r the pair ({M;}izr w{ ML}, B'®)) is again an admissible pair in the category
C.

[
[NIES

) ®zgt1] A

1
q2

2.2.4 Quantum monoidal seeds for C,

In this subsection we recall from [69] the definition of the subcategories C,, of R — gmod as well as
the construction of admissible pairs for these categories.

For any element w of the Weyl group W associated to g, Geiss, Leclerc and Schroer defined
algebras A, (n(w)) as subalgebras of the quantum coordinate rings A4(n) ([52, Section 7.2]). They
show (|52, Theorem 12.3]) that it is possible to put a quantum cluster algebra structure on A, (n(w))
for every w € W. In [69], Kang-Kashiwara-Kim-Oh introduce, for each w € W, a subcategory C,,
of R — gmod such that the Grothendieck ring Ko(C,) is the preimage of A,(n(w)) under the
isomorphism given by Theorem 2.2.5: M € C, if and only if chq(M) € Aq(n(w)). In [69], Kang-
Kashiwara-Kim-Oh prove the following;:

Theorem 2.2.14 (|69, Theorem 11.2.3|). For each element w of the Weyl group W, the category
Cw is a monoidal categorification of the quantum cluster algebra A2 (n(w)).

Thus the categories C,, provide many examples of monoidal categorifications of (quantum)
cluster algebras.

Remark 2.2.15. The category R — gmod corresponds C,,, where wq stands for the longest element
of the Weyl group of g. When w is the square of a well chosen Coxeter element ¢ in W, the quantum
cell Aj12(n(w)) is also categorified by the category Cy defined in [56]. The category Cy, (resp. C.2)
is related to the category Cq (resp. Ci) introduced by Hernandez-Leclerc in [57] (resp. [56]) via
a functor called generalized quantum affine Schur-Weyl duality defined in [66]. In the case of Cy,
Fujita [47] proved that this functor is an equivalence of categories.

Note that Geiss-Leclerc-Schréer defined categories Cy, which provide additive categorifications
of the quantum coordinate rings A,(n(w)) for each w € W (|52, Theorem 12.3]). The categories C,,
are defined as subcategories of the preprojective algebra of certain quivers. The categories C,, as
defined in [69] can be seen as monoidal analogs of the categories Cy, of [52] in terms of representations
of quiver Hecke algebras. However, Theorem 2.2.14 provides a monoidal categorification statement
and is thus of different nature than the results of [52].

In order to prove Theorem 2.2.14, Kang-Kashiwara-Kim-Oh construct an admissible pair (see
Definition 2.2.12) in the category C,, for each w € W. We now recall this construction. By the
results of [69], the existence of such a pair implies Theorem 2.2.14.

First one defines unipotent quantum minors as some distinguished elements of A, (n): for any
dominant weight A in the weight lattice P and any couple (1, () of elements of WA, the unipotent
quantum minor D(y,() is an element of A,(n) which is either a member of the canonical basis
of Ay(n) or zero (|69, Lemma 9.1.1]). The following statement gives a necessary and sufficient
condition so that D(u, () is non zero. First recall some notation from [69]:
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C if there exists a finite sequence

Definition 2.2.16. Let A € Pt u,( € WA. We write p <
k <) one has \j = p and Y1 < k <

(B1,-..,B1) such that, setting Xo := ¢, A\ = s Ap—1(1 <
la (/Bkv )\k—l) = 0.

Lemma 2.2.17 ([69, Lemma 9.1.4]). Let A € PT,u,( € WA. Then D(u,¢) # 0 if and only if
p <G

The following statement is a direct consequence of Theorem 2.2.6 and of the previous lemma:

Corollary 2.2.18. Let A€ Pt u, (€ WA such that u < . There exists a unique self-dual simple
module M(p,() € R — gmod whose image under the character map chy is D(u,C). Moreover,
M(p,¢) is real.

This module is called determinantial module ([69, Definition 10.2.1]). Its weight is equal to

Remark 2.2.19. This is one of the key points that we will use to compute the dominant words of
the modules corresponding to the frozen variables in R — gmod in Section 2.5.

One can now construct an admissible seed for the category C,,. Fix some element w in the Weyl
group W and a reduced expression w = s;, --- ;.. For s € {1,...,7}, set
Sy min({k | s <k < ryig =is} U {r+1})
s— = max({k |1 <k <s,ip =i} u{0})
For 1 <k <r, set

Ak 1= St 84 Wi -
For0<t<s<r, set
D(Xs, \y)  if 0 < t,
D(s,t) := { D(\s,w;,) if0=t<s<r,
ift=s5=0.

—

Definition 2.2.20 ([69]). As in Corollary 2.2.18, consider M (s,t) the unique simple real module
(up to shift and isomorphism) such that ch(M (s,t)) = D(s,t) for any 0 < s <t <r.

Set J={1,...,r},Jp ={ke J | ky =r+1} and Jop = J\Jf,. The initial quiver is set to have

J ={1,...,r} as set of vertices with the following arrows:
s—t ifl<s<t<sy<ty<r+l1
s—s_ ifl<s_<s<r

Denoting by B the corresponding exchange matrix, the main result of [69] can be stated in the
following way:

Theorem 2.2.21 (|69, Theorem 11.2.2|). The pair ({M(k,0)}1<k<r, B) is admissible in the cate-
gory Cy.

2.2.5 Irreducible representations of quiver Hecke algebras

In this subsection we recall from [79] the classification of simple finite-dimensional modules over
finite type quiver Hecke algebras. The main result (Theorem 2.2.31 below) is that simple objects
in the category R — gmod are parametrized in a combinatorial way by dominant words, which are
analogs of Zelevinsky’s multisegments in the classification of simple representations of affine Hecke
algebras of type A. As for Lie algebras, simple modules over quiver Hecke algebras are constructed
as quotients of tensor products of some distinguished irreducible representations, called cuspidal
modules in [79].
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Choose a labeling of the vertices of the Dynkin diagram of g by I = {1,...,n}. A word is a
finite set of elements of I. We fix a total order on I by setting 1 < --- < mn. The set of all words is
a totally ordered set with respect to the lexicographic order induced by <.

Fori:= (i1,...,1q), set |i| := a1+ -+ ag € Q+. Recall from Section 2.2.1 that for any 8 € Q,

Seq(B) = {1, [i| = B}
Definition 2.2.22. A word is called Lyndon if it is smaller than all its proper right factors.

Example 2.2.23. The words 123, 24, 13 are Lyndon. The word 231 is not.

The following statement is a well-known fact (see [87, Theorem 5.1.5]):

Proposition 2.2.24 (Canonical factorization). Any word p can be written in a unique way as a
concatenation of Lyndon words in the decreasing order :

p= (i) (i
with iV, ... i) Lyndon words satisfying i) > --- > i) and n4, ..., n, nonnegative integers.

This is called the canonical factorization of the word p. Recall from Section 2.2.1 (Defini-
tion 2.2.2) that for § € @, any R(3)-module M decomposes as a direct sum of vector spaces
M - ®V656q(,8) Ml/ With MI/ = B(V)M.

Definition 2.2.25. A word p is dominant if there is an R(S)-module M such that u is the highest
word among the words v such that M, is not zero: M = M, ® @ M, and M, # 0.

v<p

Dominant words play the same role as highest weights in the representation theory of finite
dimensional semisimple Lie algebras (see [30]). The next statement provides a very useful combi-
natorial criterion to determine whether a word is dominant or not. In particular it shows that a
dominant word can be seen as a collection (or a sum with positive coefficients) of positive roots,
which is why the terminology root partitions is sometimes used (see [91]).

Theorem 2.2.26 ([79]). (i) There is a bijection between the set of dominant Lyndon words and
the set Ay of positive roots of g, given by i— |i].

(i1) A word p is dominant if and only if all the Lyndon words appearing in the canonical factor-
1zation of u are dominant.

Example 2.2.27. In type A4, 24 is Lyndon but not dominant Lyndon, and 123 is dominant
Lyndon. The word 12312 is dominant but the word 3213 is not.

Remark 2.2.28. Dominant Lyndon words already appear in the work of Leclerc [84] as good
Lyndon words in the study of dual canonical basis for quantum groups and quantum coordinate
rings.

The next Proposition introduces the notion of cuspidal modules. The existence of cuspidal
modules follows from results of Varagnolo-Vasserot [113] in simply-laced cases and Rouquier [110]
in the general case. Cuspidal modules can be seen as analogs of fundamental representations for
Lie algebras.

Proposition 2.2.29 (|79, Proposition 8.4]). For any dominant Lyndon word i in Seq(f3), there is
a unique (up to isomorphism and shift) irreducible R(B)-module of highest weight i. We denote it
by L(i).
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In [79], Kleshchev-Ram give explicit constructions of cuspidal modules for each finite type. For
instance, in type A, the set of positive roots is Ay = {a; + -+ + 5,1 < i < j < n} and the
cuspidal module L(k...l) corresponding to the positive root ay + - -+ + o is the one dimensional
vector space spanned by a vector v with action of R(ay + -+ + o) given by:

v fv=~k...l
zi-v=0, 17-v=0, e(v) v= .
0 otherwise.

Recall from Section 2.2.1 that the graded character of a finite dimensional R(/5)-module M
is a (finite) formal sum of elements of Seq(3) with coefficients in Z[q, ¢ !]. For any such formal
sum S := >, Pa(¢)A, we let max(S) denote the greatest word appearing in this sum (for the
lexicographic order). In particular, for any finite dimensional R(«)-module M, we set max(M) :=
max(chg(M)). The word maz (M) is called the highest weight of the module M in [79].

The next statement shows that any word (not necessarily dominant) always appears as the
highest word in the quantum shuffle product of the Lyndon words appearing in its canonical fac-
torization.

Proposition 2.2.30 (|79, Lemma 5.3]). Let p be a word, and p = iW .. i) its canonical factor-
ization. Then we have maz(itV o - 0ilM) = 4.

One can now state the main result of [79]. It shows that finite dimensional irreducible repre-
sentations of finite type quiver Hecke algebras are parametrized by dominant words.

Theorem 2.2.31 ([79, Theorem 7.2|). Let p be a dominant word, and p = (i)™ ... (i) jts
canonical factorization. Set

A() = LED)™ o0 LEO)™(s(u))

where s(p) == Yy (p-dg) g (ng — 1) /4.
Then :

(i) A(p) has an irreducible head, denoted L(u).
(i) The highest weight of L(p) is p: max(L(p)) = p.

(i1i) The set {L(p)} for p dominant words in Seq(B) is a complete and irredundant set of irreducible
graded R(3)-modules up to isomorphism and shift.

on

Moreover for p of the form j™ with j dominant Lyndon, one has L(u) = L(j)

Example 2.2.32. Here are some examples of characters of some simple modules:

che(L(1)) = (1)
che(L(12)) = (12)
che(L(21)) = (21)
chqe(L(312) = (312) + (132)
chq(L(11)) (a+q¢H(11)

2.3 Dominance order and compatible seeds

In this section we define a partial ordering on the set of Laurent monomials in the cluster variables
of a cluster algebra A. This ordering coincides with the dominance order introduced by Qin in
[106]. In the context of monoidal categorification of a cluster algebra, we use this dominance order
to introduce the notion of compatible seed and state the main conjecture of this work (Conjec-
ture 2.3.10). We end this section with a discussion of monoidal categorifications of cluster algebras
via representations of quantum affine algebras following the work of Hernandez-Leclerc |56], which
provides a first example where Conjecture 2.3.10 holds.
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2.3.1 Partial ordering on monomials

Consider a cluster algebra A and choose a seed ((x1,...,%Zn, Tnil,---,Tm), B), where x1,...,2,
are the unfrozen variables and x,41,...,z,;, are the frozen variables. Let My be the monoid of
all monomials in the x; and Gy the abelian group of all Laurent monomials in the z;. Recall from
Section 2.1.1 the variables 7; defined as

AL bij
Yj = H L

1<ism

for any 1 < j < n. In what follows we write x* for [ [, ;" for any integers .
One now defines a partial preorder on Gy in the following way: given two Laurent monomials
x* = [[; 28" and xP =[], xfl in Gx, we set

x® < xP
if and only if there exist non-negative integers 7;,1 < j < n such that

xP = x*. ngﬂj.
J

We denote by > the opposite preorder.

Assume that the initial exchange matrix B has full rank n. Then the preorder < becomes an
order on Gx. This order is the same as the dominance order as defined by F. Qin [106, Defini-
tion 3.1.1]. Indeed, by definition, the relation [, =" <[], xf  is equivalent to the existence of
nonnegative integers 7;,1 < j < n such that

Vi, Bi = o + Y big;-
J

In vector notation this can be rewritten as
6 =a+ By

and thus the order < coincides with Qin’s dominance order on multi-indices.
Following [106], one can use this dominance order to introduce the notions of pointed elements
and pointed sets.

Definition 2.3.1 ([106, Definitions 3.1.4, 3.1.5]). Fiz a seed ((z1,...,%Tn, Tnt1s---,Tm), B) in A
and assume B has full rank n.

(i) Let P be a Laurent polynomial in the cluster variables x1, ..., xy,. One says that P is pointed
with respect to the seed ((x1,...,xm), B) if among the monomials of P, there is a unique
monomial which is a mazimal element (for the dominance order <) and has coefficient 1.
This monomial is called the leading term of P in [106].

(ii) Let L be any set of Laurent polynomials in the cluster variables xi,...,Zy. One says that L
is pointed with respect to the seed ((x1,...,%m), B) if all the elements of L are pointed and
two distinct elements of L have different leading terms.

One can associate a degree to each of the cluster variables x; (see [106]). If P is a pointed
element with respect to the seed ((x1,...,2m), B), then the degree of its leading term can be seen
as a generalization of the notion of g-vector.
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2.3.2 Generalized parameters

Let us consider an Artinian monoidal category C and assume we are given a classification of simple
objects in C. That is, suppose we are given a poset (M, <) together with a bijection ¢ between M
and the set S := {[V], Vsimple in C}. Let L(u) denote a representative of the isomorphism class
in Ko(C) corresponding to p € M via this bijection.

(U S — M

[L(W)] —

In what follows, u will be referred to as the parameter of the simple object L(u) in C. We will also
assume that the identity object is simple in C.

From now on we assume that the category C satisfies the following property:

Assumption A (Decomposition property). let u, ' € M and L(u), L(') the corresponding simple
objects in C; then the following equality holds in the Grothendieck ring Ko(C)

[L)]-[LGHT = Y, a[L®)]

veN, M

where N, v is a finite subset of M such that there exists a unique mazximal element in N, and
{ay,v € N, v} is a family of nonzero integers. The mazimal element of N, s is denoted by p© p'.

Remark 2.3.2. In various examples of categories satisfying this property (for instance categories
of modules over quiver Hecke algebras or quantum affine algebras), the integer a,,, happens to
be equal to 1 for any u, u’ € M, but we will not need this assumption here.

In what follows we will need the additional assumption that the law (® is compatible with the
partial ordering on M in the following sense:

Assumption B.
Vu,ve Mu<v=VYAeM,(AOu<AOQv and pOA<VvON).
Combining Assumptions A and B leads to the following:
Lemma 2.3.3. The law ® on M is associative.

Proof. First note that for any p, ' € M, the set N, is finite and has a unique maximal element
by Assumption A, hence this element (namely ¢ © ') is a greatest element in N, . Now let p,p/
and p” in M and decompose in two different ways the product [L(u)][L(x/)][L(x")]. On the one
hand, Assumption A gives

[LEILEOILED] = [Lw] - D) a[L)]

VEN‘L/”uﬂ

with v < ' © p” for every v € Ny ,»v. For any v € N, v, the parameters appearing in the
decomposition of [L(u)] - [L(v)] into classes of simples are all smaller than @ v; as v < p/ © ¢,
Assumption B implies p®Ov < p® (@' ©p”). Hence all the parameters involved in the decomposition
of [L(p)][L(1")][L(1")] into classes of simples are smaller than © ® (1 © p”).

On the other hand, one can write

(LGOI = Y] aulL@)][L(")]

VENH,H/

and the same arguments show that all the parameters involved in the decomposition of [ L(u)][L(u")][L(1")]
into classes of simples are smaller than (uOu )Ou”. In particular we get O (' Ou") < (O )OK"
and p© (1 O p") = (O p') © " and hence p O (' O p") = (LO ) O p".

0
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Thus the operation
MxM — M
(p) = pou
provides M with a monoid structure. The neutral element 1, is the image via ¥ of the class of
the identity object of C. By Assumption B, the monoid (M, ®) is an ordered monoid with respect
to <.

We now assume that C is a monoidal categorification of a cluster algebra A. Let ¢ be a ring
isomorphism

As K(C) is isomorphic to A, it is in particular commutative which implies that the monoid (M, ®)
is commutative as well. Hence it can be canonically embedded into its Grothendieck group G(M),
which is defined as follows (see [15]):

Definition 2.3.4 (Grothendieck group of M). Elements of G(M) are equivalence classes of couples
(1, v) of elements of M with respect to the equivalence relation

(1, v) ~ (MI,I/,) SINeM, OV OAX=vO L O
The group G(M) is an abelian group. We denote it by G in what follows.

The inverse in G of an element € M will be denoted by p®~1. Similarly ¢g®~! stands for the
inverse in G of any element g of G. We will refer to elements of M as parameters and elements of
G as generalized parameters.

Proposition 2.3.5. The ordering < on M naturally extends to a partial ordering on G that we
also denote by <.

Proof. One defines a partial ordering on M x M by setting
(w,v) < (W, V)= INeMAOuOY <AXOW O

Using the assumption B, one can check that if (u,v) ~ (¢, 7') then for any (u”, ") € M x M, one
has (u,v) < (W', V") < (W,v) < (@’,v"). Thus < naturally gives rise to a well-defined partial
ordering on G. O

Let us now fix a seed ((x1,...,Zm), B) in A and choose for each 1 < i < m a representative
L(p;) of the isomorphism class ¢~!(x;) € S corresponding to the cluster variable z; . Recall that
My stands for the monoid of all monomials in the x; and Gx for the abelian group of all Laurent
monomials in the z;. For any m-tuple of integers (ai,...,an,), we let u® denote the element
Oi<icm 1" of G. Of course u® belongs to M if all the a; are nonnegative.

Let us consider the subset P of K(C) consisting of nonzero classes [M] such that there is
a unique maximal element among the parameters of the simples appearing in the Jordan-Hoélder
series of M. Let ¥ be the map

v P SN G
[M] = a1[Mi] + -+ + ay[M,;] — max< (Y([Mi]),1 <k<r).

Here the aj are integers and the M; are the simples of the Jordan-Holder series of M. Note that
P contains 1, whose image by W is the neutral element of M. The set S of classes of simples in
C is a basis of K((C) hence the writing a;[M;] + - - - + a,[M,] of an element of P is unique up to
reordering the terms and thus the map V¥ is well-defined.
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Let P be the subset of Frac(A) defined in the following way:
P = (x*6(p), a e Z" pe P},

In particular P contains Gx. Let ¥ be the map

U P — G
x%p(p) — pu*O¥(p).

Proposition 2.3.6. The map U is well defined and satisfies the following properties:
(i) Uo¢ coincides with v on S.
(ii) U defines an abelian group morphism from Gy (for the natural multiplication) to (G, ®).

Proof. In order to show that the map U is well-defined, we need to check that if e, 3 are two
m-tuples of integers and p, ¢ two elements of P such that x*¢(p) = xP¢(q), then the equality u®®
U(p) = uPO¥(q) holds in G. Let us write p = ay[M1]+---+a,.[M,] and ¢ = by[N1]+- - - +bs[N],
with ;8 = 0, a1,...ap,b1,...,bs € Z and [Mi],...[M,;],[N1],...,[Ns] € S. Let v be an m-tuple

of nonnegative integers such that xYx® and xYx? are monomials in the x;. One can write

x*p(p) = xPp(q) = x"x%¢(p) = xx ¢(q)

o0 (H[Lwi)waip) p (H[Lwi)]wq)

7 7

< (L7 )] (a1 [M] + - + an[M]) = [L(*P)](01[N1] + - + bs[N])

as ¢ is an isomorphism. Let us set pu := pY™® and v := p¥*P; they are elements of M. By
Assumption A, for every 1 < i < r the product [L(u)].[M;] decomposes as a sum of classes of
simples and p ®¥([M;]) is maximal among the corresponding parameters. As p € P, the finite set
of parameters ¥ ([M1]), ... ¥ ([M,]) has a unique maximal element. For simplicity let us assume it is
¥([M;1]). Then Assumption B implies that u®v([M;]) is maximal among the parameters appearing
in the decompositions of [L(p)].[M;],1 < i < r into classes of simples. The same arguments of
course hold for the right hand side [L(v)].q. As S is a basis of K((C), one gets

pOY([M]) = vOP([M]).

Now by definition of ¥, one has ¢([M;]) = ¥(p) and ¢ ([N1]) = ¥(q). Hence we can write in G:
prOU(p) = pYOUOY(p) = pTYOEOY([M1]) = pTTOVEY([M]) = pTYOrO¥(g) = pPOU(g)
which is the desired equality. Thus U is well-defined.

For any pe M, ¢([L(u)]) belongs to P with a being zero and p = [L(u)]. Hence by definition
one has .

U (@([L()]) = V(L)) = p = P(L(w)])

which proves (i). 3

Taking elements of P for which p is the empty sum, one gets

) =t = O
1<is<m
O T (S([L()]))™ by (1)

I<ism

= O Tz)™

I<ism

which proves (ii).
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2.3.3 Compatible seeds

In this subsection, we introduce the notion of compatible seed, state our main conjecture (Conjec-
ture 2.3.10) and explain some consequences.

Definition 2.3.7 (Compatible seed). Let S := ((x1,...,2m), B) be a seed in A, Gx the group of
Laurent monomials in the cluster variables x1,...,Tm, and < the corresponding dominance order
on Gx. Let U be the map given by Proposition 2.3.6. For any 1 < j < n, set

We say that the seed S is compatible if the restriction \i'|gx : (Gx, X) — (G, <) is either increasing
or decreasing.

Remark 2.3.8. By construction, the restriction of U to Gy is increasing if and only if for any
Laurent monomials [ [, z;"* and [, :L‘ZB * one has

[T <] ]a? = Que™ < ©Qud™
This is equivalent to the following:
Vi<j<n,VpeM,pu<p;Op.
In the same way, ¥ is decreasing on Gy if and only if
Vi<j<n,VpeM,pu=p;Op.

In many examples of monoidal categorifications of cluster algebras, for instance via quantum affine
algebras or quiver Hecke algebras, we will check this condition to prove that a seed is compatible.

Remark 2.3.9. Note that if the seed S = ((21,..., %), B) is compatible with U increasing on
gx, then P contains all the Laurent polynomials in the z; that are pointed with respect to S, i.e.
P 2 PT(0) with the notations of [106].

One can now state the main conjecture of this paper:

Conjecture 2.3.10. Let A be a cluster algebra and C an Artinian monoidal categorification of A.
Assume there exists a poset (M, <) as above such that Assumptions A and B hold. Then there
exists a compatible seed in A.

The next statements provide some useful consequences of the existence of a compatible seed. In
particular we combine it with the results of [43] and [32] recalled in Section 2.1.1 to relate parameters
of simple objects in C to some cluster algebra invariants, such as g-vectors and F-polynomials.

Let C be a Artinian monoidal categorification of a cluster algebra A and assume Conjec-
ture 2.3.10 holds. Let ((x1,...,%n, Tn41,--.,2Tm), B) be a compatible seed. Consider z} a cluster

it
variable in A belonging to another cluster and let F“* be its F-polynomial. Let Xf ! ---Xﬁiﬁt be
the monomial given by Theorem 2.1.5(i).

Corollary 2.3.11. One has FUt (31, ...,4,) € P and

l’t . = . . .
B () = | Qi T s nereasing on G,
1l i the other case.

Here 1g denotes the neutral element of G.
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Proof. By Theorem 2.1.4, FUt(4jy, ... ,4,) is the product of a Laurent monomial in the x; with the
cluster variable z'*. As C is a monoidal categorification of A, 2t is the image by ¢ of the class of
a simple object in C. Hence Fht (3, ..., 14,) € P.

By Theorem 2.1.5 (i) and (ii), any monomial of F“* can be written as X ... X’ with 0 <
b; < aé-’t for all 1 < j < n. As the seed ((z1,...,2), B) is compatible, evaluating on the y; and
considering the corresponding generalized parameters fi; yields

~ al’t ~ b . X, . .
(D% = ()p;” if ¥ is increasing on Gy
J J

and
It N
@ /fjaj < @/jjbj if W is decreasing Gx.
J J
Hence among all the generalized parameters appearing in the term Fb!(¢jy,...,4,), there is one

1t ~
which is greater than the others, namely () j ,ufjeaj if ¥ is increasing Gx, 1lg in the other case.
O]

The following Corollary shows that the existence of a compatible seed in A implies relations
between the g-vector (with respect to this initial (compatible) seed) of any cluster variable in .4

and the parameter of the corresponding simple object in C.
1t Lt
Let x;ﬂrl -+ 2y™ ™ be the monomial in the frozen variables equal to the denominator Fl’t”p(yl, ey Un)
in the right hand side of equation (2.2). Note that, in view of the definition of the semifield P, the cé’t

are negative integers, as the F-polynomial F! has constant term equal to 1 by Theorem 2.1.5(ii).

Corollary 2.3.12. Let ubt be the parameter of the simple module corresponding to the cluster
variable xt, i.e. xbt = ¢([L(ub)]). Then

1t Lt It -
~ Qay O(—¢;") Qg; . . .
qu B ®1<j<n 1% ®®1<z‘<m—n Losi ®®1<i<n p if W is increasing on Gy,
- It It
O(=¢;") ©g;’ I .
®1si<mfn Pri © O ®1<i<n [Trae if U is decreasing on Gy.

Proof. We give the proof only in the case where the restriction of ¥ to Gy is increasing, the other
case being analogous.

By Proposition 2.3.6 (i), W(xz}) = ¥ ([L(p"*)]) = p'*. On the other hand, one can use the
previous Corollary and apply ¥ to both sides of equation (2.2):

1t Lt
1 m—n
L

L i N
@,U:]Oaj - (Fl’t(flfl,-'-,?fn» =y x”*ﬁt—ml’t'xl,t
It 1t
—d'e O 125 0 @ uP7% by Proposition 2.3.6(ii).
1<i<m-n 1<i<n

Finally one can conclude:

;.0 O(=c;") g,
= O &% 0 O 0 O it

1<j<n 1<is<m—n 1<ig<n

99



CHAPTER 2

2.3.4 First example: the category C;

The first example of compatible seed appears in the work of Hernandez-Leclerc [56] and is one of
the main motivations for this work.

Recall from Section 2.1.3 the definition of the category C;. This category was introduced
by Hernandez-Leclerc in [56] as a (monoidal) subcategory of the category of finite dimensional
representations of the quantum affine algebra U,(g). For g of types ADE, the category C; is a
monoidal categorification of a cluster algebra of the same cluster type (in the classification of [42])
than the Lie type of g (|56, 96]). As explained in Section 2.1.3, the simple finite dimensional U, (g)-
modules are parametrized by dominant monomials. The monoid M parametrizing simple objects
in the category C; is a submonoid of the set of dominant monomials involving only the variables
Yia,i € I,a € q”. The monoid law @ is simply the natural multiplication of monomials. The
ordering < on M is the restriction of the Nakajima order on dominant monomials (see Section 2.1.3).
Assumptions A and B are obviously satisfied for the category C;.

In [56], Hernandez-Leclerc give explicitly an initial seed in the category Ci:

Theorem 2.3.13 (|56]). Each seed has n = |I| unfrozen variables and n frozen variables. These
frozen variables are given by the classes of the modules L(Y;:7q§i}/i7q§i+2), 1el.
Moreover, an initial seed in this cluster algebra is given by the following classes:

[L(Y; jei+2)] [L(Y; Yy geii2)] i€l

(2 (2

together with the exchange matriz B = (b;j) whose columns are indexed by I and rows by I L 1" =
[1,n] U [n+ 1,2n], and whose entries are given by

(—1)€jaij ifi,jel and i # j,

b e -1 ifjelandi=j+nel,
Y —Qj;j ifjedoandi=k+nel withk +# j,
0 otherwise.

Here the a;; are the entries of the Cartan matriz associated to g.

The cluster algebra A is the cluster algebra (in the classification of [42]) generated by the initial
seed ((x1,...,%n, Tntl,...,T2n), B) where B is the matrix above. Following [56], we denote by ¢
the unique ring isomorphism

L .,442> Ko(cl)

such that
() = [L(Y; e002)] i) = LY, 0 Yigeoa)]  1<i<n

The isomorphism ¢ is the inverse of the isomorphism ¢ in Section 2.3.2. Using the map ¥ associated
to the seed ((z1,...,%n, Tnt1,...,T2,), B) above, one can compute the generalized parameters /i;
corresponding to this seed. This is done by the following statement, as a direct consequence of
Theorem 2.3.13:

Proposition 2.3.14 (|56, Lemma 7.2|). With the notations of Section 2.3.2, one has:

Vi<ji<sn, (= Aj’qgjﬂ.

Corollary 2.3.15. Conjecture 2.3.10 holds for the category C;.
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Proof. By definition of the Nakajima ordering on monomials (see Section 2.1.3), Proposition 2.3.14
implies that for any dominant monomial m, one has

Vi<j<nmZ>=pgm

By Remark 2.3.8, this implies that the map U associated to the seed (1. oy Ty Tt 1y - -+ Top ), B)
is decreasing. Hence this seed is compatible in the sense of Definition 2.3.7 and Conjecture 2.3.10

holds. O

We conclude this section with an illustration of the relationships between g-vectors and highest
weights for quantum affine algebras that occur as a consequence of the initial seed of [56] being
compatible. The cluster structure on Ky(Cy) is a finite type cluster algebra; thus one can use the
results of [42] and label the cluster variables by almost positive roots, i.e. positive roots together
with the opposite of the simple roots. Let x[«] denote the cluster variable associated to the almost
positive root a with respect to the above initial seed.

Following [42], one defines piece-wise linear involutions 7. (e € {—1,1}) of the root lattice @ of

g: for any v € @,

(o) - ] = —[v ] = X4 aiy max(0, [v, o5]) if e =
€ . ] .

[v: ] ife; #e
where [ : a;] stands for the coefficient of «; in the expansion of v on simple roots.

Corollary 2.3.16 (|56, Corollary 7.4|). Let a be an almost positive root. Set f := 7_(«a). Write
B = >, bia;. The highest weight of the simple module corresponding to the cluster variable x[a] is

given by
[[¥e[1vi
1€l 1€l
It is known from [43| that in the case of a cluster algebra of finite type, the g-vector of the
variable z[a] is given by
g(a) = ET_(a)
where F is the automorphism of the root lattice of g which sends the simple root a; onto (—1)%*!q;.
Thus the previous corollary can be reformulated in the following way:

Corollary 2.3.17. Let « be an almost positive root and let g(«) be the g-vector of the cluster
variable x[a] with respect to the above initial seed. The highest weight of the simple module corre-

sponding to x[a] is given by
[ [y [ i

i€lp i€l

2.4 A mutation rule for parameters of simple representations of
quiver Hecke algebras

In this section, we consider the category C = R — gmod of finite dimensional representations
of symmetric quiver Hecke algebras of finite type A,. The set M is the set of dominant words
(see Section 2.1) and the order < is the natural lexicographic order; it is a total ordering hence
Assumption A obviously holds. Moreover, with the notations of Section 2.2.5, one has y O v =
max(L(u)oL(v)) for any dominant words p and v. We begin by describing explicitly the monoid op-
eration ® for dominant words. In particular it can be easily computed using canonical factorizations
of dominant words (see Proposition 2.2.24). We apply this in the context of monoidal categorifica-
tions of cluster algebras via quiver Hecke algebras following the works of Kang-Kashiwara-Kim-Oh
(66, 69]). We obtain a combinatorial rule for the transformation of dominant words under cluster
mutation.
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2.4.1 Convolution product of simple modules

This subsection is devoted to the description of the monoid structure ® on the monoid M of
dominant words in the case of a symmetric quiver Hecke algebra of type A,. First we restrict
to the case where the canonical factorizations of two words pu, i/ are ordered with respect to each
other. We show that in this case, Proposition 2.2.30 implies that the monoidal product pu ® p’
is simply the concatenation of p and p’ (Corollary 2.4.3). Then we state the main result of this
section (Proposition 2.4.4) which gives a combinatorial expression for y ® y' for any u,p’. Our
proof involves ideas similar to the ones used in [79] for the proof of Proposition 2.2.30, but here we
use the specific form of dominant Lyndon words (in bijection with positive roots) in type A,.

Recall (see Proposition 2.2.24) that any word p can be written in a unique way as a concate-
nation of Lyndon words in the decreasing order. This is called the canonical factorization of u.
Moreover, if the word p is dominant, then all the Lyndon words involved in the canonical fac-
torization of u are dominant as well (Theorem 2.2.26(ii)). By Theorem 2.2.26(i), the canonical
factorization of a dominant word p can be seen as a sum of positive roots in the decreasing order.
In particular, in type A,, these positive roots correspond to words of the form k(k + 1)...[ with
k<.

We begin by recalling a technical result from [79].

Lemma 2.4.1 (|79, Lemma 5.1]). Let i, ... i") O ) be words such that for each k €
{1,...,7}, i% and j®) have same length. Assume that i) = jO i) > j0) Then max(iV) o

c0iM) = max(jV o ... 0 j). Moreover, this inequality is an equality if and only if all the
inequalities i®) = j%) are equalities.

The next Proposition states that the product pu® p’ of two dominant words p and p’ coincides
with the highest word in the quantum shuffle product of p and p’'.

Proposition 2.4.2. Let u,v be dominant words. Then
pOv =max(pov).
Proof. By Theorem 2.2.31, we can write

che(L(p)) = P(q).pu + Z ap(q). and  chy(L(v)) = Q(q).v + 2 by(q).V/

w<p vi<v
where P, Q,a,b are Laurent polynomials in ¢ (P and @ non zero). By definition
1 ®v = max(L () o L(v)) = max(chq (L) o L(v))) = max(chy(L(1)) o chy(L(v)).

By Lemma 2.4.1, for any p/ < p, max(p’ ov) < max(pov). Similarly, max(por’) < max(pov) and
max (v’ o v) < max(powv) for any 1/ < p and v/ < v. So the highest word of chqy(L(p)) o chq(L(v))
can only come from the shuffle product o v. Hence

w Q@ v =max(uouv).

O]

More generally, the same proof shows that for any finite formal series R and S on W with
coefficients in Z[q, ¢~1], one has max(R o S) = max (maz(R) o maz(S)). The following Corollary
is then a direct consequence of Proposition 2.2.30.
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Corollary 2.4.3. Let u, p' two dominant words. Write their canonical factorizations
= (i(l))nl L (l(r))nr and 'u/ _ (il(l))nl . (i/(rl))n;,

with iV > - > i and ¥V > ... > ¥ Assume i) > /Y.
Then ) )
PO = Ay GOy Oyt Ty
Proof. Setting R := (iV)" o ... 0 (i"))" and R := (i’(l))”,l 0---0 (i’(r))"/r’, Proposition 2.2.30
implies © = max(R) and p/ = max(R’). Then by Proposition 2.4.2, one has:

pu® u' = max(popu) by Proposition 2.4.2
= max(maz(R) o max(R'))
= max(Ro R) by Proposition 2.4.2

= max ((i(l))”l R R N ) P (i/(”)n’w) .

The assumption i) > '™ implies that (i) ... (i@)nr (7¥W)ni . (#))" is the canonical fac-
torization of the concatenation uy’. Hence by Proposition 2.2.30, we get

/

PO = = () GOy Wy Ty
O

One can now state the main result of this section. It can be seen as a generalization of Corol-
lary 2.4.3, as we now drop the hypothesis i(") > ).

Proposition 2.4.4. Let p, i’ two dominant words. Write their canonical factorizations

/

p= GOy Oy gpg = @) )

Let {j(l), . ,j(s)} be the set of all the words NS (O i’(l), cee (") ranged in the decreasing

order. Let my,...,mg,m} ...m/} the positive integers uniquely determined by
p= (GOym L (§eyms ’ fo= GOy (Geyms
Then
M ® ,U// _ (j(1)>m1+m1 o (j(s))mS—l-mS.

