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Chapter 1

General Introduction

1.1 Algebraic Cycles and Chow Groups

We begin by introducing the basic object of our study.

Let X be a smooth projective complex manifold (and later on also Y).
An algebraic k-cycle is a finite formal sum ), n;[V;], n; € Z, where the V; are
k-dimensional reduced and irreducible subvarieties of X. The group Z;(X)
of algebraic k-cycles is the free abelian group on such subvarieties.

A k-cycle Z is rationally equivalent to zero if there exist a finite number
of irreducible k£ + 1-dimensional subvarieties W1, ..., W,. of X and functions
fi € K(Wy)* for i = 1,...,r such that

ZAS Z[div(fi)]-

Here K (W;) denotes the function field of W;.

The quotient group CH(X) = Z,(X)/Zk(X ) is called the k-th Chow
group of X. We will often write CH?(X) = CH,_,(X) for the group of
codimension p cycles of X modulo rational equivalence.

The Chow groups satisfy many properties (W. Fulton’s book on intersec-
tion theory ([Ful]) is the classic reference for this):

1) Proper pushforward: Let f: X — Y be a proper morphism. If A €
Z1.(X)pat, then fuA € Zp(Y),q, so that f induces a homomorphism

If « € CHg(X) and g : Y — Z is another proper morphism, then
(g © f)*a = g*(f*oz).
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2) Flat pullback: Let f: X — Y be a flat morphism. If B € ZP(Y),.q,
then f*B € ZP(X),q, so that f induces a homomorphism

f*: CHP(Y) — CHP(X).
If v CHP(Z) and g : Y — Z is another flat morphism, then
(go )y = filg:).

3) Intersection product: Let « € CH?(X), f € CHYX). Then there is
an intersection product

CHP(X) ® CHY(X) — CH™(X), a®f— a- .

4) Cycle class: Let A € ZP(X) = Z,_,(X). A has a fundamental class
cl(A) € Hoyp9y(X,Z), which by Poincaré duality is isomorphic to
H?(X,Z). If A € ZP(X),a, then cl(A) = 0, so that we have an

induced map
cl: CHP(X) — H?*(X,7).

The cycles in the kernel of this map define the subgroup CH?(X)som.
Such cycles are called homologically equivalent to zero. Of course this
gives a much coarser equivalence relation than rational equivalence.
Since cl(«) for any a € CHP(X) is mapped to HPP(X) under the
natural map H*(X,Z) — H?(X,C), the class of an algebraic cycle
is a so-called Hodge class. The cycle class map is compatible with
proper pushforward and flat pullback. It is also compatible with the
intersection product: Let § € CH?(X). Then

cla-B) =cl(a)Uc(p) € H*(X, 7).

5) Correspondences: A correspondence between two smooth projective
varieties X and Y is a cycle ' € CH*(X x Y). Tt induces a map

I, : CHP(X) —s CHPTE-dmX(y)

by defining
Li(a) = pry.(pri(a) - T),
and a map
I : CHYY) — CHITFdmY (X
by defining

I*(8) = prx.(pry(6) - T).
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Let IV € CHY(Y x Z) be another correspondence. Then we have the
composition of correspondences

I ol = prxz.(priyD - pri,I') € CHF Y (X % Z).
If I' = I'; is the graph of a morphism f : X — Y, then
IMoTy = (f xidg)*T",
and if [" =I'y is the graph of a morphism g : Y — Z, then
Fyol = (idx x g).I'.

The class map is compatible with the action of a correspondence: For
' € CHY(X xY), we have cl(T') € H*(X x Y,Z). Tt induces a map
in cohomology

(D). : H(X,Z) — H*PH=amXy 7) cl(a) — pry. (pricl(e)ue(I)).

Then we have

(D). (cl(a)) = cl(D.(a)).

1.2 Divisors on curves, the Jacobian of a curve,
Abel’s Theorem, and Jacobi’s Inversion
Theorem

In the case of 0-cycles on smooth complete complex curves (i.e. compact
Riemann surfaces), the structure of 0-cycles modulo rational equivalence, or
equivalently, divisors modulo linear equivalence, has been understood per-
fectly well since the middle of the 19th century.

For a smooth curve C of genus g, the space of holomorphic differentials
H(C) = H°(C,Q¢) is a complex vector space of dimension g. Let wy, ..., w,
be a basis. Let 71, ..., 724 be a basis for the free Z-module H,(C, Z) satistying
the conditions

Vit Vgri = L, Ygqi-vi = —1, fori =1,..., g,

and
vi - 7; = 0, otherwise.

Define the 25 period vectors

Uy :t(/ wl,...,/ wg) e CY.
Vi Vi
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It is well known that these period vectors are linearly independent over R,
so that they span a lattice A in C9. The Jacobian variety J(C') of the curve
C' is then defined to be the quotient C9/A; it is a g-dimensional complex
torus. More precisely, it is a polarized abelian variety, since the intersec-
tion pairing on H;(C,Z) leads, via the natural identification Hy(J(C),Z) =
N’ (H{(C, 7)), to the polarizing class

Now fix a point p on C. Then for any divisor D = nid; + ... + n,d, on C, we
can define the Abel-Jacobi map

pe : Div(C) — J(C), D — t(zr: n; /di Wi, ,inl /di wg>.
i=1 p i=1 p

If the divisor D is of degree zero, i.e. D =d; + ... +d, — e; + ...e,, where
some or all of the points d; may coincide, just as may the e;, then we have a
natural map

pe = Div’(C) — J(CO), D t(i /di Wi, ...,i/di wg)
i=1 e i=1 e

without recourse to the choice of a point p on C.

The classic result for curves - the Abel-Jacobi theorem - now gives a
complete description of divisors modulo linear equivalence. Let us recall that
two divisors D and F on a curve C' are linearly equivalent, written D ~ E|
if their difference is a principal divisor, i.e. D — E = (f), where f € K*(C)
is a meromorphic function on C' and the brackets mean taking its divisor.

The Abel-Jacobi Theorem. Let C' be a smooth curve, and let D, E €
Div®(C) be divisors of degree zero. Then we have:

(i) po(D) = pc(E) on J(C) if and only if D ~ E.

(ii) The map pc is surjective.

The first statement is known as Abel’s theorem and the second one is
usually called the Jacobi inversion theorem. We remark that the Abel-Jacobi
map

Mo C(g) E— J(C)

is surjective and generically injective, where C¥) denotes the g-th symmet-
ric product of the curve C, which is also a smooth, g-dimensional complex
variety. Also, for ¢ > 1, the map p¢ : CV = C — J(O) is injective, since
two distinct points on such a curve are never linearly equivalent.
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For a long time there was hope that the situation would be similar for
algebraic cycles on higher dimensional varieties. For divisors this is true, and
the results just described pretty much carry over to the general situation.
However, as soon as the codimension of the cycle on the variety rises, things
become much, much more complicated. In fact, the simplest case to consider
next, that of O-cycles on surfaces, is sufficient to show how radically the
structure of the cycle group modulo rational equivalence changes - in fact, it
is still unknown today and precisely what M. Green tried to describe with
his higher Abel-Jacobi map. The key result is due to D. Mumford ([Mum])
and we give an account of it in the following section.

1.3 A result from the late ’60s by Mumford
over C

D. Mumford’s article ”Rational equivalence of 0-cycles on surfaces” could
very well have been published in his ”Pathologies in Algebraic Geometry”
series. In it he takes up work by F. Severi on 0-cycles. Mumford considers
the three following statements:

1) In such that V0-cycles A with deg(A) > n, A~ A, A effective.

2) 3n such that the natural map S™ x S™ — CHy(S), (A, B) — [A— B],
is surjective.

3) 3n such that Ym, A € S, 3 a subvariety W : A € W c S™ of codimen-
sion < n consisting of points rationally equivalent to A.

One often says that C'Hy(S) is representable if it satisfies condition (2)
(Roitman’s theorem in the next paragraph will explain this terminology), and
that it is finite-dimensional if it satisfies condition (3). The three conditions
are equivalent (for (2) < (3) see for example [Voi2], Proposition 10.4).

Now Mumford proved that for projective complex surfaces, as long as
they have geometric genus p, > 0, these three conditions no longer hold:

Mumford’s theorem for 0O-cycles on surfaces. Let S be a projective
complex surface such that py(S) = dimH°(S, Ks) > 0. Then C'Hy(S) is not

finite-dimensional.

Mumford calls the technique used to arrive at this result induced differen-
tials. By pulling back a 2-form w on the surface S to the form priw+...+priw
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on S" =8 x ... x § via the n projection maps, and then pushing it forward
via the quotient map

78" — S5, =S5M,

one obtains a 2-form w™ that is still non-degenerate on an open subset of
S (S™ is no longer necessarily smooth, as in the case of curves.) If one is
now given a morphism

fiW — 5™

where W is smooth, it is possible to define an induced differential 2-form W

on W. In case W is a smooth subset of S,
i W e S,

then this induced differential form w'™ is just the restriction of w™ to W,
i.e. the pull-back via the inclusion map i.
The main effort is to prove the following

Theorem 1.3.1. (/[Mum]) Let n € H°(Q%,,)) be a 2-form on S™. Then for
all f: W — S™ such that all the O-cycles f(w), w € W, are rationally

equivalent, it follows that ny = 0.

But since n = w™ is non-degenerate on an open subset of S™, it can
only vanish on a subvariety of dimension at most n. This means that any
subvariety W parametrizing rationally equivalent 0-cycles can be at most n-
dimensional. So if one lets n grow, this contradicts the assertion that C'Hy(S)
is finite-dimensional.

Nowadays Mumford’s result is often shown using a technique by S. Bloch
and V. Srinivas (see [BlSri]) called ”the decomposition of the diagonal”, which
considerably simplifies the proof.

The reason for which we give this description of Mumford’s induced dif-
ferentials, or Mumford’s pullback of a differential form in the special case just
considered, is that they are still a fundamental tool in the study of algebraic
cycles. The higher Abel-Jacobi invariants we construct in this work can also
be used to pull back differential forms on a variety X we consider to a variety
parametrizing 0-cycles on X. We call this Green’s pullback of a differential
form. 1t is the main result of chapter 4 that these two pullbacks coincide.

In the next paragraph we discuss some generalizations of Mumford’s result
by Roitman, who in particular managed to describe exactly what C'Hy(X)
of a variety X (of any dimension) looks like when it is finite-dimensional.
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1.4 Contributions by Roitman

In this paragraph we assume throughout that X is a smooth projective com-
plex variety, of any dimension. To study O-cycles A. Roitman, a student of
Yu. I. Manin, introduced some other equivalence relations between them (in
addition to rational and homological equivalence). His first result was this:

Roitman’s theorem. ([Roil]) If CHo(X )nom is representable, then the Al-
banese map

ale : CHO(X>hom — Alb(X)
s an 1somorphism.

This justifies the term representable by the fact that the Albanese variety
Alb(X) is an algebraic group (an abelian variety in this case, just like the
Jacobian of a curve) and by the representation theory attached to it. For
an extension of this result, see the article "Roitman’s theorem for singular

projective varieties” by J. Biswas and V. Srinivas ([BiSri}).

In particular, if in this case ¢(X) = $dimH*(X,C) = 0, then Alb(X) =0
and it follows that C'Hy(X) = Z, which means that the class of a 0-cycle is
completely described by its degree.

A similar necessary and sufficient condition for C'Hy(X )pom to be repre-
sentable says that all the information about it is then already contained on

a smooth curve C' lying on X:

Proposition 1.4.1. CHy(X)pom is representable if and only if there is a
smooth curve C' =Y N ...NY,_1 which is a complete intersection of ample
hypersurfaces Y; C X such that the map

i* : CH()(C)hom = J(C) E— CHO(X)hom
s surjective. Here i : C' — X is the inclusion map.

So in retrospect it is possible to add these two conditions to the three
given by Mumford above - they are all equivalent.

In a later paper Roitman managed to describe the torsion points of
C'Ho(X)hom, whether finite-dimensional or not.

Roitman’s theorem on the torsion of CHy(X)uom. ([Roi2]) The Al-
banese map
albx : CHy(X)nom — Alb(X)

induces an isomorphism on the torsion points.

S. Bloch (see [BI2]) independently arrived at a weaker form of this theo-
rem. Next, we discuss some of his results on O-cycles.
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1.5 Work by Bloch on 0-cycles
S. Bloch makes the conjecture of the counterpart of Mumford’s theorem in
[BI3]:

Bloch’s conjecture for 0-cycles on surfaces.

