UNIVERSITE PIERRE ET MARIE CURIE

Ecole Doctorale Paris Centre

THESE DE DOCTORAT

Discipline : Mathématiques

présentée par

Wen DENG

Etude du pseudo-spectre d’opérateurs non
auto-adjoints liés a la mécanique des fluides

dirigée par Nicolas LERNER

Soutenue le 13 juin 2012 devant le jury composé de :

M. Jean-Yves CHEMIN Université Pierre et Marie Curie

M. Thierry GALLAY Université de Grenoble I

M. Frédéric HERAU Université de Nantes

M. Nicolas LERNER Université Pierre et Marie Curie Directeur de these
M. Francis NIER Université de Rennes I

M. Johannes SJOSTRAND Université de Bourgogne Rapporteur

Rapporteur non présent a la soutenance :
M. Nils DENCKER Lund University



Institut de Mathématiques de Jussieu Ecole doctorale Paris centre Case 188
175, rue du chevaleret 4 place Jussieu
75 013 Paris 75 252 Paris cedex 05



R 2 389 X HF






Remerciements

Je tiens en tout premier lieu a remercier profondément mon directeur de these Nicolas
Lerner. Cette these n’aurait jamais vu le jour sans sa patience, ses nombreux conseils
et le temps qu’il a consacré. J'aimerais exprimer mon admiration pour sa passion et son
enthousiasme mathématiques, qui m’ont influencée depuis mes études en France.

Je suis trés reconnaissante a Nils Dencker et Johannes Sjostrand qui ont accepté de
rapporter sur ma these. J’aimerais remercier Jean-Yves Chemin, Thierry Gallay, Frédéric
Hérau et Francis Nier qui me font ’honneur de participer au jury de soutenance. Je les
remercie sincérement pour 'intérét qu’ils ont porté a mon travail.

Je tiens a remercier Isabelle Gallagher et Thierry Gallay qui ont bien voulu transmettre
la question correspondant au Chapitre 3 de cette these. Merci aussi & Karel Pravda-Starov
pour son intérét pour mon travail.

C’est une bonne occasion pour dire merci & mon professeur & 1’Université de Tsinghua,
Zhi-Ying Wen. C’est lui qui m’a encouragée et m’a recommandé de poursuivre des études
mathématiques en France. Je le remercie vivement pour son soutien constant et ses conseils
précieux tout au long de ces années.

Cette these a été financée par la fondation Capital Fund Management. Je leur remercie
sincerement. Merci aussi a la Fondation Sciences Mathématiques de Paris, qui a soutenu
ma premiere année d’étude en France et m’a beaucoup aidé sur des aspects administratifs
pendant ces années.

Je remercie tous mes amis en France pour leur amitié. Merci aux membres de notre
groupe de lecture en EDP : Xian Liao, Lingmin Liao, Yong Lu, Yue Ma et Peng Zhang,
pour les nombreuses heures de discussion qu’on a passées ensemble. Des remerciements
spéciaux a Xinxin Chen et Qiaoling Wei, pour m’avoir accompagnée pendant ces quatre
ans.

J’exprime toute ma gratitude a mes parents et ma petite sceur pour leur soutien
constant. Enfin, merci & Yan-Hui Qu, pour les bons moments qu’on a partagés, surtout ta
présence dans ma vie.



Résumé

Le tourbillon d’Oseen est une solution auto-similaire de I’équation d’évolution du tou-
billon dans R? et il est stable pour toutes les valeurs de nombre de Reynolds de circula-
tion. La linéarisation du systeme autour d’un tourbillon d’Oseen intervient naturellement
un opérateur non auto-adjoint, pour lequel nous étudions dans cette these les propriétés
pseudo-spectrales dans la limite de rotation rapide.

On étudie dans le chapitre 2 un modele bidimensionnel en négligeant un terme non
local dans l'opérateur original et on démontre des estimations résolvantes optimales sur
I’axe imaginaire. Le chapitre 3 est consacré a 1’étude de 'opérateur linéarisé complet au-
tour du tourbillon d’Oseen et on établit des estimations résolvantes qui nous permettent
de caractériser le pseudo-spectre de 'opérateur, en utilisant la méthode des multiplica-
teurs. Enfin dans le chapitre 4, on démontre un résultat sur la dépendance des constantes
provenant du calcul pseudo-différentiel dans le cadre de Weyl.

Mots-clefs

pseudo-spectre, opérateur non auto-adjoint, tourbillon d’Oseen, estimation résolvante,
méthode des multiplicateurs, calcul de Weyl, métrique sur ’espace des phases, constantes
de structure

Study of pseudospectrum for some non-self-adjoint
operators linked to fluid mechanics

Abstract

Oseen vortices are self-similar solutions to the vorticity equation in R? and they are
stable for any value of the circulation Reynolds number. The linearization of the system
around an Oseen vortex gives rise to a non-self-adjoint operator, whose pseudospectral
properties in the fast rotation limit are the object of study in this thesis.

We study in chapter 2 a two-dimensional model by neglecting a non-local term in
the original operator and we prove some optimal resolvent estimates along the imaginary
axis. Chapter 3 is devoted to the study of the complete linearized operator around the
Oseen vortex and we establish resolvent estimates which allow us to characterize the
pseudospectrum of the operator, by using the multiplier method. Finally in chapter 4,
we prove some results about the dependence of constants coming from pseudodifferential
calculus in the framework of Weyl calculus.

Keywords

pseudospectrum, non-self-adjoint operator, Oseen vortex, resolvent estimate, multiplier
method, Weyl calculus, metric on the phase space, structure constants
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Chapitre 1

Introduction

1.1 Présentation des questions

Dans cette these, on étudie des opérateurs non auto-adjoints provenant d’une question
de stabilité dans la mécanique des fluides.

1.1.1 Equations du tourbillon

Considérons le mouvement d’un fluide incompressible visqueux dans le plan R?, décrit
par les équations de Navier-Stokes. En notant z € R? la variable d’espace et t € R, la
variable de temps, le systeme s’écrit de la maniere suivante

1.1.1
div v =0, ( )

{&v + (v-V)v=vAv — Vp,
ot v(x,t) € R? désigne le champ de vitesse du fluide au point # € R? & l'instant ¢, et
p(z,t) € R son champ de pression. Le parameétre v > 0 désigne la viscosité cinématique.

Pour les fluides incompressibles, il est plus commode d’étudier le rotationnel du champ
de vitesse. Dans plusieurs situations, nous nous intéressons aux champs de vitesse v nuls
a l'infini. Avec la condition d’incompressibilité de divergence nulle, on peut les reconsti-
tuer a partir de leurs rotationnels. En particulier, lorsque la dimension est égale a 2, on
peut identifier les matrices anti-symétriques avec les réels, donc le rotationnel est en fait
scalaire. C’est la différence capitale entre le cas ou la dimension vaut 2 et celui ou elle est
supérieure & 3. Plus précisément, on appelle tourbillon d’un champ de vecteurs v dans R?
son rotationnel

W = 611}2 - 621}1, (112)

et I'on notera w = curl v. En supposant que le tourbillon w décroit suffisamment vite a
Iinfini, on peut reconstruire le champ a partir du tourbillon via la loi de Biot-Savart

T — 1
vle) = (Kas s )(o) = o [ =0ty (1.1.3)

olt 1+ = (=g, 1) si = (71, 22) € R2.

On s’intéresse maintenant a 1’évolution du tourbillon du fluide. En appliquant 1’opé-
rateur rotationnel aux équations et en utilisant curl (Vp) = 0, on arrive a une
équation plus simple
Ow +v - Vw = vAw, (1.1.4)
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ou le champ de vitesse v est reconstruit a partir du tourbillon w par la loi de Biot-Savart
. L’équation est appelée formulation tourbillon de I’équation de Navier-
Stokes, qui est une équation non locale.

Il est bien connu que le probléme de Cauchy pour I’équation est globalement
bien posé dans L'(R?) (voir [BA94], [Kat94]) : pour toute donnée initiale wy dans L'(R?),
posséde une unique solution globale w € C?([0, c0), L1(R?)) N C°((0, 00), L*°(R?)).
La masse totale du tourbillon est préservée par 1’évolution

/]12{2 w(z,t)dr = /]1%2 wo(z)dz, t>0. (1.1.5)

La quantité ci-dessus est aussi appelée circulation totale de la vitesse v, puisque

/ w(z,t)dr = lim v(z,t) - dl.

R2 R—o0 |z|=R

Le premier moment de la solution est aussi préservé si la solution est supposée suffisamment
réguliere

/R? zjw(z,t)dr = /}R2 zjwo(r)de, j=1,2.

Le probleme de Cauchy de est aussi globalement bien posé dans un espace plus
gros M(R?), I'espace des mesures réelles finies. Remarquons que les solutions de (T.1.4)
correspondent aux solutions d’énergie infinie des équations de Navier-Stokes . Plus
précisément, si w(z,t) est une solution de telle que [g2 w(x,t)dx # 0, alors le champ
de vitesse v(x,t) donné par la loi de Biot-Savart vérifie ||v(-,t)]| 2 = +o0 pour tout
temps ¢t > 0.

Le but est d’étudier le comportement asymptotique en temps long des solutions de

I’équation (|1.1.4).

1.1.2 Tourbillon d’Oseen

Il y a une famille de solutions explicites de (1.1.4)), appelées tourbillon d’Oseen ou de
Lamb-Oseen, données par

e x e T
1) = —G(—=), 1) = — 0% (=), 1.1.6
wlat) = SG(2), lat) = =0 () (1.1
avec les profils
1 e o 1zt 22 /4 5
G(m):ﬂe‘l/, v(az):%—‘xp(l—e"/), z € R? (1.1.7)

et le parametre a € R désignant le nombre de Reynolds de circulation. Notons que w(x,t)
est une fonction radiale en x € R? et w est strictement positive partout pour tout temps
t > 0. La loi de Biot-Savart implique que les trajectoires du champ de vitesse v(x,t) sont
des cercles pour tout temps ¢ > 0. En particulier on voit v(x,t) - Vw(x,t) = 0, donc w(x, t)
données par sont en fait solutions de I’équation de la chaleur linéaire. En outre, le
parametre « est égal a la circulation totale du tourbillon, car G est normalisée telle que
Jg2 G(x)dz = 1.

Le tourbillon d’Oseen joue un réle important en mécanique des fluides bidimension-
nelle. Un résultat assez surprenant, démontré par T. Gallay et C.E. Wayne [GWO05], dit
que des que le tourbillon initial est intégrable sur le plan, la solution de ’équation
converge vers un tourbillon d’Oseen lorsque le temps ¢ tend vers I'infini.
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Théoréme 1.1.1 (Gallay-Wayne [GWO05]). Soit wg € L' (R?). Alors la solution de 1’équa-
tion (1.1.4) avec donnée initiale wy vérifie

. 1-1 « .
Jim trflw(, 1) EG(W)”LP(RQ)
ol o = [powo(x)da est la circulation initiale. Siv(x,t) est la solution de (1.1.1)) obtenue
a partir de w(zx,t) via la loi de Biot-Savart, alors

=0, pourl<p<o0,

1 1 .
tiiinoot?*ﬂ\v(-,t) - %UG(E)HLQ(R% =0, pour?2<q<oo.

En d’autres termes, les solutions de dans L' (R?) se comporte asymptotiquement
comme les solutions de ’équation de la chaleur linéaire dyw = vAw avec la méme donnée
initiale. Ce résultat a des conséquences importantes. D’une part, il implique que les tour-
billons d’Oseen sont les seules solutions auto-similaire des équations de Navier-Stokes dans
R? dont le tourbillon est intégrable. D’autre part, il en résulte que les tourbillons d’Oseen
sont globalement stables pour toutes les valeurs du nombre de Reynolds de circulation
a. Contrairement aux plusieurs situations dans I’hydrodynamique, par exemple le flot de
Poiseuille et le flot de Taylor-Couette, aucune instabilité ne se produira en augmentant le
nombre de Reynolds de circulation.

Le Théoreme [1.1.1] est établi par une étude de 1’équation du tourbillon dans des va-
riables auto-similaires. En s’inspirant de la forme de ([1.1.6), on introduit les variables
auto-similaires, soit 1" > 0,

F=ux/Vut, t=log(t/T). (1.1.8)

Si w(z,t) est une solution de (|1.1.4) et si v(x,t) est le champ de vitesse correspondant, on
définit des nouvelles fonctions @&(%,%), ¥(Z,t) de la facon suivante

1 T t v T t
w(z,t) = -0(——,log = vavt:\/»ﬁlo.
Puisqu’on va travailler dans toute la suite dans les variables auto-similaires, on remplace
Z par x, @ par w etc, le systeme s’écrit de la maniere suivante

0 1

8—j+v-Vw:Aw+§:r-Vw+w, reR? t>0, (1.1.9)
ottw(z,t) € Rest le tourbillon, la vitesse v(x,t) € R? est reliée & w par la loi de Biot-Savart
(1.1.3). Par construction, pour tout o € R, le tourbillon d’Oseen w = aG est une solution

stationnaire de ((1.1.9)), qui est juste une distribution gaussienne.

1.1.3 Opérateur linéarisé

Afin d’étudier la stabilité du tourbillon d’Oseen, on commence par linéariser I’équation
(1.1.9) autour de aG. En remplacant w par aG+w’, v par av® 41" dans (1.1.9)), on obtient
I’équation perturbée

awo 0 0 0
W—i_v -Vw :_(£+QA)W , (1.1.10)

ot v est le champ de vitesse associé au tourbillon perturbé w® via la loi de Biot-Savart,

1
Luw® = —Aw® — 3% Vol — o, (1.1.11)
Aw® = 0% W0 + (Kps ) - VG. (1.1.12)
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L’opérateur linéarisé £ 4+ aA sera notre objet principal des études de cette these.
Il y a déja beaucoup d’études pour cet opérateur linéarisé dans la littérature. On
présente maintenant quelques propriétés spectrales élémentaires.

Propriétés spectrales de L

En comparant avec , on voit que 'opérateur £ est le laplacien dans R?
dans les variables auto-similaires . Ses propriétés spectrales sont bien connues, voir
[GWO05], [GW02]. T. Gallay et C.E. Wayne y ont travaillé dans des espace L? avec poids
polynomiaux et ils ont obtenu des estimations spectrales de £ qui leur permettent d’obtenir
une convergence exponentielle de solution de vers aG lorsque le temps rescaled
tend vers 'infini. En revenant aux variables originales, une convergence polynomiale de
solution de vers le tourbillon d’Oseen a été établie.

On s’intéresse & un espace de Hilbert particulier Y = L?(R?; G~'dx) muni du produit
scalaire

(wi,wa)y = /R2 wi(@)wo(2)G(2) " dx,  wi,w €Y.
Une propriété remarquable c’est que I'opérateur £ avec domaine maximal
D(L)y={weY; LweY}

est auto-adjoint et positif sur Y. En effet, en conjuguant Vopérateur £ avec le poids G/2,
on trouve l'oscillateur harmonique bidimensionnel
2
1
lm:GAMLGUQZ—A4Jig—2. (1.1.13)

Gréace a cette conjugaison, on sait que 'opérateur £ a résolvant compact dans Y et son
spectre est composé d’une suite de valeurs propres

k
o(£)={3. k=012,
La valeur propre k/2 est de multiplicité k& + 1 et 1’espace propre associé est engendré par
les fonctions d’'Hermite de degré k. En particulier, LG = 0 et LO;G = %(‘%G pour 7 =1, 2.
Lorsque l'on travaille dans ’espace Y, on s’intéresse a la stabilité du tourbillon d’Oseen
par rapport aux perturbations de décroissance gaussienne a ’infini.

Propriétés spectrales de A

L’opérateur A est la somme de deux termes Ay, Ao, qui ont des interpretations
physiques différentes [Galll]. L’opérateur d’advection Ajw® = v¥ - Vw? est un opérateur
différentiel local d’ordre 1, qui décrit comment le tourbillon perturbé w® est transporté
par le champ de vitesse v“ du tourbillon non perturbé. Par contre, le terme Aow’ =
(Kps*w?)-VG est un opérateur intégro-différentiel qui est non local, et il décrit I’advection
du tourbillon non perturbé G par le champ de vitesse perturbé 1° = Kpg * w°.

L’avantage de travailler dans I’espace Y est que les deux termes A1, Ao sont séparément

anti-symétriques sur Y
<Ade1,¢d2>y = —<W1,Aj(,<.)2>y, Wi, w2 € D(AJ) cY, j=1,2.

En plus, si A est défini sur son domaine maximal, on peut démontrer que A est anti-adjoint
sur Y. Le noyau de l'opérateur A est caractérisé par Y. Maekawa [Maell]

Ker(A) = {fonctions radiales dans R*} @ {$101G + B20:G, b1, B2 € C}.
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Propriétés spectrales de £ + aA

Il est démontré dans [GWO05] que l'opérateur A est une perturbation relativement
compacte de L. Par la théorie de perturbation classique (voir Chapter V dans [Kat95]), le
spectre de I'opérateur non auto-adjoint £ + aA sur Y est composé d’une suite de valeurs
propres. Cet opérateur a une structure particulier :

A+1iB, A auto-adjoint et positif, B anti-adjoint, [A,iB] # 0,

qu’on discutera dans la Section [1.2.2
Introduisons quelques sous-espaces de Y

Yo ={weY; /2 w(z)dr =0} = {G}+,
R

Y = {w € Y, / zjw(z)de = 0 for j = 1,2} = {G;0,G; G},
RQ

Ys = {we Vi / 22w (z)dz = 0} = {G;0,G; 3:G; AG) ™.
RQ

Ces sous-espaces sont tous invariants pour £ et A, et ils sont mémes laissés invariants par
I’évolution non linéaire (|1.1.10)). Il n’est pas difficile de démontrer les bornes spectrales de
L+ aA.

Proposition 1.1.2 (Gallay-Wayne [GWO05]). Soit o € R. Alors

Spec(L + alA) C {z € C; Re(z) >0} sur?,
1
Spec(L + al) C {z € C; Re(z) > 5} sur Yy,
Spec(L + alA) C {z € C; Re(z) > 1} sur Y7,
Spec(L + alA) C {z € C; Re(z) > 1} surYs, sia#0.

Ces bornes spectrales nous permettent de déduire des estimations sur le semi-groupe
associé & L 4+ aA. Celles-ci peuvent étre utilisées a démontrer que le tourbillon d’Oseen
aG est une solution stable de ’équation du tourbillon dans les variables auto-similaires
pour n’importe quelle valeur du nombre de Reynolds de circulation a € R.

Pourtant, les bornes inférieures spectrales dans la Proposition [1.1.2|ne sont pas précises
et surtout la derniére est méme tres loin d’étre optimale. Il existe évidemment des valeurs
propres de £ qui ne bougent pas sous l'action de la perturbation anti-adjointe A, et les
fonctions propres associées sont donc dans le noyau de A. A part d’eux, toutes les valeurs
propres de £ + aA correspondant aux fonctions propres dans le complément orthogonal
du noyau de A, ont une partie réelle qui tend vers 400 lorsque le parameétre |a| — co. Ce
fait a été numériquement observé par A. Prochazka et D. Pullin [PP95)] et a récemment
été affirmé par Y. Maekawa [Maell]. Autrement dit, la présence de la perturbation anti-
adjointe de taille tres grande augmente la borne spectrale de 'opérateur, donc le semi-
groupe associé décroit vite lorsque |a| devient grand. En outre, des simulations numériques
dans [PP95] ont indiqué que le taux de divergence est égal & O(|a|'/?), mais aucun résultat
quantitatif n’est valable jusqu’a présent.

On introduit quelques notations pour présenter deux conjectures sur le spectre et le
pseudo-spectre de l'opérateur non auto-adjoint £ + aA, formulées par T. Gallay dans
[Gall1].



16 CHAPITRE 1. INTRODUCTION

Définition 1.1.3. Soit Y| le complément orthogonal de Ker(A) dans Y. Soit 4, la
restriction de 'opérateur £+aA au sous-espace invariant Y, C Y. Soit o(7%,) son spectre.
On définit deux quantités

borne inférieure spectrale Yo = inf {Re(z); z € 0(H4)}, (1.1.14)

-1
borne inférieure pseudo-spectrale V¥, = (sup (% — i)\)_1||) . (1.1.15)
AER

Une relation elementaire

D’abord, on a une relation élémentaire entre les deux quantités introduites dans la
Définition [LT.3]
<V, <3¥,, pourtoutacRR. (1.1.16)

DN | =

Démonstration. En effet, puisque L est supérieur a 1/2 sur Y, on a pour tout A € R
1
Re((76, — iXN)u,u)y > §||u|]%/, YueY].

Il en résulte que ||(H4 — iX)ully > 3||lully pour tout u € Y. Notons que i\ n’est pas dans
le spectre de %, on a alors ||(# —i\) 7| < 2. Soient z, la valeur propre de %, qui a
la plus petite partie réelle et u, la fonction propre associée. Alors

(Mo — iNUa = (20 — INUa, |[(Ha —iN)ually = Re(za)llually,

ce qui implique
1 1
A —iN) T > = —.
e =N 2 o = 5

En prenant le supremum en A € R, on obtient 2 > W1 > ¥-1 qui est bien (I.1.16). O

Dans le cas auto-adjoint, c’est-a-dire que la perturbation anti-adjointe aA n’est pas
présente, les deux quantités dans la Définition [I.1.3| coincident, grace au théoréme spectral.
En revanche, dans le cas non auto-adjoint, I'inégalité a droite dans pourrait devenir
stricte. Les quantités 3, et ¥, ont un lien avec la norme du semi-groupe associé, voir
Lemme 1.1 dans [GGN09].

Sur la quantité pseudo-spectrale

Il faudrait expliquer pourquoi la quantité ¥, est reliée au pseudo-spectre de .77,. Nous
donnons deux points de vue. Rappelons la définition classique de pseudo-spectre pour les
opérateurs semiclassiques, voir par exemple [PS04], [DSZ04]. Pour une famille d’opérateurs
{Pa}‘a|>1 sur un espace de Hilbert X, son pseudo-spectre est défini comme le complément
de ’ensemble complexe de points z € C tels que

3N e N, limsup|a|™N|(Py — Z)_1||L(X) < +o0. (1.1.17)

|a] =400
Supposons que 'on a déja démontré que pour certaines constantes C',~y > 0,
U, > Cla|”  pour tout |a| > 1. (1.1.18)

Alors on voit facilement que le pseudo-spectre de la famille d’opérateurs {|a|™7 7, } 4 >1
est contenu dans le demi-plan {z € C; Re(z) > C~!}, en utilisant la formule de résolvant.
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Démonstration. Si Re(z) < 0, on a pour tout u € D(.7,) avec |lully = 1,

(e~ 2wy | = (Ao w)y = 2| = 5~ Re(z) >

N

donc |[(#, — 2)71|| < 2 pour Re(z) < 0. D’autre part, par la formule de résolvant, pour
wA€R ona

(Mo — =i\ = (A —iN) T = (A —iN) (A — p—iN) T
Sip >0, u|( —iN)7H < 1et u< Clal?, alors on déduit de I'hypotheése (1.1.18)

|t~ Clal™

A, — p—iN) 7| < . < :
1= =N < T o — a1 = T= Clal

En résumé, on a démontré que pour tout £ € (0,1), z € C tel que Re(z) < kC~tal?,
|(#% — 2)71|| < Ck, qui est équivalent & la suivante

V¢ € C, Re(¢) <wC™H,  |[(Ja| 7 — )7 < Culal”.

Par conséquent, si Re(¢) < C~1, alors ¢ n’est pas dans le pseudo-spectre de {|a| ™75 }a>1,
ce qui termine la démonstration. ]

Dans 'article [GGNQ9], au lieu de définir le pseudo-spectre d’une famille d’opérateurs
comme un sous-ensemble de C, une notion plus flexible est introduite.

Définition 1.1.4. Soit (wa)ja|>1 une famille de domaines complexes, i.e. w, C C pour
tout |a| > 1. On dit que w, évite le pseudo-spectre de %, lorsque |a| — +oo s'il existe
C >0et N €N tels que

limsup |o| ™ sup [|(# — 2) 7| < C.

|Gf‘*>+00 ZEWq

Au contraire, on dit que w, rencontre le pseudo-spetre de J#, lorsque |a| — 400, si pour
tout N € N,

limsup |a| ™Y sup ||(H4 — 2) 7L = 4.

|a|—>+oo ZEWq

On peut démontrer le lemme suivant, voir Lemma 1.3 dans [GGNOQ9].

Lemme 1.1.5. i) Pour tout k € (0,1), le domaine {z € C; Re(z) < rkU,} évite le
pseudo-spectre de H;, lorsque || — +00.

i) Si pro > Vo (1 +1og U, +log|a|) dans le sens que le rapport tend vers +o0o lorsque
la| — +o00, alors le domaine {z € C; Re(z) < pao} rencontre le pseudo-spectre de 7,
lorsque |a| — +00.

Comme nous avons expliqué, la présence de la perturbation anti-adjointe aA augmente
la borne inférieure spectrale de 7%,. Lorsque le nombre de Reynolds de circulation |«|
devient tres grand, le spectre est emporté beaucoup plus loin de ’axe imaginaire. On veut
visualiser cet effet sur les deux quantités introduites dans la Définition Le travail
de Y. Maekawa [Maell] nous dit que la quantité ¥, — +oo lorsque |a| — +o00, et son
résultat peut en fait étre modifié & arriver & la conclusion plus forte : ¥, — 400 lorsque
|| — +oo. Néanmoins, sa preuve est basée sur un argument de contradiction donc il
n’a fourni aucun résultat quantitatif. Une question naturelle est de trouver le taux de
divergence en fonction de «.
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Conjecture 1.1.6 ([Galll], sur le pseudo-spectre).
U, ~ a3, lorsque |a] — 4oc.

Basé sur un modele unidimensionnel introduit par I. Gallagher, T. Gallay et F. Nier
dans [GGNQ9] qu’on va présenter dans la Section et un modele en dimension 2 étudié
dans [Denl0a], on croit que la puissance 1/3 soit optimale si la Conjecture est vraie.

Conjecture 1.1.7 (|Galll], sur le spectre). La valeur propre de 7, qui a la plus petite

partie réelle vérifie

|al

Ao ~ (—
“ (167r

La fonction propre associée a une expression suivante

)1/2(1 +1i), losque |a] — +o0. (1.1.19)

wa(rsinb,rcosf) ~ e —ar—za)?eif oy 2y & (104)1/4.

En particulier, (|1.1.19)) implique
Yo~ a2, losque |a| — 400,

ce qui coincide avec les observations numériques dans [PP95]. Notons que la fonction propre
we est asymptotiquement concentrée dans une couronne située d’une distance O(]a|'/*)
de l'origine, donc trés loin du centre du tourbillon.

Remarque 1.1.8. Rappelons que dans le cas auto-adjoint, ¥ et 3 sont égales. Pour le
probleme original non auto-adjoint, on estime que les taux de divergence de ¥, et de X,
soient différents, c’est un effet non auto-adjoint.

Conjugaison

Au lieu d’étudier I'opérateur .7, dans I'espace a poids Y = L?(R?; G~'dz), on préfere
travailler dans I’espace usuel sans poids L?(R?;dz). On définit

Ho = G V2H,GY? = L + aM, (1.1.20)
ou
|| 1
Lo =G 200" 0w = —Aw + ﬁw — 5% (1.1.21)
Mw =G V2AGY2w =07 - Vw — 501/% - (Kgs * (Gw)), (1.1.22)

pour w € L?(R?; dx). Rappelons que 1'on utilise les notations - Le terme non
local donné par la loi de Biot-Savart devient le deuxieme membre dans M. Remarquons
le premier terme dans M est

1 1— e lal?/4

0¥ Vw=—0(z)dp, ono(z)= TR Op

o =102 — 2201, (1.1.23)

un champ de vecteurs de divergence nulle. Le noyau de M est

Ker(M) = {fonctions radiales dans R*}&
{B121G ()" + BoxaG(x)/?; 81, B € CY. (1.1.24)
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On se restreint comme précédent au complément orthogonal de Ker(M) dans L?(R?; dx).
Le point clé est que les opérateurs L et M sont invariants par rotations autour de ’origine,
donc on peut travailler dans les coordonnées polaires et développer la variable angulaire
en série de Fourier. La question bidimensionnelle se réduit donc a une famille d’opérateurs
unidimensionnels dans la variable radiale.

L’étude des propriétés spectrales et pseudo-spectrales de H,, est difficile, & cause du
terme non local dans la partie anti-adjointe. Puisque ce terme est compact, on pourrait
espérer qu’il ne joue pas de role important.

1.1.4 Un modéele opérateur unidimensionnel

Le premier essai pour étudier ce probléeme non auto-adjoint est di a I. Gallagher,
T. Gallay et F. Nier [GGN09]. Motivé par l'opérateur bidimensionnel (1.1.20) qui nous
intéresse, ils ont proposé un modele unidimensionnel général, mais sans terme non local

H, = —-0?+2* +iaf(z), z€R, (1.1.25)

oll o > 1 est un grand parameétre, f: R — R est une fonction lisse, bornée et a valeurs
réelles. Le domaine de H,, est {u € H?(R); |z|>u € L?>(R)}. Ce modéle a une partie imagi-
naire extrémement simple, juste une multiplication par une fonction purement imaginaire.

Les auteurs de [GGN09| ont étudié des propriétés spectrales et pseudo-spectrales de ce
modele dans la limite o — +00. Sous des conditions appropriées imposées sur la fonction
f, ils veulent savoir comment la présence de la partie imaginaire affecte-t-elle les propriétés
spectrales et pseudo-spectrales de 'opérateur H,. Définissons deux quantités comme celles
introduites dans la Définition

Yo = inf {Re(z), z € 0(H,)}, (1.1.26)

\1/—( Ho—in) ) 1.1.27
o= (sup | (Ho —i0)7"]) (1.1.27)
PYSIN

Onaiazq/a21pourtoutoz>0.

Les premiers résultats sont qualitatifs : dés que la fonction f est non constante, alors
T, > 1, ce qui implique en particulier que I’état fondamental de 1'oscillateur harmonique,
ainsi que le spectre, bouge vers la droite sous ’action de la perturbation anti-adjointe ; en
outre, si toutes les lignes de niveau de la fonction f sont d’intérieur vide, alors ¥, tend
vers I'infini lorsque « tend vers +oo. La question qui suit naturellement est de chercher
des résultats quantitatifs. A ce moment-1a, il faudrait imposer des conditions plus précises
sur la fonction f. Les auteurs ont proposé deux approches pour étudier ce probléme.

La premiere approche repose sur la méthode d’hypocoercivité, développée par C. Vil-
lani [Vil09], [Vil06]. Cette méthode s’applique en particulier aux opérateurs de la forme
L = A* A+ B sur un espace de Hilbert X, ou B est anti-symétrique. Sous certaines condi-
tions, ceci permet de comparer les propriétés spectrales de L avec celles de 'opérateur
auto-adjoint L = A* A+ C*C avec C' = [A, B]. Le probléme rentre dans ce cadre :
si 'on prend X = L*(R), A = 0, + z et B =iaf(z), on a H, — 1 = A*A + B. Puisque
C = [A, B] = iaf'(x), Vopérateur auto-adjoint associé H,, défini par H,—1 = A*A+C*C
a la forme suivante
Hy= 02+ 22+ a*f ()%, ze€R.

Il est assez standard de déduire la borne inférieure spectrale de 'opérateur H,, en utilisant
des méthodes classiques. La méthode hypocoercive leur permet d’estimer le semi-groupe
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associé & l'opérateur non auto-adjoint (1.1.25). Voir le Théoréme 1.5 dans [GGNO9] pour
I’énoncé détaillé.

La deuxieme approche est plus classique. On s’intéressent a une classe de fonctions
spécifiques :

Hypotheése 1.1.9 ([GGN09, Hypothesis 1.6]). Supposons que f est une fonction de classe
C3 wvérifiant les conditions suivantes.

(i) [ est une fonction de Morse, c’est-a-dire f'(x) =0 implique f"(x) # 0.

(i1) Il existe des constantes k >0, C' > 0 telles que pour tout |x| > 1, on a

1 C
l —_— —_—
Ox(f(:v) - ‘l‘|k)‘ < W, pour ! =0,1,2,3.

Grosso modo, on considére des fonctions de Morse qui se comportent comme |z|7% &
I’infini, ainsi que leurs dérivées jusqu’a l'ordre 3. Cette classe de fonctions est bien motivée
par la fonction radiale o(z) dans , qui a un seul point critique non dégénéré localisé
a Dorigine et décroit comme |z|~2 & P'infini. Pour une fonction vérifiant I'Hypothese m,
I’estimation optimale pour la quantité pseudo-spectrale a été démontrée.

Théoréme 1.1.10 ([GGNQ9, Theorem 1.8]). Supposons la fonction f vérifiant I’Hypothése
pour un certain k. Alors il existe une constante M > 1 telle que pour tout o > 1

2

1 _
Moz” <V¥,< Ma”, avecv= Pd

Remarque 1.1.11. Ce modele unidimensionnel suggere que la bonne puissance de crois-
sance pour la quantité pseudo-spectrale soit égale a 1/3 pour le probléme initial ,
puisque la fonction o(z) dans vérifie ’'Hypothese avec k = 2. Ceci coincide
avec la Conjecture [I.1.6]

La partie difficile de ce théoréme est de trouver une borne inférieure de U,,. Le résultat
est établi en utilisant une méthode classique, et elle consiste & ramener le probléme aux
modeles microlocaux, pour lesquels on sait des estimations sous-elliptiques semiclassiques,
en localisant la variable x prés de points critiques de f et prés de I'infini.

L’analyse pour la quantité spectrale Y, est plus difficile. Ils I'ont examinée sur un
exemple concret

fl@) =1+ z|>)7*2, zeR.

Alors il existe C' > 0 tel que pour tout o > 1, (voir Proposition 1.9 dans [GGN09)|)

- , 12

Yo >Ca”, avecv = min{2, m} (1.1.28)

Ce résultat est basé sur une méthode de déformation complexe, et en plus ils ont donné
des simulations numériques pour assurer que Iestimation ([1.1.28]) est optimale au sens ou
la puissance v/ ne pourrait pas étre améliorée. En particulier, lorsque k = 2, f]a ~ al/?,
qui coincide avec la puissance dans la Conjecture [[.1.7]

1.2 Opérateur non auto-adjoint et Pseudo-spectre

Les opérateurs non auto-adjoints apparaissent naturellement dans des problemes de la
physique mathématique. Il est bien connu que pour les opérateurs non auto-adjoints, il
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peut y avoir des phénomenes d’instabilité, observés numériquement et étudiés théorique-
ment. L’opérateur de Orr-Sommerfeld, provenant de la mécanique des fluides, est I'un des
premiers exemples traités numériquement, pour lequel I’étude spectrale donne une expli-
cation de l'instabilité du flot de Poiseuille dans le plan. Pourtant, dans certains cas, les
prédictions sugérées par la théorie spectrale ne correspondent pas aux simulations numé-
riques. La difficulté dans I’étude des opérateurs non auto-adjoints consiste au fait que la
norme de la résolvante peut étre grande méme tres loin du spectre.

1.2.1 Pseudo-spectre

La notion de pseudo-spectre est introduite par L.N. Trefethen [Tre97] [TE05], et elle
a été étudiée numériquement depuis une dizaine d’années. L’idée est de considérer non
seulement le spectre ou la résolvante d’opérateur n’est pas définie, mais aussi I’ensemble
des points ou la résolvante est trés grande en norme. Soit A un opérateur linéaire (fermé)
sur un espace d’Hilbert X. Pour € > 0, le e-pseudo-spectre de A est défini par

_ 1
o (A)={2€GC; [[(z- )7 > b (1.2.1)
avec la convention ||(z — A)7!|| = 400 pour z appartenant au spectre de A. En d’autres
termes, I’étude du pseudo-spectre d’un opérateur est exactement 1’étude des courbes de
niveau de la norme de la résolvante.

Une facon équivalente de caractériser le e-pseudo-spectre est en termes du spectre des
opérateurs perturbés (théoreme de S.Roch et B.Silbermann, [RS96]). On a

0(A)={2€C; z€a(A+ AA) pour AA € L(X) avec [|AA| z(x) < €}. (1.2.2)

ou L(X) est lespace des opérateurs linéaires bornés sur X. Autrement dit, un point
z appartient au e-pseudo-spectre de A si et seulement si z appartient au spectre d’un
certain opérateur perturbé A+ A A avec perturbation de taille plus petite que e. En réalité,
lorsqu’on veut calculer numériquement le spectre d’un opérateur, on commence toujours
par le discrétiser, et ensuite on calcule les valeurs propres d’une certaine matrice a ’aide
des logiciels numériques. Par conséquent, les valeurs propres qu’on obtient sont exactement
dans un certain e-pseudo-spectre, mais probablement en dehors du spectre de 'opérateur
original. Ceci explique I'importance de comprendre la notion de pseudo-spectre, puisque
elle est liée a la stabilité ou I'instabilité du spectre.

Le concept de pseudo-spectre n’est intéressant que pour les opérateurs non auto-
adjoints, ou plus précisément pour les opérateurs non normaux. En effet, si A est un
opérateur normal, le théoréme spectral (voir (V.3.31) dans [Kat95]) nous dit

Vi o(d), [z — A <

< m, (1.2.3)

ou d(z,0(A)) désigne la distance entre le point z et le spectre o(A) de I'opérateur A. Ceci
implique immédiatement que le e-pseudo-spectre d’un opérateur normal est exactement
égal au e-voisinage du spectre

0e(A) = {z € C; d(z,0(A)) < €}.

A un point loin du spectre d’un opérateur normal, la résolvante ne peut pas étre grande
en norme.



22 CHAPITRE 1. INTRODUCTION

La difficulté principale dans I’étude des opérateurs non normaux réside au fait que,
I'inégalité (|1.2.3)) n’est plus vraie en général. Pour un opérateur non normal, la norme de
la résolvante peut étre assez grande méme tres loin du spectre. Ce fait est connu depuis
longtemps. Le e-pseudo-spectre peut étre beaucoup plus gros que le e-voisinage du spectre,
ce qui induit une instabilité spectrale tres forte sous des petites perturbations. Ce type
d’instabilité a été beaucoup étudié, voir par exemple [PSO6D].

Le probleme d’évolution pour les opérateurs non auto-adjoints peuvent étre instable.
Considérons une équation d’évolution linéaire

{8tU($,t) = Au(m,t), (1.2.4)

u(z,0) = ug(x).

Supposons que A est le générateur d’un semi-groupe C°, notons par e*4 et la solution de
[1.2.4) est u(t,z) = e ug(z). L’abscisse spectrale de A est définie comme

a(A) = sup Re(z).
z€o(A)

D’abord on a toujours
e > et v > 0.

Donc si le spectre de A contient des points dont la partie réelle est positive, le semi-
groupe augmente exponentiellement. Cependant, dans le cas ou A est non normal, méme
si 'abscisse spectrale est strictement négatif, il y aurait des phénomeénes d’instabilité. Ceci
est relié aux pseudo-spectres. Pour € > 0, définissons la e-abscisse pseudo-spectrale

ae(A) = GSUI()A) Re(z),

et le taux de croissance du semi-groupe
Wo(A) = i 2 log || (tA)|l
wWo(A) L og || exp(tA)]|.

En considérant les fonctions propres, on a

Bo(A) > sup Re(z) = a(A),
z€o(A)

mais I'égalité est fausse en général. Le théoreme de Gearhart-Priiss nous dit la relation
inverse.

Théoréme 1.2.1 (Gearhart-Priiss [ENO0O], [HS10]). Soit A un opérateur fermé avec do-
maine dense sur un espace de Hilbert X tel que A engendre un semi-groupe de contraction.
Alors on a

Dans le cas non normal, bien que le spectre soit contenu dans le demi plan complexe
ou la partie réelle est strictement négative, des abcisses e-pseudo-spetrales peuvent étre
strictement positives pour e petit strictement positif. La référence [Tre97] nous donne des
illustrations intéressantes de ces quantités.

Les exemples d’opérateurs non auto-adjoints sont tres variés. L’exemple le plus simple
est le bloc de Jordan, étudié par J. Sjostrand et M.Zworski [SZ07], dans leur article tous les
calculs concernant le spectre, pseudo-spectre et semi-groupe sont explicites et élementaires.
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D’autres exemples, comme l'oscillateur harmonique non auto-adjoint, étudié par L. Boul-
ton [Bou02| et ensuite K. Pravda-Starov [PS06a], 'opérateur de Krammers-Fokker-Planck
étudié par F. Hérau, J. Sjostrand et C. Stolk [HSSO05], les spectres et pseudo-spectres
sont caractérisés. Le livre [TE05] donne un apercu historique trés complet et beaucoup
d’illustrations sur le sujet de I’opérateur non normal et le pseudo-spectre.

1.2.2 Une classe d’opérateurs non auto-adjoints

Les opérateurs non auto-adjoints qu’on étudie dans cette thése ont une structure par-

ticuliere

H=A+1iB, (1.2.5)
agissant sur un espace de Hilbert X, ou A est auto-adjoint et non negatif, iB est anti-
adjoint tels que A et i¢B ne commutent pas, d’ou provient la non-normalité de H. Dans
beaucoup de problemes venant de la physique mathématique, on peut rencontrer des
équations d’évolution linéaire avec un générateur non auto-adjoint de ce type. La partie
A décrit la dissipation du systéme et la partie iB décrit la conservation.

En particulier, dans la théorie des équations cinétiques, il y a beaucoup de modeles
ayant la structure . Il s’agit de décrire I’évolution de la densité de probabilité de
présence des particules dans ’espace, qui est une fonction dépendant du temps ¢, de la
position des particules z € R" et de leur impulsion v € R™. Le systéme a une structure
suivante :

diffusion dans la variable v + transport dans les variables (¢, x).

Parmi eux, sont I’équation de Kolmogorov, 'opérateur de Fokker-Planck [HSS05], I'opé-
rateur de Boltzmann sans troncature angulaire [LMPSI12], 'opérateur de type Landau li-
néaire [HPS11], etc. La partie dissipative de ces équations est dégénérée et elle ne concerne
que la direction v. Néanmoins, la présence de la partie transport et surtout l'interaction
entre les deux parties produisent des effets dissipatifs ou effets régularisants dans toutes
les variables du systeme. Un probleme important intervenu dans I’étude d’un tel systéme
est la dérivation des estimations de régularités optimales de leurs solutions.

L’opérateur de Kolmogorov, hypoellipticité

Passons aux quelques exemples. L’exemple le plus simple ayant la forme (|1.2.5)) est
I'opérateur de Kolmogorov,

K:8t+x8y—82

x?

(t,z,y) € R>. (1.2.6)
En introduisant les champs de vecteurs Xo = J; + 20, et X1 = 0., on peut écrire
K = Xy + X7 X;.
La relation de commutation
(X1, Xo] = [0x,0r + 20y = 0y

nous dit que l'algébre de Lie engendrée par les champs de vecteurs Xg, X7 est égale a
'espace tangent entier R3. L’opérateur de Kolmogorov K n’est pas elliptique, et a priori
il n’est elliptique que dans la variable z. Pourtant, il est hypoelliptique, c’est-a-dire que,
si Ku est dans C'°°, alors u est dans C'°°. Ce résultat est obtenu par une construction
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directe de la solution fondamentale, qui est une fonction C'°*° en dehors de la diagonale,
voir [Hor83, page 210]. La non-commutation de la partie réelle et la partie imaginaire
produit un effet régularisant dans la variable y.

Il est intéressant de se demander combien de dérivées qu’on gagne dans la variable y
dans cette procédure. En utilisant un changement de variables et en résolvant une équation
différentielle ordinaire, on peut arriver & une estimation hypoelliptique : il existe une
constante C' > 1 telle que pour tout u € C§°(R?),

Ol Kull gy + Cllullzzesy > 11Dy ulagesy + | D2ull sy (12)

Cette estimation est aussi optimale.
L’opérateur de Kolmogorov était la motivation de I’analyse de Hérmander sur I’hypo-
ellipticité pour les opérateurs différentiels linéaires d’ordre 2 [Hor67].

Définition 1.2.2. Soient Xo, X1,---, X, p champs de vecteurs C*° dans un ouvert (2 de
R". (X0, X1, -, X}p) sont dites vérifient la condition de Hérmander dans €2, s'il existe
r > 0 tel que a tout point dans 2, ’espace vectoriel engendré par les crochets de Lie itérés
d’ordre inférieur que r — 1 de X, --- , X, est égal a R".

On peut trouver le résultat d’hypoellipticité dans [Hor67] ainsi que dans le chapitre 2
de [HNO5].

Théoréme 1.2.3. Supposons les champs de vecteurs (Xo, X1, -, Xp) vérifiant la condi-
tion de Hormander pour un certain r dans Q. Alors opérateur (de Hérmander du type

2)
P
L=Xo+Y X;X;
j=1
est hypoelliptique dans €.

L’opérateur de Fokker-Planck
Le deuxiéme exemple typique est 'opérateur de (Krammers-)Fokker-Planck, provenant
de la physique statistique
Prp = —02 + 0> 40v-0, —VV(2)- 0y, (x,v)€R™, (1.2.8)
ou le potentiel V(x) est une fonction a valeurs réelles définie sur R". La partie réelle de
Ppp est oscillateur harmonique dans la variable v, et la partie imaginaire est un champ
de vecteurs de divergence nulle. Il y a beaucoup de travaux concernant 'opérateur de

Fokker-Planck, voir par exemple [HNO5], [HSS05]. Nous nous intéressons ici notamment
aux estimations hypoelliptiques, qui ont un lien avec le retour vers I’équilibre du systeme.

Théoréme 1.2.4 ([HNO5]). Supposons pour tout |a| = 2,
Ve € R™, |00V (z)| < Co(l 4 |VV (2)])7°,
avec pg > %, et
IVV (z)| — +o0, |z| — oc.
Alors Uopérateur de Fokker-Planck Ppp (1.2.8) vérifie l’estimation suivante : il existe une
constante C' > 1 telle que pour tout u € C§°(R?*™),
CHPFPUHLQ(RQ'”) + CHUHLQ(RQ")
> (D + [VV(@)])Pull 2geny + 1(DF + 0*)ul| 2gany. (1.2.9)

De plus, l'opérateur Prp a résolvant compact.
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L’estimation (|1.2.9)) est optimale.

