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Résumé
Le tourbillon d’Oseen est une solution auto-similaire de l’équation d’évolution du tou-

billon dans R2 et il est stable pour toutes les valeurs de nombre de Reynolds de circula-
tion. La linéarisation du système autour d’un tourbillon d’Oseen intervient naturellement
un opérateur non auto-adjoint, pour lequel nous étudions dans cette thèse les propriétés
pseudo-spectrales dans la limite de rotation rapide.

On étudie dans le chapitre 2 un modèle bidimensionnel en négligeant un terme non
local dans l’opérateur original et on démontre des estimations résolvantes optimales sur
l’axe imaginaire. Le chapitre 3 est consacré à l’étude de l’opérateur linéarisé complet au-
tour du tourbillon d’Oseen et on établit des estimations résolvantes qui nous permettent
de caractériser le pseudo-spectre de l’opérateur, en utilisant la méthode des multiplica-
teurs. Enfin dans le chapitre 4, on démontre un résultat sur la dépendance des constantes
provenant du calcul pseudo-différentiel dans le cadre de Weyl.

Mots-clefs

pseudo-spectre, opérateur non auto-adjoint, tourbillon d’Oseen, estimation résolvante,
méthode des multiplicateurs, calcul de Weyl, métrique sur l’espace des phases, constantes
de structure

Study of pseudospectrum for some non-self-adjoint
operators linked to fluid mechanics

Abstract
Oseen vortices are self-similar solutions to the vorticity equation in R2 and they are

stable for any value of the circulation Reynolds number. The linearization of the system
around an Oseen vortex gives rise to a non-self-adjoint operator, whose pseudospectral
properties in the fast rotation limit are the object of study in this thesis.

We study in chapter 2 a two-dimensional model by neglecting a non-local term in
the original operator and we prove some optimal resolvent estimates along the imaginary
axis. Chapter 3 is devoted to the study of the complete linearized operator around the
Oseen vortex and we establish resolvent estimates which allow us to characterize the
pseudospectrum of the operator, by using the multiplier method. Finally in chapter 4,
we prove some results about the dependence of constants coming from pseudodifferential
calculus in the framework of Weyl calculus.

Keywords

pseudospectrum, non-self-adjoint operator, Oseen vortex, resolvent estimate, multiplier
method, Weyl calculus, metric on the phase space, structure constants
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Chapitre 1

Introduction

1.1 Présentation des questions
Dans cette thèse, on étudie des opérateurs non auto-adjoints provenant d’une question

de stabilité dans la mécanique des fluides.

1.1.1 Equations du tourbillon

Considérons le mouvement d’un fluide incompressible visqueux dans le plan R2, décrit
par les équations de Navier-Stokes. En notant x ∈ R2 la variable d’espace et t ∈ R+ la
variable de temps, le système s’écrit de la manière suivante{

∂tv + (v · ∇)v = ν∆v −∇p,
div v = 0,

(1.1.1)

où v(x, t) ∈ R2 désigne le champ de vitesse du fluide au point x ∈ R2 à l’instant t, et
p(x, t) ∈ R son champ de pression. Le paramètre ν > 0 désigne la viscosité cinématique.

Pour les fluides incompressibles, il est plus commode d’étudier le rotationnel du champ
de vitesse. Dans plusieurs situations, nous nous intéressons aux champs de vitesse v nuls
à l’infini. Avec la condition d’incompressibilité de divergence nulle, on peut les reconsti-
tuer à partir de leurs rotationnels. En particulier, lorsque la dimension est égale à 2, on
peut identifier les matrices anti-symétriques avec les réels, donc le rotationnel est en fait
scalaire. C’est la différence capitale entre le cas où la dimension vaut 2 et celui où elle est
supérieure à 3. Plus précisément, on appelle tourbillon d’un champ de vecteurs v dans R2

son rotationnel
ω = ∂1v2 − ∂2v1, (1.1.2)

et l’on notera ω = curl v. En supposant que le tourbillon ω décroît suffisamment vite à
l’infini, on peut reconstruire le champ à partir du tourbillon via la loi de Biot-Savart

v(x) = (KBS ∗ ω)(x) = 1
2π

∫
R2

(x− y)⊥

(x− y)2 ω(y)dy, (1.1.3)

où x⊥ = (−x2, x1) si x = (x1, x2) ∈ R2.
On s’intéresse maintenant à l’évolution du tourbillon du fluide. En appliquant l’opé-

rateur rotationnel aux équations (1.1.1) et en utilisant curl (∇p) = 0, on arrive à une
équation plus simple

∂tω + v · ∇ω = ν∆ω, (1.1.4)
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où le champ de vitesse v est reconstruit à partir du tourbillon ω par la loi de Biot-Savart
(1.1.3). L’équation (1.1.4) est appelée formulation tourbillon de l’équation de Navier-
Stokes, qui est une équation non locale.

Il est bien connu que le problème de Cauchy pour l’équation (1.1.4) est globalement
bien posé dans L1(R2) (voir [BA94], [Kat94]) : pour toute donnée initiale ω0 dans L1(R2),
(1.1.4) possède une unique solution globale ω ∈ C0([0,∞), L1(R2))∩C0((0,∞), L∞(R2)).
La masse totale du tourbillon est préservée par l’évolution∫

R2
ω(x, t)dx =

∫
R2
ω0(x)dx, t ≥ 0. (1.1.5)

La quantité ci-dessus est aussi appelée circulation totale de la vitesse v, puisque∫
R2
ω(x, t)dx = lim

R→∞

∮
|x|=R

v(x, t) · dl.

Le premier moment de la solution est aussi préservé si la solution est supposée suffisamment
régulière ∫

R2
xjω(x, t)dx =

∫
R2
xjω0(x)dx, j = 1, 2.

Le problème de Cauchy de (1.1.4) est aussi globalement bien posé dans un espace plus
gros M(R2), l’espace des mesures réelles finies. Remarquons que les solutions de (1.1.4)
correspondent aux solutions d’énergie infinie des équations de Navier-Stokes (1.1.1). Plus
précisément, si ω(x, t) est une solution de (1.1.4) telle que

∫
R2 ω(x, t)dx 6= 0, alors le champ

de vitesse v(x, t) donné par la loi de Biot-Savart (1.1.3) vérifie ‖v(·, t)‖L2 = +∞ pour tout
temps t ≥ 0.

Le but est d’étudier le comportement asymptotique en temps long des solutions de
l’équation (1.1.4).

1.1.2 Tourbillon d’Oseen

Il y a une famille de solutions explicites de (1.1.4), appelées tourbillon d’Oseen ou de
Lamb-Oseen, données par

ω(x, t) = α

νt
G
( x√

νt

)
, v(x, t) = α√

νt
vG
( x√

νt

)
, (1.1.6)

avec les profils

G(x) = 1
4πe

−|x|2/4, vG(x) = 1
2π

x⊥

|x|2
(
1− e−|x|2/4

)
, x ∈ R2, (1.1.7)

et le paramètre α ∈ R désignant le nombre de Reynolds de circulation. Notons que ω(x, t)
est une fonction radiale en x ∈ R2 et ω est strictement positive partout pour tout temps
t > 0. La loi de Biot-Savart implique que les trajectoires du champ de vitesse v(x, t) sont
des cercles pour tout temps t > 0. En particulier on voit v(x, t) ·∇ω(x, t) ≡ 0, donc ω(x, t)
données par (1.1.6) sont en fait solutions de l’équation de la chaleur linéaire. En outre, le
paramètre α est égal à la circulation totale du tourbillon, car G est normalisée telle que∫
R2 G(x)dx = 1.

Le tourbillon d’Oseen joue un rôle important en mécanique des fluides bidimension-
nelle. Un résultat assez surprenant, démontré par T. Gallay et C.E. Wayne [GW05], dit
que dès que le tourbillon initial est intégrable sur le plan, la solution de l’équation (1.1.4)
converge vers un tourbillon d’Oseen lorsque le temps t tend vers l’infini.
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Théorème 1.1.1 (Gallay-Wayne [GW05]). Soit ω0 ∈ L1(R2). Alors la solution de l’équa-
tion (1.1.4) avec donnée initiale ω0 vérifie

lim
t→+∞

t
1− 1

p ‖ω(·, t)− α

νt
G
( ·√

νt

)
‖Lp(R2) = 0, pour 1 ≤ p ≤ ∞,

où α =
∫
R2 ω0(x)dx est la circulation initiale. Si v(x, t) est la solution de (1.1.1) obtenue

à partir de ω(x, t) via la loi de Biot-Savart, alors

lim
t→+∞

t
1
2−

1
q ‖v(·, t)− α√

νt
vG
( ·√

νt

)
‖Lq(R2) = 0, pour 2 < q ≤ ∞.

En d’autres termes, les solutions de (1.1.4) dans L1(R2) se comporte asymptotiquement
comme les solutions de l’équation de la chaleur linéaire ∂tω = ν∆ω avec la même donnée
initiale. Ce résultat a des conséquences importantes. D’une part, il implique que les tour-
billons d’Oseen sont les seules solutions auto-similaire des équations de Navier-Stokes dans
R2 dont le tourbillon est intégrable. D’autre part, il en résulte que les tourbillons d’Oseen
sont globalement stables pour toutes les valeurs du nombre de Reynolds de circulation
α. Contrairement aux plusieurs situations dans l’hydrodynamique, par exemple le flot de
Poiseuille et le flot de Taylor-Couette, aucune instabilité ne se produira en augmentant le
nombre de Reynolds de circulation.