1.6 The Bloch-Beilinson Conjectures

According to the Bloch-Beilinson conjectures for algebraic cycles on a smooth
projective variety X, there should exist a filtration F*C HP?(X) of the Chow
group C'HP(X) of codimension p cycles modulo rational equivalence which
satisfies certain properties. In particular, in the case of O-cycles on complex
varieties these properties are:

1) F""'CHy(X) = 0, where n = dimX.
2) The filtration F" is stable under correspondences,
ie forI' e CH™(X xY), m=dimY, the induced map
F* : OH()(X)Q — CHO(Y)Q

satisfies ' '
I'W(F'CHy(X)g) C F'CHy(Y)g.

3) The graded pieces of the filtration are governed by the global holomorphic
forms and vice versa, i.e. the map

Gril, : GriaCHy(X)g — GrieCHy(Y)g
is zero if and only if the map
I HO(Y. Q) — H(X,QY)
is zero.

The third point is consistent with the fact that both the Chow group of
0-cycles of a connected variety X and its spaces of holomorphic forms are
birational invariants. It follows from 3) that F1CHy(X) = CHy(X)nom (and
we may think of this subgroup as the kernel of the degree map: C'Hy(X) —
H*(X,7) = 7), and also that F?C'Hy(X) = CHo(X)an-

For example, S.Bloch has defined in [Bl1] a filtration for 0-cycles on
abelian varieties of arbitrary dimension. The filtration satisfies

Fchg(A) = OHO(A)hmm
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the subgroup of 0-cycles homologically equivalent to zero,
F?CHy(A) = CHy(A)up,

the subgroup of cycles lying in the kernel of the Albanese map F'C Hy(A) —
Alb(A), and

F"C'Hy(A) # 0 (when the ground field is C), but F""'C'Hy(A) = 0,

where n = dimX.

However, Bloch relies on the Pontrjagin product for O-cycles, which in
turn is defined using the group structure of the abelian variety, and so it is
impossible to generalize his filtration to arbitrary varieties. See also the arti-
cle [Beau] by Beauville for further results about 0-cycles on abelian varieties.

1.7 M. Green’s construction of a higher Abel-
Jacobi map for 0O-cycles on smooth com-
plex surfaces

For surfaces, Green defined in [G] a map 13 from F2CH,y(S) := ker(albs) to
a higher Jacobian JZ and conjectured that it was an isomorphism.

Had this been true, the construction would have in particular given a
positive answer to Bloch’s conjecture for surfaces that if there are no global
holomorphic 2-forms on S, then F'CHy(S) = Alb(S), since the Jacobian JZ
is built from the transcendental part of H?(S,Z) (see Conjecture 2.4. and
Theorem 2.5. in [G]). A filtration on C'Hy(S) would have been obtained by
setting F3C'Hy(S) = ker(3) = 0.

1.8 C. Voisin’s counterexample, but also two
positive results about Green’s map

But soon after C.Voisin published a counterexample in [V], and it isn’t at
all clear how to modify the construction to avoid this. However, in the same
paper, she shows that Green’s higher Abel-Jacobi invariant has the merit of
governing Mumford’s pullback of holomorphic 2-forms on the surface S to a
variety parametrizing O-cycles on S. Since this technique, developed by Severi
and Mumford (see [Mum]), remains one of the most important in the study
of algebraic cycles (for a recent generalization see [Voi]), it seems useful to
prove an analogous result for threefolds.
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We first extend the definition of 12 to 0-cycles on threefolds, which is
straightforward. This gives us a map which we call ¥»3. We then construct
a higher Abel-Jacobi map 5 defined on the kernel of ¢5. We plan to show
in a subsequent work that 13 resp. 13 govern the pullback of holomorphic
2-forms resp. 3-forms for families of 0-cycles on X.

1.9 A short excursion to the case of char £ = p

In the case where the characteristic of the ground field is p > 0, G. Welters
has very recently constructed a map A3 for O-cycles on surfaces which involves
the Brauer group. This map is defined on the kernel of a map A}, which is
a lifting of the Albanese map. References for this section are [Mil] or [Tam],
and we follow more or less verbatim [Well.

Let z be a 0-cycle of degree 0 of the surface X, and let Z C X be a
0-dimensional closed subset containing the support |z| of Z. Let Z C X
be the 0-dimensional closed subset obtained as the inverse image of Z in
X = X ® k, where k is an algebraic closure of k.

There is an exact sequence of discrete Gi-modules (G, is the absolute
Galois group of k)

H(Z,G,,)

R Pic(X,Z) — Pic(X) — 0 (1.1)

00—

(G, is the sheaf associated to the multiplicative group scheme
Spec(Z[t,t ] X specz, X).

The group Pic(X,7) consists of isomorphism classes of couples (L,0), with
L an invertible sheaf on X and

5207—>Z®07

an isomorphism. Now the norm map for Z — Spec(k) induces a morphism
of G-modules, also denoted by z,

HY(X,G,,)

and by pushing out (1.1) by (1.2) one obtains a l-extension representing
N o h
00—k — E, — Pic(X) — 0. (1.3)
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For the construction of the map A2, Welters considers a 0-cycle z of
degree 0, such that Al([z]) = 0. There exists a morphism of Gj-modules Z,

Pie(X,7Z) =k, (1.4)
restricting to the map z on %. He then constructs for all 0-dimensional

closed subsets Z C X explicit 2-extensions of discrete Gx-modules
0 — Pie(X,Z) — [][ Pic(C.ZnC) — Br(X,Z) — Br(X) — 0

(1.5)
defining a canonical element oz € Exty, (Br(X), Pic(X,Z)). This leads to
the

Definition 1.9.1. ([Wel], Definition 3.4): Let z be a 0-cycle of degree 0 on
the surface X, such that AY([z]) = 0. Let Z C X be any 0-dimensional closed
subset containing the support |z| of z. Then A3([z]) € Extg, (Br(X),k )q is
the image of az under the morphism (1.4), A3([2]) = Z(az).

In the penultimate section of his paper, Welters shows (Theorem 6.8)
that in case the surface considered is smooth, projective and geometrically
irreducible, this 2-extension class is described as the composition of two 1-
extensions, "one of them reflecting the relation of the 0O-cycle with its curve
environment, and the second one relating the curve to the surface” - just as
in M. Green’s construction of the map 3.

Finally, Welters compares his map A3 to the higher l-adic Abel-Jacobi
map

d; : CHO(X)alb & Q E— Hgont (Glm HQ(Ya QI(Q)))

defined by Raskind (see [Ras], [Jan1]). This leads to the comparison Theorem
5.1, which in turn is used to restate Theorem 6.8 in a different form (see
Corollary 6.15).
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Chapter 2

Construction of ¢§ - Green’s
higher A-J map

2.1 Introduction

In this paragraph we construct a higher Abel-Jacobi map on F2CHy(X) :=
ker(albx), which is immediately derived from Green’s map for surfaces.

2.2 Construction of w;

Let X be a smooth projective complex threefold. Let Z; be a O-cycle of
degree 0 in the kernel of the Albanese map:

albx (Zy) =0 € Alb(X).

Choose a smooth ample surface S C X containing supp(Zy): by the Lef-
schetz hyperplane theorem H'(X,Z) = H'(S,Z), so Alb(X) = Alb(S) and
Cl,lbx(Zo) =0= ale(Zo) = 0.

Let ¢ : C' — S be a smooth, but not necessarily connected curve, which
maps generically one to one onto its image i(C') on S, and Z a 0-cycle sup-
ported on C such that i.(Z) = Z.

In general, we will consider all smooth surfaces j : S — X and smooth
curves ¢ : C' — S carrying a O-cycle Z such that (j 0 ).(Z) = Zy and
albs(i.(Z)) = 0.

Given such S,C and Z we can apply Green’s construction of the higher
Abel-Jacobi map 3 for a O-cycle on a surface (see [G] or [V] for the descrip-
tion). He obtains two extension classes

esc € H2<S, Z)z{r X7z H1(07 Z)new Bz R/Z

17
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and
fC,Z € HI(C, Z)Zew X7, R/Z.
Here
Hl((] Z)
HY(C,Z = H?*(S,7),, = N L
(C; )new Hl(S,Z) and (S, )tr S(S)

Notice that, using Poincaré duality on H?(S,Z), we have

HA(S. 1), = g

Green takes the tensor product of these two extension classes and con-
tracts via the map H'(C,Z)%.,, @ H(C,Z)pew — Z to obtain an element

esc - foz € HX(S,2);, @z R/Z @7 R/Z.

Finally, in order to make the invariant eg ¢ fc z independent of the chosen
lifting of Zy, he quotients by the subgroup U3(S) C H?(S,Z);.@zR/Z@zR/Z
defined as the group generated by those eg ¢ - f¢,z for which i,(Z) =0 as a
O-cycle of S.

Let now

g s H*(S,7) — HY(X,Z)
be the Gysin morphism induced by 5 : S — X and also call

jo: HX(S,2);, — H'(X,Z)/j.NS(S)
the induced map on the quotient.

Definition 2.2.1. H4(X,Z);, = HY(X,Z)/ < j.NS(S) >,Vj : S — X, S is
a smooth surface.

We have the projection

H'(X,Z)
=2 @, R/Z®, R/Z — H (X, Z);. @7, R/Z @z R/Z.
m J.NS(S) ®zR/Z @y R/Z — H (X, Z);, @2 R/Z @z R/
Definition 2.2.2. Let U3(X) be the group generated by all j.(esc - fo.z) for
which (j01).(Z) =0 as a 0-cycle of X.
Let

H4(X, 7)) @z R/Z @4, R/Z

U3 (X) '

JH(X) =
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Lemma 2.2.3. The projection of j.(esc - fo.z) in J3(X) is independent of
the surface S chosen in the construction.

Proof. Suppose Z; C O -8 2N X and Zy, © Cp-245,2X are both 0-
cycles mapping to Zy on X. Then

Z1— Zy C Cy U CQL)Sl L SQJ—I>X
obviously satisfies (5’ 04’).(Z; — Z3) = 0, and we have

jl*(esl,cl'fCl,Z1)_j2*(652,C2'fC27Z2) = j;(651USQ,Cl|—|C2'f01UC2721—Z2) € U23(X)
]

So this, being independent of the choices made, defines a map

U3 ker(albyx) —  J3(X),
Zy — |julesc- fez)l,

which factors through rational equivalence. For if a cycle Z; is rationally

equivalent to 0, there is a smooth curve CLX and a cycle Z rationally
equivalent to 0 in C, such that i.Z = Z;. Then since foz = 0, i'(Z) is
Albanese equivalent to 0 in S, and furthermore we have j.(esc - foz) = 0

for any C AN e , with .S a smooth surface.
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Chapter 3

Construction of wg

3.1 Introduction

In this paragraph we construct a higher Abel-Jacobi map defined on ker(¢3).

3.2 Construction of 3

Let Zy be a O-cycle in the kernel of the map 93 : ker(albx) — J3(X). For
an adequate choice Z — C' — S we construct invariants

dxs € J*(X)ay ® H*(S,Z):

new?’

eS’,C ) fC’,Z € H2<Sa Z);ﬁkr,new ®Z R/Z ®Z R/Z>

which we contract to an element lying in J3(X) 4;®7R/Z%?. This element
we then project onto a certain quotient J3(X) to obtain our third Abel-
Jacobi-invariant of the 0-cycle Z.

The invariant eg ¢ - fo z is essentially the one from Green’s construction
for 0-cycles on surfaces. We show how to obtain dx g. Let I'; C .S x X be
the graph of the morphism j : S — X. It has its cohomology class [I';] in
HS(S x X, Z).

Let Ax C X x X be the diagonal in X x X, and let [As] = idpys(xz)
be the component of [Ax] lying in H*(X,Z) ®z H*(X,Z) in the Kiinneth
decomposition of H%(X x X,Z). Note that [As] is a Hodge class (i.e. it maps
to H*3(X)), but that it is not necessarily an analytic (algebraic) cycle class.

Let Ag € S x S be the diagonal in S x S, and let [Ay] = idy2(gz)
be the component of [Ag| lying in H*(S,Z) ®z H?*(S,Z) in the Kiinneth
decompostion of H*(S x S,Z). Note that [Ay] is not only a Hodge class, but
by a result of Murre (|[M]) also analytic (algebraic).

21
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For what is to follow, we recall that for any complex analytic manifold X
there is a short exact sequence

0— JPNX) — HP(X,Z(p)) — Hdg*(X) — 0, (3.1)
where
B H*»1(X,C)
- FrH*Y(X)+ H> (X, Z)

is the p-th Griffiths intermediate Jacobian of X, Hp denotes Deligne coho-

mology, which is defined as the hypercohomology of the complex of sheaves
on X

J#(X)

Z(p)p: 0 — Z(p) — Ox — QY — .. = Q8" —0,
and Hdg*(X) are the Hodge classes

{ne H?(X,Z): aun € H"(X)},

with o, : H**(X,Z) — H?(X,C) the natural map (see [EV] and [GMV] for
descriptions).