Estimations résolvantes améliorées

D’un autre c6té, la présence d’une grande partie imaginaire peut améliorer les estima-
tions résolvantes. On voit ce fait facilement sur le modele suivant

L,=-0?+2*+ivz, w€R, (1.2.10)

ol 7 > 1 est un grand parametre. La partie réelle de L, est l'oscillateur harmonique, qui
est supérieur a 1. Donc ’axe imaginaire et le spectre de L, sont disjoints, puisque son
image numérique est inclus dans le demi plan complexe ou la partie réelle est supérieure
a 1. En effet, on a des estimations résolvantes meilleures sur I’axe imaginaire quand =y est
tres grand, voir par exemple la Section 3.2.2 dans [GGNQ9],

Yy > 1, supl|(Ly — i\l pem) < Oy (1.2.11)
AeR

Meéme si la partie imaginaire de L, n’a pas de signe, la non-commutation améliore les
estimations résolvantes sur ’axe imaginaire. De plus, les points sur ’axe imaginaire sont
emportés loin du pseudo-spectre de 'opérateur L, lorsque le parametre v devient tres
grand. Notons que dans la, puissance 2/3 est optimale.

1.2.3 Méthode des multiplicateurs

Nous utilisons dans cette these la méthode des multiplicateurs (ou la méthode des
commutateurs), qui est une méthode classique et déja utilisée par plusieurs auteurs. En
travaillant dans ’espace des phases, cette méthode s’applique particulierement aux opé-

rateurs ayant la forme ,
H=A+iB, A*=A, (iB)"*=—iB, A>0, [A,iB]#0.
Pour un tel opérateur, en multipliant par 'identité, on obtient une égalité
Re(Hu,u) = (Au,u). (1.2.12)

La positivité de A donne évidemment une partie de régularité, au moins dans une certaine
région de l’espace des phases. Cependant, dans la plupart de cas, 1’égalité (1.2.12) n’est
pas suffisante, du fait que A peut étre dégénéré ou que A peut s’annuler dans une certaine
région, comme les modeles que nous avons vus dans la section précédente. Pour retirer
la partie de régularité manquante, que A ne peut pas produire, I'idée est d’exploiter la
non-commutation entre la partie réelle et la partie imaginaire. Remarquons que pour deux
opérateurs J* = J, K* = —K, on a I’égalité suivante

2Re(Ju, Ku) = ([J, K|u,u). (1.2.13)
En multipliant par un opérateur auto-adjoint M, on trouve
2Re(Hu, Mu) = 2{Au, Mu) + ([M, iBlu,u),

donc on obtient un commutateur [M,iB] qui est auto-adjoint, d’ott on espére gagner la
partie de régularité qu’on recherche. L’objet est de construire le multiplicateur M, qui est
un opérateur (pseudo-différentiel) auto-adjoint, pour lequel on peut profiter de la non-
commutation en appliquant les calculs pseudo-différentiels, et bien évidemment il faut
savoir controler les autres termes.
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Un modéle opérateur

Soyons plus précis sur un exemple concret. Soit v > 1. On considere
P, =D} —iyt, teR. (1.2.14)

L’opérateur P, rentre dans ce cadre qu’on vient de discuter. On veut examiner ’estimation
suivante, en utilisant la méthode des multiplicateurs : il existe une constante C' > 1 telle
que pour tout u € C§°(R) et pour tout v > 1,

1Pyl gy > OV ull 2y (1.2.15)

Remarquons d’abord que est une estimation tres classique, on peut ’obtenir par
un changement de variables et du fait que I'opérateur P; a résolvant compact.

On travaille sur 'espace des phases Ry x R, ou 7 désigne la variable duale de t. Le
premier étape est de multiplier par 'identité

Re(Pyu, u)r2ry = (Dfu,u)p2g)” > ”’YQBHUH%?(R)-

ou la derniére inégalité est “vraie” si u est supportée (microlocalement) dans la zone
{|7| > v/} de I'espace des phases. La zone problématique est donc {|7| < y/3}.

Le but est de construire un multiplicateur pour cette zone difficile. Pour cela, choisis-
sons une fonction décroissante v telle que

Y € C(R;[0,1]), ¢|(—oo,2] =1, ¢

1
/
= < T oA L.
[2,400) = 0, (0 |[—1,1} =710 (1.2.16)

Le multiplicateur de Fourier M = v(y~'/3D;) défini par
F( 2 Dou)(r) = w(y"Pr)ar),

est un opérateur auto-adjoint et borné sur L?(R), oi1 I'on note par Fu = @ la transformée
de Fourier de la fonction u. On calcule 2Re(Pu, Mu) 2Ry,

2Re(Pyu, Mu)r2(m) = 2Re(D?u, Mu) 2wy +([M, —ivt]u, u) 2R

>0

Puisque it est affine, on trouve facilement
(M, —int) = —*/*¢ (12 Dy),
Donc on a
Re(Pyu, (14 2M)u) r2r) > <<D1:2 - 72/3¢/(7_1/3Dt))u7U>L2(R) > o7 |ul 72 @),
ou la derniere inégalité résulte de
vreR, 72—y r) 2 e,
Puisque M est borné sur L2(R), on conclut par une inégalité de Cauchy-Schwarz

IPyull 2@y = Cv*3|ull 2wy
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Un modele général

La méthode des multiplicateurs est adaptée a la plupart des modeles ((1.2.5)), quand on
démontre des estimations hypoelliptiques. Dans I’article [HSS05], un modeéle assez général,
lopérateur de Fokker-Planck y compris, est traité en utilisant la méthode des multipli-
cateurs dans le cadre semiclassique. On présente ici une version simplifiée. Il s’agit de
considérer les opérateurs pseudo-différentiels avec symbole de Weyl

p=p1+ip2, p1=0, (1.2.17)

ou p1, p2 sont des fonctions C™ & valeurs réelles définies sur ’espace des phases R7 x R
Supposons que les symboles sont dans un calcul de Weyl associé a une métrique admissible
sur l'espace des phases qui nous permet de faire des calculs symboliques, c¢’est-a-dire qu’il
existe un poids admissible A > 1 tel que T'g = |dz|? +A~2|d¢|? est une métrique admissible,
et p est dans S(A2%,T'g), un symbole d’ordre 2 vérifiant une condition de crochet de Poisson
(voir (H1-H4) dans [HSS05] pour les hypothéses complétes sur les symboles et le poids).

Hypotheése 1.2.5. [l existe g > 0 tel que
p1+eoHp, (p1) = A%,
ou H,, est le champ hamiltonien associé a pa, Hp,(p1) = {p2,p1} et HgQ (p1) = {p2, {p2,p1}}

On a une estimation suivante.

Théoréme 1.2.6 ([HSS05]). Supposons le symbole p vérifiant (1.2.17) et I’Hypothése
. Il existe une constante C' > 1 telle que pour tout u € C§°(R™),

Cllp“ull 2wy + Cllull2@ny = 1(A*2) ul f2gny, (1.2.18)
ou p¥ désigne la quantification de Weyl du symbole p.

La zone difficile dans I'espace des phases est
{(z,6) e R*", p1 S A*?),

pour laquelle on cherche un multiplicateur. Le multiplicateur utilisé pour déduire 1’esti-
mation est de symbole
b: Hp2p1¢( pl )

A4/3 A2/3
ou ¢ € CP(R;[0,1]) est telle que ¢ = 1 sur [—1,1], ¢ est a support dans [—2,2]. Alors b
est & support dans {p; < 2A2/ 31 et b¥ est auto-adjoint. En multipliant par (1 — eb)® avec
€ > 0 a choisir et en faisant (formellement) des calculs symboliques, on trouve

Re(p“u, (1 — b)"u) = Re((1 — eb)“p“u,u) = ((Re (1 — eb)ip) " u, u)
= <((1 — eb)p1 + %{pz, b})wu, u) + terme de reste.

On retrouve le crochet de Poisson {p2, b} et en plus, en utilisant ’'Hypothese et en
choisissant € > 0 assez petit, on a

(1 —eb)p1 + %{pg, b} > A%3 — terme de reste,

ce qui donne une astuce de la preuve du Théoreme [1.2.6
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L’opérateur de Fokker-Planck (|1.2.8)) rentre dans ce cadre. En effet, on a Prp = p{’+ip¥
avec
pr=v+n", pp=v-£—VV(z)-n,

ou (&,n) désigne les variables duales de (x,v). On vérifie facilement
{p27p1} = _2(77 . 5 +v- VV(J:)),

{p2. A2, p1}} = 2(IVV (@) + [€]%) — 2(V" (2)v? + V" (2)7?).

Introduisant le poids
A? = Az,v,6,m)* =1+ ol + [0 + [VV (@) + [

En supposant V" borné, on voit 'Hypothése vérifiée par le symbole de 'opérateur de
Fokker-Planck. Bien entendu il faut imposer des conditions supplémentaires sur le potentiel

V pour garantir un calcul symbolique, et sous ces conditions on retrouve l’estimation
hypoelliptique (1.2.9]), qui est optimale. On renvoie a l'article [HSS05] pour plus de détails.

Remarque 1.2.7. La méthode d’hypocoercivité [Vil09], [Vil06] permet aussi d’étudier les
modeles de la forme (1.2.5)), sur le probleme de convergence de solution vers 1’équilibre.
On l'a présentée sur un modele simple dans la Section

1.3 Enoncé des résultats

Cette these est consacrée a ’étude du pseudo-spectre des opérateurs non auto-adjoints
liés & la question de stabilité du tourbillon d’Oseen présentée dans la Section

1.3.1 Enoncé des résultats du chapitre 2

Dans le chapitre 2, on reprend le contenu de I'article [Denl0al], Resolvent estimates for
a two-dimensional non-self-adjoint operator, qui a été accepté pour publication dans le
journal COMMUNICATIONS ON PURE AND APPLIED ANALYSIS.

On étudie un opérateur bidimensionnel qui est la motivation de I'article [GGNQ9], en
négligeant le terme non local dans 'opérateur original

b 1, a

Hy=—-A ~+ —o(x)) R? 1.3.1
«a + 16 2 + 87T0-(:E) 9, T € 5 ( )
agissant sur L?(R?;dz), ou I'on note
1— e lal?/4
o(x) = T4 0p = 1102 — 2201. (1.3.2)

Avec domaine D(H,) = {w € H*(R?); |z|?w € L*(R?)}, H, est un opérateur fermé.

La partie imaginare ao(z)0dy s’annule sur des fonctions radiales. En particulier, 1’état
fondamental de l'oscillateur harmonique e~ 1e1*/8 restent toujours une fonction propre de
H,, correspondant & la valeur propre 0, pour tout o € R. Donc on se restreint sur le complé-
ment orthogonal de la partie imaginaire de H, pour obtenir des estimations intéressantes.
En utilisant les coordonnées polaires dans R?, on introduit

iQ(RQ) = {w € L2(R2;dx); w(rcosf,rsinf) = Zwk(r)eike},
k#£0
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Alors en restreignant 'opérateur H, a L?(R?), son spectre est inclus dans le demi-plan ot
la partie réelle est supérieure & 1/2. Nous démontrons des estimations résolvantes uniformes
sur l’axe imaginaire.

Théoréme 1.3.1 (Theorem [2.2.2)). I existe des constantes Cy > 0, ag > 0 telles que pour
tout |a| > ag, on a )
sup (o = iX) " ey < Cytal 73, (1.3.3)

oty L(L*(R?)) désigne l'espace des applications linéaires bornées sur L?(R?).
L’estimation (|1.3.3) donne une borne inférieure de la quantité pseudo-spectrale ¥,
(1.1.15)) lorsque le terme non local est négligé, qui est la partie difficile de cette analyse.
En fait, ce qu’on démontre dans ce chapitre est une estimation plus fine, qui implique le
théoréme précédent et 'optimalité de la puissance 1/3 pour la quantité pseudo-spectrale.

Théoréme 1.3.2 (Theorem [2.2.3). Il existe Co > 0 et ag > 1 tels que pour tout A € R,
la] > ag et w € D(Hy) N L*(R?), on a

(o — i\l 22y = Colal /31 Dol 3l 2 ), (1.3.4)

ot Hy, est donné par (1.3.1)) et
(| Dg|3w)(r cos 0, 7sin 0) = Z K|V Bwn (e pour w = Z wi(r)et™.
k£0 k0
De plus, l'estimation (1.3.4]) est optimale au sens ou, pour certain X € R, on peut trouver
une fonction w € D(H,) telle que [|(Ho —i\)wl| 2 g2y = (9(|a|1/3)|||D9|1/3w||L2(R2) lorsque
la| = 4o0.

La preuve de ’estimation consiste a utiliser les coordonnées polaires et la trans-
formation de Fourier dans la variable angulaire pour ramener I'opérateur bidimensionnel
H, — i) en une famille d’opérateurs unidimensionnels indexés par le parameétre du mode
de Fourier k € Z

K2 21 ak

- 1 . '
Hojorn = =07 = ~0r + 5+ 22— 5 Hig_o(r) =i,

agissant sur L2(R;7dr), ot 'on note o(r) = o(x) pour r = |z| puisque o est une fonction
radiale ([1.3.2)). On écrit la partie imaginaire de la maniére suivante

k k 8mA
ig—ﬂa(r) —iA= ig—ﬂ(a(r) — V), avec U= %.
Puisque l'image de la fonction o est [0, 1], on discute deux cas selon le changement de

signe de la fonction o(r) — vy.

— Cas facile : la partie imaginaire ne change pas de signe. Ce cas est facile a traiter, en
utilisant les multiplicateurs triviaux Id, +ilId et le fait que la fonction o se comporte
comme 472 & Pinfini et 1 — 72/8 prés de l'origine.

— Cas non trivial : la partie imaginaire change de signe. On a v, = o(rx) € (0,1).
Dans ce cas-la, la difficulté est de déduire une estimation pour des fonctions sup-
portées pres du point ri, c’est-a-dire dans la zone ol le changement de signe a lieu.
Nous appliquons la méthode des multiplicateurs, présentée dans la Section [1.2.3
Le multiplicateur qu’on construit est un opérateur pseudo-différentiel, qui est une
régularisation d’une fonction de Heaviside bien choisie et dépend d’une métrique de
Hoérmander. Ensuite, en utilisant des techniques de localisation via une partition de
I’'unité, on recolle les estimations dans des différentes zones dans ’espace des phases,
et on arrive a une estimation globale.



30 CHAPITRE 1. INTRODUCTION

1.3.2 Enoncé des résultats du chapitre 3

Le chapitre 3 reprend le contenu de l'article [Denllb|, Pseudospectrum for Oseen vor-
tices operators, qui a été accepté pour publication dans le journal INTERNATIONAL MA-
THEMATICS RESEARCH NOTICES.

Ce travail est consacré a 1’étude du pseudo-spectre de 'opérateur linéarisé complet
(1.1.20)), en tenant compte du terme non local

How = Lw + aMw, w € L*(R% dx)
=(-Aw+ —w-— 1w) + a{vc -Vw — %Glﬂx - (Kpg * (GI/ZM))}, (1.3.5)

ot v, G, Kpg sont donnés par , . On espere démontrer une estimation res-
semblant a pour H, sur le complément orthogonal du noyau de la partie imaginaire
M . En utilisant les coordonnées polaires dans R2, pour kg > 1, on introduit un
sous-espace de L?(R?;dx)

Xy = {w € L*(R?;dx); w(rcosf,rsinf) = Z wk(r)eike}. (1.3.6)
|k|=ko
Muni de la norme || - [|12(r2), Xk, est un espace de Hilbert et invariant de I'opérateur H,.

En prenant D = {w € L?(R?); w € H*(R?), |z|*w € L*(R?)} comme domaine, H, est
un opérateur fermé. Pour tout kg > 1, H, est un opérateur fermé sur Xy, avec domaine
D N X}, et son image numérique définie par

@(Ha;Xko) = {<HaWaW>L2(]R2) eC webD N Xk, HWHLQ(]RQ) = 1},

ainsi que son spectre, est inclus dans le demi plan
k
{z € C; Re(z) > ?0}

Donc l'axe imaginaire est contenu dans l’ensemble résolvant de H,. Notre résultat est le
suivant.

Théoréme 1.3.3 (Theorem [3.2.2)). Il existe des constantes Cy > 0, ko > 3, oy > 8 telles
que pour tout || > ap, A € R, w € C°(R?) N Xy,, on a

|(Ha — iNwll 22y > Colal'? || Dol *wl| 2(re), (1.3.7)

ou l'opérateur |D9]1/3 est défini de la méme maniére que celle dans Théoréme . En
particulier, on a

up | (Ha iN e, < Cota™ g (1.3.8)

On doit traiter soigneusement le terme non local, puisqu’il posséde un grand coeffi-
cient de taille |a|. Comme #H, est invariant par rotation, nous utilisons les coordonnées
polaires et la transformée de Fourier dans la variable angulaire, et on réduit le probléme
en une famille d’opérateurs unidimensionnel agissant sur la demie droite R, indexé par
le parametre du mode de Fourier k. Ensuite, on va utiliser un changement de variables
r = el et on va multiplier un poids e pour transformer le probleme sur la droite entiére.
On se rameéne & étudier 'opérateur suivant, sur L?(R;dt),

1 1
_ a2 2 at Lo
L =—-0; +k +f16e 26
ak

ok , _
+ de%(a(et) — ) — ’Lgemg(et)(k:2 + D)7t g(eh), (1.3.9)

le terme non local
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ou o est donné par et g(r) = e~?/8, Apres ces transformations, les propriétés
auto-adjointe et anti-adjointe de chaque partie de H,, sont préservées. Le terme non local
devient un opérateur pseudo-différentiel, avec L£(L?(R;dt))-norme majorée par |a||k|~.
Donc si le parameétre k est trés grand, le terme non local est petit.

On va utiliser une méthode perturbative, i.e. traiter le terme non local comme une per-
turbation par rapport au terme qui peut avoir un changement de signe. Comme dans le
chapitre 2, on discutera différents cas selon le changement de signe de la fonction o(e!) —vy.
Le cas difficile est toujours lorsqu’il y a un changement de signe, pour lequel on applique
la méthode des multiplicateurs. Le multiplicateur qu’on utilise est essentiellement le méme
que celui pour le modele sans terme non local. Mais cette fois-ci, on ne peut pas appliquer
directement une partition de 'unité pour localiser dans des zones différentes de 1’espace
des phases comme dans le chapitre 2, a cause de la présence du terme non local. C’est un
opérateur pseudo-différentiel dépendant de la variable ¢ et la variable duale 7 en méme
temps, donc il ne commute pas avec la partition de 'unité, et ceci produise un commu-
tateur de taille |a| pour lequel on ne sait pas controler. La stratégie est de construire un
multiplicateur global. Le terme non local est traité comme une perturbation, et il est ab-
sorbé par le terme principal en prenant |k| > ko, avec kg > 3 une constante indépendante
du parameétre a.

La valeur de kg est calculable. En effet, il suffit de calculer avec soin tous les coefficients
venant du terme principal et du terme non local. On donne aussi un exemple de calculs
numériques [Denlla] & I’Appendice indiquant que le Théoréeme est vrai pour
k() ~ 84.

1.3.3 Enoncé des résultats du chapitre 4

Le chapitre 4 de cette these reprend l'article [Denl0b], Structure constants of the Weyl
calculus, qui a été accepté pour publication dans le journal MATHEMATICA SCANDINAVICA.

Dans ce chapitre, on se tourne vers des questions provenant du calcul pseudo-différentiel.
Soit m € R. La classe des symboles classique ST, est constituée des fonctions C*° a définies
sur I’espace des phases R?" telles que pour tout multi-indice a, 3 € N?,

(g 0fa)(z,€)] < Cap(L+ €)™ 1. (1.3.10)

Les meilleures constantes C,3 dans ((1.3.10) sont appelées semi-normes du symbole a dans
l'espace de Fréchet ST). Les deux propriétés sont classiques :

L2-continuité

Si le symbole a appartient a S?,o: alors a(zx, D) est un opérateur borné sur L?(R"),
c’est-a-dire qu’il existe une constante C' > 0 telle que

la(z, D)l z(L2mnyy < C- (1.3.11)

Inégalité de Fefferman-Phong

Si a est un symbole non négatif appartenant a Sio, alors il existe une constante C > 0
telle que pour tout u € S(R™),

Re(a(z, D)u, u) p2mny + C||uH%2(Rn) > 0. (1.3.12)

On pourrait adresser quelques questions tres naturelles.
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Question 1.3.4. Quelle est la dépendence des constantes C' dans les inégalités (|1.3.11]) et
(1.3.12) ? Les constantes C' dépendent-elles une semi-norme du symbole a7 Si oui, laquelle
semi-norme ?

Des questions similaires peuvent étre posées dans d’autres classes des symboles, par
exemples les symboles semi-classiques, la classe de Shubin, etc.

Dans le chapitre 4, on donne une réponse a ces questions dans un cadre plus large. On
va considérer la quantification de Weyl pour les opérateurs pseudo-différentiels et on va
travailler avec une métrique de Hoérmander g sur ’espace des phases, c’est-a-dire que g est
a variation lente, vérifie le principe d’incertitude et est tempérée (voir la Définition .
Les constantes de structures de la métrique g sont étroitement liées & ces propriétés. Pour
une telle métrique g et un g-poids admissible m (voir la Définition[4.2.7)), on peut définir des
classes de symboles tres générales S(m, g), les opérateurs associés ont de bonnes propriétés
et on dispose d’un calcul symbolique tres efficace, décrit dans le chapitre 18 de [Hor85| et
le chapitre 2 de [Lerl(]. En particulier, les propriétés suivantes sont bien connues :

L*-continuité : aeS(l,g) = la” ||l zz2@ny <€, (1.3.13)
Inégalité de Fefferman-Phong : a € S()\g,g), a>0 =a"+C>0. (1.3.14)

Le résultat du chapitre 4 est le “théoréeme” suivant (voir les Théorémes pour
les énoncés précis), qui précise la dépendance des constantes dans les inégalités (1.3.13]) et

(T.3.14).

Théoréme 1.3.5. Les constantes C dans (1.3.13|) et (1.3.14) ne dépendent que de la
dimension n, des constantes de structure de la métrique g et d’une semi-norme du symbole
a, dont l’ordre ne dépend que de la dimension n et des constantes de structure de g.

Le Théoreme [1.3.5] est particulierement utile lorsque la métrique de Hormander g
dépend d’un parameétre non compact, par exemple dans la classe de symboles utilisée pour
les estimations de Carleman. Dans notre situation, nous travaillons dans les chapitres 2
et 3 avec des métriques dépendant de plusieurs parametres, o > 1 et k € Z, ou k est
le paramétre du mode de Fourier dans la variable angulaire. Pour pouvoir revenir a la
dimension 2, il faudrait démontrer des estimations indépendantes de k dans la variable
radiale. Afin d’obtenir une estimation uniforme sur tous les modes de Fourier, il est trés
important d’assurer que toutes les constantes provenant du calcul symbolique ne dépendent
pas de k. D’apres le Théoréme il suffit de vérifier que les constantes de structure de
la métrique utilisée et les semi-normes de symboles intervenus dans le calcul symbolique
soient toutes bornées supérieurement indépendamment du parametre k.



Chapter 2

Resolvent estimates for a
two-dimensional non-self-adjoint
operator

The result of this chapter is taken from the article [DenlOal, Resolvent estimates for
a two-dimensional non-self-adjoint operator, which has been accepted for publication in
the journal COMMUNICATIONS ON PURE AND APPLIED ANALYSIS, see Section [2.7] for the
letter of acceptance.

We consider a two-dimensional non-self-adjoint differential operator, originated from
a stability problem in the two-dimensional Navier-Stokes equation, given by £, = —A +
|z|2+ao(|z|)dy, where o(r) = r~2(1—e "), g = 2105 —220; and « is a positive parameter
tending to +00. We give a complete study of the resolvent of £, along the imaginary axis
in the fast rotation limit & — 400 and we prove supycp || (Lo — i)\)_ng(p(R?)) < Ca~ /3,
which is an optimal estimate. Our proof is based on a multiplier method, metrics on the
phase space and localization techniques.

2.1 Introduction

2.1.1 Motivation

In this paper, we consider a problem coming from the study of the long-time behavior
of solutions to the two-dimensional Navier-Stokes equation, see |[GWO02, [GWO05]. In 2
dimensions where the vorticity is scalar, it is more convenient to study the evolution of
the vorticity which is given by

0
%+U-Vw:qu, reR? t>0, (2.1.1)

where w(z,t) € R is the vorticity distribution and v(z,t) € R? is the divergence-free
velocity field reconstructed from w via the Biot-Savart law. It is well-known that the
equation is globally well-posed in L!(R?), i.e. for any initial data wy € L*(R?), the
equation has a unique global solution w € C?([0, +00); L!(R?)) such that w(0) = wyp.
The total circulation of the velocity field

/R? w(x,t)dr = REI-Is-loo n v(x,t) - dl
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is a quantity conserved by the semi-flow defined by ([2.1.1)) in L'(R?). The equation (2.1.1))
has a family of explicit self-similar solutions, called Oseen vortices, which is given by

! x ! x
t) = —G(—— t) = ——v9(—=), 2.1.2
w(z,t) Ut (\/ﬁ)’ v(w, ) \/EU (\/ﬂ) ( )
where
G(z) = ie*‘g”w4 v (z) = ii(1 — e*mz/‘l) r € R? (2.1.3)
4 ’ 27 |2 ’ ’ o

and the parameter o € R is referred to as the circulation Reynolds number. These solutions
are the only self-similar solutions to the Navier-Stokes equations in R? whose vorticity is
integrable. Moreover, it is proved by T. Gallay and C.E. Wayne in [GW05] that if the
initial vorticity wp is in L'(R?), then the solution w(z,t) of satisfies

e

Jm (1) = EG(ﬁ) 1 ®2) =0, (2.1.4)

where a = [po wo(x)dz is the initial circulation. In physical terms, this means that the
Oseen vortices are globally stable for any value of the circulation Reynolds number «. In
contrast to many situations in hydrodynamics, such as the Poiseuille or the Taylor-Couette
flows, increasing the Reynolds number does not produce any instability.

In order to study the stability of Oseen vortices, we introduce some self-similar variables
T =a/Vut, t =1log(t/T) and we set

x t

w(z,t) = 1@(\/;t,log %), v(z,t) = ﬁﬁ(;ﬁ,log T)

The rescaled system reads (replacing @ by w, by x and so on)

Ow 1
E—i—v-Vw:AuH-ix-Vw—i-w, reR? t>0, (2.1.5)
where w is the rescaled vorticity and v is the rescaled velocity field again given by the
Biot-Savart law. Then by construction, for all & € R, the Oseen vortex aG is a stationary
solution of (2.1.5). Linearizing the equation (2.1.5) at aG, one finds a linear evolution
equation

0

6—6: = —(A+ aiB)w,
where A is a self-adjoint, non-negative operator in the weighted space L?(R?; G~'dz) and
1B is a skew-adjoint perturbation, so that the linearized operator A 4+ aiB is non-self-
adjoint. By conjugating A + aiB with the Gaussian weight G*/2 and by neglecting a
nonlocal, lower-order term in the perturbation ¢B, the linearized operator becomes

2
- 1 ~
Ha:—A—l—@—Q—l—af(az)@g, r € R% (2.1.6)

where 0y = 210y — 2201 and f(z) = (2n|x|?)"L(1 — e~ 1#I*/4). In this paper, we aim to
study the resolvent of the operator H, along the imaginary axis, in the fast rotating limit
a — +00.
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2.1.2 General framework

In many problems arising in Mathematical Physics, one encounters the following type
of linear evolution equation

d—u—i—HU—O u(0) = uy, (2.1.7)
dt

where H is a linear operator of the form A + iB, where A is a self-adjoint, non-negative
operator and B is a skew-adjoint operator that does not commute with A. A is usu-
ally called the dissipative term and ¢B the conservative term. In such a situation, the
conservative term can affect and sometimes enhance the dissipative effects or the regu-
larizing properties of the whole system. A typical example is the Kolmogorov equation
Ou — O*u — x0yu = 0, which is of the form (2.1.7) with A = —92, iB = —z0,. The
non-commutation of A and iB can be expressed as [0, x0y] = 0y, so that the Lie algebra
generated by 0, and xd, spans the whole tangent space RQ. The operator —92 — zd, is not
elliptic, however, a fundamental solution constructed in [Hor83, P.210] which is smooth
outside the diagonal, gives that the Kolmogorov operator is hypoelliptic. Another example
is the one-dimensional operator _W + 22 + i)z, where \ > 1 is a large parameter. The
presence of the large skew-adjoint perturbation ¢Az enhances the resolvent estimate, we
have ||(— dxz + 22 +id\x) 7| < CA 28 for XA > 1, see e.g. [GGNOQY, Sect.3.2.2]. In the
present paper, we Want to explore the size of the resolvent in a typical two-dimensional
setting (Hy — i\) ™!, where H, is the two-dimensional non-self-adjoint operator given in
(2.1.6)).

2.1.3 Results on a one-dimensional operator

In 2009, I. Gallagher, T. Gallay and F. Nier [GGNQ9] investigated a one-dimensional
operator given by

Ho=-3+22+ f(x), zeR, (2.1.8)
€

where f is a bounded real-valued function and € > 0 is a small parameter. The operator H.
is a one-dimensional analogue of H, given by , and the limit € — 0 corresponds to
the fast rotating limit & — 4+o00. They studied the asymptotics of two quantities related
to the spectral and pseudospectral properties in the limit ¢ — 0. More precisely, they
define 3(¢) as the infimum of the real part of the spectrum of H, and

\Il(e)fl :=sup ||(He — i)\)*lﬂ
AER

as the supremum of the norm of the resolvent of H. along the imaginary axis. Under
appropriate conditions on f, both quantities ¥(¢), ¥(e) go to infinity as e — 0 and lower
bounds are given by using an “hypocoercive” method [Vil06], [Vil09]. Furthermore, they
focused on a specific class of functions.

Hypothesis 2.1.1. Assume that f € C3(R;R) has the following properties:

i) All critical points of f are non-degenerate, i.e., f'(x) =0 implies f"(x) # 0.

it) There exist positive constants C and k such that, for all x € R with |z| > 1,
1 C

m(f(x) - W)‘ = W7

for1=0,1,2,3.
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For f verifying Hypothesis some precise and optimal estimates on ¥(e) are provided
(Theorem 1.8 in [GGNOQ9]): there exists My > 1 such that for e € (0, 1],

=

1 2
_ < U(e) < = h V= —0-.
M S (e) < &+ Where D rd

Their proof is based on localization techniques and some semiclassical subelliptic estimates.
The authors of [GGNQ9] left open the original question about the operator ,
which is precisely the problem we are dealing with in the present paper. In particular, we
shall prove an estimate
sup || (Hy — i) 7Y < Ca™V/3,
AER

see Section 2 for a precise statement. This kind of resolvent estimates will allow us to
localize the pseudospectrum of the non-self-adjoint operator H,, and in particular, the
presence of the large skew-adjoint perturbation stabilizes the pseudospectrum of the whole
operator.

2.2 The results

2.2.1 Preliminaries and statements

We consider the two-dimensional operator defined by

Lo :=—A+|z|> +ao(|z))dy, =€R? (2.2.1)

where o« > 1 and .
o(r) = —5(1- e_TQ), for r > 0. (2.2.2)

T

Let us first make a few preliminary observations about L,. The operator L, is unitarily
equivalent to the original operator H, given in , up to some constants (see Appendix
2.6.2). The operator L, has the form A + iB where A = —A + |z|? is positive and
X := 1B = ao(r)0y is a real divergence-free vector field. Let us calculate the iterated
commutators [A, X] and [[4, X], X]: in polar coordinates,

14,X]) = —a(o"(r) + %a’(r) +20/(1)3, )0,

([4, X], X] = —20%(c"(r)) 03 > 0.
This kind of “double-bracket” structure of L, will allow us to obtain some subelliptic
estimates, which we now explain on a simpler example. Let us consider the operator

Py =29, +t%, X>0, on L*(R;dt).

Then RePy = t2, ilmPy, = \J; and [[RePy,ilmPy],ilmPy] = 2)\2 > 0. We can prove
an estimate ||Pyullp2 > CA*/3||ul|2 for all uw € S(R). By making a change of variable
t = A3, it suffices to prove the inequality for A = 1. One can construct a parametrix for
the operator P;. For f € S(R), the ordinary differential equation

Piu= 0w+ t*u=f, u(—00)=0

can be solved directly

u(t) = /t e_(tg_ss)/?’f(s)ds.

—0o0
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It is easy to see that ||ul/z~ < ||f||z1. Moreover, one can obtain ||u||z2 < C||f||z2 by using
the Schur’s criterion. Here we want to take advantage of the “double-bracket” structure
of the operator L.

Note that the skew-adjoint part ao(|z|)0p vanishes on radial functions, i.e. for any
radial function v(z), Lov = (—A + |z[2)v = Lov. In particular, vo(z) = e #*/2 is an
eigenfunction of L, corresponding to the eigenvalue 2, for any o € R. This implies that
the ground state of the two-dimensional harmonic oscillator is also an eigenfunction of the
operator L, for any a € R, and moreover, the eigenvalue 2 does not move under the large
skew-adjoint perturbation o f(x)dp. We shall thus restrict the domain of £, to a smaller
Hilbert space L?(IR?), described below.

Using polar coordinates in R? and expanding the angular variable @ in Fourier series,
we can write for v € L?(R?; dx),

v(rcosf,rsinf) = Z g, (r) e
kEZ

1 2 .
where wug(r) = 2—/ v(rcosf,rsinf)e " 0dh ¢ LA(R;rdr).
™Jo

We have the identity Hv||%2(R2_dz) = > rez 27rHukH%2(R+,TdT). Note that v € L*(R?) is a
radial function if and only if v(r cos @, sin6) = up(r). We define the subspace

L*(R?) := {v € L*(R?); uy = 0}.
Then (L*(R?),]| - | [2(R2;dz)) is a Hilbert space and has the following decomposition

L*(R?) = @ L*(Ry;rdr)e™, (2.2.3)
kezZ*

where Z* = Z\ {0}. That is, for v € L>(R?), v(r cos 8, rsin §) = 2 k20 u (1r)e*?.
Definition 2.2.1 (Domain of £,). We define the domain of £, to be the set
D(Ly) := {v € L*(R?); v € H*(R?), |z|*v € L*(R?)}.

We prove in Lemma that (Lq, D(Ly)) is a closed operator and its spectrum is a
sequence of eigenvalues contained in the half-plane {z € C; Re(z) > 2}. The goal of the
present article is to study the norm of the resolvent of £, along the imaginary axis, i.e.
the quantities

1
H (ﬁa — Z)\) H[Z(EQ(RQ))’ AeR.
Now let us state our main result, which answers a question in [GGNOQ9].

Theorem 2.2.2. There exist constants C > 0 and ag > 1, such that for all A € R and
a > ag, the following estimate holds

=1 _
1o =Nl gqiaey < Ca™% (22.4)
Observe that the estimate (2.2.4) is equivalent to the following
Vv € D(La), (Lo —iNv|r2@e) > C ! |[v] 2 (r2), (2.2.5)

since we know that ¢ is not in the spectrum of £,, see Lemma[2.6.5 In fact in this paper,
we will prove a theorem which implies Theorem [2.2.2]
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Theorem 2.2.3. There exist C' > 0 and ag > 1 such that for all A € R, a > ag and
v e D(Ly),
(Lo = iNvllr2@ey = Ca/3]|| Dol 50| 2(ge). (2.2.6)

Moreover, the estimate (2.2.6)) is optimal in the sense that for some X\ € R we can find a
function v € D(La) such that ||(La —iN)v|[L2@2) = (’)(al/?’)H|D9|1/3v||L2(R2) as o — +00.

In Theorem we denote Dy = i~ 9y and define the operator |Dy|'/3 on L?(R?),
using polar coordinates, by the formula

(|1Dg|"3v)(r cos 0,7 sin 0) = Z kY Bug(r)e®®, for v = Zuk(r)eiw.
k k

On L?(R?), both operators | Dg|, | Dy|*/? are bounded from below by 1. Using the equiva-
lence of (2.2.4)) and ([2.2.5)), we conclude that Theorem implies Theorem [2.2.2]

2.2.2 Pseudospectrum

The notion of pseudospectrum was introduced by L.N. Trefthen and has been studied
numerically in recent years [Tre97], [TE05]. The study of pseudospectrum is closely related
to the stability of the spectrum and is important for non-self-adjoint operators, since some
spectral instability might occur for non-self-adjoint operators. For a family of operators,
we introduce the following definition of pseudospectrum, see [PS04].

Definition 2.2.4. The pseudospectrum of a family of operators { P, }4>1 is defined as the
complement of the set of all z € C such that

INy €N, limsup||(Py — 2) a0 < +o0.

a—+00

The resolvent estimates in Theorem gives us information about the location of
the pseudospectrum of {a~ /3L, }4>1. We have the following corollary, which tells us in
particular that the pseudospectrum is strongly stabilized, as a — 4o00.

Corollary 2.2.5. The pseudospectrum of the family of operators {a_l/?’ﬁa}azl is included
in the half plane {z € C; Re(z) > C~1}.

Proof. If Re(z) < 0, we have
(Lo = 2)7H < dist(z, ©(La)) " < 1/2,

where ©(L,) is the numerical range of £, defined by (2.6.17)), since for any v € D(L,)
with H'LLHLQ(RQ) = 1,

(Lo = 2)u, w)r2®2an)| = [(Latt; u) p2(r2,d0) — 2| = dist(z,0(La)) 2 2.
On the other hand, by the resolvent formula, for pu, A € R,
(Lo —p—iN) " = (La—iN) " = p(La = i) (Lo —p—iN)7,
and we find, using the estimate ([2:24), if u > 0, pl|(La — i) 7} < 1 and p < C~1al/?,

[(Ca— N Ca™¥?
~ (o =N = 1= Cpa 13

(Lo —p =N < -
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For x € (0,1), z € C such that Re(z) < kC~1a!/3, we have ||(Lq — 2)7!| < Cj, which is
equivalent to the following

V¢ € C, Re(¢) < kC7Y, [(@3L4 — )M < Cral/?.

As a result, if Re(¢) < C~1, then ¢ is not in the pseudospectrum of {a~'/3L,}0>1. The
proof of the corollary is complete. O

Remark 2.2.6. In [GGNOQ9], another notion for the pseudospectrum is introduced (Def-
inition 1.2), and some complex domains related to the pseudospectrum (Figure 2) are
constructed in Corollary 4.2, using the precise estimates of the resolvent. This allows us
to localize the pseudospectrum more accurately.

2.2.3 Sketch of the proof

For A € R, we shall use the Fourier transformation with respect to the angular variable
6 via the decomposition (2.2.3)) of L?(R?), to reduce the two-dimensional operator L, — i\
to a family of one-dimensional operators L, x i given by

1 k? _
Loyp=—02— ;& + 5+ r? +i(ako(r) — \)
—_————
=ReLo 1 =imLa x k
self-adjoint part skew-adjoint part

acting on the weighted space L?(R,;rdr), indexed by the parameter k € Z*. The new
operator L,k » has the form Rel, » i +iImL, ) i, with ReL, ) i self-adjoint, positive and
ilmL, » 1 skew-adjoint on L?(Ry;rdr). Remark that the adjoint of the operator 9, in
L?(Ry;rdr) is given by

@:—@—% (2.2.7)

so that —02 — %& = 070, is non-negative. The advantage of using polar coordinates
and expanding the angular variable in Fourier series is that the skew-adjoint operator
ao(r)0y — iA becomes just the operator of multiplication by a purely imaginary function
i(ako(r) —A). The problem is then reduced to a family of one-dimensional problems with

several parameters.
Without loss of generality, we may suppose that A > 0 and

A\ = alk|v, (2.2.8)
with v, € R. Then the one-dimensional operators can be written as follows

1 k2
Lok =—02— ;& + 2 + 7?2 +ialk|(sign(k)o(r) — vi), ke Z*. (2.2.9)

We shall discuss different cases according to the change-of-sign situation of ImZL, » .
Notice that the function o defined by (2.2.2]) is decreasing and has range (0,1]. When
iIlmL, 51 does not change sign, i.e.

k<0 or k>0, v2¢(0,1), (2.2.10)

it is easy to deal with L, ); by using the multipliers Id, +ild and some asymptotic
properties of o, see Section When iImL,, ) ; changes sign at one point, i.e. the case

k>0, v} e(0,1), (2.2.11)
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the situation is more complicated, which we shall call “non-trivial cases”. The study will
be divided into 4 cases, according to the different behaviors of the function ¢ near the
region where the change-of-sign takes place, and the proofs for each case are given in
Section 2.4.1], 2.4.2] [2.5.7] and [2.5.2] respectively.

For the non-trivial cases, we shall seek a multiplier method, which allows us to obtain
some subelliptic estimates in the zone where the change-of-sign takes places. As a motiva-
tion, we first explain the multiplier method on a model operator in Lemma which is
very simple only using some standard Fourier analysis. In our cases, the multiplier that we
shall construct for the operator L, » x is a pseudodifferential operator, which is a carefully
chosen regularization of some Heaviside-type function and which is uniform with respect
to the parameters. The symbols involved in the construction of this multiplier depend on
some Hormander-type metric and these metrics on the phase space will be a key tool for
the proof.

The study for the one-dimensional operators L, will allow us to tackle the two-
dimensional problem (see Section , which was the initial motivation for the article
[GGNQ9]. The optimality of these resolvent estimates will be given in Section [2.5.4]
Finally, the definitions and the main properties of Weyl calculus are recalled in Appendix

26T

2.3 Proof, first part

Throughout Section 3 and 4, we omit the parameters «, A in the subscript.

2.3.1 First reductions

Recall that we suppose A = a|k|v? > 0 (2.2.8) and the problem is reduced to the
family of operators £, given by (2.2.9), which act on the weighted space L?(R;rdr). We

introduce a new notation

B == alk|. (2.3.1)
Then B > a > 1 and together with (2.2.7) the operator £y can be written as (we drop
the indices «a;, )

1 k?
Ly =—0%— ;& +toat r? + By, (sign(k)o(r) — vi)

k2
=050, + ol r? +ify (sign(k)o(r) — vi). (2.3.2)
—_—— -
—Rel}, =ilmLy

2.3.2 Easy cases: the imaginary part does not change sign

This section is devoted to the estimates for the cases ([2.2.10) where i{ImL; does not
change sign. We will use some asymptotic properties of the function o defined in (2.2.2))
near the origin and infinity, see Figure 2.1} We choose a positive constant ¢y such that

]\ 2
(5) << 1. (2.3.3)

From the behavior of ¢ near infinity, there exist constants R; > 0, 0 < ¢; < 1 such
that

{COT_Q < O'(T) < r_2’ for r > Rh (234)

o(r) > e, for 0 <r < Rj.
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Near 0, we can choose Ro > 0 and 0 < ¢y < 1 such that

1 1
{_7«2 <o(r) 1< —gar?, for0<r <R, (2.3.5)

o(r) < e, for r > Ro,

since we have the Taylor expansion

rrort (=1)"r* 2042
O-(T):l_a‘{'?_‘Fm—{—O(T ), r — 0.

Figure 2.1: THE FUNCTION o(r) = r—2(1 — ™).

Now we prove two inequalities which will be used below, using (2.3.4) and ([2.3.5).

Lemma 2.3.1. There exists C' > 0 such that for any r >0, k# 0 and o > 1,

r? + Bro(r) = OB, (2.3.6)
2
]:—2 + 81— a(r) > B, (2.3.7)

where By is given in .
Proof. By we have,

if r < Ry, then r? 4+ Bro(r) > c1 Pk,

if > Ry, then r?+ Bro(r) > r2 + cofr 2 > 203/2@1/2.
Therefore, for any r > 0,

r2 + Bro(r) > min(cy By, 203/2@1/2) > min(cq, 203/2)5;/2, ifa>1,
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which proves (2.3.6) with C' = min(c;, 20(1)/ 2). By (2.3.5)) we have,

. k? k? cor? 1/2

if r < Ry, 72—1—51&(1—0(7’))2772—1-511672\/260%\5;f :
/{2

if r > Ro, ﬁ—kﬂk(l—d(r))Z(l—Cz)ﬁk. (0<ep <)

Therefore for any r > 0, k # 0,

2
7’% + Br(1 = o(r)) > min (vV2eo|k|By/%, (1 — c2)Bk)

> min(v/2cp, 1 — 02)52/2, ifa>1,

which proves (2.3.7) with C' = min(1/2¢g, 1 — ¢2). O
Lemma 2.3.2 (k < 0). There exists C > 0 such that for all k < 0, o > 1 and u €
C5°(Ry),

1/2
1Lkl 2oy srary 2 OB ull 2y srary
where Ly, is given in (2.3.2) and By given in (2.3.1)).
Proof. If k < 0, ImLy, = —Bx(o(r) + v2) is negative. We use multipliers Id and —ild, for

we O (R,),
k2 9
Re<£ku7 u>L2(R+;7’d7’) - <<8;“k87‘ + 7,72 +r )U, u>L2(R+;rd7’)

2 <T2u7u>L2(R+;7‘d7‘)7 (238)

Re<‘cku7 _iu>L2(R+;rdr) = </8k (O-(T) + I/]%)’LL, U>L2(R+;7’d7’)
> <Bka(r)u, u>L2(R+;rdr)' (239)

Adding (2.3.8)) and (2.3.9) together, using (2.3.6)), we get
. 1/2
Re(Lyu, (1 — Z)U>L2(R+;rdr) > <(T2 + /Bko-(r))u7u>L2(R+;T‘dT‘) > Cﬂk/ HUH%2(R+;rdT)‘
By Cauchy-Schwarz inequality, we get the estimate in Lemma [2.3.2 O

Lemma 2.3.3 (k >0, v2 = 0). If v} =0, then there exists C > 0 such that for all k > 0,
a>1andue CPRY),

1/2
||[’ku”L2(]R+;rdr) > C/Bk/ |’uHL2(R+;rdr)’

where Ly, is given in (2.3.2) and By given in (2.3.1)).