Using Theorem 2.2.31, one can reformulate this statement in the following way: write the
positive roots in the decreasing order
Qp > Qp 1+ Qp >0Qp 1> >0 +Q1+ - Fap>>0;>
> ar 4t an > o (2.3)

and let r,, = n(n + 1)/2 denote the number of these positive roots. Define a map

(Mv ®) - (Z;nm +)
B I
such that the ith coordinate of the vector 77 is equal to the multiplicity of the Lyndon word

corresponding to the ith positive root (in the above decreasing order) in the canonical factorization
of u.

(2.4)
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Theorem 2.4.5. The map (2.4) is an isomorphism of abelian monoids.

Proof of Proposition 2.4.4. For simplicity we use a slight change of notation for the proof: we write
= O NG and y = )

with i® > -+ > i® and ¥® > ... > ¥ dominant Lyndon words not necessarily distinct.
Let n (resp. n’) be the length of u (resp. p’). The starting point is the word p.p’ which is the
concatenation of the words p and p’ and we consider permutations o € 6,4, i.e. whose restrictions
to [|1;n]] and [|n + 1;n + n’|] are increasing (see Definition 2.2.3).

First note that the word p®u’ indeed appears in the quantum shuffle product of p with p’: con-
sider the permutation o simply defined by rearranging the blocks (iV)), ..., (i("), (i/(l)), e (i’(r/))
of the concatenation p.u’ and put them in the decreasing order.

We write = hi,...,hy and ¢/ = hi,... hl,. The concatenation of y and p' is then p.p' =
hi,...,hn, k), ..., k. As in Definition 2.2.3, we set hy41 := b, ..., hypypn := h}, and thus p.p' =
hi,... hpin. We set o(p.p') := ho-1(1ys- -+ s PBg=1(nqns) for any permutation o € &, 5. From now
on we fix o € 6, 5 and we assume that the word o(u.u') is greater than or equal to u® u/ (for the
lexicographic order). We show that under this assumption, one necessarily has o(u.p') = p® i’

The proof is based on an induction on 7 + r’ or equivalently on the sum of the lengths of y and
/

W

We first look at the action of ¢ on the Lyndon words i) and i 1) and show that necessarily
rearranges these two blocks so that in the word o(u.p’) they will appear in the decreasing order.
Then, considering the restriction of the action of ¢ on the other Lyndon words, we find ourselves
considering a shuffie of parameters i and ;Z’ , one of them being of length strictly smaller than the

corresponding initial parameter.

First case: i/!) > i(). Then the word u® i begins with /(Y.
The two words i) and ') are dominant Lyndon words so we write them it) = (k,k+1,... k+
dy) and 'Y = (W K +1,...,d}) with either ¥ > k or k' = k and d} > d.
We first show that the assumption o(p.p') = p© i’ implies o(n + 1) = 1. Indeed, if o(n +
1) = di + 1 then, as the restrictions of o to [|1;n]] and [|n + 1;n + n'|] are increasing, we have
o(l)=1,...,0(dy) = di. The word o(u.p’) then begins with (k, ...k +di,l,...), where [ is equal
tokifo(n+1)>d; +1andtok if o(n+1) =dy +1. If k < k' then k,....k +dy < iV and
hence o(pu.p') < pO . If k' =k and d} > dy then
by kd . =K K+ di K
<K, .. K+d,K+d +1
<K, .. K+d
(1)

=i
and the conclusion is the same.
Ifo(n+1)e{2,3,...,d1}, then o(p.p') begins with (k,k+1,...,k+p, k', ...) where p is some
integer such that 0 < p < dy. If k < &’ then k, k+1,....k+p, ¥ <Y and hence o(p.pt/) < pO L.
If ¥ =k and d} > d; then
kk+1,...k+p K =kk+1,....k+pk
<kk+1,....k+pk+p+1
<kk+1,.. k+d
<kk+1,....k+pk+d
_ (1)

64



CHAPTER 2

and the conclusion is the same. Thus o(n + 1) = 1.

As the restrictions of o to [|1;n|] and [|n + 1;n + n/|] are increasing, o~1(2) is either equal
to 1 or to n + 2; but the first possibility gives a word beginning with &’k which is obviously
strictly smaller than p® p/. Hence o(n + 2) = 2. Then by iterating this, we see that necessarily
on+1)=1,...,0(n+d}) =d|. In other words o sends the blocks 'Y on the left of the blocks
i), i.e. at the beginning of the word o(u.u').

Second case: ') <i(V), Then 1 ® i begins with (i) and with the previous notations, one
has either ¥ < k or k' = k and d} < d;.

We show that the assumption o(p.p') = p® v implies o(n + 1) > d;.

Indeed, if o(n + 1) € {2,...,d1}, then o(u.i') begins with (k,...,k + p, k') where p is some
integer such that 0 < p < d;. But then

kk+1,... k+pk <kk+1,....k+pk
<kk+1,...)k+pk+p+1
<kk+1,....k+d
=i

and hence o(p.u') < p O .

If o(n+1) =1, then o(p./) = p® ¢/ implies ¥’ = k (and hence d} < di). But then it is easy
to see that necessarily o(n+2) = 2,...,0(n+d}) = d}, i.e. o(u.p’) begins with (k,...,k+d},...).
The letter coming after k + d} is either the first letter of i) (if o(1) = d) + 1) or the first letter of
i/ (if o(n +d} + 1) = d} + 1); in both cases it is smaller than k£ and in particular smaller than
k+d} + 1 and hence o(p.pu') < p @ p'. Thus o(n + 1) > d.

In particular, o(1) = 1,...,0(dy) = dy (in other words, o fixes the block i"), i.e. leaves it at
the beginning of the resulting word.

Third case: ') =i(). Then the word x® 1/ begins with (iM)2,

We show that under the assumption o (u.p') = u®u’, one has either o(n+1) = 1,...,0(n+dy) =
dy (ie. o sends the block i) coming from 4z’ to the left of the block i) coming from p) or
o(1) =1,...,0(dy) = d; (ie. o fixes the block i) coming from ).

Indeed, as the restrictions of o to [|1;n]] and [|n + 1;n + n'|] are increasing, o~ 1(1) is either
equal to 1 or ton + 1.

If o(1) = 1, then o(n + 1) is necessarily strictly greater than d, otherwise o(u.u’) would begin
with (k,k+1,...,k+p,k,...) (where p is some integer such that 0 < p < d;) and would be strictly
smaller than © ® p/. Hence in this case we get o(1) = 1,...,0(d1) = d;.

If o(n+1) = 1, then the same argument shows that o (1) is necessarily strictly greater than dy,
and hence we get o(n+1) =1,...,0(n+dy) = d;.

In conclusion, we have shown that the permutations we are seeking fix the block i) if i(t) > i’(l),
send the block 'Y to the left of the block iV if i} < i’(l), and send either i or i’ to the
beginning of the resulting word if i) = ¥/ (). The desired result follows by induction on r + 7.

O

2.4.2 A mutation rule for dominant words

We now use Theorem 2.4.5 (or equivalently Proposition 2.4.4) to obtain a mutation rule on the
parameters of simple modules corresponding to cluster variables in the setting of [69]. We express
it in a vector setting, i.e. in terms of the images of dominant words under the isomorphism (2.4).
Recall that the image of any dominant word p under the isomorphism (2.4) is the vector I whose
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ith coordinate is equal to the multiplicity of the Lyndon word corresponding to the ith positive
root (in the decreasing order (2.3)) in the canonical factorization of p. Such vectors are of size 7,
the number of positive roots in type A, (r, = n(n + 1)/2)).

Example 2.4.6. In type Ao, there are three positive roots: as > a3 + as > 1. The word 21 will
be represented by the vector *(1,0,1).

In type As there are six positive roots: ag > ao + a3 > as > a1 + as + ag > a1 + as > «.
The word 2312 will be represented by the vector *(0,1,0,0,1,0) and the word 321 by the vector
(1,0,1,0,0,1).

Let us consider a quantum monoidal seed S := ({M;}ier, B, A, D) in the sense of [69]. Recall
that I splits into / = Jez U J¢, with the {[M;]}ies., corresponding to unfrozen variables and the
{[M;]}ie J;, corresponding to frozen variables. For every i € I, let p; be the parameter of the simple
module M; and fi; the corresponding vector.

Remark 2.4.7. 1. The abelian monoid isomorphism (2.4) naturally extends to an abelian group
isomorphism between the respective Grothendieck groups of (M,®) and (ZZ}, +), namely

(G,0) =~ (2, +). (2.5)

Under this isomorphism, the inverse in G of a parameter p € M corresponds to the opposite
vector in Z™. For instance the vector corresponding to the generalized parameter ji; is

= > by

1<i<n+m

2. The lexicographic order < on M and G also turns into a (total) ordering on Z™ through the
above isomorphism: a vector fi7 is strictly greater than a vector i3 if and only if the first non
zero component of i7 — 13 is positive.

Let k be fixed in J,; and let us look at the mutation in direction k£ of the seed S. It leads to a
new seed S’ with the same variables except Mj, that has turned into Mj, such that we have a short
exact sequence of graded modules:

0—gq @ M;bik - q]\(M’“’M’/c)MkOM]; N @ Mio(_bik) 0. (2.6)
bix>0 b <0
The next statement shows that one can deduce the parameter of the simple module M}, from

the knowledge of the parameters p; and the exchange matrix B of the seed S.

Proposition 2.4.8. Let i), be the parameter of the simple module Mj, and /7k be the corresponding
vector. Then we have:

/7]: = _/Tl; + max ( Z bzkuu Z bzk)E) .

1k>0 bzk<0

Proof. As the real simple modules M; commute, the modules @b >0 Mi° bik and O, <0 M. Mo (—bix)
are simple. Thus they correspond to some dominant words 4 and pi—. Using Theorem 2.2.31 (ii),
one can write

o max(L(M+ = max ( @ L ,U:z Obﬂc) @ M@bzk

bix>0 bix>0
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Under the isomorphism (2.4) we get
s = Z bik -

bik>0

Now the short exact sequence (2.6) gives the relation

PO M = g [T a1 + [ [

bix>0 bir<0

in the Grothendieck ring of the category R — gmod. Taking the characters we get
qA(Mk’M’/“)Chq(Mk) o chg(My) = qchq(L(p+)) + chy(L(p-)).
Looking at the highest weight on both sides of this equality we get

e © py, = mazx (chq(My) o chq(My,))
= mazx (max (chg(L(p+))) , mazx (che(L(p-)))) -

Applying isomorphism (2.4), we get

CLIE(_J:,/T) max ( Z bzklu”u Z bzk)m)

k>0 bk<0

=l
I

h +

which is the desired statement in the image of isomorphism (2.5).

2.4.3 An example in type A3

In this subsection we apply Proposition 2.4.8 to the example of the category R — gmod for a Lie
algebra of type As. This example provides an illustration of Theorem 2.5.2 which will be proved in
general type A, in Section 2.5. The category R — gmod corresponds to C,, with w = wq the longest
element of the Weyl group of g (see Section 2.2.4). In type As this element can be written as:

Wy = 815283515281.-

Theorem 2.2.21 provides an admissible pair (in the sense of Definition 2.2.12), which gives rise to
a quantum monoidal seed for this category. We denote this seed by S3. Firstly, one can see that
Jex = {1,2,3} and Jy,. = {4,5,6} (see Section 2.2.4). The simple modules whose classes are the
cluster variables of the seed S§ can be computed directly using [69, Proposition 10.2.4].

Lemma 2.4.9. The seed S5 for the category R — gmod in type As is given by three unfrozen vari-
ables [L(1)],[L(12)],[L(21)] and three frozen variables [L(123)], L(2312)],[L(321)] together with
the following exchange matrix:

0 1 -1
-1 0 1
1 -1 0
Bo=1¢9 _1 o
0 1 -1
0 0 1

Proof. By definition of the modules M (k,0) defining the underlying admissible pair of the seed S3
(see Section 2.2.4), one has
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M(l,()) M(slwl,wl))

M(Q,O) = M(8182WQ,LU2)

M(3,0) = M(815251W1,wl)

M(4, O) = M(83818281w1, wl)
(5,0) M(

5253515251w1,w1)
(6,0) = M(818283818281wl wl).
Using [69, Proposmon 10.2.4], one gets M(1,0) = L(1), M(2,0) = hd(L(1) o L(2)) = L(12),
M (3,0) = hd(L(2) o L(1)) = L(21). The computations are similar for M (k,0),k € {4,5,6}.
O

The (ungraded) short exact sequences corresponding to the mutations in each of the three
exchange directions can be written as follows:

0— L(21) > L(1)o L — L(12) — 0.
0 — L(1)o L(2312) —» L(12) o M — L(21) o L(123) — 0.
0 — L(12) o L(321) —» L(21) o N — L(1) o L(2312) — 0.
Let A (resp. u, v) be the parameters of the simple module L (resp. M, N). We can compute these
parameters using Proposition 2.4.8. For instance consider the second of the above exact sequences.
Then with the notations of Remark 2.4.7, a straightforward computation gives the parameter of

M as 7 = %(0,1,0,0,0,1). Hence M = L(231).
In the same way one can compute L = L(2) and N = L(312).
Let &1 be the seed obtained from the seed Sg by mutation in the first direction. One can now

show that Sy is compatible in the sense of Definition 2.3.7 and & is not.
First we write the exchange matrix for Si:

0 -1 1
1 0 0
1 0 0
By 0 -1 0
0 1 -1
0 0 1

Then for Sy, the images under isomorphism (2.5) of the generalized parameters £i; are :
fn = %0,0,1,0,1,1) o= %(0,1,—1,1,1,0) 3= *(1,—1,1,0,0,0)
and for S§; we get:
i1 = %0,0,—-1,0,1,—1) fis = '(0,1,-1,—1,1,0) fs= *(1,-1,2,0,—1,1).

Combining Remark 2.4.7(2) and Remark 2.3.8, one can see that Sy is compatible in the sense of
Definition 2.3.7 but it is not the case for Sj.

More generally, given an initial quantum monoidal seed ({M;};, B), Proposition 2.4.8 allows us
to compute explicitly the parameters of the simple modules appearing when mutating the initial
seed an arbitrary number of times in any directions.

2.5 A compatible seed for R — gmod in type A

In this section we compute in type A,, the parameters of the simple modules of the monoidal seed
Sy arising from the construction of [69] (see Subsection 2.2.4) for the category R — gmod.
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2.5.1 Statements of the main theorems

In this subsection we state the two main results of this paper, Theorems 2.5.1 and 2.5.2. Recall
that A,(n) = Ag(n(wp)) where wy is the longest element of the Weyl group of g. The category
R — gmod coincides with the category Cy, (see Section 2.2.4). In type A, we have

wo = (1...n)(1...(n—1))-- (12)(1).

Recall that 7, := n(n + 1)/2 stands for the length of wy. In the category R — gmod = Cy, in type
Ay, Theorem 2.2.21 provides an admissible pair (in the sense of Definition 2.2.12), which gives rise
to a quantum monoidal seed for this category. We denote this seed by Sj.

Our first main result is the following:

Theorem 2.5.1. The cluster variables of the seed Sg can be explicitly described in terms of pa-
rameters as follows:
[L(1)]
[L(12)] [L((2)(1))]
[L(123)] [L((23)(12))] [L((3)(2)(1))]

(L. B)] [L(2.. K)(1.. k—1))] (L((R) - (1))]

The set of frozen variables corresponds to the last line and the set of unfrozen variables consists
in the union of lines 1...n — 1.

The three following sections are devoted to some intermediate steps for the proof of Theo-
rem 2.5.1. Recall from Section 2.2.4 that J, denotes the index set of the frozen variables of the
monoidal seed S§. In Section 2.5.2, we prove that |J¢,| = n. We show that the knowledge of
the dominant words of the M, j € Jy, is sufficient to recover the whole seed Sj. Section 2.5.3 is
devoted to the computation of the weights of the M;,j € Jy.. These weights are determined by
the construction of [69] (see Section 2.2.4). In Section 2.5.4, we use the fact that for any j € Jy,,
the module M; necessarily commutes with any other simple module in R — gmod. This strongly
constrains the form of the corresponding dominant word. Together with the weights obtained in
Section 2.5.3, we find at most n possible dominant words, which is exactly the number of frozen
variables computed in Section 2.5.2. Hence we get a bijection between these parameters and the
set of modules {M;,j € J¢,}.

We complete the proof in Section 2.5.5 by determining which parameter corresponds to every
simple module, which is more precise than just a global bijection. The key argument is provided
by Theorem 2.4.8.

The following statement is our second main result. We deduce it from Theorem 2.5.1.
Theorem 2.5.2. The seed S is compatible in the sense of Definition 2.3.7.

In particular Conjecture 2.3.10 holds for the category R — gmod in type A,,.

2.5.2 Initial seed for R — gmod

For n > 1, we consider a Lie algebra g of type A,. We let {a1,...,a,} denote the simple roots
and Q% := @,_; ,, Na;. We also denote A’} the set of positive roots, R — gmod™ the category
of (graded) finite dimensional representation of the quiver Hecke algebras associated with g, and
M" the set of dominant words in bijection with the set of simple objects in R — gmod™ (up to
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isomorphism). There is a canonical embedding ¢ of M™ into M™ for any m > n. In particular
the set of simple objects in R — gmod™ is naturally included into the set of simple objects in
R — gmod™. We again denote ¢} this inclusion.

Let Jg, (resp. JJ,.) denote the index set of the unfrozen variables (resp. frozen variables) of
the seed Sy for every n = 1. We also set J" := Jg v J%. In order to prove Theorem 2.5.1, we
begin by determining the sets JJ, and J;}r. We point out an inductive property of this seed: the

set {M;,i € J%} coincides with the set {u?_|(M;),ie J" 1}

Proposition 2.5.3. The cluster variables of the seed Sg split into the following exchange and
frozen sets:

1. There are n frozen variables in SY, which correspond to the classes of the last n modules
M(rp—1+1,0),...,M(ry,0).

xT

2. The set {M;,i € J} coincides with the union of the sets {1}(M;),i € J]]fr}, I1<k<n-—1.

Proof. For the first statement, write wg = (s1...5,)(S1...8n—1) - (5152)(51) = Sy, - -+ s1. Then
for any [ € {1,...,r,_1}, the letter s; is in {1,...,n — 1} and this letter obviously appears again
in the word wqg as sy for some I’ > [. In other words, Iy < 7, and thus [ € J%. Conversely, if
l € {rn_1+1,7,}, then all the letters sy,l’ > [ are distinct from s; and thus [, = r 4+ 1. Hence one
has

Jow =11, .. .,rp1} and  Jp = {rp1 + 1, )

In particular the modules corresponding to the frozen variables of the seed S can be written as
M(rp—1+1,0) = M (s1(s251) - (Sp—1---51)Sn-Wn,wn)

M(rp,0) = M (s1(s2s1) - (Sp—1---51)(Sn ... $1).Wi,w1) .
The second statement follows from the first one applied to the seeds S{f, 1<k <n-—1. Indeed,
one can write in the same way the modules M;, 7 € Jnr_l as:

M (s1(s2s1) - (Sn—2--.51)Sp—1-Wn—1,Wn—1)

M (81(8281) s (Sn_Q . 51)(8n_1 e 81).(,01,(,01) .
The images via ¢]'_; of these modules respectively coincide with the modules M (r,—2+1,0), ..., M (r,_1,0),
whose classes are exactly the last n—1 unfrozen variables of the seed Sf'. Iterating this, we conclude
that the set {M;,1 € JJ,} is the union of the sets {¢}}(M;),l € J}“r} ,1<k<n-—1.
O

As a direct consequence of the previous Proposition, it suffices to compute the parameters of
the modules corresponding to the frozen variables of the seed Sj. This is what we focus on in the
next two subsections.

2.5.3 Weights of the simple modules M (r, ; + k,0),1 <k <n

From now on, the integer n is fixed. We write Jy, for Jj’}T. By Proposition 2.5.3, the simple modules
corresponding to the frozen variables of the seed Sf are the M (r,_1+k,0),1 < k < n. For simplicity
we set My, := M(r,—1 + k,0) for any 1 < k < n. This subsection is devoted to the computation of
the weights of the simple modules My, i.e. the elements Sy such that My € R(5y) — gmod for every
1 < k < n. Our main tool is the definition of the modules M (I, 0) from [69] (see Definition 2.2.20).

Proposition 2.5.4. For each 1 < k < n/2, the two modules My, and M, _4+1 both belong to the
subcategory R(ou, + 2am—1 + -+ + kayp—g1 + - + kag + - -+ + 200 + 1) — mod.
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Proof. For 1 <1 < n, we have
M; = M(rp—1+1,0) = M (s1(s251) -+ (Sp—1...81)(Sn - .. Sp)wg,wk) where k:=n—1+ 1.

One computes g, := $1(5281) =+ (Sp—1-.-.51)(Sn - - . Sk)wk. The weight of M; is given by wy — (i (see
Corollary 2.2.18).

G = s1(5251) - (Sp_1...51) (W — (p + - + )
= s1(s251) -+ (Sp—2-..51)(wk — (n + 2001 + -+ + 20 + Af_1))
= 51(s251) * (Sn—3 ... 81) (g — (O + 201 + Boy—g + -+ +
+ 4 3ag + 2041 + ap_2)).

If 2k < n then by iterating we get

Ck =81(8281)--~(8n,k...81)(wk—(Ozn-i-QOén_l+"'+]€Oén,k+1+"'+
ko -+ 200 + 1))

but wr — (p + 2001 + -+ + kap_g11 + - + kag + - -+ + 2a9 + 1) is invariant under the action
of s1,...,8,_;. Hence

G =wi — (ap + 2001 + -+ + ka1 + - + kag + -+ + 209 + ).
If 2k > n then by iterating we get

Gk = s1(s251) -+ (8- 51)(Wk — (n + 201 + - + (0 — k)agy1
+(n—Fk)ag + -+ 200 + a2k—n+t1))
= s1(s281) -+ (Sk—1..-51).(wk — (an + 20p—1 + -+ + (N — k) gs1
+(n—k+Dag+ (n—Fkag_1-+ 202 + asi_p))

= s1(s251) -+ (Sp—k - 81)-(wr = (Qn + 201 + -+ + (0 — k) Qg2
+(n—k+Dagr+--+nm—k+Dap_g+1+ -+ 202 + 1))

and wg — (o + 201+ -+ (n—k+Dagp1+- - (n—k+ Day—gt1 + -+ 200 + aq) is invariant
under the action of sq,...,s,_r. Hence we get

-

wi — (o + 2001+ - + ka1 + -+
+ -t ko + -+ 200 + 1) if 2k < n,
wi — (o + 201+ -+ (n—k+ 1oy + -+
bt (n—k+ Dapge1+ -+ 200+ a1)  if 2k > n.

[ wr— (e + 20 1+ Ry -+
+---+k‘ak+--~+20z2+041) ifk‘<l,
wrp — (ap + 201 + - lag + -+
+...+lal+...+2a2—|—a1) ifk>1.

I
A

Ck

Hence for each 1 < k < n/2, the two modules My, and M,,_j,1 both belong to the subcategory
R(an + 201 + - + kap_p1 + - + kag + - 4+ 202 + 1) — mod.
O

Let us now fix 1 < k < n and consider the parameter py of the simple module M. Let my be
the length of py. Since k and n— k + 1 play symmetric roles, we assume from now on that k < n/2.
The following statement is a direct consequence of the previous proposition.
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Corollary 2.5.5. For any 1 <i<mn,

( ) 1 ifi=kori=n—k+1,
1) = .
s 0 otherwise.

Proof. For 1 <i<k—1orn—k+2<1i<n, by Proposition 2.5.4 there are i — 1 (resp. i,i + 1)
occurrences of the letter i—1 (resp. 4,i+1) in the word p, and hence (ug, i) = 2i—(i—1)—(i+1) = 0.

If k+1 < i< n—k then by Proposition 2.5.4 each of the letters i — 1,¢,7 + 1 appears k times
and hence (ug,i) =2i—i—1i=0.

Finally if ¢ = k then by Proposition 2.5.4 there are k occurrences of the letters k, &k + 1 and
k — 1 occurrences of the letter k — 1 which gives (ug,i) =2k—k—(k—1)=1. Ifi=n—Fk+1
then there are k occurrences of the letters ¢ — 1,7 and k& — 1 occurrences of the letter 7 + 1 and thus
(ppyi) =2k —k — (k—1) = 1. O

In particular, one can compute the quantities A(My, L(3)) for any 1 < i < n:

Corollary 2.5.6. For any 1 < i < n, let N; be the number of occurrences of the letter i in the
word py. Let s; and s} be the integers such that (see Remark 2.5.7)

A(L(Z)7Mk) = _(Nkvi) +2N; —2s; and A(Mk7L(Z)) = _(:ukni) + 2N; — 25;‘
Then one has s; = s, = Nj ifi ¢ {k,n—k+1} and either s; = N;, s, = N;—1 ors; = N;—1,s, = N;
if i e {kyn—Fk+ 1}.
Proof. By Corollary 2.5.5, the quantity A(L(), My) can be written as

ALG), My) 2N; —1—-2s; ifi=kori=n—k+1,
i), =
g 2N; — 2s; otherwise.

and similarly for A(Mj, L(z)) with s;. As M}, commutes with L(¢), one has by Lemma 2.2.9:

, 2N; —1 ifi=kori=n—k+1,
Si + Si = .
2N; otherwise.

As the integers s; and s, are always smaller than V;, one gets the desired result.
O

Remark 2.5.7. In the following we will make several computations of some A(M, N) for various
simple real objects M, N in R — gmod in order to check commutation between these modules. For
any 3 € Q4+, any simple (left) R(/5)-module M is cyclic, i.e. is isomorphic to R(f3).u for some
u € M. We will refer to any such vector u in M as a generating vector in M. Now let 5,7 € Q+,
M a simple R(3)-module, and N a simple R(y)-module. As the morphism

M®®N — NoM
u®uv Pwln,m] (’U@’U,)

is R(B) ® R(v)-linear, computing the map Ry n is equivalent to computing the action of @y, m) €
R(B + ) on the tensor product of generating vectors u and v for M and N.

Now let u, := 1®u € M, and let § be the valuation of the polynomial in z given by gow[n,m].(v@)
u;). As the actions of the generators x;, 7, and e(v) can only make the degree in z increase, the
image of the map Ry, v is contained in 2N o M,. Moreover, by definition of 3, uwln,m]- (v @ uz)
contains a nonzero term of degree 5 hence it does not belong to z*N o M, for any k > §. Hence §
coincides with s in Definition 2.2.7. Thus in what follows, for any simple R(8)-module M and any
simple R(y)-module N, we will always fix some choices of generating vectors u € M and v € N and
write

with s being the valuation of the polynomial in z given by [, m]-(v @ uz).
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2.5.4 Dominant words associated to frozen variables in R — gmod

In this subsection, we compute the dominant words associated to the frozen variables for the
category R — gmod in type A,. As in the previous subsection, we fix k such that 1 < k < n/2 and
we consider My = M (r,—1 + k,0) the simple module whose isomorphism class is the kth frozen
variable in the seed Sf constructed in [69]. We use the fact that M} commutes with all the simple
modules in R — gmod. In particular, it commutes with all the cuspidal modules L(i),1 < i < n.
Together with the form of the weight of M} given by Proposition 2.5.4 and Corollay 2.5.6, this
leads to only n possible dominant words. As there are exactly n frozen variables in the seed Sy
(see Proposition 2.5.3), we get a bijection between the possible parameters and the frozen variables
for R — gmod.

For every 1 < i < n, the algebra R(q;) is generated by one generator x; and one generator
e(i) commuting with each other (with the notation of Section 2.2.1, the set Seq(c;) is a singleton
consisting in the word reduced to a single letter 7). Recall from Section 2.2.5 that for every
1 < i < n, the cuspidal module L(7) is a one dimensional vector space spanned by a generating
vector v; with action of R(«;) given by:

xi-v; =0, ei) v =uv.

It is the only simple object in the category R(c;) — mod.
As above we let uy denote the parameter of the simple module M and my the length of py.
In what follows we will write the word uy as

:U’k:hlv"‘7hmk-

Note that in this setting the h; are the letters of the word py, whereas we use bold letters i; to
refer to Lyndon words in the canonical factorization of py (see after Remark 2.5.11 below).

As the module M}, is simple and real, Lemma 2.2.9 shows that checking its commutation with
any other simple module L is equivalent to computing the quantities A(L, M) and A(My, L).
When L = L(i) for some i € {1,...,n}, these quantities are given by Corollary 2.5.6. Thus as
explained in Remark 2.5.7 above, once fixed a generating vector u for M}, we will compute the
valuations s; (resp.s;) of the polynomial functions @[, 1](u® (vi).) = @1+ Ym, (U@ (v;)-) (resp.
Puwl1,my] (Vi @ Uz) = Py, -+ p1(v; ® u,)) for various choices of i € {1,...,n}. We fix once for all a
generating vector u (resp. v;,1 < i < n) for My, (resp. L(i),1 <i < n).

We begin by showing that there are only two possibilities for the first letter of .

Lemma 2.5.8. Let p = hy denote the first letter of py. The letter p is equal either to k orn—k+1.

Proof. With the same notations as in Corollary 2.5.6, we show that s, < N, — 1.

$1- Somk(u® (Up)z) =@1- Somke(hb R hmkap)(u® (UP)Z)
= Wle(hl,p, h2> R hmk)SOQ t mek(u® (UP)Z)
= (Ti(z1—22) + D)2+ Oy (u @ () 2)-

The operator x; commutes with ¢, ..., ¢, and acts trivially on u. Moreover, a2y - @, =
02+ Pm Tmy+1 (see for example [66, Lemma 1.3.1]) and @y, 41 - (u® (vp)z) = 2(u® (vp)-). Hence
we get

R ‘Pmk'(u & (Up)Z) = —2.T1.p2" " Spmk'(u ® (Up)Z) T2 SDmk'(u & (UP)Z)-

The operator ¢z - - @m, acts non-trivially on (u ® (vp).) (as the renormalized R-matrix ;) as,
never vanishes). Thus -, .u is a non zero polynomial function, and the above equality
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implies that s, is equal to its valuation. This polynomial function has degree less than N, — 1, as
the only operators ¢; that can make the degree rise are the ones corresponding to an occurrence
of p in py.
This implies s, < N, — 1. Hence by Corollary 2.5.6, p € {k,n — k + 1}.
O

Remark 2.5.9. With the same proof, one can show that the last letter of the word puy, is either k
orn—k+1 as well.

Lemma 2.5.10. (i) For each 1 < k' <k, there is exactly one Lyndon word ending with n—k'+1
in the canonical factorization of py.

(ii) Moreover, denoting by j,_p 41 the unique Lyndon word ending with n — k' + 1 (for each
1<K <k), one has jn >+ > ju_kt+1-

Proof. We prove the first statement by induction on k’. We know that the letter n appears exactly
once; thus there is a unique Lyndon word j,, containing (and thus ending with) n, which proves the
statement for ¥’ = 1. Suppose k > 2 and (i) holds for 1 < k' < k. Denote by jn,...,jn_r+1 the
Lyndon words respectively ending with n,...,n — k' + 1. Their first letters are all smaller than p
and in particular smaller than n — k + 1 by Lemma 2.5.8. Hence they all contain the letter n — &/,
which makes &’ occurrences of this letter. By Proposition 2.5.4, n — k' has to appear k¥’ + 1 times in
the word pu. Hence there is a unique Lyndon word j,,_; containing n — k' but none of the letters
n,...,n — k' + 1, which means that this Lyndon word ends with n — k’. Thus the first statement
holds by induction.

For the second statement, let m € {n —k + 1,...,n} such that j,, is the smallest of the j;; this
is equivalent to saying that it is the last (among the j;) to appear in the canonical factorization of

k-

Note that the first statement implies that, for each 1 < k' < k, the letter n — k&’ + 1 appears
k' times among the Lyndon words ju,...,jn_k+1: once in each of j,,...,jn_w+1, and none in the
others. Together with Proposition 2.5.4, this implies that the letters n — k' + 1 (1 < k' < k) do
not appear in any other Lyndon word of the canonical factorization of ux. Hence denoting by ¢ the
position of the last letter of j,, in the word uy, one has h; = m and h;y1,..., hy, <m. Thus one
has

‘Pmk .. 901(Um®uz) = ka .. 'Ti-}-l(Ti(a:.i — .Z'i+1) + 1)SOZ‘_1 . <,01(Um®u2)

= Tmy " Ti+1Pi—1 """ 01.(vm @ u) + Z.Tmy, * Tit1TiPi—1 " " ©1-(Vm @ u).
(2.7)

We denote Q(z) the first term

T " Tit1Pi—1** P1-(Vm @ uyz).
We show that if m > n —k+2, then Q(z) is non zero. As the renormalized R-matrix 7y, 1) does
not vanish, the action of the operator ¢;_1---¢1 on (v, ® u,) is a non zero polynomial function
in z of degree less than N,,, — 1. Consider now the action of 7,,,, on Q(z):
Ting-Q(2) = Ting Ty, *+* Tit 101+ P1-(Vm @ uz)

= Ty Ty " Tit1Pi—1++ p1-e(mpig). (vm @ uz)

= Trng,-Trg €(Smy—1** Sit18i—1*** SLINYIE) Ting—1*** Ti41Pi—1**+ P1.(Um @ uz)

= T%k.e(hl, s Pmg—1, My By ) T =1 Tig10i—1 -+ @1-(Vm @ 1)

=e(ht, . hmp—1,M, by ) Tong—1 -+ Tig1@i—1 - - 1. (U @ uz)  as hy,, <m —2

= Tmp—1" " Ti+1Pi—1" " 801-(Um ®Uz)
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Similarly, all the letters in position ¢ + 1, ..., my are less than n — k and in particular they are less
than m — 2. The same argument can be applied to 7y, —1, ..., 7i+1 and thus we get

Ti+l " 'ka-Q(Z) = Ti+1 " 'ka-(ka o Ti41Pi—1 901‘(vm ®uz)) = ©Pi-1""" 801-(Um ®Uz)

which is not zero. A fortiori Q(z) itself is non zero. It is thus a non zero polynomial function
of degree less than N,,, — 1 and the equality (2.7) above shows that s/, is necessarily equal to its
valuation.

This implies s/, < N,, — 1, and in particular m € {k,n — k + 1} by Corollary 2.5.6. This

mX
contradicts the hypothesis m = n — k + 2. Thus we have shown m =n — k + 1.
By iterating this we conclude that the Lyndon words jy,...,Jjn—%+1 appear in this order in the
canonical factorization of uy, which is the desired statement.
O
From now on we write the canonical factorization of uy as py =ig---i, with ig > --- > i,. For

each 0 < j < 7 we denote by p; the first letter of the Lyndon word i;.The sequence (p;j)o<j<r is
decreasing, with pg = p and p, = 1 (the letter 1 appears once, necessarily in the smallest of the i;).
We also denote by a; the position of the letter p; in the word puy.

Remark 2.5.11. Note that as an immediate consequence of the previous lemma, one has r > k—1.

With these notations we can make the following observation, as a straightforward consequence
of Lemma 2.5.10.

Corollary 2.5.12. The Lyndon word iy ends with the letter n. In other words ig = jy.-

Proof. As iy is greater than any other Lyndon word appearing in the canonical factorization of ug,
in particular it is greater than j,. Hence by Lemma 2.5.10(ii), one can write

ig=jn > >kt (2.8)

Thus all of the Lyndon words jy, . ..,jn_r+1 begin with a letter smaller than pg = p. By definition
they end with letters greater than or equal to n — k + 1 which is greater than p by Lemma 2.5.8
(recall that we assumed k& < n — k + 1 at the beginning of this section). Hence each of the Lyndon
words jp, - ..,Jjn_k+1 contains the letter p which makes k occurences of p. From Lemma 2.5.8 and
Proposition 2.5.4, we conclude that no other Lyndon word contains p. Thus the Lyndon word ig
has to be one of the j; and the inequalities (2.8) impose ip = jy. O

Lemma 2.5.13. Forany1<j<r, if pj #k, then pj—1 —p; < 1.