We define for two classes S in X X Y and T in Y x Z (which may be
cohomology classes in H*(X xY'), Deligne cohomology classes in Hj(X xY),
or cycle classes in CHP(X xY) resp. ...(Y x Z)) the composed correspondence
ST := p13.{pisS-pss T} on X x Z. Here “” denotes cup-product, the product
in Deligne-cohomology and intersection product of cycles, respectively, and
the p;; are the various projection maps from X x Y x Z (see chapter 16 in
[F]). In the case of Deligne cohomology, we will denote the composition by

“O'D” .

Now, since I'; and A, are both algebraic cycles, we can compose them to
obtain I'j o Ay C S x X, with [I'; o Ay] € H(S x X, Z).

Lemma 3.2.1. [As]o[[joAy]=0o0n S x X.

Proof. At first, our projection maps refer to S x S x X. For example, p15 is
the map S x S x X — S x S. By definition

[A;] € H*(S,Z) ® H*(S,Z) ¢ H*(S x S,7Z),
and it follows that
Pia[Ao] € H*(S,Z) ® H*(S,Z) @ H(X,Z) C H°(S x S x X,Z).
We have

[T, 0 Ay € H*(S,Z) ® H*(X,Z) C H*(S x X,Z).
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Next we consider the projection maps from S x X x X. Again, by defi-

nition
[As] € H3(X,Z) ® H*(X,Z) C H%(X x X,Z),
and it follows that
paslAs] € HY(S,Z) @ H*(X,Z) @ H*(X,Z) C H°(S x X x X, Z).

Similarly,

pislj 0 Ag] € H*(S,Z) ® HY(X,Z) ® H*(X,Z) C H%(S x X x X,Z).
So finally, for the reason of cohomological degree, we see that

Pa3[As] U pio[l'y 0 Ao =0,

which implies that
[A3] 0] [FJ o) AQ] = 0.

For the cycle I'; o Ay we have the Deligne cycle class map
cp: CH*(S x X) — HY(S x X,Z(3))
Fj O AQ — [F] o} AQ]D,

which is compatible with the usual cycle class map cl, i.e. [I'; o Ag]p goes
to [['; o Ay] in the short exact sequence

0— J(S x X) — HY(S x X,7Z(3)) — Hdg®(S x X) — 0. (3.2)

Since we don’t know whether [A3] € Hdg®(X x X) is algebraic, we can’t
use the Deligne cycle class map, but we can still lift it to a class

[As]p € HY(X x X,7Z(3))
via the sequence
0— J°(X x X) — H(X x X,Z(3)) — Hdg*(X x X) — 0. (3.3)
Then it is clear that
[As]p op [T 0 Ag]p =€ HY(S x X, Z(3)),

will map to
[Asz] o [T 0 Ag] € HY(S x X, 7Z(3)),
which we have just proven to be zero. Hence [As]p op [I'; 0 Ag]p is in fact an
element 6 € J°(S x X) = J(H®(S x X)).
For what is to come we introduce a convenient form of notation for the
Jacobian of a (pure) Hodge structure of odd weight:
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Definition 3.2.2. Let (Vz, F'*) be a pure Hodge structure of weight 2k—1, i.e.
Vyz is a finitely generated free abelian Z-module and there is a decomposition

Ve :i=Vz ®2 C = ®pig=ap—1V",

where VP4 .= FPVe N F4Ve 1s defined via the Hodge filtration F*. Then we
put

P— VC
V) = Frn v

Now using the Kiinneth decomposition
5
H(S x X) =Y H"(S)® H*?(X),
p=0
we obtain a natural projection from J(H®(S x X)) to
J(H*(S) ® H¥(X)) = H3(X,Z) ® H*(S,Z) ® R/Z,

and a further projection to

( H*(S) _ H¥X) ) o H3(X,Z) _ H*(S,Z)
JHAX) TG HNS) G HNS Z)  jrHA (X, Z)

@R/Z

(see Lemma 1.2. in [G] for these isomorphisms). The projection ¢’ of §
J3(X) ® H2(S,7)
Pic(S) <% j*H2(X,Z)"

in this quotient can be seen as an element of

Lemma 3.2.3. ¢’ is independent of the lifting [As]p of [As].

Proof. Let us suppose that we had chosen a different lifting [As]p + v, v €
J?(X x X). We work with the projection maps from S x S x X x X. We
have

P34([As]p +v) -p pa3[Us]p - PlalAa)p =
= (p34[As]p + p5uv) - P33[Ls]D D Pla[As)p =

= P34[As]p D p33[Us]p D Pra[Aalp + p3av - pa3[L] - P1a[As]

in H2(S x S x X x X,Z(6)), since the intermediate Jacobian is an ideal of
square zero (see Proposition 7.10 in [E-V]), and where - denotes the action
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of a cohomology class on the intermediate Jacobian. Now via the Kiinneth
formula we have the decomposition

ve (X xX)=JH(X x X))

JIEB“
k.
%
®
3
g

The class [I';] acts on J(H?(X x X)) as (j* x idx) (see Proposition 16.1.1 in
[F]), and the class [A] kills all the components other than J(H?(S)®@ H*(X)).
But anything in the image of j* : H*(X) — H?*(S) goes to zero in the quotient
defined above, so we are done.

O

Remark 3.2.4. It is a result of Lieberman [L] that for abelian varieties
the Kinneth components of the diagonal are all algebraic, so in particular
the [As] used here. This is a consequence of the fact that numerical and
homological equivalence coincide for cycles on abelian varieties.

Lemma 3.2.5. ¢ is independent of the choice made for the representative
Ay € CH*(S x S) of [A].

Proof. The proof is similar to the previous one. Murre stresses in his paper
[Mur| that the choice of Ay as a cycle class is not canonical (see section 5,
“A remark about the uniqueness of the motives”). What is clear, however, is
that such a representative will be sent to [As] € H*(S x S,Z), and so again
any two representatives will at most differ by an element p € J3(S x S) when
mapped into the Deligne cohomology group H3(S x S, Z(2)).

The difference to the previous proof is that p will be pushed forward via
the graph of j, not pulled back, but this kind of element will be taken care

of by the quotient ]HH(lxg) We obtain

P34[A3]p D Po3[Us]p -p Plo([Dalp + 1) =

= P34[As]p 0 Po3[Ljlp D Pis[Aalp + Paa[As] - pys[T] - prop
in H2(S x S x X x X,7Z(6)). We have the decomposition

3
pe J(HYS x S) =D J(H(S) @ H(9)).
=0

Now [[;] acts on J3(S x S) as (ids X j.), and this time [A3] only leaves
J(H*(S) ® H*(X)), which completes the proof.
Ol
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We have to work a little bit more before obtaining our final invariant
dX,S-

Definition 3.2.6. Let
H*(S, L) pew = ker(j. - H*(S,7) — H*(X,7)).

Then we have HQ(S 2)
H*(S,72)" = —— """
(57 )new ]*H2 (X, Z)

In order to contract dx s and esc - fc,z to dx,s - esc - fo,z, we quotient
J3(X) by the image of the Abel-Jacobi map

QbX : ZQ(X)hOm - Jg(X)v

where Z%(X)pom denotes the group of codimension two algebraic cycles of X
which are homologically equivalent to zero.

Definition 3.2.7. J3(X)4; = iij(g(x)).

Note that im(¢x) 2 7. H'(S,Z) @ R/Z = j, Pic’(S).

Definition 3.2.8. We call dx s the projection of &' in

Jg(X)AJ ® HQ(S’ Z):Lew‘

We now specify our choice of C' and S: since by assumption Z; lies in
the kernel of the map 13, we know that there exists a surface S, a curve C
and a lifting Z of Z, such that the invariant eg ¢ - foz € H*(S,Z)}. @ R/Z*?
belongs to H?(S, Z);, ey @ R/Z¥?, where

H?(S,7Z) HYX,Z)
H?*(S,7); = ker(j, : H*(S,Z);. = 7 ’ )

tr,new

Lift es.c- foz to an element in H?(S, Z) e @ R/Z%?. This lifting will depend
upon the choice of an element

a € ker(j, : NS(S) — HY(X,Z)).

In order to have a well-defined contraction between dx ¢ and eg¢ - fo z via
the pairing
H*(S,7)% .., @ H*(S, L) pew — Z,

new

we must prove the following:
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Lemma 3.2.9.
dx,s - esc - foz € JH(X)as @ R/ZF
is independent of the element o chosen in the lifting.

Proof. We can view

J3(X) H2(S,Z)

S
4. Pic®(S) ~ j*H*(X,Z)

as an element

3(X
§' € Hom(H?*(S,7) N kerj,, % :
J« Pic”(5)

Lemma 3.2.10. The restriction of &' (the coboundary map in the below
diagram) to NS(S) N kerj, is equal to the composition of maps

bx 04w : NS(S) Nkerj, — Z(X)3,,./7x Pic’(S) — J3(X) /4. Pic’(9)

Proof of lemma 3.2.10. Consider the action of § = [As]p op [I']p op [As]p
on a class « € NS(S) Nkerj, C NS(S) = Hdg*(S), which we can lift to an
element & € H3(S,Z(1)) = Pic(S):

0 — Pic’(S) —— HA(S,Z(1)) — Hdg*(S) —=0
op[Az]p id
0 — Pic’(S) —— HA(S,Z(1)) — Hdg*(S) —=0
Jx op[l'jlp=j~ Jx

00— J*(X) —— Hp(X, Z(2)) —= Hdg"(X) —=0

id op[As]p
0—— J3(X) —— HL(X,Z(2)) — Hdg*(X) —0.

Since j.(a) = 0 € Hdg*(X), j.(@) gives an element of J3(X), which
is precisely the Abel-Jacobi image ¢x(j.(a)) (see Proposition 1 in [EZ], for

example), and which is well-defined up to an element in j, Pic’(S).
O]

But since we have quotiented by the image of the Abel-Jacobi map ¢x
in the definition of dx g, we see that the choice of o makes no difference in
our construction, and so we are done with the proof of Lemma 3.2.9.

[]
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Now we can define the higher Jacobian Jg?(X ) and the corresponding map
Y3 for 0-cycles on X:

Definition 3.2.11. Let U3(X) be the group generated by all dxs-esc - foz
for which (j04).(Z) =0 as a 0-cycle of X,

J3(X) 4y @z R/ZZ?

R(X) = =

and define the map

Uy ker(v3) —  J5(X),
Zy — ldxs-esc- fozl]

What remains to be shown in order to have a well-defined map is this:
Lemma 3.2.12. ¢3(Z,) is independent of the choice of the surface S.

Proof. The proof is like the one of lemma 2.3: suppose again that Z; —
C; — S1 and Zy — Cy — S, are both 0-cycles mapping to Zp on X.
Then we immediately have for their difference

dx,s, - €s,0, " for,z, — dx.55 * €55,00 * fOu,20 =

dx 5108, * €51083,0100s * forues,z1-2, € U3 (X).
O
Finally we mention that - for exactly the same reason as ¢35 in part 2

- the map 3 factors through rational equivalence, and so indeed defines a

map from ker(¢3) C CHy(X) to J3(X).



Chapter 4

A formula for the pullback of
holomorphic 3-forms

4.1 Introduction

In this section we prove that Mumford’s pullback of a holomorphic 3-form
on X to a variety parametrizing O-cycles on X can be computed with our
three Abel-Jacobi invariants.

4.2 A formula for the pullback of holomor-
phic 3-forms

4.2.1 Statement of the Theorem

We let our curves and surfaces vary in families parametrized by the same open
complex ball B. Consider the following situation: Let C and & be smooth
complex varieties with proper submersive holomorphic maps 7 and p to B of
relative dimensions 1 and 2, respectively. Let i : C - Sand j: S —- X x B
be analytic morphisms making both squares in the diagram below commute:

c L s L Bxx ™ x
7l pl pri
B = B = B

Let s, ..., sy be holomorphic sections of 7 : C — B, and let mq,...,my
be integers such that the 0-cycle

N
Zb = Zmlsz(b)
=0

29
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satisfies the following conditions for all b € B:
1) it is of degree 0 on each component of the curve C,
2) i, 2y is Abel-Jacobi equivalent to 0 in S, and
3)
Joe(en - fo) = 0 in HY(X,Z)/jpNS(Sp) ® (R/Z)%?,

where e, = eg, ¢,, fv = fc,,z,, and
e - fo € H*(Sy, Z);, ® (R/Z)*?

is Green’s contraction introduced in the previous section.

