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Résumeé

Résumé

Cette thése est consacrée aux objets m-amas basculants dans les catégories m-amassées
généralisées et aux frises tropicales associées aux diagrammes de Dynkin. La catégorie
amassée généralisée qui provient d’une algebre différentielle graduée 3-Calabi-Yau conve-
nable a été introduite par C. Amiot. Elle est Hom-finie, 2-Calabi-Yau et admet un objet
amas-basculant canonique. Dans cette theése, nous étendons ces résultats au cas ou l’al-
gebre différentielle graduée initiale est (m + 2)-Calabi-Yau pour un entier positif arbitraire
m. Nous montrons que la catégorie m-amassée généralisée associée est Hom-finie, (m + 1)-
Calabi-Yau et admet un objet m-amas basculant canonique. Dans cette catégorie trian-
gulée, nous obtenons une classe d’objets m-amas basculants griace aux mutations d’objets
pré-basculants et aux équivalences dérivées. Pour les catégories m-amassées généralisées
qui proviennent des algebres différentielles graduées fortement (m + 2)-Calabi-Yau, nous
prouvons que chaque P-objet amas-basculant presque complet admet exactement m + 1
compléments avec la propriété de péridicité. Finalement, inspiré par le travail de Ringel
sur les fonctions amas-additives sur des carquois a translation stables, nous introduisons
les frises tropicales sur des catégories 2-Calabi-Yau munies d’objet amas-basculant. Nous
montrons que chaque frise tropicale sur la catégorie amassée d’un carquois de Dynkin est
d’une forme spéciale et donnons une preuve d’une conjecture de Ringel sur la forme des
fonctions amas-additives.

Mots-clefs

Catégories m-amassées généralisées, Objets m-amas basculants, Compléments, Frises
tropicales.



On generalized higher cluster categories
and tropical friezes

Abstract

This thesis is concerned with higher cluster tilting objects in generalized higher cluster
categories and tropical friezes associated with Dynkin diagrams. The generalized cluster
category arising from a suitable 3-Calabi-Yau differential graded algebra was introduced
by C. Amiot. It is Hom-finite, 2-Calabi-Yau and admits a canonical cluster-tilting object.
In this thesis, we extend these results to the case where the initial differential graded
algebra is (m + 2)-Calabi-Yau for an arbitrary positive integer m. We show that its
associated generalized m-cluster category is Hom-finite, (m + 1)-Calabi-Yau and admits
a canonical m-cluster tilting object. In this triangulated category, we obtain a class of
m-~cluster tilting objects by taking advantage of silting mutation and derived equivalence.
For generalized m-cluster categories arising from strongly (m + 2)-Calabi-Yau differential
graded algebras, we prove that each almost complete m-cluster tilting P-object admits
exactly m 4 1 complements with periodicity property. Finally, inspired by Ringel’s work
on cluster-additive functions on stable translation quivers, we introduce tropical friezes on
2-Calabi-Yau categories with cluster-tilting object. We show that any tropical frieze on
the cluster category of a Dynkin quiver is of a special form and give a proof of a conjecture
of Ringel on the form of cluster-additive functions.

Keywords

Generalized m-cluster categories, m-cluster tilting objects, Complements, Tropical friezes.
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Chapitre 1

Preliminaries

1.1 Triangulated categories

In this section, we recall some basic definitions and properties of triangulated catego-
ries, and recall the facts on t-structure which we will use in Chapters 3/ and 4.
Our main references for this section are [11], [44], [62] and [77].

1.1.1 Foundations

Let 7 be an additive category endowed with an automorphism X, which is usually cal-
led the suspension functor. The inverse of ¥ is denoted by ¥~ 1. A sextuple (X,Y, Z,u,v,w)
is given by three objects X,Y,Z € 7 and three morphisms v : X — Y,v:Y — Z w :
7 — Y. X. A more customary notation of sextuples is

XLy L z2%%Xx.

A morphism of sextuples from (XY, Z,u,v,w) to (X', Y', Z',u/,v',w') isatuple (f, g, h)
of morphisms such that the following diagram commutes :

XYy =7 —"s¥%X
AR
X sy s e,

Moreover, if f,g and h are isomorphisms in 7, then (f, g, h) is called an isomorphism of
sextuples.

Definition 1.1.1. An additive category 7 with suspension functor ¥ is called a triangu-
lated category if it is endowed with a class U of sextuples (called triangles) which satisfies
the following axioms (TR1) to (TR4) :
(TR1) Every sextuple isomorphic to a triangle is a triangle. Every morphism v : X —
Y in 7 can be embedded into a triangle X — Y % Z % SX. For every object X of
7T, the sextuple X XX 0= YXisa triangle.
(TR2) f X %Y % Z % £X is a triangle, then Y % Z %% ©X =" Y is a triangle.
(TR3) Given two triangles (X,Y, Z, u,v,w) and (X', Y’ Z’ /', v, w), and morphisms
f and g satisfying u'f = gu, there exists a morphism (f, g, h) of triangles.
(TR4) Let
x4y Lz3Livx
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v 4z 5% x Iyy
x gz y vy

be three triangles. There exist two morphisms f : Z/ — Y’ and g : Y’ — X’ such
that the following diagram commutes :

nlX =——=x-1x’
-1y
X—"—=Y Ly wx
o
) QL S T L
v ] lzu
X ———x o yy

where the two middle rows and the two middle columns are triangles.

Remark 1.1.2. A different way of displaying the axiom (TR4) is given by an octahedron.
Therefore, axiom (TR4) is also called the octahedral aziom.

Let (7,%,U) and (7',%',U’) be two triangulated categories. An additive functor F :
T — T'is called a triangle functor or an exact functor if there exists an invertible natural
transformation « : F¥ — Y'F such that (FX,FY,FZ, Fu, Fv, Fw) is a triangle in U’

whenever (XY, Z, u,v,w) is a triangle in U.

Proposition 1.1.3 ([77]). Let T be a triangulated category. Let (X,Y,Z,u,v,w) be a
triangle and M an object of T. Then

a) vu=wv =0.

b) The following long exact sequences are exact :

= T(M,YX) - T(M,SY) - T(M,%Z) - T(M, 2 X)) — ...

S T(STX, M) - T(SZ,M) - T(S'Y, M) - T(S'X, M) — ...

c) Let (f,g,h) be a morphism of triangles. If two of the three morphisms are isomor-
phisms, then so is the third.

Proposition 1.1.4 ([44]). Let (X,Y, Z,u,v,w) and (X', Y', Z' u/,v',w') be two triangles
in a triangulated category T. Let g : Y — Y’ be a morphism. Then the following are
equivalent :

a) v'gu=0.

b) There exists a morphism (f,g,h) from the first triangle to the second.

1.1.2 t¢-structure

Let 7 be a triangulated category. A t-structure on 7 is given by two strictly (i. e.
stable under isomorphisms) full subcategories 7= and 7=° which satisfy the following
three conditions :

a) for X € 7<% and Y € 72!, we have that Hom7(X,Y) = 0,

b) 7=0c 7= and 72! c 729,
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¢) for any object X € 7, there exists a triangle X’ — X — X” — Y X’ such that
X' eT<0 and X" e 721,
where 75" denotes ¥~"(7 =) and 72" denotes £~"(7=") for any n € Z.

Denote by H the full subcategory 7<9N7 20 of T. It is called the heart of the t-structure
(T=9,729). The heart H of a t-structure is an abelian category [11].

Now we recall the work on aisles of Keller-Vossieck, who gave an alternative description
of t-structures. In Chapters |3 and 4, we use this work to obtain the existence of a canonical
t-structure as in Section 2 of [2].

A strictly full subcategory A of 7 is called an aisle if it is stable under shifts X! (I € N)
and extensions, and the inclusion A — 7 admits a right adjoint.

For a full subcategory U of 7 we denote by U+ (resp. +U) the full subcategory consis-
ting of the objects Y € 7 such that Hom(X,Y) = 0 (resp. Hom(Y, X) = 0) for all X € U.

Proposition 1.1.5 ([62]). A strictly full subcategory A is an aisle if and only if (A, (£.A)*)
s a t-structure.

1.2 Derived categories and derived functors

An important class of triangulated categories is the one of the derived categories of
differential graded algebras. Besides, we also use the theory of derived functors between
derived categories.

Our main references for this section are [50] and [52].

1.2.1 Derived categories

Let k be a commutative ring.

Definition 1.2.1. A differential graded k-algebra (for simplicity, dg k-algebra) is a graded
k-algebra A = @,z A" equipped with a k-linear homogeneous map d4 : A — A of degree
1 such that d4 = 0 and the graded Leibniz rule d4(ab) = da(a)b+ (—1)"ad(b) holds,
where a € A” and b € A. The map d 4 is called a differential on A.

An ordinary k-algebra can be viewed as a dg k-algebra concentrated in degree 0 whose
differential is trivial. A graded k-algebra can be viewed as a dg k-algebra with the zero
differential.

Definition 1.2.2. A (right) differential graded A-module (for simplicity, dg A-module)
is a (right) graded A-module M = @, czM" equipped with a k-linear homogeneous map
dy : M — M of degree 1 such that d3, = 0 and the graded Leibniz rule dy(ma) =
dy(m)a + (—1)"mda(a) holds for all m € M™ and a € A. The map dys is called a
differential on M.

The homology of a dg algebra A is defined on each degree by
H"A = Kerd?; /Tmd’; .
In a similar way, the homology of a dg A-module M is defined on each degree by
H"M = Kerd}, /Tmdy; .

Let M and N be two dg A-modules. The dg k-module Hom$% (M, N) is defined as
follows :
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a) for each integer n, the nth-component Hom'; (M, N) of Hom® (M, N) is the subset
of [[;ez Homy, (M7, N9+™) whose elements f = (f;); satisfy that

fitm)a = fji(ma), me M ac Al
b) the differential of Hom$ (M, N) is defined by
d"(f)y=dnof—(-1)"fody,

where f is in Hom" (M, N).

The kernel of d° (denoted by Z°Hom® (M, N)) consists of the elements f in the zeroth
component Hom% (M, N') which commute with the differentials, that is, dy o f = f o djy.
The zeroth homology H°Hom® (M, N) is just the quotient of Z'Hom% (M, N) by the
homotopy relation :

f~g<:>5|3eHom;‘l(M,N)suchthatf—g:dNos+sodM.

The category of dg A-modules C(A) is the category whose objects are dg A-modules
and morphism spaces are given by

Home(4)(M, N) = Z"Hom$ (M, N)

for all dg A-modules M and N. The category C(A) is an abelian category. The homotopy
category H(A) of A has the same objects as C(A), and its morphism spaces are given by

Homyy(4)(M, N) = H'Hom$% (M, N)

for all dg A-modules M and N. The category H(A) is a triangulated category. A quasi-
isomorphism from M to N is a morphism in H(A) which induces an isomorphism H*M ~
H'N for each i.
Let N be the full subcategory of H(A) whose objects are those N such that there is a
triangle
X>3Y - N—-3%X

with s a quasi-isomorphism. Then N is a thick subcategory (definition see [1.3.1) of H(A).

Definition 1.2.3. The derived category D(A) of A is defined as the triangulated quotient
category (definition see section [1.3))

The derived category D(A) is triangulated, has arbitrary coproducts and products.

1.2.2 Derived functors

Let k be a commutative ring. Let A and B be two dg k-algebras.

Definition 1.2.4. A differential graded left A right B bimodule (for simplicity, dg A-B-
bimodule) is a graded A-B-bimodule M = @,czM" equipped with a differential dys :
M — M such that M is a left dg A-module and a right dg B-module.
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Let L be a right dg A-module and N a right dg B-module. Then L ® 4 M admits
a natural right B-module structure and Hom% (M, N) admits a natural right A-module
structure. The dg A-B-module M gives rise to an adjoint pair (— ®4 M, Hom¥%(M, —))
between the categories of dg modules :

—Q®aM

C(4) C(B)

-~
Hom$% (M,—)

This adjoint pair induces an adjoint pair between the homotopy categories :

—®aM

H(A) H(B)

Hom% (M,—)

However, in general these two functors are not well-defined triangle functors between the
derived categories.

Definition 1.2.5. a) A dg A-module P is cofibrant if
Home(4)(P, L) = Home(4)(P, N)

is surjective for each quasi-isomorphism s : L — N which is surjective in each
component.

b) A dg A-module I is fibrant if
Homg ) (N, I) = Homg(a)(L, I)

is surjective for each quasi-isomorphism ¢ : L — N which is injective in each com-
ponent.

A dg A-module is cofibrant if and only if it is a direct summand of a dg A-module P
which admits a filtration

O=F,.CkhCchcC..CF,CFy1C...CP, peN

in C(A) such that
a) P is the union of the F,, p € N;
b) as graded A-modules, for each p, F}, is a direct summand of Fj 4 ;
c) for each p, the subquotient F,1/F, is isomorphic in C(A) to a direct summand of
a direct sum of modules of the form X" A, n € Z.

Proposition 1.2.6 ([50]). The canonical triangle functor m : H(A) — D(A) admits a left
adjoint p and a right adjoint i such that for each object X of D(A),

a) the object pX is cofibrant and the object iX is fibrant, and

b) there exist quasi-isomorphisms pX — X and X — iX.

We call pX a cofibrant resolution of X and iX a fibrant resolution of X.
Now we have the following diagram of triangle functors :

—Q®aM
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L
Definition 1.2.7. Let M be a dg A-B-bimodule. The left derived functor — @4 M :
D(A) — D(B) is defined as the composition 7 o (— ®4 M) o p. The right derived functor
RHomp(M,—) : D(B) — D(A) is defined as the composition m4 o Hom% (M, —) o i.

There is a canonical isomorphism
L
Homp ) (L ®a M, N) ~ Homp4)(L, RHomp(M, N))

L
for each dg A-module L and dg B-module N. The left derived functor — ® 4 M and the
right derived functor RHomp (M, —) form an adjoint pair.

1.3 Triangulated quotients

In this thesis, we study triangulated quotients of subcategories (namely, perfect derived
categories) of the derived categories of suitable dg algebras. Our main references for this
section are [2] and [77].

Let 7 be a triangulated category.

Definition 1.3.1. An additive subcategory N of 7 is a thick subcategory if N is a
full triangulated subcategory (i. e. X is an automorphism of ANV and N is closed under
extensions) of 7 and satisfies that : for all triangles

xLy o Noex
where N € N and f factors through an object of NV, the objects X and Y belong to N.

Theorem 1.3.2 (J. Rickard). Let N be a full triangulated subcategory of T. Then N is
thick if and only if N is closed under taking direct summands.

Given a thick subcategory N of 7, the triangulated quotient (denoted as 7 /N') is the
category constructed as follows :

e The objects of 7 /N are the objects of 7.

e The morphisms in Homyz (X, Y) are the equivalence classes s71f of diagrams of

the form
Z
7N

X Y
where s and f are morphisms in 7', and s is contained in a triangle

Z35X > N->YZ
with N an object of N, while the equivalence relation is given by :

Zl

SN N

and X Y
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are equivalent if there exist another such diagram

Z//
7 X
X Y

and a commutative diagram

Let s~'f be in Homyz (X, Y) and t~1g in Homy (Y, Z). Suppose that f is in
Hom7 (X', Y) and t is in Hom7(Y”,Y), and the morphism ¢ is contained in a triangle

v 5Ly LN - xy
with N € N. The morphism ¢f € Homy (X', N) can be embedded into a triangle
W X' %N s

The commutative diagram
X/ Lf) N
|
Y —>N

can be completed to the following commutative diagram

W —— X’ N SW
| .
Y ——=Y——=N sy

Then there is a new diagram
w
7N
X' Y’
NN
X Y Z

with fr = th. The octahedral axiom (TR4) ensures that (sr)~*(gh) lies in Homy (X, Z).
The composition of s~ f and t~!g is defined as the morphism (s7)~!(gh). It is well-defined.
For each morphism s € Hom7 (X, Y’) which is contained in a triangle

X3Y >N-=XX
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with N € N, the morphism (idx)~'s is an isomorphism in Homg/x(X,Y’) whose inverse
is s~ 1(idy).

The canonical functor @ : 7 — 7T /N sends each object to itself and sends each
morphism f € Hom7(X,Y) to the morphism (idx)~'f € Homg/p(X,Y). The image of
the objects in AV under @ are zero objects in 7 /N. The functor @ induces a triangulated
structure on 7 /N.

Proposition 1.3.3 ([77]). For any triangle functor F : T — T' which sends the objects
of a thick subcategory N of T to zero objects of T', there exists a unique triangle functor
F' :T/N — T such that F' o Q = F :

Let k& be a field and 7 a k-linear triangulated category. Assume that there is an
automorphism v on 7 such that v(N) C N and a non-degenerate bilinear form

Bnx :T(N,X)xT(X,v(N)) — k

which is bifunctorial both in N € A/ and in X € 7. In Section 1 of [2], Amiot constructed
a related form on the triangulated quotient :

Bxy :T/NX,Y)x TIN(Y, S (X)) — k
The form (3’ is well-defined, bilinear and bifunctorial.

Definition 1.3.4. Let X and Y be two objects in 7.
a) A morphism p : N — X is called a local N -cover of X relative to Y if N is in N/
and p induces an exact sequence

0—T(X,Y) 2 T(N,Y).

b) A morphism i : X — N is called a local N -envelope of X relative to Y if N is in
N and i induces an exact sequence

0—T(Y,X) % T(Y,N).

Theorem 1.3.5 ([2]). Let X and Y be two objects of T . If there exists a local N -cover of
X relative to Y and a local N -envelope of vX relative to Y, then the bilinear form ﬁg(yy
is non-degenerate.

1.4 2-Calabi-Yau categories

Cluster algebras were invented by S. Fomin and A. Zelevinsky [34] in order to develop
a combinatorial approach to the total positivity in algebraic groups [66] and the canonical
bases in quantum groups [49] [65]. The categorification of cluster algebras has attracted a
lot of attention. In this section, we list three classes of triangulated categories whose most
important property is to be Calabi-Yau of dimension 2. Each of them gives rise to some
additive categorification of cluster algebras.

Our main references for this section are 2], [17], [20], [37] and [70].



1.4. 2-CALABI-YAU CATEGORIES 19

1.4.1 Cluster categories

Let k& be an algebraically closed field. Let Q be a connected finite acyclic quiver with
vertex set {1,...,n}. We denote the finite-dimensional derived category of the module
category of finite-dimensional right kQ-modules by Dy4(modk@), the Auslander-Reiten
translation in Dyq(modkQ) by 7 and the suspension functor by 3.

Definition 1.4.1. The cluster category Cq of Q is the orbit category D sq(modkQ)/771%
e The objects are the objects of D¢4(modk@).
e For any X,Y € Cg, the morphism space is

Home, (X,Y) = [ [ Homp,, (moarg) (771 5)"X,Y).
nez

Proposition 1.4.2 ([53]). The cluster category Cq is triangulated and the canonical func-
tor m: Dyq(modkQ) — Cq is a triangle functor.

Several important properties of the cluster category Cg were proved in [17] :
a) It is a Krull-Schmidt category.
b) It is 2-Calabi-Yau, that is, there are bifunctorial isomorphisms

DHome,, (X,Y) ~ Homg, (Y, %*X), X,Y €Cq.

c¢) The set ind(kQ) [[{EPF;|i € Qo} is a complete set of representatives for indecompo-
sable objects of Cg, where ind(kQ) is a complete set of representatives for indecom-
posable right kQ-modules and P; are indecomposable projective right kQ-modules.
An object T of Cg is called a cluster-tilting object if T is rigid, 1. e. ExtéQ (T,T) =0and
if for each object L satisfying Exté o (T, L) = 0, we have that L belongs to the subcategory
addT" of direct summands of finite direct sums of copies of T'. The image of kQ in Cg is
a cluster-tilting object. Each rigid indecomposable object of Cg is contained in a cluster-
tilting object. Let T' be a basic cluster-tilting object of Cg with T' = T1 & ... ® T, a
decomposition of T" into indecomposables. The quiver Q7 of the endomorphism algebra of
T is defined by :
e the vertex set is {1,...,n};
e the number of arrows from 4 to j equals the dimension of the vector space irrp (75, T})
(by definition, this is rady (T3, T;) /rad% (T}, T;), where rad (T}, Tj) denotes the vector
space of non isomorphisms from T; to T])

Proposition 1.4.3 ([20]). The quiver Qr does not have loops or 2-cycles.

A basic rigid object T in Cq is called an almost complete cluster-tilting object if there
exists an indecomposable object M (not in addT’) such that T ® M is a cluster-tilting
object. The object M is called a complement of T.

Theorem 1.4.4 ([17]). Each almost complete cluster-tilting object in Cg admits exactly
two complements.

More precisely, given one complement M to an almost complete cluster-tilting object
T, the other can be constructed using approximation theory. Indeed, there is a triangle

M* = BL M= s
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in Cg, where f is a minimal right (addT')-approximation of M in Cp and M* is the other
complement of 7. Dually, there is another triangle

ML B — M*— XM

in Cg with ¢ a minimal left (addT')-approximation of M in Cq. It was shown also in [17]
that two indecomposable objects M and M™* form such an exchange pair if and only if

dimExtg,, (M, M*) = 1 = dimExt¢, (M*, M).

Let T* denote T @ M*. It is called the mutation of T at M.

Proposition 1.4.5 ([17]). Any two basic cluster-tilting objects are linked by a finite se-
quence of mutations.

Let @ be a finite quiver without loops or 2-cycles and ¢ a vertex of Q. The mutation

of @ at i is the quiver u;(Q) obtained from @ as follows :

b
i) for each subquiver j LAFILA [, add a new arrow j [at] l;

ii) reverse all arrows « incident with ¢, denote the new ones as a*;
iii) remove all the arrows in a maximal set of pairwise disjoint 2-cycles.

Theorem 1.4.6 ([20]). The quiver Q-+ of the endomorphism algebra of T* over Cq is
the mutation of Qr at its vertex corresponding to M.

1.4.2 Preprojective algebras

Let k be an algebraically closed field and @) a connected finite acyclic quiver. Its double
quiver @Q is obtained from @ by adding an arrow a* in the opposite direction for each
arrow a of Q. The preprojective algebra Ag is the quotient of the path algebra kQ by the
ideal generated by the element acO: (aa* —a*a). It is a selfinjective algebra. Let modAg
denote the category of finite-dimensional right Ag-modules and nilAg the subcategory
of modA¢ consisting of the objects which admit composition series given by the simple
modules associated with the vertices. The algebra A is finite-dimensional if and only if
@ is of Dynkin type A, D or E if and only if modAg = nilAg.

Definitions 1.4.7. An object 7" in nilAg is
o rigid if Ext} (T, T) = 0;
o mazimal rigid if T is rigid and X lies in addT" whenever T' ® X is rigid ;
e cluster-tilting if T is rigid and X lies in addT whenever Ext} o (T, X)=0.

An easy fact is that each indecomposable projective-injective Ag-module is a direct
summand of any maximal rigid Ag-module.

From now on, assume that @ is a Dynkin quiver. Let T = T1 @ ... ® T;. be a basic
maximal rigid Ag-module with T; indecomposable for all i. Without loss of generality,
assume that T, _,11,...,T, are projective-injective. The quiver Q7 of the endomorphism
algebra of T" over A is defined as in subsection [1.4.1. The ice quiver Q% of the endomor-
phism algebra of T" over Ag is the subquiver of @7 such that there are no arrows between
any vertices 7,5 € {r —n+1,...,7}. The vertices r —n + 1,...,r are often called frozen
vertices. The mutation of an ice quiver is defined as the mutation of a quiver but only
mutation with respect to non frozen vertices are allowed and no arrows are drawn between
the frozen vertices.

The following results all come from the work of Geiss, Leclerc and Schroer.
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Theorem 1.4.8 ([37]). Let Q be a Dynkin quiver and T a Ag-module. Then T is mazimal
rigid if and only if T is cluster-tilting. Moreover, the quiver Qr of the endomorphism
algebra of T' over Ag does not have loops or 2-cycles.

Theorem 1.4.9 ([37]). Let T be a basic mazimal rigid object in modAg with Q@ a Dynkin
quiver. Suppose that T =T ® X with X indecomposable non projective-injective and that
f: X — T is a minimal left (addT )-approzimation of X. Then f is a monomorphism
and there is a short exact sequence

o-—xL1r%y_o

Moreover, the object Y is indecomposable and not isomorphic to X such that T ®Y is a
new mazximal Tigid object.

Let ux(T) denote T @ Y. We call it the mutation of T at X.
Theorem 1.4.10 ([37]). Keep the above notation. Then

dimExtj  (X,Y) = 1 = dimExt}, (Y, X),

and ng(T) = MX(Q%)v

where sz(T) is the ice quiver of the endomorphism algebra of ux(T) and px(QY) is the

mutation of the ice quiver Q% at the vertex corresponding to X.

1.4.3 Generalized cluster categories

Let k be a field. Let @ be a finite quiver and k@ its path algebra. Let [kQ,kQ)]
denote the subspace of k(@ generated by all commutators [a,b] = ab — ba. The quotient
kEQ/[kQ, kQ] admits a basis formed by the cycles of Q. For each arrow a of @, the cyclic
derivative with respect to a is the unique linear map

8o : kQ/[KQ, kQ] — kQ

which takes the class of a path p to the sum Zp:uav vu taken over all decompositions
of the path p as a concatenation of paths u,a,v. A potential on @Q is an element W of
kQ/[kQ, kQ] which is a linear combination of cycles of length > 1 in Q.

Definitions 1.4.11. Let Q be a finite quiver and W a potential on Q. Let @ be the
graded quiver with the same vertices as ) and whose arrows are

e the arrows of @ (they all have degree 0),

e the arrows a* : j — i of degree —1 for each arrow a : 7 — j of @,

e the loops t; of degree —2 associated with each vertex i of Q.

a) The Ginzburg dg algebra T'(Q,W) is the dg k-algebra whose underlying graded
algebra is the graded path algebra k@) and whose endowed differential is the unique
linear endomorphism homogeneous of degree 1 such that on the generators
e d(a) =0 for each arrow a of Q,

e d(a*) = 9,W for each arrow a of Q,
o d(t;) = ei(>_,la, a*])e; for each vertex i of ), where e; is the idempotent associated
with 4 and the sum runs over the set of arrows of Q).

b) The Jacobian algebra J(Q, W) is the zeroth homology of the Ginzburg dg algebra

I'(Q, W) defined as

J(Q,W) = kQ/(0Wla € Q).
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Let I" denote I'(Q, W). Let D(T") be the derived category of I', perI" the perfect derived
category of T', i.e. the smallest triangulated subcategory of D(I') which is the closure
under shifts, extensions and passage to direct summands of the free right I'-module I'r,
Dyq(T") the finite-dimensional derived category of I' consisting of objects of D(I') with
finite-dimensional total homology.

Lemma 1.4.12 ([54]). The finite-dimensional derived category D¢q(I") is contained in the
perfect derived category perl .

The generalized cluster category of (Q, W) is defined to be the triangulated quotient

Coow) = perl'/Dyq(T).

The quiver with potential (Q, W) is called Jacobi-finite if the Jacobian algebra J(Q, W)
is finite-dimensional.

Theorem 1.4.13 ([2]). Let (Q,W) be a Jacobi-finite quiver with potential. Then the
generalized cluster category C(qw) is Hom-finite and 2-Calabi-Yau. Moreover, the image
of the free module I' in C(q w is a cluster-tilting object and its endomorphism algebra is
isomorphic to the Jacobian algebra J(Q,W).

When (Q, W) is not Jacobi-finite, the generalized cluster category Cq ) has infinite-
dimensional morphism spaces and is not 2-Calabi-Yau. In [70], Plamondon gives an ap-
proach to study the Jacobi-infinite case.

Let T be an object of C = C(g ). Let preT" denote the full subcategory of C whose
objects are those X such that there exists a triangle

T —Ty— X —XTY

with Tp, 77 in addT'. We refer to [70] for the definition of the mutation of suitable objects
in C.

Proposition 1.4.14 ([70]). The category prel' is a Krull-Schmidt category and depends
only on the mutation class of the object I in C.

Definition 1.4.15. The subcategory D of C(q,w) is the full subcategory of preX ' Nprel
whose objects are those X such that Ext} (T, X) is finite-dimensional.

These subcategories still have the good properties which hold in the Jacobi-finite case.

Proposition 1.4.16 ([70]). Let X be an object in preX~'T Uprel' and Y an object of
prel'. Then there exists a canonical bifunctorial bilinear form

By : Home(X,Y) x Home (Y, 22X) — k
XY

which is non-degenerate.



Chapter 2

Summary of results

In this chapter, we give a short summary of the main results in this thesis.
This thesis is concerned with

e higher cluster tilting objects in generalized higher cluster categories, and
e tropical friezes associated with Dynkin diagrams.

The thesis is organized as follows. In Chapter 3, we show that the generalized m-cluster
category arising from a suitable (m + 2)-Calabi-Yau dg algebra is Hom-finite, (m + 1)-
Calabi-Yau and admits a canonical m-cluster tilting object. In Chapter |4, we study the
complements of an almost complete m-cluster tilting object in a generalized m-cluster
category. In Chapter 5, we turn to a relatively independent subject, namely, tropical
friezes associated with Dynkin diagrams. We prove that each such frieze is obtained by
composing a linear form with the index with respect to a cluster-tilting object.

The results of Chapter 13/ were published in [40]. These of Chapters 4 and |5 are
contained in the preprints [41] and [42], which were submitted for publication.

2.1 Existence of m-cluster tilting objects

Let k be a field and A a (pseudo-compact) dg k-algebra. Denote by D(A) the derived
category of A, perA the perfect derived category of A, Dsq(A) the finite-dimensional
derived category of A, A° the dg algebra AP @ A. Let m be a positive integer. Suppose
that A has the following four properties:

a) A is (topologically) homologically smooth;

b) the p-th homology HP A vanishes for each positive integer p;
¢) the 0-th homology H°A is finite-dimensional;

d) Ais (m + 2)-Calabi-Yau as a bimodule.

Thanks to the property b), the derived category D(A) carries a standard t¢-structure
(D(A)=°, D(A)Z0). The property a), namely, (topological) homological smoothness im-
plies (Lemma 4.1, [54]) that D4(A) is Hom-finite and is contained in perA. The properties
a), b) and c) together imply the following proposition:

Proposition (3.2.5). The category perA is Hom-finite.
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The property d) implies (Lemma 4.1, [54]) that for all objects L of D(A) and M of
Dyq(A), there is a canonical isomorphism

DHomp(4)(M, L) ~ Homp4)(L, Ym0,

where D is the duality functor Homy(—, k). Let C4 denote the triangulated quotient
perA/Dsq(A) and 7 : perA — C4 the canonical projection functor. The category Cy4 is
called the generalized m-cluster category of A. We have the following proposition:

Proposition (3.2.7). The category C4 is (m + 1)-Calabi- Yau.

Let F be the full subcategory D(A)<°N +D(A)S~™~1 N perA of perA. We call F the
fundamental domain. For each object X of F, we can construct m triangles as in Lemma
3.2.8), using which we can deduce the following proposition:

Proposition (3.2.15). The projection functor w: perA — Cy4 induces a k-linear equiva-
lence between F and Cy.