Proof. Assume there exists j € {1,...,7} such that p; # k and p;_1 —p; > 2. We set ¢ := p; and
show that s, < Ny, — 1. Let 7 denote the position of ¢ in the word py. Then h; = ¢; on the other
hand all the letters in position 1,...,7 — 1 are greater than ¢ + 2 (as they are greater than p;_1),
hence

@1 Py (@ (vg)z) = 71+ i1 (Tii — @ig1) + )@is1 - Oy (U ® (vg)z)-
By similar arguments as in the proof of Lemma 2.5.10 (ii), this implies s, < N, — 1. Hence by
Corollary 2.5.6, ¢ € {k,n—k+1}. Now by hypothesis ¢ < pj_1 —2<pp—2 <ppand pp < n—k+1
by Lemma 2.5.8. In particular ¢ < n —k + 1. As by assumption ¢ = p; # k, we get the desired

contradiction.

O

Proposition 2.5.14. With the previous notations, one has:
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(i) p1 < po.

(it) For all j =1, if pj # k then pj11 < pj.

Proof. Assume p; = py = p and let i denote the position of the letter p; in the word puy, i.e.
h; = p1. First note that this implies 2 < p < n — 1 (as the letters 1 and n appear only once in the
word py). In particular ig is of length strictly greater than 2, as iy = (p...n) by Corollary 2.5.12.
In other words ¢ > 2. One has:

©1 Py - (U@ (vp)2) = (T1(21 —22) + )72 - T 1 (T3 @ — i 1) + 1)@ig1 - Py - (0@ (vp)2). (2.9)

As the renormalized R-matrix rr,) a7, does not vanish, the operator ¢;i1--- ¢, acts as a non
zero polynomial function on (u ® (vp).) . We set Q(2) 1= @Yit1-- @m,-(u ® (vp);). Note that
deg(Q) < N, — 2. Let P(z) denote the polynomial function given by the term

7-2 e T’L—lspl"l‘l LR @mk.(u® (Up)z) == TQ e Tl—l'Q(’z)

from the above equality and let us consider the action of the operator 7;,_1---71 on P(z). Recall
that ¢ > 2. We first write

711.P(2) = 1o (12 Tim1)Q(2) = (Timem1 + 1).73 - Tim10ig1 - - Py - (0 @ () 2)

using the braid relation. The operator 7; commutes with 73---7,_1 as well as with @;11,...,@m,.
As ig is of length greater than 2, the action of 71 on (u® (vp);) is the same as its action on the
cuspidal module L(ip) which is trivial. Hence we get

ToT1.P(2) = T3 Tis1@ig1 -+ Pmy - (U ® (vp) ).

The letters hs, ..., h;_1 are greater than p+2 hence by arguments similar to the proof of Lemma 2.5.10
(ii), we get
Tic1 7313 7-1).Q(2) = Q(2).

Finally we get
Tie1+ T1.P(2) = i1 oy (W ® (vp)2) = Q(2)

which is not zero. A fortiori P(z) itself is a non zero polynomial function. All the other terms
in equation (2.9) are either zero, either of valuation strictly greater than the valuation of Q(z).
This implies that s, is equal to the valuation of Q(z). In particular s, < N, — 2. This contradicts
Corollary 2.5.6. Hence p1 < po.

For the second statement assume we have j > 1 such that ¢ := p;41 = p; # k and consider j
minimal for this property. For the sake of simplicity, we only deal with the case where only the two
Lyndon words i; and ij41 begin with the letter ¢ i.e. pj_1 > ¢,p; = pj+1 = g and pj12 < qg— 1.
The proof is analogous if there are several words i; beginning with g.

As by hypothesis ¢ # k, Lemma 2.5.13 implies p;_1 € {¢,q + 1} and hence pj_1 = ¢ + 1 as
pj—1 > q. Moreover by minimality of j, ¢ + 1 appears exactly once in the subsequence (p;)i<;.

Set a := a;j_1, b:= aj and ¢ := a;41. As above N, denotes the number of occurrences of ¢ in
the word wy. We write

©1 Py (W (vg)z) = 71+ To—1(To(xp — Tpg1) + D) Tpg1 - - Tem1 (Te(@e — Teg1) + 1)Q(2)  (2.10)

where Q(2) := @1 Pmy,-(U® (vg)z). As the renormalized R-matrix rp 4 g, does not vanish, @
is a nonzero polynomial function. Its degree is equal to N, — 2.
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Now we prove that Q(z) is in fact a monomial in z. Indeed, any occurrence of ¢ in a position
i € {c+1,...,my} appears inside a Lyndon word ij (with j/ > j + 1) beginning with a letter
strictly smaller than ¢q. Then the operator 7;_; commutes with any ¢y , h > ¢ and acts by zero on
(u® (vqg)z) . Thus

Tic19iPi41 " Pmy- (U @ (V) ) = Tio1 (Ti(Ti — Tit1) + 1) Pit1 - Pmy, (W ® (vg)2)
= T 1Ti(Ti — Zig1)Pit1 - Pmy- (U ® (vg)2)

= Z.Ti—1TiPi+1 " - SOmk-(U ® (Uq)z)

up to some sign. This is valid for any occurrence of ¢ between the positions ¢+ 1 and my and hence

Q(2) = et Py (U (vp)2) = 2N 211 T (U ® (V) )

is a monomial in z of degree N, — 2.

The term 71 -+ Tp_17p+1 * - - Te—1Q(2) coming from equation (2.10) is necessarily zero: if it was
not, then equation (2.10) implies that s, would be equal to N;—2, which contradicts Corollary 2.5.6.
There are two terms of degree N,—1 in equation (2.10): 7y -+ 7.—1Q(2) and 71 - - - Tp—1Tp41 - - - TeQ(2).
Denote them respectively by A(z) and B(z).

We show that the operator 7._;---71 acts nontrivially on A(z) and trivially on B(z). This
implies that A(z) + B(z) cannot be zero and therefore there is a nonzero term of degree N, — 1 in
equation (2.10).

Action of 7._;---7 on A(z). Let us first look at the action of the operators 7, -, 7,1 on
A(z); if j = 1 this is of course not necessary as a = a9 = 1. Otherwise one has j > 2 and this
action is easy to compute: for instance for 7, one has:

Tl.A(Z) = 7'127'2 e Tc_lQ(Z)
mi%e(hi, heha, o he1, @ herts -y by ) T2+ Te1Q(2)
Ty Te—1Q(z) as he = g and hy = py > p1 > ¢ by minimiality of j > 2.

Simmilarly ho,...,hq—1 = q + 2 and thus one gets
Ta—1-"T1-A(2) = Tg -+ Te—1.Q(2).

Let us now look at the action of 7,:

Ta-(Ta e chl-Q(Z)) = Ta26(h17 e 7ha7 h07 ha+1a ey hcfla q, hC+17 teey hmk)TaJrl e TC*lQ(’Z)
= (Tq — Tat1)Tar1 - Te—1Q(2)as hg = pj—-1=q+ 1and he =pj11 =¢q

The operator x, commutes with 7,11, - - 7.—1 and acts trivially on the generating vector hence one
gets

Ta'(Ta tee chl'Q(z)) = —Tg+1Ta+1 """ chl-Q(z)
= —Tg+1Ta+1 """ Tbe(hl, ey hb, hc, hb+1, . ,hcfl, .. .)Tb+1 s chlQ(Z)
= —Tar1 - Too1ZpToe(R1, - oo Py Bey Rpy1s - ) Togn -+ Teo1.Q(2)

(hCZQ7 haJrla"'ahb—l >q+2)
= —Ta41 - To—1(MpTpr1 + 1) Tpy1 - - Te—1.Q(2) (hy = he = ¢

= —Tatl To-1ToTo1" " Te-1Ze-Q(2) — Tax1 - To—1Tpr1 - Te—1.Q(2).
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The operator z. acts trivially on (u®(vq).) hence the first term of the right hand side in the last
equality is zero. Now as hgy1,...,hp—1 = g+ 2 and hy = ¢q, the action of the operator 7,1 - - 7441
on the surviving term is similar to the action of 7,_1 --- 7 computed above. Hence we get

Toe1 - Ta-(Ta  Tee1.Q(2)) = —Tp1 -+ Te—1.Q(2).

The situation is now similar to (i): using the braid relation, one can see that the action of 73,417, on
Tht1 -+ Te—1-Q(2) will give two terms, the only non-trivial one being 7449 - -+ 7.—1.Q(z). The letters
hpio,...,he1 are all greater than ¢ + 2 and hence one concludes as before that

Te—1" " Tb+2~(7_b+2 T 7—071~Q(Z)) = Q(Z)

Finally we have shown that 7._; - -- 7 acts by identity on A(z) (up to some sign).
Action of 7._1---7; on B(z). One again has:

Ta—1-T1.B(2) = Ta—1 - 1111 - Tom1Tog1 - - TeQ(2)) = Ta - To—1Thg1 - - TeQ(2).

But then
Ta-(Ta + To-1Tb11 TeQ(2)) = (Ta — Tat+1)Tat1 " To—1Tp+1 -+ TeQ(2)
= Tat1 " To—1TbTh+1 "+ TeQ(2)
up to some sign, then the operator x;, commutes with 741, ..., 7¢, @ct1, - ., Pm, and acts by zero

on (u® (vg)z).

Finally we have shown that the operator 71 ---7._1 acts nontrivially on A(z) + B(z) and in
particular A(z) 4+ B(z) # 0. Therefore s, = N; — 1. Now, ¢ < pg <n—k + 1 by Lemma 2.5.8 and
by assumption g # k hence q ¢ {k,n — k + 1}. By Corollary 2.5.6, this contradicts the inequality
S5¢ < Ng— 1.

In conclusion (ii) holds.

O]

Corollary 2.5.15. The sequence (p;) takes exactly once every value 1,...,k—1 and at least once
the value k.

Proof. The last term of the sequence (p;) is p» = 1. Recall that 7 > k — 1 (Remark 2.5.11). By
(finite) induction on t € {0,...,k — 1} one shows that p,_; = t + 1. Indeed, if & = 1 there is
nothing to prove. If k > 2, assume p, = 1,...,p,—y =t + 1 with ¢t < k — 1; then p,_y < k —1
and Lemma 2.5.13 implies p,—4—1 < pr—¢ + 1. If p,_4_1 # k then Proposition 2.5.14 (ii) implies
Pr—t—1 > pr—¢ and thus p,_;_1 = p.—; + 1 which gives Pr—(t41) = t+ 1. If p,_t+_1 = k then as
Pr—t < k—1, necessarily one has p,_; =t = k—1 and p,—4—1 = k which again gives p,_(;,1) =t +1.
This implies that the sequence (p;) takes exactly once each value 1,...,k — 1 (and at least once
the value k).

O

Corollary 2.5.16. In the case p = k, the parameter uy, of My is given by
pp = (k..n)(k—1...n—=1)---(1...n—k+1).

Proof. By Proposition 2.5.14 (i), the sequence (p;) takes exactly once the value k. Together with
Corollary 2.5.15, we deduce that the word py has the form

e = (k. )(k—1..)-(1..).

Combining this with Lemma 2.5.10 (i) and (ii), we get the desired statement.
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One can now focus on the case pg =n —k + 1.

Proposition 2.5.17. The sequence (pj)o<j<r takes exactly once every value between n—k+1 and
1. In other words, r =n—k+1andpj=n—k+1—j foralll<j<n—k+1.

Proof. By Corollary 2.5.15, we already know that that the values 1,...,k — 1 are taken exactly
once and the value k at least once.

Values k +1,...,n—k + 1. Let i := max{j,p; > k} (it exists as pg = n —k +1 > k) and
m = Dp;.

Assume m = k + 2. Then the commuting of M}, with L(k) implies that i;;1 is the only Lyndon
word beginning with &k (equivalently p;y1 = k,piy2 =k —1,...,p, = 1). Indeed, all the letters in
position strictly smaller than a;41 are greater than k + 2 hence @y = 7 for all ' < a;41 and

Tajp1—1""" GRIZERE ‘Pmk'(u ® (v)2)) = Paspr " Somk'(u ® (Vk)2)-

Then the same proof as for Proposition 2.5.14(i) shows that necessarily k = p;+1 > piyo.

Thus there is exactly one Lyndon word i; beginning with every letter 1,...,k. The letter m —1
does not appear in any of the words i; for j < ¢ (all these words begin with letters greater than m)
and appears exactly k& times in the word pg (as n — k = m — 1 > k + 1) hence it appears exactly
once in each of the words i;41,...,1i,. This implies that the last letters of all of these words are
greater than m — 1 and in particular so is k (last letter of i,.), i.e. m < k + 1 which contradicts the
hypothesis.

Hence m = k + 1 i.e. the sequence (p;) takes all the values n — k + 1,...,1. By Proposi-
tion 2.5.14(ii) the values n —k +1,...,k + 1 appear exactly once in the sequence (p;).

Value k. If there are more than two Lyndon words i; beginning with the letter k& then the same
proof as for Proposition 2.5.14(ii) (it can be applied as m = k + 1) implies s < Ny — 1. But as
the last letter of the word py is &, the same proof as for Lemma 2.5.8 shows that s) is also smaller
than N — 1. Hence both s, and s are less than N}, — 1 which contradicts Corollary 2.5.6.

Therefore the sequence (p;) takes exactly once every valuen —k+1,...,1.

Corollary 2.5.18. For any 0 < j <n —k, the Lyndon word ij is (n —k+1—j...n—j).
Proof. We show it by induction on j. In fact we prove the following properties:

(i) For every 0 < j < n — k there is exactly one Lyndon word ending with each of the letters
n—j,...,n—k+1—j.

(ii) The Lyndon word ending with n — j begins with the letter n — k + 1 — j.

For j = 0 it follows from Corollary 2.5.12.

Assume (i) and (ii) hold until the rank j. By hypothesis the Lyndon words ending with the
letters n,n—1...,n—j respectively begin with the letters n—k+1,...,n—k+1—7 and in particular
do not contain n—k+j. As by Proposition 2.5.17 there is exactly one Lyndon word beginning with
each of the letters n—k+1,...,1, the Lyndon words ending with letters n—1—j,...,n—k+1—j
begin with letters less than n — k — j and hence contain n — k — j. This gives kK — 1 Lyndon words
containing the letter n — k — j. As this letter appears exactly k times in the word pg, there exists
a Lyndon word that contains n — k — j but is not one of the previous words, i.e. does not end with
any of the letters n,...,n — j. Hence it does not contain n —k —j + 1 (as n — k — j + 1 appears
k times, once in each of the k words ending with n — j,...,n — k — j + 1). This means there is a
unique Lyndon word ending with the letter n — k — j, which proves (i) at the rank j + 1.

Now (ii) at rank j and (i) at rank j + 1 together with Proposition 2.5.17 easily imply (ii) at
rank j + 1.

O
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From Corollary 2.5.16 and Corollary 2.5.18, one concludes that among the two simple modules
My, and M,,_j1, one of them has a parameter whose first letter is k, namely (k...n)(k—1...n—
1)---(1...n — k + 1), and the other has a parameter whose first letter is n — k + 1, namely
m—k+1...n)---(1...k).

2.5.5 Proofs of main theorems

At this stage, one only has bijections between pairs of modules and pairs of dominant words: for
each 1 < k < n/2, the set of modules { My, M,,_11} is in one-to-one correspondence with the set
{(k..n)(k—=1...n—=1)---(1...n—k+1),(n—k+1...n)---(1...k)}. A priori this yields two
possibilities for each k. To complete the proof of Theorem 2.5.1, we need to show that for every
1 < k < n/2, one has

My=L((k..n)(k—1...n—1)---(1...n—k+1))

and
My pi1=L((n—k+1...n)(n—k...n—1)---(1...k)).

The key argument is the mutation rule for dominant words given by Proposition 2.4.8.

Proof of Theorem 2.5.1. We prove by induction on k € {1,...,n} that
M, ,+1 = L(1...k)
MTk_1+2 L((2k:)(1k—1))

M, = L(k--1).
The result already holds for £ = 1 and & = 2. Consider 1 < k < n and assume the result holds
at the rank k.
Let j € {rp_1+2,...,r,—1} and let us write the (ungraded) short exact sequence corresponding

to the mutation in direction j:
0— Mj+ s} Mj—l O Mj7+1 — Mj e} Mj/ — M]; o Mj+1 s} Mj+_1 — 0.

Let p:=j—rp_1.
By the induction hypothesis, one has
M; = L((p...k)---(1...k—p+1))
Mj_l = L((p—1...k)---(1...k—p+2))
Mjy1 = L(lp+1...k)---(1...k—p))

The Lyndon word (p...k) appears in the parameter of M; hence in the parameter of M; o M j’
Hence by Proposition 2.4.8, it necessarily appears either in p;, © pj—1 © pj_41 or in pj_ © pjr1 ©
i, —1. Obviously, it does not appear in ;1 nor in p1j41. Moreover, p;_ and ;41 do not contain
the letter k& hence (p...k) does not appear in the canonical factorizations of these parameters
either.

Now by Proposition 2.5.4, u;, is either (p+1...k+1)---(1...k—p)or (k—p+1...k+1)---
(1...p+1)and p;, —y is either (p...k+1)---(1...k—p+2)or (k—p+2...k+1)---(1...p).
The only of these words in which the Lyndon (p...k) appearsis (p+1...k+1)---(1...k —p)
and thus pj, = ppy4pr1=@+1...k+1)---(1...k—p).

One can do this for any j € {ry_1+2,...,7,— 1}, and the same arguments hold for j = rp_; +1
and j = ri. Thus the desired result holds at rank k£ + 1.

O

One can now prove Theorem 2.5.2.
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Proof of Theorem 2.5.2. We begin by describing the exchange matrix corresponding to the quiver
given in [69, Definition 11.1.1]. For any 1 < k < n — 1 define the following matrices:

0 1 v - 0 1 0 - - 0
-1 1 -1
A= 0 CB=| O
. 1 - 0
0 0 -1 0 8 0 '1‘0 11
and
Cy = —'Bi_1

of respective sizes k x k, k+ 1 x k,and k — 1 x k.
Now the whole exchange matrix can be written by blocks as follows:

A Cy 0 oo - 0
By Ay (O3 :
0 By As Cu

. 0 Cnfl
o - ... 0 B2 A,
0 -+ e ... 0 B,_;

Recall that for any parameter x4 € M, u©~! denotes the inverse of x in the Grothendieck group
G of M. We can now compute the parameters fi; associated to the y; as in Definition 2.3.7. For
instance, for any 2 < j <n — 2,
firy 0rj=((G—1..n=2)--(1..n—3)° ' O((..n—=2)---(1...n—j — 1))
O((G—-1...n=1)--Q..n—j+1)O(G+1...n=1)---(1...n—j —1))!
O@f...n)-—-A..n—j+1)°TO((G+1...n)---(1...n—j))

which simplifies as

firgori = ((G+1..0)G..n=1)O(G+1...n=1)(j...n)°

Hence for any parameter y € M, one has

-1

(1= 1)) Oiry g Opp = ((+1.m)(G o n = 1)) O p
>((G+1...n=1)(j...n)) O p.

This exactly means fi,, ,4+; © ¢ > pin G for any p € M. The computations for any other index
se{l,...,r,_1} are similar.
Using Remark 2.3.8 we conclude that the seed S is compatible.

2.6 Possible further developments

In this section we mention a couple of situations where interesting consequences may arise from
the study of compatible seeds in various contexts of monoidal categorifications of cluster algebras.
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2.6.1 Dominant words and g-vectors

By Theorem 2.5.2, the seed S for the category R — gmod in type A,, is compatible in the sense
of Definition 2.3.7. As explained in Subsection 2.3.3, this yields some interesting combinatorial
relationships between dominant words and g-vectos.

More precisely, consider as in Subsection 2.3.3 xf any cluster variable in A, Mlt the simple
module in R — gmod such that [M]] = z} and p} the dominant word associated to M}. For
simplicity, we will write = (resp. M, u) for xf (resp. M, ,u,’f) without ambiguity as we will focus
here on this module. For any dominant Lyndon word (i.e. any positive root in type A,) (k...1),
we let m, ;) denote the multiplicity of the Lyndon word (k...I) in the canonical factorization
of p. As in Section 2.1.1, we consider F' and g = (g1,...,9r,_,) the F-polynomial and the g-

vector associated to x. We also let aq,...,a,, , denote the exponents of the unique monomial
of maximal degree of F' (see Theorem 2.1.5(i)), and ¢y, ..., ¢, the (negative) integers such that
Fp(y1,---yyn) =2} 4 ---xp» (see Subsection 2.3.3).

First consider the positive roots ending with the letter n. It follows from Theorem 2.5.1 that
these Lyndon words do not appear in the dominant words associated to the unfrozen variables of
the seed S{'. Hence the g-vectors will not be involved. Moreover, for any 1 < j < n, the Lyndon
word (j...n) appears in exactly one of the dominant words corresponding to the frozen variables
of S namely (j...n)---(1...n—j+1). If 2 < j <n—1, then the Lyndon word (j...n) appears
in exactly two of the fi; namely fi,, ,+j—1 and fi,,_,+;. The relations are the following:

M(j..n) = Orp_g4j—1 = Qry_otj = Cj-

For positive roots of the form (j...n — 1) with 2 < j < n — 2, similar arguments show that

M(j..n—1) = Qry_o+j — Qrp_otj+l = Cj+1l — Orpy_otj—1 T Ay _stjtl T Qrpy g1 — Qrp_3+j5 T Gryp_atj

which simplifies as

M. n—1) = Orp_o+j = Cjtl = Qrp_otj—1 1T Qrpy 3451 = Qrpy_g45 T Grpy_otj

2.6.2 The coherent Satake category

Recently, Cautis-Williams [27] exhibited a new example of monoidal categorification of cluster
algebras, using the coherent Satake category. In this subsection we focus on the case of the general
linear group GL,,. We begin by checking that Assumptions A and B hold in the framework of [27].

The simple objects in the coherent Satake category are parametrized (up to G,,-equivariant
shift) by couples of a coweight and a weight, modulo action of the Weyl group. Equivalently they
can be parametrized by dominant pairs, i.e. couples of a dominant coweight AV together with a
weight p dominant for the Levi factor of Pyv. Denote by Pyv , the simple perverse coherent sheaf
corresponding to a dominant pair (AY,u) € PY x P. Then the following statement shows that
Assumption A holds:
Proposition 2.6.1 ([27, Proposition 2.6]). Let Pry ., and Pry ., be two simple objects in the
coherent Satake category. Then in its Grothendieck ring K&(©)*Gm (Grg) one has:

[/P/\f,m * 7)/\2v ,m] = QS[P/\IV +Ay ,u1+u2] + Z p/\%u[PAV,u]
(AV,p)es

where s is some integer depending on Ay, j11, A2, 42, Prv 4 € Z[qﬂ/Q], and S is a finite collection of
dominant pairs such that for every (AV,u) € S, one has either \¥ < Ay + ), or AY =AY + )\
and || p ) < || p1 ||? + || p2 ||? for any W-invariant quadratic form || - ||.
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Taking the lexicographic order on (dominant) pairs (AY, u) € P¥ x P, the monoid structure on
the set of dominant pairs can be simply taken as

(A1) © (A, p2) = (A + A, 1 + p2).

It is then clear that Assumption B also holds.

In the case of the general linear group G L,,, Cautis-Williams explicitly describe a monoidal seed
in the coherent Satake category. However, this seed is not compatible in the sense of Definition 2.3.7
above. For instance, for GLs, this seed can be written as

(([Pro]s [P11]; [P2,0], [P21]), B)

where the first two classes are the unfrozen variables and the last two are the frozen variables, and
the exchange matrix B is given by:

Recall from [27, Section 2.2| that Py stands for Puy iy, for any 1 <k <2 and any [ € {0,1}.

One can now compute the generalized parameters (17 and o for this seed. A straightforward
computation gives /i1 = (2w — wy,2w; —wz) and fiz = (wy — 2wy’,0). The coweight 2w, — wy
is exactly the coroot oy, and hence for any dominant pair (AY, ) one has pi; © (AY, p) = (AY, w).
However, the coweight part of is is obviously the opposite of oy and thus fis © (AY,p) < (A, @)
for any dominant pair (A, u). We conclude that this seed is not compatible.

It would be interesting to see if Conjecture 2.3.10 holds in the coherent Satake category of the
general linear group. Note that as the ordering on dominant pairs in partial, it is not clear that one
can formulate mutation rules for parameters as in Section 2.4. Indeed, we crucially used the fact
that the ordering on dominant words parametrizing simple modules over quiver Hecke algebras is
total. This mutation rule allows to compute explicitly as many seeds as we want from the data of
an initial seed. In the case of a partial ordering, we cannot do so a priori.
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Chapter 3

Newton-Okounkov bodies for categories
of modules over quiver Hecke algebras

This chapter corresponds to the arXiv Preprint [24], arXiv:1911.11440v1.

We show that for a finite-type Lie algebra g, the representation theory of quiver Hecke algebras
provides a natural framework for the construction of Newton-Okounkov bodies associated to the
quantum coordinate rings Aq(n(w)). When g is simply-laced, we use Kang-Kashiwara-Kim-Oh’s
monoidal categorification setting to investigate the cluster theory of these bodies. In particular, our
construction yields for every seed S of Ay(n(w)) a simplex As of codimension 1 in RI®@) . We
exhibit various geometric and combinatorial properties of these simplices by characterizing their
rational points, their normal fans, and their volumes. The key tool is provided by the explicit
description in terms of root partitions of the determinantial modules of a certain seed in Ayz(n(w))
constructed in [52, 69]. This is achieved using the recent results of Kashiwara-Kim [72]. As an
application, we prove an equality of rational functions involving root partitions for cluster variables.
It implies an expression of the Peterson-Proctor hook formula in terms of heights of monoidal
cluster variables in Cy,, suggesting further connections between cluster theory and the combinatorics
of fully-commutative elements of Weyl groups.

3.1 Quiver Hecke algebras and monoidal categorifications of quan-
tum coordinate rings

In this section we recall some representation-theoretic background and we fix notations. We begin
with some reminders about Kleshchev-Ram’s classification of finite-dimensional irreducible repre-
sentations of finite type quiver Hecke algebras [79]. Then we recall how quiver Hecke algebras
provide a useful framework for monoidal categorifications of cluster algebras following [69] and
more recently [72]. Finally we recall several technical tools from [25] that will be useful in the next
sections.

3.1.1 General reminders on quiver Hecke algebras

Let g be a semisimple Lie algebra of finite type, I the set of vertices of the Dynkin diagram of g.
We use the following standard Lie-theoretic notations: II = {«;,i € I} stands for the set of simple
roots, Q4+ := @,.; Ney;, and @, denotes the set of positive roots. We also let M denote the set
of (finite) words over the alphabet I. For v = hy,..., h, € M, we define the weight of v as the
element of () given by

wt(v) = Zﬁ{k, hy = i}a;.

iel
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To any 5 € Q4 one associates a Z-graded associative algebra R(() defined by generators and
relations. We refer to [76, 79, 66| for precise definitions. Let us only outline the fact that among the
generators of R(f3), one has a family of idempotents {e(v),v € M such that wt(v) = 5}, satisfying
the relations

e()e(w) = Bue(v).

This family of algebras is called quiver Hecke algebras. For any 8 € @, one denotes by R(3)-gmod
the category of finite-dimensional graded R(/3)-modules. One also sets

R — gmod := @ R(3) — gmod.
B

The main property of quiver Hecke algebras is that the category R— gmod categorifies the quantum
coordinate ring A,(n) (which is isomorphic to the positive part of the quantum group U,(g)) in a
way that sends the isomorphism classes of simple objects in R — gmod bijectively onto the elements
of the dual canonical basis of Ag4(n).

The classification of irreducible finite-dimensional representations over quiver Hecke algebras
of finite type was done by Kleshchev-Ram [79]. This parametrization uses the combinatorics of
Lyndon words, or root partitions. It has been generalized by Kleshchev [77] and McNamara [91] to
affine type quiver Hecke algebras. Recall that M denotes the set of finite words over the alphabet
I. Fix a total order < on I; thus M is totally ordered for the induced lexicographic order <. For
every € Q.+, any finite-dimensional R(()-module V' decomposes as

V= @ e-V

v,wt(v)=p

The subspace e(v) -V can be seen as some kind of weight space by analogy with the representation
theory of semisimple finite-dimensional Lie algebras. Hence one can consider the highest word of
V', i.e. the biggest v (for the total order <) such that e(v) - V is non zero. We set

M :={ve M |3V e R(wt(v)) — mod, v is the highest word of V'}.

The following statement is the main result of [79] and shows that M is in bijection with the set of
isomorphism classes of simple modules in R — gmod.

Theorem 3.1.1 ([79, Theorem 7.2|). 1. There exists a finite subset GL of M in bijection with
®, such that M is exactly the set

{rdk [dn, - k€ GLJ1 = -+ = Ik

2. For every p € M, there is a unique (up to isomorphism) finite-dimensional simple module
L(p) of highest word p. Moreover, write p = jy -+ ji; then L(u) is given by

L(p) = hd (L(j1) © -+ © L(jk)) -

3. For u of the form j™ with j € GL, one has L(u) = L(j)°".

The elements of GL are called good Lyndon words (or dominant Lyndon words). Elements of
M are called dominant words. The simple modules corresponding to good Lyndon words are called
cuspidal representations (see also [91]).

Remark 3.1.2. For a dominant word g € M, the writing pu = iy ---i; with i;,...,ix € GL,i; >
-+« = iy, is known to be essentially unique (see [79] for a precise statement). It is called the canonical
factorization of u.
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3.1.2 Monoidal categorification of quantum coordinate rings

In their series of papers [66, 67, 69], Kang-Kashiwara-Kim-Oh constructed braiding operators for
R — gmod and showed that this category is a monoidal categorification (in the sense of [56]) of
the cluster structure on Ag(n). They also proved similar statements for various subcategories of
R—gmod, denoted C,,. This section is devoted to fixing notations and recalling the main properties
of these categories. Our exposition mainly follows [72, Section 2.3].

Assume g is simply-laced. Let W denote the Weyl group of g. For any w € W, we denote by
N := [(w) the length of w. The quantum coordinate ring A, (n(w)) is a subalgebra of A,(n) defined
in [52]. It is shown to have a (quantum) cluster algebra structure. Kang-Kashiwara-Kim-Oh [69]
showed that A,(n(w)) admits a monoidal categorification by a subcategory C,, of R — gmod (|69,
Theorem 11.2.3]). The category C,, is stable under taking subquotients, extensions, and monoidal
products. Following [72], we set

oY =, nwd_

where @ (resp. ®_) stands for the set of positive (resp. negative) roots of g. The set ®Y has
cardinality N and we write ® = {f,1 < k < N}.

Remark 3.1.3. The set of positive roots ®% does not depend on the choice of a reduced expression
for w. Moreover, ®Y # <I>$/ if w#w'.

There is a natural bijection between (total) convex orderings on ®! and reduced expressions of
w. More precisely, consider a reduced expression w = s;, - - - s;,, and let w := (i1,...,ix). There
is a natural corresponding convex order < on ®Y given by

pfr<--<PBn

where B := si, -+ -8, _, () for every 1 < k < N. Let i; < --- < iy denote the good Lyndon
words corresponding respectively to fi,..., Sy via the bijection of Theorem 3.1.1(1). It is known
(see [72, Section 2.3|) that the simple objects in C,, are exactly the L(u) for g dominant word of
the form (iy)V ---(i1), c1,...,cn € N

Geiss-Leclerc-Schroer [52] constructed an initial seed SV in Ag(n(w)) corresponding to the
chosen reduced expression w of w. The index set J of the cluster variables of this seed is J =
{1,..., N}; it splits into the disjoint union J = Je, 1 Jf, where Je, (vesp. Jy) denotes the index
set of the unfrozen variables (resp. the frozen variables). One has

Jpp={keJky =N+1} and  Jo = J\Jp,

where k4 :=min ({k|k < s < N,ip = is} u {N + 1}).

3.1.3 Dominance order and generalized parameters

We consider a Lie algebra g of type A, D, or E,, and we fix and index set I of simple roots. Recall
that the category R — gmod associated to g is a monoidal category, whose product is denoted o.
We let < denote an arbitrary ordering on I. The set M of dominant words is totally ordered
for the induced lexicographic order (still denoted <). It is naturally endowed with a structure of
abelian monoid, whose law is denoted ®. By definition, for any pu,v € M, u ® v is defined as the
greatest of the dominant words corresponding to the Jordan-Hoélder components of the product
L(p) o L(v). The monoid (M, ®) is commutative (as Ky(C) categorifies a cluster algebra, which is
commutative); hence it is naturally embedded into its Grothendieck group G whose law is again
denoted by ®. This group is abelian and inherits a total lexicographic order that extends the one

87



CHAPTER 3

on M (see [25, Definition 4.4, Proposition 4.5]). Let 7 be the number of positive roots and let us
write j; < -+ < j, the elements of GL ordered with respect to <. Consider the following map:
p: M — N"
7! — t(Cl,...,CT)

if (jr) -+ (j1)° is the canonical factorization of p (the integers ¢; being possibly zero). The
following was proved for a type A,, underlying Lie algebra g in [25]:

Proposition 3.1.4. The map ¢ is a monoid isomorphism from (M,®) to (N", +).

We delay the proof to the next section.

In [25, Section 4.2, we constructed a map
¥ : Ko(R — gmod) — M

sending the class of any simple module in R — gmod onto the corresponding dominant word in M.
This map satisfies

V([L(WIL@P)]) = pov

for any u,v € M. In other words one has
U([M][N]) = ¥([M]) © U([N]) (3.1)
for any simple objects M, N in R — gmod.

Now let w € W and N := [(w). Fix a reduced expression w of w. This is equivalent to the choice
of order on @Y as recalled in Section 3.1.2. As in the previous section we write Y = {8; < --- n}.
By Theorem 3.1.1 there is a unique word i of GL with weight i for every 1 < k < N. Similarly
the simple objects in C,, are in bijection with the set

M, = {(in) - (D e, ey = 0}

As before we let G, denote the Grothendieck group of M,,. The rings Ko(R—gmod) (resp. Ko(Cw))
are domains and hence are embedded into their fraction fields. The map ¥ can be extended to
these fields by setting:

¥ (5) = U(z) O U(y)O .

This map provides a way to study the cluster structure of A, (n(w)) at the level of the monoid M,,
(or the group Gy,). Let S be a seed in Ag(n(w)). Let z1,..., 2N denote the cluster variables and
B = (bij):,; the exchange matrix of S. Following [43] we set

AL bij
y] = $Z-
1<i<N

and we define (see |25, Definition 4.7]):

~ XA @bl
Hp =) = O p € Gu.

1<isN

These elements are of particular interest from the perspective of monoidal categorification of cluster
algebras as they can be used to define remarkable partial orderings as follows:
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Definition 3.1.5 (Dominance order , [106] ). Let S = ((z1,...,2n), B) be a seed in A and consider
the elements y; defined above. Then, given m and w' two Laurent monomials in the x;, we write

m<m’®371,...,fynZO,m/zmngjﬂj.
J

In the framework of monoidal categorification of quantum coordinate rings using quiver Hecke
algebras, Kashiwara-Kim [72| related this cluster-theoretic partial ordering on monomials to homo-
geneous degrees of renormalized R-matrices constructed in [66]. In [25], we used the /i; as natural
analogs of y; in terms of parameters for simple modules of quiver Hecke algebras. We introduced
the notion of compatible seed (see |25, Definition 4.7]). The following statement is the main result
of [25].

Theorem 3.1.6 (|25, Theorem 6.2]). Take g = sl,+1 and let w = wq be the longest element of the
corresponding Weyl group. Consider the reduced expression

wo:=(1,2,1,3,2,1,....,n,n—1,...,1).
Then the seed SVO is a compatible seed in R — gmod.

Remark 3.1.7. As we are working with categories of modules over a finite type quiver Hecke
algebra, the set S is totally ordered, which implies that P = A with the notations of [25, Section
4.2].