Proof. v, = 0 corresponds to A = 0, where ImLy, = o (r) is positive. For u € C§°(Ry),
(2.3.8)) is unchanged and

Re<£/€ua iu>L2(R+;T‘dT‘) = </8k0-(7n)uv U>L2(R+;r‘dr‘)' (2310)
Adding (2.3.8]) and (2.3.10|) together, we get
Re<£ku7 (1 + i)u>L2(R+;rdr) > ((72 + ﬁkO’(T’))’U,, U>L2(R+;rdr)'

By (2.3.6) and Cauchy-Schwarz inequality, we get the estimate in Lemma [2.3.3 O
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Lemma 2.3.4 (k> 0, v > 1). Ifvi > 1, then there exists C > 0, such that for all k > 0,
a>1andue CPRy),

1/2
1Lkull 128 ary = CBY 2 Nl L2 sran)

where Ly is given in (2.3.2)) and By given in (2.3.1)).

Proof. If v2 > 1, ImLy, = Bx(o(r) — v?) is non-positive. For u € C§°(R),

* k?
Re<£ku7 u>L2(R+;rdr) = <(ar or + 2 + 7’2)71,, U>L2(R+;rdr)

k’2
> <7“72u’ u)LQ(R+;rdr)’ (2311)
Re<‘cku’ _iu>L2(R+;rdr) = <ﬁk (Vl% - U(T))uv U>L2(R+;rdr‘)' (2'3'12)

Adding (2.3.11)) and (2.3.12) together, we get

. k?
Re<£ku7 (1 - 7’)“>L2(R+;Tdr) > <<ﬁ + Bk (Vlg - U(T)))uv U>L2(]R+;rdr)'

Since v2 > 1, using (2.3.7) and Cauchy-Schwarz inequality, we get Lemma O

2.3.3 Non-trivial cases: the imaginary part does change sign, study of
a model operator

We have reviewed the cases kK < 0; k£ > 0, 1/,% =0 and k > 0,1/,% > 1 in the previous
section. It remains to check the case (2.2.11)), i.e.

E>1, vie(0,1). (2.3.13)
In this case, we denote
2 _
v, = o(rk) (2.3.14)

for some r; > 0. Then ImLy = fBy(o(r) — o(rg)) changes sign at r = rg, so that the
multipliers Id, +ild are not appropriate. We will define a multiplier adapted to this
change of sign situation and do some symbolic calculus to get a local estimate. Then
using a partition of unity we shall obtain a global estimate.

In order to provide some hints about the proof, we first study a simple model to explain
the multiplier method which we will use below. Define for v € R, ty € R,

P, =D} —iy(t —tg) on L*(R;dt), (2.3.15)
with domain D(P,) = {u € L*(R;dt); Pyu € L*(R;dt)},

where we denote D; = —id;. The operator P, is closed. Clearly P, possesses the same
features as Ly, with real part non-negative and imaginary part changing sign at one point.
We prove the following estimate.

Lemma 2.3.5. There exists C > 0 such that for all v € R and u € C§°(R),
I1Pyull z2rsary = CIYP2 Nl 2 iy (2.3.16)

where Py is defined in (2.3.15)). Moreover, (2.3.16|) is optimal.
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Remark 2.3.6. The result (2.3.16]) is well-known, see e.g. [DSZ04, Thm.1.4]. But we
want to expose a robust energy method which can be adapted to our framework.

Proof. For u € L?(R), we shall denote by & = Fu the Fourier transform of u

0 1 —itT
() = (Fu)(r) = = /R w(t)e it dt.
Assume v > 0. First we have the equality
Re(Pyu,u) = (Dju,u). (2.3.17)

Choose a decreasing function ¢y € C*°(R; [0, 1]) such that

1

—. 2.3.1
10 (2.3.18)

Pol(—o0,—2 = 1, Yoli2,00) =0,  Wpli—1,1) < —
Then the Fourier multiplier 1o(y~'/3D;) defined by

F((y™ P Dr)u)(r) = (v Prya(r)

is a bounded and self-adjoint operator.
Now let us compute the quantity 2Re(Pyu, ¢0(771/3Dt)U>L2(R;dt)-

2Re(D7u, wO(’Y_l/th)U)L?(R;dt) = 2Re(7%d, %(’7_1/37)@)L2(R;d7)
= 2/[[€T2¢0(7*1/3T)|a(7)|2dr > 0. (2.3.19)

Since —iy(t — to) is skew-adjoint and vy (y~ /3 D;) is self-adjoint, we have

2Re(—iy(t — to)u, vo(v D)) 2mear) = ([Yo(v /> Dy),iv(to — t)]u, u) r2(moar)-
We can compute the commutator using Fourier transform and that iy(ty — t) is affine,

[Yo(y ™2 Dr), in(to — 1)] = =y (v™/Dy),

so that we obtain

2Re(—ivy(t — to)u, Yo(v P D)) p2mear) = (=7 *6(v 2 Do)u,u) pomary.  (2.3.20)
It follows from (2.3.17)), (2.3.19)) and that

Re(Pyu, (1 + 2¢0(7_l/3Dt))U>L2(R;dt) > (D7 = /34 (v" 2 Dy)u, U) 12 (R;dr)
= <(T2 - 72/31/}6 (771/37))@’7 a>L2(R;d’r)‘

We have for all 7 € R, 72 — 42/3¢}(y~1/37) > %72/3. Indeed,

it 7| >0 72 =Py (v ) 2 1 2 P

. B B 1
if 7] <93 7= Pup(h ) 2 PPy ) > 1,

where the last inequality follows from the third condition in (2.3.18)). Then

_ 1 A 1
Re<P’Yuv (1 + 2¢0(7 1/3Dt))u>L2(R;dt) > <E72/SU7U>L2(R;dT) = E’}/Q/g”uH%Z(R;dt)'
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Using the L?(R; dt)-boundedness of the Fourier multiplier 19 (y~/3D;) and Cauchy-Schwarz
inequality, we obtain

1
1 Pyull 2 (msae) > %72/3HUHL2(R;dt)-

Thus holds for v > 0. The proof for v < 0 is essentially the same, we just replace
the function g by 1 — 1.

Now let us prove the optimality of (2.3.16]). Suppose v > 0. For u € C§°(R) such that
lull L2 (r;ar) = 1, we define

wo (1) = YOu(y3(t — 1)), teR
Then w, € C§°(R), [lwyl|r2mar) = 1-
(Pyw, ) (t) = 40— 2220 (v 13(t = to)) — in(t — to)u(y"/3(t — 10)) )
= MO (3~ 1)) — iyt — to)u(y' 3 (t — t0)))
= 2By S (Pru) (713 (t — 1)),
implying |Pyw, llr2mary = Y22 Prullp2an- Since || Prullregary = Cllullp2ian, this

completes the proof of Lemma [2.3.5] O

2.4 Proof, second part: change of sign away from 0

Recall (2.3.13), (2.3.14) i.e. we are in the case k > 0, 0 < v# < 1 and

1 k?
Ly =—0%— ;& + at r2 +iB(o(r) — a(ry)). (2.4.1)

The operator £ is much more complicated than P, defined in (2.3.15), and furthermore
it acts on a weighted space L?(Ry;rdr). We shall also study another model operator Ly
on L?(R;dt), closely related to L.

Definition 2.4.1. For k > 1, let Lj be the operator on L?(R;dt)

2
L= D} + o 42 4+ iB(o(t) — o(ry), (242)

where Dy = —i0;, o(t) is given by and for t < 0 we define o(t) = o(—t). The
operator Lj can be written as Ly = ReLy + ilmLyg, where ImLy = Bi(o(t) — o(ry))
changes sign at t = ry, and ReL, = D? + %2 +t2 > 0. Moreover we have the following
equality

k2
Re(Lyu, w) 2(riary = (D} + Fois 1), ) L2 (Rar) - (2.4.3)

We will use essentially the same multiplier as in Lemma [2.3.5 and do symbolic calculus
to give local estimates for Li. Then we can get local estimates for £ by controlling the
error terms, and finally obtain a global result by using a partition of unity.

Suppose that 0 < ¢g < 1 and p > 1 are constants to be chosen below. We discuss the
following four cases according to the different behaviors of o (see Figure :

—1 -1 —1/4 —-1/4
Tk > €y, T’kE[eo,éO ], uﬁk / <rp<e and Tk<uﬁk /

For each of the first three cases, we start with studying the operator L; given in ([2.4.2])
on L?(R;dt) and then we proceed with £y, given in (2.4.1)) on L?(R,;rdr).
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a(n)
A
1
Cased4 Case3 Case 2 Casel
\
Py . P ¢ > T
H(B) 4 €0 Ik (o)t

Figure 2.2: THE 4 CASES.

2.4.1 Case 1: crossing near infinity

We first consider the case when ry is large, where ry is given in (2.3.14)). In order to
use the asymptotic properties (2.3.4]) of o at infinity, we make some assumptions about

€0
e <cp, e <(4R)7, (2.4.4)

where ¢, Ry are given in (2.3.4). Then according to (2.3.4)),

1
Vor> Zﬁal, cor 2 <o(r)<r 2

We assume also ¢y small enough to ensure

1
Vr > 1661, —cqr 3 <ol (1) < —ezr73, (2.4.5)

for some 0 < c3 < cq. We will prove the following estimate.
Theorem 2.4.2. Suppose 1 > 661, where 1y, is given in (2.3.14). Then there exist
constants C' > 0, oy > 1 such that for any k > 1, a > a1, u € C§°(R4),
1/3
H‘CkuHL2(R+;rdr) > Cﬁk HUHL2(R+;Td7")7

where Ly, is given in (2.4.1) and By given in (2.3.1)).

Estimates in L?(R;dt)

Proposition 2.4.3. Suppose ri > 651, where 1y, is given in (2.3.14). Then there exists
C > 0 such that foranyk>1, a>1,u € C{)’O([%rk, %rk]),

2/3 _ _
| Liull 2 miary = C(ﬁk/ ri? K+ )l e ey

where Ly, is given in (2.4.2)) and By given in (2.3.1)).
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We prove Proposition by a series of lemmas. Let us start with a definition.

Definition 2.4.4 (Cutoff functions). We choose two non—negative smooth functions ¢y
and g, both with values in [0 1], such that ¢ is supported in [1, £] and has value 1 on

[2,3], ¢2 is supported in [3, 3] and has value 1 on [2,2]. See Flgure.

If u has support included in

A

$1

¥2

37k, 3], then u(t) = o1 (L )u(t) = w2 (L )u(t).

N

T T T T
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
1 | | 1
1 3 5 3

2 4 4 2

IR

Figure 2.3: CUTOFF FUNCTIONS @] AND (3.

Y

Definition 2.4.5 (Admissible metric). We define a metric on the phase space Ry x R;:

_ _ dt? dr?
9 =0kt = 3 ﬁ2/3 -2 7_2

The quantity A, defined by (2.6.4]) for the metric g is

Ag —rk(ﬁk T 22> ﬂl/g > al/3 > 1.

(2.4.6)

The metric g is 9f the type studied in Lemmal2.6.1} so that g is admissible and the structure
constants Cp, Cp, Ny in (2.6.2) for g are all independent of k, although ¢ depends on k

itself.

Definition of the multiplier

b(r) == 2B, Pr7), TER,
b(r) = (B, Prr), TER,

where ¢ € C*(R; [0,1]) is decreasing and satisfies the following conditions

Vl(coo,—2) = 1, Yli2,00) =0, (Wﬁ/)‘[—l,l] < 30

See Figure Note that suppy® [—2,2] for any [ > 1.
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\j

|
[
[
[
|
-2 -1 0 1 2

Figure 2.4: THE FUNCTION 2.

Lemma 2.4.6. The symbols b defined in (2.4.7) and b defined in (2.4.8) belong to S(1,g),
where g is given in Definition 245] Moreover, the semi-norms of b, b are independent of
k.

Proof of Lemma[2.4.6. Observe that |b()| < 1 and

b (r) = (5/;1/37%)1(1/12)“) (ﬂ;l/grkr), for I > 1.

If 7] < 28,°r Y, then pO(7)| < Cu(By Pri)t < Ci5Y2(87Pr? + 72)72, where C; =
W2 O oo If 7] > 26,1/37“,;1, then b (7) = 0. This implies that b belongs to S(1, ¢) and
moreover, the semi-norms of b do not depend on k. Using the same computation we get
that b is also in S (1,9), with semi-norms independent of k. O

Remark 2.4.7. As a consequence of Lemma the Weyl quantizations b* and b*
are bounded, self-adjoint operators on L?(R;dt) with operator norm independent of k
(see Appendix [2.6.1). As a matter of fact, b* = b(D;) and b* = b(D;) are bounded,
non-negative Fourier multiplier. Moreover, we have b = (b*)2.

Now let us compute 2Re(Lxu, b*“u) r2(g,qr): for u € Ce(Bry, 2ri)),

w k2 w
2R8<Lku, b U>L2(]R;dt) = 2Re<(Dt2 + t72 + t2)u, b u)LZ(R;dt)

A
+ 2Re(if (0 (t) — o (re))u, 0"u) p2(mygyy - (2-4.10)

B

Estimate for the term B

Lemma 2.4.8. The symbol if(0(t) — o(rg))p1(-L) belongs to S(Bry 2, g) and its semi-

%
norms are independent of k, where g is given in Definition [2.4.9
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Proof of Lemma[2.4.8. 1t suffices to prove Vn > 0, 3¢, > 0, Vk > 1, Vt € R,

% (iﬁk(a(t) - U(Tk))SOI(:k))‘ < By "2 (2.4.11)

The function is supported in [Lry, Try] C [1eg!, 00), since we are in the case ry > ¢;'. By

the hypothesis ¢y < (4R;)~! in (2.4.4), we have

180 (t) — o (m)) o (1)] < Bult™ +17%) < 178

Tk
We get by induction on n that for n > 1,
oM(t) = (—1)" "2 (n+ 1) = pa(t)e™),

where p,(t) is a polynomial of degree 2n. So there exist ¢/ > 0 such that for all ¢ > 0,
o™ (t)| < ¢"t—"=2. Then

dar t _ t
= ((o(t) - )< ™ ()] (L) [pmen
g (e —or)en ()] < 2 el MO Ol
(n)( L yp,.—n
+lot) = oru)llel” () i
which implies (2.4.11]) and completes the proof of Lemma m O

For u € C§°([2ry, 3ry]), we write the term B as
. t
B = 2Re(if (o (t) — U(rk))gpl(a)u, b"u) 12 (Ryar) s

where ¢ is defined in Definition Since iy, (0 (t) — (k)1 () is skew-adjoint and
bY is self-adjoint, we have
t

B = ([1", (o (1) = o ()21 () [ )2y

By Weyl’s calculus, since b € S(1,g) and ifg(o(t) — o(rk))e1(5-) € S(Brry %, g), we get
that

{bwviﬂk (o) = a(rr))er( : )] = by +d", (2.4.12)

Tk

where by is the Poisson bracket of these two symbols

bilt, ) = +{b(r), iBk(o(t) — o(r)er (1)} € S(Brp®A " 0).

i Tk
and d is the remainder belonging to S (,Bkr,;QA;3 ,g) with A\, given in (2.4.6]), see Appendix
2.6.12).

We can compute by directly:

bit,7) = By *r 220w ) (B )
(et + (o) = o) (7). (2.4.13)

The symbol b; has the following properties.
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Lemma 2.4.9 (Properties of by). The symbol by given in (2.4.13)) has support included in
the set

1 7
{(t.7) € B2 || <28,/%r ", t € [5rw gmal)-
There exist c5,cg > 0 independent of k, such that

_ 1 3 _
IT| < 5/1/37}17 te [5 5%] = bi(t,7) > 6552/3rk2;

VreR, teR, |bi(t,7)| < ctsﬁi/?)r,f

Tk,

Proof of Lemma . The first property is a direct consequence of the choices of ¥ and
1. If 7| < B;/?’r and t € [ Tk, 2rk] by the properties of ¥ and ¢1, we get

ALy =0, @) =1,

1/3 1
@) (5 n) <~ A -

o ()1 < —egt I < — (%)3@,,

where the last inequality follows from and the fact that 3 ST >t > 1 5Tk > 1. As
a result, we get

1 3
bi(t,7) > 0552/37‘,;2 for |7| < /3]1/37%—1 and t € [§Tk7 irk]’

with 5 = 15(2)3¢s. It follows also from (2.3.4) and (2.4.5) that for all t € [1ry, Try],

t t
7 1 ()t + (o(0) = (i) h ()] < 16 + 17 1.

which implies that
VT ER, VEER, |bi(t,7)| < [|120 || (16cs + 17)10} |l 2) B i,

completing the proof. O

Estimate for d”. Recall that d is given in (2.4.12)). We deduce from Lemma and
Lemma |2 that the semi-norms of d in S(Byr; _3, g) are independent of k, with A,

given in . Since Ay > ﬁk/g the class S(Bry, 2\, 3,g) is included in S(r;2,g). This
implies that i dw is a bounded operator on L2(R dt) and its operator norm is bounded
by a semi-norm of d in S (rk ,q) (see Appendlx , so also bounded by a semi-norm of
d in S(Bker)\ 3.g). We get that

[(rRdu, w) 2 (san| < Irid”ul| L2 gsan [l L2@sany < CrllullZz g

where C; > 0 is a constant independent of k!. Consequently, we get the estimate for the
term B which is defined in ([2.4.10): for u € C§°([3ry, 574]),

B > (b{'u, u) p2msar) — Crry, llull7z man - (2.4.14)

1. Here we replace the S(r;z,g) semi-norm of d appearing in the operator norm of r2d” by a
S(Bkrgg)\;?’,g) semi-norm and the latter is independent of k. We will use this kind of point of view
several times.
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o1

Proposition 2.4.10 (Estimate for the term A). There exist positive constants Co and Cs

such that for allk > 1, o > 1 and v € C§° ([47%7 irk])

_ —2/3 —2/3
A > —Colk? 2B ull oy — Cor285 2o guany

where A is given in (2.4.10) and By given in (2.3.1)).
Proof of Proposition|2.4.10 We divide the term A into two parts

k2 w
A = 2Re(D?u, b"u) 12 (Ryar) + 2Re<(t—2 + %) u, b U) 12(Rdt) -

Al As

Aj is non-negative, since b% is a non-negative Fourier multiplier,
A = 2Re/RDt2u-mdt - 2Re/ I7[26(7) - [a(r)[2dr > 0.
For Ay, using u(t) = gol(i)u(t), we have
Ay = 2Re((k + %) ( tk)u b u) 12 (Rdt)
— <((k:2 + tQ)(pl( )bw + bw(k2 + t2)¢1(é)>u,u>L2(R;dt).

Since b = (b%)¥ = (b")?2, where b is given in (2.4.8)) (see Remark [2.4.7), we have

k? tw K t
(t7+t2)@1(*)b = (ﬁ+t2)<ﬂ1(a)b b
k2 2 3 w Tw w k2 2 3 w
[(72 +1t )%(a),b o +b (72+t )@I(Z)b ;
2 t O t
w v 2 Y — pwpw (M 2 -
Tw § 2 3 w Tw kQ 2 3 w
=—b [(t7+t )901(;)717 | +b (t7+75 )<P1(z)b ,
by adding these two terms together, we obtain
k2 - - k2 t

o bw w opw (2 2 Y \iw
(167 + 201007157 + 267 (G5 + ) ()5
so that Ay can be written as

Kt - - t. -

__ _ w] pw 2 - w] Fw
801( k),b ]7b }U>U>L2(R;dt)+<[[t Wl(rk%b Lb }U7U>L2(R;dt)

A21 A22

t .~
+ 2<bw(7 + t2)901(a)bwu, U>L2(R;dt) .

Estimate for Asg.
A23—2/ +t2 g01 )\b“’u| dt > 0.

(2.4.15)

(2.4.16)

(2.4.17)
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Estimate for As;. By Lemma [2.6.2] the symbol f—jgpl(i) is in S(kQ'r,;Q,g) with semi-
norms independent of k. By Lemma 2.4.6|7 the symbol b is in S (1,¢9) with semi-norms
independent of k, then

k2t - o\
Symbol[t—Zgol(a),bw] € S(k2rk. 2)\91,9),

k2t o n oy
Symbol[[t—zapl(a), b, 57] € S(r 0.2, g),

where )\, is given in (2.4.6), and moreover, the semi-norms of these two symbols are
independent of k. Since by @4:6) Ay > /%, we have S(k*r; 2,2, 9) € Sk 26,2, ),
implying that

e (2

tﬁ@l( )ai)ngw}uHLQ(R;dt) < C2k27“;;2»3;;2/3||U||L2(R;dt)7

Tk
where Cs is a constant independent of k. Then

—2,—2/3
|Ant| < Cok?r 28,22 |l 2 sy (2.4.18)

Estimate for Asy. By Lemma the symbol t2301(%) is in S(r2, g) with semi-norms
independent of k. The symbol b is in S(1,g), then
t . -
Symbol [t2p1 (—), 0] € S(r,%)\g_l,g),
Tk
t oo .
Symbol | [t2p1 (), 5"],5"] € SN2, g),
Tk
and moreover, the semi-norms of the two symbols above are independent of k. Since
Ag > ,8,1/3, we have S(r,%/\;2,g) C S(r,%ﬂk_w?’,g), implying that

t
Tk

I[[e(

Fwl T -2/3
)7bw]abw}u“L2(R;dt) < CsriBy / 1wl 2 (Rsdt) s
where C3 > 0 is a constant independent of k. Hence

—2/3
|Ana| < Car B 2 Nl 2o iy - (2.4.19)

The estimate (2.4.15)) follows immediately from (2.4.16)), (2.4.17)), (2.4.18) and (2.4.19). O

Estimates for Re(Lyu, (4M + 2b*)u) 12(r;ar)

From ([2.4.10)), (2.4.14) and (2.4.15)), we obtain

2R6<Lku, bwu>L2(R;dt) > <b11UU, u)LQ(R;dt) — Clrk_QHUH%Q(R;dt)

—2,—2/3 —2/3
— Cok?r 2B NullFa ey — CoriBy Pl (2:4:20)

On the other hand, (2-4.3) gives the following inequality for u supported in [3rg, 31

1 _
Re(Lyu, u) p2®iary > (Diu, u) p2miar) + Z(kQTk 2 ) el o oany- (2.4.21)
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Multiplying (2.4.21) by 4M, where M = max{C; + C3,C3} + 1, and adding (2.4.20)), we
get
Re(Lyu, (4M + 26" )u) 2(rear) > (4MDF + bY)u, u) 2 (m.ar)
I
+ (MK + Mrf — O ® = Cok?ri 287 — O3 3.2°) [lul 2o gy (24:22)

>k2r +rk, since B > a>1
5
Estimate for I. Since u € C§°([2ry, 3r1]), we have

_ t
I = ((4AMD} + by + 2068 *r (1 — 902(5)))% ) 12 Redt)

where 2 is given in Definition 2:4.4 and ¢ is given in Lemma [2:4.9] Remark that by

Lemma [2.4.9 the function by (¢,7) + 206613/37“,;2(1 - @2(%)) is always non-negative and

for all t € R, |7| < B3,

_ t
by(t,7) + 2065;3/37“k 2(1 — wg(a)) > min(cs, 06)Bk T ~2

Let us denote .
a(t,7) :=AM7?> + by (t,7) + 2@652/37«;2 (1- @2(7)) (2.4.23)
k

We prove an estimate for (a"u, u)r2(g,qr), Which is equal to I for u € C§° (Br, 2r)).

Lemma 2.4.11. There exist constants Cy > 0, C} > 0 such that for allk > 1, « > 1 and
u € L3(R; dt),

2/3 _
<awU7U>L2(R;dt) > (C4ﬁk/ Tk Cz’ﬂ“k 2)”“\\%2 (R;dt)*
Proof. First we prove that the symbol a belongs to S(r, 2/\2 g), where g is given in Def-

inition [2.4.5/ and A\, given in . Recall that )\3 = 2/3 + 7“27'2 > By 23 We check the
three terms in the right hand side of (2.4.23) separately

b € S(Bkrk2)\ Lg) C8(r?A2,9).
2C4ﬁk (1 - () € S8y ,g) C S(r A2, 9), since pa(;£) € S(1, g).
T2 € S(Tk2/\2ag)- we have 72 < ﬁi/ r 4+t =0 2)\3 and we need to check if

|| < Crk2/\2(52/3 L +72)_1/2,
1< O 028 2+ 727

These inequalities hold with C' = 1 due to the expression of \;. Hence a € S(r, 2)\2 9).
Since the semi-norms of by in S(Byr) 2)\ 1 g), those of 902(rk) in S(1,9) and those of
72 in S (rk2/\2, g) are all bounded from above independently of k, we deduce that each
semi-norm of @ in S (r;2)\3, g) can be bounded above independently of k.

There exists C' > 0 such that a(t,7) > Cﬁi/gr,f for all ¢ and 7. Indeed,
t

—))
Tk

if |7] < 51/37‘;1, a(t,7) > by(t,7) + 206[3,3/37“,;2(1 — oo

>m1n(05,c6)ﬁk T -2,

if [7] > B3t a(t,T) > AMT? > AMB —2.
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It follows from Fefferman-Phong inequality that the operator a¥ satisfies
a¥ > C’Bi/3r,€_2 — C'T,ZQ,

where C’ > 0 depends on a semi-norm of a in S (7’,;2)\3, g) (see Proposition | so that
we can assume C’ independent of k. The proof of Lemma [2.4.11]is completed. O

Final estimate. By Lemma [2.4.11], now (2.4.22]) becomes
Re(Lyu, (4M + 26" )u) 2(mear) > (0w, w) 2(meary + (K77 + i) [0l 22 gean

>(CaBy*ri = Ol + k2% + ) [ull 2 o
Then with (2.4.21)), we have
Re(Lyt, (4M + 4C) + 26°)u) p2 iy > (CaBy i + K2 + 18 |l 2 (sar)-

Since the operator 4M +4C% +2b* is bounded on L?(R;dt), with operator norm indepen-
dent of k, we deduce from Cauchy-Schwarz inequality that for u € C§°([2ry, 3ry])

2/3 _ _
I Leullz2riar = Cs (B2 + kA + rillull L2 riar); (2.4.24)

where C5 > 0 is a constant independent of k. In particular, since Bi/ 37“,;2 + 7",2 > 2B,1/ 3,
we have

1/3
| Lktll oy > 2Cs 84"l 2 e (24.25)
This ends the proof of Proposition [2.4.3

Estimates in L?(R;rdr)

We prove estimates in L?(R; rdr) for the operator £; which is defined in (2.4.1]). First
we have the local result.

Proposition 2.4.12 (Local estimate for Ly). Suppose i > 661. There exist Cg > 0,
a1 > 1 such that for allk > 1, a > a1, u € C{)’O([%rk, %rk]),

2/3 — _
H‘CkuHL2(R+;rdr) > Cﬁ(ﬁk/ Tk ? + kQTk ? + T%)H“||L2(R+;rdr)v (2426)

where By, is given in (2.3.1]).

Proof. The first order term. For u € C§°([3ry, 5rx]), the term 14 Dyul| r2(r.ar) can be
controlled by the L?(R;dt)-norm of Lju. Indeed,

1/3 i
HLkuH%Q(R;dt) > 205/8k/ ”Lku”LQ(R;dt)HUHLQ(R;dt) by Proposition [2.4.3] (2.4.25)
1/3
> 2058, *Re(Liw, u) 12
1/3
> 205@/ IDeul o ary by @Z3),

so that

(205) 728, YOt Licull 2 gy

Lol >

7 4
H%DtUHL%R;dt) < %HDtuHLQ(R;dt) <
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We choose @&; > 1 such that %(205)*1/2071_1/6 < 1/2, then for all « > &; and k > 1, we
have (20 )~ 1/261;1/6 < 1/2; since ;' < e < 1, we get an estimate in L?(R; dt):
1
1Ll rear = 1wl r2@ar — 15 Deull L2 w;any
1 Cs, ,2/3 _ _
> §”LkUHL2(R;dt) > 7(/31/ Tk 2+ kzrk 2+ Tl%)HuHLQ(R;dt)-
The measure rdr. If u is supported in the interval [%rk, %Tk], then

5
47“kHUH%2(R;dt) < HUHQL2(R+;rdr) < ZrkHuH%Q(R;dt)'

Since Lju also has support in [%rk, %rk], we have

3 \1/2
£kl 2 srary > (17"1«) P Lkl 2

1/2C; _ _
> (Cr) P2 B 4 K 4 Dl s ey

)1/205(ﬁ2/3 24

Z (5 e+ TR lull 22 srdr)-

Hence we obtain the estimate (2.4.26)) with Cg = (%)1/2%. In particular, we have

1/3
| Leull 2@y srar = QCﬁﬁk/ lull 2@ srary- O
We now prove Theorem [2.4.2] i.e. the global estimate for Ly.
Proof of Theorem [2.4.3 We choose a partition of unity on the whole real line:
00(s)2 +01(s)>+6_1(s)>’=1, seR, (2.4.27)

where 6; are smooth functions and satisfy the following support conditions

11 1 1
suppo C =7, 7], suppby C [2,00), suppf-1 C (~o0, —C].
Define for j =0,1,—-1, k > 1,
T—TEk
Xk (r) = 0;( ) (2.4.28)

Tk
Then {x;x,j = —1,0,1} is a partition of unity, see Figure

Estimates for Lix; ru.

e For Ljxoru: the support of xoyx is included in [%m, %rk}. Assuming o > @&;, we can
apply the result (2.4.26]) in Proposition [2.4.12

1/3
1Lk x0 4l 2R wary = 2068y X0t L2 srar)-

. For Lix1, ku the support of xi is included in {r > 9rk} Since we have assumed
< (4Ry)" " in -, by (2.3.4) and the monotonicity of o, we have for r > 2 STk

7(r) = o(rs) < o(gre) — o) < (Gm) 2 = org® = — (o — () %
—_———

>0 by (2.3.3)
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) 03 02

1 1
0 - -
8 4
Xg,k
3ry 7ry
N R Mk
4 8

Figure 2.5: PARTITIONS OF UNITY.

We apply the multipliers Id and —ild,

Re(Lpx1, kU, —iX1,8W) 2R, srar) = (Be(0(Tk) = (7)) X1, X146U) L2(R , srdr)

8 _
> (CO - (§)2)Bkrk 2”X1,ku”%2(R+;rdr)’

Re(Lrx1 kU X1kU) L2 (R rdr) 2 (T7XRU X1EU) L2 (R rdr)

> ’I“]% ||X17ku”%2(R+;7"d7"),

this implies that

. 8 _
Re(Lex1pu, (1= 0)X16U) 2Ry srdr) = ((Co - (g)Q)Bkrk 2 4 r;%) X el 2@, rar)

8.0 ,1/2
> QW,B]C/ ||X1,ku||%2(IR+;rdT)'
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Then by Cauchy-Schwarz inequality, we get

8.9 ,1/2
I2kxaul a2 \e0 = ()28 X0kl 2y )

e For L, x_1 ,u: the support of x_1 1 is included in {r < %rk}. For r < %rk, o(rg) < a(%r).
Using the multipliers ¢Id and Id, we get

Re<£kX—1,kUa X—1U>L2(R+;rdr) > <T2X—1,kuu X—l,ku>L2(R+;rdr))

Re(Lpx -1,k iX—1,kU) 2R, rar) = (Bre(0(r) = 0 (T8)) X— 1,68 X—1,8U) L2(R., srdr)-
We have 1% + B¢ (o (r) — o(rg)) > cﬁ;ﬂ for all » < %rk. Indeed, by (2.3.4)),
ifr <Ry, 1+ pB (o(r) —o(rk)) > Br(c1 — 7",;2)
> (c1 — €3)Br, since 7y, > €5’
itr> Ri, 24 Bulo(r) — ory) 2 7+ Bulo(r) — o(or)
> 1% + B (cor™? = (1) 7?)

>2\/Co—( )ﬂ , sinceco>(g)2>(£)2.

Since we have supposed in (2.4.4) that 6(2) < c1, the desired inequality holds with ¢ =
min(e; — €3,2+/co — (7/8)2). Thus by Cauchy-Schwarz inequality we get the estimate

ILrx—1 kvl L2 rdry = 5k 21wl L2k rar)-

e We have proved for some C7 > 0, for j =0,1,-1, k > 1, u € C§°(R,),

1/3
1Lkl 2k wary = CoB Ikt L2z war)- (2.4.29)

Lemma 2.4.13 (Localization formula). Take the finite partition of unity {x;,j = —1,0,1}
on Ry, where x; € C*°(R;R), such that

1

Z x;(r)?> =1, forallr € Ry,
j=—1

and

1
m? := sup Z X (7) 2 < 00, m3 :=sup Z X (r |2—|—|ij( ))? < 0. (2.4.30)

"oj=—1 "oj=—1
Then the estimate
3H£ku|’%2(R+;rdr) (3m2 + 16m1) ||u”L2(R+,rdr Z HﬁkX]uHL2 (Rysrdr)s (2431)

j=—1

holds for u € C3°(R4.), where Ly, is the operator given in (2.4.1)).
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Proof. First recall (2.2.7) that the adjoint of 8, in L?(Ry;rdr) is given by 97 = —9, — %
and remark that the adjoint of £ in L?(R,;rdr) is given by

k‘2
L =050, + ol r? —i(ako(r) — \).
For any real-valued smooth function ¥,

LixX*Li = LixLrx + Lix[X, Lk]
= XLiLyx + [Lh, X]Lix + Lix[X, L]
= XLLLrx + [L, XIXLr + Lix[X Lk] + L5, XLk, X]-

We define the operator
Ry =Ly, x] = [070r, x] = [L}, x]- (2.4.32)

We see that R, is skew-adjoint and can be computed in the following way

X 1 1
Ry, =070, X] = —[02.x] — [0rx] = =X" = 20 — —X’

1
=x"—20,x — ;X’,

which implies

Lix2Ly = XLiLix + [Lhs XIXLr + Lix [ L) + L5, X] [Lks X]

1 1
= XLRLex + (X = 200X = X)L + Lix (X" +2X'0r + —X') = Ry Ry

1
= XL — O 03 L+ XLk — 5 () L

* * * 1 *
+ Lixx" + Li(x*) 0r + ﬁkg(XQ), — R R,.

We now apply this identity with x = x; and sum over j, then in view of the equality of
the partition of unity, the left-hand side reduces to £} L}, and the second, fourth, sixth
and seventh terms in the right-hand side vanish, so that

1 1 1

Lile = > xiLilrxsi+ > (Gxilr+ Lixgx)) — D By, Ry,
= =1 =1



2.4. PROOF, SECOND PART: CHANGE OF SIGN AWAY FROM 0 59

Thus for any v € C§°(Ry), we have

1

Hﬁku||%2(]1§+;rdr) = Z <Xj£;;£kau7u>L2(R+;rdr)
j=——1
1 1

+ Z <(X;{Xj£k + ‘CZXjX;’,)U,u>L2(R+;rdr) - Z <R;J RXjuau>L2(R+;rdr)
j=—1 j=-1

1 1
= Z HﬁlﬂXjuH%Q(R+;rdr) + Z 2Re<Xj£ku>X;!U>L2(R+;Tdr)
=1 =1

1
2
- Z ||RXjuHL2(R+;rdT)
j=—1
1

1
> Z H‘CkJXju”%Q(]R+;rd’r)_ Z (||Xj£ku||%2(]R+;rd7“)+||X;!U|I%Q(R+;Td’r‘))
Jj=-1 Jj=-1
1

1
- Z (QH(X;/ + ;X;’)u“%Q(R+;rdr) + 8“X;8Tu”%2(]1§+;rdr)>
j=1
1

2 Z HEkauH%2(R+;TdT') - ||‘Cku‘|%2(R+;rdr) - 3m%”“”%2(R+;rdr)
j=——1

— 8m3||0rul| P2, rar- (2.4.33)
For the term 8m%|]8ru|]%2(R+,rdr) in (2.4.33), we use the following estimate, by recalling
that Ly = 958, + & + 1% +i(aka(r) — N),
8m%H87"uH%2(R+;rdr) < Sm%Re<£kua U>L2(R+;Tdr)

< 8milLrull 2, sram lull 2@ rar)

<Lkl z, rary + 16milul 2, rar- (2.4.34)
From ([2.4.33)) and (2.4.34)), we can deduce the localization formula ([2.4.31]). ]

End of the proof of Theorem . It remains to estimate the quantities defined in ([2.4.30]).

In our case, m? < CT];Z, m3 < cr,;4, with ¢ > 0 a constant depending only on the functions

6; defined in (2.4.27). It follows from (2.4.29) and the localization formula (2.4.31)) that
for all v € C§°(R4),

1
2 2\,.—4 2 202/3 2
3||£kuHL2(R+;rdr) + (3C+ 16¢ )Tk |’uHL2(R+;T’dT‘) 2 Z C7Bk/ Hxﬁku||L2(R+;7’dr)
Jj=-1
2 n2/3 2
= G252 ull ey

Choosing a1 > & such that (3¢ + 1602)63 < %C?a?/g, then for all &« > a7, £ > 1 and

i, > €5, we have (3¢ + 16¢%)r;* < %C’?BZ/?’. Then we get the estimate

1 1/3
I£kullcze ey = —=CoB Nl

and this completes the proof of Theorem [2.4.2
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2.4.2 Case 2: crossing at a finite distance

We turn to the second case when rj belongs to a fixed compact set [eg, €y 1] with 7
given in (2.3.14)), see Figure Notice that we can find a constant ¢7 > 0 depending only

on €p such that

17
€ [geo g6 o'(n) < —er (2.4.35)

We will prove the following estimate.
Theorem 2.4.14. Suppose 1 € [eo,eal]. There exist C > 0, ag > 1 such that for all
kE>1, a>as, ue CPRy),

2/3
|Lkullzz @, rar) > CBY Il 2y rar)
where Ly, is given in (2.4.1) and By given in (2.3.1)).

Estimates in L?(R;dt)

Proposition 2.4.15. Suppose rj € [60,651]. There exists C > 0 such that for all k > 1,
a>1and u € CP([3ry, 2ry)), the following estimate holds

2/3 _
ILiull p2gsary = CB° + K2re 2 + 1) [l L2 gsan),

where Ly, is given in (2.4.2)) and By given in (2.3.1)).
We prove Proposition [2.4.15] by a series of lemmas. Let us start with a definition.
Definition 2.4.16 (Admissible metric). Define a metric on the phase space R; x R;:

dr?
9= Gk 1) = A+ .
(t,7) 52/3+72

The quantity Ay defined by (2.6.4]) for the metric g is
A= (B + 2> 8% >0l > 1 (2.4.36)

The metric g is of the type studied in Lemma [2.6.1} so that g is admissible and the
structure constants Cp, Cp, Ny in (2.6.2)) are all independent of k, although the metric g
depends on k itself.

We will use again the cutoff functions 1, @2 given in Definition m (Figure and
the function ¢ given in (2.4.9) (Figure . If u has support included in [%rk, Sry), we
have always u(t) = gol(é)u(t) = 902(%)u(t).

Definition of the multiplier

b(r) = 2(8, /°r), TeER, (2.4.37)
b(r) = (B, *r), TER, (2.4.38)

where ¢ is given in (2.4.9), Figure
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Lemma 2.4.17. The symbols b defined in (2.4.37) and b defined in (2.4.38) belong to
S(1,9), where g is given in Definition|2.4.16| Moreover, their semi-norms are independent

of k.

Proof of Lemma[2.4.17. Observe that |b(7)] <1 and

b (r) = 8. P W(B3r), forl> 1.

If |7 < 26,/%, then [p0(r)| < G, "% < C5/2(B* + )72, where C; = [|(¥%) D] o=
1/3

If |7| > 28,”°, then b¥)(7) = 0. This implies that b belongs to S(1,g) and moreover, the
semi-norms of b do not depend on k. Using the same computation, we get that the symbol
b() is also in S(1, g) with semi-norms independent of k. O

Remark 2.4.18. As a consequence of Lemma the Weyl quantizations b* and
b¥ are bounded, self-adjoint operators on L?(R;dt). As a matter of fact, b = b(D;)

and b* = b(D,) are both bounded, non-negative Fourier multiplier. Moreover, we have
b = (bv)2.

Now let us compute 2Re(Lyu, b"u) 2(g,qr): for u € C(Bry, 2ri]),

w k2 w
2R6<Lku, b u>L2(R;dt) = 2R€<(th + t72 + t2)u, b u)LQ(R;dt)

A
+ 2Re(if (0 (t) — o (re))u, 0"u) p2(megry - (2-4.39)

B

Estimate for the term B

Lemma 2.4.19. The symbol iy (o(t) — o (rk))e1 (L) belongs to S(Bk, g) with semi-norms

Tk
independent of k, where g is given in Definition |2.4.16]

Proof of Lemma[2.4.19. The function (o(t) — o(ry))¢1(;) is supported in [37k, $7%] and

bounded as well as all its derivatives, since r, belongs to [ep, €, 1], a fixed compact set
in (0,00). This implies that (o(t) — o(rg))¢1(;-) belongs to S(1,g), with semi-norms

depending only on €y, o and 1, so that Lemma [2.4.19| is proved. O

For u € C§°([2ry, 3ry]), we write the term B as

B = 2Re<l/6k (G(t) - O-(Tk))gpl(:k)uv bwu>L2(R;dt)7

where ¢; is defined in Definition Since Bk (o (t) — o (rk))e1 (%) is skew-adjoint and
bv is self-adjoint, we have

t

B = ([0, iB(o (1) = o) o1 () [ w12 ey

By Weyl’s calculus, since b € S(1, g) and i, (o (t) — o(rk)) € S(Bk, g), we get that

5,81 (o(8) — o (r)er ()] = b+ a”, (2.4.40)

Tk
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where by is the Poisson bracket of these two symbols
1 , t _1
bi(t,7) = ;{b(T), iBr(o(t) — U(Tk))@l(a)} € S(BrA, 5 9),

and d is the remainder belonging to S(ﬁk)\g_?’,g) with Ay given in (2.4.36]), see Appendix
2.6.12).

We can compute by directly:
t t, _
h(t7) = B @0) (8,7 (0 (Der () + (0(0) = o) ()rit). - (24.41)
The symbol b; has the following properties.

Lemma 2.4.20 (Properties of by). The support of the symbol by given in (2.4.41)) is
included in the set

1 7
{(t,7) €R? |r| <283 ¢ € [57w 7mel}-
There exist cg,cg > 0 independent of k, such that
1
’ ‘ < ﬁ1/3, [sz, grk] - bl(t T) > Cgﬁ2/3,

VreR, VtER, |bi(t,7)]| < C95k/3'

Proof of Lemma . The first property is a direct consequence of the choices of 1) and

1. If |7] < ﬁ1/3 and te [ Tk, 2rk] by the properties of 1 and 1, we have
1/3 1 ;. t t
( 1][)11})(ﬁ )— 10’ @1(7%) ) 901(7"].3)
By (2-4.35) we have o/(t) < —cr, since t > 371, > S€p. As a result, we get
1 3
bi(t,7) = sy, for 7] < B/, 1 € [ Gl

with cg = 1007 For t € [ L, Zrk] C [%eo, %egl], since we are in the case ry € [eo, 661],
t t., _ _
|U'(75)901(a) + (o(t) - U(Tk))%(a)’“k < o'llzee + 2[ @ | eeg s

. . 2/3 -
implying V7 €R, t€R, [bi(t,7)| < B °l|200[[1oe (|0 | oo + 2] [l ).

which completes the proof of the lemma. O

Estimate for d*. Recall that d is given in (2.4.40). We deduce from Lemma [2.4.17] and
Lemma [2.4.19| that the semi-norms of d in S(Bk)\_?’,g) are independent of k, where )\,

is given in (2.4.36]). Since A\; > 61/3 the class S(BkA, 3 g) is included in S(1,g). This
implies that d¥ is a bounded operator on LQ(R dt), and its operator norm is bounded by
a semi-norm of d in S(1, g) (see Appendix [2.6.1)), so also bounded by a semi-norm of d in

S(BrA;?,g). We get

[(du, u) 2| < 7 ull 2@ 1l 2 @y < CrllullZe @uar

where C > 0 is a constant independent of k. Consequently, we get the estimate for the
term B which is defined in ([2:4.39): for u € C§°([3ry, 374)),

B = (bfu, U>L2(R;dt) - ClHU||L2(R;dt)‘ (2.4.42)
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Proposition 2.4.21 (Estimate for the term A). There exist positive constants Cy, Cs
such that for all k > 1, a > 1 and u € CF°([3ry, 3ry)),

9 ,-2/3 —2/3
A > —Cok?r B Nl gy — OB Pl sy (2.4.43)

where A is defined in (2.4.39) and By given in (2.3.1)).

Proof of Proposition|2.4.21. We divide the term A into two parts

k2 w
A = 2Re<Dt2u, bwU>L2(R;dt) + 2Re<(t—2 + t2)u, b u>L2(]R;dt) .

