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Résumé

Résumé

Cette these est consacrée au développement et a ['utilisation d’outils catégoriques pour
I’étude des algebres amassées de S. Fomin et A. Zelevinsky. La catégorie amassée géné-
ralisée de C. Amiot est une catégorie triangulée ayant été utilisée, dans le cas ou elle est
Hom-finie, pour catégorifier certaines algebres amassées au moyen de caracteres amassés
au sens de Y. Palu. Dans cette these, nous généralisons les méthodes connues au cas ou
la catégorie amassée n’est pas Hom-finie, obtenant ainsi une catégorification de toute al-
gébre amassée antisymétrique. Pour ce faire, nous nous restreignons a une sous-catégorie
de la catégorie amassée qui est stable par mutation et posséde une propriété analogue a la
condition 2-Calabi—Yau. Nous prouvons ’existence d’un caractére amassé sur cette sous-
catégorie. Nous utilisons ensuite ces outils pour interpréter la combinatoire des algebres
amassées au moyen de la catégorie amassée. Notamment, nous démontrons une corres-
pondance entre les g-vecteurs et les indices, donnons une interprétation des F-polynémes,
et prouvons que les définitions de mutation dans ’algebre et dans la catégorie sont cohé-
rentes entre elles. Ces propriétés nous permettent de donner une nouvelle démonstration
a de nombreuses conjectures pour les algébres amassées antisymétriques. Finalement, en
nous inspirant d’un travail récent de C. Geiss, B. Leclerc et J. Schroer, nous montrons
comment ’ensemble des indices, en bijection avec I’ensemble des g-vecteurs, permet la
construction d’'une base de certaines algébres amassées. Nous expliquons pourquoi cette
construction fournit un bon candidat pour l'obtention d’une base de 'algebre amassée
supérieure en général.

Mots-clefs

Catégories triangulées, Catégories amassées, Algebres amassées.
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Cluster categories with infinite-dimensional morphism
spaces, applications

Abstract

This thesis is concerned with the development and application of categorical tools in
the study of the cluster algebras of S. Fomin and A. Zelevinsky. C. Amiot’s generalized
cluster category is a triangulated category which has been used, in the case where it is
Hom-finite, to categorify a certain class of cluster algebras, using cluster characters in the
sense of Y. Palu. In this thesis, we generalize these results to the case where the cluster
category is not Hom-finite, thus obtaining a categorification of any skew-symmetric cluster
algebra. In order to do so, we restrict ourselves to a subcategory of the cluster category
which is stable under mutation and satisfies an analogue of the 2-Calabi—Yau condition.
We prove the existence of a cluster character on this subcategory. We then use these tools
to interpret the combinatorics of cluster algebras inside the cluster category. In particular,
we prove a correspondence between g-vectors and indices, provide an interpretation of F-
polynomials, and show that the definition of mutation in the algebra and in the category
are consistent with each other. These properties allow us to give new proofs of numerous
conjectures for skew-symmetric cluster algebras. Finally, starting from recent work by
C. Geiss, B. Leclerc and J. Schréer, we show how the set of indices parametrizes a basis
for a class of cluster algebras. We then show that this construction provides us with a
good candidate for a basis of the upper cluster algebra in general.

Keywords

Triangulated categories, Cluster categories, Cluster algebras.
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Chapitre 1

Préliminaires

1.1 Algebres amassées

Dans leur article [29] publié en 2002, S. Fomin et A. Zelevinsky introduisent la notion
d’algebre amassée. Ils esperent ainsi fournir un cadre combinatoire pour I’étude de la
positivité totale dans les variétés algébriques, d’aprés G. Lusztig [64], et la construction
de bases canoniques pour les groupes quantiques, d’apres M. Kashiwara [49] et G. Lusztig
[63]. Malgré l'apparition relativement récente des algebres amassées dans la littérature,
une quantité surprenante de domaines des mathématiques leur sont aujourd’hui liés. Le
lecteur intéressé se voit offrir un vaste choix d’articles proposant un tour d’horizon ce cette
théorie et de ses applications ; citons ici [75] [40] [50] [28] [62] [71] et [1].

Dans cette section, nous définirons la notion d’algebre amassée (ou, selon la termi-
nologie de [31], d’algebre amassée avec coefficients de type géométrique), énoncerons des
propriétés fondamentales, puis mentionnerons quelques exemples.

1.1.1 Mutation

Un carquois @ est un graphe orienté ; on écrit Q = (Qo, @1, s, t), ol Qo est 'ensemble
des sommets du carquois, @)1 est l'ensemble de ses fleches, et s (ou t) est Iapplication
associant a chaque fleche sa source (ou son but). Un carquois est fini s’il ne possede qu’un
nombre fini de sommets et de fleches.

Définition 1.1.1. Soit ) un carquois fini sans cycles orientés de longueur < 2, et soit ¢
un de ses sommets. La mutation de Q) en i est le carquois u;(Q) construit a partir de @
comme suit :

[ba]

1. pour chaque sous-carquois j ——s by , ajouter une fleche j ——=1/¢ ;

2. remplacer chaque fleche a ayant ¢ comme source ou but par une fleche a* allant dans
le sens opposé;

3. retirer toutes les fleches d’un ensemble maximal de cycles de longueur 2 disjoints

deux a deux.

Exemple 1.1.2. Le diagramme ci-dessous donne le résultat d’une mutation au sommet

2 d’un carquois.
1=—2
4<——3

p2(Q) =

W=——-1NN
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Exemple 1.1.3. Soit @) le carquois ci-dessous.

2

/N

Alors tout carquois obtenu par mutations successives de () est une rotation de 1'un des
quatre carquois

Le lecteur souhaitant expérimenter davantage avec 'opération de mutation trouvera
sur la page personnelle de B. Keller un programme [53] offrant cette possibilité.

Remarque 1.1.4. La mutation en un sommet est une involution : u?(Q) = Q.

Nous avons défini la mutation, qui est I’opération combinatoire a la base de la définition
des algebres amassées. Nous aurons a considérer des carquois et leurs mutations successives.
Cependant, il nous faudra interdire la mutation en certains sommets ; ceci nous mene a la
définition de carquois glacé, d’apres [32].

Définition 1.1.5. Un carquois glacé est un couple (Q, F'), ou @ est un carquois fini sans
cycles orientés de longueur < 2 et F' est un ensemble de sommets de @, appelés sommets
gelés de Q).

La mutation des carquois glacés est définie comme celle des carquois non glacés, a
I’exception du fait que la mutation en un sommet gelé sera toujours une opération interdite.
La mutation d’un carquois glacé préserve ’ensemble F' des sommets gelés. Lorsque F' est
vide, on écrit @ au lieu de (@, F).

1.1.2 Graines

Définition 1.1.6. Une graine est un couple ((Q, F),u), ou (@, F) est un carquois glacé,
et u={uy,...,u,} est une famille libre et génératrice du corps Q(z1,...,x,).

Soit ((Q, F),u) une graine, et soit ¢ un sommet non gelé de Q. La mutation de la graine
((Q,F),u) eniest la graine 11;((Q, F),u) = ((Q', F'),u'), ou
— D’ensemble des sommets gelés F' est égal a F,
— le carquois Q' est la mutation de @) au sommet 7, et
— lensemble ' est obtenu & partir de u en remplagant I’élément u; par un élément u}
vérifiant la relation d’échange ci-dessous :

’LL@U;: H ut(a)+ H Us(a)-
s(a)=t

t(a)=t
La graine initiale associée & un carquois glacé (Q, F') est la graine ((Q, F), {z1,...,2n}).

Remarque 1.1.7. La mutation des graines en un sommet est une involution.
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Exemple 1.1.8. Le diagramme ci-dessous donne le résultat d’une mutation au sommet
2 d’une graine.

Q= THI n2(Q) = T<T
U= {xl,ﬂfg,xg, :E4} u = {331, xlx—zxg’x37x4}

1.1.3 Algebres amassées

Définition 1.1.9. Soit (@, F') un carquois glacé. On numérote de 1 a n les sommets de
Q, et de r + 1 a n les sommets gelés.
— Les éléments x,41,. .., 2z, de Q(z1,...,x,) sont les coefficients.
— Les ensembles u dans les graines ((R, F'),u) obtenues par mutations successives de
la graine initiale associée & (Q, F') sont les amas.
— Les éléments des amas qui ne sont pas des coefficients sont les variables d’amas.
— La Q-sous-algebre Ag r de Q(z1,...,x,) engendrée par les variables d’amas et les
coefficients est [’algébre amassée (avec coefficients, de type géométrique) associée &

(@Q, F).

De nombreux exemples d’algebres amassées sont connus et peuvent étre trouvés dans
I'une des références mentionnées au premier paragraphe de ce chapitre. Une importante
classe d’exemples est donnée par les anneaux de coordonnées de sous-groupes unipotents
maximaux d’un groupe algébrique semi-simple complexe, voir [5].

Une propriété fondamentale des variables d’amas de toute algebre amassée est le phé-
nomene de Laurent.

Théoréme 1.1.10 ([29], Théoreme 3.1). Soit Ag r lalgébre amassée associée d un car-
quois glacé (Q, F), et soit u = {u1,...,up} un amas quelconque de Ag r. Alors toute va-
riable d’amas de Ag r est un polynome de Laurent da coefficients entiers en les u1, ..., uy.

Conjecture 1.1.11 ([29]). Avec les notations du Théoréme|1.1.10, toute variable d’amas
est un polynome de Laurent a coefficients entiers positifs en les uy, ..., uy.

On ignore & ce jour si cette conjecture est vraie.

Une des motivations principales pour la création des algebres amassées est 1’étude des
bases canoniques de M. Kashiwara et G. Lusztig. Deés leur premier article [29] sur le sujet,
S. Fomin et A. Zelevinsky conjecturent que les mondmes d’amas, c’est-a-dire les monoémes
ayant pour facteurs des variables d’amas issues d’un méme amas, font partie d’une base de
Palgebre amassée. Cette conjecture est confirmée pour une grande classe d’exemples par
des résultats de C. Geiss, B. Leclerc et J. Schroer [35]. Nous montrons dans cette these
(voir le Théoreme m (2)) que les mondmes d’amas d’une algebre amassée avec assez
de coefficients sont toujours linéairement indépendants, méme s’ils ne suffisent pas a en
former une base.

1.2 Catégories triangulées

Dans cette section, nous rappelons les définitions de catégories triangulées, catégories
dérivées et foncteurs dérivés, que nous utiliserons dans cette these.
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1.2.1 Définition des catégories triangulées

Définition 1.2.1 ([74]). Soit k un anneau commutatif. Une catégorie triangulée sur k est
une k-catégorie additive 7 munie
— d’un automorphisme de k-catégories ¥ : T — T, appelé foncteur de suspension, et
— d’une collection de triplets de morphismes X ! y 2.z "
triangles,
de telle sorte que les axiomes (TR1) a (TR4) soient vérifiés.

>X , appelés

Un peu de terminologie supplémentaire est nécessaire pour énoncer les axiomes. Soient

Xty 9oz hosx oo X' Loy Lo 2P X" deux triangles de T. Un
morphisme de triangles du premier vers le second est la donnée de trois morphismes

XX, V1oV et Z—S~27 deT tels que le diagramme

x .oy 9.7 M vx
A
x Loy g W oy

soit commutatif. Un isomorphisme de triangles est un morphisme de triangles admettant
un inverse.

Soit n un entier, et soient X et Y deux objets de 7. Un morphisme de degré n de X
vers Y est un morphisme de X vers XY

Nous pouvons maintenant énoncer les axiomes (TR1) a (TR4).

(TR1) — Tout triplet de morphismes isomorphe a un triangle est un triangle.

— Pour tout morphisme X N Y de T, il existe un triangle contenant f, c’est-a-
f h

dire un triangle X y-2-7 ¥X .
— Pour tout objet X de 7, X ix X 0 > X est un triangle.
(TR2) Letriplet X ! V27 " %X estun triangle si, et seulement si, le triplet
Y 27z —tovx 2L Sy en est un.
(TR3) Soient X — >y 4>z "ovx ot X' Loy Loz "ovX' doux tri-

angles. Tout couple (a,b) de morphismes tels que bf = f'a se compléte en un mor-

phisme
x Loy 4.7 h vy
ST
x' Loy L Moy

de triangles.
(TR4) (Axiome de I'octaedre) Soient

Xty _top_ J vy

y Uz o xr I wy

X %oz T oyt ovx

trois triangles. Il existe deux morphismes Z’ Ty et YL X tels que
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f g (Zi)g"

o Z/ Yl X/
—jlof=jetgoi”" =7, et
— foi=1i"ovet (Xu)oj" =4 0g.

¥ Z' soit un triangle,

L’axiome (TR4) est avantageusement représenté par un octaedre

dont quatre des faces sont des diagrammes commutatifs, quatre des faces sont des
triangles, et dont les deux grands carrés reliant la base et le sommet sont commutatifs. La
notation A ——= B désigne un morphisme de degré 1 de A vers B.

Définition 1.2.2. Soient T et 7' deux catégories triangulées. Un foncteur triangulé de
T vers T’ est la donnée d'un foncteur k-additif F' : T — T’ et d’un isomorphisme de

foncteurs @ : FX — 3 F tels que si X / y 2oz 1
alors

Y X est un triangle de T,

FX Ff FY Fg dxoFh

FZ YFX

est un triangle de 7.

1.2.2 Quotients triangulés

Soit 7 une catégorie triangulée, et soit N une sous-catégorie triangulée pleine, stricte
(c’est-a-~dire stable par isomorphismes) et épaisse (c’est-a-dire stable sous l'action de
prendre des facteurs directs) de T.

Proposition 1.2.3 ([74]). I existe une catégorie triangulée T /N et un foncteur triangulé
Q:T — T/N tels que tous les objets de N soient envoyés vers l’objet nul par Q, et pour
tout foncteur triangulé F : T — T' envoyant les objets de N vers ['objet nul, il existe un
unique foncteur triangulé F' : T /N — T tel que F' o Q = F, comme sur le diagramme :

T % T/N
T

On peut construire la catégorie 7 /N comme suit. Les objets de T /AN sont ceux de
T. Soient X et Y deux objets de T /N. Les morphismes de X vers Y sont les classes
d’équivalences de diagrammes de la forme

X/
N
X Y,
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ou s et f sont des morphismes de T, et s est contenu dans un triangle

X' 25X N TX,

ot N est un objet de V. Ces diagrammes sont soumis a la relation d’équivalence suivante :

X/ X/l
7N 7N
X Y et X Y
sont équivalents s’il existe un troisieme tel diagramme
X///
N
X Y,
et un diagramme commutatif
X/
Z I
X s" X/// f
1A
X",
La composition de deux morphismes
X' Y’
7N SN
X Y et Y Z

se calcule comme suit. Il existe un diagramme commutatif comme ci-dessous, ou les lignes
sont des triangles et IV est un objet de N :

WY X/ N W
lh if im
L v N nY’.

On obtient alors un diagramme commutatif
w
N
X' Y’
YN
X Y Z.
On vérifie que le diagramme

w
>N
X A
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est un morphisme dans 7 /N ; c’est la composition des deux morphismes de départ. Ceci
confere & T /N une structure de catégorie triangulée, dont les triangles sont les triplets
de morphismes A B C 3 A isomorphes & I'image d’un triangle de T par
le foncteur canonique @ : 7 — T /N envoyant chaque objet sur lui-méme et chaque

morphisme f: X — Y sur
X
ny \\f\\
X Y.

De plus le foncteur @ satisfait aux hypothese de la proposition [1.2.3]
Une grande classe d’exemples de quotients triangulés est donnée par les catégories
dérivées, comme nous le verrons dans la prochaine section.

1.3 Catégorie dérivée d’une algebre différentielle graduée

Dans cette theése, un exemple essentiel de catégorie triangulée est donné par la catégorie
dérivée d’une algebre différentielle graduée. Notre référence principale pour cette section
est l'article [54] de B. Keller. Nous fixons un anneau commutatif k& pour toute la section.

Définition 1.3.1. Une algébre différentielle graduée (ou algebre dg pour simplifier) est une
k-algébre graduée A = @,;cy, A munie d'une application k-linéaire homogene d : A — A
de degré 1, appelée différentielle, telle que

Va € AL Vbe A, d(ab) = d(a)b+ (—1)"ad(b),
et telle que do d = 0.

Toute k-algebre est une algebre dg concentrée en degré 0. Toute k-algebre graduée est
une algebre dg de différentielle nulle. La cohomologie d’une algebre dg A est définie en
chaque degré par ‘

_ Kerd'

~ Im di-!

Définition 1.3.2. Soit A une k-algebre dg. Un A-module différentiel gradué (ou A-module
dg pour simplifier) est un A-module gradué & droite M = @;czM* muni d’une application
k-linéaire homogene d : M — M de degré 1, appelée différentielle, telle que

Hi(A)

Ya € A,¥m e M, d(ma) = d(m)a+ (—1)'md(a),
et telle que do d = 0.

Les modules dg sur une algebre A concentrée en degré 0 sont les complexes de A-
modules dont la différentielle est A-linéaire. La cohomologie des modules dg est définie
comme pour celle des algebres dg.

Nous allons définir plusieurs catégories ayant pour objets les modules dg sur une algebre
dg A donnée. La définition finale sera celle de la catégorie dérivée de A.

Définition 1.3.3. Soient M et N deux A-modules dg. Le k-module dg Hom (M, N) est
défini ainsi :
— pour chaque entier i, Hom (M, N)* est le sous-ensemble de 1,z Homy (M", N7
dont les éléments sont les (f,)nez tels que

Va € A,Ym e M, fj(m)a = fjii(ma);
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— la différentielle de Homa (M, N) est définie par
Vf e Homa(M,N), d(f)=dnof—(=1)'fody.

Remarquons que le noyau de d°, que I'on désigne par Z°(Homa(M,N)), est exac-
tement I’ensemble des applications A-linéaires homogenes de degré 0 de M vers N qui
commutent avec les différentielles. Notons également que I’homologie en degré 0, désignée
par HO(Homa(M,N)), est exactement le quotient de Z°(Hom(M, N)) par la relation
d’homotopie (deux morphismes A-linéaires f et g de degré 0 de M vers N sont homotopes
s’il existe un morphisme A-linéaire s de degré —1 tel que dy o s+ sody = f — g).

Définition 1.3.4. Soit A une k-algebre dg. La catégorie des A-modules dg est la k-
catégorie CA dont les objets sont les A-modules dg et dont I’ensemble de morphismes
de M vers N est donné par Z°(Homu(M,N)), pour tous A-modules dg M et N. La
catégorie d’homotopie de A est la catégorie HA définie de fagon similaire, ot les ensembles
de morphismes sont donnés par H(Hom (M, N)).

Tout morphisme de Z%(Homa(M, N)) induit naturellement un morphisme en coho-
mologie H'(M) — H'(N) pour tout entier i. Deux morphismes homotopes induisent les
mémes morphismes en cohomologie; on peut donc dire que les morphismes pris dans
H°(Homa(M, N)) induisent les morphismes en cohomologie. Un quasi-isomorphisme est
un morphisme de HA qui induit des isomorphismes en cohomologie en chaque degré.

La définition de la catégorie dérivée de A repose sur le fait que la catégorie HA est
triangulée (son foncteur de suspension étant le décalage habituel des complexes), et que
les objets IV tels qu’il existe un triangle

X—=Y N X

ou s est un quasi-isomorphisme forment une sous-catégorie triangulée pleine, stricte et
épaisse N de HA. Ces objets N sont caractérisés par le fait que leur cohomologie est nulle
en chaque degré.

Définition 1.3.5. Soit A une k-algebre dg. Sa catégorie dérivée est le quotient triangulé
DA =HA/N.

Dans cette these, nous utiliserons des quotients triangulés de sous-catégories de DA.

1.4 Foncteurs dérivés

Il s’avere souvent nécessaire de savoir construire des foncteurs entre catégories dérivées.
Nous présentons ici une méthode pour le faire. Nos principales références pour cette section
sont [54] et [55].

Soient A et B deux k-algebres dg. Soit M un B-A-bimodule dg, c¢’est-a-dire un B-A-
bimodule gradué M = ®;czM* muni d'une différentielle d faisant de M un A-module dg
a droite et un B-module dg a gauche tel que

Va € A,¥b € B,Ym € M, (bm)a=b(ma).

Ce bimodule donne naissance & deux foncteurs

Hom 4(M,?)

CA CB.

2@ M



1.4. FONCTEURS DERIVES 9

Pour tout A-module dg X, le B-module dg Hom (M, ?) est défini comme dans la définition
[[.33); sa structure de B-module est déduite de celle de M. Pour tout B-module dg Y, le
A-module dg Y ®p M est le quotient du k-module dg Y ®; M défini comme suit :

~ pour tout entier i, (Y @ M)' = @;, ;Y7 ® M*;

— la différentielle est donnée par d = dy ® idy; + idy ® dyy,
par le sous-module dg engendré par les éléments de la forme y ® bx —yb® x, avec y € Y,
beBetzeX.

Ces deux foncteurs forment une adjonction (? ® g M, Homa(M,?)). On vérifie qu’ils

induisent des foncteurs
Homp (M,?)

HA HDB.

?®BM

entre les catégories d’homotopie. Cependant, de maniére générale, ils n’induisent pas de
foncteurs entre les catégories dérivées. Un outil pour résoudre ce probléme est la notion
de remplacements fibrant et cofibrant.

Définition 1.4.1. 1. Un A-module dg P est cofibrant si, pour tout quasi-isomorphisme
s: X — Y qui est surjectif en chaque degré, on a que

Home (P, X) —> Homea(P,Y)

est surjectif.

2. Un A-module dg I est fibrant si, pour tout quasi-isomorphisme ¢ : X — Y qui est
injectif en chaque degré, on a que
Homea (Y, ) —=~ Homea (X, I)
est surjectif.

Proposition 1.4.2 ([54]). Le foncteur naturel HA — DA admet un adjoint d gauche p
et un adjoint a droite i tels que, pour tout objet M de DA,

— pM est cofibrant et iM est fibrant, et

— il existe des quasi-isomorphismes pM — M et M — iM.

L’objet pM de HA est un remplacement cofibrant de M, et 'objet iM est un rempla-
cement fibrant de M.

Définition 1.4.3. Soit M un B-A-bimodule dg.
— Le produit tensoriel dérivé a gauche est le foncteur ?(X%M donné par la composition

2@ M

DB -—L-#B HA DA.
— Le foncteur Hom dérivé a droite est le foncteur RHom 4 (M, 7) donné par la compo-
sition
. ?
pA—toq MmO 0y DB

Notons que ces deux définitions donnent une adjonction (? ®@% M, RHom (M, ?)) de
foncteurs triangulés.






Chapter 2

Summary of results

This thesis takes part in the categorification of S. Fomin’s and A. Zelevinsky’s cluster
algebras by means of triangulated categories. The main contribution that it contains is
the study of the generalized cluster category of C. Amiot in the case when its morphism
spaces are of infinite dimension. In this chapter, we give a short summary of the main
results of this work.

The thesis is organized as follows. In Chapter [3] we study the cluster category in
the case where its morphism spaces are infinite-dimensional. We prove the existence of a
cluster character in the sense of Y. Palu. In Chapter |4 we apply the results thus obtained
to prove several conjectures of S. Fomin and A. Zelevinsky for any skew-symmetric cluster
algebra. In Chapter 5| we turn to the problem of the construction of generic bases for
cluster algebras by using our setup.

The results of Chapters [3| and 4 were published in [70] and [69], respectively. Those of
Chapter [5| were the subject of a short talk given at the Oberwolfach workshop Represen-
tation Theory of Quivers and Finite Dimensional Algebras.

2.1 Cluster categories with infinite-dimensional morphism
spaces

Let (Q,W) be a quiver with potential in the sense of [22]. Then one can define
a differential graded algebra I' from (Q, W), called the complete Ginzburg dg algebra,
following [42]. Let DI" be the derived category of ', per I' be its perfect derived category,
and D4l be the full subcategory of DI' consisting of objects with finite-dimensional total
homology. Then, following [2], we define the (generalized) cluster category of (Q, W) as
the triangulated quotient

CQ,W = per F/'Dde.

If (Q,W) is Jacobi-finite, then it was proved in [2] that Cow has finite-dimensional
morphism spaces, that it is 2-Calabi-Yau (that is, we have bifunctorial isomorphisms
Exts(X,Y) = DExt}(Y, X)) and that the object I' is cluster-tilting (that is, it has no
self-extensions, and if Exté(f‘, X) =0, then X belongs to addI'). However, none of these
properties hold if (Q, W) is not Jacobi-finite.

The approach that we use to study the cluster categories with infinite-dimensional
morphism spaces is to restrict ourselves to subcategories of Cg w .

Definition (Section [3.2.6). Let T be any triangulated category, and let T be an object of
T. Define pr+T to be the full subcategory of T whose objects are those X such that there
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exists a triangle
T T X 3T,

with Ty and Ty in add T'.

Definition (3.3.9). The subcategory D of Cow is the full subcategory of preX T NpreT
whose objects are those X such that Exté(F,X) 1s finite-dimensional.

These subcategories allow us to recover the good properties that we had in the case
where (Q, W) was Jacobi-finite.

Proposition (3.2.7). The subcategory prcl' depends only on the mutation class of T'.

Proposition (3.2.16). Let X be an object of prol’ UpreX'T and Y be an object of prcT.
Then there exists a bifunctorial bilinear form

Bxy : Home(X,Y) x Home (Y, 52X) — k.

which is non-degenerate. In particular, if one of the two spaces is finite-dimensional, then
so is the other.

We also get a theorem which allows us to gain some control over the mutation in the
derived category DI'. As proved in [58], mutations can be viewed as derived equivalences.
Let I'" be the complete Ginzburg dg algebra of the mutated quiver with potential fi;(Q, W).
For any vertex j of @, let I'; = ¢;I" and T, = ¢;I".

Theorem ([58], Theorem 3.2). 1. There is a triangle equivalence fi; from D(I') to
D(T') sending F; to I'; if i # j and to the cone I'] of the morphism

Fi — @Ft(a)

whose components are given by left multiplication by « if i = j. The functor ﬁj
restricts to triangle equivalences from perI” to perI' and from Dgql” to Dyl

2. Let Tyeq and T, be the complete Ginzburg dg algebra of the reduced part of (Q, W)
and [i;(Q, W), respectively. The functor /];r induces a triangle equivalence M;r :
D(T".,;) — D(Tyeq) which restricts to triangle equivalences from per I, to perD'yeq

and from Dgql" 5 to Dgalreq.
Denote the quasi-inverse of fij” by fi; . Then we get the following theorem.

Theorem . Let T be the complete Ginzburg dg algebra of a non-degenerate quiver
with potential (Q,W). Let (1,€2,...,6,—1) be a sequence of signs. Let (i1,...,i,) be
a sequence of vertices, and let T = @, cq,T; be the image of L") by the sequence of
equivalences

~ep_1 ~eq

pre' M pr) — pr

Suppose that T; lies in prpprl’ for all vertices j of Q. Then there ewists a unique sign e,
~g1 ~€9

such that all summands of the image of T+ by O ﬁf: lie in prppl.
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2.2 Cluster characters

Let (@, W) be a quiver with potential. On the subcategory D of Cgw, we can define
a cluster character in the sense of Y. Palu [68].

Definition . A cluster character on Cqw with values in a commutative ring A is
a map
x:0bj(D) — A

satisfying the following conditions :

—if X and 'Y are two isomorphic objects in D, then we have x(X) = x(Y);

— for all objects X andY of D, x(X ®Y) = x(X)x(Y);

~ (multiplication formula) for all objects X andY of D such that dim Ext}(X,Y) =1,

the equality

X(X)x(Y) = x(E) + x(E')
holds, where X — E —Y — XX and Y — E' — X — XY are non split
triangles.

For any object X of D, define the index of X (with respect to I') as the element of
Ky(addT) given by
lndp X = [ ] [Tl]

where Ty and T} are objects of add I' such that there exists a triangle

Ty Th X XT.

Lemma (3.3.6). Let X be an object in D. Then the sum indr X +indr X1 X only depends
on the dimension vector d of Ext}(T', X) viewed as an Ende(T")-module. Denote this sum

by v(d).

Define the map
X5 : 0bj(D) — Q(x1,...,7p)
as follows: for any object M of D, put

X, = merZ (Gre(Extd(T, M)))a(e),

where x is the Euler—Poincaré characteristic.

Theorem (3.3.12). The map X4 defined above is a cluster character on C.