3.2 Seeds associated with orderings on Lyndon words

In this section we generalize several results obtained in [25]. Let g be a semisimple Lie algebra of
finite type, I a fixed index set of simple roots and < a total ordering on I. We begin by proving
Proposition 3.1.4 in the following cases: g of arbitrary finite type with the choice of the natural
ordering of I (see [79, Section 8]) and g of classical type with any ordering. This generalizes 25,
Proposition 5.1|. Then we assume g is simply-laced and for any w in the Weyl group W of g, we
consider a reduced expression w. of w uniquely determined by <, together with the corresponding
seed SV= in Ay (n(w)) following 52, 69]. We provide an explicit description in terms of dominant
words of the simple modules corresponding to the cluster variables of SW=< (see Theorem 3.2.7).
This holds for arbitrary < and g of finite type. It generalizes |25, Theorem 6.1] to any subcategory
Cw (not only R — gmod) and any finite-type underlying Lie algebra g. The key tool for the proof is
provided by [72, Proposition 3.14|. We state several consequences, and in particular we prove |25,
Conjecture 4.10] in the cases where Proposition 3.1.4 hods.

3.2.1 The monoid structure on dominant words

This subsection is devoted to the proof of Proposition 3.1.4 for g of arbitrary finite type. Let us
outline the fact that for g of exceptional type, we need to fix the natural order on I, as in |79,
Section 8.2] (see Corollary 3.2.6 below). The cuspidal representations in R — gmod (parametrized
by elements of GL) are described in [79, Sections 8.8-8.10|. For arbitrary orderings, our proof works
for g of any classical type.

We let < denote an arbitrary total ordering on I. Recall that a Lyndon word is by definition a
word which is strictly smaller than any of its proper right factors.

Let u, v be two words of respective lengths m,n. We denote by uv the concatenation of y and
v. By shuffle of p and v we mean a word obtained by applying a permutation o to the letters of
puv such that the restrictions of o to {1,...,m} and {m + 1,...,m + n} are increasing (see |79,
Section 4.2]). We denote this word by o - (uv).

89



CHAPTER 3

We consider two dominant words u, v € M that we write

p=ir-i . v=j1]s
where iy,...,1,j1,-..,Js €GL with iy = --- =i, and j; = --- = js. We show that
OV =1l (3.2)
where 1; > .-+ > 1,44 are the elements of the set {i1,...,i,,j1,...,js} ranged in the decreasing

order. Equivalently, we show that the right hand side of Equation (3.2) is the biggest shuffle of y
and v (for the lexicographic order). As it is obviously a shuffle of © and v, it only remains to show
that it is bigger than any other shuffle of y and v.
We use an induction on 7 + s, i.e. we assume that ig---i, ©ji---js (resp. i1 ---i, OjJa2---js) is
the concatenation of iy,...,1.,j2,...,js (resp. i2,...,1-,j1,...,]js) ranged in the decreasing order.
Let o be a shuffle permutation of p and v. We show that o - (uv) < 1j---1.45. We assume
i; > j1 the other case being analogous. Note that this is equivalent to 1; = i;. Let us write

il:(ala"'aap) 5 jlz(bl,...,bq).
Lemma 3.2.1. If a; > by then o shuffles ji to the right of i1. Equivalently o(1) =1,...,0(p) = p.

Proof. As the restrictions of o to {1,...,m} and {m+ 1,...,m + n} are increasing, the first letter
of o - (uv) is either ay or by. As by < ay, o - (uv) cannot begin with by as it would then be strictly
smaller than the right hand side of Equation (3.2). Hence the first letter of o - (uv) is a;. Then
the second letter is either as or by. As ij is Lyndon, as > a; and thus as > b;. Hence as before
the second letter of o - (uv) has to be az. We conclude by a straightforward induction that o - (uv)
begins with i; which proves the Lemma. O

From now on we always assume i; > j; and a; = b;.

Lemma 3.2.2. Assume there is only one occurrence of ay in iy i.e. one has ap > ay for every
k = 2. Then o shuffles j1 to the right of i1 if i1 > j1 and either to the left either to the right of i1
if i1 = ji1.
Proof. Consider k maximal in {1,...p} such that a3 = b1,...,ax = by. Assume k < p; then
ak+1 > bry1 and i; > ji. If o shuffles b; to the first letter of o - (uv) then the second letter is
either aj or be. But (b1,a1--+) = (ai,a1---) < (a1,az2---) by assumption hence o shuffles by to the
second letter of o - (pv). Similarly we get that o shuffles by, ..., by to the first k letters of o - (uv).
Then the next letter is either a; or bg, 1. Both of these letters are strictly smaller than a1 which
contradicts the fact that o - (uv) is greater than the right hand side of Equation (3.2). Hence we
proved that the first letter of o - (uv) is a;.

Then the second letter is either as or b; but by = a; < as by assumption hence it has to be as.
Another induction shows that o - (ur) begins with i;.

If K = p then i; = j;. The same proof shows that the first letter of o - (uv) is either a; and in
this case o - (uv) begins with iy, or b; and in this case o - (ur) begins with j.

O

The two previous lemmas were essentially proved in type A, in [25, Section 5.1]. In order to
deal with the remaining types, we consider a slightly more general version of Lemma 3.2.2. Recall
that we assume i; > j; and a; = b;.

Lemma 3.2.3. Assume there are exactly two occurrences of a1 in i1 and exactly one in j1. Then
j1 is shuffled to the right of 1.
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Proof. We write iy = akal, where k and 1 are words whose letters are all strictly greater than a,
and j; = am. First note that the assumptions imply that the word k is not empty. As i; > ji, one
has k > m and thus ak > j;. Moreover k < 1 as i; is Lyndon. Hence one has j; = am < ak < al.

Lemma 3.2.2 implies that j; is shuffled either to the left of i;, or between ak and al, or to
the right of i;. The first possibility is possible only if m = k. But in this case one can apply
Lemma 3.2.2 in the same way with jo. Hence the result of the shuffle would begin either with jijo
or jiak. Both are strictly smaller than akal = 1i;.

Now Lemma 3.2.2 applied to al and j; implies that j; has to be shuffled to the right of i; which
finishes the proof. O

Lemma 3.2.4. Assume there are exactly two occurrences of a1 in iy as well as in ji. Then ji is
shuffled to the right of i1 if i1 > j1, and either to the left either to the right of i1 if i1 = j1.

Proof. We write i; = akal and j; = aman where k,1, m, n are words whose letters are all strictly
greater than a. As in the previous Lemma, one has k < 1 and m < n. Moreover one has k > m,
and in case of equality one has n < 1.

If i1 > j; then either k < m or k = m and n < 1. The same proof as for Lemma 3.2.3 show
that ji is shuffled to the right of i;. The case i; = j; also follows from the same arguments. O

Corollary 3.2.5. Assume iy and j1 contain at most two occurrences of their first letters. Then
o - (uv) is either the concatenation of iy with iy---i, ® j1---js or the concatenation of j1 with

i i O e

Proof. If iy > j; then 1} = i; and the previous lemmas show that o - (uv) is the concatenation of
i; with a shuffle of i3---i, and j; ---js. By the induction assumption, any such shuffle is smaller
than ly---145. Hence o - (uv) <ijle---1,45 =1y ---L4s. The case i; < j; is analogous.

If iy = j1, then 1} =13 = i;. By the previous lemmas, o - (uv) is either the concatenation of 13
with a shuffle of iy - - - i,- and jp - - - js or the concatenation of 1; with a shuffle of iy - - - i, and jo - - - js.
In both cases the conclusion is the same. ]

Corollary 3.2.6. Assume g is of arbitrary finite type and < is the natural ordering on I or g is
of classical type and < is an arbitrary ordering on I. Then Equation (3.2) holds.

Proof. For g of types A, B,C, D, the positive roots contain at most to occurences of any simple
root. A fortiori the elements of GL contain at most two occurrences of their first letter and this
holds for any ordering < on I. When g is of exceptional type and < is the natural ordering, the
elements of GL are described in [79, Section 8.2] and one can see that they always contain at most
two occurrences of their first letter. Hence in these cases, Corollary 3.2.5 implies that the right
hand side of Equation (3.2) is the greatest shuffle of u and v, proving Proposition 3.1.4.

O

3.2.2 A compatible seed for C,

In this subsection we consider g of type A,, D, or E,, and we prove that for any w € W, there exists
a reduced expression w of w such that the seed SV is compatible in the sense of [25, Definition
4.7].

We fix an arbitrary total order < on I. We again denote by < the induced lexicographic order
on the set M as well as its restriction to GL (see Section 3.1.1). Via the bijection between GL
and @, one can view < as an ordering on ®,. For any w € W, we consider the restriction of <
to @Y. As there is a bijection between convex orderings on ®! and reduced expressions of w (see
Section 3.1.2), we consider the unique reduced expression w. of w corresponding to <. We fix
once for all the order < and we write w instead of w. if there is no ambiguity.
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First we introduce a notation that will be useful in the following. For any 1 < k < N, we set
T = {j < klij = ix}

and we write J, = {jo = k > j1 > -+ > jr. }. In other words, jo = k,j1 = k—,jo = (k—)—,... with
the notations of [52, Section 9.4|. The integer r; corresponds to the position of the first occurrence
of the letter iy in the word (i1,...,in).

The following statement is the main result of this section. It gives a description of the simple
modules in C,, corresponding to the cluster variables of the seed SW.

Theorem 3.2.7. Let (x1,...,xnN) denote the cluster variables of the seed S¥ and let uy denote
the dominant word such that xy = [L(uy)] for every k € J. Then

Mk = Yjoljy « - 1j, -
Proof. We write the canonical factorization of py as
i = () - (i) o

with en g, ..., c16 € N. We also set ¢y 1), v := 0. By [72, Proposition 3.14|, the t-uple of integers
(Cik = Cly k>--+»CNk — CN, k) 1s the image of [L(uy)] under the map gggv defined in [72] (see |72,
Definition 3.8]). It is clear from this definition that the isomorphism class of the simple module
L(py) is mapped onto the kth vector ey of the standard basis of Z». Thus one has

er = (Cik = Cli ks~ CNJEk — CN, k)-
One has ¢, — ¢j, = 0 for any j # k. In particular, one has
Chih = Clhy)p bk = " =Cni)k =0 and ¢y p =" =cp k= Ck-

Moreover, ci — ¢, x = 1 and hence ¢, = 1. Finally one has

Crpk = """ =C_p=Cpr=1 and cp, = Clhy)s b =" = 0.

If j is any position such that the letter i; is different from 4; then k does not appear in the sequence
(rjy.-yd=sJsd+s---, N +1) and hence Crik =" =Cj_k = Cjk = Cj, k= = 0. One concludes:
pr = igip_ - ip,.

O

Let us point out a couple of consequences which will be useful later.
Corollary 3.2.8. Let k € J. For any integer-valued t-uple (c;)jejj>k, one has
O .
HE > @ K “
i<k
in the group G.

Proof. By Theorem 3.2.7, the highest good Lyndon word in the canonical factorization of py (resp.
Kj,j > k) is iy (resp. ij,7 > k). Hence by definition of the lexicographic order on M one has

O—¢j Oc;
o O py U= O wy
j<k,c;<0 Jj<k,c;>0

which implies

Ocj
HE > @ K
i<k

in the Grothendieck group G of M. O
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Corollary 3.2.9. Let S = ((x1,...,2n),B) be any seed in Ay(n(w)), let py denote the dom-
inant word such that xp = [L(ux)] for every k, and let Ms denote the matriz of the vectors

o(U(21)),...,0(U(xy)) in the standard basis of ZN. Then Ms € GLn(Z).

Proof. First consider the seed SW. By Theorem 3.2.7, there is a bijection between the cluster
variables of SW and good Lyndon words in M,,: indeed, for any 1 < j < N, there is a unique
cluster variable in S whose corresponding dominant word has a canonical factorization beginning
with i;. Hence choosing a good permutation of the standard basis of ZN | the matrix Mgy is
(lower) unitriangular. In particular Mgy is invertible with determinant equal to 1.

Now consider a mutation in any direction k € Je,. Set ¥ := ¢ o U. The vector \Il(acj,g) is either
equal to —W(zx) + D3 ~obikW(z;) or to —W(wg) + 25 _o(—bir)¥(z;). In the first case, one has

det(U(z)),..., W(zly)) = det(U(zy), ..., U(zp_1), U(x}h), U(zppr), ..., U(zy))
= —det(V(z1),...,Y(zr_1), V(zk), V(Tks1),--., V(zN))
+ ) det(W(z1), ., O(wp1), ©(2), ©(zhga), - -, U(an))
b

= — det(\IJ(xl), ceey \Ij(xN))

The other case is analogous. In particular the matrix obtained after mutation is still invertible and
has determinant either 1 or —1. By induction, we conclude that Ms € Gn(Z) for any seed S. [

We end this section by proving that |25, Conjecture 4.10] holds in C,, for every w € W when
the underlying Lie algebra g is of finite type. The proof is similar to the proof of [25, Theorem 6.2]
in the case of C,, = R — gmod in type A,

Corollary 3.2.10. Fiz any total order < on I. For any w e W, the seed SW< is compatible in the
sense of [25, Definition 4.7].

Proof. Asin Theorem 3.2.7, for every 1 < k < N we let pyy, denote the dominant word corresponding
to the kth cluster variable of SW=<. With the same notations as in Section 3.1.3, we consider the
variables y;,j € Jg,. It follows from the construction of SV ([52, 69]) that for every j € J¢,,

e | —lan;l |ak;]
Yj = Tj Ty H L H Ly " -

J<k<jy<ks k<j<ki<j4+

Hence
~ _ @ . @_ .
fij = ki, © (N? o O WMo O m]') :
k<j<ky<js+ J<k<jy<ky

The expression between brackets only involves words p such that k£ < j;. Hence by Corollary 3.2.8,

— Olag; O—lak;
uj+><ug©l® O WMo O i ’“)

k‘<j<k‘+<j+ j<k‘<j+<k‘+

Thus one has yi; © p > p for every p € M, and this holds for every j € Jg,. This implies that the
seed SV is compatible (see [25, Remark 4.8]). O

Remark 3.2.11. By |25, Corollary 4.12], the seed SV being compatible implies certain relation-
ships between dominant words and g-vectors. This relationship is provided by [72, Proposition
3.14] for any w € W. It takes the form expected in [25, Section 7.1] in the case of R — gmod in
type A,, for the natural ordering.
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Example 3.2.12. Consider g of type As, I = {1,2}, w = wp = s18281 = s25182. Consider the
natural ordering 1 < 2. Then ®; = {a; < aj + a2 < az}. The corresponding reduced expression of
wp is (1,2,1). It is known from |79, Section 8.4| that GL = {(1) < (12) < (2)}. By Theorem 3.2.7,
the simple modules corresponding to the cluster variables of the seed S(1:21) (together with its
quiver) are given by

L) = L12) —= I(21) .

The matrix Mg 2,1) is

S O =
O = O
_ O =

3.3 Newton-Okounkov bodies for C,

It follows from Theorem 3.2.7 that for every choice of order < on I and every w € W, there is a nat-
ural total ordering on the set of cluster variables of S¥< (and hence of every seed in A4 (n(w))). The
corresponding lexicographic order on cluster monomials yields a monomial valuation for every seed
as in [107, Section 7|. Thus it is natural to construct Newton-Okounkov bodies in this framework.
It will turn out that in our setting the valuation will be naturally provided by parametrizations of
simple objects in R — gmod (or C,,) and hence entirely determined by <. In particular it does not
depend on the choice of a seed. Throughout the following sections, we consider a semisimple Lie
algebra g of arbitrary finite type. As in Section 3.2.2, we fix an index set I of the simple roots of
g and a total order < on I. We also fix an element w in the Weyl group W of g as well as the re-
duced expression w. = (i1,...,iy) corresponding to the restriction of < to ®%. In all Sections 3.3
and 3.4, we will use the following notations: C := C,, A := Ky(C) ~ A;(n(w)), M := M,,, G = Gy,
In order to construct Newton-Okounkov bodies for subalgebras of A, we begin by constructing
a valuation with value in Z" endowed with some total ordering, as well as a N-graduation on .A.

3.3.1 Newton-Okounkov bodies

In this section we briefly review the general construction of Newton-Okounkov bodies, introduced by
Kaveh-Khovanskii [75] and independently by Lazarsfeld-Mustata [83]. It generalizes a construction
of Okounkov [99]. We refer to [13, 12] for beautiful surveys on Newton-Okounkov bodies.

Let A be a N-graded commutative algebra over a base field k. Let A, denote the degree n
homogeneous subspace of A for any n € N. Thus one has

A= @‘An s A Ap © An-‘rm ) Ao = k.
n
We assume A, to be a finite-dimensional k-vector space for every n € N. We also assume that A
is a domain and that the fraction field of A is of finite type over k.

Definition 3.3.1 (Valuation). A valuation on A is a map ¥ : A — ZN (for some N > 1)
satisfying the following properties:

1. Vf,ge A, ¥(fg) = V(f) + ¥(g).
2. Vtek* Vfe A U(tf) = U(f).
5. Vf,ge A, ¥(f +g) < max(¥(f), ¥(g)).

To any N-graded subalgebra B of A, one can associate a closed convex set A(B) called Newton-
Okounkov body of B.
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Definition 3.3.2 (Newton-Okounkov bodies). Let B be any graded subalgebra of A. Decompose it

as
B=@@B,.

The Newton-Okounkov body associated to B is defined as

A(B) := ConvexHull <U i\I’(Bn\{O})>

n

Recall that the vector spaces B,,n € N are finite-dimensional. Hence it follows from [75,
Proposition 2.3| that the sets W(B,\{0}) are finite. In order to have these bodies satisfying nice
properties, one needs to make a technical assumption on the valuation W, namely that it is of
maximal rational rank. This means that the rank of the value group of ¥ has to be equal to the
transcendence degree of K := Frac(A). We refer to [13, Section 2.4| for more details and precise
statements about maximal rational rank valuations. The crucial observation is that under this
assumption, one has

dimk Bn = ﬁ\P(Bn\{O})

In other words if the valuation V¥ is of maximal rational rank, then it has one-dimensional leaves
in the terminology of [75] (see [13, Proposition 2.23]).

3.3.2 Total order on ZV

As in Section 3.1.2, we write
(I)$ :{61 < ... <6N}

and we let iy,...,iy denote the corresponding good Lyndon words. Let e; be the kth vector of
the standard basis of Z for every 1 < k < N. Recall from Section 3.1.3 that the isomorphism ¢
sends the good Lyndon word i onto e;. Equivalently, one has

V1<k<N,g (\y ([L(ik)])> _— (3.3)

Using the isomorphism ¢, one can push forward the lexicographic order on M (resp. G) onto the
(reversed) lexicographic order on NV (resp. Z") given by:

(a1,...,an) < (b1,...,bn) = 3k = 1,any = bn, ..., ap41 = bry1, ar < by

3.3.3 The valuation

As in the proof of Corollary 3.2.9, we let ¥ : Frac(Ko(R—gmod)) — Z*+ denote the composition
of U with ¢:

U : Frac(Ko(R — gmod)) z G ’ AR

We again denote by U the restriction to Frac(A):

U: Frac(A) L] d N .

Recall that N denotes the length of w.

Lemma 3.3.3. The map VU is a valuation on A with value group ZN .
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Proof. Let x = ai[L(p1)] + -+ + ar[L(py)] and y = b1[L(v1)] + - -+ + bs[L(vs)] in A; as A is
commutative and M is totally ordered, one can assume p; > --- > p, and v; > - -- > vg. Then one
has

V(z+y) = W(ar[L(p)] + - + ar[L(pr)] + b1 [L(1)] + - - - + bs[L(vs)])
< max (max(p;, 1 < i <r),max(v;,1<j<s))

= max(V(z), ¥(y)).

One also has:

U(zy) =V (Z aibj[L(Mi)][L(Vj)]> :
i

For any i > 2 (resp. j > 2), pti < p1 (resp. v; < v1) hence p; Ovj < p1 Ouy if (4, 5) # (1,1). Hence
11 ® vy is the highest word appearing in the decomposition on simples of the above sum. Hence

U(zy) = ¥ ([L(p)][L(1)]) = o(p1 ©v1)
= o(u1) + ¢(v1) by Proposition 3.1.4

= U([L(p)]) + U([L()]) = ¥(z) + ¥(y).

The remaining axiom in Definition 3.3.1 is straightforward. Finally, recall from Proposition 3.1.4
that ¢ is a bijection from M to NV. In particular, ¥(A) > ¢(M) = NV and thus the value group
U(Frac(A)\{0}) is indeed the entire group Z*. O

Lemma 3.3.4. The valuation ¥ is of maximal rational rank. In particular it is one-dimensional
leaves in the sense of [75].

Proof. As A = K((C) has a cluster algebra structure, its fraction field is just Q(z1,...,zy) for any
cluster (z1,...,zy). Thus it is of transcendence degree N. By construction, the rational rank of
U is also equal to N. Thus ¥ is of maximal rational rank. O

Remark 3.3.5. In fact the valuation W essentially does the same thing as a monomial valuation:
up to some automorphism of Z, it can be identified with a valuation coming from the lexicographic
order on cluster monomials as in [107, Definition 7.1]. Representation theory provides us with a
natural choice of total order on the cluster variables of the initial seed S%: denoting by pu; the
dominant word such that x; = [L(p;)], we set

This induces a total order on Laurent monomials in z1,...,zy as in [107, Definition 7.1]. We also
denote it <. Then using Corollary 3.2.8 one can show that for any Laurent monomials x? = [ [, ="
and xP = [T, xfl one has

xP < xP o U(xP) < U(xP).

3.3.4 The grading on A

The grading on 4 will essentially be given by the following standard notion of height for elements
of Q4. For any € Q, write 8 = Y., bjo;. The quantity

ht(8) = Z bi
is called the height of 5. For any (3,7 € Q4+, one has ht(5 + ) = ht(5) + ht(y).
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Lemma 3.3.6. For any word v in M, the number of letters of v is equal to ht(wi(v)).
Therefore we will denote it using the usual notation for the length of a word namely |v|.

Remark 3.3.7. In particular, for 8 € Q4+, M a simple object in R(8) — gmod and p the cor-

responding dominant word, one has || = ht(/). Consider for instance the good Lyndon words
i1,...,ixy. Then for any 1 < k < N, one has
lig| = ht(5r).

Note that |u @ v| = |u| + |v| for any p, v € M. Hence the following definition makes A into a
graded algebra.

Definition 3.3.8 (Grading on A). To any simple object M in C, we associate the length of the
corresponding dominant word, i.e. the integer |V ([M])].

As C is a monoidal categorification of A, every cluster monomial is a simple object and thus is
homogeneous, its degree being the length of the corresponding dominant word.

3.3.5 Newton-Okounkov bodies for C,

We are now ready to construct Newton-Okounkov bodies using the above grading and valuation.
For any graded subalgebra B of A = K((C), we get a convex compact set A(B) = RY. Moreover
the bodies A(B)(B < \A) are always contained in A(A).

Let us begin with the following statement, that will be useful in the following.

Lemma 3.3.9. Assume B is a graded finitely generated subalgebra of A. Let by, ..., b, be homoge-
neous generators of B and set d; := degb; for every 1 < i < r. Assume furthermore that the family
(U(b1),...,%9(by)) is linearly independent. Then the Newton-Okounkov body A(B) is a rational
polytope. More precisely, A(B) = C’onvexHull(d%_\Il(bi), 1<i<r).

Proof. Let f be any degree d homogeneous element in 5. We prove that

1 1

a\I’(f) € ConvexHull(E\ll(bi),l <i<r).
Write f as 4

= Z iy iy b b

(i1,0eesir ) dri1 4 +drir=d

and decompose each monomial bzf -.-bir € B < A on the basis of classes of simple objects in C.

As the vectors ¥(by),. .., ¥(b) are linearly independent, one has W(b}! ---bir) # \I’(b{1 b if
(t1,...,3r) # (J1,---,Jr). Thusthere is a unique maximal element pu among the images \I/(bi1 b dyi+
-+ +dyi, = d. This element is then the unique maximal element in the decomposition of f on the

basis of classes of simple objects in C. Hence by definition of ¥, one has ¥(f) = pu = \If(bil1 - bir)

for some (i1,...,1,),d1i; + - -+ + dyi, = d. In particular,

1 1

~(f) (W) + - + i, U(b,)) € ConvexHull(-W(b),1 < i < r).

T dyig + i, d;

Recall that ej, stands for the vectors of the standard basis of ZV (see Section 3.3.2).
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Lemma 3.3.10. The Newton-Okounkov body A(A) is given by:

A(A) = ConvexHull( 1 <k<N).

L
ht(Br)

Proof. Let = be any cluster variable in A and p € M the dominant word such that = [L(p)].
We write the canonical factorization of p as g =i{* -- i} (see Theorem 3.1.1 and Remark 3.1.2).
Then by definition |pu| = > axht(8y). Hence

1
= =2 ), ek
2 axht(Bk) Zk:
which implies

1
H\I/(a;) € ConvexHull(
T

1
er, 1 <k <N).
b () )

This holds for any cluster variable in A. Now let m = z{*...z% be any monomial in the cluster

variables (here the x; are any cluster variables, not necessarily of the same cluster) and let d; :=
|zi],1 <4 <r. One has

1 1 1
— v = z\p i) = 1 Uq
m| (m) 2 aidi;a (@) 2 aidi 4 ‘

Thus ) lies in the convex hull of the S“) and hence in ConveXHull(ht(B y €k 1 <k<N).
As tLe Valuatlon of any element f of A is always equal to the valuation of some monomial as

above (see the proof of Lemma 3.3.9), this proves the desired statement.
O

Note in particular that A(A) is a simplex of full dimension N — 1.

3.4 The simplices Ag

Throughout Sections 3.4 and 3.5, we will assume g is simply-laced. We will be studying the
following Newton-Okounkov bodies: for any seed S = ((z1,...,2zn), B) in the cluster algebra A,
we consider the graded subalgebra of A generated by the cluster variables of S. This is a finitely
generated algebra and by Corollary 3.2.9, the images of x1,...,xny under the valuation ¥ are
linearly independent. Hence by Lemma 3.3.9 the corresponding Newton-Okounkov body Ag is the
simplex given by

1
As = ConvexHull( ’ |\Il(x-),1 <i<N).
T
We begin by outlining the fact that for any seed S, the simplex Ag (as well as A(A)) sits inside
an affine hyperplane. This hyperplane is naturally defined from the representation-theoretic data
introduced in Section 3.1. Then we use Theorem 3.2.7 to prove several properties of the simplices
Ags. In particular, we exhibit a correspondence between the rational points in Ag and the cluster

monomials for the seed S.

3.4.1 The hyperplane H

Recall that (eg,1 < k < N) stands for the standard basis of Z". We also let {-,-)> denote the
standard Euclidian scalar product on RY. We let A denote the vector whose kth component is the
height of the positive root G:

<Aa ek> = ht(IBk)
for every k € {1,...,N}. The following Lemma shows that A encodes the grading on A (see
Section 3.3.4).
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Lemma 3.4.1. Let M be a simple module in C and let u € M the corresponding dominant word.
Then one has

|l = A U ([M])).

Proof. Let us write the canonical factorization of p as g =i -+ i’ (see Remark 3.1.2). Then by
definition one has ¥(u) = t(c1,...,cn). Then using Lemma 3.3. 6 we get

1] = ht(wt(p ZCkﬂk = D ekht(Br) = D e er) = A U([L(w)]))-
P R

O

Let H denote the affine hyperplane {(\,-) = 1} = RY. The following observation is a straight-
forward consequence of Definition 3.3.8 and Lemma 3.3.10.

Lemma 3.4.2. The simplex A(A) is contained in H.

As a consequence, any Newton-Okounkov body associated to a graded subalgebra of A will also
lie in H.

3.4.2 First properties of Ag

Now we state a couple of algebraic and geometric properties of the simplices Ags. We use Theo-
rem 3.2.7 as well as a result of Geiss-Leclerc-Schréer ([53, Theorem 8.3]).

First we exhibit a correspondence between the rational points inside Ag and the monoidal
cluster monomials for this seed. By monoidal cluster monomial, we mean an object in C isomorphic
to (), Midi for some nonnegative integers d;, where M; are the simple modules corresponding to
the cluster variables of S. The monoidal categorification statements of [69] imply that monoidal
cluster monomials are always real simple objects.

Proposition 3.4.3. Let S be a seed in A with cluster variables x1,...,xn. Then for any simple
object M in C, one has

M is a monoidal cluster monomial for S < ——VU([M]) € As.

IMI

Moreover, any rational point in Ag is of the form ﬁ\I’([M]) for some monoidal cluster monomial

M inC.

Proof. Let p € M such that M ~ L(u). We set d := |u| and p := ¥([M]) € ZV. Fix a seed
S := ((x1,...,zn),B), and let p; denote the dominant word such that x; = [L(u;)]. We also set
di = |pil, py = V(i) € ZV.

The if part is obvious: if [L(p)] = af*---2%, then in M one has p = (3, ;%. Hence
p= >, a;p; and d = Y a;d;. This implies:

1
g“ B > aid;

For the only if part, let us Write Cllu =, tldl p; with t; > 0 for every ¢ and ), t; = 1. Setting
a; = dt;/d; for every 1 < i < N, this can be rewrltten as p = Y, a;p; or equivalently p =
Ms Hay,...,an). Now p € ZN and Mg € GLy(Z) by Corollary 3.2.9. Hence ‘(a1,...,ay) e ZN
i.e. Vi,a; € Z (and hence a; € N as the a; are positive). This implies

= @ (%

1 1
.zi:a dZ-M €Aas
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Figure 1: In type As the simplex A(Ay(n)) is covered by the two simplices Aga,2,1) and Age1,2).

in M and hence [M] = [[,[L(p)]% = [, " i.e. [M] is a cluster monomial for the seed S.

Now let v € QN n Ag and write as before v = D tid%_ui with ¢; > 0 and ). t; = 1. Then using
similar arguments, one shows that there exists a non-negative integer ! such that p := v € NV
and M := L(p) is a monoidal cluster monomial for the seed S. Now |M| =1 x >, t; = and thus
one has v = %u = éu.

]

Corollary 3.4.4. Let S and 8’ be two seeds having different sets of cluster variables. Then the
simplices Ag and Ag have disjoint interiors.

Proof. Let v € QN nAgn Ag; the previous Proposition implies the existence of a monoidal cluster

monomial M (resp.M’) for the seed S (resp. S') such that 2u = L p/ = v (with the same notations

as in the previous proof). In particular one has [M]% = [M’]%. By [53, Theorem 8.3], this implies

that any cluster variable involved in the monomial [M] has to appear in [M’] and vice versa. As by

hypothesis S and S’ have different cluster variables, we conclude that at least one cluster variable

of § does not occur in [M]. This obviously implies that éu belongs to a face of the simplex Ag.
(e]

In other words v ¢ Ag. Hence As n Ag = . ]

Example 3.4.5. Consider the situation of Example 3.2.12. The cluster algebra A4,(n) has exactly
two seeds, namely S = S22 and & = S12). Each of them contains one unfrozen and two
frozen variables. Here H is the plane of equation x; + 2z9 + 23 = 1 in R3. Figure 1 shows the
simplex A(Aq(n)) covered by the two simplices corresponding to the seeds S and S’. The blue dots
correspond to the frozen variables and the red dots to the unfrozen variables.

Example 3.4.6. Consider an underlying Lie algebra g of type A3 and let w := s1595835152. Then
Y = {on, a1 + g, 01 + ag + a3, a2, as + a3}. The reduced expression of w corresponding to the
restriction of the natural ordering 1 <2 < 3 on @Y is (1,2,3,1,2). By Theorem 3.2.7, the cluster
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Figure 2: In type Az with w := s1s253512, the simplex A(Ag(n(w))) is covered by five smaller
simplices, colored in white, red, yellow, blue, and green.

variables of the seed S(1:231:2) are given by the following dominant words:
(1)  (12)  (123)  (21)  (2312)

where the first two are unfrozen and the last three are frozen. Their respective images under ¥
are (1,0,0,0,0) (0,1,0,0,0), ¥0,0,1,0,0), “1,0,0,1,0) and %(0,1,0,0,1). The cluster alge-
bra A,(n(w)) has five seeds. A straightforward computation shows that the other cluster vari-
ables of Ag(n(w)) correspond to the dominant words (2),(23) and (231) of respective images
t(0,0,0,1,0), *(0,0,0,0,1) and *(1,0,0,0,1) under ¥. The simplex A(A,(n(w))) is of full di-
mension 4 inside the affine hyperplane H < R® given by the equation x + 22 + 323 + x4 + 225 = 1.
Note that the frozen variable [L(123)] appears in every seed and its image under ¥ is the third
vector of the standard basis of Z° (see also Equation (3.3)). The images under W of the other cluster
variables have zero entry along this direction. Hence one can get a three-dimensional picture by
projecting on x3 = 0 as shown in Figure 2. As in the previous example, the blue dots correspond
to the frozen variables and the red dots to the unfrozen variables.
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3.4.3 Tropical e-mutation

Tropical epsilon-mutations were defined in [97] as tropical exchange relations similar to the mutation
rules of g-vectors or c-vectors. They involve a sign e which can be chosen arbitrarily at each
mutation. The usual tropical exchange relations of g-vectors and c-vectors are obtained by choosing
€ to be the coherency sign of c-vectors. In this section we show how monoidal categorifications can
provide new examples of interesting tropical e-mutations. In the case of the categorifications of
coordinate rings via finite type quiver Hecke algebras, the sign € comes from the natural ordering
on parameters of simple objects in R — gmod.

We fix a seed S = ((z1,...,2n), B) in A as well as a mutation direction k. Let S’ denote the
seed obtained from S after mutation in the direction k. The cluster variable xj, is replaced by ).
We let M; (resp. M;,) denote the simple module whose class is z; for every 1 < i < N (resp. ).
It follows from the constructions of [69] that this cluster mutation at the level of A comes from a
short exact sequence

0— () M — MyoM, — () M ") 0 (3.4)

bik>0 bik<0

in C. We set
K = \Il(xz)y ied and Fij = \Ij(y})v J € Jex

(see Section 3.1.3 for the definition of the ¢;). As the exchange matrix B has full rank #.Je;, one
can extend it into a N x N invertible matrix B. We then set as before
H x?“ and ;= V(y;) forany 1<j<N.

1<i<N

We show that the vectors i, satisfy a tropical e-mutation in the sense of Nakanishi [97].
As ZV is equipped with a total lexicographic order, the following definition makes sense: for
any k € Je, we set

+1 ifpy, >0
Nk == .
—1 otherwise

Lemma 3.4.7. The following equality holds in Z :

Wi, = —Hy, + Z["?kbik]JrMi-

i

Proof. Consider the exchange relation

Thr) = H a:?““—k H :ci_b““.

Z',bik>0 i,bik<0

By Lemma 3.3.3, ¥ is a valuation hence we get

(zh) = —0(xp) + max( Db (i), Y] (—bik)\If(xi)> .

bi>0 bk <0
Moreover,
Db ¥(mi) > Y (—bi)U(w) = D bp¥(wi) > 0 = U(g) > 0 < np = +1
k>0 b'k<0 7
Hence if n = 1, then p), = ¥(z},) = (x )+ 250 lk\II(:Ul) = —py, + > [bik ]+ p;. Similarly one
can show that if n;, = —1 then pj = ( ) = —\Il(a:k)+z [—bir ]+ ¥ (i) = —pg + 2, [—bir) 415, O
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Now we describe the mutation of the vectors ,Lij. We let /ij' denote the analogs of ;ij for the
seed S'.
Lemma 3.4.8. The vectors ,Lij', 1< j < N are given by:
l'zj o _l‘ik ij = k?
/ i + [kbjrl4 ), otherwise.
Proof. By |43, Proposition 3.9|, one has
I if j =k,
’ ljijk[bkj]Jr (4 +1)7%  otherwise.

