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Résumé

Dans ce travail, nous étudions trois sujets liés à l’opérateur de Yang-Baxter: algèbres
d’endormorphismes et la q-trace, constructions d’algèbres de Yang-Baxter et de cogèbres
de Yang-Baxter, algèbres B∞ quantiques et algèbres de quasi-battage quantiques. Ce
sont des quantifications d’objets familiers correspondants au sens où le flip classique est
remplacé par un tressage.

Ce travail est divisé en trois chapitres.

Chapitre 1: Soit (V, σ) un espace avec un tressage σ de type de Hecke et tel que
dim Si

σ(V ) = 1 pour certain suffisamment grand i. Nous étudions l’algèbre d’endomorphismes
⊕i

k=1EndSk
σ(V ). Après avoir défini trois produits associatifs sur cet espace, nous constru-

isons une q-analogue de la trace classique, appelé q-trace, de tout endomorphisme de
Sk

σ(V ). Cette nouvelle trace est un morphisme de l’algèbre si on considère le troisième
produit. Et nous montrons que cette q-trace est proportionnele à la trace quantique.

Chapitre 2: Nous présentons des méthodes pour construire des algèbres de Yang-
Baxter et des cogèbres de Yang-Baxter. Ils comprennent: modules de Yetter-Drinfel’d avec
conditions de compatibilité supplémentaires, algèbres de battage quantiques et algèbres
B∞ quantiques. L’algèbre B∞ quantique est une généralisation de l’algèbre de Yang-
Baxter et de l’algèbre B∞. Nous également introduisons l’algèbre de 2-YB qui est motivée
par les travaux de Loday et Ronco. Ils fournissent des algèbres B∞ quantiques.

Chapitre 3: Nous définissons l’algèbre de quasi-battage quantique par algèbres B∞
quantiques, dans l’esprit de l’algèbre de battage quantique intruduite par Rosso. Nous
étudions des propriétés de ces algèbres de quasi-battage quantiques. Par exemple, la
propriété universelle, la commutativité, etc.

Mots-clefs

Q-traces, algèbres de Yang-Baxter, algèbres de battage quantiques, algèbres B∞ quan-
tiques, algèbres de quasi-battage quantiques.
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Chern-Weil Theory on quantum groups

Abstract

In this work, we study three topics related to the Yang-Baxter operator: endomorphism
algebras and the q-trace, constructions of Yang-Baxter algebras and Yang-Baxter coal-
gebras, quantum B∞-algebras, and quantum quasi-shuffle algebras. They are the quan-
tizations of the corresponding objects in the sense that the usual flip is replaced by a
braiding.

This work is divided into three chapters.

Chapter 1: Let (V, σ) be a braided space with a braiding σ of Hecke type and such
that dim Si

σ(V ) = 1 for some sufficiently large i. We study the endomorphism algebra
⊕i

k=1EndSk
σ(V ). After defining three associative products on this space, we construct a

q-analogue of the usual trace, called q-trace, for any endomorphism of Sk
σ(V ). This new

trace is an algebra morphism with respect to the third product. And we show that this
q-trace is just the quantum trace up to some scalar.

Chapter 2: We introduce several methods to construct Yang-Baxter (or short for YB)
algebras and Yang-Baxter coalgebras. They include: Yetter-Drinfel’d modules with extra
compatible conditions, quantum-shuffle algebras and quantum B∞-algebras. Quantum
B∞-algebras are generalizations of both YB algebras and B∞-algebras. We also introduce
2-YB algebras, which are motivated by the work of Loday and Ronco, to provide quantum
B∞-algebras.

Chapter 3: Using the tool of quantum B∞-algebras, we quantize quasi-shuffle algebras
in the spirit of Rosso’s quantum shuffle algebras. We study various properties of these
quantum quasi-shuffle algebras. For instance, the universal property, the commutativity
and so on.

Keywords

Q-traces, Yang-Baxter algebras, quantum shuffle algebras, B∞-algebras, quantum quasi-
shuffle algebras.
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Notations

Let (H,4, ε, S) be a Hopf algebra. We adopt Sweedler’s notations for coalgebras and
comodules: for any h ∈ H,

4(h) =
∑

(h)

h(1) ⊗ h(2),

and for a left H-comodule (M,ρ) and any m ∈ M ,

ρ(m) =
∑

(m)

m(−1) ⊗m(0).

The symmetric group of n letters {1, 2, . . . , n} is written by Sn. An (i1, . . . , il)-shuffle
is an element w ∈ Si1+···+il such that w(1) < · · · < w(i1), w(i1 + 1) < · · · < w(i1 +
i2), . . . , w(i1 + · · ·+ il−1 + 1) < · · · < w(i1 + · · ·+ il). We denote by Si1,...,il the set of all
(i1, . . . , il)-shuffles.

A braiding σ on a vector space V is an invertible linear map in End(V ⊗V ) satisfying
the quantum Yang-Baxter equation on V ⊗3:

(σ ⊗ idV )(idV ⊗ σ)(σ ⊗ idV ) = (idV ⊗ σ)(σ ⊗ idV )(idV ⊗ σ).

A braided vector space (V, σ) is a vector space V equipped with a braiding σ. For any
n ∈ N and 1 ≤ i ≤ n−1, we denote by σi the operator id

⊗(i−1)
V ⊗σ⊗id

⊗(n−i−1)
V ∈ End(V ⊗n).

For any w ∈ Sn, we denote by Tw the corresponding lift of w in the braid group Bn, defined
as follows: if w = si1 · · · sil is any reduced expression of w, where si = (i, i + 1), then
Tw = σi1 · · ·σi1 . Sometimes we also use T σ

w to indicate the action of σ.

The usual flip switching two factors is denoted by τ . For a vector space V , we denote by
⊗ the tensor product within T (V ), and by ⊗ the one between T (V ) and T (V ) respectively.

Let q be a nonzero number in C. For q 6= 1 and any n = 0, 1, 2, . . ., we denote
(n)q = 1−qn

1−q
, and

(n)q! =

{
1, n = 0,
(1−q)···(1−qn)

(1−q)n , n ≥ 1.
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Chapter 1

Endomorphism algebras and q-traces

1.1 Introduction

More than two decades ago, Osborn investigated the space ⊕i≥0End
∧i(V ) of endomor-

phisms of the exterior algebra in order to give an algebraic description of Chern-Weil
theory (see [22] and [23]). He defined three associative products on this space. The first
one is just the composition of endomorphisms. Since the exterior algebra is also a coal-
gebra, he defined the second one to be the convolution product. And then he combined
the first two ones to make out the third product. Assuming that dim

∧i(V ) = 1 for
sufficiently large i, he constructed a trace function by using the second product. This
trace gives the usual one when it is restricted on End(V ). And when one considers the
third product, it is an algebra morphism.

On the other side, after the birth of quantum groups, mathematicians use Yang-Baxter
operators to quantize many algebra structures. In his paper [7], Gurevich studied Yang-
Baxter operators of Hecke type, which he called Hecke symmetries. And then he defined
symmetric algebras and exterior algebras with respect to these operators, which are ana-
logue to the usual ones. Later, Hashimoto and Hayashi ([9]), Wambst ([28]) discussed
these algebras from different aspects. In [26], a remarkable property of the quantized sym-
metric algebra is discovered. For some special Yang-Baxter operators, the symmetric one,
as Hopf algebra, is isomorphic to the “upper triangular part“ of the quantized enveloping
algebra associated with a symmetrizable Cartan matrix.

It is interesting to extend Osborn’s trace to the quantum case. Let (V, σ) be a braided
vector space with braiding σ of Hecke type, and Si

σ(V ) be the i-th component of the
quantum symmetric algebra Sσ(V ) built on (V, σ). We assume that dim SN

σ (V ) = 1 for
some N and dim Sk

σ(V ) = 0 for k > N . Then, on the vector space ⊕N
p=0EndSp

σ(V ), the
convolution product, the third product, and the trace can be constructed step-by-step
following the ones in [23]. And this trace, called q-trace, is an algebra morphism with
respect to the third product. Specially, let V be the fundamental representation of UqslN+1

11
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and σ the braiding given by the R-matrix of UqslN+1. Then σ is of Hecke type and Si
σ(V )

vanishes when i is sufficiently large. To our surprise, the q-trace in this case has already
existed for more than one decade.

In the theory of quantum groups, there is an important invariant which generalizes the
usual trace of endomorphisms. It is the so-called quantum trace. If C is a ribbon category
with unit I, V is an object of C and f is an endomorphism of V , then the quantum trace
is an element of the monoid End(I). It coincides with the usual trace when C = V ect(k)
(see [15]). When we take C to be the category of finite dimensional representations of
uε (see [16]), the quantum trace is given by the usual trace and the group-like elements
Ki’s. This is a functorial approach. After an easy computation, we can show that it is a
proportion of the q-trace. So we give a more elementary approach of the quantum trace
of A type.

This chapter is organized as follows. In Section 2 we give some essential properties
of braidings of Hecke type which we will use in the rest of this chapter. We define three
products on ⊕N

p=0EndSp
σ(V ) for a braided vector space V with a braiding σ of Hecke type

in Section 3. In Section 4 we construct the q-trace of ⊕N
p=0EndSp

σ(V ) and prove that it
is an algebra morphism with respect to the third product. And then in Section 5, we
apply our constructions to the the special braided vector space (V, σ), where V is the
fundamental representation of UqslN+1 and σ is the braiding given by the R-matrix of
this UqslN+1-module. Section 6 contains an other approach of the usual quantum trace of
UqslN+1. Finally, we use the quantum alternating multilinear form to obtain the quantum
determinant of a matrix.

1.2 Braidings of Hecke type

We first recall some notions and properties of braidings of Hecke type and quantum
symmetric algebras. For more details, one can see [7], [26] and [6].

A braiding σ is said to be of Hecke type if it satisfies the following Iwahori’s quadratic
equation:

(σ + idV⊗V )(σ − νidV⊗V ) = 0, (1.1)

where ν is a nonzero scalar in C.
In the following, we fix σ a braiding of Hecke type with parameter ν, and use Ik to

denote idV ⊗k .

For k ≥ 1, we define the following three operators Πi, B
(k), A(k) ∈ End(V ⊗k) by:

Πi =

{
Ik, i = k,
σiσi+1 · · ·σk−1, i = 1, 2, . . . k − 1,
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B(k) =
k∑

l=1

Πl,

and

A(k) =

{
I1, k = 1,
B(k)(A(k−1) ⊗ I1), k ≥ 2.

It is convenient to use the following figure to denote σ:

Then Πi is:

i ki ki k

i ki ki k

Now we give another approach to A(k). The following lemma is well-known (see [10]).

Lemma 1.1. Set

S1 = {1, s1},
S2 = {1, s2, s2s1},

...
Sk+1 = {1} ∪ sk+1Ak,

...
Sp−1 = {1, sp−1, · · · , sp−1sp−2 · · · s1}.

Then any σ ∈ Sp can be written in a unique form σ = u1 · · ·up−1 with ui ∈ Si.

Lemma 1.2. For any ui ∈ Si, we have

l(u1 · · ·up−1) = l(u1) + · · ·+ l(up−1).

Proof. First we notice that for k ≤ q − 1,
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sp−1 · · · sk(t) =





p, t = k,
t, t < k,
t− 1, t > k.

So we get that if u1 · · ·up−1(k) = p then up−1 = sp−1 · · · sk.

l(up−1) = p− k = #{(k, j)|k < j ≤ p, u1 · · ·up−1(k) > u1 · · ·up−1(j)}.

Now we want to prove that

#{(i, j)|1 ≤ i < j ≤ p− 1, u1 · · ·up−2(i) > u1 · · ·up−2(j)}
= #{(i, j)|1 ≤ i < j ≤ p, i 6= k, u1 · · ·up−1(i) > u1 · · ·up−1(j)}.

Notice that

#{(i, j)|k < i < j ≤ p, u1 · · ·up−1(i) > u1 · · ·up−1(j)}
= #{(i, j)|k < i < j ≤ p, u1 · · ·up−2(i− 1) > u1 · · ·up−2(j − 1)}
= #{(i, j)|k ≤ i < j ≤ p− 1, u1 · · ·up−2(i) > u1 · · ·up−2(j)},

#{(i, j)|1 ≤ i < j ≤ p, i < k, u1 · · ·up−1(i) > u1 · · ·up−1(j)}
= #{(i, j)|1 ≤ i < k < j ≤ p, u1 · · ·up−1(i) > u1 · · ·up−1(j)}

+#{(i, j)|1 ≤ i < k = j, u1 · · ·up−1(i) > u1 · · ·up−1(k)}
+#{(i, j)|1 ≤ i < j < k, u1 · · ·up−1(i) > u1 · · ·up−1(j)}

= #{(i, j)|1 ≤ i < k < j ≤ p, u1 · · ·up−2(i) > u1 · · ·up−2(j − 1)}
+#{(i, j)|1 ≤ i < j < k, u1 · · ·up−2(i) > u1 · · ·up−2(j)}

= #{(i, j)|1 ≤ i < k ≤ j ≤ p− 1, u1 · · ·up−2(i) > u1 · · ·up−2(j)}
+#{(i, j)|1 ≤ i < j < k, u1 · · ·up−2(i) > u1 · · ·up−2(j)}

= #{(i, j)|1 ≤ i < j ≤ p− 1, i < k, u1 · · ·up−2(i) > u1 · · ·up−2(j)}.

By combining the above computations, we get

l(u1 · · ·up−1) = l(u1 · · ·up−2) + l(up−1).

So the conclusion follows from the induction on p.

Proposition 1.3. For p ≥ 1, we have
∑

w∈Sp

Tw = A(p).
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Proof. We use induction on p.
The case of p = 1 is trivial. We assume that the result holds for k.

A(k+1) = B(k+1)(A(k) ⊗ I1)

= (
k+1∑

l=1

Πl) ◦ (
∑

w∈Sk×1S1

Tw)

= (
k+1∑

l=1

σlσl+1 · · ·σk) ◦ (
∑

w∈Sk×1S1

Tw)

= (
k+1∑

l=1

Tslsl+1···sk
) ◦ (

∑

w∈Sk×1S1

Tw)

=
k+1∑

l=1

∑

w∈Sk×1S1

Tslsl+1···sk
◦ Tw

=
∑

w∈Sk+1

Tw,

where the fifth equality follows from the above two lemmas.

The following proposition plays an important role in the construction of q-trace. It is
due to Gurevich ([7], Proposition 2.4):

Proposition 1.4. For k ≥ 1 we have

(A(k))2 = (k)ν !A
(k).

Proof. In End(V ⊗k), we have
{

ΠiΠj = Πj+1(Πi ⊗ I1)σ
2
k−1, 1 ≤ i ≤ j ≤ k − 1,

ΠiΠj = Πj(Πi−1 ⊗ I1), 1 ≤ j < i ≤ k − 1.

We illustrate the verification by the following figures:

1) 1 ≤ i ≤ j ≤ k − 1:

=

i j ki j ki j k

i j k

i j ki j ki j k

i j ki j ki j k
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. 2) 1 ≤ j < i ≤ k − 1:

ij k

ij k

ij k

ij k

=

.

B(k)(B(k−1) ⊗ I1)σk−1

= (
k∑

i=1

Πi)(
k−1∑
j=1

Πj ⊗ I1)σk−1

= (
k∑

i=1

Πi)(
k−1∑
j=1

Πj)

=
k−1∑
j=1

Πj +
∑

1≤i≤j≤k−1

ΠiΠj +
∑

1≤j<i≤k−1

ΠiΠj

=
k−1∑
j=1

Πj +
∑

1≤i≤j≤k−1

Πj+1(Πi ⊗ I1)σ
2
k−1 +

∑

1≤j<i≤k−1

Πj(Πi−1 ⊗ I1)

=
k−1∑
j=1

Πj +
∑

1≤j<i≤k−1

Πj(Πi−1 ⊗ I1)

+(ν − 1)
∑

1≤i≤j≤k−1

Πj+1(Πi ⊗ I1)σk−1 + ν
∑

1≤i≤j≤k−1

Πj+1(Πi ⊗ I1)

=
k−1∑
j=1

Πj +
∑

1≤j<i≤k−1

Πj(Πi−1 ⊗ I1)

+(ν − 1)
∑

1≤i≤j≤k−1

Πj+1Πi + ν
∑

1≤i≤j≤k−1

Πj+1(Πi ⊗ I1)

=
k−1∑
j=1

Πj +
∑

1≤j<i≤k−1

Πj(Πi−1 ⊗ I1) + (ν − 1)(
k−1∑
i=1

Πi +
∑

1≤i<j≤k−1

ΠjΠi)

+ν
∑

1≤i≤j≤k−1

Πj+1(Πi ⊗ I1)

=
k−1∑
j=1

Πj +
∑

1≤j<i≤k−1

Πj(Πi−1 ⊗ I1)
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+(ν − 1)
( k−1∑

i=1

Πi +
∑

1≤i<j≤k−1

Πi(Πj−1 ⊗ I1)
)

+ ν
∑

1≤i≤j≤k−1

Πj+1(Πi ⊗ I1)

= ν
( k−1∑

i=1

Πi +
∑

1≤i<j≤k−1

Πi(Πj−1 ⊗ I1) + ν
∑

1≤i≤j≤k−1

Πj+1(Πi ⊗ I1)
)

= νB(k)(B(k−1) ⊗ I1).

And for any k ≥ 2 and 1 ≤ i ≤ k − 1, we have

A(k)σi

= B(k)(B(k−1) ⊗ I1) · · · (B(1) ⊗ Ik−1)σi

= B(k)(B(k−1) ⊗ I1) · · · ((B(i+1) ⊗ Ik−i−1)(B
(i) ⊗ Ik−i)σi) · · · (B(1) ⊗ Ik−1)

= νA(k).

So

A(k)A(k) = A(k)B
(k)
i (A(k−1) ⊗ I1)

= A(k)(
k∑

l=1

Πl)(A
(k−1) ⊗ I1)

= (
k∑

l=1

A(k)σlσl+1 · · ·σk−1)(A
(k−1) ⊗ I1)

= (1 + ν + ν2 + · · ·+ νk−1)A(k)(A(k−1) ⊗ I1)

= (k)νA
(k)(B(k−1)(A(k−2) ⊗ I2)⊗ I1)

= · · ·
= (k)ν !A

(k).

1.3 The endomorphism algebra of Sσ(V )

Let (V, σ) be a braided vector space. Using the braiding σ, one can generalize the usual
shuffle algebra structure on T (V ) to the so-called quantum shuffle algebra structure (for
more detail, one can see [26] and [6]). The quantum shuffle algebra is T (V ) equipped with
the following associative product sh: for any v1, . . . , vi+j ∈ V ,

sh(v1 ⊗ · · · ⊗ vi⊗vi+1 ⊗ · · · ⊗ vi+j) =
∑

w∈Si,j

Tw(v1 ⊗ · · · ⊗ vi+j). (1.2)
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We denote by Tσ(V ) the quantum shuffle algebra. The subalgebra Sσ(V ) of Tσ(V ) gener-
ated by V with respect to the quantum shuffle product is called the quantum symmetric
algebra. In fact, Sσ(V ) = ⊕i≥0Im(

∑
w∈Si

Tw). We also denote Si
σ(V ) = Im(

∑
w∈Si

Tw).

Tσ(V ) is a coalgebra with the deconcatenation coproduct δ:

δ(v1 ⊗ · · · ⊗ vn) =
n∑

i=0

v1 ⊗ · · · ⊗ vi⊗vi+1 ⊗ · · · ⊗ vn. (1.3)

We denote by δij the composition of δ with the projection T (V )⊗T (V ) → V ⊗i ⊗ V ⊗j.

We endow Tσ(V ) ⊗ Tσ(V ) with the associative product ?, which is given by (sh ⊗
sh)(id⊗i

V ⊗ Tχjk
⊗ id⊗l

V ) on the component V ⊗i⊗V ⊗j⊗V ⊗k⊗V ⊗l. Here

χij =

(
1 2 · · · i i + 1 i + 2 · · · i + j

j + 1 j + 2 · · · j + i 1 2 · · · j

)
.

Then δ is an algebra morphism from Tσ(V ) to Tσ(V ) ⊗ Tσ(V ). So (Sσ(V ), δ) is also a
coalgebra.

Let σ be a braiding of Hecke type on V such that dim SN
σ (V ) = 1 for some N and

dim Sk
σ(V ) = 0 for k > N .

For A ∈ ⊕N
p=0EndSp

σ(V ), we write A = (A0, A1, . . . , AN), where Ap ∈ EndSp
σ(V ) is

the p-th component of A.

ForA,B ∈ ⊕N
p=0EndSp

σ(V ), we define the composition product A◦B ∈ ⊕N
p=0EndSp

σ(V )
by (A ◦ B)p = Ap ◦ Bp with the usual composition. Obviously, ⊕N

p=0EndSp
σ(V ) is an

associative algebra with a two-sided unit element I = (I0, I1, . . . IN), where Ip is the
identity map of Sp

σ(V ).