Le Théorème 1.1.1 est établi par une étude de l’équation du tourbillon dans des va-
riables auto-similaires. En s’inspirant de la forme de (1.1.6), on introduit les variables
auto-similaires, soit T > 0,

x̃ = x/
√
νt, t̃ = log(t/T ). (1.1.8)

Si ω(x, t) est une solution de (1.1.4) et si v(x, t) est le champ de vitesse correspondant, on
définit des nouvelles fonctions ω̃(x̃, t̃), ṽ(x̃, t̃) de la façon suivante

ω(x, t) = 1
t
ω̃
( x√

νt
, log t

T

)
, v(x, t) =

√
ν

t
ṽ
( x√

νt
, log t

T

)
.

Puisqu’on va travailler dans toute la suite dans les variables auto-similaires, on remplace
x̃ par x, ω̃ par ω etc, le système s’écrit de la manière suivante

∂ω

∂t
+ v · ∇ω = ∆ω + 1

2x · ∇ω + ω, x ∈ R2, t ≥ 0, (1.1.9)

où ω(x, t) ∈ R est le tourbillon, la vitesse v(x, t) ∈ R2 est reliée à ω par la loi de Biot-Savart
(1.1.3). Par construction, pour tout α ∈ R, le tourbillon d’Oseen ω = αG est une solution
stationnaire de (1.1.9), qui est juste une distribution gaussienne.

1.1.3 Opérateur linéarisé

Afin d’étudier la stabilité du tourbillon d’Oseen, on commence par linéariser l’équation
(1.1.9) autour de αG. En remplaçant ω par αG+ω0, v par αvG+v0 dans (1.1.9), on obtient
l’équation perturbée

∂ω0

∂t
+ v0 · ∇ω0 = −(L+ αΛ)ω0, (1.1.10)

où v0 est le champ de vitesse associé au tourbillon perturbé ω0 via la loi de Biot-Savart,

Lω0 = −∆ω0 − 1
2x · ∇ω

0 − ω0, (1.1.11)

Λω0 = vG · ω0 + (KBS ∗ ω0) · ∇G. (1.1.12)
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L’opérateur linéarisé L+ αΛ sera notre objet principal des études de cette thèse.
Il y a déjà beaucoup d’études pour cet opérateur linéarisé dans la littérature. On

présente maintenant quelques propriétés spectrales élémentaires.

Propriétés spectrales de L

En comparant (1.1.10) avec (1.1.9), on voit que l’opérateur L est le laplacien dans R2

dans les variables auto-similaires (1.1.8). Ses propriétés spectrales sont bien connues, voir
[GW05], [GW02]. T. Gallay et C.E. Wayne y ont travaillé dans des espace L2 avec poids
polynomiaux et ils ont obtenu des estimations spectrales de L qui leur permettent d’obtenir
une convergence exponentielle de solution de (1.1.9) vers αG lorsque le temps rescaled t̃
tend vers l’infini. En revenant aux variables originales, une convergence polynomiale de
solution de (1.1.4) vers le tourbillon d’Oseen (1.1.6) a été établie.

On s’intéresse à un espace de Hilbert particulier Y = L2(R2;G−1dx) muni du produit
scalaire

〈ω1, ω2〉Y =
∫
R2
ω1(x)ω2(x)G(x)−1dx, ω1, ω2 ∈ Y.

Une propriété remarquable c’est que l’opérateur L avec domaine maximal

D(L) = {ω ∈ Y ; Lω ∈ Y }

est auto-adjoint et positif sur Y . En effet, en conjuguant l’opérateur L avec le poids G1/2,
on trouve l’oscillateur harmonique bidimensionnel

L = G−1/2LG1/2 = −∆ + |x|
2

16 −
1
2 . (1.1.13)

Grâce à cette conjugaison, on sait que l’opérateur L a résolvant compact dans Y et son
spectre est composé d’une suite de valeurs propres

σ(L) =
{k

2 , k = 0, 1, 2, · · ·
}
.

La valeur propre k/2 est de multiplicité k + 1 et l’espace propre associé est engendré par
les fonctions d’Hermite de degré k. En particulier, LG = 0 et L∂jG = 1

2∂jG pour j = 1, 2.
Lorsque l’on travaille dans l’espace Y , on s’intéresse à la stabilité du tourbillon d’Oseen
par rapport aux perturbations de décroissance gaussienne à l’infini.

Propriétés spectrales de Λ

L’opérateur Λ (1.1.12) est la somme de deux termes Λ1,Λ2, qui ont des interpretations
physiques différentes [Gal11]. L’opérateur d’advection Λ1ω

0 = vG · ∇ω0 est un opérateur
différentiel local d’ordre 1, qui décrit comment le tourbillon perturbé ω0 est transporté
par le champ de vitesse vG du tourbillon non perturbé. Par contre, le terme Λ2ω

0 =
(KBS∗ω0)·∇G est un opérateur intégro-différentiel qui est non local, et il décrit l’advection
du tourbillon non perturbé G par le champ de vitesse perturbé v0 = KBS ∗ ω0.

L’avantage de travailler dans l’espace Y est que les deux termes Λ1,Λ2 sont séparément
anti-symétriques sur Y

〈Λjω1, ω2〉Y = −〈ω1,Λjω2〉Y , ω1, ω2 ∈ D(Λj) ⊂ Y, j = 1, 2.

En plus, si Λ est défini sur son domaine maximal, on peut démontrer que Λ est anti-adjoint
sur Y . Le noyau de l’opérateur Λ est caractérisé par Y. Maekawa [Mae11]

Ker(Λ) =
{
fonctions radiales dans R2}⊕ {β1∂1G+ β2∂2G, β1, β2 ∈ C

}
.
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Propriétés spectrales de L+ αΛ

Il est démontré dans [GW05] que l’opérateur Λ est une perturbation relativement
compacte de L. Par la théorie de perturbation classique (voir Chapter V dans [Kat95]), le
spectre de l’opérateur non auto-adjoint L+ αΛ sur Y est composé d’une suite de valeurs
propres. Cet opérateur a une structure particulier :

A+ iB, A auto-adjoint et positif, iB anti-adjoint, [A, iB] 6= 0,

qu’on discutera dans la Section 1.2.2.
Introduisons quelques sous-espaces de Y

Y0 =
{
ω ∈ Y ;

∫
R2
ω(x)dx = 0

}
= {G}⊥,

Y1 =
{
ω ∈ Y0;

∫
R2
xjω(x)dx = 0 for j = 1, 2

}
= {G; ∂1G; ∂2G}⊥,

Y2 =
{
ω ∈ Y1;

∫
R2
|x|2ω(x)dx = 0

}
= {G; ∂1G; ∂2G; ∆G}⊥.

Ces sous-espaces sont tous invariants pour L et Λ, et ils sont mêmes laissés invariants par
l’évolution non linéaire (1.1.10). Il n’est pas difficile de démontrer les bornes spectrales de
L+ αΛ.

Proposition 1.1.2 (Gallay-Wayne [GW05]). Soit α ∈ R. Alors

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) ≥ 0

}
sur Y,

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) ≥ 1

2
}

sur Y0,

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) ≥ 1

}
sur Y1,

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) > 1

}
sur Y2, si α 6= 0.

Ces bornes spectrales nous permettent de déduire des estimations sur le semi-groupe
associé à L + αΛ. Celles-ci peuvent être utilisées à démontrer que le tourbillon d’Oseen
αG est une solution stable de l’équation du tourbillon dans les variables auto-similaires
(1.1.9) pour n’importe quelle valeur du nombre de Reynolds de circulation α ∈ R.

Pourtant, les bornes inférieures spectrales dans la Proposition 1.1.2 ne sont pas précises
et surtout la dernière est même très loin d’être optimale. Il existe évidemment des valeurs
propres de L qui ne bougent pas sous l’action de la perturbation anti-adjointe αΛ, et les
fonctions propres associées sont donc dans le noyau de Λ. A part d’eux, toutes les valeurs
propres de L + αΛ correspondant aux fonctions propres dans le complément orthogonal
du noyau de Λ, ont une partie réelle qui tend vers +∞ lorsque le paramètre |α| → ∞. Ce
fait a été numériquement observé par A. Prochazka et D. Pullin [PP95] et a récemment
été affirmé par Y. Maekawa [Mae11]. Autrement dit, la présence de la perturbation anti-
adjointe de taille très grande augmente la borne spectrale de l’opérateur, donc le semi-
groupe associé décroît vite lorsque |α| devient grand. En outre, des simulations numériques
dans [PP95] ont indiqué que le taux de divergence est égal à O(|α|1/2), mais aucun résultat
quantitatif n’est valable jusqu’à présent.