Thanks to this proposition, we can show that the image 7 A is an m-cluster tilting object
in Cya, that is, the spaces Home, (A, ¥"L) = 0 vanish for all integers 1 < r < m if and
only if L belongs to addm A the full subcategory of C4 consisting of the direct summands
of finite direct sums of copies of TA.

In conclusion, we generalize Amiot’s work (Theorem 2.1 for m = 1 case, [2]) to the
following theorem:

Theorem (3.2.2). Let A be a (pseudo-compact) dg k-algebra with the four properties stated
at the beginning of this section. Then

1) The category C4 is Hom-finite and (m + 1)-Calabi- Yau;
2) The object A is an m-cluster tilting object in C4;

3) The endomorphism algebra of 7A over Ca is isomorphic to HVA.

2.2 Two classes of generalized m-cluster categories

Let (Q, W) be a graded quiver with superpotential in the sense of [56], where the author
defined its Ginzburg dg category I',,(Q,W). It is proved also in [56] that I',(Q, W) is
homologically smooth and n-Calabi-Yau. For simplicity, we write '™ for I (Q,W). Let
Ng denote the minimal degree of the arrows in (). Suppose that the arrows of () are
concentrated in nonpositive degrees and that m is a positive integer satisfying m > —Ng.
As a direct application of Theorem 13.2.2, we get the following theorem:

Theorem (3.3.3). Suppose that the zeroth homology of the Ginzburg dg category r(m+2)
is finite-dimensional. Then the generalized m-cluster category

Ciow) = perF(m+2) /Dfd(F(m+2) )

associated to (Q, W) is Hom-finite and (m + 1)-Calabi-Yau. Moreover, the image of the

free module T(+2) n Ciw) s an m-cluster tilting object whose endomorphism algebra

is isomorphic to the zeroth homology of T(M+2).
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Let @ be an acyclic quiver and W the zero potential. Then its generalized m-cluster
category C(q,0) recovers the (classical) m-cluster category an) = Dyq(modkQ)/771E™,
which was first mentioned in [53].

Corollary (3.3.4). Let k be an algebraically closed field and m a positive integer. Suppose
that @ is an acyclic quiver. Then the generalized m-cluster category C(qg o) is triangle

equivalent to the (classical) m-cluster category an).

Now we turn to another class of generalized m-cluster categories which arise from
finite-dimensional algebras A of global dimension < m + 1. Let B be the trivial extension
A@® Y™ 2DA. Then perB is contained in Dq(B). Denote by p : B — A the canonical
projection and p, : Dyq(A) — Dyq(B) the induced triangulated functor. Let (4)p be the
thick subcategory of Dy4(B) generated by the image of p,. We call the triangulated hull
Ca = (A)p/perB the m-cluster category of A.

We give a complete proof for the following well-known lemma.

Lemma (3.4.6). Let A be a dg k-algebra. Then for all dg A-modules L, M, the objects
RHomyu (L, M) and RHom ge (A, Homy (L, M)) are isomorphic in the derived category of
dg A-A-bimodules.

We specialize L to DA and M to A in the above lemma and we deduce that the derived
(m + 2)-preprojective algebra II,, 2(A) defined in [56] is quasi-isomorphic to the tensor
algebra T4 (™' RHom (DA, A)). As an application of Theorem 3.2.2, if Tor;} ,,(—, DA)
is nilpotent, the generalized m-cluster category C = perll,,;2(A)/Dsq(Il42(A)) is Hom-
finite, (m + 1)-Calabi-Yau and the image of II,,+2(A) in C is an m-cluster tilting object.

Then we construct a triangle equivalence between the m-cluster category C4 and the
above generalized m-cluster category C. As a consequence, we have the following theorem:

Theorem (3.4.9). Let A be a finite-dimensional k-algebra of global dimension < m + 1.
If the functor Tor;?lﬂ(—, DA) is nilpotent, then the m-cluster category Ca of A is Hom-
finite,(m + 1)-Calabi-Yau and the image of Ap is an m-cluster tilting object in C4.

2.3 Complements of almost complete m-cluster tilting
P-objects

Let k be an algebraically closed field of characteristic zero. Let A be a (pseudo-compact)
dg k-algebra which satisfies the four properties at the beginning of Section 2.1. Then the
category perA is k-linear Hom-finite and has split idempotents. It follows that perA is a
Krull-Schmidt triangulated category. Denote by C4 the generalized m-cluster category.

Definition (4.2.5). An object X € perA is silting (resp. tilting) if perA = thickX the
smallest thick subcategory of perA containing X, and the spaces Homp4) (X,X'X) are
zero for all integers ¢ > 0 (resp. i # 0).

Theorem (4.3.3). The image of any silting object under the projection functor w : perA —
Ca is an m-cluster tilting object in C4.

The dg algebra A itself is a silting object. Notice that under the assumptions we
made on A, tilting objects do not exist. Assume that HA is a basic algebra. Let e be
a primitive idempotent of H°A. We call eA a P-indecomposable. Let M be (1 —e)A. In
Section4.2, we inductively construct the right mutations RA; and the left mutations LA
with respect to the dg module M for all positive integers t, where RAg = LAg = P.
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Theorem (4.2.7, [1]). For each nonnegative integer t, the objects M & RA; and M @& LA,
are silting objects in perA. Moreover, any basic silting object containing M as a direct
summand is either of the form M @ RA; or of the form M & LA;.

Using the standard t-structure on D = D(A), we obtain that RA; belongs to D= N
+D="1N perA and LA; belongs to D=0 N +D="t=1 N perA. Thus, the objects LA; (0 <
t <m) lie in the fundamental domain F.

Definition (4.3.4). An object X in Cy4 is called an almost complete m-cluster tilting object
if there exists some indecomposable object X’ in C4\ (addX) such that X & X’ is an m-
cluster tilting object. Here X' is called a complement of X. In particular, we call 7(M)
an almost complete m-cluster tilting P-object.

Theorem (4.3.6). The almost complete m-cluster tilting P-object w(M) has at least m+1
complements in Cy4.

Let [ be a finite-dimensional separable k-algebra. We use the same notation PC Algc(1)
as in [76] to denote the category of pseudo-compact augmented dg l-algebras whose aug-
mentation ideal equals their radical. We mainly consider the strongly (m + 2)-Calabi-Yau
(see [76]) case in Chapter /4.

Theorem (4.4.7, [76]). Let A be a strongly (m+2)-Calabi-Yau dg algebra with components
concentrated in degrees < 0. Suppose that A lies in PC Algc(l) for some finite-dimensional
separable commutative k-algebra . Then A is quasi-isomorphic to some good completed
deformed preprojective dg algebra ﬁ(Q, m+2,W).

We study the truncations of minimal cofibrant resolutions of simple modules of strongly
(m + 2)-Calabi-Yau algebras (or good completed deformed preprojective dg algebras) in
Proposition 4.4.10. Then we prove the following theorems:

Theorem (4.4.11). Let IT be a good completed deformed preprojective dg algebra ﬁ(Q, m+
2, W) and i a vertex of Q. Assume that there are no loops of Q at vertex i and HCII is
finite-dimensional. Then the image of RA; is isomorphic to the image of LA;,+1—¢ in the
generalized m-cluster category Cr for each integer 0 <t < m + 1.

Theorem (4.5.2). Under the assumptions of Theorem 4.4.11), for each positive integer t,
1) the image of RA; is isomorphic to the image of RA;modm+1) in Cr,
2) the image of LAy is isomorphic to the image of LA;(modm+1) i C1-

For the category Cry, we use the higher AR theory of [48] to give a more explicit
criterion than the general Theorem 5.8 of [48] for determining the number of complements
of an almost complete m-cluster tilting P-object. The associated AR (m + 3)-angle is
constructed in the proof of the following theorem:

Theorem (4.6.3). Let IT be a good completed deformed preprojective dg algebra ﬁ(Q, m-+
2, W) andi a vertex of Q. Assume that the zeroth homology HII is finite-dimensional and
there are no loops of Q@ at vertex i. Then the almost complete m-cluster tilting P-object
IT1/e;I1 has exactly m + 1 complements in the generalized m-cluster category Cyy.
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2.4 Liftable almost complete m-cluster tilting objects

In this section, we summarize some results concerning the complements of liftable almost
complete m-cluster tilting objects. Let k& be an algebraically closed field of characteristic
zero. Let A be a (pseudo-compact) dg k-algebra which satisfies the four properties at the
beginning of Section 2.1. Let C4 denote its generalized m-cluster category.

Definition (4.3.4). An almost complete m-cluster tilting object Y is said to be liftable if
there exists a basic silting object Z in perA such the 7(Z/Z’) is isomorphic to Y for some
indecomposable direct summand Z’ of Z.

The following two propositions state that if the initial dg algebra A is 3-Calabi-Yau
or A is the completed Ginzburg dg algebra I';,12(Q,0) of an acyclic quiver @, then all
almost complete m-cluster tilting object in C4 are liftable.

Proposition (4.3.5). Let A be a 3-Calabi-Yau dg algebra satisfying the assumptions at
the beginning of Section 2.1. Then any (1—)cluster tilting object in C4 is induced by a
silting object in F under the canonical projection .

Proposition (4.8.6). Let @ be an acyclic quiver and B its path algebra. Let I' be the
completed Ginzburg dg category T'p12(Q,0) and Cr the generalized m-cluster category.
Then any m-cluster tilting object in Cr is induced by a silting object in F under the

canonical projection mw : perI'’ — Cp.

Using our method, we obtain the following theorem (which can also be deduced from

[48]).

Theorem (4.3.7). Fach liftable almost complete m-cluster tilting object has at least m+1
complements in C4.

Let II be a good completed deformed preprojective dg algebra ﬁ(Q, m + 2, W) whose
zeroth homology HPII is finite-dimensional. Let Z be a basic silting object in perIl which
is minimal perfect and cofibrant. Denote by E the dg algebra 7<o(Homp(Z,Z)). We
study the properties of E. The dg algebra E is strongly (m + 2)-Calabi-Yau and lies
in PCAlgc(l), where | = H\Qo\ k. We give a theoretical criterion for an liftable almost
complete m-cluster tilting object in Cyy to admit exactly m + 1 complements.

Theorem (4.7.4). Keep the above notation. Then

1) the dg algebra E is quasi-isomorphic to some good completed deformed preprojective
dg algebra 1" = TI(Q',m + 2,W'), where the quiver Q' has the same number of
vertices as Q and HPTI' is finite-dimensional;

2) letY be a liftable almost complete m-cluster tilting object of the form w(Z/Z') in Cn
for some indecomposable direct summand Z' of Z. If we further assume that there

L
are no loops at the vertex j of Q', where e;II' @y Z = Z', then Y has exactly m + 1
complements in Cr.

It is not easy to check the ‘non-loop’ assumption on @’ in the second statement of the
above theorem. This leads us to consider a class of dg algebras which satisfy m-rigidity.

Definition (4.7.5). Let r be a positive integer. An algebra A € PCAlgc(l) is said to be
r-rigid if

HHy(A)~1l, and HHH(A)=0(1<p<r-—1),
where HH,(A) is the pseudo-compact version of the Hochschild homology of A.



28 CHAPTER 2. SUMMARY OF RESULTS

The completed Ginzburg dg algebras fm+2(Q, 0) of acyclic quivers @ are m-rigid. The
definition of 1-rigidity coincides with the definition of rigidity in [31]. In this case, the
quiver Q' never contains loops.

However, we do not obtain too much progress on determining the number of com-
plements of liftable almost complete m-cluster tilting objects even under the m-rigidity
condition. A conjecture is as follows:

Conjecture (4.7.10). Let II = ﬁ(Q,m—l— 2, W) be an m-rigid good completed deformed
preprojective dg algebra whose zeroth homology HCIL is finite-dimensional. Then any
liftable almost complete m-cluster tilting object has exactly m + 1 complements in Cry.

2.5 Tropical friezes associated with Dynkin diagrams

Inspired by a conjecture of Ringel on cluster-additive functions on stable translation quiv-
ers and by the tropicalized version of Coxeter-Conway’s frieze patterns of integers, we
introduce tropical friezes on 2-Calabi-Yau categories C with cluster-tilting object in Chap-
ter .

Definition (5.2.2). A tropical frieze on C with values in Z is a map
f:obj(C) — 7
such that
dl) f(X)= f(Y)if X and Y are isomorphic,
d2) f(XeY)=f(X)+ f(Y) for all objects X and Y,
d3) for all objects L and M such that dimExt}(L, M) = 1, the equality
F(L) + f(M) = max{f(E), f(E")}
holds, where F and E’ are the middle terms of the non-split triangles
L—-E—M-—3YL and M —FE —L—XYM
with end terms L and M.

If we specialize the 2-Calabi-Yau category C to the cluster category Cg of a Dynkin
quiver, we obtain the following proposition:

Proposition (5.3.4). Let Cg be the cluster category of a Dynkin quiver Q and T =T, ®
... ®T, a basic cluster-tilting object of Cg. Then the map

O : {tropical friezeson Cq} — Z"

given by 7(f) = (f(T1),..., f(Ty)) is a bijection.

Let X be an object of a 2-Calabi-Yau category C and T a basic cluster-tilting object
of C. The index of X with respect to T is defined by indr(X) = [T5%] — [T}Y], where T5*
and T;X belong to addT such that there exists a triangle

T - T8 — X — 2T,
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Let T =T1 & ... DT, be a decomposition of T into indecomposables. We denote
the endomorphism algebra End¢(7") by B, the indecomposable right projective B-module
C(T,T;) by P;, the simple top of P; by S;.

Let K;"(modB) denote the split Grothendieck group of the abelian category modB.
Define a bilinear form

(,): Kj¥(modB) x Kf(modB) — Z

by setting
(X,Y) = dimHomp(X,Y) — dim ExtL(X,Y)

for all finite-dimensional B-modules X and Y. In particular, if X is a projective B-module,
then
(X,Y) =dimHomp(X,Y),

in this case, the linear form (X,?) on K;”(modB) induces a well-defined form
(X,7) : Ko(modB) — Z,

where Ky(modB) is the Grothendieck group of modB. Define an antisymmetric bilinear
form on K;’(modB) by setting

<X7Y>a - <X7Y> - <KX>

for all finite-dimensional B-modules X and Y. In [69] Palu has proved that the antisym-
metric bilinear form (, ), descends to the Grothendieck group Ko(modB).

Let F' denote the functor C(7,7). Let m be an element in Ko(modB). The function
frm : 0bj(C) — Z which sends an object X to the integer (F'(indp (X)), m), is a well-
defined function.

Theorem (5.3.1). Assume that (S;,m)q > 0 for each simple B-module S; (1 < i < n).
Then the function fr., is a tropical frieze on C.

The main theorem of Chapter 5/ is as follows:

Theorem (5.5.1). Let Cq be the cluster category of a Dynkin quiver Q. Then all tropical
friezes on Cq are of the form fr ., where T is a cluster-tilting object of Cq and m an
element in the Grothendieck group Ko(modEndc, (T)).

As an application of Theorem 5.5.1, we show the following sign-coherence property:

Theorem (5.5.7). Let Cq be the cluster category of a Dynkin quiver Q and f a tropical
frieze on Cq. Then there exists a cluster-tilting object T' such that

(1) >0 (resp. f(T:) <0)
for all indecomposable direct summands T; of T.

Using similar techniques, in section 5.6, we give a proof of a conjecture of Ringel
(Section 6 of [74]) on cluster-additive functions on stable translation quivers.






Chapter 3

Generalized m-cluster categories

We prove the existence of an m-cluster tilting object in a generalized m-cluster category
which is (m + 1)-Calabi-Yau and Hom-finite, arising from an (m + 2)-Calabi-Yau dg al-
gebra. This is a generalization of the result for the m = 1 case in Amiot’s Ph. D. thesis.
Our results apply in particular to higher cluster categories associated with Ginzburg dg
categories coming from suitable graded quivers with superpotential, and higher cluster
categories associated with suitable finite-dimensional algebras of finite global dimension.

3.1 Introduction

In recent years, the categorification of cluster algebras has attracted a lot of attention.
Notice that there are two quite different notions of categorification: additive categorifica-
tion, studied in many articles, and monoidal categorification as introduced in [46]. One
important class of categories arising in additive categorification is that of the cluster cat-
egories associated with finite-dimensional hereditary algebras. These were introduced in
[17] (for quivers of type A in [24]), and investigated in many subsequent articles, e.g. [18]
[21] [23] [25] [26] ... , cf. [73] for a survey. The cluster category Cq associated with the
path algebra of a finite acyclic quiver @) is constructed as the orbit category of the finite-
dimensional derived category Dfq(modkQ) under the action of the autoequivalence 1%,
where ¥ is the suspension functor and 7 the Auslander-Reiten translation. This category
is Hom-finite, triangulated and 2-Calabi-Yau. Analogously, for a positive integer m, the

m-cluster category Cé?m)

is constructed as the orbit category of Dfq(modkQ@) under the
action of the autoequivalence 7~ 'X™. This higher cluster category is Hom-finite, triangu-
lated, and (m+1)-Calabi-Yau. It was first mentioned in [53], and has been studied in more
detail in several articles [3] [59] [60] [75] ... . Many results about cluster categories can
be generalized to m-cluster categories. In particular, combinatorial descriptions of higher
cluster categories of type A, and D,, are studied in [8] [9], the existence of exchange tri-
angles in m-cluster categories was shown in [48], both [78] and [79] proved that there are
exactly m + 1 non isomorphic complements to an almost complete tilting object, and so
on.

C. Amiot [2] generalized the construction of the cluster categories to finite-dimensional
algebras A of global dimension < 2. In order to show that there is a triangle equiv-
alence between Cy4, constructed as a triangulated hull [53], and the quotient category
perll3(A)/Dysqll3(A), where II3(A) is the 3-derived preprojective algebra [56] of A, she
first studied the category Ca =perA/Dyq(A) associated with a dg algebra A with the
following four properties:
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1) A is homologically smooth;

3

)

2) A has vanishing homology in positive degrees;
) A has finite-dimensional homology in degree 0 and
)

4) A is 3-Calabi-Yau as a bimodule.

She proved that the category C4 is Hom-finite and 2-Calabi-Yau. Moreover, the image
of the free dg module A is a cluster tilting object in C4 whose endomorphism algebra
is the zeroth homology of A. She applied these results in particular to the Ginzburg dg
algebras I' = T'(Q, W) associated [38] with Jacobi-finite quivers with potential (Q, W),
and then introduced generalized cluster categories C(g 1) = perl’ /D ¢ql', which specialize
to the cluster categories Cg in the case where () is acyclic and W is the zero potential.

The motivation of this article is to investigate the existence of cluster tilting objects
in generalized higher cluster categories. We change the above fourth property of the dg
algebra A to:

4’) Ais (m + 2)-Calabi-Yau as a bimodule.

Similarly as in [2], using the inherited ¢-structure on perA we prove in Section 2 that the
quotient category C4 =perA/Dy4(A) is Hom-finite and (m + 1)-Calabi-Yau. We call it the
generalized m-cluster category. The image of the free dg module A is an m-cluster tilting
object in C4 whose endomorphism algebra is the zeroth homology of A.

We apply these main results in Section 3 to higher cluster categories C(q 1) associated
with Ginzburg dg categories [56] arising from suitable graded quivers with superpoten-
tial (Q,W). In order for the Ginzburg dg categories to satisfy the four properties, we
assume that their zeroth homologies are finite-dimensional, that the graded quivers are
concentrated in nonpositive degrees, and that the degrees of the arrows of () are greater
than or equal to —m. This generalized higher cluster category C(q w) specializes to the

gn) when @ is an acyclic ordinary quiver and W is the zero

higher cluster category C
superpotential.

In the last section, we work with finite-dimensional algebras A of global dimension
< n. If the functor Tor/(—, DA) is nilpotent, then the (n — 1)-cluster category C4 defined
as in Section 4 of A is Hom-finite, n-Calabi-Yau and the image of A is an (n — 1)-cluster
tilting object in C4. This section is a straightforward generalization of Section 4 in [2], so

we only list the main steps of the proof.

3.2 Existence of higher cluster tilting objects

Let k be a field and A a differential graded (dg) k-algebra. We write perA for the perfect
derived category of A, i.e. the smallest triangulated subcategory of the derived category
D(A) containing A and stable under passage to direct summands. We denote by Dyq(A)
the finite-dimensional derived category of A whose objects are those of D(A) with finite-
dimensional total homology, and denote by A® the dg algebra A°? ®; A. Usually, we write
[1] in this chapter for the suspension functors ¥ in triangulated categories. Let D denote
the duality functor Homy(—, k).

Lemma 3.2.1 ([54], Lemma 4.1). Suppose that A is homologically smooth. Define

Q = RHom 4 (A, A°)
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and view it as an object in D(A®). Then for all objects L of D(A) and M of Dq(A), we
have a canonical isomorphism

L
DHomp4y(M, L) ~ Homp4)(L ®4 Q, M).

If we have an isomorphism Q ~ A[—d] in D(A®) for some positive integer d, then Dyq(A)
is d-Calabi-Yau, i.e. we have

DHOHID(A) (M, L) >~ HOHID(A) (L, M[d])

From the proof given in [54] of Lemma [3.2.1, we can see that Dy4(A) is Hom-finite
and is a thick triangulated subcategory in perA. We denote by 7 the canonical projection
functor from perA to C4 = perA/Dyq(A).

Let m > 1 be a positive integer. Suppose that A has the following properties (x):

a) A is homologically smooth, i.e. A belongs to per(A°) when considered as a bimodule
over itself;

b) the p-th homology HP A vanishes for each positive integer p;
¢) the 0-th homology HA is finite-dimensional;

d) Ais (m + 2)-Calabi-Yau as a bimodule, i.e. there is an isomorphism in D(A€)

RHom ge (A, A®) >~ A[—m — 2].

The main generalized result is the following theorem:

Theorem 3.2.2. Let A be a dg k-algebra with the four properties (x). Then
1) the category Co = perA/Dysq(A) is Hom-finite and (m + 1)-Calabi- Yau,
2) the object T = 1A is an m-cluster tilting object in C4, i.e. we have

Home, (T, T[r]) =0,r=1,...,m,

and for each object L in C4, if Home, (T, L[r]) vanishes for each r =1,...,m, then
L belongs to addT the full subcategory of C4 consisting of direct summands of finite
direct sums of copies of TA;

3) the endomorphism algebra of T over Cy4 is isomorphic to HCA.

We call C4 the generalized m-cluster category associated with A.

From now on, we simply denote D(A) by D, and denote C4 by C.

Let D=C (resp. D=°) be the full subcategory of D whose objects are the dg modules X
such that HP X vanishes for all p > 0 (resp. p < 0). Similar as in [2], the proof of Theorem
3.2.2 also depends on the existence of a canonical t-structure (D=, D=°) in perA. For
a complex of k-modules X, we denote by 7<oX the subcomplex with (7<oX)* = X? for
i <0, (1<0X)? = Kerd® and zero otherwise. Set 751X = X/7<0X. By the assumptions
on A, the canonical inclusion 7<gA—A is a quasi-isomorphism of dg algebras. Thus, we
can assume that AP is zero for all p > 0.

Proposition 3.2.3 ([2]). Let H be the heart of the t-structure, i.e. H is the intersection
D=ND=Y. Then
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1) the functor H® induces an equivalence from H onto the category ModHCA of right
HYA-modules;

2) for all X and Y in H, we have an isomorphism

Ext}ro,(X,Y) =~ Homp (X, Y[1]).

Lemma 3.2.4. For each integer n, the space H™ A is finite-dimensional.

Proof. By our assumptions, the space H™A is zero for every positive integer m and HYA
is finite-dimensional. We use induction on n to show that

a) for all M € modH A, the space Homp(7<_, A, M[p]) is finite-dimensional for p>n
and

b) the homology H~"A is finite-dimensional.

It is easy to check a) and b) for n = 0. Assume that a) and b) hold for some n > 0.

Let p > n + 1. Applying the functor Homp(—, M[p]) to the triangle

(H"A)n — 1]—71<_p1A—1<_nyA—(H " A)[n],
we can get the long exact sequence
= (T<n A, M[p])—=(T<—n—1 A, M[p])—=((H™"A)[n — 1], M[p])—...,

where we write (,) for Homp(,). By part a) of the induction hypothesis, the space
Homp(7<_nA, M|p]) is finite-dimensional, and by part b) of the induction hypothesis,
the space H ™A is finite-dimensional. Moreover, the homological smoothness of A implies
that Dyq(A) is Hom-finite, so the space Homp((H " A)[n — 1], Mp]) is finite-dimensional.
This implies a) for the ‘n + 1’ case.

Now we show b) for the ‘n + 1’ case. Apply the functor Homp(—, M[n + 1]) to the
triangle

(H_n_lA) [TL]%Tgfn,QA—>7‘§,n,1A—>(H_n_lA) [TL + 1]

Since the object 7<_,_24 is in D="""2 there holds an isomorphism
Homp(H " 1A, M) ~ Homp(7<_,_1A, M[n +1]),

whose right-hand side is finite-dimensional. Let M be the duality DHYA. Then the
following isomorphism

DH ™ YA~ Hompos(H " 1A DHA)
implies that the space H~""'A is finite-dimensional. This finishes the proof. O

The subcategory of (perA)° x perA whose objects are the pairs (X,Y) such that, the
space Homp(X,Y) is finite-dimensional, is stable under extensions and passage to direct
factors. By Lemma [3.2.4, the space H"A(~ Homp(A, A[n])) is finite-dimensional. As a
result, the following proposition holds.

Proposition 3.2.5. The category perA is Hom-finite.

Lemma 3.2.6 ([2]). For each X in perA, there exist integers N and M such that X
belongs to DN N DM Moreover, the t-structure on D canonically restricts to perA.
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An obvious remark here is that the first statement in Lemma [3.2.6/ has the following
equivalent saying: there exists a positive integer Ny such that X belongs to D" N LD=—n
for any n > Njy.

Proposition 3.2.7. The category C is (m + 1)-Calabi- Yau.

Proof. Let T denote the category perA. Let N denote Dy4(A), which is a thick subcate-
gory of 7. Because of the Calabi-Yau property, that is,

DHomp(N, X) ~ Homp (X, N[m +2]) for each N € Dsq(A) and X € D,
there is a bifunctorial non-degenerate bilinear form :
On,x : Homp(N, X) x Homp (X, N[m + 2]) — k
Therefore, by Section 1 in [2], there exists a bifunctorial form :

By : Home(X,Y) x Home(Y, X[m +1]) — &k for X,Y €C.

By Lemma [3.2.6, the object X belongs to “D=" for some integer 7. Thus, we obtain an
injection
0 — Homp(X,Y) — Homp(X, 7~,Y),

and the object 7,Y is in Dsq(A). Since perA is Hom-finite by Proposition 13.2.5, still
using Section 1 in [2], we can get that 5&7}, is non-degenerate. Therefore, we have

DHom¢ (X,Y) ~ Home(Y, X[m +1]) for X, Y €C.
Thus, the category C is (m + 1)-Calabi-Yau. O

Let F be the full subcategory D=0 N +D="""1 1 perA of perA.

Lemma 3.2.8. For each object X of F, there exist m triangles ( which are not unique in
general )
Pi—Qo—X—Pi[1],

Py—Q1— P — D1,

Pm—>Qm—1—>Pm—1%Pm[1]a
where Qo, Q1,...,Qm_1 and P, are in addA.

Proof. For each object X in perA, the following isomorphisms
Homp (A, X) ~ H°X ~ Hompo,(H A, H'X)

hold. Therefore, we can find a morphism QQo— X with @y a free dg A-module, which
induces an epimorphism H°Qy—H"X. Take X in F and form a triangle

P—Qy—X—P; [1]

Step 1. The object Py is in DN LD~ N perA.
Since the objects Qo and X are in D=0, P, is in D=!. Moreover, we have a long exact

sequence
. —>H'Qy—»H'X—H'Pi—H'Qy = 0.
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It follows that H'P; = 0. Thus, the object P; belongs to D=V,
Let Y be in D<=, Consider the long exact sequence

. — Homp(Qo,Y) — Homp(P;,Y) — Homp(X[-1],Y) — ...

Since X belongs to *D<"™~! and Y is in D<~™, the space Homp(X[—1],Y) vanishes.
The object Q) is free and HY is zero, so the space Homp(Qo, Y) also vanishes. Thus P
belongs to ~D="™,

Moreover, since perA is closed under extensions in D, the object P; belongs to perA.
Thus, the object P; belongs to D=0 N +D<"" N perA. Similarly as above, we can find
a morphism @1 — P, with @ a free dg A-module, which induces an epimorphism
H%Q,—H°P;. Then we form a triangle

P,—Q1— P —Ps[1].

Step 2. For 1 < r < m, the object P; is in D=0 N +D<t=m=1 perA.

By the same argument as in step 1, we obtain that the object Py is in D=0 +D=1-mn
perA.

In this way, we inductively construct m triangles

P—Qo—X—Py[1],

Py,—Q1— P —Py[1],

Pm—>Qm71—>Pm71%Pm[1]a

where Qo,Q1,...,Qm_1 are free dg A-modules and P; belongs to D=0 n +p=t-m—1n
perA, for each 1<t<m.

The following two steps are quite similar to the proof of Lemma 2.10 in [2]. However,
for the convenience of the reader, we give a complete proof.

Step 3. HP,, is a projective H® A-module.
Since P,, belongs to D=C, there exists a triangle

T<_ 1Py — Pp, — H°P, — (t<—1Pp)[1].
Take an object M in the heart H, and consider the long exact sequence
. —((T<_1Pp)[1], M[1])—(H° Py, M[1])— (P, M[1])—. . .,

where we write (,) for Homp(,). The space Homp((7<_1Py,)[1], M[1]) vanishes because
Homp (DS72,D=71) is zero. Since P, belongs to *D="!, the space Homp(Py,, M[1]) also
vanishes. As a result, the space

Ext},(H°P,,, M) ~ Homp(H°P,,, M([1])

is zero. Thus, HP,, is a projective H° A-module.

Step 4. P, is isomorphic to an object in addA.
From step 3, we deduce that it is possible to find an object P in addA and a morphism
P — P,, such that H°P and H°P,, are isomorphic. Then we form a new triangle

EFE—P— P, — E[l].
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Since P and P, are in D=V, the object F is in D<!. Moreover, there is a long exact
sequence
.— H'E— H°P~ H°P,, — H'E — H'P =0.

So E is in D=Y. Since P, belongs to D=1, the space Homp(P,,, E[1]) vanishes. There-
fore, the object P is isomorphic to the direct sum of P, and E. Then we have an
isomorphism

H°P ~ H'P,, ® H'E.

We obtain that HE is zero. As a consequence, there is no nonzero morphism from P to
E, since P is a free A-module. Therefore, E is the zero object and P,, is isomorphic to P
which is an object in add A. d

Let X be an object of F. By Lemma 3.2.8, there are m triangles related to the object
X. Denote by v the Nakayama functor on mod H°A. Clearly, vH°P,, and vH°Q,,_; are
injective HYA-modules. Let M be the kernel of the morphism vH°P,, — vH°Q,,_1. It
lies in the heart H. Let N = X[1].