We can also define the convolution product A ∗B ∈ ⊕N
p=0EndSp

σ(V ) by

(A ∗B)p =

p∑

l=0

Al ∗Bp−l,

where Ai ∗Bj = sh ◦ (Ai⊗Bj) ◦ δi,j ∈ EndSi+j
σ (V ). It is well-known that the convolution

product of endomorphisms is associative. It follows immediately that (⊕N
p=0EndSp

σ(V ), ∗)
is an associative algebra with the two-sided unit element I0 = (I0, 0, . . . , 0).

Proposition 1.5. For 0 ≤ p ≤ N , we have

I∗p1 = (p)ν !Ip.

Proof. It follows from that

I∗p1 ◦ A(p) = A(p) ◦ I⊗p
1 ◦ A(p)
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= (A(p))2

= (p)ν !A
(p).

Corollary 1.6. For 0 ≤ i, j ≤ N with i + j ≤ N , we have

Ii ∗ Ij =

(
i + j

i

)

ν

Ii+j,

where
(

i+j
i

)
ν

= (i+j)ν !
(i)ν !(j)ν !

.

For any A ∈ EndS1
σ(V ) = End(V ) and ν is not a root of 1, we define

e∗Aν = (I0,
1

(1)ν !
A,

1

(2)ν !
A∗2, . . . ,

1

(N)ν !
A∗N).

In particular, e∗I1
ν = (I0, I1, . . . , IN).

If we write

(e∗Aν )−1 = (I0,
−1

(1)ν !
A,

ν

(2)ν !
A∗2, . . . ,

(−1)NνN(N−1)/2

(N)ν !
A∗N),

then we have
(e∗Aν )−1 ∗ e∗Aν = e∗Aν ∗ (e∗Aν )−1 = I0.

We define

α : ⊕N
p=0EndSp

σ(V ) → ⊕N
p=0EndSp

σ(V ),

A 7→ A ∗ e∗I1
ν .

Consequently α has an inverse defined by α−1(A) = A ∗ (e∗I1
ν )−1.

Definition 1.7. For any A,B ∈ ⊕N
p=0EndSp

σ(V ), we define the third product A ×B of
A and B by

A×B = α−1((αA) ◦ (αB)) =
(
(A ∗ e∗I1ν ) ◦ (B ∗ e∗I1ν )

) ∗ (e∗I1ν )−1.

Remark 1.8. ⊕N
p=0EndSp

σ(V ) is an associative algebra with two-sided unit element I0

with respect to the third product.

Indeed,

(A×B)×C = α−1
((

α(A×B)
) ◦ (αC)

)



20 CHAPTER 1. ENDOMORPHISM ALGEBRAS AND Q-TRACES

= α−1
((

α ◦ α−1((αA) ◦ (αB))
) ◦ (αC)

)

= α−1
(
(αA) ◦ (αB) ◦ (αC)

)

= A× (B×C).

And

I0 ×A = α−1
(
(αI0) ◦ (αA)

)

= α−1
(
(I0 ∗ e∗I1

ν ) ◦ (αA)
)

= α−1
(
e∗I1

ν ◦ (αA)
)

= α−1(αA)

= A.

Proposition 1.9. For 0 ≤ r ≤ N , Ai ∈ EndSi
σ(V ) and Bj ∈ EndSj

σ(V ), we have

(Ai ×Bj)r =
r∑

s=0

νs(s−1)/2

(s)ν !
((Ai ∗ Ir−s−i) ◦ (Bj ∗ Ir−s−j)) ∗ I∗s1 ,

where It = 0 for t < 0.

Proof. The formula follows from the definition of the third product.

Corollary 1.10. (Ai ×Bj)r = 0 for r < max(i, j) and (Ar ×Br)r = Ar ◦Br.

1.4 The q-trace

Definition 1.11. The q-trace of any A ∈ ⊕N
p=0EndSp

σ(V ) is the unique element TrqA ∈ C
such that (αA)N = (TrqA)IN ∈ EndSN

σ (V ).

Theorem 1.12. The q-trace is an algebra morphism with respect to the third product.
Precisely, for A,B ∈ ⊕N

p=0EndSp
σ(V ), we have

1. Trq(A+B) = TrqA+ TrqB,

2. Trq(A×B) = (TrqA)(TrqB),

3. Trq(A×B) = Trq(B×A).

Proof. 1.

(α(A +B))N =
N∑

k=0

(Ak + Bk) ∗ IN−k

= (αA)N + (αB)N .
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So

Trq(A +B)IN = (TrqA)IN + (TrqB)IN

= (TrqA + TrqB)IN .

Therefore Trq(A +B) = TrqA + TrqB.

2. By the definition, A×B = α−1((αA) ◦ (αB)), we have α(A×B) = (αA) ◦ (αB).
So

(α(A×B))N = (αA)N ◦ (αB)N ,

which implies

Trq(A×B)IN = (TrqA)IN ◦ (TrqB)IN

= (TrqA)(TrqB)IN .

So we have Trq(A×B) = (TrqA)(TrqB).

3. It follows from the identity stated in 2 immediately.

1.5 Fundamental representation of UqslN+1

We first recall the quantum group UqslN+1 and fix some notations.

Let (aij)1≤i,j≤N+1 be the Cartan matrix of slN+1, i.e.,

(aij) =




2 −1 0−1 2 −1

−1 2
. . .

. . . . . . −10 −1 2




N×N

.

UqslN+1 is the C-algebra with generators Ei, Fi, K
±1
i , where 1 ≤ i ≤ N , and relations

KiKj = KjKi, KiK
−1
i = K−1

i Ki = 1,

KiEjK
−1
i = qaijEj,

KiFjK
−1
i = q−aijFj,

EiFj − FjEi = δij
Ki −K−1

i

q − q−1
,
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and the quantum Serre relations:

EiEj = EjEi, |i− j| ≥ 2,

E2
i Ej − (q + q−1)EiEjEi + EjE

2
i = 0, |i− j| = 1,

FiFj = FjFi, |i− j| ≥ 2,

F 2
i Fj − (q + q−1)FiFjFi + FjF

2
i = 0, |i− j| = 1.

UqslN+1 is a Hopf algebra with the structures:




4K±1

i = K±1
i ⊗K±1

i ,
4Ei = 1⊗ Ei + Ei ⊗Ki,
4Fi = K−1

i ⊗ Fi + Fi ⊗ 1,




ε(K±1
i ) = 1,

ε(Ei) = 0,
ε(Fi) = 0,





SK±1
i = K∓1

i ,
SEi = −EiK

−1
i ,

SFi = −KiFi.

Let V = CN+1 and Eij be the matrix with entry 1 in the position (i, j) and entries 0
elsewhere. We define the fundamental representation of UqslN+1 to be

ρ : UqslN+1 → EndV,

Ei 7→ Ei,i+1,

Fi 7→ Ei+1,i,

Ki 7→
∑

l 6=i,i+1

Ell + qEii + q−1Ei+1,i+1.

Then the action of the R-matrix on V ⊗ V is

Rρ = q

N+1∑
i=1

Eii ⊗ Eii +
∑

i6=j

Eij ⊗ Eji + (q − q−1)
∑
i<j

Ejj ⊗ Eii.

Let c = q−1Rρ ∈ GL(V ⊗ V ). If we denote by ei = (0, . . . , 0, 1, 0, . . . , 0)t ∈ V the unit
column vector whose components are zero except the i-th component is 1. then we have:

c(ei ⊗ ej) =





ei ⊗ ei, i = j,
q−1ej ⊗ ei, i < j,
q−1ej ⊗ ei + (1− q−2)ei ⊗ ej, i > j.
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c is a braiding on V and satisfies the Iwahori’s quadratic equation:

(c− idV⊗V )(c + q−2idV⊗V ) = 0. (1.4)

We define c∨ = (c−1)t, where t means the transpose of the operator. Then c∨ ∈
GL(V ∗ ⊗ V ∗). Let {fi} be the dual basis of {ei}. We have

c∨(fi ⊗ fj) =





fi ⊗ fi, i = j,
qfj ⊗ fi + (1− q2)fi ⊗ fj, i < j
qfj ⊗ fi, i > j.

Obviously c∨ is a braiding on V ∗ and satisfies the Iwahori’s equation:

(c∨ − idV ∗⊗V ∗)(c
∨ + q2idV ∗⊗V ∗) = 0.

Let I be the two-sided ideal generated by Ker(idV⊗V −c) in T(V ). Since I is generated
by homogeneous elements of degree 2, we could give I a natural grading:

Ik = I ∩ Tk(V ).

Here I ∩ Tk(V ) means the ideal generated by Ker(idV⊗V − c) in Tk(V ).

Definition 1.13. We define the quantum exterior algebra
∧

c(V ) with respect to c by:
∧k

c
(V ) = Tk(V )/Ik,

∧
c
(V ) = T(V )/I =

⊕

k≥0

∧k

c
(V ).

Let π : T(V ) → ∧
c(V ) be the canonical projection. For any ei1 ⊗ · · · ⊗ eip ∈ Tp(V ),

we will write ei1 ∧ · · · ∧ eip = π(ei1 ⊗ · · · ⊗ eip).

From easy computation, we have

Ker(idV⊗V − c) = SpanC{ei ⊗ ei, q
−1ei ⊗ ej + ej ⊗ ei(i < j)}.

So it follows immediately that:

1.
∧

c(V ) is a graded algebra generated by {e1, . . . , eN+1} with relations:

ei ∧ ei = 0,

and
ej ∧ ei = −q−1ei ∧ ej (i < j).

2.
∧0

c(V ) = C,
∧1

c(V ) = V and
∧p

c(V ) = 0 for p > N + 1.

3. For 1 ≤ p ≤ N + 1, {ei1 ∧ · · · ∧ eip |1 ≤ i1 < · · · < ip ≤ N + 1} is a basis of the
linear space

∧p
c(V ).

4.
∧

c(V ) is a noncommutative local ring with the maximal ideal {0} ∪⊕
k≥1

∧k
c (V ).

Let A(p) =
∑

w∈Sp
(−1)l(w)T c

w =
∑

w∈Sp
T−c

w .
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Proposition 1.14 ([7], Proposition 2.13). For k ≥ 1, we have the following linear
isomorphism:

ImA(k) ∼= ∧k
c (V ).

So
∧

c(V ) is just the quantum symmetric algebra S−c(V ). We can identify the wedge
product ∧ on

∧
c(V ) with the quantum shuffle product sh on S−c(V ). The map ei 7→ fi

induces an isomorphism of algebras:

i :
∧

c
(V ) →

∧
c∨

(V ∗).

Indeed, we have

Ker(idV ∗⊗V ∗ − c∨) = SpanC{fi ⊗ fi, fi ⊗ fj + q−1fj ⊗ fi(i > j)}.

So in ∧c∨(V
∗), we have

fi ∧ fi = 0, fj ∧ fi = −q−1fi ∧ fj (i < j).

Now we give a more explicit description of the action of A(p), which will be used to
compute the q-trace.

We first introduce a notation which will be used frequently in the rest of this chapter.
Given A,B,C ⊂ Sp, A◦B = C means that the image of the composition map ◦ on A×B
lies in C and it is bijective.

Proposition 1.15. 1. For 1 ≤ i1 < i2 < · · · < ip ≤ N + 1, we have

A(p)(ei1 ⊗ · · · ⊗ eip) =
∑

w∈Sp

(−q)−l(w)w(ei1 ⊗ · · · ⊗ eip)

=
∑

w∈Sp

(−q)−l(w)eiw−1(1)
⊗ · · · ⊗ eiw−1(p)

2. For 1 ≤ i1 < i2 · · · < ip ≤ N + 1, and 1 ≤ t ≤ p, we have

A(p)(ei1 ⊗ · · · ⊗ eip)

=
∑

w∈St,p−t

(−q)−l(w)A(t)(eiw(1)
⊗ · · · ⊗ eiw(t)

)⊗ A(p−t)(eiw(t+1)
⊗ · · · ⊗ eiw(p)

).

In particular,

A(p)(ei1 ⊗ · · · ⊗ eip) =

p∑

l=1

(−q)1−leil ⊗ A(p−1)(ei1 ⊗ · · · ⊗ êil ⊗ · · · ⊗ eip),

where the symbol ̂ means that the term is omitted.
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Proof. 1.

A(p)(ei1 ⊗ · · · ⊗ eip) =
∑

w∈Sp

(−1)l(w)Tw(ei1 ⊗ · · · ⊗ eip)

=
∑

w∈Sp

(−1)l(w)q−l(w)w(ei1 ⊗ · · · ⊗ eip).

The second equality follows from the fact that every permutation w ∈ Sp can be written
in a unique reduced form w = w1 · · ·wp−1, where wi ∈ {1, si, sisi−1, . . . , sisi−1 · · · s1}.

2. Without loss of generality, we assume i1 = 1, . . . , ip = p. For any w ∈ St,p−t, we
have

(−q)−l(w)A(p)(ew(1) ⊗ · · · ⊗ ew(t))⊗ A(p−t)(ew(t+1) ⊗ · · · ⊗ ew(p))

= (−q)−l(w)(
∑

σ∈St

(−q)−l(σ)σ(ew(1) ⊗ · · · ⊗ ew(t)))

⊗ (
∑

τ∈Sp−t

(−q)−l(τ)τ(ew(t+1) ⊗ · · · ⊗ ew(p)))

=
∑

σ∈St,τ∈Sp−t

(−q)−l(w)−l(σ)−l(τ)σ(ew(1) ⊗ · · · ⊗ ew(t)))

⊗τ(ew(t+1) ⊗ · · · ⊗ ew(p))).

Since St,p−t ◦ (St×Sp−t) = Sp and all the expressions are reduced, we have the formula.

For 1 ≤ t ≤ p ≤ N + 1 and 1 ≤ i1 < i2 < · · · < ip ≤ N + 1, we define

4t,p−t(ei1 ∧ · · · ∧ eip) =
∑

w∈St,p−t

(−q)−l(w)eiw(1)
∧ · · · ∧ eiw(t)

⊗ eiw(t+1)
∧ · · · ∧ eiw(p)

.

More explicitly,

4t,p−t(ei1 ∧ · · · ∧ eip)

= 4t,p−t ◦ A(p)(ei1 ⊗ · · · ⊗ eip)

=
∑

w∈St,p−t

(−q)−l(w)(A(t) ⊗ A(p−t)) ◦ w−1(ei1 ⊗ · · · ⊗ eip)

=
∑

w∈St,p−t

(−q)−l(w)((
∑

α∈St

(−q)−l(α)α)⊗ (
∑

β∈Sp−t

(−q)−l(β)β))

◦w−1(ei1 ⊗ · · · ⊗ eip)
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=
∑

w∈St,p−t

∑

α∈St

∑

β∈Sp−t

(−q)−l(w)−l(α)−l(β)(α⊗ β) ◦ w−1(ei1 ⊗ · · · ⊗ eip)

=
∑

w∈Sp

(−q)−l(w)(eiw−1(1)
⊗ · · · eiw−1(t)

)⊗ (eiw−1(t+1)
⊗ · · · ⊗ eiw−1(p)

).

So 4 is just the deconcatenation coproduct on S−c(V ).

If we define a symmetric nondegenerated bilinear form (, ) on V by requiring that the
basis {ei} is orthonormal and extend it to T (V ), then we have:

Proposition 1.16. (
∧

c(V ),∧,4, ε) is self-dual with respect to the above bilinear form.

Proof. For s + t ≤ N + 1 and any multi-indices sets i = {i1, . . . , is} with 1 ≤ i1 < · · · <
is ≤ N + 1, j = {j1, . . . , jt} with 1 ≤ j1 < · · · < jt ≤ N + 1 and k = {k1, . . . , ks+t} with
1 ≤ k1 < · · · < ks+t ≤ N + 1,

1) if i ∪ j 6= k, then obviously we have

< (ei1 ∧ · · · ∧ eis) ∧ (ej1 ∧ · · · ∧ ejt), ek1 ∧ · · · ∧ eks+t >= 0,

and
< ei1 ∧ · · · ∧ eis ⊗ ej1 ∧ · · · ∧ ejt ,4s,t(ek1 ∧ · · · ∧ eks+t) >= 0.

2) if i ∪ j = k, then

< ei1 ∧ · · · ∧ eis ⊗ ej1 ∧ · · · ∧ ejt ,4s,t(ek1 ∧ · · · ∧ eks+t) >

=
∑

τ∈Ss,t

(−q)−l(τ) < ei1 ∧ · · · ∧ eis,ekτ(1)
∧ · · · ∧ ekτ(t)

>

× < ej1 ∧ · · · ∧ ejt , ekτ(t+1)
∧ · · · ∧ ekτ(p)

>

= (−q)l(i1,...,is,j1,...,jt)

= < (ei1 ∧ · · · ∧ eis) ∧ (ej1 ∧ · · · ∧ ejt), ek1 ∧ · · · ∧ eks+t > .

< 1, x >=

{
x, if x ∈ C,
0, if x /∈ C.

In both cases, we have
< 1, x >= ε(x).

1.6 The relation between q-traces and quantum traces

In Section 2, we have defined three products on ⊕i≥0End(
∧i

c V ). Now we describe the
convolution product more precisely in this case.
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For s < t,

Eij ∗ Ekl(es ∧ et) = sh1,1 ◦ (Eij ⊗ Ekl) ◦ 41,1(es ∧ et)

= sh1,1 ◦ (Eij ⊗ Ekl)(es ⊗ et − q−1et ⊗ es)

= δjsδltei ∧ ek − q−1δjtδlsei ∧ ek

= (δjsδlt − q−1δjtδls)ei ∧ ek.

Similarly, Ekl ∗ Eij(es ∧ et) = (δlsδjt − q−1δltδjs)ek ∧ ei. So we get that




Eij ∗ Eik = Eij ∗ Ekj = 0, ∀i, j, k,

Ekj ∗ Eil = −q−1Eij ∗ Ekl, ifi < k,∀j, l,
Eil ∗ Ekj = −q−1Eij ∗ Ekl, ifj < l, ∀i, k.

(3)

Generally, for 1 ≤ l1 < · · · < lp ≤ N + 1 and 1 ≤ i1 < · · · < ip ≤ N + 1, we have

Ei1j1 ∗ · · · ∗ Eipjp(el1 ∧ · · · ∧ elp) =

{
(−q)−l(j1,··· ,jp)ei1 ∧ · · · ∧ eip , ifj = l,

0, otherwise.

So {Ei1j1 ∗ · · · ∗ Eipjp |1 ≤ i1 < · · · < ip ≤ N + 1, 1 ≤ j1 < · · · < jp ≤ N + 1} is a C-basis
of End

∧p
c(V ), which implies that ⊕N+1

p=0 End
∧p

c(V ) is a C-algebra generated by {Eij}.
From easy computations we get that if 1 ≤ i1 < · · · < ip ≤ N + 1, 1 ≤ j1 < · · · < jp ≤

N + 1, 1 ≤ k1 < · · · < kp ≤ N + 1 and 1 ≤ l1 < · · · < lp ≤ N + 1, then

(Ei1j1 ∗ · · · ∗ Eipjp) ◦ (Ek1l1 ∗ · · · ∗ Ekplp) = δj1k1 · · · δjpkpEi1l1 ∗ · · · ∗ Eiplp .

For given Am =
∑

1≤i1<···<im≤N+1
1≤j1<···<jm≤N+1

ai1···im
j1···jm

Ei1j1 ∗ · · · ∗ Eimjm ∈ End
∧m

c (V ) and Bn =
∑

1≤k1<···<kn≤N+1
1≤l1<···<ln≤N+1

bk1···kn

l1···ln Ek1l1 ∗ · · · ∗ Eknln ∈ End
∧n

c (V ), we have

Am ∗Bn =
∑

i,j,k,l

ai1···im
j1···jm

bk1···kn

l1···ln Ei1j1 ∗ · · · ∗ Eimjm ∗ Ek1l1 ∗ · · · ∗ Eknln

=
∑

σ,τ∈Sm+n,N+1−m−n

∑

α,β∈Sm,n

a
ασ(1)···ασ(m)
βτ(1)···βτ(m) b

ασ(m+1)···ασ(m+n)
βτ(m+1)···βτ(m+n)

Eασ(1),βτ(1) ∗ · · · ∗ Eασ(m+n),βτ(m+n)

=
∑

σ,τ∈Sm+n,N+1−m−n

∑

α,β∈Sm,n

a
ασ(1)···ασ(m)
βτ(1)···βτ(m) b

ασ(m+1)···ασ(m+n)
βτ(m+1)···βτ(m+n)

×(−q)−l(α)−l(β)Eσ(1),τ(1) ∗ · · · ∗ Eσ(m+n),τ(m+n).

For 1 ≤ p ≤ N + 1, we let {Fi1···ip |1 ≤ i1 < · · · < ip ≤ N + 1} be the dual basis of
{ej1 ∧ · · · ∧ ejp |1 ≤ j1 < · · · < jp ≤ N + 1}, i.e.,

Fi1···ip(ej1 ∧ · · · ∧ ejp) = δi1j1 · · · δipjp .
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We define
ϕ :

∧p
c∨(V

∗) → (
∧p

c(V ))∗,
fi1 ∧ · · · ∧ fip 7→ Fi1···ip .