On introduit quelques notations pour présenter deux conjectures sur le spectre et le
pseudo-spectre de l’opérateur non auto-adjoint L + αΛ, formulées par T. Gallay dans
[Gal11].
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Définition 1.1.3. Soit Y⊥ le complément orthogonal de Ker(Λ) dans Y . Soit Hα la
restriction de l’opérateur L+αΛ au sous-espace invariant Y⊥ ⊂ Y . Soit σ(Hα) son spectre.
On définit deux quantités

borne inférieure spectrale Σα = inf
{
Re(z); z ∈ σ(Hα)

}
, (1.1.14)

borne inférieure pseudo-spectrale Ψα =
(

sup
λ∈R
‖(Hα − iλ)−1‖

)−1
. (1.1.15)

Une relation elementaire

D’abord, on a une relation élémentaire entre les deux quantités introduites dans la
Définition 1.1.3

1
2 ≤ Ψα ≤ Σα, pour tout α ∈ R. (1.1.16)

Démonstration. En effet, puisque L est supérieur à 1/2 sur Y⊥, on a pour tout λ ∈ R

Re〈(Hα − iλ)u, u〉Y ≥
1
2‖u‖

2
Y , ∀u ∈ Y⊥.

Il en résulte que ‖(Hα− iλ)u‖Y ≥ 1
2‖u‖Y pour tout u ∈ Y⊥. Notons que iλ n’est pas dans

le spectre de Hα, on a alors ‖(Hα − iλ)−1‖ ≤ 2. Soient zα la valeur propre de Hα qui a
la plus petite partie réelle et uα la fonction propre associée. Alors

(Hα − iλ)uα = (zα − iλ)uα, ‖(Hα − iλ)uα‖Y ≥ Re(zα)‖uα‖Y ,

ce qui implique
‖(Hα − iλ)−1‖ ≥ 1

Re(zα) = 1
Σα

.

En prenant le supremum en λ ∈ R, on obtient 2 ≥ Ψ−1
α ≥ Σ−1

α , qui est bien (1.1.16).

Dans le cas auto-adjoint, c’est-à-dire que la perturbation anti-adjointe αΛ n’est pas
présente, les deux quantités dans la Définition 1.1.3 coïncident, grâce au théorème spectral.
En revanche, dans le cas non auto-adjoint, l’inégalité à droite dans (1.1.16) pourrait devenir
stricte. Les quantités Σα et Ψα ont un lien avec la norme du semi-groupe associé, voir
Lemme 1.1 dans [GGN09].

Sur la quantité pseudo-spectrale

Il faudrait expliquer pourquoi la quantité Ψα est reliée au pseudo-spectre de Hα. Nous
donnons deux points de vue. Rappelons la définition classique de pseudo-spectre pour les
opérateurs semiclassiques, voir par exemple [PS04], [DSZ04]. Pour une famille d’opérateurs
{Pα}|α|>1 sur un espace de Hilbert X, son pseudo-spectre est défini comme le complément
de l’ensemble complexe de points z ∈ C tels que

∃N ∈ N, lim sup
|α|→+∞

|α|−N‖(Pα − z)−1‖L(X) < +∞. (1.1.17)

Supposons que l’on a déjà démontré que pour certaines constantes C, γ > 0,

Ψα ≥ C|α|γ pour tout |α| ≥ 1. (1.1.18)

Alors on voit facilement que le pseudo-spectre de la famille d’opérateurs {|α|−γHα}|α|≥1
est contenu dans le demi-plan {z ∈ C; Re(z) ≥ C−1}, en utilisant la formule de résolvant.
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Démonstration. Si Re(z) ≤ 0, on a pour tout u ∈ D(Hα) avec ‖u‖Y = 1,

|〈(Hα − z)u, u〉Y | = |〈Hαu, u〉Y − z| ≥
1
2 − Re(z) ≥ 1

2 ,

donc ‖(Hα − z)−1‖ ≤ 2 pour Re(z) ≤ 0. D’autre part, par la formule de résolvant, pour
µ, λ ∈ R, on a

(Hα − µ− iλ)−1 − (Hα − iλ)−1 = µ(Hα − iλ)−1(Hα − µ− iλ)−1.

Si µ > 0, µ‖(Hα − iλ)−1‖ < 1 et µ < C−1|α|γ , alors on déduit de l’hypothèse (1.1.18)

‖(Hα − µ− iλ)−1‖ ≤ ‖(Hα − iλ)−1‖
1− µ‖(Hα − iλ)−1‖

≤ C|α|−γ

1− Cµ|α|−γ .

En résumé, on a démontré que pour tout κ ∈ (0, 1), z ∈ C tel que Re(z) < κC−1|α|γ ,
‖(Hα − z)−1‖ ≤ Cκ, qui est équivalent à la suivante

∀ζ ∈ C, Re(ζ) < κC−1, ‖(|α|−γHα − ζ)−1‖ ≤ Cκ|α|γ .

Par conséquent, si Re(ζ) < C−1, alors ζ n’est pas dans le pseudo-spectre de {|α|−γHα}α≥1,
ce qui termine la démonstration.

Dans l’article [GGN09], au lieu de définir le pseudo-spectre d’une famille d’opérateurs
comme un sous-ensemble de C, une notion plus flexible est introduite.

Définition 1.1.4. Soit (ωα)|α|≥1 une famille de domaines complexes, i.e. ωα ⊂ C pour
tout |α| ≥ 1. On dit que ωα évite le pseudo-spectre de Hα lorsque |α| → +∞ s’il existe
C > 0 et N ∈ N tels que

lim sup
|α|→+∞

|α|−N sup
z∈ωα

‖(Hα − z)−1‖ ≤ C.

Au contraire, on dit que ωα rencontre le pseudo-spetre de Hα lorsque |α| → +∞, si pour
tout N ∈ N,

lim sup
|α|→+∞

|α|−N sup
z∈ωα

‖(Hα − z)−1‖ = +∞.

On peut démontrer le lemme suivant, voir Lemma 1.3 dans [GGN09].

Lemme 1.1.5. i) Pour tout κ ∈ (0, 1), le domaine {z ∈ C; Re(z) ≤ κΨα} évite le
pseudo-spectre de Hα lorsque |α| → +∞.

ii) Si µα � Ψα
(
1 + log Ψα + log |α|

)
dans le sens que le rapport tend vers +∞ lorsque

|α| → +∞, alors le domaine {z ∈ C; Re(z) ≤ µα} rencontre le pseudo-spectre de Hα

lorsque |α| → +∞.

Comme nous avons expliqué, la présence de la perturbation anti-adjointe αΛ augmente
la borne inférieure spectrale de Hα. Lorsque le nombre de Reynolds de circulation |α|
devient très grand, le spectre est emporté beaucoup plus loin de l’axe imaginaire. On veut
visualiser cet effet sur les deux quantités introduites dans la Définition 1.1.3. Le travail
de Y. Maekawa [Mae11] nous dit que la quantité Σα → +∞ lorsque |α| → +∞, et son
résultat peut en fait être modifié à arriver à la conclusion plus forte : Ψα → +∞ lorsque
|α| → +∞. Néanmoins, sa preuve est basée sur un argument de contradiction donc il
n’a fourni aucun résultat quantitatif. Une question naturelle est de trouver le taux de
divergence en fonction de α.



18 Chapitre 1. Introduction

Conjecture 1.1.6 ([Gal11], sur le pseudo-spectre).

Ψα ≈ |α|1/3, lorsque |α| → +∞.

Basé sur un modèle unidimensionnel introduit par I. Gallagher, T. Gallay et F. Nier
dans [GGN09] qu’on va présenter dans la Section 1.1.4, et un modèle en dimension 2 étudié
dans [Den10a], on croit que la puissance 1/3 soit optimale si la Conjecture 1.1.6 est vraie.

Conjecture 1.1.7 ([Gal11], sur le spectre). La valeur propre de Hα qui a la plus petite
partie réelle vérifie

λα ≈
( |α|
16π

)1/2(1 + i), losque |α| → +∞. (1.1.19)

La fonction propre associée a une expression suivante

ωα(r sin θ, r cos θ) ≈ e−
1
4 (r−zα)2

eiθ, où zα ≈
(8i|α|
π

)1/4
.

En particulier, (1.1.19) implique

Σα ≈ |α|1/2, losque |α| → +∞,

ce qui coïncide avec les observations numériques dans [PP95]. Notons que la fonction propre
ωα est asymptotiquement concentrée dans une couronne située d’une distance O(|α|1/4)
de l’origine, donc très loin du centre du tourbillon.

Remarque 1.1.8. Rappelons que dans le cas auto-adjoint, Ψ et Σ sont égales. Pour le
problème original non auto-adjoint, on estime que les taux de divergence de Ψα et de Σα

soient différents, c’est un effet non auto-adjoint.

Conjugaison

Au lieu d’étudier l’opérateur Hα dans l’espace à poids Y = L2(R2;G−1dx), on préfère
travailler dans l’espace usuel sans poids L2(R2; dx). On définit

Hα = G−1/2HαG
1/2 = L+ αM, (1.1.20)

où

Lω = G−1/2LG1/2ω = −∆ω + |x|
2

16 ω − 1
2ω, (1.1.21)

Mω = G−1/2ΛG1/2ω = vG · ∇ω − 1
2G

1/2x ·
(
KBS ∗ (G1/2ω)

)
, (1.1.22)

pour ω ∈ L2(R2; dx). Rappelons que l’on utilise les notations (1.1.7), (1.1.3). Le terme non
local donné par la loi de Biot-Savart devient le deuxième membre dans M . Remarquons
le premier terme dans M est

vG · ∇ω = 1
8πσ(x)∂θ, où σ(x) = 1− e−|x|2/4

|x|2/4 , ∂θ = x1∂2 − x2∂1, (1.1.23)

un champ de vecteurs de divergence nulle. Le noyau de M est

Ker(M) =
{
fonctions radiales dans R2}⊕{

β1x1G(x)1/2 + β2x2G(x)1/2;β1, β2 ∈ C
}
. (1.1.24)
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On se restreint comme précédent au complément orthogonal de Ker(M) dans L2(R2; dx).
Le point clé est que les opérateurs L etM sont invariants par rotations autour de l’origine,
donc on peut travailler dans les coordonnées polaires et développer la variable angulaire
en série de Fourier. La question bidimensionnelle se réduit donc à une famille d’opérateurs
unidimensionnels dans la variable radiale.