A Ao
A; is non-negative, since b" is a non-negative Fourier multiplier. For As, using u(t) =
(pl(i)u(t) and doing exactly the same computation as in the previous case in page |51} we

get that

Kt - -

w w 2 t Twl Fw
AQ :<|:[t—2(p1(a),b ],b :|U7U>L2(R;dt)+<[[t (,01(5),17 },b :|u7u>L2(R;dt)
Aoy Agz
Tw kQ 2 t Tw
+2(b (72 + ) o1 ()", u) 2 (igr)
Tk
Aoag
where b is given in (2.4.38).
Estimate for Aos.
Apy =2 / " +t2)¢1( )t > 0. (2.4.44)

Estimate for As1. The symbol ];—224,01(%) is in S(k2r;2,g) with semi-norms independent
of k, by Lemma m The symbol b is in S(1,g) with semi-norms independent of k by

Lemma then

k2t - o
Symbol[t—ngl(E),bw] € S(k*ry 2)\91,9),

k2t o o
Symbol“t—QLpl(a),bw],bw} e S 20,2, 9),

where )4 is given in (2.4.36)), and moreover, the semi-norms of these two symbols are

independent of k. Since by ([2.4.36 m Ag > 51/3 we have S(k27’k2)\ 2 g) C S(k? QBk 2/3,g)
implying that

t Tw
e S R L PRy i i T PR

k‘2
| [[72901(
where Cs is a constant independent of k. Then

|Ant| < Cok?r 2822 |l 2 sy (2.4.45)
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Estimate for Ass. By Lemma the symbol thl(i) is in S(r?, g) with semi-norms

independent of k. Since the symbol b is in S (1, g) with semi-norms independent of k& by
Lemma we have

to _
Symbol[thl(a),b | e S(r,%kgl,g),

t oo~ .
Symbol | [1(—), 5"],5"] € SGA, 2, 9),
Tk
and moreover, the semi-norms of the two symbols above are independent of k. Since
Ag > ,8,1,/3, we have S(r,%/\!f,g) - S(TI%BI;Q/S,Q), implying that

t
Tk

I[P (

w1 T —2/3
), 8718 |l 2 iy < Cardy ™ lull 2 ey
where C3 > 0 is a constant independent of k. Hence

—2/3
|Ana| < Car B 2 Nl oy - (2.4.46)

The estimate (2.4.43]) follows immediately from (2.4.44), (2.4.45)), (2.4.46) and the fact
that A; > 0. ]

Estimates for Re(Lyu, (4M + 2b")u) 12(r;ar)
From (2.4.39), (2-4.42) and (2.4.43), we obtain

2Re(Lyu, b u) p2miary > (030, w) 2 @ary — Crllwll 22 ean

2 ,-2/3 —2/3
— Col?ri 2B el Z2 iary — Cartby / lull 2o mary  (24.47)

Recall the inequality (2.4.21)) for u supported in [%rk, %rk]
1 _
Re(Lyu, ) p2(mary > [|Dvull T2 (goary + Z(kQTk 2 i) lullZe (geary-

Multiplying (2.4.21)) by 4M, where M = max{C5,Cs} + Cy + 1, and adding (2.4.47)), we
get
Re(Lyu, (4M + 26" )u) 2 (rear) > (4MDF + bY)u, 1) 12 (m.ar)
I
2, —2 2 2,.—2,-2/3 25—2/3 2
+ (Mk T‘k + M?“k — Cl — CQ]{: Tk ﬁk — Cgrkﬂk ) ||u||L2(R;dt)' (2448)

2k2r;2+ri, since By > a>1
Estimate for I. Since u € C§°([37y, 213]), we have

2/3 t
I = ((4MD? + by + 20087 (1 - @2(5)))%@9(&%),
where 9 is given in Definition and c¢g is given in Lemma [2.4.20l Remark that by

Lemma [2.4.20] the function by (¢,7) + 20962/3(1 — a(:L)) is always non-negative and

Tk

t
Vi eR, V|| < 5;/3, bi(t,7)+ 209,6’,3/3(1 — (pg(g)) > min(08,09)6,3/3.
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Let us denote .
a(t,T) == 4AMT? + by (t,7) + 209@3/3(1 — gpg(r—)) (2.4.49)
k

We now prove an estimate for (a"u, u) p2(g.qt), Which is equal to I if u € C§° (Bry, 2ri]).

Lemma 2.4.22. There exist constants Cy > 0, C} > 0 such that for allk > 1, a > 1 and
u € L*(R;dt),

2/3
(a“u,u)r2(r.ar) > (04/8k/ - CZ,L)HUH%Q(R;dt)'
Proof. First we prove that the symbol a belongs to .S ()\g, g), where g is given in Definition

2.4.16{and A4 given in (2.4.36]). Recall that )\!2] = 2/3 +72 > B2/3 We check the three
terms in the right-hand side of (2.4.49)) separately.

by € S(,Bk)\g_l, ) C S()\2 g).
2057/ (1 - a()) € S(,9) € SO, snce i) < S(1,9)
2 e S()\g, g): we have 72 < ﬁ2/3 +712 = )\3 and we need only to check if

Ir| < CX2(8° + 72712,
1< OB + )7

These inequalities hold with C' = 1 due to the expression of \,. Hence a € S (/\3, g). Since
the semi-norms of by in S(Bk)\g_l,g), those of goﬂi) in S(1,g) and those of 72 in S(Ag,g)
are all bounded from above independently of k, we deduce that each semi-norm of a in
S ()\3, g) can be bounded by a constant independent of k.

There exists C' > 0 such that a(t,7) > C,B,i/?’ for all ¢t and 7. Indeed,

t
if |7] < 61/3, a(t,7) > bi(t,7) + 2695]3/3(1 — gz)g(a)) > min(CS,Cg)Bz/?),

if 7| > B3, a(t,7) > AM+2 > AMBY?,

It follows from Fefferman-Phong inequality that the operator a¥ satisfies
av > CpE -,

where C’ > 0 depends on a semi-norm of a in S ()\3, g) so that we can assume C’ indepen-
dent of k, see Proposition [2.6.3] The proof of Lemma [2.4.22] is complete. O

Final estimate. By Lemma now becomes
Re(Lu, (4M + 26 )u) r2(msar) > (0", w) 2msary + (K77 + i) 6l 22 gean
>(Ca = O K )l o s
Then with , we have
Re(Lyu, (4M + Cf + 26" u) 2 (aany = (CaBY™ 4+ K2r 4 172) [l 2

Since the operator 4M +C%+2b" is bounded on L?(R; dt) with operator norm independent
of k, we deduce that for all u € C§°([3ry, 3ry)),

3 _
Lyl p2rsany = Cs (7> + K22+ vl 2 oy (2.4.50)
where Cs > 0 is a constant independent of k. In particular, we have
2/3
| Zicull 2oy > Csy >l 2 sy (2.4.51)

This ends the proof of Proposition [2.4.15



66 CHAPTER 2. RESOLVENT ESTIMATES FOR A 2D NON-SELF-ADJOINT OPERATOR

Estimates in L?(R,;rdr)

We prove estimates in L?(R; rdr) for the operator £ which is defined in (2.4.1]). First
we have the local result.

Proposition 2.4.23 (Local estimate for Ly). There exist C¢ > 0, o > 1 such that for
alk> 1, a> by, ue C([3re. §ri).

2/3 —
H‘CkuHLQ(RJr;TdT) > Cs (5k:/ + k2rk ? + T']%) Hu‘|L2(R+;rdr)v (2452)

where Ly, is given in (2.4.1) and By given in (2.3.1)).

Proof. The first order term. For u € C§°([3ry, Jri]), the term || Dyl r2(r.ar) can be
controlled by the L?(R;dt)-norm of Lju. Indeed,

I Lkull72 ) > 58> | Licul| 2 ooy 11| 2oy by Proposition BA15, (2451),
> 0552/3R6<Lku» U) 12 (Rdt)
> G5B Dl oy by BED),
so that

i 4 4 172 ,-1/3 _
H%DtuHLQ(R;dt) < TmthuHL?(R;dt) < §C5 gt e Ll 2 @sar) -

We choose @&y > 1 such that %C;l/ngl/g’eal < 1/2, then for all @ > &2 and k > 1, we

have %Cglﬂﬂk_l/:%eo_l < 1/2; since 7’,;1 < 60_1, we get an estimate in L?(R; dt):
1
1Lkl e wiar) 2 1Lkl poar — 15 Deull L2 wiany

1 Cs  ,2/3 _
> SllLeul aman = 5 (627 + Kri® )l 2 s

The measure rdr. Since v and Lrpu both have support in [%rk, %rk], we have

3 \1/2
|2kl zz,rary > (o)l Lxul c2esan

3 12C5, a3 _
Zrk) / 7( Y + K2 ) el 2 sar)

3,1/2C5 , 2/3 _
> (5) / 7( AR +ri)lull 2, rdr)-

> (

Hence we obtain the estimate (2.4.52)) with Cg = (%)1/2%. In particular, we have

H‘Cku||L2(R+;rdr) > 065£/3|’U||L2(R+;rdr)- O

Now we prove Theorem i.e. the global estimate for £j.

Proof of Theorem |2.4.14 We use again the partition of unity on the positive-half line
Xjk defined in (2.4.28) (Figure [2.5). We need only to estimate | Lx;xulr2®, srar) for
j = —1,0,1, and the quantities m?, m32 defined in (2.4.30)), then apply the localization

formula (2.4.31)).

Estimates for LiX; ru.
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e For L;xo,xu: the support of xoy is included in [%rk, grk}. Assuming a > &9, we can
apply the result (2.4.52)) in Proposition [2.4.23
2/3
I Lkxokull 2@y rary = o3y Ix0.kull L2 (R srdr)-

e For Ly x1 pu: the support of xj is included in {r > %rk}. Let us recall the inequality

(2.4.35)

17
Vr e [ZEO’ 160 l, o'(r) < —er.
Using the monotonicity of o, the mean value theorem and ([2.4.35)), we have for r > %rk,
9 9 1 1
o(r) —o(rk) < o(gr) —olrk) = o' (s) (gre — i), < —germn < —gereo,

for some si € [rg, %rk] C leo, %eal]. We apply the multiplier —¢Id and get that
Re(Lix1 ku, _ixl,ku>L2(R+;rdr) = (Br(o(rr) — o (r))x1xu, Xl,ku>L2(R+;rd7~)
1 2
> §C7606kHXl,kuHL2(R+;rdT)7

which implies by Cauchy-Schwarz inequality that

1
I€kxawull 2@, srary 2 gereoBrllxantll 2@y rar).

e For Lyx_1ru: the support of x_j 4 is included in {r < %rk}. It follows from ([2.4.35))

that for r < %rk,

7 7 1 1
o(r)—o(rg) > O'(gT‘k) —o(rg) = 0'(52)(§rk —TE) > gCTT > 3670,
for some s}, € [%rk,rk] C [%60, eal]. Using the multiplier ild, we get
Re(Lpx 1,61, iX—1,kU) 2(R, srdr) = (Be(0(7) = 0 (%)) X = 1,68 X—1.8U) L2(R , srdr)
1 2
> gereoBrllx-1pulra, rar)-

By Cauchy-Schwarz inequality we have
1
HﬁleX—l,kuHL2(R+;7~dr) > §c76018k||X*1,kuHL2(R+;Td7")‘
e We have proved for some C7 > 0, for all k > 1, j = 0,1, —1, for all u € C§°(R4),
2/3
1 LkxG kw2 (R yrdr) > Cr;! Ikl L2, rdr)- (2.4.53)

Estimates for m?, m3. Recall that m?, m3 are given in (2.4.30). We have m? < C?“];Q, m3 <
cr,jl, with ¢ > 0 a constant depending only on the functions ¢; defined in (2.4.27). It
follows from (2.4.53)) and the localization formula (2.4.31)) that for any v € C§°(R4),

_ 4/3
3“Eku|’%2(R+;rdr) + (30 + 1602)Tk4||u”%2(R+;rdr) > chﬁk/ ||Xj:ku”%2(R+;rdr)
J

4/3
= C?ﬁk/ HUH%Q(R_,_;rdr)'

Choosing ag > @g such that (3¢ + 1662)664 < %C?a;l/?’, then for all o« > a9, kK > 1 and

r1, € [0, €9 '], we have (3¢ + 16¢?)r;* < %C’%Bi/?’. Then we get the estimate

1 2/3
Lxulleae ey = —eCoB Nl

and this completes the proof of Theorem
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2.5 Proof, third part: change of sign close to 0

2.5.1 Case 3: crossing near 0

Now let us consider the third case when r; € [uﬁ;1/4,eo), where pu > 1 is a large
constant to be chosen below, see Figure We suppose throughout Section [2.5.1

a > ptegt (2.5.1)

such that for any k > 1, the interval [, 1/ 4, €0) is not empty. We assume also

7
160 < Ba, €8 <1—co, (2.5.2)
where Ry and ¢, are given in (2.3.5). Then according to ([2.3.5)),
7 1 1
Vr < — 160 —57“2 <o(r)—1< —5007“2.

Moreover, we suppose ¢y small enough to ensure
7 /
Vr < Zeo, —cyor < o'(r) < —cqyr, (2.5.3)

for some c19 > c11 > 0. We will prove the following estimate in this section.

Theorem 2.5.1. There exist p > 1, C' > 0 such that if 1 € [uﬁ,:l/4,60), then for all

kE>1andue Cg°(Ry),

1/2
ekl a@,srar) = OBy ull2(e ),
where Ly, is given in (2.4.1) and By given in (2.3.1)).

Estimates in L?(R;dt)

Proposition 2.5.2. There exists C > 0 such that if p > 1 and ry € [Mﬁ;1/4,60), for all
k>1 andu € CF([3rg, 2ry]), the following estimate holds:

2/3 2/3

| Lull L2 riary = C(By, + B+ Tk)”U”L?(R dt)>

where Ly, is given in (2.4.2)) and By given in (2.3.1). In particular, we have

1/2
| Leull 2 mary > oy Jwll 22 () -

Remark that the second estimate in Proposition [2.5.2] is a consequence of the first one,
just noticing

13/37"13/3 + k:2r,;2 > (5;3/37“2/3)3/4(7627“;2)1/4 _ k1/26;/2 > 5;1/2-

We prove Proposition by a series of lemmas. Let us start with a definition.
Definition 2.5.3 (Admissible metric). We define a metric on the phase space Ry x R;:

dt? n dr?
9 =9ktr)= 3 T 3mam3
(t7) r2 52/3 2/3+72
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The quantity Ay defined by (2.6.4]) for the metric g is
Ny = (B0 4 Y2 > P > > (2.5.4)

Since rk(ﬁkrk)l/?’ > 13 > 1, the metric g is of Ehe type studied in Lemma [2.6.1} so that
g is admissible and the structure constants Cy, Cy, Ny in (2.6.2)) for g are all independent
of k, although the metric g depends on k itself.

We will use again the cutoff functions (1, @2 given in Definition m Flgure 2.3)) and
the function 9 given in (2.4.9) (Figure . If u has support included in [3 Tk 4rk] we
have always u(t) = ¢1(;=)u(t) = 2 (%) u(t).

Definition of the multiplier

b(r) = 28, P Pr), TeR, (2.5.5)
b(r) == (8, P Pr), TeER, (2.5.6)
where 1 is given in (2.4.9) (Figure[2.4).

Lemma 2.5.4. The symbols b given in ([2.5.5) and b given in (2.5.6) belong to S(1,g),

where g is given in Definition[2.5.3. Moreover, their semi-norms are all independent of k.

Proof of Lemma[2.5.]. Observe that |b()| < 1 and
o (r) = (ﬁ;;l/?)r/;l/g)l(wz)(l) (5];1/37”,;1/37'), for | > 1.

If |r| < 28,/%r1%, then b0 (7)| < Cu(By Pr ) < CisY2(BYri/® 4 72) 712, with € =
|(4?) D] poo. If ]7‘| > 26,1/37",1/3 then b(l)( ) = 0. This implies that b belongs to S(1, g)
and moreover, the semi-norms of b do not depend on k. Using the same computation we
get that b is also in S(1, g), with semi-norms independent of k. O

Remark 2.5.5. As a consequence of Lemma, the Weyl quantizations b% ~aund IN)”:” are
bounded, self-adjoint operators on L?(R;dt). As a matter of fact, b = b(D;), bv =b(Dy)
are both bounded, non-negative Fourier multipliers. Furthermore, we have b% = (b%)2.

Now let us compute 2Re(Lxu, b*u) 2(g,qr): for u € C§° (Bry, 2ri)),

w k?
2Re(Lyu, bu) 2 (miar) = 2Re((Df + ol )1, bu) 2 (i)

A
+ 2Re(iB (o (t) — o(rk))u, b u) 2 myary - (2:5.7)
B

Estimate for the term B

Lemma 2.5.6. The symbol i3y, (o (t)—o(ri)) 1 (;-) belongs to S(Byri, g) with semi-norms
independent of k, where g is given in Definition[2.5.3



70 CHAPTER 2. RESOLVENT ESTIMATES FOR A 2D NON-SELF-ADJOINT OPERATOR

Proof of Lemma[2.5.6. The function is supported in [%rk, Erk] C (0, geo). By our assump-
tion Teg < Ry in (2.5.2), we have for t € [Lry, Try],

1 17
0(t) = olr)| < lo(t) = 1]+ |o(r) — 11 < 52 + 1) < o,

hence |if (o (t) — a(rk))gm(:k) < EBN}%-

To estimate its derivatives, we notice (12.5.3)) and that the derivatives of order > 2 of o are
bounded, then

dr t
W((U(t) - 0(?%))@1(5))‘
n— m t —m n—1 t —n
<C Y o™ () Ol 0@ ()
0<m<n—2 Tk Tk
1) — (n) L -n
+(0 0 - ol (D)
S C/ Z ,rl;m + CT’k_n+2 4 C/T];n+2
0<m<n—2
< C’”r,;m'Q, since 1, < €9 < 1,
which proves Lemma [2.5.6] O

For u € C§°([2ry, 3ry]), we write the term B as
B = 2Re(ifk(o(t) — U(Tk))wl(a)“v b*u) L2 (Rydt)

where ¢ is defined in Definition Since iy, (0 (t) — (k)1 () is skew-adjoint and
bY is self-adjoint, we have

B = ([, i81(o(t) = o)) o1 () s g2y

By Weyl’s calculus, since b € S(1, g) and i (0 (t) —o () 1(;-) € S(Brr, g), we get that

b, iB(o(t) —U(Tk))gpl(ﬁ)] — b 4 d", (2.5.8)
where by is the Poisson bracket of these two symbols
1 . t 2y—1
but,7) = {b(r), iBklo(t) —olri))er( )} € S(Brirs " 9)
and d is the remainder belonging to S (51&“;%/\9 ,g) with Ay given in (2.5.4]), see Appendix
1} (2.6.12).
We can compute by directly:
bi(t,) = B2 2w (8 o o)
t. _ t, _
x (/@)1 ()t + (o (t) = o (ra))h ()i ?) (2.5.9)
Tk Tk

The symbol b; has the following properties.
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Lemma 2.5.7 (Properties of by). The support of the symbol by given in (2.5.9)) is included
in the set

1/3 1/3 17
{(t,7) € B || <28,/°r%, t € [5rn gmal)
There exist ci2,c13 > 0 independent of k, such that

1 3
|| < B;/gr,i/?), te [§Tk7 §rk] = bi(t,7) > 612ﬁ2/3 2/3,

VreR, W ER, |bi(t,7)| < cisp 3,

Proof of Lemma The first property is a direct consequence of the choices of ¢ and

©1. When |7]| < B; 31",1/3 te [ Tk, zrk] we have

1 t t

o) (B PP S -5 Al =00 eil) =1, o) < —ent,

where the last inequality follows from ([2.5.3) and that %rk <t< % <
we have

M\OO

. As a result,

1
1/3,. 1/3 te [57%5

with ¢j9 = 20011 It also follows from (2.3.5)) and - that, for t € [ Tk, ri] < (0, %eo),

bi(t,T) > clgﬁi/grk/ for |7| < B, k]

t

¢ 7 17
o' ()1 ( k)+(0(t)—0(7”k))901( k)?‘k | < 160010+ 167 || Lo €0,

. . 17
implying V7 € R, t € R, |by(t,7)| < B/ ? |1 209 HLoo( coct0 + ¢} |z c0).

which completes the proof. ]

Estimate for d*¥. Recall that d is given in - We deduce from Lemma and
Lemma- 6| that the semi-norms of d in S (ﬁkrk 3 g) are independent of k, Where Ag is

given in (2.5.4)). Since Ay > ﬂ;/gr:/3 the class S(ﬁkr,%/\;?’, g) is included in S(r; 2, g). This
implies that r,%dw is a bounded operator on L?(R;dt), and its operator norm is bounded
by a semi-norm of d in S(r}, %, g) (see Appendix, so also bounded by a semi-norm of
d in S(ﬁkr,%Ag ,g). We get

|(rid"u, ) 2 many | < ridull 2 @an 0]l L2 iy < Crllull 2o ean

where Cy > 0 is a constant independent of k. Consequently, we get the estimate for the
term B which is defined in (2.5.7): for u € C§°([3r, 5rk]),

B Z <b§UU,U>L2(R;dt) - Cl’l“];2”u‘|%2(R;dt). (2510)

Proposition 2.5.8 (Estimate for the term A). There exist positive constants Ca, Cs such
that for allk > 1, u>1 and u € Cé’o([%rk, grk]),

A > —Cokri Pl T2 rary — C3T£N_8/3‘|U||%2(R;dt)’ (2.5.11)

where A is defined in (2.5.7)).
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Proof of Proposition[2.5.8 We divide the term A into two parts

A = 2Re(D?u, b u) 12 (R;dr) + 2Re<(t—2 + %) u, b U) 12(Rdt) -

A1 As

A; is non-negative, since b" is a non-negative Fourier multiplier. For As, using u(t) =
(pl(%)u(t) and doing exactly the same computation as in Case 1 in page we get that

Kt - -

w w 2 t Twl Fw
A2=<“ ()00 o, ) gy + ([t ()00 ot 12 iy
Aoy Agz
25 (% 4 2) 1 (L)
< (t72 + )wl(a) u7u>L2(R;dt)7
Aogg
where b is given in (2.5.6).
Estimate for Ass.
Ay — 2/ Y o )\bwu| dt > 0. (2.5.12)

Estimate for As;. The symbol lz—jgol(i) is in S(k2r,;2, g) with semi-norms independent

of k by Lemma [2.6.2l The symbol b is in S (1,¢g) with semi-norms independent of k by
Lemma then

K2t -
Symbol[t—anl(a),bw] e S(k*r; 201 9),

Symbol LAl b1, 0% e S(k*r 2\ 2
ymbo [tg()ol(rk)a ]7 € ( T g 79)7

where A\, is given in , and moreover, the semi-norms of these two symbols are
1ndependent of k. Slnce by 25.4) Ny > 61/3 43 > 1*/3, we have S(k?ry 2)\ 29 C
S(k?r;2u=8/3, g), implying that

t

k2 w1 Tw 9 _
’\{[tjwl(a)’b },b }UHLQ(R;dt) §02k27"k2ﬂ 8/3||UHL2(R;dt)u

where Cs is a constant independent of k. Then

| Ag1| < Cok®ri i3l 3 2 - (2.5.13)

Estimate for Azs. The symbol t2cp1(%) is in S(r?,g) with semi-norms independent of k
by Lemma The symbol b is in S (1, g) with semi-norms independent of k& by Lemma

254 then
to
Symbol[t2gpl(r—),bw] € S(r,%)\g_l,g):
k

ty 701 7 _
Symbol[[t2g01 (a), b"], bw} € S(r,%)\g %9,
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and moreover, the semi-norms of the two symbols above are independent of k. Since

A > 51/3 4/3 5 143, we have S(r2\- J2.9) C S(rip=8/3,g), implying that

£ ot .
| [[tzwl(a)vbwkbw}UHm(R;dt) < Csrpp ™3 |ul| L2 myany,

where C3 > 0 is a constant independent of k. Hence

| Aga| < Carp™ 2 g (2.5.14)

The estimate (2.5.11]) follows immediately from (2.5.12)), (2.5.13), (2.5.14) and the fact
that A1 Z 0. O

Estimates for Re(Lyu, (4M + 2b")u) 12(r;ar)

From (2.5.7)), (2.5.10) and (2.5.11]), we obtain

2Re(Liu, b u) r2(miar) > (014, u) r2(R; dt) — Crri 2 ullz e

—CQkQ S/SHUHL? (R;dt) — C3TI%N78/3‘|U||%2(R;dt)‘ (2.5.15)

Recall the inequality (2.4.21)) for u supported in [%rk, %rk]

1 _
Re(Lyu, w) 2(rsar) > [1Drul 2 @ear) + Z(k;2rk2 + i) lull 72 .-

Multiplying (2.4.21)) by 4M, where M = max{C; + Co,C3} + 1, and adding (2.5.15)), we
get

Re(Lgu, (4M + 26" )u) 2miary > ((4M D7 + ') u, u) 2 ar)
I
+ (ME*r? + M} — Cir® = Cok®ri 2% — Card ™) a2 ygry- (2.5.16)

2k2rk_2+r,%, since pu > 1
Estimate for I. Since u € C§°([3ry, 274)),
2/3 2/ t
I = ((4MD7 + b} + 201351/ rk/d(l - ‘Pz(a)))ua W) L2 (Rsdt)

where ¢ is given in Definition and cy3 is given in Lemma Remark that by

Lemma [2.5.7, the function by (¢,7) + 2613BZ/37‘2/3(1 — pa(-L)) is always non-negative and

Tk
forall t € R, |7| < [31/3 1/3,

t
bi(t, ) + 201352/31",3/3( (pg(rk)) > mln(clg,clg)ﬁk/3 2/3,

Let us denote

a(t, ) = AMr? 4 bi(t,7) + 2613873023 (1 — tk)) (2.5.17)

We prove an estimate for (a"u, u) p2(g,qr), Which is equal to I if u € C§° (Brg, 2r)).
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Lemma 2.5.9. There exist constants Cy,Cy > 0, such that for all k > 1, u > 1, for all
u € L*(R;dt),
2/3 2/3 -
(@ u, u) r2(r.ar) > (C4ﬁk/ Tk/ —-Cyr 2)”“”%2 (R;dt)*
Proof. We first prove that the symbol a belongs to S(r; 2)\2 g), where g is given in Def-
inition [2.5.3 and A, given in (2.5.4). Recall that A2 = rk(ﬁi/SrZ/S 72) > ,6’,3/37*2/3. We
check the three terms in the right hand side of (2.5.17)) separately.

by € S(Berir;t,g) C S(er/\2 q9).

2c135,3/3r2/3<1 —pa(iL)) € s<62/3ri/3,g> c s<rk2Ag,g> since pa(;2) € S(1,9).

e S(TkQ)\2 g). We have 72 < B2/3 28 412 = T 2)\3 and we need only to check if

1 < 07,—2)\2( 2/3 2/3 7_2)71.

These inequalities hold with C' =1 due to the expression of \y. Thus a € S(r) 2)\2 q9).
Since the semi-norms of by in S(ﬁkrk 1 g), those of g02(rk) in S(l g) and those of 72 in
S ()\g, g) are all bounded from above independently of k, we deduce that each semi-norm
of @ in § (T‘];Q)\g, g) can be bounded by a constant independent of k.

There exists C' > 0 such that a(t,7) > 065/37“2/3 for all ¢t and 7. Indeed,
t
if |7] < 61/3 1/3, a(t,7) > bi(t,7) + 2613513/37%/3( gog(a))

3 2/3
>m1n(012,013)/3k/ /,

if |7] > B33 a(t,T) > M2 > aMBY AR,
It follows from Fefferman-Phong inequality that the operator a" satisfies
a? > CB2/37“2/3 C"Tk

where C’ > 0 depends on a semi-norm of a in S(r, 2)\2, g) (see Proposition | so that
we can assume C’ independent of k. The proof of Lemma is complete O

Final estimate. By Lemma now becomes
Re(Lyu, (4M + 26" )u) 2riary > (a" v, w) 2(riar) + (B2 2 + i) [ull72 g
>(Ca5 i = i 4 K2 ) lul e -
Then with , we have
Re(Lyu, (4M +4C] + 26°)u) paqoany = (Cofril + K2r 1) [l o ey

Since the operator 4M +4C)+2b¥ is bounded on L?(R; dt) with operator norm independent
of k, we deduce that for all u € C’go([ﬁrk., %rk]),

|Lkull L2y = C(By°ri> + K2ri? + ) |ull 2qgary (2.5.18)

where C5 > 0 is a constant independent of k. Since Bk/?’ 2/3 + k2r _2 > Bk , we have in
particular

1/2
1Lkl p2 iy > CsBy Mol 2oy (2.5.19)
This ends the proof of Proposition [2.5.2
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Estimates in L?(R,;rdr)

We prove estimates in L2(R; rdr) for the operator £, which is defined in (2.4.1)). First
we have the local result.

Proposition 2.5.10 (Local estimate for £y). There exist o > 1, Cg > 0 such that for
any p > po, o > pteg?, if vy, € [uﬂk_l/ 0), then for all k > 1 and u € C§° ([4rk, Zrk])

”‘Cku”L? (Royrdr) > Cy (62/3 2/3

where Ly is given in (2.4.1)) and By given in (2.3.1).

Proof. The first order term. For u € C§°([3ry, 5rx]), the term 14 Dyul| r2(r.ar) can be
controlled by the L?(R;dt)-norm of Lju. Indeed,

+ k2 ;2 + Tk) ||uHL2(R+;rdr)7 (2520)

1/2 N
I Lxull 2 ear) > s,/ | Lxull 2 myar) 1wl L2 (sary - by Proposition [2.5.2] (2.5.19),
1/2
> 58, *Re Ly, u) 12201
1/2
> OB Dyl 2oy by @E3).

so that

i 4 1/2 ,—1/4
I Deull 22 sary < 37HDtuHL2 (Ridt) < 305 g e kw2 riar)-

We choose uo > 1 large enough such that 705 1/2 61
Tk 2 uﬁk , we have 3(2C5)~Y28, 174 it < dcg 121
in L*(R; dt):

1/2, then for p > uo, if

<
< 1/2. We get an estimate

1
1Ll 2 giar 2 1Lkl p2riar — 115 Deull 2 sary

1 Cs , 2/3 ,2/3
= iuLkuHLz(R;dt) = 7( / / + Ky +7’k)||UHL2(R dt)-

The measure rdr. Since u and Lipu both have support in [%rk, %rk], we have

3 \1/2
|Ckullzgysrany = (Gri) " Ll 2mian
3 C
)1/205 (52/3 2/3 k2

2+ ) lull 2 wsar)

= (5 +7“1<;)”UHL2 (R srdr)-

Hence we obtain the estimate (2.4.52)) with Cg = (%)1/2%. In particular,

1/2
1Lkull 2@ irar) = CoBy*ull 2@y irary- O

Now we prove Theorem [2.5.T]i.e. the global estimate for Lj.

Proof of Theorem |2.5.1 We use again the partition of unity on the positive-half line

ng defined in (2.4.28) (Figure . We need only to estimate 1Lk kull L2(ry srary fOT
—1,0,1, and the quantities m?, m3 defined in , then apply the localization

formula (2.4.31)).
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Estimates for LiX; xu.
e For Lyxoru: the support of xgy is included in [%rk, %rk]. Assuming p > po we can
apply the result (2.4.52)) in Proposition [2.5.10
1/2
I Lkxokull 2@y rary = CG/Bk/ Ixokull L2 srar)-
e For L;x1 pu: the support of x1 is included in {r > %rk}. Let us recall the inequality

(2-3.5):

2

1 1
——r? < o(r)y—1< —5007“2, if r < Ro;
o(r) < e, if 7 > Ry.

By the monotonicity of o and ({2.3.5)), for r > %rk, since 7 < €q,

S0y @33
—_—~
if < Ry, o(r) — o(r) < o(r) —o(or) < —2eor + 232 = L (= )22
if r o(r)—o(r o(r)—o(zr) < —=cor"+ =(=r)* " =—=(co—(2)7) r
>~ 2 k) > 9 >~ 20 29 2 0 9 5
1 1 1
if r> Ry, 0(r)—o(ry) <cg—(1-— 57’,%) < —(1—e)+ 56(2) < —5(1 — ¢3),

where the last inequality is due to the hypothesis €2 < 1— ¢ in (2.5.2). So we have proved
the following inequality for r > %rk,

Br(o(rk) — o (r)) + k*r~2 > min(y/2(co — (8/9)2)k5,°, %(1 —e2)Br) = B’
with ¢ = min(y/2(co — (8/9)?), (1 — ¢2)/2). Now apply the multipliers —iId and Id:

Re(Lrx1ru, —iX1,kU>L2(R+;rdr) = (B (U(rk) - U(T))Xl,ku, Xl,ku>L2(R+;rd'r)
Re<£le,k:U7 Xl,ku>L2(R+;rdr) > <k27“_2><1,ku7 Xl,ku>L2(R+;rdr)

which implies that
Re(Lx1ku, (1 — 0)X1,5W) L2 (R, srdr)
> <(ﬁk(0’(rk) —o(r)) + k2T_2>X1,kU7 X1,6W) 2Ry irdr)
> 6611/2||X1,ku”%2(R+;rdr)

We get by Cauchy-Schwarz inequality that
€ 1/2
Ierxu il 2@ mar) > 58 awtllia,srar-

e For L x_1 ru: the support of x_jj is included in {r < %Tk}. We have for r < grk,

7(r) = 0(ri) = o) — o) 2 ~3 (Er + Dt = Lo — (27,

recalling that c¢o > (%)2 is given in (2.3.3)). Using the multipliers iId and Id, we get

Re<£kX71,ku>Z.Xfl,ku>L2(IR+;rdr) = (B (0(7") - U(Tk))Xfl,kUa Xfl,ku>L2(R+;rdr)
1 7
5(00 - (§)2)Tl%5k"X*l,ku"%Q(R+;rdT)7
(k*r~2x_1 g, X—1,kW) [2(R , ;rdr)

= k27’1;2||X—1,kUH%2(R+;TdT), since r < rg,

Y

Re(Lpx 1k X—1,6W) [2(R, ;rdr)
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which imply that
Re(Lrx-1,ku, (1 — )X -1,,U) L2(R, irdr)
1 7 2 2 2. .—2 2
> (G0 = () ur + K ®) -l oo

7 1/2
> \/2(e0 = (DB Ix-1pulEeqa, rary

We get by Cauchy-Schwarz inequality that

7\o01/2
|2kx-s ikl za@irar) 2 /0 = (285 IX-1avll 2@y rar-

e As a result, we have proved for some C7 > 0, for all K > 1, j = 0,1,—1, for all
u € CSO(R+)7

1/2
1Lkl 2R wary = CoB It 2w rar)- (2.5.21)

Estimates for m2, m3. For the quantities m?, m3 defined in (2.4.30), we have m? <

crk_2, m3 < cr,;4, where ¢ > 0 is a constant depending only on the functions 6; defined

in (2.4.27). It follows from (2.5.21) and the localization formula (2.4.31) that for any
u € Cgo (RJr)’

3H‘cku||%2(R+;rdr) + (30 + 1662)T];4||u||%2(R+;7‘d7") 2 Zogﬁk||xj:ku”%2(]l§+;rdr)
J

= C2Brllull72®, rar):

Choose M§4MO large enough such that (3¢ 4 16¢?)u=* < %C?, then for o > M4€54 and if
T € [:U’/Bk_ ’60)7
1
(3¢ +16c¢%)r* < (3c+ 16¢*)u 4Bk < ngﬁk.

We get the estimate
1 1/2
”Eku||L2(R+;Td7’) > %C7Bk Hu||L2(R+;rdr)7

and this completes the proof of Theorem [2.5.1

2.5.2 Case 4: crossing “at” 0

Now we deal with the last case when rp < pf, 1 4, where p is already chosen in
Theorem 2.5.1] Here we use a direct method without metric. As in Section [2.5.1} suppose
o > u4ea4 such that for any k& > 1, ,uﬂk_l/zl < €p.

Lemma 2.5.11. Ifrp < uﬁk_l/4, then there exist C,, > 0 and oy, > 1 such that for all
E>1, a>a,, ue CiP(Ry),

1/2
1Lkl 2@ srary = CuBy* Null 2y srary»

where Ly is given in (2.4.1)) and By given in (2.3.1).
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Proof. First recall the inequality (2.3.5]) gives
1 _
o(re) = 1= 5rf > 1= 345, 2 (2.5.22)

since rp < pB, 14 < €9 < Rg. We can prove an inequality similar to (2.3.7) by using the
same method, for i > 0,7 >0, k> 1 and a > i*,

2

B+ Gl - () 2 By

(2.5.23)
Indeed, by ,

if 1 < R, '~ + Br(1—o(r)) > u”"i + ﬁk 2> Voo k|28,

ifr > Ro, IS + Bi(1—o(r)) = (1—c2)By = (1—e2)i28y%,

so that we get (2.5.23) with ¢ = min(y/2¢cy,1 — ¢2). Now using the multipliers ji*Id and
11d, we get

4 4K
Re<£ku7ﬂ u)LQ(R+;7"d7") > </~1‘ ﬁu)u>L2(R+;rdr)7

Re<£ku7 _iu>L2(R+;rdr) = <Bk (O-(Tk) - U(T))uv U’)LQ(R_Hrdr)'

Adding together and using (2.5.22), (2.5.23)), we obtain, if a > ji%,

- . K
Re(Lyu, (A" = i)u) L2(®, srar) > <(H472 + Br(o(re) — U(T)))U’ U)[2(R srdr)

) 1/2

> (Cﬂg -5 HUHL2 (Rysrdr):

We take i = ¢ 2, then cii® — % 2 QMQ. By Cauchy-Schwarz inequality we get Lemma

w1th Cu= i 2 and ay = it O
2.5.3 End of the proof of Theorem [2.2.3]

Summarizing the estimates in Lemma [2.3.2] 2.3.3] [2.3.4], Theorem [2.4.2] [2.4.14] 2.5.1

and Lemma [2.5.11] we have proved the following estimate for the operator £ := L\ 1
defined by ([2.3.2)): there exist constants C' > 0 and ag > 1 such that for all k£ # 0, A > 0,

a > ag and for all u € L?(Ry;rdr),

‘|‘Ca,>\,ku|’L2(R+;rdr) > C/B;/3||U"L2(R+;rdr) = Cal/g|k|1/3||u||L2(R+;TdT)' (2524>

For v € D(L,) C L*(R?), we write v = 2 k£0 upe*® with uy € L%(Ry;rdr). For A > 0,
we have

(,Ca - ’i)\)’l) = Z (ﬁa}\,kuk)eike.
k#0

Therefore by (2.5.24) we have
H(ﬁa - Z)‘)U”%Q(]RQ) = Z 27T“£a7)\,kuk||%2(]l§+;rdr)
k=0

> Z orC2a?/3 ’k|2/3 [ u H%?(RJr;rdr) :
k20
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On the other hand, we know that |Dy|"/3v = 2 kA0 |k 3uge® for v € L?(R?) and

11Dl 2072 m2) = D 2716 PunlZ2 k., rary
k0

As a result we get for v € D(L,),
(Lo — iAo r2rz) > Cal’®[||Dg|30]| f2ge), (2.5.25)
and in particular, since |Dg|'/3 > 1 on L?(R?), we have

(Lo — A0 L2z = Cal’®|[v] 22 (2.5.26)

2.5.4 Optimality

It remains to prove the optimality of (2.2.6)), i.e. (2.5.25)).

Lemma 2.5.12. The estimates (2.5.25)) and (2.5.26|) are optimal in the sense that we can
find some function v € D(L,) such that the converse inequalities hold as o — oo.

Proof. 1t suffices to prove the optimality of the estimate for the operator L; defined in
(2:4.1) in the case rj, > ¢y (Section [2.4.1), i.e.
1/3
Vu € Cg°(Ry), ||£ku||L2(R+;rdr) > Cﬁk/ Hu||L2(R+;rdr)a

more precisely, for any k > 1, find function u; € L?(R;rdr) such that

1/3
|Ckunl e mar) = OBl 2(gsrar) as @ = +oo.
If this claim is true, then the function v = uy(r)e**? gives the optimality of (2.5.25)) and

(2.5.26). For k > 1 fixed, suppose r; = ,6’,1 Take ug € C°([—1, 1]) with ol p2 (myar) = 1

and define s 1o e
ui(r) = B P (5 (r = ).

Then ug(r) has support in {r;|r — ri| < iﬁ;l/ﬁ} C [2ry, 5r1). We have

too 16 1/6 35
ot e eary = [ O Tuo (B = r)) P rctr dr e [, 5]

€32

We have also
_92u, = —,8,1,/3 1/251/12 ’0/(51/6(7“—7%))7

_laruk _ _70_16]1/6 1/251/12 / (/81/6<T — ).

and in the support of ug, we have, according to ,

3 16 _5 _
|dﬂ—dmﬂ§qqm>ﬂwwﬂs§¢wfm”ﬂ

so that, with r, = 51/6,

1
H - arz*ukHL2(R+;rdr) (51/3)7 ||;aruk”L2(R+;rdr) - ( 51/6) (1)7

k2 _
|5kl e@.ran = Ol ?) = 0B ), 1rukl 2@ sear) = OE) = OB,

1Bk (o(r) — o (ri))urll 2w cwar) = OBrri B %) = O(B),

which implies || Lru|lr2®, rar) = (’)(B;/g) and completes the proof. O
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2.6 Appendix

2.6.1 Weyl calculus

We present some facts about the Weyl calculus, which can be found in [H6r85, Chap.18|
as well as in [Ler10, Chap.2]. The Weyl quantization associates to a symbol a the operator
a" defined by

w _ 1 i(x—y)- Tty
(@u)() = g [ @7 0l utyayde. (2.6.1)

Consider the symplectic space R?" equipped with the symplectic form o = 3 ; d€? A dat.

Given a positive definite quadratic form ¢ on R?", we define

¢°(T) = sup o(T,Y)?
g(¥Y)=1

which is also a positive quadratic form. We say that ¢ is an admissible metric if there

exist Cp, Cp, Ny > 0 such that for all X,Y € R*",

uncertainty principle: gx < g%,
slowness: gx(X —Y) < Cyt = (g9v/g9x)*" < Co, (2.6.2)
temperance: gx < Cogy (1 + g% (X — Y))No,

An admissible weight is a positive function m on the phase space R??, such that there
exist C}), C), N} > 0 so that for all X,Y € R?",

slowness: 9x(X —Y) <Cyt = (m(Y)/m(X))*! < C}, (2.6.3)
temperance:  m(X) < Cim(Y)(1 + g% (X — Y )™, o
In particular, the function defined by
A(X) = inf (g% (T)/gx(T))"/? (2.6.4)

TER2n T£0

is an admissible weight for g. The uncertainty principle is equivalent to Ay > 1.
We prove the admissibility of a special type of metrics, including those we have used
in the proof, given in Definition [2.4.5] 2.4.16] 2.5.3]

Lemma 2.6.1. Suppose that tg,t1 > 0 are constants satisfying tot1 > 1. The following
metric on Ry x R, is admissible:

dt? dr?

=—+ 5.
5t 472

(2.6.5)

Moreover, the structure constants Cy, Co and No given in (2.6.2) are independent of tg
and t7.

Proof of Lemma[2.6.1]. First we notice that
A = inf (P (T)/Tx(T) " = [ + 7] = toh > 1,

so that I satisfies the uncertainty principle.
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Slowness. it suffices to prove I'y < CoI'x. For X = (z,€), Y = (y,n), T = (t,7), if
Ix(X —Y) < s? then |€ —n|? < s2(t2 + £€2), and we obtain

€ <2(¢—n)*+2n° <28°(t1 + &) + 2%,

thus (1 —2s%)(t] + &%) < 2(t3 + ).

By choosing 0 < s < 1/v/2 and Cy = 2(1 — 25?)™! > 1, we get
1 +&% < Colt] +n%).

12 72 12 Cor?

Then Ty(T)= 5 + < Col'x(T).
0

55 <3+t373 5=
t+n® ~ 1 48
Temperance. We have

% = (82 +n?)dr? + tidn?,

x(7T)
Iy (T)

—~

i+’
t] + &2

< max{1, }.

If |n] < 2|¢| or |n| < t1, the right-hand side of the last inequality is bounded from above
by 4. If |n| > 2|¢| and |n| > ¢, then [ —n| > 1[n|, which implies that I'% (X —Y) >
t3(6 —n)? > %1%772; on the other hand, we have

B+’ _ 5+

=1+t7%9%
R hom

since tgt; > 1, we have

—

x(T)

I'y(T)
So the inequality I'x (T) /Ty (T) < 4(1 +T'%(X —Y)) holds for any X,Y,T. As a result,
we have proved that I' is admissible. From the proof above, we see that the constants Cp,

Co, Ny given in ([2.6.2)) are independent of tg and t;, and this ends the proof of Lemma
261 O

<144T%(X - Y).

Now we introduce some spaces of symbols. We say that a is a symbol in S(m,g) if
a € C*°(R?*") and the following semi-norms for all k¥ € N

sup  |a®(X)(Ty, -+, Tp)|m(X) ™! < +o0. (2.6.6)
gx (T;)<1

The following lemma is used in the proof of Proposition 2.4.10] 2.4.21] and [2.5.8]

Lemma 2.6.2. Suppose ¢ € C§°(R) and ty > 0. Then the symbol qﬁ(%) is in S(1,T") with
semi-norms depending only on ¢, where I is defined in (2.6.5)).

Proof. For n > 0, we have

a
dtn

(9(0))] = |0 (D57 < 10 Iut5™,

which implies the Lemma. O
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We define the composition law # by a”b* = (affb)*, and we have

(atb)(X )—eXp( o(Dx, Dy))a(X)b(Y)y=x- (2.6.7)

For a € S(m1,g), b € S(ma, g), we have the asymptotic expansion

(afib)(x, &) = Z wg(a,b) +ry(a,b), (2.6.8)
0<k<N
with wy(a,b) =27% 3" (*PI' Dgofla D{ogh € S(mimad,*,g), (2.6.9)
ol +ipi=k P
rv(a,b)(X) = Ry (a(X) @ b(Y)) x_y € S(mamaA, N, g), (2.6.10)
1 _ N-1
RN:/O awf)l)!exp 0[8X,8y]d9( [aX,ay])N. (2.6.11)

We use here the notation D = i~1d. The wy(a,b) with k even are symmetric in a, b and
skew-symmetric for £ odd. In particular, we have

1
ath — bla = g{a, by + 7, e Smima),”,g), (2.6.12)

where { , } is the Poisson bracket, implying that [a¥,b"] = +{a, b}" + 7.

The symbols in S(1,g) are quantified in bounded operators on L?(R"), with operator
norm depending on the structure constants Cy, Cy, Ny given in and a semi-norm
of the symbol in S(l g), whose order depends only on the dimension and the
structure constants Cy, Cy, Ny in (2.6.2).