It is a linear isomorphism. Then we have the following linear isomorphism:

ιp : End
∧p

c(V ) → ∧p
c(V )⊗∧p

c∨(V
∗),

Ei1j1 ∗ · · · ∗ Eipjp 7→ ei1 ∧ · · · ∧ eip ⊗ fj1 ∧ · · · ∧ fjp .

If we endow
∧

c(V )⊗∧
c∨(V

∗) with the tensor algebra structure, then ⊕N+1
p=0

∧p
c(V )⊗∧p

c∨(V
∗) is a subalgebra.

Proposition 1.17. ι = ⊕N+1
p=0 ιp : (⊕N+1

p=0 End
∧p

c(V ), ∗) → ⊕N+1
p=0

∧p
c(V ) ⊗ ∧p

c∨(V
∗) is an

isomorphism of algebras.

Proof. In ⊕N+1
p=0

∧p
c(V )⊗∧p

c∨(V
∗) we have





(ei ⊗ fj)(ei ⊗ fk) = ei ∧ ei ⊗ fj ∧ fk = 0, ∀i, j,
(ei ⊗ fj)(ek ⊗ fj) = ei ∧ ek ⊗ fj ∧ fj = 0, ∀i, j,
(ek ⊗ fj)(ei ⊗ fl) = ek ∧ ei ⊗ fj ∧ fl = −q−1ei ∧ ek ⊗ fj ∧ fl

= −q−1(ei ⊗ fj)(ek ⊗ fl), ifi < k,∀j, l,
(ei ⊗ fl)(ek ⊗ fj) = ei ∧ ek ⊗ fl ∧ fj = −q−1ei ∧ ek ⊗ fj ∧ fl

= −q−1(ei ⊗ fj)(ek ⊗ fl), ifj < l, ∀i, k.

It shares the same multiplication rule in (3). So we get the result since ⊕N+1
p=0

∧p
c(V ) ⊗∧p

c∨(V
∗) is generated by ei ⊗ fj as an algebra.

The quantum matrix algebra of rank N + 1, denoted by Mq(N + 1), is the algebra
generated by {xij|1 ≤ i, j ≤ N + 1} with relations:





xjtxit = qxitxjt, ∀i < j, ∀t,
xitxis = qxisxit, ∀s < t, ∀i,
xitxjs = xjsxit, ∀i < j, ∀s < t,
xjtxis − xisxjt = (q − q−1)xitxjs, , ∀i < j, ∀s < t.

(4)

The following properties of quantum matrix algebras is well-known (see [27] ):

1. Mq(N + 1) is a bialgebra with coproduct

4 : Mq(N + 1) → Mq(N + 1)⊗Mq(N + 1),

xij 7→
N+1∑

k=1

xik ⊗ xkj,

and counit

ε : Mq(N + 1) → C,
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xij 7→ δij.

2. For any k ∈ N, V ⊗k is a right Mq(N + 1)-comodule:

δ : V ⊗k → V ⊗k ⊗Mq(N + 1),
ei1 ⊗ · · · ⊗ eik 7→ ∑

1≤j1,··· ,jk≤N+1 ej1 ⊗ · · · ⊗ ejk
⊗ xj1i1 · · · ejkik .

Moreover c is an Mq(N +1)-comodule map. So both
∧

c(V ) and Sc(V ) inherit Mq(N +1)-
comodule structures.

So ⊕N+1
i=0 End

∧p
c(V ) is a Mq(N + 1)-comodule with the structure map:

δ : End
∧p

c(V ) → End
∧p

c(V )⊗Mq(N + 1)

Ei1j1 ∗ · · · ∗ Eipjp 7→ ∑
k,l Ei1j1 ∗ · · · ∗ Eipjp ⊗ xk1i1 · · ·xkpipxl1j1 · · ·xlpjp .

If A ∈ End
∧1

c(V ) = End(V ) with Aei =
∑N+1

j=1 aj
iej, then

(αA)N+1(e1 ∧ · · · ∧ eN+1)

= (A ∗ e∗I1

q2 )N+1(e1 ∧ · · · ∧ en)

= (A ∗ IN)(e1 ∧ · · · ∧ eN+1)

= sh1,N ◦ (A⊗ IN) ◦ 41,N(e1 ∧ · · · ∧ eN+1)

= sh1,N ◦ (A⊗ IN)(
N+1∑
i=1

(−q)1−iei ⊗ e1 ∧ · · · ∧ êi ∧ · · · ∧ eN+1)

= sh1,N(
N∑

i=1

(−q)1−iAei ⊗ e1 ∧ · · · ∧ êi ∧ · · · ∧ eN+1)

= (
N+1∑
i=1

q−2(i−1)ai
i)e1 ∧ · · · ∧ eN+1.

So

TrqA =
N+1∑
i=1

q−2(i−1)ai
i.

Now let us recall the definition of the quantum trace. We know the positive roots of
slN+1(C) are

α1, α1 + α2, α1 + α2 + α3, . . . , α1 + · · ·+ αN ,
α2, α2 + α3, α2 + α3 + α4, . . . , α2 + · · ·+ αN ,
. . . ,
αN .

.
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The sum of all positive roots is

N∑
i=1

i(N + 1− i)αi.

Set
K = KN

1 K
2(N−1)
2 · · ·KN

N .

For any A ∈ End(V ), we call

trq(A) = Tr(ρ(K)A)

the quantum trace of A, where Tr is the usual trace of endomorphism. From direct
computation, one gets that if A ∈ End(V ) with Aei =

∑N+1
j=1 aj

iej, then

trq(A) =
N+1∑
i=1

qN−2(i−1)ai
i.

Hence, the q-trace is the quantum trace, just up to some scalar.

Proposition 1.18. For any A ∈ End(V ), we have

TrqA = q−Ntrq(A).

In general, the quantum trace of trqA for A ∈ End
∧p

c(V ) is defined by:

trqA = tr(ρp(K)A),

where ρp : UqslN+1 → End
∧p

c(V ) is the representation of UqslN+1 on End
∧p

c(V ) induced
by the fundamental representation ρ.

We have the generalization of the above proposition:

Proposition 1.19. For any A ∈ End
∧p

c(V ), we have

TrqA = q−p(N+1−p)trqA.

Proof. For any A ∈ End
∧p

c(V ) with A =
∑

1≤i1<···<ip≤N+1
1≤j1<···<jp≤N+1

a
i1···ip
j1···jp

Ei1j1 ∗ · · · ∗Eipjp , we have

A ∗ IN+1−p

= (
∑

1≤i1<···<ip≤N+1
1≤j1<···<jp≤N+1

a
i1···ip
j1···jp

Ei1j1 ∗ · · · ∗ Eipjp)
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∗(
∑

1≤k1<···<kN+1−p≤N+1

Ek1k1 ∗ · · · ∗ EkN+1−pkN+1−p
)

=
∑

i, j, k

a
i1···ip
j1···jp

Ei1j1 ∗ · · · ∗ Eipjp ∗ Ek1k1 ∗ · · · ∗ EkN+1−pkN+1−p

=
∑

σ∈Sp, N+1−p

a
σ(1)···σ(p)
σ(1)···σ(p)Eσ(1)σ(1) ∗ · · · ∗ Eσ(N+1)σ(N+1)

=
∑

σ∈Sp, N+1−p

(−q)−2l(σ)a
σ(1)···σ(p)
σ(1)···σ(p)E11 ∗ · · · ∗ EN+1,N+1.

So we get
TrqA =

∑

σ∈Sp, N+1−p

(−q)−2l(σ)a
σ(1)···σ(p)
σ(1)···σ(p).

For 1 ≤ j1 < · · · < jp ≤ N + 1, we have

ρp(K)A(ej1 ∧ · · · ∧ ejp)

= ρp(K)(
∑

1≤i1<···<ip≤N+1

a
i1···ip
j1···jp

ei1 ∧ · · · ∧ eip)

=
∑

1≤i1<···<ip≤N+1

a
i1···ip
j1···jp

Kei1 ∧ · · · ∧Keip

=
∑

1≤i1<···<ip≤N+1

a
i1···ip
j1···jp

qp(N+2)−2(i1+···+ip)ei1 ∧ · · · ∧ eip ,

since K = diag(qN , qN−2, · · · , q−N). So

trqA =
∑

1≤i1<···<ip≤N+1

qp(N+2)−2(i1+···+ip)a
i1···ip
i1···ip .

For an easy observation, we know that for any σ ∈ Sp,N+1−p with σ(1) = i1, · · · , σ(p) = ip
we have l(σ) = (i1 − 1) + · · · + (ip − p) = (i1 + · · · + ip) − (1+p)p

2
. Hence the proposition

holds.

Proposition 1.20. For any A ∈ End(V ) with Aei =
∑N+1

j=1 aj
iej,and 0 ≤ p ≤ N + 1, we

have

TrqA
p =

n∑
i=1

q−2(i−1)
∑

j1,··· ,jp

ai
j1

aj1
j2
· · · ajp

i ,

and
TrqA

∗p =
∑

σ,τ∈Sp

∑
w∈Sp,N+1−p

(−q)−(2l(w)+l(σ)+l(τ))a
τw(1)
σw(1) · · · aτw(p)

σw(p).

In particular,
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TrqA
∗N+1 =

∑

σ,τ∈SN+1

(−q)−l(σ)−l(τ)a
τ(1)
σ(1) · · · aτ(N+1)

σ(N+1).

Proof. The first formula is trivial.

(αA∗p)N+1

= A∗p ∗ IN+1−p

= (
∑
i,j

aj
iEji)

∗p ∗ (
∑

w∈Sp,N+1−p

Ew(p+1)w(p+1) ∗ · · · ∗ Ew(N+1)w(N+1))

=
∑

σ,τ∈Sp

∑

w∈SN+1−p,p

a
τw(1)
σw(1) · · · aτw(p)

σw(p)Eτw(1),σw(1) ∗ · · · ∗ Eτw(p),σw(p)

∗(Ew(1)w(1) ∗ · · · ∗ Ew(N+1−p)w(N+1−p))

=
∑

σ,τ∈Sp

∑

w∈Sp,N+1−p

(−q)−(2l(w)+l(σ)+l(τ))a
τw(1)
σw(1) · · · aτw(p)

σw(p)

×E11 ∗ · · · ∗ EN+1,N+1.

Specially, if A ∈ EndV with Aei = ai
iei, then

1) TrqA
∗N+1 = (N + 1)q−2 !a1

1 · · · aN+1
N+1,

2) TrqA
∗p = (p)q−2 !

∑
w∈Sp,N+1−p

(−q)−2l(w)a
w(1)
w(1) · · · aw(p)

w(p),

3) TrqA
p =

∑N+1
i=0 (−q)−2(i−1)(ai

i)
p.

Let C = V (1) ⊂ V (2) ⊂ · · · ⊂ V (i) ⊂ · · · be a sequence of vector spaces with
V (i) = SpanC{e1, . . . , ei}. We still use c to denote the action of c restricted on V (i) for
all i. For any 1 ≤ p ≤ N , we define

(Trq)p+1 : End
∧p+1

c (VN+1) → End
∧p

c(VN),

Ei1j1 ∗ · · · ∗ Eip+1jp+1 7→ Ei1j1 ∗ · · · ∗ EipjpTrqEip+1jp+1 ,

where 1 ≤ i1 < · · · < ip+1 ≤ N + 1 and 1 ≤ j1 < · · · < jp+1 ≤ N + 1.

Proposition 1.21. For any A ∈ End
∧p

c(V ), we have

TrqA = (−q)p(p−1)(Trq)1(Trq)2 · · · (Trq)pA.

Proof. We set A =
∑

1≤i1<···<ip≤N+1
1≤j1<···<jp≤N+1

a
i1···ip
j1···jp

Ei1j1 ∗ · · · ∗ Eipjp . Then

(Trq)1(Trq)2 · · · (Trq)pA



1.7. QUANTUM FORMS AND QUANTUM DETERMINANTS 33

=
∑

1≤i1<···<ip≤N+1
1≤j1<···<jp≤N+1

a
i1···ip
j1···jp

TrqEi1j1 · · · · · TrqEipjp

=
∑

1≤i1<···<ip≤N+1
1≤j1<···<jp≤N+1

a
i1···ip
j1···jp

δi1j1(−q)−2(i1−1) · · · · · δipjp(−q)−2(i1−1)

=
∑

1≤i1<···<ip≤N+1

a
i1···ip
i1···ip(−q)−2(i1+···+ip−p)

= (−q)p(1−p)TrqA.

1.7 Quantum forms and quantum determinants

Set

qij =





0, i = j,
−q, i < j,
−q−1, i > j.

Then ei ∧ ej = qijej ∧ ei and qijqji = 1 if i 6= j.

Definition 1.22. The elements of Ap
c(V ) = HomC(

∧p
c(V ),C) are called quantum p-

forms. Sometimes we denote Ap
c = Ap

c(V ) simply and Ac =
⊕

p≥0 Ap
c .

For any ω ∈ Ap
c , we could view it as a map

V × · · · × V︸ ︷︷ ︸
p times

→ C

with the following properties: for any w ∈ Sp,

ω(ei1 , · · · , eip) = (−q)−l(i1,··· ,ip)+l(iw(1),··· ,iw(p))ω(eiw(1)
, · · · , eiw(p)

).

Specially, for any 1 ≤ k 6= l ≤ p,

ω(ei1 , · · · , eik , · · · , eil , · · · , eip)

= qik−1ik · · · qijikqijij+1
· · · qijik−1

ω(ei1 , · · · , eil , · · · , eik , · · · , eip).

As an algebra, Ac is generated by A1
c = V ∗ with respect to the convolution product:

for any ω1 ∈ Ai
c, ω ∈ Aj

c and any 1 ≤ k1 < · · · < ki+j ≤ N + 1,

ω1 ∗ ω2(ek1 ∧ · · · ∧ eki+j
)

= · ◦ (ω1 ⊗ ω2) ◦ 4i,j(ek1 ∧ · · · ∧ eki+j
)
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=
∑

w∈Si,j

(−q)−l(w)ω1(ekw(1)
∧ · · · ∧ ekw(i)

)ω2(ekw(i+1)
∧ · · · ∧ ekw(i+j)

).

For any matrix A = (ai
j) ∈ Mn(C), we denote

det qA =
∑

w∈Sn

(−q)−l(w)a1
w(1) · · · an

w(n),

and call it the quantum determinant of A.

It is easy to see that:

Proposition 1.23. For any ω1, · · · , ωp ∈ A1
c with ωi(ej) = ai

j and any 1 ≤ k1 < · · · <
kp ≤ N + 1, we have

(ω1 ∗ · · · ∗ ωp)(ek1 ∧ · · · ∧ ekp) =
∑

w∈Sp

(−q)−l(w)a1
kw(1)

· · · ap
kw(p)

= det q(a
i
kj

).



Chapter 2

Constructions of YB algebras and YB
coalgebras

2.1 Introduction

For any algebra (resp. coalgebra) A, there is a natural algebra (resp. coalgebra) structure
on A⊗n defined by using the multiplication (resp. comultiplication) and the usual flip.
Hashimoto and Hayashi [9] showed that if a Yang-Baxter operator is compatible with the
multiplication (resp. comultiplication) in some sense, then one can also provide a new
algebra (resp. coalgebra) structure on A⊗n by using the Yang-Baxter operator instead of
the flip. They called the algebra (resp. coalgebra) with the compatible Yang-Baxter oper-
ator a Yang-Baxter algebra (resp. Yang-Baxter coalgebra). These algebras and coalgebras
play an important role in braided categories. For example, Baez [2] used them to study
the Hochschild homology. But there are few examples, and the question is how to provide
some. We provide a first series of examples as follows. For any Hopf algebra H, Woronow-
icz [30] constructed two Yang-Baxter operators TH and T ′

H on H. By direct computation
one can show that these give Yang-Baxter algebra and Yang-Baxter coalgebra structures
on H. So one may wonder whether there is a general machinery behind this. One may
observe that Woronowicz’s braidings come from some special Yetter-Drinfel’d module
structures on H. Moreover the multiplication and comultiplication of H are compatible
with the Yetter-Drinfel’d module structures in some sense. This provides a systematic
way to construct Yang-Baxter algebras and Yang-Baxter coalgebras in the category of
Yetter-Drinfel’d modules.

We also observe that the quantum shuffle algebras discussed in [26] are certainly
interesting such examples. They are the quantization of the usual shuffle algebras on
T (V ). They are obtained by replacing the flip by the braiding on V to construct the
multiplication. This leads to consider the following question: what are the possible Yang-
Baxter algebra structures on the tensor space T (V ) of a braided vector space compatible

35
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with the natural braiding on T (V ).

In [19], Loday and Ronco proved a classification theorem for connected cofree bialge-
bras which are the analogues of the Poincaré-Birkhoff-Witt theorem and of the Cartier-
Milnor-Moore theorem for non-cocommutative Hopf algebras. The main tool used is the
notion of B∞-algebra. This enables one to investigate all associative algebra structures
on T (V ) compatible with the deconcatenation coproduct. The point is that T (V ) is a
connected coalgebra in the sense of Quillen [24]. So by using the universal property of
T (V ) with respect to the connected coalgebra structure, the product can be rebuilt from
the data of some linear maps Mpq : V ⊗p ⊗ V ⊗q → V for p, q ≥ 0. Conversely, one can
construct associative algebra structure for such given maps under some conditions. Fur-
thermore, with this algebra structure and the deconcatenation coproduct, T (V ) becomes
a bialgebra. We extend this to the braided framework, where we use the "quantized"
coproduct instead of the tensor deconcatenation coproduct of T (V ) ⊗ T (V ). T (V ) will
become a "twisted" Hopf algebra in the sense of [26]. The underlying associative algebra
structure is provided by the quantum B∞-algebra structure. This new object is not just
the generalization of B∞-algebras, but also of Yang-Baxter algebras.

Works on multiple zeta values led naturally to quasi-shuffle algebras. Mainly, the
underlying vector space used to construct the shuffle algebra has also an algebra structure.
These algebras were already studied by [20], and there were some attempts to quantize
them, for examples, [1] and [11]. The quantum B∞-algebras provide a good framework to
"deform" quasi-shuffle algebras in the spirit of quantum shuffle algebras, where the usual
flip is replaced by a braiding and we have to impose compatibility between the braiding
and the algebra structure on V . Then Yang-Baxter algebras or Yang-Baxter coalgebras
appear to be the relevant structures.

This chapter is organized as follows. In Section 2, we show that an algebra (resp.
coalgebra) with compatible Yetter-Drinfel’d module structure is a Yang-Baxter algebra
(resp. coalgebra). Specially, modules over a quasi-triangular Hopf algebra make sense.
And we use Woronowicz’s braidings to illustrate our constructions. Section 3 contains the
interesting example of Yang-Baxter algebra, which is the so-called quantum shuffle algebra
(introduced in [26]). We also prove that the cotensor algebra T c

H(M) over a Hopf algebra
H and a H-Hopf bimodule M is both a Yang-Baxter algebra and a Yang-Baxter coalgebra.
As a consequence, the "upper triangular part" U+

q of the quantized enveloping algebra
with a symmetrizable Cartan matrix is a Yang-Baxter algebra. In Section 4, we define
quantum B∞-algebra and prove that its tensor space has a Yang-Baxter algebra structure.
Quantum shuffle algebras and quantum quasi-shuffle algebras are special quantum B∞-
algebras. Finally, in Section 5, we introduce the notion of 2-YB algebras and use them to
construct quantum B∞-algebras.
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2.2 Machineries arising from Yetter-Drinfel’d Modules

We will first recall the definitions of Yang-Baxter algebra and Yang-Baxter coalgebra
which were introduced in [9].

Definition 2.1. 1. Let A = (A,m, η) be an algebra with product m and unit η. Let σ be
a braiding on A. We call (A, σ) a Yang-Baxter algebra, or short for YB algebra, if the
following diagram is commutative:

A⊗3 σ1σ2−−−→ A⊗3 σ2σ1−−−→ A⊗3

ym⊗idA

yidA⊗m

ym⊗idA

A⊗2 σ−−−→ A⊗2 σ−−−→ A⊗2

xη⊗idA

xidA⊗η

xη⊗idA

K ⊗ A
'−−−→ A⊗K

'−−−→ K ⊗ A.

2. Let C = (C,4, ε) be a coalgebra with coproduct 4 and counit ε. Let σ be a braiding
on C. We call (C, σ) a Yang-Baxter coalgebra, or short for YB coalgebra, if the following
diagram is commutative:

C⊗3 σ1σ2−−−→ C⊗3 σ2σ1−−−→ C⊗3

x4⊗idC

xidC⊗4
x4⊗idC

C⊗2 σ−−−→ C⊗2 σ−−−→ C⊗2

yε⊗idC

yidC⊗ε

yε⊗idC

K ⊗ C
'−−−→ C ⊗K

'−−−→ K ⊗ C.

These definitions give a right way to extend the usual algebra (resp. coalgebra) struc-
ture on the tensor products of algebras (resp. coalgebras).