2.3 Application to cluster algebras

We can use the cluster character defined above to interpret the combinatorics of cluster
algebras inside the cluster category. This can be done for arbitrary skew-symmetric cluster
algebras.

Theorem (3.4.1). Let (Q, W) be a non-degenerate quiver with potential. Then the cluster
character X induces a surjection from the set of isomorphism classes of indecomposable
reachable objects of D to the set of cluster variables of the cluster algebra associated with

Q.

In [31] were defined combinatorial objects related to cluster algebras, namely g-vectors
and F-polynomials. The authors then formulated several conjectures:
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(5.4) every F-polynomial has constant term 1;

(6.13) the g-vectors of the cluster variables of any given seed are sign-coherent in a sense
to be defined;

(7.2) cluster monomials are linearly independent;

(7.10) different cluster monomials have different g-vectors, and the g-vectors of the clus-
ter variables of any cluster form a basis of Z";

(7.12) the mutation rule for g-vectors can be expressed using a certain piecewise-linear
transformation.

We now work with cluster algebras with coefficients (of geometric type). That is, we
consider an ice quiver (in the sense of [32]) with mutable vertices 1 to r and frozen vertices
r+1 ton. We let F' be the set of frozen vertices. The cluster variables are then obtained
by iterated mutations at mutable vertices.

Definition (4.3.2)). Let U be the full subcategory of D whose objects are those X such that
Exté(Fj,X) vanishes, for j=r+1,...,n.

Using this definition, we get that g-vectors in the cluster algebra correspond to indices
in the cluster category.
Proposition (4.3.6). Let M be an object of U. Then X, admits a g-vector. This g-vector
is (g1,-..,9r), where g; = [indpr M : T';].

Moreover, we have the following property.

Proposition (4.3.1). Objects of prel' which have no self-extensions are determined by
their index.

This allows us to prove several conjectures of [31].

Theorem (4.3.7). Let (Q,F) be an ice quiver whose matriz if of full rank r. Then con-
jectures (6.13), (7.2), (7.10) and (7.12) hold for the associated cluster algebra.

Theorem (4.3.13). Conjecture (5.4) holds.

2.4 Link with decorated representations

Decorated representations of quivers with potential and their mutations were intro-
duced in [22], along with their F-polynomials, g-vectors, h-vectors and E-invariants. Let
(Q,W) be a non-degenerate quiver with potential. We define two maps ® and ¥ be-
tween the set of isomorphism classes of objects of D and the set of isomorphism classes of
decorated representations of (Q, W) as follows:

isoclasses of PN isoclasses of decorated
objects of D representations of (Q, W)
X=Xa&PEeh)™ — oX)=(FX, PS;)™)
i=1 i=1

UY(M)=MaoP(eD)™ +— M= (MEPS™),
i=1 =1

where F' = Ext}(T,?), and M is a lift of M through F having no direct summands in
addT.

Then we get several properties showing that the theory of decorated representations
and the theory of cluster categories are consistent with one another.
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Proposition (4.4.1). With the above notations, ® and U are mutual inverse maps. More-
over, if i € Qg is not on any cycle of length < 2, and if (Q",\W') = ;(Q, W), then for
any object X of D, we have that

Do w (17 (X)) = fii(Po,w (X)),
where the functor fi; is as defined after Theorem .

Proposition (4.4.6). Let X be an object of D. Then we have the equality

FX(-:L'H—I’ ce ,.Cl:‘n) = F@(X)(xr+17- . .,.’L’n).

Proposition (4.4.8). Let (Q,W) be a quiver with potential, and let C be the associated
cluster category. Let X be an object of D. Let go(x) = (g1,---,9n) be the g-vector of the
decorated representation ®(X). Then we have the equality

g; = [indp X: Fz]
for any vertex i of Q.

Corollary (4.4.9). For any decorated representation M = (M, V') of a quiver with poten-
tial (Q, W), we have the equality

hi = —dim HomJ(Q,W) (SZ, M)
for any vertex ¢ of Q.
Proposition (4.4.15). Let (Q, W) be a quiver with potential, and let C be the associated
cluster category. Let X and Y be objects of D. Then we have the following equalities:
1. EM™(®(X),®(Y)) = dim(XT)(X, XY);
2. EV™(P(X),®(Y)) = dim(Z0) (X, XY) + dim(XT)(Y, XX);
3. E(®(X)) = (1/2)dim Hom¢ (X, ¥ X),

where (XT)(X,Y) is the subspace of Home(X,Y) containing all morphisms factoring
through an object of add XI".

2.5 Indices and generic bases

In the last chapter of this thesis, we show how, in some cases, we can construct a basis
of the cluster algebra from the set Kyp(addI') of indices in the cluster category. For this
section, we assume that (Q, W) is non-degenerate and Jacobi-finite.

Definition (5.2.2)). Define the map
I: Ko(addT) — Q(z1,...,zy)

as follows: for any [Ty] — [T1] € add T, let I([Ty] — [T1]) be the generic value taken by the
constructible function X' () for f taken in Home (17, Tp).

cone

Theorem . The image of I lies in the upper cluster algebra associated with Q). If
the matriz of Q is of full rank, then the elements in the image of I are linearly independent
over Z. If (Q,W) arises from the setting of [35], then the image of I is the basis of the
cluster algebra Ag found in that paper.
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In their construction of a basis for cluster algebras, the authors of [35] consider strongly
reduced components of the variety rep(A) of finite-dimensional representations of the Ja-
cobian algebra A of (Q,W). These components can be obtained from the set of indices.

Theorem (5.1.2). There exists a canonical surjection
U : Kog(add A) — {strongly reduced components of rep(A)}.

Two elements & and &' have the same image by ¥ if, and only if, their canonical decom-
positions (in the sense of H. Derksen and J. Fei [20]) can be written as

§=0®0 and & DI,
with 61 and &} non-negative.

One can define the operation of mutation on the set of indices, and with this definition,
the following result holds.

Theorem (5.1.3). The map I commutes with mutation.

Finally, these results allow us to prove part of Conjecture 4.1 of [27] in the case where
(Q, W) is Jacobi-finite. This conjecture states that there exists a bijection

7" — E(A),

where E(A) is the subset of the cluster algebra consisting of elements which are Laurent
polynomials with positive coefficients in the cluster variables of every cluster, and which
cannot be written as a sum of two or more such elements, such that:

1. the bijection commutes with mutation (where the mutation in Z" is defined in [27));
2. an element (ai,...,a,) of Z™ with non-negative coefficients is sent to the element
H;L:l :L,‘(;J ;
3. the set E(A) is a Z-basis of the upper cluster algebra .Aa
Theorem (5.6.2). Let (Q,W) be a non-degenerate, Jacobi-finite quiver with potential.

Then the map
[:7" = addl — Af

satisfies conditions 1 and 2 above. If, moreover, (Q, W) arises from the setting of [35],
then the image of I satisfies condition 3.



Chapter 3

Cluster characters

3.1 Introduction

In their series of papers [29], [30], [5] and [31] published between 2002 and 2007,
S. Fomin and A. Zelevinsky, together with A. Berenstein for the third paper, introduced
and developped the theory of cluster algebras. They were motivated by the search for a
combinatorial setting for total positivity and canonical bases. Cluster algebras are a class
of commutative algebras endowed with a distinguished set of generators, the cluster vari-
ables. The cluster variables are grouped into finite subsets, called clusters, and are defined
recursively from initial variables by repeatedly applying an operation called mutation on
the clusters. Recent surveys of the subject include [75], [40] and [50].

Cluster categories were introduced by A. Buan, R. Marsh, M. Reineke, I. Reiten and
G. Todorov in [10], and by P. Caldero, F. Chapoton and R. Schiffler in [I1] for the A,
case, in order to give a categorical interpretation of mutation of cluster variables. In
[12], P. Caldero and F. Chapoton used the geometry of quiver Grassmannians to define
a map which, as they showed, yields a bijection from the set of isomorphism classes of
indecomposable objects of the cluster category of a Dynkin quiver to the set of cluster
variables in the associated cluster algebra. It was proved by P. Caldero and B. Keller in
[13] that, for cluster algebras associated with acyclic quivers, the Caldero-Chapoton map
induces a bijection between the set of isomorphism classes of indecomposable rigid objects
and the set of cluster variables.

Using the notion of quiver with potential as defined in [22], C. Amiot generalized the
definition of cluster category in [2]. In the case where the quiver with potential is Jacobi-
finite, the cluster character of Y. Palu introduced in [68] sends reachable indecomposable
rigid objects of the (generalized) cluster category to cluster variables.

Another approach for the categorification of cluster algebras is studied by C. Geiss,
B. Leclerc and J. Schréer in [37], [38], [39] and [34] where the authors use the category of
modules over preprojective algebras of acyclic type.

In both cases, the categories encountered enjoy the following properties: (1) they
are Hom-finite, meaning that the spaces of morphisms between any two objects is finite-
dimensional; and (2) they are 2-Calabi—Yau in the sense that for any two objects X and
Y, there is a bifunctorial isomorphism

Ext!(X,Y) = DExt! (Y, X).

In this chapter, we study a version of Y. Palu’s cluster characters for Hom-infinite
cluster categories, that is, cluster categories with possibly infinite-dimensional morphism
spaces. This cluster character L — X is not defined for all objects L but only for those



18 CHAPTER 3. CLUSTER CHARACTERS

in a suitable subcategory D, which we introduce. We show that D is mutation-invariant
(in a sense to be defined) and that, for any objects X and Y of D, there is a bifunctorial
non-degenarate bilinear form

Hom (X, YY) x Hom(Y, LX) —» k

(this can be thought of as an adapted version of the 2-Calabi—Yau property).

The category D is equivalent to a k-linear subcategory of a certain derived category
(the analogue of C. Amiot’s fundamental domain F in [2]). We show that this subcategory
also enjoys a certain property of invariance under mutation, as was first formulated as a
“hope” by K. Nagao in [66].

The main feature of the definition of the subcategory D is the requirement that for
any object X of D, there exists a triangle

T — T — X — u7%

where TOX and T3¥ are direct sums of direct summands of a certain fixed rigid object T'.
This allows a definition of the index of X, as in [I8] and [68].

The main result of this chapter, besides the definition and study of the subcategory
D, is the proof of a multiplication formula analogous to that of [68]: if X and Y are two
objetcts of D such that the spaces Hom(X,XY) and Hom(Y,XX) are one-dimensional,
and if

X E Y X and Y E’ X XY

are two non-split triangles, then we have the equality
XXy = X+ Xp.

This cluster character is in particular defined for the cluster category of any non-
degenerate quiver with potential in the sense of [22] (be it Jacobi-finite or not), and thus
gives a categorification of any skew-symmetric cluster algebra. Applications to cluster
algebras will be the subject of a subsequent paper by the author.

In a different setting, using decorated representations of quivers with potentials, a cate-
gorification of any skew-symmetric cluster algebra was obtained by H. Derksen, J. Weyman
and A. Zelevinsky in the papers [22] and [2I], and these results were used by the authors
to prove almost all of the conjectures formulated in [31].

The chapter is organized as follows.

In Section the main results concerning cluster categories of a quiver with potential
and mutation are recalled. In particular, we include the interpretation of mutation as
derived equivalence, after [58]. The subcategory pryI', needed to define the subcategory
D, is introduced and studied from Subsection [3.2.6] up to the next section. In Subsection
3.2.8, we prove a result on the mutation of objects in the derived category, confirming
K. Nagao’s hope in [66]. With hindsight, a precursor of this result is [46, Corollary 5.7].

Section is devoted to the definition of the cluster character X5. After some prelim-
inary results, it is introduced in Subsection [3.3.3] together with the subcategory D. The
multiplication formula is then proved in Subsection [3.3.5

Finally, a link with skew-symmetric cluster algebras is given in Section [3.4]

Throughout the chapter, the symbol k will denote an algebraically closed field. When
working with any triangulated category, we will use the symbol ¥ to denote its suspension
functor. An object X of any such category is rigid if the space Home (X, ¥X) vanishes.
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3.2 Cluster category

In this section, after a brief reminder on quivers with potentials, the cluster category
of a quiver with potential is defined after [2]. Mutation in the cluster category is then
recalled. Finally, we construct a subcategory on which a version of the cluster character
of [68] will be defined in Section

3.2.1 Skew-symmetric cluster algebras

We briefly review the definition of (skew-symmetric) cluster algebras (the original
definition appeared in [29] using mutation of matrices; the use of quivers was described,
for example, in [30, Definition 7.3] in a slightly different way than the one used here, and
in [41l Section 1.1]). This material will be used in Section

A quiver is a quadruple @ = (Qo, Q1, s,t) consisting of a set Qo of vertices, a set Q;
of arrows, and two maps s,t: ()1 — Qo which send each arrow to its source or target. A
quiver is finite if it has finitely many vertices and arrows.

Let @ be a finite quiver without oriented cycles of length at most 2. We will denote the
vertices of () by the numbers 1,2,...,n. Let i be a vertex of (). One defines the mutation
of @ at i to be the quiver u;(Q) obtained from @ in three steps :

1. for each subquiver of the form j —%=4 by , add an arrow [ba] from j to

2. for each arrow a such that s(a) =i or t(a) = i, delete a and add an arrow a* from
t(a) to s(a) (that is, in the opposite direction);

3. delete the arrows of a maximal set of pairwise disjoint oriented cycles of length 2
(which may have appeared in the first step).

A seed is a pair (Q,u), where @ is a finite quiver without oriented cycles of length at
most 2, and u = (uy,us,...,u,) is an (ordered) free generating set of Q(z1,xa,...,xy).
Recall that n is the number of vertices of Q.

If i is a vertex of @, the mutation of the seed (Q,u) is a new seed, say (Q',u') =
(uf,ub, ... ul)), where

~ @' is the mutated quiver p;(Q);

— u} = uj whenever j # i;

—  is given by the equality

vui= [ z@+ I )

ate,t(a):i bte’s(b):l

Definition 3.2.1. Let @ be a finite quiver without oriented cycles of length at most 2.
Define the initial seed as the seed (Q,x = (z1,22,...,2y)).
— A cluster is any set u appearing in a seed (R, u) obtained from the initial seed by a
finite sequence of mutation.
— A cluster variable is any element of a cluster.
— The cluster algebra associated with @ is the Q-subalgebra of the field of rational
functions Q(x1,x2,...,z,) generated by the set of all cluster variables.

3.2.2 Quivers with potentials and their mutation

‘We recall the notion of quiver with potential from [22]. Let @ be a finite quiver. Denote
by kQ its completed path algebra, that is, the k-algebra whose underlying k-vector space

is
H kw

w path



20 CHAPTER 3. CLUSTER CHARACTERS

and whose multiplication is deduced from the composition of paths by distributivity (by
convention, we compose paths from right to left). It is a topological algebra for the m-adic
topology, where m is the ideal of k(@) generated by the arrows of (). A potential on Q is
an element W of the space

Pot(Q) = kQ/C,

where C' is the closure of the commutator subspace [EZ), E@] in m In other words, it is a
(possibly infinite) linear combination of cyclically inequivalent oriented cycles of ). The
pair (Q, W) is a quiver with potential.

Given any arrow a of @, the cyclic derivative with respect to a is the continuous linear
map 0J, from Pot(Q) to kQ whose action on (equivalence classes of) oriented cycles is
given by

Oalby - +babr) = > bi—1bi—o- - bibrby_1 - biy1.
bi=a
The Jacobian algebra J(Q, W) of a quiver with potential (Q, W) is the quotient of the
algebra E@ by the closure of the ideal generated by the cyclic derivatives d,W, as a ranges
over all arrows of Q. In case J(Q, W) is finite-dimensional, (Q, W) is Jacobi-finite.

The above map is generalized as follows. For any path p of @, define J, as the linear

map from Pot(Q) to m whose action on any (equivalence class of) oriented cycle ¢ is

given by
Op(c) = Z vu + Z w,
c=upv C=p1wp2
p=p2p1

where the sums are taken over all decompositions of ¢ into paths of smaller length, with
u, v and w possibly trivial paths, and p; and ps non-trivial paths.

Let (Q,W) be a quiver with potential. In order to define the mutation of (Q,W) at
a verter ¢, we must recall the process of reduction of a quiver with potential. Let A be
the k-algebra given by @,cq, kei, where e; is the idempotent associated with the vertex
i. Two quivers with potentials (Q, W) and (Q',W’) are right-equivalent if Qo = Q) and
there exists an A-algebra isomorphism ¢ : k:/@ — k@ sending the class of W to the class
of W in Pot(Q'). In that case, it is shown in [22] that the Jacobian algebras of the two
quivers with potentials are isomorphic.

A quiver with potential (Q, W) is trivial if W is a (possibly infinite) linear combination
of paths of length at least 2, and J(Q, W) is isomorphic to A. It is reduced if W has no
terms which are cycles of length at most 2.

The direct sum of two quivers with potentials (Q, W) and (Q', W’) such that Qo = Q)
is defined as being (Q", W + W'), where Q" is the quiver with the same set of vertices as
Q@ and Q" and whose set of arrows is the union of those of @ and @'.

Theorem 3.2.2 (([22], Theorem 4.6 and Proposition 4.5)). Any quiver with potential
(Q, W) is right equivalent to a direct sum of a reduced one (Qreq, Wred) and a trivial one
(Qtrivs Wiriv), both unique up to right-equivalence. Moreover, J(Q,W) and J(Qred, Wred)
are isomorphic.

We can now define the mutation of quivers with potentials. Let (Q, W) be a quiver
with potential, and let £ be a vertex of () not involved in any cycle of length < 2. Assume
that W is written as a series of oriented cycles which do not begin or end in ¢ (W is always
cyclically equivalent to such a potential). The mutation of (Q, W) at vertex ¢ is the new
quiver with potential u(Q, W) obtained from (Q, W) as follows.

b
1. For any subquiver i —%= ¢ —>] of @, add an arrow 1 ij
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2. Delete any arrow a incident with £ and replace it by an arrow a* going in the opposite
direction; the first two steps yield a new quiver Q).

3. Let W be the potential on Q defined by W = [W] + 3 a*b*[ba], where the sum

is taken over all subquivers of Q of the form i —==/ LA j, and where [W] is
obtained from W' by replacing each occurence of ba in its terms by [ba]. These three
steps yield a new quiver with potential i,(Q, W) = (Q, W).

The mutation py(Q, W) is then defined as the reduced part of fi,(Q,W). Note that
we(Q, W) might contain oriented cycles of length 2, even if (Q, W) did not. This prevents
us from performing iterated mutations following an arbitrary sequence of vertices.

A vertex i of (Q,W) which is not involved in any oriented cycle of length < 2 (and
thus at which mutation can be performed) is an admissible vertex. An admissible sequence
of vertices is a sequence i = (i1,...,1s) of vertices of @) such that i; is an admissible vertex
of (Q,W), and iy, is an admissible vertex of fiy,—1pm—2---p1(Q, W), for 1 <m < s. In
that case, we denote by p;(Q, W) the mutated quiver with potential prgps—1 - - p1(Q, W).

A quiver with potential is non-degenerate if any sequence of vertices is admissible.
Since we work over an algebraically closed field, the following existence result applies.

Proposition 3.2.3 ([22], Corollary 7.4). Suppose that Q is a finite quiver without oriented
cycles of length at most 2. If the field k is uncountable, then there exists a potential W on
Q@ such that (Q, W) is non-degenerate.

3.2.3 Complete Ginzburg dg algebras

Let (Q,W) be a quiver with potential. Following Ginzburg in [42], we construct a
differential graded (dg) algebra I' =T'g w as follows.

First construct a new graded quiver Q from Q. The vertices of Q) are those of Q; its
arrows are those of @ (these have degree 0), to which we add

— for any arrow a : i — j of ), an arrow a* : j — i of degree —1;

— for any vertex i of ), a loop ¢; : i — 7 of degree —2.

Then, for any integer %, let

= H kw.

w path of degree @

This defines the graded k-algebra structure of I'. Its differential d is defined from its action
on the arrows of Q. We put

— d(a) = 0, for each arrow a of Q;

— d(a*) = 9, W, for each arrow a of Q;

—d(t;) = ei(ZaEQl(aa* - a*a))ei, for each vertex i of Q.

The differential graded algebra I' thus defined is the complete Ginzburg dg algebra of
(Q,W). Tt is linked to the Jacobian algebra of (Q, W) as follows.

Lemma 3.2.4 ([58], Lemma 2.8). With the above notations, J(Q,W) is isomorphic to
HT.

3.2.4 Cluster category

Keep the notations of Section
Denote by DI' the derived category of I' (see [54] or [568] for background material on
the derived category of a dg algebra). Consider I' as an object of DI'. The perfect derived
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category of I is the smallest full triangulated subcategory of DI' containing I' and closed
under taking direct summands. It is denoted by perI'.

Denote by Dy4I" the full subcategory of DI' whose objects are those of DI' with finite-
dimensional total homology. This means that homology is zero except in finitely many
degrees, where it is of finite dimension. As shown in [58, Theorem 2.17], the category
Dyql is a triangulated subcategory of perI'.

Moreover, we have the following relative 3-Calabi-Yau property of D4l in DI'.

Theorem 3.2.5 ([56], Lemma 4.1 and [51], Theorem 6.3). For any objects L of DI' and
M of Dyql', there is a canonical isomorphism

D Hompr(M, L) — Hompr(X 3L, M)
functorial in both M and L.

Following |2, Definition 3.5] (and [58), Section 4] in the non Jacobi-finite case), we define
the cluster category of (Q,W) as the idempotent completion of the triangulated quotient
(perI") /Dgql’, and denote it by C = Cow .

In case (Q, W) is Jacobi-finite, Cg w enjoys the following properties ([2, Theorem 3.6
and [57, Proposition 2.1]) :

— it is Hom-finite;

— it is 2-Calabi—Yau;

— the object I" is cluster-tilting in the sense that it is rigid and any object X of C such

that Home(I', ¥X) = 0 is in add I';
— any object X of C admits an (addT')-presentation, that is, there exists a triangle
X T X YT, with T{¥ and Ty* in add T.

As we shall see later, most of these properties do not hold when (Q, W) is not Jacobi-

finite.

3.2.5 Mutation in C

Keep the notations of the previous section. Let ¢ be a vertex of () not involved in any
oriented cycle of length 2. As seen in Section one can mutate (Q,W) at the vertex
1.

In the cluster category, this corresponds to changing a direct factor of I'. Let I be
the complete Ginzburg dg algebra of fi;(Q, W). For any vertex j of @, let I'; = e;I" and
I =eI".

J J

Theorem 3.2.6 ([58], Theorem 3.2). 1. There is a triangle equivalence fij from D(I")
to D(I') sending T; to T'; if i # j and to the cone I} of the morphism

Iy — @Ft(a)

whose components are given by left multiplication by o« if i = j. The functor ﬁj
restricts to triangle equivalences from perI” to per' and from Dyl to Dgql .

2. Let T'yeq and T, be the complete Ginzburg dg algebra of the reduced part of (Q, W)
and [1;(Q,W), respectively. The functor ﬁj induces a triangle equivalence uj :
D(I.,;) — D(Tyeq) which restricts to triangle equivalences from perI' . to perT'yeq

and from Dgql" ; to Dyalreq.
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The object I'; @ @, I'; in DI is the mutation of I' at the vertez i, and we denote it
by i (T").

Note that in part (2) of the above theorem, e;I" _, is still sent to e;I'¢q if 7 # j and to
the cone F:ed’i of the morphism

eirred — @ 6t(oz)l—\red
(0%
whose components are given by left multiplication by « if i = j.
For instance, if (iy,i2,...,%,) is an admissible sequence of vertices, then we get a
sequence of triangle equivalences

pr) — .. —or — pr,

where T'U) is the complete Ginzburg dg-algebra of fijfij_y - - - Wiy (Q, W), for any j €
{1,2,...,7}. We denote the image of I'") in DT by pu; pi,_, - - - iy (T).
We now remark some consequences of 3.2.6] on the level of cluster categories. First,
there are induced triangle equivalence C, (o w) — Cow and Cy,qw) — Cow-
Moreover, as shown in Section 4 of [58], the cone of the morphism

@ Fj — I

B:j—i
whose components are given by left multiplication by 3 is isomorphic to XI'} in C. Hence
we have triangles in C

ri— @Pr,—TIf—3 and T} — P TI; — T — 5T,

ai—jg aj—1

and dim Home (I'j, XI'}) = d;; (see [58, Section 4]).
If (Q, W) is non-degenerate and reduced, then any sequence of vertices i1, ..., i, yields
a sequence of triangle equivalences

Cﬂir'“ﬂil(QvW) ... Cﬂh(Q’W) — Cow

sending I', . (@w) 1O Hi, .- iy (To.w)-

3.2.6 The subcategory pr.I'

Since in general the cluster category does not enjoy the properties listed in Section
[3.2.4] we will need to restrict ourselves to a subcategory of it.

Let 7 be any triangulated category. For any subcategory 7’ of T, define ind 7" as
the set of isomorphism classes of indecomposable objects of T contained in 7’. Denote
by add 7’ the full subcategory of 7 whose objects are all finite direct sums of direct
summands of objects in 7’. The subcategory T is rigid if, for any two objects X and Y
of 7/, Hom7(X,XY) = 0.

Finally, define pr-7" as the full subcategory of 7 whose objects are cones of morphisms
in add 77 (the letters “pr” stand for presentation, as all objects of pr+- 7" admit an (add 7”)-
presentation). In the notations of [4, Section 1.3.9], this subcategory is written as (add 77)x
(add 277).

As we shall now prove, the category pr+7" is invariant under “mutation” of 7”.

Recall that a category T’ is Krull-Schmidt if any object can be written as a finite
direct sum of objects whose endomorphism rings are local. Note that in that case, we
have 7' = add T".
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Proposition 3.2.7. Let R and R’ be rigid Krull-Schmidt subcategories of a triangulated
category T. Suppose that there exist indecomposable objects R of R and R* of R’ such
that ind R \ {R} = ind R' \ {R*}. Suppose, furthermore, that dim Homy(R,XR*) =
dim Hom7(R*,XR) = 1. Let

R—F—R'—YYR and R* —F — R — XR*

be non-split triangles, and suppose that E and E’ lie in RNR'.
Then pryR = pryR’.

PROOF In view of the symmetry of the hypotheses, we only have to prove that any
object of prR is an object of pryR’.

Let X be an object of pr+R. Let T — Ty — X — X177 be a triangle, with 77 and
TO in R.

The category R being Krull-Schmidt, one can write (in a unique way up to isomor-
phism) Ty = To & R™, where R is not a direct summand of T|.

The composition Ty @ (E')™ — Ty & R™ — X yields an octahedron
W

]

Now write Ty = T1 @ R™. Then we have a triangle
(R — W —-T1 @ R* = (SR*)™.

Since Hom7 (T, X R*) = 0 and dim Hom7 (R, XR*) = 1, by a change of basis, we can write

¢ in matrix form as
I,x | 0
0|0

where x is a non-zero element of Homy (R, ¥R*). Therefore W is isomorphic to (E’)" &
RnT P (R*)m—r ) Tl-

Now, we have a triangle W — To @ (E')™ — X — SW. Compose 71X — W
with W = (E') @ R* " @ (R* )" " T, — (E')" @ E" " & (R*)™ " & T (the second
term is changed) to get an octahedron
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En’/‘® R*WT@Tl

/

The morphism (R*)"™" — TO ® (E’) is zero, so the triangle Ty @ (E")™ — V —
(R*)"" — X(To & (E')™) splits, and V is isomorphic to (R*)"™" & Ty & (E')™
Hence we have a triangle

(E)Y @ B @ (R &T) — (R)" " @To® (E)™ — X —> ...,

proving that X belongs to prR’. This finishes the proof. O

Corollary 3.2.8. Let C be the cluster category of a quiver with potential (Q,W). For any
admissible sequence (i1,...,i,) of vertices of Q, the following equality holds :

prel’ = pre (Mu . Mn(r))-

Proor We apply Proposition and use induction on r. That addI is a Krull-
Schmidt category is shown in Corollary [3.2.12] below. We also need that I is a rigid object
of C ; this follows from Proposition [3.2.10| below. O

3.2.7 Properties of pr.I'

Let C be the cluster category of a quiver with potential (Q,W). We will prove in
this section that the subcategory prcoI' enjoys versions of some of the properties listed in
Section [3.2.4]

We denote by D< (and D> respectively) the full subcategory of DI" whose objects are
those X whose homology is concentrated in non-positive (and non-negative, respectively)
degrees. Recall that D<o and Dx( form a t-structure; in particular, Hompr(D<g, D>1)
vanishes, and for each object X of DI', there exists a unique (up to a unique triangle
isomorphism) triangle

TS()X — X — Tle — ETS()X

with TSOX in DSO and Tle in Dzl.