Next let us recall the Fefferman-Phong inequality which is used in the proof of Lemma

2411 2422 and 2.5.9

Proposition 2.6.3 (Fefferman-Phong inequality). If a € S(Ag,g) and a > 0, then av is
bounded from below by a constant depending on Cy, Cy, Ny given in ([2.6.2) and a semi-
norm (2.6.6|) of the symbol a in S()\g,g), whose order depends only on the dimension and

the structure constants Cy, C’g, Np.

We use the ellipticity to give a second proof of Lemma [2.4.11] Similar proofs can be
found for Lemma 2.4.22] and 2.5.91

Another proof of Lemma|2.4.11. Recall that a is defined by (2.4.23]). We prove first that
a is bounded below by Cr, )\3.

For |7] < ﬂ;ﬂ%r;l, a(t,7) > mln(%,%),@k rk, 2> ;mln(CE,,c@)(,Bk Ty 2177,
for |7 > By Y, alt,7) > AMr2 > 2M (8% + 72).
On the other hand a € S(r, 2)\2 g), we get
VEER, VT €R, Cr A2 <alt,7) < C'ri° Al

Let us denote .
a:=a-— 507’,;2)\;,
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then 3Cry; 2)\2 <aeS(r, 2)\2 g) (with semi-norms bounded by constants independent of
k). We apply the Faa di Bruno formula

’I’l‘ 1<m<n ! j1t+-tim=n jl‘
Jp=1

with f = a and g(z) = /2,

1 . .
1(@/2) ™ Tn|_’ 3 cnaz™( I a@)rs
1<m<n j1+~-+jm=n, Ji:
Ji1=>1
1 1 _ .
< X oemar @Ol T 2t (X)ex (@)
1<m<n 1+ tgm=n, I
Ji1=1
_ 1 _
< Y AN X)) - (g PR ™ (X)) gx (T

1<m<n

< i Ag(X)gx ()2,

which implies that a'/2 € § (r,; Ag» g) (and each semi-norm can be bounded by a constant
independent of k). The composition formula tells us that

a'?ta'’? = a+ S(r; %, g).
Then @ — a'/?4a'/? € S(r;;%, g) and
(@"“u, u) p2(Rar) = ((@/?ga'/?)"u, u) 2 (riar) + (@ — &1/2ﬁ@1/2)wuau>L2(R;dt)
> [1(@"?) ull 22 oary — C"ri 2 Mull 2 oy

—C"r 2 ullf2 geary:

v

where C” > 0 depends on a semi-norm of @ — a'/?4a'/? in S(r;Q,g) and we can suppose
C" independent of k, see the footnote in page We get the estimate for a®:

C
-2 w ~w —2 w —2
=5 A2+ > 5 (1 A2 = C'r

Remark that ), is a function depending only on the variable 7, so (A2)" = X2(Dy) is a
Fourier multiplier. We deduce from )\2 > 52/ ? that ()\3)“’ > ,6’,3/ ? and

2 3 — _
B / 2 C,/'I"k2.

The proof of Lemma [2.4.11|is completed. O

2.6.2 A closed operator

We present in this appendix some properties of the operator £, which is defined in
2.2.1)). First the operator L, is unitarily equivalent to the original operator H, given in
2.1.6|), up to some constants. Indeed, the Weyl symbols corresponding to the operators
L., Hy are given by

Pal@, &) = €]* + |z]* + W(l — e (@160 — w261),

2
: SC

(1 — ey (@165 — 209).
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Let k be a symplectic transform given by k(z,§) = (2, %5), then we have

4(1327ra © H)(l’,f) +2= pa($7§)7

which implies the identity AHomo + 2 = M*LoM , where M 1is the unitary operator on
L?(R?) defined by Mu(z) = 2u(2z).

Now we prove that the operator £, with domain D(L,) given in Definition is
closed.

Lemma 2.6.4. The operator L, given in (2.2.1)) is closed with domain D(Lq) which is
dense in L?(R?). Its spectrum is contained in the half plane {z € C; Re(z) > 2}.

Proof. Remark L,v € L*(R?) for v € L?(R?). We first prove D(L,) = D where
D := {v € L*(R?); Lov € L*(R?)}.

We have clearly the inclusion D(L,) C D. It suffices to prove that v € H?(R?) and
|z|?v € L?(R?) for v € D. Firstly we have v € H!(R?) and |z|v € L?(R?). Indeed,

||UH%2(R2) + |||$’UH%2(R2) = (A + [2*)v,v) L2(w2)

= Re<£avaU>L2(R2) < ||£aU”2L2(R2) + ||UH%2(R2)'

Next we compute 2Re((—A + \$|2)v,aa(\az|)89v>Lz(Rz) for v € C§°(R?). Denote f(z) =
o(|z|), since —A + |z|? is self-adjoint and af(x)0y is skew-adjoint, we have

2Re((—A + |z*)v, af(2)0pv) 22y = ([ — A + 2], f (£)9p] v, v) 12 ()
= —a({(AF(2)39v,v) 2ge2) + 2V - V(9v), v) p2(r2) ).
For the first term in the parentheses, we have the following estimate

[((Af)99v,v) 2(r2)| = [((Af) (2102, — 2202,)0, V) 2(r2)]
= |<aﬂczvax1(Af)U>L2(R2) - <8x1“a$2(Af)U>L2(R2)’
< 2| Al oo [0l g1 2yl 0l] 2 - (2.6.13)

For the second, we have

(2Vf -V (0gv),v) 2r2) = 2(V(0pv), V[ - v) 22y = —2(0pv, V - (V fv)) 12(m2)
= —2(0pv, (Af)U>L2(R2) — 2(0pv, V f - V’U}Lz(Rz), (2.6.14)

since Vf(x) = o'(x)|z| "'z, we have |z|Vf € L™, then

’(aeva Vf . V'I)>L2(R2)| = ‘<8$21)7 ;[jlv‘f . vv>L2(R2) _ (890111,372Vf . VU>L2(R2)‘
<2)||2|V fl oo ol Frr gey- (2:6.15)

It follows from (2.6.13)), (2.6.14) and (2.6.15)) that

|2Re((—A + |z|?)v, aa(]w|)89v>Lz(Rz)|
< A|A S| oo ol g @) lllo]l 22y + 20V fllze [0]|7 g2y (2.6.16)
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Since C§°(R?) N L?(R?) is dense in D(L,,), the inequality (2.6.16) holds for all v € D(L,,).
On the other hand, we have

I£avl1F2gey = (=A + [2[)vl|72(ge) + lao (|2])3pv(| 2 ge)
+ 2Re((—A + |z[*)v, ao (|z])9pv) 12 (r2),

so that (—A + |z|?)v € L?(R?) and ao(|v])0pv € L*(R?). This gives v € H?(R?) and
|z|?v € L?(R?) for all v € D(L,). i
Now consider a sequence (v, )nen C D(La), v,w € L*(R?) such that

v, — v in LA(R?) and Lav, — win L*(R?), asn — oc.
This implies that
v, — vin D'(R?) and Lav, — win D'(R?), asn — .

We have convergence L,v, — Lov in D’ (RZ) as n — oo since L is a differential operator of
order 2 with smooth coefficients. Thus w = L,v, implying v € H?(R?) and |z|?v € L?(R?).
This proves that v € D(L,) and that £, is closed.

By classical perturbation theory [Kat95, Chap.V], £, has compact resolvent for any
a, and its spectrum is a sequence of eigenvalues. The numerical range

O(La) = {{Lav, V) L2(R240) € C; v € D(La), [[v]lL2(r200) = 1} (2.6.17)
is contained in the half plane {z € C; Re(z) > 2}, since
Re(Lav, ) 2(m2dz) = ((—A + [2[)0,0) 2 @2100) 2 20|0]1 72 w00
Then the spectrum of £, is contained in ©(L,) and this ends the proof of Lemma[2.6.4, [

Finally we prove an argument that is used to give the equivalence of the estimates

and (223).

Lemma 2.6.5. Let P be an (unbounded) operator with domain D(P) on a Hilbert space
H. Suppose that z is not in the spectrum of P and 6 > 0. The following are equivalent,
i) for allv € D(P), |[(P — 2)v|| > d||v||,
iW) |(P—2)~t <ot

Proof. Clearly ii) = i). Assume now that i) holds. We know that (P — 2)~! € L(H)
since z is not in the spectrum of P. For v € H, let v = (P — z)~'u, then v € D(P) and
i) gives the inequality ||ul| > §||(P — 2)~ul|, implying ||(P — 2z)~!|| < §~! and completing
the proof. O

Remark 2.6.6. Without the assumption that z is not in the spectrum of P, i) = ii)
is possibly wrong. For example, let P be the right shift operator on [?(N), i.e. for
v = (v1,v2, ), Pv=(0,v1,v2,---). P verifies the condition ¢) at z = 0 since || Pv|| = ||v]|
for any v € [?(N), but it is not invertible since it is not onto.
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Chapter 3

Pseudospectrum for Oseen
vortices operators

The result of this chapter is taken from the article [Denllb|, Pseudospectrum for Oseen
vortices operators, which has been accepted for publication in the journal INTERNATIONAL
MATHEMATICS RESEARCH NOTICES, see Section for the letter of acceptance.

We give resolvent estimates for the complete linearized operator of the Navier-Stokes
equation in R? around the Oseen vortices, in the fast rotating limit o — 4o0.

3.1 Introduction

3.1.1 The origin of the problem

Consider the motion of a viscous incompressible fluid in the whole plane, which is
described by the Navier-Stokes equation in R?. In two dimensions where the vorticity is
a scalar, it is more convenient to study the evolution of the vorticity which is given by

%:+U'Vw:qu, zeR? t>0, (3.1.1)

where v is the kinematic viscosity, w(z,t) € R is the vorticity of the fluid, v(x,t) € R? is
the divergence-free velocity field reconstructed from w by the Biot-Savart law

1

v(z,t) = (Kps *w)(x,t) = 5 /R? m

)J_
w(y, t)dy, (3.1.2)

where we denote x+ = (—x9,21) for = (21,72) € R%2. The equation is globally
well-posed in L!(R?) ([BA94], [Kat94]), i.e. for any initial data wy € L' (R?), has a
unique global solution w € C%([0, +00); L' (R?)) such that w(0) = wy. The total circulation
of the velocity field

/R2 w(z,t)dr = qu-loo m:Rv(x,t) -dl (3.1.3)

is a quantity conserved by the semi-flow defined by (3.1.1)) in L'(R?). It is well-known that
the equation (3.1.1) has a family of explicit self-similar solutions, called Oseen wvortices,
which is given by

w(z,t) = —G(—=), v(z,t)= —vG(i), (3.1.4)
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where

G(x) = ie*‘g”|2/4, UG(Q:)

- (1—e 1P/ 2 eR? (3.1.5)

" amfef?

and the parameter o € R is referred to as the circulation Reynolds number. In fact these
solutions are trivial in the sense that v(z,t) - Vw(x,t) = 0 so that reduces to
the linear heat equation, and the Oseen vortices are the only self-similar solutions to the
Navier-Stokes equations in R? whose vorticity is integrable. Moreover, it is proved by T.
Gallay and C.E. Wayne in [GWO05] that if the initial vorticity wpo is in L!'(R?), then the

solution w(z,t) of (3.1.1) satisfies

. a .-
Jm (1) — thG(\/ﬁ) 12y =0, (3.1.6)

where a = [po wo(x)dz. In physical terms, this means that the Oseen vortices are globally
stable for any value of the circulation Reynolds number a.. In contrast to many situations in
hydrodynamics, such as the Poiseuille or the Taylor-Couette flows, increasing the Reynolds
number does not produce any instability.

In order to investigate the stability of the Oseen vortices, we introduce the self-similar
variables T = x/v/vt, t = log(t/T) and we set

1 T t v T t
t) = —w 771 =X 1) = —v 7al 7/
wia,t) = 30(7ploe ), v(@t) \[s“(\/ﬁ % 77)
Then the rescaled system reads (replacing = by x, @ by w and so on)

0 1
8—j+v-Vw:Aw+§x-Vw+w, reR? >0, (3.1.7)
where w(z,t) € R is the rescaled vorticity, v(x,t) € R? is the rescaled velocity field again
given by the Biot-Savart law (3.1.2)). Then for any o € R, the Oseen vortex w = aG is
a stationary solution of (3.1.7). Linearizing the equation (3.1.7) at aG, we get a linear
evolution equation

0

ai: = —(L+ al)w,
where

1
Ew:—Aw—im-Vw—w, Aw =% - Vuw + (Kpg *w) - VG. (3.1.8)

It turns out that the operator L is self-adjoint, non-negative on the weighted space
L?(R?%;G~1dx) and A is a relatively compact perturbation of £, which is the sum of two
skew-adjoint operators on L?(R?; G~1dx). The spectrum of £+ A is a sequence of eigen-
values by classical perturbation theory ([Kat95]). Introducing the following subspaces of
Y = L*(R?;, G dx):

Yo ={weY; /2 w(z)dr =0} = {G},
R

Y = {w € Y; /2 zjw(z)dr =0 for j = 1,2} = {G; 01G; .G},
R

Ys = {we i /2 22w (z)dz = 0} = {G; 0,G; G AGY,
R
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which are invariant spaces for £ and A, the following spectral bounds for £ + aA are
proved in [GW05],

Spec(L + aA) C {z € C; Re(z) >0} inY,

Spec(L + al) C {z € C; Re(z) > % in Yp,

Spec(L + aA) C {z € C; Re(z) > 1} inYj,

Spec(L + alA) C {z € C; Re(z) > 1} inYs, if a #0.

These spectral bounds allow us to obtain estimates on the semigroup associated to £+ aA,
which can be used to show that Oseen vortex aG is a stable stationary solution of
for any a € R. However, these bounds are not precise. The eigenvalues that do not move
are those which correspond to eigenvectors in the kernel of A. All eigenvalues of £ + aA
which correspond to eigenvectors in the orthogonal complement of ker(A), have a real part
that goes to 400 as |a| — 00, observed numerically by A. Prochazka and D. Pullin [PP95]
and recently proved by Y. Maekawa [Maell].

In this paper, we are interested in pseudospectral properties of this linearized operator.
We conjugate the linear operators £ and A with G/2, then we obtain two operators on
L?(R?; d)

2
Lw=G?2LG" 0 = —Aw + ’ﬂ,w - %w (3.1.9)
Mw =G V2AGY 2w =09 - Vw — §G1/2$ - (Kps * (GY%w)). (3.1.10)

Up to some numerical constants, L is the two-dimensional harmonic oscillator, which is
self-adjoint and non-negative on L?(R?;dz). On the other hand, both terms in M are
separately skew-adjoint on L?(R?;dxz). Letting

How = Lw + aMuw, w € L*(R?; dx)
=(-Aw+ P - lw) + a{vG -Vw — %GI/QI’ - (Kpg * (Glmw))}, (3.1.11)

our aim is to give estimates for the resolvent of the non-self-adjoint operator H,, along the
imaginary axis, in the fast rotating limit o — +o0.

3.1.2 About non-self-adjoint operators

In many problems originated from mathematical physics, one encounters a linear evo-
lution equation with a non-self-adjoint generator, of the form H = A + iB, where A is
self-adjoint, non-negative and B is skew-adjoint such that A, B do not commute. A is
usually called the dissipative term and B the conservative term. The conservative term
can affect and sometimes enhance the dissipative effects or the regularizing properties of
the whole system. When a large skew-adjoint term ¢B is present, the spectrum and the
pseudospectrum of the whole operator H may be strongly stabilized. In particular, the
norm of the resolvent ||(H — 2)~!| may tend to 0 quickly.

In the paper [GGN09], a one-dimensional analogue of H,, is studied by I. Gallagher,
T. Gallay and F. Nier

Ho=-02+2%+f(z), z€R, (3.1.12)
€

where € > 0 is a small parameter, f: R — R is a bounded smooth function. Here the limit
€ — 0 corresponds to the fast rotating limit @ — 4o00. They studied the asymptotics of
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two quantities related to the spectral and pseudospectral properties in the limit ¢ — 0.
More precisely, they define 3(e) as the infimum of the real part of the spectrum of H, and

W(e)™h = sup | (He —iX) 7|
AER

as the supremum of the norm of the resolvent of H, along the imaginary axis. Under some
appropriate conditions on f, both quantities 3(¢), ¥(e) tend to infinity as e — 0 and lower
bounds are given by using the so-called hypocoercive method. Furthermore, they focused
on Morse functions of C3(R;R) which are bounded together with their derivatives up to
the third order, and which behave like |z|™* as |z| — oo (Hypothesis 1.6 in [GGN09]).
For functions verifying these hypotheses, some precise and optimal estimates on ¥(e) are
proved (Theorem 1.8 in [GGNQ9)]): there exists M > 1 such that for any € € (0, 1],

1 M . 2
Mev S \IJ(E) S 67, with v = m

Their proof is based on the localization techniques and some semiclassical subelliptic
estimates.

In our recent work [Denl0al, a two-dimensional non-self-adjoint operator is considered
Lo=—A+|z]?+ao(|z|)0y, =R (3.1.13)

where o(r) = r~2(1 — "), 99 = 2102 — 220 and « is a positive parameter tending to
infinity. Note that up to some numerical constants, the differential operator L, is equal
to the operator H,, given in , by neglecting the second member in the skew-adjoint
part aM, which is a non-local, lower-order term. In that paper, we gave a complete study
of the resolvent of £, along the imaginary axis in the limit & — +o0o and proved an
estimate of type (Theorem 2.2 in [DenlOal)

sup [[(La — i/\)_l“g(i(Rz)) < C@_l/g, (3.1.14)
AER

where L*(R?) = {w € L*(R?* dx); w(rcosf,rsinf) = Zwk(r)eike}.
k£0

(3.1.14) is also optimal. The result is established by using a multiplier method, metrics
on the phase space and localization techniques.

The present paper is devoted to proving resolvent estimates similar to (3.1.14)) for the
whole linearized operator H,, in (3.1.11)).

Acknowledgements. The author would like to thank Professors 1. Gallagher and T.
Gallay for kindly forwarding the question and generously providing helpful and detailed
motivation arguments. In particular, the author is very grateful to the invitation of the
summer school “Spectral analysis of non-selfadjoint operators and applications”, held in
University Rennes I, June 2011, where the notes [Galll] were taken. This work is sup-
ported by a Fondation CFM-JP Aguilar grant.



3.2. STATEMENT OF THE RESULT 91

3.2 Statement of the result

3.2.1 The theorem
Using the notations in Section we consider the operator on L?(R?; dz)

2
1
How = —Aw + ’1336w — iw

self-adjoint and non-negative on L2(R2)

+av?  Vw — %Gl/gx - (Kps * (GY2w)), (3.2.1)

skew-adjoint on L2(R2)

where G, v¥ are given by (3.1.5)), Kps is given in (3.1.2) and a > 1 is a large parameter.
The real part of H,, is the two-dimensional harmonic oscillator and the imaginary part of

H is the sum of a divergence-free vector field and a non-local integral operator, multiplied
by the circulation Reynolds number «.

The skew-adjoint part of H,, vanishes on radial functions and in particular the function
e~12*/8 ig an eigenfunction of H, corresponding to the eigenvalue 0, for any o € R, which
implies that the ground state of the two-dimensional harmonic-oscillator does not move
under the large skew-adjoint perturbation. Moreover, one can also check that the skew-
adjoint part of H, vanishes on the functions xle*|x‘2/8, mge*|m|2/8. Thus we shall work in
some subspaces of L?(R?;dz), defined below.

Using polar coordinates in R?, for kg > 1, we define the subspace of L?(R?;dx)

Xy = {w € L*(R% dzx); w(rcosh,rsinf) = Z wk(r)eike}, (3.2.2)
|k|=ko

which is a Hilbert space equipped with the norm |- ||z2(gey and which is an invariant space
for He.

Definition 3.2.1 (Domain of #H,). Let
D = {w € L*(R?); w e H*(R?), |z|*w € L*(R?)}.

The non-local term in (3.2.1) is in fact a bounded operator on L?(R?) (see Section
for a proof). Then (H,, D) is a closed operator on L?(R?). Moreover, for any ko > 1, Hq
is a closed operator on Xy, with dense domain D N X}, and the numerical range defined
by

@(Ha7Xk0) = {('Haw,w>L2(R2) € (C, weDnN XkO’ HWHLQ(RQ) = 1}
is included in the set {z € C; Rez > ko/2} (see Section for a proof), so that its
spectrum is also contained in {z € C; Rez > ko/2}.

Now let us state our main result.

Theorem 3.2.2. There exist constants Cy > 0, kg > 3, ag > 8 such that for all a > ay,
A € R, for all w € C(R?) N Xy, we have

1(Ha — iNwll2(g2) = Coa/*[[| Dol vl p2g2). (3.2.3)
where | Dg|Y3w = S |k|Y3wi(1)e*?, for w = S, wi(r)e™?. In particular, we have

sup || (Ha — iN e, < Cota™ g (3.2.4)



92 CHAPTER 3. PSEUDOSPECTRUM FOR OSEEN VORTICES OPERATORS

The resolvent estimate (3.2.4]) gives information about the pseudospectrum of the
family of operators {a_l/?’?-[a}azl.

Definition 3.2.3. For a family of operators { P, }o>1 on a Hilbert space X, we define the
pseudospectrum of {P,}4>1 as the complement of the set of z € C such that

INy € N, limsupa (P, — z)_1||L(X) < +o0.

a——+00

Corollary 3.2.4. When restricted to Xy,, the pseudospectrum of {oz_l/37-la}a21 s in-
cluded in the set

{2 € C; Rez > Coke/?Y,
where ko is given in Theorem [3.2.3.
Proof. If Ren <0, then for w € D N Xy, with |lw|[z2®2) = 1,

ki
{(Ha — n)w,w) r2me)] > |Re(Haw, w) 12(m2) — Ren| > 50

implying ||(Ha — 1) [l2(x,,) < 2ko -
Let k € (0,1). For n = p+iX\ with 0 < p < nCoa1/3ké/3 and A € R, we infer from the
resolvent formula

(Ho — 1 —iN) " = (Ha —iN) 7" = p(Ho —iN) " (Ho — pp—iN) !

and the resolvent estimate (3.2.4) that for a > «v,

[(Ho = iN) "Ml eex,,) _ C—la—l/?’ko*l/?’.

Ho — pu—iX) 7! < . <
¢ 2 ) HE(Xko) 1— p||(Ho — 1)\)_1||z:(xk0) 1—

As a result, for k € (0,1), for all n € C such that Ren < f@Coal/?’ké/B, we have
l(Ho — 77)_1||L(Xk0) < C,. This is equivalent to the following

Vz € C,s.t. Rez < HCoké/g, sup a V3| (a3 H, — z)*lHC(XkO) < C.
a>ag

According to the definition, we know that the set {z € C; Rez < HCOké/g} is included in
the complement of the pseudospectrum of {ofl/ 37—[a}a21, so that the corollary is proved.
O

3.2.2 Comments
The nonlocal term
The term
%G1/2x - (Kpg * (G1/2w))

is an integral operator which is non-local and skew-adjoint. This term should be carefully
treated as it has a large coefficient «.
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A weight

We shall reduce the two-dimensional operator H, — i\ to a family of one-dimensional
operators acting on the positive-half real line R. by using polar coordinates and expanding
the angular variable 6 in Fourier series, indexed by the Fourier mode parameter k € Z.
Then we transform the problem onto the whole real line R by making a change of variable
r = e' and multiplying by a weight e?!. After these transformations, the properties of
self-adjointness and skew-adjointness are preserved (see Section , and the non-local
term turns out to be a skew-adjoint pseudodifferential operator with £(L?(R;dt))-norm
bounded above by a|k|™!. The discussion is divided into different cases according to a
change-of-sign situation.

Multiplier method

The proof relies on a classical multiplier method. For the non-trivial cases where
the change-of-sign takes place (see Section , we shall construct a multiplier
bounded on L?(R;dt), which is a pseudodifferential operator associated to a Hérmander-
type metric. The non-local term will be treated as a perturbation and will be absorbed
by the main term letting |k| > ko, with ko a constant independent of the circulation
parameter o.

The value of kg

Given €p, €1 € (0,1), we shall discuss 4 different cases given in (3.3.22)). Then k¢ can
be expressed as a function of (e, €1). For example, if we take €y ~ 0.462, €; ~ 0.426, then
Theorem holds with kg = 84, see [Denllal]. (In fact, we can obtain kg = 51 if we do
some improvements.)

3.3 The proof

3.3.1 First reductions

The operator H, in (3.2.1) is invariant under rotations with respect to the origin in
R2. We can reduce the problem to a family of one-dimensional operators by using polar
coordinates and expanding the angular variable 6 in Fourier series.

Polar coordinates

We can write for w € L%(R?) and v = Kpgg * w given by (3.1.2)) as

w(rcosf,rsinf) = Z wi(r)e™?

kEZ
v(rcosf,rsinf) = Z (uk(r)er + we(r) eg)eike,
r r
keZ

where e, = (cosf,sinf) and ey = (—sinf,cosd). The relations d1v1 + dovy = 0, vy —
0211 = w become
ik ik
uy, + Z—wk =0, wj— Z—uk = TWk, (3.3.1)
r r

(see Section |3.4.4]) so that —Aygug = ikwy, where

/{2

1
A= 02— =0+ 5.
T T
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If k # 0, the Poisson equation —A;Q = f has the explicit solution 2 = KCx[f], where

r

e |k| 5\ Ik
Kilfl(r) = 5 / H(n)H(s )+ ()M HEH(r — ) f(s)sds,  (33.2)
where H(r) is the Heaviside function. We thus have
up = ikKylwg] and  wy = —rKg|wg)

if k # 0. For k =0, we find up = 0 and w = rwp, hence wy(r) = [; swo(s)ds.
By using the following notations:

1— —r2/4
o(r) = Tsj, g(r) = e /8 forr >0, (3.3.3)

and observing that v& = éra(r)eg, we rewrite the skew-adjoint part of H, in polar

coordinates as -
av® - Vw = Z g(7(7“)0‘Jk(7°)eika,

YG12y. (Kps * (G1/2w)) = Z @g(r)le[gwk](r)eike.
2 20 &

Thus we find that for H, given by (3.:2.1), A € R and for w = "z wi(r)e?,

(Ha — iNw)(rcosf,rsing) = > (Hapawi) (1), (3.3.4)
keZx

where H, ;)\ acts on L?(Ry;rdr) and is given by

k:2 r2 1 ko

— _ 92, _ - L N o
Hax v = —0;v 8 v + v+ — T + o (o(r)v gle[gfu]) idv. (3.3.5)
Introducing two new notations
k
B = 37, A= Bk, vk €R, (3.3.6)

we are led to study the resolvent of the one-dimensional operator H, x » on L2(Ry;rdr)
for || — 400, where (we omit the indices a, A in Hq g ))

k2 72 1
2
Hiv = —07v — 8@—1— v+ —v— v
16 2
self-adjoint and non-negative on L2(Ry;rdr)

+iBk (o (r) — vi)v — iBrgKilgv] . (3.3.7)

skew-adjoint on L2(Ry;rdr)

Note that the non-local term is transformed to i8xgKrg with Ki given by (3.3.2]). More-
over, C3°((0,+00)) is a core for the closed operator Hj, with domain
1
D(Hy) = {v € L*(Ry;rdr); 0v —v, v € L*(Ry;rdr)}, if k] > 2,
r

1
r Y 781““)

r
and D(Hy) = {v € L*(Ry;rdr); d2v, 8,,(;), r?v € L*(Ry;rdr)}, if k] = 1.

One can check that the function rg(r) = re™""/8 is in D(H41) but not in D(Hy,) for any
k| > 2.
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Change of variables

We wish to transform the operator #Hy in (3.3.7)) acting on the positive half-line into
an operator acting on the whole real line, by making the change of variables r = ef. A
simple but key observation is

Lemma 3.3.1. For v € L?(Ry;rdr), define u(t) = v(et). Then

+oo
el gy = [ Neu@Pde= [ o)Prdr = (o2 (3:39)
R 0 *
Moreover, for v € C§°((0,+00)), multiplying (Hyv)(e!) by the weight €%, we have

e (Hyo) (') = (Zru)(t),  for u(t) = v(e"), (3.3.9)

where

.,5?:—82—}—/4:2 116 4t_%e2t
+ifpe* (o(e) — vg) —iBre g(eh)(k* + D) e g(el). (3.3.10)
Proof. Indeed, we have
202 +r710,) = (r0,)? = 07 forr = ¢
On the other hand, by the definition of Ky, we have for v € C§°((0, +0)),

2’5(9’%[9@])( t) = 6%9( Kklgul(e")

= o ; o [T e [(5) ey - e+ (3) M - 9]gtsrutsds
“2 i L WH(GS o)+ (5) (e - e)](epien)eas

= iy o o O B 1) 4 eI )] ol
2|k;y/ e IHE=s1625 g (¢ )u(s)ds.

For k # 0, we have

1 A 1
R R S
olk] /Re c K2+ 72

(see Lemma [3.4.4)) so that the non-local term gKg becomes

*(gKxlgu])(e") = (e*g(e")(k* + D) ~'e*g(e"yu) (1), for u(t) = v(e"),

which is a self-adjoint, positive (non-local) pseudodifferential operator on L?(R;dt). The
proof of the lemma is complete. O

When .:?”; given by (3.3.10) is viewed as an operator on L?(RR;dt), we see that

_ 1 1
L = 78 k2 4t77 2t
k i 165 ~2°

self-adjoint and non-negative on L2(R;dt)
+ iBre* (o(eh) —vp) —iBre*g(el)(k* + DF)te*g(eh).

skew-adjoint on L2(R;dt) skew-adjoint on L2(R;dt)
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After the change of variables r = ¢’ and the multiplication by the weight e the self-
adjoint (resp. skew-adjoint) part of Hj in does not lose its self-adjointness (resp.
skew-adjointness), and in particular, the non-local term i 5 gKg stays skew-adjoint. More-
over, the power 2 in the weight is the only power to keep these properties unchanged.

In view of (3.3.8]) and (3.3.9)) in Lemma the problem is reduced to prove estimates

for the operator %% in (3.3.10]) of type

||€7t-=5:’zuHL2(R;dt) > C|B5|*lle"ull 2 (ary (3.3.11)

for some a > 0, which correspond to the estimates for the operator H; given in ([3.3.7))

||7-LkUHL2(R+;TdT) = C’/Bk‘aHvHL2(R+;rdr)7 (3312)

where u(t) = v(et), since we have exactly

le™ Zhull L2 rsary = [Hrvll 2@y parys el L2@ary = 0]l 2R, srar)-

Furthermore, we need only to prove estimates for u € C3°(R), since it is enough
to get for v € C§°((0,400)).

As in [Denl0al, we divide our discussion into different cases, according to the change-
of-sign situation of o(e’) — v, where the function o is given in (3.3.3). Note that o(e)
is a decreasing function of the variable ¢t and has range (0,1). When o(e!) — v, does not
change sign, it is easy to deal with by using the multipliers Id, +ild (see Section [3.3.2)).
If o(e!) — vy changes sign at one point, it is more complicated (see Section [3.3.3} [3.3.4]).
In this case, we will construct a multiplier well-adapted to this change-of-sign situation,
which is a pseudodifferential operator depending on a Hoérmander metric on the phase
space. Compared with the method in [DenlOal], the multiplier that we shall construct
is a global one, because of the existence of the non-local term, which possesses a large
coefficient and would produce a commutator of size |S| if we just used a partition of unity
on R; as done in [Denl0a].

Notations

In Section [3.3.2] [3.3.3] and [3.3.4] we shall always assume that & > 1 hence 5 > 0, and
we denote by || - |, (-,-) the L?(R;dt)-norm, inner-product respectively. We shall also be

able to neglect the term —%ezt in the real part of %, and by introducing two notations,
(D)2 = (DF+ k)", A(t) = e¥g(e!) = e*e /3, (3.3.13)
we shall study
1 . ) _
% = th + k> + E€4t + Z,@k€2t (O’(et) — l/k) — Zﬁk’y(t)u)k) 2’)/(t). (3.3.14)

In fact, as soon as we prove (3.3.11)) for £ in (3.3.14) with a > 0, we have for the operator
% given in (3.3.10))

it = _ 1
e tkaHB(R;dt) = |l t(-iﬂk - 56%)“”L2(R;dt)
1
> Cplle ull 2 wary — §Hetu”L2(R;dt)7

so that it suffices to let « large enough since k > 1, 5, > a/8.
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We present in Appendix some inequalities concerning the functions o and g given
in (3.3.3)) that will be used in the proof. We have for all u € C§°(R),

1
Re(Lu, u)r2geary = (D} + k* + ﬁe“)u, U) 12 (Rydt) s (3.3.15)
0< <7<Dk>72’yu,u>Lz(R;dt) < kiQ”’}’u”%?(R;dt)a by Lemma [3.4.3 (3.3.16)

where %}, is given in ([3.3.14)) and v, (Dy)~2 are given in ([3.3.13).

3.3.2 Easy cases

In this section, we study the cases where o(e!) — vy does not change sign, that is v > 1
or v < 0.

Lemma 3.3.2. Suppose vy > 1. There exists C' > 0 such that for all k > 1, a > 87 and
for v € C§°(R),
et Boul| > CBY 2|l etul, (3.3.17)
where £y, is given in (3.3.14) and By is given in (3.3.6).
Proof. If v, > 1, then o(e!) — v}, is non-positive. Using the multiplier —iId and by ({3.3.16)),
we have
Re(Lyu, —iu) = Brle* (v — a(e!))u, u) + Br(v(Dr) " 2yu, u)
> Br(e* (1 — a(e"))u, u). (3.3.18)

Adding (3.3.15)), (3.3.18) together, we obtain

Re(Zhu, (1 i)u) > (ke + Bp(1 = a(e")) ) e*'u, u).
Then using the second inequality in , we get
Re(e ™" Lu, (1 — iyu) > CBL > (e?u, u) = CB/?||etul%.
By Cauchy-Schwarz inequality, the estimate is proved. O

Lemma 3.3.3. Suppose v, < 0. There exists C > 0 such that for all k > 2, a > 87 and
for v € C§°(R),
le™* Ll > CBY*letul, (3.3.19)

where £, is given in (3.3.14)) and By in (3.3.6).

Proof. 1If v, < 0, then o(e!) — vy is non-negative. Using the multiplier iId and by ([3.3.16)),
we have

Re( L, iu) = Br(e” (o(e") — vi)u, u) — Br(y(Dr) " yu, u)
> Br((e™a(e)u,u) — k2]l gl

Using (3.4.12)), we get for k > 2,
Re(Lu,iu) > (1 — (46)7Y) Br(e* o (e')u, u), (3.3.20)
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with 1 — (40)~! > 0. Adding (3.3.15)), (3.3.20) together we obtain

Re(Zu, (1 +4)u) > <(%th +(1— (45)*1)Bka(et))e2tu,u>, k> 2.

Using the first inequality in (3.4.17)), we get
Re(e™ ' Zu, e (1 4 i)u) > C’ﬁ;ﬂ(e%u,u) = Cﬁ;ﬂHetqu, k> 2.
By Cauchy-Schwarz inequality, the estimate (3.3.19) is proved. O

Remark 3.3.4. When £ = 1 and v, = 0, the imaginary part of H; vanishes on the
function v(r) = rg(r) € D(H,), i.e. we have gK;[gv] = ov. Consequently, when v = 0,
the imaginary part of . vanishes on the function u(t) = elg(e).

3.3.3 Nontrivial cases

We turn to study the cases where the change-of-sign of o(ef) — v}, takes place, that is
v, € (0,1). We have thus v, = o(e*) for some t;, € R. Then the operator % can be
written as

=D +k* + %ﬁe‘“ +iBpe? (o(e) — a(e'*)) — iBpy(t)(Dy) " 2(1). (3.3.21)

Suppose €g, €1 € (0,1). We discuss four cases according to the behavior of the function o
near the point ef#:

—1/4

et > et or et € e, ept] or et e (6];1/4,61) or e <, (3.3.22)

Before going through the proofs for each case, let us first choose some functions that will
be used to construct the multipliers. Suppose that ¢y € (0,1) is the constant chosen in
Proposition Let x; € C*(R;[0,1]), j = 0, +, —, satisfying that

suppxo C [—co, co),

¢
X+ = 1 on [007 +OO)7 suppx+ C [£7 +OO)7
2 co (3.3.23)
X— = 1 on (_007 _COL sSuppx-— - (_OO’ _5]7
Xo(0)* + x+(0)* +x-(0)* =1, VoeR.
See Figure (3.1
Choose a function o € C§°(R; [0, 1]) such that
Xo = 1 on [—2cp,2¢p], suppxo C [—3co, 3co]. (3.3.24)
Take a decreasing function ¢ € C*°(R;[—1, 1]) such that
1
p=1on (—00,—2], ®=-1on|[2,+x), ¢ = —gon [—1,1]. (3.3.25)

We can assume that ¢ has a factorization
P(0) = —e(6)0, (3.3.26)

where e € C°(R; [0, 1]) satisfies that

1
e(d) = B for € [-1,1], e(8) =10|7" for |9 > 2.

1. We denote by C;°(R;[0,1]) the set of smooth functions defined on R with values in [0, 1] such that
all their derivatives are bounded.
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Figure 3.1: THE FUNCTIONS Xg, X-

Plan of the paragraph

The sections are organized as follows. Recall the four cases given in ((3.3.22))
and we give in Proposition [3.4.7 inequalities about the function ¢ that will be used in the
proof for the first three cases.

Section a) is devoted to the proof for Case 1 where e'* > ;. We shall construct a
multiplier adapted to the change-of-sign situation. Moreover, there is a special localization
effect in this case (see Remark .

In Section b), we prove estimates for Case 2 where e* € [e1, ¢;']. The multiplier
to be used in this case is the same as that in Case 1.

In Section c), we prove estimates for Case 3 where e'* € (5,;1/4, €1). The mul-
tiplier will be different from that in the previous cases and the condition ef* > B,:l/ s
required such that the metric verifies the uncertainty principle.

Finally, Section d) is devoted to proving estimates for the last case where e'* <

Bk_l/ * and estimates are easily obtained by using the multipliers Id, —:Id.

3.3.3.a) Case 1: e'* > ¢!

We present in Proposition (1) some inequalities about the function o that will be
used in this case.

Theorem 3.3.5. Suppose e* > 661. There exist C > 0, kg > 1 such that for all k > kg,
a>8r, ue CP(R),

et Boul| > CBY 3|l etul, (3.3.27)
where £, is given in (3.3.21) and By is given in (3.3.6]).

a. Definition of the multiplier. We first give the definition of the Hérmander-type
metric that we shall work with (see Appendix (3.4.1)).
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Definition 3.3.6. Define a metric on the phase space R; x R

|dr|?
I' = ’dt‘Q + ﬁ,
T+ By
which is admissible with
Ar = (72 4 Y2 > g3 > (%)1/3 >1, provided o > 8. (3.3.28)

Remark 3.3.7. We give a proof for the uniform admissibility (w.r.t. k¥ > 1, > 8) of the
metric I' in Lemma Moreover, the function f(3, Y 37’) belongs to S(1,I') whenever
fes, %), since for any n € N,
o" -1/3 n)a—1/3_\ a—n/3
o (L8| = 11 8 s
< Cu(L+ 18, PPy 28 = Cu(B)° 4 )2,

Now we can construct the multiplier, using the functions that we have chosen in

(3-3.23), (3-3.29).

Definition 3.3.8.

where

mok(t,7) = xo(t — ti)tb (B P r)ixo(t — th),

my () = =i P (t — )2,
m_(t,7) =By X (t — ),

where a® stands for the Weyl quantization for the symbol a and § denotes the composition
law in Weyl calculus. (See Appendix for Weyl calculus.)

Remark 3.3.9. The functions xo(t —t), x+(t—tx), ¢(,8;1/37') are real-valued symbols in
S(1,T). Then My, given in Definition is a bounded operator on L?(R;dt). Moreover,
we see that

mis = xo(t — t)v (B * De)xo(t — t) (3.3.30)

and M; can be written as

My = xo(t — tk)w(ﬂk_l/th)Xo(t —tr) — ’55;;1/3X+(t —t1)* + Zﬂk_l/BX— (t —t)>

Furthermore, the operator e! Mpe~* is bounded on L?(R;dt), since

etmife™ = [ xo(t — )] (By 2Dy [xo(t — tr)e ], (3.3.31)

and |eXEt)yo(t — t1,)| < e,

The three parts in M}, are used to handle different zones in the phase space. We use
mgy, to localize near the point ¢, where the change-of-sign of o(e!) — o(e*) happens.
The Fourier multiplier (5, 1 3Dt) allows us to obtain some subelliptic estimate in this

zone, acting with the skew-adjoint part of 2. As we shall see in the computations, it is
important to put the cutoff function (¢ — tx) on both sides of ¢(ﬁ,€_1/3Dt), so that we
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are able to do symbolic calculus with the exponential functions since they are all localized
near t.

The other two multipliers mY , are used for dealing with the zones where there is
no change-of-sign of o(e') — o(e*), that is ¢ away from the point t, and the sign of
my , m_ j corresponds exactly to the sign of o(e') — o(e'*) on their supports. If the

non-local term i3yy(Dy) 2y were not present, then we could remove the factor By 3 to
get better estimates in these zones, as we have already done in [Denl0Oa]. However, we see
that the non-local term has a large coefficient [ and it does not commute with x4 (t —tx),
so that we would obtain a commutator of size §; that we would not know how to control.
Our strategy is to weaken the multiplier in these regions by multiplying a factor 3, 13,

The method that we use here is perturbative: the non-local term is treated as a
perturbation with respect to the main term o(e') — o (e!*). Thanks to the operator (Dj,) =2
and the nice function y(t) (see (3.3.13))), this perturbation is controlled by the main term
with an extra factor k~2. Letting k > ko, with kg > 1 a constant independent of the
parameter «, we can get the desired result.

However, it is of course impossible to consider the non-local term as a “global” per-
turbation, i.e. to absorb it by a term controlled by [le™".Z} oul|2(r.ar), Where Z o is the
unperturbed part of .%: in fact the size of that perturbation is 8; and the best estimate
we can hope is controlling a factor ﬁ;/ ®. We have instead to follow our multiplier method
to check the effect of the perturbation.

b. Computations. Now let us compute 2Re(Lu, Mpu).

Proposition 3.3.10. Suppose ef* > 651. There exist c¢,C > 0 such that for all k > 1,
a>8rm, u e CP(R),

2Re(Lhu, Myu) > cfy > (p(t, te)u, u) — By k2 () |2 g (et) 2ul?
— 26 k2| eXg(e)x—(t — ti)ull* — C||Dyul|? — CK|Jul? — Clle®u?, (3.3.32)

where £, is given in (3.3.21)), My in Definition |3.3.8, xo, x+ in (3.3.23), 0,9 in (3.3.3),

p(t ) = xo(t — t)? + € o (e™)xy (t — t)? + e*o(e)x—(t — tg)? (3.3.33)
1 3 1
te\ 1/2 T2 Y2 AN, tx—co lr+co
and k(e )—sup{g(s) max (1, |2 18 |4 55 T 16° |);s€le ,e ]}
(3.3.34)

Proof of Proposition|3.5.10. First recall that for all v € C§°(R),
1
Re( %, u) = || Dol + E||u|)® + 1—6||62tu||2. (3.3.35)

In the following computations, we omit the dependence of x;(t —t;) on t —t;, for the sake
of brevity.

Estimates for 2Re(Zju, mg yu).
A = 2Re(Lju, mu) = 2Re(ifre* (o(e) — o(e™))u, m pu)
— 2Re(ifpy(Dy) " 2yu, mo kU
+ 2Re((D} + k* + ie4t)u, my k)

16
=: A + Ay + As. (3336)
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Noticing xoXo = xo and , we have
Ay = 2Re(ifre? (a(e!) — o(e™))u, Xoiﬁ(ﬁ;l/th)Xow
= 2Re(ifrXoe> (o (e") — o (™)) xou, (B, /> De)xou)
= ([w(B: 2 D1, iBkXoe™ (o (e") — a(e") | xou, xou)-

By (8.4.19)), we know that the symbol B xoe? (o(e?) — o(e'*)) belongs to S(Bk,I') and we
get

081D, iBXoe? (o(e!) — a(e)] = b + 11,

where b; € S(Bk)\fl,F) is a Poisson bracket and r € S(Bk)\1?3,I‘) C S(1,T), with Ar
given in (3.3.28) (see (3.4.11)). More precisely, we have

bt 7) = {067 ), B0 (o) — (™))}

- 2/311/(5;:1/37)%<>zoe2t(o(et) - 0(6t’“))) € (8, 1).

By (3.3.24), (3:3.25) and (B4.18), we have in the zone {|t — tx] < 2cq,|7| < 8"}

bit,7) = ﬁZ/P’w’(Bg”?’ﬂ% (e (o(e) = a(e™))) = %52/3.