Proposition 2.2 ([9], Proposition 4.2). 1. For a YB algebra (A, σ) and any i ∈ N,
the YB pair (A⊗i, T σ

χii
) becomes a YB algebra with product mσ,i = m⊗i ◦ T σ

wi
and unit

η⊗i : K ' K⊗i → A⊗i, where χii, wi ∈ S2i are given by

χii =

(
1 2 · · · i i + 1 i + 2 · · · 2i

i + 1 i + 2 · · · 2i 1 2 · · · i

)
,

and
wi =

(
1 2 3 · · · i i + 1 i + 2 · · · 2i
1 3 5 · · · 2i− 1 2 4 · · · 2i

)
.

2. For a YB coalgebra (C, σ), the YB pair (C⊗i, T σ
χii

) becomes a YB coalgebra with
coproduct 4σ,i = T σ

w−1
i

◦ 4⊗i and counit ε⊗i : C⊗i → K⊗i ' K.
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Remark 2.3. 1. Any algebra (resp. coalgebra) is a YB algebra (resp. coalgebra) with the
usual flip.

2. Obviously, if (A, σ) is a YB algebra, then so is (A, σ−1). And if (C, σ) is a YB
coalgebra, then so is (C, σ−1).

3. Assume there is a nondegenerate bilinear form (, ) between two vector spaces A
and B. It can be extended to (, ) : A⊗i × B⊗i → K in the usual way. For any f ∈
End(A⊗i), the adjoint operator adj(f) ∈ End(B⊗i) of f is defined to be the one such that
(x, adj(f)(y)) = (f(x), y) for any x ∈ A⊗i and y ∈ B⊗i. If (A,m, η, σ) is a YB algebra,
then its adjoint (B, adj(m), adj(η), adj(σ)) is a YB coalgebra.

The YB algebra and YB coalgebra structures given by Remark 2.3.1 are trivial. We
will give non trivial examples by using braided vector spaces as follows.

Let (V, σ) be a braided vector space. For any i, j ≥ 1, we denote

χij =

(
1 2 · · · i i + 1 i + 2 · · · i + j

j + 1 j + 2 · · · j + i 1 2 · · · j

)
,

and define β : T (V )⊗T (V ) → T (V )⊗T (V ) by requiring that βij = T σ
χij

on V ⊗i⊗V ⊗j. For
convenience, we denote by β0i and βi0 the usual flip maps.

It is easy to see that β is a braiding on T (V ) and (T (V ),m, β) is a YB algebra, where
m is the concatenation product. And (T (V ),m, β) has a sort of universal property in the
category of YB algebras.

Definition 2.4. Let (A1, α1) and (A2, α2) be two YB algebras. A linear map f : A1 → A2

is called a morphism of YB algebras if

1. f is an algebra map, i.e., f(ab) = f(a)f(b) for any a, b ∈ A1,

2. (f ⊗ f)α1 = α2(f ⊗ f), i.e., f is a morphism of braided vector spaces.

Definition 2.5. Let (V, σ) be braided vector space. A free YB algebra over V is a YB
algebra (FYB(V ), σ) with the following universal property:

1. there is an injective map i : V → FYB(V ) such that (i⊗ i)σ = σ(i⊗ i),

2. for any YB algebra (A,α) and linear map ϕ : V → A such that (ϕ⊗ϕ)σ = α(ϕ⊗ϕ),
there is a unique morphism of YB algebras ϕ : FYB(V ) → A such that ϕ ◦ i = ϕ.

Proposition 2.6. The free YB algebra exists and it is unique up to isomorphism.

Proof. Let ϕ : V → A be a linear map such that (ϕ⊗ ϕ)σ = α(ϕ⊗ ϕ). By the universal
property of tensor algebra, there is a unique algebra map ϕ : T (V ) → A which extends
ϕ. Let i : V → T (V ) be the inclusion map. Consider the YB algebra (T (V ),m, β) where
m is the concatenation product. Then (T (V ), i, β) is a free YB algebra over V . We only
need to check that (ϕ ⊗ ϕ)βkl = α(ϕ ⊗ ϕ) on V ⊗k⊗V ⊗l. We use induction on k + l for
k, l ≥ 1.
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When i = j = 1, (ϕ⊗ ϕ)β11 = (ϕ⊗ ϕ)σ = α(ϕ⊗ ϕ) = α(ϕ⊗ ϕ).

α(ϕ⊗ ϕ)(u1 ⊗ · · · ⊗ uk⊗v1 ⊗ · · · ⊗ vl)

= α
(
ϕ(u1) · · ·ϕ(uk)⊗ϕ(v1) · · ·ϕ(vl)

)

= α(idA ⊗mA)
(
ϕ(u1) · · ·ϕ(uk)⊗ϕ(v1) · · ·ϕ(vl−1)⊗ϕ(vl)

)

= (mA ⊗ idA)α2α1

(
ϕ(u1) · · ·ϕ(uk)⊗ϕ(v1) · · ·ϕ(vl−1)⊗ϕ(vl)

)

= (mA ⊗ idA)α2

(
(ϕ⊗ ϕ)βk,l−1 ⊗ ϕ

)
(u1 ⊗ · · · vl)

= (mA ⊗ idA)
(
ϕ⊗ α(ϕ⊗ ϕ)

)
(βk,l−1 ⊗ idV )(u1 ⊗ · · · vl)

= (mA ⊗ idA)(ϕ⊗ ϕ⊗ ϕ)(id⊗l−1
V ⊗ βk1)(βk,l−1 ⊗ idV )(u1 ⊗ · · · vl)

= (ϕ⊗ ϕ)βkl(u1 ⊗ · · · vl).

The following property above YB algebras is useful for the further discussion.

Lemma 2.7. Let (V, ∗, σ) be a YB algebra. Then for any k, l ≥ 1, we have
{

β1l(∗k ⊗ id⊗l
V ) = (id⊗l

V ⊗ ∗k)βk+1,l,

βl1(id
⊗l
V ⊗ ∗k) = (∗k ⊗ id⊗l

V )βl,k+1,

where ∗k = ∗⊗k : V ⊗k+1 → V given by v1 ⊗ · · · ⊗ vk+1 7→ v1 ∗ · · · ∗ vk+1.

Proof. We use induction on k + l. We prove the first equality. The second one can be
proved similarly.

When k = l = 1, it is just the condition of YB algebra.

β1l(∗k ⊗ id⊗l
V ) = β1l(∗ ⊗ id⊗l

V )(idV ⊗ ∗k−1 ⊗ id⊗l
V )

= (id⊗l
V ⊗ ∗)β2l(idV ⊗ ∗k−1 ⊗ id⊗l

V )

= (id⊗l
V ⊗ ∗)(β1l ⊗ idV )(idV ⊗ β1l)(idV ⊗ ∗k−1 ⊗ id⊗l

V )

= (id⊗l
V ⊗ ∗)(β1l ⊗ idV )(id⊗l+1

V ⊗ ∗k−1)(idV ⊗ βkl)

= (id⊗l
V ⊗ ∗)(id⊗l+1

V ⊗ ∗k−1)(β1l ⊗ idV )(idV ⊗ βkl)

= (id⊗l
V ⊗ ∗k)βk+1,l.
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We define δ to be the deconcatenation on T (V ), i.e.,

δ(v1 ⊗ · · · ⊗ vn) =
n∑

i=0

(v1 ⊗ · · · ⊗ vi)⊗(vi+1 ⊗ · · · ⊗ vn).

We denoted by T c(V ) the coalgebra (T (V ), δ).

T c(V ) is the dual construction of (T (V ),m). So (T c(V ), β) is a YB coalgebra. It is
valuable to present the following short proof of this statement, from which we can see
how it works more clearly.

Since {
χi+j,k = (χik × 1Gj

)(1Gi
× χjk),

χi+j,k = (1Gj
× χik)(χij × 1Gk

),

and all the expressions are reduced, we have
{

βi+j,k = (βik ⊗ id⊗j
V )(id⊗i

V ⊗ βjk),

βi+j,k = (id⊗j
V ⊗ βik)(βij ⊗ id⊗k

V ).

On V ⊗k, we have δ = ⊕i+j=kδij with δij(v1 ⊗ · · · ⊗ vi+j) = v1 ⊗ · · · ⊗ vi⊗vi+1 ⊗ · · · ⊗ vi+j.
We identify δij = id⊗i

V ⊗id⊗j
V . So on V ⊗i+j⊗V ⊗k, we have

(βik ⊗ id⊗j
V )(id⊗i

V ⊗ βjk)(δij ⊗ id⊗k
V ) = βi+j,k(id

⊗i
V ⊗id⊗j

V ⊗ id⊗k
V )

= (id⊗k
V ⊗ id⊗i

V ⊗id⊗j
V )βi+j,k

= (id⊗k
V ⊗ δij)βi+j,k.

The other compatibility condition for δ and β can be proved similarly, and other conditions
for the YB coalgebra follow from the definitions of ε and β.

Before giving general constructions of YB algebras and YB coalgebras, we recall some
terminologies first.

Definition 2.8. Let H be a Hopf algebra. A triple (V, ·, ρ) is called a (left) Yetter-
Drinfel’d module over H if

1. (V, ·) is a left H-module,

2. (V, ρ) is a left H-comodule,

3. for any h ∈ H and v ∈ V ,
∑

h(1)v(−1) ⊗ h(2) · v(0) =
∑

(h(1) · v)(−1)h(2) ⊗ (h(1) · v)(0).

For any Yetter-Drinfel’d module V , there is a natural braiding σV : V ⊗ V → V ⊗ V
defined by σV (v ⊗ w) =

∑
v(−1) · w ⊗ v(0). In the following, we will always adopt this σV

as the braiding of a Yetter-Drinfel’d module.
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Definition 2.9. Let (H,4, ε) be a Hopf algebra. An algebra A is called a module-algebra
over H if

1. A is an H-module, and

2. for any h ∈ H and a, b ∈ A,

h · (ab) =
∑

(h)

(h(1) · a)(h(2) · b),

h · 1 = ε(h)1.

Definition 2.10. Let H be a Hopf algebra. An algebra A is called a comodule-algebra
over H if

1. A is an H-comodule with structure map ρ : A → H ⊗ A,

2. ρ is an algebra morphism, i.e., for any a, b ∈ A,
∑

(ab)

(ab)(−1) ⊗ (ab)(0) =
∑

(a),(b)

a(−1)b(−1) ⊗ a(0)b(0),

ρ(1A) = 1H ⊗ 1A.

Theorem 2.11. Let (V, ·, ρ) be a Yetter-Drinfel’d module over H. If V is both a comodule-
algebra and module-algebra, then (V, σV ) is a YB algebra.

Proof. For any x, y, z ∈ V , we have

(idV ⊗m)(σV ⊗ idV )(idV ⊗ σV )(x⊗ y ⊗ z)

= (idV ⊗m)(σV ⊗ idV )(
∑

(y)

x⊗ y(−1) · z ⊗ y(0))

= (idV ⊗m)(
∑

(x),(y)

x(−1) · (y(−1) · z)⊗ x(0) ⊗ y(0))

=
∑

(x),(y)

(x(−1)y(−1)) · z ⊗ x(0)y(0)

=
∑

(xy)

(xy)(−1) · z ⊗ (xy)(0)

= σV (m⊗ idV )(x⊗ y ⊗ z).

Also,

(m⊗ idV )(idV ⊗ σV )(σV ⊗ idV )(x⊗ y ⊗ z)

= (m⊗ idV )(idV ⊗ σV )(
∑

(x)

x(−1) · y ⊗ x(0) ⊗ z)
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= (m⊗ idV )(
∑

(x)

x(−2) · y ⊗ x(−1) · z ⊗ x(0)

=
∑

(x)

(x(−2) · y)(x(−1) · z)⊗ x(0)

=
∑

(x)

x(−1) · (yz)⊗ x(0)

= σV (idV ⊗m)(x⊗ y ⊗ z).

Finally,

σV (x⊗ 1V ) =
∑

(x)

x(−1) · 1V ⊗ x(0)

=
∑

(x)

ε(x(−1))1M ⊗ x(0)

= 1V ⊗ x,

and,

σV (1V ⊗ x) = 1H · x⊗ 1V

= x⊗ 1V .

Corollary 2.12. Under the above assumption, V ⊗2 is an associative algebra with the
product: for any w, x, y, z ∈ V ,

(w ⊗ x)(y ⊗ z) =
∑

(x)

w(x(−1) · y)⊗ x(0)z.

Proof. It follows from the above theorem and Proposition 2.2.

There is a dual description of coalgebras. We have a correspondence between algebras
and coalgebras, modules and comodules, etc. So the dual notions of module-algebras and
comodule-algebras are the following.

Definition 2.13. Let H be a Hopf algebra. A coalgebra (C,4) is called a module-
coalgebra over H if

1. C is an H-module,

2. for any h ∈ H c ∈ C, we have

4(h · c) =
∑

(c),(h)

(h(1) · c(1))⊗ (h(2) · c(2)),

ε(h · c) = εH(h)εC(c).
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Definition 2.14. Let H be a Hopf algebra. A coalgebra (C,4) is called a comodule-
coalgebra over H if

1. C is an H-comodule with structure map ρ : C → H ⊗ C, and we denote for any
c ∈ C, ρ(c) =

∑
(c) c(−1) ⊗ c(0),

2. for any c ∈ C, we denote 4(c) =
∑

(c) c(1) ⊗ c(2). And we have

∑

(c)

c(−1) ⊗ (c(0))
(1) ⊗ (c(0))

(2) =
∑

(c)

(c(1))(−1)(c
(2))(−1) ⊗ (c(1))(0) ⊗ (c(2))(0),

∑

(c)

c(−1)ε(c(0)) = ε(c)1H .

Theorem 2.15. Let (V, ·, ρ) be a Yetter-Drinfel’d module over H. If V is both a comodule-
coalgebra and module-coalgebra, then (V, σV ) is a YB coalgebra.

Proof. For any x, y ∈ V , we have

(σV ⊗ idV )(idV ⊗ σV )(4⊗ idV )(x⊗ y)

= (σV ⊗ idV )(idV ⊗ σV )(
∑

(x)

x(1) ⊗ x(2) ⊗ y)

= (σV ⊗ idV )(
∑

(x)

x(1) ⊗ (x(2))(−1) · y ⊗ (x(2))(0))

=
∑

(x)

(x(1))(−1) · ((x(2))(−1) · y)⊗ (x(1))(0) ⊗ (x(2))(0)

=
∑

(x)

((x(1))(−1)(x
(2))(−1)) · y ⊗ (x(1))(0) ⊗ (x(2))(0)

=
∑

(x)

x(−1) · y ⊗ (x(0))
(1) ⊗ (x(0))

(2)

= (idV ⊗4)σV (x⊗ y),

where the fifth equality follows from the Condition 2 in the definition of comodule-
coalgebra.

Also,

(idV ⊗ σV )(σV ⊗ idV )(idV ⊗4)(x⊗ y)

= (idV ⊗ σV )(σV ⊗ idV )(
∑

(y)

x⊗ y(1) ⊗ y(2))

= (idV ⊗ σV )(
∑

(x),(y)

x(−1) · y(1) ⊗ x(0) ⊗ y(2))
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=
∑

(x),(y)

x(−2) · y(1) ⊗ x(−1) · y(2) ⊗ x(0)

=
∑

(x),(y)

(x(−1) · y)(1) ⊗ (x(−1) · y)(2) ⊗ x(0)

= (4⊗ idV )σ(x⊗ y).

Finally,

(id⊗ εV )σV (x⊗ y) =
∑

(x)

x(−1) · y ⊗ εV (x(0))

=
∑

(x)

x(−1)εV (x(0)) · y

= ε(x)1H · y
= ε(x)y,

and

(εV ⊗ id)σV (x⊗ y) =
∑

(x)

εV (x(−1) · y)⊗ x(0)

=
∑

(x)

ε(x(−1))εV (y)⊗ x(0)

= ε(y)x.

Corollary 2.16. Under the above assumption, V ⊗2 is a coalgebra with the coproduct: for
any x, y ∈ V ,

4(x⊗ y) =
∑

(x),(y)

x(1) ⊗ (x(2))(−1) · y(1) ⊗ (x(2))(0) ⊗ y(2).

Proof. It follows from the above theorem and Proposition 2.2.

Examples (Woronowicz’s braidings).

For any Hopf algebra (H, m, η,4, ε, S), Woronowicz [30] constructed two braidings on
H: for any a, b ∈ H,

TH(a⊗ b) =
∑

(b)

b(2) ⊗ aS(b(1))b(3),

T ′
H(a⊗ b) =

∑

(b)

b(1) ⊗ S(b(2))ab(3).
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They are invertible with inverses respectively:

T−1
H (a⊗ b) =

∑

(a)

bS−1(a(3))a(1) ⊗ a(2),

(T ′
H)−1(a⊗ b) =

∑

(a)

a(3)bS
−1(a(2))⊗ a(1).

We consider Hop = (H, m ◦ τ, η,4, ε, S−1) and Hcop = (H, m, η, τ ◦4, ε, S−1). Denote
FH = T−1

Hop and F ′
H = (T ′

Hcop)−1. Precisely,

FH(a⊗ b) =
∑

(a)

a(1)S(a(3))b⊗ a(2),

F ′
H(a⊗ b) =

∑

(a)

a(1)bS(a(2))⊗ a(3).

It is well-known that H is a Yetter-Drinfel’d module over itself with the following
structures: for any x, h ∈ H,

{
x · h =

∑
(x) x(1)hS(x(2)),

ρ(h) =
∑

(h) h(1) ⊗ h(2).

It is easy to check that H is a module-algebra and comodule-algebra with these structures.
The action of σH is σH(x⊗ y) =

∑
(x) x(1)yS(x(2))⊗ x(3). It is just the braiding F ′. So by

Theorem 2.11, (H, F ′) is a YB algebra.

H has also the following Yetter-Drinfel’d module structure: for any x, h ∈ H,
{

x · h = xh,

ρ(h) =
∑

(h) h(1)S(h(3))⊗ h(2).

It is easy to check that H is a module-coalgebra and comodule-coalgebra with these
structures. The action of σH is σH(x ⊗ y) =

∑
(x) x(1)S(x(3))y ⊗ x(3). It is just the

braiding F . Then by Theorem 2.15, (H, F ) is a YB coalgebra.

The product and coproduct introduced in Corollary 2.12 and 2.16 are the generaliza-
tions of the smash product and smash coproduct respectively. This is related to some
work of Lambe and Radford ([17], p. 115-p. 119) who gave slightly a more general result,
but without considering YB algebras. Let V and W be Yetter-Drinfel’d modules. They
proved that:

1. If V and W are both module-algebras and comodule-algebras. Then V ⊗W has an
associative algebra structure given by: for any v, v′ ∈ V and w, w′ ∈ W ,

(v ⊗ w) ? (v′ ⊗ w′) =
∑

v(w(−1) · v′)⊗ w(0)w
′.
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2. If V and W are both module-coalgebras and comodule-coalgebras. Then V ⊗W
has an coassociative coalgebra structure given by: for any v, v′ ∈ V ,

4(v ⊗ w) =
∑

(v),(w)

v(1) ⊗ (v(2))(−1) · w(1) ⊗ (v(2))(0) ⊗ w(2).

Notice that the category of Yetter-Drinfel’d modules is a braided monoidal category
(for the definition, one can see [16]). So V ⊗W is again a Yetter-Drinfel’d module with the
usual tensor product module and comodule structure. The natural braiding of V ⊗W is
just Σ = (idV⊗θ′⊗idW )(σV⊗σW )(idV⊗θ⊗idW ), where θ and θ′ are given by, for any v ∈ V
and w ∈ W , θ(v⊗w) =

∑
v(−1) ·w⊗ v(0) and θ′(w⊗ v) =

∑
w(−1) · v⊗w(0) respectively.

If V and W are both module-algebras (resp. coalgebras) and comodule-algebras (resp.
coalgebras), then so does V ⊗W (cf. [17]). Therefore we have immediately that:

Proposition 2.17. Let V and W be Yetter-Drinfel’d modules.

1 If V and W are both module-algebras and comodule-algebras. Then (V ⊗W, Σ) is a
YB algebra with the product introduced above.

1 If V and W are both module-coalgebras and comodule-coalgebras. Then (V ⊗W, Σ)
is a YB coalgebra with the coproduct introduced above.

In the following, we will focus on some special cases of the machinery introduced above.

Definition 2.18. A Hopf algebra H is said to be quasi-triangular if there exists an in-
vertible element R ∈ H ⊗H such that for all x ∈ H,

R4 (x)R−1 = 4op(x), (2.1)
(4⊗ id)(R) = R13R23, (2.2)
(id⊗4)(R) = R13R12, (2.3)

where 4op = τ ◦ 4, R12 = R⊗ 1, R23 = 1⊗R and R13 = (τ ⊗ id)(1⊗R).

Let (H,R) be a quasi-triangular Hopf algebra with R =
∑

i si⊗ ti ∈ H⊗H. We have
that (ε⊗ id)(R) = 1 = (id⊗ ε)(R). For any H-module M , we define ρ : M → H ⊗M by
ρ(m) =

∑
i ti⊗si ·m. Then (M, ·, ρ) is a Yetter-Drinfel’d module over H and the braiding

σM is just the action of the R-matrix of H (e.g., see [3]).