L’étude des propriétés spectrales et pseudo-spectrales de Hα est difficile, à cause du
terme non local dans la partie anti-adjointe. Puisque ce terme est compact, on pourrait
espérer qu’il ne joue pas de rôle important.

1.1.4 Un modèle opérateur unidimensionnel

Le premier essai pour étudier ce problème non auto-adjoint est dû à I. Gallagher,
T. Gallay et F. Nier [GGN09]. Motivé par l’opérateur bidimensionnel (1.1.20) qui nous
intéresse, ils ont proposé un modèle unidimensionnel général, mais sans terme non local

Hα = −∂2
x + x2 + iαf(x), x ∈ R, (1.1.25)

où α ≥ 1 est un grand paramètre, f : R → R est une fonction lisse, bornée et à valeurs
réelles. Le domaine de Hα est {u ∈ H2(R); |x|2u ∈ L2(R)}. Ce modèle a une partie imagi-
naire extrêmement simple, juste une multiplication par une fonction purement imaginaire.

Les auteurs de [GGN09] ont étudié des propriétés spectrales et pseudo-spectrales de ce
modèle dans la limite α→ +∞. Sous des conditions appropriées imposées sur la fonction
f , ils veulent savoir comment la présence de la partie imaginaire affecte-t-elle les propriétés
spectrales et pseudo-spectrales de l’opérateur Hα. Définissons deux quantités comme celles
introduites dans la Définition 1.1.3

Σ̃α = inf
{
Re(z), z ∈ σ(Hα)

}
, (1.1.26)

Ψ̃α =
(

sup
λ∈R
‖(Hα − iλ)−1‖

)−1
. (1.1.27)

On a Σ̃α ≥ Ψ̃α ≥ 1 pour tout α > 0.
Les premiers résultats sont qualitatifs : dès que la fonction f est non constante, alors

Ψ̃α > 1, ce qui implique en particulier que l’état fondamental de l’oscillateur harmonique,
ainsi que le spectre, bouge vers la droite sous l’action de la perturbation anti-adjointe ; en
outre, si toutes les lignes de niveau de la fonction f sont d’intérieur vide, alors Ψα tend
vers l’infini lorsque α tend vers +∞. La question qui suit naturellement est de chercher
des résultats quantitatifs. A ce moment-là, il faudrait imposer des conditions plus précises
sur la fonction f . Les auteurs ont proposé deux approches pour étudier ce problème.

La première approche repose sur la méthode d’hypocoercivité, développée par C. Vil-
lani [Vil09], [Vil06]. Cette méthode s’applique en particulier aux opérateurs de la forme
L = A∗A+B sur un espace de Hilbert X, où B est anti-symétrique. Sous certaines condi-
tions, ceci permet de comparer les propriétés spectrales de L avec celles de l’opérateur
auto-adjoint L̂ = A∗A+C∗C avec C = [A,B]. Le problème (1.1.25) rentre dans ce cadre :
si l’on prend X = L2(R), A = ∂x + x et B = iαf(x), on a Hα − 1 = A∗A + B. Puisque
C = [A,B] = iαf ′(x), l’opérateur auto-adjoint associé Ĥα défini par Ĥα−1 = A∗A+C∗C
a la forme suivante

Ĥα = −∂2
x + x2 + α2f ′(x)2, x ∈ R.

Il est assez standard de déduire la borne inférieure spectrale de l’opérateur Ĥα, en utilisant
des méthodes classiques. La méthode hypocoercive leur permet d’estimer le semi-groupe
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associé à l’opérateur non auto-adjoint (1.1.25). Voir le Théorème 1.5 dans [GGN09] pour
l’énoncé détaillé.

La deuxième approche est plus classique. On s’intéressent à une classe de fonctions
spécifiques :

Hypothèse 1.1.9 ([GGN09, Hypothesis 1.6]). Supposons que f est une fonction de classe
C3 vérifiant les conditions suivantes.

(i) f est une fonction de Morse, c’est-à-dire f ′(x) = 0 implique f ′′(x) 6= 0.
(ii) Il existe des constantes k > 0, C > 0 telles que pour tout |x| ≥ 1, on a∣∣∣∂lx(f(x)− 1

|x|k
)∣∣∣ ≤ C

|x|k+l+1 , pour l = 0, 1, 2, 3.

Grosso modo, on considère des fonctions de Morse qui se comportent comme |x|−k à
l’infini, ainsi que leurs dérivées jusqu’à l’ordre 3. Cette classe de fonctions est bien motivée
par la fonction radiale σ(x) dans (1.1.23), qui a un seul point critique non dégénéré localisé
à l’origine et décroît comme |x|−2 à l’infini. Pour une fonction vérifiant l’Hypothèse 1.1.9,
l’estimation optimale pour la quantité pseudo-spectrale a été démontrée.

Théorème 1.1.10 ([GGN09, Theorem 1.8]). Supposons la fonction f vérifiant l’Hypothèse
1.1.9 pour un certain k. Alors il existe une constante M ≥ 1 telle que pour tout α ≥ 1

1
M
αν ≤ Ψ̃α ≤Mαν , avec ν = 2

k + 4 .

Remarque 1.1.11. Ce modèle unidimensionnel suggère que la bonne puissance de crois-
sance pour la quantité pseudo-spectrale soit égale à 1/3 pour le problème initial (1.1.20),
puisque la fonction σ(x) dans (1.1.23) vérifie l’Hypothèse 1.1.9 avec k = 2. Ceci coïncide
avec la Conjecture 1.1.6.

La partie difficile de ce théorème est de trouver une borne inférieure de Ψ̃α. Le résultat
est établi en utilisant une méthode classique, et elle consiste à ramener le problème aux
modèles microlocaux, pour lesquels on sait des estimations sous-elliptiques semiclassiques,
en localisant la variable x près de points critiques de f et près de l’infini.

L’analyse pour la quantité spectrale Σ̃α est plus difficile. Ils l’ont examinée sur un
exemple concret

f(x) = (1 + |x|2)−k/2, x ∈ R.

Alors il existe C > 0 tel que pour tout α ≥ 1, (voir Proposition 1.9 dans [GGN09])

Σ̃α ≥ Cαν
′
, avec ν ′ = min

{1
2 ,

2
k + 2

}
. (1.1.28)

Ce résultat est basé sur une méthode de déformation complexe, et en plus ils ont donné
des simulations numériques pour assurer que l’estimation (1.1.28) est optimale au sens où
la puissance ν ′ ne pourrait pas être améliorée. En particulier, lorsque k = 2, Σ̃α ≈ α1/2,
qui coïncide avec la puissance dans la Conjecture 1.1.7.

1.2 Opérateur non auto-adjoint et Pseudo-spectre

Les opérateurs non auto-adjoints apparaissent naturellement dans des problèmes de la
physique mathématique. Il est bien connu que pour les opérateurs non auto-adjoints, il
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peut y avoir des phénomènes d’instabilité, observés numériquement et étudiés théorique-
ment. L’opérateur de Orr-Sommerfeld, provenant de la mécanique des fluides, est l’un des
premiers exemples traités numériquement, pour lequel l’étude spectrale donne une expli-
cation de l’instabilité du flot de Poiseuille dans le plan. Pourtant, dans certains cas, les
prédictions sugérées par la théorie spectrale ne correspondent pas aux simulations numé-
riques. La difficulté dans l’étude des opérateurs non auto-adjoints consiste au fait que la
norme de la résolvante peut être grande même très loin du spectre.

1.2.1 Pseudo-spectre

La notion de pseudo-spectre est introduite par L.N. Trefethen [Tre97] [TE05], et elle
a été étudiée numériquement depuis une dizaine d’années. L’idée est de considérer non
seulement le spectre où la résolvante d’opérateur n’est pas définie, mais aussi l’ensemble
des points où la résolvante est très grande en norme. Soit A un opérateur linéaire (fermé)
sur un espace d’Hilbert X. Pour ε > 0, le ε-pseudo-spectre de A est défini par

σε(A) =
{
z ∈ C; ‖(z −A)−1‖ > 1

ε

}
, (1.2.1)

avec la convention ‖(z − A)−1‖ = +∞ pour z appartenant au spectre de A. En d’autres
termes, l’étude du pseudo-spectre d’un opérateur est exactement l’étude des courbes de
niveau de la norme de la résolvante.

Une façon équivalente de caractériser le ε-pseudo-spectre est en termes du spectre des
opérateurs perturbés (théorème de S.Roch et B.Silbermann, [RS96]). On a

σε(A) =
{
z ∈ C; z ∈ σ(A+ ∆A) pour ∆A ∈ L(X) avec ‖∆A‖L(X) < ε

}
. (1.2.2)

où L(X) est l’espace des opérateurs linéaires bornés sur X. Autrement dit, un point
z appartient au ε-pseudo-spectre de A si et seulement si z appartient au spectre d’un
certain opérateur perturbé A+∆A avec perturbation de taille plus petite que ε. En réalité,
lorsqu’on veut calculer numériquement le spectre d’un opérateur, on commence toujours
par le discrétiser, et ensuite on calcule les valeurs propres d’une certaine matrice à l’aide
des logiciels numériques. Par conséquent, les valeurs propres qu’on obtient sont exactement
dans un certain ε-pseudo-spectre, mais probablement en dehors du spectre de l’opérateur
original. Ceci explique l’importance de comprendre la notion de pseudo-spectre, puisque
elle est liée à la stabilité ou l’instabilité du spectre.