This implies for all ¢,7 € R,
Ciges Gz 6823 (1 - 102 S(AZ,T 3.3.37
S0 bt + 5+ O (- X2 - 1)) € SORT), (3.337)

where C} = 2[[ba]], (523 Indeed, the function
WP,

7F) )

bi(t,7) + CuB* (1= R (20t — 1)) > %ﬁ,ﬁ/?’ for all ¢ € R and |7] < 8;/°,

and it is non-negative for all ¢t,7 € R ; if |7| > Bi/g, then 72 > 62/3, which proves the

inequality in (3.3.37). Moreover, each term in the right hand side of (3.3.37)) is in S()\%, ).
The Fefferman-Phong inequality (Proposition [3.4.2)) implies

¢ 5 _ C
bi(t,7)" + 5 D7+ G (1 - o2t — ) = 8 - C
Applying to xou and noting xo(-)Xo0(2-) = xo(+), we obtain

C C
A1+ 5 (Dfxou, xou) = (55 DF + b ) xous xow) + {(r{ xou, xou)

C1 ,2/3
> 8 Ixoull® = " lxoul”
On the other hand, we have

(D¥xou, xou) = || Dexoull® < 2]xoDeul® + 2|| xgul|?
< C||Deul® + Cllull?,



3.3. THE PROOF 103

which gives

C
Ay > 28 xoull” = C|| Dyl = Cllul* (3.3.38)

For the term As defined in (3.3.36]), we have

Ay = —2Re(iByy(Dy) " *yu, m§ u)
= —2Re(iB(Dk) " 2yu, ym u)
= —2Re(if(Dy,) " >yu, mgpyu) — 2Re(iBr(Di) >y, [y, mixu)
A (3.3.39)

For As; in (3.3.39)), since i(Dy,)~? is skew-adjoint and mg, is self-adjoint, we have

Az = iBk([(Dy) 2, m ] yu, yu). (3.3.40)

Recalling (3.3.30) and noting that (Dj)~? commutes with w(ﬁlzl/sDt), we get

[(DR) 2 mEs] = [(DR) "2 xo) (B, Do) xo + x0 (B /* D) [(D) 2 x0). (3.3.41)

We compute the commutator as follows

[(Di) ™2, x0] = (Dr) *x0 — X0(Dk) >
= (D) *(xo(DF + k?) — (D} + k*)x0 ) (D)~

= (D1)~*(Ix0, Di]Ds + Dilxo, Di] ) (Dy) 2
= i{Dg) X0 Di(Dy) 72 + i{Dx) "2 Duxo{ D) %,

which implies

[(Dr) 2, x0] Dt = i (Dg) ™2 x4 De(Dy) 2Dy +i (Dg) "> Dy x4y (Dy,) 2Dy,
N—_——

<k-2 <1 <(2k)-1 <(2k)1

_ 5 _
and  ||[(Dr)"% x0) Dell cerzrary) < ZHXEHLOO’? 2
The factorization (|3.3.26)) of ¢ gives
W, P D) = 8, P Dee(By D) = — 5 e8P Dy Dy,
so that

[(Dk) ™2, x0] ¥ (B; /> Di)xo = —B; * [(Dk) ™2, x0] Dr e(B; /> Dy) xo,

has norm <Ck—2 bounded

and  [([(Dr)"2, x0] (B 2 Do) xovu, yu)| < CBy 2k I xovul|lvul-

Similarly we can get

| Ocow (B, 2 D) [(Dr) 2, xo]yu, vu) | < By k2 va [ xoryal .
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By (3.3.40) and (3.3.41)), we obtain

| A21] < OB k2| xovulllyull- (3.3.42)

For the term Ao defined in (3.3.39)), we have, using (|3.3.30)
A22 = —2R€<i5k<Dk>_2 u, [77mg)k] >
— —2Re(iBk(Dr) " >yu, xo[1, (85 > Di)] xou),

so that we should compute the commutator [y, (5, Y 3Dt)] for which we will do some
symbolic calculus Wlth the metric I" given in Definition [3.3.6] The symbol (¢) is in S(1,T)
since y(t) = e2te=¢"/8 belongs to Cp°(R), and we get

[y, (8, /2 Dy)] = b5 + 7y,

where by € S(A;',T) is a Poisson bracket and ro € S(A\:3,T) € S(8;*,T), with Ar given
in (3.3.28)) (see (3.4.11))). By direct computation, we have

b = < {20, (57 )}
= P P ) e s D)
= B (5 P (6) + by + s
where b3 € S(3, 1/3)\F1,I’) is agaln a Poisson bracket and r3 belongs to S(f, 1/3)\F27F)
thus to S(ﬁk ,I), since Ap > ﬁk . We continue to expand bg

by — — - —15,;”%’(/3,; 3y (1)}

_22
fﬁk By Py () e S8, T)

=—§5,;2/3¢ (8" (1) + ra,
with r4 € S(B, 2/3/\1?1,F) C S(B;',T). Thus we get for w € C§°(R),

1 __ - 1 __ -
[, (B P D0Jw = =8 (B Do (0w — 580 (8 Doy (D
+ (ry + 75 +r)w

where ro, 13,74 € S(,Bk_l, I'). Since 1//(6,;1 Dy) and 9" (B, 1/?’Dt) are bounded on L?(R; dt),
we deduce that for w € C§°(R),

1v(@®), 0 (8 2 Do)]wl| < OBy |l wll + €8, 2|l w|| + OB w])-

Applying the above inequality to xou, we get the estimate for Ago defined in (3.3.39)):

|Aza| < 28411(Dk)~>7ulllxo [, (8 Do) xoul
< 260k |lyull > (€8 xoull + €8 Iy xoull + €8 Ixoull). (3:3.43)
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It follows from ([3.3.39)), (3.3.42) and (3.3.43) that

|Aa] < CBP K2 lyul| x (Ilxovell + lIxoul)
1/3, — _
+ Bk vl oy ull + C 2| yul| [l xoull- (3.3.44)

Recall (t) = e2fg(et) = e2e""/8 < 8/c and g(e') = e~¢*'/8, then

1 3 1
() = eg(eh) (2= 7e™), (1) = e¥gle) (4 - Se* + feet). (3.3.45)

Define for r > 0,

1 1
A(r) = sup {g(s)"/* max (1, ]2 = 75|, [4 382 5 D s elreo el (3.3.46)

Using the fact that xo(- — tx) supported in [t — t;| < ¢g, we have

vt € R, max([xovl, [xo7'], [x07"]) < r(e'*)e* g(e) 2,
and we deduce from (|3.3.44)) that
[Aa] < CBY K20 |e* g(e!) 2ul® + Ok |ul % (3.3.47)

Remark 3.3.11. The function x(r) is bounded and decreasing to 0 at infinity. If € is
taken small, then for all e’ > ¢; ', k(e*) can be bounded above by (e '), which is very
small.

For the term As defined in (3.3.36]), we have

1
A3 = 2Re(D?u, mo pu) + 2Re(k*u, mo Eu) + éRe(e4tu, mo g

=: A31 + A3o + Ass. (3348)

For As; in (3.3.48),
Az = 2Re(Dyu, Dymy . u)
= 2Re(Dyu, mg y Dyu) + 2Re(Dyu, [Dy, mgy, ] u)
= 2Re(Dyu, mg y Dyu) + ([ Dy, [Dy, mg'g]]u, u).
Since moy € S(1,T') and 7 € S(Ar,T), the double commutator [Dy,[Dy,mg,]] has a

symbol in S(1,T"). We get
| As1| < C|[Dyu]|* + Clul®. (3.3.49)

Using the L?(R;dt)-boundedness of my'y, we get for Asy defined in (3.3.48)
| Aza| < CK?||ul?. (3.3.50)
For Ass in (3.3.48]), we have by (3.3.31))
~1/3

8433 = Re(e™u, xov (8, /" Dy)xou)
— Re(e2tu, eZtXOw(/Bk_l/SDt)Xoe*Zt e2tu).

bounded on L2(R;dt)
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Hence
|Ass| < Clleull*. (3.3.51)
By (3.3.48]), (3.3.49), (3.3.50) and (3.3.51)) we get
|As| < C||Dyul® + CR2|Jul|? + C|le®ul|?. (3.3.52)

We deduce from (3.3.36)), (3.3.38)), (3.3.47)) and (3.3.52) that

42 LA voul? — OBk ()l g(e) 2l
— C||Dyul)® = CK2||u||® = C||e*ul?, (3.3.53)
with r(e'*) given by (3.3.46)).
Estimates for 2Re(Zyu, mY yu). Recall that mY , = —iﬁk_l/?’)H(t — )2
Bt = 2Re(Lyu, mY yu) = 2Re(ZLu, —iﬁk_l/gxiu)
= 2Re(ifBre? (a(e') — o(e™))u, —iﬁk_l/gxim
— 2Re(iﬂk’y<Dk)*2’yu, —iﬂ;1/3xiu>
+ 2Re(D2u, —iBy P\ u)
=: BY + BJ + By. (3.3.54)
The support of x4 (t — tx) is included in the set {t — tx > ¢o/2}. By we have
Bf = 252/3@% (a(e'™) — a(e))u, x2u)
> 2c162/3<62t0(et’“)x2+u,u>. (3.3.55)
For By in we have
Bi = B/ 2Re(x+ (Dk)yu, x17u)
= B 2Re([x+, (D) 2]y, xyyu) + By *2Re((Dr) X7, xyu)

= B (Dees Ixes (Dk) 2]y, vu) + B3 *2Re ((Di) x4y, xsyu)
>0

The kernel of x4, [x+, (Dk)?]] is
1

ﬂe_k“_s‘ Do (8= t) = xa (s — t)] %,

vanishing if max(t, s) <ty + ¢o/2 and also if min(¢, s) > t; + c¢o. Then we have
| < [X-i—a [X+7 <Dk>72]]’7u) 7“) |
1 s 2 —
[ e I ) = s — )P () () (s
t—tp>co/2 2k

ez 30 st o

o2 [ e (el (Mo(e!) ue) v

gl V2 [ e M (g () (X (e )] ) drds

s—tp>co/2

< gle) /22 e g () 2,
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so that we obtain
2/3, _
BY > =Bk 2n(c) e g(e!)ul?, (3.3.56)

where (e'*) is given in (3.3.46). For By in (3.3.54), we have
—-1/3 .
B = 8. (D7, i, Juw)
_ a—1/3 " ) . ,—1/3 ,
= Zﬂk <(2X—|—X+ + 2X+)u, u> + Z/Bk <4X+X+atu7u>7
which implies
Bf| < s, Pl + s, o < C||Dyu)? + C|lul)? 3.3.57
|B5'| < CB, " lull® + €8, lowulllull < ClIDeull* + Cllull™. (3.3.57)

We get from (3.3.54)), (3.3.55]), (3.3.56) and (3.3.57) that

B > 20157 (o ()X u, )
— B () g(e) 2l — Clull® — €D (3.3.58)

Estimates for 2Re(Zu, m" ju). Recall that m? ; = z',Bk_l/?’x_(t —tr)2

B™ :=2Re(ZLu,m? jyu) = 2Re<$ku7iﬁ;§1/3><2—“>
_ 2Re<iﬁk€2t(0(6t) _ J(Gt’“))U,iﬁgl/ngw
— 2Re(iBky (D) vu, iﬁk_l/?)xg—w
+2Re(D2u, iy /X2 u)

— B] + B, + B;. (3.3.59)

Recall (3.4.20) and note that the support of x_(t — t) is included in {t — ¢, < —co/2},
then we get

By =26 (o(c") — o(e"))u, 2 )
> 2¢1 <BZ/362ta(et)X2_u,u>. (3.3.60)
For By in (3.3.59) we have

BQ_ = —Zﬁi/gRe<X— <Dk>72fyu7 X—7u>

— —28PRe([x—, (Dr) " 2]yu, x—yu) — 28 *Re((Dy) "2 x—yu, x_7u)

— 8 (=, [x— (Di) 2] yu, yu) — 287 *Re((Dy) =2 x—yu, x—yu)
=: By, + B,,.

For By,, we have
_ 2/3 - 2/3,
0> B;, = _2Bk/ Re((Dg) 2X7’7Ua X-u) > _251/ k 2||X7'7u||2-
By using the method that is used to estimate the double commutator in B, we find

Bl < glete0) /28232 2 g ey 2 ?

< B3k 2k () [ g ) 2ul 2,
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where k(e'*) is given in (3.3.46]), so that
_ 2/3,— 2/3,
By > =28 k2 |xull® — Bk k(") [|e* g (') 2ul* (3.3.61)
For B3 in (3.3.59), we have
- ~1/3 .
BS = Pk / <[Dt2,ZX2_]U,U>
a—1/3 —1/3
= =i e+ 2w ) — B (Ao Dy, ),

which implies

1By | < B, P ul)? + OB P ull|[ull < Cllul® + C||Dyul®. (3.3.62)

We get from (3.3.59), (3.3.60), (3.3.61) and (3.3.62) that

B~ > 2c18y* (¥ (') x* u, u) — Cllul]? — C|| Dyul?
=28 K2 - g(ul]® — B () e g () ul, (3.3.63)

End of the proof of Proposition[3.3.10. By (3.3.53)), (3.3.58), (3.3.63) and the definition
of My, we get

2Re(Lpu,Myu) = A+ BT + B~
C
> 71/6’2/3]])(071”2 + 2c162/3<62ta(et’“)x2+u, u) + 2016,3/3<62t0(et)x2,u, w)
2/3, _ 2/3, _
— OBk 2R () |e® g () 2ul — 287 k2 x—e g (e Yul?
— C||Deul? = CE?|ul|” — C||e*ul|?,

where k(el*) is given in (3.3.46). This completes the proof of ([3.3.32)) in Proposition
3.3.10) O

Recall the definition ([3.3.33)) of p(t,tx), then (3.3.32)) implies

2Re( Ly, Miu) > B (ep(t,t4) — Ok e g(e!) Ju,w)
— C||Dgul|* = CE?||ul|® = C|le*ulf?, (3.3.64)

since (e!*) is bounded above by a constant depending on ¢ (see Remark [3.3.11]). We
have the following two estimates for p(t, ty).

Lemma 3.3.12. There exist Cy,C5 > 0 such that for e'x > 661, teR, a>8m, k>1,

p(t,tr) > Cietlg(el), (3.3.65)

B3 p(t,ty) + ¥ > sy, (3.3.66)
where p(t,ty) is given in (3.3.33)), g is given in (3.3.3) and By is given in (3.3.6).



3.3. THE PROOF 109

Proof of Lemma[3.3.19. Suppose et > eal, then o(ef*) > Je=2 for some § > 0. Note
also that the function r*g(r) is bounded. If ¢ is in the support of xo(-—t), i.e. |[t—tx| < co,
we have

€4tg(6t) < O (always true), 2/3 ot (52/3 —2t +62t) 2 > ﬁ1/3 2
imolvi Vi€ R, Cr2> edtg(el)y2 d 5232 4t2>1/32t2
implying €R, COxg=evgle)xg and B/ xg+e x5 =B e xo-

When ¢ is in the support of x4 (- — tx), i.e. t >t + ¢o/2, we have
62t0'(6tk) > 562t6—2tk > §eco > C€4tg(€t),
5;/362150(6%) Tt > (552/36—2tk + e2tk)62t > 51/25;/362t’
implying Vt € R, e*o(e)x3 > C’e‘hfg(et)f+
and VteR, B cMo(eh)xd +ethd > 0V e\

When ¢ is in the support of x_(- — tx), i.e. t <t — co/2, we have, using (3.4.13]) and the

first inequality in (3.4.17))
ettg(e’) < 160 (eh),

,32/3€2t0(6t) Fett > (62/30(675) +e2)e > (2log 2)—15;/3621:’
implying V¢t e R, 16e%o(el)x? > etg(el)x?
and VteR, BY3o(el)x? + Yy > (210g 2) 131/3e2032
Summing up, this completes the proof of and . O

Proof of Theorem |5.3.5. The estimates (3.3.64]) and (3.3.65) imply that there exists kg >
1, for all k > ko,

2Re(Lyu, Myu) > 52/3< (t,tx)u, u) — C| Dyul|® — Ck*|[u]|* — C|le*ul>.
Together with , by choosing Cg > 0 large enough, we have for k > ko,

Re(Zu, (Cg + 2Mp)u) > <(52/3 (t,tk) + D} + & + e )u, u). (3.3.67)
It follows from and that for k > ko,

Re(Zyu, (Co + 2My)u) > C (B u, u). (3.3.68)
Noticing that e!(Cs + 2My)e~! is bounded on L?(R;dt) by and that
(L, (Cs + 2My)u) = (e " L, (e'(Cs + 2My,)e ") (e'u)),
we deduce from and Cauchy-Schwarz inquality that
le~" Lol |le'ul| > CB/*|ltull?,  for k > ko,

which is
le™" Ll > CB>etull, k> ko,

completing the proof of Theorem [3:3.5 O
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Remark 3.3.13. There is a localization effect taking place in this case. We see in
of Proposition that the coefficient of the term ||e2*g(ef)'/?u||? has a factor s(e'*),
which is small if e!* is taken very large (see Remark . As a result, if we suppose e'*
large enough, this term is negligible (even without taking k large), and the only bad term
coming from the nonlocal operator that we need to control is

2/3,
267 k2| g (e x—ul®
On the other hand, we can prove that there exists €2 > 0 such that for all e’ > €5 L
Yk >2, Yt <ty — %0 2e% (o (e) — o (e*)) > 2k 2t g(e!)2.

This implies that it suffices to take & > 2 to absorb the remainders and thus Theorem
holds for kg = 2 and e’* > ¢, '. Furthermore, we shall see that this localization effect
does not present in Case 2 and Case 3.

3.3.3.b) Case 2: ¢ € [e1,¢; ]

Theorem 3.3.14. Suppose elx € [61,661]. Then there exist C > 0, kg > 1 such that for
all k > ko, o > 87, u € Cg°(R),

et Zeu| > CBY|etull, (3.3.69)
where £y, is given in (3.3.21) and By is given in (3.3.6).

We present some inequalities concerning o that will be used in Case 2 in Proposition
(2). Note that they are similar to those in the Case 1 (given in Proposition [3.4.7(1)).

We use the metric I' and the multiplier M}, in Definition and we use the
notations Ay, As, A, BY, B~ in (3.3.36)), (3.3.54)), (3.3.59). The estimate for Ay
is valid with constant C; replaced by Co (which is given in (3.4.21)) and the estimate
for Az holds in Case 2. For Ay, the estimate ([3.3.44)) remains true:

Aol = [2Re(ifi(Di) 2y, mi u)|
< OB k2 vl (ol + xoy'ul)
+ B k2 lvullxoy "l + CE 2yl lIxoul
In the case where e'* € [eq, egl], we have by :
IXo(t = k)Y (O] < Cy(t),  Ixo(t —te)Y" ()] < CH(2),
for some C' depending on €1, € ! so that
|Aa| < CBY K2 yul? + Ch 2l (3.3.70)
For the terms BT, B~, we have by (3.4.23),
B = 2Re(Lu, mY ju)
> 2628, (0 (%) uyu) = Offul® = ClDeull® = 26k yul,

B~ = 2Re(Lu, mY ju)
> 2628 (o (¢ X2 u, u) — Cllul|? = C||Deul|® = 287k 2||yul|.
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Summarizing, we get that for all £k > 1, a > 87, u € C§°(R),

2Re(Lpu, Myu) = A+ BT + B~

(72 2/3

2/3
> = Ixoull® + 2¢287 (%o ()32 u, u) + 2c287 % (2o (€)X u, w)

= CBP K yull” - C|[Dyul* — CR?Jul]” — Clleul?,
so that the following proposition is proved:

Proposition 3.3.15. Suppose e'* € [61,661]. There exist ¢ > 0,C > 0 such that for
k>1, a>8r, ue CPR),

2Re(Lhu, Myu) > 87 ((ep(t, ) — Ch~2e g(e")?)u, u)

— C||Dsul|? — CE*||u|* — C||e*ul|?, (3.3.71)
where 2, is given in (3.3.21)), My, in Definition[5.3.8 g in (3.3.3), By in (3.3.6) and
p(t,tr) = xo(t — te)* + eXa(e™)x o (t — tp)? + e*a(el)x_(t — 1), (3.3.72)

with xo, x+ defined in (3.3.23)) and o in (3.3.3).

We have the following estimates for p(t,tx).

Lemma 3.3.16. There exist C7,Cs > 0 such that for all e'* € [ey, eal], t € R,
p(t,tp) > Crettg(eh)?, (3.3.73)

p(t,ty) > Cge?, (3.3.74)
where p(t,tg) is given in (3.3.72) and g is given in (3.3.3)).

Proof of Lemma[3.3.10, Firstly, we have for e € [e1, ¢ '], o(e?*) > o(eg') = 0 > 0, since
o is decreasing. Note also that rg(r)?, r2¢g(r)? are bounded functions. If ¢ is in the
support of xo(- — tx), we have |t — tx| < ¢g, then

implying Vt € R, e"g(e")’xg < Cxg and  €”xg < ¢, €3

If ¢ is in the support of x4 (- — tg), we have t > t; + c/2, (recall o(et*) > § and r?g(r)?
bounded)
€4tg(et)2 < Cth < 0571621}0(62&’“), 622& < 57162150_(615;6)7

implying VteR, e*g(e!)?y § Céfltha(etk)Xi and e2txi < 571621‘/0'(6%))(1.
If ¢ is in the support of x_(- — tx), we have t <t — ¢o/2, then o(et) > 4,

etg(eh)? < 3e?o(el) (by BA1Y), e* <o tePo(e),

implying V¢t € R, e*g(e")’x2 <3e*o(e)x2 and e¥xZ <5 'eo(e!)x2.

Summing up, the inequalities (3.3.73), (3.3.74) are proved. O
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Proof of Theorem[3.3.14] (3.3.71) and (3.3.73) imply that there exists kg > 1, for k > ko,
c
2Re(Liu, Myu) = 2 B2 (p(t, tr)u, ) = Cl|Dyul]” = CR|lu]]” = Clle*ul”. (3.3.75)
Hence by choosing Cy > 0 large enough, we get for k > kg

Re(Zu, (Co + 2Mp)u) > g<(5,§/3p(t, t) + D + k2 + e u, u),

and in particular by (3.3.74)
Re(ZLu, (Cy + 2My)u) > 0(62/362%, uy, Vk > ko.

Finally we obtain the inequality (3.3.69)) by using the L?(R;dt)-boundedness of the oper-
ator e!(Cy + My,)e~! and Cauchy-Schwarz inequality. O

3.3.4 Nontrivial cases, continued

1/4

3.3.4.c) Case 3: . /" <e* <¢

We present in Proposition m,(?)) the inequalities about the function o to be used in
this case. Moreover, we assume g > 87 such that the interval (53, 1/ 4, €1) is not empty
forany k> 1, a > ayg.

Theorem 3.3.17. Suppose e'* € (51;1/4

for all k > ko, o > ap, u € C°(R),

,€1). Then there exist C > 0, kg > 3 such that

et Leu| > CBL|letull, (3.3.76)
where £y, is given in (3.3.21)) and By is given in (3.3.6).

We shall modify the metric I' and the multiplier M} as follows.

Definition 3.3.18.

— 1742 jdr?
D= i + o (67 €Rix Ry (3.3.77)
My, = mgik + mﬁﬁ + mg,kv (3.3.78)

where
mok(t, ) = xo(t — tr) i ((Bee™) 37 txo(t — ti),

my g (t,7) = —i(Bre™™ ) T3 (t — tr)?,
m_ g (t,7) = i(Bre™) V3 _(t - t1.)2,

with xo0, X+, ¥ given in (3.3.23)), (3.3.25).

Remark 3.3.19. Since we are in the region e’* € (,6’,;1/4, €1), we have

so that the metric I' verifies the uncertainty principle and moreover, I' is uniformly ad-
missible (see Lemma [3.4.1)). Furthermore, the operator ¢! Mye~ is bounded on L?(R;dt).
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Proposition 3.3.20. Suppose et € (,8];1/4,61). There exist ¢,C > 0 such that for all
k>3, a>a, ue CR),

2Re( L, Myu) > Br(Bre) 3 ((cp(t, tx) — Ch~2e g(e")? )u, u)
— O||Dyu||* — CE?|[u||* = C||e* ulf?, (3.3.80)
where £, is given in , My, in Definition|3.3.18, g in (3.3.3), B in and
plt,tn) = e xo(t —tr)? + € (1= o (e") x4 (t — tr)* + ¥ (1 — o (")) x— (t — t4)*, (3.3.81)
with xo, X+ defined in and o given in .

Proof of Proposition[3.3.20
Estimates for 2Re(Zu, mg ,u).

A = 2Re(Lju, mpu) = 2Re(iBre* (o(e) — o(e™))u, m§ yu)
— 2Re(ifpy(Dy) " 2yu, my Eu)
+ 2Re((D? + k% + 6 eth)
=: Ay + Ag + As. (3.3.82)
For A; in , we get a commutator
Ay = 2Re(ife* (a(et) — o(e'*))u, xor (Bre™) /3 Dy) xou)
= ([0 ((Bee") 7 Dy), iBiRoe™ (') — a(e™)) | xou, xou),
where xg is given in . We know that, with I" given in Definition

[w((ﬁke‘“’f)’l/?’Dt), iBrxoe” (o (e) — a(etk))} = b+,
€5(Bre™.T) by

u, méu,ku>

where by is a Poisson bracket and r € S(ﬂke4tk)\1?3, I') ¢ S(1,T), with Ap given in (3.3.79)
(see (3.4.11)). More precisely,

bt 7) =+ {((Be™) 7). iBoe™ (o) — o))}

= Br(Bre™) 713y ((Brett)~1/37) % ()?oeﬁ(a(et) — a(etk))>
€ S((Bre™)?/3,T) ¢ S(AR,T).

By (3.3.24)), (3.3.25) and (3.4.24)), we have in the zone {|t — t;| < 2co, |7| < (Bre*™*)/3}

bi(t,T) = ﬂkwke“k)‘l/%’((ﬁ ett) 3 ) i( (o(e) —a(e)))
> Bk(ﬁkeuk) 1/3 « C e47&;C > (/B 4tk)2/3 (3383)

This implies for all t,7 € R,

Cs (ﬁ )23 < by (t,7) + (’; 7% + Cs(By e4fk)2/3( g0(2(t—tk))) € S, T), (3.3.84)
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where C3 = 2([b1]]o,5((ettr)2/3,r)- Indeed, the function

bi(t,7) + 03(/Bk€4tk)2/3(1 — Xo(2(t — tk))) > %(5k€4tk)2/3

forallt € R and |7| < (Bre*®)1/3, and it is non-negative for all t, 7 € R ; if |7 > (Be*t*)1/3,
then 72 > (Bke4t’€)2/ 3 which proves the inequality in (3.3.84]). Moreover, each term in the
right hand side of (3.3.84)) is in S(A%,T). The Fefferman-Phong inequality (Proposition

3.4.2) implies

byt 7" + D+ CaBet ) (1 - (20t - 1)) >

%(/B e4tk)2/3 C,.

Applying to xou, we get

Cs
A+ 7<Dt X0U, XoU) ( °D? + bY) xou, xou) + (r'Xou, xou)
C
> 7(6 k') | xoull* = " [ xoul*
Hence we get the estimate for Aj:
C
A1 = (8™ xoul* — C|[ Drul]® — Cllull* (3.3.85)

For As defined in (3.3.82)), we have
Ay = —2Re<z'6k’y(Dk>*2’yu,m6”’ku>

= —2Re<iﬂk<Dk>_2’yu,m8’7k7u> — 2Re(iB1(Dy) " 2yu, [y, mg ] u)
=: A9y + Ags. (3386)

For As; in (3.3.86)), since i(Dj,)~? is skew-adjoint and mg, is self-adjoint, we get

Ao = iﬁk<[<Dk>_2,mE§f;€]7u,7u).
Noting that (Dy,)~2 commutes with o ((Be**)~1/3D;), we have
[(Dr) ™%, mix] = [(Di) ™%, xov ((Bre™™) =2 Di) xo)
= [(Dr) %, x0] ¥ ((Bre*™) 73 Dy) x0 + xov ((Bee*™) /3 Dy) [(Di) 2, x0)-
[
By using the method that is used in Case 1, we can get
[([{Dx) %, 0] ¥ ((Bre™) ™/ Di) xoyu, yu)| < C(Bre™) ™2k 2| Ixoyulllyull,
[ (o ((Bre*™) ™2 D) [(Di) =, xo] yus yu)| < C(Bre™) 3k yul [ xoyull

so that
| Ag1| < CBL(Bee™) ™3k xoryul|[|yull. (3.3.87)

For Ass in (3.3.86|), we have
A9y = —2Re (i), (Dy) yu, [y, Mm@ ] w)
= —2Re(iB( D) 271, Xo [Xov, ((Bre™) /> Dy) [ xou),
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where Yq is given in (3.3.24). Since oy = Xo(t — tx)e*!g(e?) € S(e?*,T), we get
Ko w((Bre™) 2 Dy) | = by + 15,

where by € S(e?* A\1!,T) is a Poisson bracket and o belongs to S(e?* A% T') C S(e*(Bret )~1,T),
with Ar given in (3.3.79) (see (3.4.11)). We compute b as follows

b = Lo (Bt 7))
= _%(5k€4tk)71/3¢l((5k€4tk)71/37') (xo)'(t) € S(e2tk (Bke“’“)*l/:},lj)
= _%(/Bkeuk)il/sd/((ﬁke‘ltk)71/37')1:1()20’}/)/(75) + b3 T,

where by € S(e2(Be**)=2/3.T) is a Poisson bracket and r3 € S(e?* (Bye**)~1, ). We
continue to expand bg

by = =5 { = (B ™) (B ™)), (ko) ()
= 2 (B )2y (Bye )7 (R (1)
= 2 (B (B ™) G0 (8) +
where 74 € S(e?% (Bet® )1 T). Thus we get for w € C§°(R),
Ko (B )75 D0) 1w = — (Bre™) ™39/ (5ye"™) 45 3) (o) (B
- %(5k64tk)_2/ 0" (Bre™) D) (Xom) " (Bw + (8 + 7+ P,

where o, 73,74 € S(e2*(Bret*)~1, T'). Using the boundedness of ¢ and 1", we obtain for
w € C§°(R),

1 [Xov.2 ((Bee™™) "3 Dy)Jwl| < C(Bre™)~V3]|(Xo) wl|
+ O (Bre™) 23| (Roy)"w|| + Ce (Bre™) " |w]).

Now the term Ago defined in can be estimated as follows:
| Aga| = |2Re(iBrx0(Dr) vu, {550%w((ﬂkeu’“)_l/?’Dt)}Xou)\
< 281 x0(Dw) 2 yulll [, v ((Bre™™) ™2 Dy) | xoul
< 284 x0(Dr) ~2yull x (C(Bre™™) 3| (Xo7) xoul
+ C(Bre™) 73] (R07)"xoull + Ce?* (Bye™™) | xoul )
< CBr(Bee™) 3k 2 lyulllly xoull + CBr(Bre™™) 23k 2 |lyul| 4" xoul|
+ Ck?|lg(eull [ xoull, (3.3.88)

where in the last inequality we use the following

Ix0(Dr) " 2yull = [[xo0e® e 2 (Dg) " 2e* g(e")u| < Ce* k~2||g(e")u
—_— —

has norm < 3k~ 2
since k > 3
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(see Lemma [3.4.5)).
It follows from (3.3.86), (3.3.87) and (3.3.88) that

|A2| S Cﬂk(ﬁke4tk)_l/3k_2”7u”(HXO'Y'UJH + ||X07/u”)
+ CBL(Bre™™) ">k | yul [ xon ull + Ck2||ul|*. (3.3.89)

From we deduce that for efr < ¢,
IXo(t = te)Y (D)) < Cy(t),  Ixo(t —tr)y" ()] < Cy (1),
with C' depending only on €1, so that
| As| < CB(Bre™™) P2 lyul* + Ck 2 [lul*. (3.3.90)
The estimate for Az defined in is the same as that in Case 1

|A3| < || Dyul® + CE||ul|? + C||e*ul*. (3.3.91)

We deduce from (3.3.82)), (3.3.85)), (3.3.90) and (3.3.91) that

C 13, .
4> D323 xoul? — OB k2l — Chul?
— C||Dyul* = CE2||u||* — C||e*u|*. (3.3.92)
Estimates for 2Re(Zu, mY yu). Recall m¥ ; = —i(Bre® ) 1By (t — t1)%

BT :=2Re(Lu, mY yu) = 2Re(Lu, —i(ﬁke‘lt’“)_l/?’xiw
= 2Re(ifre® (o (') — o(et*))u, —i(Bret™) "3y 2 u)
— 2Re<i5k’y(Dk>*2’yu, —i(ﬁke‘lt’“)*l/?’xiu)
+ 9Re(DPu, —i(54e") )
= By + By + By . (3.3.93)
Recall that the support of x4 (t — tx) is included in {t — tx > co/2} and (3.4.26). Thus
Bi =284 (Bre ™) 73 (o (™) — a(eh))u, XFu)
> 2¢3 6k (Bret™) 73 (2 (1 — a(e!)) x2u, u). (3.3.94)
For By in (3.3.93) we get
By | = |2Bk(Bee™™) ™3 Re(v(Dy) " yu, x3 u)|
< 2B (Bre®) "3k lyul 2. (3.3.95)
For By in (3.3.93) we have
B3| = [(Bre™)~V3([DF, —ixt]u, )|
< OBre™™) B (lull® + |10pul[[ul)) < ClIDeul® + Cllul > (3.3.96)

We get from (3.3.93), (3.3.94), (3.3.95) and (3.3.96) that

BT > 2c3Bi(Bre™) T3 (1 — a(e!)) X3 u,u)
— Clul* = C|| Deul|* — 2Bk (Bre™) ™3k 2| yul|*. (3.3.97)
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Estimates for 2Re(Zyu, m? yu). Recall that m? , = i(Bre) V3 _(t — ty)2.

B := 2Re(Lu, m¥ yu) = 2Re(Lyu, i(ﬁke4tk)*1/3xzu>
= 2Re(ifre? (a(et) — a(e))u, i(Bre™) "3 u)
— 2Re(iBy(Di) 2y, i(Bre™™) T2 w)
+ 2Re(D?u, i(ﬁke4t’“)_1/3x2_u>
— By +B; +B;. (3.3.98)

Recall that the support of x_(t — t) is included in {t — tx < —c¢/2} and (3.4.26)). Thus

By = 281, (Bre™) /3 (e (a(e") — o (e'*))u, X2 u)
> 2381 (Bret™) T3 (2 (1 — a () x 2 u, u). (3.3.99)

For B; in (3.3.98) we have

| By | = 268k (Bre**) /P Re(y(Dy) "*yu, X2 u)]
< 285 (Bre™™) T3k [y % (3.3.100)

For B3 in (3.3.98), we have
|B5 | = [(Bke™)~V([D}ix2 Ju, u)|
< C(Bre™™ )3 ([lul® + [0l [ull) < Cllul® + C||Dyul®. (3.3.101)

We get from (3.3.98)), (3.3.99), (3.3.100)) and (3.3.101)) that

B~ > 2¢38(Bre™™) T3 (2 (1 — o () X2 u, u)
— Clull* = C|| Dyul|* — 28k (Bre*™) ™3k 72| |yul % (3.3.102)

End of the proof of Proposition[3.5.20. By (3.3.92)), (3.3.97)), (3.3.102)) and the definition
3.3.18| of My, we get

2Re(Lu, Mju) = A+ BT + B~

> B ()2 g
+ 2e3B1(Bre*™) T3 (1 — a(eh)) xLu, u)
+ 2638k (Bre™) TV3 (2 (1 — o (e*)) X% u, u)
— CBu(Bre™) k2 | yul|?
= C||Dyul? = CR*|[u]|* = Cl|e*u]?

> B(Bre) T3 (eplt, 1) — Ch2eM g(e)?)u, u)
— C||Dyul? = Ck*|[u]|* = C||e*ul?,

where p(t, ty) is given in (3.3.81)). This completes the proof of (3.3.80) in Proposition
3.3.20 O

We have the following estimates for p(¢, tx).
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Lemma 3.3.21. There exist C1g,C11 > 0 such that for all e’ < €1, t €R, a > ag, k > 1,
ﬁ(t,tk) > Cloe4tg(et)2, (33103)

Br(Bre™™) T 35(t, 1) + K2 > C1i By e, (3.3.104)
where p is given in (3.3.81)), g is given in (3.3.3) and By is given in (3.3.6)).

Proof of Lemma[3.3.21 Firstly, there exists § > 0 such that for e’* < e, 1—o(e'r) > §e?i.
If ¢ is in the support of xo(- — t), i.e. |t — tx| < cp, we have

etg(e)? < et < etoetth | since g <1,

Bk(/@ke4tk)_1/3€4tk LR > ((ﬁke4tk)2/3)3/4(k,2)1/4 _ 5;1/26%%1/2 > 6—260/8]1/262t.

This implies
vVt € R, e4tg(et)2x(2) < e4C°e4t’“X(2),

and Ve R, Bu(Bet™) T PM0d + kG 2 Bk > 0 g,
If ¢ is in the support of x_ (- —tx), i.e. t <t — ¢p/2, we have

e4tg(et)2 < e2t€2tk < 5_1€2t(1 —0'(€tk)),

ﬁk(l@ke4tk)fl/362t(1 . O'(etk)) + k2
Z (6ﬁk(ﬁk€4tk)fl/3e2tk + k2672tk)62t

> 0(52/362tk/3)3/4(k2672tk)1/4€2t _ OB;/2k1/2€2t7

which implies
VteR, etg(e’)?x? <o e (1—o(e*))x2,

and WEER, By(Bel™) 3 (1 - o) + k02 > OB/ 2?2
If ¢ is in the support of x4.(- —tx), i.e. t > ¢, + co/2, we have, by (3.4.13)
etgleh)? < 8e? (1 — a(eh)).

Suppose t >t + co/2, if e < 2, we have 1 — o(e!) > 2! /16 and then

2t
B(Bre™) e (1 = o(eh)) + K2 2 (B 1 g e e

1 1
> (EIBZ/3€2t/3)3/4(k2672t)1/462t _ éﬂ;ﬂkl/zezt;

if e > 2, we have 1 — o(e!) > 1 — 0(2) = e~ ! and then
Bk(ﬁke“’“)’l/g’e%(l —o(eh) > 671@3/36—4%/36% > 67161—4/35]3/36% > 67161—4/3 ]1/26215'
Then we get for all t € R,
etg(e)x? < 8e*(1—a(eh))x3,

and  Br(Bre™) T3 (1 - a(e))nd + k3 > 082 3.
Summing up, this completes the proof of (3.3.103)), (3.3.104]). O
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Proof of Theorem[3.3.17. The estimates (3.3.80)) and (3.3.103|) imply that there exists
ko > 3, for all k > ko,

2Re(Lu, Myu) > gﬁk(ﬁke4tk)_1/3<ﬁ(tv th)u, u)
— C||Deul® — CK?|[u]|* = C||e* ul®.

Choosing C12 > 0 large enough, we have, using (3.3.35))

2Re(Lu, (Cia + My)u) > = ((Br(Bre™™)/3p(t, 1) + D + K + ¢* )u, 1), (3.3.105)

l\D\n

We deduce from (3.3.104)) and (3.3.105|) that for & > ko,

2Re(Zu, (Cr2 + My)u) > 0(51/262tu u).

Using that e!(Ch2 + Mp)e~t is bounded on L?(R;dt) and Cauchy-Schwarz inequality, we
get
le™ Ziull = CBletull,  Vk = ko,

completing the proof of Theorem [3.3.17] O

3.3.4.d) Case 4: et < ,6’,;1/4
If e’ < 3, 1 4, we can get estimate by using the multipliers Id and 7Id.

Lemma 3.3.22. Suppose et* < 5;1/4. There exists C' > 0 such that for allk > 1, a > 8,
u € CP(R),

et Boul| > CBY?|letul, (3.3.106)
where £, is given in (3.3.21) and By is given in (3.3.6).
Proof. At first note that

1

Vr>0, 1—o(r)< §r2.

We have for efr < By 1/4

Re(Zu, —iu) = <62t(a(et’“) (et))u u) + ﬁk< (D) "2 yu, u)
> B th((l eh)) — )u,u
> Br(e? ((1*0 )*fﬁkl/g) u),
so that with we get,
Re(Zhu, (1= i)u > (ke + (1 — o (e")) —%5,1/2)6% u),
>e18,/%, by

thus

By Cauchy-Schwarz inequality, we complete the proof of (3.3.1006]). O
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3.3.5 End of the proof of Theorem [3.2.2]

The case k < 0 can be covered by modifying the multiplier in each cases:

Easy case 1: vy > 1 (Lemma [3.3.2)) use multipliers ¢Id, Id,
Easy case 2: vy <0 (Lemma [3.3.3]) use multipliers — ild, Id,

Case 1: e'* > ¢! (Theorem [3.3.5), Case 2: e'* € [e1, ¢y '] (Theorem [3.3.14)

use multipliers Id and Mj,, where
My = —xo(t — te) (18~ D) xo(t — te) + il Bl x4 (t — th)?
— | B T (= )2,
Case 3: e'* € (]ﬁk\_1/4, €1) (Theorem use multipliers Id and M}, where
My, = —xo(t — te)b(|Bee™ |72 Dy)xo(t — tr) + il Bre™™ | 71X (t — ti)?
BtV (t— )2,
Case 4: e'* < |Bk|_1/4 (Lemma use multipliers ¢Id, Id.
The estimates in Lemma [3.3.2] 3:3:3] Theorem [3:3.5], [3:3.14] 3-3:17] and Lemma [3.3:22| hold

with Sy replaced by |Bg| for k < —kg. Summarizing, we have proved the estimate for the
operator % given in (3.3.14)): There exist C' > 0, ko > 3, oy > 1 such that for all |k| > ko,
a > ap, u € C°(R),

le™ Lull L2msary > C1BxI"? e ull L2 wian), (3.3.107)

and an estimate of the same type for .,QZ given in (3.3.10|) (with different constants C, ag).
This corresponds to the following estimate for the operator Hq .\ = Hy given in (3.3.5)),

(3.3.7) for v € C3°((0,400)), by the equivalence of (3.3.11)) and ((3.3.12))
HIHk,Oé,AUHLQ(RJr;Tdr) > C|Bk’1/3HUHL2(R+;TdT)' (33108)
Then noticing (3.3.4), we get for w = 375>k, wi(r)et? € C°(R?) N Xy,
||(H0£ - Z)‘){"JH%P(]Rz) = Z 27T||Hkaa7)\wk||%2(R+;rdr)

|k|>ko

> 3 27rC’2\5k!2/3|lwkH%2(R+;rdr)
|k|>ko

= C2*3| Dy w3 g2y,
since ||| Dl PwlFagey = D 2wk |wrlF o, rar)-
|k[>ko

Thus (3.2.3)) is proved. Since kg > 3, we know that the imaginary axis does not intersect
with the spectrum of #H, viewed as an operator acting on Xj,, which gives (3.2.4). The
proof of Theorem [3.2.2] is complete.

3.4 Appendix

3.4.1 Weyl calculus

We present some facts about the Weyl calculus, which can be found in [H6r85, Chapter
18] as well as in [Lerl0, Chapter 2]. The Weyl quantization associates to a symbol a the
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operator a* defined by

w _ 1 i(x—y)- T+ Yy
(a"u)(x) = W//"xR" ¢i@=y) 5a( 5 &) u(y)dydé. (3.4.1)

Consider the symplectic space R?*" equipped with the symplectic form o = 31 | d€* A da'.
Given a positive definite quadratic form I' on R?", we define

D°(T) = sup o(T,Y)?,
r(Y)=1

which is also a positive quadratic form. We say that I' is an admissible metric if there
exist Cp, Co, No > 0 such that for all X,V € R?",

uncertainty principle: I'x <TI'%,
slowness: Ix(X -Y)<Cy!' = (Ty/Tx)* < Cy, (3.4.2)
temperance: Ix < Col'y (1 +T%(X — Y))NO.

Co, Co, Ny in (3.4.2) are called structure constants of the metric I'. An admissible weight
is a positive function m on the phase space R?", such that there exist Cj, Cj), N} > 0 so
that for all X,Y € R?",

{slowneSS: Lx(X —Y) < Cgh = (m(Y)/m(X))*! < Cp, (3.4.3)

temperance:  m(X) < Chm(Y)(1 +T%(X — Y))Né-

C4,Ch, Nb in (3.4.3) are called structure constants of the weight m. In particular, the
function defined by

A(X) = nf (T%(T)/Dx (7)) (3.4.4)

is an admissible weight for I' and its structure constants depend only on the structure
constants of I' (see [Denl0b]). The uncertainty principle is equivalent to Ap > 1.
We prove the uniform admissibility of a special type of metrics, including those we

have used in the proof, given in Definition 3.3.18
Lemma 3.4.1. For v > 1, the metric on the phase space Ry X R, given by

jdr|?

T =|dt?+ 41
| |+7-2_|_72

is admissible. Moreover, the structure constants of I' defined in (3.4.2)) are bounded above
independently of .
Proof. First we notice that

Ar = (T2 + )2 >y > 1,

so that I' satisfies the uncertainty principle.
Slowness. It suffices to prove for X = (z,€), Y = (y,n), T = (t,7), Tx(X = Y) < 2
implies 'y < Col'x. Indeed, if Tx (X —Y) < s? then € —n|? < s2(£2 ++2), and we obtain

€2 <2(¢ — )2+ 20 < 252(E2 +42) + 27,

thus (1 —25%)(&% +7%) < 2(n* +7°).
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By choosing 0 < s < 1/v/2 and Cy = 2(1 — 25?)~! > 1, we get
& +7° < Co(* +47).

2
2 2§t2+ SOTQ
ne+ &+

Then Ty(T)=t>+ < Col'x (7).

Temperance. We have
% = (€ +P)|dt* + |dr ],
I'x(T) 7+ 72)
Ly (T) T2
If |n| < 2]l or |n| < 7, the right-hand side of the last inequality is bounded from above by 4.
If [| > 2[¢] and || > =, then [—n| > 3|n], which implies that [% (X —Y) > (£-n)* > 7%
on the other hand, we have

< max (1

2, .2 2, .2
nt+ <77+'Y

— 1422,
2442 42 Ton
since v > 1, we have
I'x(T)
<144T%(X —-Y).

So the inequality I'x (T) /Ty (T) < 4(1 +T'%(X —Y)) holds for any X,Y,T. As a result,
we have proved that I' is admissible. From the proof above, we see that the structure
constants are independent of «y, and this ends the proof of lemma. O

The space of symbols S(m,T") is defined as the set of functions a € C°°(R?") such that
the following semi-norms for all £k € N

sup ‘a(k)(X)(Tl,--- Te) m(X) ™t < +oo. (3.4.5)
Ix(T;)<1

The composition law § is defined by a“b" = (afb)” and we have
i
() (X) = exp (1 o (Dx, Dy ))a(X)b(¥ )y (3.4.6)

For a € S(m1,T), b € S(m2,T'), we have the asymptotic expansion

(afib)(x, &) = Z wg(a,b) +rn(a,b), (3.4.7)
0<k<N
(_1)|BI

with  wy(a,b) =27F Z ]
lal+IBl=k

rv(a,b)(X) = Ry (a(X) @ b(Y)) x_y € S(mima ;™. T),  (3.4.9)

Dgola D{ogh € S(mimaAf¥T),  (3.4.8)

1 _ n\N-1
o e O S

We use here the notation D = i~19. The wy,(a,b) with k even are symmetric in a, b and
skew-symmetric for k odd. In particular, we have

1
ah — b = g{a, b} +7, 7€ S(mima®,T), (3.4.11)
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where { , } is the Poisson bracket, implying that [a®,b*] = 1{a, b}¥ + 7.