Theorem 2.19. Let (H,R) be a quasi-triangular Hopf algebra and (A,m) be a module-
algebra over H. Then (A, σA) is a YB algebra.

Proof. We only need to check that A is also a comodule-algebra. We denoteR =
∑

i si⊗ti.
Then from equation (2) we have

∑
i

4(si)⊗ ti =
∑

k,l

sk ⊗ sl ⊗ tktl.
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Hence ∑
i

∑

(si)

ti ⊗ (si)(1) ⊗ (si)(2) =
∑

k,l

tktl ⊗ sk ⊗ sl.

For any a, b ∈ A, we have
∑

(ab)

(ab)(−1) ⊗ (ab)(0) =
∑

i

ti ⊗ si · (ab)

=
∑

i,(si)

ti ⊗ ((si)(1) · a)((si)(2) · b)

=
∑

k,l

tktl ⊗ (sk · a)(sl · b)

=
∑

(a),(b)

a(−1)b(−1) ⊗ a(0)b(0).

And

ρ(1A) =
∑

i

ti ⊗ si · 1A

=
∑

i

ε(si)ti ⊗ 1A

= 1H ⊗ 1A.

Theorem 2.20. Let (H,R) be a quasi-triangular Hopf algebra and (C,4) be a module-
coalgebra over H. Then (C, σC) is a YB coalgebra.

Proof. We only need to check that C is also a comodule-coalgebra. For any c ∈ C
∑

(c)

c(−1) ⊗ (c(0))
(1) ⊗ (c(0))

(2)

=
∑

i,(si·c)
ti ⊗ (si · c)(1) ⊗ (si · c)(2)

=
∑

i,(si),(c)

ti ⊗ (si)(1) · c(1) ⊗ (si)(2) · c(2)

=
∑

k,l,(c)

tktl ⊗ sk · c(1) ⊗ sl · c(2)

=
∑

(c)

(c(1))(−1)(c
(2))(−1) ⊗ (c(1))(0) ⊗ (c(2))(0).

And
∑

(c)

c(−1)ε(c(0)) =
∑

i

tiε(si · c)
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=
∑

i

tiεH(si)εC(c)

= εC(c)1H .

2.3 Examples related to quantum shuffle algebras

For a Yetter-Drinfel’d module V which is both a module-algebra and a comodule-algebra,
V ⊗i is a YB algebra by Proposition 2.2.1. One can have an interesting YB algebra
structure on T (V ) as follows, which will be generalized for any braided vector space later.

We first review some terminologies. An (i1, . . . , il)-shuffle is an element w ∈ Si1+···+il

such that w(1) < · · · < w(i1), w(i1 + 1) < · · · < w(i1 + i2), . . . , w(i1 + · · · + il−1 + 1) <
· · · < w(i1 + · · ·+ il). We denote by Si1,...,il the set of all (i1, . . . , il)-shuffles.

Let V be a Yetter-Drinfel’d module over a Hopf algebra H with the natural braid-
ing σ. In [26], the following associative product on T (V ) was constructed (in fact, the
construction works for any braided vector space): for any x1, . . . , xi+j ∈ V ,

(x1 ⊗ · · · ⊗ xi)xσ(xi+1 ⊗ · · · ⊗ xi+j) =
∑

w∈Si,j

Tw(x1 ⊗ · · · ⊗ xi+j). (2.4)

T (V ) equipped with xσ is called the quantum shuffle algebra and denoted by Tσ(V ).
Moreover, the Yetter-Drinfel’d module Tσ(V ) is a module-algebra and a comodule-algebra
with the diagonal action and coaction respectively (cf. [26], Proposition 9). So Tσ(V ) is
a YB algebra. In fact, the result holds for any braided vector space.

Theorem 2.21. Let (V, σ) be a braided vector space. Then (Tσ(V ), β) is a YB algebra.
The subalgebra Sσ(V ) of Tσ(V ) generated by V is also a YB algebra with braiding β.

Proof. For any triple (i, j, k) of positive integers and any w ∈ Si,j, we have that

(1Sk
× w)(χik × 1Sj

)(1Si
× χjk) = χi+j,k(w × 1Sk

).

And all the expressions are reduced. This gives us that

(id⊗k
V ⊗ xσ)(βik ⊗ id⊗j

V )(id⊗i
V ⊗ βjk) = βi+j,k(xσ ⊗ id⊗k

V ).

The other conditions can be proved similarly. Hence (Tσ(V ), β) is a YB algebra.

From the definition, Sσ(V ) = ⊕i≥0Im(
∑

w∈Si
T σ

w). By observing that χij(Si ×Sj) =
(Sj×Si)χij and all the expressions are reduced, we see β is a braiding on Sσ(V ). Certainly
it is a YB algebra since it is a subalgebra of Tσ(V ).
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Remark 2.22. By using the dual construction, we know (T (V ), β) is a YB coalgebra with
the following coproduct 4: for any x1, . . . , xn ∈ V , the component of 4(x1 ⊗ · · · ⊗ xn) in
V ⊗p⊗V ⊗n−p is

4(x1 ⊗ · · · ⊗ xn) =
∑

w∈Sp,n−p

Tw−1(x1 ⊗ · · · ⊗ xn).

Example (Quantum exterior algebras). Let V be a vector space over C with basis
{e1, . . . , eN}. Take a nonzero scalar q ∈ C. We define a braiding σ on V by

σ(ei ⊗ ej) =





ei ⊗ ei, i = j,
q−1ej ⊗ ei, i < j,
q−1ej ⊗ ei + (1− q−2)ei ⊗ ej, i > j.

Then σ satisfies the Iwahori’s quadratic equation (σ− idV⊗V )(σ + q−2idV⊗V ) = 0. In fact,
this σ is given by the R-matrix in the fundamental representation of UqslN . By a result of
Gurevich (cf. [7], Proposition 2.13), we know that T (V )/I ∼= ⊕i≥0Im(

∑
w∈Si

(−1)l(w)Tw)
as algebras, where l(w) is the length of w and I is the ideal of T (V ) generated by
Ker(idV ⊗2 − σ). So by easy computation, we get that Ker(idV⊗V − c) = SpanC{ei ⊗
ei, q

−1ei⊗ej+ej⊗ei(i < j)}. We denote by ei1∧· · ·∧eis the image of ei1⊗· · ·⊗eis in Sσ(V ).
So Sσ(V ) is an algebra generated by (ei) and the relations e2

i = 0 and ej∧ei = −q−1ei∧ej if
i < j. This Sσ(V ) is called the quantum exterior algebra over V . It is a finite dimensional
YB algebra with the braiding β.

The quantum exterior algebra has another YB algebra structure as follows. We denote
the increasing set (i1, . . . , is) by i and so on. For 1 ≤ i1 < · · · < is ≤ N and 1 ≤ j1 <
· · · < jt ≤ N , we denote

(i1, · · · , is|j1, · · · , jt) =

{
0, , if i ∩ j 6= ∅,
2]{(ik, jl)|ik > jl} − st, otherwise.

Using the above notation, it is easy to see that

ei1 ∧ · · · ∧ eis ∧ ej1 ∧ · · · ∧ ejt = (−q)−(i1,··· ,is|j1,··· ,jt)ej1 ∧ · · · ∧ ejt ∧ ei1 ∧ · · · ∧ eis .

Definition 2.23. The q-flip T =
⊕

s,t Ts,t: Sσ(V )⊗ Sσ(V ) → Sσ(V )⊗ Sσ(V ) is defined
by: for 1 ≤ i1 < · · · < is ≤ N and 1 ≤ j1 < · · · < jt ≤ N ,

Ts,t(ei1 ∧ · · · ∧ eis ⊗ ej1 ∧ · · · ∧ ejt) = (−q)(i1,··· ,is|j1,··· ,jt)ej1 ∧ · · · ∧ ejt ⊗ ei1 ∧ · · · ∧ eis .

Obviously, T is a braiding. And T induces a representation of the symmetric group,
i.e., T 2 = id. Indeed, for 1 ≤ i1 < · · · < is ≤ N + 1 and 1 ≤ j1 < · · · < jt ≤ N + 1, the
result is trivial if i ∩ j 6= ∅. Otherwise,

(i1, · · · , is|j1, · · · , jt) + (j1, · · · , jt|i1, · · · , is)
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= 2]{(ik, jl)|ik > jl} − st + 2]{(ju, iv)|ju > iv} − st

= 2st− 2st

= 0.

For any sequence I = (i1, . . . , in), we denote by l(I) the number of pairs (ia, ib) such
that a < b but ia > ib, and eI = ei1 ∧ · · · ∧ ein . (Sσ(V ),∧, T ) is a YB algebra and
(Sσ(V ), δ,T ) is a YB coalgebra. Given any increasing multi-indices I, J and K. If
J ∩K 6= ∅, the result is trivial. Assume that J ∩K = ∅.

(∧ ⊗ idSσ(V ))T2T1(eI ⊗ eJ ⊗ eK)

= (−q)(I|J)+(I|K)eJ ∧ eK ⊗ eI

= (−q)(I|J]K)eJ ∧ eK ⊗ eI

= (−q)−l(J, K)+(I|J]K)eJ]K ⊗ eI

= T ((−q)−l(J,K)eI ⊗ eJ]K)

= T (eI ⊗ eJ ∧ eK)

= T (idSσ(V ) ⊗ ∧)(eI ⊗ eJ ⊗ eK),

where J ] K is the the rearrangement of the disjoint union J t K with the increasing
order.

For s + t = |J |,
T2T1(idSσ(V ) ⊗ δ)(eI ⊗ eJ)

= T2T1(eI ⊗
∑

w∈Ss,t

(−q)−l(w)eJ1(w) ⊗ eJ2(w))

=
∑

w∈Ss,t

(−q)−l(w)+(I|J1(w))+(I|J2(w))eJ1(w) ⊗ eJ2(w) ⊗ eI

= (idSσ(V ) ⊗ δ)((−q)(I|J)eJ ⊗ eI)

= (idSσ(V ) ⊗ δ)T (eI ⊗ eJ),

where J1(w) = (jw−1(1), . . . , jw−1(s)) and J2(w) = (jw−1(s+1), . . . , jw−1(s+t)). The other
conditions can be verified similarly.

Originally, quantum shuffle algebras were discovered from the cotensor algebras (cf.
[26]). Combining the discussions in the previous section, it is not hard to see that the
cotensor algebra is both a YB algebra and YB coalgebra. Here, we give a more general
description of this phenomenon in the framework of bialgebras with a projection onto a
Hopf algebra which is due to Radford [25].

Definition 2.24 (cf. [21], [29]). Let H be a Hopf algebra. A Hopf bimodule over H
is a vector space M given with an H-bimodule structure, an H-bicomodule structure with
left and right coactions δL : M → H ⊗ M , δR : M → M ⊗ H which commute in the



2.3. EXAMPLES RELATED TO QUANTUM SHUFFLE ALGEBRAS 51

following sense: (δL⊗ idM)δR = (idM ⊗ δR)δL, and such that δL and δR are morphisms of
H-bimodules.

We denote by V the subspace of right coinvariants MR = {m ∈ M |δR(m) = m ⊗ 1}.
Then V is a left Yetter-Drinfel’d module with coaction δ and the left adjoint action given
by: for any h ∈ H and m ∈ M ,

h ·m =
∑

h(1)mS(h(2)).

Let H be a Hopf algebra with antipode S and A be a bialgebra. Suppose there are two
bialgebra maps i : H → A and π : A → H such that π ◦ i = idH . Set Π = idA ? (i ◦S ◦ π),
where ? is the convolution product on End(A), and B = Π(A). The following statements
are easy to verify (cf. [25]).

1. A is a Hopf bimodule over H with actions h · a = i(h)a and a · h = ai(h), coactions
δL(a) =

∑
π(a(1))⊗a(2) and δR(a) =

∑
a(1)⊗π(a(2)) for any h ∈ H and a ∈ A. Obviously,

by the projection formula from a Hopf bimodule to its right coinvariant subspace, AR = B.
So B is a left Yetter-Drinfel’d module over H with the left adjoint action.

2. B is a subalgebra of A. Furthermore it is both a module-algebra and a comodule-
algebra. B has a coalgebra structure such that Π is a coalgebra map. And with this
coalgebra structure, B is both a module-coalgebra and comodule-coalgebra.

3. The map B ⊗ H → A given by b ⊗ h 7→ bi(h) is a bialgebra isomorphism, where
B ⊗H is with the smash product and smash coproduct.

So combining Woronowicz’s examples and Proposition 2.16, the bialgebra A is both a
YB algebra and a YB coalgebra. If A is moreover a Hopf algebra, then it is again a YB
algebra and YB coalgebra with Woronowicz’s braidings. Obviously, these two YB algebra
(resp. coalgebra) structures are different.

Now we restrict our attention on cotensor algebras, which will give us YB algebras
related to quantum groups. For a Hopf bimodule M over H, one can construct the
cotensor algebra over T c

H(M). More precisely, we define M¤M = Ker(δR ⊗ idM − idM ⊗
δL) and M¤k = M¤k−1¤M for k ≥ 3. And the cotensor algebra built over H and
M is T c

H(M) = H ⊕ M ⊕ ⊕k≥2M
¤k. It is again a Hopf bimodule over H. From the

universal property of cotensor algebra, one can construct a Hopf algebra structure with
a complicated multiplication on T c

H(M). We denote by SH(M) the subalgebra of T c
H(M)

generated by H and M . Then SH(M) is a sub-Hopf algebra. For more details, one can see
[21]. Obviously, T c(V ) defined above is the cotensor algebra over the trivial Hopf algebra
K. Here V is a Hopf bimodule with scalar multiplication and the coactions defined by
δL(v) = 1⊗ v and δR(v) = v ⊗ 1 for any v ∈ V .

Since the inclusion H → T c
H(M) and the projection T c

H(M) → H are bialgebra maps,
we get:

Theorem 2.25. Let M be a Hopf bimodule over H. Then both T c
H(M) and SH(M) are

YB algebras and YB coalgebras.
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As an application of the above theorem, we consider the following special case. Let
G = Zr×Z/l1×Z/l2×· · ·Z/lp and H = K[G] be the group algebra of G. We fix generators
K1, . . . , KN of G (N = r+p). Let V be a vector space over C with basis {e1, . . . , eN}. We
know V is a Yetter-Drinfel’d module over H with action and coaction given by δL(ei) =
Ki ⊗ ei and Ki · ej = qijej with some nonzero scalar qij ∈ C respectively. The braiding
coming from the Yetter-Drinfel’d module structure is given by σ(ei ⊗ ej) = qijej ⊗ ei.
Now we choose special qij to construct meaningful examples. Let A = (aij)1≤i,j≤N be
a symetrizable generalized Cartan matrix, (d1, . . . , dN) positive integers relatively prime
such that (diaij) is symmetric. Let q ∈ C and define qij = qdiaij . By Theorem 15 in [26],
SH(M) is isomorphic, as a Hopf algebra, to the sub Hopf algebra U+

q of the quantized
universal enveloping algebra associated with A when G = ZN and q is not a root of
unity; SH(M) is isomorphic, as a Hopf algebra, to the quotient of the restricted quantized
enveloping algebra u+

q by the two-sided Hopf ideal generated by the elements (K l
i − 1),

i = 1, . . . , N when G = (Z/l)N and q is a primitive l-th root of unity. Then we have:

Corollary 2.26. Both U+
q and u+

q are YB algebras and YB coalgebras.

We use the above special Sσ(V )⊗H to illustrate the difference between the braiding
coming from Woronowicz’s construction and the one from the tensor product of two
Yetter-Drinfel’d modules.

We use the following notation: for any g = Ki1
1 · · ·KiN

N ∈ G, qgj = qi1
1j · · · qiN

Nj, i.e.,
g · ej = qgjej. For any g, h ∈ G, Woronowicz’s braiding F ′ has the following action on
Sσ(V )⊗H:

F ′
(
(ei ⊗ g)⊗ (ej ⊗ h)

)

=
∑

(ei ⊗ g)(1)(ej ⊗ h)S
(
(ei ⊗ g)(2)

)⊗ (ei ⊗ g)(3)

= (Kig)(ej ⊗ h)S(Kig)⊗ (ei ⊗ g)

+(Kig)(ej ⊗ h)S(ei ⊗ g)⊗ g

+(ei ⊗ g)(ej ⊗ h)S(g)⊗ g

= qijqgj(ej ⊗ h)⊗ (ei ⊗ g)

−qijqgj

(
ej ⊗Kigh)((K−1

i g−1) · ei ⊗K−1
i g−1)

)⊗ g

+(ei ⊗ g)(ej ⊗ hg−1)⊗ g

= qijqgj(ej ⊗ h)⊗ (ei ⊗ g)

−qijqgjqhi(ejei ⊗ h)⊗ g

+qgj(eiej ⊗ h)⊗ g,

where the second and third equalities follow from the formulas 4(ei ⊗ g) = Kig ⊗ (ei ⊗
g) + (ei ⊗ g)⊗ g and S(ei ⊗ g) = −(K−1

i g−1)(ei ⊗ g).
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And the braiding in the category of Yetter-Drinfel’d modules is :

Σ
(
(ei ⊗ g)⊗ (ej ⊗ h)

)
= qij(ej ⊗ h)⊗ (ei ⊗ g).

2.4 Quantum B∞-algebras

Let (C,4, ε) be a coalgebra with a preferred group-like element 1C ∈ C and denote
4(x) = 4(x) − x ⊗ 1C − 1C ⊗ x for any x ∈ C. And 4 is called the reduced coproduct.
We also denote C = Kerε. C = K1C ⊕ C since x− ε(x)1C ∈ C for any x ∈ C.

Definition 2.27 (cf. [19]). (C,4) is said to be connected if C = ∪r≥0FrC, where

F0C = K1C ,

FrC = {x ∈ C|4(x) ∈ Fr−1C ⊗ Fr−1C}, for r ≥ 1.

Now we collect some properties of the reduced coproduct and of connected coalgebras.
They are certainly well-known. We provide a proof because we could not find one in the
literature.

Proposition 2.28. Let (C,4, ε) be a coalgebra.

1. The reduced coproduct is coassociative, i.e., (4⊗ idC)4 = (idC ⊗4)4. So we can
adopt the following notations: 4(0)

= id, 4(1)
= 4, and 4(n)

= (4⊗ id⊗n−1
C )4(n−1)

for
n ≥ 2.

2. 4(C) ⊂ C ⊗ C.

3. If C is connected, then 4(r)
(C ∩ FrC) = 0 for any r ≥ 0.

Proof. 1. For any x ∈ C,

(4⊗ idC)4(x)

= (4⊗ idC)(x(1) ⊗ x(2) − 1C ⊗ x− x⊗ 1C)

= 4(x(1))⊗ x(2) −4(1C)⊗ x−4(x)⊗ 1C

= (x(1) ⊗ x(2) − 1C ⊗ x(1) −⊗x(1) ⊗ 1C)⊗ x(3)

−(1C ⊗ 1C − 1C ⊗ 1C − 1C ⊗ 1C)⊗ x

−(x(1) ⊗ x(2) − 1C ⊗ x− x⊗ 1C)⊗ 1C

= x(1) ⊗ x(2) ⊗ x(3) − 1C ⊗ x(1) ⊗ x(2) − x(1) ⊗ 1C ⊗ x(2)

+1C ⊗ 1C ⊗ x− x(1) ⊗ x(2) ⊗ 1C + 1C ⊗ x⊗ 1C + x⊗ 1C ⊗ 1C

= x(1) ⊗ (x(2) ⊗ x(3) − 1C ⊗ x(2) − x(2) ⊗ 1C)

−1C ⊗ (x(1) ⊗ x(2) − 1C ⊗ x− x⊗ 1C) + x⊗ 1C ⊗ 1C
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= x(1) ⊗4(x(2))− 1C ⊗4(x)− x⊗4(1C)

= (idC ⊗4)4(x).

2. For any x ∈ C,

(idC ⊗ ε)4(x) = (idC ⊗ ε)(4(x)− 1C ⊗ x− x⊗ 1C)

= x− 0− x

= 0.

So 4(x) ∈ Ker(idC ⊗ ε) = H ⊗ Kerε = H ⊗ C. By applying ε ⊗ idC on 4(x), we get
4(x) ∈ C ⊗H. Hence we have 4(x) ∈ (H ⊗ C) ∩ (C ⊗H) = C ⊗ C.

3. We use induction on r.

The case r = 0. 4(0)
(C ∩ F0C) = idC(C ∩K1C) = 0.

The case r = 1. Given any x ∈ C∩F1C. Since x ∈ F1C, we have4(x) ∈ F1C⊗F1C =
K1C ⊗ 1C . So we assume 4(x) = α1C ⊗ 1C for some α ∈ K.

(ε⊗ ε)4(x) = (ε⊗ ε)(4(x)− x⊗ 1C − 1C ⊗ x)

= ε(x)− ε(1C)ε(x)− ε(x)ε(1C)

= 0.

But we also have (ε ⊗ ε)4(x) = (ε ⊗ ε)(α1C ⊗ 1C) = α, which implies α = 0. So
4(1)

(C ∩ F1C) = 0.