Lemma 3.2.9. 1) There are isomorphisms of functors:
Homp(—, X[2])|x ~ Homp(—, Pi[3])|x >~ ...
...~ Homp(—, Py—1|lm + 1])|x ~ Homy(—, M).
2) There is a monomorphism of functors:
Ext},(—, M) < Homp(—, Pp_1[m -+ 2])|3.

Proof. Let L be in H. Let us prove part 1).
Step 1. There is an isomorphism of functors:

Homp(—, Pp—1[m + 1])|x ~ Homy/(—, M).
Applying Homp(L, —) to the m-th triangle
Py — Qm-1 — Pm—1 — Ppll],
we obtain a long exact sequence
. — Homp (L, Qm-1|m + 1]) — Homp(L, Py—1[m + 1]) —

— Homp(L, Py[m + 2]) — Homp(L, Qm—1[m +2]) — ....

Since L belongs to Dfq(A), by the Calabi-Yau property one can easily see the following
isomorphism
Homp (L, Qm-1|m + 1]) ~ DHomp(Qm—1, L[1]).

The space vanishes since the object Q,,_1 is a free dg A-module and H'L is zero. Consider
the triangle
7—S—lljm — Py — HOPm - (Tﬁ—lpm)[l]'

We can get a long exact sequence

. —((r<_1Py)[1], L)—(H° Py, L)—(Prn, L)—(7<_1 Py, L) — ... ,
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where we write (,) for Homp(,). Since the space Homp(D<"17% D=0) is zero, the space
Homp ((7<—1P)|i], L) vanishes for ¢ = 0, 1. Thus, we have

Homp(Pp,, L) ~ Homp(H°P,,, L) ~ Homy (H°P,,, L).
Combining with the Calabi-Yau property, we get the following isomorphisms
Homp(L, Py,[m + 2]) ~ DHomp(FP,,, L)
~ DHomy(H"P,,, L) ~ Homy(L,vH"P,,).
Similarly, we can see that
Homp (L, Qm_1[m + 2]) ~ Homy (L, vH°Qpp_1).

Therefore, the functor Homp(—, Py,—1[m+1])|# is isomorphic to the functor Homy (—, M),
which is the kernel of the morphism

Homy(—,vH°P,,) — Homy(—, vHQp_1).

Step 2. There are isomorphisms of functors:
HOmD(—,X[Q])h-[ >~ Homp(—, P1 [3])‘7—( >~ = Homp(—,Pm_l[m + 1])‘7—(.
Applying the functor Homp(L, —) to the (m — 1)-th triangle

R —
Py — Qm72 — P2 —3 mel[l]a

we obtain a long exact sequence
. — Homp(L, Qm—2[m]) — Homp(L, P—2[m]) —

— Homp(L, Py—1lm + 1]) — Homp (L, Qm—2[m +1]) — .. ..

Since @Qm—2 is a free A-module and L is in ‘H, the space Homp(Q,—2, L[r]) vanishes
for each positive integer r. As a result, by the Calabi-Yau property, the following two
isomorphisms hold

Homp (L, Qm—2[m]) ~ DHomp(Qm—2, L[2]) =0,

Homp (L, Qp—2[m + 1]) ~ DHomp(Qym—2, L[1]) = 0.

Therefore, we have
HOIHD(—, Pm—Q[m])|H = HOIHD(—, Pm—l[m + 1])‘7'[7

where the isomorphism is induced by the left multiplication by hy,—2[m].
We inductively work with each triangle and get a corresponding isomorphism induced
by the left multiplication by h.,—.[m — r + 2],

Homp(—, Py—r[m — r + 2])|5 =~ Homp(—, Pp—pyi[m —1r+3])|n, 2<r<m-—1,
while the isomorphism

Homp(—, X [2])|3 =~ Homp(—, P1[3])|n
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is induced by the left multiplication by hg[2]. Therefore, the first assertion in this lemma
holds.

Let us prove part 2).

Consider the following long exact sequence

. — Homp(L, Py,[m + 2]) — Homp(L, Qp—1[m + 2]) —

— Homp(L, Py—1[m + 2]) — Homp(L, Ppm +3]) — ...

By the Calabi-Yau property, the space Homp (L, Py, [m+3]) is isomorphic to the zero space
DHomp (P[], L).
Hence, the functor Homp(—, P,,,—1[m + 2]) | is isomorphic to the cokernel of the mor-
phism
Homy(—, vH°P,,) — Homy(—, vHQpr1).

As an H%A-module, M admits an injective resolution of the following form

0—>1/H0Pm—>1/HOQm,1—>I—>...,

where I is an injective HYA-module. Then EXt%_[(—,M ) is the first homology of the
following complex

0 — Homy(—,vH"P,,) — Homy(—,vHQn_1) — Homp(—, 1) — .. ..
Therefore, we get a monomorphism of functors
Ext},(—, M) < Homp(—, Pp_1[m + 2])|3.
O
Following Step 1 in the proof of Lemma 3.2.9, there is an isomorphism of functors:
Homp(—, Pp—1[m + 1])|% ~ Homy (—, M).

We denote it by ¢1, and when ¢, is applied to an object V' in H, we denote the isomorphism
by ¢1,v. Let p be the preimage of the identity map on M under the isomorphism

1,0 : Homp (M, Pp,—1[m + 1]) ~ Homy (M, M).
Now we can form a triangle
Pp_ilm] — Y — M -2 P _1[m +1].
Lemma 3.2.10. The object Y’ is in F.

Proof. Since M belongs to H and P,,—1[m + 1] belongs to perA, it follows that Y’ is also
in perA. Moreover, Y’ is in D=V, since the objects M and P,,_; are in D=0, Let Z be an
object in DS~™~!. Then there is a long exact sequence

. — Homp(Py—1/m +1],Z) — Homp(M, Z) —

— Homp(Y', Z) — Homp(Py—1[m], Z) — Homp(M[-1],Z) — ....

Since Z belongs to D<"™~! we have the following triangle

T<—m—24 — Z — (H_m_lZ)[m + 1] — (T<—m—22)[1].
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By the Calabi-Yau property, the space
Homp(M[—-1], (T<—m—22)[i]) ~ DHomp(7<_pm—2Z, M[m + 1 —i])
is zero for ¢ = 0,1. As a result, we have that
Homp(M[-1], Z) ~ Homp(M[—1], (H"™ "1 Z)[m + 1))
~ DHomp(H ™17, M).

From Step 2 in the proof of Lemma 3.2.8, we know that the object Py,,_1 is in
So the m-th shift P,,_{[m] is in +D<""~2, Combining with the Calabi-Yau property, the
following isomorphisms

Homp (P,,_1[m], Z) ~ Homp(Py,_1[m], (H ™1 Z)[m + 1))
~ DHomp(H ™ 1Z, P,,_1[m + 1))
hold. Now by Lemma 3.2.9, we obtain an isomorphism

Homp(P,,—1[m|, Z) ~ Homp(M[-1], Z).

J_DS—Z

Consider the following commutative diagram

(P, 2") —= (P, 2) —= (P',(H"""' Z)[m + 1)) — (P, Z'[1])
Pl j )
(M, 2") —= (M, Z) — (M, (H~""' Z)[m + 1]) — (M, Z'[1]),
where we write (, ) for Homp(, ), P’ for P,,,_1[m+1], and Z’ for 7<_,,,_2Z. Since the object
Pr_1[m + 1] is in *D=""73 we have that the space Homp(Py,_1[m + 1], (T<_m—22)[1])

vanishes, and then the rightmost morphism d is a zero map. By the Calabi-Yau property
and Proposition 3.2.3, one can easily get the following isomorphisms

Homp (P, 1[m + 1], (H ™ ' Z)[m + 1]) ~ DHomp(H ™1 Z, P,,_1[m + 2]),
Homp (M, (H™™ 1 Z)[m + 1]) ~ DHomp(H ™ 1Z, M[1])
~ DExt},(H ™ *Z, M).
Then by Lemma [3.2.9, the morphism c is surjective. Consider the triangle
T<—m—384 — T<—m—22 — (H_m_QZ)[m +2] — (T<—m—32)[1].

Applying the functor Homp(—, M[m+2]) to this triangle and by the Calabi-Yau property,
we can obtain isomorphisms as follows:

HOmD(M, Tg_m_QZ) >~ DHOHlD(TS_m_QZ, M[m + 2])
~ DHomp((H"™72Z)[m + 2], M[m + 2]) ~ DHomp(H ™22, M).

Applying the functor Homp(P,,—1[m + 1], —) to the same triangle and by the Calabi-Yau
property, we can get isomorphisms as follows:

Homp(Pp,_1[m + 1], < _m—27) ~ Homp(Pp_1[m + 1], (H"™22Z)[m + 2])
~ DHomp(H "™ 22, P,,_1[m + 1]).

Therefore, following Lemma 3.2.9, the leftmost morphism a is an isomorphism. Then by
Five-Lemma, the morphism b is surjective. From the long exact sequence at the beginning
of the proof, we can see that the space Homp(Y”, Z) vanishes for any Z € D<~™~!. Hence,
the object Y is in F. m
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Let ¢, (2 <r <m — 1) denote the isomorphism
Homp(—, Prn—r[m — 7+ 2])|5¢ >~ Homp(—, Py 1[m — 7 4 3]) 2
in Lemma 3.2.8, and let ¢, denote the isomorphism
Homp(—, X[2])|n ~ Homp(—, Pi[3])|x.

We write f for the composition hy,—2[m]...ho[2], and @ for the composition ¢j ... pn.
Let € be the preimage of the identity map on M under the isomorphism

Onr : Homp (M, X [2]) ~ Homy (M, M).
As a result, we have that
Oni(e) = idar = p1u(p)-

Thus, the following equalities hold,

fe=panrr. .. omm(e) = p.
Now we form a new triangle

N —Y — M - N[1].
Lemma 3.2.11. The object Y is in F and 7<_1Y is isomorphic to N.

Proof. Since M belongs to H and N belongs to D=V N perA, the object Y is also in
D=0 N perA. Our aim is to show that Y is in “D<"™~1. Let Z be an object in D=~
There is a long exact sequence

. — Homp(N][1},Z) — Homp(M, Z) —

— Homp(Y, Z) — Homp(N, Z) — Homp(M[-1],Z) — ....

Since N is in +D<"™=2 and the functors Homp(—, N[1])|; and Homg(—, M) are isomor-
phic, by the same argument as in Lemma 3.2.10, we can obtain an isomorphism

Homp(N, Z) ~ Homp(M|[-1], Z).

Since p is the composition fe, there exists a morphism g : Y — Y” such that the following
diagram is commutative

N Y M > NJ[1]
lf[ll g J{f
\
P [m] Y’ M & P [m + 1]

Applying the functor Homp(—, Z) to this diagram, then we get the following commu-
tative diagram

(M, 2) — (Y, Z) — (Pna[m], 2) — (M[-1], Z)

(M, Z) —— (Y, 2)

lHomD(gv—)lz iHomD(f[—l]v—Nz
(N7Z) (M[—l],Z),
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where we write (, ) for Homp(, ). The morphism
Homp(f[-1],-)|z : Homp(Pn-1[m], Z) — Homp(N, Z)

is an isomorphism. We can see this as follows:
applying the functor Homp(—, Z) to triangles

P[] — Qo[1] — N "W P2, and

Pl — Qralr] — B "= P 1], 2<r<m—1,

we can get long exact sequences (here we denote N by Py[1], i.e. X by Fp)
. — Homp(Qr—_1[r + 1], Z) — Homp(P.[r + 1], Z) —

— Homp(P,_1]r],Z) — Homp(Q,_1[r],Z) — ..., 1<r<m-—1.

The objects Z[—r—i] (i = 0, 1) are in D<"+~"=1 (C D=~1). Since Q,_1 is a free A-module,
the space Homp(Q,—1[r + i], Z) vanishes for ¢ = 0, 1. Thus, the morphism

Homp (hy—1[r], —)|z : Homp (P, [r 4+ 1], Z) — Homp(Pr_1[r], Z)

is an isomorphism for each 1 < r < 'm — 1. As a consequence, the functor Homp(f[—1], —)|z
is an isomorphism. By Five-Lemma, we can obtain that Homp(g, —)|z is an epimorphism.
From Lemma [3.2.10, we know that the object Y is in F, and the space Homp(Y’, Z) van-
ishes. It follows that the space Homp(Y, Z) is also zero, hence Y is in F.

Since N is in F[1], the spaces H'N and H'N are zero. Thus, the object HOY is
isomorphic to M. Moreover, the space Homp (N, HY) is zero. Hence, we can obtain a
commutative diagram of triangles

T< 1Y —=Y LA HYY — (1<1Y)[1]
A A A
b2 01 :

N Y M N1,

where §; : M — HOY is an epimorphism between isomorphic terms. Therefore, §; is an
isomorphism. Thus, 7<_1Y is isomorphic to N. O

Lemma 3.2.12. The image of the functor 7<_; restricted to F is in F[i] and the functor
T<_i: F — Fli] is fully faithful for each positive integer i.

Proof. Let X be an object in F. Then 7<_; X is in D=7%, and there is a triangle in D
T<_iX — X — 7~ X — (1< X)[1]).

Following Lemma [3.2.6, the object 7< ;X belongs to D=~ NperA. Let Y be an object
in D=~m~=1 Applying the functor Homp(—,Y") to this triangle, then we can get a long
exact sequence

A HOII]D(X, Y) — HomD(Tg_iX, Y) — Homp((7>_iX)[—1],Y) > e
The space Homp(X,Y) vanishes because X is in *D<"""1 and i is a positive integer.
Since 7> _; X is in Dy4(A), by the Calabi-Yau property, we have the isomorphism

Homp((7>—iX)[—1],Y) ~ DHomp(Y, (7>_; X )[m + 1]) = 0.
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Hence the space Homp(7<_;X,Y") is also zero. It follows that 7<_; X belongs to F[i].
Let X,Y be two objects in F and f : 7<_; X — 7<_;Y a morphism. Consider the
following diagram

i

(1> X)[-1] —= 1< X Xy Ts_ ;X

I,
0oy

(T5—Y)[-1] ——=71<Y e Y ——=7>_;Y.

For 7 =0, 1, by the Calabi-Yau property, the isomorphism holds
HOHID((T>_Z'X)[—]'], Y) ~ DHOHID(K (T>_Z‘X)[m +2— j]) =0,

since Y is an object in TDS"™m"1,
~ Since the space Homp((7-—;X)[—1],Y’) vanishes, the composition st f factors through
s'. Thus, the functor 7<_; is full.
Let g : X — Y be a morphism in F satisfying 7<_;g is zero. Then it induces the
following commutative diagram

TeiX e X X X s (< X)[1]

TS‘_ig g o
. g
st 4+ pt
TS_,‘Y —Y —x Ts_iY —— (TS,iX)[l]

such that the morphism gsé( is zero. So the morphism g factors through pf'X. That is,
there exists a morphism ¢; : 7~_; X — Y such that g = glp&. The morphism g; is zero,
since the space Homp(7>_;X,Y’) vanishes. Thus, the morphism g is zero. It follows that
the functor 7<_; is faithful. Now this lemma holds. O

Together by Lemma 3.2.11/and Lemma 3.2.12, we know that the functor 7«1 : 7 —
F[1] is an equivalence.

By the same arguments as Step 1 and Step 2 in the proof of Proposition 2.9 in [2], we
can get the following two lemmas. However, for the convenience of our later Proposition
3.2.15, we would like to write down the proof of the second lemma, which presents a
procedure of constructing the needed object.

Lemma 3.2.13. The functor © (restricted to F): F — C is fully faithful.

Lemma 3.2.14. For any object X in perA, there exists an integer r and an object Z in
Fl—r] such that 7X and wZ are isomorphic objects in the category C.

Proof. Let X be an object in perA. By Lemma 3.2.6, there exists an integer r such that
X is in DS 0 LpSr—m=1_ Consider the triangle

T<; X — X — 7, X — (1<, X)[1].

Let Y be an object in D="~™~1 Applying the functor Homp(—,Y), we can get a long
exact sequence

. — Homp(X,Y) — Homp(7<,X,Y) — Homp((7>, X)[-1],Y) — ....
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Clearly, the space Homp(X,Y) is zero. By the Calabi-Yau property, we have the isomor-
phism
Homp((75,X)[—1],Y) ~ DHomp(Y, (7=, X)[m + 1]) = 0.

Therefore, the object 7<, X is in Lpsr=m=1_Thus, we have that T<rX is in F|—r]. Let Z
denote 7<,X. Since 7-,X is in Dsq(A), the objects 7X and 77 are isomorphic in C. [

Proposition 3.2.15. The projection functor w : perA — C induces a k-linear equivalence
between F and C.

Proof. We only need to show that 7 restricted to F is dense. Let X be an object in perA.
Then there exists an integer r such that, the object X is in DS"H1—7 0 Lpsr—m=1 the
object 7<, X is in F[—r], and X is isomorphic to 7(7<,X) in C. Now we do induction on
the number 7. From the remark right after Lemma 3.2.6, we can suppose that r < 0.

If » = 0, the object 7<X is in F, and 7(7<0X) is isomorphic to the image 7Xof X in
C.

Suppose when r = rg < 0, one can find an object Y in F such that 7Y is isomorphic
to 71X in C.

Consider the case 7 = rg — 1. Then 7<,,—1X is in F[1 — rg]. Set Z = (1<p,—1X)[—1].
Thus, the object Z is in F[—r¢]. By hypothesis, there exists an object Y in F such that
Y is isomorphic to 7Z in C. Therefore, we have following isomorphisms in C

7Y = 72 = w((ren1 X)[1]) = (1(7<ry1 X)) [ 1] = (= X)[1].

Since Y[1] is in F[1] and 7<_; : F — F[1] is an equivalence, there exists an object N in
F such that 7<_; N is isomorphic to Y[1]. As a consequence, the following isomorphisms
hold in C

TN ~7w(1<_1N) = 7(Y][l]) ~ (7Y)[1] ~ 7 X.

Hence we can deduce that for each object T in C, there exists an object T” in F such that
71" is isomorphic to T in C. O

We call F the fundamental domain.
Proof of the main Theorem|3.2.2.

Proof. Proposition [3.2.5/ and Proposition [3.2.7 have shown that the category C is Hom-
finite and (m + 1)-Calabi-Yau, respectively.

Now we only need to show that the object mA is an m-cluster tilting object whose
endomorphism algebra is isomorphic to the zeroth homology H°A of A.

Since A is in the subcategory DN +D=<~1 its shift Afi] is in D<"*N +D<~"~1, Thus,
the objects Ai] (1 < i < m) are in the fundamental domain F. Following Proposition
3.2.15, the functor 7 : perA — C induces an equivalence between F and C, so we have
that

Home(mA, w(Ali])) ~ Homg (A, Ali]) = Homp(A, Ai])

H%A, i=0;

= H'A {0, 1<i<m.

Therefore, the endomorphism algebra of 7A is isomorphic to the zeroth homology H°A of
A, and
Home(mA, (mA)[r]) =0, r=1,...,m.
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Let X be an object in F. According to Lemma 13.2.8, there exist m triangles where
Qo,Q1,...,Qm_1 are free A-modules and P,, is in addA.
Now we will show the following isomorphisms

Exth(Pn_1,Y) =~ Exth(Pp_2,Y) ~ ...~ Ext}(X,Y), Y € D<. (1)
Applying Homp(—, Y[j]) to the triangle (here we write Py instead of X)
Prji1—Qm—j—Pp—j—Pp_j1[l], j=2,...m,
we can get a long exact sequence
 — Homp(Qm_; 1], Y1j]) — Homp(Pru_s1[1], Y[j]) —
— Homp(Pp,—j,Y[j]) — Homp(Qm—;,Y[j]) — ....

Since Q,—; are free A-modules, the spaces Homp(Qy,—;[i], Y [j]) are zero for i = 0, 1.
Therefore, we have the following isomorphisms

Ext) (P, Y) =~ Homp(P,,—j, Y[j]) = Homp (P, j41[1], Y[4])
~ Exth ' (Pn_ji1,Y), j=2,...m.

It follows that (1) is true.
Next applying Homp(—, Y[j]) to the triangle

Po—j—Qm—j—1—Pm—j1—Pnj[l], j=2,...m—1,
similarly we can obtain the following isomorphisms
Extp(Prn—2,Y) ~ Exth(Pm-3,Y) ~ ...~ Ext; (X,Y), Y € D<o.
Thus, we can get a list of isomorphisms
Exth (P, V) ~ ExtZHY(X)Y), 1<i<m,Y € Dx.

Suppose that Z is an object in C such that the space Home(Z, (mA)[i]) vanishes for
each 1 < ¢ < m. Since the functor 7 : perA — C induces an equivalence between F and
C, there exists an object X in F such that wX is isomorphic to Z in C. Therefore, we
have the following isomorphisms

Home(Z, (rA)[i]) ~ Home (X, (mA)[i]) ~ Homp (X, Ali])

~ Exth(X,A4), 1<i<m.
Hence, we have

Extp(P—i, A) ~ Exti (X, A) =0, 1<i<m.

As a consequence, the triangle
Pr—Qm-1—Ppn_1—Pyl[1]
splits, then the object P,,_1 is in addA. Next the triangle
Py 1—Qm-2—Pp_o2—Pp_1[1]

also splits, then the object P,,_s is also in addA. By iterated arguments, we can get that
P; (1 <i<m)and X are all in addA. Thus, the object Z, which is isomorphic to 7.X in
C, is in the subcategory addm A. Hence, the object wA is an m-cluster tilting object in the
category C. O
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3.3 The cluster categories of Ginzburg dg categories

In [38], V. Ginzburg defined the Ginzburg dg algebra I'(Q, W) associated with a quiver
with potential (Q, W), where the arrows of the quiver @) are concentrated in degree 0.
Generally, let @ be a graded k-quiver such that the set Qo of objects is finite and Q(z,y)
is a finite-dimensional k-module for all objects « and y. Let R be the discrete k-category
on the set Qp of vertices. Denote by A the tensor category T (Q). Let QV be the dual
of the R-bimodule @ over R¢ endowed with the canonical involution (see Section 3.1 in
[56]). Fixing an integer n and a superpotential W in the cyclic homology HC),_3(A),
i.e. a linear combination of cycles of degree 3 — n considered up to cyclic permutation
‘with signs’, the Ginzburg dg category I',,(Q, W) is defined in [56] as the tensor category
over R of the bimodule

Q=Q®Q"[n-2®R[n-1]
endowed with the unique differential which

a) vanishes on Q);

b) takes the element a* of QV[n — 2] to the cyclic derivative 9, for each arrow a in
Q1, where the map 8, takes a path p to the sum (—1)%9(%) > p—uap TVU (here deg(a)
denotes the degree of an arrow a and the sign + is computed by Koszul sign rule);

c) takes the element ¢, of R[n — 1] to (—1)" id,(D>_
Qo, where [,] denotes the supercommutator.

ve, [V, v7]) idy for each object x in

Remark 3.3.1. The R-bimodule (or graded quiver) @ has an intuitional expression (as
the graded quivers in the ordinary Ginzburg dg algebras) as follows

e the same vertices as @,
e the arrows are

i) the arrows of @ of the same degree,
ii) an arrow a* : j — i of degree ‘2 — n — deg(a)’ for each arrow a : i — j of @,

iii) aloop t, : @ — x of degree 1 — n for each vertex x of Q.

Theorem 3.3.2 ([56]). The Ginzburg dg category T',,(Q, W) is homologically smooth and
n-Calabi- Yau.

For simplicity, set T as the Ginzburg dg category I, (Q, W) associated with a graded
quiver with superpotential (Q,W). Moreover, we assume that the arrows of @) are con-
centrated in nonpositive degrees. We denote the minimal degree by Ng.

Theorem 3.3.3. Let m be a positive integer satisfying m > —Ng. Suppose that the zeroth
homology of the Ginzburg dg category T2 s finite-dimensional. Then the generalized
m-~cluster category

C(Q,W) _ perr(m-i-?)/szd(F(m-i-Z))

associated with (Q, W) is Hom-finite and (m+1)-Calabi-Yau. Moreover, the image of the

free module T(M+2) jn Ci,w) is an m-cluster tilting object whose endomorphism algebra

is isomorphic to the zeroth homology of T(M+2).
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Proof. Since the nonpositive integer Ny > —m, the elements of Q[m] are concentrated
in nonpositive degrees. Then the Ginzburg dg category I'™+2) has its homology concen-
trated in nonpositive degrees. We have that the p-th homology HPT'("12) is zero for each
integer p > 0. By assumption, the space H 0p(m+2) ig finite-dimensional. Combining with
Theorem 3.3.2, the dg algebra I'™*2) satisfies the four properties (x). We apply the main
Theorem 3.2.2 in particular to T("+2), Then the result clearly holds. O

The following corollary considers acyclic quivers with zero superpotential. In this case,

)

the generalized m-cluster category C(q o) recovers the (classical) m-cluster category an .

Corollary 3.3.4. Let k be an algebraically closed field and m a positive integer. Sup-
pose that Q) is an acyclic ordinary quiver. Then the generalized m-cluster category C(q o

is triangle equivalent to the orbit category an) of the finite-dimensional derived category
D tq(modkQ) under the action of the automorphism 7= 1X™(= v=1X™FL) where ¥ (resp.
v) is the suspension functor (resp. Serre functor) and T is the Auslander-Reiten transla-

tion.

Proof. Since @) is an acyclic ordinary quiver, the degrees of the arrows of @ concentrate
in 0, —m, —m — 1 and the homology H ~*T'"*+2) vanishes for each 1 <i < m — 1.

Since W is zero (in fact, if m > 2, the only superpotential is the zero one, otherwise,
the degrees of the homogeneous summands of superpotentials are 1 — m(< —1), while the
degrees of the arrows are zero), the zeroth homology of [(m+2) is the finite-dimensional
path algebra kQ.

Following Theorem 3.3.3, the generalized m-cluster category C(q o) is (m + 1)-Calabi-

Yau, and the image of ['(m+2) (denoted by T') is an m-cluster tilting object whose endo-
morphism algebra is isomorphic to the finite-dimensional hereditary algebra kQ.

Moreover, from the proof of the main Theorem 3.2.2, we know that the objects
»T(m+2)(0 < i < m) are in the fundamental domain F. Therefore, the following iso-
morphisms hold

Home (T, Y 7'T) ~ Home (2T, T') ~ Homp (2T (M+2) 1(m+2))

~ HiTm+2) 0, foreachl1<i<m-—1,

where C denotes the generalized m-cluster category C(q ). Hence, following Theorem 4.2

in [60], there is a triangle equivalence from C(q o) to an). O]

Example 3.3.5. Suppose m is 2. Let us consider the graded quiver @)

where deg(a) = —1, deg(b) = deg(c) = 0, with superpotential W = abc.
The Ginzburg dg category I') = T'y(Q, W) is the tensor category whose underlying
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graded quiver is @
to

)
2
N

where deg(a®) = —1, deg(b*) = deg(c*) = —2 and deg(t;) = =3 for 1 < i < 3. Its
differential takes the following values on the arrows of Q:

d(a*) = —bC7 d(b*) = ca, d(c*) = ab’
d(ty) = bb* +a*a, d(t2) = aa* —c*c, d(t3) = cc* — b*b.

The zeroth homology HT'® equals to the path algebra with relation kQ(©) /(be), whose
k-basis is {e1, ez, e3,b, c}. Therefore, the dimension of HOT™ is 5.

Following Theorem [3.3.3] the image of I'® in the generalized 2-cluster category Ciow)
is a 2-cluster tilting object, whose endomorphism algebra is given by the following quiver
with the relation

9—C¢-g3-Ltoq, be = 0.

In the following, we will show that the generalized 2-cluster category C(g w) and the
orbit category Cfg) are triangle equivalent.

Let Q" be the quiver
2
v
B
] ———3,

with deg(a) = deg(8) = 0. We denote the indecomposable module e;kQ" by P/, and its
corresponding simple module by S} for 1 < i < 3. Notice that we consider right modules
so that, for example, the support of Pj is {1, 2}. Let T be the almost complete tilting
module P§ & Pj. Its two complements are P| and S5. We write T as the direct sum
S4 @ Py @ Pj. Then we have the derived equivalence

DEnd(T) ~ D(modkqQ’).

Following Proposition 4.2 in [56], the derived 4-preprojective dg algebras I14(End(T),0)
and I14(kQ’,0) are Morita equivalent. Moreover, by Theorem 6.3 in [56], the derived
4-preprojective dg algebra II4(kQ’,0) is quasi-isomorphic to the Ginzburg dg category
'y (Q',0).

The underlying graded quiver of the algebra End(T) is

Q// 2
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with the relation dy = 0, where deg(y) = deg(§) = 0. Thus, the algebra End(T) is
quasi-isomorphic to the path algebra of the following graded quiver Q"

2
N\
l<—F3,

with the differential d(n) = —dv, where deg(n) = —1. Following Proposition 6.6 in [56],
the derived 4-preprojective dg algebra II4(End(T),0) is quasi-isomorphic to the tensor
category Tr(Q"), endowed with the unique differential such that

d(n) = 0pW' = =0y, d(6*) = W' =~n*, d(v*) = 0,W' =n*,
d(t1) = 66* + o, d(ta) = n*n—~*y, d(t3) =" — 0%,

where W' = n*6v,and Q" = Q" & (Q")V[2] & R[3).
It is easy to check that the tensor category Tr(Q") endowed with the differential
equals the Ginzburg dg category I'y(Q, W), where Q is the graded quiver

2
AN
3,
)

obtained from Q" by replacing n by n*, and W’ is still the superpotential n*dvy. Obvi-
ously, the graded quivers Q and @ are isomorphic, while the superpotentials W/ and W
correspond to each other. Hence, the derived 4-preprojective dg algebra IT4(End(T),0) is
quasi-isomorphic to the Ginzburg dg category I'y(Q, W).

As a consequence, the Ginzburg dg categories T'4(Q, W) and T'y(Q’,0) are Morita
equivalent. Therefore, the generalized 2-cluster categories C(g ) and Cqr ) are triangle
equivalent. By Corollary 3.3.4, we can conclude that the generalized 2-cluster category

C(q,w) and the orbit category C1(423) are triangle equivalent.

1

3.4 For algebras of finite global dimension

Let A be a finite-dimensional k-algebra of finite global dimension. Let n be a positive
integer. The finite-dimensional derived category Dyq(A) admits a right Serre functor

L
va=—®4 DA.

Unfortunately, the orbit category O4 of Dsq(A) under the autoequivalence v4[—n] is not
triangulated in general, then we take advantage of the triangulated hull of O4 which was
constructed in [53]. Let B be the trivial extension A® DA[—n — 1] with A in degree 0 and
DA in degree n + 1. The dg B-bimodule DB is isomorphic to B[n + 1], and the perfect
derived category perB is contained in Dy4(B) under this construction. It is not hard to
check that for each object X in perB and Y in Dy4(B), there is a functorial isomorphism

DHOHID(B) (X, Y) ~ HOIHD(B) (Yv, X[n + 1])
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Denote by p : B — A the canonical projection and p, : Dq(A) — Dyq(B) the induced
triangulated functor. Let (A)p be the thick subcategory of D ¢4(B) generated by the image
of p.. We call the triangulated hull

Ca = (A)p/perB

of O4 the (n — 1)-cluster category of A. Here we would like to point out that the authors
of [68] make use of the d-Calabi-Yau generalized cluster categories, whereas they do not
give any explicit proof for their construction. In general, this category C4 has infinite-
dimensional morphism spaces. In [2] C. Amiot dealt with the case n < 2. By II3A we
denote the derived 3-preprojective algebra of A as introduced in [56].