Lemma 3.2.9. If X and Y lie in prprl’, then the quotient functor perI' — C induces
an isomorphism
Hompr(X,Y) — Home(X,Y).

PrOOF Let X and Y be as in the statement. In particular, X and Y lie in D<oI".
First suppose that a morphism f : X — Y is sent to zero in C. This means that f
factors as

X2ty
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with M in Dyql'. Now, X = 7<1 X, so g factors through 7<1 M, which is still in Dy4. Using
Theorem we have an isomorphism

D Hompr(1<1M,Y) — Hompr (Y, 237« M).
The right hand side of this equation is zero, since Hompr(Y,D<_oI') = 0. Hence

f = 0. This shows injectivity.
To prove surjectivity, consider a fraction

x-Joyro vy,

where the cone of s is an object N of Dgyl'.
The following diagram will be helpful.

Y Y
s t
Xty Ly

T<oN —— N ——= 11N
h

YY =—=3%Y

We have that Hompr(7<oN, XY) is isomorphic to D Hompr(Y, X27<oN) because of
Theorem and this space is zero since Hompr (Y, D<_2) vanishes. Thus there exists a
morphism h : 71N — XY such that the lower right square of the above diagram commute.
We embed h in a triangle; this triangle is the rightmost column of the diagram.

We get a new fraction

gf t

X—Y'—Y

which is equal to the one we started with. But since X is in D<g and 751V is in D>q,
the space Hompr (X, 7>1/N) vanishes. Thus there exists a morphism ¢ : X — Y such
that gf = tf. It is easily seen that the fraction is then the image of ¢ under the quotient
functor.

Thus the map is surjective. O

Proposition 3.2.10. The quotient functor perI' — C restricts to an equivalence of
(k-linear) categories prppl’ — prel.

PROOF It is a consequence of Lemma that the functor is fully faithful.

It remains to be shown that it is dense. Let Z be an object of proI', and let 77 —
Ty — Z — X171 be an add I'-presentation. The functor being fully faithful, the mor-
phism 77 — Tp lifts in prprI’ to a morphism P, — Py, with Fy and P; in addI'. Its
cone is clearly sent to Z in C. This finishes the proof of the equivalence. O

As in [2], we have the following characterization of prppI', which we shall prove after

Corollary [3.2.12
Lemma 3.2.11. We have that that prppl’ = D<o N +D<_o NperT.
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Corollary 3.2.12. The category prcl is a Krull-Schmidt category.

ProOF In view of Proposition it suffices to prove that prppl is a Krull-
Schmidt category. It is shown in [58, Lemma 2.17] that the category per I' is a Krull-
Schmidt category. Since prprl' is a full subcategory of per I', it is sufficient to prove
that any direct summand of an object in prppI is also in prppl’. The equality prppl’ =
D<o LDg_g NperI of Lemma implies this property. Note that it also follows from
[47, Proposition 2.1], whose proof does not depend on the Hom-finiteness assumption. O

In order to prove Lemma we will need the following definition.

Definition 3.2.13. A dg I'-module M is minimal perfect if its underlying graded module

is of the form
N

D R,
j=1

where each R; is a finite direct sum of shifted copies of direct summands of I', and if its
differential is of the form d;,; + §, where d;,+ is the direct sum of the differential of the
Rj, and 6, as a degree 1 map from Gaj-vzl R; to itself, is a strictly upper triangular matrix
whose entries are in the ideal of I' generated by the arrows.

Lemma 3.2.14. Let M be a dg I'-module such that M is perfect in DI'. Then M is
quasi-isomorphic to a minimal perfect dg module.

Proor We will apply results of [6]. Using the notation of [6, Section 6.2], perI" is
equivalent to the category Tr(C'), where C is the dg category whose objects are vertices
of the quiver () and morphisms dg vector spaces are given by the paths of ). Thus any
object of perI' is quasi-isomorphic to a dg module as in Definition [3.2.13] where the entries
of § do not necessarily lie in the ideal generated by the arrows.

As a graded I'-module, any such object can be written in the form E“I‘jl B...0% Ly,
where each j, is a vertex of ) and each iy is an integer. Assume that i; < ... <4,. The
subcategory of objects wich can be written in this form, with ¢ < i; <4, < b, is denoted
by Cl@b!. According to [6, Lemma 5.2.1], C [@:8] is closed under taking direct summands.

Let X be an object of per I'. Then there are integers a and b such that X lies in Cl®?].
We prove the Lemma by induction on b — a.

If a = b, then 6 has to be zero, and X is minimal perfect.

Suppose that all objects of Cl%?! are isomorphic to a minimal perfect dg module when-
ever b — a is less or equal to some integer n > 0.

Let X be an object of Cl¥, with b —a = n+ 1. We can assume that X is of the form
YaTy, @...® YT, and that its differential is written in matrix form as

dginp, 2 o i
0 dEiQFjQ . e f27-
0 0 ... dyor,

where all the f,, are in the ideal generated by the arrows.

Suppose that iq = ig4+1 = ... =4, but i4_1 < iq. Then X is the cone of the morphism
from Eiq_lf‘jq D.. .@Zir-lf‘jr to the submodule X’ of X whose underlying graded module
is X1, @ ... @ X 1T, | given by the matrix
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e SMfignr oo XA
Sy EMogn o0 XM fo,
E_lfq—l,q 2_lfq—17q+1 Z_lfq—lﬂ“

whose entries are still elements of I'. Note that X’ lies in C[*~1. By the induction
hypothesis, X’ is quasi-isomorphic to a minimal perfect dg module. Thus we can assume
that f;; is in the ideal generated by the arrows, fori =1,2,...q—1and j =1,2,...,¢—1.

The rest of the proof is another induction, this time on the number of summands of
X of the form ¥™I'; (this number is r — g + 1).

If this number is 1, then X is the cone of a morphism given in matrix form by a
column. If this column contains no isomorphisms, then X is minimal perfect. Otherwise,
we can suppose that the lowest term of the column is an isomorphism ¢ (by reordering
the terms; note that if X’ contained any term of the form ¥™I';, we could not suppose
this, because by reordering the terms, the differential of X’ could then not be triangular
anymore). In this case, the morphism is a section, whose retraction is given by the matrix
(0,0,...,¢71). Thus X is quasi-isomorphic to a summand of X', and is thus in Clab-1],
By induction hypothesis, it is quasi-isomorphic to a minimal perfect.

If r — ¢ + 1 is greater than one, then X is obtained from X’ in the following recursive
fashion. Put Xy = X'/, and for an integer k > 0, let X}, be the cone of the morphism

S gkt
S o gkt

—1
YT fqrk—2,g4k—1

into Xj_1. Then X is equal to X, _41.

If one of these columns contains an isomorphism, we can reorder the terms so that the
isomorphism is contained in the first of these columns. Then, by the above reasoning, this
first column is a section, X is quasi-isomorphic to a dg module which has no summands
of the form ¥X™I'y, and X has only r — ¢ summands of this form. By induction, X is
quasi-isomorphic to a minimal perfect dg module. This finishes the proof.

O

PROOF (of Lemma ) It is easily seen that prppI’ in contained in D<gN+D<_oN
perI'. Let X bein D<g ﬂLDS_g Nper . Then X is quasi-isomorphic to a minimal perfect
dg module. Thus suppose that X is minimal perfect.

Let S; be the simple dg module at the vertex i. Since X is minimal perfect, the
dimension of Hompp (X, ¥PS;) is equal to the number of summands of X isomorphic to
YPT;, as a graded I'-module. Since X is in D<g N J‘DS_Q, this number is zero unless ¢ is
0 or 1. This proves that X is the cone of a morphism between objects of add I', and thus
X is in prppl U

We will need a particular result on the calculus of fractions in C for certain objects.
Recall that, for any two objects X and Y of perT', the space Hom¢ (X, XY) is the colimit
of the direct system (Hompr(X’,XY)) taken over all morphisms f : X’ — X whose cone
is in Dyql" .

Lemma 3.2.15. Let X and Y be objects of prprl'. Then the space Home(X, YY) is
the colimit of the direct system (Hompp (X', XY)) taken over all morphisms f: X' — X
whose cone is in Dyql' N D<o N D>o and such that X' lies in D<p.
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PROOF There is a natural map
colim Hompr (X', XY) — Home (X, XY),

where the colimit is taken over all morphisms f : X’ — X whose cone is in D +al’'ND<oND>g
and such that X' lies in D<y.

We first prove that it is surjective. Let X <"— X’ N >Y be a morphism in C,

with N = cone(s) in Dyl
Using the canonical morphism N — 7>0/V, we get a commuting diagram whose two
lower rows and two leftmost columns are triangles:

271’7—<0N ES 2717_<0N
YoIN X' 2 X N
a |
210N X' —t X moN.

Thanks to the 3-Calabi-—Yau property, the space Hompr (X~ 7N, XY is isomorphic
to DHompr (Y, X7<0N), and this is zero since 7<oN is in D<_s. Therefore f factors
through a, and there exists a morphism ¢g : X” — XY such that ga = f. The fraction

X< X" 9%y isequalto X <= X' sy , and the cone of ¢ is in DyqgND>o.

Using the canonical morphism 7<o7>0N — 7>0N, we get a commuting diagram whose
rows are triangles:

E_ngoTzoN X"m-ts X TgoTzoN

) |

S lroN X' —t-Xx oM.

Taking h = bg, we get a fraction X <—— X"’ " %Y which is equal to the fraction

X< X" 9.5V and is such that the cone of u lies in D4 N D> N D<g.

However, X" has no reason to lie in D<g. Using the canonical morphism 7<o X" —
X", we get another commuting diagram whose middle rows and leftmost columns are
triangles:

2717_>0X/// _ 2—17_>0X///
YIM TS(]X/” Y X M
‘ ‘(
E_lTS()TZ()N X" o X TSOTZON'

7_>0)(/// - 7_>OX/1/



30 CHAPTER 3. CLUSTER CHARACTERS

Since X and 7<oX" are in D<, then so is M. Moreover, 70 X" = H' X" is in Dy;
indeed, the lower triangle gives an exact sequence HO7<om>oN — H'X" — H'X whose
leftmost term is finite-dimensional and whose rightmost term is zero. Therefore, since
750X"" and 7<oT>0N are in D>o N Dyq, then so is M, thanks to the leftmost triangle.

Hence, if we put j = hc, we have a new fraction X <—— 7<¢ X" .~ %Y which is

equal to X <~ X "~ 37y | and which is such that 7<o X" is in D<q and cone(v) is
in Dyq N D<o N D>g. This proves surjectivity of the map.

We now prove that the map is injective. Let X <—— X’ I YY be a fraction with

X" in D<g and cone(s) in Dyq N D<o N D>g. Suppose it is zero in Home (X, XY'), that is,
f factors through an object of Dyy. We must prove that it factors through an object of
Dfd N D<o N Dxyp.

Put f = hg, with g : X’ — M and h : M — XY, and M an object of Dyq4. Consider
the following diagram:

X s T<oT>0M
N i
c
T<oM : M b : TZ()M
d
XY “ T>0M.

By the 3-Calabi—Yau property, we have an isomorphism
Hompr(7-oM,XY) = D Hompr (Y, X270 M),

and this is zero since £27-oM is in D<_3. Hence h factors through b.

Moreover, Hompp (X', 750M) is zero, since X' is in D<o and 7>¢M is in D~¢. Hence
bg factors through c.

This shows that f = hg factors through 7<o7>0M, which is an object of DyqND<oND>o.
Embed ¢ in a triangle

(%2}
X" s X' > 1m0 M — X X"

Then the fraction (se)1(fe) is equal to s™1f. Since f factors through 7<g>0M, fe
is zero.

Consider finally the natural morphism o : 7<¢ X" — X”. Its cone 7¢ X" is isomorphic
to E*ITSOTEOM , and is thus in Dygq. Therefore the cone of seo is also in Dygq by com-
position, and we have a fraction (sec)~!(feo) which is equal to s™'f, and is such that
feo =0, <0 X" € D<o and cone(seo) € D<o N Do N Dyq. This proves injectivity of the
map. O

Using the isomorphism of Theorem [3.2.5] we get a bifunctorial non-degenerate bilinear
form
Barz : Hompp (M, L) x Hompp (S 2L, M) — k

for M in D¢y and L in perI'. Using this, C. Amiot constructs in [2, Section 1.1] a
bifunctorial bilinear form

Bxy : Hompr(X,Y) x Hompr(Y, 22X) — k
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for X and Y in C in the following way.
Using the calculus of left fractions, let s™'f : X — Y and t7'g : ¥ — ¥2X be
morphisms in C. Composing them, we get a diagram

\ / EZX//EPX
N

>

»2X",

Put ¥2u = s’t. Then one gets a commuting diagram, where rows are triangles:

N—% X " >X" YN
|1
Y
J»

n2X’ PILD LN 303 N 51} ¢}

Note that N is in Dyq. We put Sxy (s~ f,t71g) = By,y:(fa, bh).

Proposition 3.2.16. Let X be an object of prel’ UpreX'T and Y be an object of proT.
Then the bifunctorial bilinear form

Bxy : Home(X,Y) x Home (Y, 5°X) — k.

is non-degenerate. In particular, if one of the two spaces is finite-dimensional, then so is
the other.

PROOF Let X and Y be objects in proI' U proX 71T and in pr,I, respectively. In view
of Proposition there exist lifts X and Y of X and Y in prppl U prpopX T and
prppl, respectively. In particular, X and Y lie in D<T.

Using the calculus of right-fractions, let f o s~! be non-zero a morphism from X to Y
in C = perI'/Dql", with f : X —Yands: X — X morphisms in DI such that the
cone of s is in Dy4l".

If X lies in prppl, then Lemma allows us to suppose that X' =X and s = id-
If X lies in prppX~'T, then Lemma allows us to suppose that X' lies in D<i. In
both case, X lies in D<y.

We now use [58, Proposition 2.19] : the (contravariant) functor

®: perI' —  Mod (Dyq(I')P)
P — HOTHDF(P,?NDde

is fully faithful. Thus ®(f) # 0, meaning there exist N in Ds,I" and a morphism h : Y —
N such that its composition with f is non-zero.
Recall from Theorem that we have a non-degenerate bilinear form

B : Hompr (273N, X) x Hompr (X, N) — k,

so there exists a morphism j : ¥73N — X such that 3(j,ho f) # 0.
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All the morphisms can be arranged in the following commuting diagram, where the
upper and lower row are triangles in DI'.

»3N L X S x 2N
|
Y >N

32 (i 22VX” Ny

We will show the existence of a morphism £ : Y — 22X making the above diagram
commute. Once this is shown, the construction of [2] gives that

Bxy (fs™h, (X%)(82%9) " ol) = Bxy(f,(X%9)" o) = B(j,hof) # 0,

and shows that Sy y is non-degenerate (here the first equality follows from the bifuncto-
riality of the bilinear form, and the second follows from its definition).

The existence of ¢ follows from the fact that Hompp (Y, D<_oI') = 0, so that (33j)oh =
0. O

To end this section, we will prove that, in general, prcI' is not equal to the whole
cluster category.

Lemma 3.2.17. Let (Q,W) be a quiver with potential which is not Jacobi-finite. Then
2T is not in preT.

PROOF Suppose that X2T" lies in proI. Then, by Proposition [3.2.10} it lifts to an
object X in prppl'. We have that

Home (T, ¥°T) = Hompr(T, X) = H'X.

Now, since X and 2T have the same image in C, and since H'X?T is zero (and thus
finite-dimensional), HX must be finite-dimensional.

By Proposition this implies that Hom¢ (I, ') is also finite-dimensional, contra-
dicting the hypothesis that H'T' = .J(Q, W) is of infinite dimension.

Thus ¥°T" cannot be in preT. O

3.2.8 Mutation of I' in prppI’

Recall the equivalence i} of Theorem Denote by fi; the quasi-inverse of the
functor DI' — DI obtained by applying Theorem to the mutation of p;(Q, W) at
the vertex 4. Then fi; (I";) is isomorphic to the cone of the morphism

ST PTyw — 7'
«

whose components are given by right multiplication by «.

In this subsection, we prove the following theorem, which was first formulated as a
“hope” by K. Nagao in his message [66] and which is used in [65]. In a more restrictive
setup, an analogous result was obtained in [46, Corollary 5.7].
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Theorem 3.2.18. Let I' be the complete Ginzburg dg algebra of a quiver with potential
(Q,W). Let (e1,€2,...,6,—1) be a sequence of signs. Let (i1,...,i,) be an admissible
sequence of vertices, and let T'= @ ,cq, 1 be the image of (™) by the sequence of equiva-
lences

er—1 ~eq
pro’ = M ppo) — pr.

Suppose that T} lies in prprl’ for all vertices j of Q. Then there exists a sign e, such that

all summands of the image of TU+Y) by fg g2 - - - fig- lie in prppl.

We start by proving a result relating morphisms in the cluster category and in the
derived category, first proved in [2, Proposition 2.12] in the Hom-finite case.

Proposition 3.2.19. Let X andY be objects of prppl’ such that Hompr (X, XY) is finite-
dimensional. Then there is an exact sequence of vector spaces

0 — Hompr(X,XY) — Home(X,XY) — D Hompr(Y,XX) — 0.
The proof of the proposition requires some preparation. First a lemma on limits.

Lemma 3.2.20. Let (V;) be an inverse system of finite-dimensional vector spaces with
finite-dimensional limit. Then the canonical arrow

colim (DV;) — D(lim V})
is an isomorphism.

ProOOF This follows by duality from the isomorphisms
Dcolim (DV;) =2 lim (DDV;) = lim V;.
O

We can now prove Proposition |3.2.19

PROOF (of Proposition [3.2.19]) Let X’ — X — N — X’ be a triangle in DI,
with X’ in Dgo and N in Dfd N DSO N Dzo.

By the 3-Calabi-Yau property, Hompr (N, XY) = D Hompr (Y, ¥?N), and this is zero
since 22N is in D<_5. Moreover, Hompp (X1 X, YY) = Hompr(X, ¥2Y), and this is also
zero since ¥2Y is in D<_s.

The above triangle thus gives an exact sequence

0— HOmDp(X, ZY) — HOmDF(X/, EY) — HOmDF(Ele, ZY) — 0.

We want to take the colimit of this exact sequence with respect to all morphisms
"+ X" — X whose cone is in Dyq N D<o N Dxp and with X” in D<g. The colimit will
still be a short exact sequence, since, as we shall prove, all the spaces involved and their
colimits are finite-dimensional.

The leftmost term is constant; its colimit is itself.

Consider the rightmost term. Since Y is in prprl’, there is a triangle

P1—>P0—)Y—)EP1

with Py and P; in addT. Noticing that Hompr(P;, N) = Hompr(H°P;, H'N) for i €
{1,2}, we get an exact sequence

0 — Homp(Y, N) — Homp(H°Py, HN) — Homp(H°P;, H'N) — Homp (Y, ZN) — 0.
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Since the two middle spaces are finite-dimensional, so are the other two, and the limit
of this sequence is still exact.

Now HYX is an (Endpr I')-module. Since Endpr T is the jacobian algebra of a quiver
with potential, H°X is the limit of all its finite-dimensional quotients. The system given
by the H'N is a system of all the finite-dimensional quotients of H°X; its limit is thus
HYX.

Hence the limit of Hompr(H°P;, H'N) is Hompr(H°P;, HX), which is isomorphic to
Homopr (P;, H°X). We thus have an exact sequence

Hompr (Py, H°X) — Hompr (P, H’X) — lim Hompr (Y, XN) — 0.
This implies the isomorphisms

lim Hompp (Y, EN) = HOH]’DF (}/, EHOX) = HOII]DI‘ (Y, ZX).

Using Lemma we thus get that colim D Hompr(Y,XN) = D Hompr (Y, ¥X),
and the 3-Calabi—Yau property of Theorem implies that D Hompr(Y, X N) is isomor-
phic to Hompr (371N, XY). Therefore the colimit of the Hompr (X' N, YY) is the space
D Hompr(Y,¥X) as desired.

It remains to be shown that the colimit of the terms of the form Hompp(X’,XY) is
Hompr(X,XY). This is exactly Lemma This finishes the proof of the Proposition.
O

This enables us to formulate a result on the lifting of triangles from the cluster category
to the derived category.

Proposition 3.2.21. Let X and Y be objects of prcI', with dim Home(X,XY) =1 (and
so dim Home (Y, XX) = 1 by Proposition . Let

X——>FE—Y —>YXandY — F — X —YY

be non-split triangles (they are unique up to isomorphism). Then one of the two triangles
lifts to a triangle A — B — C — XA in per ', with A, B and C in prppl.

PrROOF According to Proposition we can lift X and Y to objects X and
Y of prpl’. Using the short exact sequence of Proposition we have that one of
Hompr(X,XY) and Hompr (Y, ¥ X) is one-dimensional.

Suppose that Hompr(Y, ¥X) is one-dimensional. Let

X—F—Y —3¥X
be a non-split triangle. Since prprl’ = D<o N J‘DS_Q NperT is closed under extensions, F
lies in prppl’. Thus the equivalence of Proposition |3.2.10|implies that the triangle descends
to a non-split triangle in C. Up to isomorphism, this non-split triangle is X — F —
Y — 3X.

The proof is similar if Hompr(X,XY) is one-dimensional; in this case, the triangle
Y — E' — X — XY is the one which can be lifted. d

We can now prove the main theorem of this subsection.

PROOF (of Theorem [3.2.18])
Put i = i,. For any vertex j # i, the image of T'"t1) by T R T R
isomorphic to T for any sign e, and is in prppl’ by hypothesis. Now, the images of
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FZ(»TH) by m5ps? - ﬁ;t and by fis!fis? - ;" fi; become isomorphic in the clus-
ter category Cqw, and they lie in proI'. Denote these images by 7;". We have that
dim Home (73, £T;") = 1. Thus we can apply Proposition [3.2.21] and get that T} is lifted

€1 €2 ~Er—1-~+

in prppl either to ﬁil gy = Hoy oy My, (FQH) or to /71511171522 T ﬁf::llﬁ; (F;H)- U

3.3 Cluster character

Let C be a (not necessarily Hom—finite) triangulated category with suspension functor
Y. Let T'= @}, T; be a basic rigid object in C (with each 7; indecomposable), that is, an
object T such that Hom¢ (T, ¥T) = 0 and @ # j implies that 7; and T} are not isomorphic.
We will assume the following :

1. preT is a Krull-Schmidt category;
2. B = End¢(T) is the (completed) Jacobian algebra of a quiver with potential (Q, W);

3. the simple B—module at each vertex can be lifted to an object in prp(7") N pro(X7T)
through the functor Home (T, —);

4. for all objects X of pro(X7)Upre(T') and Y of prp(X7), there exists a non-degenerate
bilinear form
Home (X,Y) x Home (Y, 2X) — k

which is functorial in both variables.

Lemma 3.3.1. The above hypotheses hold for the cluster category Cow of a quiver with
potential (Q, W), where T is taken to be L71T.

Proor Condition (1) is proved in Corollary since prel is equivalent to proX T
Condition (2) follows from Proposition since Ende (X 7IT) is isomorphic to End¢(T),
which is in turn isomorphic to Endpp(I') = H°T', and this is the completed Jacobian alge-
bra of (Q, W). Condition (3) follows from the fact that Home (I, XI'}) = Hompp(I';, XI7)
is one-dimensional (see [58, Section 4]). Finally, condition (4) is exactly the contents of
Proposition [3.2.16 H

As in [I8] and [68], define the index with respect to T of an object X of proT as the
element of Ky(add T') given by

indr X = [T5*] - [T7'],

where T{¥ — T5¥ — X — YT{¥ is an (add T)-presentation of X. One can show as in
[68] that the index is well-defined, that is, does not depend on the choice of a presentation.
We write indr X = 37,0, lindy X : T;][T;], where [indp X : T;] is an integer for all ¢ € Q.

3.3.1 Modules

Consider the functors F' = Hom¢(T,—) : C — Mod B and G = Home(—, ¥27T) :
C — Mod B°P, where Mod B is the category of right B—modules.

For an object U of C, let (U) be the ideal of morphisms in C factoring through an
object of add U.

This subsection is devoted to proving some useful properties of the functors F' and G.

Lemma 3.3.2. Let X and Y be objects in C.
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1. If X lies in proT, then F induces an isomorphism
Home(X,Y)/(XT) — Homp(FX, FY).
If Y lies in proXT, then G induces an isomorphism
Home(X,Y)/(XT) — Homper (GY, GX).
2. F induces an equivalence of categories
preT/(XT) — mod B,

where mod B denotes the category of finitely presented B—modules.

3. Any finite-dimensional B-module can be lifted through F' to an object in preT N
preXT. Any short exact sequence of finite-dimensional B-modules can be lifted
through F' to a triangle of C, whose three terms are in pro1T N preXT .

PROOF (1) We only prove the first isomorphism; the proof of the second one is dual.
First, suppose that X = T; is an indecomposable summand of T'. Let f : FT; — FY be
a morphism of B—modules. Note that any element g of F'T; = Hom¢ (T, T;) is of the form
pg’, where p : T — T; is the canonical projection and ¢’ is an endomorphism of T'. Hence
f(g) = f(p)g’. Moreover, consider the idempotent e; in Ende T associated with T;. We
have that f(p) = f(pe;) = f(p)e;. Hence f(p) can be viewed as a morphism from T; to Y,
and f = F(f(p)). This shows that there is a bijection Hom¢(7;,Y) — Homp(FT;, FY).

One easily sees that this bijection will also hold if X is a direct sum of direct summands
of T.

Now, let X be in pryT, and let TlX 2 TOX ’ X ETIX be a triangle in C,
with T3*, T{¥ € addT. Let f : FX — FY be a morphism of B-modules. We have that
fFp belongs to Homp(FTgX, FY), and by the above lifts to a morphism w : T5* — Y.

Moreover, F(wa) = FwFa = fFSFa = 0, and by injectivity, wa = 0. Hence there
exists ¢ : X — Y such that ¢8 = w, so FoF [ = fFf3. Since F'3 is surjective, this gives
F¢ = f. Therefore the map Hom¢(X,Y) — Homp(F X, FY') is surjective.

Suppose now that v : X — Y is such that Fu = 0. Then F(uf) = FuF{ = 0, and
by the injectivity proved above, u = 0, and u factors through X77°. This finishes the
proof.

(2) It follows from part (1) that the functor is fully faithful. Let now M € mod B,
and let P, — Py — M — 0 be a projective presentation. By part (1), P — Py lifts
to a morphism 77 — Ty in C, with Ty, 77 € addT. We can embed this morphism in a
triangle 77 — Ty — X — Y717, and we see that F'X is isomorphic to M. This proves
the equivalence.

Y

(3) By our hypothesis, the statement is true for the simple modules at each vertex.
Let M be a finite-dimensional B-module. According to a remark following Definition 10.1
of [22], M is nilpotent. Therefore it can be obtained from the simple modules by repeated
extensions. All we have to do is show that the property is preserved by extensions in
Mod B.

Let 0 — L — M — N — 0 be a short exact sequence, with L and N in mod B
admitting lifts L and N in proT N preXT), respectively. Using projective presentations of
L and N, we consctruct one for M and obtain a diagram as below, where the upper two
rows are split.
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0——=Pf ——-PtoPN —PN —>0

O—>POL—>POL@P({V—>P[{V—>O

0 L M N 0

0 0 0

Thanks to part (2), the upper left square can be lifted into a commutative diagram

TF ——=TloTN

L

T ——=TE o1

which in turn embeds in a nine-diagram as follows.

Tk Tte TN ™ »7
T ¢ o1 i »T
L M N L

ST ——=TF o 21N ——= 3TN

Hence M is a lift of M in proT. Now, since N lies in proXT), it follows from part (1)

that the morphism X "!N — L is in (X7, and thus from Lemma below that M is
also in preXT'. This finishes the proof. O

Lemma 3.3.3. Let X, Y and Z be objects in C. Suppose that'Y and Z lie in proXT and
that FY is finite-dimensional. Let

x-toy 9.7 nX

be a triangle. If Ff =0, then f € (XT).