We assume the result holds for r. For any x ∈ C∩FrC,4(r+1)
(x) = (idC⊗4(r)

)4(x) ∈
FrC ⊗4(r)

(Fr ∩ C) = 0.

There is a well-known universal property for T c(V ):

Proposition 2.29. Given a connected coalgebra (C,4, ε) and a linear map φ : C → V
such that φ(1C) = 0, there is a unique coalgebra morphism φ : C → T c(V ) which extends
φ, i.e., PV ◦ φ = φ, where PV : T c(V ) → V is the projection onto V . Explicitly, φ =

ε +
∑

n≥1 φ⊗n ◦ 4(n−1)
.

Corollary 2.30. Let C be a connected coalgebra. If Φ, Ψ : C → T c(V ) are coalgebra
maps such that PV ◦ Φ = PV ◦Ψ and PV ◦ Φ(1C) = 0 = PV ◦Ψ(1C), then Φ = Ψ.

Proof. C is connected and PV ◦ Φ : C → V is a linear map with PV ◦ Φ(1C) = 0. Then
by the universal property we know there is a unique coalgebra map PV ◦ Φ : C → T c(V )
such that PV ◦ PV ◦ Φ = PV ◦ Φ. But obviously Φ is such a map. So PV ◦ Φ = Φ. From
the same reason we have PV ◦Ψ = Ψ. Hence we have Φ = Ψ.
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Using Proposition 2.2 and the fact, which is mentioned in Section 2, that (T c(V ), β) is
a YB coalgebra, we know there is a coalgebra structure on T c(V )⊗i by combining β and
δ:

4β,i = T β

w−1
i

◦ δ⊗i,

and the counit is ε⊗i.

Proposition 2.31. Let (V, σ) be a braided vector space. Then for any n ≥ 1, (T c(V )⊗n,4β,n)
is connected.

Proof. Obviously, 1⊗n is a group-like element of T c(V )⊗n. For any r ≥ 0, we have that

Fr = Fr(T
c(V )⊗n) =

⊕
0≤i1+···+in≤r

V ⊗i1⊗ · · ·⊗V ⊗in .

From now on, we use 4β to denote 4β,2 for n = 2. Since w−1
2 = s2 ∈ S4, 4β =

(idT c(V ) ⊗ β ⊗ idT c(V )) ◦ (δ ⊗ δ).

Let M = ⊕Mpq : T c(V )⊗T c(V ) → V be a linear map such that Mpq : V ⊗p⊗V ⊗q → V ,
and 




M00 = 0,
M10 = idV = M01,
Mn0 = 0 = M0n, for n ≥ 2.

Since M(1⊗1) = 0, there is a unique coalgebra map ∗ : T c(V )⊗T c(V ) → T c(V ) by
the universal property of T c(V ). Explicitly,

∗ = (ε⊗ ε) +
∑
n≥1

M⊗n ◦ 4β
(n−1)

.

We shall investigate conditions under which ∗ is an associative product. Here we start by
giving another form of ∗ by using the map M and the deconcatenation δ.

Proposition 2.32. For n ≥ 0, we have that

4(n)
β = T β

wn+1
◦ (δ(n))⊗2.

Proof. We use induction on n.

When n = 0, it is trivial since w1 = 1S2 .

When n = 1, 4(1)
β = 4β = β2(δ ⊗ δ) = T β

w2
◦ (δ(1))⊗2 since w2 = s2.

When n = 2,

4(2)
β = (4β ⊗ idT c(V ) ⊗ idT c(V ))4β
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= β2(δ ⊗ δ ⊗ idT c(V ) ⊗ idT c(V ))β2(δ ⊗ δ)

= β2

(
δ ⊗ (δ ⊗ idT c(V ))β2 ⊗ idT c(V )

) ◦ (δ ⊗ δ)

= β2

(
δ ⊗ β2β1(idT c(V ) ⊗ δ)⊗ idT c(V )

) ◦ (δ ⊗ δ)

= β2β4β3(δ ⊗ idT c(V ) ⊗ δ ⊗ idT c(V )) ◦ (δ ⊗ δ)

= T β
w3
◦ (δ(2))⊗2.

For n ≥ 3,

4(n+1)
β = (4β ⊗ id⊗2n

T c(V ))4(n)
β

= β2(δ ⊗ δ ⊗ id⊗2n
T c(V ))T

β
wn+1

◦ (δ(n))⊗2

= β2(δ ⊗ δ ⊗ id⊗2n
T c(V ))(id

⊗2
T c(V ) ⊗ T β

wn
)β1 · · · βn+1 ◦ (δ(n))⊗2

= β2(id
⊗2
T c(V ) ⊗ T β

wn
)(δ ⊗ δ ⊗ id⊗2n

T c(V ))β1 · · · βn+1 ◦ (δ(n))⊗2

= β2(id
⊗2
T c(V ) ⊗ T β

wn
)β3β3β5β4 · · · βn+3βn+2

◦(δ ⊗⊗id⊗n
T c(V ) ⊗ δ ⊗ id⊗n

T c(V )) ◦ (δ(n))⊗2

= T β
wn+2

◦ (δ(n+1))⊗2.

The third and last equalities follow from the fact that wn+1 = (1S2 × wn)s2 · · · sn+1 for
n ≥ 1, wn+2 = s2(1S4 × wn)s4s3s5s4 · · · sn+3sn+2 for n ≥ 3 and both expressions are
reduced.

Lemma 2.33. For n ≥ 1, we have M⊗n 4(n−1)
β (1⊗1) = 0.

Proof. It follows from the fact that 4(n−1)
β (1⊗1) = (1⊗1)⊗n and M00 = 0.

Proposition 2.34. For n ≥ 1, we have M⊗n4β
(n−1)

= M⊗n4(n−1)
β

Proof. We use induction on n.

When n = 1, it is trivial.

For n ≥ 2 any u, v ∈ T c(V ),

M⊗n4β
(n−1)

=
(
(M⊗n−14β

(n−2)
)⊗M

)4β(u⊗v)

=
(
(M⊗n−14(n−2)

β )⊗M
)(4β (u⊗v)− (1⊗1)⊗(u⊗v)− (u⊗v)⊗(1⊗1)

)

= M⊗n 4(n−1)
β (u⊗v)− (

M⊗n−1 4(n−2)
β (1⊗1)

)⊗M11(u⊗v)

−(
M⊗n−1 4(n−2)

β (u⊗v)
)⊗M00(1⊗1)
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= M⊗n 4(n−1)
β (u⊗v).

Corollary 2.35. The ∗ defined by the Mpq’s can be rewritten as

∗ = ε⊗ ε +
∑
n≥1

M⊗n ◦ T β
wn
◦ (δ(n−1))⊗2.

But this ∗ is not an associative product on T c(V ) in general. Now we will generalize the
definition of YB algebra by giving some compatibility conditions between Mpq’s and the
braiding, and prove that under these conditions the new object makes ∗ to be associative
automatically and T c(V ) become a YB algebra with ∗.

Definition 2.36. A quantumB∞-algebra (V, M, σ) is a braided vector space (V, σ) equipped
with a operation M = ⊕Mpq, where

Mpq : V ⊗p ⊗ V ⊗q → V, p ≥ 0, q ≥ 0,

satisfying

1. 



M00 = 0,
M10 = idV = M01,
Mn0 = 0 = M0n, for n ≥ 2,

2. Yang-Baxter conditions: for any i, j, k ≥ 1,
{

β1k(Mij ⊗ id⊗k
V ) = (id⊗k

V ⊗Mij)βi+j,k,

βi1(id
⊗i
V ⊗Mjk) = (Mjk ⊗ id⊗i

V )βi,j+k,

3. Associativity condition: for any triple (i, j, k) of positive integers,

i+j∑
r=1

Mrk ◦
(
(M⊗r ◦ 4β

(r−1)
)⊗ id⊗k

V

)

=

j+k∑

l=1

Mil ◦
(
id⊗i

V ⊗ (M⊗l ◦ 4β
(l−1)

)
)
. (2.5)

Remark 2.37. For any vector space V , (V, τ) is always a braided vector space with the
usual flip τ . And the Yang-Baxter conditions in the above definition hold automatically. In
this case, the quantum B∞-algebra returns to the classical B∞-algebra (for the definition
of B∞-algebras, one can see [19]).
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Examples. 1. A braided vector space (V, σ) is a quantum B∞-algebra with Mij = 0
except for the pairs (1, 0) and (0, 1).

2. A YB algebra (A,m, σ) is a quantum B∞-algebra with M11 = m and Mij = 0
except for the pairs (1, 0), (0, 1) and (1, 1).

In the following, we adopt the notation M(i1,j1,...,ik,jk) = Mi1j1 ⊗ · · · ⊗Mikjk
.

Lemma 2.38. Let (V, M, σ) be a quantum B∞-algebra. Then for any k, l ≥ 1, we have
{

βkl(M(i1,j1,...,ik,jk) ⊗ id⊗l
V ) = (id⊗l

V ⊗M(i1,j1,...,ik,jk))βi1+j1+···+ik+jk,l,

βlk(id
⊗l
V ⊗M(i1,j1,...,ik,jk)) = (M(i1,j1,...,ik,jk) ⊗ id⊗l

V )βl,i1+j1+···+ik+jk
.

Proof. We use induction on k.

The case k = 1 is trivial.

βk+1,l(M(i1,j1,...,ik+1,jk+1) ⊗ id⊗l
V )

= (βkl ⊗ idV )(id⊗k
V ⊗ β1l)(M(i1,j1,...,ik+1,jk+1) ⊗ id⊗l

V )

= (βkl ⊗ idV )
(
M(i1,j1,...,ik,jk) ⊗ β1l(Mik+1jk+1

⊗ id⊗l
V )

)

= (βkl ⊗ idV )
(
M(i1,j1,...,ik,jk) ⊗ (id⊗l

V ⊗Mik+1jk+1
)βik+1+jk+1,l

)

=
(
βkl(M(i1,j1,...,ik,jk) ⊗ id⊗l

V )⊗ idV

)

◦(id⊗i1+···+ik+l
V ⊗Mik+1jk+1

)(id⊗i1+···+ik
V ⊗ βik+1+jk+1,l)

=
(
(id⊗l

V ⊗M(i1,j1,...,ik,jk))βi1+j1+···+ik+jk,l ⊗ idV

)

◦(id⊗i1+···+ik+l
V ⊗Mik+1jk+1

)(id⊗i1+···+ik
V ⊗ βik+1+jk+1,l)

= (id⊗l
V ⊗M(i1,j1,...,ik+1,jk+1))

◦(βi1+j1+···+ik+jk,l ⊗ idV )(id⊗i1+···+ik
V ⊗ βik+1+jk+1,l)

= (id⊗l
V ⊗M(i1,j1,...,ik,jk))βi1+j1+···+ik+jk,l.

The another equality is proved similarly.

Lemma 2.39. Let (C,4, σ) be a YB coalgebra and 1C be a group-like element of C. If
σ(1C ⊗ x) = x⊗ 1C and σ(x⊗ 1C) = 1C ⊗ x for any x ∈ C, then we have

{
(idC ⊗4)σ = σ1σ2(4⊗ idC),

(4⊗ idC)σ = σ2σ1(idC ⊗4).
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Proof. For any x, y ∈ C, we denote σ(x⊗ y) = y′ ⊗ x′. Then

(idC ⊗4)σ(x⊗ y)

= (idC ⊗4)(y′ ⊗ x′)

= y′ ⊗4(x′)

= y′ ⊗4(x′)− y′ ⊗ 1C ⊗ x′ − y′ ⊗ x′1C

= (idC ⊗4)σ(x⊗ y)− σ1σ2(1C ⊗ x⊗ y)− σ1σ2(x⊗ 1C ⊗ y)

= σ1σ2

(
(4(x)− 1C ⊗ x− x⊗ 1C)⊗ y

)

= σ1σ2(4⊗ idC)(x⊗ y).

The another equality is proved similarly.

The following notation is adopted to shorten the length of identities. We denote by
4β(i1,j1,i2,j2) the composition of 4β : V ⊗i1+i2⊗V ⊗j1+j2 → (T (V )⊗T (V ))⊗(T (V )⊗T (V ))

with the projection (T (V )⊗T (V ))⊗(T (V )⊗T (V )) → V ⊗i1⊗V ⊗j1⊗V ⊗i2⊗V ⊗j2 . And we
denote

4β
(k−1)

(i1,j1,...,ik,jk) = (4β(i1,j1,i2,j2) ⊗ id⊗i3+j3+···+ik+jk

V ) ◦ 4β
(k−2)

(i1+i2,j1+j2,i3,j3,...,ik,jk),

the map from V ⊗i1+···+ik⊗V ⊗j1+···+jk to V ⊗i1⊗V ⊗j1⊗ · · ·⊗V ⊗ik⊗V ⊗jk .

Lemma 2.40. For any k, l ≥ 1, we have




βi1+j1+···+ik+jk,l(4β
(k−1)

(i1,j1,...,ik,jk) ⊗ id⊗l
V )

= (id⊗l
V ⊗4β

(k−1)

(i1,j1,...,ik,jk))βi1+j1+···+ik+jk,l,

βl,i1+j1+···+ik+jk
(id⊗l

V ⊗4β
(k−1)

(i1,j1,...,ik,jk))

= (4β
(k−1)

(i1,j1,...,ik,jk) ⊗ id⊗l
V )βl,i1+j1+···+ik+jk

.

Proof. Since (T c(V )⊗2,4β, T β
χ22

) is a YB coalgebra, by the above lemma, we have




(idT c(V )⊗2 ⊗4β)T β
χ22

= (T β
χ22
⊗ idT c(V )⊗2)(idT c(V )⊗2 ⊗ T β

χ22
)(4β ⊗ idC),

(4β ⊗ idT c(V )⊗2)T β
χ22

= (idT c(V )⊗2 ⊗ T β
χ22

)(T β
χ22
⊗ idT c(V )⊗2)(idC ⊗4β).

On V ⊗i⊗V ⊗j⊗V ⊗k⊗V ⊗l, T β
χ22

= T σ
χi+j,k+l

= βi+j,k+l.

So on V ⊗i1+i2⊗V ⊗j1+j2⊗V ⊗r⊗V ⊗s,

(id⊗r+s
V ⊗4β(i1,j1,i2,j2)βi1+j1+i2+j2,r+s)
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= (βi1+j1,r+s ⊗ id⊗i2+j2
V )(id⊗i1+j1

V ⊗ βi2+j2,r+s)(4β(i1,j1,i2,j2) ⊗ id⊗r+s
V ),

and on V ⊗i⊗V ⊗j⊗V ⊗k⊗V ⊗l,

(4β(i1,j1,i2,j2) ⊗ id⊗r+s
V )βr+s,i1+j1+i2+j2

= (id⊗i1+j1
V ⊗ βr+s,i2+j2)(βr+s,i1+j1 ⊗ id⊗i2+j2

V )(id⊗r+s
V ⊗4β(i1,j1,i2,j2)).

In order to prove our lemma, we use induction on k and the above formulas for r = l and
s = 0.

The cases k = 1 and k = 2 are trivial.

βi1+j1+···+ik+1+jk+1,l(4β
(k)

(i1,j1,...,ik,jk) ⊗ id⊗l
V )

= (βi1+i2+j1+j2,l ⊗ id
⊗i3+j3+···+jk+1

V )(id⊗i1+j1+i2+j2
V ⊗ βi3+j3+···+jk+1,l)

◦(4β(i1,j1,i2,j2) ⊗ id
⊗i3+j3+···+jk+1+l
V )(4β

(k−1)

(i1+i2,j1+j2,i3,j3,...,ik+1,jk+1) ⊗ id⊗l
V )

= (βi1+i2+j1+j2,l ⊗ id
⊗i3+j3+···+jk+1

V )(4β(i1,j1,i2,j2) ⊗ id
⊗i3+j3+···+jk+1+l
V )

◦(id⊗i1+j1+i2+j2
V ⊗ βi3+j3+···+jk+1,l)(4β

(k−1)

(i1+i2,j1+j2,i3,j3,...,ik+1,jk+1) ⊗ id⊗l
V )

= (βi1+j1+i2+j2,l(4β(i1,j1,i2,j2) ⊗ id⊗l
V )⊗ id

⊗i3+j3+···+jk+1

V )

◦(id⊗i1+j1+i2+j2
V ⊗ βi3+j3+···+jk+1,l)(4β

(k−1)

(i1+i2,j1+j2,i3,j3,...,ik+1,jk+1) ⊗ id⊗l
V )

= ((id⊗l
V ⊗4β(i1,j1,i2,j2))βi1+j1+i2+j2,l ⊗ id

⊗i3+j3+···+jk+1

V )

◦(id⊗i1+j1+i2+j2
V ⊗ βi3+j3+···+jk+1,l)(4β

(k−1)

(i1+i2,j1+j2,i3,j3,...,ik+1,jk+1) ⊗ id⊗l
V )

= (id⊗l
V ⊗4β(i1,j1,i2,j2) ⊗ id

⊗i3+j3+···+jk+1

V )

◦βi1+j1+···+jk+1,l(4β
(k−1)

(i1+i2,j1+j2,i3,j3,...,ik+1,jk+1) ⊗ id⊗l
V )

= (id⊗l
V ⊗4β(i1,j1,i2,j2) ⊗ id

⊗i3+j3+···+jk+1

V )

◦(id⊗l
V ⊗4β

(k−1)

(i1+i2,j1+j2,i3,j3,...,ik+1,jk+1))βi1+j1+···+jk+1,l

= (id⊗l
V ⊗4β

(k)

(i1,j1,...,ik+1,jk+1))βi1+j1+···+ik+1+jk+1,l.

The another equality can be proved similarly.

Proposition 2.41. Let (V, M, σ) be a quantum B∞-algebra. Then we have
{

β(∗ ⊗ idT c(V )) = (idT c(V ) ⊗ ∗)β1β2,

β(idT c(V ) ⊗ ∗) = (∗ ⊗ idT c(V ))β2β1,
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where ∗ = ε⊗ ε +
∑

r≥1 M⊗r ◦ 4β
(r−1)

.

Proof. We only need to verify that for all k, l ≥ 1,




βkl

(
(M(i1,j1,...,ik,jk) ◦ 4β

(k−1)

(i1,j1,...,ik,jk))⊗ id⊗l
V

)

=
(
id⊗l

V ⊗ (M(i1,j1,...,ik,jk) ◦ 4β
(k−1)

(i1,j1,...,ik,jk))
)
βi1+j1+···+ik+jk,l,

βlk

(
id⊗l

V ⊗ (M(i1,j1,...,ik,jk) ◦ 4β
(k−1)

(i1,j1,...,ik,jk))
)

=
(
(M(i1,j1,...,ik,jk) ◦ 4β

(k−1)

(i1,j1,...,ik,jk))⊗ id⊗l
V

)
βl,i1+j1+···+ik+jk

.

They follow from the above lemmas immediately.

Theorem 2.42. Let (V, M, σ) be a quantum B∞-algebra. Then (T (V ), ∗, β) is a YB
algebra.

Proof. We only need to show that ∗ is associative. First we show that ∗(∗ ⊗ idT c(V )) and
∗(idT c(V ) ⊗ ∗) are coalgebra maps from (T c(V )⊗3,4β,3) to T c(V ).

δ ◦ ∗(∗ ⊗ idT c(V ))

= (∗ ⊗ ∗) ◦ 4β ◦ (∗ ⊗ idT c(V ))

= (∗ ⊗ ∗) ◦ β2 ◦ δ⊗2 ◦ (∗ ⊗ idT c(V ))

= (∗ ⊗ ∗) ◦ β2 ◦ (δ ∗ ⊗δ)

= (∗ ⊗ ∗) ◦ β2 ◦ ((∗ ⊗ ∗) ◦ 4β ⊗ δ)

= (∗ ⊗ ∗) ◦ β2 ◦ (∗ ⊗ ∗ ⊗ idT c(V ) ⊗ idT c(V )) ◦ β2 ◦ β⊗3

= (∗ ⊗ ∗) ◦ (∗ ⊗ β(∗ ⊗ idT c(V ))⊗ idT c(V )) ◦ β2 ◦ δ⊗3

= (∗ ⊗ ∗) ◦ (∗ ⊗ (idT c(V ) ⊗ ∗)β1β2 ⊗ idT c(V )) ◦ β2 ◦ δ⊗3

= (∗ ⊗ ∗) ◦ (∗ ⊗ idT c(V ) ⊗ ∗ ⊗ idT c(V )) ◦ β3β4β2 ◦ δ⊗3

= (∗ ⊗ ∗) ◦ (∗ ⊗ idT c(V ) ⊗ ∗ ⊗ idT c(V )) ◦ T β

w−1
3

◦ δ⊗3

= (∗(∗ ⊗ idT c(V ))⊗ ∗(∗ ⊗ idT c(V )))4β,3 .

The first and third equalities follow from the fact that ∗ : TC(V )⊗T c(V ) → T c(V ) is a
coalgebra map.

Similarly, we can prove that ∗(idT c(V ) ⊗ ∗) is also a coalgebra map.