Hence applying the valuation ¥ yields
< {—/ik if j =k,

b= X N .
! m; + [brj )+ 1y, — brj (max(p,k, 0 )) otherwise.
Consider j # k. If i, = 1 then i), > 0 and thus

~

By = i+ [brjl by, — ity = £ + [=rjl sty = £ + [bjn] 1 by
Similarly if g, = —1 then
b = p + (bl = iy + [—bjk] 4ty
O

Remark 3.4.9. As explained in [97], tropical e-mutations are of particular interest in cluster
theory for describing mutation rules of g-vectors and c-vectors. This follows from a particu-
lar choice of tropical sign, namely the sign of c-vectors. This sign-coherency property has been
proved by Derksen-Weyman-Zelevinsky [32] in the skew-symmetric case and by Gross-Hacking-
Keel-Kontsevich [55] in the general case. In our setting, the sign in the mutation rule does not
come from the sign-coherence of c-vectors. Thus the mutation rule given by Lemma 3.4.8 gives
a new example of e-tropical mutation where the tropical sign 7, encodes the natural ordering on
dominant words.

We end this section with a couple of elementary remarks that will be useful in Section 3.4.4.
Lemma 3.4.10. The vectors p;,j € J form a basis of RY,
Proof. Recall the matrix Mg introduced in Section 3.2. By definition, one has
Vje J iy =W(y) = > biU(x;) = MsBe,
1<i<N

where B is the extended exchange matrix of the seed S. By Corollary 3.2.9 the matrix Mg is
invertible. As B is invertible, the composition MgB is invertible as well and thus the family
(#2;)jes is a basis. O

Remark 3.4.11. By construction the three non trivial terms in the short exact sequence (3.4)
have the same weight. This implies that for any j € Je,, the vector g, is of weight zero. By this
we mean that for j € Jes, pi; belongs to the kernel of the following linear map:

wt : RN —> RH
C = t(Cl, . ,CN) — chkﬁk

where elements of @ are identified with vectors in R¥ in an obvious way. Moreover #I = #.J =
N —4Jex (see [72, Section 2.3]). Hence the (i}, j € Je, form a basis of ker wt. This holds for any
seed.
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3.4.4 The normal fan to Ag

Recall that we fix a total order < on I, an element w € W and the unique reduced expression w of
w corresponding to the restriction of < to ®%. Let us introduce a family of vectors n}s for every
seed S in A. They are defined inductively as follows:

Definition 3.4.12. Consider the initial seed S¥. We define
_ )% T T (ht(8;) — ht(B;,)) H;\|l2 if j € Jea,
e; — ht(B;) H;HQ ifjeJp

Then given two seeds S, S’ related to each other by a mutation in the direction k € Jo,., the vectors
S" are related to the n}s by the following tropical e-mutation:

n;
s _ ) if j =k,
n;‘?’ + [kbjk]+ng  otherwise.

=
<o

As any seed can be reached by a finite sequence of mutations from the initial seed SV, this
defines in a unique way the vectors n‘jS for every seed §. The main result of this section can now
be stated as follows:

Theorem 3.4.13. For any seed S, the vectors nf are the rays of the normal fan of As.

Let S be an arbitrary seed in A. The simplex Ag is of full dimension N — 1 inside . Hence
for every vertex Pj of Ag, one can consider the facet F; of Ag which does not contain the vertex
P;. For every 1 < j < N, consider the linear hyperplane of RY containing the points P;,i # j.
One considers the unique vector N}S normal to this hyperplane such that <uj, N‘Js> =1 (recall that
the ,uf are linearly independent by Lemma 3.4.10).

First we show that the vectors N‘jS satisfy the suitable tropical mutation rule:

Lemma 3.4.14. The vectors N;-, 1 <7 <N are given by:

e =k,
J N; + [nkbjk]+ Ny otherwise.

Proof. The simplices Ag and Ags share the facet F}, consisting of the points P;, 7 # k. By definition,
both Ny, and N, are orthogonal to the linear hyperplane containing the points P;,7 # k. Hence
N}, = ¢ N}, for some (nonzero) real scalar ¢j. Now,

1= <IJ‘;€7 §<:> = _<lJ’k7 ;c> + Z bzk<u‘zv N;€> = _<”’k7 N;c> = _ck<l'l'k7Nk> = —Cg
i,5gn(bik)=nk
which proves the mutation relation for Ny.

Now let j # k. One has,

= > [wbin] (s N = [medje] 4

(2

Hence the vectors N; and N;-— [7kbjk ]+ Ny, are both orthogonal to the linear hyperplane Vectg (g, #
j). Hence one can write
N’ = ¢;Nj + [1rbjr]+ Ny

for some (nonzero) real scalar ¢;. Computing the scalar product of both hand sides with K gives
¢j = 1 which finishes the proof. ]
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Now we relate the N]‘»S to the nJ‘S, beginning with the initial seed S%.
Proposition 3.4.15. Consider the seed S¥. Then for any j € J on has

0 N0 (A, N0>
P
Proof. For simplicity we write N; (resp. n;) for N0 (resp. n? ) throughout this proof. Recall from

Section 3.2 that we set Jj, := {j < klij = iy} = {]0 =k>j > ©> g b
First case: j € Je,. First consider k € J\J;. By Theorem 3.2.7, the dominant word py, is the
concatenation in the decreasing order of the good Lyndon words i;,1 € Ji,l < k. By definition, N

is orthogonal to every p,,% # j. In particular, it is orthogonal to By Mgy s Mg Thus one
has

0 =<my,, - Ny =<ej, . Nj)
and
0= <erk,1’Nj> = <ejr,€71 + erkaj> = <ejrk71aNj>'
By a straightforward induction, this implies that the [th component of N; is zero for every [ € Jj.
This holds for every k ¢ J;.

Similar arguments show that the Ith component of N; is zero for every [ € J; with | < j. By
definition, one has (g, N;) = 1. Hence

1={p;,N;j)={ej+p; ,Nj)=-<{e;,N;)

and thus the jth component of N; is equal to 1. Now as j is assumed to lie in J;, one has j. < N
(see Section 3.1.2). Hence one can write

by Theorem 3.2.7. Thus

0= <“j+7Nj> = <ej+ + p’j’Nj> = <ej+7Nj> +1

by definition of Nj;. Hence the j th entry of N; is —1. Then a straightforward induction similar
to the first case shows that the /th component of Nj is zero if [ > j, .

Thus we have shown that IN; has exactly two non zero entries, namely the jth equal to 1 and
the j+th equal to —1. Hence

ANy e e~ (ut(8) — Bt (B, )
N] HAHQ A= J+ (ht(ﬁj) ht(l@j+))|’AH2

Comparing with Definition 3.4.12, we conclude that the desired statement holds.

Second case: j € Jg.. One shows as before that the kth entry of N is zero for k ¢ J;. In
this case J; is exactly the set of all indices of occurrences of the letter j in the chosen reduced
expression of w. Writing (u;, N;) = 0 for every ¢ € J;\{j} implies that all the entries of N; are
zero except the jth. This entry is equal to (p;, N;) which is 1 by definition. Hence N; = e; for
every j € Jg.. This implies

(NN A
N; — 2292\ — o) — ht(B; —n;
NDVE B =™

for every j € Jy, which finishes the proof.
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Now we show that the statement of Proposition 3.4.15 holds for every seed:
Lemma 3.4.16. Let S be any seed in A, and let j € J. Then one has
S S

us =S~ AND
P

Proof. For the seed 8%, it follows from Proposition 3.4.15. As the function ht(-) is linear, Lemma 3.4.14

~ S . . . .
shows that the IN; follows the same tropical mutation rule as the n;. Hence by induction the
equality holds for every seed. O

One can now finish the proof of Theorem 3.4.13:

Proof of Theorem 3.4.13. For any j € J, the vector N;-S is orthogonal to every p,, ¢ # j hence to

the vectors % — ﬁﬁq) for any p,q # j. These generate the underlying linear space of F; and
hence N}S is orthogonal to F);. Moreover, the facet F; is contained in H for any j € J. Hence X is
orthogonal to F;. The conclusion follows from Lemma 3.4.16. O

Let us finish this section by explaining why Theorem 3.4.13 provides an explicit geomet-
ric realization of the cluster-theoretic dominance order (see Definition 3.1.5). Fix a seed & =
((z1,...,zn),B) in A. The dominance order was introduced by F.Qin as a partial ordering on
Laurent monomials in z1,...,zx in the study of common triangular bases for (quantum) cluster
algebras. The vectors fi; (see Section 3.4.3) were defined in [25] as a natural analog of this order

at the level of parameters for simple modules in C. More precisely let ]\7§ denote the linear convex
cone generated by the gi;,j € Jey. For every simple object M in C, let N]\‘% denote the affine cone

with origin W([M]) and direction /\? ; then one can see that the simple objects in C whose classes
are smaller than [M] for <s correspond to the integral points of /\/']\‘gl

Theorem 3.4.13 can now be reformulated as follows. Consider the vector subspace V of RN
generated by the ng,j € Jez. By Remark 3.4.11, the fi;,j € Jey form a basis of ker wt hence one
can consider the unique linear map 7' defined as

T: ker(wt) — V
fij > nj

for every j € Jez.

Corollary 3.4.17. The map T is a linear isomorphism and for every seed S, the image under T
of the cone ./\7§ 1s the face n}s,j € Jex of the normal fan of Ag.

Proof. The vectors n?,j € Jep form a basis of V hence T is an isomorphism. By Lemma 3.4.8, the
vectors pi; follow the same tropical mutation rule as the n;. Hence one has

Vj € Jex, T = nj
for every seed S§. This is the desired statement by Theorem 3.4.13. O

Remark 3.4.18. Definition 3.4.12 allows us to get an explicit description of the subspace V. This
subspace essentially describes the exchange part of the cluster algebra A. For instance for w = wy
and w = (1,2,1,3,2,1,...,n,...1) in type Ay, |25, Theorem 6.1] implies that ht(3;) = ht(3;, ) for
every j € Je,. Hence for every j € J.;, the vector n?,j € Jey is simply e; —e;, . Let My,..., M,
denote the simple modules corresponding to the frozen variables in A. Then using Theorem 3.2.7,
one can check that in this case V is exactly the orthogonal of the vector subspace generated by
U([M]), .., W([M,]).
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3.5 Towards colored hook formulas

In this section we focus on the case where A,(n(w)) is a cluster algebra of finite type, i.e. there is
a finite number of seeds. We obtain an equality between rational functions involving the weights of
the simple modules corresponding to the cluster variables of Ag(n(w)). As a consequence, we get a

cluster-theoretic formula for the quantity ﬁ. This quantity has a well-known significance
epvW
+

in combinatorics and Lie theory: Peterson-Proctor related this quantity to the combinatorics of
d-complete posets (see [104, 105]) . Under some technical assumption on w (w is assumed to be
dominant minuscule in the terminology of [111]) they prove that this quantity is exactly the number
of reduced expressions of w. This Peterson-Proctor hook formula is also related to the dimension of
certain remarkable simple representations of quiver Hecke algebras constructed by Kleshchev-Ram,
see [78, Theorem 3.10].

In [95]|, Nakada proposed a generalization of the Peterson-Proctor hook formula. Recall from
Section 3.1.1 that ag, ..., a, stand for the simple roots of g. One considers the a;,1 < i < n as
formal variables and we let L denote the field C(a,...,ay). For every 8 = >, a;o; € Q4, one
associates a formal rational function

1 1

— = el.
I5] ajay + -+ anay

Specializing the «; to 1, the value of this rational function is exactly ﬁ Then Nakada proves
the following colored hook formula:

Theorem 3.5.1 (|95, Corollary 7.2|). Assume w is a dominant minuscule element of W in the
terminology of [104, 105, 111]. Recall that N denotes the length of w. Then the following equality
holds in L:

1 1 1 1
HB: Z . Y 4+ 4+ (3'5)
Bedy (i1,...,in )EMPath(w) iy iy T i iy T i iy

The set MPath(w) is a finite set in bijection with the set of all reduced expressions of w.
We refer to |95, Sections 2,7| for more details. Every term of the sum in the right hand side of
Equation (3.5) is equal to 1/N! when specializing the «; to 1. Hence as an immediate consequence
of this result, one gets that the cardinal of MPath(w) coincides with the Peterson-Proctor hook
formula

N!
fMPath(w) = =——————.
HBGCI>$ ht(ﬁ)
Remark 3.5.2. In fact, the main result of [95] expresses the rational function Hﬁe‘Vi (1 + %)
as a sum of rational functions of the form O%a_ ia, e 1+--~+a- with [ < N, where the
i1 QXiq ig i1 i9 i

tuples (i1,...,7;) run over a set Path(w) strictly containing MPath(w). The equality given by
Theorem 3.5.1 is obtained by considering the terms of lowest degree.

For every seed S = ((25,...,2%),BS) in A,(n(w)) and any 1 < j < N, consider the unique
1 N q
dominant word ,uf such that :cf = [L(uf)] We write the weight of ,u‘]s as Wt(u}s) = afjozi (see

Section 3.1.1). Then mimicking [95], one considers the rational function

1 1
= el.
Wt(u‘js) afjal + -+ afyjozn

We can now state the main result of this section.
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Theorem 3.5.3. Assume w e W is such that the cluster algebra Ag(n(w)) is of finite type. Then
the following equality holds in 1L:

H 3 => 11 e (3.6)

Bedw S 1<j<N

We fix w € W and we write as in Section 3.1.2 ®¥ = {#; < --- < fn}. We identify positive
roots in @Y with elements of Clay, ..., a,] in a natural way and we let B3 denote the vector of LYY
whose entries are 1,...,8n. For any seed S and any 1 < j < N, we also set BS = Wt(u-) and

B8 = (BT,...,B%) € LN. We begin with the following lemma.

Lemma 3.5.4. For any seed S one has:

e—(ﬁ1y1+"'+ﬂNyN)dy1 - dyy.

w5l
BB e
Proof. Let Cs be the open linear cone of RY whose intersection with # is Ag. With the notations
of Section 3.4.4, one has Cs = (), cp<n{(N%, > = 0}. Let Ns denote the N x N matrix whose
columns are the N‘,f, 1 < k < N. By definition of the N‘g one has ‘NsMg = Idy. Hence one has

1
61 e '/BN RN Cs
By Corollary 3.2.9, |det (Ms)| = 1 and hence |det (Ns)| = 1 as well. Then for every 1 < j < N
one has
( t/\/'sy)j = Z(NS)ijyi
and hence

BT (Nsy); =) (Z(Nswf) vi =) (NsB%),4i =D, ("M5'8%), i
J

i \j i i
Then it suffices to note that for any j one has
(‘MsB); = ('MsB.ej) = (B, pu5) = wt(u3) = 5.
Thus we have proven that

e—(ﬁ1y1+"'+5NyN)dy1 - dyy.

w5l
5‘15 o 5]«5 Cs
We conclude by performing the change of variables R x As — Cs given by (r,y) — ry. O

Proof of Theorem 3.5.3. If Aq(n(w)) is a cluster algebra of finite type, then all the simple objects
in C,, are cluster monomials. Hence the union of the cones Cs for all the seeds in A, (n(w)) is equal
to the whole positive orthant R”;N (up to some set of zero measure). Hence one has

1
o~ (Brzr+ +'BNxN)dx1 dey = J —(Brz1+- +5N:EN)dx1 dry =
Ble_@[w JR*N Z Cs Z 61 /BN

O

One can also state another consequence of Lemma 3.5.4:
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Corollary 3.5.5. Let S be any seed in Ag(n(w)). The volume of the simplex Ags is given by

1
Vol (Ag) = =————.
ngjsN |M}9’
Proof. Specializing the variables «ayq, ..., ay, to 1 we get

1

= = J e*(ht(ﬁl)yl+"'+ht(,3N)yN)dyl - dyn.
ngjgN |Mj | Cs

We perform the change of variables
R¥ xAs — Cs
(ry) +— ry

in the right hand side. By construction, Ag is included in the affine hyperplane H defined as
{ht(B1)y1 + -+ - + ht(Bn)yn = 1}. Hence we get CVol(Ags) where C is some constant. A straight-
forward computation shows that this constant is equal to 1. O

Consequently we also get the following statement:

Corollary 3.5.6. Assume w e W is such that the cluster algebra Aq(n(w)) is of finite type. Then

one has
N! NI

[ Tseqw hi(5) - ; [Ticjen 651

Remark 3.5.7. In the general case, A;(n(w)) can be of infinite cluster type but the sum

N!

S H1<j<N ’M}S

still makes sense (as the disjoint union of the simplices A is always included in A(A4(n(w)))). We
don’t know if this sum still takes a remarkable form in this general situation.

In order to make sense of a link between Theorem 3.5.1 and Theorem 3.5.3, one should take care
of the conditions imposed on w. Theorem 3.5.1 holds under the assumption that w is dominant
minuscule whereas a necessary condition for Theorem 3.5.3 to hold is that A,(n(w)) has to be a
cluster algebra of finite type. We conjecture the following:

Conjecture 3.5.8. If w e W is dominant minuscule, then the cluster algebra Ay(n(w)) has a finite
number of seeds.

This would imply that the equality given by Theorem 3.5.3, although of different nature than
Theorem 3.5.1, holds in a larger generality.

Let us give an example where Conjecture 3.5.8 holds. It corresponds to the example considered
in |95, Section 2|. We consider a Lie algebra g of type A3 with simple roots IT := {a, ag, as}. We
let s1, s2,s3 denote the simple reflections of the Weyl group W of g. We set w := s95158352 and
we choose the reduced expression w = (2,1,3,2) of w. It is straightforward to check that w is
dominant minuscule using the criterion [111, Proposition 2.3]. By [52, Equation 7.6] (see also |72,
Section 2.3]), the subset of positive roots ®% ordered with respect to our choice of w are given by

Y ={as <ar+ar <+ oz <og +az+as}
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In this case Nakada’s colored hook formula is given in [95, Section 2] and can be written as

1 1 1 1 B 1 1 1 1
Qo (] + Qg i + x3 1 + Qg + a3 Qo a1 + oz a1 + ag + aza; + 200 + ag
1 1 1 1
Qo g +az o) + an + a3 aq + 200 + a3’

(3.7)

On the other hand, the cluster algebra A, (n(w)) is of rank 4 and with the notations of Section 3.1.2,
Jex = {1} and Jp, = {2,3,4}. Thus there is only one mutation direction and hence by the
involutivity of cluster mutations there are exactly two seeds in A, (n(w)). Each of these two seeds
contains one unfrozen variable and three frozen variables. The chosen reduced expression of w
corresponds to the restriction on ®Y of the ordering 2 < 1 < 3 on the A3 Dynkin diagram. Thus
Theorem 3.2.7 gives the dominant words ,uf,i =1,...,4 for the seed S = SV. Here we only need
their weights, which are given by

wt(uy) = ag wt(p2) = a1 + ag wt(us) = ag + ag wt(ug) = o + 200 + a.

The exchange matrix of the seed S¥ is given by B = %(0,1,1,—1) and thus the cluster variable z
obtained after performing the mutation at z; of the seed SV is given by

1
1) = — (vows + x4) .
1

This implies that the corresponding dominant word is 4] is of weight wt(u}) = a1 + a2 + ag. Thus
the sum in the right hand side of Equation (3.6) is

1 1 1 1 1 1 1 1

+ .
as ]+ +aza] + 20 +a3  ap +ag+aza; +aar + aza) + 2020 + as

In this example one can check by a straightforward calculation that this rational function is equal

to
1 1 1 1

o ] + Qg 9 + g 1 + g + Qa3

which is exactly the statement of Theorem 3.5.3.

Remark 3.5.9. The sums of rational functions on the right hand side of Equations (3.5) and (3.6)
are a priori of a very different combinatorial natures. For instance these sums do not have the same
number of terms in general. Moreover when specializing the a; to 1, the terms in the right hand
side of Equation (3.5) all take the same value 1/N!. On the contrary the value taken by the term
indexed by a seed S in Equation (3.6) is essentially the volume of the simplex Ag, which is not the
same for every seed. However, it turns out (even in more complicated examples) that these two
different expressions take rather similar forms. This might suggest closer connections between the
combinatorics of fully-commutative elements of Weyl groups and cluster theory.

Remark 3.5.10. Rational functions of the form of Equation (3.5.3) also appeared in the recent
work of Baumann-Kamnitzer-Knutson [6]. They are related with the definition of Duistermaat-
Heckmann measures used to compare various bases in Ag4(n). In this framework, they prove that
the Mirkovic-Vilonen basis and the dual semicanonical basis are not the same.
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Equivariant multiplicities of
simply-laced type flag minors

This chapter corresponds to the arXiv Preprint [26], arXiv:2005.07051v1.

Let g be a finite simply-laced type simple Lie algebra. Baumann-Kamnitzer-Knutson recently
defined an algebra morphism D on the coordinate ring C[N] related to Brion’s equivariant multiplic-
ities via the geometric Satake correspondence. This map is known to take distinguished values on
the elements of the MV basis corresponding to smooth MV cycles, as well as on the elements of the
dual canonical basis corresponding to Kleshchev-Ram’s strongly homogeneous modules over quiver
Hecke algebras. In this paper we show that when g is of type A, or Dy, the map D takes similar
distinguished values on the set of all flag minors of C[N], raising the question of the smoothness
of the corresponding MV cycles. We also exhibit certain relations between the values of D on flag
minors belonging to the same standard seed, and we show that in any ADE type these relations
are preserved under cluster mutations from one standard seed to another. The proofs of our results
partly rely on Kang-Kashiwara-Kim-Oh’s monoidal categorification of the cluster structure of C[N]
via representations of quiver Hecke algebras.

4.1 Introduction

Let g be a finite simply-laced type simple Lie algebra and let n denote the nilpotent subalgebra
arising from a triangular decomposition of g. We consider the ring C[N] of regular functions on
the algebraic group N associated to n. The study of good bases of C[N], as well as its quantized
version Ay (n), has been an intensively investigated topic since the works of Kashiwara [70] and
Lusztig [88] in the early 90’s. Kashiwara [70| introduced the notion of crystal as a combinatorial
model describing the structure of the irreducible finite-dimensional representations of the quantum
group Uy(g) associated to g. He defined the lower global basis (resp. upper global basis) using
the crystal structure on U, (g) (resp. on the quantum coordinate ring A4(n)). Lusztig [88] used
certain categories of perverse sheaves on quiver varieties to define the canonical basis (resp. dual
canonical basis) of U (g) (resp. Ag(n)). Grojnowski-Lusztig [54] and Kashiwara-Saito [73] proved
that the dual canonical basis and the upper global basis coincide. Several other remarkable bases of
C[N] have been discovered since then, such as the dual semicanonical basis introduced by Lusztig
[89] or the MV basis, constructed after the discovery of the geometric Satake correspondence by
Mirkovié-Vilonen [92].

Berenstein-Zelevinsky [8] observed that the dual canonical basis of C[N] had interesting multi-
plicative properties. This was one of the main motivations for the introduction of cluster algebras
by Fomin-Zelevinsky [41]. These are defined as certain commutative subalgebras of the field of
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rational functions Q(z1,...,xy) where x1,...,zxN are algebraically independent variables. They
are generated by certain distinguished generators called cluster variables that are grouped into
overlapping finite sets of fixed cardinality N called clusters. The monomials involving variables
of the same cluster are called cluster monomials. The cluster variables can be constructed from
the variables x1,...,xxn by performing an inductive procedure called mutation. The initial data of
this procedure consists in the N independent variables x1,...,xn together with a quiver ) with
N vertices and without any loop or 2-cycle. Such a data is called a seed. For every k € {1,..., N},
one defines a new variable z}, entirely determined by the z; and @, as well as a new quiver Q).
This yields a new seed, given by the variables z1,...,zy_1, %}, Tg11,..., 2N and the quiver Q).
One of the first key points of cluster theory is the involutivity of this procedure, i.e. mutating this
new seed in the same direction k£ transforms it back into the initial seed. Thus one can iterate
this by applying arbitrary sequences of mutations. Fomin-Zelevinsky [42] provided a Dynkin-type
classification of the initial quivers ) for which this process produces only a finite number of distinct
seeds.

It was shown by Geiss-Leclerc-Schroer [52] that the coordinate ring C[N] associated to a simply-
laced finite type Lie algebra g carries the structure of a cluster algebra. Their work strongly re-
lies on categorification techniques using representations of preprojective algebras. The mutations
arise from the study of certain T-systems called determinantial identities relating unipotent mi-
nors. Geiss-Leclerc-Schroer also explicitly construct a certain family of seeds called standard seeds
parametrized by the set of reduced expressions of the longest element wq of the Weyl group W of
g. The cluster variables of the standard seeds are certain special cases of unipotent minors called
flag minors.

After the works of Geiss-Leclerc-Schroer, other categorifications of C[N] were constructed, but
relying on categories of different natures. Unlike the additive categorification of [52] via represen-
tations of preprojective algebras, a new kind of categorification called monoidal categorification
was introduced by Hernandez-Leclerc [56]. The idea is to identify a given cluster algebra A with
Grothendieck ring of an artinian monoidal category C via a ring isomorphism required to send the
cluster monomials of A onto classes of simple objects in C. A first class of examples of such categori-
fications was provided in [56] for certain unipotent cells of C[N] associated with Coxeter elements
of W. Concerning C[N] itself, it was proved by Hernandez-Leclerc [58] that the Grothendieck ring
of a certain category of finite-dimensional representations of quantum affine algebras was isomor-
phic to C[N]. A monoidal categorification of C[N] (as well as all its unipotent cells) was then
constructed in a vast series of works due to Kang-Kashiwara-Kim-Oh [66, 67, 68, 69, 72] using the
representation theory of quiver Hecke algebras.

Quiver Hecke algebras (or KLR algebras) were introduced by Khovanov-Lauda |76] and Rouquier
[110] in the purpose of categorifying the negative half of the quantum group U,(g). They are a
family of Z-graded associative algebras indexed by Q). The category R— gmod of all graded finite-
dimensional representations of the R(8),8 € Q4+ can be given a monoidal structure. Rouquier
[110] and Varagnolo-Vasserot [113| proved that the set of isomorphism classes of simple objects in
R — gmod is in bijection with the elements of the dual canonical basis of C[N]. In the case of a
finite type Lie algebra g, these simple objects were classified by McNamara [90] and Kleshchev-
Ram [79] in terms of root partitions (or dominant words) using the combinatorics of good Lyndon
words, relying on the works of Leclerc [84]. This parametrization was shown to be compatible with
the monoidal structure of R — gmod (see [24]) and turns out to be convenient for studying the
determinantial modules categorifying the flag minors of C[N]. In [24]|, we used recent results of
Kashiwara-Kim [72] to provide an explicit description in terms of root partitions of the determi-
nantial modules corresponding to the cluster variables of the standard seed S* when i € Red(wy)
comes from a total ordering on an index set of simple roots. This description will be very useful in
the proof of the second main result of this paper (Theorem 4.5.10).
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Kleshchev-Ram [79] also exhibited a (finite) family of distinguished irreducible representations
called cuspidal representations, satisfying several good properties. Note that the notion of cus-
pidality depends on a preliminary choice of total ordering an index set of simple roots. The
understanding of cuspidal modules was the motivation for the construction of homogeneous repre-
sentations over simply-laced type quiver Hecke algebras by the same authors in [78|. They are a
(finite) remarkable family of simple finite-dimensional modules in R — gmod parametrized by the
so-called fully-commutative elements of W. The combinatorics of fully-commutative elements of
Weyl groups is very rich and has been studied for a long time by Proctor [104, 105], Stembridge
[111], Nakada [95] among others. A subfamily of homogeneous modules, called strongly homoge-
neous in the terminology of [78] will be of particular interest for us. It was already observed by
Kleshchev and Ram that the dimensions of these modules are given by the Peterson-Proctor hook
formula. This formula, introduced in an unpublished work of Peterson-Proctor, was generalized
by Nakada [95] in a purely combinatorial context as a colored hook formula. It turns out that
these colored hook formulas can be conveniently interpreted in terms of strongly homogeneous
representations over quiver Hecke algebras by using certain tools developped in the recent work of
Baumann-Kamnitzer-Knutson [6]. More details on the structure of homogeneous representations
can be found in [36, 37].

Mirkovié-Vilonen [92] exhibited a spectacular equivalence between certain categories of perverse
sheaves on the affine Grassmannian Grg associated to a simple simply-connected reductive group
G and the category of finite-dimensional representations of the Langlands dual G of G. Moreover,
the weight subspaces of the highest weights representations of G¥ are interpreted as cohomology
spaces of certain sheaves on Grg. This is the geometric Satake correspondence. Mirkovié-Vilonen
introduced certain interesting closed irreducible subvarieties of Grg called MV cycles, that give rise
to interesting bases of the finite-dimensional irreducible representations of GY via the geometric
Satake correspondence. These bases can be glued together into a basis of C[N] called the MV basis,
indexed by certain MV cycles called stable. The elements of this basis can also be parametrized in
a more combinatorial way using MV polytopes. Kamnitzer |64, 65| gave an explicit description of
these polytopes and showed that they carry a crystal structure in the sense of Kashiwara. These
polytopes are known to be the support of certain measures called Duistermaat-Heckmann measures
introduced by Brion-Procesi [19]. Considering certain Fourier transforms of the DH measures,
Baumann-Kamnitzer-Knutson [6] defined an algebra morphism

D:C[N] — Q(a1,...,an)

where ay,...,q, are algebraically independent variables representing the simple roots. One of
Baumann-Kamnitzer-Knutson’s main results consists in interpreting the image under D of an
element of the MV basis in terms of certain geometric invariants of the corresponding MV cycle
and used such connection as a key step for proving a conjecture of Muthiah [94]. These invariants,
called equivariant multiplicities, are general tools introduced by Joseph [63] and Rossman [108] and
then developped by Brion [17]. Given an algebraic variety X together with a torus 7" acting on
X, we consider the set X7 of T-fixed points in X. For any point p € X7 and any T-invariant
subvariety Y < X, the equivariant multiplicity of Y at p is a rational function denoted eg’(Y).
Brion [17] showed that if p is non-degenerate, then €l (Y) is always of the form

T(Y) _ QP,Y(BD v 7ﬁm)

Bi-- Bm

where 31, ..., B, are the weights of the action of 7" on the tangent space of X at p and @),y is some
polynomial. These equivariant multiplicities (and in particular the polynomials @,y ) are difficult
to compute in general. The main general property is the following:

1
peY and Y smooth at p = €l (V)= BB (4.1)
1°°"Pm
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Taking X to be the affine Grassmaniann and Y a MV cycle, Baumann-Kamnitzer-Knutson show
that the equivariant multiplicity of Y at a certain point of Y coincides with the image under D of
the MV basis element indexed by Y (see [6, Corollary 10.6]). In this situation, the weights involved
in the denominator of the previous equality are always positive roots (seen as linear functions in
Ay ,an).

In this paper we will mostly focus on the values of D on the elements of the dual canonical
basis. Indeed, Nakada’s colored hook formula can be straightforwardly interpreted as follows: if
M is a strongly homogeneous module in R — gmod and w is the fully-commutative element of
W associated to M via the construction of Kleshchev-Ram [78], then the evaluation of D on the
isomorphism class of M is of the form

1

D([M]) = W-

(4.2)

This outlines a remarkable similarity between geometric statements requiring certain smoothness
conditions of MV cycles and algebraic ones requiring the (strong) homogeneity of certain modules
over quiver Hecke algebras. On the other hand, the study of various examples (for instance when
g is of type As or Dy) suggests the existence of certain coincidences between (prime) strongly
homogeneous modules and the determinantial modules categorifying flag minors. This provides a
motivation for studying the image under D of all flag minors. We propose the following Conjecture,
suggesting that D surprisingly takes distinguished values similar to (4.1) and (4.2) on all flag minors
of C[N], although the corresponding objects in R — gmod may not be strongly homogeneous. In
particular, this also raises the question of the smoothness of the MV cycles corresponding to flag
minors.

Conjecture A. Let g be a Lie algebra of finite simply-laced type and let z be a flag minor in C[N].
Then the evaluation of D on x is of the form

1

E(l‘) = Hﬂe{)+ /Bn]v[ﬁ

where ng is a nonnegative integer for every positive root B € ®.
The aim of this paper is to prove the following:

Théoréme 10. Assume g is of type An,n = 1 or Dy. Then Conjecture A holds. Moreover, for
any standard seed S' = ((z1,...,2N), Q1) of C[N], the polynomials P; := (ﬁ(xj))il satisfy the
following relations:
PP w=5 ] P
l<j<ly(i)
il~ij=—1
The strategy of the proof is the following: we know that the standard seeds are related to each

other by certain cluster mutations, corresponding to changes of reduced expressions of wg. Thus
one shall first show that the desired statement is preserved under these cluster mutations, so that
it only remains to check it for one particular standard seed.

We consider two standard seeds S' and S' related by a cluster mutation in the direction k. We
denote by 1, ...,z n the cluster variables of St and ) the new variable produced by the mutation.
We assume that D(z;) is of the form 1/P; for every 1 < j < N and we want to show that D(z},) is
of the form 1/P]. The first main result of this paper consists in exhibiting certain relations between
the P; entirely determined by i implying that D(z},) is of the form 1/P] (where P} is a product of
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positive roots) and proving that these relations are preserved under mutation, i.e. the polynomials
Pi,...,Py_1,P, Pyy1,. .., Py satisfy the corresponding relations determined by i’

For any product of positive roots P and any positive root 3, we denote by (5; P) the multiplicity
of B in P.

Théoréme 11. Let g be any simply-laced type simple Lie algebra and let i and i’ be two reduced
expressions of wy. Assume that the cluster variables x1,...,xxn of the standard seed S* satisfy the
following properties:

(A) For every 1 < j < N, the rational fraction D(x;) is of the form 1/P; where P; is a product
of positive roots.

(B) For every 1 < j < N one has

PP_y=68 |] R
ii=—1

(C) For every j € Jex and every 1 <i < N, one has (Bi; P;) — (Bi; P, ) < 1.
Then the cluster variables of S satisfy the analogous properties determined by i'.

The Property (B) is rather strong and has interesting consequences, as explained in Remarks 4.5.8
and 4.6.4. Note that the Property (C) is only relevant in types D,, and Fg, E7, Eg as in type A,
the polynomials P; are always square-free. Nonetheless, it is crucial for proving that 5(:%) is of
the desired form.

The second main result of this paper is to exhibit one particular standard seed satisfying the
conditions required by the previous Theorem for types A, and D4y. We use Kang-Kashiwara-
Kim-Oh’s results |69, 72] and more precisely the description of certain determinantial modules in
R — gmod in terms of root partitions.

Théoréme 12. Assume g is of type An,m =1 or Dy. Let inqt denote the reduced expression of wq
corresponding to the natural ordering on the vertices of the Dynkin diagram of g. Then Properties

(A), (B) and (C) hold for the standard seed Sirat.

As explained above, Theorem 10 follows by combining Theorems 11 and 12. Moreover, we also
get that when g is of type A,, or Dy, the flag minors of any standard seed of C[N] satisfy Properties
(B) and (C).

This paper is organized as follows. We begin with some reminders on quiver Hecke alge-
bras and their irreducible finite-dimensional representations (Section 4.2.1 and 4.2.2). We also
recall the constructions of determinantial modules from the works of Geiss-Leclerc-Schréer [52]
and Kang-Kashiwara-Kim-Oh [69] (Section 4.2.3). In Section 4.3, we gather the main facts on
the combinatorics of fully-commutative elements of Weyl groups. We also explain (Section 4.3.3)
how this combinatorics is related to the representation theory of quiver Hecke algebras via the
works of Kleshchev-Ram [78]. Section 4.4 is devoted to the necessary reminders on the theory
of Mirkovi¢-Vilonen cycles and equivariant multiplicities following [6, 17, 92]. In Section 4.5, we
state our main results together with some motivations and explanations about the structure of the
proofs. Section 4.6 contains the proof of Theorem 11. Sections 4.7 and 4.8 are respectively devoted
to the proofs of Theorem 12 in types A, and D4. We conclude in Section 4.9 by discussing several
evidences suggesting a cluster-theoretic interpretation of prime strongly homogeneous modules.

The author is supported by the European Research Council under the European Union’s Frame-
work Programme H2020 with ERC Grant Agreement number 647353 Qaffine.
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4.2 Quiver Hecke algebras and their representations

We begin with some reminders about the representation theory of quiver Hecke algebras and in
particular its applications to monoidal categorifications of cluster algebras following the works of
Kang-Kashiwara-Kim-Oh [66, 69, 72].

4.2.1 Quiver Hecke algebras

We fix the notations and recall the main properties of quiver Hecke algebras.