PROOF The equality F'f = 0 means that Fg is injective. Using the non-degenerate
bilinear form, we get a commuting diagram

Home (T, Y)Ci) Hom¢ (T, Z)

D Home(Y, 32T) 2%L D Home (7, 22T),
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where the top horizontal morphism and the two vertical ones are injective. Since FY is
finite-dimensional, the left morphism is an isomorphism. Thus DGy is injective, and Gg
is surjective. But this means that Gf = 0, and by part (1) of Lemma feEEn. O

3.3.2 Presentations and index

Let us now study some closure properties of pro7', and deduce some relations between
triangles and indices.

Lemma 3.3.4. Let X Y 7Z —==%X be a triangle in C such that ¢ is in (XT).
Then

1. If two of X, Y and Z lie in proT', then so does the third one.
2. If X,Y,Z € proT, then we have an equality indr X +indr Z = indr Y.

PROOF Let us first suppose that X and Z lie in prpT. Let T{¥ — Tg¥ — X — YT
and T — T¢ — Z — ST be two triangles, with Tg, 77, T¢ and TZ in add T.

Since Home (T, XT) = 0, the composition T — Z — ©X vanishes, so T — Z
factors through Y. This gives a commutative square

T oTf —=TF

.

Y Z
which can be completed into a nine-diagram
T T & TE T¢ »1¥
T T & Tf T# ST
X Y Z X
»T YT & STE STE

showing that Y is in pro7" and that assertion 2 is true.

Now suppose that X and Y lie in proT. Since the composition Z — X — R2T}%
is zero, the morphism Z — ¥ X factors through ETOX . This yields an octahedron
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which produces a triangle T{X — W — Y — XT{¥. Composing with Y — ST},
we get a second octahedron

XU

which gives triangles T — U — Ty — X717 and T} — U — W — 2TY.
Note that, since Home (T, ¥T') = 0, the first triangle is split, so U is isomorphic to T{* Ty .

From the first octahedron, one gets a triangle TOX — W —7Z — ETOX . Construct
one last octahedron with the composition U — W — Z.

XV

As was the case for U, V is in a split triangle, and is thus isomorphic to TY @ Ts~.
Hence there is a triangle V — U — Z — XV, with U and V in add T. This proves
that Z lies in pr7T.

Finally, suppose that Y and Z are in pro7. Notice that since ¥~ !¢ factors through
add T, the composition X ~1T¢ — 717 — X vanishes. Applying a reasonning dual to
that of the preceding case, one proves that X lies in pro7'. ]
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The next lemma is an adapted version of Proposition 6 of [68].
Lemma 3.3.5. Let X 2>V i Z—1-%X bea triangle in C, with X,Z € proT
such that Coker F'3 is finite-dimensional. Let C' € proT N preXT be such that FC =
Coker F'3. ThenY € proT, and indr X 4+ indr Z = indr Y + indp C + indp y-iC.

PrOOF Note that since Coker F'§ is finite-dimensional, it can be lifted to C' € proT'N
pre X7 thanks to Lemma [3.3.2

The case where v factors through add X7 was treated in Lemma [3:3.4] In that case,
Coker F3 =0, and C € add X7, so that indy C = —indp 271C.

Suppose now that 7 is not in (X7"). In mod B, there is a commutative triangle

R

Coker F'8
which, thanks to Lemma we can lift to a commutative triangle

Z = Y X
X /
CaxT
in C, where T lies in add T. Form an octahedron
XY

v
CoxT
Since F'b is an epimorphism, the morphism C®XT — U must lie in (X7"), by Lemma
3.3.2 part (1). Since Fec is a monomorphism, the same must hold for 10" — C' @ X7,
by Lemma 3.3.3] By composition, the morphism YU — U is also in (27).
We thus have three triangles

>l 7z cCaoxT

U

Y1l T —X—3SU—~Co3XT

y-lu Y I U
whose third morphism factors through 7. Applying Lemma we get that XU,
Y710’ and Y are in preT, and that

indy 71U + indy C + indy 2T = indy Z,

indy ¥7'C + indy T + indp 71U’ = indy X, and
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ind7 Y = indy 27U + indp 271U,

Summing up, and noticing that ind7 T = — indy XT', we get the desired equality. O

Lemma 3.3.6. Let X be an object in proT NpreXT such that FX is finite-dimensional.
Then the sum indr X + indr X' X only depends on the dimension vector of FX.

PROOF First, notice that X = 0 if, and only if, X is in add X7'.

Second, suppose X is indecomposable. If Y is another such object such that F'X and
FY are isomorphic and non-zero, then X and Y are isomorphic in C. Indeed, in view of
Lemma m part (2), there exist morphisms f: X — Y and ¢ : Y — X such that
fog=1idx +tand go f =idy +t', with t,¢ € (XT). But since the endomorphism rings
of X and Y are local and not contained in (37'), this implies that f o g and go f are
isomorphisms.

Third, let us show that the sum depends only on the isomorphism class of FX. Let
Y be another such object such that FX and FY are isomorphic. Write X = X @ L7
and Y =Y @ XTY, where TX,TY € add T and X,Y have no direct summand in add 7.
Then FX = FY, and by the above X and Y are isomorphic. We have

indy X +indy 27'X = indyp X + indp X7'X + indp T + indp T
indr X + indp 71X

ind7 Y + indy 27'Y + indy 2T + indp TV
= ind7Y +indy 27"

Finally, we prove that the sum only depends on the dimension vector of F'X. Let
0— L — M — N — 0 be an exact sequence in mod B. As in the proof of part (3)
of Lemma lift it to a triangle L — M — N — XL, where the last morphism in
in (X7) N (X27T). Using Lemma we get the equality

indp M + indp Y IV = indp L+ indp Y I + indp N+ indp Y I'N.
This gives the independance on the dimension vector. O
Notation 3.3.7. For a dimension vector e, denote by ¢(e) the sum indy X +indp 71X,

where dim F'X = e (by the above Lemma, this does not depend on the choice of such an
X).

Lemma 3.3.8. If X € pro(T') and Y € pro(XT), then the bilinear form induces a non-
degenerate bilinear form

(BT)(X,Y) x Home (Y, 22X) /(2°T) — k.

Proor Let T}* T X —-%T¥ be a triangle, with 755, T in addT.
Consider the following diagram.

Home(X,Y) X Homc (Y, ¥2X) —k

Tﬁ* lEQW*

Hom¢ (XT7%,Y) X Home (Y, Z3T7%) —k
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The bifunctoriality of the bilinear form (call it 3) implies that for each morphism f in
Home (271, Y) and each g in Home (Y, 22X), B(7* f, 9) = B(f, Z*n.9).
As a consequence, there is an induced non-degenerate bilinear form

Im 7* x Im %%, — k.

Since Im n* is isomorphic to (X7)(X,Y), and since Im Y25, is in turn isomorphic to
Home (Y, ¥2X)/(X2T), we get the desired result.
U

3.3.3 Cluster character : definition

In [68], Y. Palu defined the notion of cluster character for a Hom—finite 2-Calabi-Yau
triangulated category with a cluster-tilting object. In our context, the category C is not
Hom-finite nor 2-Calabi—Yau, and the object T is only assumed to be rigid. However, the
definition can be adapted to this situation as follows.

Definition 3.3.9. Let C be a triangulated category and 1" be a rigid object as above. The
category D is the full subcategory of pro7 N proX7T whose objects are those X such that
FX is a finite-dimensional B-module.

Under the hypotheses of this Section, the subcategory D is Krull-Schmidt and stable
under extensions. Moreover, in the special case where C = Cow and T = YT, the
subcategory D does not depend on the mutation class of T'; that is, replacing I' by any
... 1" in the definition of T yields the same subcategory D (this is a consequence of
the nearly Morita equivalence of [58, Corollary 4.6] and of Corollary [3.2.8).

The subcategory D allows us to extend the notion of cluster characters.

Definition 3.3.10. Let C be a triangulated category and T be a rigid object as above.
Let D be as in Definition 3.3.9
A cluster character on C (with respect to T') with values in a commutative ring A is a
map
X :0bj(D) — A

satisfying the following conditions :
— if X and Y are two isomorphic objects in D, then we have x(X) = x(Y);
— for all objects X and Y of D, x(X @ Y) = x(X)x(Y);
— (multiplication formula) for all objects X and Y of D such that dim Ext}(X,Y) = 1,
the equality

X(X)x(Y) = x(E) + x(E")

holds, where X — F — Y — XX and Y — E' — X — XY are non split
triangles.

Note that Ext}(Y, X) is one-dimensional, thanks to the non-degenerate bilinear form.
Also note that F and E’ are in D, thanks to Lemma so X(F) and x(E') are defined.

Remark 3.3.11. If the category C happens to be Hom—finite and 2-Calabi—Yau, and if T’
is a cluster-tilting object, then this definition is equivalent to the one given in [68]. Indeed,
in that case, it was shown in [57], Proposition 2.1, that proT = proXT =C, so D =C.
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Let D be as in Definition [3.3.10] and ¢ be as in Notation [3.3.7] Define the map

X5 :0bj(D) — Q(x1, w9, ...,7p)

as follows : for any object X of D, put

Xy = 2 E XN (Gr(FX) Ja™(©),

Here, x is the Euler—Poincaré characteristic.
This definition is exactly the one in [68] and is a “shift” of the one in [32], both of
which were given in a Hom-finite setup.

Theorem 3.3.12. The map X} defined above is a cluster character on C with respect to
T.

It is readily seen that the first two conditions of Definition [3.3.10] are satisfied by X3.
We thus need to show that the multiplication formula holds in order to prove Theorem
0.0.12)

3.3.4 Dichotomy

This subsection mimics Section 4 of [68]. Our aim here is to prove the following
dichotomy phenomenon.

Let X and Y be objects of D such that dimExt}(X,Y) = 1. This implies that
dim Extl (Y, X) = 1. Let

y Lo Pox vy

be non-split triangles. Recall that Lemma implies that £ and E’ are in D.
Let U and V be submodules of F X and FY, respectively. Define

Guy = {W e |JGr(FE) \ (Fi)™ (W) = U, Fp(W) =V} and

v ={W e UGr(FE) | (F1)7H(W) =V, Fy (W) =U}.

Proposition 3.3.13 (Dichotomy). Let U and V be as above. Then exactly one of Gy y
and Gy is non-empty.

In order to prove this Proposition, a few lemmata are needed.

Using Lemma lift the inclusions U C FX and V C FY to morphisms iy : U —
X and iy : V — Y, where U and V lie in proT N preXT. Keep these notations for the
rest of this Section and for the next.

The first lemma is about finiteness.

Lemma 3.3.14. Let X and U be as above. Let M be an object of C such that FM and
Home (X, XM) are finite-dimensional. Then Home (U, X M) is also finite-dimensional.
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B

ProOF Embed i in a triangle ¥71X 2= 7 U N'e From this triangle,

one gets the exact sequence

Home (X, £M) —Y> Home (U, M) —~ Home (2, £M).

The image of 8* is isomorphic to Home (U, XM)/Im i};. Since Home (X, X M) is finite-
dimensional by hypothesis, it suffices to show that Im §* is finite-dimensional to prove the
Lemma.

Since ¥7'X and U are in proT and Coker F3 is finite-dimensional, Lemma can
be applied to get that Z is in proT. Let T¢ ¢ Z YTZ be a triangle,
with T¢ and TZ in pr,T.

Now, Fiy is a monomorphism, so F'3 = 0, and Lemma [3.3.2] implies that /3 lies in
(XT). Therefore Im * is contained in (X7°)(Z, X M). It is thus sufficient to show that the
latter is finite-dimensional.

We have an exact sequence

Home (STZ, S M) —— Home(Z, M) — Home (T, SM).

Since T is rigid, we have that (X7)(Z,XM) = Im ~. It is thus finite-dimensional. Indeed,
FM = Hom¢(T, M) is finite-dimensional, and this implies that the same property holds
for Home (ST, ¥ M). This finishes the proof. O

The second lemma is a characterization in C of the non-emptiness of Gy . It is
essentially [68, Lemma 14], where the proof differs in that not every object lies in pr,7.
Lemma 3.3.15. With the above notations, the following are equivalent:

1. Gy is non-empty;

2. there exist morphisms e : XV — U and f : X7'Y — U such that

(a) (Z7'e)(E7Nv) = dve
(b) e (T)
(c) ivf —X7te € (BT);
3. condition (2) where, moreover, e = fX "ty .

PROOF Let us first prove that (2) implies (1). The commutative square given by (a)
gives a morphism of triangles

U W V_ZL T
b b
X ‘g y_c %X

Applying the functor F', we get a commutative diagram in mod B :

U FW V2.0
iFiU lw \LFiV
rx i pp " py.

An easy diagram chasing shows that the image of F'¢ is in Gy, using the morphism

f.
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Let us now prove that (1) implies (2). Let W be in Gy y. Notice that U contains
Ker Fi = Im FX !¢, so FX !¢ factors through U. Since ©7'Y € pr,T, Lemma m
allows us to find a lift f : X~'Y — U of this factorization such that iy f — X 7te € (B7T).

Let us define e. Since V € pr.T, there exists a triangle

v N \% »1y7 .

F
Since F' TOV is projective, and since W v s surjective, F' T(}/ ——V factors
through Fp. Composing with the inclusion of W in F'E, we get a commutative square

FTY ——=V

|

FE——FY

which lifts to a morphism of triangles (thanks to Lemma [3.3.2)

¥V v e 1%
>y X E Y.

Now FTy —— FE factors through W, and since U = (Fi)~!(W), then the image of
FTY —— FX is contained in U. Thus 7 —— X factors through U, and we take e

to be the composition ¥ 71V ——= TV —— U . By construction, conditions (a) and (b)
are satisfied.

Obviously, (3) implies (2). Let us show that (2) implies (3).

First, since (X7te)(Z7tiy) = ipe and iy fX Liy — (X7 te) (B tiy) € (BT, we get that
iv(fX7Yiy —e) € (IT). Since Fiy is a monomorphism, and since ¥~V € pr.T, we get
that h := fXliy —e € (2T).

Embed the morphism Y74y into a triangle

sy ey Lo LV,
Using Lemma we see that C lies in proT, and since Fiy is a monomorphism, this
implies that C ——=V lies in (XT'), by Lemma
Now, h € (X¥T) and ¥~ 'C ——= %71V € (T), so their composition vanishes. There-
fore there exists a morphism XY £ . T such that (XY = h.
Since V is in prpXT, there is a triangle T‘l/ *>T8 —— 2V — ET‘I/ . Now,

since X710 ——= %71V € (T) and /X7ty € (XT), we have morphisms of triangles

Yy lo— 2—1Vﬂ yly—< ¢

| b

T, — =51V ST ST

| ke b

sloh —eyly £ LT c’.
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Since the composition (¢ — wv)X~1iy vanishes, there exists a morphism ¢ from C to
U such that £'c = ¢ — wo.
Put fo = f — wv. Then

foXYiy = fY iy — 2 Ny + 0ex iy = 2 Yy —h4+0=e.
Moreover, iy fo — X7 'e = (iyf — ¥~ te) — wv € (IT). This finishes the proof. O

PROOF (of Proposition [3.3.13)) The proof is similar to that of Proposition 15 of [68].
Consider the linear map

a:(T7Y, D) e =Y. X) - W, X)e WV, U)/(T)e (XYY, X)/(T)
(z,y) = (y(Eiy) —iga(SThy), oS iy, ipr — y),

where we write (X,Y) instead of Home(X,Y). Then f € Home(X71Y, U) satisfies condi-
tion (3) of Lemma [3.3.15|if, and only if, (f, X~ le) is in Kera. Since Home (Y, X7 1X) is
one-dimensional, the existence of such an f is equivalent to the statement that the map

B:Kera— (7Y, TU) & (V,2X) — (Y, UX)

does not vanish, where the second map is the canonical projection.
Now, the emptiness of Gy is equivalent to the vanishing of 3, which is equivalent to
the vanishing of its dual

DB : DY, X)) D(X71Y,U) @ D(Y, £ X) — Coker Da,

which is in turn equivalent to the fact that any element of the space D(X~'Y,U) @
D(Y,XX) of the form (0, z) lies in Im Da.

Using Lemma and the non-degenerate bilinear form, we see that all five spaces
involved in the definition of « are finite-dimensional. Therefore, Lemma yields the
following commutative diagram, where the vertical morphisms are componentwise isomor-
phisms :

D7V, X) e D(S7'V,0)/(T) ® DY, X)/(ST) 2% D(2-1Y,U) @ D(21Y, X)

T T

(X,5V) @ (ST & (227) (X, XY) o U, TY) @ (X,3Y).

Here, the action of o’ is given by o/(x,y, 2) = ((Ziv)xiy + (Ziy)y + ziy, —(Tiy )z — 2).
Now, any element of the form (0,w) is in Im o' if, and only if, (0,&’) is in Im o/, which
in turn is equivalent to the fact that condition (2) of Lemma is satisfied, and thus
to the fact that G’Uy is non-empty. This finishes the proof. O

3.3.5 Multiplication formula

The main goal of this section is to prove the following Proposition, using the results
of the previous sections.

Proposition 3.3.16 (Multiplication formula). The map X5 satisfies the multiplication
formula given in Definition[3.3.10
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In order to prove this result, some notation is in order. Let X and Y be objects of D
such that Home (X, YY) is one-dimensional. Let

Py %X and

y Yo Pox L ownx

be non-split triangles in C. For any submodules U of F'X and V' of FY, define Gy v
and Gy as in Section
For any dimension vectors e, f and g, define the following varieties :

Ge,p = U Guv
dimU =e
dimV = f

/- !
ef — U uv
dimU =e
dimV = f

G = Ge s N Gry(FE)

GJr =G NGry(FE).
We first need an equality on Euler characteristics.

Lemma 3.3.17. With the above notation, we have that

X(Gre(FX)x(Grs(FY)) = 3 (x(G2 ) + X(G2)).

g
PROOF The Lemma is a consequence of the following successive equalities:
X(Gre(FX))x(Grp(FY)) = x(Gre(FX) x Gry(FY))

= X( fl—lGef)
= X(Gey) +x(Gep)

= ( L0+ X(G)):
The only equality requiring explanation is the second one. Consider the map
GeyUG,; — Gr(FX)xGry(FY)
S { (FEDH W), (Fp)(W)) i W € Gy
(Fi

((F"y=L(w), (Fp)(W)) W eG,,

As a consequence of Proposition [3.3.13 the map is surjective, and as shown in [12],
its fibers are affine spaces. The Euler characteristic of all its fibers is thus 1, and we have
the desired equality. O

Secondly, we need an interpretation of the dimension vectors e, f and g.
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Lemma 3.3.18. If Ggf is not empty, then
@(CokerFZ_lp) =e+ f—g.

PROOF We have the following commuting diagram in mod B, where the rows are exact
sequences:

0 K U W % 0
lF@-U in’W le‘V
rx -Fipp P py _Fe pyx.

In this diagram, dimU = e, dimW = g and dimV = f. The existence of such a
diagram is guaranteed by the non-emptiness of Gg’ 2

Now Coker F¥~!p is isomorphic to Ker Fii, which is in turn isomorphic to Ker (Fi o
Fiy), since U = (Fi)~%(W). This last kernel is isomorphic to K. Hence the equality
dim (Coker FX"!p) = dim K holds.

Finally, the upper exact sequence gives the equality dim K +dim W =dim U +dim V.
By rearranging and substituting terms, we get the desired equality. O

Everything is now in place to prove the multiplication formula.
PROOF (of Proposition [3.3.16]) The result is a consequence of the following successive
equalities (explanations follow).

Xy Xy = @hndr ST SN (Gr (PX) )y (G (FY) oD
et

— xindTE_lX—HndTE_lY Z (X(Gif) +X(Gle?f))x_L(e+f)
e.f.g
i -1 i -1y _ k -1,
pindr £ X Findy £71Y «(Coker FE—1p)—u(g) ZX(Gg,f)+
e,f,g
in -1 in “ly— k —lp)— !
+ z dr 71 X+indp 1Y —(Coker FL—1p/)—u(g) Zf:X(Ge.?f)
67 7g

pindr 2L S x (Grg(FE)) 49 4
9

b S S (G, (Pt
g

The first equality is just the definition of X3. The second one is a consequence of
Lemma and the third one of Lemma [3.3.18, The fourth follows from Lemma (3.3.5
The fifth equality is obtained by definition of Gg 7 and G;{’ 7 The final equality is, again,
just the definition of X3. d

3.4 Application to cluster algebras

In this section, we apply the cluster character developped in Section to any skew-
symmetric cluster algebra, taking 7' = LT,

An object X of a triangulated category is rigid if Hom (X, XX ) vanishes. Let Cow
be the cluster category of a quiver with potential (Q,W). A reachable object of Cow
is a direct factor of a direct sum of copies p;, ..., (I') for some admissible sequence of
vertices (i1, ...,1,) of Q. Notice that each reachable object is rigid.
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Theorem 3.4.1. Let (Q,W) be a quiver with potential. Then the cluster character X}
defined in[3.3.10 gives a surjection from the set of isomorphism classes of indecomposable
reachable objects of Cqw to the set of clusters variables of the cluster algebra associated
with @ obtained by mutating the initial seed at admissible sequences of vertices.

More precisely, X4 sends the indecomposable summands of i;, . .. pi, (T') to the elements

of the mutated cluster ;. ... i, (x1,...,x,), where (x1,...,x,) is the initial cluster.
PrROOF Let (i1,...,47,) be an admissible sequence of vertices. It is easily seen that
Xp, = x; for all vertices 7. It is a consequence of [58, Corollary 4.6] that the space

Home (ST, g, - . . iy (T)) is finite dimensional. Moreover, ;. ... u;, (I') is obviously in
pre(pi, - - - iy () Npre(Z 7Y, . .. piy (T)), which is equal to preI' NpreX~1T by Corollary
Therefore i, . .. p1;, (') is in the subcategory D of Definition [3.3.9] and we can apply
X5 t0 i, - iy (I).

We prove the result by induction on 7.

First notice that p;, ... ui, ()i = pip_y -« piy () if ¢ # 4. Now, for ¢ = i,., using the
triangle equivalence C,,, .. iy (QW) — Co,w, we get triangles

fipy - iy ()i —> @ty - iy (D)5 — iy - iy (D, — -

=]

iy - iy )iy — @D iy iy (D) — priny - iy ()i, —
jir
to which we can apply the multiplication formula of Proposition [3.3.16] In this way, we
obtain the mutation of variables in the cluster algebra. This proves the result. O

Remark 3.4.2. In some cases, the surjection of Theorem |3.4.1]is known to be a bijection,
namely if the quiver @) is mutation-equivalent to an acyclic quiver ([I3, Theorem 4]) or if
the skew-symmetric matrix associated with @ is of full rank (Corollary . We do not
know whether it is a bijection in general.






Chapter 4

Applications to cluster algebras

4.1 Introduction

Since their introduction by S. Fomin and A. Zelevinsky in [29], cluster algebras have
been found to enjoy connections with several branches of mathematics, see for instance the
survey papers [(5], [40] and [50], or the talks of the ICM 2010 [28], [62] and [71]. Cluster
algebras are commutative algebras generated by cluster variables grouped into sets of
fixed finite cardinality called clusters. Of particular importance are cluster algebras with
coefficients, as most known examples of cluster algebras are of this kind. In this chapter,
we will work with cluster algebras of geometric type with coefficients.

In [31], the authors developped a combinatorial framework allowing the study of co-
efficients in cluster algebras. Important tools that the authors introduced are the F'-
polynomials and g-vectors. In particular, they proved that the behaviour of the coeffi-
cients in any cluster algebra is governed by that of the coefficients in a cluster algebra with
principal coefficients, using the F-polynomials (see [31, Theorem 3.7]).

The authors phrased a number of conjectures, mostly regarding F-polynomials and
g-vectors. We list some of them here:

(5.4) every F-polynomial has constant term 1;

(6.13) the g-vectors of the cluster variables of any given seed are sign-coherent in a sense
to be defined;

(7.2) cluster monomials are linearly independent;

(7.10) different cluster monomials have different g-vectors, and the g-vectors of the clus-
ter variables of any cluster form a basis of Z";

(7.12) the mutation rule for g-vectors can be expressed using a certain piecewise-linear
transformation.

Work on these conjectures includes
— a proof of (7.2) by P. Sherman and A. Zelevinsky [73] for Dynkin and affine type of

rank 2;
— a proof of (7.2) by P. Caldero and B. Keller [14] for Dynkin type;
— a proof of (7.2) by G. Dupont [25] for affine type A;
— a proof of (7.2) by M. Ding, J. Xiao and F. Xu [23] for affine types;
— a proof of (7.2) by G. Cerulli Irelli [15] in type Aél) by explicit computations;

— a proof of (5.4) by R. Schiffler [72] for cluster algebras arising from unpunctured
surfaces;
a proof of (7.2) by L. Demonet [19] for certain skew-symmetrizable cluster algebras;
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— a proof of all five conjectures by C. Fu and B. Keller [32] for cluster algebras categori-
fied by Hom-finite 2-Calabi—Yau Frobenius or triangulated categories, using work of
R. Dehy and B. Keller [1§];

— a proof of (7.2) by C. Geiss, B. Leclerc and J. Schréer [34] for acyclic cluster algebras;

— a proof of (5.4), (6.13), (7.10) and (7.12) in full generality by H. Derksen, J. Weyman

and A. Zelevinsky [21] using decorated representations of quivers with potentials;

— a proof of (5.4), (6.13), (7.10) and (7.12) in full generality by K. Nagao [65] using

Donaldson-Thomas theory (see for instance [48], [59] and [9]).

In this chapter, we use (generalized) cluster categories to give a new proof of (5.4),
(6.13), (7.10) and (7.12) in full generality, and to prove (7.2) for any skew-symmetric
cluster algebra of geometric type whose associated matrix is of full rank.

More precisely, we use the cluster category introduced by the group of authors A. Buan,
R. Marsh, M. Reineke, I. Reiten and G. Todorov in [10] (and independently by P. Caldero,
F. Chapoton and R. Schiffler in [I1] in the A, case) and generalized to any quiver with
potential by C. Amiot in [2]. Note that this category can be Hom-infinite. We obtain
applications to cluster algebras via the cluster character of Y. Palu [68], which generalized
the map introduced by P. Caldero and F. Chapoton in [I2]. It was extended in Chapter
B] to possibly Hom-infinite cluster categories. In particular, we have to restrict the cluster
character to a suitable subcategory D of the cluster category.

Using this cluster character, we give categorical interpretations of F-polynomials and
g-vectors which allow us to prove the conjectures mentioned above. We prove (7.2), (6.13),
(7.10) and (7.12) in section and (5.4) in section [4.3.3] Some of our results concerning
rigid objects in section and indices in section [4.3.2| are used in [44] and [45]. The
methods we use are mainly generalizations of those used for the Hom-finite case in [I8]
and [32].

The key tool that we use in our proofs is the multiplication formula proved in Propo-
sition [3.3.16] while the proofs of H. Derksen, J. Weyman and A. Zelevinsky rely on a
substitution formula [21, Lemma 5.2].

We also show in section that the setup used in [21] is closely related to the cluster-
categorical approach. We prove in section that (isomorphism classes of) decorated
representations over a quiver with potential are in bijection with (isomorphism classes of)
objects in the subcategory D of the cluster category. In sections f.4.2] and [£:4.3] we give
an interpretation of the F-polynomial, g-vector, h-vector and E-invariant of a decorated
representation in cluster-categorical terms. In particular, we prove a stronger version of
[21, Lemma 9.2] in Corollary Using the substitution formula for F-polynomials [2T],
Lemma 5.2], we also obtain a substitution formula for cluster characters of not necessarily

rigid object (Corollary [4.4.14]).

4.2 Recollections

4.2.1 Background on cluster algebras with coefficients

We give a brief summary of the definitions and results we will need concerning cluster
algebras with coefficients. Our main source for the material in this section is [31].

Cluster algebras with coefficients

We will first recall the definition of (skew-symmetric) cluster algebras (of geometric
type).
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The tropical semifield Trop(ui,ug,...,uy) is the abelian group (written multiplica-
tively) freely generated by the u;’s, with an addition @ defined by

a; bj _ min(a;,b;)
H uj” @ H ui =114 :
J J

J

An ice quiver (see [32]) is a pair (Q, F'), where @ is a quiver and F' is a subset of Q.
The elements of F' are the frozen vertices of Q. The ice quiver is finite if () is finite.

Let 7 and n be integers such that 1 < r < n. Let us denote by PP the tropical
semifield Trop(xy41,...,2y). Let F be the field of fractions of the ring of polynomials in
r indeterminates with coeflicients in QP.