Le concept de pseudo-spectre n’est intéressant que pour les opérateurs non auto-
adjoints, ou plus précisément pour les opérateurs non normaux. En effet, si A est un
opérateur normal, le théorème spectral (voir (V.3.31) dans [Kat95]) nous dit

∀z /∈ σ(A), ‖(z −A)−1‖ ≤ 1
d
(
z, σ(A)

) , (1.2.3)

où d(z, σ(A)) désigne la distance entre le point z et le spectre σ(A) de l’opérateur A. Ceci
implique immédiatement que le ε-pseudo-spectre d’un opérateur normal est exactement
égal au ε-voisinage du spectre

σε(A) =
{
z ∈ C; d

(
z, σ(A)

)
< ε

}
.

A un point loin du spectre d’un opérateur normal, la résolvante ne peut pas être grande
en norme.
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La difficulté principale dans l’étude des opérateurs non normaux réside au fait que,
l’inégalité (1.2.3) n’est plus vraie en général. Pour un opérateur non normal, la norme de
la résolvante peut être assez grande même très loin du spectre. Ce fait est connu depuis
longtemps. Le ε-pseudo-spectre peut être beaucoup plus gros que le ε-voisinage du spectre,
ce qui induit une instabilité spectrale très forte sous des petites perturbations. Ce type
d’instabilité a été beaucoup étudié, voir par exemple [PS06b].

Le problème d’évolution pour les opérateurs non auto-adjoints peuvent être instable.
Considérons une équation d’évolution linéaire{

∂tu(x, t) = Au(x, t),
u(x, 0) = u0(x).

(1.2.4)

Supposons que A est le générateur d’un semi-groupe C0, notons par etA et la solution de
(1.2.4) est u(t, x) = etAu0(x). L’abscisse spectrale de A est définie comme

α(A) = sup
z∈σ(A)

Re(z).

D’abord on a toujours
‖etA‖ ≥ etα(A), ∀t ≥ 0.

Donc si le spectre de A contient des points dont la partie réelle est positive, le semi-
groupe augmente exponentiellement. Cependant, dans le cas où A est non normal, même
si l’abscisse spectrale est strictement négatif, il y aurait des phénomènes d’instabilité. Ceci
est relié aux pseudo-spectres. Pour ε > 0, définissons la ε-abscisse pseudo-spectrale

α̂ε(A) = sup
z∈σε(A)

Re(z),

et le taux de croissance du semi-groupe

ω̂0(A) = lim
t→+∞

1
t

log ‖ exp(tA)‖.

En considérant les fonctions propres, on a

ω̂0(A) ≥ sup
z∈σ(A)

Re(z) = α(A),

mais l’égalité est fausse en général. Le théorème de Gearhart-Prüss nous dit la relation
inverse.

Théorème 1.2.1 (Gearhart-Prüss [EN00], [HS10]). Soit A un opérateur fermé avec do-
maine dense sur un espace de Hilbert X tel que A engendre un semi-groupe de contraction.
Alors on a

lim
ε→0

α̂ε(A) = ω̂0(A).

Dans le cas non normal, bien que le spectre soit contenu dans le demi plan complexe
où la partie réelle est strictement négative, des abcisses ε-pseudo-spetrales peuvent être
strictement positives pour ε petit strictement positif. La référence [Tre97] nous donne des
illustrations intéressantes de ces quantités.

Les exemples d’opérateurs non auto-adjoints sont très variés. L’exemple le plus simple
est le bloc de Jordan, étudié par J. Sjöstrand et M.Zworski [SZ07], dans leur article tous les
calculs concernant le spectre, pseudo-spectre et semi-groupe sont explicites et élementaires.
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D’autres exemples, comme l’oscillateur harmonique non auto-adjoint, étudié par L. Boul-
ton [Bou02] et ensuite K. Pravda-Starov [PS06a], l’opérateur de Krammers-Fokker-Planck
étudié par F. Hérau, J. Sjöstrand et C. Stolk [HSS05], les spectres et pseudo-spectres
sont caractérisés. Le livre [TE05] donne un aperçu historique très complet et beaucoup
d’illustrations sur le sujet de l’opérateur non normal et le pseudo-spectre.

1.2.2 Une classe d’opérateurs non auto-adjoints

Les opérateurs non auto-adjoints qu’on étudie dans cette thèse ont une structure par-
ticulière

H = A+ iB, (1.2.5)

agissant sur un espace de Hilbert X, où A est auto-adjoint et non negatif, iB est anti-
adjoint tels que A et iB ne commutent pas, d’où provient la non-normalité de H. Dans
beaucoup de problèmes venant de la physique mathématique, on peut rencontrer des
équations d’évolution linéaire avec un générateur non auto-adjoint de ce type. La partie
A décrit la dissipation du système et la partie iB décrit la conservation.

En particulier, dans la théorie des équations cinétiques, il y a beaucoup de modèles
ayant la structure (1.2.5). Il s’agit de décrire l’évolution de la densité de probabilité de
présence des particules dans l’espace, qui est une fonction dépendant du temps t, de la
position des particules x ∈ Rn et de leur impulsion v ∈ Rn. Le système a une structure
suivante :

diffusion dans la variable v + transport dans les variables (t, x).

Parmi eux, sont l’équation de Kolmogorov, l’opérateur de Fokker-Planck [HSS05], l’opé-
rateur de Boltzmann sans troncature angulaire [LMPS12], l’opérateur de type Landau li-
néaire [HPS11], etc. La partie dissipative de ces équations est dégénérée et elle ne concerne
que la direction v. Néanmoins, la présence de la partie transport et surtout l’interaction
entre les deux parties produisent des effets dissipatifs ou effets régularisants dans toutes
les variables du système. Un problème important intervenu dans l’étude d’un tel système
est la dérivation des estimations de régularités optimales de leurs solutions.

L’opérateur de Kolmogorov, hypoellipticité

Passons aux quelques exemples. L’exemple le plus simple ayant la forme (1.2.5) est
l’opérateur de Kolmogorov,

K = ∂t + x∂y − ∂2
x, (t, x, y) ∈ R3. (1.2.6)

En introduisant les champs de vecteurs X0 = ∂t + x∂y et X1 = ∂x, on peut écrire

K = X0 +X∗1X1.

La relation de commutation

[X1, X0] = [∂x, ∂t + x∂y] = ∂y

nous dit que l’algèbre de Lie engendrée par les champs de vecteurs X0, X1 est égale à
l’espace tangent entier R3. L’opérateur de Kolmogorov K n’est pas elliptique, et a priori
il n’est elliptique que dans la variable x. Pourtant, il est hypoelliptique, c’est-à-dire que,
si Ku est dans C∞, alors u est dans C∞. Ce résultat est obtenu par une construction
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directe de la solution fondamentale, qui est une fonction C∞ en dehors de la diagonale,
voir [Hör83, page 210]. La non-commutation de la partie réelle et la partie imaginaire
produit un effet régularisant dans la variable y.

Il est intéressant de se demander combien de dérivées qu’on gagne dans la variable y
dans cette procédure. En utilisant un changement de variables et en résolvant une équation
différentielle ordinaire, on peut arriver à une estimation hypoelliptique : il existe une
constante C ≥ 1 telle que pour tout u ∈ C∞0 (R3),

C‖Ku‖L2(R3) + C‖u‖L2(R3) ≥ ‖|Dy|2/3u‖L2(R3) + ‖D2
xu‖L2(R3). (1.2.7)

Cette estimation est aussi optimale.
L’opérateur de Kolmogorov était la motivation de l’analyse de Hörmander sur l’hypo-

ellipticité pour les opérateurs différentiels linéaires d’ordre 2 [Hör67].
Définition 1.2.2. Soient X0, X1, · · · , Xp, p champs de vecteurs C∞ dans un ouvert Ω de
Rn. (X0, X1, · · · , Xp) sont dites vérifient la condition de Hörmander dans Ω, s’il existe
r ≥ 0 tel que à tout point dans Ω, l’espace vectoriel engendré par les crochets de Lie itérés
d’ordre inférieur que r − 1 de X0, · · · , Xp est égal à Rn.

On peut trouver le résultat d’hypoellipticité dans [Hör67] ainsi que dans le chapitre 2
de [HN05].
Théorème 1.2.3. Supposons les champs de vecteurs (X0, X1, · · · , Xp) vérifiant la condi-
tion de Hörmander pour un certain r dans Ω. Alors l’opérateur (de Hörmander du type
2)

L = X0 +
p∑
j=1

X∗jXj

est hypoelliptique dans Ω.