We would like to differentiate the invariants (ep)pep with respect to the
parameters. However, since the groups H?(Sy, Z);, do not form a local system
(the Neron-Severi group may jump), we can’t do that.

Instead, let e, = €, o, be the extension class of the short exact sequence
of mixed Hodge structures

H'(Cy)

0 L)
igH'(S)

— H?*(Sy,Cy) — H*(Sy)c, — 0, (4.1)

where

HQ(Sb)Cb = k’e’l“(i: . HZ(Sb) — H2(Cb))

Identifying the intermediate Jacobian in which ej lies to its underlying real
torus, we have

e H' (Ol% Z)
b HY(S, Z)
B HY(Cy,7Z) H?(Sy,Z)
CEHY (S, Z) T < Cyy >
where the Cj, are the components of the curve Cj,. We know (cf. Appendix

A) that the previous invariant e, is obtained by projecting e; via the quotient
map

® (H*(Sy,Z)c,)* ® R/Z

®R/Z,

H?(S,,Z H?(S,,Z
< Chyyp > < NS(Sp) >
Now since the first two quotients in the last expression above are locally
constant, and B is simply connected, we have natural identifications

Hl(CIHZ) ~ H1(007Z) and HQ(SIHZ> ~ H2<SU7Z)
i HY(Sy, Z) iy H'(Sy,Z) <Cpr> <Cy,p>"

Next, the Abel-Jacobi invariant

fo=albZ, € J(Cy) = H'(Cy,Z) @ R/Z
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belongs to
H(Cy, L) pew @ R/Z

by our second assumption, where
HY(Cy, L)new = ker (ip. : H'(Cy, Z) — H*(Sy, Z2)).

The groups H'(Cy, Z) e form a local system, and as above we identify canon-
ically
Hl (Cba Z)new = Hl(OOa Z)new-

So now we can view (e})pep and (f,)pep as maps

Hl(Co Z) H2(50 7)
"B ) ) R/Z. b ¢
¢ TH(50.7) D <Gy /2, b= ey,

and
f :B— HI(C(bZ)new ®R/Z7 b— fb7

which are differentiable - in fact they are even real-analytic, since we know
by Griffiths’ results that the Abel-Jacobi invariants vary holomorphically in
the family. Differentiating these two functions gives maps

HY(Co,Z)  H%(Sy,Z)

R
isH(Sy, Z) Oz < Co, > oz

de’ : Ty —

and
df : Ty, — H'(Co, Z)pew @2 R,

and by adjunction real differential forms

HY(Cy,Z) ® H?(S,,7Z)

de’' €
c isH'(So, Z) z < Co, >

Rz Qﬂé

and
df € Hl (007 Z)new ®Z Qﬂé

Remark 4.2.1. Instead of trivializing the local systems and differentiating
the functions b — e}, b — f,, we could have introduced the Gauss-Manin
connections V on the local systems considered, and applied it to our sections
e, and f,. The two points of view are equivalent and will be adopted in the
sequel. The advantage of the second point of view is that one does not need
to distinguish one point 0.
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Finally, contracting via the natural pairing between H'(Cy, Z) e and

HY(Cy,Z)

— Hl Z *
it H'(S,, Z) (Co. Z)

and using wedge-product for 1-forms, we obtain a real 2-form

H?(So,7Z)

2
de' \d OR .
c fe/\ B®Z<Co7r>

(4.2)

Now we do the following : Firstly, using the duality

HQ(SO, Z)
< Cy, >

I

(H2(Sb7 Z>Cb)*7
this 2-form can be viewed as an element
2
de' Ndf € Homy(H*(S), Z)c,, \ 5).
which gives, by C-linear extension, an element

2
de' A dfc € Home (H?(S,, C)gy,, [\ Q5).

Secondly, it follows from our third hypothesis that the 2-form (4.2) actually
takes values in

2

/\ Qﬂg ®Z ker (]0* :

H2(S),7) HA(X,2)
<Cor> jo*(NS(SO))>’

so that our homomorphism de’ A dfc in fact vanishes on
s (H2(X,©) 0 (jo. (NS(S0)H) ).

In particular, it will vanish on j3 H*°(X), which will be crucial for a pairing
to come later, since we will be dealing with a complex 2-form of type (2,0)
on the surface Sy which is only defined up to the pull-back of a (2,0)-form
on X.
We will similarly need to differentiate the third Abel-Jacobi invariant:
Recall that (s 7
5, € ]ng(—;(Z?) ® (H*(X,Z)s,)* @ R/Z,

where

H*(X,Z)s, == ker(j; : H*(X,Z) — H*(S,, Z)).
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H2(S,,Z)
JPH?(X,Z)
natural identifications

The groups and H*(X,7Z)g, form a local system, hence we have

H?(Sy,7) H?(Sy,7Z)
’ = ’ nd H3(X,Z)s, = H}(X,Z)s,.
j§]12(‘<7z) JoH*(X,Z) ¢ & )Sb (X D)s,

This allows us to view ¢’ as a map

H?(Sy,7Z)

B N7 7
i HA(X, Z)

® (Hg(X7 Z)So)* ® R/Z7 b— 627

which again by Griffiths’ results is differentiable and even real-analytic. Its
differential is a map

H2(50 7)
TR — - Ry (HP(X,Z)s,)* @2 R
d6 B jSH2<X’ Z) ®Z( ( ) )So) ®Z ’
or a real 1-form
H2(SO 7)
e PO H3(X,7)s. )" @7 O%.
do Gj()“HQ(X,Z) Rz (H*(X,Z)s,)" @z Qp

This 1-form in turn can be viewed as an element

H?(Sy,7Z)

48 € H <H3XZ LW &)
€ Home\ X B)s 5o x )

X7z Qﬂé)a

and again, by C-linear extension, as

H?(Sy,C)

ot € Homc<H3(Xv C)so. JeH?(X,C)
O )

®c Q%) :

The main result of this section concerns pull-backs to B of global holomorphic
3-forms on X. Before we can state it, we need a lemma. Note that simply
by reason of type, a (3,0)-form w on X will vanish when pulled back to the
surface Sy, so that its class [w] belongs to H*(X,C)g,. Hence we can apply
our homomorphism ddg to it, and the following statement makes sense:

Lemma 4.2.2. Let w be a form of type (3,0) on X. Then at 0 € B,

H2,O(SO)
JjoH*(X)

H?*(S,,C)

o ([w]) € H(X.C)
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This lemma is an immediate consequence of Proposition 4.2.6, which gives
an explicit description of the map ddi and will be proved later in this section.
Admitting it, and using the remarks made after the definition of

2
de’ N df(C S HomC<H2(SO’(C)Cov/\Q%)7

it follows that
de’ A dfe(dog ([w])) € Qg oc

is well defined. Here we use contraction and wedge products of forms. Notice
that, as mentioned in Remark 4.2.1, Lemma 4.2.2 holds true at any point
(replacing 0 by b € B everywhere), so that the construction in fact works
over B and thus provides a 3-form on B.

Definition 4.2.3. We call
do' A de' A df ([w]) := de’ A dfe(do ([w]))
Green’s pull-back of the holomorphic 3-form w on X to B.

Next, following Mumford [Mum)], another way to obtain a 3-form on B
from one on X is this: Define the maps

0 =prpojoios;: B— X, i=1,..,N,

and recall that mq,...my are the coefficients of the 0-cycles
N
Zb = Zmlsl(b),b € B,
i=0

on the curves C}.

Definition 4.2.4. We call
N
M*(w) == Z m;0; (w)
i=0
Mumford’s pull-back of the holomorphic 3-form w to the variety B parametriz-
ing 0-cycles on X.

Now we can finally state our main result of this section:

Theorem 4.2.5. Let w be a holomorphic 3-form on X. Then d§' N de' N
df ([w]) is holomorphic and equal (up to sign) to M*(w), i.e. Green’s and
Mumford’s pull-back of w to B are the same (up to sign).
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4.2.2 The Proof of Theorem 4.2.5

For the proof of Theorem 4.2.5, we shall use the following alternative de-
scription of the Abel-Jacobi invariants e’ and ¢'; we refer to Appendix A for
more details.

Let ¢ : X — Y be a morphism of smooth projective varieties. There is a
mixed Hodge structure on the relative cohomology groups

H(Y, X,7),
which fit in the long exact sequence
= HY (Y, X) — H(Y) - H(X) - HY(Y, X)...
This sequence splits into short exact sequences of mixed Hodge structures

H*1(X) .

VTR

H*(Y,X) — H*(Y)x — 0,

where as usual

H*(Y)x = ker(H*(Y) — H*(X)).

It is known by results by Carlson’s [Carl, Car2| that this exact sequence of
mixed Hodge structures is described by its extension class

ev.x € J(Hom (H*(V)x, ;;—(1)8))).

It turns out that these extension classes are exactly the Abel-Jacobi invariants
associated to the cycle I'y, = graph(¢) of X x Y. From now on we will use
this fact freely. For details and a proof of this fact, see Appendix B.

Step 1) The action of dég

Let w be a holomorphic 3-form on X, let Q% and Q% denote the sheaves
of holomorphic k-forms on B and S, respectively. Define H2 = R?*p.C® O3,
and let H3 be the trivial bundle over B with fiber H?(X,C). Consider the
following sequence of sheaves on S, defining K:

0— K — Q% =5 Q% 5 ® p*Qp — 0. (4.3)

We project the section j*w of Q% to the section p(j*w) of Qg/B ® p*QL,
further via p,. to a section still denoted by p(j*w) of

Py ® pap™Qp = Hg" @ O € HE © O,
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and finally via the projection

2,0
oo M
S /2,0
J HX
to a section -
Hs 1
a(w) € /2.0 ® g
JHY

Here Hz" C ‘HZ and H’ C H3 are the Hodge bundles with fibers H>?(S}) =
H°(Q%,) C H*(Sy,C) and H*°(X) C H*(X,C), respectively.

Proposition 4.2.6. Let w be a holomorphic 3-form on X. Then for any
b € B we have the equality

dé{c([w])b = a(w)y
via the inclusion

H2’0(Sb, (C)
Jy H*(X, C)

H2<Sb7(c)
JyH?*(X, C)

H?(S,, C)
JoH?*(X,C)

2

® leB,b - ® Q%,b ® Q%,b'

Proof. By Carlson’s description of d g as an extension class (see appendix

A), it is the class of op — 07 in the quotient

Home (HB(X7 (C>Sb7 H2(Sb7 C)/];H2(Xv C))
FOHomc(.,.) ® Homg(.,.) ’

(4.4)

where F'* is the natural Hodge filtration on the homomorphism group, and
Homy is the integral structure on the homomorphism group. Here

op: H*(X,C)s, — H*(X, S}, C)
and

o7 H}(X,Z)s, — H*(X, Sy, Z)
are splittings of the sequence (4.5)

H?(Sh)

Bl VNN & NS

— 0, (4.5)

b

which preserve the Hodge filtration and the integral structure, respectively.
The identification of the Jacobian (4.4) with its underlying real torus
Homg (H3(X,R)s,, H*(S,,R)/ji H*(X,R))
HomZ(H3(X, Z)s,, H*(Sy, Z)/j*H*(X, Z))
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comes from the identification

Home (H?(X,C)g,, H*(S,,C)/js H*(X, C))
FOHome (H3(X,C)s,, H2(S,, C)/j; H2(X, C))

=~ Homgr (H*(X,R)s,, H* (S, R) /js H*(X,R)).

This isomorphism translates into the fact that there is one and only one real
splitting that, when complexified, also preserves the Hodge filtration. We
call this splitting og p.

Hence we conclude that the Abel-Jacobi invariant we want to differentiate,
which is the Abel-Jacobi invariant d 5 seen as an element of the real torus

Homz(H*(X,Z)s,, H*(Sy, Z)/j*H*(X,Z)) ® R/Z, (4.6)
is the class of

orr — 0z € Homg (H*(X,R)s,, H*(S,,R)/H*(X,R))
in the quotient

Homg (H¥(X,R)s,, H*(S,,R)/j; H*(X,R))
Homy (H*(X,Z)s,, HX(S,, 2)/j; H*(X, Z))

Now, starting from the cohomology class [w] € H*Y(X), we have a class
orr([w]) € FPH3(X,S,); on the other hand, since jjw = 0 on S, for all b,
the (3,0) form w also determines a class in H3(X, S), which is easily seen to
vary holomorphically with b, so that we get a section @ of the bundle H:;g?s,
the holomorphic vector bundle over B with fiber H*%(XS,) C H3(X, Sy, C).