Let (Q,F) be a finite ice quiver, where @ has no oriented cycles of length < 2, and
F and Qo have r and n elements respectively. We will denote the elements of Qo \ F' by
the numbers 1,2,...,r and those of F' by (r+1),(r+2),...,n. Let i be in Qo \ F. One
defines the mutation of (Q, F') at i as the ice quiver u;(Q, F) = (@', F') constructed from
(Q, F) as follows:

— the sets Q) and F’ are equal to Qp and F, respectively;

— the quiver @' is the mutated quiver p;(Q) defined in section

A seed is a pair ((Q, F)),x), where (Q, F') is an ice quiver as above, and x = {z1,...,z,}
is a free generating set of the field F. Given a vertex i of Qg \ F', the mutation of the seed
((Q, F),x) at the vertex i is the pair p; ((Q, F),x) = ((Q', F'),x’), where

— (@', F") is the mutated ice quiver p;(Q, F);

- x' =x\ {z;} U {2}, where 2/ is obtained from the exchange relation

1‘173;: H xt(a)_‘_ H Ts(a)-

aEQn ac@1
s(a)=1 t(a)=1
The mutation of a seed is still a seed, and the mutation at a fixed vertex is an involution.
Fix an initial seed ((Q, F),x).
— The sets x’ obtained by repeated mutation of the initial seed are the clusters.
— The elements of the clusters are the cluster variables.
— The ZP-subalgebra of F generated by all cluster variables is the cluster algebra

A=A((Q,F),x).
Suppose that n = 2r. A cluster algebra has principal coefficients at a seed ((Q', F"),x’)
if there is exactly one arrow from (r + /) to ¢ (for £ =1,2,...,r), and if these are the only

arrows whose source or target lies in F”.

Cluster monomials and g-vectors

Given an ice quiver (@, F), we associate to it an (n x r)-matrix B = (b;;), where each
entry b;; is the number of arrows from 4 to j minus the number or arrows from j to 1.
Let ((Q, F),x) be a seed of a cluster algebra A. A cluster monomial in A is a product
of cluster variables lying in the same cluster.
To define g-vectors, we shall need a bit of notation. For any integer j between 1 and
r, let §; be defined as
g5 = TJ =

Qo
Let M be the set of non-zero elements of A which can be written in the form

n
z=R(@,...,0) [ =7,
j=1
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where R(uq,...,u,) is an element of Q(uy, . .., u,). Note that all cluster monomials belong
to M. By [31, Proposition 7.8], if the matrix B is of full rank r, then any element of M
can be written in a unique way in the form above, with R primitive (that is, R can be
written as a ratio of two polynomials, none of which is divisible by any of the u;’s). In
that case, if z is an element of M written as above with R primitive, the vector

g(z) = (g1,---,9r)
is the g-vector of z.
Let us now state Conjectures 7.2, 7.10 and 7.12 of [31].
7.2 Cluster monomials are linearly independent over ZP.

7.10 Different cluster monomials have different g-vectors; the g-vectors of the cluster
variables of any cluster form a Z-basis of Z".

7.12 Let g = (g1,...,9-) and g = (g},...,g.) be the g-vectors of one cluster monomial
with respect to two clusters ¢t and t’ related by one mutation at the vertex i. Then

we have
r_ ) —Yi if j=1
% gj + [bjil+9; — bj; min(g;,0) if j # i

where B = (bj¢) is the matrix associated with the seed ¢, and we set [x]; = max(z,0)
for any real number x.

F-polynomials

Let A be a cluster algebra with principal coefficients at a given seed ((Q, F),x). Let
t be a seed of A and ¢ be a vertex of () that is not in F. Then the ¢-th cluster variable of

t can be written as a subtraction-free rational function in variables x1, ..., z9.. Following
[31], Definition 3.3], we define the F'-polynomial Fy; as the specialization of this rational
function at 1 = ... = x, = 1. It was proved in [3I], Proposition 3.6] that Fy; is indeed a
polynomial.

We now state Conjecture 5.4 of [31] : Every F-polynomial has constant term 1.

Y -seeds and their mutations

We now recall the notion of Y-seeds from [31]. As above, let 1 < r < n be integers,
and let P be the tropical semifield in the variables x,41,...,Zy.

A Y -seed is a pair (Q,y), where

— (@ is a finite quiver without oriented cycles of length < 2: and

- y=(y1,...,yr) is an element of P".

Let (Q,y) be a Y-seed, and let i be a vertex of Q. The mutation of (Q,y) at the vertex
i is the Y-seed 1;(Q,y) = (Q',y’), where

— @ is the mutated quiver p;(Q); and

-y =(y},-..,y.) is obtained from y using the mutation rule
y; ! ifi=j
y;. =< yyi(ys @ 1)~™ if there are m arrows from i to j
yi(ys @ )™ if there are m arrows from j to 1.

If, to any seed ((Q, F'),x) of a cluster algebra, we associate a Y-seed (Q,y) defined by

n
b..
Yji = H ;"

i=r+1
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then for any such seed and its associated Y-seed, and for any vertex i of (), we have that
the Y-seed associated to u;((Q, F),x) is ui(Q,y). This was proved in [31] after Definition
2.12.

4.2.2 Decorated representations of quivers with potentials

We defined quivers with potentials in section after [22]. We now recall from [22,
Section 10] the notion of decorated representation of a quiver with potential.

Let (Q,W) be a quiver with potential, and let J(Q, W) be its Jacobian algebra. A
decorated representation of (Q, W) is a pair M = (M, V'), where M is a finite-dimensional
nilpotent J(Q, W)-right module and V is a finite-dimensional A-module (recall that A is
given by D;cq, kei)-

We now turn to the mutation of decorated representations. Given a decorated rep-
resentation M = (M,V) of (Q,W), and given any admissible vertex ¢ of (Q,W), we
construct a decorated representation fig(M) = (M, V) of [i,(Q, W) as follows.

We view M as a representation of the opposite quiver QP (we must work over the
opposite quiver, since we use right modules). In particular, to each vertex i is associated
a vector space M; (which is equal to Me;), and to each arrow a : i — j is associated a
linear map M, : M; — M;. For any path p = a, - - - aga1, we denote by M, the linear map
My, My, - - M,,, and for any (possibly infinite) linear combination o = >, A\ip; of paths,
we denote by M, the linear map ;o7 A\; M), (this sum is finite since M is nilpotent). If o
is zero in J(Q, W), then M, is the zero map. Define the vector spaces M;, and M, by

My, = @ Mt(a) and Moy = @ Ms(b)'

a€Q1 beQn
s(a)=¢ t(b)=~

Define the linear map « : M;, — M, as the map given in matrix form by the line vector
(Mg : Myay — My | a € Q1, s(a) = £). Similarly, define 8 : My — Moy as the map
given in matrix form by the column vector (M, : My — My | b € Q1, t(b) = £). Define
a third map v : My —> M;, as the map given in matrix form by

(Maabw : Ms(b) — Mt(a) | a,b € Q, s(a) = t(b) = E)

Now construct fig(M) = (M, V) as follows.
— For any vertex i # ¢, set M; = M; and V; = V;.
— Define M, and V; by

Ker a — Ker g
m =
Im g Im ~ KergNIm «

For any arrow a of Q not incident with ¢, set M, = M,.

For any subquiver of the form i —%=/ LA J, set M[ba] = Mpq.
— the actions of the remaining arrows are encoded in the maps

_ﬂ-p

o]
I

_07 and B:(OLLJ 0),
0

where
— the map p: My, — Kery is such that its composition with the inclusion map of
Ker v gives the identity map of Ker~;
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— the map 7 : Kery — Ker~y/Im £ is the natural projection map;
— the map o : Kera/ Im v — Ker « is such that its composition with the projection
map Ker o — Ker o/ Im ~ gives the identity map of Ker o/ Im ~;
— the map ¢ : Im v — M;, is the natural inclusion map.
It is shown in [22, Proposition 10.7] that ji;(M) is indeed a decorated representation

of fie(Q, W).

4.2.3 Some invariants of decorated representations

In this section, we recall from [22] and [21] the definitions of F-polynomial, g-vector,
h-vector and E-invariant of a decorated representation.

We fix a quiver with potential (@, W) and a decorated representation M = (M, V') of
(Q, W). We number the vertices of @ from 1 to n.

The F-polynomial of M is the polynomial of Z[uy, ..., uy] defined by

n

Fy(ug, ..o uy) = Zx(Gre(M)) I_quZ

i=1
The g-vector of M is the vector gaq = (g1, ..., 9n) of Z™, where
g; = dim Ker v; — dim M; + dim V;,

where ~; is the map v : Moys —> M, defined in section [£.2.2]
The h-vector of M is the vector hys = (hq,...,hy) of Z", where

h; = — dim Ker 3;

where (; is the map 8 : M; — My, defined in section
The E-invariant of M is the integer

E(M) = dim Hom j(q (M, M) + ) _ g; dim M;,
i=1
where (g1,...,9n) is the g-vector of M.

Let N'= (N,U) be another decorated representation of (Q,W). The E-invariant can
also be defined using the two integer-valued invariants

E™I(M,N) = dim Hom g wy(M, N) + Y _(dim M;)g;(N) and
=1

E¥™(M,N) = E™(M,N) + E™I(N, M).
We have that E(M) = E™(M, M) = (1/2)E5¥™(M, M).

4.2.4 More on mutations as derived equivalences

Let (Q, W) be a quiver with potential. Assume that @ has no loops, and that ¢ is a
vertex of ) not contained in a cycle of length 2. Let (Q', W’) be the mutated quiver with
potential ;(Q,W). Let I and I"” be the complete Ginzburg dg algebras associated with
(Q,W) and (Q',W’), respectively.

We recall here some results of [58] on the mutation of I in DI'. Let I'} be the cone in
DT of the morphism

i — Dl
(0%
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whose components are given by left multiplication by «. Similarly, let Zf;k be the cone of
the morphism

Drlas — T
B

whose components are given by left multiplication by S.
Then it is proved in the discussion after [58, Lemma 4.4] that the morphism ¢; :
ry — Ef;-k given in matrix form by

< *5* - aﬂW )
t,; a*

Remark 4.2.1. In particular, the composition of the morphisms

becomes an isomorphism in C.

* S =k
Do i) I L; Dps Ls(s)

is given in matrix form by ( — 9 W).

Recall the quasi-inverse equivalences fi;” and fi; of theorem and section
Note that these equivalences induce equivalences on the level of cluster categories, which
we will also denote by i and fi; .

In Section we will need a concrete description of fij and fi; . The functor f;" is
the derived functor ? ®1§, T, where T is the I''-I'-bimodule described below. The functor
fi; is then Homp(T,7?).

As a right I'-module, T" is a direct sum j_; T}, where T} is isomorphic to e;I" if i # j
and T; is the cone of the morphism

eI’ — @ et(a)F,

a€Q1
s(a)=1

whose components are given by left multiplication by «. Thus, as a graded module, T; is
isomorphic to
P, i © @ P, s
a€@q
s(a)=1
where Py; is a copy of X(e;I"), and each P, is a copy of e;(a)I". We will denote by eyx; the
idempotent of Ps; and by e, the idempotent of P,.

The left T'-module structure of T is described in terms of a homomorphism of dg
algebras IV — Homp(T,T), using the left Homp(T,T)-module structure of T'. We will
need the description of the image of some elements of I'" under this homomorphism. This
description is given below.

For any vertex j of Q, the element e; is sent to the identity of Tj.

Any arrow ¢ not incident with ¢ is sent to the map which is left multiplication by 4.

For any arrow « of @ such that s(a) = i, the element o* is sent to the map fu» :
Ty(a) — T defined by fox (a) = eqa.

For any arrow f3 of @ such that ¢(f) = 4, the element * is sent to the map fg~ : T; —
T(py defined by fs«(esiai + Y g(p)=i €pap) = =B ai — 3 (p)=i(0psW)ap.
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4.3 Application to skew-symmetric cluster algebras

4.3.1 Rigid objects are determined by their index

This section is the Hom-infinite equivalent of [18, Section 2].

Let C be a triangulated category, and let 7' = @), T; be a rigid object of C, where
the T;’s are indecomposable and pairwise non-isomorphic. Assume that pro7" is a Krull-
Schmidt category, and that B = End¢ T is the completed Jacobian algebra J(Q, W) of
a quiver with potential (Q,WW). An example of such a situation is the cluster category
Cow, with T = X71T.

The main result of this section is the following.

Proposition 4.3.1. With the above assumptions, if X and Y are rigid objects in proT
such that indy X =ind7 Y, then X and Y are isomorphic.

The rest of the Section is devoted to the proof of the Proposition.

X
Let X be an object of proT, and let the triangle 77 ! TOX X »T

be an (add T)-presentation of X. The group Aute(7{¥) x Aute(Ty) acts on the space
Home (T{%, T5¥), with action defined by (g1,90)f" = gof'(g1)~'. The orbit of f* under
this action is the image of the map

@ : Aute(T) x Aute(Ty¥) — Home(T5Y, T5Y)
(g1,90) — gof™(g1)~".

Our strategy is to show that if Y is another rigid object of proT, then the orbits of f¥
and f¥ must intersect (and thus coincide), proving that X and Y are isomorphic.
It was proved in Lemma [3.3.2]that the functor F' = Home (T, ?) induces an equivalence
of categories
preT/(XT) — mod B,

where mod B is the category of finitely presented right B-modules. Since T is rigid, this
implies that F' induces a fully faithful functor

add T — mod B.

Thus we can often consider automorphisms and morphisms in the category mod B instead
of in C.

Now, let m be the ideal of J(Q, W) generated by the arrows of Q.

The group A = Autg(FT7*) x Autg(FTsY) is the limit of the finite-dimensional affine
algebraic groups

A, = Autg(FT (FT m")) x Autp(FTg /(FT; m™))

with respect to the natural projection maps from A, 4+ to A,, for n € N.
Similarly, the vector space H = Homp(FT}, FTs) is the limit of the spaces

H, = Homp (FT{* /(FT{m"), FT/(FT; m"))
with respect to the natural projections. All the H,, are finite-dimensional spaces, and they

are endowed with the Zariski topology. The projection maps are then continuous, and H
is endowed with the limit topology.
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Finally, for any integer n, we define a morphism &, : A, — H, which sends any
element (g1, go) of A, to gofX(g1)~', where fX is the image of fX in H, under the
canonical projection. Then the morphism ® is the limit of the ®,,’s.

The situation is summarized in the following commuting diagram.

A:hmAn Ag A2 Al
icb \L’PB \L@Q i(bl
H:hmHn H3 H2 Hl.

The next step is the following : we will prove that the image of ® is the limit of the
images of the ®,,’s. This will follow from the Lemma below.

Lemma 4.3.2. Let (X;)ien be a family of topological spaces. Let (fi : Xi — Xi—1)i>1
be a family of continuous maps, and let X = lim X;. Let (X])ien be another family of
topological spaces, with continuous maps (f] : X! — X! 1)i>1, and let X' = lim X]. Let
(u; : Xi = X]) be a familiy of continuous maps such that flu; = u;,_1f; for all i > 1, and
let u = limu;. Denote by p; : X — X; and p, : X' — X! the canonical projections. For
integers i < j, denote by fi; (respectively fZ’J) the composition fjfj—1... fiy1 (respectively
fifi—1 - fiy1). Let 2’ be an element of X" with the property that for all i € N, there
exists j >4 such that for all £ > j, fi(u; *(p)(z'))) = f”(uj_l(p;(:z:’)))

Then x' admits a preimage in X, that is, there exists x € X such that u(x) = z'.

PROOF This is a consequence of the Mittag-Leffler theorem, see for instance [8, Corol-
lary 11.5.2]. O

The above Lemma implies that the image of @ is the limit of the images of the &,.
Indeed, the universal property of the limit gives an inclusion from the image of ® to the
limit of the images of the ®,,. Let now 2z’ be in the image of ®, and let z, be its projection
in the image of ®,. The set ®,'(x,) is a closed subset of A,, and for any m > n, the
image of @, !(x,,) in ®,%(z,) is closed. Since A, has finite dimension as a variety, the
sequences of images of the ®,!(z,,) in ®,'(x,) eventually becomes constant. Applying
the above Lemma, we get that 2’ has a preimage in A by ®. This proves that the image
of ® is the limit of the images of the ®,,.

We will now prove that the image of each ®,, is open (and thus dense, since H,, is
irreducible). To prove this, we pass to the level of Lie algebras. To lighten notations,
we let E, = Endg(FT{*/FT{¥m) x Endg(FTs/FT;*m) be the Lie algebra of A, for all
positive integers n. To prove that the image of ®,, is open, it is sufficient to show that the
map

v,:E, — H,
(91,90) — gofs — oo

is surjective.
The limit of the E,’s is E = Endg(FT;*) x Endg(FT;%), and the limit of the W,,’s is
the map

v:F — H
(91,90) > gof™ — fXan.

The diagram below summarizes the situation.
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E =lmE, E3 Es E
X o e e
H:hmHn H3 H2 Hl.

All the canonical projections are surjective.
Lemma 4.3.3. The map V defined above is surjective.

PROOF This proof is contained in the proof of [I8, Lemma 2.1] [0 As a consequence,

all the W,’s are surjective. Hence the images of the ®,,’s are open.
From this, we deduce that if Y is another rigid object of pro7 with (add T")-presentation

Y
T5¢ ! T Y YT , then X and Y are isomorphic. Indeed, by the above

reasoning, the orbit of f¥ is the limit of the orbits of its projections in the H,,’s. But these
orbits are open, and so they intersect (and coincide) with the images of the ®,, defined
above. Hence the orbit of f¥ in H is the limit of the images of the ®,,’s, and this is exactly
the orbit of fX. Therefore X and Y are isomorphic.

The last step in proving Proposition[4.3.1]is to show that given indy X, we can “deduce’
T and T5~.

An (add T)-approximation T7¥ — Tg¥ — X — XT7X is minimal if one of the following
conditions hold.

— The above triangle does not admit a direct summand of the form

idg

R R 0 YR.

— The morphism f : T;X — X in the presentation has the property that for any
g: TOX — TOX , the equality fg = f implies that g is an isomorphism.
In fact, any of these two conditions implies the other.

Lemma 4.3.4. The above two conditions are equivalent if preT is Krull-Schmidt.

PrROOF First suppose that the presentation has the form

0
Tor“ e nor Y x .~ vrx,

where f = (f’,0) in matrix form. Then the endomorphism g of T)® R given by g = 17y @0
is not an isomorphism, and fg = f.
Now suppose that the presentation admits no direct summand of the form

idr

R R 0 YR.

Using the Krull-Schmidt property of proT, we can decompose bot T5* and T}* as a finite
direct sum of objects with local endomorphism rings. In that case, the morphism f written
in matrix form (in any basis) has no non-zero entries.

Let g be an endomorphism of 75X such that fg = f. Then f (1T0X —g) = 0. Consider

the morphism (1TOX — g) written in matrix form. If one of its entries is an isomorphism,
then by a change of basis we can write (1TOX — g) as the matrix

([515),
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where ¢ is an isomorphism. In that case, it is impossible that f (1T0x —g) = 0, since f
has no non-zero entries. This implies that none of the entries of the matrix of (1T0x -9)
is invertible. Therefore the diagonal entries of g are invertible (since for any element z of
a local ring, if (1 — z) is not invertible, then z is), while the other entries are not, and ¢
is an isomorphism. O

Lemma 4.3.5. If X is rigid and TX 5 T¥ — X 5 ST is a minimal (addT)-
presentation, then T{* and T5 have no direct summand in common.

PROOF The first proof of [I8, Proposition 2.2] works in this setting. We include here
a similar argument for the convenience of the reader.

Suppose that T; is a direct factor of Tz . Let us prove that it is not a direct factor of
.

Applying F' = Hom¢ (T, 7) to the triangle above, we get a minimal projective presen-
tation of F'X. This yields an exact sequence

(FX,S;) — (FTYX, S;) 25 (FTX, S)),

where S; is the simple at the vertex i. Since the presentation is minimal, Fa* vanishes,
and there exists a non-zero morphism f : FFX — S;. In particular, f is surjective.

Let g : FT{X — S; be a morphism. Since FT;¥ is projective, there exists a morphism
h: FT{X — FX such that fh = g.

Lift S; to an object XT; of C, and lift f, g, and h to morphisms f : X — LT,
G: T — ST and h: T — X of C. Using Lemma we get that fh =g.

z1y

»ix ¥ =15

PR

xZ o

Since X is rigid, hX "'y vanishes, and thus so does gL ~!v. Then there exists a morphism
o : Tg8 — XT7 such that ca = g. But since Fa* = 0, we get that g = (Fo)(Fa) vanishes.

We have thus shown that there are no non-zero morphisms from FT{* to S;. Therefore
T; is not a direct factor of T5X. O

By the above Lemma, the knowledge of indy X is sufficient to deduce the isomorphism
classes of T/X and T;X in any minimal (add )-presentation of X. Therefore, if Y is another
rigid object of proT" with indy X = indr Y, all of the above reasoning implies that X and
Y are isomorphic. This finishes the proof of Proposition

4.3.2 Index and g-vectors

It was proved in [32, Proposition 6.2] that, inside a certain Hom-finite cluster category
C, the index of an object M with respect to a cluster-tilting object T' gives the g-vector
of X, with respect to the associated cluster. The authors then used this result to prove
conjectures of [31] in this case. In this section, we will prove a similar result, dropping the
assumption of Hom-finiteness.

Let (@, F) be a finite ice quiver, where @) has no oriented cycles of length < 2. Sup-
pose that the associated matrix B has full rank r. Denote by A the associated cluster
algebra. Let W be a potential on @), and let C = Co w be the associated cluster category.
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Denote by D the full subcategory of proI' NproX~'T" whose objects are those X such that
Hom¢(X7!T, X) is finite-dimensional.
Following [32], let U be the full subcategory of D defined by

U={XeD| Homc(E_lfj,X) =0forr+1<j<n}

Note that U is invariant under iterated mutation of I' at vertices 1,2,...,7.

Let T'=@Dj_ T; = Dj_1 T; ® @)_, 11 I'; be a rigid object of D reachable from I' by
mutation at an admissible sequence of vertices of () not in F', and let G be the functor
Home(X71T,?) from C to the category of Ende(T)-modules. Let X} be the associated
cluster character, defined by

5\/[: deMZ< Gre GM) )) —L(e)’

where ¢(e) is the vector indr Y +indy XY for any Y such that the dimension vector of GY
is e (it was proved in Lemma that this vector is independent of the choice of such a
Y, see also [68]).

Since we only allow mutations at vertices not in F, the Gabriel quiver of T" can be
thought of as an ice quiver (Q7, F) with same set of frozen vertices as (Q, F). Let BT =
(bﬁ) be the matrix associated to (Q7, F). According to [41, Lemma 1.2] and [5, Lemma
3.2] , BT is of full rank r if B is.

Suppose now that M is an object of . Let us prove that X}, then admits a g-
vector, that is, X, is in the set M defined in Section In order to do this, let us
compute —¢(d;), where §; is the vector whose j-th coordinate is 1 and all others are 0, for
j=12...,r

Let T be an indecomposable object of D such that GT7' is the simple End¢(7T)-module
at the vertex j. It follows from the derived equivalence in [58, Theorem 3.2] that we have
triangles

T; — QB Tyo) = T; = ST; and T — @ Ty) = Tj — ST
aEQ? aEQ{
s(a)=j t(a)=j

We deduce from those triangles that for any 0 < ¢ < n, the (-th entry of —.(d;) is the
number of arrows in Q7 from ¢ to j minus the number of arrows from j to L. Th]S number

is bg’j. Thus, with the notations of Section 4.2.1| we have that z (%) =1T- 1:E = §j.
Therefore, since ¢ is additive, for M in U, we have the equality

X = ‘“dTMZ( (Gro(GM) )) ; 9y
j=1

(notice that if M is in U, then Gr.(GM) is empty for all vectors e such that one of
€rt+1,---,6n is nON-Zero). Moreover, the rational function

R(ul,...,ur):Z( (Gre(GM)) )Hu

is in fact a polynomial with constant coefficient 1, and is thus primitive.
We have proved the following result.

Proposition 4.3.6. Any object M of U is such that X, admits a g-vector. This g-vector
(91,---,9r) is given by g; = [indp M : Tj], for 1 < j <.
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These considerations allow us to prove the following Theorem, whose parts (1), (3)
and (4) were first shown in the same generality in [21] using decorated representations,
and then in [65] using Donaldson-Thomas theory.

We say that a collection of vectors of Z" are sign-coherent if the i-th coordinates of all
the vectors of the collection are either all non-positive of all non-negative.

Theorem 4.3.7. Let (Q,F) be any ice quiver without oriented cycles of length < 2, and
let A be the associated cluster algebra. Suppose that the matriz B associated with (Q, F)
s of full rank r.

1. Conjecture 6.13 of [31] holds for A, that is, the g-vectors of the cluster variables of
any given cluster are sign-coherent.

2. Conjecture 7.2 of [31] holds for A, that is, the cluster monomials are linearly inde-
pendent over ZIP, where P is the tropical semifield in the variables x,y1,...,xy.

3. Conjecture 7.10 of [31] holds for A, that is, different cluster monomials have different
g-vectors, and the g-vectors of the cluster variables of any cluster form a Z-basis of
7.

4. Conjecture 7.12 of [31)] holds for A, that is, if g = (g1,--.,9r) and g = (¢},...,49.)
are the g-vectors of one cluster monomial with respect to two clusters t and t' related
by one mutation at the vertex i, then we have

g/' _ —4i Zf] =1
J gj + [bjil+g9; — bjimin(g;,0) if j #

where B = (bj¢) is the matriz associated with the seed t, and we set [x]4 = max(x,0)
for any real number x.

Proor Choose a non-degenerate potential W on ), and let C = Cq w be the associated
cluster category. Let X’ be the cluster character associated with I'.

We first prove Conjecture 6.13. We reproduce the arguments of [I8, Section 2.4]. To
any cluster ¢ of A, we associate (using Theorem a reachable rigid object T of U,
obtained by mutating at vertices not in F'. Write T" as the direct sum of the indecomposable
objects 11,...,T;,. Then, for 1 < j7 < r, we have that X’Tj is a cluster variable lying in
the cluster ¢. By Proposition m its g-vector (g{, ..., g)) is given by gz = [indp T} : T'y].
Now, by Lemma [4.3.5] any minimal add I'-presentation of T

R1—>R0—>T—>2R1

is such that Ry and R; have no direct factor in common. But this triangle is a direct
sum of minimal presentations of T1,...,T,. Therefore the indices of these objects must
be sign-coherent. This proves Conjecture 6.13.

Next, we prove Conjecture 7.2. We prove it in the same way as in [32, Corollary 4.4
(b) and Theorem 6.3 (c)]. Using Theorem we associate to any finite collection of
clusters (¢;) e of A a family of reachable rigid objects (77) e of U, obtained by mutating
at vertices not in F' (for the moment we do not know if this assignment is unique). Let
(M;)jes be a family of pairwise non-isomorphic objects, where each M; lies in add 7V (in
particular, these objects are rigid). Any ZP-linear combination of cluster monomials can
be written as a Z-linear combination of some X ;wj’s, where the M;’s are as above. Thus
it is sufficient to show that the X fwj ’s are linearly independent over Z.
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The key idea is to assign a degree to each x; in such a way that each g; is of degree
1. Such an assignment is obtained by putting deg(z;) = k;, where the k;’s are rational
numbers such that
(ki,...,kn)B=(1,...,1).

This equation admits a solution, since the rank of B ir r. Thus the term of minimal degree
in X/, is 29 M for any M in U.

Now let (¢j)jes be a family of real numbers such that 3¢ ; ch]’V[j = 0. The term of
minimal degree of this polynomial has the form >, cex™Ir Me for some non-empty subset
L of J, and this term must vanish. But according to Proposition the indices of the
My’s are pairwise distinct. Thus ¢y is zero for any £ € L. Repeating this argument, we get
that c; is zero for any j € J. This proves the linear independence of cluster monomials.

The proof of Conjecture 7.10 goes as follows. Let {w1,...,w,} be a cluster of A, and
let i ... wy" be a cluster monomial. Let T' = @7_; T; ® D}, ['n be the rigid object
of C associated with that cluster. Then the cluster character

X, = ondr M > (X(Gre(Homc(Z_lF, M)))x_L(e)

sends the object @’_; T;-lj to the cluster monomial w{* ... w?" . The g-vector of this cluster
monomial is the index of @;:1 Tjaj by Proposition and by Proposition this
object is completely determined by its index. Therefore two different cluster monomials,
being associated with different rigid objects of C, have different g-vectors.