1
The symbols in S(1,T) are quantified in bounded operators on L?(R"), with operator
norm depending on the structure constants of I' defined in and a semi-norm
of the symbol in S(1,T"), whose order depends only on the dimension n and the structure
constants of I'. See [Denl0Ob.

Proposition 3.4.2 (Fefferman-Phong inequality). If a € S(A3,T) and a > 0, then a®
is bounded from below by a constant depending on the structure constants of I' given in

(3.4.2) and a semi-norm (3.4.5) of the symbol a in S(N\2,T), whose order depends only on
the dimension n and the structure constants of I'.
3.4.2 For the operator (k* + D?)7!

Lemma 3.4.3. For k > 1, we have

|dr|” jdr[”

(P + 1) e S+ ) —2) € S( 3 el

with semi-norms bounded above independently of k. Moreover, the Fourier multiplier
(Dy,)"% = (k? + D?)~! is bounded on L?(R;dt) with L(L?(R;dt))-norm bounded by k2.

Proof. We see that
1 k=2

2 +k2 (k)2 + 1

Then for any m > 0,

am 1

gl G k;2)‘ < Ok (571 7)2 + 1) TR = O (k2 4 )T,

where C), is a positive constant depending only on m. This completes the proof of the
lemma. O

We can also compute the kernel of the operator (k? + D?)~1.

Lemma 3.4.4. For k > 1, we have

1 —k|t|_itr 1
— dt = ———.
2% /Re € K2+ 12

As a consequence, (Dy,)~2 is just the convolution operator with the function (2k)~'e=*I'.

Proof. We have

1 —k[t] it Y 1 T t(herir 1
ﬂ/Re tle dt:E/O e cos(tT)dt:ERe/O e ):k2+7_2.

As a corollary of the lemma, the following result is used in the proof of Case 3.

Lemma 3.4.5. For k > 3, the operator e 2'(Dy)2e? is bounded on L*(R;dt) with
L(L?(R;dt))-norm bounded above by 3k~2.
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Proof. We deduce from the previous lemma that the operator e=2¢(D;)~2e?! has kernel

Tk(t; 5) = ie—Qte—k‘t—ﬂer — ie_k|t—8‘—2(t—s)

2k 2k

We have ]
Tu(t, s)| < —e~(B=2lt=sl,
If £ > 3, then the convolution with ie_(k_Q)H is bounded on L?(R;dt) with norm

L (k-2 1
%He (h=2)] |HL1(R;dt) = m7

which is smaller than 3k~2 since k > 3. This completes the proof of the lemma. ]

3.4.3 Some inequalities

We present some inequalities that we have used in the proof. Recall the functions o, g

given in (3.3.3)
1— e /4
U(T):W7 g(r)=e , 1r>0.
Firstly, a calculation shows that

inf 072(e — 1) ~ 1.54414.. ..

6>0

so that 1

Vr >0, or2g(r)?<o(r), withd~ 1 X 154414, (3.4.12)
We have

vr >0, 7r2g(r) <160(r), r?g(r)*> <8(1 —o(r)). (3.4.13)
Indeed, let @ = 72 /4, then ([3.4.13]) are equivalent to the following

_ 0 _ 0
V0 >0, 40e07 < 16 96 , 40e7? <8(1 - ! He ),

and also V0 >0, 0292 <4(e? —1), 02 <2(0e’ — e +1).

It is easy to check that the functions
0 4(e’ — 1) — 0272, 020’ — ¥ +1) — 62

vanish at § = 0 and have positive derivative for § > 0. Hence (3.4.13|) are proved.
We can get by induction on n € N that

oM (r) = (—1)"dr=""2((n + 1)! — pa(r)e""/4), (3.4.14)
where p,, is a polynomial of degree 2n. In particular, we have

7,2

8 e <o, (3.4.15)

Vr >0, o(r)= —T—g(l e

so that o is decreasing. We have the Taylor expansion of ¢ near 0
2 2

B 1 72 1 ,r3\2 (=Dt r2y\t 2042
a(r)_1—5-2+§(1)—~-+(Z+1)!(Z)+O(r ), asr—0. (3.4.16)
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Lemma 3.4.6. Forallk > 1, 8> 1, r >0, we have

r? + Bo(r) > (2log2) ' B1/2,

k2 B (3.4.17)
B~ o) = 57,
where o(r) is given in (3.3.3)).
Proof. By the definition of o, we have
if r < 2(log2)2, then o(r) > o(2(log2)"/?) = (2log2)~},
1
if r > 2(log 2)"/2, then e < 5 implying o(r) > 2r 2.
Therefore, we get
if < 2(log2)"/2, then r? + Bo(r) > (2log2) '3,
if > 2(log2)'/2, then 1%+ Bo(r) > r? + 26r72 > 2282,
which implies for any r > 0,
r? + Bo(r) > min ((2log 2)71ﬁ,2\@ﬁ1/2) > (21log2) 7182, since B> 1,
proving the first inequality in (3.4.17)). Noting that
92
V0o<O<l1, 6_9—14-9227
we have A ) )
o _,,,2 4 T T
Vo <r <2, l—a(r)—r—z(e / —1—{—2) ZE.
Then we obtain
k2 k2 r2 1
if r <2, — 1-— > 4 B— > kB2
if r <2, r2+5( 0(7“))7712+ﬁ1672kﬁ ,
: k2 _
if r > 2, o) +B8(1—0a(r)) > B(1—0(2)) =e 8.
Therefore for any r > 0, k > 1,
k? 1
— +B(1 = o(r)) > min (§k61/2,e*16) > e 1812 since B> 1,
,
which proves the second inequality in (3.4.17)). O

Now we prove inequalities about the function ¢ that are used in the proof of Case 1,
2 and 3.

Proposition 3.4.7. Given ey, e; € (0,1), there exist co € (0,1), Cy,Co,C3,Cp > 0,
c1,c2,c3 € (0,1) satisfying the following. Recall that o is given in (3.3.3]). Let t € R.

1. For ef* > 661, we have

V[t — ] < 2co, %[e%(a(et) —a(e)] < —c, (3.4.18)

V|t — t] < 3co, ¥n €N, ]% [ (o(e!) — U(etk))H <y, (3.4.19)

o {a(et) —o(e) < —cro(e™), fort—ty > co/2, (3.4.20)

(') —a(e™) ; cro(e'), fort —t, < —co/2.
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2. For e <elk < 651, we have

V|t — tr] < 2c0, %[e%(a(et) - J(et’“))} < —Cs, (3.4.21)
V|t — tg| < 3co, Vn €N, ’;T” [e% (o(e) — a(et’“))H < Cp, (3.4.22)
B — o) < —cpo(el > co/2
and J(et) a(et ) < CQJEe ), fort—ti>co/2, (3.4.23)
o(e’) —a(e™) = coo(e’), fort —t, < —co/2.

3. For e'* < €1, we have

Vit — tx] < 2co, %{e%(a(et) — a(et’“))} < —Cgeltr, (3.4.24)
V|t — tx]| < 3co, Vn €N, ‘j? [egt(a(et) — U(@tk))” < Cpette, (3.4.25)

. {g@t)_a(etk)<—C3<1—a<et>)7 fort =t > co/2, (3.4.26)

o(el) — o(e*) ; cs(1—o(e™)), fort—ty < —co/2.

Proof. Step 1. The essential step is to choose ¢y € (0,1) such that (3.4.18]), (3.4.21)) and

(3.4.24) hold.
By (3.4.15)), given eg, €1 € (0,1), there exist u3 > po > 0 such that

Vr > 672651, —r 3 < a(r) < — o173,
vr e[, Y], < o) < —m,
Vr < e?eq, —prr < o' (r) < —par. (3.4.27)
Let us denote
d
[t 1) = S [ (0(e!) — ale))] = o (el) + 26 (o (e!) — a(e™).

The Taylor’s formula gives
1
U(Bt) . U(etk) _ / O_l(ethrO(tftk))ethrG(tftk)(t . tk>d9
0

Suppose |t — ti| < 2¢p with ¢p < 1. Using (3.4.27)), we get the following
— if etk > 651, then e! > 6_2651 and

Flt,tr) < —po + 4pne*®ey;

2¢;1) and

—if e € [e1, €5 '], then ef € [e 2ey, e
Ftty) < —pge® +dpredte®ocy = —(ug — 4pure*@cy)e;

— if et < €1, then €' < e?¢; and

flttr) < —poe™ + dpnet ety = —(po — dprecy)e’.
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Let ¢ € (0, 1) satisfying

4eget < H2

2/11’

then we get (3.4.18]), (3.4.21)), (3.4.24) with

Cl = M2/2, CQ = M2€_66§/2 and 03 = Mge_SCO/Q.

Step 2. We prove (3.4.19)), (3.4.22) and (3.4.25). Notice for r € [elr—3% elr+3co]

Ce 2k if etk > 651,
lo(r) —o(e™)] << C, if et € [e1, €5 ],
Ce?tk,if etk < €.

It follows from (3.4.14), (3.4.16) that o™ (1) = O(r~""2) as r — +oc0 and o™ (1) = O(1)
as r — 0. We have also ¢/(r) = O(r) as r — 0, since ¢ is even. Denote

f(r) =r? (o(r) —a(e™)), h(t) = ¢
By Leibniz formula, we have

f'(r)y =12 (r) + 2r(o(r)—o
f(r) = r20"(r) + 4ra’ (r) + 2(o(r) — o(e™)),

so that for r € [ef* =3¢ etkt3c] >0,

Cp(etx)™m, if etk > ey,
IRIGIER e if e € [e1, €5, (3.4.28)
Cn(etk>max(4fn,0), if ett < €1,

by using the properties of o stated above. Now applying the Faa di Bruno formula

(fon)® fM™oh R)
Y= ||
’ 1<n<l : I +-In=l

we get

Ao, ¢ _ ) () (t)] (1)™
e () = a(@)] [ = 1(F e OBl < 30 Cualf™ (el

1
dt 1<n<l

Using (3.4.28) for ! € [el* 3% etht3%] we obtain (3.4.19), (3.4.22) and (3.4.25).

Step 3. It remains to prove ([3.4.20)), (3.4.23) and (3.4.26). Denoting rp = e'* and
r = e!, then (3.4.20)), (3.4.23)) are equivalent to the following

<(- for r > rp.ec/2
Vry, > 6517 o(r) < ( c1)o(rg), forr > rge/= (3.429)
o(rk) < (1= c1)o(r), forr < rpe /2,
<({1- f > co/2
W el {00 <O meoln, forr et (5.430)
O'(Tk) S (1 — CQ)O'(T), fOI' r S T-ke—C()/ )
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The function o is decreasing, so that in order to prove (3.4.29)) and (3.4.30)), it suffices to
prove the following

Je e (0,1), Vr > ere”/2 g(re®/?) < (1 —c)o(r). (3.4.31)
We know that for any A > 1, the function

1—6*

[0,1] 20 f1(0;)\) = ()

is strictly increasing in (0,1) and fi(1;A) = 1. Hence for all A\ > 1, there exists 0 <
01(A) < 1 such that

Y0 < 6 < exp(—ere 0 /4),  f1(6;N) < 61(N).
Then we have for r > e;e=%/2,

0(7”600/2) B 1 — (6773/4)@%

_ —r2/4, c : c
0'(7“) B 660(1 - e*r2/4) - fl(e " 7600) < 51(6 0)7 since €7 > 17

which proves (3.4.31)) with ¢ =1 — §1(e®). Thus (3.4.20) and (3.4.23)) are proved.
Now we turn to prove (3.4.26)), which is equivalent to the following

- < —c3(1 — f > e00/2
— o(r)—o(ry) < —c3(1 —oa(r)), forr >rge ) (3.4.32)
o(r) —o(rg) > c3(1—o(ry)), for r < rye /2,
Since 1 — o(r) is increasing, we need only to prove
Jez € (0,1), Vr < e, 1—a(r) < (1—c3)(1 - a(re?/?)). (3.4.33)

By direct computation, we find that for any A > 1, the function

Ae™ —1+x)

(0,400) 2z = fo(z; ) = e~ — 14 \x

is continuous on [0, +00), f2(0;A) = A~ and fo(z;\) < 1 for all # > 0. Hence for any
A > 1, there exists 0 < d2(\) < 1 such that

fa(z; X)) < 62(N), VO<z<1/4.
We get for all r < e1 < 1,

1- U(T) Co €_T2/4 -1+ 7‘2/4 . 2/4. €0 co
1= o(rew/?)  © 0 /A ]y cor2/g fo(r/4;€%) < 52(e),

which proves ([3.4.33)) with ¢3 = 1—0d2(e“) thus (3.4.26) is proved. The proof of Proposition
[B:4.7 is now complete. O
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3.4.4 Miscellaneous
The non-local term

The non-local term G2z (Kpg+(G'/?w)) in (3.2.1) is a bounded operator on L%(R?),

see (3.1.5), ([3.1.2) for notations. In polar coordinates, we have, for w = > wy(r)e™*? (see
Section 3.1.1)

- |
G2 (Kpg+ (GY2w) = 3 22 () K[gen] (r)e®?,
2 70 8T

where g is given in and Ky in (3.3.2)). Note that for any f € LY(Ry;rdr), k #0,
1 o0
kel < g [ 17(5)Isds
so that by Cauchy-Schwarz inequality,

19K klgwrlll 2@ irary < 1191l L2(R ) 1Kk [gwr] | 2o

1 o0
< — . d
< 192 e [ lafs)on(s)lsds

1 2
< mllglle(R%rdr)|ywk||L2(R+m),

Noticing HgHLQ(R+;7"d7") = ﬂ’ we get

(% ak 12
156120 - (Kpse(GM2w) [Eagme) = 3 2| Nokklownl oz, ar)
2 Py 8
o2 9 a2
< > 2w oMol aqmyan < |go| I0leee),
kit

so that the non-local operator is bounded on L?(R?).

t

Remark 3.4.8. By using the change of variables » = e, we can prove a better inequality

for the non-local term. By Lemma [3.3.1] we know
2 (ghalgwnl) (") = (e2g(e)(K? + D) e g(eyun) (1), for un(t) = wle),
and  ||gKx[gwi]ll L2, rar) = lefg(e’) (k* + D?)_162t9(6t)ukHL2(R2;dt)-
Using |leg(e")||z~ = 2/v/e and [|[(k* + D7) 7| zr2(riary) < k2, we obtain
_ 4, _
letg(e) (K + D7)~ e* g(e" Yup | 2 g2 ar) < ;k 2Nl €t el L2 (roany

so that Hglck[gwk]|’L2(R+;rdr) < 46_1k_2"wk”L2(R+;rdr) and

o o216 _
15622 (Kps * (GPw) o) < 3 2| o| 5k lwnllfae. ar
k0
16| o |2 _
= | ge| MDoI el Fape).

where |Dg| " tw = Z k| Lwp(r)et*?,  for w = Zwk(r)eike.
k40
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Numerical range of H,
The numerical range
O(Ha; Xiy) = {(Haw, w) 22y € C; w € DN Xy, [[wllr2(me) = 1}
is included in the set {z € C; Re(z) > ko/2}, where H,, is given in (3.2.1). In other words,

we need to prove

k
RG<HQW,W>L2(R2) Z EOHWH%Q(RQ), Yw € DﬂXkO
Recall that ReH, = —A + % — % Using polar coordinates, it suffices to prove that for
all k> 0, v e C§°((0,400))
K or? 1

1 k
2 2
<( o; Tar + ) + 16 2)”7”)[2(R+;rdr) > 2|]vH[2(R+;rdr). (3.4.34)

Note that the adjoint of 8, on L?(Ry;rdr) is given by 9% = —0, — 1. We can check the
following identities

LY S LIPS T W P DR
O+ 0 =—5+[50]=0, o7 +70=-1+[10]=-3
that (8*—ﬁ—|—f)(8—ﬁ+f)—a*8+lﬁ+ﬁ_}_ﬁ
o A E S E I T A

Then the left hand side of (3.4.34) is equal to

ko r k.9
(0 — - + 1)U||%2(R+;rdr) + §||U‘|L2(R+;rdr)’
so that (3.4.34]) is proved.

Proof of (3.3.1)

In this section, we provide a computation for (3.3.1). Using (z1,x2) = (rcosf,rsin@),

we have

i 0
1 = cos 09, — gag, By = sin 00, + <

0p.
r

Write the vector field v = (v1,v2) as v = vyey + vgey, where e, = (cosf,sinf), eg =
(—sin @, cos ). Then

v1 = v co8f —vgsinf, w9 = v, sinf + vy cosb.

We have the following

in 0
0101 + Ogv2 = (cos 00, — S Og)(vy cos @ — vy sinf)
T
0
+ (sin 60, + €os 0p) (vy sin 0 + vg cos 0)

r

1 1 1 1
= 0pvr + —vp + —0gvg = ~ 0 (1v;) + —Oguy,
T T T T

O1v9 — Qo1 = (cos 00, — Sme@g)(w sin 6 + vg cos 6)
— (sin 00, + o8 089)(1)7« cos — vpsin @)
T
1 1 1 1

= Opvg + —vg — —O0pvy = =0 (rvg) — =gy
r r r r
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The relations 01v1 + dovg = 0, 01v9 — Jov1 = w become
1 1 1 1
—0p(rvy) + —0gug = 0,  —=0p(rvg) — —0pv, = w. (3.4.35)
r r r r

We look for functions of the form

_ Uk(r)eik;e wi(T) ik

. ovg = ———2eM = w(r)e?.
r r

T

Then (3.4.35) implies
" ”
u% + Z—wk =0, wiﬂ — Z—uk = rwg,
r r

and this ends the proof of (3.3.1]).
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Chapter 4

Structure constants of the Weyl
calculus

The result of this chapter is taken from the article [DenlObl, Structure constants in
Weyl calculus, which has been accepted for publication in MATHEMATICA SCANDINAVICA,
see Section for the letter of acceptance.

We find some explicit bounds on the £(L?)-norm of pseudo-differential operators with
symbols defined by a metric on the phase space. In particular, we prove that this norm
depends only on the “structure constants” of the metric and a fixed semi-norm of the
symbol. Analogous statements are made for the Fefferman-Phong inequality.

4.1 Introduction

The class of symbols ST, consists of smooth functions a defined on the phase space
R"™ x R™ such that for all multi-indices «, 3,

(¢ 0a)(z,€)] < Cap(l+ €)™ (4.1.1)

The best constants C,, g in (4.1.1)) are called the semi-norms of the symbol a in the Fréchet
space S7(. We have

Property 4.1.1. If a is in 5(1),0; then a(x, D) defines a bounded operator on L*(R™).

One might ask some very natural questions: the operator norm ||a(z, D)||z(z2(rny) 18
bounded by which constant? Is it a semi-norm of the symbol a? If yes, then which semi-
norm? Questions of the same type might be asked for the constant C' in the following
inequality:

Property 4.1.2 (Fefferman-Phong inequality). If a is a non-negative symbol belonging to
Sio, then there exists C > 0 such that, for all u € S(R™),
Re(a(z, D)u, u) p2mny + C’||uH%2(Rn) > 0. (4.1.2)

We can pose similar questions in many other examples of classes of symbols, such as
the semi-classical symbols, Shubin’s class, etc. As a particular example, the class 3™,
defined as the set of smooth functions @ on R™ x R"™ x R* such that for all multi-indices

OZ,B,
Vz,£ €R", T €RT, [(0800a)(z,&,7)| < Cap(l+ €] + 7)™ 1o, (4.1.3)
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is useful for Carleman estimates. One would like to check the Property and Property
[4.1.2) independent of the parameter 7.

Several authors like Bony [Bon99], Boulkhemair [Bou08], Lerner-Morimoto [LMO0T7],
have already considered these questions and they were able to identify the constants. The
constants in Properties are always a constant C,, times a semi-norm of the
symbol, whose order depends only on the dimension n. Although the problem is well-
understood for a single class of pseudo-differential calculus, including the class S(m, g)
developed by Hormander, we want to address a more general and useful question, having
in mind the class 3" depending on the non-compact parameter 7 > 0 which is defined in
and is useful for Carleman estimates.

In this paper, we consider the Weyl quantization for pseudodifferential operators and
we choose the framework with a metric g on the phase space. The metric g is assumed to
be admissible, that is slowly varying, satisfying the uncertainty principle and is temperate
(see Deﬁnition below). The so-called structure constants of g are closely related
to these properties. We can define very general classes of symbols S(m, g) attached to the
metric g and a g-admissible weight m (see Definition and we have an effective
symbolic calculus. The following results are classical: (see [HOr85, chapter 18], [Lerl0),
chapter 2])

L%-boundedness: a€S(1,g9) = [|a"||z(r2mn)) < O, (4.1.4)
Fefferman-Phong: a € S()\g,g), a>0 = a4+ C>0.

The question that we would like to address is the following: what happens if we change
the metric g but keep the same structure constants?

We intend to show that the constants involved in , depend only on the
structure constants of the metric g and a fixed semi-norm of a. Since it may happen that
the metric g depends on a non-compact parameter with uniform structure constants (e.g.
the class ¥™), this fact is useful explicitly or implicitly in many examples where these
metrics are used and it seems useful to rely on a more stable argument than referring to
“inspection of the proofs”.

Remark 4.1.3. An abstract functional analysis argument does not seem to work. Our
method is to follow the proofs, by carefully computing all the constants.

4.2 Metric on the phase space

In this section, we introduce the definitions of the admissible metric and exhibit its
properties. We use the Weyl quantization which associates to a symbol a the operator a®
defined by

(a“u)(z) = // eQiﬂ(I_y)fa(m ;_ y,f)u(y)dyd{. (4.2.1)

Consider the symplectic space R?" equipped with the symplectic form o = ?:1 déI Ndad .
Given a positive-definite quadratic form I' on R?", we define

°(T) = sup o(T,Y)?, (4.2.2)
L(Y)=1

which is also a positive-definite quadratic form. Let ¢ be a measurable map from R?"
into the cone of positive-definite quadratic forms on R?”, i.e. for each X € R?", gx is a
positive definite quadratic form on R?".
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Definition 4.2.1 (Slowly varying metric). We say that g is a slowly varying metric on
R?" | if there exists Cy > 1 such that for all X,Y,T € R?",

9x(T)

< Cp. 4.2.3
gy (T) 424)
Definition 4.2.2 (Slowly varying weight). Let g be a slowly varying metric on R?". A

function m: R?™ — (0, +00) is called a g-slowly varying weight if there exists p,,, > 1 such
that for all X,Y € R?",

x(X-Y)<Cit =yt <

Y- X)<pu = pu ' < .

(4.2.4)

Definition 4.2.3 (Class of symbols). Let g be a slowly varying metric on R?" and m
be a g-slowly varying weight. The class of symbols S(m, g) is defined as the subset of
functions a € C°°(R?") satisfying that for all k € N, there exists Cj > 0 such that for all
X, T, -, T, € R?,

a®(X)(Th,--- Tl < Cromi(X) T gx (1))

1<5<k
For a € S(m,g), l € N, we denote
o _ B (XVTy.--- T X))t 4.2.5
lall 5m.g) gggglxvzswjue%%la (X)(Th, -+, i) Im(X) (4.2.5)
9x (Tj)=1

The space S(m,g) equipped with the countable family of semi-norms (]| - ngm g))leN is a

Fréchet space.

For a slowly varying metric g on the phase space R??, we can introduce some partition
of unity related to g. Define the g-ball near X € R?"

Uxr ={Y,9x(X = Y) <r?}, (4.2.6)
we have the following theorem, which is Theorem 2.2.7 in [Ler10].

Theorem 4.2.4 (Partition of unity). Let g be a slowly varying metric on R*® and Coy > 0

given in . Then for all v € (0,0&1/2], there exists a family (¢y)ycren of smooth
functions supported in Uy, such that

vk eN, sup [loy|§), < C(krn,Co), (4.2.7)
Y cR2n ’
VX € R?", /2 oy (X)|gy|V/2dY =1, (4.2.8)
R n

where C(k,r,n,Cy) is a positive constant depending only on k,r,n,Cy and |gy| is the
determinant of gy with respect to the standard Euclidean norm.

Proof. As in the proof of Theorem 2.2.7 in [Ler10], let xo € C§°(R4;[0,1]) non-increasing
such that xo(t) =1 ont <1/2, xo(t) =0 on ¢t > 1. Define for r € (0, 051/2],

w(X,r) = /RQn Xo(r_ng(X -Y)) |gy|1/2dY.

=wy (X)
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Since wy (X) is supported in Uy, and xo is non-increasing, by (4.2.3) we have
w(X,7) 2/ Xo(r~2Cogx (X —Y))Cq "gx|/2dY =/ xo(|Z|2)dzCy 22,
R2n R2n

and an estimate from above of the same type, i.e. there exists a positive constant C =
Ci(r,n,Cy) such that
Ot <w(X,r) <O

Now let us check the derivatives of wy (X). Using the notation (,)y the inner-product
associated to gy, we have

Wy (X)T = x4 (r 29y (X = Y))r (X - Y, T)y,
and by induction, for k > 1, T € R?", wgf) (X)T* is a finite sum of terms of type
Xl (r 2y (X = Y))r (X = V. T)F Fgy (D)F 7, (4.2.9)

where ¢, 1, is a constant depending only on p,k and p € [k/2, k] " N. Since the support of
Xép ) is included in [0,1] and 72 < Oy, the term ([E2.9) can be bounded from above by

X(()p) HLoonZp(TQ)(2pfk)/2C(’)€/29X (T)k/Q7

Cp il

so that for all & > 1, |w§f) (X)T*| < C(k,r,Co)gx (T)¥/2. This implies that wy is in S(1, g)
and moreover,

vkeN, sup [lwy|§h,, <Ckr Co). (4.2.10)
Y eR2n ’

Now we choose a non-negative function x; € C§°(R4; [0, 1]) such that x1(¢t) =1ont <1,
then
WM T = | [ W ()T 29y (X = Y))lgv]/2dY |
R2n

k —
< sup [wy|§h g)gx(T)k/Q/ X1 (r gy (X = Y)) gy |2y
Y eR2n ' R2n

< C(k,r,n,Co)gx (T)*?,

which implies that w(-,r) is a symbol in S(1, g) with [jw(, T)Hgk()l g S C'(k,r,n,Cy). Since

w is bounded from below by C; !, the function w(-,)~! is also in S(1,g) and

HW('a"”)_l‘\gc()17g) < C’"(k:,r,n,Co). (4211)

We define
oy (X) = wy (X)w(X,r) ™,

then the estimate (4.2.7)) follows from (4.2.10)), (4.2.11)) and moreover, the family (py )y cgrzn
satisfies the requirements of Theorem O

A direct consequence of Theorem is the following.
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Proposition 4.2.5. Let g be a slowly varying metric on R*™ and m be a g-slowly varying
weight. Let Co, py, be given in , respectively. Let a be a symbol in S(m, g).
Then for all 0 < r < min(Co_lﬂ,,u;Llﬂ),

a(X) = [ av(X)lgy|'2ay.

where ay has support included in Uy, and

vkeN, sup fayl%),

YeR (Y),gy) = C(k T, C(),'I’L /J'm)HaHS(m 9)° (4212)

Proof. Define ay(X) = a(X )y (X). Since gy is supported in Uy,., we have, for k > 0,
X € Uy,, T € R?",

k - _
()Tt = | 3 (l)a“)(X)Tl bl

0<i<k

2.

0<i<k
k k
< Ch)|all§,, o llov 150y m(X)gx (1)
k
< CR)mCo Nl §0n g 0¥ 1500 MY gy (T)F72,

which completes the proof. ]

IN

gy X g (1) oy || ) g (1) B0/

For two positive-definite quadratic forms I'y,I's on R?", the harmonic mean I'y ATy is
defined by

[y ATy =207 + 1507 (4.2.13)
which is also a positive-definite quadratic form on R?".
Definition 4.2.6 (Admissible metric). We say that g is an admissible metric on R?" if ¢

is slowly varying (see Definition 4.2.1)) and there exist Cj > 0, Ny € N such that for all
X,Y, T € R*",

uncertainty principle x(T) < ¢%(T), (4.2.14)

temperance x(T) < Chay (T (1 + (g% A gP)(X =YD, (4.2.15)

where g7 is given by (4.2.2)) and A given by (4.2.13)).

We may suppose C), = Cj in the sequel, where Cy is given in (4.2.3). Then the
constants (Cp, No) appearing in (4.2.3), (4.2.15)) are called the structure constants of
the metric g.

9
9

Definition 4.2.7 (Admissible weight). Suppose that g is an admissible metric on R?",
A function m: R?® — (0, +00) is called a g-admissible weight if m is a g-slowly varying
weight (see Definition [4.2.2)) and there exist ji,, > 0, v, € N such that for all X,Y € R?",

m(X) < pmm(Y)(1+ (g% A g9 (X =)™ (4.2.16)

The constants (fm, Vm) appearing in (4.2.4), (4.2.16)) are called the structure constants of
the g-admissible weight m.
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Let g be an admissible metric on R?". We define for X € R?",

g5 (T)\ 112
2000 =88 (o)

(4.2.17)

Then the uncertainty principle (4.2.14) can be expressed by
gx < )‘g(X)Jgg(y Ag(X) > 1.

Lemma 4.2.8 ([Lerl0, Remark 2.2.17]). For any s € R, \; is an admissible weight, with

structure constants (,u)\g, I/AZ) in , depending only on the structure constants

of the metric g (Cp, Np).
Proof. We first verify that AJ is a g-slowly varying weight. For g x(X-Y)<Cy LT eRr?,
we have

Cylgx(T) < gy (T) < Cogx(T), Cy'e%(T) < g5(T) < Cog%(T),

which implies
i 95(1) _ 97(T) _ 2 9%(T)
9x(T) = gv(T)
Taking the infimum with respect to T', we get

IN

Co?Ag(X)? < A (Y)? < CAg(X)?,
so that Ag is g-slowly varying with uy, = Cp and so is Ay with Pxs = (|)S|. Next we check
that A7 is temperate. We have for all X,Y,T € R?",

gx(T) = Cy gy (T) (1 + (9% A g§)(X —Y)) ™,

9% (T) < Cogd(T) (1 + (g% A g3)(X — V)™,
which gives
o o 2N
Ag(X)? < CEN(Y)2 (14 (9% A g9 (X — V).

Thus A, is temperate with vy, = Ny and so is )\; with Vys = |s|No. This completes the
proof of Lemma [£.2.§ O

The composition afb of two symbols is defined by a*d¥ = (atb)” and we have, with
the notations [X,Y] = o(X,Y), D = (2in) !0,

(afb)(X) = 22" / / a(Y)b(Z)e 4™ X-YX=2lgy 47, (4.2.18)

R2n xR2n
(afb)(X) = exp (iw[Dy, Dz)) (a(Y)b(Z))‘Y:Z:X. (4.2.19)

For a € S(m1,g), b € S(ma, g), we have the asymptotic expansion
atb(z,6) = 3 wpla,b)(a,€) + ryla,b)(x ), (4.2.20)
0<k<p
. —k (-, 8 nBaa —k

with  wg(a,b) =2 Z D¢y a D 9gb € S(mimaA,”, g), (4.2.21)

atial—s 2
rp(a,0)(X) = Ry(a(X)® b(Y))|Y:X € S(mimaA,?, g), (4.2.22)
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R, = /01(1(__0)&1 o [8X,8y]d9( —[ox. 01)" (4.2.23)

Notice w1 (a,b) = ;={a, b}, where {, } denotes the Poisson bracket, so that the asymptotic
(4.2.20) at p =2 is
1
affb = ab + 4%{a, b} + ra(a,b). (4.2.24)
im

Definition 4.2.9 (The main distance function). Let g be an admissible metric on R?".
Define the main distance function, for r» > 0, X, Y € R?",

5,(X,Y) = 1+ (g% A %) (Ux.r — Urr), (4.2.25)
where Uy, is given in (4.2.6) and

— = inf X-Y)

gU=V)=_inf o )
Lemma 4.2.10 ([Ler10, Lemma 2.2.24], Integrability of 6,.). Let g be an admissible metric
with structure constants (Coy, Ny). Then there exist positive constants N1 = Ny(n, Coy, No),

C = C(n,Cy, No) such that for all v € (0,Cy 1/2]

sup 5 (X, V) Mgy |Y2dY < C < +o0, (4.2.26)
XcR2n JR2"

Proof. Suppose r < 061/2.

Y' € Uy,, T € R?, we have

Using the slowness and temperance of g, for X' € Ux,,

(9% A 99)(T) > Co (g% A g9)(T) > C525%AT) (1 + (g% A g5) (X = Y) ™
> Cy g% (T) (1 + Colgg A gf) (X' —¥) ™
> Cy M8 (T) (14 (g% A gf) (X = Y7) ™,
Taking the infimum in X’ € Ux,, Y’ € Uy, we get
95 (T) < CEM05,(X, V)0 (g3 A g )(T). (12.27)
We have also

No

<C3A+ (6% N g§)(X' —Y7))

< C3(1+ Colg% A g3 (X —Y"))N
< O (14 (g% A g ) (X = Y)™.

By taking the infimum in X’,Y”’, we get the following inequality

QX(T) 3+ N N
< 90, (X, Y)0, 4.2.28
g (T) — 0 ( ) ( )

Then
I+gx (X —Y) <1+ 3g9x(X — X))+ 3g9x (X' —Y') +3gx(Y' - Y)
< 3OS (X, V)N (14 gx (X = X') + gx (X' =Y) + gy (Y' = Y)) by
<3055 (X, V)N (1 + 272 4 g% (X' — 1))
< 9CGTH6, (X, V)P0 (1+ (% A g3 (X' = Y)) by [@227),
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so that 1 + gx(X —Y) < 908+2N05T(X, Y)2No+1 In the other hand, we have

|gY‘1/2 n(3+No) nN
g2 S G0 o (XY,

so that for Ny =nNy+ (n+1)(2Ng+ 1) > 0,
/R% 5, (X, Y) Mgy |Y2dY < C(n, Co, No) /R% 6, (X,Y)~NitnNo| g |12qy
< C'(n, Co, No) / (14 gx(X — V) "oy V2ay
_ C'(n,Co,No)/ (14121247 < +o0.

The proof of the lemma is complete. O

4.3 L%-boundedness

In this section, we prove the L?-boundedness of pseudo-differential operators with
symbol in S(1, g) and make precise the operator norms.

4.3.1 The constant metric case

Proposition 4.3.1. Suppose that g is a positive-definite quadratic form (constant metric)
on R?™ with g < g°. Then there erxists a constant C(n) > 0 depending only on the
dimension n such that for all a € S(1,g),

la®|lz ez < Cn)al§5

Proof. Since g is a constant metric, according to Lemma 4.4.25 in [LerI0], there exist
symplectic coordinates (z, ) such that

= > A HdaP +1dg), g7 = D Ni(|dayl? + |dg;[?),

1<j<n 1<j<n
with A; > 0. g < g7 is expressed as

min A; > 1.
1<j<n

As a result, we have g < |dz|? + |d¢|? := T, which implies S(1,g) C S(1,T) and for all
acS(1,g),

l l
WeN, all§r, < lall§: ) (4.3.1)

By Theorem 1.1.4 in [Lerl0] and a® = (JY2a)(x, D), where J* is introduced in Lemma,
4.1.2 in [Ler10], we obtain that

2n 1
la®|lzez2g@nyy < C)llall S,

where C(n) depends only on n. Together with (4.3.1), we complete the proof of the
proposition. O
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4.3.2 The general case

Theorem 4.3.2. Let g be an admissible metric on R?™ with structure constants (Cy, No)
(see Definition [4.2.6). Then there exist C = C(n,Cy, Ng) > 0 and | = l(n,Cy, No) € N
such that for all a € S(1,g) (see Definition[{.2.5),

y !
la®[lz(z2@mny) < C||CLHE;21,9)

Proof. Using the partition in Proposition [4.2.5] we write

@ = [, a¥lovl"2a,

where ay is supported in Uy, and satisfies (4.2.12)). By Proposition we have
supy [[a¥ || z(z2rny) < C(r,n, Co, N())Ha||(2n+1 < 400. The following lemma is useful.

Lemma 4.3.3 (Cotlar). Let H be a Hilbert space and (2, A, v) a measured space such that
v is a o-finite positive measure. Let (Ay)ycq be a measurable family of bounded operators
on H such that

x4 n1/2 *111/2
sup/ AL ALNE2 du(z) < M, sup/ 1A, A2, dv(z) < M.
Then for all w € H, we have

[ Ay A alduy)du(z) < M2l
QxQ

which implies the strong convergence of A = [ Aydv(y) and ||Allzqy < M.

In order to apply Cotlar’s lemma, we should estimate ||aya%|| £ (r2(rn)), i-e. a semi-norm
of aytaz in S(1, gy + gz). Indeed, the following estimate holds.

Lemma 4.3.4. Let g, ay be as above. For any k, N € N, there exist C = C(k,N,n) > 0,
l=1(k,N,n) € N such that

lay2azl$) gy g < Cllav I gy a2 g0V )7, (132)

We use some biconfinement estimates, which can be found in [Ler10), section 2.3], to

prove Lemma

Definition 4.3.5 (Confined symbols). Let g be a positive-definite quadratic form on R?"
such that g < ¢°. Let a be a smooth function on R?® and U C R?". We say that a is
g-confined in U, if for all k, N € N, there exits Cj y > 0 such that for all X,T" € R?",

1a®) (X)T*) < Clng(T)2(1+ g7 (X — U)) V2.

We denote

la %M = sup aW(X)TH (14 g7 (X - U)Y (4.3.3)

l k.l
and [lallyy; = max|lally; (4.3.4)
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Theorem 4.3.6 ([Lerl0, Theorem 2.3.2], biconfinement estimate). Let g1,g2 be two
positive-definite quadratic forms on R*™ such that g; < g7. Let aj,j = 1,2 be g;-confined
in Uj, a g;-ball of radius < 1. Then for all k,N € N, for all X, T € R?",

i

(@1802)® (T < Ap (g +92) ()2 (14 (98 A g5) (X = U0) + (67 Ag) (X ~Ta))

(4.3.5)
with A n = v(k, N, n)|||a1mg1 U, H‘CLQW‘QQ’UQ, l=2n+1+4+k+N.

Now we begin the proof of Lemma

Proof of Lemma[{.34 The symbol ay is gy-confined in Uy, since ay is supported in the
gy-ball Uy,.. Moreover, we have

Wk, NEN, a0 = sup |a®(X)TH,
XeUy,., TeR?"
gy (T)=1
VieN, waY”’gy7Uyr = I}{}gf ||aY||gY Uy, = ||aYHs (1gy)"

Applying (4.3.5) to ayfaz and using the triangular inequality

g g g g 1 g a
(95 NgZ)(X —Uyy) + (g5 NgZ)(X —Uzy) > 5(95/ N9gZz) Uy —Uzy),

we get
@y taz)® COTH < (e, Ny |5 gy lazll§ ) (97 + 92) (D)
% (14 365 A gZ)(Uyy —Uz,) 2
Using the definition of the distance 9d,, we complete the proof of Lemma O

End of the proof of Theorem [[.53.3. Now by Proposition [£.3.1] Lemma [4.3.4] and the
estimate (4.2.12)), we obtain that for any N > 0, there exists [ = [(N,n) € N such that

lagag]l cpomey < Collayaglisn iy,
l _
< C(N )y |5y gy lazll$h 00 (Y, 2) 7N
< C(N,n, co><uaus lg) 0r(V, 2)N

The same inequality holds for ayfaz. Choose N = 2Ny, where N is given in (4.2.26]), so
that

max {HaYazug L2(Rn))’ HaYaZ“g L2(Rn)) } < CHaHS (1,9)07 6,(Y, Z)iNl

where C' = C(n,Cy, N1) > 0, I = l(n,N1) € N. Then together with Lemma [4.2.10] the

assumptions of Cotlar’s lemma are fulfilled with M = C’Ha|| 5(1,9) and this completes the
proof of Theorem [£.3.2] O
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4.4 Fefferman-Phong inequality

In this section, we prove that the constant in the Fefferman-Phong inequality depends
only on the structure constants of the metric and a fixed semi-norm of the symbol.

Theorem 4.4.1 (Fefferman-Phong inequality). Let g be an admissible metric on R*"
with structure constants (Cgy, Ng) (see Definition [{.2.6). Let a be a non-negative symbol
in S()\g,g) (see Deﬁm’tion and (4.2.1 ZI)) Then the operator a® on L*(R™) is semi-
bounded from below. More precisely, there existl = l(n,Cy, Ng) € N, C = C(n,Cy, Ng) > 0
such that

w l
av + amné@g) > 0. (4.4.1)

4.4.1 The constant metric case

For the constant metric case, we use the results of Sjostrand and refer the readers to
[Lerl0, page 116] for the detailed proof.

Let 1 = > ;cz2n xo(X — j) be a partition of unity, xo € C°(R*"). Denote y;(X) =
Xo(X —J)-

Proposition 4.4.2 ([Ler10, Proposition 2.5.6]). Suppose a € S(R**). We say that a
belongs to the class A if w, € L'(R*™), with we(Z) = sup,ezen |[F(x;a)(Z)|, where F is the
Fourier transform. We have

5870 C 50,0;2n+1 CcCAC CO(RZR) N LOO(R%L),

where 58’0 = CgO(RQ”) is the space of C* functions on R?*™ which are bounded as well as all
their derivatives, So o.2n+1 18 the set of functions defined on R*"™ such that ](8?85@(1‘, €| <
Cap for |a + 8] < 2n+1. A is a Banach algebra for the multiplication with the norm

lalla = HwaHLl(R%)-

Theorem 4.4.3 ([Lerl0, Theorem 2.5.10]). For all non-negative function a defined on
R2" satisfying a® € A, then the operator o is semi-bounded from below. More precisely,

0" + Cnllaa = 0,

where Cy, depends only on the dimension n.

4.4.2 Proof of Theorem [4.4.1]

We shall use the partition of unity (¢y)ycg2n given in Theorem Let (¢y)yer2n
be a family of real-valued functions supported in Uy ., equal to 1 on Uy, and

sup (|9 [|$) ) < Ck.r, Co). (4.4.2)
YERQn

Indeed, with the same notations as in the proof of Theorem the function ¢y (X) =
Xo(%’l”_2gy(X —Y)) satisfies the requirements. Then with ay = ¢ya, we write

Yytay iy = ay +ry. (4.4.3)

Lemma 4.4.4 (Estimate for ry). For all k,N € N, there exist C = C(k,N,Cy) > 0,
I =1(k,N,Cp) € N such that for all X € R**, T € R*" with gy(T) < 1,

k l - -N
[ (X)TH| < Clay 1§y, (12 gy (1 + 95 (X = Uyar) ™. (4.4.4)
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Moreover, there exist Cy = C1(n,Cp, Nog) > 0, l; = l1(n,Co, Ny) € N such that

w !
| /Rzn TY|gY‘1/2dYH£(L2(R”)) < Cl||a|’f§%;\§’g)v (4.4.5)

To prove Lemma[4.4.4] we use the biconfinement estimate for the remainders, the proof
of which can be found in [Lerl0l section 2.3].

Theorem 4.4.5 ([Lerl0, Theorem 2.3.4], biconfinement estimate). Let gi1,g2 be two
positive-definite quadratic forms on R?™ with 9; < g7. Letaj,j = 1,2 be gj-confined

in Uj, a gj-ball of radius < 1. Recall

rp(ar, a2)(X) = (arflaz)(X) — > jl,(iW[DXpDXQ])](al(Xl)a2(X2))Xl:XFX-
0<k<p '

Then for all k,1,p € N, for all X,T € R?>", we have

k _
|(rp(ar, a2)) ™ (X)T*| < Ag v plor + g2) (T)F/2AT

~N/2
x (14 (g7 A g)(X = Th) + (67 A g5)(X — Un)) (4.4.6)
with Agxp = C(k, N.p,n)ar ]S Nlaalll) p,. 1 =20+ 1+ k+p+ N and
o 1/2 g 1/2
Ap= _inf (& (T)) . (£ (T)) . (4.4.7)
" Ter2n 0 \ go(T) Ter2n, 10 \ g1(T)

Now we use Theorem to prove Lemma
Proof of Lemma[{.4.4. By the asymptotic formula (4.2.24), we have

1
Yyfay = ay + — {¥y,ay } +r2(¢y,ay),
dim N———
=0
since ¢y = 1 on the support of ay. The symbol vy is gy-confined in Uy, and ay is
gy-confined in Uy, and moreover, we have

l l l l
N, vl oy, = 10y IShey BovlS) oy, = X ()2lav Iy, .o
Applying (4.4.6) to r2(¢y,ay), we have for all k, N € N, there exist C(k,N,n) > 0,
I(k,N,n) € N such that for all X, T € R*",
k
[(r2 (v, ay)) ™ () T"

l l _ o -N
< Ok, Nom) o 15 oy oy G oy 9y (TF2AT3 (14 63 (X — Uyiar))
N

l l o -
< Ck, N, [0y 11501 gy 0y 150, 2.0y 9 (D2 (14 g5(X = Uyan)) ™Y, (4.4.8)

noticing here Ao defined in (4.4.7) is equal to A\;(Y). An analogous estimate as (4.4.8])
holds for r3(ay, vy ). In our case, we write ry, which is defined in (4.4.3)),

ry = (Yyfay — ay )iy + (ayfdy —ay)
= r2(Yy, ay )iy + ra(ay, vy).