Theorem 3.4.1 ([2]). Let A be a finite-dimensional k-algebra of global dimension < 2.
If the functor TO’I‘;‘(—,DA) is nilpotent, then the cluster category C4 is Hom-finite, 2-
Calabi-Yau and the object A is a cluster tilting object. Moreover, there exists a triangle
equivalence from C4 to the generalized cluster category C = perll3A/Dsq(II3A) sending
the object A to the image of the derived 3-preprojective algebra II3A in C.

In this section, we will investigate the generalization of the above theorem to the case
that A is a finite-dimensional k-algebra of global dimension < n (instead of < 2). Since
the generalization is straightforward, we only list the main steps here, and leave the proofs
to the interested reader.

Let T be a triangulated category and N a thick subcategory of 7.

Definition 3.4.2 ([2]). Let X and Y be objects in 7. A morphism p : N — X is called
a local N -cover of X relative to Y if N is in N and if it induces an exact sequence:

0— T(X,Y) 25 T(N,Y).

A morphism i : X — N is called a local N -envelope of X relative to Y if N is in N and if
it induces an exact sequence:

0 — T(Y,X) "5 T(Y,N).
We can read the following lemma from the proof of Theorem 4.2 in [2].

Lemma 3.4.3 ([2]). Let X andY be objects of D yq(B) such that the space Hompp)(X,Y)
is finite-dimensional. Then there exists a local perB-cover of X relative to Y .

Under the assumption of the above lemma, both Hompg) (N, X) and Hompg)(X, N)
are finite-dimensional for N in perB and X in Dsq(B). Therefore, there exists a local
perB-envelope of X [n + 1] relative to Y. Hence the bilinear form

By : Home, (X,Y) x Home, (Y, X[n]) — &k, X,Y €Ca

constructed in the first section of [2] is non-degenerate. Therefore, if C4 is Hom-finite,
then it is n-Calabi-Yau as a triangulated category.

We denote by D the derived category D(A) of the algebra A. Let us recall the following
important properties of the Serre functor v 4:

o v4(D2%) Cc D=7

e Homp (U, V) vanishes for all U € D=V and V € D=1,
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e v4 admits an inverse
L
v, = — ®4 RHomy (DA, A),
where the homology of the complex RHom (DA, A) is given by

H'RHom (DA, A) ~ Homp (DA, Ali])

HOmD(DA, A), 1= 0,
~ ¢ Exty4(DAA), i=1,...,n,
0, otherwise;

° UZI(DSO) C D=,
Using these properties we obtain the following generalization of Proposition 4.7 of [2].

Proposition 3.4.4. Let A be a finite-dimensional k-algebra of global dimension < n and
X the A-A-bimodule Ext”,(DA, A). Then the endomorphism algebra A = Endc, (A) is
isomorphic to the tensor algebra T4 X of X over A. As a consequence, if the category Ca
is Hom-finite, then the functor —@ AExt"y (DA, A) is nilpotent.

In fact, the converse statement of the consequence in Proposition 13.4.4 is also true.
Taking advantage of the above properties of the Serre functor v4, we also have the following
variant of Proposition 4.9 of [2].

Proposition 3.4.5. Let A be a finite-dimensional k-algebra of global dimension < n. The
following properties are equivalent:

1) the category C4 is Hom-finite,

2) the functor —®sExt’y (DA, A) is nilpotent,

3) the functor Tor(—, DA) is nilpotent.

Now we give a complete proof for the following well-known lemma.

Lemma 3.4.6. Let A be a dg k-algebra. Then for all dg A-modules L, M, the objects
RHom (L, M) and RHom ge(A, Homy (L, M)) are isomorphic in the derived category of
dg A-A-bimodules.

Proof. Let N be an A-A-bimodule. We construct two maps ® and ¥ as follows

® : Homa(L ®4 N, M) — Hom e (N, Homy (L, M))
f— (®(F)(n) : L= (=D (1)),

U : Homge (N, Homg (L, M)) — Homyu (L ® 4 N, M)
g— B(g)(I © 1) = (~1)Ig(n) (D).

It is not hard to check that ® and ¥ are A-A-bihomomorphisms homogeneous of degree
0 and satisfy
PV =1, VP =1.

Moreover, the morphisms ® and ¥ commute with the differentials. Thus, they induce
inverse isomorphisms

Home(4)(L ®4 N, M) ~ Homg(4e) (N, Homy (L, M)),
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where C(E) denotes the category of dg E-modules for a dg algebra E. The morphisms @
and ¥ also induce inverse isomorphisms

Homyy(a)(L ®4 N, M) ~ Homyy gy (N, Homy, (L, M)),

where H(FE) denotes the category up to homotopy of dg E-modules for a dg algebra E. If
we specialize N to A, then we have

Homgy( 4 (pL,iM) ~ Homgy( 4¢) (A, Homy(pL,iM)),

where pL is a cofibrant resolution of L, and iM is a fibrant resolution of M.

Now we show that the complex Homy(pL,iM) is a fibrant resolution of Homy (L, M)
in C(A°). Let ¢« : U — V be a quasi-isomorphism in C(A®) which is injective in each
component. We have the isomorphisms

Homg gy (U, Homg (pL,iM))) =~ Home( 4y (pL ®4 U,iM),
HOmC(Ae) (Vv, Homy, (pL, iM))) ~ HomC(A) (pL ®aV, IM)

Since pL is cofibrant, the morphism pL® ¢: pL® U — pL ® V is a quasi-isomorphism
in C(A) which is injective in each component. Since iM is fibrant, it follows that the
morphism

HomC(A) (PL®4 V,iM) — HOmC(A)(pL ®a U, iM)

is surjective. Thus, the complex Homy(pL,iM) is fibrant. Therefore, we have the following
isomorphisms in the derived category of dg A-A-bimodules

RHom 4 (L, M) =~ Homy4)(pL,iM) >~ Homyge)(A, Homg(pL,iM))
~ RHom 4 (A, Homg (L, M)).
U

Lemma 3.4.7. Assume that A is a proper (i.e. dimyH*A < c0) dg algebra. Then the
objects RHom4 (DA, A) and RHom 4e (A, A®) are isomorphic in the derived category of dg
A-A-bimodules.

Proof. If we particularly choose L as DA and M as A in Lemma 3.4.6, then we have the
isomorphism in the derived category of dg A-A-bimodules

RHoma (DA, A) ~ RHomye (A, Homy (DA, A)).

Since A is proper, the object A¢ (= AP®yA) is quasi-isomorphic to A’®;D(DA) and
DA is perfect over k. Therefore, we have the quasi-isomorphisms

A~ A0p®kD(DA> ~ Homk(DA, A)

As a result, we have the following isomorphisms in the derived category of dg A-A-
bimodules

RHomye(A, A°) ~ RHom ge (A, Homg (DA, A)) ~ RHom4 (DA, A).
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Let © be a cofibrant resolution of the dg A-bimodule RHom (DA, A). Therefore,
following [56], the derived (n + 1)-preprojective algebra is defined as

n11(A) = Ta(O[n]).

It is homologically smooth and (n + 1)-Calabi-Yau as a bimodule. Moreover, the complex
RHomy (DA, A)n] has its homology concentrated in nonpositive degrees —n,...,—1,0,
and

H°(O[n]) ~ H°(RHom (DA, A)[n]) ~ H"(RHomu (DA, A)) ~ Ext" (DA, A).

Thus, the homology of the dg algebra II,,;1(A) vanishes in positive degrees, and we have
the following isomorphisms

H(I1,41(A)) ~ T4 (H(O[n])) ~ T4 (Ext’y (DA, A)) ~ A.

In order for the derived (n + 1)-preprojective algebra II,;i(A) to satisfy the four
properties in Section 2, we would like to have that H°(II,;1(A)) is finite-dimensional.

Corollary 3.4.8. Let A be a finite-dimensional k-algebra of global dimension < n. If the
functor Tor (—, DA) is nilpotent, then the generalized (n — 1)-cluster category

¢ = perTL1(A)/Dya(ILu1(4))

is Hom-finite, n-Calabi-Yau and the image of the free dg module 11,,+1(A) is an (n — 1)-
cluster tilting object in C.

Proof. If the functor Tor’(—, DA) is nilpotent, then the functor —®Ext" (DA, A) is
nilpotent by Proposition3.4.5. Thus, the zeroth homology of I1,,11 (A) is finite-dimensional.
Now we apply Theorem 3.2.2 in particular to the derived (n 4 1)-preprojective algebra
IT,,+1(A), then this corollary holds. O

Theorem 3.4.9. Let A be a finite-dimensional k-algebra of global dimension < n. If the
functor Tor?(—, DA) is nilpotent, then the (n — 1)-cluster category Ca of A is Hom-finite,
n-Calabi- Yau and the image of Ap is an (n — 1)-cluster tilting object in C4.

Proof. Similarly as 2], we will construct a triangle equivalence between the (n —1)-cluster
category C4 of A and the generalized (n — 1)-cluster category C of II,,41(A). Then the
statement will follow from Corollary 13.4.8. O

Recall that (A)p denotes the thick subcategory generated by Ap in the derived cat-
egory Dysq(B). First we will construct a triangle equivalence from (A)p to perll,1(A).
Consider the functor RHomp(Ap, —). By Section 8 in [50], it induces a triangle equiva-
lence between (A)p and perC, where C' is the dg algebra RHomp(Ap, Ap). The following
lemma is an easy extension of Lemma 4.13 of [2].

Lemma 3.4.10. The dg algebras 11,,41(A) and RHomp(Ap, Ap) are isomorphic objects
in the homotopy category of dg algebras.

As a result, the functor RHomp(Ap, —) induces a triangle equivalence between (A)p
and perll,,+1(A), which sends the object Ap to the free module II,,;+1(A) and sends the free
B-module B to the object Ap, ,,(a). So the functor also induces an equivalence between
the category perB and the thick subcategory (A)m, ,(4) of D(Il,11(A)) generated by A.
Moreover, as in Lemma 4.15 of [2], we still have that the category (A)r, (4 is the finite-
dimensional derived category Dsq(Il,+1(A)). Hence, the categories C4 and C are triangle
equivalent and Theorem 13.4.9 holds for an arbitrary positive integer n.






Chapter 4

Complements of almost complete
m~cluster tilting objects

We study higher cluster tilting objects in generalized higher cluster categories arising
from dg algebras of higher Calabi-Yau dimension. Taking advantage of silting mutations
of Aihara-Iyama, we obtain a class of m-cluster tilting objects in generalized m-cluster
categories. For generalized m-cluster categories arising from strongly (m + 2)-Calabi-Yau
dg algebras, by using truncations of minimal cofibrant resolutions of simple modules, we
prove that each almost complete m-cluster tilting P-object has exactly m + 1 comple-
ments with periodicity property. This leads us to the conjecture that each liftable almost
complete m-cluster tilting object has exactly m + 1 complements in generalized m-cluster
categories arising from m-rigid good completed deformed preprojective dg algebras.

4.1 Introduction

Cluster categories associated with acyclic quivers were introduced in [17], where the au-
thors gave an additive categorification of the finite type cluster algebras introduced by
Fomin and Zelevinsky [34] [35]. The cluster category of an acyclic quiver @ is defined
as the orbit category of the finite-dimensional derived category of the category of finite-
dimensional representations of @ under the action of 7=!X, where 7 is the AR-translation
and ¥ the suspension functor. If we replace the autoequivalence 7~ with 77 1X™ for an
integer m > 2, we obtain the m-cluster category, which was first mentioned and proved
to be triangulated in [53], cf. also [75]. In the cluster category, the exchange relations of
the corresponding cluster algebra are modeled by exchange triangles. It was shown in [17]
that every almost complete cluster tilting object admits exactly two complements. In the
higher cluster category, exchange triangles are replaced by AR-angles, whose existence (in
the more general set up of Krull-Schmidt Hom-finite triangulated categories with Serre
functors) was shown in [48]. Both [78] and [79] proved that each almost complete m-cluster
tilting object has exactly m 4+ 1 complements in an m-cluster category. In this paper, we
study the analogous statements for almost complete m-cluster tilting objects in certain
(m + 1)-Calabi-Yau triangulated categories.

Amiot [2] constructed generalized cluster categories using 3-Calabi-Yau dg algebras
which satisfy some suitable assumptions. A special class is formed by the generalized
cluster categories associated with Ginzburg algebras [38] coming from suitable quivers with
potentials. If the quiver is acyclic, the generalized cluster category is triangle equivalent to
the classical cluster category. Amiot’s results were extended by the author to generalized
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m-~cluster categories in [40] by changing the Calabi-Yau dimension from 3 to m + 2 for
an arbitrary positive integer m. As one of the applications, she particularly considered
generalized higher cluster categories associated with Ginzburg dg categories [56] coming
from suitable graded quivers with superpotentials.

In the representation theory of algebras, mutation plays an important role. Here we
recall several kinds of mutation. Cluster algebras associated with finite quivers without
loops or 2-cycles are defined using mutation of quivers. As an extension of quiver mu-
tation, the mutation of quivers with potentials was introduced in [31]. Moreover, the
mutation of decorated representations of quivers with potentials, which can be viewed as
a generalization of the BGP construction, was also studied in [31]. Tilting modules over
finite-dimensional algebras are very nice objects, although some of their direct summands
can not be mutated. In the cluster category associated with an acyclic quiver, mutation
of cluster tilting objects is always possible [17]. It is determined by exchange triangles
and corresponds to mutation of clusters in the corresponding cluster algebra via a certain
cluster character [25]. In the derived categories of finite-dimensional hereditary algebras,
a mutation operation was given in [22] on silting objects, which were first studied in [62].
Silting mutation of silting objects in triangulated categories, which is always possible, was
investigated recently by Aihara and Iyama in [1].

The aim of this paper is to study higher cluster tilting objects in generalized higher
cluster categories arising from dg algebras of higher Calabi-Yau dimension. Under certain
assumptions on the dg algebras (Assumptions 4.2.1), tilting objects do not exist in the
derived categories (Remark 4.2.6). Thus, we consider silting objects, e.g., the dg algebras
themselves. The author was motivated by the construction of tilting complexes in Section
4 of [47].

This article is organized as follows: In Section 2, we list our assumptions on dg alge-
bras and use the standard t-structure to situate the silting objects which are iteratively
obtained from P-indecomposables with respect to the fundamental domain. In Section 3,
using silting objects we construct higher cluster tilting objects in generalized higher clus-
ter categories. We show that in such a category each liftable almost complete m-cluster
tilting object has at least m+1 complements. In Section 4, we specialize to strongly higher
Calabi-Yau dg algebras. By studying minimal cofibrant resolutions of simple modules of
good completed deformed preprojective dg algebras, we obtain isomorphisms in general-
ized higher cluster categories between images of some left mutations and images of some
right mutations of the same P-indecomposable. Using this, we derive the periodicity prop-
erty of the images of iterated silting mutations of P-indecomposables in Section 5, where
we also construct (m + 1)-Calabi-Yau triangulated categories containing infinitely many
indecomposable m-cluster tilting objects. We obtain an explicit description of the terms
of Iyama-Yoshino’s AR angles in this situation, and we deduce that each almost complete
m-~cluster tilting P-object in the generalized m-cluster category associated with a suitable
completed deformed preprojective dg algebra has exactly m + 1 complements in Section 6.
We show that the truncated dg subalgebra at degree zero of the dg endomorphism algebra
of a silting object in the derived category of a good completed deformed preprojective dg
algebra is also strongly Calabi-Yau in Section 7. Then we conjecture a class (namely m-
rigid) of good completed deformed preprojective dg algebras such that each liftable almost
complete m-cluster tilting object should have exactly m+1 complements in the associated
generalized m-cluster category. In Section 8, we give a long exact sequence to show the
relations between extension spaces in generalized higher cluster categories and extension
spaces in derived categories. This sequence generalizes the short exact sequence obtained
by Amiot [2] in the 2-Calabi-Yau case. At the end, we show that any almost complete
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m-~cluster tilting object in Cyy is liftable if II is the completed deformed preprojective dg
algebra arising from an acyclic quiver.

Notation

For a collection X of objects in an additive category 7, we denote by addX the smallest
full subcategory of 7 which contains X and is closed under finite direct sums, summands
and isomorphisms. Let k be an algebraically closed field of characteristic zero.

4.2 Silting objects in derived categories

Let A be a differential graded (for simplicity, write ‘dg’) k-algebra. We write perA for
the perfect derived category of A, i.e. the smallest triangulated subcategory of the derived
category D(A) containing A and stable under passage to direct summands. We denote by
Dyq(A) the finite-dimensional derived category of A whose objects are those of D(A) with
finite-dimensional total homology.

A dg k-algebra A is pseudo-compact if it is endowed with a complete separated topology
which is generated by two-sided dg ideals of finite codimension. A (pseudo-compact)
dg algebra A is (topologically) homologically smooth if A lies in perA€¢, where A° is the
(completed) tensor product of A°? and A over k. For example, suppose that A is of the
form (l@, d), where k/@ is the completed path algebra of a finite graded quiver @) with
respect to the two-sided ideal m of lg@ generated by the arrows of @), and the differential d
takes each arrow of @) to an element of m; it was stated in [63] that A is pseudo-compact
and topologically homologically smooth.

Assumptions 4.2.1. Let m be a positive integer. Suppose that A is a (pseudo-compact)
dg k-algebra and has the following four additional properties:

a) A is (topologically) homologically smooth;

b) the pth homology HP A vanishes for each positive integer p;

c) the zeroth homology H°A is finite-dimensional;

)
)
)
d) A is (m + 2)-Calabi-Yau as a bimodule, i.e., there is an isomorphism in D(A€)

RHom ge (A, A®) ~ ©"™724,

Theorem 4.2.2 ([56]). (Completed) Ginzburg dg categories I'y,42(Q, W) associated with
graded quivers with superpotentials (Q, W) are (topologically) homologically smooth and
(m + 2)-Calabi- Yau.

Lemma 4.2.3 ([54]). Suppose that A is (topologically) homologically smooth. Then the
category Dyq(A) is contained in perA. If moreover A is (m + 2)-Calabi-Yau for some
positive integer m, then for all objects L of D(A) and M of D¢q(A), we have a canonical
isomorphism

DHomp4)(M, L) ~ Homp 4y (L, X2 M).

Throughout this paper, we always consider the dg algebras satisfying Assumptions
4.2.1.
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Proposition 4.2.4 ([40]). Under Assumptions 4.2.1, the triangulated category perA is
Hom-finite.

Let (DA)¢ denote the full subcategory of D(A) consisting of compact objects. Since
each idempotent in D(A) is split and (DA) is closed under direct summands, each idem-
potent in (DA)¢ is also split. Therefore, the category perA which is equal to (DA)¢ by
[52] is a k-linear Hom-finite category with split idempotents. It follows that perA is a
Krull-Schmidt triangulated category.

Definitions 4.2.5. Let A be a dg algebra satisfying Assumptions [4.2.1.

a) An object X € perA is silting (resp. tilting) if perA = thickX the smallest thick
subcategory of perA containing X, and the spaces Homp4) (X, YiX) are zero for all
integers ¢ > 0 (resp. i # 0).

b) An object Y € perA is almost complete silting if there is some indecomposable
object Y/ in (perA)\(addY’) such that Y @ Y” is a silting object. Here Y” is called a
complement of Y.

Clearly the dg algebra A itself is a silting object since Homp4)(4, i A) is isomorphic
to H'A which is zero for each positive integer.

Remark 4.2.6. Under Assumptions 4.2.1, tilting objects do not exist in perA. Oth-
erwise, let 7" be a tilting object in perA. By definition, the object T generates perA.
Then for any object M in D(A), it belongs to the subcategory Dsq(A) if and only if
> pezdimHomp 1) (T, XP M) is finite. Since the space Homp(4)(T, T') is finite-dimensional
by Proposition 4.2.4' and the space Homp4) (T, ¥PT') vanishes for any nonzero integer p,
the object T belongs to Dy4(A). Note that Dyy(A) is (m+2)-Calabi-Yau as a triangulated
category by Lemma 4.2.3. Thus, we have the following isomorphism

(0 =)Homp 4)(T, X"**T) ~ DHomp4) (T, T)(# 0).
Here we obtain a contradiction. Therefore, tilting objects do not exist.

Assume that HYA is a basic algebra. Let e be a primitive idempotent element of HYA.
We denote by P the indecomposable direct summand eA (in the derived category D(A))
of A and call it a P-indecomposable. We denote by M the dg module (1 —e)A. It follows
from Proposition 4.2.4/ that the subcategory addM is functorially finite [7] in addA. Let
us write RAg for P (later we will also write LAg for P).

By induction on t > 1, we define RA; as follows: take a minimal right (addM)-
approximation f) : A® — RA, | of RA;_; in D(A) and form a triangle in D(A)
f®

a®

RAt A(t) RAt_l E—— ERAt

Dually, for each integer ¢ > 1, we take a minimal left (addM)-approximation g :
LA;_1 — B® of LA, in D(A), and form a triangle in D(A)

g(t) g(t)
LAt_l B(t) LAt ZLAt_l.

The object RA; is called the right mutation of RA;—; (with respect to M), and LA, is
called the left mutation of LA;_1 (with respect to M).
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Theorem 4.2.7 ([1]). For each nonnegative integer t, the objects M & RA; and M & LA,
are silting objects in perA. Moreover, any basic silting object containing M as a direct
summand is either of the form M @ RA; or of the form M & LA;.

From the construction and the above theorem, we know that the morphisms a(*) (resp.
B®)) are minimal left (resp. minimal right) (addM )-approximations in D(A) and that the
objects RA; and LA; are indecomposable objects in D(A) which do not belong to addM.

We simply denote D(A) by D. Let D=0 (resp. DZ') be the full subcategory of D
whose objects are the dg modules X such that HPX vanishes for each positive (resp.
nonpositive) integer p. For a complex X of k-modules, we denote by 7<oX the subcomplex
with (7<0X)? = Kerd’, and (1<0X)’ = X' for negative integers i, otherwise zero. Set
>1X = X/7<0X.

Proposition 4.2.8. For each integer t > 0, the object RA; belongs to the subcategory
DN LD="InperA, and the object LA; belongs to the subcategory D=0NLD="t"1N perA.

Proof. We consider the triangles appearing in the constructions of RA;, and similarly for
LAt.

The object RAg(= P) belongs to D=0 N 1D~ N perA since the dg algebra A has
its homology concentrated in nonpositive degrees. The object RA; is an extension of A®
by X"'RA;_1, which both belong to the subcategory D<! N perA. Thus, the object RA;
belongs to D=t N perA. We do induction on ¢ to show that RA; belongs to *D<"1. Let
Y be an object in D=~!. By applying the functor Homp(—,Y") to the triangle

RA; A(t) RA; 1 —— ERAt,
we obtain the long exact sequence
. — Homp(A®|Y) — Homp(RA;,Y) — Homp(S7'RA;_1,Y) — ...

Since XY belongs to D<~2, by hypothesis, the space Homp (X 'RA;_1,Y) is zero. Thus,
the object RA; belongs to *D="1, O

Assume that {eq,--- e} is a collection of primitive idempotent elements of HYA. We
denote by S; the simple module corresponding to e;A. For any object X in perA, we
define the support of X as follows:

Definition 4.2.9. The support of X is defined as the set
supp (X) := {j € Z|Homp(X,¥?S;) # 0for some simple module S;}.
Proposition 4.2.10. For any nonnegative integer t, we have the following inclusions:
1) {~t} C supp (RA;) C [~t,0],
2) {t} C supp (LA;) C [0,t].

Proof. We only show the first statement, since the second one can be deduced in a similar
way.

By Proposition 4.2.8, the object RA; belongs to D=t N +D<~1N perA. Therefore, the
space Homp(RA;, ¥7S;) vanishes for each integer r > 1 since X5 lies in D="1 and the
space Homp(RA;, X" S;) vanishes for each integer 7 < —t — 1 since X7 S; lies in D2t
Thus, we have the inclusion supp (RA;) C [—t,0].
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Let Sp be the simple module corresponding to the P-indecomposable P from which
RA; and LA, are obtained by mutation. We will show that Homp(RA;, ©7tSp) is nonzero.
Clearly, the space Homp(P, Sp) is nonzero. We do induction on the integer ¢t. Assume
that Homp(RA;_1,%'7tSp) is nonzero. Applying the functor Homp(—, X'~*Sp) to the
triangle

RA;, — A® — RA, | — SRA,,

where A® belongs to (addA)\(addP), we get the long exact sequence
Homp (AW, £17Sp) — Homp(SRA, 21 4Sp) —

Homp(RA;_1, %' tSp) — Homp(A®, £175p),

where both the leftmost term and the rightmost term are zero. Therefore, we obtain that
Homp(RA;, ¥71Sp) is nonzero. This completes the proof. O

Now we deduce the following corollary, which can also be deduced from Theorem 2.43
in [1].

Corollary 4.2.11. 1) For any two nonnegative integers r # t, the object RA, is not
isomorphic to RA:, and the object LA, is not isomorphic to LAs.

2) For any two positive integers r and t, the objects RA, and LA; are not isomorphic.

Proof. Assume that r > ¢t > 0. Following Proposition 14.2.10, we have that
Homp(RA,, X7 "Sp) #0, while Homp(RA:, X "Sp)=0.

Thus, the objects RA, and RA; are not isomorphic. Similarly for LA, and LA;. Also in
a similar way, we can obtain the second statement. O

Combining Theorem 4.2.7/ with Proposition [4.2.10, we can deduce the following corol-
lary, which is analogous to Corollary 4.2 of [47]:

Corollary 4.2.12. For any positive integer [, up to isomorphism, the object M admits
exactly 2l — 1 complements whose supports are contained in [1 —1,1—1]. These give rise to
basic silting objects and they are the indecomposable objects RA; and LA; for 0 <t <.

4.3 From silting objects to m-cluster tilting objects

Let F be the full subcategory D=0 N +D<""~1 1 perA of D. It is called the fundamental
domain in [40]. Following Lemma 4.2.3, the category Dsq(A) is a thick subcategory of
perA. The triangulated quotient category C4 = perA/Dyq(A) is called the generalized

m-cluster category [40]. We denote by 7 the canonical projection functor from perA to
Ca.

Proposition 4.3.1 ([40]). Under Assumptions 4.2.1, the projection functor 7 : perA —
Ca induces a k-linear equivalence between F and C4.

Theorem 4.3.2 ([40] Theorem 2.2, [63] Theorem 7.21). If A satisfies Assumptions 4.2.1,
then

1) the generalized m-cluster category C4 is Hom-finite and (m + 1)-Calabi- Yau;
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2) the object T = w(A) is an m-cluster tilting object in C4, i.e.,

addT = {L € Ca|Hom¢,(T,X"L) =0, r=1,...,m}.

Theorem 4.3.3. The image of any silting object under the projection functor 7 : perA —
Ca is an m-cluster tilting object in C4.

Proof. Assume that Z is an arbitrary silting object in perA. Without loss of generality, we
can assume that Z is a cofibrant dg A-module [50]. We denote by I" the dg endomorphism
algebra Hom® (Z, Z). Since the spaces Homp(Z, %! Z) are zero for all positive integers i, the
dg algebra I' has its homology concentrated in nonpositive degrees. The zeroth homology
of T' is isomorphic to the space Homp(Z, Z) which is finite-dimensional by Proposition
4.2.4.

Since Z is a compact generator of D, the left derived functor F = — é)r Z is a Morita
equivalence [50] from D(T") to D which sends I' to Z. Therefore, the dg algebra I' is also
(topologically) homologically smooth and (m + 2)-Calabi-Yau. Thus, the generalized m-
cluster category Cr is well-defined. The equivalence F' also induces a triangle equivalence
from Cr to C4 which sends w(I") to m(Z). By Theorem 4.3.2, the image 7(I") is an m-cluster
tilting object in Cr. Hence, the image of Z is an m-cluster tilting object in C4. O

We use the same notation LA;, RA; and M as in subsection [4.2. A direct corollary of
Theorem 4.3.3lis that for each nonnegative integer ¢, the images of LA; ® M and RA; & M
in the generalized m-cluster category C4 are m-cluster tilting objects.

Definitions 4.3.4. Let A be a dg algebra satisfying Assumptions 4.2.1 and C4 its gener-
alized m-cluster category.

a) An object X in C4 is called an almost complete m-cluster tilting object if there exists
some indecomposable object X’ in C4\ (addX) such that X & X' is an m-cluster
tilting object. Here X’ is called a complement of X. In particular, we call 7(M) an
almost complete m-cluster tilting P-object.

b) An almost complete m-cluster tilting object Y is said to be liftable if there exists
a basic silting object Z in perA such the 7(Z/Z') is isomorphic to Y for some
indecomposable direct summand Z’ of Z.

Here the functor 7 : perA — C4 and the dg A-module M are the same as before.

Proposition 4.3.5. Let A be a 3-Calabi-Yau dg algebra satisfying Assumptions [4.2.1).
Then any (1—)cluster tilting object in C4 is induced by a silting object in F under the
canonical projection .

Proof. Let T be a cluster tilting object in C4. By Proposition [4.3.1, we know that there
exists an object Z in the fundamental domain F such that 7(Z) =T

First we will claim that Z is a partial silting object, that is, the spaces Homp(Z, ¥¢2)
are zero for all positive integers i. Since Z belongs to F, clearly these spaces vanish for
all integers ¢ > 2. Consider the case ¢ = 1. The following short exact sequence

0 — Extp(X,Y) — Extg, (X,Y) — DExtp(Y, X) — 0

was shown to exist in [2] for any objects X, Y in F. We specialize both X and Y to the
object Z. The middle term in the short exact sequence is zero since 1" is a cluster tilting
object. Thus, the object Z is partial silting.
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Second we will show that Z generates perA. Consider the following triangle

Al z, oy x4

in D, where f is a minimal left (addZ)-approximation in D. It is easy to see that Y also
belongs to F. Therefore, the above triangle can be viewed as a triangle in C4 with f
a minimal left (addZ)-approximation in C4. Applying the functor Home, (—, Z) to the
triangle, we get the exact sequence

Home, (Zo, Z) — Home , (A, Z) — Home , (X71Y, Z) — Home, (X' Zy, Z).

Therefore, the space Home, (Y, ¥Z) becomes zero. As a consequence, Y belongs to addZ
in C4. Since both Y and Z are in F, the object Y also belongs to addZ in D. Therefore,
the dg algebra A belongs to the subcategory thickZ of perA. It follows that Z generates
perA. O

Theorem 4.3.6. The almost complete m-cluster tilting P-object w(M) has at least m + 1
complements in C4.

Proof. By Proposition/4.2.8 and Corollaryl4.2.11), the pairwise non isomorphic indecompos-
able objects LA; (0 <t < m) belong to the fundamental domain F. Then by Proposition
4.3.1, the m + 1 objects w(P), m(LA;1),...,m(LA,,) are indecomposable and pairwise non
isomorphic in C4. It follows that w(M) has at least m + 1 complements in C4. O

Let us generalize the above theorem:

Theorem 4.3.7. Fach liftable almost complete m-cluster tilting object has at least m + 1
complements in Cy4.