Let us now prove that the g-vectors of wq,...,w, form a basis of Z". For any object
M of D, denote by (indp M)y the vector containing the first  components of indp M. In
view of Proposition [4.3.6] it is sufficient to prove that the vectors (indr 7% )o, . . . , (indr 7} )o
form a basis of Z".

We prove this by induction. The statement is trivially true for I'. Now suppose it
is true for some reachable object T as above. Let 1 < £ < r be a vertex of (), and let
T" = pe(T). We can write T" = @_, T}, where T] = Tj if j # {, and there are triangles

Tr— P Ty — T — STy and T, — P Ty — Tt — ST

aEQlT aGQlT
s(a)=¢ t(a)=¢C

thanks to [58]. Moreover, the space Hom¢ (T}, XTy) is one-dimensional; by applying Lemma
(with the T of the Lemma being equal to our ¥~!T"), we get an isomorphism

(T)(T}, Ty) —> D Home (T4, ST4)/(T),

Therefore one of the two morphisms 7; — X7, and Ty — X7 in the triangles above is in
(T'). Depending on which one is in (T'), and applying Lemma [3.3.4] (2), we get that either

indr T, ifj 40
indp TJ/ = { —indr Ty + ZCMEQ? indp T;t(a) if j=24¢.
s(a)=¢
or
indr T, if £ 0
indp ,I'], = { —indp Ty + ZaEQ{ indp Ts(a) if j =4¢.
t(a)=¢

holds. Therefore the (indr 7})o’s still form a basis of Z". Conjecture 7.10 is proved.



4.3. APPLICATION TO SKEW-SYMMETRIC CLUSTER ALGEBRAS 65

Finally, let us now prove Conjecture 7.12. Let 7' and T’ be reachable rigid objects
related by a mutation at vertex ¢, as above. Then we have two triangles

Ty — E—T;,— X1, and T, — E — T, — X7y,

where £ = @ aeQ” T}() and E' =& acQT Ts(a)- Moreover, the dimension of the space
s(a)=¢ t(a)=~
Home (T, XT") i(s )one. Thus we can appgy)Proposition
Let M be a rigid object in pro7T, and let TM — TM — M — ST be a minimal
(add T')-presentation. Then, by Proposition M is in proT’. Moreover, if TM =
Téw ©T¢ and TM = Tiw @® TP, where T} is not a direct summand of Téw ® Ti\/[, then the
end of the proof of that Proposition gives us a triangle

(B @ Eca(T)<aT, — (I)"  aT) & [E) — M — ...,

for some integer ¢. Notice that [indz M : Ty] = (a — b), and that since T3/ and T have
no direct factor in common by Lemma one of a and b must vanish ; thus ¢ also
vanishes, since ¢ < min(a, b). Notice further that b = —min([indy M : Ty],0). Thus

—lindyp M : T} (if j =14)

[indp M : Tj] = { [indy M : Tj] + [indr M : T][b],]4 — bf, min([indr M : T¢],0)
(if j # 0).
This proves the desired result on g-vectors. O

Remark 4.3.8. Using the notations of the end of the proof of Theorem [4.3.7], we get that,
if M is an object of D which is not necessarily rigid, then

. —lindp M : T} (if j=1¢)

indp M :T!] = .[mT ¢ e

[indr i) { [indp M : T;] + a[bje]+ — b[—bje]+ (if 7 #0).

Moreover, if the presentation 77 — wa — M — XTM is minimal, then the integer c
vanishes. Indeed, in the proof of Proposition ¢ (or r in Proposition [3.2.7)) is defined
by means of the composition

™™ T e Ts — S(T)°.

The minimality of the presentation implies that this composition vanishes, and thus that
c=0.

Using Theorem we get a refinement of Theorem [3.4.1

Corollary 4.3.9. The cluster character X4 associated with I' induces a bijection between
the set of isomorphism classes of indecomposable reachable rigid objects of C and the set
of cluster variables of A.

ProoF It was proved in Theorem that we have a surjection. We deduce from
Theorem [£.3.7] that different indecomposable reachable rigid objects are sent to different
cluster variables. Indeed, different such objects are sent to elements in A which are linearly
independent, and thus different. O

We also get that the mutation of rigid objects governs the mutation of tropical Y-
variables, as shown in [52, Corollary 6.9] in the Hom-finite case.
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Corollary 4.3.10. Let (Q,W) be a quiver with potential, and let C be the associated
cluster category. Let i = (i1,...,1m) be an admissible sequence of vertices, and let T be
the object p;(I'). Let (Q,y) be a Y-seed, withy = (y1,...,Yn).

Then p;(Q,y) is given by (1;(Q),y’), where

n . — 1
’ —[mdz,lT, T's:X Tj]
vy =] vs :

s=1

PROOF The result is proved by induction on m. It is trivially true for m = 0, that is,
for empty sequences of mutations. Suppose it is true for any sequence of m mutations.

Let i' = (i1,...,im, ) be an admissible sequence of m + 1 mutations. Let 7" = p/(I')
and (1 (Q),y") = ny(Q.y).

Using the mutation rule for Y-seeds (see section and the induction hypothesis,
we get that

n

" [indg, 14 2177
Yo = H Ys !

s=1

and that, for any vertex j different from ¢,

n . _ . _ / ’o . _
y// o H y—[lndz,lT, T's:2 1T;]—[1ndE,1T/ I's:2 1Té][b}; }Jr—b};. min(—[indg, 1,/ T's:2 1Té]70)
i = s

s=1

Now, recall from the end of the proof of Theorem that for any object M of proT7,
we have an (add T")-presentation

By e B o @) eT) — () oT, &E)" —M— ..,
and that [indy M : Tj] = (a — b). Notice also that @ = —min([— indg» M : T}],0). Thus

—[indp M :T7]  (if j =0)
findgo M = 7Y = { [indp M : 7] + [indps M : )65 ]+
+b2 min(—[indg M : T}],0) (if j # £).

Replacing M by XI'y, and using the above computation of yé-’ , we get exactly the desired
equality. O

Remark 4.3.11. The opposite category C° is triangulated with suspension functor ¥,, =
Y~ If T is a rigid object of C, then it is rigid in C°?, and any object X admitting an
(add X ~!T)-presentation in C admits an (add T)-presentation in C°. If we denote by
ind7?” X the index of X with respect to T in C%, then we have the equality ind?’ X =
—indg-17 X. Thus the equality of Corollary [£.3.10] can be written as

noo
y,' _ H yLlnd;E [T}
j .

s=1

This corresponds to the notation and point of view adopted in [52, Corollary 6.9].
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4.3.3 Cluster characters and F-polynomials

Let A be a cluster algebra with principal coefficients at a seed ((Q, F'),x). In particular,
n = 2r, and the matrix B associated with (@, F') has full rank 7.

Let W be a potential on @, and let C = Cow be the cluster category associated
with (Q,W). Let T be a rigid object of C reachable from I by mutation at an admissible
sequence of vertices (i1, ...,is) not in F. Write T" as EB?T:l T;, where Ty, = I'g for r < £ < 2r.

For any vertex j not in F, X{pj is a cluster variable in A. Specializing at 1 = ... =
xz, = 1, we obtain the corresponding F-polynomial (see Section , which we will
denote by Fr;.

We thus have the equality

2r . - 2r 3 .
FTj _ H xgmdr T;:T;) Z X(Gre(Homc(E_lF, T]))) H z; L(€)17
i=r+1 e i=r+1

where ¢(e) was defined in section [3.3[and ¢(e); is the i-th component of ¢(e).

Remark 4.3.12. The element X’Tj of A is the j-th cluster variable of the cluster obtained

from the initial cluster at the sequence of vertices (i1, ...,4s) by Theorem Therefore,
the polynomial Fr, is the corresponding F —polynomial.

It follows from our computation in Section [£.3.2]that for r < ¢ < 2r, there is an equality
—u(e); = >_j—1€5bij, and since our cluster algebra has principal coefficients, this number
is e;_,. Thus we get the equality

2r .
FT]- _ H J;Elndr T;:T] Z X(Gre(HOmc( 11—\ T ) H $ i
i=r+1 e i=r+1

From this we can prove the following theorem, using methods very similar to those found
n [32], in which the theorem was proved in the Hom-finite case. Note that the theorem
was shown in [2I] using decorated representations and in [65] using Donaldson—Thomas
theory.

Theorem 4.3.13. Conjecture 5.6 of [31] holds for A, that is, any F-polynomial has
constant term 1.

ProoF It suffices to show that the polynomial Fr; defined above has constant term
1. In order to do so, we will prove that, for any r < i < 2r, the number [indp 7} : I';]
vanishes.

We know that T} lies in the subcategory U defined in Section [4.3.2) that is, for any
r < i < 2r, the space Homc(Z‘_lI‘i,Tj) vanishes. Using Propositi we get that
Home¢ (T}, XT';) also vanishes.

Let Ty — Ty — Tj — XT be a minimal (add T')-presentation of Tj. Let r < i < 2r be
a vertex of (). Suppose that I'; is a direct summand of Ty. Since Home (T}, XI';) is zero,
this implies that the presentation has the triangle

I, —>=T; 0 YT,

as a direct summand, contradicting the minimality of the presentation. Thus I'; is not a
direct summand of T}.

Suppose that I'; is a direct summand of Ty. Since i is a sink in @, and since I'; is not
a direct summand of T'1, we get that Home (71, T;) is zero. This implies that I'; is a direct
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summand of T}, and since the latter is indecomposable, we get that it is isomorphic to the
former. This is a contradiction, since 1" must be basic. O

Definition 4.3.14. For any object M of D, the F-polynomial of M is the polynomial
2r ‘
Far =Y x(Gre(Home (2710, M))) T 25
e i=r+1

in Zxyq1,. .., Tl

Thanks to Theorem [4.3.13] this definition is in accordance with the Fr, used above.
Note that we have the equality

2r
X}\/[ _ H x’EmdpM:Fi]FM

i=r+1

r1=..=x,=1

We can deduce from the multiplication formula of Proposition [3.3.16] an equality for
the polynomials Fjs. This was first proved implicitly in [68, Section 5.1], see also [52]
Theorem 6.12].

Proposition 4.3.15. Let M and N be objects of D such that the space Home (M, X.N) is
one-dimensional. Let

M—FE—N-—-—YM and N—F —M—3XN

be non-split triangles. Then

2r 2r
di_ di_
Fuby = T« Fet [] o Fo.
i=r+1 i=r+1

where d = (dy,...,ds,) is the dimension vector of the kernel K of the induced morphism
Home (X7, M) — Home (Y7L E) and d = (dy,...,db,) is the dimension vector of
the kernel K’ of Home (X', N) — Home(X7'T, EY).

ProoF We know from Proposition [3.3.16| that X, X\ = X} + X,. Specializing at
x1=...=x, =1, we get the equality

2r 2r 2r
H 1:£1ndp M:T;]+[indp N:Fi]FMFN _ H xglndp E:Fi]FE + H $Emdr E :Fi]FEl.

i=r+1 i=r+1 i=r+1
It follows from Lemma m (applied to the above triangles shifted by ¥~!, and with
T = Y7'T") that

indp M +indp N = indr F 4+ indr K 4+ indp XK
= indp E' + indp K + indp EK’,

where K and K’ are as in the statement of the Proposition. But indr K +indp XK = «(d),
and using our computation of ¢(e) of Section we get that —u(d); = d;—, forr < i < 2r.
Similarly, we get that indp K’ + indp XK' = «(d'), and that —u(d’); = d}_, for r < i <

2r. The desired equality follows.
O
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4.4 Link with decorated representations

In this section, an explicit link between cluster categories and the decorated represen-
tations of [22] is established. We show that the mutation of decorated representations of
[22] corresponds to the derived-equivalence of [58], and we give an interpretation of the
E-invariant of [21] as half the dimension of the space of selfextensions of an object in the
cluster category.

4.4.1 Mutations

Let (Q,W) be a quiver with potential. Let I' = I'g w be the associated complete
Ginzburg dg algebra, and C = Cq w be the associated cluster category. Let B = Bg w
be the endomorphism algebra of I" in C. Recall from [58, Lemma 2.8] that B is the
Jacobian algebra of (Q,W). Denote by F the functor Home(X7!T, ?) from C to Mod B.
Let D = Dq w be the full subcategory of preI'N preY T whose objects are those X such
that FX is finite dimensional.

Consider the map ® = ®¢ 17 from the set of isomorphism classes of objects in D to
the set of isomorphism classes of decorated representations of (@, W) defined as follows.
For any object X of D, write X = X' ® @iEQO(eiF)mi, where X’ has no direct summands
in addI'. Such a decomposition of X is unique up to isomorphism, since proI' is a Krull-
Schmidt category, as shown in Chapter Define ®(X) to be the decorated representation
(F(X"),Bicq, i), where (0,5;) is the negative simple representation at the vertex 4, for
any 4 in Q.

Consider also the map ¥ = ¥q y from the set of isomorphism classes of decorated
representations of (Q, W) to the set of isomorphism classes of objects in D defined as
follows. Recall from Chapter [3| that F induces an equivalence proX~!T'/(I') — mod B,
where mod B is the category of finitely presented B-modules. Let G be a quasi-inverse
equivalence. For any decorated representation (M, Dico, S/, choose a representative M
of G(M) in D which has no direct summands in addI' (the representative can be chosen
to be in D thanks to Lemma . Such a representative is unique up to (non-unique)
isomorphism. The map ¥ then sends (M, @;cq, S;") to the object M @& @;cq, (eil'i)™.

The diagram below summarizes the definitions of ® and W.

isoclasses of isoclasses of decorated
objects of D representations of (Q, W)

™o 0(X) = (FX, P(S)™)
1=1

e M= (M, P ST)
i=1

n
X=X®P(al)

i=1

n
U(M) =M @ P(el)

i=1
The main result of this subsection states that the maps ® and ¥ are mutually inverse

bijections, on the one hand, and that, via these maps, the derived equivalences of [58] are
compatible with the mutations of decorated representations of [22], on the other hand.

Proposition 4.4.1. With the above notations, ® and ¥ are mutual inverse maps. More-
over, if i € Qg is not on any cycle of length < 2, and if (Q",\W') = ;(Q, W), then for
any object X of D, we have that

o w (i (X)) = pi(Pw (X)),
where the functor ;. is as defined after Theorem .
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The rest of this section is devoted to the proof of the Proposition.

It is obvious from the definition of ® and ¥ that the two maps are mutual inverses.
Thus we only need to show that the two mutations agree.

Let IT” be the complete Ginzburg dg algebra of (Q',W’). Note that Ende/ (I7) is the
Jacobian algebra J(Q', W), by [68, Lemma 2.8]. Let C’ be the cluster category associated
with (Q',W’). We know from [21] that ;(®gw (X)) is a decorated representation of
(Q,W') = [1;(Q,W). We need to show that it is isomorphic to ®¢g w(1; (X)).

We can (and will) assume for the rest of the proof that X is indecomposable, as all
the maps and functors considered commute with finite direct sums.

We first prove the proposition for some special cases.

Lemma 4.4.2. Assume that X is an indecomposable object of D such that either
— X is of the form e;I' for j # 1, or
— X s the cone I'] of the morphism

Fi — @ Ft(a)

whose components are given by left multiplication by .
Then the equality ®qrw (fi; (X)) = (P w (X)) holds.

PROOF Suppose that X = e;I" for some vertex ¢ # j. Then 1;(®Pow (X)) = (0, 5;) =

(0,5;), and @ w (f1; (X)) = @ w(e;I7) = (0,5;), so the desired equality holds.
Suppose now that X is the cone I'] of the morphism

Iy — @ Ft(a)

whose components are given by left multiplication by «. In that case, fi; (X) = ;I and
®(X) = (S;,0), so the desired equality is also satisfied. O

Now suppose that X is not of the above form. Using the definition of 1; , we get that
O(p; (X)) is equal to ®(Homp (T, X)), where T' is as defined in section Because of

our assumptions on X, this decorated representation is (Homcf (EilF’ , Homp (T, X)), O).
We have the isomorphisms of Ende/(I)-modules

Home: (X7, Homp (T, X)) = Hompp (X7, Homr (T, X))
= Hompr(X'T" @k T, X)
= Hompr(X7'T,X)
= Home(X7'T, X),

where X is a lift of X in prppX~!I. Using this, we prove the Proposition for another
special case.

Lemma 4.4.3. IfX = eiI‘, then (I)Q/,WI(,U,; (X)) = ﬁz(q)QJ/V(X))

PrOOF We have that f1;(®g w(e;I")) = (S;,0). Moreover, the above calculation gives
that (I)Q’,W’(ﬁi_ (e;I)) = (Homc(zflT, eiF),O).

For any vertex j # i, we have that Home (X717, ¢;T"e; = Home (X7t (e;T), e;T) =
Home (X7 (e;T), e;T), and this last space is zero.

For the vertex i, we have isomorphisms Home (X717, e;T")e; = Home (X7 (e;T), ;1) =
Home (X7IT%, e;T), and this space is one-dimensional.
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Therefore Home (3717, e;') is the simple module at the vertex i, and this proves the
desired equality. O

We now treat the remaining cases, that is, those where X is not in addI" and is not
I'Y. Then ®(X) = (FX,0), and 1;(Pow (X)) = 1 (FX,0) = (M’,0) is computed using
section We will show that Home (X717, X) is isomorphic to M’ as a J(Q', W')-
module, using heavily the definition of 7' given in section

Lemma 4.4.4. For any vertex j, the vector spaces M'e; and Home (X 71T, X)e; are iso-
morphic.

PROOF If j is a vertex different from ¢, then we have the isomorphisms of vector spaces
Home (X7, X)e; = Home (X7 (e;T), X) = Home (X7 (e;1), X) = (FX)ej = Me;.

For the vertex i, we have isomorphisms Home (X 71T, X)e; = Home (S (e, T), X) =
Home (X 7IT%, X). Let us show that this space is isomorphic to Me;.

We have triangles in C

el — P eyl — T; — S(el) and
s(a)=i
T, — P eyl — el — XT7}.
t(a)=t
These triangles yield a diagram with exact rows

(57T, X) =" (57 Dyaymi €5yl X) = (7 (eD), X) = (7, X)
f
(57105 X) — (57 Dia)mi o)L X) —2= (7Y (eD), X) —= (72T, X),

where we write (Y7,Y2) for Home(Y1, Y2), where —y = gy h, and where ¢; was defined in
section [4.2.4] Note that ¢} is an isomorphism.

Notice that, in the notations of section u we have that (X~ @t (a)=i €s(@)ls X) =
(FX)ou and (271 Dsa)=i €t(@)l's X) = (FX)in. Moreover, the maps o and 8 in the
diagram above correspond to the maps o and 3 of section @

The map « above also corresponds to the map 7 defined in section This follows
from the computation we made in Remark [£.2.1]

Using the above diagram, we get isomorphisms

(7T X) = Img@Kerg
= Kera® Kerg
and
Kery = h (g Y (Kerg))
2 Kerh® Kerg
2 Im 8 ®Kerg.
Thus (X7IT}, X) is (non-canonically) isomorphic to Ker a @ Iﬁﬁrﬂ'y, which is in turn iso-
morphic to Kerv @ Im vy d I?Igr'ya But this is precisely M’e;. O

It remains to be shown that the action of the arrows of Q' on Home(X7'T, X) is the
same as on M’ in order to get the following Lemma.
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Lemma 4.4.5. As a J(Q',W’)-module, Hom¢ (X717, X) is isomorphic to M'.

ProOOF We know from Lemma [£.4.4] that the two modules considered are isomorphic
as A-modules, where A is as in section [3.2.2

Now let a be an arrow of @ not incident with ¢. Then a is an arrow of @', and its
action on Home (X717, X) is obviously the same as its action on M’.

Consider now an arrow of @’ of the form [ba], where t(a) = ¢ = s(b) in Q. By the
definition of M’ given in section [4.2.2] [ba] acts as ba on M’, that is, M[’ba] = (FX)pa-

According to the definition of T' given in section [ba] acts on T' as the map

Ts@y — Ty
r +—— bax.

Hence the action of [ba] on Home (X717, X) is also given by multiplication by ba. Thus
the action of [ba] on M’ and on Hom¢ (X717, X) coincide.

There remains to be considered the action of the arrows incident with 4.

Keep the notations introduced in the proof of Lemma [1.4.4. We assert that the maps
@;h and g encode the action of the arrows incident with i.

Recall that in DI', the object I'j is isomorphic as a graded module to

Sel) s P eyl
a(E)Qy

and that the map @ .eq, €1a)l' — I} is the canonical inclusion. Thus, its components
s(a)=i
are given by

et(a)F — F?
T — ey4T.

for any arrow a of @ such that s(a) = i. By the definition of T', this is multiplication by
a*. Therefore g encodes the action of the arrows a* of @', where s(a) =1 in Q.
Similarly, recall that in DI', the object F: is isomorphic as a graded module to

(P epl) @S Hal)
be@1
t(b)=i

and that the map ff — Doeq, )l is given by the canonical projection. Thus its
t(b)=i

composition with ¢ is given by the matrix ( —b* —O0upW ) Its components are the

maps

rr — es(b)F

)

es;Ti + Z €alq +— —b*x;+ Z (OatW )4

s(a)=t s(a)=1

for any arrow b of @) such that ¢(b) = i. By the definition of 7', this is multiplication by

b*. Thus ¢!h encodes the action of the arrows b* of @', where t(b) =i in Q.

Finally, recall from Lemma [4.4.4|that Home (X 71T, X) is isomorphic to Ilirﬁr; ®Im v

%. Recall that the summand I1<nelr57 corresponds to Ker g, while the summand Im v @

Ker o

Im v

corresponds to Im g.
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I?n(zr’yoi in such a way that Im ¢;h N 11{1?171")/0[ = 0. In that

case, ¢ is given in matrix form by ( 0 ¢ o ) and @7 h, by —~ |, in the notations of
0
section This proves that the action of the arrows of Q" on M’ and on Hom¢ (X717, X)

coincide, finishing the proof of the Lemma. O

We choose a spliting Im v &

We have proved Proposition

4.4.2 Interpretation of F-polynomials, g-vectors and h-vectors

In this section, we study the relation between the F-polynomials of objects of D and
of decorated representations, and between the index of objects in D and the g-vectors of
decorated representations. We also give an interpretation of the h-vector.

Let (Q,W) be a quiver with potential, and let C be the associated cluster category.
We keep the notations of the previous section for the maps ¢ and W.

We first prove a result regarding F-polynomials.

Proposition 4.4.6. Let X be an object of D. Then we have the equality

FX<1'7’+17 ce ,I‘n) = F@(X)(.’ET+1,. . .,xn).

PROOF This is immediate from the definitions of Fx, ® and Fyx), given in Definition

[4:3.14], Section [4.4.1] and Section [£.2.3] respectively. O

We now prove that g-vectors of decorated representations and indices of objects in the
cluster category are closely related. We will need the following Hom-infinite extension of
[68, Lemma 7].

Lemma 4.4.7. Let M be an indecomposable object of D. Then

- ol = ) i if M = e,T
[indp M - ;] = { dim Exth(S;, FM) — dim Homp(S;, FM)  otherwise,

where B = End¢(T).

PRrROOF The result is obvious if M lies in addI'. Suppose it does not. Let T} —
To — M — ¥T; be an (add I')-presentation of M.

The opposite category C° is triangulated, with suspension functor X,, = ¥ ~1. Thus,
in C°P, we have a triangle Z;plTo — EgplTl — M — Tp. Applying the functor
F' = Homeor (35T, 7), we get a minimal projective resolution

F'S Ty — F'S )Ty — F'M — 0

of F'M as a B°’-module.
Letting S/ be the simple B°’-module at the vertex i, we apply Hompg/(?,S;) to the
above exact sequence and get a complex

0 — Homper (F'S,, T1, Sj) — Hompen (F'S,,) To, Sj) — ...

whose differential vanishes, since the presentation is minimal.
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Therefore we have the equalities
[indr M : ;] = dim Extho,(F'M, S!) — dim Hompes (F' M, SY)
= dim Exth(S;, DF'M) — dim Homp(S;, DF' M),

where S; is the simple B-module at the vertex i.
Now, using Proposition [3.2.16, we get that

DF'M = D Homeer(S,, T, M) = D Home(M,XT') = Home(S7'T, M) = FM.
Thus DF'M is isomorphic to FM as a B-module. This proves the lemma. O

We now prove the result on g-vectors of decorated representations.

Proposition 4.4.8. Let (Q,W) be a quiver with potential, and let C be the associated
cluster category. Let X be an object of D. Let gg(x) = (g1,---,9n) be the g-vector of the
decorated representation ®(X). Then we have the equality

g; = [indp X Fz]
for any vertex i of Q.

PROOF We can assume that X is indecomposable. If X lies in addI', then the result
is obviously true. Suppose that X does not lie in add I'.
Using the two triangles in C

el — P eyl — I} — S(el) and

s(a)=t
I, — P eyl — el — ST
t(a)=1

and applying the functor F' = Home (X 71T, ?), we get a projective resolution of the simple
B-module S; at the vertex i:

P — @ Pt(a) — @ Ps(a) — P, — 5; — 0,
s(a)=i t(a)=1i

where P; is the indecomposable projective B-module at the vertex j. Applying now the
functor Homp(?, FM), we get the complex
0 — (FM); 25 (FM)pue 25 (FM)z 25 (FM);.
From this complex, we see that Hompg(S;, M) = Ker3; and that Exth(S;, M) =
Ker+;/Im f;. We also deduce an exact sequence
0 — Kerg; — (FM); N Kerv; — Ker~;/Im ; — 0.
Using the above arguments and Lemma [1.4.7, we get the equalities
[indr X : e;,T] = dimExt}(S;, M) — dim Homp(S;, M)

= dim(Ker~;/Im ;) dim Ker 3;

= dimKer~y; — dim(FM);

pr gl‘
This finishes the proof. O

As a corollary of the proof of the above Proposition, we get an interpretation of the
h-vector of a decorated representation.
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Corollary 4.4.9. For any decorated representation M = (M, V') of a quiver with potential
(Q, W), we have the equality

hZ’ = —dim HOHIJ(QJ/V) (Sz> M)
for any vertex © of Q.

This provides us with a way of “counting” the number of terms in a minimal presen-
tation.

Corollary 4.4.10. If g = (g1,-..,9n) and h = (hq, ..., hy) are the g-vector and h-vector
of a decorated representation M = (M, V), h' = (h},...,h) is the h-vector of pu;(M),
and if

T — T() — \IJ(M) — ETl

is a minimal (add T')-presentation of (M) (see Proposition , then —h; and —h! are
the number of direct summands of T1 and Ty which are isomorphic to I';, respectively.

Proor It follows from Corollary that —h; = dim Hom ;g w)(Si, M).
Let T;* be an indecomposable object of D such that Hom¢(X71T, T7) is the simple S;.
Then, by Lemma [3.3.2] we have that

Hom ;(q,w)(Si, M) = Home (T, ¥ (M))/(T).
Applying Home (77, ?) to the presentation, we get a long exact sequence
(T7, T) 5 (T, U(M) 25 (T7, 1) — (T7,5T)).

We see that the image of . is (I')(T}, ¥ (M)), so that Home (T, ¥(M))/(T) is iso-
morphic to the image of ¢,. Thus —h; is the dimension of the image of ¢,.

Using Proposition [3.2.16] we get that the morphism (T}, XT1) — (T}, ¥Tp) is isomor-
phic to the morphism D(X!Ty,T7) — D(X7'Tp, T;), and this morphism is zero since
the presentation is minimal. Thus ¢, is surjective.

Therefore —h; is equal to the dimension of Home (X 71Ty, T}), which is equal to the
number of direct factors of T} isomorphic to I'; in any decomposition of T7.

Furthermore, [2I, Lemma 5.2] gives that g; = h; — h}, and by Proposition gi =
[indp W(M) : T]. This immediately implies that —h} is equal to the number of direct
factors of Ty isomorphic to I';, and finishes the proof. O

Remark 4.4.11. Corollary allows us to reformulate Remark in the following
way. If M is any object of D, and if h = (hy,...,h,) and h' = (h,... hl) are the
h-vectors of ®(M) and fi;®(M ), respectively, then

—[indr M : T;] (if i = 7)

findz M+ T3 = { [indr M : Tj] = hi[bjil+ + hi[=bs]l  (if i # ).