Now we show that PV ◦ ∗(∗ ⊗ idT c(V )) = PV ◦ ∗(idT c(V ) ⊗ ∗). On V ⊗i⊗V ⊗j⊗V ⊗k,

PV ◦
( ∗ (∗ ⊗ idT c(V ))

)

= PV

( i+j+k∑
s=1

M⊗s ◦ 4β
(s−1) ◦ ( i+j∑

r=1

(M⊗r ◦ 4β
(r−1)

)⊗ id⊗k
V

))
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=

i+j∑
r=1

Mrk ◦
(
(M⊗r ◦ 4β

(r−1)
)⊗ id⊗k

V

)

=

j+k∑

l=1

Mil ◦
(
id⊗i

V ⊗ (M⊗l ◦ 4β
(l−1)

)
)

= PV

( i+j+k∑
s=1

M⊗s ◦ 4β
(s−1) ◦ ( j+k∑

l=1

id⊗i
V ⊗ (M⊗l ◦ 4β

(l−1)
)
))

= PV ◦ ∗(idT c(V ) ⊗ ∗).

Then by the Corollary 4.4, we have that ∗(∗⊗ idT c(V )) = ∗(idT c(V )⊗∗). The compatibility
conditions for the unit and braiding are trivial.

Remark 2.43. By using the dual construction stated in Remark 2.3.3, we can easily
define quantum B∞-coalgebras and prove that they provide YB coalgebras.

Example (Reconstruction of quantum shuffle algebras). Let (V, σ) be a braided vector
space. Then (V, M, σ) is a B∞ -algebra with M10 = idV = M01 and Mpq = 0 for other
cases. The resulting algebra T (V ) in the above theorem is just the quantum shuffle
algebra, i.e., ∗ = xσ.

Example (Quantum quasi-shuffle algebras). Let (V, m, σ) be a YB algebra. Then
(V, M, σ) is a B∞ -algebra with M10 = idV = M01, M11 = m and Mpq = 0 for other
cases. The resulting algebra T (V ) in the above theorem is called the quantum quasi-
shuffle algebra. We denote by onσ the quantum quasi-shuffle product. This new product
has the following inductive relation: for any u1, . . . , ui, v1, . . . , vj ∈ A,

(u1 ⊗ · · · ⊗ ui) onσ (v1 ⊗ · · · ⊗ vj)

=
(
(u1 ⊗ · · · ⊗ ui) onσ (v1 ⊗ · · · ⊗ vj−1)

)⊗ vj

+(onσ ⊗idA)σi+j−1 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj)

+(onσ ⊗m)σi+j−2 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj). (2.6)

It is the generalization of quantum shuffle algebra and the quantization of the classical
quasi-shuffle algebra. We will discuss systematically the quantum quasi-shuffle algebra in
next chapter.

Proposition 2.44. Let V be a Yetter-Drinfel’d module over a Hopf algebra H which
is both a module-algebra and comodule-algebra with multiplication mV . Then the quan-
tum quasi-shuffle algebra built on V is a module-algebra with the diagonal action and a
comodule-algebra with the diagonal coaction.

Proof. We use induction to prove the statement. On V⊗V , onσ= mV + xσ. Since Tσ(V )
is both a module-algebra and comodule-algebra with the diagonal action and coaction
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respectively, and mV is both a module map and comodule map, the result holds. Using
the inductive relation (6) to reduce the degree, the rest of the proof follows from that mV

is both a module map and comodule map.

Remark 2.45. We make the assumptions above. Using the inductive relation (6), we can
define a map onσ: T (V ) ⊗ T (V ) → T (V ). It is not difficult to prove by induction that
this onσ defines an associative product on T (V ). Noticing that the natural braiding of the
Yetter-Drinfel’d module T (V ) is just β, T (V ) satisfies all conditions of Theorem 2.11.
Hence we can reprove that (T (V ),onσ, β) is a YB algebra in this special case.

Let (V, M, σ) be a quantum B∞-algebra and ∗ be the product constructed by M and σ
as before. We denote by Qσ(V ) the subalgebra of (T (V ), ∗) generated by V . If we define
∗n : V ⊗n+1 → T (V ) by v1 ⊗ · · · ⊗ vn+1 7→ v1 ∗ · · · ∗ vn+1, and ∗0 = idV for convenience,
then Qσ(V ) = K⊕⊕n≥0Im∗n. This algebra is a generalization of the quantum symmetric
algebra over V .

Proposition 2.46. (Qσ(V ), β) is a YB algebra.

Proof. In order to prove the statement, we only need to verify that β is a braiding on
Qσ(V ). In fact, we have that β(∗k ⊗ ∗l) = (∗l ⊗ ∗k)βk+1,l+1. We use induction on k + l.

The case k = l = 0 is trivial since σ(idV ⊗ idV ) = (idV ⊗ idV )σ.

When k + l ≥ 1,

β(∗k ⊗ ∗l) = β(∗ ⊗ idT (V ))(idV ⊗ ∗k−1 ⊗ ∗l)

= (idT (V ) ⊗ ∗)β1β2(idV ⊗ ∗k−1 ⊗ ∗l)

= (idT (V ) ⊗ ∗)β1

(
idV ⊗ β(∗k−1 ⊗ ∗l)

)

= (idT (V ) ⊗ ∗)β1(idV ⊗ ∗l ⊗ ∗k−1)(idV ⊗ βk,l+1)

= (idT (V ) ⊗ ∗)(β(idV ⊗ ∗l)⊗ ∗k−1)(idV ⊗ βk,l+1)

= (∗l ⊗ ∗k)(β1,l+1 ⊗ id⊗k
V )(idV ⊗ βk,l+1)

= (∗l ⊗ ∗k)βk+1,l+1.

For any quantum B∞-algebra (V, M, σ), if we endow T (V ) with the usual grading,
then the algebra (T (V ), ∗) is not graded in general. But with this grading, we have:

Proposition 2.47. The term of highest degree in the product ∗ is the quantum shuffle
product.

Proof. We need to verify that for any i, j ≥ 1, M⊗i+j4β
(i+j−1)

=
∑

w∈Sij
T σ

w . We use
induction on i + j. When i = j = 1, M⊗24β(u⊗ v) = u⊗ v + σ(u⊗ v) = uxσv.

M⊗i+j4β
(i+j−1)

(u1 ⊗ · · · ⊗ ui⊗v1 ⊗ · · · ⊗ vj)
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=
(
(M⊗i+j−14β

(i+j−2)
)⊗M

)
4β(u1 ⊗ · · · ⊗ ui⊗v1 ⊗ · · · ⊗ vj)

=
(
(M⊗i+j−14β

(i+j−2)
)⊗M

)
(u1 ⊗ · · · ⊗ ui⊗v1 ⊗ · · · ⊗ vj−1⊗1⊗vj

+u1 ⊗ · · · ⊗ ui−1⊗β1j(ui⊗v1 ⊗ · · · ⊗ vj)⊗1)

=
( ∑

w∈Si,j−1

T σ
w ⊗ idV +

∑

w′∈Si−1,j

(T σ
w ⊗ idV )σi+j−1 · · ·σi

)
(u1 ⊗ · · · ⊗ vj)

= (u1 ⊗ · · · ⊗ ui)xσ(v1 ⊗ · · · ⊗ vj).

The third equality follows from the fact that w ∈ Si,j implies either w(i + j) = i + j or
w(i) = i + j.

From the classical theory (cf. [19]), we also know that (T c(V ), ∗) has an antipode S

given by S(1) = 1 and S(x) =
∑

n≥0(−1)n+1 ∗⊗n ◦δ(n)
(x) for any x ∈ Kerε.

2.5 Construction of quantum B∞-algebras

We now introduce a new notion motivated by [19].

Definition 2.48. A unital 2-YB algebra is a braided vector space (V, σ) equipped with two
associative algebra structure ∗ and ·, which share the same unit, such that both (V, ∗, σ)
and (V, ·, σ) are YB algebras. We denote a 2-YB algebra by (V, ∗, ·, σ).

Examples. 1. Let (A,m, α) be a YB algebra. Then (A,m, m, α) is a trivial unital 2-YB
algebra.

2. Let (V, σ) be a braided vector space. Then (T (V ),m,xσ, β) is a unital 2-YB algebra,
where m is the concatenation product.

Let (V, ∗, ·, σ) be a unital 2-YB algebra. We adopt the notation ·k = ·⊗k : V ⊗k+1 → V .
We define Mpq : V ⊗p ⊗ V ⊗q → V for p, q ≥ 0 inductively as follows:





M00 = 0,
M10 = idV = M01,
Mn0 = 0 = M0n, for n ≥ 2,

and

Mpq(u1 ⊗ · · · ⊗ up⊗v1 ⊗ · · · ⊗ vq)

= (u1 · · · · · up) ∗ (v1 · · · · · vq)
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−
p+q∑

k=2

∑
Ik,Jk

·k−1M(ii,j1,...,ik,jk) ◦ 4β
(k−1)

(i1,j1,...,ik,jk)(u1 ⊗ · · · ⊗ up⊗v1 ⊗ · · · ⊗ vq),

where Ik = (i1, . . . , ik) and Jk = (j1, . . . , jk) run through all the partitions of length k of
p and q respectively.

For instance,

M11(u⊗v) = u ∗ v

− · (M01 ⊗M10)(1⊗ σ(u⊗ v)⊗ 1)

− · (M10 ⊗M01)(u⊗ σ(1⊗ 1)⊗ v)

= u ∗ v − ·σ(u⊗ v)− u · v,

M21(u⊗ v⊗w) = (u · v) ∗ w

−u ·M11(v⊗w)− ·(M11 ⊗ idV )(u⊗ σ(v ⊗ w))

− ·2 (
u⊗ v ⊗ w + σ2(u⊗ v ⊗ w) + σ1σ2(u⊗ v ⊗ w)

)

= (u · v) ∗ w − u · (v ∗ w)

+ ·2 σ2(u⊗ v ⊗ w)− ·(∗ ⊗ idV )σ2(u⊗ v ⊗ w),

and

M12(u⊗v ⊗ w) = u ∗ (v · w)− (u ∗ v) · w
+ ·2 σ1(u⊗ v ⊗ w)− ·(idV ⊗ ∗)σ1(u⊗ v ⊗ w).

Proposition 2.49. Let (V, ∗, ·, σ) be a unital 2-YB algebra and M = (Mpq) be the maps
defined above. Then (V, M, σ) is a quantum B∞-algebra.

Proof. First we verify the Yang-Baxter conditions. We use induction on i + j + k.

When i = j = k = 1,

β11(M11 ⊗ idV ) = σ(∗ ⊗ idV − (· ⊗ idV )σ1 − · ⊗ idV )

= (idV ⊗ ∗)σ1σ2 − (idV ⊗ ·)σ1σ2σ1 − (idV ⊗ ·)σ1σ2

= (idV ⊗ ∗)σ1σ2 − (idV ⊗ ·)σ2σ1σ2 − (idV ⊗ ·)σ1σ2

=
(
idV ⊗ (∗ − ·σ − ·))σ1σ2

= (idV ⊗M11)β21.

β1k(Mpq ⊗ id⊗k
V )

= β1k(∗ ⊗ id⊗k
V )(·p−1 ⊗ ·q−1 ⊗ id⊗k

V )

−
∑

β1k(·r−1 ⊗ id⊗l)
(
(M(ii,j1,...,ir,jr) ◦ 4β(i1,j1,...,ir,jr))⊗ id⊗l

V

)
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= (id⊗k
V ⊗ ∗)(β1k ⊗ idV )(idV ⊗ β1k)(·p−1 ⊗ ·q−1 ⊗ id⊗k

V )

−
∑

(id⊗l ⊗ ·r−1)βrk

(
(M(ii,j1,...,ir,jr) ◦ 4β(i1,j1,...,ir,jr))⊗ id⊗l

)

= (id⊗k
V ⊗ ∗)(id⊗k

V ⊗ ·p−1 ⊗ ·q−1)βp+q,k

−
∑

(id⊗l ⊗ ·r−1)
(
(M(ii,j1,...,ir,jr) ◦ 4β(i1,j1,...,ir,jr))⊗ id⊗l

V

)
βp+q,k

= (id⊗k
V ⊗Mpq)βp+q,k.

The third equality follows from the induction hypothesis and a similar method used in
the proof of Proposition 4.12.

The condition βi1(id
⊗i
V ⊗Mjk) = (Mjk ⊗ id⊗i

V )βi,j+k can be verified similarly.

Now we want to prove that M = (Mpq) also satisfy the associativity condition. We
also use induction on i + j + k.

When i = j = k = 1, the associativity condition is just M11(M11⊗idV )+M21+M21σ1 =
M11(idV ⊗M11) + M12 + M12σ2

M11(M11 ⊗ idV ) + M21 + M21σ1

= ∗2 − ·σ(∗ ⊗ idV )− ·(∗ ⊗ idV )

− ∗ (· ⊗ idV )σ1 + ·σ(· ⊗ idV )σ1 + ·2σ1

− ∗ (· ⊗ idV ) + ·σ(· ⊗ idV ) + ·2
+ ∗ (· ⊗ idV )− ·(idV ⊗ ∗) + ·2σ2 − ·(∗ ⊗ idV )σ2

+ ∗ (· ⊗ idV )σ1 − ·(idV ⊗ ∗)σ1 + ·2σ2σ1 − ·(∗ ⊗ idV )σ2σ1

= ∗2 − ·(idV ⊗ ∗)σ1σ2 − ·(∗ ⊗ idV )

+ ·2 σ1σ2σ1 + ·2σ1 + ·2σ1σ2 + ·2
− · (idV ⊗ ∗) + ·2σ2 − ·(∗ ⊗ idV )σ2

− · (idV ⊗ ∗)σ1 + ·2σ2σ1 − ·σ(idV ⊗ ∗)
= ∗2 − ·σ(idV ⊗ ∗)− ·(idV ⊗ ∗)

− ∗ (idV ⊗ ·)σ2 + ·σ(idV ⊗ ·)σ2 + ·2σ2

− ∗ (idV ⊗ ·) + ·σ(idV ⊗ ·) + ·(idV ⊗ ·)
+ ∗ (idV ⊗ ·)− ·(∗ ⊗ idV ) + ·2σ1 − ·(idV ⊗ ∗)σ1

+ ∗ (idV ⊗ ·)σ2 − ·(∗ ⊗ idV )σ2 + ·2σ1σ2 − ·(idV ⊗ ∗)σ1σ2

= M11(idV ⊗M11) + M12 + M12σ2.

For i+j+k ≥ 2, we notice that ∗(·i−1⊗·j−1) =
∑

r≥1 ·r−1M⊗r4β
(r−1)

=
∑

r≥1 ·r−1M⊗r4(r−1)
β .

i+j∑
r=1

Mrk ◦
(
(M⊗r ◦ 4β

(r−1)
)⊗ id⊗k

V

)

=
∑
r≥1

( ∗ (·r−1 ⊗ ·r−1)−
∑

l≥2

·l−1M⊗l ◦ 4(l−1)
β )

) ◦ (
(M⊗r ◦ 4(r−1)

β )⊗ id⊗k
V

)
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= ∗((
∑
r≥1

·r−1M⊗r ◦ 4(r−1)
β )⊗ ·k−1

)

−
∑
r≥1

∑

l≥2

·l−1M⊗l ◦ 4(l−1)
β ◦ (

(M⊗r ◦ 4(r−1)
β )⊗ id⊗k

V

)

= ∗( ∗ (·i−1 ⊗ ·j−1)⊗ ·k−1
)

−
∑
r≥1

∑

l≥2

·((·l−2M⊗l−1 ◦ 4(l−2)
β )⊗M

)4β ◦
(
(M⊗r ◦ 4(r−1)

β )⊗ id⊗k
V

)

= ∗(∗ ⊗ idV )(·i−1 ⊗ ·j−1 ⊗ ·k−1)

−
∑
r≥1

∑
2

·( ∗ (·p1−1 ⊗ ·q1−1)⊗Mp2,q2

)

◦ 4β (p1,q1,p2,q2) ◦
(
(M⊗r ◦ 4(r−1)

β )⊗ id⊗k
V

)

= ∗(∗ ⊗ idV )(·i−1 ⊗ ·j−1 ⊗ ·k−1)

−
∑
r≥1

∑
2

·( ∗ (·p1−1 ⊗ ·q1−1)⊗Mp2,q2

) ◦ (id⊗p1

V ⊗ βp2,q1 ⊗ id⊗q2

V )

◦(
∑

M(r1,s1,...,rp1 ,sp1 ) 4(p1−1)
β (r1,s1,...,rp1 ,sq1 )

⊗M(rp1+1,sp1+1,...,rp1+p2 ,sp1+p2 ) 4(p2−1)
β (rp1+1,sp1+1,...,rp1+p2 ,sp1+p2 )

⊗id⊗q1

V ⊗ id⊗q2

V )

◦(4β (r1+···+rp1 ,s1+···+sp1 ,rp1+1+···+rp1+p2 ,sp1+1+···+sp1+p2 ) ⊗ id⊗k
V )

= ∗(∗ ⊗ idV )(·i−1 ⊗ ·j−1 ⊗ ·k−1)

−
∑
r≥1

∑
2

·( ∗ (·p1−1 ⊗ ·q1−1)⊗Mp2,q2

)

◦(
∑

M(r1,s1,...,rp1 ,sp1 ) 4(p1−1)
β (r1,s1,...,rp1 ,sq1 ) ⊗id⊗q1

V

⊗M(rp1+1,sp1+1,...,rp1+p2 ,sp1+p2 ) 4(p2−1)
β (rp1+1,sp1+1,...,rp1+p2 ,sp1+p2 ) ⊗id⊗q2

V )

◦(id⊗r1+···+sp1
V ⊗ βrp1+1+···+sp1+p2 ,q1 ⊗ id⊗q2

V )

◦(4β (r1+···+rp1 ,s1+···+sp1 ,rp1+1+···+rp1+p2 ,sp1+1+···+sp1+p2 ) ⊗ id⊗k
V )

= ∗(∗ ⊗ idV )(·i−1 ⊗ ·j−1 ⊗ ·k−1)

−
∑
r≥1

∑
2

·( ∗ (·p1−1 ⊗ ·q1−1)⊗Mp2,q2

)

◦(
∑

M(r1,s1,...,rp1 ,sp1 ) 4(p1−1)
β (r1,s1,...,rp1 ,sq1 ) ⊗id⊗q1

V

⊗M(rp1+1,sp1+1,...,rp1+p2 ,sp1+p2 ) 4(p2−1)
β (rp1+1,sp1+1,...,rp1+p2 ,sp1+p2 ) ⊗id⊗q2

V )
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◦ 4β,3,(r1+···+rp1 ,s1+···+sp1 ,q1,rp1+1+···+rp1+p2 ,sp1+1+···+sp1+p2 ,q2)

= ∗(∗ ⊗ idV )(·i−1 ⊗ ·j−1 ⊗ ·k−1)

− ·
∑

p+q+r<i+j+k

( ∗ (∗ ⊗ idV )(·i−p−1 ⊗ ·j−q−1 ⊗ ·k−r−1)

⊗
∑
s≥1

Msr ◦
(
(M⊗s ◦ 4(s−1)

β )⊗ id⊗s
V

) ◦ 4β,3,(i−p,j−q,k−r,p,q,r)

= ∗(idV ⊗ ∗)(·i−1 ⊗ ·j−1 ⊗ ·k−1)

− ·
∑

p+q+r<i+j+k

( ∗ (idV ⊗ ∗)(·i−p−1 ⊗ ·j−q−1 ⊗ ·k−r−1)

⊗
∑
s≥1

Mps ◦
(
id⊗p

V ⊗ (M⊗s ◦ 4(s−1)
β )

) ◦ 4β,3,(i−p,j−q,k−r,p,q,r)

=

j+k∑

l=1

Mil ◦
(
id⊗i

V ⊗ (M⊗l ◦ 4β
(l−1)

)
)
.

The third equality follows from the induction hypothesis and the associativity of ∗. And
here 4β,3,(i,j,k,l,m,n) means the composition of 4β,3 : V ⊗i+k⊗V ⊗j+m⊗V ⊗l+n → T (V )⊗6

with the projection from T (V )⊗6 to V ⊗i⊗V ⊗j⊗V ⊗k⊗V ⊗l⊗V ⊗m⊗V ⊗n.

Let A2YB be the category of unital 2-YB algebras and AQB∞ be the category of quan-
tum B∞-algebras. By the above proposition, we get a functor

(−)QB∞ : A2YB → AQB∞ ,

by (V )QB∞ = (V, M, σ) for any (V, ∗, ·, σ) ∈ A2YB.

By the above proposition, we have immediately that:

Corollary 2.50. Let (V, M, σ) be a quantum B∞-algebra and (T (V ), ∗,m, β) be the 2-YB
algebra with product ∗ = ε ⊗ ε +

∑
n≥1 M⊗n4β

(n−1)
and m the concatenation. Then the

inclusion i : V → T (V ) is a quantum B∞-algebra morphism, i.e., i ◦Mpq = Mpq ◦ (i⊗p ⊗
i⊗q), for any p, q ≥ 0. Here Mpq is the quantum B∞-algebra structure on T (V ) defined
above.