We have
Lemma 4.2.7. For any b € B, the equality URF,[,([W]) = @y holds.

Proof of Lemma 4.2.7. We have

5 H*(Sh)

: — 0.
JpH*(X)

Since the class [w] belongs to F3H?(X), any Hodge lifting of [w] belongs to
F3H?*(X,S,). Since

H?(Sh) _ o H?(Sh)

B3 X,5,) N = = -
R P SR I7E5y

=0,

it follows that a Hodge lifting of [w] is unique. Hence @ and og gj, must
coincide. n
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Recall (see Remark 4.2.1) that dog is the C-linear extension of
Vik.s,:

where V is the Gauss-Manin connection applied to the family of tori (4.6).
On the other hand, we have just shown that

53(,51, = UF,R — 07y
modulo
Homy(H*(X,Z)s,, HX(Sy, Z)/ji H*(X, Z)).

Since oy is integral, hence flat, we get
VC;A,)(,S]] - VO-F7R

Next, since [w] gives a flat section of the bundle HE with fiber H3(X)g,,
we find that

Vorg([w]) = V¥ (orz([w])-
Here, on the right hand side, the Gauss-Manin connection acts on the bundle

H; ¢ of complex relative cohomology, with fiber H3(X, S) at b € B, but the
resulting form lies in

OF ® (H:/H%) C QF ® Hy s,

because the projection of opg([w]) in HE is flat.
By Lemma 4.2.7, we have opg([w]) = @, and

dog([w]) = Vo g, ([w]) =
= Vopr(lw]) = V¥ (orr(w]) = V(@) (4.7)

The proof of the proposition will be complete once we have shown that
V(@) = a(w). (4.8)

This follows from a general fact concerning the Gauss-Manin connection act-
ing on the relative cohomology of a family (cf. Appendix C and [?]).

Let X C )Y be an immersion of two families of compact differentiable
manifolds parametrized by a basis B. Let a be a closed differentiable k-form
on )Y which vanishes on each fiber X,. Then « also provides a natural section
& of the bundle ’H’i + of relative cohomology. The projection of & in H’f, is
flat, so that V& belongs to
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On the other hand, since « vanishes on X, the form a projects into a section
of AF"1(X}) ® Qg for each b € B, which is closed. Hence we get an element

p(ab) € Hk_l(Xb) X QBJ).

Lemma 4.2.8. The projection of p(ay) in (H*1(X,)/H*"1(Y},)) @ Qpy co-
incides with Va at any point b € B.

This lemma shows equality (4.8) and completes the proof of Proposition
4.2.6. O

Step 2) The action of deg

Recall from the beginning that we have the map

2
de' A dfc € Home (HQ(SO, Cleys N\ Qg).

By equations (4.7) and (4.8) we have

45 (1w]) = V5(3) = aw) € 55 © ),

so that we can calculate de’ A dfc(dog([w])) as de’ A dfc(a(w)). Now, since
a(w) is the projection of p(j*w) € Hz’®Qp in the quotient (Hz"/H¥) @05,
we have as well

de’ A dfc(dog([w])) = de’ A dfe(p(i*w)). (4.9)
We begin the computation again by writing

HY(Cy,Z) H?*(Sy,7Z)

de’ €
¢ S BH(S0,Z) " < Co, >

Xz Qﬂé

as a homomorphism (after C-linear extension)

1
H'(Cy,C) ®c Qc)‘

/ 2
dex € Home <H (S0, C)eys (8. C)

This map in turn defines an extended homomorphism

H(Cy,C
de{c,l € Home <H2<SO,C)CO Qc Q%, o go, /\QC>
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by the rule
dec (@ n) = degc(a) An. (4.10)
Similarly, we have
df € (kerig. : H'(Co,C) — H?*(Sy,C)) ® QF,
which we view as a homomorphism

H'(Cy,C)

dfc € Hom(—iz‘;Hl(So,C)’

%),
which can be extended to

HY(C,,C .
dfcs € Hom(- EYE 5(30 ®/\Q /\Q%)

by the rule
dfca(a®@n) = dfc(a) An.

It is clear from these definitions that

de' N dfc(p(5*w)) = —dfca(dec, (p(57w)). (4.11)

(Notice that we are not allowed to write this equality with p(j*w) replaced
by a(w), since dei ; does not act on a(w).)
So first we have to compute deg , (p(j*w)). On C we have a natural
surjective morphism
q: Qg — Qc/p ® W*Q%.

By pulling back via j o4, the holomorphic 3-form w on X gives a section
(joi)*w of Q2; we project it via ¢ to the section q((j 04)*w) of Qé/B R T0%,
further via 7, to a section still denoted by ¢((j o ¢)*w) of

T p @ T 0E = He' @ O C Hp © Qf,

and then to a section o

He
S ® 05
6(“}) ; H}qo

Here H,” and Mg’ denote the Hodge bundles with fibers H“(C}) and
HYO(Sy), respectively.



4.2. AFORMULA FOR THE PULLBACK OF HOLOMORPHIC 3-FORMS41

Proposition 4.2.9. Let w be a holomorphic 3-form on X. Then for any
b € B we have the equality

de(/C,l (P(j*w))b = B(w)s
via the inclusion

1,0 1
H(C,C) oo o H'(G,O)

HY(Cy,C)
is H10(Sy, C) Bb = xH1(S,,C)

2,C ~
BTG HY (S, C)

2,C
® Qg4
Proof. Carlson’s description of €, -, as an extension class says it is the class
of 0% — o/, in the quotient

Homge (H*(Sy, C)¢,, H(Cy, C) /iz H' (S5, C))
FOHome(.,.) + Homg(.,.) ’

where o/ and o7, are Hodge and integral splittings of the sequence
0 — H*(Cy) /iy H'(Sy) — H?(Sy, Cy) — H*(Sp)c, — 0 (4.12)

of mixed Hodge structures.
Just as in the previous step we obtain that e, o, is the class of o p — 07,
in the quotient

Homz (H2(Sb7 Z)Cb7 fv{1 (Cb, R)/ZZHI(SI,, R))
HomZ (HQ(S(,, Z)Cb, Ht (Cb, Z)/ZZHl(Sb, Z))

>~ Homgz(H*(Sp. Z)c,, H' (Cy, Z) /i H' (S, Z)) ® R/ Z,

where oy, 5 is the unique real splitting of (4.12) that also preserves the Hodge
filtration.
Now we have by the above

de/ =V (0pr — 07) = Vo, (4.13)
since o7, is an integral, hence flat section of the bundle with fiber
Hom(H?*(S,)c,, H'(Cy) /i3 H' ().
In the sequel we shall denote by
HE C HE
the flat subbundle with fiber H%(S)¢, and by

2
Hsc
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the flat bundle with fiber H?(Sy, C;). The Gauss-Manin connection acts in
a compatible way on all of these bundles.

Since p(w) is a section of HZ ® Qp which is closed with respect to the
Gauss-Manin connection, it follows from Leibniz’s rule, (4.10), and the for-

mula (4.13) that

deg 1 (p(j"w)) = (Vo) (p(j"w)) = V (0Fr(p(w))), (4.14)

where V on the right hand side acts on the bundle H?s,c of relative cohomol-
ogy.
Now, the argument in the proof of the Lemma 4.2.7 gives as well

Lemma 4.2.10. If a € H>(S,), the class opg(a) € H?(Sy, Cy, C) is the
class of the closed form «, which vanishes on C,.

It follows from this lemma that

orr(P(iw)) € H?s,c ® OF
is equal to p(w), where the tilde denotes the lifting H20(Sy) — H2(S,, Cy)
described in the statement of the lemma. Combining (4.14) and the lemma
above, we get

—_——

deg(p(j"w)) = V(p(j*w)), (4.15)

where V on the right hand side acts on H?&C ® Q% but the resulting differ-
ential lies in

HE A oc
i*H§®AQB’

because the projection of p(j*w) in H2 ® N is V-closed.
The proof of Proposition 4.2.9 is then concluded by the following

Lemma 4.2.11. We have the equality

Vip(j*w)) = Bw) (4.16)

. HL 2
in i*?f‘ls ® A\° Q5.

This lemma follows from a slight generalization of Lemma 4.2.8, which
concerned the Gauss-Manin connection acting on the relative cohomology
of a family of pairs. Remember that p(j*w) € H% ® Qp is obtained from
the 3-form j*w on S, observing that j*w is closed and in L'A% - here L®A%

denotes the Leray filtration on the sheaf of differential forms on S (cf. [?]).
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Now the form *(j*w) on C belongs to L?A3, so this provides on the one hand
the lifting
p(j*w)
of p(j*w) to Hg,c ® g, and on the other hand the projection
q(i"(j'w)) € He @ Q.

The equality (4.16) is then essentially the same statement as the equality
given in Lemma 4.2.8, just for the level L? of the Leray filtration. This
completes the proof of Proposition 4.2.9. n

Step 3) The action of dfc

In this third and last step we finally calculate
de' A dfc(dog([w])),
that is Green’s pull-back of w. We already noted that
de’ A dfc (Ao ([w])) = —dfea(de, (p(5*w)).

Since by Proposition 4.2.9 we know that
*7_51 0

S
we do this by computing dfc o (ﬁ(w)) Recall that f(w) is the projection of
Q(Z*<]*u))) € QC/B X /\2 QB n

deg, (p(j*w)) = B(w) € ® Q%

*H}SO ® Q2

It follows that we have in fact
dfcg(ﬁ(w)) = dfC,Q(Q(w))'

Theorem 4.2.5 then follows from this last result:

Proposition 4.2.12. Let o' be a form of type (3,0) on C, and q(w') the
section of Hy" ® Q% associated to it. Then we have

dfc2(q Zml )€ Q3.

This proposition is proved exactly as in [?], Lemma 8, where it is stated
for a 2-form on C.
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Chapter 5

On the image of the map ¢§)

5.1 Introduction

In this section we use Theorem 4.2.5 comparing Mumford’s and Green’s pull-
backs to prove the following result:

Theorem 5.1.1. Let X be a 3-fold with h*°(X) = by4,.(X) = 0 (this implies
that the maps albx and 13 are identically zero). Then if

(X)) == dimH"(Q%) > 0,

the map 3 : ker(v3) — J3(X) has, modulo torsion, positive-dimensional
1mage.

Some preliminary remarks are in order here.

Remark 5.1.2. Note that the second and third conditions are fulfilled, for
example, by 3-dimensional complete intersections of ample hypersurfaces in
projective space because of Lefschetz’s hyperplane theorem.

Remark 5.1.3. The result above is obtained by arguing that if 13 is 0, then
we can find a diagram as in the beginning of the previous section, with (j o
)2y = Tp — Yp, Op - €+ [ =0 for any b, and the map b — (xp,y5) € X x X
15 submersive. One can then apply Theorem 4.2.5 together with Proposition
5.2.2 below to conclude that H*%(X) = 0.

More generally, Mumford’s technique of pulling back a holomorphic form
on the symmetric product X®) x X®) of the variety X, induced by a holomor-
phic form on X, to a variety parametrizing 0-cycles, in order to bound the di-
mension of the fibers of a map defined on this symmetric product (see [Mum]),
can be combined with the reasoning above to prove that if H>°(X) # 0, the
image of V3 is actually infinite dimensional.

45
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Remark 5.1.4. In the same spirit, the assumption that h'* = 0 is not
necessary here. Indeed, the set

Zra € X® x X®

consisting of couples (Z,7Z') such that albx(Z — Z') = 0 is a Zariski closed
algebraic subset of codimension < g = dimAlbX in X® x X®)  Hence we
can apply the argument alluded to in the previous remark to Zy, a1 for k — oo
to conclude that Im )3 is infinite dimensional if h3°(X) is non zero, even if

g#0.

5.2 On the image of the map ngij

We work with the diagram from the beginning of the last section, in which
the 0-cycles, curves and surfaces are parametrized by a complex ball B. The
first step in the proof of the theorem is the following result:

Proposition 5.2.1. Let V C B be a smooth, real-analytic subset, such that
for all b € V', the Green contraction

& -ep- fo € J(X)as @ (R/Z)%

is torsion. Then for any holomorphic 3-form w on X, the 3-form do’ A de’ A
df ([w]) defined in the previous section vanishes on V.