L’opérateur de Fokker-Planck

Le deuxième exemple typique est l’opérateur de (Krammers-)Fokker-Planck, provenant
de la physique statistique

PFP = −∂2
v + v2 + v · ∂x −∇V (x) · ∂v, (x, v) ∈ R2n, (1.2.8)

où le potentiel V (x) est une fonction à valeurs réelles définie sur Rn. La partie réelle de
PFP est l’oscillateur harmonique dans la variable v, et la partie imaginaire est un champ
de vecteurs de divergence nulle. Il y a beaucoup de travaux concernant l’opérateur de
Fokker-Planck, voir par exemple [HN05], [HSS05]. Nous nous intéressons ici notamment
aux estimations hypoelliptiques, qui ont un lien avec le retour vers l’équilibre du système.
Théorème 1.2.4 ([HN05]). Supposons pour tout |α| = 2,

∀x ∈ Rn, |∂αxV (x)| ≤ Cα(1 + |∇V (x)|)1−ρ0 ,

avec ρ0 >
1
3 , et

|∇V (x)| → +∞, |x| → ∞.
Alors l’opérateur de Fokker-Planck PFP (1.2.8) vérifie l’estimation suivante : il existe une
constante C ≥ 1 telle que pour tout u ∈ C∞0 (R2n),

C‖PFPu‖L2(R2n) + C‖u‖L2(R2n)

≥ ‖(D2
x + |∇V (x)|2)1/3u‖L2(R2n) + ‖(D2

v + v2)u‖L2(R2n). (1.2.9)

De plus, l’opérateur PFP a résolvant compact.
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L’estimation (1.2.9) est optimale.

Estimations résolvantes améliorées

D’un autre côté, la présence d’une grande partie imaginaire peut améliorer les estima-
tions résolvantes. On voit ce fait facilement sur le modèle suivant

Lγ = −∂2
x + x2 + iγx, x ∈ R, (1.2.10)

où γ ≥ 1 est un grand paramètre. La partie réelle de Lγ est l’oscillateur harmonique, qui
est supérieur à 1. Donc l’axe imaginaire et le spectre de Lγ sont disjoints, puisque son
image numérique est inclus dans le demi plan complexe où la partie réelle est supérieure
à 1. En effet, on a des estimations résolvantes meilleures sur l’axe imaginaire quand γ est
très grand, voir par exemple la Section 3.2.2 dans [GGN09],

∀γ ≥ 1, sup
λ∈R
‖(Lγ − iλ)−1‖L(L2(R)) ≤ Cγ−2/3. (1.2.11)

Même si la partie imaginaire de Lγ n’a pas de signe, la non-commutation améliore les
estimations résolvantes sur l’axe imaginaire. De plus, les points sur l’axe imaginaire sont
emportés loin du pseudo-spectre de l’opérateur Lγ lorsque le paramètre γ devient très
grand. Notons que dans (1.2.11) la puissance 2/3 est optimale.

1.2.3 Méthode des multiplicateurs

Nous utilisons dans cette thèse la méthode des multiplicateurs (ou la méthode des
commutateurs), qui est une méthode classique et déjà utilisée par plusieurs auteurs. En
travaillant dans l’espace des phases, cette méthode s’applique particulièrement aux opé-
rateurs ayant la forme (1.2.5),

H = A+ iB, A∗ = A, (iB)∗ = −iB, A ≥ 0, [A, iB] 6= 0.

Pour un tel opérateur, en multipliant par l’identité, on obtient une égalité

Re〈Hu, u〉 = 〈Au, u〉. (1.2.12)

La positivité de A donne évidemment une partie de régularité, au moins dans une certaine
région de l’espace des phases. Cependant, dans la plupart de cas, l’égalité (1.2.12) n’est
pas suffisante, du fait que A peut être dégénéré ou que A peut s’annuler dans une certaine
région, comme les modèles que nous avons vus dans la section précédente. Pour retirer
la partie de régularité manquante, que A ne peut pas produire, l’idée est d’exploiter la
non-commutation entre la partie réelle et la partie imaginaire. Remarquons que pour deux
opérateurs J∗ = J , K∗ = −K, on a l’égalité suivante

2Re〈Ju,Ku〉 = 〈[J,K]u, u〉. (1.2.13)

En multipliant par un opérateur auto-adjoint M , on trouve

2Re〈Hu,Mu〉 = 2〈Au,Mu〉+ 〈[M, iB]u, u〉,

donc on obtient un commutateur [M, iB] qui est auto-adjoint, d’où on espère gagner la
partie de régularité qu’on recherche. L’objet est de construire le multiplicateur M , qui est
un opérateur (pseudo-différentiel) auto-adjoint, pour lequel on peut profiter de la non-
commutation en appliquant les calculs pseudo-différentiels, et bien évidemment il faut
savoir contrôler les autres termes.
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Un modèle opérateur

Soyons plus précis sur un exemple concret. Soit γ ≥ 1. On considère

Pγ = D2
t − iγt, t ∈ R. (1.2.14)

L’opérateur Pγ rentre dans ce cadre qu’on vient de discuter. On veut examiner l’estimation
suivante, en utilisant la méthode des multiplicateurs : il existe une constante C ≥ 1 telle
que pour tout u ∈ C∞0 (R) et pour tout γ ≥ 1,

‖Pγu‖L2(R) ≥ Cγ2/3‖u‖L2(R). (1.2.15)

Remarquons d’abord que (1.2.15) est une estimation très classique, on peut l’obtenir par
un changement de variables et du fait que l’opérateur P1 a résolvant compact.

On travaille sur l’espace des phases Rt × Rτ , où τ désigne la variable duale de t. Le
premier étape est de multiplier par l’identité

Re〈Pγu, u〉L2(R) = 〈D2
t u, u〉L2(R)“ ≥ ”γ2/3‖u‖2L2(R).

où la dernière inégalité est “vraie” si u est supportée (microlocalement) dans la zone
{|τ | ≥ γ1/3} de l’espace des phases. La zone problématique est donc {|τ | ≤ γ1/3}.

Le but est de construire un multiplicateur pour cette zone difficile. Pour cela, choisis-
sons une fonction décroissante ψ telle que

ψ ∈ C∞(R; [0, 1]), ψ|(−∞,2] = 1, ψ|[2,+∞) = 0, ψ′|[−1,1] ≤ −
1
10 . (1.2.16)

Le multiplicateur de Fourier M = ψ(γ−1/3Dt) défini par

F
(
ψ(γ−1/3Dt)u

)
(τ) = ψ(γ−1/3τ)û(τ),

est un opérateur auto-adjoint et borné sur L2(R), où l’on note par Fu = û la transformée
de Fourier de la fonction u. On calcule 2Re〈Pγu,Mu〉L2(R),

2Re〈Pγu,Mu〉L2(R) = 2Re〈D2
t u,Mu〉L2(R)︸ ︷︷ ︸
≥0

+〈[M,−iγt]u, u〉L2(R).

Puisque iγt est affine, on trouve facilement

[M,−iγt] = −γ2/3ψ′(γ−1/3Dt),

Donc on a

Re〈Pγu, (1 + 2M)u〉L2(R) ≥ 〈
(
D2
t − γ2/3ψ′(γ−1/3Dt)

)
u, u〉L2(R) ≥ c0γ

2/3‖u‖2L2(R),

où la dernière inégalité résulte de

∀τ ∈ R, τ2 − γ2/3ψ′(γ−1/3τ) ≥ c0γ
2/3.

Puisque M est borné sur L2(R), on conclut par une inégalité de Cauchy-Schwarz

‖Pγu‖L2(R) ≥ Cγ2/3‖u‖L2(R).
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Un modèle général

La méthode des multiplicateurs est adaptée à la plupart des modèles (1.2.5), quand on
démontre des estimations hypoelliptiques. Dans l’article [HSS05], un modèle assez général,
l’opérateur de Fokker-Planck y compris, est traité en utilisant la méthode des multipli-
cateurs dans le cadre semiclassique. On présente ici une version simplifiée. Il s’agit de
considérer les opérateurs pseudo-différentiels avec symbole de Weyl

p = p1 + ip2, p1 ≥ 0, (1.2.17)

où p1, p2 sont des fonctions C∞ à valeurs réelles définies sur l’espace des phases Rnx ×Rnξ .
Supposons que les symboles sont dans un calcul de Weyl associé à une métrique admissible
sur l’espace des phases qui nous permet de faire des calculs symboliques, c’est-à-dire qu’il
existe un poids admissible Λ ≥ 1 tel que Γ0 = |dx|2+Λ−2|dξ|2 est une métrique admissible,
et p est dans S(Λ2,Γ0), un symbole d’ordre 2 vérifiant une condition de crochet de Poisson
(voir (H1-H4) dans [HSS05] pour les hypothèses complètes sur les symboles et le poids).

Hypothèse 1.2.5. Il existe ε0 > 0 tel que

p1 + ε0H
2
p2(p1) ≈ Λ2,

où Hp2 est le champ hamiltonien associé à p2, Hp2(p1) = {p2, p1} et H2
p2(p1) = {p2, {p2, p1}}.

On a une estimation suivante.

Théorème 1.2.6 ([HSS05]). Supposons le symbole p vérifiant (1.2.17) et l’Hypothèse
1.2.5. Il existe une constante C ≥ 1 telle que pour tout u ∈ C∞0 (Rn),

C‖pwu‖L2(Rn) + C‖u‖L2(Rn) ≥ ‖(Λ2/3)wu‖L2(Rn), (1.2.18)

où pw désigne la quantification de Weyl du symbole p.

La zone difficile dans l’espace des phases est{
(x, ξ) ∈ R2n, p1 . Λ2/3},

pour laquelle on cherche un multiplicateur. Le multiplicateur utilisé pour déduire l’esti-
mation est de symbole

b = Hp2p1
Λ4/3 φ

( p1
Λ2/3

)
,

où φ ∈ C∞0 (R; [0, 1]) est telle que φ = 1 sur [−1, 1], φ est à support dans [−2, 2]. Alors b
est à support dans {p1 ≤ 2Λ2/3} et bw est auto-adjoint. En multipliant par (1− εb)w avec
ε > 0 à choisir et en faisant (formellement) des calculs symboliques, on trouve

Re〈pwu, (1− b)wu〉 = Re〈(1− εb)wpwu, u〉 = 〈
(
Re (1− εb)]p

)w
u, u〉

= 〈
(
(1− εb)p1 + ε

2{p2, b}
)w
u, u〉+ terme de reste.