We will always consider a semisimple Lie algebra g of finite type, with a fixed labeling I =
{1,...,n} of the set of vertices of the associated Dynkin diagram. We let II = {«;,i € I} denote
the set of simple roots, Q1 := @,.; Noy, and @, < @ the set of positive roots. We let A = (a;;)
denote the Cartan matrix associated to g and we consider the symmetric bilinear form ¢, — ¢ - j
on Z[I] defined by i - j := a; ; for every 4, j € I. This induces a symmetric bilinear form (-,-) on Q4
defined by (o, a;) = i-j for any 4,j € I. We also let M denote the set of all finite words over the
alphabet I. For any such word w = (hy,...,h,), the weight of w is the element of @, defined as

wt(w) := > #{k, hy, = i} € Q4.
iel
Quiver Hecke algebras are defined as a family {R(5),5 € Q+} of associative k-algebras indexed
by @+ (where k is a fixed algebraically closed field of characteristic different of 2). For every
B € Q4+, the algebra R(/3) is generated by three kind of generators: there are polynomial generators

x1,...,Zn, braiding generators 71, ..., 7,1, and idempotents e(w), w € Seq(/3) where Seq(f) is the
finite subset of M given by

Seq(f) = {w e M| wt(w) = 5}.

The idempotent generators commute with the polynomial ones and are orthogonal to each other
in the sense that
e(w)e(w') = 8y we(w).

It is a crucial point that the algebra R(S) carries a natural Z-grading given by
dege(w) =0 degape(w) =2 degme(w) = —h;-hq

for every w = (h1,...,hy),7 = 1. Thus one can consider the category R(() — gmod of finite
dimensional graded R(f)-modules. We also define

R — gmod := @R(,@) — gmod.
B

The category R — gmod can be endowed with a structure of a monoidal category via a monoidal
product denoted o and constructed as a parabolic induction. Therefore the Grothendieck group
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Ky(R—gmod) has a ring structure. There is also a grading shift functor in R — gmod which yields a
Z[q*']-module structure on Ko(R — gmod). The following results are the main properties of quiver
Hecke algebras:

Theorem 4.2.1 (Khovanov-Lauda [76], Rouquier [110]). There is an isomorphism of Z[qg*!]-
modules
Ko(R — gmod) = A,(n).

Theorem 4.2.2 (Rouquier [110], Varagnolo-Vasserot [113]). The above isomorphism induces a
bijection between the set of classes of simple objects in R — gmod and the dual canonical basis of

Ag(n).

4.2.2 Irreducible finite-dimensional representations

This subsection is devoted to some reminders about Kleshchev-Ram’s parametrization of simple
finite-dimensional modules via root partitions (or dominant words) using the combinatorics of good
Lyndon words. We also recall the notions of graded character as well as the quantum shuffle product
formula. These will be useful in Section 4.8.

For a finite-type simple Lie algebra g, the simple objects in R — gmod have been classified by
Kleshchev-Ram [79] in terms of root partitions. First fix an arbitrary total order < on I. It induces
a lexicographic order on M that we still denote <. Any module in R — gmod can be decomposed
as a direct sum of vector spaces

M= @ ew)- M.

weSeq(S)

Thus one can consider max(M) the maximal element w for < such that e(w) - M # 0. Then one
can define the cuspidal representations in R — gmod in the following way:

Proposition 4.2.3 ( [79, Lemma 6.3]). For every positive root 3 € ®, there is a unique simple
module Sg in R(B) — gmod (up to isomorphism and grading shift) such that

max(Sg) = min (max(M) | M simple in R(S) — gmod) .
The module Sg is called the cuspidal representation of weight 3. The map
B — max(Sp)

induces a bijection from ®, to a finite subset of M denoted GL and whose elements are called good
Lyndon words. The inverse of this bijection is given by

gﬁ — q)_;,_

i wi). (4.3)

There is an algorithm that allows one to compute inductively the elements of GL (see [84, Section
4.3]). The main classification result is the following:

Theorem 4.2.4 (Kleshchev-Ram [79]). There is a bijection between the set of isomorphism classes
of simple objects in R — gmod and the set

M := {jljk |j17"'7jk69£7j1 = 2jk}
Moreover for any p = ji---jix € M, the module L(u) is given by
L(p) = hd (L(j1) o - o L(jk))

up to grading shift and one has
max(L(p)) = p.
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With the previous notations one has in particular L(j) = Sy for every j e GL.

This framework allows one to compute products of modules in R — gmod via the quantum
shuffle product formula. First, recall that the graded character of a module M in R(3) — gmod is
by definition a formal sum of words with coefficients in Zxq[¢*!] given by

weSeq(B)
Recall also that the quantum shuffle of two words w, w’ is defined as follows: write w = (hy,..., h), 0w =
(hr+17 ey hr+s). Then
wow' = Z q_e(a)(hg—l(l), R hofl(r-s-s))
0€X s

o(l)<--<o(r)
o(r+l)<--<o(r+s)

where e(0) is the integer defined by

e(o) = Z hi - hy.
k<r<l
o(k)>o(l)

Then one can extend by linearity the quantum shuffle product o to any (finite) formal sum of words.
In particular given two modules M, N in R — gmod one can define chy(M) o chy(N) as

chg(M) o chy(N) = 2 dimg(e(w) - M) dimy(e(w') - N)  (wow').

w,w'’
e(w)-M+#0
e(w')-N+#0

Then one has the quantum shuffle product formula:

Proposition 4.2.5 (|76, Lemma 2.20]). For every pair of objects M, N in R — gmod, one has
chq(M o N) = chq(M) o chy(N)

where the symbol o on the left hand side refers to the monoidal product in R — gmod.

4.2.3 Determinantial modules

In this subsection we make some reminders about determinantial modules in R — gmod following
[69], adapting a former construction due to Geiss-Leclerc-Schréer [52]. These constructions are also
valid more generally in any C,,, w € W but here we will use them only for R — gmod = C,,, where
wq stands for the longest element of the Weyl group W associated to g.

Geiss-Leclerc-Schroer [52| constructed a family of distinguished seeds for the cluster structures
of C[N]. Their construction actually involves the quantum cluster structures on the quantum
coordinate ring A,(n) but here we will always work in the classical setting. Geiss-Leclerc-Schréer
consider certain elements D(uX,v\) of C[N] called (quantum)unipotent minors parametrized by
triples (A, u,v) € Py x W x W. These unipotent minors always belong to the dual canonical basis
of C[N] when they are not zero (see for instance [69, Lemma 9.1.1]). These elements satisfy certain
remarkable relations called determinantial identities (see [52, Proposition 5.4]). Note that such
identities already appear in the work of Fomin-Zelevinsky [40]. A particularly interesting family
of determinantial identities are obtained by considering certain special unipotent minors, obtained
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by taking A to be a fundamental weight w;,7 € I together with reduced Weyl groups elements of
the form w = s, ---s;, and v = s;, --- 5 such that iy = j; = ¢ and i, = j, if p < min(k, ).
Geiss-Leclerc-Schroer [52] prove that the determinantial identities relating these unipotent minors
can be interpreted as exchange relations associated to cluster mutations in C[N].

Geiss-Leclerc-Schroer construct a family of seeds {S',i € Red(wg)} in C[N], called standard
seeds, indexed by the reduced expressions of wgy. For each i = (i1,...,ix) € Red(wp), the quiver of
the seed S' can be constructed from i as explained in Section 4.6 below. The cluster variables of
the seed St are the unipotent minors

D(Sil."sikwik7wik) 1<k<N

These minors are called (quantum) flag minors. The determinantial identities between flag mi-
nors is crucial in the study of the cluster structure of C[N]. Note that the rank of this cluster
structure (i.e. the number of cluster variables in each seed of C[N]) is equal to the length of wy
or equivalently to the number of positive roots of g. The results of [52] mainly rely on additive
categorification techniques using representations of the preprojective algebra. Kang-Kashiwara-
Kim-Oh [69] adapted this construction to the monoidal setting by lifting the non zero unipotent
minors of C[N] to R — gmod via the isomorphism of Theorem 4.2.1. The modules obtained this
way are unique (up to isomorphism and grading shift) and are called determinantial modules. As
the non zero unipotent minors are always elements of the dual canonical basis, it follows from
Theorem 4.2.2 that the determinantial modules are simple. They are also known to be real in the
sense of Hernandez-Lelcerc [56] (see [69, Lemma 10.2.2]).

In particular, for each i = (i1,...,in) € Red(wp) and for every 1 < k < N, we denote by M;}
the determinantial module defined by

Ch(](M/;) = D(Sil e Sikwikawik)-

One of the main results due to Kang-Kashiwara-Kim-Oh (|69, Theorem 11.2.2]) is to prove that
the datum the modules Mli7 .. M]‘V together with the quiver Q! forms an monoidal seed admitting
successive monoidal mutations in any exchangeable directions (in the sense of [69, Definitions 6.2.1
and 6.2.3]). This allows them to prove that R — gmod is a monoidal categorification in the sense of
Hernandez-Leclerc [56] of the cluster structure of C[IN] (as well as analogous statements for each
of the unipotent cells C[N (w)], w € W).

R—gmod > (Mi,.. M]‘V) determinantial modules associated to i

| |

C[N] > (a,..., 7)) flag minors of the seed S'.

By [69, Proposition 10.2.4], the determinantial modules can be constructed inductively by successive
applications of the induction functors categorifying the crystal structure of the dual canonical basis
of C[N]. In [24], we used Kashiwara-Kim’s results [72] to provide a combinatorial description of
the determinantial modules appearing in the seeds

S i corresponding to a total ordering on simple roots.

This description uses Kleshchev-Ram’s parametrization via root partitions recalled in the previous
subsection. Fix a labeling I of the set of simple roots of g and let < be any arbitrary order on
I. We still denote < the induced lexicographic order < on the set GL of Good Lyndon words (see
Section 4.2.1) . It yields an order on the set of positive roots ®, via the bijection (4.3). By the
results of Rosso [109] this order turns out to be a convex order (see [84, Proposition 26]). Let i<
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denote the corresponding reduced expression of wg and consider the seed S'< in C[N]. Note that
different orderings on I may give the same seed. Moreover certain of the seeds S' may not come
from any ordering <.

Example 4.2.6. Let g be of type type As. Then there are 14 seeds in C[N], 6 of them being of
the form S'. Among these, 5 of them are of the form Si<.

We write the reduced expression i< of wg as i< = (i1,...,ix) (with N :=[(wp)). The determi-
nantial modules of the seed Si< can be described in terms of root partitions as follows

Theorem 4.2.7 ([24, Theorem 3.7]). Let (z1,...,xn) denote the cluster variables of the seed Si<
and let py, denote the dominant word such that xy, = [L(ux)] for every k € J. Write the canonical
factorization of up as

p = (i) - (1)

Then the tuple (c1,...,cN) is given by

1 z'fj<kandij=ik
C; =
J 0 otherwise.

4.3 Homogeneous modules over quiver Hecke algebras

This section is devoted to some reminders about Kleshchev-Ram’s construction of homogeneous
simple modules over quiver Hecke algebras of finite simply-laced type. These constitute a finite
class of simple objects in R — gmod characterized by their being concentrated in a single degree
(which explains the terminology homogeneous). They are classified by the rich combinatorics of
fully-commutative elements of Weyl groups. We begin by recalling several known combinatorial
properties of these elements after the works of Peterson-Proctor [104, 105, Stembridge [111] and
Nakada [95].

4.3.1 Combinatorics of fully-commutative elements of Weyl groups

We recall known combinatorial facts about several remarkable classes of elements of Weyl groups,
namely the fully-commutative, minuscule and dominant minuscule elements. Throughout this
section W will stand for the Weyl group associated to a Lie algebra g of finite Dynkin type (but
not necessarily simply-laced). We let {s;,i € I} denote the set of the simple reflections of W, where
I is a finite index set. We also let P (resp. PY) denote the weight lattice (resp. the coweight
lattice) of g. We denote by «;,i € I (resp. o, € I) the simple roots (resp. the simple coroots)
and we let (-,-) denote the bilinear form on P x P such that (o, ;) =i - j for every i,j € I.

The following definition is due to Stembridge [111] generalizing definitions introduced by Peterson-
Proctor relying on previous works by Proctor [104, 105].

Definition 4.3.1. An element w € W is said to be fully-commutative if for any pair (i,7) € I such
that i-j # 0, there is no reduced expression of w containing a subword of the form (i,j,4,j,...) of
length m, where m is the order in s;s; in W.

Note that if an element w € W admits a reduced expression satisfying this property, then
it is also the case for every reduced expression of w. In the case of a simply-laced Weyl group,
the notion of fully-commutative is equivalent to requiring that no reduced expression of w should
contain a subword of braid form (4, j,4) with ¢-j = —1. In other words, all the reduced expressions
of w can be recovered from one given reduced expression by only performing changes of the form
(.., kl,..)—> (..., ,k,...) for k,l € I such that k-1 = 0.

One now defines minuscule and dominant minuscule elements of W.
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Definition 4.3.2. An element w € W is said to by minuscule (resp. dominant minuscule) if there
exists an integral weight X € P (resp. a dominant integral weight X € PT ) such that for any reduced
expression (i1,...,in) of w, one has

<O‘i\;vsik+1 esiyA) =1
for every 1 <k < N.

As before one can replace "for any reduced expression" by "there exists a reduced expression"
in this definition. Stembridge [111] gave the following very useful classification of minuscule and
dominant minuscule elements of W. We use the following notation from [52]: if i = (i1,...,in) is
a reduced expression of an element w € W, then for every 1 < k < N we set

ke i=min({k <l <N |i =ip} U {N+1}).

In other words k. is the position in i of the next occurrence of the letter i, and one has ky = N +1
if and only if k£ is the position of the last occurrence of the letter iy in i.

Theorem 4.3.3 ([111, Propositions 2.3, 2.5]). Let w € W and fix a reduced expression (i1, ...,iN)
of w.

o We say that we W is minuscule if and only if for every 1 < k < N, one has

ke <N = Z i i = —2.

k<l<ki

o We say that w e W is dominant minuscule if and only if it is minuscule and in addition, one
has for every 1 <k < N,

ki =N+1 = Dlig-ip>-L
1>k

Remark 4.3.4. 1. It is proven by Stembridge [111] that minuscule (and a fortiori dominant
minuscule) elements are fully-commutative.

2. If g is of type A then one can show that every fully-commutative element is in fact minuscule
so that these two notions coincide. But in other types, the notions of fully-commutative,
minuscule and dominant minuscule elements are distinct.

Example 4.3.5. In type Asz, the elements s1s083 and $2518382 are dominant minuscule. The
element sos3s1 is minuscule but not dominant minuscule. The element s3ses152 is not fully-
commutative.

In type D4 with 3 being the trivalent node of the Dynkin diagram, the element s3s1s95453 is
fully-commutative but is not minuscule (and a fortiori not dominant minuscule).

We will respectively denote by FC, Min, Min™t the sets of fully-commutative, minuscule, and
dominant minuscule elements of W.

4.3.2 Colored hook formulas

In this paragraph we present the most remarkable properties of dominant minuscule elements of
Weyl groups, namely the Peterson-Proctor hook formula as well a generalized version established
by Nakada [95] called colored Peterson-Proctor hook formula.
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We still consider the Weyl group W of a finite type Lie algebra g and we fix w a dominant
minuscule element of W. We also let N := [(w) denote the length of w and Red(w) the set of all
reduced expressions of w. Peterson-Proctor proved a formula for the cardinality of Red(w). As in
the previous parts of this thesis we let

Y =, nwd_

denote the set of positive roots associated to w. This set is of cardinality {(w). The elements of
@Y are given in the following way: choose a reduced expression (i1, ...,in) of w. Then @Y =
{Blw : aBN} with

B = Siy - 'Sik—1(aik>

for every 1 < k < N. Recall that this set ®Y does not depend on any choice of reduced expression
of w and that ®Y # <I>§r”/ if w # w’. The Peterson-Proctor hook formula can be written as follows:

Proposition 4.3.6 (Peterson-Proctor). Let w be a dominant minuscule element of W. Then the
number of reduced expressions of w is given by
l(w)!

tRed(w) = m. (4.4)

Nakada [95] proved a generalisation of this formula. Recall the following notations from [24,
Section 6]: we consider the simple roots ai,...,a, of g as independent formal variables and for
every positive root § = ajay + -+ + apay, € @4 with ay,...,a, € Zsg, we consider the rational

function
1 1 R( )
— = e R(ay,...,an).
3 ajoq + -+ apoy Lyee B

Nakada’s colored hook formula can be written as follows:

Theorem 4.3.7 ([95, Corollary 7.2]). Let w be a dominant minuscule element of W. Then the
following equality holds in R(aq,...,q,):

1 11 1
HB: ) e (4.5)
BE¢1+U (i17-~~,iN)ERed(w) u (3! 12 71 12 iN

Specializing all the variables «; to 1 we recover the Peterson-Proctor hook formula (4.4).

4.3.3 Homogeneous representations in R — gmod

We now recall a construction due to Kleshchev-Ram [78] of certain distinguished irreducible finite
dimensional representations over quiver Hecke algebras. We assume that g is of finite simply-laced
type. Consider the category R — gmod of graded finite dimensional modules over the quiver Hecke
algebras associated to g. One of Kleshchev-Ram’s motivations was the study of cuspidal modules
in R — gmod, i.e. certain simple modules playing the role of fundamental representations in Lie
theory. This led them to introduce a larger (but still finite) class of simple objects in R — gmod,
called homogeneous modules.

Definition 4.3.8 (Kleshchev-Ram). A module in R — gmod is called homogeneous if it is concen-
trated in a single degree with respect to the natural grading of quiver Hecke algebras.

We let Hom denote the set of simple homogeneous modules in R — gmod up to isomorphism
and grading shift. The following statement shows that the elements of Hom are parametrized in a
natural way by fully-commutative elements of the Weyl group of g.
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Theorem 4.3.9 (|78, Theorem 3.6]). There is a bijection

FC — Hom

w — S(w)

between the set of fully-commutative elements of W and the set of isomorphism classes of simple
homogeneous modules in R — gmod. The homogeneous module S(w) admits the following decom-
position into weight subspaces:

S(w) = (—B Ce(il,...,iN).

(315, N )€ Red(w)

In other words the weight spaces of S(w) are all one-dimensional and they are in bijection with the
set of reduced expressions of w.

The image of Min™ via the above bijection is a subfamily of homogeneous modules called strongly
homogeneous modules.

Remark 4.3.10. It follows from the previous Theorem together with Proposition 4.3.6 that if w
is dominant minuscule, then the strongly homogeneous module S(w) has dimension

. B l(w)!
dim 5w) = [Tgeaw ht(B)

Remark 4.3.11. In type A,, the cuspidal modules for arbitrary orderings on ®, are always
homogeneous. In fact, if M is a simple module of multiplicity-free weight, i.e. M is a simple
R(B)-module with 5 € @4 of the form ejaq + -+ + ey, with €1,...,¢, € {0,1}", then M is
always homogeneous. In the particular case of the natural ordering on the vertices of the type A,
Dynkin diagram, i.e. 1 < 2 < --- < n, the cuspidal modules in R — gmod turn out to be strongly
homogeneous.

In type D, the cuspidal modules for the natural ordering are always homogeneous (see |79,
Section 8.2]).

4.4 Mirkovié-Vilonen cycles and equivariant multiplicities

Throughout this section G denotes a simple simply-connected group, N the unipotent radical of a
Borel subgroup B of GG, and T a maximal torus in B. We let g, n, b, t denote their respective Lie
algebras. We fix a labeling I = {1,...,n} of the vertices of the Dynkin diagram of g and we let
aq, . ..,an denote the corresponding simple roots. We also let P denote the weight lattice and W
the Weyl group of g.

4.4.1 Geometric Satake correspondence and MV basis

Here we fix notations and recall the main features of the geometric Satake correspondence following
[92, 6]. We also refer to [114] for more details about the geometry of the affine Grassmannian and
the geometric Satake correspondence. Mirkovié-Vilonen [92] discovered an intriguing connection
between certain categories of perverse sheaves on the affine Grassmannian Grg associated to a
complex reductive group G on the one hand and categories of finite-dimensional representations of
the Langlands dual G¥ of G on the other hand. They exhibit a functor relating these two categories
and prove that it satisfies several remarkable properties. In particular, the weight spaces of irre-
ducible representations of G¥ can be interpreted as the cohomology spaces of certain subvarieties
of Grg whose irreducible components are called Mirkovié-Vilonen cycles. One can use these to
define an interesting basis of the algebra C[N] of functions on the unipotent radical N of G called
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the MV basis. The works of Kamnitzer [65], Anderson [2] and Baumann-Kamnitzer [5] show that
this basis carries a natural crystal structure and has a combinatorial parametrization in terms of
MV polytopes.

We consider the algebraically closed field C and we set
O :=C|[t]] and K :=C((t)).
We denote GV the Langlands dual of G. The affine Grassmannian Grg can be defined as
Grg :== G(K)/G(0O).

There is a natural action of T'(C) on Grg whose locus of fixed points is given by a collection
{L,,p € P} of points in Grg indexed by the weight lattice of G. There is also a G(O)-action on
Grg and for a dominant weight A € Pt we let Gré denote the orbit of Ly under this action. The
affine Grassmannian can be decomposed as

A
Grg = |_| Grg.

AeP+

Moreover, for every A € Pt one has

X _ p
Te = U Gre.

uepP+

Sy

where < is the natural partial ordering on P defined by p < A < A — u € Q4+ (recall the notation
Q@+ from Section 4.2.1). Let us now briefly recall the definition of Mirkovié-Vilonen cycles. The
regular dominant weight p induces a homomorphism C* — T'(C) and thus yields a C*-action on
Grg. The points Ly, u € P are exactly the fixed points of this C*-action. Denoting respectively
St and S* the attractive and repulsive set of L,, we have the Bialynicki-Birula decomposition

GrG:US“:USﬁ.

neP neP

One can show that the sets S* and S* are also the orbits of L, under the respective actions of
N, (K) and N_(K) on Grg. For every A € Py and p € P, a MV-cycle of type A and weight p is by
definition an irreducible component of the closed subvariety of Grg given by

Grj n S*.
One denotes Z(\), the set of all MV cycles of type A and weight p and

ZW = J 20N

ueP

It is proved by Mirkovié-Vilonen that the intersection Gr n S* has pure dimension p¥ (XA — pu).
Hence a MV cycle of type A and weight p can also be defined as an irreducible component of
dimension p¥ (A — p) of Grd n S*.

The geometric Satake correspondence 92| implies that the MV cycles carry a lot of infor-
mation about the representation theory of GV. For instance, the set of fundamental classes in
H.(Gré N S") of all MV cycles of type A and weight p forms a basis of the subspace V() of
weight g in the irreducible representation V() of GV of highest weight A. In particular one has

dime V() = $2(M),0.
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Gathering these bases together we get that the set
{211 Ze 2N}

forms a basis of V(A) called the (upper) MV basis of V(A). Then there is a way to glue these
bases for all A € PT to get a basis of C[N] called the MV basis of C[N] (see [6, Section 6.1] for
more details). This basis is denoted {bz, Z € Z(o0)} where the parametrizing set Z(c0) is given by
certain MV cycles called stable MV cycles, whose weights belong to —Q) .

4.4.2 Equivariant multiplicities of MV cycles

In this subsection we recall several notions introduced by Baumann-Kamnitzer-Knutson [6]. One
of their main motivations was Muthiah’s conjecture [94] stating the W-equivariance of a certain
map V(A) — C(aq,...,ay) where V(X) is the irreducible representation of highest weight A\ of
the Langlands dual of G. This map is defined using geometric tools called equivariant multiplicities
developped by Brion [17] relying on former constructions due to Joseph [63] and Rossmann [108].
The proof of [6] crucially involves the geometric Satake correspondence together with a formula for
Duistermaat-Heckmann measures proved by Knutson [80]. Here we will mostly focus on equivariant
multiplicities of elements of various bases of C[N] such as the Mirkovi¢-Vilonen basis or the dual
canonical basis.

The notion of equivariant multiplicity of a closed projective scheme has been introduced by
Brion [17]. Given such a scheme X together with an action of a torus 7' on X, we let X7 denote
the set of fixed points of this action and HI(X) denote the T-equivariant homology of X. It
follows from Brion’s results [17] that the set of homology classes of the points in the fixed locus
XT actually forms a basis of HI (X). Therefore one can decompose the class of X on this basis as

[X]= ) & X)p}]-

peXT

The coefficient EZ(X ) is a rational function in g, ..., q, called the equivariant multiplicity of X
at p. Let us state an important property of these equivariant multiplicities, that can be obtained
as a consequence of [17, Theorem 4.2].

Proposition 4.4.1 ([17, Theorem 4.2|). Let p e X' and let By, ..., Bm denote the weights of the
action of T on the tangent space of X at p. Assume p € X' is non-degenerate i.e. the weights
B1, ..., Bm are non zero. Then for any closed T -invariant subvariety Y < X containing p, one has

1
Y is smoothatp = € (Y)=———
¥) =55
where r:= dim(Y') and B, ..., Bi, denote the weights of the action of T on T,Y < T, X.

Remark 4.4.2. 1. Note that by [17, Theorem 4.2 (iii)] this implication is actually an equiva-
lence in the special case where Y is X itself.

2. If Y does not contain p, then eg(Y) =0 (see [17, Theorem 4.2 (i)]).

3. Brion [17] also shows that this notion of equivariant multiplicity actually coincides with a
definition due to Rossmann [108]. More precisely, he proves that when X is smooth at the
point p, Rossmann’s equivariant multiplicity of Y at p is equal to (51 -+ Bm) - eg(Y) (see [17,
Theorem 4.5]).
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Baumann-Kamnitzer-Knutson [6] used this notion of equivariant multiplicity in the study of
the MV basis of C[N] via Duistermaat-Heckmann measures. These measures were already known
to be supported on the MV polytopes. One of the main results of [6] is to provide a formula
allowing to relate these measures to the equivariant multiplicities of MV cycles. More precisely,
with the notations of Proposition 4.4.1, we consider X := Grg the affine Grassmaniann associated
to a simple algebraic reductive group G, together with the action of the torus T(C). As recalled
in the previous section, the set of fixed points of this action is {L,,p € P}. For each p € P, the
point L, is known to belong to any MV cycle of weight . These MV cycles are closed irreducible
subvarieties of Grg and are invariant under the action of T'. Thus they will play the role of Y in
Proposition 4.4.1.

Let us describe the formulas proved in [6]. It is known (see for instance [49, 52|) that the
algebra C[N] can be identified with the dual (as a Hopf algebra) of U(n). We will denote by (-, -)
this duality. Choose a root vector e; € n of weight «; for each ¢ € I. For any N > 1 and any N-tuple

i=(i1,...,in) of elements of I, we set e; := e, - - - €;,, € U(n). We also define the following rational
fraction in ay, ..., a, following [6]:

_ 1

D; =

ai1(ai1 —+ aiQ) - (Oéil + .- 'aiN) .
Then one defines the following map:

D: C[N] — C(a,...,an)
fo— XiDi(f,e)
Note that this sum is always finite as U(n) acts locally nilpotently on C[N]. One of the main

results of [6] is that the evaluation of D on an element by of the Mirkovié-Vilonen basis can be
related to a certain equivariant multiplicity of the MV cycle Z.

(4.6)

Theorem 4.4.3 (|6, Lemma 8.3, Corollary 10.6]). 1. The map D is an algebra morphism.

2. For any p € —Q+ and any stable MV cycle Z of weight u, one has

D(bz) = e1,,(2).
Combining Theorem 4.4.3 with Brion’s Proposition 4.4.1, we get:

Corollary 4.4.4. Let Z be a stable MV cycle of weight —v,v € Q. Assume Z is smooth at the

point L_,,. Then one has
— 1
Dby) = ———
( ) 5i1 to Bir
where By, ..., Bi, € Py are the weights of the action of T(C) on the tangent space of Z at L_,,.

Remark 4.4.5. Baumann-Kamnitzer-Knutson prove that the map D has the following geometric
counterpart (|6, Proposition 8.4]). For every regular element z in t, the group N acts simply
transitively on the subset  + n of g. Hence one can consider the unique n, € N such that
Ad,,(z) = ¥ + e. Then the algebra morphism D is dual to the morphism of varieties given by

9 — N

T > Ng.

Remark 4.4.6. The morphism D provides a very useful tool to compare various bases of C[N].
For instance Dranowski-Kamnitzer-Morton-Ferguson [6] show that the MV basis and the dual
semicanonical basis of C[N] are not the same by exhibiting elements of these bases satisfying some
compatibility condition (see |6, Definition 12.1]) but where D nonetheless takes different values.
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4.5 Equivariant multiplicities and determinantial modules in R —
gmod

This section contains the statements of the main results of this paper. We consider the category
R — gmod associated to a simply-laced type Lie algebra g. We begin by proving a formula for the
equivariant multiplicities of strongly homogeneous modules in this category using Nakada’s colored
hook formula [95]. We explain why this provides a natural motivation for the study of equivariant
multiplicities of the determinantial modules categorifying the flag minors in C[N].

4.5.1 Equivariant multiplicities and strongly homogeneous modules

In this subsection we outline a remarkable property of strongly homogeneous modules in the sense
of Kleshchev-Ram [78]: the image of their isomorphism classes under the morphism D takes a
distinguished form, that can be viewed as a generalized version of the Peterson-Proctor hook
formula. This property will be useful in Sections 4.7 and 4.8.

We consider a Lie algebra g of finite simply-laced type and we let W denote the corresponding
Weyl group. Consider an element of the dual canonical basis of C[N]. It can be written as the
isomorphism class of a simple object M in R — gmod. Decompose M as the (finite) direct sum of
its weight subspaces:

M =Pe(w) M.

Then it follows from the definition of D (see (4.6)) that its evaluation on [M] is given by

_ 1
D(|M]) = dim(e(w) - M . 4.7
(1)) w_(; dim(efu) - M) (4.7)
=(11,00y0r)
In what follows, we will be using this expression to compute the images under D of elements of the
dual canonical basis. In particular, we can now show that D takes remarkable values on the classes
of strongly homogeneous modules (see Section 4.3.3).

Proposition 4.5.1. Let w € Mint < W be a dominant minuscule element of W and let S(w)
denote the corresponding strongly homogeneous module in R — gmod. Then one has

D(sw)) = [] ;

BedY

Proof. By Theorem 4.3.9, all the weight subspaces of S(w) are one-dimensional and are in bijection
with the reduced expressions of w. Hence it follows from Equation (4.7) that

psw= Y, 1

o O 0% Q; o AT
(iroim)eRed(w) it Qi T Qip Qg Qi e Qi

This is exactly Nakada’s colored hook formula (4.5) and thus Theorem 4.3.7 implies

(s = [7 5

Be@i

O

The following example shows that this property fails if one considers simple modules (even
homogeneous ones) that are not strongly homogeneous.
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Example 4.5.2. Consider for instance the simple module L(231) in type A3 (with the natural
ordering on good Lyndon words). This module is homogeneous and corresponds to sa2s3s; € W via
the bijection of Theorem 4.3.9. This element is minuscule but not dominant minuscule. It has two
reduced expressions, namely (2,3,1) and (2, 1,3) and thus one has

_ 1 1
D([S =
([S(s2s351)]) as(ag + az)(ag + as + ag) * as(a1 + ag) (g + s + ag)
a1 + 209 + a3
as(ag + ag)(as + as)(ag + ag + ag)’

The main motivations for the present work come from the observations that there seems to be
an intimate connection between the set of strongly homogeneous modules S(w),w € Min™ and
the set determinantial modules categorifying the flag minors of C[N] (see Section 4.2.3). We will
go back to this in the last Section of this paper.

Example 4.5.3. Let us detail the type As case as an example. There are 6 positive roots and
the cluster algebra C[N] has 14 seeds. There are 3! = 6 total orderings on I = {1,2,3}. We can
compute the determinantial modules of the corresponding standard seeds using Theorem 4.2.7. For
instance, the choice of 1 < 2 < 3 yields the following ordering on & :

o <o toayg<artoataz <oy <o+ az <as.

The corresponding reduced expression of wg is i = (1,2,3,1,2,1) and the determinantial modules
of the seed S are given by

L(1) L(12) L(123)  L(21)  L(2312)  L(321).

Similarly one can repeat this procedure for the other orderings on I. We obtain five distinct
standard seeds. It turns out that this is enough to get all the flag minors. We can observe that
the determinantial modules obtained this way are all strongly homogeneous and correspond to the
following Weyl group elements

S1,52, 53,5152, 5253, 515253, 535152, 35251, 52535152.

It is straightforward to check that the homogeneous modules S(w) for w in this list are exactly the
prime strongly homogeneous modules in R — gmod (Indeed, the only dominant minuscule element
of &3 that is missing in this list is s3s1, but S(s3s1) = L(31) = L(3) o L(1) is not prime). Thus the
determinantial modules categorifying the flag minors coincide with the prime strongly homogeneous
modules in this case.

Another interesting case is where g is of type Dy, which will be studied in detail in Section 4.8.
Although the determinantial modules are not necessarily homogeneous in this case, it seems that
prime strongly homogeneous modules still categorify certain flag minors.

Therefore it is natural to ask the following:

Question 4.5.4. Could the distinguished value of D be a characteristic of the flag minors, rather
than a specific property of classes of strongly homogeneous modules ¢

Comparing with the geometric point of view, we know from Corollary 4.4.4 that the values of
D take a remarkable form on the elements of the MV basis corresponding to MV cycles satisfying
certain smoothness properties. Thus given a MV cycle Z such that bz is a flag minor of C[N], this
also raises the question of the smoothness of Z at L, where p € —Q is the weight of Z.
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4.5.2 The main results

Motivated by the discussion of the previous Section, we now state the main results of this paper.
They essentially split into two main parts: one consists in exhibiting several good properties on
equivariant multiplicities that propagate under certain cluster mutations, and the other one con-
sists in checking that these properties are indeed satisfied for a particular standard seed in C[N].
Question (4.5.4) suggests the following conjecture:

Conjecture 4.5.5. Let g be a Lie algebra of finite simply-laced type and let x be a flag minor in
C[N]. Then the equivariant multiplicity of x is of the form

1
 pea, ™17

where ng is a nonnegative integer for every e ®,.

The strategy for proving this conjecture is the following. We know that the standard seeds of
C[N] are related to each other by certain cluster mutations, each of which correspond to a change
of reduced expression of wg i.e. there is k € {1,..., N} such that iy = p,ixy1 = q and ix10 = p
with p-q = —1:

§

) i'=(0..,q,pq,...) )
St = ((mly- "xk717x;€7xk+17"' 7mN)7Q1 )

i: (>p7q7p7)
S = (w1, .., on), Q)

The proof is composed of two steps:

§

e Firstly, we show that the desired result propagates under these cluster mutations. Thus we
start by assuming that D(z;) is of the form 1/P; for every 1 < j < N. We want to show
that D(z},) is of the form 1/P;. As D is an algebra morphism, one can immediately express
D(z},) in terms of the Pj. But then it is not hard to see that D(xz}) has no reason to take
the desired form, at least without any further assumptions on the P;. Therefore, we con-
sider certain relations between the P; entirely determined by i implying that E(:z:?c) is of the
form 1/P]. We prove that these relations are preserved under mutation, i.e. the polynomi-
als P1,...,Py_1,P], Pyi1,..., Py satisfy the corresponding relations determined by i’. Thus
this procedure can be iterated to arbitrary sequences of mutations from one standard seed to
another.

e Secondly, we shall exhibit a particular standard seed in C[N] whose cluster variables z;, j €
{1,..., N} have equivariant multiplicities of the form 1/P;, and check that the polynomials
P; satisfy the relations required in the previous step.

The first main result of this paper consists in proving the first step for all simply-laced types.

Theorem 4.5.6. Let g be any simply-laced type simple Lie algebra and let i and i’ be two reduced
expressions of wqy related as above. Assume that the cluster variables x1,...,zx of the standard
seed 8 satisfy the following properties:

(A) For every 1 < j < N, the rational fraction D(z;) is of the form 1/P; where P; is a product
of positive roots.