!/ !
Here 0, = 0% 5,, € = €s,.¢,, and fo = fc,,7,-

Proof. To make the calculation a bit simpler, we will assume that the surface
S = Sy is regular, i.e. that H*(S,Z) = 0. Let C' = Cj and let

{aiaﬁi}v L= 17 s g
be a symplectic basis for H'(C,Z). Let

1t J=1,..,b2(S) and {7}}, 7 =1,...,02()new

be respectively a basis of H*(S,Z) such that {v;}, 7 =1, ..., 02(5)new, induces
a basis of
H?(S, Z)pew = ker (j. : H*(S,Z) — HY(X,Z)),

and the dual basis of H*(S,Z):.., = jg;%. Hence by definition we have

< i, 7; >=0for i # j, i < by(S)new and < 7,75 >= 1, where < .,. > is the

duality between H2(S, Z)pew and % Finally, let

{6n}, n = 1, ,bg(X)
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be a basis of
 H(X,Z)

HY(S,Z)’
which is equal to H*(X,Z) by our assumption that S is regular. Then we
can write explicitly

H(X,Z)§

fr=> dib) @i+ 1i(b) ® f; € R/Z® H'(C,Z),
=1 i=1

b2(S) g
62:Z{Zpl](b)®vj®az+ZXU X ®ﬂl},
j=1 =1 i=1
modulo
R/Z @z NS(S) ® H'(C,7Z),
and

b2 (S new

Z Z g (B) © 6, @ 7},

where ¢;, i, pij, Xij and 1,,; : B — R/Z are differentiable functions.
By assumption, Green’s contraction

eZ'fb

belongs to

 HXS.Z) HYX,Z)
ker (J* " NS(S)  j.NS(S) )
which is isomorphic to H?(S,Z)new/(NS(S) N ker j,). This means that

b2(S) g

(me ® i(b szg ® ¢i(b )@wj

Jj=1 =
belongs to (R/Z)** @ H?(S,Z) e modulo (R/Z)®? @ NS(S). Let us write

b2(S) g

Z(ZPU ) ® (b ZXZJ ) @ ¢i(b )®%‘:a—|—b,

with
ac (R/Z)%?* @ H*(S, Z)new,

be (R/Z)¥* @ NS(S).
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Then we have that

n€1 v

Z (Zp” ) ® (b ZXU ) @ ¢(b >®’y]-

modulo (R/ Z)®2 ® (NS(S)N ker j.). Furthermore, by definition of our con-

traction 4} - ey - fp, it is equal (modulo (R/Z)** @ ImAJx) to the contraction

S,Z)
*H2 X2

d; - a obtained using the pairing between H?(S,Z),e, and Hence

51) e fo =
b3(X b2 S)new

- Z Z g (b {me ® i(b ZXU ® ¢;(b }®5n (5.1)

modulo (R/Z)®2 ® ImAJx.

We have to show that if the expression (5.1) vanishes modulo torsion in
J(X)as ® (R/Z)%? for any point b of V, then for any w € H*?(X), the
3-form dé A de A df (Jw]) defined on B vanishes on V.

First of all, we note that this assumption means that for any v € V' there
exists a non-zero integer m € N such that md, - e; - f, = 0. The formula
for 9 - e} - f, now shows that the locus V,, C V where md; - e} - f, = 0 is a
countable union of real analytic subsets of V. The assumption says that V' is
the union over m of the V,,’s and by Baire’s theorem it follows that V' must
be equal to some V,,,. So we may assume that

maoy, - ey - fp =0
on V.
The image of the Abel-Jacobi map

The image of the Abel-Jacobi map ImAJy is a subgroup of J3(X); it
is an extension of an Abelian subvariety J*(X)y, of J*(X), its connected
component of 0, by a countable group Griff(X). J3(X),, corresponds to a
certain real subtorus

H* (X, Z)ay, @ R)Z C H*(X,Z) @ R/Z = J*(X),

where the sublattice

H*X,Z)a, C H*(X,Z)
has the property that
Hg(Xa Z)alg ®CC H3(X> (C)

is contained in H*'(X)@® H"?(X), and thus is perpendicular to H*°(X) with
respect to Poincaré duality.
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A special case

Assume first that the stronger condition
mdy -y fo=0in (JHO)/J(X)ay) © (R/Z) (5.2)

is satisfied along V. We may suppose that the basis §,, has been chosen so
that the
5k, k S bg(X)alg =rk H?’(X, Z)alg

induce a basis of H*(X,Z)a,. Then from (5.1) we conclude that

b3 (X) b2 S)new

me Z Z ;i (b {Z pij(b) @ 1i(b Z Xij(b) ® ¢i(b } ® 045.3)

n= bS(X)angFl Jj=1

H3(X,Z)
HS(X’Z)alg
dicular to d0,,, n < b3(X)ay, we have

vanishes in ® (R/Z)®3. Now we observe that since [w] is perpen-

b3 (X) b2 (S new

dog([w]) = Z Z 1 (b) < b, [w] > @75 (5.4)

n:b3(X)alg+1 Jj=1

in H%(S, C)pew ® Q5. It follows that the coefficients 7,,; with n < b3(X)a,
won’t play any role in the computation of dd A de A df ([w]).

We then conclude exactly as in [?]. Along V/, the coefficients of (5.3) are
tensor products over Z of differentiable functions on V' with values in R/Z.
The vanishing of the expression (5.3) provides linear relations with constant
(rational) coefficients among the elements of each set of coefficients

nnj7
Pijs Xijs
¢i7 2/}7,

Differentiating these relations provides linear relations with constant (ratio-
nal) coefficients among the elements of each set of differentials on V

d/r/nj7
dpija dXijv
dgy;, di;.

It is an easy but also messy computation to deduce from these relations the
vanishing of the restriction to V' of the 3-form dé A de A df ([w]).
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The general case
We now consider the general case where
mél’, < €p - fb € ImAJX X (R/Z)®2,

in contrast to (5.2). With the same notations as above, this means that the
term (5.3) vanishes in the quotient of % ® (R/Z)®3 by Griff(X) ®
(R/Z)#?, where the group

H3(X,Z)
H3(X, Z) aiy

JH(X)

Griff(X) C
( ) J3<X)alg

QR/Z x> 2 )

is countable. This implies the existence of finitely many ¢, € R/Z such
that we obtain the following equality in % ® (R/Z)®3 :

bS(X) bZ(S)new

m - Z Z 77nJ {ZP@J ® (b ZXU ® ¢i(b } ® o, =

n=b3(X)aig+1 J=1
b3(X)
= Z Z Cn,k X Tn,k X 5n<55)
n=b3(X)aig+1 k

where 7, € C*(V,R/Z)%.
It is clear that the right hand side vanishes under the triple derivative

3
@ CR(VR/D)F — \OF,

f®g@hw—df Ndg A dh.

But if we go back to the construction of ddé’ A de’ A df ([w]), we see that it is
obtained by an adequate contraction using various Poincaré dualities of

PR foWw).

It follows that the equation (5.5) has the same implication on ddé’ Ade’ Adf ([w])
as the equation (5.3)

m Z Z ;i (b {ZPZ] ) @i (b ZX” )@ ¢i(b } ®o, =0

considered before. So we also conclude in this case that dé’ A de’ A df ([w])
vanishes on V.

]
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Putting together Theorem 4.2.5 and Proposition 5.2.1 we obtain the fol-
lowing result:

Proposition 5.2.2. Let V C B be a smooth, real-analytic subset, such that
for all b € V, the product 6, - ey, - fy is torsion in J3(X)a; @ (R/Z)®2. Then
Mumford’s pull-back M*(w) of the holomorphic 3-form w on X wvanishes on
V.

The other half of the proof of Theorem 5.1.1 is:

Proposition 5.2.3. Assume that h'°(X) = by4,.(X) = 0, and that the map
V3 wvanishes modulo torsion in J3(X). Then there exist data

C —-— § — BxX

™l ! l
B = B = B

together with sections s; of w, and integers m;, defining a family of zero-cycles
Zy =Y, m;s;(b) homologous to zero on Cy, which satisfy the properties:
a) There exists a map W = (U, ¥y) : B — X X X such that

(proojoi).Zy, = Wq(b) — Wa(b)

as a zero-cycle of X, for any b € B.
b) There is a smooth locally closed real analytic subset V- C B such that,
forallbeV,

51/, € fb =0e (c]g(X>AJ ®Z (R/Z)®2)/T7

where T is defined as the torsion subgroup of the group J*(X)a; @z R/Z @7
R/Z, and
c) Yy is a submersion.

Proof. Since H"(X) = 0 = H?%(X), the maps albx and 93 are zero. So
Y3 is defined on the cycles z — y, z, y € X. The assumption that ¢3 = 0
modulo torsion implies that for any z, y € X there exist a curve C, a surface
S, together with morphisms

1:C—85,7:9—X
and a cycle Z on C' homologous to 0, such that
1. The cycle j.(i.Z) is equal to z — y as a zero cycle on X.

2. The cycle 7,7 is albanese equivalent to 0 on S.
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3. For some non zero integer m we have
md g - esc - foz =0
in J3(X)as ® (R/Z)%>.

There are countably many algebraic varieties B,, parametrizing the data
above, except for condition 3. For each such variety B, we have a morphism

(U™ UM By, — X x X

given by property 1.

And for each of these varieties the equations provided by condition 3 are
satisfied on a countable union of locally closed real analytic subsets V,, ,,,. Our
assumption is that X x X is filled in by the countable union of the images
(U, W5)(Vinn). It follows then from Sard’s and Baire’s theorems that some
(U7, W) must be submersive at some point of some V,,, .. O

This proposition, together with Proposition 5.2.2, now implies the theo-
rem as follows:

If 13 = 0 modulo torsion, we are in the position of applying Proposition
5.2.3. On the one hand, by property a) we have that for any holomorphic
3-form w on X, Mumford’s pull-back M*(w) = ¥i(w) — ¥i(w). On the other
hand, by property b) and by Proposition 5.2.2, we know that M*w vanishes
on V.

Finally, by property c) the map ¥y : V' — X x X is submersive, so the
vanishing of

Wi(w) — Ty = Ty (i @) — pri (@)

implies that pri* (w) — pra(w) is zero on an open set of X x X, hence that w
is zero, since it is holomorphic.

In sum, we have shown that, under the assumptions h'(X) = by,,.(X) =
0, if ©/3 = 0 modulo torsion, then there are no holomorphic 3-forms on X,
which is just Theorem 5.1.1.



Chapter 6

The case of the product of a
surface with a curve

6.1 Introduction

In this section we will consider the special case where our 3-fold X is the
product of a smooth surface S and a smooth curve C', and establish a con-
nection between the Abel-Jacobi map albc for C, the map 3 for S and the
map 3 for X. Concretely, we will define the map k indicated below and
prove that the following diagram commutes:

OH0(0>0 ® OHO(S>alb - ker(¢§)
albe @3 | |

J(C) ® J3(S) L (e % 9).

6.2 The case of the product of two curves

Before we do this, let us consider first the case of a surface which is the
product of two curves, S = C' x D, and compare the two Abel-Jacobi maps
albc and albp for C' and D with the map 93 for S.

There is a product “x” for 0-cycles which factors through rational equiv-
alence (see [F], 1.10):

CHy(C)® CHy(D) — CHy(S),
an[q] X ij[dj] — Znimj [c; x dj].

Obviously the product of two cycles of degree zero is again of degree zero,
but the point is that it is even in the kernel of the Albanese map for S. It
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suffices to show this in the case where our O-cycle Z is of the form Zgo x Zp,
where [Zp] € CHy(D)y is simply of the form [p — ¢|. For this we note that
we have two inclusion maps

i,:C—=CxpCS

and

ig:C —=CxqC¥,
which induce Gysin maps in cohomology
iy ige : H' (C,Z)* — H'(S,Z)*.

These morphisms are morphisms of Hodge structures which in turn give
morphisms of the corresponding Jacobians

iy bgw + J(C) — Alb(SS).

But these two maps are identical because they are induced by topological
maps i and ig, and ¢, and ¢, are homotopic. So we have

albs([Zc] % [p — q]) = iy (albcZe]) — igi(albe|Ze]) = 0 € Alb(S).

The general case follows immediately by linearity.

Next, after we define the map [ indicated below, we can ask whether the
following diagram, where 13 is Green’s higher Abel-Jacobi map, commutes:

CHy(C)o® CHy(D)y — ker(albgs)
albc ® albp | 13
JC)@JD) 5 J3(S)

From the Kiinneth formula we have the inclusion
i: H'(C,Z)® H'(D,Z) — H*(S,7Z),

and the map [ will be based upon this inclusion. As previously we have the
isomorphism

_ HY(C,C)

: HY(O) = ——— = = H'(C,R
«Q ( ) F1H1<C) ( ) )7
which allows us to write J(C) = % in the form of a real torus

H'(C,R)

H(C.Z) ~ H'(C,Z) @ R/Z.
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Doing the same for J(D), we obtain a map
HY(C,Z)®R/Z® H'(D,Z) @ R)Z — H*(S,Z) @ R/Z @ R/Z,
and by projecting successively to H%(S, Z);. @R /Z&R /7, using the projection
H*(S,Z) — H*(S,Z)/NS(S) = H*(S, Z);,,

and then to
HQ(S, 7)) QR/ZQR/Z

Uz(55)
we arrive at our desired map [.