Proof. Let Y be a liftable almost complete m-cluster tilting object. By definition there
exists a basic silting object Z (assume that Z is cofibrant) in perA such that =(Z/Z")
is isomorphic to Y for some indecomposable direct summand Z’ of Z. Let I" be the dg
endomorphism algebra Hom®%(Z, Z). Then HT is a basic algebra.

Similarly as in the proof of Theorem 4.3.3, the dg algebra I' satisfies Assumptions

4.2.1), and the left derived functor F := — GLz)r Z induces a triangle equivalence from Cr to
C which sends 7(T") to w(Z). Let IV be the object Hom$%(Z,Z/Z') in perl". Then m(I")
is the almost complete m-cluster tilting P-object in Cr which corresponds to Y under the
functor F. Tt follows from Theorem 4.3.6/ that 7(T") has at least m + 1 complements in
Cr. So does the liftable almost complete m-cluster tilting object Y in C4. O

Remark 4.3.8. Let 7 be a Krull-Schmidt Hom-finite triangulated category with a Serre
functor. In fact, following [48], one can get that any almost complete m-cluster tilting
object Y in 7 has at least m + 1 complements. Note that the notation in [40] and [48] has
some differences with each other, for example, m-cluster tilting objects in [40] correspond
to (m+ 1)-cluster tilting subcategories (or objects) in [48]. Here we use the same notation

s [40]. Set Y = addY, Z = N, H(2Y) and U = Z/Y. Let X be an m-cluster tilting
object in 7 which contains Y as a direct summand. Set X = addX. Then by Theorem 4.9
in [48], the subcategory L := X'/ is m-cluster tilting in the triangulated category Y. The
subcategories £, £(1), ..., L{m) are distinct m-cluster tilting subcategories of U, where
(1) is the shift functor in the triangulated category U. Also by the same theorem, the one-
one correspondence implies that the number of m-cluster tilting objects of 7 containing
Y as a direct summand is at least m + 1.
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4.4 Minimal cofibrant resolutions of simple modules
for strongly (m + 2)-Calabi-Yau case

The well-known Connes long exact sequence (SBI-sequence) for cyclic homology [64] as-
sociated with a dg algebra A is as follows

.= HHp3(A) 5 HCpis(A) > HOpmi1(A) B HHpio(A) 5

where HH,(A) denotes the Hochschild homology of A and HC.(A) denotes the cyclic
homology.

Let M and N be two dg A-modules with M in perA®. Then in D(k) we have the
isomorphism

L
RHom ge (RHom ge (M, A®), N) ~ M ® 4e N.
L
An element § = >0, &1, ®&2 € H' (M ® e N) is non-degenerate if the corresponding map
¢ : RHomye (M, A®) — S'N

given by ¢t (¢) = Zle(—1)|¢H5|¢(§1i)2£2i¢(§1,-)1 is an isomorphism. Throughout this
chapter, we write | - | to denote the degrees.

Let [ be a finite-dimensional separable k-algebra. We fix a trace Tr : | — k and let
o'®0" be the corresponding Casimir element (i.e., o'®0” = 3 o;®@0; and Tr(0j0}) = d;5).
An augmented dg l-algebra is a dg algebra A equipped with dg k-algebra homomorphisms
I % A 5 [ such that e is the identity. Following [76] we write PCAlge(l) for the
category of pseudo-compact augmented dg [-algebras satisfying Ker(e) = Coker(¢) = rad A.
When forgetting the grading, radA is just the Jacobson radical of the underlying ungraded
algebra A" :=[], A" of the dg algebra A = (A"),.

The SBI-sequence can be extended to the case that A € PC Algce(l), where HH,(A)(=

L
H,(A®4e A)) is computed by the pseudo-compact Hochschild complex. For more details,
see Section 8 and Appendix B in [76].

Definition 4.4.1 ([76]). An algebra A € PCAlgc(l) is strongly (m + 2)-Calabi-Yau if A
is topologically homologically smooth and HC),1(A) contains an element 7 such that Bn
is non-degenerate in HH,,2(A).

Theorem 4.4.2 ([76]). Let A € PCAlge(l). Assume that A = (A")r<o is concentrated
in nonpositive degrees. Then A is strongly (m + 2)-Calabi-Yau if and only if there is a
quasi-isomorphism (fﬂ\/,d) — A as augmented dg l-algebras with V' having the following
properties

a) dV)NV = 0;

b) V. =V.®lz with z an l-central element of degree —m — 1, V.. finite-dimensional and
concentrated in degrees [—m, 0];

¢) dz = o'no” with n € V.®V. non-degenerate and antisymmetric under the map
F:viQ@uy— (—1)‘”1H”2|v2 ® v1 for any vi, vy in V..

We would like to present the explicit construction of Ginzburg dg categories in the
following straightforward proposition.
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Proposition 4.4.3. The completed Ginzburg dg category fm+2(Q, W) associated with a
finite graded quiver QQ concentrated in degrees [—m,0] and with a reduced superpotential
W being a linear combination of paths of Q of degree 1 — m and of length at least 3, is
strongly (m + 2)-Calabi- Yau.

Proof. We check that fm+2(Q, W) satisfies the assumptions and the conditions in Theorem
4.4.2.

Let [ be the separable k-algebra Hier ke;. Let @G be the double quiver obtained from
@ by adjoining an opposite arrow a* of degree —m — |a| for each arrow a € Q1. Let @G
be obtained from @G by adjoining a loop t; of degree —m — 1 for each vertex 7. Then

the completed Ginzburg dg category fm+2(Q, W) is the completed path category E(QG )
with the following differential

d(a) = a € Q1;
( ) - el(Za6Q1[ ])elv i € Qo;
d(a*) = (- )IalaVV (— 1)\alz (=1 (lal+lDlulyy,  a e Qy;

where the sum in the third formula runs over all homogeneous summands p = uav of W.
_ Thus, the components of [to(Q, W) are concentrated in nonpositive degrees and
Lp2(Q, W) (=1® [[,1(QY)®'*) lies in PC Alge(l).

_The differential above which is induced by the reduced superpotential W satisfies that
d(Q)N QY = 0. Set z = > icqoti- Then z is an [-central element of degree —m — 1.
Clearly, Q¢ = @G @1z, the double quiver @G is finite and concentrated in degrees [—m, 0],
and the element d(z) = >_ o, (aa” — (—1)lalle"lg*q) is antisymmetric under the flip F.

The last step is to show that 1 := 3 ., [a,a”] is non-degenerate, that is, the corre-
sponding map

—G . —G
n* s Hompe Q7,19 — Q7 ¢ — (=1) 1M (n1)amag (m)s
is an isomorphism. Define morphisms ¢~ (y € @G) : @G — [¢ as follows
@b’y(a) = 5a’yet(a) ® €s(a)-

Then {¢.|y € @G} is a basis of the space Hom;e (@G, [¢). Applying the map 7™, we obtain
the images 77 (¢a) = (—1)™la* and nt(¢q-) = (=1)12"Pq for arrows a € Q1. Thus,
{nt(oy)|y € @G} is a basis of @G. Therefore, the element 7 is non-degenerate. O

Now we write down the explicit construction of deformed preprojective dg algebras as
described in [76]. Let @ be a finite graded quiver and L the subset of Q; consisting of
all loops a of odd degree such that |a| = —m/2. Let @V be the double quiver obtained
from @ by adjoining an opposite arrow a* of degree —m — |a| for each a € @1 \ L and
putting a* = a without adjoining an extra arrow for each a € L. Let IV be the Lie algebra
k@v / [k@v,k’@v] endowed with the necklace bracket {—,—} (cf. [13], [39]). Let W be
a superpotential which is a linear combination of homogeneous elements of degree 1 — m
in N and satisfies {W, W} = 0 (in order to make the differential well-defined). Let QY
be obtained from @V by adjoining a loop t; of degree —m — 1 for each vertex ¢. Then
the deformed preprojective dg algebra I1(Q, m + 2, W) is the dg algebra (k:@v, d) with the
differential
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da = (W, a} = (— )0 190 _ (q)(abenlal s ol
da* — {VV, a*} _ (_1)|a\+1%712/ — (_1)|a\+12p:mw(_1)(\a|+|v\)|u|vu;
dti = €i(Y4e0,[a, a*])es;

where a € Q1 and i € Q. Later we will denote the homogeneous elements rvu (r € k)
appearing in da (a € @V) by y(a, v, u).

Remark 4.4.4. As in Proposition4.4.3, we see that the completed deformed preprojective
dg algebra I1(Q, m+2, W) associated with a finite graded quiver @) concentrated in degrees

[—m, 0] and with a reduced superpotential W being a linear combination of paths of @V
of length at least 3, is also strongly (m + 2)-Calabi-Yau.

Suppose that —1 is a square in the field & and denote by v/—1 a chosen square root.
Then the class of deformed preprojective dg algebras is strictly greater than the class
of Ginzburg dg categories. Suppose that @ does not contain special loops (i.e., loops
of odd degree which is equal to —m/2). Then we can easily see that I'y,12(Q, W) =
I(Q,m + 2,—W). Otherwise, let Q° be the subquiver of @) obtained by removing the
special loops. For each special loop @ in Q1, we add a pair of loops @’ and a” to Q°
which are also special at the same vertex of Q°. Denote the new quiver by Q’. Let W' be
the superpotential obtained from W by replacing each special loop by the corresponding
element a’ + a”v/—1. Now we define a map ¢ : 'y i0(Q, W) — H(Q',m + 2,—W), it
sends each special loop a of Q1 to the element a’ + a”v/—1 and its dual a* to the element
d —d’v/=1 in I(Q',m + 2,—W’), and it keeps the other arrows of Q¥. Then it is not
hard to check that ¢ is a dg algebra isomorphism. It follows that Ginzburg dg categories
are deformed preprojective dg algebras. For the strictness, see the following example.

Example 4.4.5. Suppose that m is 2. Let @ be the quiver consisting of only one vertex

‘e’ and one loop a of degree —1. Then the Ginzburg dg category I'4(@, 0) and the deformed

preprojective dg algebra II(Q, 4,0) respectively have the the following underlying graded
quivers

a a=qa

@G: tC(PQa* ) QVV : tc\(p

where |a| = |a*| = —1 and |t| = —3. The differential takes the following values
d(a) =0= d(a*), dI“4(Q70) (t) = aa* + a*a, dH(QA,O) (t) = 2a2.

Then dimH ~1(T'4(Q, 0)) = 2 while dimH ~1(I1(Q, 4,0)) = 1. Hence, these two dg algebras
are not quasi-isomorphic. Moreover, it is obvious that the dg algebra II(Q,4,0) can not
be realized as a Ginzburg dg category.

Lemma 4.4.6. Let Il = ﬁ(Q, m+2, W) be a completed deformed preprojective dg algebra.
Let x (resp. y) denote the minimal (resp. maximal) degree of the arrows of @V. Then
there exist a canonical completed deformed preprojective dg algebra II' = ﬁ(Q’, m+2, W)
isomorphic to 11 as a dg algebra, where the quiver Q' is concentrated in degrees [—m/2,y].

Proof. We can construct directly a quiver Q" and a superpotential W’.

We claim first that x +y = —m. Let z1 (resp. y1) denote the minimal (resp. maximal)
degree of the arrows of Q. Then @V \ @ is concentrated in degrees [—m — y1, —m — x1].
If 1 < —m —yj, then z =27 and y; < —m — 1. Hence, z+y =21+ (—m —x1) = —m.
Similarly for the case ‘—m — y; < x1’.
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Let QY be the subquiver of @ which has the same vertices as @ and whose arrows
are those of @ with degree belonging to [—m/2,y] (= [(x + v)/2,y]). In this case |a*| =
—m —|a| € [-m —y,—m/2] = [x,—m/2]. For each arrow b of Q) whose dual b* has degree
in (—m/2,y], we add a corresponding arrow b’ to Q¥ with the same degree as b*. Denote
the new quiver by @Q’. Therefore, the quiver Q" has arrow set

{a € Qullal € [=m/2,y]} U{V' ||| = [b"],b € Qrand [b"] € (—=m/2,y]}.
~ ~V
We define a map ¢ : Q¥ — @' by setting
Wa) = a, u(a*) = a*; u(t;) =t o) = (—D)PIFHLY 7y = v

Let W’ be the superpotential obtained from W by replacing each arrow o in W by ¢(«).
Then it is not hard to check that the map ¢ can be extended to a dg algebra isomorphism
from II to IT'. O

In particular, if @) is concentrated in degrees [—m, 0], then by the above lemma, the
new quiver @’ is concentrated in degrees [—m/2,0]. If the following two conditions

V1) @ a finite graded quiver concentrated in degrees [—m/2, 0],

V2) W a reduced superpotential being a linear combination of paths of @V of degree
1 —m and of length > 3,

hold, then we will say that the completed deformed preprojective dg algebra ﬁ(Q, m+2, W)
is good.

Theorem 4.4.7 ([76]). Let A be a strongly (m~+2)-Calabi-Yau dg algebra with components
concentrated in degrees < 0. Suppose that A lies in PC Algc(l) for some finite-dimensional
separable commutative k-algebra I. Then A is quasi-isomorphic to some completed de-
formed preprojective dg algebra.

We consider the strongly (m + 2)-Calabi-Yau case in this section, by Theorem 4.4.7,
it suffices to consider good completed deformed preprojective dg algebras II = ﬁ(Q, m +
2,W). The simple II-module S; (attached to a vertex i of ()) belongs to the finite-
dimensional derived category Dyq(II), hence it also belongs to perll. We will give a
precise description of the objects RA; and LA; obtained from iterated mutations of a
P-indecomposable e;II, where e; is the primitive idempotent element associated with a
vertex ¢ of Q).

Definition 4.4.8 ([70]). Let A = (lg@,d) be a dg algebra, where @ is a finite graded
quiver and d is a differential sending each arrow to a (possibly infinite) linear combination
of paths of length > 1. A dg A-module M is minimal perfect if

a) its underlying graded module is of the form EBévlej, where R; is a finite direct sum
of shifted copies of direct summands of A, and

b) its differential is of the form d;,; + 0, where d;y,; is the direct sum of the differentials
of these R; (1 < j < N), and §, as a degree 1 map from @é\]lej to itself, is a
strictly upper triangular matrix whose entries are in the ideal m of A generated by
the arrows of Q.

Lemma 4.4.9 ([70]). Let M be a dg A(= (lg@, d))-module such that M lies in perA. Then
M is quasi-isomorphic to a minimal perfect dg A-module.
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In the second part of this section, we illustrate how to obtain minimal perfect dg
modules which are quasi-isomorphic to simple II-modules from cofibrant resolutions [63].
If a cofibrant resolution pX of a dg module X is minimal perfect, then we say pX a
minimal cofibrant resolution of X.

Let i be a vertex of Q and P; = ¢;II. Consider the short exact sequence in the category
C(II) of dg modules

0— Ker(p) # Pl' L Sl — 0,

where in the category Grmod(II) of graded modules Ker(p) is the direct sum of pP,)

over all arrows p € @Y with t(p) = i. Here pPy, denotes the image in P; of the map
P,y — Pi given by the left multiplication by p. The simple module S; is quasi-isomorphic

to cone(Ker(p) = P;), i.e., the dg module

dp, L
X:(X:B@EX/@@EX;YL ,dX:< % >)7
i " 0 —dxerp)

where for each integer 0 < j < m + 1, the object X ]’ is the direct sum of pPy,) ranging

over all arrows p € QY with ¢(p) =i and |p| = —j. By Section 2.14 in [63], the dg module
X is a cofibrant resolution of the simple module .S;.

Now let Pj’ (0 <j <m+1) be the direct sum of Py,) where p ranges over all arrows
in @Y satisfying t(p) = i and |p| = —j. Clearly, P, = P;. We require that the
ordering of direct summands P,y in P]( is the same as the ordering of direct summands
pPs(p) In X; for each integer 0 < 5 < m + 1. Let Y be an object whose underlying
graded module is Y = P, ® SR, & X*P] @ ... ® Zm”P,’nH. We endow Y with a degree
1 graded endomorphism d;,: + dy, where d;,; is the same notation as in Definition 14.4.8.
The columns of dy have the following two types: («,0,..., —¥yreq(c,v,u),...,0)t, and

(tiy...,—a*, ..., (=Dl 0)! for the last column. Here o is an arrow in @ , while

a is an arrow in @) and b is an arrow in @V \ Q. Here y,cq(c,v,u) is obtained from the
path y(o,v,u) = (... (this notation is defined just before Remark 4.4.4) by removing
the factor 5. The ordering of the elements in each column is determined by the ordering
of Y.

Let f : Y — X be a map constructed as the diagonal matrix whose elements are
all arrows in @Y with target at i, together with e; as the first element. Moreover, we
require that the ordering of these arrows is determined by Y (hence also by X), that is,
the components of f are of the form

fo: E""HPS(M — YpPyp), U — pu.

It is not hard to check the identity f(di: + dy) = dx f. Hence, the morphism f is an
isomorphism in C(II), and the map d;,; + éy makes the object Y to be a dg module which
is minimal perfect. Therefore, the dg module Y is a minimal cofibrant resolution of the
simple module S;.

In the third part of this section, we show that when there are no loops of Q) at vertex 1,
the truncations of the minimal cofibrant resolution Y of the simple module S; produce RA;
and LA; (0 <t < m+ 1) obtained from the P-indecomposable P; by iterated mutations.
If we write M for the dg module II/P;, then the dg modules P]f (0 < j < m) appearing
in Y lie in addM. Let e<;Y be the submodule of Y with the inherited differential whose
underlying graded module is the direct sum of those summands of Y with copies of shift
< t. Let €>¢11Y be the quotient module Y/(e<;Y"). Notice that e<;Y is a truncation of
Y for the canonical weight structure on perll, cf. Bondarko [15], Keller-Nicolés [58].
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Proposition 4.4.10. LetII be a good completed deformed preprojective dg algebra ﬁ(Q, m+
2,W) and i a vertex of Q. Assume that there are no loops of Q at vertex i. Then the
following two isomorphisms

Z_tsgtY ~ RA; and Z_t_lethY ~ LAmy1-t
hold in the derived category D := D(I1) for each integer 0 <t < m+ 1.

Proof. We only consider the first isomorphism. Then the second one can be obtained
dually. For arrows of @V of degree —j ending at vertex 7, we write «;; for the symbols
—Yred(a, v, u) of degree —j, we simply write —yied, and for morphisms f of degree —j, we
write f;, where 0 < j < m. Moreover, we use the notation [z] to denote a matrix whose
entries x have the same ‘type’ (in some obvious sense).

Clearly, when t = 0, we have that e<gY = P; = RAy.

When t = 1, we have the following isomorphisms

; R

dvy-1p. —
E_1€§1Y = (E_lf)i 2] P(Sv < EOlpI d[(;,[)] >) = E_ICOTLG(PO - i)7
0

where each component of h(1)(= [ag]) is the left multiplication by some ag. Since W is
reduced, the left multiplication by «ag is nonzero in the space Homp(Fj, P;). Moreover,

only the trivial paths e; have zero degree, and there are no loops of @V of degree zero
at vertex i. It follows that () is a minimal right (addM )-approximation of P;. Then
E_lsle and RA; are isomorphic in D.

In general, assume that ¥~ te<;Y ~ RA; (1 <t < m). We will show that

Y e 1Y ~ RA .
First we have the following isomorphism

Yl Y ~ (TP e Y Plo. ..o P,

ds-i-1p, (1) Hao] .. (—1)”1[0%51] (—1)”1[0414
0 ds-ipy oo (CD'Wed) (D]
0 0 e dE_lPt/—l (71)t[y£ed]
0 0 0 dp,
)
~ %" cone(P} kst RA),
where hHD = ((=1)!ay], (=1) gl ], o, (D) %, Each column of AUH+Y s

a nonzero morphism in Homp (P}, RA;), since the superpotential W is reduced. Oth-
erwise, the arrow ay will be a linear combination of paths of length > 2. It follows
that h(*t1) is right minimal. Let L be an arbitrary indecomposable object in addA and
f = (fi,[fe=1],---,[f1],[fo])! an arbitrary morphism in Homp(L, RA;). Then the vanish-
ing of d(f) implies that d(f;) = —[ao][fi—1] — ... — [at—2][f1] — [¢—1][fo]. Since there are
no loops of @v of degree —t at vertex ¢, the map f; which is homogeneous of degree —t is
a linear combination of the following forms:
(4) ft = augo, where |go| = 0. In this case, the differential

d(fy) = d(augo) = d(ow)go = [ew][ylog1go + - - . + [cu—1][y eql 90,
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which implies that [f,] is equal to —[y/_;]g0 (0 < r <t —1). Then the equalities

ft a¢go (=1t
[fi—1] ~ [y eq 190 (-1 gl
f= = = (—l)tgo.
[f1] ~[Ypealo (=1 yed)
[fo] —[y2.qlgo (=124l

hold. Thus, the morphism f factors through h(t+1.
(7)) fr = argt—r, where |gi—p| =7 — ¢ (0 <17 <t —1). In these cases, the differentials

d(ft) = d(ar)gs—r + (—1)"rd(gs—r) =
[0l [Yreq 19t—r + -+ -+ [r 1] [U0eg g1 + (= 1) rd(gt—r),

which implies that

[ft—l] = _[y:;ll}gt—'l‘a tee [ft—r] = _[yged]gt—'r and

[ftfrfl] = (*1)T+1d(gt7r)-
Then we have that

Argt—r 0 0
5 — 19— 0 0
W -
- [yred]gt—r _ 0 0

Al 1) g,y | TR (Caytg, (1)lg, |
ol 0 0 !

0 0 0
is a zero element in Homp(L, RA;). Therefore, the morphism A+1) is a minimal right

(addA)-approximation of RA; (1 < t < m). Hence, the isomorphism X~ lec, 1V ~
RA; 41 holds. O

We further assume that the zeroth homology HYII is finite-dimensional. Then the dg
algebra II satisfies Assumptions 4.2.1 and moreover it is strongly (m + 2)-Calabi-Yau.

The simple module S; is zero in the generalized m-cluster category Cri = perll/D4(II),
so its corresponding minimal cofibrant resolution Y also becomes zero in Cr. Taking

truncations of Y, we obtain m + 2 triangles in Cry
W(EStY) — 00— W(62t+1Y) — Eﬂ‘(&StY), 0 <t<m-+ 1,

where 7 : perll — Cpy is the canonical projection functor. Therefore, the following theorem
holds:

Theorem 4.4.11. Under the assumptions in Proposition|4.4.10 and the assumption that
HOCII is finite-dimensional, the image of RA; is isomorphic to the image of LAy, 1_¢ in
the generalized m-cluster category Cry for each integer 0 <t < m + 1.

Proof. The following isomorphisms
T(RAy) ~ (X7 et YV) = (X7 esy 1Y) > w(LAmy1—¢)

are true in Cry for all integers 0 <t <m + 1. O
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In the presence of loops, the objects RA; and LA, do not always satisfy the relations
in Theorem 4.4.11. See the following example.

Example 4.4.12. Suppose that m is 2. Let @ be the quiver whose vertex set ()¢ has
only one vertex ‘e’ and whose arrow set ()1 has two loops a and 0 of degree —1. Then the
completed deformed preprojective dg algebra II = II(Q,4,0) has the underlying graded

quiver as follows
[e%

~ \
NeReY
with |a] = |f] = —1 and |t| = —3. The differential takes the following values

dla) =0=d(3), d(t)=2a*+25%

The algebra II is an indecomposable object in the derived category D(II). Let P = II.
Then we have the equality Il = P & M, where M = 0. Then LA, is isomorphic to X" P
and RA, is isomorphic to X" P for all r > 0.

The zeroth homology HVII is one-dimensional and generated by the trivial path e,.
Let Crp be the generalized 2-cluster category. We claim that the image of RA; in Cyy is
not isomorphic to the image of LA;. Otherwise, assume that w(RA;) is isomorphic to
m(LAz). Then the following isomorphisms hold

Home, (7(LAs3), ¥ (LAs)) ~ Home, (7(LA2), Em(RA1))

~ Home,, (X?P, 27(X 7' P)) ~ Home, (X2 P, P)
~ Homp() (3P, P) ~ H 1L

The left end term of these isomorphisms vanishes since m(LA3) is a 2-cluster tilting object,
while the right end term is a 3-dimensional space whose basis is {a?, /3, Ba}. Therefore,
we obtain a contradiction.

4.5 Periodicity property

Lemma 4.5.1. Let A be a dg algebra satisfying Assumptions |4.2.1. Let x and y be two
integers satisfying x < y +m + 1. Suppose that the object X lies in DS* N perA and
the object Y lies in YD<Y N perA. Then the quotient functor m : perA — Ca induces an
isomorphism

Homp(X,Y) ~ Homg, (7(X), 7(Y)).

Proof. This proof is quite similar to the proof of Lemma 2.9 given in [70].

First, we show the injectivity.

Assume that f : X — Y is a morphism in D whose image in C4 is zero. It follows that
f factors through some N in Dy4(A). Let f = hg. Consider the following diagram

N

L~
T<xN N T2x+1N*>Z(TSmN>.
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We have that g factors through 7<, N because X € D= and the space Homp(D=%, 75,11 N)
vanishes.
Now since 7<, N is still in Dsq(A), by the Calabi-Yau property, the following isomor-
phism
DHomp(7<;N,Y) ~ Homp (Y, " ?(1<,N))

holds. Since ¥"*2(7<,N) belongs to DS*~™~2(C DY) the right hand side of the above
isomorphism is zero. Therefore, the morphism f is zero in the derived category D.
Second, we show the surjectivity.
Consider an arbitrary fraction s~'f in Cy4

XXU/Y
J

where the cone N of s is in Dyq(A). Now look at the following diagram

N

X o -Y
s v
f
U oo 7
r
TS;EN N ot T2x+1N4>2(T§xN)
Lk
YY.

By the Calabi-Yau property, the space Homp(7<,N,XY’) is isomorphic to the space
DHomp (Y, X"+ (1<, N)), which is zero since z—m—1 < y. Thus, there exists a morphism
h such that u = h o m,y1. Now we embed h into a triangle in D as follows

Y 5 Z — e N 5 Y.

It follows that the morphism v factors through s by some morphism g. Then we can get

a new fraction
X Y
\ /
gof
A

where the cone of v is 7,11 N (€ Dfq(A)). This fraction is equal to the one we start with
because

v gof)=(gos)Hgof)~sf.

Moreover, since the space Homp (X, 7>,+41/N) vanishes, there exists a morphism w : X — Y
such that g o f = v o w. Therefore, the fraction above is exactly the image of w in
Homp(X,Y') under the quotient functor . O
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Note that in the assumptions of the above lemma, we do not necessarily suppose that
the objects X and Y lie in some shifts of the fundamental domain.

A special case of Lemma 4.5.1 is that, if X lies in D=™ N perA, then the quotient
functor 7 : perA — C4 induces an isomorphism

Homp(X, RA;) ~ Home, (7(X), 7(RA,))

for any nonnegative integer ¢, where RA; belongs to ~D="1,

Theorem 4.5.2. Under the assumptions of Theorem |4.4.11, for each positive integer t,
1) the image of RAy is isomorphic to the image of RAy(modm+1) i Cr,
2) the image of LAy is isomorphic to the image of LAymodm+1) i Crr-

Proof. We only show the first statement. Then the second one can be obtained similarly.
Following Theorem 4.4.11} the image of RA,,+1 in Cyy is isomorphic to P, which is RAg
by definition. Let us denote ‘¢ (modm + 1)’ by ¢. We prove the statement by induction.
Assume that the image of RA; is isomorphic to the image of RA; in Cr;. Consider the
following two triangles in D(II)

(t+1)
RAp — AU -, RAy — Y RA 1,

—— f(EFD)
RAm — A(t+1) f—> RAE e ZRAm,

and also consider their images in Cr;. By Lemma 4.5.1, the isomorphism
HOIDD(H) (L, RAt) ~ HOIIlCH (L, W(RAt))

holds for any object L € addM and any nonnegative integer t. Hence, the images 7( f(+1)
and 7(f+D) are minimal right (addM)-approximations of 7(RA;) and 7(RA;) in Cr,
respectively. By hypothesis, m(RA;) is isomorphic to m(RA;). Therefore, the objects
AW and ACHD are isomorphic, and m(RA,41) is isomorphic to m(RAzy) in Crp. This
completes the statement. ]

Remark 4.5.3. Section 10 in [48] gave a class of (2n + 1)-Calabi-Yau (only for even
integers 2n, not for all integers m > 2) triangulated categories (arising from certain Cohen-
Macaulay rings) which contain infinitely many indecomposable 2n-cluster tilting objects.

In the following, for every integer m > 2, we construct an (m + 1)-Calabi-Yau trian-
gulated category which contains infinitely many indecomposable m-cluster tilting objects.

When m = 2, we use the same quiver Q as in Example 4.4.12.

When m > 2, let Q) be the quiver consisting of one vertex e and one loop « of degree
—1.

Let IT = ﬁ(Q, m-+2,0) be the associated completed deformed preprojective dg algebra.
Clearly, II is an indecomposable object in the derived category D(II), the zeroth homology
HOII is one-dimensional and the path o® is a nonzero element in the homology H *II
(s € N*). Let Cyy be the generalized m-cluster category and 7 : perll — Cyj the canonical
projection functor. Set P =1II. Then Il = P & 0. For each integer ¢ > 0, the object LA,
is isomorphic to X'P and the object RA; is isomorphic to ¥~ ¢P. Now we claim that

1) For any two integers r > ¢t > 0, the object m(RA,) is not isomorphic to 7(RA;) in
Cr1, and the object m(LA,) is not isomorphic to m(LA;) in Cry.
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2) For any two integers ri, 72 > 0, the objects 7(RA,,) and 7(LA,,) are not isomorphic
in Cry.

Otherwise, similarly as in Example 4.4.12), the following contradictions will appear
(0 =) Homg,, (m(RA:), ¥ (RA:)) = Home,, (m(RA:), Em(RA,))

~ Home, (X7'P, 2" P) ~ Hom¢, (P, 2" P)
~ Homp (P, 5" P) ~ H' "I (# 0);
(0 =) Home,, (7(LA,), ¥n(LA,)) = Homey, (7(LA,), Sm(LA))
~ Home,, (X" P, X' P) ~ Home, (P, X" "1 P)
~ Homp (P, 5" P) ~ H' "I (# 0);
(0 =)Home, (7 (LA,,), X7(LAy,)) = Home, (1(LAy, ), E7(RA;,))
~ Homg,, (X" P, X!"" P) ~ Home, (P, X' """ "2 P)
~ Homp (P, 5" "2 P) ~ H' 177211 (# 0);

where the left end terms become zero, the right end terms are nonzero since t —r+1 <0
and 1 — r{ — ry < 0, and the isomorphism

Homey, (P, X7°P) ~ Homp ) (P, X7 °P)

holds for any s € N following Lemma 4.5.1.

Therefore, the (m + 1)-Calabi-Yau triangulated category Cr; contains infinitely many
m-~cluster tilting objects, and in the presence of loops, the objects m(RA;) and m(LA,) do
not satisfy the relations in Theorem 4.4.11/ and Theorem 14.5.2.