On retrouve le crochet de Poisson {p2, b} et en plus, en utilisant l’Hypothèse 1.2.5 et en
choisissant ε > 0 assez petit, on a

(1− εb)p1 + ε

2{p2, b} & Λ2/3 − terme de reste,

ce qui donne une astuce de la preuve du Théorème 1.2.6.
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L’opérateur de Fokker-Planck (1.2.8) rentre dans ce cadre. En effet, on a PFP = pw1 +ipw2
avec

p1 = v2 + η2, p2 = v · ξ −∇V (x) · η,

où (ξ, η) désigne les variables duales de (x, v). On vérifie facilement

{p2, p1} = −2
(
η · ξ + v · ∇V (x)

)
,{

p2, {p2, p1}
}

= 2
(
|∇V (x)|2 + |ξ|2

)
− 2

(
V ′′(x)v2 + V ′′(x)η2).

Introduisant le poids

Λ2 = Λ(x, v, ξ, η)2 = 1 + |v|2 + |η|2 + |∇V (x)|2 + |ξ|2.

En supposant V ′′ borné, on voit l’Hypothèse 1.2.5 vérifiée par le symbole de l’opérateur de
Fokker-Planck. Bien entendu il faut imposer des conditions supplémentaires sur le potentiel
V pour garantir un calcul symbolique, et sous ces conditions on retrouve l’estimation
hypoelliptique (1.2.9), qui est optimale. On renvoie à l’article [HSS05] pour plus de détails.

Remarque 1.2.7. La méthode d’hypocoercivité [Vil09], [Vil06] permet aussi d’étudier les
modèles de la forme (1.2.5), sur le problème de convergence de solution vers l’équilibre.
On l’a présentée sur un modèle simple dans la Section 1.1.4.

1.3 Enoncé des résultats
Cette thèse est consacrée à l’étude du pseudo-spectre des opérateurs non auto-adjoints

liés à la question de stabilité du tourbillon d’Oseen présentée dans la Section 1.1.

1.3.1 Enoncé des résultats du chapitre 2

Dans le chapitre 2, on reprend le contenu de l’article [Den10a], Resolvent estimates for
a two-dimensional non-self-adjoint operator, qui a été accepté pour publication dans le
journal Communications on Pure and Applied Analysis.

On étudie un opérateur bidimensionnel qui est la motivation de l’article [GGN09], en
négligeant le terme non local dans l’opérateur original

H̃α = −∆ + |x|
2

16 −
1
2 + α

8πσ(x)∂θ, x ∈ R2, (1.3.1)

agissant sur L2(R2; dx), où l’on note

σ(x) = 1− e−|x|2/4

|x|2/4 , ∂θ = x1∂2 − x2∂1. (1.3.2)

Avec domaine D(H̃α) = {ω ∈ H2(R2); |x|2ω ∈ L2(R2)}, H̃α est un opérateur fermé.
La partie imaginare ασ(x)∂θ s’annule sur des fonctions radiales. En particulier, l’état

fondamental de l’oscillateur harmonique e−|x|2/8 restent toujours une fonction propre de
H̃α correspondant à la valeur propre 0, pour tout α ∈ R. Donc on se restreint sur le complé-
ment orthogonal de la partie imaginaire de H̃α pour obtenir des estimations intéressantes.
En utilisant les coordonnées polaires dans R2, on introduit

L̃2(R2) =
{
ω ∈ L2(R2; dx); ω(r cos θ, r sin θ) =

∑
k 6=0

ωk(r)eikθ
}
.
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Alors en restreignant l’opérateur H̃α à L̃2(R2), son spectre est inclus dans le demi-plan où
la partie réelle est supérieure à 1/2. Nous démontrons des estimations résolvantes uniformes
sur l’axe imaginaire.
Théorème 1.3.1 (Theorem 2.2.2). Il existe des constantes C0 > 0, α0 > 0 telles que pour
tout |α| ≥ α0, on a

sup
λ∈R
‖(H̃α − iλ)−1‖L(L̃(R2)) ≤ C

−1
0 |α|

−1/3, (1.3.3)

où L(L̃2(R2)) désigne l’espace des applications linéaires bornées sur L̃2(R2).
L’estimation (1.3.3) donne une borne inférieure de la quantité pseudo-spectrale Ψα

(1.1.15) lorsque le terme non local est négligé, qui est la partie difficile de cette analyse.
En fait, ce qu’on démontre dans ce chapitre est une estimation plus fine, qui implique le
théorème précédent et l’optimalité de la puissance 1/3 pour la quantité pseudo-spectrale.
Théorème 1.3.2 (Theorem 2.2.3). Il existe C0 > 0 et α0 ≥ 1 tels que pour tout λ ∈ R,
|α| ≥ α0 et ω ∈ D(H̃α) ∩ L̃2(R2), on a

‖(H̃α − iλ)ω‖L2(R2) ≥ C0|α|1/3‖|Dθ|1/3ω‖L2(R2), (1.3.4)

où H̃α est donné par (1.3.1) et
(|Dθ|1/3ω)(r cos θ, r sin θ) =

∑
k 6=0
|k|1/3ωk(r)eikθ, pour ω =

∑
k 6=0

ωk(r)eikθ.

De plus, l’estimation (1.3.4) est optimale au sens où, pour certain λ ∈ R, on peut trouver
une fonction ω ∈ D(H̃α) telle que ‖(H̃α− iλ)ω‖L2(R2) = O(|α|1/3)‖|Dθ|1/3ω‖L2(R2) lorsque
|α| → +∞.

La preuve de l’estimation (1.3.4) consiste à utiliser les coordonnées polaires et la trans-
formation de Fourier dans la variable angulaire pour ramener l’opérateur bidimensionnel
H̃α − iλ en une famille d’opérateurs unidimensionnels indexés par le paramètre du mode
de Fourier k ∈ Z

H̃α,k,λ = −∂2
r −

1
r
∂r + k2

r2 + r2

16 −
1
2 + i

αk

8π σ(r)− iλ,

agissant sur L2(R+; rdr), où l’on note σ(r) = σ(x) pour r = |x| puisque σ est une fonction
radiale (1.3.2). On écrit la partie imaginaire de la manière suivante

i
αk

8π σ(r)− iλ = i
αk

8π
(
σ(r)− νk

)
, avec νk = 8πλ

αk
.

Puisque l’image de la fonction σ est [0, 1], on discute deux cas selon le changement de
signe de la fonction σ(r)− νk.

– Cas facile : la partie imaginaire ne change pas de signe. Ce cas est facile à traiter, en
utilisant les multiplicateurs triviaux Id, ±iId et le fait que la fonction σ se comporte
comme 4r−2 à l’infini et 1− r2/8 près de l’origine.

– Cas non trivial : la partie imaginaire change de signe. On a νk = σ(rk) ∈ (0, 1).
Dans ce cas-là, la difficulté est de déduire une estimation pour des fonctions sup-
portées près du point rk, c’est-à-dire dans la zone où le changement de signe a lieu.
Nous appliquons la méthode des multiplicateurs, présentée dans la Section 1.2.3.
Le multiplicateur qu’on construit est un opérateur pseudo-différentiel, qui est une
régularisation d’une fonction de Heaviside bien choisie et dépend d’une métrique de
Hörmander. Ensuite, en utilisant des techniques de localisation via une partition de
l’unité, on recolle les estimations dans des différentes zones dans l’espace des phases,
et on arrive à une estimation globale.
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1.3.2 Enoncé des résultats du chapitre 3

Le chapitre 3 reprend le contenu de l’article [Den11b], Pseudospectrum for Oseen vor-
tices operators, qui a été accepté pour publication dans le journal International Ma-
thematics Research Notices.

Ce travail est consacré à l’étude du pseudo-spectre de l’opérateur linéarisé complet
(1.1.20), en tenant compte du terme non local

Hαω = Lω + αMω, ω ∈ L2(R2; dx)

=
(
−∆ω + |x|

2

16 ω − 1
2ω
)

+ α
[
vG · ∇ω − 1

2G
1/2x ·

(
KBS ∗ (G1/2ω)

)]
, (1.3.5)

où vG, G,KBS sont donnés par (1.1.7), (1.1.3). On espère démontrer une estimation res-
semblant à (1.3.3) pour Hα sur le complément orthogonal du noyau de la partie imaginaire
M (1.1.24). En utilisant les coordonnées polaires dans R2, pour k0 ≥ 1, on introduit un
sous-espace de L2(R2; dx)

Xk0 =
{
ω ∈ L2(R2; dx); ω(r cos θ, r sin θ) =

∑
|k|≥k0

ωk(r)eikθ
}
. (1.3.6)

Muni de la norme ‖ · ‖L2(R2), Xk0 est un espace de Hilbert et invariant de l’opérateur Hα.
En prenant D = {ω ∈ L2(R2); ω ∈ H2(R2), |x|2ω ∈ L2(R2)} comme domaine, Hα est
un opérateur fermé. Pour tout k0 ≥ 1, Hα est un opérateur fermé sur Xk0 avec domaine
D ∩Xk0 et son image numérique définie par

Θ(Hα;Xk0) =
{
〈Hαω, ω〉L2(R2) ∈ C; ω ∈ D ∩Xk0 , ‖ω‖L2(R2) = 1

}
,

ainsi que son spectre, est inclus dans le demi plan{
z ∈ C; Re(z) ≥ k0

2
}
.