In order to prove the commutativity of the diagram above, we assume
again that 7 = Z¢o x Zp, with

= J5(9),

Zp =p—q€ Zy(D)o.

Let

[T;, —T;] € CH*(C x S)=CH*(C x C x D)

be the correspondence given by the difference of the graphs of the two inclu-
sion maps
ip:C—CxpCS
and
ig: C — CxqCAS.

We can view our 0-cycle Z as the cycle supported on (C' x p)U(C' x q), which
is equal to Zo on C' x p and to —Z¢ on C' X q.

It follows that in order to compute Green’s higher invariant of Z we have
to make the Green contraction of the Abel-Jacobi invariant of Z in C' with
the Abel-Jacobi invariant

es.oxp — €s.0xq € H*(S,2);. @ H'(C,Z) @ R/Z.
But this is exactly the projection of (the real version of)

AJ(T;, —Ty,) € J*(C x S)

1q

in the quotient above.
We first compute the last Abel-Jacobi invariant. Let Ag be the diagonal
in C' x C'; then it is clear that

[y, — T, = pia(Ac) - p3(p — q)-
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It follows that the Abel-Jacobi image of I';, —I'; in J3(C'x S) = J(H?*(C'x S))
is given by

AJ(T;, = Ti,) = AJ(pio(Ac) - pi(p — @) = pLlAc] - p3(albp(p — q)),

where [A¢] is the cycle class of the diagonal in H*(C' x C,Z), and “ -7
denotes the action by cup-product of the Hodge class [A¢] on the Jacobian

piJ(D) C JYC x C x D)

with value in J3(C' x C' x D). Since H*>(C' x S) contains the Kiinneth com-
ponent H'(C') @ H?(S), we can project the intermediate Jacobian via

pr: J(H*(C x 8)) — J(HY(C) ® H*(S));
comparing the Kiinneth types, we find that the following diagram commutes:

Pia[Ac]  ipsJ(D) —  J(H?(C x S))
! prl
PralAclayy p3J(D) — J(HY(C)® H*(S))

where [Ac]q 1y is the Kiinneth component of type (1,1) of [Ac], and the
horizontal maps are induced by cup-product. Hence we conclude that

pr(AJ(Ti, —Ty,)) = p2([Aclay) - ps(albp(p — q)). (6.4)

The element
esoxp — €s,0xq € J(H'(C) @ H*(9)},)

)) via the quotient map H?(S,Z) —

1q

is just the projection of pr (AJ(Fip -r
H(S, Z);,.
Next recall that in order to construct Green’s contraction

feze - (esoxp — €s,oxq) € HX(S, Z);, ® (R/Z)*?

we need to write our Jacobians as real tori.
We have the identifications

J(D) = HY(D,Z) ® R/Z,

J(HY(C)® H*(S)) = H(C,Z) ® H*(S,Z) @ R/Z.

Since the cup-product with pj,[Ac],1) is a morphism of Hodge structures

Hl(DaZ) - Hl(Ca Z) ® H2(57 Z)a
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we have a commutative diagram

J(D) = HY(D,Z)®R/Z
[Ac]a | [Ac]ay | :
J(HY(C)® H?(S)) & HYC,Z)® H*(S,Z) @ R/Z
Hence we have proved the following

Lemma 6.2.1. The real version of escxp — €s,.cxq @ the projection of
[Ac)uy) - fopq € HY(C,Z) @ H'(C,Z) ® H'(D,Z) @ R/Z
in H'(C,Z) @ H*(S,Z);. @ R/Z.
Here the - product identifies to the tensor product, and fp,_, is the real
version of the Abel-Jacobi invariant of p — ¢ in D.

It remains now only to perform the Green contraction of f¢ 7z, and egcxp—
es.cxq- For this we apply the following tautological lemma

Lemma 6.2.2. Let « € H(C,Z). Then its contraction with [Aclay €
HY(C,Z) ® H(C,Z) is equal to a.

Proof. The contraction is obtained by identifying H'(C,Z) to H'(C,Z)* by
Poincaré duality. Under this identification, the class [A¢](1,1) is sent to the
endomorphism

a — pro.(priaU[Ac])

of HY(C,Z), and this endomorphism is the identity since A¢ is the diagonal.
]

Using Lemma 6.2.1, we now apply this to the coefficients of
foze @ fppq € HY(C,Z) 2 H'(D,Z) ® (R/Z)%?
to conclude that the Green contraction

foze - (es.oxp — €s.0xq)

is the projection of fc z. ® fpp_q in HX(S,Z);, ® (R/Z)®%. Hence we have
proved:

Proposition 6.2.3. Let the surface S be the product of two curves C' and
D. Then the diagram

CHy(C)o® CHy(D)y — ker(albg)

albe ® albp | L3

J(C)® J(D) Lo J2(9)

commutes.
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6.3 The case of the product of a surface with
a curve

We now turn to the case of zero-cycles on a threefold X, which is the product
of a curve C' and a surface S. We begin by showing

Lemma 6.3.1. The map induced by the product x
CH()(O)() ® CHO(S)alb — CHO(X)alb
has its image in ker(3).

Proof. We will again start with the case when Z = Zo x Zg, with Zo =
p—q,p,q € C, and Zg € CHy(S)up arbitrary. Then we can choose the
surface (p x S) U (¢ x S) C X to compute ¥3(Z), since it contains the
support of Z = (p — q) X Zg. Now by construction the map 3 is given by
pushing forward 13(Zs) on px S and —3(Zg) on ¢x S via the inclusion map,
and this is equivalent to pushing forward ¢3(Zs) via the Gysin morphism

Gpx = Jge t HA(S) — HY(X).

But the two push-forward maps in cohomology j,. and j,. are identical, since
they are induced by the homotopic maps j, and j,, and it follows that

(p—q) x Zs € ker(¢3).

Again, the case of an arbitrary cycle Z € CHy(C)o ® CHy(S)ap follows by
linearity from this special case. [

We now construct the map
k:J(C)® J3(S) — J3(S x C),
which just as in the previous case will be based on the Kiinneth inclusion
i H'(C,Z)® H*(S,Z) — H*(C x S, 7).
By definition,

S,7);,  R/Z R R/Z.

e

where H?(S,Z);, = %‘?’SZ)), and as before we write J(C') = H(C,Z) @ R/Z.
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Lemma 6.3.2. The map
i: H(C,Z) @ R/Z® H*(S,Z) ® (R/Z)**> — H*(C x S,Z) ® (R/Z)®*
followed by the projections
7 H3(C x S,Z2) ® (R)Z)® — J*(C x S)a; ® (R/Z)%?

and

J3(C x S)a; @ (R/Z)%?
U3(C x S)

Ty 1 JI(C x S)as ® (R/Z)¥? — = J3(C x 9)

factors through J(C') @ J2(9).
(We recall that m is the composition of the identifications
H*(C x S,7)® (R/Z)®* = H*(C x S,7Z) ® R/Z ® (R/7)%*

> J3(C x S)® (R/Z)**?

and of the projection in J?(C x S)7, that is modulo the image of the Abel-
Jacobi map of C' x S.)
We will denote by

k:J(C)® J2(S) — J3(C x 9)
the induced map on the higher Jacobians.

Proof. To begin, we show that for an element n € NS(S) ® (R/Z)®? and an
element v € J(C') = H'(C,Z) @R /Z, i(y®n) belongs to Im(AJ) ® (R/Z)*?
and thus vanishes when projected via m;. In order to see this, note that the
class 7, being a Hodge class, induces a morphism of Hodge structures

panU: HY(C,Z) — H*(C x S,7Z),
and the corresponding morphism of Jacobians
pinU: J(O) — J*(C x S)

is the Abel-Jacobi map associated to the family of 1-cycles Z¢ x 7 of C' x S,
where Z¢ is a 0-cycle on C' of degree zero, and 7 is a 1-cycle on S of class 7.
Hence the image of p3n U (which identifies to the tensor product map via the
Kiinneth decomposition), is contained in the image of the Abel-Jacobi map
of C'x S. It follows that for any n =3, 1, ® as, 3; € NS(S), oy € (R/Z)*?,
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and any v € J(C), i(y ®n) belongs to Im AJ ® (R/Z)®?, which proves our
claim.

The second thing to show is that this composed map factors through
J(C) @ UZ(S), but it can be seen that an element of J(C) ® UZ(S) maps to
an element of U3(X) via 7; o4 and hence vanishes when projected via ms.
Indeed, these elements are of the form albc(p — q) ® a, where a is obtained
by Green’s contraction of some f¢ » F€G s where Z is a zero cycle of C' and

¥ : C' — S is a morphism such that ©,Z = 0 as a cycle on S. We will show
below that albc(p—q) @ v is the Green contraction of o with the Abel-Jacobi
invariant of the cycle I';, — I';, of S x C' x S. Hence, by definition of 93, we
find that albc(p — ¢) ® « belongs to Uz (C' x S).

O

Now we can discuss the commutativity of the diagram of the beginning
of this section.

Proposition 6.3.3. The diagram

CH()(C)O ® OHO(S>alb - ker(¢§)
albc & 7703 l l . (65>

J(C) @ J2(S) L J(C % 9)

commutes.

Proof. Just as in the proof of Proposition 6.2.3, this will result from the
following description of the Abel-Jacobi invariant 0% . 5 — 0% ;x5
Let T';, — T, be the difference of the graphs of the two inclusion maps

Jp: S —pxSCX

and
Jg: S —qgxSCX.

Then by definition 0%, g — 0% ;x5 is obtained by projecting

AJ(T;, —T;) € J°(S x X)

Jp
in the adequate quotient.

By definition of 3, since we can see (p — q) X Zg as the cycle Zg on
px S and —Zg on q X Zg, we find that ¥3((p — q) x Zs) is obtained as the
projection in J3(X) of the Green contraction of any lifting

—_—

V3(Zs) € H*(S,Z) ® (R/Z)™
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of ¥3(Zs) and of the real version of &% , g — O g Since the latter is
obtained as a projection of the (real version of) the Abel-Jacobi invariant of
I;, —T'j,, we start by computing

Jg?
AJ(T;, —T;,) € J°(S x X).
Let Ag C S x S be the diagonal; we see immediately that
Ly, =T, = pis(As) - p3(p — q) (6.6)

as a cycle of S x C' x §.

Now by (6.6) we have the following formula for its Abel-Jacobi image in
J(Sx X)=JH>(S x X)):

AJ(Ty, = Ty,) = pis([As]) - p5(albe(p — q))- (6.7)
We project this invariant via

pr J(H(S x X)) — J(HA(S) @ HY(X));
from (6.7), by analysing Kiinneth types, it follows that

pr (AJ(Fjp — qu)) = pig([As](m)) 2 (ale(p - Q))7 (6.8)

where [Ag|2,2) is the (2,2) Kiinneth component of Ag. Now since [Ag].2)
is a Hodge class, the identifications

J(C) = HY(C,Z) @ R/Z,

J(SxCxS)=2H(SxCxS,Z)QR/Z

are compatible with the cup-product with pj3[Ag](2) (which via the Kiinneth
decomposition is given by the tensor product with [Ag]().) Hence we have
proved

Lemma 6.3.4. The invariant AJ(I';, —L';,), viewed as an element of
H%(S,Z) ® HY(C,Z) ® H*(S,Z) ® R/Z,
18 equal to

Pi3lAs]2.2) Upsfop—q-

(Here the cup-product identifies to a tensor product, and fc,—, € H'(C,Z)®
R/Z is the real version of albc(p — q).)
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The conclusion of the proof is identical to the case of a product of two
curves. In order to compute 13(Z), we have to make the Green contraction

e~

of Y3(Zg) and AJ(I';, —T';,). We now use the following lemma which is
proved just as Lemma 6.2.2:

Lemma 6.3.5. The map
H?*(S,7) — H*(S,7Z),

which is given by contraction with the class [Ag)2) € H*(S,Z) ® H*(S,Z)
using Poincaré duality, is equal to the identity.