4.6 AR (m + 3)-angles related to P-indecomposables

Let 7 be an additive Krull-Schmidt category. We denote by Jr the Jacobson radical [6)
of T. Let f € T(X,Y) be a morphism. Then f is called (in [48]) a sink map of Y € T if
f is right minimal, f € J7, and

T(—. X)L g (- v) —o0
is exact as functors on 7. The definition of source maps is given dually.
Let n be a positive integer. Given n triangles in a triangulated category,

bi i .
Xis1 =5 B; % X; — $Xi41, 0<i<m,

the complex
n—10n—1 biai

X, B, T B,y o B Y By Y X
is called (in [48]) an (n + 2)-angle.
Definition 4.6.1 ([48]). Let H be an m-cluster tilting object in a Krull-Schmidt triangu-

lated category. We call an (m + 3)-angle with Xo, X,,41 and all B; (0 < i < m) in addH
an AR (m + 3)-angle if the following conditions are satisfied
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a) ag is a sink map of Xy in addH and b,,11 is a source map of X, 1 in addH, and

b) a; (resp. b;) is a minimal right (resp. left) (addH)-approximation of X; for each
integer 1 <7 < m.

Remark 4.6.2. An AR (m+ 3)-angle with right term X (resp. left term X,,+1) depends
only on X (resp. X,,+1) and is unique up to isomorphism as a complex.

We will use the higher AR theory to show the following theorem, which gives a more
explicit criterion than the general Theorem 5.8 in [48] for the category Cry.

Theorem 4.6.3. Let 11 be a good completed deformed preprojective dg algebra ﬁ(Q,m +
2, W) andi a vertex of Q. Assume that the zeroth homology HCII is finite-dimensional and
there are no loops of @ at vertex i. Then the almost complete m-cluster tilting P-object
IT/e;,11 has exactly m + 1 complements in the generalized m-cluster category Cry.

Proof. Set RAg = P; = e;I1 and M = II/e;I1. Section 4 gives us a construction of iterated
mutations RA; of P; in the derived category D(II), that is, the morphism r) . Py — Pisa
minimal right (addM)-approximation of P;, and morphisms h(**Y) : P/ — RA; (1 <t < m)
are minimal right (addA)-approximations of RA; with P/ in addM. Let A (resp. M)
denote the subcategory addn(II) (resp. addw(M)) in the generalized m-cluster category
Cr.

Step 1. Since Pj, P; and M are in the fundamental domain, the morphism R can be
viewed as a minimal right M-approximation in Cry, that is, the sequence

s
A=, B))lm — A(—, P)|m = Ja(—, Bs)|pm — 0,

is exact as functors on M. Since there are no loops of @V of degree zero at vertex i,
the Jacobson radical of End 4(P;) (~ Endp) (%)) consists of combinations of cyclic paths
p=ai...a.(r>2)of @V of degree zero. The path p factors though ey,,)II and factors
through h(1). Therefore, we have an exact sequence
b
A(P;, Py) = rad End 4(P;) — 0.
Thus, the morphism A is a sink map in the subcategory A.

Step 2. The morphisms A+ (1 <t < m) are minimal right (addA)-approximations
of RA; with P/ in addM. Since the objects RA;(1 <t < m) and P/ lie in the shift X~"F
of the fundamental domain by Proposition 4.2.8, the images of A**) are minimal right
A-approximations in Cry.

Step 3. Consider the morphisms a) in the triangles of constructing RA; in D(II)

(t) (t)
SRA,, — RA, S P S RA,, 1<t<m.

We already know that the maps oY) are minimal left (addM )-approximations in D(IT).
Now applying the functor HomD(H)(—, P;) to the above triangles, we obtain long exact
sequences

NN _
o= (P, P) L (RALP) — (S7'RA,P) — ...,

where (,) denotes Hompp(,). The terms HomD(H)(ZflRAt_l,PZ-) are zero since all
RA; 1 liein J-D(H)S_l. Hence, the morphisms o) are minimal left (add A)-approximations
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in D(II). Since the objects RA;(1 <t < m) and P/ lie in the shift X~™F, the images of
o) are minimal left A-approximations in Cry.

Step 4. Consider the following two triangles in D(II)

QM+ p(mtD)

RAp+1 — P, — RA, — XRA;,41,

m

R I CY
pP,>—P — LA — XP,.

m

Since the objects P;, P and LA; are in the fundamental domain F, the second triangle
can also be viewed as a triangle in Cy and the morphism (") is a minimal right M-
approximation of LA;. Note that the objects RA,, and P}, belong to ¥~™F. Hence, the
image of the first triangle

w(almt)y (A0 ED)

T(RAp+1) — P, — "w(RAp) — En(RAm+1)

m

is a triangle in Cr; with 7(A*1)) a minimal right M-approximation of w(RA,,). By
Theorem 4.4.11), the image of RA,, is isomorphic to the image of LA in Cr;. Thus, the
images of these two triangles in Cy are isomorphic. We can also check that ¢(!) is a source
map in A as Step 1. Therefore, the image W(a(m“)) is also a source map in A with
m(RApm+1) isomorphic to P; in Cyy.

Step 5. Now we form the following (m + 3)-angle in Cr

P, = n(RAm11) = Pp, —2% Pl —— - —— P| 2> P2 P,

where ¢ is equal to w(h(!)), the morphism ¢; (1 < t < m) is the composition 7(a/0))x(ht+1),
and @11 is equal to (™). From the above four steps, we know that g is a sink
map in A, and ¢,,+1 is a source map in A. As a consequence, this (m + 3)-angle is the
AR (m + 3)-angle determined by P;. Since the indecomposable object P; does not belong
to add(®y™,P/), following Theorem 5.8 in [48], the almost complete m-cluster tilting P-
object II/e;IT has exactly m + 1 complements e;I1, 7(RA;),...,7(RA;,) in Crr. The proof
is completed. O

4.7 Liftable almost complete m-cluster tilting objects
for strongly (m + 2)-Calabi-Yau case

Keep the assumptions as in Theorem 4.6.3. Let II = ﬁ(Q, m+2,W). Let Y be a liftable
almost complete m-cluster tilting object in the generalized m-cluster category Cr;. Assume
that Z is a basic cofibrant silting object in perll such that 7(Z/Z’) is isomorphic to Y,
where 7 : perll — Cyy is the canonical projection and Z’ is an indecomposable direct
summand of Z. Let A be the dg endomorphism algebra Homp;(Z, Z) and F the left derived

L
functor —®4 Z. From the proof of Theorem 4.3.3, we know that F' is a Morita equivalence
from D(A) to D(II) and A satisfies Assumptions 4.2.1. We denote the truncated dg
subalgebra 7<pA by E. Since A has its homology concentrated in nonpositive degrees, the

L
canonical inclusion F < A is a quasi-isomorphism. Then the left derived functor — ®g A
is a Morita equivalence from D(E) to D(A).
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Theorem 4.7.1 ([51]). Let | be a commutative ring. Let B and B’ be two dg l-algebras
and X a dg B-B'-bimodule which is cofibrant over B. Assume that B and B’ are flat as
dg l-modules and

— &y X :D(B') — D(B)

is an equivalence. Then the dg algebras B and B’ have isomorphic cyclic homology and
isomorphic Hochschild homology.

A corollary of Theorem 4.7.1] is that B’ is strongly (m + 2)-Calabi-Yau if and only if
so is B.

The object Z is canonically an k-module, and the dg algebras A and E are k-algebras.
Thus, the derived equivalent dg algebras II, A and E are flat as dg k-modules. Following
Remark 4.4.4/ and Theorem [4.7.1, the dg algebras A and E are also strongly (m + 2)-
Calabi-Yau.

We will show that the dg algebra F satisfies the assumption in Theorem 4.4.7, that
is E lies in PC'Alge(l') for some finite-dimensional separable commutative k-algebra [’
In fact, I = [1jz/k, where |Z| is the number of indecomposable direct summands of Z in
perll. Furthermore, from the following lemma, we can deduce that I’ = I.

Lemma 4.7.2. Suppose that B is a dg algebra with positive homologies being zero. Then
all basic cofibrant silting objects have the same number of indecomposable direct summands
in perB.

Proof. The triangulated category perB contains an additive subcategory B := addB. Since
the dg algebra B has its homology concentrated in nonpositive degrees, it follows that

Homperp(B,%PB) =0, p>0.

Since the category perB, which consists of the compact objects in D(B), and the category
addB are both idempotent split, by Proposition 5.3.3 of [15], the isomorphism

Ky(perB) ~ Ky(addB)

holds, where Ky(—) denotes the Grothendieck group.

Let Z be any basic cofibrant silting object in perB and B’ its dg endomorphism
algebra Hom%(Z, Z). Then B’ has its homology concentrated in nonpositive degrees and
perB’ is triangle equivalent to perB. Therefore, we have Ky(perB’) ~ Ky(addB’) and
Ko(perB’) ~ Ky(perB). As a consequence, the following isomorphisms hold

Ko(addB) ~ Ko(addB/) ~ Ko(addZ)

Thus, any basic cofibrant silting object in perB has the same number of indecomposable
direct summands as that of the dg algebra B itself. O

When forgetting the grading, the dg algebra E becomes to be E* := Z°A® ([, o A"),
where Z°A(= Home1)(Z, Z)) consists of the zeroth cycles of A. For any z € [], A",
the element 1 + 2 clearly has an inverse element. It follows that [[,._,A" is contained in
rad(E"). We have the following canonical short exact sequence

r<0

O—>B0A—>Z0A£>H0A—>O,

where BYA is the two-sided ideal of the algebra ZYA consisting of the zeroth boundaries
of A.

Following from Lemma 4.4.9, without loss of generality, we can assume that the basic
silting object Z is a minimal perfect dg II-module.
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Lemma 4.7.3. Keep the above notation and suppose that Z is a minimal perfect dg I1-
module. Then BYA lies in the radical of Z°A.

Proof. Let f be an element in B°A. Then f is of the form dzh + hdy for some degree
—1 morphism h : Z — Z. Since Z is minimal perfect, the entries of f lie in the ideal m
generated by the arrows of @V. Then for any morphism ¢ : Z — Z, the morphism 157 — g f
admits an inverse 17 + gf + (gf)? +.... Similarly for the morphism 1z — fg. It follows
that f lies in the radical of the algebra Z°A. This completes the proof. O

The epimorphism p in the above short exact sequence induces an epimorphism
p:Z°A/rad(Z°A) — H°A/rad(H°A).

Since BYA lies in the radical of Z°A, the epimorphism p is an isomorphism. Therefore,
the following isomorphisms

E"/rad(E*) ~ Z°A/rad(Z°A) ~ H°A/rad(H°A)

are true. Note that perll is Krull-Schmidt and Hom-finite. Since the algebra FE; :=
Endperni(Z;) is local and k is algebraically closed, the quotient E;/rad(E;) is isomorphic
to k. Then we have that

H°A/rad(H°A) ~ Endpern(Z)/rad(Endpern (Z))

~ HIZIEi/rad(EZ-) ~ k(=1).
Hence, the dg algebra E lies in PC' Algc(l). Therefore, E is quasi-isomorphic to some good
completed deformed preprojective dg algebra I1(Q’, m+2, W’) (denoted by II'). Moreover,
HOTI' is equal to H%A which is finite-dimensional.

The following diagram

17

L L
~@E A —®aZ
perll! —= perE perA —®aZ perll

b

CH/ CE CA CH

L
—Q®p

is commutative, where each functor in the rows is an equivalence and the functor in each
column is the canonical projection. The preimage of Z in perIl’, under the equivalence
F given by the composition of the functors in the top row, is II'. Let IIf, = ¢;II' be the
P-indecomposable dg II'-module such that F(IIj) = Z’ in perll, where j is a vertex of @'.
Assume that there are no loops of Q' at vertex j. It follows from Theorem 4.6.3 that the
almost complete m-cluster tilting P-object II'/IIj; has exactly m + 1 complements in Cry.
Note that the image of II'/IIj, in Cyy, under the equivalence given by the composition of
the functors in the bottom row, is Y. Therefore, the liftable almost complete m-cluster
tilting object Y has exactly m + 1 complements in Cry.
As a conclusion, we write down the following theorem.

Theorem 4.7.4. Let I be a good completed deformed preprojective dg algebra ﬁ(Q,m +
2, W) whose zeroth homology HTI is finite-dimensional. Let Z be a basic silting object in
perIl which is minimal perfect and cofibrant. Denote by E the dg algebra T<o(Homp(Z, Z)).
Then
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1) E is quasi-isomorphic to some good completed deformed preprojective dg algebra
Il = TI(Q',m + 2,W'), where the quiver Q' has the same number of vertices as Q
and HCII' is finite-dimensional;

2) let'Y be a liftable almost complete m-cluster tilting object of the form w(Z/Z') in Cn
for some indecomposable direct summand Z' of Z. If we further assume that there

L
are no loops at the vertex j of @', where e;II' @y Z = Z', then'Y has exactly m + 1
complements in Cr.

Here we would like to point out a special case of the above theorem, namely m = 1 and
Z = LAgk) @1II/eIT with respect to some vertex k of Q. Let (Q*, W*) denote the (reduced)
mutation pu(Q, W) defined in [31] of the quiver with potential (Q, W) at vertex k. Let
A be the dg endomorphism algebra Homy;(Z, Z) and II* the good completed deformed
preprojective dg algebra ﬁ(Q*, m + 2, W*). By [63], there is a canonical morphism from
IT* to A. Define three functors as follows:

L L L
F=-9mZ, Fi=-0mA4, Fk=-8aZ

Clearly, we have that F' = F»F; and F5 is a quasi-inverse equivalence. It was shown in
[63] that F' is a quasi-inverse equivalence. The following isomorphisms

Hn(H*) ~ HOmD(H*)(H*, Enﬂ*) ~ HOmD(A) (A, EnA) ~ H"A

become true, which implies that IT* and A are quasi-isomorphic. Therefore, the quiver
with potential (Q’, W’) appearing in Theorem 4.7.4/ 1) for this special case can be chosen
as pup(Q,W).

As the end part of this section, we state a ‘reasonable’ conjecture about the non-loop
assumption in the above theorem for completed deformed preprojective dg algebras.

Definition 4.7.5. Let r be a positive integer. An algebra A € PCAlgc(l) is said to be
r-rigid if
HHy(A)~1l, and HH,(A)=0(1<p<r-1),

where H H,(A) is the pseudo-compact version of the Hochschild homology of the dg algebra
A.

Remark 4.7.6. For completed Ginzburg algebras associated with quivers with potentials,
our definition of 1-rigidity coincides with the definition of rigidity in [31]. Proposition 8.1
in [31] states that any rigid reduced quiver with potential is 2-acyclic. Then no loops will
be produced following their mutation rule. Although we do not know whether the quiver
Q' related to such a silting object as in Theorem 4.7.4/ can be obtained from mutation
of quivers with potentials, we can still obtain that the quiver Q' always does not contain
loops in the condition of 1-rigidity (see Corollary 4.7.9).

Proposition 4.7.7. The completed deformed preprojective dg algebras I1 = ﬁ(Q, m+2,0)
associated with acyclic quivers Q are m-rigid.

Proof. Tt is clear that the zeroth component II° of II is just the finite-dimensional path
algebra k@ (denoted by B) and the (—p)th component of II is zero for 1 < p < m — 1.
Thus, the Hochschild homology of 1I is given by

HHo(Il) = B/[B, B] = []g, |k
HH,(TT) = HH,(B) = Ker(80) /Im(@,) (1 <p <m 1),
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where 9 B®k+l) _, B®r i the pth row differential of the uppermost row in the

Hochschild complex X =11 é)ne II.

Since the path algebra k(@ is of finite dimension and of finite global dimension and k
is algebraically closed, we have HH,(B) = 0 for all integers p > 0, cf. Proposition 2.5 of
[51]. Tt follows that the dg algebra II(Q,m + 2,0) is m-rigid. O

Proposition 4.7.8. Let Il = ﬁ(Q, m+ 2, W) be a good completed deformed preprojective
dg algebra and p a fized integer in the segment [0, m]. Suppose the p-th Hochschild homology
of 11 satisfies the isomorphism

koifp=0,
HHp(H):{ g[lQol ZZi#O.

Then @V does not contain loops with zero differential and of degree —p.

Proof. Let a be a loop of @V at some vertex ¢ with zero differential and of degree —p. The
element a lies in the rightmost column of the Hochschild complex X of II. By assumption
the differential d(a) is zero, so a is an element in HHp,(II). Now we claim that a is a
nonzero element in H Hp(IT).

First, the superpotential W is a linear combination of paths of length at least 3, so
d(@}/) C m?, where m is the two-sided ideal of II generated by the arrows of @V. Second,
it is obvious that the relation Imd; N {loops of @V} = () holds. Therefore, the loop a can
not be written in the form Y d(v) + > 01(u ® v) for paths v € e;me; and w,v paths of
Q" , which means that a is a nonzero element in H H,(II).

Note that the trivial paths associated with the vertices of () are nonzero elements in
HHy(IT). Hence, we get a contradiction to the isomorphism in the assumption. As a

result, the quiver @V does not contain loops with zero differential and of degree —p. [

Corollary 4.7.9. Keep the notation as in Theorem 4.7.4] and let m = 1. Suppose that 11
is 1-rigid. Then the new quiver Q' does not contain loops.

Proof. 1t follows from statement 1) in Theorem 4.7.4 that F is quasi-isomorphic to some
good completed deformed preprojective dg algebra IT' = ﬁ(Q’,?),W’). Then following
Theorem 4.7.1l and the analysis before Theorem 4.7.4, we can obtain that the dg algebras
IT and II' have isomorphic Hochschild homology. Therefore, the new dg algebra II' is also
1-rigid. Note that every arrow of Q" has zero degree and thus has zero differential. Hence,
by Proposition 4.7.8 the quiver @)’ does not contain loops. O

Conjecture 4.7.10. LetII = ﬁ(Q, m + 2, W) be an m-rigid good completed deformed pre-
projective dg algebra whose zeroth homology HCII is finite-dimensional. Then any liftable
almost complete m-cluster tilting object has exactly m + 1 complements in Cr.

By the same procedure as in the proof of Corollary 4.7.9, we know that the good
completed deformed preprojective dg algebra IT' = ﬁ(Q' ,m~+2, W) in Theorem 4.7.4 is
also m-rigid, and the new quiver ' does not contain loops of degree zero. It seems that
we would like to get a stronger result than Proposition 4.7.8, that is, m-rigidity implies
that @V does not contain loops (not only loops with zero differential). If this is true, then
it follows from statement 2) in Theorem [4.7.4/ that any liftable almost complete m-cluster
tilting object has exactly m + 1 complements in Cry.

If Conjecture 4.7.10 holds, then the m-rigidity property shown in Proposition 4.7.7
of the dg algebra II = ﬁ(Q, m + 2,0) with @ an acyclic quiver implies that any liftable
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almost complete m-cluster tilting object in Cp has exactly m + 1 complements. Later
Proposition 4.8.6/ shows that any almost complete m-cluster tilting object in Cyy is liftable
in the ‘acyclic quiver’ case. Thus, on one hand, if Conjecture 4.7.10 holds, we can deduce a

common result both in [78] and [79], namely, any almost complete m-cluster tilting object

(m)

in the classical m-cluster category CQ has exactly m + 1 complements. On the other

hand, it follows from this common result for the classical m-cluster category an), which
is triangle equivalent to the corresponding generalized m-cluster category Crr, that any
almost complete m-cluster tilting object in Cr; should have exactly m + 1 complements.

4.8 A long exact sequence and the acyclic case

Let A be a dg algebra satisfying Assumptions 4.2.1. In the first part of this section, we
give a long exact sequence to see the relations between extension spaces in generalized
m-cluster categories C4 and extension spaces in derived categories D(= D(A)). If the
extension spaces between two objects of C4 are zero, in some cases, we can deduce that
the extension spaces between these two objects are also zero in the derived category D.

Proposition 4.8.1. Suppose that X and Y are two objects in the fundamental domain
F. Then there is a long exact sequence

0 — Extp(X,Y) — Extg, (X,Y) — DExtg (Y, X)
— Exth(X,Y) — BExtg, (X,Y) — DExt; (Y, X)
= ... e S
Ext(X,Y) — Extg, (X,Y) — DExtp(Y, X) — 0.
Proof. We have the canonical triangle
T<mX = X = 751X — B(1< X),
which yields the long exact sequence
o (B 11 X),Y) = (ETXY) = (B (1 X),Y) - o, LEL,

where (,) denotes Homp(, ).

Step 1. The isomorphism
Homp (X7 (751-mX),Y) =~ DHomp (Y, X" 271 X)

holds when t < m + 1.
By the Calabi-Yau property, there holds the isomorphism

Homp (X (151-mX),Y) =~ DHomp(Y, X" 2 (151, X)), te€Z.  (8.1).

Applying the functor Homp (Y, —) to the triangle which we start with, we obtain the exact
sequence

Homp (Y, X" 27 (17« . X)) — Homp (Y, 8271 X) —

Homp(Y, ™27 (751, X)) — Homp(Y, "3 (7=, X)).
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When ¢t < m + 1, we have that (—m) — (m + 2 —t) < —m — 1. Then the objects
Y+t (7., X) and X737 (7., X) belong to DS~™~1. Note that Y is in +DS"™"1L,
Therefore, the following isomorphism holds

Homp (Y, X" 27 (751, X)) ~ Homp (Y, 2™ 271 X). (8.2).
As a consequence, when ¢ < m + 1, together by (8.1) and (8.2), we have the isomorphism
Homp (X (151-mX),Y) ~ DHomp(Y, 2" 271 X).

Moreover, if t < 1, the object ¥™27 X belongs to D=~™"!, so the space Homp (Y, 227t X)
vanishes, and so does the space Homp (X7 (7>1-1» X),Y).

Step 2. When t < m, we have the following isomorphism

Homp (X (7<_mX),Y) =~ Home, (7 X, ZH(7Y)).

Consider the triangles
T§5,1X — Tng — E_S(HSX) — Z(’Tgsle), s € 7.

Applying the functor Homp(—,Y) to these triangles, we can obtain the following long
exact sequences

= (BTTHHPX)Y) = (2712 X),Y) —
(B (rs1X),Y) — (57 THHX),Y) — -
where (, ) denotes Homp(, ). Using the Calabi-Yau property, we have that
Homp (X5 H(H*X),Y) ~ DHomp(Y, X" 257 H(H* X)), tcZ.

When t < —s, the inequality m +2 — s —t —1 > m + 1 holds. So the two objects
ymt2=s—t (s X) and ™25~ 115 X) belong to DS~ Therefore, we obtain that
the spaces Homp (X *(H*X),Y) and Homp(X~*~'"1(H*X),Y) are zero, and the fol-
lowing isomorphism

Homp (X (7<sX),Y) ~ Homp (X ¥ (7<5-1X),Y)
holds. As a consequence, we can get the following isomorphisms
Homp (X7 (7«4 X),Y) ~ Homp (X (1< 4 1 X),Y) =~ -

~ Homp(X " (1<_mX),Y), t <m.  (8.3).

Since the functor 7 : perA — C4 induces an equivalence from %!F to C (Proposition 4.3.1
applies to shifted t-structure), the following bijections

Home, (71X, $4(7Y)) ~ Home , (7(7<—+X), 7(X'Y)) ~ Homp (1< X, 5'Y) (8.4)
hold. Hence, when t < m, together by (8.3) and (8.4), we have the isomorphism

Homp (X (7<_nX),Y) ~ Home, (7 X, XH(7Y)).
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Therefore, the long exact sequence at the beginning becomes
0 = Homp (2™ (7212 X),Y) — Extp(X,Y) — Extt, (X,Y) — DExtB(Y, X)

— Ext}(X,Y) — Extg, (X,Y) — DExt; (Y, X)
o
Ext3(X,Y) — Ext#, (X,Y) — DExtp (Y, X) — Homp(S™™ ' X,Y) = 0.
This concludes the proof. O

Remarks 4.8.2. 1) When m = 1, the long exact sequence in Proposition 4.8.1 becomes
the following short exact sequence (already appearing in the proof of Proposition 4.3.5))

0 — Extp(X,Y) — Extg, (X,Y) = DExtp(Y, X) — 0 (85),

which was presented in [2] for the Hom-finite 2-Calabi-Yau case, and also was presented
in [70] for the Jacobi-infinite 2-Calabi-Yau case.
2) If T is an object in the fundamental domain F satisfying

Exth(T,T)=0, i=1,...,m,

then the long exact sequence in Proposition [4.8.1/implies that the spaces Exté " (T,T) also
vanish for integers 1 < i < m.

Suppose that X and Y are two objects in the fundamental domain. It is clear that
Ext’(X,Y) vanishes when i > m, since X belongs to F and XY lies in D<~™~!. Now
we assume that the spaces Exté . (X,Y) are zero for integers 1 < i < m. What about the
extension spaces Ext’,(X,Y) in the derived category? Do they always vanish?

When m = 1, the short exact sequence (8.5) implies that the space Exth(X,Y) van-
ishes.

When m > 1, we will give the answer for completed Ginzburg dg categories (the same
as completed deformed preprojective dg algebras in this case) arising from acyclic quivers.

Proposition 4.8.3. Let Q be an acyclic quiver. Let I' be the completed Ginzburg dg
category U'y,12(@Q,0) and Cr the generalized m-cluster category. Suppose that X andY are
two objects in the fundamental domain F which satisfy

Ext( (X,Y) =0, i=1,...,m.
Then the extension spaces ExtiD(F) (X,Y) vanish for all positive integers i.

Proof. Let B be the path algebra kQ and Q the inverse dualizing complex RHompge (B, B€).
Set © = Y™, Then the (m + 2)-Calabi-Yau completion [56] of B is the tensor dg
category

Theorem 6.3 in [56] shows that II,,;2(B) is quasi-isomorphic to the completed Ginzburg
dg category I'. Thus, we can write I' as

L L
FZB@@@(@@B@)@...:@pz()@@Bp.

Let X', Y’ be two objects in Dyq(B). The following isomorphisms hold
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Homppy (X' (§L§)B ry’ QLQB I') ~ Hompp) (X', Y’ QL{)B T|p)
~ Homp ) (X", Y’ &5 (%zoGéB")) ~ Homp(p)y (X', ©pzo(Y’ &5 @éBP))
~ @p>oHomp(py (X', Y GLE)B @éBp).
By the proof in [54] of Lemma 4.2.3, the category Dsq(B) admits a Serre functor S whose

L L
inverse is — ®p Q. Therefore, the functor — ®p O is equal to the functor S~1¥m+!(~
771¥™), where 7 is the Auslander-Reiten translation. As a consequence, we have that

L L
Homp(ry (X' @p I, Y’ @pT) ~ @psoHomp, 5 (X', (17 E™)PY7).

Let an) be the classical m-cluster category Dsq(B)/ (7~ 1¥™)%. Consider the following

commutative diagram

L
-®pl

Dyq(B) perl’
WBi . mr
an) =~ Cp

L L
Under the equivalence, let X =X "@pT' and Y = Y’ ®p I, so the vanishing of spaces
Exte (X,Y) implies that Ext’ ., (X', Y”) also vanish for integers 1 <i < m. Note that
Co

Exté o (XY ~ GBPGZEX‘C%N( g (X', (7T IEMPYT).

Hence, we obtain that
Extpry (X, Y) & @psoBxty ) (X, (7 IE"PY) =0,  1<i<m.

O

Let @ be an ordinary acyclic quiver and B the path algebra k(Q). Let I' be its completed
Ginzburg dg category I'y,12(Q,0). Let T be an m-cluster tilting object in ™ Then T
is induced from an object 7" (that is, T = 7(7”)) in the fundamental domain

S =82 VE™B, where 82 :=modB V X(modB)...V X" (modB).
Lemma 4.8.4 ([22]). The object T is a partial silting object, that is,
Homp, ) (T",%'T") = 0, i>0;
and T' is maximal with this property.

An object in Dyq(B) which satisfies the ‘maximal partial silting’ property as in Lemma
4.8.4is called a ‘silting’ object in [22]. Next we will show that our definition for silting
object in perB coincides with their definition.

Lemma 4.8.5. Let U be a basic partial silting object in Dyq(B). Then U is mazimal
partial silting if and only if U generates perB.
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Proof. On one hand, assume that U is a basic partial silting object and generates perB.
By Lemma 4.7.2 the object U has the same number of indecomposable direct summands
as that of the dg algebra B itself. That is, U is a basic partial silting object with |Qo|
indecomposable direct summands. Following from Lemma 2.2 in [22], we obtain that U is
a maximal partial silting object.

On the other hand, assume that U is a maximal partial silting object in Dyq(B). We
decompose U into a direct sum XF1U; & ... @ 25U, such that each U; lies in modB and
ki <...<ky Set U =@@!_,U. It follows from Lemma 2.2 in [22] that the object U’ can
be ordered to a complete exceptional sequence. Let C(U’) be the smallest full subcategory
of modB which contains U’ and is closed under extensions, kernels of epimorphisms, and
cokernels of monomorphisms. By Lemma 3 in [14], the subcategory C(U’) is equal to
modB. As a consequence, the object U generates Dyq(B) which is equal to perB. ]

Since B is finite-dimensional and hereditary, the subcategory S9 is contained in
+D(B)S~™m~!. The isomorphism

Homp(p)(S™B, M) ~ H"™M (M € D(B))

implies that ¥™B is in *D(B)<~™~1. So &, is contained in D(B)<0 N+ D(B)="™""1 N
Dyq(B).

L
Set Z =T' @pT'. For any object N in D(T'), we have the following canonical isomor-
phism

L
Homop (T"®pT,N) ~ HomD(B)(T', RHomp(T", N)).

When N lies in D(I')<~™~!, the right hand side of the above isomorphism becomes zero.
Thus, the object Z is in the fundamental domain of D(I"). The spaces Extzc(m) (T, T') vanish
Q

for integers 1 < i < m, following the proof of Proposition 4.8.3, the space Hompr)(Z, A
is zero for each positive integer ¢. In addition, Lemma 4.8.4 and Lemma 4.8.5/ together
imply that 7" generates Dsq(B). Hence, the object Z generates perl’. So Z is a basic

L
silting object whose image in Cr is T ®p I
Now we conclude the above analysis to get the following proposition.

Proposition 4.8.6. Let () be an acyclic quiver and B its path algebra. Let T' be the
completed Ginzburg dg category fm+2(Q,O) and Cr the generalized m-cluster category.
Then any m-cluster tilting object in Cr is induced by a silting object in F under the
canonical projection m : perl’ — Cr.

_ _ L
Proof. Let T be an m-cluster tilting object in Cp. Then T can be written as T'®p I" for
)

some m-cluster tilting object T in an , where T is induced by some silting object 7" in

L
S The object 7" @p T’ (denoted by Z) is a silting object in the fundamental domain F
whose image under the canonical projection 7 : perl’ — Cr is equal to 1. This completes
the proof. O



Chapter 5

Tropical friezes associated with
Dynkin diagrams

Tropical friezes are the tropical analogues of Coxeter-Conway’s frieze patterns. In this
note, we study them using triangulated categories. A tropical frieze on a 2-Calabi-Yau
triangulated category C is a function satisfying a certain addition formula. We show that
when C is the cluster category of a Dynkin quiver, the tropical friezes on C are in bijection
with the n-tuples in Z", any tropical frieze f on C is of a special form, and there exists a
cluster-tilting object such that f simultaneously takes non-negative values or non-positive
values on all its indecomposable direct summands. Using similar techniques, we give a
proof of a conjecture of Ringel for cluster-additive functions on stable translation quivers.