As a corollary, we get a proof of Conjecture 6.10 of [31].

Corollary 4.4.12. Conjecture 6.10 of [31)] is true, that is, if g = (g1,...,9n) and g =
(g},--.,gh) are the g-vectors of one cluster variable with respect to two clusters t and t'
related by one mutation at vertex i, and if h = (hy,..., hy) and h' = (h},... hl) are its
h-vectors with respect to those clusters, then we have that

h, = —[gi]l+ and h;=min(0,g;).
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PRrROOF Let M be an indecomposable object of D such that X, is the cluster variable
considered in the statement. In particular, M is reachable, and thus rigid. It follows from
equation (5.5) of [21] that the h-vector of the cluster variable corresponds to the h-vector
of the associated decorated representation.

Since M is rigid, Proposition tells us that any minimal (add I')-presentation of
M has disjoint direct factors. The result follows directly from this and from Corollary
4.4.10) ]

Remark 4.4.13. Conjecture 6.10 of [31] also follows directly from Conjecture 7.12 (see
Theorem [4.3.7(4) above) and equations (6.15) and (6.26) of [31]. We give the above proof
because it is an application of the results developped in this thesis.

Finally, we get an interpretation of the substitution formula of [2I, Lemma 5.2] in
terms of cluster characters.

Corollary 4.4.14. Let (Q,W) be a quiver with potential. Let i be an admissible vertex
of Q, and let px : Qa7 ..., 27,) — Q(z1,...,2,) be the field isomorphism sending x’; to
xj if i # 7 and to

T e T [=bes
() 1(Hx£z I+ + H xL ¢ ]+)
=1 =1
if i = j. Let C and C' be the cluster categories of (Q, W) and p;(Q, W), respectively, and

let i : C' — C be the associated functor (see [58, Theorem 3.2]).
Then for any object M of the subcategory D' of C', we have that

X!ﬁj(M) = SOX(Xj\/I)'

PrOOF Consider the field isomorphism ¢y : Q(y,...,y,) — Q(y1,...,yn) whose
action on y; is given by

1

Yi iti=j
SOY(?/;) =< yyl(y; +1)7™ if there are m arrows from i to j
yi(y +1)™ if there are m arrows from j to i.

~

Consider also the morphism (=) : Q(y1,...,yn) — Q(z1,...,zy) sending each y; to
9= 1] =""
/=1

Denote by the same symbol the corresponding map from the field Q(y},...,y,) to the
field Q(z),...,2},). Then [31, Proposition 3.9] implies that px(2) = (py(z)) for any

r'n
2 € Q(yi,...,y.). In other words, the following diagram commutes:

Qy1y---»Yn) N Q(z1,...,xn)
o o]
Q- 9h) = Qah )
Let us now compute ¢x(X},). We have that
ex(Xi) = ex(@ ™My (.. 9)
= ox (@™ M) Fur (v (). - (v (41)).
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Now, using [2I, Lemma 5.2], we can express the right-hand side of the equation in
terms of the ;. The equalities thus continue:

x(Xh) = ox (@M Mo (1+ )7 (1 + 9)" Far(dr, - - - )
ox (@' MY (14 )7 (1 + gy)Pia uj(M)XL*(M)

i

Thus, in order to prove the Corollary, we must show that
: ’ s ~+
px (2 MY (14 §0) M (14 gp)lia marmd 0 — (4.1)
We do this in several steps. First, using the definition of ¢ x and ¢y, we get

x(4+g) A+ 90" = (L+ey(y) (1 +g)"
L+ g7+ g
N ~ \hi—h'

;1 (1 4 gyt

Now, using Proposition [£.4.8] we get the equalities

e (@)t Mg A0 = o (T a)%) [T ™
/=1 /=1
— ﬁ [bez]++H$ bm]+ i ( H 9y~ ge %
=1 +i
_ (H a:Lb“H + H wé—bh‘]#-)fgi(n mge—ge).
=1 =1 Vi

Thus we have, using the fact that g; = h; — b} [2I, Lemma 5.2], that the left-hand side
of equation (4.1)) is equal to

thl(l + .@i)gi(H be“}* + H IEL—bmh)—gi(H x?e—ge)

=1 =1 04

which is in turn equal to (using Remark [4.4.11])

ﬁ —[=bgi]+ )9 ( H 9p— ge _ H’I —bei]+ )9i Hx?i[*bli]-&-*h;[béi]-!—)

Vi V4
N R [=bgil+ —hi[—bes]++hi[—bei]+ — R [bes] +
= Y (H Ly )
04
—h, bh
= 5 (]
£
B Dibei—hibes
- f
122
= 1.

This finishes the proof. O
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4.4.3 Extensions and the E-invariant

In this section, we give an interpretation of the F-invariant of a decorated representa-
tion, as defined in [21] (its definition was recalled in section [4.2.3)), as the dimension of a
space of extensions, using the map ® of section [£.4.1]

Proposition 4.4.15. Let (Q,W) be a quiver with potential, and let C be the associated
cluster category. Let X and Y be objects of D. Then we have the following equalities:

1. EM™(®(X),®(Y)) = dim(XI) (X, XY);

2. EV™(®(X),®(Y)) = dim (X)) (X, XY) + dim(XT)(Y, XX);

3. E(®(X)) = (1/2)dim Hom¢ (X, ¥ X),
where (XT)(X,Y) is the subspace of Home(X,Y) containing all morphisms factoring
through an object of add XI".

PROOF The second equality follows immediately from the first one.

The third equality follows from the second one. Indeed, the second equality implies
that (XT")(X, ¥ X) is finite-dimensional. It then follows from Lemma that we have

an isomorphism

(S)(X,$X) = DHome(X, £X)/(ST).

Since dim Home (X, ¥X) = dim(X1) (X, ¥X) + dim Home (X, £X)/(XT), we get that

dim Home(X,£X) = 2dim(XT)(X, $X)
= E¥M(2(X), (X))
2E(B(X)).

Let us now prove the first equality. Let
W — Ty —Y — 31
be an (add I')-presentation of Y. This triangle yields an exact sequence
(X,Y) "= (X, 2T)) — (X, 3T)) — (X, 3Y) 2= (X, 2271Y),

which in turn gives an exact sequence

0 Im u (X, 2TY) —— (X, XT)) — Kerv —=0.

Since X is in D, the two middle terms of this exact sequence are isomorphic to (T}, ¥ X)
(for i = 1,2) thanks to Proposition and these spaces are finite-dimensional. There-
fore all of the terms of the exact sequence are finite-dimensional.

Now, Im w is isomorphic to (X,Y)/Keru, and Keru is exactly (I')(X,Y). There-
fore, by Lemma Im u is isomorphic to the space Hom J(QyW)(FX ,FY), where
F = Home (X711, 7).

Moreover, Kerv is exactly (XI')(X,XY).
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Thus, using the above exact sequence and Proposition |4.4.8] we have the equalities

dim(ST)(X,2Y) = dimHom gy (FX,FY) — dim(X,S7})") + dim(X, Ty )
= dim Hom gy (FX, FY) — dim(T} , £X) + dim(T} , £X)

= dim Hom g u(FX, FY) =Y [T) : T,](dim(FX);) +
=1
+) [T T (dim(F X))
=1

= dim Hom jo w)(FX, FY) + Xn:[indp YY : T)(dim(FX);)
i=1
i=1

= BE™(2(X),®(Y)),

where [T]Y : T;] is the number of direct summands of TJY isomorphic to T; in any decom-

position of TJY into indecomposable objects, and where the g-vector of ®(Y) is given by
(g1(®(Y)),...,8,(®(Y))). This finishes the proof. O

As a corollary, we get the following stronger version of |21, Lemma 9.2].

Corollary 4.4.16. Let M and M’ be two decorated representations of a quiver with
potential (Q,W). Assume that E(M') = 0. Then the following conditions are equivalent:

1. M and M’ are isomorphic;
2. E(IM) =0, and gpm = gar -

ProoF Condition (1) obviously implies condition (2). Now assume that condition (2)
is satisfied. Then Proposition implies that W(M) and W(M’) are rigid objects of
D. By Proposition the indices of ¥ (M) and ¥(M’) are given by grq and gpey. By
hypothesis, their indices are the same. Thus, by Proposition m U(M) and ¥(M’) are
isomorphic, and so are M and M’. O






Chapter 5

Indices and generic bases for
cluster algebras

5.1 Introduction

One of the main motivations of S. Fomin and A. Zelevinsky for introducing cluster
algebras in [29] was the search for a combinatorial framework in which one could study
the canonical bases of M. Kashiwara [49] and G. Lusztig [63]. Recent results of C. Geiss,
B. Leclerc and J. Schroer [35], who prove that coordinate rings of certain algebraic varieties
have a natural cluster algebra structure and find a basis for them, give ample justification
to this approach. The problem of finding “good” bases for cluster algebras is thus central
in the theory. These bases should, as conjectured already in [29], contain the cluster
monomials. We know from Theorem that these are linearly independent when the
defining matrix of the (skew-symmetric) cluster algebra is of full rank. Good bases for
cluster algebras were previously constructed by G. Dupont [25] [24], by M. Ding, J. Xiao
and F. Xu [23] and by G. Cerulli Irelli [I5].

In their paper [35], C. Geiss, B. Leclerc and J. Schréer find bases for a certain class of
(upper) cluster algebras and provide a candidate for a basis in general. In this chapter,
inspired by their ideas, we use cluster categories to give another realization of this candi-
date set. We prove that its elements are linearly independent when the defining matrix
is of full rank, and that it coincides with the basis of [35] when the cluster algebra arises
from the setting studied therein.

The point of view that we adopt allows us to link a conjecture of V. Fock and A. Gon-
charov [27] to one of [35]. Our results apply to cluster algebras Ag associated with a
quiver @ on which there exists a non-degenerate potential W (in the sense of [22]) making
(Q, W) Jacobi-finite.

More precisely, let (Q, W) be such a quiver with potential, and let Cg w be the asso-
ciated cluster category (as defined by C. Amiot in [2]). Then Y. Palu’s cluster character
[68]

Xfy = a0 M 37 (y (Gre(Home (87T, M) )2,
e

can be applied to objects of Cgw; the reachable indecomposable objects yield all the
cluster variables of the cluster algebra Ag in this way.

Each object M has an indez indp M (as defined by Y. Palu in [68], see also [18]) which
is an element of Ky(addT'). The main theorem of this chapter states that a good candidate
for a basis of Ag is parametrized by the set of indices via the cluster character. Let Azg
be the upper cluster algebra of [5] associated with Q.
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Theorem 5.1.1. There exists a canonical map
I: Ko(addT) — Af.

If the matriz of Q is of full rank, then the elements in the image of I are linearly inde-
pendent over Z. If (Q, W) arises from the setting of [35], then the image of I is the basis
of the cluster algebra Ag found in that paper.

The map I sends an element [Tp] — [71] to the generic value taken by the cluster
character on cones of morphisms in Home (77, 7p). It was first considered by G. Dupont
in [24].

In their construction of a basis for cluster algebras, the authors of [35] consider strongly
reduced components of the variety rep(A) of finite-dimensional representations of some
finite-dimensional algebra A. It so happens that we can recover all such components from
the set of indices Ko(proj A).

Theorem 5.1.2. Let (Q, W) be a Jacobi-finite quiver with potential, and let A be its
Jacobian algebra. Then there exists a canonical surjection

U : Kog(add A) — {strongly reduced components of rep(A)}.

Two elements & and &' have the same image by ¥ if, and only if, their canonical decom-
positions (in the sense of H. Derksen and J. Fei [20], see section can be written
as

§=0®0 and & D9,

with 61 and &} non-negative.

Note that in the setting of the theorem, Ky(add A) is isomorphic to Ky(addT'), so the
notation is coherent with that of Theorem .11l

Elements of the cluster algebra can be mutated using the rules defined by S. Fomin
and A. Zelevinsky [29]. Elements of Ky(addT") can also be mutated (in a way which we
will make precise). The map I of Theorem is well-behaved with respect to those
different mutations, as conjectured in [24, Conjecture 9.2].

Theorem 5.1.3. The map I commutes with mutation.

As we shall see, this theorem allows us to link Conjecture 4.1 of [27] to one of [35].
This link, together with our results, also allows us to prove a part of Conjecture 4.1 of [27]
for a certain class of cluster algebras.

The chapter is organized as follows. We define the map I in section [5.2] Next, we
recall some notions on varieties of representations in section 5.3} and then prove Theorems
b.1.3] 5.1-2) and [5.1.3]in sections [5.6] [5.4] and [5.5] respectively. We end the chapter with an
example of a Hom-finite cluster category for which the image of the map I is not contained
in the cluster algebra, and in which there are cluster-tilting objects that are not related
by a sequence of mutations.

5.2 Generic value of cluster characters

Let (Q,W) be a Jacobi-finite non-degenerate quiver with potential. Then C. Amiot’s
cluster category Co w (see section is Hom-finite, 2-Calabi—Yau and admits a cluster-
tilting object I'. In this setting, the cluster character X5 of Y. Palu (see section is
defined on the objects of Cq w .



5.3. VARIETIES AND PROJECTIVE PRESENTATIONS 83

For two objects L and M of Cg w, and for a morphism ¢ from L to XM, we denote by
mt(e) any representative of the isomorphism class of “middle terms” U in triangles

M—U-—L—YM.

This notation is borrowed from [67], as is the next result. In order to state it, we will
need a bit of terminology (taken, for instance, from sections 2.3 to 2.5 of [43]). A locally
closed subset of a variety is the intersection of an open subset with a closed subset. A
constructible subset of a variety is a finite union of locally closed subsets. A function from
an algebraic variety to any abelian group is consctructible if its image is finite and each
fiber is a constructible subset of the variety.

Proposition 5.2.1 ([67]). Let L and M be objects of Cow. Then the function

Hom¢(L,XM) — Q(x1,...,2p)
g X’;nt(&‘)

is constructible.

PRrOOF This follows immediately from [67, Proposition 9]. O

Now, let Ty and 77 be objects in addI'. It follows from Proposition that the
function

Ny, 11 HOch(Tl, TO) — Q($1, . ,J}n)
£ X7/nt(26)

is constructible. As in [24], we define the map I by using the fact that any constructible
function on an irreducible variety admits a generic value (that is, there is a dense open
subset of the domain of the function on which the function is constant).
Definition 5.2.2. We define the map

I: Ko(addT) — Q(z1,...,zy)

by letting I([Tp] — [11]) be the generic value of the map 7z, 7, defined above.

Proposition 5.2.3. If the matriz of Q is of full rank, then the elements in the image of
I are lineraly independent over Z.

PROOF Similar to that of Theorem [£.3.7] (2). O

5.3 Varieties and projective presentations

In this section, we recall notions which we will need throughout the chapter.
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5.3.1 Varieties of representations

Let Q = (Qo,Q1,s,t) be a finite quiver, that is, an oriented graph with finitely many
vertices and arrows. We denote by kQ its path algebra. Let I be an admissible ideal of
kQ, and let A = kQ/I be a finite-dimensional algebra (for general background on quivers
and path algebras, we refer the reader to the book [3]).

Let d be a dimension vector for @, that is, an element of N90. The variety repg(A) is
the affine variety whose points are representations of ) with underlying space [];cq, ki
satisfying the relations in [ ; it is realized as a Zariski-closed subset of the affine space
HaGQl Homk(kds(a) ) e )-

We denote by rep(A) the disjoint union of all repyq(A) as d takes all possible values in
N®@o. For general background on varieties of representations, we refer the reader to [16].

The algebraic group GLg is defined to be [[;cq, GLa;- It acts on repq(A) thus: for
any (g;) € GLg and any (p,) € repg(A4), (9:)(va) = (9t(a)Pa(9s@) ™). The orbit of a
representation M under the action of GLg is the set of representations with underlying
space [[;cq, k% isomorphic to M.

We will need the following information on the dimension of morphism and extension
spaces, and on minimal projective presentations.

Lemma 5.3.1 (Lemma 4.2 of [I7]). The functions
repq, (A) x repg,(A) — Z

sending a pair (My, Ms) to the dimensions of the spaces Hom (M, M) and Extly (M, M>)
are upper SeEmMIContinuous.

Corollary 5.3.2. Let Z be an irreducible component of repq(A). There exist finitely
generated projective A-modules P and Py and a dense open subset U of Z such that any
representation M in U admits a minimal projective presentation of the form

Ph—FP— M —0.

PROOF Given any representation M and a minimal projective presentation P; —
Py — M — 0, the multiplicities of an indecomposable projective @) in Py and P; are
given by the dimensions of Hom 4 (M, S) and ExtY (M, S), respectively, where S is a simple
module whose projective cover is Q).

Restrict the maps of Lemma to Z x {S}. The restrictions are still upper semi-
continuous. Therefore the subsets of Z on which these functions take their minimal values
are (dense) open subsets of Z. Their intersection is a dense open subset of Z on which
the functions

dimHomy(?,8) and dimExt)(?,5)

are constant. This proves the result. ]

We now introduce a slight modification of a definition of [35 Section 7.1]. Let Z be
an irreducible component of rep(A). There is an open dense subset U of Z and positive
integers h(Z), e(Z) and ¢(Z) such that, for any M in U,

1. dim Homy (M, 7M) = h(Z) ;
2. dim Ext!y(M, M) = ¢(2) ; and
3. COdimz(GLdM) = C(Z),

where 7 is the Auslander—Reiten translation (see, for example, [3, Chapter IV]). Moreover,
we have that ¢(Z) < e(Z) < h(2).
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Definition 5.3.3 (Section 7.1 of [35]). An irreducible component Z of rep(A) such that
c¢(Z) = h(Z) is strongly reduced.

Remark 5.3.4. In the original definition of [35], the authors used the integer function
h'(Z) = dim Hom4 (7'M, M) and defined Z to be strongly reduced if ¢(Z) = h'(Z).

In the case where A is the Jacobian algebra of a quiver with potential (see [22]), the
two definitions coincide. Indeed, we have equalities

dim Hom 4 (M, M) EPrI(M) (by [21}, Corollary 10.9])
= EPI(r~'M) (by [20, Corollary 7.5])

= dim Homu(7 M, M) (by [21, Corollary 10.9]).

This can also be seen by using the cluster category C of the quiver with potential, as
defined in [2]. This category has a canonical cluster-tilting object I', and the functor
F = Homge(I',?) induces an equivalence Home (T, ?7)/(XI') — mod A ([57, Proposition
2.1(c)]), such that F(XX) = 7(FX) ([57, Section 3.5]). We then have

dimHomy (M, 7M) = dimHome(M,YXM) — dim(XT)(M,XM)
dim Home (XYM, M) — dim(T)(X 7'M, M)
dim Home (S7YM, M) — dim(3T) (S0, M)
= dim Hom (7'M, M),

where M is a preimage of M by the functor F, and the second-to-last equality is a
consequence of [68, Lemma 10].

5.3.2 Decomposition of projective presentations

Let A be a finite-dimensional algebra, and let Pj, P}, P{’ and P{ be finitely generated
projective A-modules.

Definition 5.3.5 (Definition 3.1 of [20]). For any f’ in Homa (P}, P}) and any f” in
HomA(PIH,P(S,), define the space E(f’, f//) as

E(f', £") = Homgs oy a) (27 F £1),
where f’ and f” are viewed as complexes in K°(proj A). Define E(f’) to be E(f', f').

Lemma 5.3.6. If P / P M’ 0 is a projective presentation, then

dim E(f', f"") > dim Hom 4 (M", 7M’),
where M" is the cokernel of . Equality holds if the presentation is minimal.

PRrROOF Applying the right exact functor D Hom4(?, A) = D(?)! to the presentation,
we get an exact sequence

0——>=71M'® I —— D(P])! —> D(P})! — D(M') ——0,

where [ is a finite-dimensional injective A-module which vanishes if the presentation is
minimal. We use the fact that the morphism of functors D Hom (X, ?) — Homx(?, DX?)
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is an isomorphism whenever X is projective, and we get a commutative diagram with
exact rows and vertical isomorphisms

D Hom (P}, M") —2% ~ D Hom (B}, M")

lg ig

0 —— Homyu(M",7M'® I) — Homs(M", D(P])!) — Homa(M", D(F})").

Therefore D Hom(M"”,7M' @ I) is isomorphic to the cokernel of ¢, which is in turn
isomorphic to E(f’, f”) by [20, Lemma 3.2]. This proves the inequality. If the presentation

is minimal, then I vanishes and the equality holds.
O

We will need a result on the decomposition of general projective presentations, which
follows from the work of H. Derksen and J. Fei on the one hand, and from that of
W. Crawley-Boevey and J. Schréer on the other hand.

For any 6 in Ko(proj A), let PHom4(d) be the space Hom 4 (P, P2), where § = [P] —
[P°], and P2 and P° have no non-zero direct factors in common. If [P?] = 0, then § is
called non-negative.

The vector § is indecomposable if a general element of PHom 4(0) is indecomposable.
Its canonical decomposition is 61 @ ... @ d, if a general element of PHom 4(§) has the form
fi®...® fs, with f; € PHomy(0;) and each ¢; is indecomposable [20, Definition 4.3].

Theorem 5.3.7 (Derksen—Fei). Any 0 € Ky(projA) admits a canonical decomposition
01®...Dds, where d1,...,d5s € Ko(proj A) are unique up to reordering.

PROOF Let d = dim P? and e = diimP_‘f_. Then the orbit of P9 (or P_‘i) is a dense
open subset of an irreducible component C_ of repgq(A) (or C of repg(A), respectively),
since P° is projective and thus has no self-extensions (see [33, Corollary 1.2]). Let

repg.e(AA) = {(L, M, f)| L € repg(A), M € repa(A), f € Homa(L, M)}.

Then we can view PHom(8) = Hom4 (P?, P{) as an irreducible subvariety of the affine

— —
variety repg o(AAz2). Let C' be an irreducible component of repg ¢(AA2) which contains
PHomy(0). By [1I7, Theorem 1.1], there is a dense open subset U of C' and indecomposable

H
irreducible components C1,...,Cs of rep(AAsy) such that Y € C1 @ ... ® Cs. We have a

diagram
C
N\
C_ Cy

where 7_ and 7, are the natural projections; their images intersect the orbits of P? and
Pji, respectively. Thus the preimages of these open orbits are dense open subsets of C,
whose common intersection with ¢/ is a dense open subset V of C. Now V N PHomy(0)
is non-empty, and is thus dense and open in PHom 4(d). The inclusion V N PHom4(d) C
C1®...® Cs induces the canonical decomposition d1 @ ... @ ds of 9.

O

Corollary 5.3.8. If the canonical decomposition of § has no non-negative factors, then a
general element in PHom 4(9) is a minimal projective presentation.
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5.4 Indices and strongly reduced components

5.4.1 Morphic cokernels

Let A be a finite-dimensional k-algebra as before, and let d, d; and dg be dimension
vectors. Define the affine varieties

—
repg, a,(AA42) = {(L, M, f)| L € repq, (A), M € repy,(A), f € Homa(L, M)}

— —
repq, a,(AA2)a = {(L, M, f) € repq, 4, (AA3)| dim Coker f = d}.

The latter is a locally closed subset of the former. The symbol II; stands for the quiver
1 — 2 ; elements of the above sets are A-module-valued representations of As.

Fix bases {u1,uz,...,us} and {v1,va,...,vm} of [licq, k%.i and [Lico, kdo.i - respec-
tively (these are the underlying vector spaces of L and M) ; choose the basis vectors so
that they all lie in some k% for e = 0,1 and i € Q. For any subset i of {1,2,...,m}, let
N; be the vector space generated by {v;| i € i}, and let

H
E; ={(L, M, f) € repq, a, (AA2)| M = N;@Im f as a vector space}.

—
Notice that repq, q,(AAz2) is the union of the Ej, and that each Ej is contained in
H
repq, q,(AAz2)q for some dimension vector d. Notice also that Ej is the intersection of an

%
open subset with a closed subset. Indeed, an element (L, M, f) of repq, q,(AA2) lies in E;
if and only if the following two conditions are satisfied (here we write f as (a;;) in matrix
form with respect to the fixed bases) :

(a) There exists a subset j of {1,...,dim P;} such that |j| = m — |i] and the submatrix
(aij)igi jej has a non-zero determinant. This condition defines an open subset.

(b) For any ig € i, and any subset j of {1,...,dim P;} such that |j| = m — |i] + 1, the
submatrix (a;;j), where j € j and i is either i or not in i, has vanishing determinant.
This condition defines a closed subset.

_>
In particular, if Fj is contained in repq, g4,(AAz2)a, then it is open inside it, since the
second condition is then automatically satisfied. The next result is a slight generalization
of a statement of [67, Lemma 4].

_>
Lemma 5.4.1. Assume that E; is contained in repq, q,(AA2)a. Then there exists a

morphism of varieties
O : E; — repg(A)

such that ®(f) is isomorphic to Coker f for any element f of F;.

PROOF Let (L, M, f) be an element of E;. We define ®(L, M, f), as a vector space, to
be the quotien of M by Im f, that is, N;. Let us define the A-module structure.

Let ©; be the open subset of Ej consisting of maps satisfying condition (a) above for
some fixed j. Then the 5 form an open cover of Ej.

We define ® on 5 as follows. Assume that (L, M, f) lies in Q5. Let D = (aij)i¢; jej
and C = (aij)ici jej ; then D is invertible by condition (a).

Let b be an element of A. We will define the matrix of the action of b on ®(L, M, f).
We do this through the following diagram :

. b i
I MPM()M P El@E1/$E1@Imf$E1

E;
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Here I; is the natural inclusion; pps(b) is the action of b on M; P; is the permutation
matrix putting the basis vectors v;, ¢ € i, before the others; F' is a base change matrix

given by
1 —-CcD™!
0 D!

and 7 is the natural projection, given by (1,0). Thus the action of b on ®(L, M, f) is given
by the matrix
(1,=CD ™) Pi(pa (b)) .

We have thus defined the action of ® on 2;. This definition does not depend on j ;
indeed, assume that (L, M, f) is also in Qy. Let D" = (aij)i¢i ey and C" = (aij)iei,jej -
Then CD~! = C'(D')~!. To see this, notice that condition (b) above implies that any
line of the matrix (a;;) which is in i is a linear combination of the ones not in i. Therefore
there exists a matrix K such that (a;;)ic; = K(aij)igi- Therefore C = KD and C' = KD,
and we get the desired equality.

Therefore ® is well-defined on an open cover of FEj, and it is thus a morphism of
varieties.

O

5.4.2 Codimensions of orbits

In the preceding section we have defined a morphism ¢ : F; — repd(/ﬁ; Recall that
(L, M, f) is isomorphic to Coker f, and that an open cover of repq, q,(AAz2)q is formed

by such Ej’s.
Define GLg, 4, as the algebraic group GLg, X GLg,. Then the group GLq, 4, acts on
repdl,dO(AAg)d thus : for any (g1, 90) € GLq, 4, and any (L, M, f) € rePq, d, (AA2)q, we

have that (glygo)(Lv M, f) = (glngOMa gOfgl_l)'

Lemma 5.4.2. Let (L, M, f) be an element of E;. Then the orbit of ®(L, M, f) inrepq(A)
is equal to the image by ® of the intersection of the orbit of (L, M, f) with E;. In short,

Os(L,nm,f) = (BN O, p))-
PROOF Let b be an element of A. Then we showed in lemma that b acts on

®(L, M, f) by the matrix
(1, —CD Y P(par (b)) I;.

Let v be an element of GLg. Then the action of b on v®(L, M, f) is
(1, —=CD™ ) Pi(par (b)) iy

Consider the element G = (1,7%) of GLg4, 4,, Where

_ 17 0 5
o (3 0)n

Then G(L, M, f) = (L,7M,7f). In matrix form, we have that

_ - 0 - c A _ C ~A
'Yf:Pi1<g 1>Pipil<D B)Ri:Pi1<,)}) ’YB>PJ'
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Therefore G(L, M, f) is still in Fj;, and b acts on ®(G(L, M, f)) by
(1, —4CD V) Pt ()
~1

— (1,-7CD)RP (g ?)R(pM(b))P{l(”l 0>Pifi

= (v,—yCD Y P(pum(b)) P! ( 7(;1 (1) ) ( (1) )

= y(1,-CD " P(pum(b)) P

= (1, =CD ) Bi(pm(0) iy~

Therefore ®(G(L, M, f)) = ~®(L, M, f). This proves that we have an inclusion
Oarn,) € P(E: N O an,p))-
The other inclusion follows from the fact that if (L', M’, f') lies in the orbit of (L, M, f),
then the cokernels of f and f’ are isomorphic. This proves the lemma.
O

In the course of this section, we will be relying heavily on the following theorem on
dimensions, borrowed from the book [7].