(B) For every 1 < j < N one has

PP_w =8 || B
l<j<ly(i)
iij=—1
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(C) For every j € Jey and every 1 <i < N, one has (Bi; P;) — (Bi; Py ) < 1.
Then the cluster variables of S satisfy the analogous properties determined by i

Remark 4.5.7. Note that we allow the left hand-side of the inequality (C) to be negative. More-
over, this inequality is relevant only in types D,, and Eg, E7, Eg as the P; are always multiplicity-free
in type A, (for any standard seed).

Remark 4.5.8. Let us outline a curious consequence of Property (B). The polynomial P;  as well
as all the polynomials involved in the right hand side are all of the form P, for some [ strictly
smaller than j. Thus if the Property (B) holds for the standard seed S', then for every j, P; is
entirely determined by §; and by the Fj,l < j. By a straightforward induction, this implies that
the polynomials Pp,..., Py are in fact entirely determined by the data of the P; such that j_ =0,
i.e. the positions of the first occurrence in i of each letter of I. Interestingly, these polynomials are
in general easy to compute by hand, as illustrated in the next example. For instance it follows from
[72, Proposition 3.14| that the corresponding determinantial modules are cuspidal for the convex
ordering on @, associated to i. In particular when i comes from a total ordering on I, Theorem 4.2.7
explicitly provides the good Lyndon words associated to these modules. In simply-laced types such
cuspidal modules are often well understood (see for example [79, Section 8|). Hence the value of
D on their isomorphism class can be computed using Equation 4.7. Thus Property (B) provides
an algorithm allowing to compute the equivariant multiplicities of all the flag minors belonging to
one standard seed, which was a non-trivial computation a priori.

Example 4.5.9. Let us provide an example of a direct computation of P; for j such that j_(i) = 0.

Consider g of type Dy and take i = inq = (1,3,2,4,3,1,4,3,2,4,3,4) as in Section 4.8 below.
Consider for instance the first occurrence of the letter 3, i.e. j = 2. The determinantial module
Mirt is the cuspidal module L(13) (with respect to the natural ordering). This can be deduced
from Theorem 4.2.7, or can be checked by hand using for instance [69, Proposition 10.2.4]. This
module is one-dimensional as a vector space (see for instance [79, Section 8.7]) and thus its weight
subspace decomposition is simply L(13) = C - vi3 with e(13) - vi3 = vi3. Thus it is immediate to
compute its image under D using Equation 4.7 and we get Py = a1(a1 + ag).

The second main result of this paper is to check the second step for types A,, and Djy.

Theorem 4.5.10. Assume g is of type An,n = 1 or Dy. Let iyt denote the reduced expression
of wgy corresponding to the natural ordering on the vertices of the Dynkin diagram of g. Then

Properties (A), (B) and (C) hold for the standard seed Sinat.

In particular, this proves Conjecture 4.5.5 in types A, and Dy4. Section 4.6 is devoted to the
proof of Theorem 4.5.6 and Sections 4.7 and 4.8 respectively contain the proofs of Theorem 4.5.10
in types A,, and Dj.

As we saw in Section 4.5.1, Property (A) fails for homogeneous modules that are not strongly
homogeneous. Further computations in types A, and D4 tend to suggest that the evaluation of D
on cluster variables of C[N] fails to take the remarkable form of (A) for the cluster variables that
are not flag minors (i.e. that do not appear in any of the standard seeds S, i € Red(wg). Therefore,
we propose the following stronger version of Conjecture 4.5.5.

Conjecture 4.5.11. Let g be a Lie algebra of finite simply-laced type and let wq be the longest
element of the associated Weyl group. Then the flag minors are exactly the cluster variables of
C[N] whose image under D are of the form

1
[pew, B

Jor some family of nonnegative integers (ng)sew., -
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In other words, flag minors would essentially be characterized by the distinguished form of their
equivariant multiplicities. Let us illustrate this by an example.

Example 4.5.12. Consider g = sly. As mentioned in Example 4.5.3, the cluster structure of C[N]
contains 14 seeds. The simple objects of R — gmod corresponding to the cluster variables are given
as follows (with respect to the natural ordering 1 < 2 < 3):

L(1), L(2), L(3), L(12), L(21), L(23), L(32), L(312), L(231), L(123), L(321), L(2312).

The three last modules correspond to the frozen variables. Among the unfrozen cluster variables,
the only one that is not a flag minor (i.e. that does not appear in any standard seed) is [L(231)],
and as we saw in Example 4.5.2 the rational fraction D([L(231)]) is not of the form (A).

4.6 Propagation under cluster mutation

This section is devoted to the proof of Theorem 4.5.6. Let g be a simple Lie algebra of finite
simply-laced type. We choose a labeling I of the vertices of the Dynkin diagram of g and we write
the associated Cartan datum as

i-1=2 and 7 -j=—1<1and j are neighbours in the Dynkin diagram of g.

We consider the longest element wq of the corresponding Weyl group W and we denote by N the
length of wg. We fix a reduced expression i = (i1,...,ix) of wg. Let x1,..., 2N denote the cluster
variables and Q! denote the quiver of the standard seed S' of C[N]. We also let My, ..., My
denote the determinantial modules corresponding to i i.e. the simple modules in R — gmod whose
isomorphism classes are z1,...,zy in Ko(R — gmod) ~ C[N].

The quiver Q! is defined as follows (see [52, 69]). First recall the following piece of notations:
for any 1 < j < N we set

J—(i) :==max ({{,1 < < j,4 = i;} 1 {0})

and
J+(d) ==min({{,N >1>j,iy =i} u {N +1}).

We outline the dependence on i in order to avoid confusion later in the proof, as we will be
considering two different reduced expressions i and i’. The index set of Q' is .J = {1,..., N}, which
splits into a frozen part Jy,.(i) := {u € J | uy (i) = N 4 1} and an unfrozen part Je,(i) := J\J ().
The set of arrows of Q' is composed of two different kinds of arrows:

e the ordinary arrows: there is such an arrow from the vertex u to the vertex v if and only if

iy ly=—1 and u<v<ug(i) <wvyi(i).

e the horizontal arrows: for every u € Je, (i) there is an arrow from the vertex uy (i) to the
vertex u.

For every j € J we let in(j) (resp. out(j)) denote the set of all indices [ such that there is an arrow
from [ to j (resp. from j to 1) in Q' and inord(j) (resp. outord(j)) the set of all indices I such that
there is an ordinary arrow from [ to j (resp. from j to 1) in Q. We have

in(j) = inord(j) u {j+(i)} and out(j) = outord(j) w {j_(i)}.
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We now consider another reduced expression i’ of wg such that i’ is obtained from i by performing
a braid relation in W i.e. there is k € {1,..., N} such that i = p,ix41 = q,ik+2 = p with p,qge I
such that p-q = —1.

o/

i:(ila"')ik—lapaqvpv"') ~ 1 :(ila"'aik—lvqapaQw")'

We denote by f, ...,y the positive roots given by the reduced expression i’ and i, ..., 2y the
cluster variables of the standard seed S¥'. The seeds S and S' are related by a one-step mutation
in the direction k. It is appropriate for our purpose to be slightly careful with the labeling of the
vertices of Q' and QY.

We let s denote the transposition (k+1,k+2) of {1,..., N} i.e. the permutation that exchanges
the indices k + 1 and k + 2 and leaves the others fixed. The set of vertices of the quiver Q' is
s(.J). In other words the vertex labeled k + 1 in Q¥ is in fact the vertex labeled k + 2 in Q' and
vice versa. There is an arrow i — j in Q if and only if there is an arrow s(i) — s(j) in the quiver
obtained from Q! by the usual mutation process.

3/

e Q
mut;ﬁx //J:s(J)
Q'
We begin with a couple of elementary Lemmas as prerequisites for the proof.
Lemma 4.6.1. The positive roots (1, .., By are related to the 5; as follows:
B = Brv2 Biy1 = Brr1 Brya =B B =By for any j ¢ {k,k+ 1,k +2}.
The flag minors M, ..., My are given by:
Thi1 = Thiz Thyo = Tpp1 &5 = x5 for any j ¢ {k,k + 1,k + 2}.

Proof. Recall that 8 = s, -+ s;;_,

J

and similarly for the the 8} with i'. Thus

/
Bl = sif -8y Qi = Siy e Siy_ Qg = Siy v Sig_y 5pSqQp = Pl

One checks the other cases in a similar way.
The flag minor M; can be written as D (si1 e sijw,'j,wij) with the notations of Section 4.2.3.
Thus one has for instance

/
Typy1 =D <5z"1 e Sikﬂwik“’wiﬁcﬂ) =D (sZl e szk_lsqspwp,wp)
=D (sil e sikflspsqspwp,wp) = Tpio.
The other cases can be checked in the same way. O

Lemma 4.6.2. One has
Br + Br+2 = Br+1-

Proof. This is a straightforward consequence of the definition of the 3;. Indeed,
Br + B2 = Siy + Sip_1 (ap + SPSQ(O‘I?)) = Siy " Sig (ap + aQ) = Si Sik—1sp(a¢1)
ie. B+ Bry2 = Bry1- O
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3] c]

Proposition 4.6.6
+ Corol-
lary 4.6.7
[Proposition 4.6.8 Proposition 4.6.9)

Figure 1: Structure of the proof of Theorem 4.5.6.

The structure of the proof is summarized in Figure 1. Let us briefly explain the main points.
The starting assumption is that for each j € J, the rational function D(z;) is of the form 1/P; where
Pj is a product of positive roots. The aim is to prove that D(z}) is also of the form 1/P] where
P} is a product of positive roots. It is not hard to convince oneself that this has no chance to hold

without any further assumption on the P;,1 < j < N. Thus the idea is that the P; shall satisfy
certain relations entirely determined by i 1mp1ymg the desired form for D(a:k) Moreover these
relations must be preserved under mutation i.e. the polynomials P, ..., Py_1, P/, Pst1,..., Py

have to satisfy the analogous relations determined by i’. Therefore we assume that the following
properties are satisfied:

(A) For every 1 < j < N, the rational fraction D(z;) is of the form 1/P; where P; is a product
of positive roots

(B) For every 1 < j < N one has

PP =06 [] R

l<j<ii(i)
’Ll ’L]=—

(C) For every j € Jey, one has
(Bi; P) — (Bis Pj, ) <1

for every 1 <i < N.

We prove that the flag minors of the seed S' satisfy the analogous properties determined by i and
denoted (A’), (B’) and (C’), as shown in Figure 1.

In what follows we will be using the following notations: for every j € J we set

H P, P inord(j) * = H Pl, out(j) H P, P, outord(j) -~ H P

lein(yj leinord(j leout(j) leoutord(j)

Let us begin with a straightforward consequence of Property (B) that will be useful throughout
the proof.
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Lemma 4.6.3. For every j € Je,, one has

5] in(j /Bj+ 1)P0ut( R

Proof. We fix j € Jgz(i). In particular j4 (i) < N so we can combine Property (B) at ranks j and
J+(i):
PP H B and Py )Py =065, q) H B

l‘<Jl<l+( i) I<j+(@)<l+ ()
1t =—1 irij=—1

Dividing the first one by the second one we get

-1

P B:P, .

j—() 74 inord(5)

5 =6 I R|fe ] A = B P

I+ @) 1<j<ly (i) <+ (i) j<l<jy ()<ls () g+ (1)~ outord(5)
ipi=—1 ipij=—1

By definition one has in(j) = {j4+ (i)} w inord(j) and out(j) = {j—(i)} u outord(j). Thus we have
proven the desired statement. O

Remark 4.6.4. This statement can be rephrased in a cluster-theoretic way as follows. Recall
Fomin-Zelevinsky’s notations y;. They are Laurent monomials in the z; that can be written in our

case as
= [[ @ I o
iein(j)  i€out(y)

for every j € Jez(i). The algebra morphism D can be extended to the fraction field of C[N] so that
the evaluation D(y;) makes sense. As in(j) = {j;+ (i)} uinord(j) and out(j) = {j_(i)} L outord(j),
Lemma 4.6.3 can be restated as 5

J

Bii

]

(yj) =

for every j € Jex(i).

We let ]5] denote the polynomial given by Lemma 4.6.3 i.e.
By = 8Py = Bjy (i Pours)

for every j € Je,(i). In the sequel of the proof, we denote by (8; P) the multiplicity of 5 in P for
every B € ®, and P € {P,..., Py}, i.c. the largest positive integer d such that 8¢ | P. Let us
state another useful consequence of Property (B). The proof is straightforward by induction on j.

Lemma 4.6.5. For every ,j € Jep, one has
i>j=(Bi;P;)=0 and (Bi; Pi) =1

Proof. The proof relies on an induction on j. Consider the case j = 1 and let h denote the letter
h = i;. First note that 81 = ay,. The determinantial module M is the cuspidal module L(h): it is
one-dimensional as a C-vector space and its weight-space decomposition is simply

M, = Cvy, with e(h) “Vp = Vp.

Thus Equation (4.7) yields
D(M;) = — = —.
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Equivalently P, = 1 and the desired statement holds for j = 1.
Fix j € {1,..., N} and assume the statement is true for every j' < j. If i > j then the induction
hypothesis implies

(Bi; Pi_@) =0 and (Bi; Fy) = 0 for every [ < j <14(i).

Hence Property (B) implies (5;; Pj) = 0. If i = j then we use the induction hypothesis in the same
way but the presence of f; in the right hand side of Property (B) yields (8;; P;) = 1. O

The following statement is the heart of the proof. The idea is to combine Property (B) together
with Lemma 4.6.3 at different indices and then to use Property (C). This last property plays a
crucial role and is a priori not redundant with Properties (A) and (B).

Proposition 4.6.6. Let i€ {1,...,N} and assume there exists m € {1,..., N} such that
i = —1 and  m_(i) <l <m <ly(i) <my(i).
Then P | p,.

The assumptions relating [ and m mean that there exists an ordinary arrow from the vertex [
to the vertex m as well as from the vertex m_(i) to the vertex [ in the quiver Q.

Proof. Proving P, | P, is equivalent to proving that (8;; P)) < (8i; P)) for every 1 <i < N. If i > |
then (8;; P;) = 0 by Lemma 4.6.5 and thus there is nothing to prove in this case. Assume i <.
We deal with the case i = [ separatly. By Lemma 4.6.5, one has (f;; F;) = 1. Hence we have

(B P) =1=(B;8) < (B D)

which is the desired inequality.

From now on we assume i < [. If (8;; P) < (Bi; P, 3)) then (8;; P) < (Bi; ) as P ) | P, by
definition of P;. Hence we can assume (8;; P) > (B;; P, g))-

Assume (8;; Pinora()) = 0. Then applying Lemma 4.6.3 at j = [ we can write

(Bis Py) = (Bis Pi_gy) + (Bis Powtorary) = (Bi3 Pi_i)) + (Bis Pm) + (Bis R)

where R is the product of the polynomials attached to the other tails of ordinary arrows coming
out of I in Q'. Now we use Equation (B’) at j = m: as i <, in particular i < m and hence we get

(Bi; Pm) = =(Bi P_) + >, (Bii Pa).
h<m<hy (i)

i im=—

By assumption we have i;-i,, = —1 and [ < m < [ (i). Hence the previous equation can be written
as

(Bis Pm) = —(Bis Pn_giy) + (Bis P) + (B Q)
where @ is the product of the Py, h # l,ip, - iy, = —1,h < m < hy(i). Thus we get

(Bi; P, 1)) = (Bis P_)) — (Bis Pm_gpy) + (B B) + (Bi; Q) + (Bi; R)

which can be rewritten as

(Bis Pr_gy) = (Bis Pi_py) + (Bi; P) — (Bis Proyy) + (B Q) + (Bi; R).

Since we assumed (8;; P;) > (Bs; Py, (3)), this implies in particular
(Bis Prn_gi)) > (B P_wy) + (Bi: Q) + (Bi; R) = 0.
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As there is an ordinary arrow from the vertex m_(i) to the vertex [, one has in particular
(Bi; Pinorar)) > 0 which is a contradiction.

Thus we have proven that (8i; Pyoray) > 0. This is where Property (C) is crucially involved.
Indeed, Property (C) at rank [ yields (3;; ) — (8i; P, 3)) < 1. Therefore, we have

(ﬁu inord(l ) =z1= (Blvpl) - (5Z7PZ+(1))

As inord(l) b {l4} = in(l), this is equivalent to (8;; ) < (8i; Pin;)) which finishes the proof. [

As a straightforward application, we can now prove that Property (A) holds for the seed SY.

Corollary 4.6.7. One has

Py
Br+1Pr

— 1
D(z},) = o with Py, product of positive roots given by P}, =
k

Proof. The exchange relation at the vertex k can be written as

xkxk— H T; + H Zj.

jein(k) jeout(k)

Applying the algebra morphism D we get

D(x},) 1 ( Pin ) 1 < 5k+2>
= 1+ = 1+ by Lemma 4.6.3
Py Pin(k) Pous(r) P Bk

_ 1 B
Py Bk

by Lemma 4.6.2.

Thus we get
_ Br41Pr
P,

Property (C) implies (5;; Px) — (8i; F;Hg) < 1 and hence we can apply Proposition 4.6.6 with [ = k
and m = k + 1, which yields Py | P;. Lemma 4.6.5 implies (8x+1; Px) = 0 and (Bgy1; Pry1) = 1.
Applying Lemma 4.6.3 we get

(/BkJrl; Pll’l(k)) = (Bk“rl; Pout<k)) = (/BkJrl; PkJrl) > 0.

Hence fSi41 | Piy(r)- Finally we have By1 P | P, which proves the Corollary. O

Now we prove that Property (B) propagates under mutation.

Proposition 4.6.8. Property (B) holds for the seed S i.e. one has

PP -8 1] A ®)
I<j<ly (i)
)

-

for every j € J.

Proof. Throughout this proof, we set for every j € J:
I(G):={leJ|i-i;=-11<j<l (1)} I'(j):={leJ]|iq i;=-11<j<Il({)}
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Consider the case j = k. We let r (resp. s) denote the position of the last occurrence of the
letter p (resp. gq) strictly before the position k. In other words r = k_(i) = (k + 1)_(') and
=(k+1)_(i) = k_(i"). Tt is straightforward to check that

Ik+1) U {r} = I'(k) u {k}.

Indeed if [ is such that i; # p then [ € I’(k) if and only if I € I(k+1). If iy = p, then [ € I'(k) if and
only if I =7 and [ € I(k + 1) if and only if [ = k. Moreover, as all the indices in I’(k) are strictly
smaller than k, one has P/ = P, for every [ € I'(k). Thus we have

[T n-= HPZ HB

leI(k+1) leI’ leI’

Hence
Bry2Pri1 Pr

PéP]é_(i’) = P]éps = PS /Bk+1pk

by Equation (A’).
Using Property (B) at the index k + 1 we get

Pe1Po=Ben || R
leI(k+1)

and thus
Pk;Pk /Bk+2? H Py = Bito H P/ =3, H P

lel(k+1) lel'(k lel' (k

This is the desired equality.
Now consider the case j = k + 1. Similarly we have

I'(k+1)u{s) = I(k) u {k}.

By Property (B) at the index k, we can write

Pito
Pl Plegry_wy = Pov2Pr = 7P+ B [ P

lel(k)
and thus
Pk+2 Py Pk+2P Br+1P% ;
Pry1 Py i [] A= D sﬁ PeroP. P by (A).
Py lel' (k+1) ko PREk+25s o pg4)

This simplifies as

PPy = Brar H P/
lel’ (k+1)

which is the desired equality as fx11 = (-
The remaining case to consider is j = k + 2. We have

Fk+2) Ukl =I(k+1)u{k+1)

and all the indices in I'(k + 2) other than k + 1 are strictly smaller than k. Thus we have

H P =P, H P = Pk+1 H P*Pk+2 1—[ P

lel’ (k+2) lel" (k+2)\{k+1} lel(k+1) lel(k+1)
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Thus we have

Pr.oP. P
B Piy-2Ps — B 1—[ Pﬁk ()

P, P iy = Pry1 P = Py !
2t (k+2)- (1) Tk " Ber1 P lef(ki1) Br+1P%k
using Property (B) at k + 1. This yields
PiaaPlsy iy =B || P =B || P
leI’ (k+2) lel’(k+2)
which finishes the proof. O

Finally we prove that Property (C) propagates under mutation. The key arguments are provided
by Lemma 4.6.3 and Lemma 4.6.5.

Proposition 4.6.9. Property (C) holds for the seed S' i.e. one has

(B Pj) — (B Pl y) < 1 (©)
for every 1 <i,7 < N.
Proof. First note that there is nothing to prove if j ¢ {r,s,k, k + 1,k 4+ 2}. Moreover P/, = Py
and (k + 1)1 (') = (k + 2)4(i). Thus there is nothing to prove either for j = k + 1 and similarly

for j = k 4+ 2. We now focus on the cases j =7, = s and j = k.
Consider the case j = r. One has

(B3 Pr) — (B Pr, i) = (B Pr) — (B85 Pryr) = (B3 Pr) — (Bi; Prra)-
Lemma 4.6.5 implies that (5;; P,) = 0 for every ¢ > r. Thus (8}; P,) = 0 for every ¢ > r and the
desired inequality holds. If ¢ = r then again Lemma 4.6.5 implies (8;; ) = 1 and the conclusion
is the same as 8, = (.. Assume i < r. By Lemma 4.6.3, we have Oy Py12Ps = BryoP-Pry1. This
yields

(Bis Pr) — (B Prr2) = (Bis Pr) — (Bi; Pra2) = (Bi: Ps) — (Bi; Prg1) = (Bi; Ps) — (Bi; Py, 1))-
The desired inequality follows from Property (C) at j = s.

Consider the case j = s. One has

(B3 Ps) — (B3 Py, i) = (B Ps) — (B Pr)-
Lemma 4.6.5 implies that (f;; Ps) = 0 for every ¢ > s. Thus (8]; Ps) = 0 for every i > s and the

desired inequality holds. If i = s then again Lemma 4.6.5 implies (5;; Ps) = 1 and the conclusion
is the same as 8, = 5. Assume i < s. Then we have

(81 Ps) — (855 Pr,) = (Bis Ps) — (Bis P) = (Bi; Ps) — (Bi; Ps Piy2) + (Bis Pr)
= (Bi; Px) — (Bi; Pra2) = (Bi; Pr) — (Bi; Pry 3))-
Thus we can conclude using Property (C) at j = k.
Consider the case j = k. One has

(B3 Pr) — (B3 Pr, i) = (B3 Pr) — (B33 Priya) = (85 Pr) — (85 Pi1)-
Proposition 4.6.8 implies that Equation (B’) holds for the seed S and in particular we can apply
Lemma 4.6.5 for S¥. Therefore (8l; P}) = 0 if i > k and (B); P) = (Bri2; P{) = 1. As before we
can focus on the case i < k. In particular 51{ = ;. Thus we have
(Bis Pr.) — (Bf Pres1) = (Bis Py) — (Bi; Pey1) = (Bi; PrPri1) — (Bi; Pr) — (Bis Pry1)
= (Bi; Pr) — (Bis Pr) = (Bis Pr) — (Bi; Pry (1))
and the Property (C) at j = r allows us to conclude.
This proves that Property (C’) holds.
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4.7 Initial seed in type A,

In this section we prove Theorem 4.5.10 in the case g = sl, 1 where n > 1 is fixed. We denote by
I ={1,...,n} the index set of the simple roots and we consider the natural order on I given by
1 <2< -+ <n. As explained in Section 4.2.3, this yields a convex order on the set & of positive
roots, corresponding to the reduced expression of wg given by

fpar = (1,2,1,3,2,1,...,n,n—1,...,1).

The aim of this section is to check that the standard seed Sinet satisfies Properties (A), (B) and

(C). We use Kang-Kashiwara-Kim-Oh’s monoidal categorification of the cluster structure of C[N]

via representations of quiver Hecke algebras. More precisely, the cluster variables of Sinet are

categorified by certain determinantial modules in R — gmod. These were explicitly described in

[25] in terms of Kleshchev-Ram’s dominant words. Let us briefly remind the necessary setting.
The set GL of good Lyndon words is given by

GL = {(iyi+1,....5) |i,j e L,i < j}.

Recall that this set is totally ordered with respect to the lexicographic order induced by the chosen
order on I. The dominant words parametrizing the simple objects in R — gmod according to
Kleshchev-Ram’s classification (see Section 4.2.1) are concatenations of elements of GL in the
decreasing order. Dominant words thus coincide with Zelevinsky’s multisegments in this case. For
any dominant word, we denote by L(u) the unique (up to isomorphism and grading shift) simple
module associated to p

For every i < j, we will use the notation [; j] for the positive root a; + - -- 4+ a;. The integer
7 — 1+ 1 is called the height of this positive root. For each 1 < r < n the occurrences of 7 in i,4
correspond to positive roots of height . More precisely, for every 1 < k < n the kth occurrence of
7 in i,4 corresponds to the positive root [k;r + k — 1]. Equivalently for every i < j, [i;7] is the
positive root corresponding to the ith occurrence of j — ¢ + 1 in i,4.

Now consider the standard seed S'nat of C[N], let z1,...,2x denote its cluster variables and
My, ..., My denote the corresponding determinantial modules in R — gmod. The dominant words
associated to My, ..., My were computed in [25] and are given as follows.

Proposition 4.7.1 (|25, Theorem 6.1]). For every 1 < k,r < n, the determinantial module corre-
sponding to the kth occurrence of v in ingt s

L([k;r+k—1]k—1;r+k—=2]---[1;7]).
For every 1 < k,r < n we set

Plk,r] := H [l;m].

I<i<ksm<r+k-—1

We begin by proving that the standard seed Siret satisfies Property (A). More precisely, we show
that if j is the position of the kth occurrence of the letter r in inq¢, then P; = Pk, r].

Lemma 4.7.2. For any 1 < k,r < n, the determinantial module L ([k;r +k —1]---[1;7]) is
strongly homogeneous and one has

D(L([ksr +k—1]--[L;r])) =

Plk,r]
In particular the standard seed Sirat satisfies Property (A).
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Proof. Let w[k,r] denote the element of W given by

wlk,r] = SkSk41 - Sr4k—15k—15k " Spyk—2" " 5152 Sp.

It is immediate to check that for any 1 < j < n, there is exactly one occurrence of each neighbour
of j between two consecutive occurrences of j in the word (k,k+1,...,r+k—1,k—1,k,...,7 +
E—2,...,1,2,...7). Moreover the last occurrence of j is either strictly inside the last segment
(if 1 < j < r) and in this case there is exactly one occurrence of a neighbour of j (namely 7 + 1)
after this occurrence, or it is the last letter of one of the segments (if j = r) in which case there is
exactly one occurrence of 5 — 1 and no occurrence of j + 1 after this occurrence. Therefore using
Stembridge’s results [111]| (see Theorem 4.3.3) we conclude that w[k,r] is dominant minuscule.
Hence by the construction of Kleshchev-Ram [78] (see Theorem 4.3.9) the determinantial module
L ([k;r + k—1]---[1;7]) is strongly homogeneous.
By Proposition 4.5.1, we have

D(L([kr+ k—1]--[1;7])) = 1‘[ ;

We prove by induction on k that for any r > 1,
o BT —(m)1<i<k<m<r+k—1}
If £ =1 then for any r > 1 one has
U7 Z B35 — (o oy 4,0 o+ g} = {(Lm] 1 <m < 1)

which is the desired equality for K = 1. Assume the result holds at rank k — 1. It is straightforward
to check that for every [,m such that 1 <I<k—1<m <r+k— 2, we have

SkSk+1 " Srh—1([lm]) = [lm + 1]
Applying the induction hypothesis, this implies

SESk4l " Srok— 1(@ wlk= 1T)={[l;m—kl],l<l<k—1<m<r+l~c—2}.

Thus we get
= {[k], [k ke 4+ 1] R + k= 1]} U SpSket - Sronet (qu[’“—“])
={[ksm],k<m<r+k—-1}u{{lim+1],1<I<k—-1<m<r+k—2}
={[ksm],k<m<r+k—-1}u{[lm,1<I<k-1<m<r+k-1}
={[lim,1<i<k<m<r+k—1}

This finishes the proof. O

Corollary 4.7.3. The standard seed St satisfies Property (O).

Proof. 1t follows from the previous Lemma that the multiplicity of any positive root in any of the
polynomials Pj,1 < j < N is always equal to zero or 1. In particular the Property (C) is trivially
satisfied. ]

Now we check that Property (B) is also satisfied. For each j € {1,..., N}, the polynomials
involved in the right hand-side of Property (B) at rank j correspond to the last occurrences in ipq;
of each neighbour of i; (strictly) before the position j. Thus if i; := r, we have to consider the last
occurrences of  + 1 and r — 1 before j.

140



CHAPTER 4

Lemma 4.7.4. The standard seed St satisfies Property (B).

Proof. Fix 1 < k,r < n and let j € {1,..., N} denote the position of the kth occurrence of r in
ingt- By definition j_ corresponds to the & — 1 th occurrence of r. Thus by Proposition 4.7.1 the
associated determinantial module is

L([k—1;r+k=2][k—Lir+k—=3]---[1;7]).

It is not hard to see that the letter r + 1 has appeared exactly k — 1 times before j in i, as it only
appears in the subwords of i, of the form s,...,1 with s > r. Hence the last occurrence of r + 1
before j in i,4 corresponds to the kK — 1th occurrence of r + 1 in inq:. Thus by Proposition 4.7.1
the associated determinantial module is

L(k—1Lr+k—=1][k—2s7+k—=2]---[L;r+1]).

Similarly one can check that the letter » — 1 appears exactly k times before j in i,4:. Therefore
the last occurrence of » — 1 before j corresponds to the k occurrence of r — 1 and Proposition 4.7.1
implies that the associated determinantial module is

L([k;r+k—=2]k—Lr+k—3]---[1;r—1]).
We can now rewrite Property (B) at rank j in terms of multisegments as

P;P; = |kyr+k—1]P[k,r —1|P[k—1,r +1].
Let us start from the left hand-side and write:

P;P; = Plk,r|Plk—1,r]

= I [1;m] 1 [l;m]

I<Ii<ksm<r+k-—1 1<I<kE—-1<m<r+-k-2

=<H[l;r+k—1] H [l;m])

1<i<k I<i<ksm<r+k—2

—1
< H [l;r+k—1]> H [I;m]

1<i<k—-1 I<Ii<k—1<m<r+k-1

= [ksr + k—1] 11 [1;m] I1 [£;m]

I<i<ks<m<r+k—2 I<I<k—1<m<r+k—1

= |k;r + k —1|P[k,r — 1]P[k — 1,r + 1].

This proves that Property (B) is satisfied. O

4.8 Initial seed in type Dy

This section is devoted to the proof of Theorem 4.5.10 when g is of type Dy4. In this case, deter-
minantial modules are not necessarily homogeneous. Hence we cannot always use the results of
[78, 95] to compute the images under D of the flag minors. Therefore, the most difficult part is to
prove that Property (A) is satisfied for a certain standard seed. Properties (B) and (C) will then
be rather straightforward to check.

We fix the natural ordering on the set of vertices of its Dynkin diagram as in [79, Section 8.7,
ie. 1 <2 < 3 < 4 with 3 being the trivalent node. There are twelve positive roots and hence
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also twelve cluster variables in every seed, with four frozen variables and eight unfrozen variables.
The good Lyndon words (as well as the corresponding cuspidal representations in R — gmod) can
be found in [79, Section 8.7] or can be directly computed using the algorithm described by Leclerc
[84, Section 4.3]. Let us range them in the increasing order:

GL={1<13<132 <134 <1342 < 13423 <2 <23 <234 <3 <34 <4}.
Thus the corresponding convex order on the set of positive roots is given by

O, ={ay<aptaz<artaztar<art+azt+ag<a+ag+az+ oy

<apt2az3tastag<ar<ast+az<aytagt+ag<az<azt+ay<agl

The corresponding reduced expression of wq is inat = (1,3,2,4,3,1,4,3,2,4,3,4). Using |24, The-
orem 3.7|, we find the following dominant words for the determinantial modules of the seed Sirat:

1,13,132,134, 134213, 134231, 2134, 23134213, 234132, 32134, 3423134213, 432134.

Among these determinantial modules, those whose dominant words are 134231, 234132, 3423134213
and 432134 correspond to the frozen variables in C[N]. Three of them turn out to be strongly

homogeneous but one of them is not homogeneous, namely L(3423134213). From now on we denote
this module by M.

4.8.1 Computation of a graded character

In this subsection we determine the whole graded character of M, as an intermediate step for the
computation of D([M]).

As the isomorphism class of M is a frozen variable, it follows from the monoidal categorification
results of Kang-Kashiwara-Kim-Oh [69] that M g-commutes with every simple module in R—gmod.
In particular, it commutes with all the cuspidal representations in R — gmod. This strong property
constrains the form of the graded character of this module. Actually, it is sufficient to use the
fact that M g-commutes with the four cuspidal modules corresponding to the simple roots «;,i €
{1,...,4}. First one needs to determine the homogeneous degrees of the renormalized R-matrices
T,y for every i € {1,...,4}. We denote these degrees by A (M, L(i)) and A (L(i), M) following
[69]. The commuting of M and L(i) yields an isomorphism of graded modules

Mo L(i) ~ ¢**OM L) o M (4.8)
for every i € I.
Lemma 4.8.1. Let M := L(3423134213). Then one has

A(M,L(E) =A(L3E),M)=0
for every 1 < i <4,

Proof. We let B := wt(M) = 2 (a1 + a2 + 203 + aq). It follows from the definition of A(M, N)
(see [66, 69]), that if N € R(y) — gmod with v € Q4+ then

A(M7 N) = _(/87’}/) + 2(/877)71 - 25M,N

where sps n is the largest non-negative integer s such that the image of Rjs, n is contained in
z°(N o M,). First consider i € {1,2,4}. Then one has (a;, wt(M)) = 0. Moreover, both sp,;) s
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and sp7r(;) are always smaller or equal to the number of occurrences of ¢ in 3423134213 which is
by definition (a;, wt(M)),. Hence one has

A(M,L(i)) >0 and A(L(i),M) >0

By [69, Lemma 3.2.3|, the commuting of M and L(i) exactly means that the sum of these two
quantities has to be zero. Hence one has sy v = spr,pi) = 0 and

A(M,L(i)) = A(L(i), M) = 0.
For i = 3 one can perform computations of sys ;) and sg;) p in an analogous way as in [25]. O

Writing the g-commutations relations with every L(7) and looking at the coefficients in front of
every weight in these relations, one can compute the entire graded character of M.

Proposition 4.8.2. The graded character of the frozen variable L(3423134213) is given by:

e The following weights appear with q-dimension 1:

3{2,4}313{1,2,4}3 3{1,4}323{1,2,4}3 3{2,1}343{1,2,4}3
3{1,2,4}313{2,4}3 3{1,2,4}323{1,4}3 3{1,2,4}343{2,1}3.

e The following weights appear with q-dimension q¢ + q~':

3{2,4}3113{2,4}3 3{2,1}3443{2,1}3 3{1,4}3223{1,4}3 3{1,2,4}33{1,2,4}3.

In this statement, the notations {1,2,4} means any of the six permutations of 1,2 and 4.
Similarly {1,4} means any of the words 14 or 41.

Proof. As above we set M := L(3423134213). By definition, one has
M = hd (L(34) o L(23) o L(1342) o L(13))

where L(34), L(23), L(1342), L(13) are the cuspidal representations corresponding respectively to
the positive roots ag + oy, e + a3, a1 + g + a3 + a4, a1 + a3 for the natural ordering of the type
D4 Dynkin diagram. The graded characters of these four modules are known from Kleshchev-Ram
[79, Section 8.7]. They are respectively given by (34), (23), (1342) + (1324), (13) . In particular the
weights appearing in the graded character of M are either of the form (34) i (23) L (1342) L (13)
or of the form (34) w (23) w (1324) w (13). We write

chg(M) = Pu(q)(w)

with P, (q) € Zso[qt!] for every w. The graded character of the cuspidal module L(3) is simply
() for every i € I. Thus for each i € I the graded isomorphisms (4.8) can be written in terms of
quantum shuffle products of graded characters as

(1) o chg(M) = chy(M) o () (4.9)

as the degrees of each of the corresponding R-matrix is zero by the previous lemma. We now show
how these four equations strongly constrain the weights of chy(M) as well as their coefficients in
Zzolg*'].