5.1 Introduction

Cluster algebras introduced by S. Fomin and A. Zelevinsky [34], are subrings of the field
Q(z1,...,xy,) of rational functions in n indeterminates endowed with a distinguished set
of generators called cluster variables, which are constructed recursively via an operation
called mutation. A cluster algebra is said to be of finite type if the number of cluster
variables is finite. The classification of finite type cluster algebras was achieved [35] in
terms of Dynkin diagrams.

Motivated by close relations between tilting theory of finite-dimensional hereditary
algebras and the combinatorics of mutation in cluster algebras, the cluster category Cq of
a finite acyclic quiver () was introduced in [24] for type A,, and in [17] for the general case.
The cluster category provides a natural model for the combinatorics of its corresponding
cluster algebra. It is triangulated [53], Krull-Schmidt and 2-Calabi-Yau [17] in the sense
that there are bifunctorial isomorphisms

Ext'(X,Y) ~ DExt' (Y, X), X,Y €Cq.

There are also many other 2-Calabi-Yau triangulated categories, for example, the sta-
ble module categories of preprojective algebras of Dynkin type studied by Geiss-Leclerc-
Schréer in their series of papers, the generalized cluster categories of Jacobi-finite quivers
with potential [31] and of finite-dimensional algebras of global dimension < 2, which were
investigated in [2] by C. Amiot.

Starting from a 2-Calabi-Yau Hom-finite triangulated category C with a cluster-tilting
object T, Palu [69] introduced the notion of a cluster character x from C to a commutative
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ring which satisfies the multiplication formula

X(L)x(M) = x(E) + x(E')

for all objects L and M such that Exté (L, M) is one-dimensional, where F and E’ are the
middle terms of the non-split triangles with end terms L and M. He explicitly constructed
cluster characters from cluster-tilting objects.

In this article, we introduce tropical friezes f on C mainly by replacing the above
multiplication formula with an addition formula

F(L) + f(M) = max{f(E), f(E)}.

Our inspiration comes from the definition of cluster-additive functions [74] on stable trans-
lation quivers and from the tropicalized version of Coxeter-Conway’s frieze patterns. To
the best of our knowledge, such tropical frieze patterns first appeared implicitly in Fock-
Goncharov’s preprint [32] and explicitly in Section 4 of J. Propp’s preprint [72].

The paper is organized as follows.

In Section 2, after recalling some facts on frieze patterns and stating the assumptions on
the categories C we consider (namely, 2-Calabi-Yau categories with cluster-tilting object),
we introduce the notion of tropical friezes. Then we study their first properties and some
links to cluster characters, using which we give an example and a counter-example of
tropical friezes.

In Section 3, taking advantage of the indices [59] of objects of C, for each cluster-tilting
object T' and each element m in the Grothendieck group Ky(modEnde (7)), we define a
function fr,, on C. A criterion for fr,, to be a tropical frieze is given in Theorem 5.3.1,
which is also a necessary condition when C is the cluster category Cq of a Dynkin quiver
(). We also show that the tropical friezes on Cg with (2 Dynkin are in bijection with the
n-tuples in Z™ by composing Palu’s cluster character with a morphism of semifields. Then
we investigate the cluster-hammock functions introduced by Ringel [74], which always give
rise to tropical friezes while their sums do not.

Section 4 just consists of simple illustrations for the cases A; and As, in order to give
the reader an intuitive impression.

In Section 5, for a cluster-tilting object T' and a tropical frieze f on C, we define an
element g(T') in the Grothendieck group Ky(addT'), which transforms in the same way as
the index with respect to cluster-tilting objects. The main result (Theorem 15.5.1) states
that each tropical frieze on Cg with @ a Dynkin quiver is of the form fr,,. A different
approach of this fact is given in Section 5 of [33]. As an application, we show that for
any tropical frieze f on Cg), there exists a cluster-tilting object 17" (resp. 1) such that
f simultaneously takes non-negative (resp. non-positive) values on all its indecomposable
direct summands.

Section 6 gives a proof of a conjecture of Ringel which concerns the universal form of
cluster-additive functions f on the stable translation quiver ZA with A a simply laced
Dynkin diagram, namely, f is a non-negative linear combination of pairwise ‘compatible’
(in the sense of Ringel) cluster-hammock functions.

5.2 First properties of tropical friezes

In this section, we recall Coxeter-Conway’s frieze patterns at the beginning, then inspired
by a tropicalized version of Coxeter-Conway’s frieze patterns of integers, we introduce
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tropical friezes on 2-Calabi-Yau triangulated categories. Apart from studying their first
properties, we also investigate some links between tropical friezes and cluster characters.
5.2.1 Frieze patterns

In early 1970s, Coxeter and Conway studied frieze patterns and triangulated polygons
in [27, 128, 29]. A frieze pattern F,, of order n consists of n — 1 infinite rows of positive
numbers, whose first and last rows are filled with 1. Besides, the essential point is the
unimodular rule, that is, for every four adjacent numbers in F,, forming a diamond shape

b

c

the relation ad = bc+ 1 is satisfied. For example, the following diagram is a frieze pattern
of order 6:

1 1 11 1 1 1 1
2 2 2 1 4 1 2 2
3 3 1 3 3 1 3 3
4 1 2 2 2 1 4 1
11 1 1 1 1 1 1

A notable property of F,, is its periodicity with period a divisor of n. More precisely, it
is invariant under a glide reflection o which is [§] times horizontal translation composed
with a horizontal reflection.

A frieze pattern F,, is determined by the elements in one of its diagonals (say b = 1,
ba,...,bp—2,bp—1 = 1), and it consists of integers if and only if by divides bs_1 + bsy; for
s=2,...,n—2. Let ap = b2 and a1, as, ... be the numbers lying to the right of ag in the
second row. Then we have

bs +0b
.= 575‘"2’ 1<s<mn-—3.
bs+1
A frieze pattern F, can also be derived from ao, ..., a,_4, since a,_3 satisfies the linear
equation
agp 1 0 ... 0 0
1 al 1 ... 0 0
0 1 a ... 0 O =bp,1=1
0 0 0 ... 1 anpns
and F,, is symmetrical by the glide reflection o. Moreover, F,, consists of integers if and
only if ag,...,an_4,a,_3 are integers.
Let P, be a regular n-gon with vertices 0,...,n — 1. A triangulation T of P, is a

maximal set of non-crossing diagonals of P,, whose cardinality is always equal to n — 3.
Such a pair (P,,T) is called a triangulated n-gon. Let a, denote the number of triangles
at vertex r with respect to some triangulation 7". Then

apg ai ... apn—1 Qo

is the second row of a frieze pattern of integers. Furthermore, the frieze patterns of positive
integers of order n are in bijection with triangulated n-polygons.
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Associated with an acyclic quiver @, the authors observed in [23] a generalized version
of Coxeter-Conway’s frieze patterns. The elements of the generalized frieze pattern Fg
associated with @) are cluster variables in the cluster algebra Ag. Moreover, the sequences
in Fq satisfy linear recurrence relations if and only if @ is of Dynkin or affine type (see
[35, 15, 161]). Of course, there are more connections between frieze patterns and cluster
algebras (see for instance [36, 4, [10]).

The tropical semifield (Z,®, @) is the set Z of integers with multiplication and addition
given by

a®b=a+b, a ® b = max{a, b}.

Notice that the unit in the tropical semifield with respect to the given multiplication is
the number 0.
If we view the unimodular rule as an equation in the tropical semifield, then it becomes

a+ d = max{b+ ¢, 0},
which is deduced from
a®d=a+d and (b®c)®1=max{b+c,0}.

Example 5.2.1. One can easily check that for every adjacent numbers a, b, ¢, d forming
a diamond shape with a left and d right in the following diagram

the relation a + d = max{b + ¢, 0} is satisfied. Notice that if we omit the first and last
rows which are filled with 0, nothing will change. We call such a diagram a tropicalized
frieze pattern of order 6. This diagram is also periodic with period a divisor of 6, it is also
invariant under the same glide reflection o (as frieze patterns). In fact, this is a general
phenomenon: every tropicalized frieze pattern of order n is periodic. We will explain this
fact right after Proposition 5.3.4.

In the following, we will study tropical friezes on 2-Calabi-Yau triangulated categories,
especially on the cluster categories associated with Dynkin diagrams. As we will see after
Proposition 5.3.4, this generalizes the above tropicalization of frieze patterns of integers.

5.2.2 Definitions and first properties

Let k be an algebraically closed field. Let C be a k-linear triangulated category with
suspension functor ¥ where all idempotents split. We further assume that the category C

a) is Hom-finite, i.e. the morphism space C(X,Y) is finite-dimensional for any two
objects X, Y in C (which implies that C is Krull-Schmidt);

b) is 2-Calabi-Yau, i.e. there exist bifunctorial isomorphisms
DC(X,Y)~C(Y,¥*X), X,Yec,

where D denotes the duality functor Homy(?, k);
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c¢) admits a cluster-tilting object T, i.e.

i) T is rigid (that is, C(T,XT) = 0), and T is basic (that is, its indecomposable
direct summands are pairwise non-isomorphic),

ii) for each object X of C, if C(T, ¥X) vanishes, then X belongs to the subcategory
addT of direct summands of finite direct sums of copies of 7.

If a category C satisfies all these assumptions, we say that C is a 2-Calabi- Yau category
with cluster-tilting object. A typical class of such categories is the class of cluster categories
[17] of connected finite acyclic quivers. Throughout this article, our category C is always
a 2-Calabi-Yau category with cluster-tilting object.

Definition 5.2.2. A tropical frieze on C with values in the integer ring Z is a map
f:obj(C) ~Z
such that
dl) f(X)= f(Y)if X and Y are isomorphic,
d2) f(X@Y)=f(X)+ f(Y) for all objects X and Y,
d3) for all objects L and M such that dimExt}(L, M) = 1, the equality
F(L) + f(M) = max{f(E), f(E)}
holds, where E and E’ are the middle terms of the non-split triangles
L—-E—-M-—YL and M —-E —L—XM
with end terms L and M.

Let f and g be two tropical friezes on the same category C. The sum f + g clearly
satisfies items d1) and d2). For item d3), we have that

(f + 9)(L) + (f + 9) (M) = (F(L) + F(M)) + (9(L) + g(M))
— max{f(E), f(E')} + max{g(E), g(E')}.

Then f + g is a tropical frieze if and only if for all pairs (E, E’) as in item d3) the equality

max{f(E), f(E')} + max{g(E),g(E")} = max{(f + g)(E), (f + 9)(E")}

holds. Notice that for two integers a, b, the number

a+b+|a—b|

max{a,b} = 5

Thus, the sum f + g is a tropical frieze if and only if for all pairs (E, E’) as in item d3)
the equality

IF(E) = f(E)| + |9(E) — g(E")| = [(f(E) — f(E) + (9(E) — g(E"))]
holds, if and only if the inequality
(f(E) = f(EN)(9(E) - g(E") 2 0

holds. If two tropical friezes satisfy such a property, then we say that they are compatible.
Now we state a simple property of tropical friezes.
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Proposition 5.2.3. Let fi,..., fn be tropical friezes on the same category C. Then the
sum Yy . fi is a tropical frieze if and only if the functions f; are pairwise compatible.

Proof. This statement is a trivial generalization of the above analysis:
the sum )", f; is a tropical frieze if and only if for all pairs (E, E’) as in item d3) the
equality

Y (E) = fi(EN =Y (fi(B) - fi(E))]

holds, if and only if f;(F) — fi(E’) are simultaneously non-negative or simultaneously
non-positive for all integers 1 < i < n, if and only if the tropical friezes f; are pairwise
compatible. ]

Similarly, one can obtain that the difference f — g is a tropical frieze if and only if for
all pairs (E, E’) as in item d3) the equality

[F(B) = f(EN)| = |9(B) — g(B")| = [(f(E) = f(E")) = (9(E) — g(E"))]

holds, if and only of the inequalities

[f(E) = f(E)] = |9(E) — g(E")| and (f(E) - f(E")(9(E) — g(E') =0

hold. If two tropical friezes satisfy such a property, then we say that they are strongly
compatible.

Let Cg be the cluster category of a Dynkin quiver (). For any indecomposable object X
of Cg, the space Homg,, (X, X) is one-dimensional, so we have that dimExt}; o (XX, X)=1.
The associated non-split triangles are of the following form

2X B4 X 22X and X — 0% DX - ¥X, (%)

where ¢’ denotes the zero morphism in Cg from the object 0 to the object XX.
The following proposition is quite similar to the statements for cluster-additive func-
tions on stable translation quivers given in Section 1 of [74].

Proposition 5.2.4. Let Q be a Dynkin quiver. Then any tropical frieze on Cg which
takes only non-positive values or only non-negative values is the zero function.

Proof. Let f be a non-zero tropical frieze on Cg with non-positive values and X an inde-
composable object such that f(X) < 0. From the non-split triangles (x) above, we have
that

f(EX) = max{f(E),0} - f(X) 20— f(X) >0,

which is a contradiction. Therefore, any tropical frieze with only non-positive values is
the zero function.

Let f be a tropical frieze on Cgp with non-negative values. We lift f in the natural
way to a function f’ which is (77!X)-invariant on the bounded derived category D¢ of
the category modk(@. Here 7 is the Auslander-Reiten translation on Dg. Denote by ¢ the
canonical equivalence [43] from the mesh category of the translation quiver ZQ to the full
subcategory ind(Dg) of indecomposables of Dg. We define a function f” on ZQ by setting
" = f'¢. Let z be any vertex of ZQ). In Dy we have the Auslander-Reiten triangle [44]
as follows

¢(m2) = P dly) = 6(2) = To(72),

Yy—=z



5.2. FIRST PROPERTIES OF TROPICAL FRIEZES 91

where ‘y — 2’ in the middle term are arrows in ZQ). Its image (still use the same notation)
in Cg is a non-split triangle. The other non-split triangle with end terms ¢(z) and ¢(7z)
in CQ is

6(2) = 0= ¢(72) = To(2).

Hence, we can deduce that

F'(72) + 1'(2) = f1(6(72)) + 1'(8(2)) = max{ D> _ f'(6(y)),0}
=Y Fow) =Y ).

y—>Z ’y—)Z

As a consequence, the function f” is an additive function on Z(Q with non-negative values,
which implies that f” is the zero function [45]. Therefore, the function f is the zero
function on Cq. O

5.2.3 Cluster characters and tropical friezes

In this subsection, we will see some links between cluster characters and tropical friezes.

Let d2’) denote the item obtained from item d2) in Definition/5.2.2/in which the equality
becomes f(X ®Y) = f(X)f(Y), and d3’) the item obtained from item d3) in Definition
5.2.2/ in which the equality becomes f(L)f(M) = f(E) + f(E’). A map x : 0bj(C) — A,
where A is a commutative ring, is called a cluster character in [69] if it satisfies items d1),
d2’) and d3/).

Remark 5.2.5. Let x be a cluster character mapping from C to the tropical semifield
(Z,®,®). Then we obtain the following equalities

X(X @Y) =x(X) ©x(Y) = x(X) +x(Y),
X(L) + x(M) = x(L) © x(M) = x(E) & x(E) = max{x(E), x(E')}.
As a result, the map x is a tropical frieze mapping to the integer ring Z.

Let @ be a connected finite acyclic quiver with vertex set {1,...,n} and Cq its asso-
ciated cluster category. It was proved, in [26] for Dynkin quivers and in [25] for acyclic
quivers, that the Caldero-Chapoton map

CC :0bj(Cq) — Q(x1,...,zp)
defined in [23] is a cluster character.

Example 5.2.6. Let X be an object of Cg. Then the image CC(X) can be written
uniquely as

h
cox) = M),
Hn 1 xdz(x)
1= (2
where the polynomial A(z1,...,z,) is not divisible by any z;, 1 < i < n. Look at the

function
d; 1 0bj(Cq) — Z

with d;(X) given as in the above expression for each object X of Cg.
We use elementary properties of polynomials. From the equality

CC(X ®Y) = CC(X)CO(Y)
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in item d2'), one clearly sees that d;(X ®Y) = d;(X) + d;(Y). It is also not hard to
calculate the denominators of the two hand sides of the equality

CC(L)CC(M) = CC(E) + CC(E)

in item d3’), which gives us the equality d;(L) + d;(M) = max{d;(F),d;(E’)}. Therefore,
each function d; is a tropical frieze on Cg.

However, the sum d; + d; is not always a tropical frieze on Cg. We choose the linear
orientation of A3. The Auslander-Reiten quiver of the cluster category C " is

N e
Pl SQ 83 EPS

where P; (resp. I;, S;) is the right projective (resp. injective, simple) k/fg—module associ-
ated with vertex i. By definition CC(XP;) = x2 and one can calculate that

1 1
+SU2, CC(Ss) = +962’ CC(Pg):x1+$1x2+$3+$2$3.
Tl €3 T1T2T3

co(p) =
The space Extéx (XP,, P3) is 1-dimensional and the non-split triangles are
3

EPQ — P1 — P3 - IQ and P3 — Sg — ZPQ - Zpg
Consider the function d; + d3. We have that

(di + d3)(EP,) + (dy + d3)(P3) = (0+0) + (1 +1) =2
max{(d1 +d3)(Py), (d1 + dg)(S:),)} = max{l + 0,0+ 1} = 1.

Thus, the sum dy + d3 is not a tropical frieze. In another way, since
(di(Pr) — di(93))(ds(Pr) — d3(S3)) = (1= 0)(0—1) = -1 <0,

the tropical friezes di and d3 are not compatible. As a consequence, the difference dq — d3
is not a tropical frieze on C " either.

Let T be a cluster-tilting object of C and T an indecomposable direct summand
of T. Iyama and Yoshino proved in [48] that, up to isomorphism, there is a unique
indecomposable object 77 not isomorphic to T} such that the object u1(7T) obtained from
T by replacing the indecomposable direct summand 77 with 77 is cluster-tilting. We call
u1(T) the mutation of T at Ty. There are non-split triangles (namely, exzchange triangles),
unique up to isomorphism,

moELln o2 and TS E ST 3T

such that f is a minimal right add(7'/T})-approximation and g a minimal left add(7"/T1)-
approximation.

Lemma 5.2.7 ([55]). The quiver of the endomorphism algebra of T does not have a loop
at the vertex corresponding to Ty if and only if we have dimExté(Tl,Tf‘) =1 if and only
if Exty(Th, T) is a simple module over C(Ty,Ty). In this case, in the exchange triangles,

we have
E=PT, and E =EPT;.

i—1 1—7
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We say that the mutation of T at 717 is simple if the conditions of the above lemma
hold. A category C is said to be cluster-transitive if any two basic cluster-tilting objects
of C can be obtained from each other by a finite sequence of simple mutations.

The following property of tropical friezes on a cluster-transitive category C is quite
similar to that [69] of cluster characters on C.

Proposition 5.2.8. Let C be a cluster-transitive category and T =T, & ... ® T, a basic
cluster-tilting object of C with T; indecomposable. Suppose that f and g are two tropical
friezes on C such that f(T;) = g(T;), 1 <i <mn. Then f and g coincide on all subcategories
addT’, where T' is any cluster-tilting object of C.

Proof. By assumption we know that f and g coincide on all indecomposable direct sum-
mands of 1. We will prove this proposition by recursion on the minimal number of
mutations linking a basic cluster-tilting object to T

Now let 7" =T @ ... @ T}, be a basic cluster-tilting object with T, indecomposable
satisfying that f(T}) = g(T7) for all integers 1 < i < n. Assume that 7" = 1 (T") =
T, @ Ty ® ... ® T is the mutation of 7" in direction 1. Then we have the non-split
triangles

T, -E—T -%T, and T, —E —T, — T}

with middle terms E and E’ both belonging to add(7”/T7]). Hence, the following equlities

F(TY) = max{f(E), f(E")} - f(T{) = max{g(E), g(E")} — g(T}) = ¢(T} )
hold. This completes the proof. O

Let Cg be the cluster category of a connected finite acyclic quiver (). It was shown
in [17] that Cq is cluster-transitive and any rigid indecomposable object of Cq is a direct
summand of a cluster-tilting object. If f and g are two tropical friezes on Cg which coincide
on all indecomposable direct summands of some cluster-tilting object, by Proposition 5.2.8,
they coincide on all rigid objects. In particular, when @ is Dynkin, the two tropical friezes
f and g are equal.

5.3 Tropical friezes from indices

5.3.1 Reminder on indices

Let X be an object of C and T a cluster-tilting object of C. Following [59], we have
triangles
¥ - T - X - 2717 and X — X2T% — 2274 — X,

where TIX , T OX , T)O( and T)l( belong to addT'. Recall that the index and coindex of X with
respect to 1" are defined to be the classes in the split Grothendieck group Ky(addT") of the
additive category addT as follows

indr(X) =[] - (1] and coindr(X) = [19] - [T}].

which do not depend on the choices of the above triangles.

Assume that T is the direct sum of n pairwise non-isomorphic indecomposable objects
T, ...,T,. Let B be the endomorphism algebra of T" over C. We denote the indecompos-
able right projective B-module C(T,T;) by P; and denote its simple top by S;.
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Let K;¥(modB) denote the split Grothendieck group of the abelian category modB of
finite-dimensional right B-modules, that is, the quotient of the free abelian group on the
set of isomorphism classes of finite-dimensional right B-modules, modulo the subgroup
generated by all elements

X & Y] - [X] - [¥).

Define a bilinear form
(,): Kyf(modB) x K;’(modB) — Z
by setting
(X,Y) = dimHomp(X,Y) — dim ExtL(X,Y)

for all finite-dimensional B-modules X and Y. In particular, if X is a projective B-module,
then
(X,Y) =dimHomp(X,Y),

in this case, the linear form (X,?) on K;’(modB) induces a well-defined form
(X,?): Ko(modB) — Z,

where Ky(modB) is the Grothendieck group of modB. Define an antisymmetric bilinear
form on K’ (modB) by setting

<X7Y>a = <X7Y> - <KX>

for all finite-dimensional B-modules X and Y. In [69] Palu has proved that the antisym-
metric bilinear form (, ), descends to the Grothendieck group Ko(modB).
Let F' denote the functor C(7', 7). It was shown in [59] that F' induces an equivalence
of categories
C/add(XT) — modB.

Moreover, this functor F' sends the objects in addT to finite-dimensional projective B-
modules.
Let m be a class in Ko(modB). We define a function fr,, from C to Z as

frm(X) = (F(indr(X)),m), X €C.

When it does not cause confusion, we simply write ind(X) instead of indy(X).

5.3.2 Tropical friezes

In this subsection, we will give a sufficient condition for the function fr,, to be a tropical
frieze on C. Moreover, when C = Cq the cluster category of a Dynkin quiver @, we will
see that this sufficient condition is also a necessary condition.

Theorem 5.3.1. Assume that (S;,m)q > 0 for each simple B-module S; (1 < i < n).
Then the function fr,, is a tropical frieze.

Proof. The function fr,, clearly satisfies the terms d1) and d2) in Definition 5.2.2. Now
Let L and M be objects of C such that dimExt}(L, M) = 1. Let

LEESM YL and MEE S L S xM
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be the associated non-split triangles.
First, let C' € C be any lift of Coker(Fg). We know from [69] that

ind(E) = ind(L) 4 ind(M) — ind(C) — ind(27'C) and
(FC,m), = (F(ind(C)), m) + (F(ind(Z71C)), m).

By assumption (S;,m), > 0 for each simple B-module S; (1 < i < n). So we have that
(FC,m)q > 0. Thus,

(F(ind(E)),m) = (F(ind(L)),m) + (F(ind(M)),m) — (FC,m),
<(F(ind(L)),m) + (F(ind(M)), m).

Similarly, we obtain another inequality
(F(ind(E")),m) < (F(ind(L)), m) + (F(ind(M)), m).

It follows that
Hl&X{fT’m(E), fT,m(El)} S fT,m(L) + fT,m(M)

Second, we consider the identity maps idy; : M — M and idy : L — L. Thanks to
the dichotomy phenomenon shown in [69], exactly one of the conditions FM = (Fg)(FE)
and FL = (F¢')(FFE') is true. Assume that the first condition holds, then Fg is an
epimorphism and F'C vanishes. Therefore, we have that

Jrm(E) = (F(ind(E)), m) = (F(ind(L)), m) + (F(ind(M)), m)
= fT,m(L) + fT,m(M)-

As a consequence, the equality

fT,m(L) + fT,m(M) = max{fT,m(E)a fT,m(E,)}

holds and fr,, is a tropical frieze. O

5.3.3 Another proof

For L € C and e € N, we denote by Gr.(Ext}(T, L)) the quiver Grassmannian of B-
submodules of the B-module Ext} (7, L) whose dimension vector is e and we denote by
X(Gre(Exts (T, L))) its Euler-Poincaré characteristic for étale cohomology with proper
support.

For 1 < i < n, we define the integer g;(L) to be the multiplicity of [T;] in the index
ind(L) and define the element X} of the field Q(x1,...,zy) by

n

X;, = [T 3" x(Gre(Bxtb (T, L)) [[ 25,

i=1 e =1

where the sum ranges over all tuples e € N™. This is a vastly generalized form of the
CC map. It was proved in [69] that the function X3 is a cluster character from C to
Q(z1,...,2n). If we define functions d; on C as in Example 5.2.6/ by replacing CC' map
with X3, then each function d; is also a tropical frieze.

We will use the tropical semifield (Z,®, ®) to give another proof of Theorem 5.3.1! for
C = Cq where @ is a Dynkin quiver with n vertices. Let T" be a cluster-tilting object of C
and B its endomorphism algebra. Notice that any indecomposable object of C is a direct
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summand of some cluster-tilting object which is obtained from T by a finite sequence of
mutations. Since X7, = x; and X} is a cluster character, the image X7 lies in the universal
semifield Qg¢(z1,...,2y,) (Section 2.1 in [12]). For an element m € Ky(modB), we define
the map

om : Qsp(z1,. . 20) — (Z,0,®)

as the unique homomorphism between semifields which takes x; = X{F to the integer
(F(ind(T3)),m). Then the composition ¢, X% is a cluster character from C to (Z,®,®)
and thus a tropical frieze from C to the integer ring Z by Remark 5.2.5. When C = Cq
with @ a Dynkin quiver, Nakajima [67] showed that x(Gre(Ext}(T, L))) is a non-negative
integer. Now we write down explicitly the function

pm X1, = mgX{Z(gi(L) + (i, €)a) (F(ind(T5)), m) }
i=1

= meax{< (ind(L ) + Z Siy €)a(F(ind(T3)), m) }

n

= max{(F(ind(L)),m) = Y ((g:(E7Y) + g:(Y)(F (ind(T3)),m) }

i=1
= mgx{(F(ind(L)),m> —(F(ind(Z7'Y) + ind(Y)), m)}

= méj,x{<F(iIld(L)), m> — <FY7 m>a}

= max{(F (ind(L Z ei(Si, m)q

=1

where e ranges over all elements in Ko(modB) such that x(Gr.(Ext;(T, L))) is non zero
and Y is an object of C satisfying F'Y = e = (e;); € Ko(modB). If (S;, m), > 0 for each
simple B-module S;, then we have that

pm X}, = (F(ind(L)), m) = frm(L).
Thus, the function fr,, is equal to ¢, X; and is a tropical frieze.

Remark 5.3.2. Let Cg be the cluster category associated with a Dynkin quiver ). Let
T be a cluster-tilting object of Cg and B its endomorphism algebra. Let F' be the functor
Home,, (7', 7). In fact, the sufficient condition for a function fr,, to be a tropical frieze in
Theorem 5.3.1 is also a necessary condition in this situation.

For any indecomposable object X of Cq, look at the second triangle associated with
X in (%) before Proposition [5.2.4, whose image under F' is

FX - 02 peex) 2 FEX).

We have that Fig' = 0 and Coker(Fg') = F(XX). If X does not belong to addT’, then
Coker(F¢') is not zero which implies that Coker(Fg) vanishes by the dichotomy phe-
nomenon. Let m be a class in Ky(modB). From the proof of Theorem 5.3.1, we know
that

frm(E) = frm(3X) + frm(X) = (F(£X),m)a.

Assume that fr,, is a tropical frieze. Then it follows that

fT,m(ZX> + fT,m<X> = max{fT,m(E)’O} > 0.
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Thus, for every indecomposable object X ¢ addT', the value (F(XX),m), is non-negative,
particularly when F(XX) is a simple B-module S;.

Example 5.3.3. Let @ be an acyclic quiver and j a sink of @ (that is, no arrows of @
starting at j). Let T" be the image of k@ in Cg under the canonical inclusion and B its
endomorphism algebra Endc,, (T). For each simple B-module S;, we have that

(S, Sj)a = —dimExt(S;, S;) + dimExtp(S;, S;) = dimExtg(S;, S;)
= the number of arrows from i to j in @ (> 0).

As an application of Theorem 5.3.1, the function frg; is a tropical frieze.
Similarly, if j is a source of an acyclic quiver @ (that is, no arrows of @ ending at j),
then fr,_g; is a tropical frieze.

Using a similar method as in the second proof of Theorem 15.3.1, it is not hard to get
the following proposition:

Proposition 5.3.4. Let Cq be the cluster category of a Dynkin quiver Q and T =T ®
... ® T, a basic cluster-tilting object of Cqg with T; indecomposable. Then the map

O : {tropical friezeson Cqo} — Z"

given by Op(f) = (f(T1),..., f(Ty)) is a bijection.

Proof. For any fixed n-tuple a = (aq,...,a,) in Z™, there is a unique homomorphism of
semifields

qbg : st(xla .. 'axn) - (Za©7®)

such that ¢4(z;) = a;. We denote the composition ¢ X4 by f,. Then f, is a tropical
frieze on Cg satisfying f,(7;) = a;. Therefore, the map ®7 is a surjection. The injectivity
follows from Proposition 5.2.8. Hence, the map ® is bijective. ]

Now we give an explanation of the periodicity phenomenon which is stated at the end
of subsection 2.1. Let F. be a tropicalized frieze pattern of order n(> 3). Let Q be a
quiver of type A,_3. Then F! gives a function (denoted by f) on the Auslander-Reiten
quiver I' of Dg. Each subquiver (y or z may not appear)

Yy
T:c/ \x
~
in I' induces an Auslander-Reiten triangle in Dg
TC > Yydz— 1T — NTT.
Since F! is a tropicalized frieze pattern, the function f satisfies that

f(ra) + f(z) = max{f(y) + f(2),0}.

Let S be any slice in I". Set T' = @yes y. Then the image of T is a basic cluster-tilting
object of Cg. By Proposition 5.3.4, there exists a unique tropical frieze g : Co — Z such
that g(y) = f(y) for ally € S. We extend g in a natural way to a (7~ !%)-invariant function
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on Dg (still denote as g). Then g also satisfies the above equation as f. Therefore, the
two functions f and g are equal. Moreover, for each integer ¢, we have that

F((r718)'2) = g((r7'8)'z) = g(z) = f(z) and

Fr™™)e) = g((r7")'2) = g((r 277 '2) = g((r7'%)*2) = g(2).
In conclusion, F! is periodic with period a divisor of n, and it is invariant under the glide
reflection o.