Then the estimate (4.4.4]) follows from (4.4.8)) and (4.3.5). Furthermore, for any k, N € N,
there exist C' = C(k,N,n,Cy) > 0, l = l(k, N,n,Cy) € N such that

_ k
17yt 2150 gy 402

Thus we can apply Cotlar’s lemma and get the estimate (4.4.5). O

0 0 N
< Cllavllsin, 2.0 19211500, (22,902 (V> 2) 7
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Lemma 4.4.6 (Estimate for ¢y). For all k,N € N, there exist C = C(k,N,Cp) > 0,
I =1(k,N,Co) € N such that for all X € R*, T € R*" with gy(T) < 1,

-N

Wy ) (X)TH) < Oy |8 gy )21+ 98X — Uyzr)) (4.4.9)
Moreover, there exists Cy = Ca(n, Cy, Ny) > 0 such that
[ /WW!gy\de\quz(Rn)) <O (4.4.10)

Proof. The inequality (4.4.9)) follows immediately from (4.3.5). And it follows from (4.3.5)),
(4.4.2) and (4.4.9) that for all k£, N € N,

@y 8oy EW 280 2) |8y 10y < CO(Y, 2)N

for some C' = C(k,N,n,Cy) > 0. Then by choosing N = 2N; and using Cotlar’s lemma,
we get the estimate (4.4.10)). O

End of the proof of Theorem[{.4.1 The symbol ay is non-negative and uniformly in S(Ay(Y)?, gv),
so that we can apply the Fefferman-Phong inequality (Theorem |4.4.3)) for the constant

metric gy to get
w (U(n))
ay +C(n )HGYHsEA (Y)2,9v) = 0.

By Proposition and Lemma [£.2.8] we have

l(n))
lay 56ty )2 gy < € Co, No)llall G50,

so that
al + Cguausl(; > 0. (4.4.11)

where C3 = C3(n, Cy, Ng) > 0, I(n) € N are constants. Combining (4.4.3)), (4.4.5)), (4.4.10)

and (4.4.11]), we obtain
ar = [ atlgy|'2ay
R2n
= [, wtapurioay - [ ryigy|'ay
(I(n))
> ~Callall§3Yy, [ wvutlov2ay — il

l
> ~Cllall§ye )

for some C = C(n,Cy, Ng) > 0 and | = I(n,Cy, Ng) € N. The proof of Theorem is
complete. ]
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Annexe A

Un opérateur normal

On s’intéresse a un opérateur différentiel bidimensionnel
Lo = -A+ |z +ady, z€R? a>0, (A.0.1)
oll Oy = 2102 — x901. Muni du domaine
D(L,) = {u € H*(R?); |z|*u € L*(R?)},

L,, est un opérateur fermé sur L?(R?). Notons que l'opérateur L, n’est pas auto-adjoint,
mais il est normal puisque sa partie réelle commute avec la partie imaginaire.
Nous démontrons la proposition suivante dans cette annexe.

Proposition A.0.1. Le spectre de L., est constitué d’une suite des valeurs propres
{dm + 4+ (20 + 1)ai, 4m+2 £2lai; meN, 0 <1< m}.
Notons 'oscillateur harmonique bidimensionnel
H=-A+|z]?, zcR%. (A.0.2)

On va calculer le spectre de L, en utilisant deux méthodes différentes. La premiére mé-
thode consiste a transformer L, en une famille de matrices a ’aide des fonctions d’Hermite.
Dans la deuxiéme partie de cette annexe, on calcule le spectre de I'oscillateur harmonique
bidimensionnel H en coordonnées polaires, en résolvant une équation differentielle ordi-
naire en dimension 1. Ceci nous permet de diagonaliser 'opérateur L, et en particulier,
on trouve explicitement les fonctions propres.

A.1 Fonctions d’Hermite

A.1.1 Opérateurs de création et d’annihilation

En notant D; = z'*l('?xj, on définit

C1 =D +ix1, Co = Dy+ixy, opérateurs de création, (A11)
Ay =Dy —ixy, Ao = Do —ixe, opérateurs d’annihilation. o
Ces opérateurs satisfont les relations de commutation suivantes

[A1,C1] = [A2,Co] = 2,

[C1, Ca] = [A1, Ag] = [C1, Ag] = [C, A1] = 0.



148 ANNEXE A. UN OPERATEUR NORMAL

On peut écrire
H = |D|2 + |l‘|2 = C1A1 + CyA5 + 2,

ce qui implique

[Ha CJ] = 2Cj7 [H7 AJ] = _2Aj7 J=12 (A12)

Les fonctions d’Hermite sont définies de la maniére suivante, pour = € R?,

oo(z) = e 1=1%/2 I’état fondamental,
T/)p,q(x) = Cfog¢0,0(x)’ pour p, q € Na

ou C; sont les opérateurs de création ((A.1.1). La fonction 1, , est une fonction propre de
loscillateur harmonique H correspondante a la valeur propre 2(p + g + 1), c’est-a-dire

(A.1.3)

Hipq=2(p+q+1)p,, pourp,qeN.

Il est bien connu que I’ensemble des fonctions d’Hermite {t,4; p,q € N} est une base
orthogonale (non normalisée) de L2(R?). Enfin, par récurrence on obtient

Clwp,q = prrl,qa O2¢p,q = wp,qul»
Apg =2p¢p-14, A2tpg = 2q¥pg-1,

avec convention évidente ¢_1, = 1, _1 = 0.

(A.1.4)

A.1.2 Représentation matricielle

L’opérateur dy peut étre exprimé en termes des opérateurs de création et d’annihilation

Cjs 4
Op = tx1 D9 — iz D1 = %(ClAg — CyA).
On déduit de que pour tout p,q € N,
Ortipg = 5(C1As — CoMa g = QUpr1g 1 — Pp1gn1 (A.15)

Pour tout n € N, notons Ey, 2 le sous-espace (n + 1)-dimensionnel de L?(R?) engendré
par les fonctions d’Hermite d’ordre n

{p.g; g €N, p+q=n},

qui est ’espace propre de H associé a la valeur propre 2n + 2. La relation (A.1.5)) implique
que Oy est invariant sur Fo, o pour tout n € N. En plus, on en déduit une représentation

matricielle de dp sous la base {Yon, Y1n—1, - ,¥Yno} de Eapio

0 n

-1 0 n-1

—2 0 n—2
-3 0
A, = ) ) € M, +1(R). (A.1.6)
. 2
—(n—-1) 0 1
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Si I'on normalise la base {105, ¥1n-1, - ,¥no} de Egpi2, alors on arrive a une matrice
anti-symétrique

0 Jn 0 0 0
—/n 0 2(n—1) 0 0
0 —/2n-1) 0 3(n—2) 0
B, — 0 0 = 3.(n —2) 0 ’
: : e " . (n—1)2 0
0 0 0 —/n—1)2 0 Jn
0 0 0 0 —/n 0
(A.1.7)

qui est semblable a la matrice A,, (A.1.6). En faisant un calcul explicite, on trouve les
valeurs propres de A, et B,

+ 20+ 1), 0<I<m, sin=2m+ 1 est impaire, (A18)
=+ 213, 0<1<m, sin=2m est paire. o

Revenons a l'opérateur L, (A.0.1). Pour tout n € N, Es, 12 est donc un sous-espace
invariant pour L,. Le spectre de la restriction de L, au sous-espace Fa, 42 est

dm+4+ 204+ Dai, 0<I<m, sin=2m+ 1 est impaire,

| | | (A.19)
4m + 2 £ 2lad, 0<1<m, sin=2m est paire.

Ceci termine la démonstration de la Proposition

A.2 Coordonnées polaires

On peut trouver explicitement les fonctions propres de 'opérateur L, en utilisant les
coordonnées polaires (r, ) dans le plan. On écrit 'oscillateur harmonique comme

1 1
H:—&Z—;ar—r—za(?w?, r>0, 6 €[0,2n].

En développant la variable angulaire 6 en série de Fourier, on obtient une famille d’opé-
rateurs indexés par k € Z

1 k2
Hy, = —83—;8T+r—2+r2, keZ, (A.2.1)

qui agissent sur l'espace de Hilbert L?(R,;rdr) avec domaine maximal

D(Hy) = {u € L*(Ry;rdr); Hyu € L*(Ry;rdr)}.

A.2.1 Spectre de H;

Dans cette section, on étudie le probléeme des valeurs propres de Hj,

1 k2
Hyu = —0ju — —0ru + —su+ru = Au. (A-2.2)
r r
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On cherche des solutions de (A.2.2) ayant la forme u(r) = P(r)e™""/2, ot P est un poly-
néme. Alors (A, P(r)) doit vérifier une équation différentielle ordinaire d’ordre 2

1 k?
— P4 (2r — ;)P’+ (r—2+2—)\)P:O. (A.2.3)

Supposons que P est un polynéme de degré n de la forme suivante

n
r) = Z a;r
§=0

L’équation ({A.2.3) devient

1 k2
—P"—i—(2r—;)P'+(72+2—)\)P

=(2n+2— Napr" + (2n — Nay_1r"

) ; 1—k%a k%a
—i—Z( - (j+2) )Clj+2+(2j+2—)\)aj)7']— ( " Ju + r20 =0. (A.24)
Par conséquent, les coefficients de P vérifient le systéme suivant
(2n+2— Na, =0,
(2n — Nayp—1 =0,
(k> = (j+2)Y)ajs2+ (2 +2—A)a; =0, V0O<j<n-—2, (A.2.5)
(1 k‘Q)CLl == O
k2ao = 0.

En résolvant (A.2.5)), on obtient les solutions de (A.2.3) :

— si |k| = 21,1 >0, alors pour tout m > [, la couple (4m + 2, P2\ ) est une solution de

(23). oi

m m
Z jl(mH)'( — D! o (A.2.6)
j:l (G+DI—1)!

—si |k| = 20+ 1,1 > 0, alors pour tout m > [, la couple (4m + 4, Pg,i#l) est une

solution de (A.2.3), ou

Ui Y (mA L+ D (m = 1) .
P2“rl AR A2
2m+1 Z - GHI+HDIG 1) " ( 7

J=l
On obtient donc les valeurs propres de Hy, (A.2.1)), ainsi que ses fonctions propres :

—si k| = 2[, 1 > 0, le spectre de Hyg; est 'ensemble {4m + 2;m > [}. La fonction
propre associée a 4m + 2 est Pgl (r)e /2, avec P! donné par (A.2.6) ;

—si |k =20+ 1,1 >0, le spectre de H (1) est I'ensemble {4m + 4;m > [}. La
fonction propre associée & 4m -+ 4 est P2+ +11 (r)e=""/2 avec P2l 1 donné par (A.2.7).
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A.2.2 Spectre de L,

Revenons sur le spectre de L, (A.0.1). Notons comme précédent F) I'espace propre
associé a la valeur propre A de l'oscillateur harmonique bidimensionnel H. Rappelons que
dans la Section pour tout n € N, on a obtenu une base orthogonale (non normalisée)
de Fopqo

{wp,qvp +q= n}a

ou les 1, sont des fonctions d’Hermite (A.1.3)). Ici, on obtient une nouvelle base de
E) en coordonnées polaires, sous laquelle les deux opérateurs H et Jy sont diagonalisés
simultanément.

Cas1: \X=4m+ 2 avec m > 0.
L’espace E4pm42 de dimension (2m + 1) est engendré par les fonctions suivantes
{PR,(r)e™" 2% —m <1< m}, (A.2.8)

ot P = PQ% sont donnés par (A.2.6). Il est facile de voir que les fonctions dans (A.2.8))
sont deux a deux orthogonales dans LQ(RQ), et elles font une base de Eyp,12. Sous cette
base, l'oscillateur harmonique H est égal a (4m+2)Id et Oy est égal a la matrice diagonalisée

diag{ — 2mi, —2(m — 1), -+ ,0, -, 2(m — 1)i, 2mi}.

En particulier, on obtient les values propres et les fonctions propres associées de la res-
triction & Eg,42 de Vopérateur L, (A.0.1)

(4m + 2 + 2lad, ngn(r)efrzﬂeme), -m<l<m. (A.2.9)
Cas 2: A=4m+4 avec m >0
L’espace Eypm14 de dimension (2m + 2) est engendré par les fonctions suivantes

[PILL (r)e /200y 1 <1< m}, (A.2.10)

ou P227ln+4}1 = 2‘371;11' sont donnés par (A.2.7). Comme le cas pécedent, les fonctions (A.2.10)
forment une base orthogonale de Fy4p,14. Sous cette base, l'oscillateur harmonique H est

égal & (4m + 4)Id et Oy est égal a la matrice diagonalisée
diag{ —@m )i, —(2m — )i, —iyi, e (2m 1)i}.

En particulier, on obtient les valeurs propres et les fonctions propres associées de la res-

triction a Egmiq de Ly (A.0.1))

(4m+ 4+ (21 + 1)ad, ngi&l(r)e_T2/2ei(2l+1)9), -m—1<1<m. (A.2.11)



152 ANNEXE A. UN OPERATEUR NORMAL

aR

5- o

4tk o

3- ([ [

2~ o (

1r o o [
® : ® : ® :
2 4 6 8 10 12

-1r ( o o

oL ) (

-3 o [ J

4L o

51 o

FIGURE A.1 — LE SPECTRE DE L’OPERATEUR L.



Appendix B

Miscellaneous

B.1 Alternative proofs
In this section, we provide alternative proofs of Lemma and Lemma [2.5.9

Another proof of Lemma[2.4.23. Recall that a is defined by (2.4.49). We first prove that
a is bounded from below by C’)\g.

1
For [r] < 5%, a(t,7) > min(es, )5 > 5 min(es, e0) (52 +7%),
for 7| > BL/%, a(t,7) > 4M7> > 2M (B3 + 2)

On the other hand a € S()\g, g), we get
VteR, VT €R, CX <af(t,7) <C'A]

We denote )
a:=a— §CA37

then %C’ )\Z <ael ()\g, g) with semi-norms bounded from above by constants independent
of k. We apply the Faa di Bruno formula

(go f)(n) g(m) of f(jz)
n! - Z m! H ]

. : ]l!
1<m<n J1t+Him=n,
Ji1=21

with f = a and g(z) = /2,
@AW = Y emarm(x) [ a0 (x)T
1<m<n J1+ o tim=n, Ji:
g1=1
1 .
< 3 emlarx) [ SAX)gx (T
1<m<n 1+ tim=n, JU
=1
Lom m n
< D AT - (A)) M (X)gx (1)
1<m<n

< g (X)gx ()2,
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which implies @'/2 € S(),, g) (and each semi-norm can be bounded by a constant inde-
pendent of k). The composition formula tells us that

a'/?4at/? = a+ 5(1, ).
Then a — a'/?ta'/? € S(1,g) and
(@"u, ) pamar = (@"743") " u, w) paman) + (@ — @"/246"%) " u, 0) 2 i)
> (1(@"2) " ull 32 ary — C" Ul 2 gsany
2 _CHHUH%Q(R;dtV

where C” > 0 depends on a semi-norm of @ — a'/24a'/? in S(1,g), so that we can suppose

C" independent of k, see the footnote in page We get the estimate for a®:
C
a® > 5()\3)“’ —C", on L*(R;dt).
Remark that )4 is a function depending only on the variable 7, so (/\3)“’ = )\E(Dt) is a

Fourier multiplier. We deduce from \? > 62/ ? that (A2)" > ﬁ2/ 3
,6’2/3 C”, on L*(R;dt).
Lemma [2:4:22] is proved. O

Another proof of Lemma[2.5.9 Recall that a is defined by . We first prove that a
is bounded below by Cr,f/\g.

For |7] < 51/37“1/3, a(t,7) > miH(C12,613)52/3T2/3 > % (612,013)(5k/3 213 4 ¢ %),

for || > ﬂ;/gr}g/g, a(t,7) > 4M7? > 2M(,6’2/3 2/3 +T2)
On the other hand a € S(T‘;Q)\g, g), we get

VEER, VT €R, Cr Al <alt,7) < C'ri” Al
We denote .
a:=a— 507“,;2)\52],

then %OT;Q)\E <aels (r,;zx\g,g) with semi-norms bounded from above by constants
independent of k. We apply the Faa di Bruno formula

(go Z g )of H il
1<m<n ! J1ttim=n, ]l‘
5121
with f = a and g(x) = g1/2,
1 .
@AM =] > ematT( [ —asx)r
1<m<n 31+"'+jm=n ]l
Jj1>1
1 )
< 3 enlar X)) [ SRR gx (7)1
1<m<n St Agm=n, JU°
Ji1=1
o o lom 9 2um .
< YD AR - (PN (X ) g (1)

1<m<n

< Ay A (X)gx (1),
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which implies @'/2 € S(r;')g,9) (and each semi-norm can be bounded by a constant
independent of k). The composition formula tells us that

a'*ta'l? = a+ S(r%, g).
Then a — a'/?4a'/? € S(r;; %, g) and

(@"“u, u) p2(Rar) = ((@/?ga'/?)"u, u) 2 (riar) + (@ — &1/2ﬁ@1/2)wuau>L2(R;dt)
> |[(a'/?)” UH%%R;dt) - C”TI;2||U”%2(R;dt)
> —C"r [l g,y
where C” > 0 depends on a semi-norm of @ —a'/?§a'/? in S(r,;2, g), so that we can suppose
C" independent of k, see the footnote in page We get the estimate
a¥ > g(r,f)\g)w - C”rk_Q, on L%(R;dt).

Remark that A, is a function depending only on the variable 7, so ()\3)“’ = )\E(Dt) is a
Fourier multiplier. We deduce from /\2 > B2/ 3,813 that ()\3)“’ > Bz/ 37"2/ % and

a? > (;B,z/g 28 _cM"? on LA(R;dt),

which completes the proof. O

B.2 A Fréchet space

We give a proof for that the symbol class S(m, g) defined in Definition is a Fréchet
space.

Proposition B.2.1. Let g be a slowly varying metric on R*™ and m be a g-slowly varying
weight (see Definition . The space S(m, g) equipped with the countable family
of semi-norms (|| - Hg(m g))leN (see Definition |4.2.3) is a Fréchet space.

Proof. It suffices to show that S(m,g) is complete. First remark that the semi-norm
defined in (4.2.5) has an equivalent form

O] _ ok ) k —k/2 -1
HaHs(mm OIQ%%(Z X,TeS]RgI"),T;éO| X)T ’ ax m(X) . (B.2.1)

Suppose that {a;};>1 is a Cauchy sequence with respect to each semi-norm || - ngm g) then
for any € > 0, for any k > 0, there exists N = N (e, k) > 1 such that for any ji1,j2 > N,

VX, T eR™, T#0, |\ —al)(X)THgx(T) ™ ?m(X)! <e. (B.2.2)

For X( € R?", we define
Ux, = {X € R*™; gx,(X — Xo) <min(Cy ", 1)}, (B.2.3)

where Cj is given in (4.2.3) and p, given in (4.2.4). Then by using the slowness of the
metric g and the weight m, we have for all X € Ux,,

(j}i)ﬂ < Co, (Z(())é)))>ﬂ < (B.2.4)
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We deduce from (B.2.2) that, for e > 0, k£ > 0, j1,j2 > N,

VX € Ux, VT € R?, [ () — al)(X)T*|gx, (1) 72 < O3 pmm(Xo)e,  (B.2.5)

which implies that for any k& > 0, {agk)}jzl is a Cauchy sequence in L™ (Ux,; Sk(Xo)),
where Si(Xp) denotes the set of symmetric k-multilinear forms on the normed space
(R2" || - ||x,), with || - || x, denoting the norm associated to the positive-definite quadratic
form gx,. Hence there exists b € L*°(Ux,; Sk(Xo)) such that

agk) — by in L*(Ux,; Sk(Xo)), asj — +oo.

Since the a;’s are smooth, we have b, € C(Ux,; Sk(Xo)). Moreover, by, is well-defined in
the whole space R?".

Let us now prove that for each X, by is C'(Uy,) and b} = by in Ux,. Indeed, we use
the Taylor formula for a;, X € Ux,,

() = a5(X) + [ (X0 + 00X — X)) (X — X0

Since a;- — by in S7(Xp) uniformly in Ux, as j — +oo and Xp + (X — Xy) € Ux, for

0<0<1, we get
1
bo(X) = bo(Xo) + /0 by (Xo + 0(X — Xo))(X — Xo)do.

Thus by is C! and by = b1. By induction, we can show that by is C>®(R?") and by, = b[()k)
for all kK > 0.
It remains to show a; — by in S(m,g) as j — +oo. For k > 0, taking the limit

jo — 400 in , we get for j > N(e k),
VX € Uxy, VT € R?,  |(a') — b)) (X)T*|gx, (T)*/*m(X0) ™! < CF* me.
Using , we get
VX € Uxy, YT € R?, [(af — o) (X)T*|gx (1) 7/2m(X) ™" < Chuie,
—swp (@ = b)) (X)THgx (1) m(X) T < Chiide,

X, T€R2n T+£0

completing the proof of the proposition. O



Appendix C

Numerical computations for the
value of k

We provide some numerical computations for Chapter (i.e. article [Denl1b]) and the
purpose of this appendix is to give a bound for the constant ky in Theorem This
appendix are taken from [Denllal, all the computations are done by using MATHEMATICA.
We also give some discussions that can be used to improve the value of kg at the end of
this appendix.

For the non trivial cases where a change-of-sign takes place, we have discussed 4 cases

in Section given €g, €1 € (0,1),

Case 1: e'* > ¢! Theorem B.3.5,
Case 2: et € [e1, ¢y ] Theorem B.3.14]
Case 3: el € (5;1/4, €1) Theorem B.3.17]
Case 4: e'* < ﬁ,;l/él Lemma [3.3.22]

For each of the first 3 cases, we need a condition k > kg and the value of ky could be
expressed as a function of (ep, €1). In this note, we shall compute with

€0 =~ 0.461558, €1 ~ 0.426072 (C.0.1)
and the result that we shall obtain is
ko = 84. (C.0.2)

We shall keep all the notations that have been used in Chapter |3} In order to obtain a
better bound on kg, we would like to make a few changes, including some improvements,
described below.

The 4 cases

The 4 cases are slightly changed and we aim to get the following estimates: Suppose
o > 1 a large constant.
— Case 1: efr > 651.
C >0, ko > 1, ap > 8w, s.t. Vk > ko, o > ap, u € C5°(R),
- 1/3
le™ Ziull > CBY°letul. (C.0.3)
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— Case 2: e € [e1,¢5 ).

AC >0, kg > 1, ap > 8w, s.t. Vk > ko, a > ap, u € C3°(R),

le™ Ziul| > CBY letul. (C.0.4)
— Case 3: elr € (M06;1/4,61).
E|C>O, kio > 1, ag > 8m, s.t. Vk > k?(], o> og, U E CSO(R),
le™ Ziull > CBY|letul]. (C.0.5)
— Case 4: etk < ,uoﬁk_l/4.
AC >0, ap > 8, s.t. Vb > 1, a > 81, u € C¥(R),
et Zull > CBL|letul. (C.0.6)

The constant pp will be chosen in Case 3. It is clear that the estimates (C.0.3)), (C.0.4),

(C.0.5), (C.0.6]) together with the estimates for easy cases given in Lemma can
imply the estimate (3.2.3) thus Theorem

The constant cg

Recall that, in each of the first 3 cases, we have constructed a multiplier with the help
of a partition of unity on R; given in , which allows us to localize near t; and which
depends on a small constant cy. The constant ¢y was chosen according to Proposition
and was common for the 3 cases for the purpose of simplification of notations.

Here for each of the first 3 cases, we shall choose a constant cg:

Case 1: ¢ = 0.04, Case 2: ¢ = 0.04, Case 3: cg = 0.08.

Some bounds

We can suppose that the functions xo, ¢ given in (3.3.24]), (3.3.25|) satisfy the following
bounds

2
for any € > 0 (fixed). Then the function e given in (3.3.26] verifies

2 1
Ix0llLo < pelald 19l < 5 +e, (C.0.7)
lellLe < 5 +e, (C.0.8)
noting that

ey = — 2O —0O) _ /O " Wt0)dt,  since 1(0) = 0.

Notations

Recall the notations
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C.1 Casel

In this section we treat the case where et > € L'~ 2.16657. We choose

co ~ 0.04. (C.1.1)
Estimate for A,
Using the definition of o
8 2 r2 s
_ = —r?/4 / S T . R Ly
a(r) . (1-e ), o'(r) Tg(l e 7¢ )

we have for all r > 2,
—8r73 < o'(r) < —8(1 — 27 1)r 73,
Using the above inequality and the Taylor’s formula, for ef, e’* > 2, we have
lo(e") — o(et)] < /01 | (MO0 tH0—0) || _ ¢, ]dB < 8e2te2i—trl|g 4,
which implies
& [ (o(e!) — ole')] = Mo'(e)) + 2% (o(c") — o(c")
< —8(1 —2e7 1) + 162l — ).
Then we have,

Velk > eyt = 2.16657, V|t — t3] < 2co, (which implies e’ > 2)

q

dt

Then the estimate (3.3.38)) holds for A; with C given in (C.1.2]).

[ (o(e") = o(c'))| < =C1,  with Cy = 0.611835. (C.1.2)

Estimate for A,

We have to compute the precise coefficients in the estimate for the term As, especially
for terms of size ,Bz/ *k=2. With the notations there, the precised inequalities (3.3.42)),
(13.3.43)) are

5 2/3,
401] < (2lllell= ) 82K 2orvul e,

2/3, _
| Aga| < 2|14 [| o< B >k 2 |lyull |17 xoull

1/3,— _
119" |z B2 k2 yallly xoull + Ck~2 vl llxoull,
so that (3.3.44]) becomes

5 2/3, _ 2/3, _
o] < (SIx6ll < el ) Bkl Ixoval + (2112 ) 8 k2 Iyl lxoy ul

1/3; — _
+ 119" | o< B 2yl lIxoy"ull + Ck=2{yulxoul- (C.1.3)



160 APPENDIX C. NUMERICAL COMPUTATIONS FOR THE VALUE OF kg

Recall (3.3.45)) and define

1

Hl(et’“)=*HX0HL°°H€HL°°9( N2 4 21| e max gl )23 =2, (C.14)
3 1

d te) " o 1/2 4 — Qt 4t C.1.5

and - rp(e%) = [[¢" e max ()] + 166 (C.1.5)

(note that k1, ko are more precise than the function x) then we deduce from ((C.1.3) that

| Ag| < k1 (%) B3 k2 e g(e!)/ 2ul|?

+ (™) B k2 €2 g (") 2u)? + 2Cok 2| |ul|. (C.1.6)

Estimates for the other terms

Instead of applying the inequalities (3.4.20)) for the terms Bf , By, we keep the equal-
ities for the moment

Bl =26, (¥ (0(e") — o(e))u xfu),
By =267 (e (o(e) — o(e"))u, X2 u).
For B and B; , we use the following
e 2/3,
B+ > _g( tr+ 0/2)1/25]/ k 2||62tg(et)1/2u||2,

> =28 k2 ol — g(e o) 25k e g (o) 2 .

The estimates (3.3.52)), (3.3.57), (3.3.62) for the terms Az, Bf, By remain unchanged.
Adding these estimates together, we get the following

2Re(Lyu, Myu) > fBQ/?’HX ull® + 287 (e (o (") — o)) xPu, u)

+ 26, (0 (e!) — o ()X, u) — BB ke g ') 2ul”
=28k - g ()ull” — ra(e") B k(e Pul?
— C||Dsul|? — CE*||u|* — C||e*ul|?, (C.1.7)
where C] is given in (C.1.2)), ko is given in (C.1.5) and
d)(et’“) —_— ( tk) _|_g( tk+00/2)1/2+g( tk—co/2)1/2
1
*HXO||L°°H oo g (e~ )2 4 2||¢ | 1o e g(e )1/2|162t—2’
+g(etk+00/2)1/2 +g(€tk Co/2>1/2. (018)

Using (C.0.7), (C.0.8) (with ¢ ~ 0.000001), e'* > 2.16657 and the following

1
/21,2
maxg(r)/%| 3" =2 < 1,

we get an upper bound for ¢(e*) given in (C.1.8)):
p(e*) < O ~ 50.1458. (C.1.9)
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Computations for kg

The main task is to absorb the two negative terms of size 513/ k=2 in the rhs of (C.1.7)),
for which we have to take k large. We need the following inequality: for e’ > 2.16657,
teR,

%m(t —t4)? + 2¢* (a(e'*) — a(e")) x4 (t — th)* +2e™ (0 (e") — o (€)X (t — tr)?
> k2 (g(e)el g e) + 26" g (e x-(t = 1)?).

which can be inferred from the following

c
5 > E20(e)etg(eh), [t~ tel < co.

20(e*) — 20 (e!) > k2p(e'F)e*tg(eh), t—ty > co/2, (C.1.10)
20(e') — 20(ett) > k2 (c]b(etk)thg(et) + 262tg(et)2), t—tr < —co/2,

with C given in (C.1.2)) and ¢y = 0.04.
By making a change of variables 7, = e'*, r = e! and by using the bound (C.1.9)) for

#(e'*), we know that (C.1.10]) can be inferred from the following: for ry > 2.16657,

C1 > 2k 2C1rg(r), e Orp <r <e“r, (C.1.11)
20 (ry) — 20(r) > k™ *Cir?g(r), r> /2 (C.1.12)
20(r) = 20(ry) > k=2(Car?g(r) + 2r2g(r)?), 0<r<e ™ . (C.1.13)

Now we compute a kg such that (C.1.11)), (C.1.12), (C.1.13)) hold for k > k.
e For ((C.1.11)). It suffices to take

k> 201_16'1 max {T4g(r); rE > 2.16657, re” 0 <1 < rpe}.

Note that the function r*g(r) has maximum 256e~2 at r = 4, so that it suffices to take

k2 > 207 C) x 256672 ~ 5679.12, i.e. k> 75.3599.

o For (C.1.12). We rewrite (C.1.12)) as follows

_ G )

Vre > 2.16657, r > rpe®/?, k2 -
* Tk 2 o(r) —o(r)

Note that

2 2
> rkeco/2 rg(r) < rg(r) =:b(r;cop),

o(ry) —a(r) = o(re=/2) —o(r)
so that it suffices to take

2> 21 2 ¢o).
k= > max b(r; co)

By computing the maximum of b(r; ¢p), it suffices to take k > 80 to ensure (C.1.12)).
e For (C.1.13). (C.1.13)) can be rewritten as follows

Cirg(r) + 2r(r)?

Vre > 2.16657, r < rge /%2 k2 >
2(o(r) —o(rr))
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Note that
r?g(r) r2g(r)
< =:¢(r;cp),
r < ’I"kech/Q _ (T) O'(Tk) ( ) — U(TBCO/Q) ( 0)
- r2g(r)? r2g(r)?
= d(r; co),

o(r)—o(rg) = o(r) — o(reco/?) -

then to ensure ((C.1.13)) it suffices to take

1
k? > max (7c(r; co) + d(r; co)).

By computing the maximum, it suffices to take &k > 81 to ensure (C.1.13).
As a result, the equalities in (|C.1.10]) are true for k > 81.

Final estimates

Using the estimates ([3.4.20]) and the notation p(¢, tx) given in (3.3.33)), we deduce from
(C.1.7) that there exists ¢ > 0 such that for k& > 81,

e Lyu, Myu) > e8> (p(t, tr)u, u) — ro(e*) B k2 e g(eh)/ 2ul|?

— C||Dyul* — CE*||ul|® — Cle*ul*. (C.1.14)

It remains to control the term of size B;Bk‘_z in the rhs of (C.1.14]). Note that ra(e'*) is
bounded and recall (3.3.65]), the term

—ra (%) B 22X g () 2ul?,

can be absorbed by
S8 ot t)u )

by letting o > ag with g taken large. Continuing the proof in Section a), we can
get the estimate ((C.0.3)).

C.2 Case 2
We turn to the case where e € [e1, ¢y '] with
€1 >~ 0.426072, 5! ~ 2.16657.

We choose
co =~ 0.04. (C.2.1)

Estimate for A;
We have

e € ler, 0], |t—tel <20 = €' €[0.393314,2.34702],

and Vr € [0.393314,2.34702], —0.267226 < o’'(r) < —0.0958297.
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For e € [e1, ¢! such that [t — t;| < 2¢o, we get by Taylor’s formula

LT (o(e!) = o(e)] = o/ (e!) + 26 (o(e!) — o(e))

" < —0.0958297e3 + 2e%! x 0.267226€'202¢,
so that
Vet € [er,e0t], |t — tr] < 2co, %[e%(a(et) — a(etk))} < —Chedl
with  Cy = e759(0.0958297 — 2 x 0.267226 x 2¢pe®®) ~ 0.038948. (C.2.2)

Note €3t € [e3, € 3]. Then slightly changing the proof, one can get the following estimate
for Aq:
02€3tk

A >

Ixoull* = C||Deul|® = C|lulf?, (C.2.3)
with Cy given in (C.2.2)). Note that it is better to keep the factor e3*.

Estimate for A,
For Ag, we have the following (the same as (C.1.3)))

5 2/3, 2/3, _
[As| < (S Ixb o lell= ) B2k~ lrullixoyull + (204l ) 87k 2lyull ol

1/3; — —
+ 11"l 2o B> k2 |yl oy ull + Ck 2yl xoul-

Recall (3.3.45]) and note that the support of xo(- —tx) is included in the interval [0.39, 2.4],
we know that

Ixo(t =)' (B)] < 29(1),  |xo(t —ti)Y"(#)] < 4y(2),
so that
5) 2/3, —
[As] < (Gl llellzo + 4wl ) B2k |yl

1/3, — _
+ 400" | oo By K2 yul® + CE 2 yul| [ xoul. (C.2.4)

Estimate for the other terms
We keep the equalities for the terms Bfr , By :
2/3
B = 28%(e (o(e*) — o (e"))u xu),
_ 2/3
By =28 H(e* (o) — o(e) u. x> ),
and we use the following bounds for By, By

2/3; — — 2/3, —
Bf = 26"k lhall®, By = 28yl
The estimates for A3, By, By remain unchanged. Summarizing, we obtain

C 3ty
2Re(Lhu, M) > =—B [ xoull® + 287 (e (o () = o) xuw)

+ 2873 (0 (eh) — o)X u,u)

— CoB{ PR g Yul® — 40" | e B k2 € g (Yl 2
— C||Dyul|? = CK?||u))? = C|[e*ul)?, (C.2.5)
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where Cy is given in (C.2.2) and

~ 5
Co = SlIxollzellell o + 4[| e + 4. (C.2.6)
We use (C.0.7), (C.0.8) (with e = 0.000001) to obtain
~ )
Cy <6+ — ~ 68.5. (C.2.7)
260

Computations for kg

The object is to absorb the negative term of size ﬂz/sk_Q in the rhs of (C.2.5)), for
which we have to take k large enough. We need the following: for e* € [e1,¢5 ], t € R,

C 3tk .
2; X% + 92t (U(etk) B O_(et))xi + 902t (a(et) . U(etk))x% > 02]{37264{/9(6{/)2,
which can be inferred from the following
C ~
7263““ > Cgk_2e4tg(et)2, [t — tw| < co,
2¢2 (o () — o (e!)) > Cok2eltg(e)?, t—typ > co/2, (C.2.8)

2¢% (o (e!) — o (et*)) > Cok2eg(e!)?, t —tp < —co/2,

where Cy is given in (C.2.2), Cy is given in (C.2.6) and ¢y = 0.04.
By making a change of variables 7, = e'* and r = €', (C.2.8)) are equivalent to the
following: for 7y, € [e1, €5 '],

%ri > Cok~2rg(r)2, rge” 0 <1 < rpe, (C.2.9)
2a(ry) — o(r)) > Cok™2r2g(r)?, > rpe/? (C.2.10)
2a(r) — a(ry)) > Cok™2r2g(r)?, r < rpe” /2, (C.2.11)

Now we compute a ko such that (C.2.9), (C.2.10)), (C.2.11)) hold for k£ > k.
e For (C.2.9)). It suffices to take

26’ 4 2
k2> sup {r ggr) DTk € e, 60ty e < < e},
Cy T
20
or k> 230 sup rg(r)?.
C’2 r>0
The function rg(r)? has a maximum +/2/e at » = v/2, then it suffices to take
2C:
k2 > F;e?’co x \/2/e ~ 3401.88, i.e. k> 58.3256.
e For (C.2.10)). It suffices to take
Cs r2g(r)?
k? > . 7 > 00/2 ,
2 SuP{U(re_CO/Q) —o(r) rZ e’

by computing the supremum, we get k > 84.
e For (C.2.11)). It suffices to take

Cy r2g(r)?
k% > —Zsu
3 S0
by computing the supremum, we get k > 82.

As a result, the inequalities in (C.2.8)) hold for k > 84.

< 6616_00/2}

— o(rec/2)’ ’
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Final estimates

Using the estimate (3.4.23)) and the notation p(¢,t;) given in (3.3.72), we get the
following: there exists ¢ > 0 such that for k > 84,

2Re(Fu, Myu) > e8> (p(t, tr)u, u) — A" || o= By 2k 2| e* g (e u?
— C||Dyu))® — CE?||ul?> = C|le*ul?. (C.2.12)

It remains to control the negative term of size Bi/gk_Q in the rhs of (C.2.12)). Noticing
(13.3.73)), the term
1/3, —
—4lJ" [ B k2 e g e Yul

can be absorbed by

C
50 ol tiYu, ),

letting o > vy with g taken large enough. Continuing the proof in Section b), we
can complete the proof of (C.0.4)).

C.3 Case 3

In this section, we deal with the case where e'* € (poﬁ;1/4,el) with €7 ~ 0.426072.
We take

co ~ 0.08. (C.3.1)

We shall choose 9 in the end of this section and the condition Sret* > g is used to
absorb a lower order term.

Estimate for A;

We have for 0 < r <1/2,

0.979r2 r2 r , 0.959r
<1-— <., —-< < — .
8 —_ 1 U(T) —_ 8 ) 4 —_ g (T) — 4

Using these bounds, for €', et* < 1/2 such that |t — tx| < 2¢g, we have

d
21 (0(e) —a(e™)| = eo’(e) + 26" (0 (e) — a(e™))
< —095964t + 2e2t( . 097962t

8

1 2ty 4t 1 4co
+ge ) < —e™(0.4845 — 76",

1
Then Ve'* < 0.426072, V|t — 11| < 2co, (which implies e’ < 5)

%[e% (o(e!) = o(e™))| < ~Cye™™,  with Cy ~0.0739359. (C.3.2)

The estimate (3.3.85)) for A; holds with C3 given in (C.3.2)).
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Estimates for A,

The precise versions of (3.3.87)), (3.3.88) are

5 _ _
|Ag1] < (§||X6||L°°\lelle)ﬁk(Bke4t’“) V352 xoyul|||yul,
| Aga| < 2[1¢|| oo Br (Bre™) ™3k 72| yul |||+ xoul
+ 19" | e B (Bre™) 723k 2 yul| |y xoul| + Ck 2| g(e Yulll| xoull.

Recall (3.3.45). In the support of xo(- — tx), we have e! < 1/2, then
IXo(t = )Y ()] < 29(1),  [xo(t = tk)y" ()] < 4y(D),

so that

5) _ _
sl < (5 Ixbllzellellzo + 41l ) Bi(Bret™) ™3k
A0 e By (Bre )~k vl + Ok (€3.3)

Estimates for the other terms

We keep the equalities for Bfr , By

Bf = 2Bk(ﬁke4t’“)_1/3<e2t (J(etk) — U(et))u, Xi_u},
By = 26(Bre'™) T3 (0 (") — o (e))u, X2 uw),

and we use the following for By, By

By > =285 (Bre™) V32 |yul?, By > —2Bk(Bret™) T3k yul%.

The estimates (3.3.91), (3.3.96)), (3.3.101)) for A3, Bf, By remain unchanged. Summariz-
ing, we obtain the following

+ 26(Bre*™) T e (o (e) — (€)X u,u)
- ésﬁk(ﬂke4tk)fl/3k72H62tg(€t)uH2 - 4Hw/l"Lmﬁk(6k64t;€)72/3k72H€2tg(6t)u”2
— C||Dyul® = CK*[[u]|* = Clle*ul)?, (C.3.4)

C
2Re(Lyu, Myu) > ;(ﬁk€4tk)2/3||><0u||2 + 285 (Bre™™) T3 (e (o (e") — o () xu, u)

where Cj is given in (C.3.2]) and

~ / 5 /

O3 =4+ 4[|z + S lIxollelell 2o (C.3.5)
We use the bounds in (C.0.7)), (C.0.8]) (with e = 0.000001) to obtain

C3 <6+ 2 3795 (C.3.6)
260
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Computations for kg

The main task is to absorb the negative term of size Bk(ﬁke4tk)_1/3k_2 in the rhs of
(C.3.4), for which we have to take k large. We need the following: for e'* < 0.426072,
t €R,

%e‘“’%% + 2¢% (o(e™) — J(€t>)X3_ + 2¢% (o(eh) — U(etk))XQ_ > égk_2e4tg(et)2,
which can be inferred from the following

C ~
?364tk > C3k2etg(eh)?, |t — ti| < co,
2¢% (o (e*) — a(eh)) > Cak~2etg(eh)?, t—ty > co/2, (C.3.7)
2¢% (o(e') — a(e™)) > O3k 2e*g(e)?, t —tx < —co/2,
where Cj is given in (C.3.2), Cs is given in (C.3.5) and ¢y = 0.08.

By making a change of variables 7, = e'* and r = €', (C.3.7)) are equivalent to the
following: for r; < 0.426072,

037’]% > 26’3k_2r4g(r)2, rre” @ <r < re®, (C.3.8)
2(a(ry,) — o(r)) > Csk~*r?g(r)?, r > rpe/?, (C.3.9)
2(a(r) — (k) > Csk~?r?g(r)?, r < rpe” /2, (C.3.10)

Now let us compute ko such that (C.3.8), (C.3.9), (C.3.10) hold for k£ > ko.
e For (C.3.8)). It suffices to take

2C~v 4 2
K2 > 23 sup{r g(47“) s < 0.426072, re”° <1 < rpe®},
Cs Ty
2 et
thus k2 > ée ~1387.63, i.e. k> 37.251.
3
e For (C.3.9). It suffices to take
Cs r2g(r)?
k2> =2 ; >0},
2 WAy oy " O

by computing the supremum, we get k > 45.

e For (C.3.10)). It suffices to take

~ 2 2
Cs 100 Y

k2 >
2 S T (e

by computing the supremum, we get k > 43.
As a result, the inequalities in (C.3.7) are true for k > 45.

Final estimates

Using the estimates ([3.4.26]) and the notation p(¢, tx) given in (3.3.81)), we deduce from
(C.3.4)) that there exists ¢ > 0 such that for k > 45,

2Re(Lypu, Myu) > cB(Bre™) 7135t te)u, u) — 4[| oo Br (Bre™) =357 e* g (e ul?
— Ol D] = CRJul|? — Clletull?. (C.3.11)
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It remains to control the negative term of size Bk(ﬂke“k)”/%*z in the rhs of (C.3.11)),
for which we take a large constant p so that the quantity Sye** is very large and we do
not need k large. Using (3.3.103) and letting pg > 1 large enough, the term

— 410" || o= Br(Bre) "2 e g " ul |

can be absorbed by

5 0B )™ (p(t, i ).

Continuing the proof in Section ¢), we can complete the proof of (C.0.5).

C.4 Case 4

It remains to give a proof for (C.0.6)), the estimate for the case where e'* < Moﬁlzl/ 4

with g chosen in the previous section. We use the multiplier ,uéId and iId. Using 1—o(r) <
r?/8, we have for eft < o3, /4

Re( Zgu, —iu) = (e (o(e*) = a(e"))u, u) + Bi(y(Dg) ~yu, u)
> B (1= a(eh) = (1= (")) )u,u)

so that
M2 1/2
Re(Zu, (g — i)u) > <(uék‘26_2t + Be(1 —a(eh)) — 28, )e%u, u).
We claim that there exists ag > 87 such that for all k > 1, > ap, t € R,
_ 1/2
ke 1 B (1 — o (e)) > ”0,3 2, (C.4.1)

Indeed, 1 — o(ef) > €2!/16 for ! < 2, and 1 — o(e') > e~ ! for ¢! > 2. Then we have for
k > 17 o> Qp,

if e <2, pgk’e ™ 4 B(l - o(eh) > ugh’e ™ + < B 2t > “%5”2,
if e > 2, pgk®e  + B (1 —o(e')) > e "B > e 61/2,
so that holds with ag = me?ud/2. thus
Re(ZGu, (g — i)u) > 'uoﬂl/Q(e b, ).

By Cauchy-Schwarz inequality, we complete the proof of (C.0.6]).
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Improvements

The bound ky = 84 can be improved. For example, when estimating for the term A,
instead of requiring a control for the derivative of the function o of type (see (3.4.18)),
(3.4.21)), (3.4.24))

d

Velt > e, |t — tx] < 2co, pn [e%(a(et) — a(et’“))} < —Cy;
d

Vet € [er, €5 ], |t — tr] < 2co, %[e%(a(et) - a(et’“))} < —Cy; (C.4.2)
d

Vet < e, |t — tx] < 2co, pn [th (o(eh) - a(et’f))} < —Cette,

in fact we need only these inequalities above for ¢ such that |t — tx] < co + ¢ for € > 0
small fixed, since are applied on the function yo(- — tx)u which is supported in
[tk — co,tr + o). As the small constant ¢y appears in the denominator of the coefficients
of estimates for the term A, the requirement [t — ¢;| < cp + ¢ will allow us to get a
better control of coefficients for As if ¢y could be taken slightly larger. And also, the lower
bounds for the terms B; and B can be improved since they are localized in the zone
away from t; of a distance cy/2. Certainly, the requirement |t — tx| < cg + € will change
the coefficients in the remainders and the lower order terms (which will depend on ¢), but
we need not to take k large to control them.

On the other hand, note that the constant in each of the inequalities in is
uniform on e'*, depending only on the choice of (¢, €1). One may divide the discussion
on e'* into small intervals to localize e’* more precisely, by following the behavior of the
derivative of the function o, instead of just distinguishing 4 cases as that we have done.

This will also allow us to deduce accurate estimates and to improve the upper bound on
ko.
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