All the weights of M begin with 3. First, the first letter of a weight of M is necessarily
the first letter of one of the words 34,23,1342,1324,13 and in particular it cannot be 4. If w is
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a weight of M beginning with 2, we write w = 2.w’. Consider the equation (4.9) for i = 2. The
word 2.2.w" appears in both hand sides and can only come from the shuffle of (2) with w as there
are no shuffle of 34, 23,1342, 13 (or 34, 23,1324, 13) beginning with 2, 2. Hence the quantum shuffle
formula (see Proposition 4.2.5) yields

(14 ¢ %) Pow(q) = 1+ ¢*)Pow(q)

i.e. Py(q) = 0.

If w is a weight of M beginning with 1, we write w = 1.w’. Let us first prove that w’ cannot
begin with 1. Assume so and write w’ = 1.w” and thus w = 1.1.w". Consider the equation (4.9)
for i = 1. The word 1.1.1.w” appears in both hand sides and can only come from the shuffle of (1)
with w as there are no shuffle of 34,23,1342,13 (or 34, 23,1324, 13) beginning with 1,1,1. Hence
the quantum shuffle product formula yields

(1+q¢ 2+ ¢ HPiiw (@) =1+ ¢ +¢")Priw ()

i.e. Py(q) = 0. This proves that w’ does not begin with 1, i.e. there are no weights of M beginning
with 1,1. Hence applying the same argument as for i = 2 yields P, (q) = P14 (¢) = 0.

There are at least two letters between the first two occurrences of 3. Assume w is a
weight of M of the form 3,i,3.w" (with i # 3). Consider the equation (4.9) for i = 3. The word
3,1,3,3.w" appears in both hand sides and can only come from the shuffle of (3) with 3,7,3.w" = w
as there are no shuffle of 34,23,1342,13 (or 34, 23,1324, 13) beginning with 3,7,3,3 and we have
just proved that there are no weights of M beginning with i. Hence the quantum shuffle product
formula yields

(™" +a7)Pule) = (g + 4 ) Pulq)
ie. Py(q) =0.

There is at most one occurrence of each letter 1,2,4 between the first two occur-
rences of 3. Recall that there are exactly two occurences of every letter 1, 2,4 and four occurrences
of 3 in any weight of M. We begin by showing that if w is a weight of M of the form 3.u.7,¢.v with
u not containing 3 then P,(q) = 0. Indeed consider the equation (4.9) for i. The word 3.u.i,%,%.v
appears in both hand sides and can only come from the shuffle of (i) with 3.u.i,i.v = w. The
quantum shuffle formula yields

(g+q "' +q ) Pule) = (¢* + g+ q ") Pulq)

which proves P, (q) = 0 in this case.

Now assume w is a weight of M of the form 3.w’.3.w” where w’ contains two occurrences of
a letter i € {1,2,4}; then w” does not contain any occurrence of this letter ¢ and contains two
occurrences of 3. Write w’ = uy.i.ug.iu3 with u1, us, ug containing neither ¢ nor 3 and consider the
equation (4.9) for i. The word 3.uj.i.us.7,i.u3.3.w” appears in both hand sides and can only come
from the shuffle of (i) with w as we have just proved that there are no weights of M of the form
3.u1.u2.1,1.u3.3.w”. Hence the quantum shuffle formula yields

(" +q¢*)Pu(q) = (¢ + ) Pu(q)

ie. Py(q) =0.
This proves that the weights of M begin either with 3{1,2}3 or 3{1,4}3 or 3{2,4}3 or 3{1,2,4}3.
The exact same arguments can be applied in a symmetric way to successively prove that

1. All the weights of M end with 3.

2. There are at least two letters between the last two occurrences of 3.

144



CHAPTER 4

3. There is at most one occurrence of each letter 1,2, 4 between the last two occurrences of 3.

Therefore we can write any weight w of M as
w = 3.u1.3.u2.3.u3.3

with uy and ug either of the form {1,2} or {1,4} or {2,4} or {1,2,4} and uy is a word containing
at most two letters (necessarily 1,2 or 4).

If uy contains a letter i € {1,2,4}, then u; and u3 are either of the form {1,2 4} or
{j,k} with j, k # i. Assume uy contains ¢ and for example uy of the form {i,j} (j # 7). Then
1 does not appear in ug as there are only two occurrences of ¢ in w. As us is of length at most
2, i is necessarily the first or the last letter of us (or both if us contains only 7). Assume for
example ug begins with ¢ and consider the equation (4.9) for i. The word 3.u;.3.7.u2.3.u3.3 appears
in both hand sides and as there is no weight of M with only one single letter between the first two
occurrences of 3, the quantum shuffle formula yields

(14 %) Pu(q) = (¢* + 1)Pu(q)

and thus P, (q) = 0 which proves the desired statement. It follows in particular that us cannot be
composed of two distinct letters (in that case, both u; and us could be only of the form {1,2,4}
but then w would contain three occurrences of a letter 1,2 or 4). It is then straightforward that
the only remaining possible weights are the ones listed in the statement of Proposition 4.8.2.

To finish the proof of Proposition 4.8.2, it remains to compute the values of P,(q) for every
weight w in this list. The starting point is that by [79, Theorem 7.2 (ii)], we know that the weight
space of M corresponding to the highest weight has ¢-dimension 1. From this we can deduce the
g-dimensions of all the other weight spaces of M.

For every distinct ¢, j € {1,2,4}, one has Ps; j3.,/(q) = P53 (q) for any w'. As there
is no weight of M with three letters between the first two occurrences of 3, one can consider the
equation (4.9) for i where the word 3,1, j,4,3.w" appears in both hand sides. Then the quantum
shuffle formula gives

G Py (@) =q Pz (q)

which is the desired statement. Using similar arguments one can also show that for every permu-
tation o of the set {1,2,4} one has

P312430/(0) = P3501),0(2),0(4),3.w (9)
for any w’. The symmetric statements are also valid i.e.
1. For every distinct 4, j € {1,2,4}, one has Py 3, ;3(q) = Py 3;43(q) for any w”.

2. For every permutation o of {1,2,4} one has Py»31243(¢) = Pu3.0(1),0(2),0(4),3(q) for any

w”.

In particular applying this with the highest weight 3423134213 we get that all the weights of

the form 3{2,4}313{1,2,4}3 are of ¢g-dimension 1. Then one can apply equation (4.9) for 1 and
look for words of the form 3{2,4}3113{1,2,4}3. The quantum shuffle formula yields

(¢* + 1) Pyga.a331301.2.413(0) + ¢ > P32, ay3113(2,4)3(q)
= (1+ ¢ %) Pyoa3313(1,2,433(0) + aPs,013113(2,433(0)-
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Knowing that Pss 43313(1,2,4)3(¢) = 1, this implies

Psgo a331132,43(0) = ¢ + g "

Then looking for words of the form 3{1,2,4}3113{2,4}3 in equation (4.9) for 1 and applying the
quantum shuffle formula, we get

P3{1,2,4}313{2,4}3(Q) =1L
Then one can look for words of the form 3{1,2,4}313{1,2,4}3 in equation (4.9) for 1 and we get

Py1o4331,2.433(0) = ¢+ ¢

Then considering equation (4.9) for 2 and then 4, one can deduce the ¢g-dimensions of the rest of
the weight spaces listed in the statement of Proposition 4.8.2. This finishes the proof.
O]

4.8.2 Computations on equivariant multiplicities

We can now finish the proof of Theorem 4.5.10 in type Dy4. Evaluating at ¢ = 1 the graded dimen-
sions given in Proposition 4.8.2, we can use Equation 4.7 to deduce the equivariant multiplicity of
[M]. This is done using the formal calculation software SAGE.

Corollary 4.8.3. The equivariant multiplicity of the frozen variable [L(3423134213)] € C[N] is

given by:
1

(HJc{1,2,4} (()43 + ey aj>> (a1 + ag + 2a3 + a4)2.

Using similar arguments, one can also compute the equivariant multiplicities of the two remain-
ing determinantial modules that are not homogeneous, namely L(134213) and L(23134213).

Lemma 4.8.4. The equivariant multiplicity of [L(134213)] € C[N] is given by:
1
a12(aq + ag)(ar + ag + ag)(ar + ag + a3)(ag + e + az + ay)’
The equivariant multiplicity of [L(23134213)] € C[N] is given by:
1
arag(ag + az)(ag + as)(ar + ag + a3)?(aq + ag + az + aq) (a1 + a2 + 203 + aq)

This proves that the standard seed Siret satisfies the Property (A). The polynomials Pj,1 <
J < 12 are given by:
P = Py = aj(og + as)

Ps = ag(ag + as)(ag + as + as) Py =ag(aq + as)(ag + ag + ay)

Ps = aq?(ay + a3)(oq + ag + a3) (a1 + ag + az)(ag + ag + as + ay)
Ps = aj(aq + as)(ag + as + ag)(ag + ag + ag)(ag + ag + as + ay) (a1 + ag + 2as + ay)

P; = agaq(ag + ag + ag)(ag + ag + as + ay)
Py = aan(ag 4 a3)(ag + az)(ag + az + a3)?(aq + ag + a3 + ag)(ag + as + 2a3 + ay)
Py = ag(ag + ag)(ag + ag + o) (o + ao + asz)(ag + o + as + aq) (g + ag + 2a3 + ay)
Py = az(ag + ag)(aq + ag) (a1 + ag + ag)(aq + ag + 203 + ay)

P = H <O£3 + Z Olj) (Oél + ao + 2a3 + Oé4)2

Jco{1,2,4} jeJ

Pio = ay(ag + ag)(ag + ag + ag) (a1 + as + aq) (a1 + ag + as + aq) (a1 + ag + 203 + ay).
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Let us now write down the equalities required by the Property (B). For example, let us detail the
cases of j =6 and j = 8.

The positive root Bg is a1 + s + 23 + aq. Moreover, ig =1, 6_ =1 and 6, = N +1 =13 as
there is no occurrence of the letter 1 after the position 6. The node 1 is monovalent in the Dynkin
diagram of type D4 and its only neighbour is 3. The last occurrence of 3 in iy, before the position
6 is in position 5. Thus Property (B) can be written as

PgP = (041 + ag + 2a3 + 064)P5.

The positive root fg is as + 3. Moreover, ig = 3, 8_ = 5 and 8, = 11. The node 3 is the trivalent
node. The last occurrences before the position 8 of each of its neighbours are thus 3 (for the node
2), 6 (for the node 1) and 7 (for the node 4). Hence the Property (B) can be written as

PsPs = (g + a3) Py Ps Py
The other equalities can be obtained in the same way and are listed below:
P = Py = (a1 + a3)P; Py = (a1 + as + a3) Py
Py = (a1 + a3+ oq)Ps PsPy = (o1 + ag + a3 + o) P P3Py
PsPy = (aq + ag + 2a3 + ay) Ps PPy = oy Ps
PsPs = (g + ag) P, Ps P; PyPs = (g + a3 + o) Py
PioPr=a3Ps  PuPs=(az+ay)PsPoPio Pi2Pio = aaPny
These equalities are straightforward to check by hand using the explicit values of the P;, 1 < j < 12.

Unlike the case where g is of type A, the Property (C) is here non trivial a priori. For instance,
the positive root a; appears with multiplicity 2 in P5. The required inequality is thus guaranteed by
the fact that oy also divides P5, = Pg (with multiplicity 1). Similarly, one has (o +ao+ags; Ps) = 2
and the inequality (C) follows from the fact that (aq + ap + a3; Ps, ) = (a1 + o + a3; Pip) = 1.

Finally, we have proven that the standard seed Sinet satisfies the Properties (A), (B) and (C).

4.9 Cluster theory of homogeneous modules

In this conclusive section, we discuss various evidences of the connections between the determinan-
tial modules categorifying the flag minors of C[N] and the (prime) strongly homogeneous modules
of R — gmod in the sense of Kleshchev-Ram [78|. This leads us to propose a conjectural criterion
of primeness of the homogeneous module S(w) (w € W).

Recall from Section 4.3.1 the subsets FC, Min, Min™ of W. We will consider certain subsets
of these sets, by intersecting them with the set of strict elements of W defined as follows.

Definition 4.9.1. An element w e W is called strict if for any reduced expression i = (i1,...,4) €
Red(w), one has
Vke{l,...,l},3j <k <l i #0.

In other words, there is no gap in any reduced expression of w. We let Wy denote the set of all
strict elements of W and we set

FCo:=WonFC , Ming:=Wygn Min /\/linar =Wy n Mint.

As we saw in Example 4.5.3, the determinantial modules whose classes in C[N] are flag minors
coincide with the prime strongly homogeneous when g = sly. We also noticed that the list of Weyl
group elements parametrizing these modules is exactly Min*\{s3s1}. Thus it is immediate that
this list is in fact the list of elements of Mind. The same observation can be checked for g = sls.
We propose the following:
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Conjecture 4.9.2. Let g be of type A,,. The set of cluster variables of the seeds S< (< running over
all the possible orderings on I) is exactly the set of isomorphism classes of the strongly homogeneous
modules S(w),w € Ming .

As we saw in Section 4.8, the determinantial modules corresponding to flag minors are not
necessarily homogeneous when g is of type D4. However, it is not hard in this case to list the strict
dominant minuscule elements of W. We obtain the following:

S1 S22 S3 S4
5183 8351 8283 8352 5483 8354
S$15253 515382 548283 S48352 5258351 S28354 S1S8354 545351 515453
53515283 5385154583 S3525283 S45251583 54525351 51525354 51548352
5351528354 83515458352 5352548351

5458351898354 8953515848352 8183525848351

Using Theorem 4.2.7, one can compute the determinantial modules corresponding to the cluster
variables of the seed S', i coming from a total ordering on I. Unlike the type A, case though,
this is not sufficient to get all the homogeneous modules S(w), w € Minl. Nonetheless, it is
not hard to compute the determinantial modules of the remaining standard seeds by performing
certain well-chosen mutations as in Section 4.6. Then one can observe that for w in the list above,
the isomorphism class of the homogeneous module S(w) is always a flag minor. We propose the
following conjecture:

Conjecture 4.9.3. Let g be a simple Lie algebra of (finite) simply-laced type. Then for any
w € Ming , the class of S(w) is a flag minor in C[N].

Remark 4.9.4. Note that the assumption that w is dominant minuscule is crucial. Indeed, consider
for instance g of type Dy and w := s381525483 (3 is the trivalent node). Then w is fully-commutative
but not dominant minuscule. On the other hand, one can show that the homogeneous module S(w)
is not real. In particular by the results of [69] it is not a cluster monomial and a fortiori not a
determinantial module.

This conjecture would imply the following primeness criterion for homogeneous strongly homo-
geneous modules:

Conjecture 4.9.5. The prime strongly homogeneous modules in R— gmod are exactly the modules
of the form S(w),w € Ming.

Proof. Indeed, Conjecture 4.9.3 would imply that if w € Ming, then S(w) is prime (as it categorifies
a cluster variable). But conversely, it is easy to check that if w is not strict, then the module S(w)
can be decomposed as a convolution product of two simple modules, and thus it is not prime. Thus
it would imply Conjecture 4.9.5. O
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Appendix A

Computations of equivariant
multiplicities

This Appendix is devoted to the computations of the equivariant multiplicities of several cluster
variables of the seed S'nat of C[N] in type D4. As explained in Section 4.8, the cluster structure
of C[N] is of rank twelve, with four frozen and eight unfrozen cluster variables in every seed.
We focus on a particular seed Sinat arising from the construction of Kang-Kashiwara-Kim-Oh [69)
adapting former results of Geiss-Leclerc-Schroer [52] to the setting of monoidal categorification.
In Section 4.8, we described the cluster variables of this seed in terms of the root partitions (or
dominant words) of the corresponding simple modules in R — gmod. Among these twelve simple
modules, nine of them are strongly homogeneous in the sense of Kleshchev-Ram [78] and thus their
equivariant multiplicities are given by Proposition 4.5.1. However the three remaining modules are
not homogeneous and thus one has to compute their equivariant multiplicities by hand.

We begin with the computation of the equivariant multiplicity of the frozen variable [L(3423134213)].
The graded character of the simple module L(3423134213) has been computed in Section 4.8. From
this one can deduce the equivariant multiplicity D(L(3423134213)) via the following SAGE pro-
gram.

# coding: utf—8

# Inf4]

var('al,a2,a3,a4")

f1(t) = (2x(al+t)+a24ad)«(a2+t)*(ad+t)*(a2+t+ad);
f2(t) = (2x(a2+t)+altad)*(al+t)*(ad+t)*(al+t+ad);
f4(t) = (2x(ad+t)+a24al)«(a2+t)*(al+t)*(a2+t+al);
f(t) = f1(t) + f2(t) + f4(t)

# In[5]

var('al,a2,a3,a4")

f14(t) = (2xt+al+ad)*(t+a2)=*(t+al+a2)*x(t+a2+ad);
f12(t) = (2xt+al+a2)«(t+ad)*(t+al+ad)*x(t+a24ad);
f24(t) = (2xt+a2+ad)*(t+al)=*(t+al+a2)*x(t+al+ad);
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# In[10]:

var('al,a2,a3,a4"')

N11 = 24 (a3)*(2x(2+xal+a2+ad+3+a3)+a2+ad)*(2+xad3+al+a2)*(2xad+altad)*(2x
a3+al+2+xa2+ad) x(2xad+al+a2+2«ad)*(3xa3+al+2+xa2+ad) «(3xad+al+a2+2xad)
x(al+2xa2+3+xa3+2xad) ;

N22 = fl14(a3)=*(2x(2xa2+al+ad+3*xald)+al+ad)«(2xad3+al+a2) *(2xa3+a2+ad ) *(2x
a3+2xalta2+ad ) x(2xad+al+a2+2xad) «(3xa3+2+alt+a2+ad ) *(3xad+al+a2+2xad)
*(2xal+a2+3«a3+2xad) ;

N44 = 12 (a3)*(2x(2xad+a2+al+3%a3)+a2+al)*(2+xad3+al+ad)*(2xad3+a2+ad)*(2x
a3+talf2+xa2+tad)*(2xad3+2+xalta2tad)*(3+xad+tal2+xa2+tad)*(3xad+2+alta2tad)
*(2xal+2xa2+3+a3+ad);

N1 = f24 (a3)xf(3+xa3+alta2+ad)*(2*xad+al+a2)«(2+xad+altad);

N2 = fl14 (a3)x*f(3xa3+alta2+ad)*(2+xa3+al+a2)*(2«xa3+a2+ad);

N4 = f12(a3)xf(3+xa3+alta2+ad)*(2*xad+alt+ad)«(2+xad+a2tad);

N33 = f(a3)=*(2xa3tal+a2)x(2xad3+al+ad)«(2xa3+a2tad)*f(3xa3+alta2+ad);

N31 = f(a3)x(2+xa3tal+2«a2+ad)*(2xad+alta2+2xad)«x(3xad+al+2«a2+ad)*(3*xa3
+alta2+2xad)x(al+2+xa2+3«xa3+2xad) *(2x(3xa3+2xalta2+ad)ta2+ad);

N32 = f(a3)*(2xa3+2«al+a2+ad)*(2xa3+al+a2+2xad) «(3xad3+2+al+a2+ad)*(3*xa3
+alta2+2xad)*(2xalta2+3«xa3+2xad)*(2x(3xa3+tal+2+xa2+tad)taltad);

N34 = f(a3)*(2xa3+2+al+a2+ad)*(2xad3+al+2xa24ad)«(3xa3+2+al+a2+ad)*(3xa3
+al+2*a2+ad)*(2xal+2xa2+3+xad+ad) *(2x(3xa3+al+a2+2xad)talta2);

N = (2%(N11 + N22 4 N44)«(alta2+a3+ad) + (N31 + N32 + N34)x*(2xa3+al+a2)
x(2xa3+al+ad)*x(2xa3+a2+ad))*x(3xa3+al+a24+ad) + ((N1 + N2 + N4)=x(al+a2
+a3+ad) + 2x«N33)x(2xa3+al+2+a2+ad)*(2xad+alt+a2+2xad)x(2xa3+2+al+a2+
ad);

D = a3x(2xal + 2xa2 + 2xad + 3xa3)*2x(al+ta2+ad+2xald)«(al+ad)x(a2+a3)*(
ad+a3d)*(a3talt+a2)*(ad+altad)«(ad+a2tad)«(alta2t+ad+ad)«(al+a2tad+2xa3
)*(2xa3+al+a2) x(2*xad3+altad)*(2+xad3+a2+ad) *(2xad3+al+2«a2+ad) «(2+ad+tal+
a2+2+ad) *(2xa3+2xal+a2+ad) x(3xad+al+a2+ad) *x(3xad3+al+2xa2+ad ) *(3xad+
alta2+2+ad)*(3xa3+2xalta2+tad)*(2xalf2+xa2+3«xa3+ad)«(2+xalt+a243xa3+2xad
) *(al+2xa2+3xa3+2xad) ;

# Inf[11]:

(N/D) . factor ()
The result is the following:

1/((al + a2 + 2xa3 + ad) "2«(al + a2 + a3 + ad)=*(al + a2 + a3)x(al + a3
+ ad)x(al + a3)=*(a2 + a3 + ad)x(a2 + a3)x(a3 + ad)xa3).

Now we do the same for the cluster variable corresponding to the class of the simple module
L(134213).

# coding: utf—8

# In[1]:
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Var('al,a2,a3,a4')

f1(t) = (2x(al+t)+a24ad)«(a2+t)*(ad+t)*(a2+t+ad);
f2(t) = (2«(a2+t)+alt+ad)*(alt+t)«(ad+t)*(al+tt+ad);
f4(t) = (2x(ad+t)+a24al)«(a2+t)*(al+t)*(a2+t+al);
f(t) = f1(t) + f2(t) + f4(t)
# In[2]:

var('al,a2,a3,a4")

Nel = f1(al+a3);

Ne¢2 = {2 (al+a3);

Ncd = f4(al+a3);

Nc¢ = (Nel + Ne2 + Ned)xal + (al+a3d)x(al+a3+ad)x(a2+a3+al)=(alta2+a3+ad)
x(4xal+a2+2+a3+ad);

Dc = al"2x(al+a3)*(2xal+ald)*(al+ad+ad)x(a24+a3+al)*(al+a2+ad+ad)x(2xal+
a3+ad)*(a2+a3+2*al)*x(2xal+a2+ad+ad) *(2xalt+a2+2%a3+ad) ;

Nc. factor ()

# In[3]:

var('al,a2,a3,a4")
(Nc¢/Dce) . factor ()

The result is the following:
1/((al + a2 + a3 + ad)=*(al + a2 + a3)x(al + a3 + ad)x(al + a3)*xal"2).
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Cluster variables and strict dominant
minuscule words

Now we present an algorithm in order to illustrate Conjecture 4.5.11 in type As. First it is straight-
forward to list by hand all the strict dominant minuscule words in X5 (i.e. the elements of Ming
with the notations of Sections 4.3.1 and 4.5). On the other hand we compute a sufficiently large
number of dominant words corresponding to cluster variables starting from the initial seed Sinat,
On the example below we performed sequences of 7 successive mutations in arbitrary (consecu-
tively distinct) exchangeable directions. Then it remains to check that the list we obtain this way
contains all the elements of Ming.

# coding: utf—8
# In[3]:

def root(k):
if k==0:
return 5
else
if k==1:
return 45
else
if k==2:
return 4
else
if k==
return 345
else :
if k==4
return 34
else
if k==5:
return 3
else :
if k==6:
return 2345
else
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# In[4]:

def wordpara(L):
S:ll
for k in range(0,15):
for i in range(0,L[k]):
s += str(root(k))
return s

# In[5]:

if k==T:
return 234
else:
if k==8:
return 23
else
if k==9:
return 2
else
if k==10:
return 12345
else
if k==11:
return 1234
else
if k=—12:
return 123
else
if k==13:
return 12
else
if k==14:
return
1

wordpara ([0,0,0,0,0,0,0,0,0,0,0,0,0,1,0])

# In[6]:

wordpara ([0,0,0,1,0,0,0,1,0,0,0,0,1,0,0])

# In[7]:

def first (L1,L2):
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k=0;

while L1|[k|==L2[k]:
k=k-+1

return k

# In[8]:

first (|0,0,1,2],]/0,0,2,3])

# In[9]:

def compare(L1,L2):
if first(Ll,L2)—len(L1)+1:

return 0
else
if L1|first(L1,L2)] > L2|[first (L1,L2)]:
return 1
else
if L1[first(L1,L2)] < L2[first (L1,L2)]:
return —1
# In[10]:

compare ({0,0,1,2],[0,0,2,3])

# In[11]:

def f(n.,k,B,i,j):

if i=k:

return —B[i][j]
else:

if j=—k:

: return —B[i]][]]
feturn Bli|[j] + Blk][j]*max(0,—B[i]|[k]) + B[i][k]|*max(0,B]
k][l

# In[12]:

def mutmatrix(n,k,B):
return matrix (|| f(

n,k,B,i,j) for j in range(0,n*(n—1)/2)| for i in
range (0 ,nx(n+1)/2)])

|
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# In[13]:

def somme interm plus(n,k,L,B):
s= vector ([0,0,0,0,0,0,0,0,0,0,0,0,0,0,0])
for i in range(0,nx*(n+1)/2):
if B[i]|[k] >= 0:
s = s + Bli][k]*L[1i]
return s

4 Inf14]:
def somme interm minus(n,k,L,B):
s= vector ([0,0,0,0,0,0,0,0,0,0,0,0,0,0,0])
for i in range(0,n*(n+1)/2):
if B[i][k] <= 0:
s = s — B|i][k]*L[i]

return s

B
0
2

# In[15]:

def mutvect(n,k,L,B,i):
if i<k:
return L|i|
else:
if compare(somme interm plus(n,k,L,B) somme interm minus(n,k,L,
B))==1:
return —L|k| + somme interm plus(n,k,L,B)
else:
return —L|k| + somme interm minus(n,k,L,B)

# In[16]:

def mutlist (n,k,L,B):
return |[mutvect(n,k,L,B,j) for j in range(0,n*x(n+1)/2)]

# In[17]:

n=»>,;

L0O=|vector ([0,0,0,0,0,0,0,0,0,0,0,0,0,0,1]),vector
(/0,0,0,0,0,0,0,0,0,0,0,0,0,1,0]),vector
(10,0,0,0,0,0,0,0,0,1,0,0,0,0,1]),vector
(10,0,0,0,0,0,0,0,0,0,0,0,1,0,0]),vector
(10,0,0,0,0,0,0,0,1,0,0,0,0,1,0]),vector
(10,0,0,0,0,1,0,0,0,1,0,0,0,0,1]),vector
([0,0,0,0,0,0,0,0,0,0,0,1,0,0,0]),vector
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(fo,0,0,0,0,0,0,1,0,0,0,0,1
([07070707]"0707071707070307
(fjo,0,1,0,0,1,0,0,0,1,0,0,0
([07070707070707070707]‘70707
(/0,0,0,0,0,0,1,0,0,0,0,1,0,
(/0,0,0,1,0,0,0,1,0,0,0,0,1,
([0?170707]"07070?1707070’07
(/1,0,1,0,0,1,0,0,0,1,0,0,0,

BO=matrix
([[o,-1,1,0,0,0,0,0,0,0],[1,0,

# In[18]:

print BO

# In[19]:

def wordseed(S):
57"

for p in range(0,10):

s = s + wordpara(S[p]) + '

return s

# In[20]:

wordseed (LO)

# In[21]:

def addlist(S,v):
if v in S:
return S
else:
return S + [v]

# In[22]:

def addlistbis(S,L,v):
if v in L:
return S + [L]
else:
return S

O R OO0 O o —OoO
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# In[23]:

addlist (['123','231",'345'],'456")

4 In[24]:

def listvariable(i,j):
stock =[] ; L=L0 ;memol=L0 ;memoB=B0 ; memobisL=L0 ; memobisB=B0 ; memoterL=L0
;memoterB=B0
for k1 in range(i,j):
L=mutlist (5,k1,L0,B0)
memol~=L
memoB=mutmatrix (5,k1,B0)
stock=addlist (stock ,wordpara(L[kl]))
for k2 in range(i,j):
if k2 < kl:
L=mutlist (5,k2,memoL, memoB)
memobisL=L
memobisB=mutmatrix (5 ,k2 ,memoB)
stock=addlist (stock ,wordpara(L[k2]))
for k3 in range(i,j):
if k3 < k2:
L=mutlist (5,k3, memobisL , memobisB)
memoterL=L
memoterB=mutmatrix (5 ,k3 , memobisB)
stock=addlist (stock ,wordpara(L[k3]))
for k4 in range(i,j):
if k4 < k3:
L = mutlist (5,k4, memoterL , memoterB)

stock=addlist (stock ,wordpara(L[k4]))
return stock

# In[25]:

S4 = listvariable (0,10)
print S4
len (S4)

# In[46]:

def listvariablebis (i,j):
stock =[] ; L=L0 ; memoli=L0 ; memoB=B0 ; memobisL=L0 ; memobisB=B0 ; memoter L=L0
; memoterB=B0 ; memoquadL=L0 ; memoquad B=B0
for k1 in range(i,j):
L=mutlist (5,k1,L0,B0)
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memol =L
memoB=mutmatrix (5,k1,B0)
stock=addlist (stock ,wordpara(L[kl]))
for k2 in range(i,j):
if k2 < kl:
L=mutlist (5,k2,memoL, memoB)
memobisL=L
memobisB=mutmatrix (5 ,k2 ,memoB)
stock=addlist (stock ,wordpara(L[k2]))
for k3 in range(i,j):
if k3 < k2:
L=mutlist (5,k3, memobisL , memobisB)
memoterL=L
memoterB=mutmatrix (5 ,k3 , memobisB)
stock=addlist (stock ,wordpara(L[k3]))
for k4 in range(i,j):
if k4 < k3:
L = mutlist (5,k4, memoterL , memoterB)
memoquadL=L
memoquadB=mutmatrix (5 ,k4 , memoterB)
stock=addlist (stock ,wordpara(L[k4]))
for k5 in range(i,j):
if k5 < k4:
L=mutlist (5,k5, memoquadlL,
memoquadB)
stock=addlist (stock ,wordpara (L]

k5]))

return stock

# Inf47):

Sb=listvariablebis (0,10)
print S5
len (S5)

# In[32]:

Ldomin:[lll,121’l3|7!4!’l5|7!12"l23|’|34l’|45|’121|,|32l’l43|,|54l’|
123','234",'345",'2312"','3423 ", 14534 "', '321"','432",'543"' 1312, 423",
'534',11234",'1243",'1432"','34123",'42312"','234123 ', '342312"','2345 ",
12354 " '2543 "', 145234 ,'53423 ", 1345234 ', '453423 ", '51234 ", '451234 " "

534123 ','3451234",'4534123 " ,'542312"','5234123"','45234123 "
len (Ldomin)

# In[27]:
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len (S4)

# Inf40]:

def inlist (s,L):
res=0;k=0;
while k < len(L):
if s<L|k]|:
k=k+1
else:
res=1;
k=len (L)+1
return res

# Infq1]:

inlist ('231"',Ldomin)

# Inf42]:

inlist ('312"',Ldomin)

# In| |:

# In[44]:

k=0;
for j in range(0,len(S4)):
if inlist (S4[j]|,Ldomin)==1:
k=k+1

# In[48]:

k=0;
for j in range(0,len(S5)):
if inlist (S5[j],Ldomin)==1:
k=k+1
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# In[49]:

inlist ('45"',54)

4 In[50]:

inlist ('45"',S5)

# In[55]:

def listvariableter (i,j):
stock =] ; L=L0 ;memol~=L0 ;memoB=B0 ; memobisL=L0 ; memobisB=B0 ; memoterL=L0
; memoterB=B0 ; memoquadL=L0 ; memoquadB=B0 ; memoquintL=L0 ; memoquintB=
BO;
for k1 in range(i,j):
L=mutlist (5,k1,L0,B0)
memol=L
memoB=mutmatrix (5,k1,B0)
stock=addlist (stock ,wordpara(L[kl]))
for k2 in range(i,j):
if k2 < kl:
L=mutlist (5,k2 ,memoL, memoB)
memobisL=L
memobisB=mutmatrix (5 ,k2 ,memoB)
stock=addlist (stock ,wordpara(L[k2]))
for k3 in range(i,j):
if k3 < k2:
L=mutlist (5,k3, memobisL , memobisB)
memoterL=L
memoterB=mutmatrix (5 ,k3, memobisB)
stock=addlist (stock ,wordpara(L[k3]))
for k4 in range(i,j):
if k4 < k3:
L = mutlist (5,k4 , memoterL, memoterB)
memoquadL=L
memoquadB=mutmatrix (5 ,k4 , memoterB)

stock=addlist (stock ,wordpara(L[k4]))
for k5 in range(i,j):

if kb <> k4:
L = mutlist (5,k5, memoquadL,
memoquadB)

memoquintL=L

memoquintB=mutmatrix (5,k5,
memoquadB)

stock=addlist (stock ,wordpara (L]
k1))

for k6 in range(i,j):
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if k6<>kb:

L=mutlist (5,k6,
memoquintL ,
memoquintB)

stock=addlist (stock ,
wordpara (L[k6]) )

return stock

# In[56]:

S6=listvariableter (0,10)
print S6
len (S6)

# In[57]:

k=0;
for j in range(0,len(S6)):
if inlist (S6[j],Ldomin)==1:
k=k+1

4 In[58):

def listvariables (i,j):
stock =[] ; L=L0 ; memoli=L0 ; memoB=B0 ; memobisL.=L0 ; memobisB=B0 ; memoterL=L0
;memoterB=B0 ; memoquadL=L0 ; memoquadB=B0 ; memoquintL=L0 ; memoquintB=
B0 ; memosixL=L0 ; memosixB=B0;
for k1 in range(i,j):
L=mutlist (5,k1,L0,B0)
memol =L
memoB=mutmatrix (5,k1,B0)
stock=addlist (stock ,wordpara(L[kl]))
for k2 in range(i,j):
if k2 < kl:
L=mutlist (5,k2 ,memoL, memoB)
memobisL=L
memobisB=mutmatrix (5 ,k2 ,memoB)
stock=addlist (stock ,wordpara(L[k2]))
for k3 in range(i,j):
if k3 < k2:
L=mutlist (5,k3, memobisL , memobisB)
memoterL=L
memoterB=mutmatrix (5 ,k3 , memobisB)
stock=addlist (stock ,wordpara(L[k3]))
for k4 in range(i,j):
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if k4 <> k3:
L = mutlist (5,k4, memoterL , memoterB)
memoquadL=L
memoquadB=mutmatrix (5,k4 , memoterB)

stock=addlist (stock ,wordpara(L[k4]))
for k5 in range(i,j):

if kb < k4:
L = mutlist (5,k5,memoquadL,
memoquadB)

memoquintL=L
memoquintB=mutmatrix (5,k5,
memoquadB)
stock=addlist (stock ,wordpara (L]
k51))
for k6 in range(i,j):
if k6<>kb:

L = mutlist (5,k6,
memoquintL ,
memoquintB)

memosixL=L

memosixB=mutmatrix (5 ,k6
, memoquintB)

stock=addlist (stock ,
wordpara (L[k6]) )

for k7 in range(i,j):

if k7<>k6:

L=mutlist (5,k7,
memosixL,
memosixB)

stock=addlist (
stock ,
wordpara (L]
k7))

return stock

# In[59]:

S7=listvariables (0,10)
print S7
len (S7)

# In[60]:

k=0;
for j in range(0,len(S7)):
if inlist (S7[j],Ldomin)==1:
k=k+1
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# Inf |:

The list Ldomin turns out to be of length 47, which means there are 47 strict dominant minuscule
elements in the Weyl group of type As. The final result of our program is 42, which means that
among the 47 elements of the list Ldomin, 42 of them are obtained as cluster variables. Our
program computed only the cluster variables belonging to seeds obtained after sequences of seven
consecutive mutations starting from one initial seed (Lo, By). We believe one could check with
a more powerful computer that the five remaining strict dominant minuscule words can also be
obtained as cluster variables.
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