—_—

It follows from this lemma that Green’s contraction of ¥3(Zs) with

P13[As] (22) U p3fp—qc

is equal to

—_—

fep-q®¥3(Zs) € H'(C.Z) ® H*(S,Z) ® (R/Z)**.
This proves the commutativity of the diagram (6.5). O
To conclude this section, we point out the following fact:

Remark 6.3.6. One knows that the map 13 is not injective (see [V3], section
2: “The non-injectivity of 13”). The description of the map 13 just given in
this special case shows that it is not injective, if we admait that the following
statement s true:

Let Zg be a zero-cycle on a surface S which is not rationally equivalent
to 0. Then there exist a curve C' and a zero-cycle Z¢ of degree 0 on C' such

that Zs X Z¢ is not rationally equivalent to 0 on C' x S.



Appendix A

Carlson vs. Griffiths

In this appendix we want to show why the two ways of obtaining the extension
class ex g are actually the same, as we claim in section 4. We found a proof for
this kind of statement in the case of a 0-cycle on a curve in [Carl] (Proposition
9), but for the higher-dimensional analogue we have not been able to find a
reference.

The first way, which we used for constructing the map 3, is morally
given by intersecting the graph I'; of the morphism j : S — X with cycles
A, and Aj representing the (2,2)- and (3, 3)-Kiinneth-components of the
diagonals in S x .S and X x X, respectively, to get a 4-cycle of S x X which is
homologically trivial. This would then be mapped to Griffiths’ intermediate
Jacobian. However, only morally, since we don’t know if there is such a cycle
Az, i.e. we don’t know if the (3,3)-Kiinneth-component is algebraic. So all
we can do is lift it to a Deligne cohomology class [As]p, intersect it with
[I'; o As]p in Deligne cohomology, and via the short exact sequence

0— J°(S x X) — HY(S x X,Z(3)) — Hdg®(S x X) =0

obtain an element in Griffiths intermediate Jacobian. Finally, this element
is mapped via the Kiinneth formula to a quotient of the Jacobian variety

H*(S) H*(X)
<j*H2(X) @ j*Hl(S)>'

The second way, which we used for the calculations in section 4, comes
from the mixed Hodge structures derived from a part of the long exact se-
quence in relative cohomology induced by the morphism j : S — X.

A mized Hodge structure (MHS) H is a triple (Hz, F' *,W,) consisting of
- a lattice H; C H =Hz; ® R
- a finite increasing (weight) filtration W, on Hy = Hz ® Q

63
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- and a finite decreasing (Hodge) filtration F'* on He = Hz ® C,
such that each graded piece Gr}¥ = W;/W;_; of the weight filtration is a
pure Hodge structure.

Consider the short exact sequence

e L (X, §) e Her(  HI(X) — H(S) -0,

where we intentionally leave out the coefficients. The middle component is
endowed with a MHS, and the cokernel and kernel on the left and right are
even pure Hodge structures. As a sequence of torsion-free Z-modules it splits
over the integers, i.e. there exists a section

oz : ker(j*) — H*(X, S, 7)

such that p o oz = id.
Of course the sequence also splits over C, but there exists a section

op : ker(j*) — H*(X, S, C)
that also respects the Hodge filtration, i.e. such that
op(F'ker(j*)) C F'Gry H*(X, S,C),
for i=0,...,3. The difference of two such sections defines a map
op — oz : ker(j*) — coker(5¥),

and in the quotient

. oy . Home(ker(j*), coker(j*)
Exty s (ker(j%), coker(j*)) = FoHO,?SC(. ) + Homy(. ))

it will be independent of the choices made for o7 and or. The notation
means that elements of F°Homc(.,.) are homomorphisms o such that

o (Fiker(j*)) CF! (cok’er(j*))

for all i = 0,...,3, and elements of Homg(.,.) are homomorphisms oz such
that

oz(ker(j*)), C (coker(5*)).

Now that we have described the two methods, we want to show that they
lead to the same result. Consider the dual sequence of ( ):

0<~— ker(j. : Hy(S,Z) — Hy(X,Z)) ~— Hy(X — S,7Z) s
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We can interpret elements of H3(X — S, Z) as topological 3-cycles on X whose
boundaries lie in S. Let 7y, ..., 7, be a Z-basis for ker(j,), and 4%, ...,y" the
dual basis for coker(j*). Let I'y,...,T',, be 3-chains on X such that OT'; = ;;
I'; represents a class in H3(X — S,Z). We have the following formula by
Carlson ([Carl], 2.d):

The homomorphisms representing the extension given above are all of the

form
w — vi/ Q,
27,

where Q = op(w).
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Appendix B

Deligne cohomology and cycle
class map

B.1 Deligne cohomology

In this section we want to give the definition of the Deligne cohomology
groups and state some of their properties.

Definition B.1.1. Let X be a complex variety, p > 1 an integer and denote
Z(p) = (2mi)P - Z. We define the Deligne complex Zp(p) to be the complex

0—Z(p) — Ox — Q% — .. — %' —0,

where Z(p) is in degree zero and Q4 in degree g+ 1. The Deligne cohomol-
ogy groups HA(X,Z(p)) are the hypercohomology groups HY (X, Zp(p)).

For example, if p = 0, then the complex Zp(0) is just Z, and we have
HL(X,Z(p)) = HY(X,Z) for all q. For p =1 we obtain a quasi-isomorphism
between the complexes Zp(1) and O% (put in degree 1) from the exponen-
tial sheaf sequence. Hence H)L(X,Z(1)) = H°(X,0*) and HA(X,Z(1)) &
H'(X,0*), which is just the Picard group.

In case our variety is kéhler the following result holds:

Proposition B.1.2. Let X be a compact kahler variety. Then the Deligne
cohomology groups fit into the long exact sequence

HY(X, C)
—

- HTXD) — i

— H%(X,Z(p)) — Hq(X, Z) — ...

Proof. Let Q;f ~! denote the complex

0—>0—>(’)X—>Q§(—>...—>Q§<_1—>O,
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where again Q% is in degree ¢ + 1. This gives rise to a short exact sequence
of complexes
0— Q' — Zp(p) — Z(p) — 0,

which in its turn induces a long exact sequence
- X Z(p) — HOH (X QYY) — Hp (X, Z(p)) — HY(X, Z(p))

in hypercohomology. Obviously HY (X, Z(p)) = HI'(X,Z), so it remains

to show that
B Hq‘l(X, C)

- FPHL(X)'

For this consider the short exact sequence of complexes

HOHX 07

0—QF —Q — QF ' —0.

The proposition now follows from the facts that for the hypercohomology
of the truncated holomorphic de Rham complex we have H%(X, Q)Z(p ) =
FPHI(X) (see [V1], Proposition 7.3), H9(X, Q%) = HY(X,C), and that the
map HI(X, Q%) — HY(X, Q5" is surjective. O

The case where ¢ = 2p is of special interest. First we define the subgroup
of Hodge classes in H*(X,Z):

Definition B.1.3. Let Hdg**(X,Z) C H*(X,Z) denote the subgroup of
those classes whose image in H*(X,C) is of type (p,p).

Clearly Hdg* (X, Z) = ker(H*(X,Z) — %), and we obtain from
the proposition in this case the

Corollary B.1.4. The Deligne cohomology group H¥(X,Z(p)) is an exten-
sion of the group of Hodge classes Hdg*(X,Z) by Griffiths’ intermediate
Jacobian J*~1(X):

0 — J*YX) — HZP(X,Z(p)) — Hdg*(X,Z) — 0.

B.2 The Deligne cycle class map

Here we describe some of the properties of the Deligne cycle class map.

Proposition B.2.1. a) The Deligne cycle class map factors through rational
equivalence: Let U,V € ZP(X) be two codimension p cycles on X that are
rationally equivalent. Then clp(U) = clp(V), i.e. it descends to a map

clp - CHP(X) — HZ(X,Z(p)).
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b) It is compatible with the product structure on HX(X,Z(p)): Let [U] €
CH?(X) and [V] € CHYX). Then

clp([U] - [V]) = clp([U]) -p clp([V]),
i.e. the following diagram commutes:

CHP(X) x CHY(X) : CHP(X)

lClD xclp i clp

HP (X, Z(p)) x HE(X,Z(q)) —= HA"" (X, Z(p + q))

c) It commutes with flat pull-back: Let f: X — Y be a flat morphism and
[U] € CH?(X). Then

clp(f*([U]) = f*(cln([U])),

1.e.

CHMY) —L cHr(X)
iClD iClD
f*
Hy (Y, Z(p) = Hp (X, Z(p))
commutes.
Proof. Propositions 7.6, 7.4 and 7.5 in [EV], Théoreme 9.20 in [V2] O

As we have seen, there is a generalization of the short exact sequence for
line-bundles (or divisors)

0 — Pic’(X) — HY(X,0%) — NS(X) — 0,
which makes use of Deligne cohomology:
0 — JPYX) — HZ(X,Z(p)) — Hdg*”(X) — 0.

We reproduce here an illustrative diagram by Murre from [GMV] that brings
out the analogy between the two sequences above:

CH?(X)hom

|

CHP(X)

\LCID

0——= J*~H(X) —= HP' (Y, Z(p)) —= Hdg*(X) —=0
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Appendix C

The Gauss-Manin connection
on relative cohomology

If X CY is a differentiable submanifold of a manifold Y, the relative coho-

mology groups
H*(Y, X, R)

can be computed in de Rham cohomology as the cohomology of the complex
Ay x of differential forms on Y vanishing on X. The exact sequence of relative
cohomology

H*Y(X,R) & H*(Y, X,R) — H*(Y,R) — H*(X,R)
is associated to the short exact sequence of complexes
0— Ay x — Ay — Ax — 0.

It follows from this and the general definition of the coboundary map in the
long exact sequence associated to a short exact sequence of complexes, that
the map ¢ above is explicitly computed as follows: starting from a closed
k — 1-form o on X with class [a] € H*}(X,R), let & be a k — 1-form on
Y extending «. Then the k-form da on Y vanishes along X and is closed.
Its class [da] € H*(Y, X) is equal to i([a]). Suppose now that we have a
diagram

X = )
lm Lp
B = B

where 7 and p are differentiable submersive proper maps between differen-
tiable manifolds. Locally on B we may assume that

X2XxB YY xB (C.1)

71
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and 7 and p are the second projection, where X and Y are the fibers of 7
and p, respectively, over 0 € B. Since B is locally contractible, it follows
that we have three sets of local systems on B, namely

Hy = RmR, Hy := Rp.R

and the local system of relative cohomology Hy y which fits into the long
exact sequence
HEY — HE  — HY — HY — ..

We want to compute the Gauss-Manin connection V¥*¥ on the associated
bundle
HI;CX = H}’ﬁ,x ®C>*p.

Assume we are given a family (o )pep of closed differential forms on Y, van-
ishing on B. Via the isomorphisms (C.1), b +— [ay] gives a section [a] of
HY k. Then

V¥ (Jaw]) € Hy x ® Qp

is equal to the map
u s [dyal, Tg — H*(Y, X),

where d,« is the derivative with respect to u of the family of forms «y, and
[.] means the cohomology class of the considered closed form.

We suppose now that w is a closed k-form on Y such that w, := wyy,
vanishes on X, for each b € B. The family of closed forms w;, vanishing on
X, provides a section

@ € Hy x.

We note that since @ lifts the section
b= [w] = Wy,
of H¥, which is obviously flat, the derivative V¥**& belongs to
i(H ) ® Qp CHY x ® Qp.

Next, consider the restriction of w to X'. Since it vanishes on the fibers
X3, it admits a projection p(w), in A¥1(X;) @ 7*Qp, for each b € B. This
form with coefficients in Q2 is easily seen to be closed on X3, thus providing
a class

ap(w) € H* (X)) @ Qpy.

We have the following
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Lemma C.0.2. One has the equality at the point b € B:
(VI¥Q)y = i(ap(w)).

Proof. We may assume that B is one dimensional, say B = R, and we use
the isomorphisms (C.1). Let us write w = wy + dt A wq, where w; and wy are
k and k — 1-forms on Y varying with ¢ inR. Then the form wyy, is closed,
vanishes on Xj, and its class is equal to [wy] € H*(Y, X). Hence we have

. d
(VY’Xu))b = [EWI]t:b ® dt.

Next we observe that
p(w)y = dt @ waxp.

Hence the class aj(w) is equal to dt ® [wy|xxp]. So our claim is that

d

i([WQ\Xbe = [_wl]t:b

dt
in H*(Y, X). But since w is closed, we have dw; — dt A dwy = 0, hence

d

(Ewl)t:b = (dwa)|y xb-

So it follows from the construction of 7 described above that

d

[—wilyxp = i([w2|X><b])a

dt

which is our claim. O]
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