Theorem 5.4.3 (Theorem AG.10.1 of [7]). Let a : X — Y be a dominant morphism
of irreducible varieties. Let W be an irreducible closed subvariety of Y and let Z be an
irreducible component of a=1(W).

There exists an open dense subset U of Y (depending only on a) such that

- U Ca(X), and

—if Z and a=1(U) have non-empty intersection, then codimxZ = codimy W.

For the next lemma, we shall make the following identifications and definitions:

%
Homy(Lo, My) = {(L,M, f) € repq, q,(AA2)| L = Lo, M = My};
_)
Homa (Lo, Mo)a = Homu (Lo, Mo) Nrepy, q,(AA2)d;
H
HOMA(L(), M()) = {(L, M, f) S repdl,do(AA2)| L=Lyg M= Mg};

_>
HOMA(Lo,Mo)d = HOMA(LQ,M0> ﬂrepdl,dO(AAg)d;
GLLO,MO = AutA(Lo) X AutA(Mo).

We shall denote an element (Lg, My, f) of Hom 4(Lg, My) simply by the morphism f. Note
that the first and the third varieties are irreducible; indeed, the first one is a vector space,
and the third one is GLq, 4, Homa (Lo, My), which is irreducible. Note that GLr, az, acts
on Hom (L, Mp).

Notice that, inside Hom 4 (L, M) and HOM4 (L, M), the subsets of the (L, M, f) such
that f is of maximal rank are open subsets, and the cokernels of those f all have the same
dimension vector. We denote those subsets by Hom4 (L, M ). and HOM 4 (L, M) maq-

Lemma 5.4.4. Fir (Lo, Mg) € repq, (A) x repg,(A). Let i be such that Ej intersects
HOM (Lo, Mp)a, and consider the morphism ® : E; — repq(A) defined above. There
exists an open subset V of Ey N HOMy (Lo, My)q such that for any (L, M, f) in V, the
following properties hold.



90 CHAPTER 5. INDICES AND GENERIC BASES FOR CLUSTER ALGEBRAS

1. If F is an irreducible component of HOMa (L, M)q which contains Oy, ar5), then
codimrO(,ar,5) = codima(n7) O (L1, 1)-
In particular, if HOM 4 (L, M)q = HOMA(L, M) maqz, then

codimyO(p, ar,5) = codime g, O (1,01, )5

where Y = HOM4(L, M).
2. With the same notation as in (1), and letting X = Homa(L, M), we have that

codimy Oy = codimyO(r, ar,1)-

PROOF We first prove (1). Consider the following commuting diagram :

Owary) ~— BN Owary —— Oswary)

1

Fe—OFBNF—2-0(E N F).

The three varieties in the lower row are irreducible. Since E;NF is a dense open subset
of F, the lower-left morphism is dominant. The lower-right morphism is also dominant
(see, for instance, [7, AG.10.2]). So we can apply the dimension theorem ity C F
and Uy C ®(E;NF) are the open subsets described by the theorem, let V be the intersection
of their preimages in F; N F.

Now, E; N O(r ar,y) is an irreducible component of <I>*1((’)q,( ,M,f)) thanks to Lemma

Moreover, E; N Og, a5y is the preimage of Oz, a7 5y by the inclusion. Thus we can
apply the dimension theorem and get

COdim]—'O(L,M,f) = COdimEimeimO(L7M,f)
= codimg(gnF) O (LM, f)-

This proves the first result.
Let us now prove (2). Consider the diagram

Of———Homy(L, M) ——{(L, M)}
O, m, )= HOMA(L, M) — O x Oy
Two applications of the dimension theorem yields equalities

COdim(’)(L’M’f)Of = dim O x Oy
= codimyd’,

which in turn yields
COdimXof = COdimyO(LM’f).

For any f € Homyu (L, M), the action of GLy, 5s induces a morphism

T GLL’M — Of

(91,90) > gof(g1)~"
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which, in turn, induces a linear map on tangent spaces

dr: EndpL®Endga M — Tf(Of)
(hl, ho) — fh1 — hof

Here we view Tt(Oy) as a subspace of Tr(Hom (L, M)), which we identify with the space
Hom4 (L, M).

Lemma 5.4.5. The map dr is surjective.

PROOF The morphism 7 is surjective by definition. In particular, it is dominant. Since
we work over a field of characteristic zero, it is automatically separable. It then follows
from [7, Proposition I1.6.7 and AG.17.3] that dr is surjective. O

5.4.3 Orbits and the E-invariant

As before, let A be a finite-dimensional k-algebra and let P; and Py be finitely generated
A-modules.

Lemma 5.4.6. Let f be any element of Hom g (P1, Py). We have the equality
codimyOy = dim E(f),
where X stands for Homy(Py, Py).
PROOF Consider the linear map

¥ : Homy (P, Py) — E(f)
g — g,

where g is the map from =1 f to f in K®(proj A) given by

0 P, Py
lo ig lo
P p 0

The map v is obviously surjective. Moreover, its kernel is exactly
Ty(Of) = {hof + fhalhi € Enda(P)},

since this is the very definition of null-homotopic maps from X! f to f (the above equality
follows from Lemma [5.4.5)). Therefore

codimyOy = dim (Homa (P, Fy)/Ts(Oy))
= dim E(f).
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5.4.4 Proof of Theorem [5.1.2]
We define the map

U : Ko(add A) — {strongly reduced components of rep(A)}.
To do so, we first define a map
U’ : Ko(add A%?) — {strongly reduced components of rep(A°)}.

For any element of the form 6 = [Py] — [P1], where P} and Py are two projective modules
over A° which share no non-zero direct factors, consider the morphism of varieties

o Ei N HOMAOp (P07 Pl)maac — repd(Aop)

constructed in section [£.4.11
By Lemma there is a dense open subset of the set HOM gop (P, Pi)maz such that,
for any (L, M, f) in that open subset,

codimy O = codimg(g;ny)Os (L., 1)-
Now, by Lemma [5.4.6] we have that

codimyOy = dim E(f).

Therefore,
COdimZO@(L7M7f) Z COdimq)(Eiﬁy)O@(LyMJ)
dim E(f)
> dim Hom por (®(L, M, ), 7®(L, M, f))
>

COdimZO'iP(L,M,f) s

where the third inequality follows from Lemma This implies that we have Z =
®(E;NY), and that Z is a strongly reduced component of rep(A°P).

Define ¥/(§) to be this Z.

Now the duality D : mod(A) — mod(A°) induces an isomorphism of varieties
rep(A) — rep(A°) which preserves strongly reduced components; thus there is a strongly
reduced component 2 of rep(A) corresponding to Z. Moreover, Ky(add A) = Ky(add A°P)
in a natural way; 0 thus corresponds to some 0y € Ky(add A). We define ¥(dy) to be the
strongly reduced component Zj.

From this definition, it follows immediately that two elements ¢ and ¢’ of Ko (proj A°P)
have the same image by ¥’ if, and only if, their canonical decompositions can be written
as

§=0®6, & =066,
with 41, 8] non-negative, for non-negative factors do not affect the cokernels.
Let us now prove that W is surjective. It suffices to show that ¥’ is surjective.
Let Z’ be a strongly reduced component of rep(A°). By Corollary there is a

dense open subset U of Z’ and there are finitely generated projective modules P; and Py
such that every representation M in i/ admits a minimal projective presentation

Ph— P — M —0.
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Consider the locally closed subset HOM gop (P, P1)gq. There exists an irreducible com-
ponent F of it and an i such that ®(E; N F) NU is dense in Z'. We get

codimzOp, p,. 5y = codimggnr)Os(py, P, f) (Lemma
= codimz'Og(p, P, 1)
= dim Homgop (®( Py, Py, f), 7®(Py, P1, f)) (2’ str. reduced)
= dim E(f) (Lemma[5.3.6))
= codimyOy (Lemma [5.4.6))
= codimyOp, p, f) (Lemma [5.4.4)).
Therefore F is of codimension zero in HOM 4op(Py, P1). Thus we have the equality

HOMAOP(PO,Pl)d = HOMAOp(Po,Pl)max, and thus \If,([PQ] — [Pl]) = Z/. This proves the
surjectivity of the map ¥’

5.5 Invariance under mutation

We now define the mutation of indices. This notion comes from the mutation of
Y-variables of [31], from the mutation of indices of [I8] and from the mutation of X-
coordinates of [27].

Definition 5.5.1. Let (Q, W) be a non-degenerate quiver with potential. Let (Q',W') =
wi(Q, W) be its mutation at a vertex i. Let I' and I” be the corresponding Ginzburg dg
algebras, considered as objects of the cluster categories Cq w and Cgr yy, respectively. The
mutation of indices is given by the map

My : Ko(addF) — Ko(addF/)
defined by p; (37— y;[I']) = 37— y;[T], where

~Yi if i = j;
y; =< y; —m[—y;]+ if there are m arrows from i to j;
y;j +mlyl+  if there are m arrows from j to i.

Remarks 5.5.2. 1. This definition comes from the mutation rule described in [27,
Formula (13)], with elements taken in the tropicalization of the ring Z. However,
in order to get precisely the same mutation rule, one has to work over the opposite
quiver.

2. Recall the triangle equivalence p; : Cow — Cgrw of section If X is an
object of Cg w whose index (with respect to I') is indr X, then the index of p; (X)
(with respect to I') is p;(indp X). This is a consequence of Theorem and of
Proposition [3.2.7

We reformulate Theorem [B.1.3] thus:
Theorem 5.5.3 (Reformulation of Theorem [5.1.3). We have a commutative diagram

Ko(addT) —X~ Ky(addT”)
if lf
%
Q(xl, s 7xn) - Q(xllv s 7x'ln,)a

where px is as in Corollary[{.4.1]}
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During the proof of this result, we will need a lemma on the generic value of con-
structible functions.

Lemma 5.5.4. Let W, X and Y be irreducible varieties, and let A be an abelian group.
Assume that we have a commutative diagram

X%WXY
N

where u and v are dominant morphisms of varieties and ¢ and 1 are constructible func-
tions. Then the generic values taken by ¢ and ¢ are equal.

PROOF Let x € A be the generic value taken by the function ¢, and let y € A be that
taken by 1. By definition, ¢ ~!(x) is an open dense subset of X, and since X is irreducible
and u is dominant, the intersection of ¢ ~!(x) with the image of u contains a dense open
subset of X. Thus (p o u)~!(z) contains a dense open subset of W. For similar reasons,
(¢ o v)~1(y) contains a dense open subset of W. Therefore (¢ o u)~!(z) and (¢ o v)~!(y)
have a non-empty intersection, and taking w in their intersection, we get

z=(pou)(w)=(Yov)(w) =y.
This proves the result. O

We can now prove Theorem [5.5.

PRrROOF (of Theorem Let [To] — [T1] be an element of Ky(addI'). We can assume
that Tp and T} have no direct factors in common. Then I([Ty] — [11]) is, by definition, the
generic value taken by the constructible function

N1, 1y - HomC(Th TO) — Q(I‘l, - ,J,‘n)
E ‘X7/nt(6)

Let p;i([To] — [T1)) = [T{] — [T7] in Ko(addT”). Then I([T{] — [T7]) is the generic value
taken by the constructible function

oy Home (T1,Tg)  — Q(7, ..., 27,)

rrn

g X/ t(&)'

m

We want to show that I([T}] — [T7]) is the mutation of I([Tp] — [T1]) at i; or, using our
notation, that I([Tp] — [T1]) = ¢x (I([To] — [T1])). Tt is a consequence of Corollary [4.4.14
that we have a commutative diagram

Hi
Home (41" (1), p (Tg)) —— Home: (11, Ty)

ln ln
-1
Q(x1y... xp) ———
where the two horizontal arrows are isomorphisms and where we omitted the indices of

the maps 7. Thus I([T}] — [TY]) = ¢x" (I([11; (TY)] — [ (T1)])), and to prove the theorem
it is therefore sufficient to show that I([u; (T3)] — [ (11)]) = I([Tv] — [T1])-
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We consider two cases.

Step 1: T; is not a direct summand of Ty. In that case, we can write Ty = Ty & I'",
where I'; is not a direct summand of Ty. Recall that we have a (unique up to isomorphism)
non-split triangle
F* « E/ B FZ Y

(2

) e

where E' = @, ['s(a), the sum being taken over all arrows a ending in 4, and the morphism
« is given by multiplication by these arrows on each coordinate.

Then Proposition (or rather, the triangle obtained at the end of its proof) allows
us to write

ui (I5) =To @ (E')™ and pf (T]) =Ty @ (T)™.
Consider the following diagram:

Aute(To @ (E")™) x Home (Ty, To @ (E')™) x Aute(Ty @ (TF)™)

Homc(T1 D (F;)m,To D (E/)m) Homc(Tl, To)

where u and v are defined as follows. The morphism v takes a triple (g, f, ¢') and sends it
to the composition (idz & BP™) o f. The morphism u takes a triple (g, f,¢’) and sends it
to the morphism given in matrix form by

0 /
9(;; a@m>g,

where f = ( g )

If we could apply Lemma to the above diagram, then the theorem would be
proved. Let us show that the hypotheses of the Lemma are fulfilled. We easily see
that the three varieties involved are irreducible, and we know from section that the
functions n are constructible. We must show that the square commutes and that v and v
are dominant.

Substep 1 : the square commutes. To show that the square commutes, we first notice
that, for any (g, f,¢') € Autec(To & (E')™) x Home(T1,To & (E')™) x Aute(Ty & (TF)™),
we have that nu(g, f,¢') = nv(id, f,id) (since g and ¢’ do not occur in the definition of v)
and that nu(g, f,¢’) = nu(id, f,id) (since the map 7 takes the same value on orbits under
the action of Aute(To @ (E')™) x Aute(T) @ (I'F)™)). Thus it is sufficient to show that
nu(id, f,id) = nu(id, f,id). We invoke the octahedral axiom to get a diagram
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N
v +/ s BI™ 00

id, frid),0)
e () — DY 7 g T

u(id, fid)

v
TO @ (E/)m
where * is an unknown morphism, Y is the cone of u(id, f,id) and Y is the cone of
v(id, f,id). We need to show that Y’ and Y are isomorphic in order to show that the
above square commutes, since nu(id, f,id) = Xy, and nv(id, f,id) = X3,. The octahedron
yields a commutative square

(a,b)

Y" @ S(r)™ B(r)™
J/*@id i(o,—za@m)t
-3

u(id, f,id —
STy @ S(Trym 0 s @ s (Erym

which, in turn, gives an equality of morphisms (in matrix form)

0 0 e 0
(—=2a®™ oa (=La®™)ob |~ | x —Sa®m |

where again the stars are unknown morphisms. Thus (=Xa®™) o b = —Xa®™" and

using the fact that the triangle I'f —= E’ 7 r, — YT is a minimal (addT)-

copresentation of I'f, we get that b is an isomorphism. Therefore, the triangle (in the
octahedron)

(a,b)

Y — =Y @S 2 n(IH)m —= Y

is isomorphic to a triangle

O srym o ny

Y/ s Y// o) E(F;k)m
which is a direct sum of two triangles, of the form Y’ Y” 0 YY’ and
0——=X(})™ ——=3(I'})™ ——0. Thus Y’ and Y are isomorphic, and substep 1 is
proven, that is, the above square commutes.

Substep 2 : the morphism v is dominant. In fact, we show that v is surjective, and
thus dominant. Indeed, let f € Home¢(Th,Tp). Since Ty = Ty @ I'M?, we can write f in

matrix form as f = ( ? )
2
B

Now, since we have a triangle T} —*= E' r, — XTIy,

and since the space
Home (T4, XI'}) vanishes (because I'; is not a direct summand of 77), we have that any
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morphism from Tj to I'" factors through S%™. Thus we can write fo = (8%™)f5, and we
have a preimage of f through v of the form

(id, < j% ) Jid).

Substep 3 : the morphism u is dominant. We will prove that the image of u contains
the following dense open subset of Home (71 @ (I'})™, Ty & (E')™):

fl h . *
{ ( f goa®moy | f1, f2, h are arbitrary, g € Aute((E")™), ¢' € Aute((])™)}.
This subset is open because the subset {goa®™og'| g € Autc((E")™), ¢’ € Aute((TF)™)}
of Home ((I'F)™, (E')™) is open, thanks to the fact that I'M* is rigid and to [I8, Lemma
2.1]. Let us show that it is contained in the image of u. Let

fi h
f2 goa®moyg

be an element of it. Then h = A’ 0 a®™ for some morphism A/, and we have

fi h (id W fi 0 id o
f2 goa®mog ) 0 ¢ gt a®m 0 ¢ )’

which is in the image of u. Thus u is dominant.

Substep 4 We can now apply Lemma[5.5.4]to the above square, and as discussed earlier,
this proves the theorem for the case considered in step 1.

Step 2 : T'; is not a direct summand of Ty. In that case, we can write Ty = T1 ® ry,
where I'; is not a direct summand of T;. We can use arguments similar to those of step
1 to prove the theorem. We could also work in the opposite triangulated category Cgf W
and notice that

HOHIC (Tl, T()) = Homcop (T(), Tl),

making step 2 in Co w equivalent to step 1 in Cgf W O

5.6 Proof of Theorem [5.1.1

Consider the map I : Kyp(addI') — Q(z1,...,2,) defined in Definition We
proved in Proposition that the elements in the image of I are linearly independent
over Z.

The fact that the image of I is contained in the upper cluster algebra Azg follows
from Theorem Indeed, let (ui,...,u,) be a cluster obtained from the initial seed
by a sequence of mutations at vertices i1,...,is. Let w be an element of Q(x1,...,xzy),
expressed in terms of the initial cluster. Then its expression with respect to the cluster
(U1, - .., up) is given by () 0.0 oM (w), where pU) is the isomorphism ¢! of Corollary
4.4.14] (defined with respect to the vertex ;). Theorem implies that, for any § €
Ky(addT'), we have

0 o0 oMW(I(8)) = I(pi, 0 -+ i, (),
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which is a Laurent polynomial in the variables uq, ..., u,. This being true for any cluster,
1(6) belongs to the upper cluster algebra.

Finally, suppose that (Q, W) arises from the setting of [35], and let A be the Jacobian
algebra of (@, W). For any finite-dimensional representation M of A, define 1, thus: if

0 M A

is a minimal injective presentation of M, then the injective modules I; and Iy lift in the
cluster category Cq w to objects X1 and X1j of add XT' through Home(X71T, ?) (see [57,
Proposition 2.1]). Moreover, f lifts to a morphism f € Home (371, ¥7)). Then we put

o
V= Xy

For any irreducible component Z of repq(A), let 1)z be the generic value taken by s in
Z, and let
null(2) = {m € N9| m; = 0 if d; = 0}.

Then it is proved in [35, Theorem 5] that the set
B = {z™¢z| Z is strongly reduced in rep(A4), m € null(Z)}

is a basis of the cluster algebra Ag. Let us prove that it is the image of the map I.

Assume that Z is a strongly reduced component of repq(A). Then, by Theorem
we have Z = V([Ty] — [T1]) for some [Tp] — [T1] € Ko(addT'). By definition of ¥ (see
section [5.4.4)), Z is the dual component of some Z' = V'([Py] — [P1]), where [Py] — [P1] €
Ky(add A°P). By definition of W', there is a dense open subset U of Hom gop (Py, P1) such
that the union of orbits of cokernels of morphisms in I/ contains a dense open subset of
Z'. Thus a generic representation in Z’ is isomorphic to a cokernel of a generic morphism
in Hom gor (Py, P1). Dualizing, we get that a generic representation in Z is isomorphic
to a kernel of a generic morphism in Hom4(D Py, DFy). Note that Hom4(D Py, DFy) is
isomorphic to Home (X771, XTp) (since the DP; are finite-dimensional injective A-modules,
see [57), Proposition 2.1]).

Now, using Theorem we get a canonical decomposition

[To] —[Th]=0n&...®ds,

where the d; are indecomposable. Assume that there are no non-negative terms in this
decomposition. This means that, generically in Home (371, ¥T,), mt(e) has no direct

summand in addI', so the generic value of X 7’nt( o) is ¢ z; in other words,

I([To] - [h]) = vz € B.

Now, let m € null(Z). Consider the non-negative element [P} ; I'"] € Ko(addT).
We will show that

(1)~ (73] + (D7) = 61 ... @ 6, © DIN*™

=1

is a canonical decomposition. This will imply that

I([To] - (] + P T]) = (DT DI([To] - [T1])
=1 =1

= 5Um¢27
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and will thus prove that the set B is the image of the map I.

In order to do this, we work in the opposite category Cgf w- We use the functor
F = Homcor ((X°)~1T, ?); in view of [20, Theorem 4.4], we only need to show that for
generic morphisms

n

f € Hompop (F(S) " Ty, F(S)~'T1) and f” € Homger (EP F(37) 71T, 0),
=1

the spaces E(f’, f”) and E(f”,f’) vanish. Note that, by the above, a generic f’ has a
cokernel M" with dimension vector d. Using [20, Lemma 3.2], we thus get

E(f',f") = Coker (Hom o (F(X%)"'Ty,0) — Hom o (F(2?)1Tp,0))
=0

and

n

E(f",f) = Coker (0, M") = Homaer (€D F(S)~'T7", M"))

i=1
n

= Homor () F(EP) 7T, M")
=1
= ()7

since dim M"” = d, and m € null(Z). This finishes the proof of the theorem.

Remark 5.6.1. Our proof that the image of the map I is the set B is valid for any
Jacobi-finite quiver with potential, and not only for those arising from the setting of [35].

5.6.1 Link with a conjecture of V. Fock and A. Goncharov

We now show how Theorems [5.1.1| and [5.1.3| are related to Conjecture 4.1 of [27].
Let @ be a quiver without oriented cycles of length < 2, and let Ag be the associated
cluster algebra (without coefficients). The authors of [27] conjecture, in a slightly different
language, that there exists a bijection

7" — E(A),

where E(A) is the subset of the cluster algebra consisting of elements which are Laurent
polynomials with positive coefficients in the cluster variables of every cluster, and which
cannot be written as a sum of two or more such elements. This bijection should have the
following properties:

1. Tt should commute with mutation (where the mutation in Z" is as defined in Def-
inition when we identify the element (ai,...,a,) of Z" with >0, a;[I';] in
addT).

2. An element (aq,...,a,) of Z™ with non-negative coefficients should be sent to the
element [T}_; 2}’

3. The set E(A) should be a Z-basis of the upper cluster algebra Ag.

Other conditions are described in [27, Conjecture 4.1], but we will not discuss them here.

If we can equip the quiver @) with a non-degenerate potential W so that (Q, W) is Jacobi-
finite, then we have a good candidate for such a map.
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Theorem 5.6.2. Let (Q,W) be a non-degenerate, Jacobi-finite quiver with potential.
Then the map

1:7" = addl — Af

defined in Deﬁmtion satisfies conditions 1 and 2 above. If, moreover, (Q, W) arises
from the setting of [35], then the image of I satisfies condition 3.

Proor Condition 1 is Theorem [5.1.3l Condition 2 follows from the definition of I.
When we are in the setting of [35], condition 3 follows from Theorem and from the
fact [36l, Theorem 3.3] that in that case, the cluster algebra and the upper cluster algebra
coincide. 0

Note that the coefficients of the elements in the image of I need not be positive, as
seen in [2I, Example 3.6]. Thus the image of I is not contained in F(A) in general.

The conjecture of [27] discussed above is linked to one of [35], where the authors
conjecture that the set described in their Theorem 5 is a basis for the cluster algebra Ag,
starting from an arbitrary non-degenerate quiver with potential (Q, W). Using Theorem
we know that, if (Q, W) is Jacobi-finite, then this set of [35] is exactly the image
of the map I, and by Example below, it is not necessarily contained in the cluster
algebra, so that in the conjecture of [35], one should replace “cluster algebra” by “upper
cluster algebra”. If I is a good candidate for the above map, then this is compatible with
[27, Conjecture 4.1].

Example 5.6.3. The quiver with potential described below arises from the work of
D. Labardini-Fragoso [61][60]. We will show that the image of the map I for this ex-
ample is not contained in the associated cluster algebra, and that its cluster-category
(which is Hom-finite) has cluster-tilting objects which are not related by a finite sequence
of mutations.

Consider the quiver

Q= 2
al,% \bh?&
1=—3

C1,C2

with potential W = ¢1b1a; + caboaz — c1beajcabias. As shown in [60, Example 8.2], this
quiver with potential is Jacobi-finite and non-degenerate. Its Jacobian algebra A is the
path algebra of (), modulo the relations

c1by = cabjageiba;  crbiag = 05 biayca = 0; ajeibs = 0;
cabe = crbaaicaby;  caboay = 0; boager = 05 ageaby = 0;
biay = beajcabiag; crbeaz = 0; biagea = 0; ajcabs = 0;
baas = brazcibaar; cabra; = 0; beajcr =05 ageiby = 0;
ajcy = azcibaacy;
agcy = ajcabragey;

and all non-alternating paths of length 4 and all paths of length 7 are zero. These relations
imply that c1b1a1 = cobsas; moreover, the Jacobian algebra is self-injective.
As a vector space, the indecomposable projective A-module P; = e; A has a basis given
by
{e1,c1, ¢, c1b1, c1b2, e2b1, c2ba, c1biay, c1baay, cabiaz, c1baaica, cabiazer }.
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Similar calculations can be done for P, and P3. As a representation of the opposite quiver,
we can draw P; as

AN y

I
.

Its socle is S1; thus P; = I1, the indecomposable injective at vertex 1. For similar reasons,
P2 = .[2 and P3 = Ig.

Now, let C be the cluster category of (Q, W). It is Hom-finite, since (Q, W) is Jacobi-
finite (by results of [2]). Moreover, the functor F = Home(X7'T, ?) sends ©7!T; to P
and XI'; to I; = P, for i = 1,2, 3.

Let us compute I([I';] — [I's]). By definition, it is the generic value of the cluster
character X} applied to cones of morphisms in Home(I's,I'1). Equivalently, it is the value
X', where

I, M STy —L = 5Ty

is a triangle and f is generic in Hom¢ (XT3, XI'1). Applying the functor F, we get an
injective presentation

0 FM P P,

where F'f is generic. Now, a generic F'f in Hom 4 (Ps, P;) is one for which dim Ker F'f is
minimal. We easily see that this minimal dimension vector is (1,0,1) (for instance, one
could take F'f to be the left multiplication by ¢; + ¢2), so that

with 109 # 0 as a representation of the opposite quiver. Thus FM has exactly 3 sub-
representations, of dimension vectors (0,0,0), (0,0,1) and (1,0,1). Applying the cluster

FM
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character, we get

X}, = omirM Zx(Gre(FM))x_L(e)

3
_ mlndrM ZX(Gre(FM)) H ﬁjj
e ,721

Ty L
= —(1+93+5193)
x3

T _ _ _
= —(1+x; 235% + Ty 237?')951 295%)
3
. x% + a:% + m%
T123

where we use the notations of section [£.3.2] for the formula of the cluster character. This
is the value of I([I';] — [I'3]), and as shown in the proof of [5, Proposition 1.26], it does
not lie in the cluster algebra Ag.

Now, the objects I' and XI" are cluster-tilting objects in C. Note that

3 3
indpI'=Y"[[;] and indpXT =—> [I}].
j=1 j=1
Let Y be an object of C with index Z?:1 y;|I';]. By Remark the index of p; (V) is
given by Z?:l y;[I';] = pi(indr Y), so that

~Yi ifi=j;
y; =19 v;j+2[yily  if there are arrows from j to i;
yj — 2[—yi]4+ if there are arrows from ¢ to j.

Thus we have that y; = —¥;, i1 = Yiy1 — 2[—wl+ and yi, o = Yiy2 + 2[yi]4, where
1,1+ 1,7 + 2 are considered modulo 3. Thus

Vi + Yii1 + Yo = =i + Vir1 — 2[—vyils + vir2 + 20l = i + yit1 + viso.

This shows that the sum of the coefficients appearing in the index of Y is preserved under
mutation of Y. Since this sum is 3 for I' and —3 for XTI, the two objects cannot be related
by a sequence of mutations.

Remark 5.6.4. In the above example, the fact that the sum of the coefficients of the
indices is invariant under mutation was proved in [26], Section 2.2] (in a slightly different
language).
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