5.3.4 Cluster-hammock functions and tropical friezes

In this subsection, we will see that the cluster-hammock functions defined by Ringel [74]
always give rise to tropical friezes, while their sums do not, even for pairwise ‘compatible’
(in the sense of Ringel) cluster-hammock functions.

Let I' = ZQ be the translation quiver of a Dynkin quiver ). For any vertex z of I,
Ringel [74] defined the cluster-hammock function hy : I'g — Z by the following properties

a) hg(x) =—1,;
b) hy(y) =0 for y # x € S, where S is any slice containing x;
¢) ha(2) + he(r2) =32, max{h,(y),0} for all z € I'.

As shown in [74], the cluster-hammock function h, is (7~'%)-invariant and takes the value
—1 on the (771¥)-orbit of 2 while it takes non-negative values on the other vertices. Thus,
h, naturally induces a well-defined function on ind(Cg), which we still denote as h, on
ind(Cg). We extend h, to a function defined on Cg by requiring that h,(X @& Y) =
he(X)+ hy(Y) for all objects X,Y of Cq. Let S, be the slice in ZQ with z its unique sink
and S the slice in ZQ with z its unique source.

Let Z be an indecomposable object of Cg. If there is an arrow from z to Z in the
Auslander-Reiten quiver of Cg, then Z and 7Z both lie in the (771%)-orbit of the convex
hull of S, and S)/. Thus, both h,(Z) and h,(7Z) are zero, which implies that all h,(y)
appearing in the right hand side of item c) are non-positive. Hence, we have that

he(Z) + he(7Z) = > max{ha(y),0} = 0 =max{ ) _ ha(y),0},

y—7Z y—7Z

where ‘y — Z’ are arrows in I'. If there is no arrow from z to Z in the Auslander-Reiten
quiver of Cg, then we have the following equalities

ha(Z) + ha(rZ) = > max{hq(y),0}

y—2Z
- Z he(y) = max{z ha(y), 0},
y—Z y—Z

where ‘y — Z’ are arrows in I'. Therefore, for all non-split triangles as the triangles (x)
before Proposition 5.2.4, the function h, satisfies item d3) in Definition [5.2.2. Besides, by
Proposition [5.3.4, there is a unique tropical frieze g : Co — Z such that g(Y") = h,(Y) for
all indecomposables Y which come from the same slice containing . Thus, we have that
hz = g and h, is a tropical frieze on Cg.

Let S, be any slice in ZQ with z a source. Set T' = @®ycs, Y. It is a basic cluster-
tilting object of Cg. Let B be the endomorphism algebra of T and S, the simple B-module
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corresponding to . Clearly S, is the quiver of B. Set m = —S,. Then fr _g, is a tropical
frieze and takes the same values as h; on all indecomposable direct summands of T'. As a
result, the function h, is equal to fr_g,.

However, the sum ) _ h, of cluster-hammock functions with all z coming from the
same slice S in Z() is not always a tropical frieze, which is quite different to the Corollary
in Section 6 of [74]. Here we also use the same counter-example on C i, as in Subsection
5.2.3. We already know that the functions dy and hyp, are tropical friezes. Let T' =
YXP,®X.P,®XP;. Then d; and hyp, coincide on all ¥P; (1 <4 < 3). Thus, hyp, is equal
to dy. Similarly, the tropical frieze hyp, is equal to d3. But the sum hyp, +hxp, = di +d3
is not a tropical frieze.

5.4 Simple illustrations for the cases A; and A,

Let us first look at the cluster category C = Cg of the quiver @ of type A;. Let X and
YX be the two indecomposable objects of Cg. Assume f is a tropical frieze on Cg. Then
we have that

f(X)+ f(EX) =0.

Set T'= X and m = f(X)Sx, where Sx is the unique simple (End¢, (X))-module. Since
(Sx,m)q is zero, by Theorem 15.3.1 the function fr,, is a tropical frieze. The following
equalities

frm(X) = (F(ind(X)), f(X)Sx) = f(X) and
frm(EX) = (F(ind(XX)), f(X)Sx) = —f(X) = f(£X)

clearly hold. Therefore, the tropical frieze f is equal to fr .

Now let us look at the cluster category C = Cg of a quiver @ of type As. Assume that
f is a non-zero tropical frieze on Cg. Following Proposition 5.2.4, we know that there exist
an indecomposable object X such that f(X) < 0. Let Y and Y’ be the two non-isomorphic
indecomposables such that X @Y and X @Y’ are cluster-tilting objects of C. Then we
have that

fFY) + fY') = max{f(X),0} = 0.

Therefore, there must exist a cluster-tilting object T' = T} & T, with T; indecomposable

such that
f(T1) >0 and f(T2) <O0.

Let Q1 be the quiver of the endomorphism algebra B = End¢, (7). The quiver Qr is also
of type As. Let P; be the indecomposable projective B-module and S; its corresponding
simple top, ¢ =1, 2.

If Sy attaches to the sink in Qp, set m = f(11)S1 + f(12)S2, then

<Sl, m>a = —f(Tz)dimEthB(Sl, 52) = —f(Tg) >0 and

(S2,m)q = f(T1)dimExty(S1, S2) = f(T1) > 0,
which implies that fr,, is a tropical frieze by Theorem 5.3.1. Moreover, the tropical friezes
f and fr,, coincide on T;. Therefore, the tropical frieze f is equal to fr .

If Sy attaches to the source in Qr, set T" = popi (T') = T] & T, where T] and T come
from the following non-split triangles in Cq

T1—>T2—>T{—>ET1, T1/—>O—>T1—>ZT{;
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T2—>T1/—>T2/—>ET2, T2/—>O—>T2—>ZT5.

We can calculate that
f(T) = =f(T1) <0 and f(T3) = —f(T2) > 0.

Notice that the quiver Q7 of the endomorphism algebra B’ = Ende, (1) is 7] — Tj. Let
S! be the simple B’-module corresponding to 7!. Now we go back to the above case. Set
m/ = f(T1)S] + f(T3)S5. Then we have that frv,, is a tropical frieze and takes the same
values as f on T. Thus, the tropical frieze f is equal to frs .

In fact, such a phenomenon for the cases A; and A, is a common phenomenon for the
Dynkin case, which we will state in Theorem 15.5.1 in the next section.

Let fr., be a tropical frieze on Cg with @ a quiver of type A>. Suppose that the quiver
Qr of the endomorphism algebra B = Endc,, (T) is (T1 — To) and m = myS1 + maSs.
From Remark 5.3.2 we know that (S;, m), > 0 for i = 1,2, that is,

(S1,m)q = mgdimExt};(Sg, S1)=mg >0, and
<Sg,m>a = —mldimExt}g(SQ, Sl) = —m1 Z 0.

Notice that fr,,(T;) = (FT;,m) = m; for i = 1,2. Set T" = 1 (T) = 1] & T» and
T" = pa(T) =Ty & Ty. Then the following expressions hold

fT,m(Tll) = maX{fT,m(TZ)y O} - fT,m(Tl) > _fT,m(Tl)
frm(T3) = max{ frm(T1),0} — frm(T2) = — frm(T2)

Therefore, in the Ay case, there exist cluster-tilting objects 7" and T" such that fr,, takes
non-negative values on direct summands of 7" and non-positive values on direct summands
of T".

5.5 The main theorem (Dynkin case)

As a generalization of the phenomenon illustrated in Section [5.4, the aim of this section
is to show the following theorem:

Theorem 5.5.1. Let Cg be the cluster category of a Dynkin quiver Q. Then each tropical
frieze on Cq is of the form frm,, where T is a cluster-tilting object of Cg and m an element
in the Grothendieck group Ko(modEnde, (7T')).

We will prove this theorem in Subsections 5.5.1 and 5.5.2. First, we need to introduce
some notation:

Let C be a 2-Calabi-Yau category with cluster-tilting object. Let f be a tropical frieze
on the category C and T'="T) & ... & T, a basic cluster-tilting object of C. Suppose that
the quiver @ of the endomorphism algebra End¢(T") does not have loops nor 2-cycles. Let
b;j denote the number of arrows ¢ — j minus the number of arrows j — i in @ (notice
that at least one of these two numbers is zero). For each integer 1 < i < n, let g;(T) be
the integer

G:(T) = S lbrd F(T) — S lbisl 1 F(T2),
T S
where [by]+ = max{bx;, 0} is equal to the number of arrows & — [ in ). Denote by g(7T')
the class >, g:(T)[T;] in the Grothendieck group Ko(addT).
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5.5.1 Transformations of the class g(7') under mutations

Since the quiver ) does not have loops, for each T}, there is a unique indecomposable
object T} such that the space Exté(T v, T) is one-dimensional and the non split triangles
are given [57] by

T,g—>E—>Tk—>ZT,2 and Tk—>El—>T,2—>ETk,

where

E = @[brk]+TT and F' = @[bks]+T

7 S

Let T" = py(T) = T;&(ED; 44 Ti)- Define linear transformations ¢ and ¢_ from Ko(addT)
to Ko(addT”) as in [30] by

¢o+(Ti) = ¢—(T3) = [T;]  fori#k, and
¢+ (Te) = [E] = [Th] = =[] + Y [+ [T,

¢ (Tx) = [B'] = [T}] = = [T} + > _[bs]+ [T

It was shown in [30] that if X is a rigid object of C, then the index of X with respect to
cluster-tilting objects transforms as follows:

. [ G (indp(X)) if [indp(X) : Ty] = 0,
ndz(X) _{ 6. (indr(X)) it imdr(X) : Ty] <0

where [ind7(X) : T)] denotes the coefficient of T} in the decomposition of indz(X) in the
category Ko(addT).

Proposition 5.5.2. Suppose that the quivers Q and Q' of the endomorphism algebras
Ende(T') and Ende(T") do not have loops nor 2-cycles. Then the element g(T') transforms
in the same way as above, i.e.

n_ [ o+(g(T) if gu(T) = 0,
A= S o 2o
Proof. We first assume that gi(7") > 0, that is,

F(B) = [bwl 4 f(T) >Zbks+f = f(E").

T

Since f is a tropical frieze, we have that f(T) + f(T}) = f(E) = >, [br]+f(T). We
compute ¢4 (g(T)):

o+ ( = ¢4 ( Zgz Zgz ) + gk(T) 9+ (Tk)
i#k
= Z gz - gk )[Tl::] + Z gk(T) [brk]-i-[Tr]
i#k r
= (6i(T) + [bix] 4 9x(T))[T3] — gi(T)[T}).

i#k
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By assumption, the quivers @ and @’ do not have loops nor 2-cycles. Following [16],
we know that Q" = i (Q) is the mutation of the quiver @ at vertex k. Let bj; be the
number of arrows ¢ — j minus the number of arrows 7 — ¢ in Q. Then it is known from
[34] that

b,‘:{bﬁ ifi = korj =k,

bk |bgi+bik bk .
bij + ik i bk b | ’”; ikl O | otherwise.

It is obvious that

ge(T") =D il F(T7) = D W+ f(T)

S

= Z[bkr]-i-f(Tr) - Z[bsk]-i-f(Ts) = —gr(T).

S

For vertices i # k, we distinguish three cases to compute g;(7”).
If b, = by; = 0, then bgj = b;; and b}i = bj; for all vertices j. In this case, we have that

gi(T") = )4 F(T) = [blg) f(Te)

S

=D ril F(T) = D _[bis)+ S(T2) = gi(T).

S

If by > 0, then

gi(T") = Y [+ f(T0) = YWl f(Ts) = Q_[bril £ (T3) + binef (T3))

T S T

— (O _[bisl 4 F(T) = birf (Ti) + > binlbre ]+ £ (Ter))

S S

= gi(T) + bir(f(T}) + F(Tx) = D _[bro)s f(T))

SI

= gi(T) + bzk(Z[brk]Jrf(Tr) - Z[bks]Jrf(Ts))

T S

= gi(T) + bikgk(T).

If b < 0, then by; = —b;, > 0, and

gi(T") = Y 0l f(Tr) = Y i)+ f(T)

s S

= O byl F(Tr) = bgi f(Th) + > (b +bri f(Tr))

r r!

= (O _lbisl F(T2) + bii f(T7))
= 6i(T) = brs(f (Tx) + F(T}) = > bl F(T2))

= gi(T) - bki(Z[b'I‘k}]+f(TT') - Z[br’k]Jrf(Tr’)) = gi(T)'

T r!

Therefore, we obtain that g(T") = ¢4 (g(T)) when gi(T) > 0. In a similar way we can
also obtain that g(T7") = ¢_(g(T')) when gx(T) < 0. O
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5.5.2 Proof of the main theorem

Let Ty and 17 be two objects in addT which do not have a direct summand in common.
Let n be a morphism in C(73,7p). Denote by C(n) the cone of . Then we have the
following triangle in C

T %5 Ty — C(n) — ST (x%)
The algebraic group Aut(7y) x Aut(7}) acts on C(11, 1)) via

(90, 1)1 = go' g7 -

Let O, denote the orbit of n in the space X := C(711,Tp) under the above action of
Aut(T()) X Aut(Tl).

It is not hard to obtain the following lemma. For the convenience of the reader we
include a proof.

Lemma 5.5.3. Let n and 1/ be two morphisms in X. Then O, = O, if and only if
Cn) = C).

Proof. First we assume that O, = O,/. Then there exists an element (go, g1) € Aut(Tp) x
Aut(Ty) such that 7 = gong;'. The commutative square gon = 7'g; can be completed to
a commutative diagram of triangles as follows

n

Ty Ty —> C(n) ——= T,

R

T, —1>Ty —>C(y) 2= xT.

Here the morphism h is an isomorphism from C(n) to C(n’).

Second we assume that C'(n) ~ C(n'). Let h be an isomorphism from C(n) to C(n') and
h~! its inverse. Since the space C(Tp, XT1) vanishes, we have that (keeping the notation
as in the above commutative diagram)

phe=0 and ph~/ =0.
Thus, there exist two morphisms gy and g; in C(Tp, Tp) such that
Vgo=ht and g} = Rt

As a consequence, the equalities

1 !

Ltghgo = h™ /g0 = h='he =1 and ! gogh = hugly = rh~ 1 =
hold. Thus, we have that gog), = 1 = g{,go. The morphism gy is an element in Aut(7p). The
commutative square he = ¢'gg can be completed to a commutative diagram of triangles as
above. Thus, there exists an element g; € Aut(7}) such that gon = 1’g1. Therefore, the

two orbits O, and O,/ are the same. O
Lemma 5.5.4. Keep the above notation. We have the equality

codimy O, = 1/2dimExt}(C(n), C(n)).
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Proof. Let F be the functor C(T,?) and B the endomorphism algebra F'T. We denote the
space Homp (FT1, FTp) by FX. Since F induces a category equivalence from C/add(XT")
to mod B, we have that

codimy O, = codimpxOp,.

The algebra B is a finite-dimensional algebra, both F'T7 and F'Ty are finitely generated
B-modules. As in [71], we view F'n as a complex in K®(projB) and define the space E(Fn)
as

E(Fn) = Hom g proip) (57 Fn, ).

Following Lemma 2.16 in [71], we have the equality
codimpxOpy, = dimE(F'n).

The exact sequence
FT, 2 Py — F(O®M) — 0

is a minimal projective presentation of F'(C(n)). Still following from [71], the equality
dimE(Fy) = dimHomp (F(C(n)), 7F(C(n))

holds, where 7 is the Auslander-Reiten translation. Moreover, by Section 3.5 in [59], we
have that F(XC(n)) ~ 7F(C(n)).

For two objects X and Y of C, let (XT")(X,Y) be the subspace of C(X,Y") consisting of
morphisms from X to Y factoring through an object in add(XT'), let C/x7)(X,Y") denote
the space C(X,Y)/(XT)(X,Y). Lemma 3.3 in [69] shows that there is a bifunctorial

isomorphism

C/er)(X,2Y) ~ D(ET)(Y, £X).

If we choose Y = X, then we can deduce that

dim C/x7)(X, X)) = dim(ET)(X,XX) = 1/2dim C(X, ¥ X).
Notice that the equivalence F' gives the following equality

dimHomp (F(C(n)), F(C(n))) = dimC/(x1)(C(n), XC(n)).

Finally, if we combine all the equalities about dimensions together, then we can obtain
that
codimy O, = 1/2dimExt}(C(n), C(n)).

O]

If we do not assume that T, and T} do not have a common direct summand, then the
equality in Lemma 5.5.4 becomes

codimy O, > 1/2dimExt}(C(n), C(n)).
This is because the third equality in the proof becomes
dimFE(Fn) > dimHomp(F(C(n)), 7F(C(n)))

for arbitrary projective presentations.
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Lemma 5.5.5. Suppose that C has only finitely many isomorphism classes of indecom-
posable objects. Then the set {[{C(n)]|n € C(T1,To)} is finite, where [C(n)] denotes the
isomorphism class of C(n) in C.

Proof. We use the same exact sequence
FT, Y Py — F(OM) — 0

as in the proof of Lemma 5.5.4, which is a projective presentation of F'(C(n)). By as-
sumption C has only finitely many isomorphism classes of indecomposable objects. So
the number of isomorphism classes of indecomposable B-modules is also finite. Notice
that the dimension of F(C(n)) is bounded by the dimension of FTy. Hence, the set
of {[F(C(n))]ln € C(T1,Ty)} is finite, where [F'(C(n))] denotes the isomorphism class of
F(C(n)) in modB.

Now we decompose C(n) as X, @ XT;,, where X,, does not contain a direct summand
in add(X7"). We have that F(C(n)) = F(X,). Since C(Tp, ¥T;,) vanishes, we can rewrite
the triangle (%) before Lemma 5.5.3 as

(8), L o)

T — Tpe0 — XWEBET,?—>2T1,
which is the direct sum of the following two triangles
2 10(1,) — To A Xy — Cluy), and

T, — 0— XT, — XT;.

Here C(t,;) denotes the cone of the morphism ¢,. Therefore, the object T, is a direct
summand of 77, and there are only finitely many choices. In conclusion, there are only
finitely many isomorphism classes of C'(n) when 1 runs over the space C(T1,Tp). O

Under the assumption that C has only finitely many isomorphism classes of indecom-
posable objects, by combining Lemma 5.5.3| and Lemma 5.5.5/ we can obtain that there
are only finitely many orbits O, in the affine space X'. Therefore, there must exist some
morphism 7 such that

codimyO,, = 0,

which implies that C(n) is a rigid object by Lemma 5.5.4. We say a morphism 7 generic
if its cone C(n) is rigid. We deduce the following proposition

Proposition 5.5.6. Suppose that C has only finitely many isomorphism classes of inde-
composable objects. Then there exists a generic morphism n € C(Ty,Ty) with the cone
C(n) rigid.

Now we are ready to prove our main theorem.

Proof of Theorem |5.5.1. Let T =T, & ... ® T, be any basic cluster-tilting object in
Cg. Keeping the notation at the beginning of this section, we define two objects

L = @ f_ri*gi(T) and R = @ rlwzgz(T)

9:(T)<0 9:(T)>0
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By Proposition /5.5.6, there exists a morphism n € Home, (L, R) such that the cone C(n)
is rigid. The triangle
LLR—C(n) — 3L

implies that the index
indz(C(n)) = [R] - [L] = g(T).

Since C(n) is rigid, there exists a cluster-tilting object 7" of Cg such that C(n) € addT”.
The triangle

7'C(n) — 0 — C(n) — C(n)

gives us that
ind2—1T/(C(77)) S Z%O

Set T = XM, Tt was shown in [20] that the quiver of the endomorphism algebra of
a cluster-tilting object of Cg does not have loops nor 2-cycles. Therefore, it follows from
Proposition 5.5.2 that

9(T") = indp(C(n)) € 2%y,

that is, ¢;(T") < 0.

Let B” denote the endomorphism algebra Endc,, (7") and Q" its associated quiver. Let
S; be the simple top of the indecomposable projective B”-module P = Home, (T",T}").
Set

m" =" f(T})S] (€ Ko(modB")).
j=1

Then for each simple B”-module S/, we have that
S// Z f T// S;/, S;l

— Z F(T))(—dimExt . (57, 87)) + > f(T])dimExt . (S}, )
: =

n

Z b// +f T// —l- Z b// +f T// . gi(T") > 07

7j=1

where b}/, denotes the number of arrows & — [ minus the number of arrows | — k in Q”.
Therefore, by Theorem 5.3.1 the function frw ,,~ is a tropical frieze. Since we have

fro g (T]') = (P, m") = (P, f(T})S]) = f(T}),

the tropical friezes f and fr» ,,» coincide on all T}'. Now it follows from Proposition 5.2.8
that f is equal to fru pn.

5.5.3 Sign-coherence property

For any tropical frieze f on Cg with @ a Dynkin quiver, we will see in this subsection
the existence of cluster-tilting objects whose indecomposable direct summands have sign-
coherent values under f.
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Theorem 5.5.7. Let Cg be the cluster category of a Dynkin quiver Q and f a tropical
frieze on Cq. Then there exists a cluster-tilting object T' such that

f(Ti) 20 (resp. f(T3) <0)
for all indecomposable direct summands T; of T.

Proof. Since f is a tropical frieze on Cq, it follows from Theorem 15.5.1/ that f is equal to
some fr,, with T" a cluster-tilting object and m an element in Ko(modEndc, (7). We
divide the proof into three steps.

Step 1. For any cluster-tilting object S of C, we define its associated positive cone as

C(S) ={indp(U)|U € addS} (C Ky(addT)).
Each element X € Ky(addT') can be written uniquely as
X = [To] - [11],

where Ty, T1 € addT without common indecomposable direct summands. By Proposition
5.5.6, there exists some morphism n € Home, (71, 70) such that the cone C(n) is rigid.
Moreover, we have that
indp(C(n)) = [To] — [1h] = X.
Since C'(n) is rigid, it belongs to addS for some cluster-tilting object S of Cg, which implies
that the element X belongs to the positive cone C'(S). As a consequence, we can obtain
that
Ko(addT) = | JC(9),
S

where S ranges over all (finitely many) cluster-tilting objects of Cq.
Step 2. Let Ti,...,T, be the pairwise non-isomorphic indecomposable direct sum-
n

mands of 7. Suppose that m = > )", m;S; with S; the simple End¢, (T')-module corre-
sponding to T;. Let F' be the functor Home,, (7', 7). Set

HZ% = {X € Ko(addT) | (FX,m) > 0}.
It is clear that
(sgn(m;)FT;,m) = |m;| >0,
where

{ 1 ifm; >0,
sgn(m;) =

-1 ifm; <0.
Let H be the hyperquadrant of Ky(addT') consisting of the non-negative linear combina-
tions of the sgn(m;)[T;], 1 < i < n. Then we have that

H c HZO.

Step 3. It was shown in Section 2.4 of [30] that each positive cone C(S) is contained
in a hyperquadrant of Ky(addT') with respect to the given basis [T;], 1 < ¢ < n. Thus,
each hyperquadrant of K(addT') is a union of positive cones. Let T” be a cluster-tilting
object satisfying

C(T') c H c HZC.
We obtain that
HT)) = from(T}) = (F(indr(T7)),m) > 0
for all indecomposable direct summands T, of T".

Similarly, there exists some cluster-tilting object 7" such that f(7}") < 0 for all inde-

composable direct summands 7} of T". O
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5.5.4 Another approach to the main theorem

Let Cqg be the cluster category of a Dynkin quiver (). In this subsection, we will see
another approach to Theorem 5.5.1 by using the work of V. Fock and A. Goncharov [33].
For simplicity, we write Z;, for the tropical semifield (Z, ®, ®).

Let Agor (Zyy) and Xgor(Zr) be the set of tropical Z-points of A-variety and X-variety
[33] associated with the opposite quiver Q°P, respectively. For a vertex k of ), the mutation
ik = Aqor (Zir) — Apy(@or)y(Zyr) is given by the tropicalization of formula (14) in [33]:

A + (upA)g = max{d_[bjl+ Az, > [brjl+ Aj},

J J

where [b,s]+ is the number of arrows from r to s in @ (or from s to r in Q°P). Let T be the
image of k@ in Cg. Then for each tropical Z-point A in Agor(Zy,), there is a unique tropical
frieze h on Cq such that h(T;) = A; for each 1 < j < n. Moreover, this correspondence
commutes with mutation. Besides, we know from [71] that the isomorphism Xgop(Zy) =~
Ko(addT') commutes with mutation. Given a seed i, in [33] V. Fock and A. Goncharov
considered the function P; = Y7 | a;x; on A(Zy) X X(Z4y). Now we can transform the
function P; in our case as

Pg = Z h(S;)[inds(Y") : S;]

where S is the cluster-tilting object of Cg corresponding to the seed 7, the elements a;
correspond to h(S;) and z; correspond to [indg(Y') : S;] for some object Y of Cq.

Let f be a tropical frieze on Cg. Let L and R be the same objects as in the proof of
Theorem 5.5.1. Assume X is an object of Cg with

indr(X) = [R] = [L] (= ¢(T)).

For example, the cone C(n) as in the proof of Theorem5.5.1. For the pair N = (f,indz (X))
in A(Ziy) x X(Ztr), by Theorem 5.2 in [33], there exists a cluster-tilting object T such
that all coordinates [indyv(X) : T] are non-negative. It follows that there exists some

rigid object Xy € addT” with the same index as X. Set 7" = X~'T”, as in the proof of
Theorem 5.5.1, we can also obtain that

g(T”) = indp»(X) = indpr(Xp) € Z%O'

This gives another approach to the main theorem.
Moreover, our definition for positive cones in Step 1 in the proof of Theorem 5.5.7
coincides with Fock-Goncharov’s. From the equality

o(addT) U (S

where S ranges over all (finitely many) cluster-tilting objects of Cp, we can also obtain
that a finite type cluster X-variety is of definite type (see Corollary 5.5 and Conjecture
5.7 in [33]).
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5.6 Proof of a conjecture of Ringel

Definition 5.6.1 (Ringel [74]). Let I' = ZA with A one of the Dynkin diagrams A,,, Dy,
Eg, E7, Eg and I'g the vertex set of I'. A function f : I'g — Z is said to be cluster-additive
on I' if

f(z)+ f(rz) = Z max{ f(y), 0}, for all z € 'y,
y—z
where the sum runs over all arrows y — z ending at z in T.
The following theorem confirms a conjecture by Ringel [74].

Theorem 5.6.2. FEach cluster-additive function on I' = ZA with A one of the Dynkin
diagrams A,, D,, Eg, E7, Eg is a non-negative linear combination of cluster-hammock
functions (and therefore of the form

ngh
Z:{:EZ/{ T

for a tilting set U and integers n, € Ny, for allx € U).

Proof. Let Q be an orientation of the Dynkin diagram A. Then I' can be viewed as the
Auslander-Reiten quiver of the bounded derived category Dg of the category modkQ.
Let I; be the i-th indecomposable right injective k@Q-module. Define a dimension vector

d= (di)iEQo

0 otherwise.

d; = { f(L) i (L) >0,

Let rep(Q,d) be the affine variety of representations of the opposite quiver Q°° with
dimension vector d. Choose a right kQ-module M whose associated point in rep(Q, d) is
generic, so that M is rigid.

Define an object T of the cluster category Cq as M @& (@f(]i)<0(zpi>_f(1i))' For each
i satisfying f(I;) < 0, we have the following isomorphisms

Exté, (2P, M) =~ Homge,, (P;, M) =~ Homyq(P;, M),

where the second isomorphism follows from Proposition 1.7 (d) in [17]. Notice that the
space Homyq (P;, M) vanishes since M does not contain S; as a composition factor. Thus,
the object T is rigid.

Let M = M{"*&...®M" be a decomposition of M with M; (1 < j < r) indecomposable
and pairwise non-isomorphic. Let 7 be the set

{M;]1 < j <r}U{EP|i € Qosuch that f(I;) < 0}.

Then 7 is a partial tilting set [74]. Denote by X7 the set {XY|Y € T}H={EM;|1 <j <
r} U{I|i € Qosuch that f(I;) < 0}). Let T be a basic cluster-tilting object of Cg which
contains every element in 7 as a direct summand. For an indecomposable object X, we
use the notation [N : X] to denote the multiplicity of X appearing as a direct summand
in Cq of an object N.

Define a new function f’ as ) yc57[XT : X]hx, where hx is the cluster-hammock
function on I' associated with X. Then f’ is a cluster-additive function by the Corollary
in Section 6 of [74]. Notice that
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Now we rewrite [’ as

S OET:Lh, 4+ Y ST :SMlhsa, = Y (—fI)hy, + Y ajhsa,.

LexT SM;exT LexT =1

In the following we will show that f and f’ coincide on all indecomposable injective
kQ-modules. Notice that for any pair X # X' in a partial tilting set, the value hx (X’) is
zero (Section 5, [74]).

Step 1. Look at the indecomposable injective kQ-modules I; satisfying f(I;) < 0.

It is easy to see that

f(L) = —f(IL)hy, (L) = f(1).

Step 2. Look at the indecomposable injective kQ-modules I; satisfying f(I;) = 0.
We have the following isomorphisms

Ext} o (T, Y1) ~ Home,, (T, 1;) ~ Home,, (T, *P;) ~ DHome,, (P}, T)

~ DHomyq (P, M) ® DEXtéQ (P, @ (—=f(L;))Pi) = 0.
F(I;)<0

Hence, the set ¥7 U {I;|f(I;) = 0} is also a partial tilting set, which implies that
hx(fl) =0, XeX7T.
As a result, we obtain that

f(I) = 0= f(I).

Step 3. Look at the indecomposable injective kQ-modules I; satisfying f(I;) > 0.
We compute the dimension of Home, (7,1;). As in step 2, we obtain the following
isomorphisms
HomCQ (T, Il) >~ DHoka(Pl, M) >~ Hoka(M, Il).

It follows that
dimHomCQ (T, Il) = dimHomCQ (M, Il) = dl = f([l).

Let B denote the endomorphism algebra Ende, (T *)and S M; the simple B-module which
corresponds to the indecomposable projective B-module Home,, (T*, Mj;). For each object
M, since I; does not lie in add(X7"), we have that

dimHome,, (M, I;) = dimHompg(Home,, (T, M;), Home, (T, 1))

= the multiplicity of Sy, as a composition factor of Home, (T*,1;)
= hs; (1),

where the last equality appears in the end of the proof of the Lemma in Section 10 of [74].
Since hy,(I;) = 0 for all I; € X7, the following equalities

f(I) = dimHome,, (M, ;) = > a;dimHome,, (M;, T))
j=1

= " ajhsa, (L) = f'(1)
j=1

hold.
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Therefore, the cluster-additive functions f and f’ coincide on all indecomposable injec-
tive k@Q-modules, which implies that f is equal to f’. Set U = {XZ| Z is an indecomposable
direct summand of T}, which is a tilting set. Then we obtain that

— . . /
- ZXGET[ET F Xhx + ZX/EM\ETO I
- Z nxhxa

zel

| BT 2] ifxeXT,
*= 0 ifr € U\DT.

where

This completes the proof. O
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