Chapter 3

Quantum quasi-shuffle algebras

3.1 Introduction

Quasi-shuffle algebras are the generalization of shuffle algebras. As we know, they are first
constructed by Newman and Radford ([20]) for the study of the cofree irreducible Hopf
algebra built on an associative algebra. For an algebra U , Newman and Radford defined
an associative algebra structure on T (U) by combining the multiplication of U and the
shuffle product of T (U). These algebras have their particular interest in many branches of
algebras and a number of applications have been found in the past decade. For example,
they can be applied to commutative TriDendriform algebras [18], Rota-Baxter algebras
[5], multiple zeta values [11].

After the birth of quantum groups, many algebraic objects had better understandings
in a more genenral framework, the braided category. For instance, shuffle algebras, special
examples of quasi-shuffle algebras, had been quantized in [26] ten years ago, and led a
more intrinsic understanding of quantum enveloping algebras. The next task is to find
a suitable way to quantize the quasi-shuffle algebra. There were some attempts, for
example, [1] and [11]. In Chapter 2, the quasi-shuffle algebra structure is quantized in
the spirit of quantum shuffle algebras ([26]), by replacing the usual flip by a braiding.
The resulting algebras, called quantum quasi-shuffle algebras, are the generalization of
quantum shuffle algebras and provide YB algebras. Since there are many good properties
for quasi-shuffle algebras, we hope that the quantum one can also share some of them or
some “q-analogues“. The aim of this chapter is to provide some interesting properties of
these new algebras.

3.2 Properties of quantum quasi-shuffle algebras

We first illustrate the quantum quasi-shuffle algebra by some examples.

69
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1. Let (H, F ′) be the Woronowicz’s YB algebra. Then the first three products of the
quantum quasi-shuffle algebra (T (H),onF ′ β) are: for any a, b, c ∈ H,

a onF ′ b = ab + a⊗ b +
∑

a(1)bS(a(2))⊗ a(3),

(a⊗ b) onF ′ c = a⊗ bc +
∑

ab(1)cS(b(2))⊗ b(3)

+a⊗ b⊗ c +
∑

a⊗ b(1)cS(b(2))⊗ b(3)

+
∑

a(1)b(1)cS(a(2)b(2))⊗ a(3) ⊗ b(3),

and

a onF ′ (b⊗ c) = ab⊗ c +
∑

a(1)bS(a(2))⊗ a(3)c

+a⊗ b⊗ c +
∑

a(1)bS(a(2))⊗ a(3) ⊗ c

+
∑

a(1)bS(a(2))⊗ a(3)cS(a(4))⊗ a(5).

2. Let V be a vector space with basis {e1, . . . , en}. We define a braiding σ on by
σ(ei ⊗ ej) = qijej ⊗ ei for some non zero scalars qij. For I = {i1, . . . , ik} and J =
{j1, . . . , jk}, set qIJ =

∏
r∈{1,...,k},s∈{1,...,l} qir,js . We use ei1 · · · eik to denote ei1xσ · · ·xσeik .

Since χrs(Sr×Ss) = (Ss×Sr)χrs and all expressions are reduced, we have β((ei1 · · · eik)⊗
(eik+1

· · · eik+l
)) = qIJ(eik+1

· · · eik+l
)⊗ (ei1 · · · eik). Then

(ei1 · · · eik) onσ (eik+1
· · · eik+l

)

= (ei1 · · · eik+l
)

+(ei1 · · · eik)⊗ (eik+1
· · · eik+l

) + qIJ(eik+1
· · · eik+l

)⊗ (ei1 · · · eik),

((ei1 · · · eik)⊗ (eik+1
· · · eik+l

)) onσ (eik+l+1
· · · eik+l+m

)

= (ei1 · · · eik)⊗ (eik+1
· · · eik+l+m

)

+qJK(ei1 · · · eikeik+l+1
· · · eik+l+m

)⊗ (eik+l+1
· · · eik+l+m

)

+(ei1 · · · eik)⊗ (eik+1
· · · eik+l

)⊗ (eik+l+1
· · · eik+l+m

)

+qJK(ei1 · · · eik)⊗ (eik+l+1
· · · eik+l+m

)⊗ (eik+1
· · · eik+l

)

+qIKqJK(eik+l+1
· · · eik+l+m

)⊗ (ei1 · · · eik)⊗ (eik+1
· · · eik+l

).

and

(ei1 · · · eik) onσ ((eik+1
· · · eik+l

)⊗ (eik+l+1
· · · eik+l+m

))

= (ei1 · · · eik+l
)⊗ (eik+l+1

· · · eik+l+m
)
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+qIJ(eik+1
· · · eik+l

)⊗ (ei1 · · · eikeik+l+1
· · · eik+l+m

)

+(ei1 · · · eik)⊗ (eik+1
· · · eik+l

)⊗ (eik+l+1
· · · eik+l+m

)

+qIJ(eik+1
· · · eik+l

)⊗ (ei1 · · · eik)⊗ (eik+l+1
· · · eik+l+m

)

+qIJqIK(eik+1
· · · eik+l

)⊗ (eik+l+1
· · · eik+l+m

)⊗ (ei1 · · · eik).

We recall the following inductive relation: for any u1, . . . , ui, v1, . . . , vj ∈ A,

(u1 ⊗ · · · ⊗ ui) onσ (v1 ⊗ · · · ⊗ vj)

= ((u1 ⊗ · · · ⊗ ui) onσ (v1 ⊗ · · · ⊗ vj−1)⊗ vj)

+(onσi−1,j ⊗idA)σi+j−1 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj)

+(onσi−1,j−1 ⊗m)σi+j−2 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj) (3.1)

where onσk,l means the restriction of onσ on V ⊗k⊗V ⊗l.

Let (V, σ) be a braided vector space. M = ⊕Mpq : T c(V )⊗2 → V is a linear map such
that M10 = idV = M01 and Mij = 0 except for the pairs (1, 0), (0, 1) and (1, 1). Define
∗ = ε⊗ ε +

∑
n≥1 M⊗n ◦ 4β

(n−1). Then we want to find out the necessary and sufficient
conditions for making (T c(V ), ∗) into a YB algebra.

Theorem 3.1. For a braided vector space (V, σ) and the above (T c(V ), ∗, β) is a YB
algebra if and only if (V, M11, σ) is a YB algebra.

Proof. Obviously, if (V, M11, σ) is a YB algebra, then the result holds.

Conversely, if ∗ is associative, then for any u, v, w ∈ V ,

u ∗ v = (ε⊗ ε + M ◦ 4β
(0)

+ M⊗2 ◦ 4β
(1)

)(u⊗v)

= M11(u⊗v)

+M⊗2(1⊗β10(u⊗1)⊗v + 1⊗β11(u⊗v)⊗1

+u⊗β00(1⊗1)⊗v + u⊗β01(1⊗v)⊗1

−(1⊗1)⊗(u⊗v)− (u⊗v)⊗(1⊗1))

= M11(u⊗v) + (M01 ⊗M10)(1⊗σ(u⊗v)⊗1)

+(M10 ⊗M01)((u⊗1)⊗(1⊗v))

= M11(u⊗v) + u⊗v + σ(u⊗v)

= M11(u⊗v) + uxσv.

(u⊗ v) ∗ w
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= (ε⊗ ε + M ◦ 4β
(0)

+ M⊗2 ◦ 4β
(1)

+ M⊗3 ◦ 4β
(2)

)(u⊗ v⊗w)

= M⊗2[1⊗β20(u⊗ v⊗1)⊗w + u⊗β10(v⊗1)⊗w

+(u⊗ v)⊗β00(1⊗1)⊗w + 1⊗β21(u⊗ v⊗w)⊗1

+u⊗β11(v⊗w)⊗1 + (u⊗ v)⊗β01(1⊗w)⊗1

−(1⊗1)⊗(u⊗ v⊗w)− (u⊗ v⊗w)⊗(1⊗1)]

+M⊗3
(4β(u⊗1)⊗(v⊗w) +4β(u⊗ v⊗1)⊗(1⊗w)

+(4β ⊗M20)(1⊗β21(u⊗ v⊗w)⊗1)

+(4β ⊗M11)(u⊗β11(v⊗w)⊗1)
)

= u⊗M11(v⊗w) + (M11 ⊗M10)(u⊗σ(v⊗w)⊗1)

+M⊗3
(
1⊗β20(u⊗ v⊗1)⊗1⊗(1⊗w) + u⊗β10(v⊗1)⊗1⊗(1⊗w)

+(u⊗ v)⊗β00(1⊗1)⊗1⊗(1⊗w)− (1⊗1)⊗(u⊗ v⊗1)⊗(1⊗w)

−(u⊗ v⊗1)⊗(1⊗1)⊗(1⊗w) + (4β ⊗M10)(u⊗β11(v⊗w)⊗1)
)

= u⊗M11(v⊗w) + (M11 ⊗ idV )(u⊗ σ(v ⊗ w))

+u⊗ v ⊗ w + σ2(u⊗ v ⊗ w) + σ1σ2(u⊗ v ⊗ w)

= u⊗M11(v⊗w) + (M11 ⊗ idV )(u⊗ σ(v ⊗ w)) + (u⊗ v)xσw.

And

u ∗ (v ⊗ w) = M11(u⊗v)⊗ w + (idV ⊗M11)(σ(u⊗ v)⊗ w) + uxσ(v ⊗ w).

(u ∗ v) ∗ w = (M11(u⊗v) + uxσv) ∗ w

= M11(M11(u⊗v)⊗w) + M11(u⊗v)xσw

+(idV ⊗M11)(uxσv⊗w) + (M11 ⊗ id)(idV ⊗ σ)(uxσv⊗w))

+uxσvxσw

= [M11(M11 ⊗ idV ) + (idV + σ)(M11 ⊗ idV )

+(idV ⊗M11)((idV + σ)⊗ idV )

+(M11 ⊗ idV )(σ2 + σ2σ1)](u⊗v⊗w)

+uxσvxσw.

u ∗ (v ∗ w) = u ∗ (M11(v⊗w) + vxσw)

= M11(u⊗M11(v⊗w)) + uxσM11(v⊗w)
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+(M11 ⊗ idV )(u⊗vxσw) + (idV ⊗M11)(σ ⊗ idV )(u⊗vxσw))

+uxσvxσw

= [M11(idV ⊗M11) + (idV + σ)(idV ⊗M11)

+(M11 ⊗ idV )(idV ⊗ (idV + σ))

+(idV ⊗M11)(σ1 + σ1σ2)](u⊗v⊗w)

+uxσvxσw.

(u ∗ v) ∗ w = u ∗ (v ∗ w) if and only if

M11(M11 ⊗ idV ) + M11 ⊗ idV + σ(M11 ⊗ idV )

+idV ⊗M11 + (idV ⊗M11)σ1 + (M11 ⊗ idV )σ2 + (M11 ⊗ idV )σ2σ1

= M11(idV ⊗M11) + idV ⊗M11 + σ(idV ⊗M11)

+M11 ⊗ idV + (M11 ⊗ idV )σ2 + (idV ⊗M11)σ1 + (idV ⊗M11)σ1σ2,

i.e.,

M11(M11 ⊗ idV ) + σ(M11 ⊗ idV ) + (M11 ⊗ idV )σ2σ1

= M11(idV ⊗M11) + σ(idV ⊗M11) + (idV ⊗M11)σ1σ2.

By comparing the degree of the result tensor vectors, we must have M11(M11 ⊗ idV ) =
M11(idV ⊗M11).

On V⊗V , (idV⊗∗)σ1σ2 = σ(∗⊗idV ). It implies that (idV⊗M11)σ1σ2+(idV⊗xσ)σ1σ2 =
σ(M11⊗idV )+σ(xσ⊗idV ). Comparing the degree, we get (idV ⊗M11)σ1σ2 = σ(M11⊗idV ).
Similarly, we have (M11 ⊗ idV )σ2σ1 = σ(idV ⊗M11).

Definition 3.2. A quadruple (H, ·,4, σ) is called a twisted YB bialgebra if

1. (H, ·, σ) is a YB algebra,

2. (H,4, σ) is a YB coalgebra,

3. · : H ⊗ H → H is a coalgebra map, where H ⊗ H is equipped with the twisted
coalgebra structure. Or equivalently, 4 : H → H ⊗H is an algebra map, where H ⊗H is
equipped with the twisted algebra structure.

From the condition 3 above, we have that 4(1) = 1⊗ 1.

Examples. 1. Let (V, σ) be a braided vector space. Then the quantum shuffle algebra
(Tσ(V ), δ, β) is a twisted YB bialgebra (see [26]).

2. Let (V, m, σ) be a YB algebra. Then the quantum quasi-shuffle algebra (T c(V ),onσ

, β) is a twisted YB bialgebra with the deconcatenation coproduct δ.
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We denote by CBYB the category of connected twisted YB bialgebras. It consists of
the following data:

1. the objects of CBYB are the twisted YB bialgebras (H, ·,4, σ) such that both H
and H⊗H are connected, where H⊗H is equipped with the twisted coalgebra structure;

2. a morphism f from object (H1, σ1) to object (H2, σ2) is both an algebra map and
a coalgebra map and satisfies that (f ⊗ f)σ1 = σ2(f ⊗ f).

It is easy to see that both (T (V ),xσ, δ, β) and (T c(V ),onσ, δ, β) are in CBYB.

Lemma 3.3. Let (V1, σ1) and (V2, σ2) be two braided vector spaces and f : V1 → V2 be a
linear map such that σ2(f ⊗ f) = (f ⊗ f)σ1. Then for any i, j ≥ 1, T σ2

χij
(f⊗i ⊗ f⊗j) =

(f⊗j ⊗ f⊗i)T σ1
χij

.

Proof. We use induction on i + j.

When i = j = 1, it is trivial.

For i + j ≥ 3,

T σ2
χij

(f⊗i ⊗ f⊗j) = (T σ2
χi−1,j

⊗ idV2)(id
⊗i−1
V2

⊗ T σ2
χ1,j

)(f⊗i ⊗ f⊗j)

= (T σ2
χi−1,j

⊗ idV2)(f
⊗i−1 ⊗ T σ2

χ1,j
(f ⊗ f⊗j))

= (T σ2
χi−1,j

⊗ idV2)(f
⊗i−1 ⊗ f⊗j ⊗ f)(id⊗i−1

V1
⊗ T σ1

χ1,j
)

= (f⊗j ⊗ f⊗i)(T σ1
χi−1,j

⊗ idV1)(id
⊗i−1
V1

⊗ T σ1
χ1,j

)

= (f⊗j ⊗ f⊗i)T σ1
χij

.

Let (V, m, σ) be a YB algebra. We have the following universal property in CBYB:

Proposition 3.4. For any (H, ·,4, α) ∈ CBYB and a linear map f : H → V such that
m ◦ (f ⊗ f) = f ◦ ·, f(1) = 0 and (f ⊗ f)α = σ(f ⊗ f), there exists a unique morphism
f : H → (T (V ),onσ, δ, β) which extends f .

Proof. Since f(1) = 0 and H is connected, there is a unique coalgebra map f : H → T c(V )

which extends f . More precisely, f = εH +
∑

n≥1 f⊗n ◦ 4H
(n−1).

We first prove that β(f ⊗ f) = (f ⊗ f)α. We only need to verify it on H ⊗H.

β(f ⊗ f) = β(
∑
i,j≥1

(f⊗i ⊗ f⊗j)(4H
(i−1) ⊗4H

(j−1)
))

=
∑
i,j≥1

T σ
χij

(f⊗i ⊗ f⊗j)(4H
(i−1) ⊗4H

(j−1)
)

=
∑
i,j≥1

(f⊗j ⊗ f⊗i)Tα
χij

(4H
(i−1) ⊗4H

(j−1)
)
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=
∑
i,j≥1

(f⊗j ⊗ f⊗i)(4H
(j−1) ⊗4H

(i−1)
)α

= (f ⊗ f)α.

The third and the forth equalities follow from the above lemma and Lemma 2.39 respec-
tively.

The next step is to prove that f is an algebra map. We define two maps:

F1 : H ⊗H → T (V ),

h⊗ g 7→ f(h) onσ f(g),

and

F2 : H ⊗H → T (V ),

h⊗ g 7→ f(hg).

We claim that both F1 and F2 are coalgebra maps, where H ⊗H is equipped the twisted
coalgebra structure.

Indeed,

δ ◦ F1 = δ◦ onσ (f ⊗ f)

= (onσ ⊗ onσ)4β (f ⊗ f)

= (onσ ⊗ onσ)(idT (V ) ⊗ β ⊗ idT (V ))(δ ⊗ δ)(f ⊗ f)

= (onσ ⊗ onσ)(idT (V ) ⊗ β ⊗ idT (V ))(δ ◦ f ⊗ δ ◦ f)

= (onσ ⊗ onσ)(idT (V ) ⊗ β ⊗ idT (V ))(f ⊗ f ⊗ f ⊗ f)(4H ⊗4H)

= (onσ ⊗ onσ)(f ⊗ β(f ⊗ f)⊗ f)(4H ⊗4H)

= (F1 ⊗ F1)(idH ⊗ α⊗ idH)(4H ⊗4H)

= (F1 ⊗ F1)4α .

And

δ ◦ F2 = δ ◦ f ◦ ·
= (f ⊗ f) ◦ 4H ◦ ·
= (f ⊗ f)(· ⊗ ·)(idH ⊗ α⊗ idH)(4H ⊗4H)

= (F2 ⊗ F2)4α .

For any h, g ∈ H, we have

PrV ◦ F1(h⊗ g) = PrV (f(h) onσ f(g))

= PrV

( ∑
n≥1

M⊗n4β
(n−1)

(f(h)⊗ f(g))
)
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= M(f(h)⊗ f(g))

=
∑
i,j≥1

Mij((f
⊗i ⊗ f⊗j)(4H

(i−1)
(h)⊗4H

(j−1)
(g))

= M11(f ⊗ f)(h⊗ g)

= f ◦ ·(h⊗ g)

= PrV ◦ F2(h⊗ g).

Since H ⊗H is connected with the twisted coalgebra structure, F1 = F2 follows from the
Corollary 2.30.

Definition 3.5. A YB algebra (A,m, σ) is called twisted commutative if m ◦ σ = m.

Examples. 1. Let (A,m) be an algebra. Then the trivial YB algebra structure (A,m, τ)
is twisted commutative if and only if A is commutative.

2. Then quantum exterior algebra (Sσ(V ),∧, T ) is a YB algebra. Moreover it is
twisted commutative.

Lemma 3.6. Let σ be a braiding on V such that σ2 = id⊗2. Then the braiding β on T (V )
also satisfies that β2 = id⊗2

T (V ).

Proof. We prove the statement for βij by using induction on i + j.

When i = j = 1, it is trivial since β11 = σ.

For i + j ≥ 3,

βji ◦ βij = (βj−1,i ⊗ idV )(id⊗j−1
V ⊗ β1i)(id

⊗j−1
V ⊗ βi1)(βi,j−1 ⊗ idV )

= id⊗2
T (V ).

If σ = ±τ , then σ2 = id⊗2
V . The first nontrivial example is the q-flip T .

Theorem 3.7. Let (V, m, σ) be a YB algebra. Then he quantum quasi-shuffle algebra
(T c(V ),onσ, β) is twisted commutative if and only if (V, m, σ) is twisted commutative and
σ2 = id⊗2

V .

Proof. If (T c(V ),onσ, β) is twisted commutative, then on V⊗V we have

m + id⊗2
V + σ = m + xσ

= onσ1,1

= onσ1,1 ◦σ
= m ◦ σ + σ + σ2.
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Comparing the degree, we have that m = m ◦ σ and σ2 = id⊗2
V .

Conversely, we use induction on i + j where i and j are the powers of V ⊗i⊗V ⊗j.

When i = j = 1, it is trivial.

For i + j ≥ 3, we use the inductive relation (3.1).

onσj,i ◦βij

= (onσj,i−1 ⊗idV )(βi−1,j ⊗ idV )(id⊗i−1
V ⊗ β1,j)

+(onσj−1,i ⊗idV )(id⊗j−1
V ⊗ β1,i)(id

⊗j−1
V ⊗ βi,1)(βi,j−1 ⊗ idV )

+(onσj−1,i−1 ⊗m)(id⊗j−1
V ⊗ β1,i−1 ⊗ idV )

◦(id⊗j−1
V ⊗ βi−1,1 ⊗ idV )(id⊗i+j−2

V ⊗ β1,1)(βi,j−1 ⊗ idV )

=
(
(onσj,i−1 ◦βi−1,j)⊗ idV

)
(id⊗i−1

V ⊗ β1,j)

+(onσj−1,i ⊗idV )
(
id⊗j−1

V ⊗ (β1,iβi,1)
)
(βi,j−1 ⊗ idV )

+(onσj−1,i−1 ⊗m)(id⊗j−1
V ⊗ (β1,i−1βi−1,1)⊗ idV )(id⊗i+j−2

V ⊗ β1,1)(βi,j−1 ⊗ idV )

= (onσi−1,j ⊗idV )(id⊗i−1
V ⊗ β1,j)

+(onσj−1,i ⊗idV )(βi,j−1 ⊗ idV )

+(onσj−1,i−1 ⊗m)(βi,j−1 ⊗ idV )

= onσi,j .
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