Donc l’axe imaginaire est contenu dans l’ensemble résolvant de Hα. Notre résultat est le
suivant.
Théorème 1.3.3 (Theorem 3.2.2). Il existe des constantes C0 > 0, k0 ≥ 3, α0 ≥ 8π telles
que pour tout |α| ≥ α0, λ ∈ R, ω ∈ C∞0 (R2) ∩Xk0, on a

‖(Hα − iλ)ω‖L2(R2) ≥ C0|α|1/3‖|Dθ|1/3ω‖L2(R2), (1.3.7)

où l’opérateur |Dθ|1/3 est défini de la même manière que celle dans Théorème 1.3.2. En
particulier, on a

sup
λ∈R
‖(Hα − iλ)−1‖L(Xk0 ) ≤ C−1

0 α−1/3k
−1/3
0 . (1.3.8)

On doit traiter soigneusement le terme non local, puisqu’il possède un grand coeffi-
cient de taille |α|. Comme Hα est invariant par rotation, nous utilisons les coordonnées
polaires et la transformée de Fourier dans la variable angulaire, et on réduit le problème
en une famille d’opérateurs unidimensionnel agissant sur la demie droite R+, indexé par
le paramètre du mode de Fourier k. Ensuite, on va utiliser un changement de variables
r = et et on va multiplier un poids e2t pour transformer le problème sur la droite entière.
On se ramène à étudier l’opérateur suivant, sur L2(R; dt),

Lk = −∂2
t + k2 + 1

16e
4t − 1

2e
2t

+ i
αk

8π e
2t(σ(et)− νk

)
− iαk8π e

2tg(et)(k2 +D2
t )−1e2tg(et)︸ ︷︷ ︸

le terme non local

, (1.3.9)
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où σ est donné par (1.3.2) et g(r) = e−r
2/8. Après ces transformations, les propriétés

auto-adjointe et anti-adjointe de chaque partie de Hα sont préservées. Le terme non local
devient un opérateur pseudo-différentiel, avec L(L2(R; dt))-norme majorée par |α||k|−1.
Donc si le paramètre k est très grand, le terme non local est petit.

On va utiliser une méthode perturbative, i.e. traiter le terme non local comme une per-
turbation par rapport au terme qui peut avoir un changement de signe. Comme dans le
chapitre 2, on discutera différents cas selon le changement de signe de la fonction σ(et)−νk.
Le cas difficile est toujours lorsqu’il y a un changement de signe, pour lequel on applique
la méthode des multiplicateurs. Le multiplicateur qu’on utilise est essentiellement le même
que celui pour le modèle sans terme non local. Mais cette fois-ci, on ne peut pas appliquer
directement une partition de l’unité pour localiser dans des zones différentes de l’espace
des phases comme dans le chapitre 2, à cause de la présence du terme non local. C’est un
opérateur pseudo-différentiel dépendant de la variable t et la variable duale τ en même
temps, donc il ne commute pas avec la partition de l’unité, et ceci produise un commu-
tateur de taille |α| pour lequel on ne sait pas contrôler. La stratégie est de construire un
multiplicateur global. Le terme non local est traité comme une perturbation, et il est ab-
sorbé par le terme principal en prenant |k| ≥ k0, avec k0 ≥ 3 une constante indépendante
du paramètre α.

La valeur de k0 est calculable. En effet, il suffit de calculer avec soin tous les coefficients
venant du terme principal et du terme non local. On donne aussi un exemple de calculs
numériques [Den11a] à l’Appendice C, indiquant que le Théorème 1.3.3 est vrai pour
k0 ' 84.

1.3.3 Enoncé des résultats du chapitre 4

Le chapitre 4 de cette thèse reprend l’article [Den10b], Structure constants of the Weyl
calculus, qui a été accepté pour publication dans le journal Mathematica Scandinavica.

Dans ce chapitre, on se tourne vers des questions provenant du calcul pseudo-différentiel.
Soitm ∈ R. La classe des symboles classique Sm1,0 est constituée des fonctions C∞ a définies
sur l’espace des phases R2n telles que pour tout multi-indice α, β ∈ Nn,

|(∂αξ ∂βxa)(x, ξ)| ≤ Cαβ(1 + |ξ|)m−|α|. (1.3.10)

Les meilleures constantes Cαβ dans (1.3.10) sont appelées semi-normes du symbole a dans
l’espace de Fréchet Sm1,0. Les deux propriétés sont classiques :

L2-continuité

Si le symbole a appartient à S0
1,0, alors a(x,D) est un opérateur borné sur L2(Rn),

c’est-à-dire qu’il existe une constante C > 0 telle que

‖a(x,D)‖L(L2(Rn)) ≤ C. (1.3.11)

Inégalité de Fefferman-Phong

Si a est un symbole non négatif appartenant à S2
1,0, alors il existe une constante C > 0

telle que pour tout u ∈ S(Rn),

Re〈a(x,D)u, u〉L2(Rn) + C‖u‖2L2(Rn) ≥ 0. (1.3.12)

On pourrait adresser quelques questions très naturelles.
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Question 1.3.4. Quelle est la dépendence des constantes C dans les inégalités (1.3.11) et
(1.3.12) ? Les constantes C dépendent-elles une semi-norme du symbole a ? Si oui, laquelle
semi-norme ?

Des questions similaires peuvent être posées dans d’autres classes des symboles, par
exemples les symboles semi-classiques, la classe de Shubin, etc.

Dans le chapitre 4, on donne une réponse à ces questions dans un cadre plus large. On
va considérer la quantification de Weyl pour les opérateurs pseudo-différentiels et on va
travailler avec une métrique de Hörmander g sur l’espace des phases, c’est-à-dire que g est
à variation lente, vérifie le principe d’incertitude et est tempérée (voir la Définition 4.2.6).
Les constantes de structures de la métrique g sont étroitement liées à ces propriétés. Pour
une telle métrique g et un g-poids admissiblem (voir la Définition 4.2.7), on peut définir des
classes de symboles très générales S(m, g), les opérateurs associés ont de bonnes propriétés
et on dispose d’un calcul symbolique très efficace, décrit dans le chapitre 18 de [Hör85] et
le chapitre 2 de [Ler10]. En particulier, les propriétés suivantes sont bien connues :

L2-continuité : a ∈ S(1, g) =⇒‖aw‖L(L2(Rn)) ≤ C, (1.3.13)
Inégalité de Fefferman-Phong : a ∈ S(λ2

g, g), a ≥ 0 =⇒aw + C ≥ 0. (1.3.14)

Le résultat du chapitre 4 est le “théorème” suivant (voir les Théorèmes 4.3.2, 4.4.1 pour
les énoncés précis), qui précise la dépendance des constantes dans les inégalités (1.3.13) et
(1.3.14).

Théorème 1.3.5. Les constantes C dans (1.3.13) et (1.3.14) ne dépendent que de la
dimension n, des constantes de structure de la métrique g et d’une semi-norme du symbole
a, dont l’ordre ne dépend que de la dimension n et des constantes de structure de g.

Le Théorème 1.3.5 est particulièrement utile lorsque la métrique de Hörmander g
dépend d’un paramètre non compact, par exemple dans la classe de symboles utilisée pour
les estimations de Carleman. Dans notre situation, nous travaillons dans les chapitres 2
et 3 avec des métriques dépendant de plusieurs paramètres, α ≥ 1 et k ∈ Z, où k est
le paramètre du mode de Fourier dans la variable angulaire. Pour pouvoir revenir à la
dimension 2, il faudrait démontrer des estimations indépendantes de k dans la variable
radiale. Afin d’obtenir une estimation uniforme sur tous les modes de Fourier, il est très
important d’assurer que toutes les constantes provenant du calcul symbolique ne dépendent
pas de k. D’après le Théorème 1.3.5, il suffit de vérifier que les constantes de structure de
la métrique utilisée et les semi-normes de symboles intervenus dans le calcul symbolique
soient toutes bornées supérieurement indépendamment du paramètre k.



Chapter 2

Resolvent estimates for a
two-dimensional non-self-adjoint
operator

The result of this chapter is taken from the article [Den10a], Resolvent estimates for
a two-dimensional non-self-adjoint operator, which has been accepted for publication in
the journal Communications on Pure and Applied Analysis, see Section 2.7 for the
letter of acceptance.

We consider a two-dimensional non-self-adjoint differential operator, originated from
a stability problem in the two-dimensional Navier-Stokes equation, given by Lα = −∆ +
|x|2+ασ(|x|)∂θ, where σ(r) = r−2(1−e−r2), ∂θ = x1∂2−x2∂1 and α is a positive parameter
tending to +∞. We give a complete study of the resolvent of Lα along the imaginary axis
in the fast rotation limit α→ +∞ and we prove supλ∈R ‖(Lα− iλ)−1‖L(L̃2(R2)) ≤ Cα−1/3,
which is an optimal estimate. Our proof is based on a multiplier method, metrics on the
phase space and localization techniques.

2.1 Introduction

2.1.1 Motivation

In this paper, we consider a problem coming from the study of the long-time behavior
of solutions to the two-dimensional Navier-Stokes equation, see [GW02, GW05]. In 2
dimensions where the vorticity is scalar, it is more convenient to study the evolution of
the vorticity which is given by

∂ω

∂t
+ v · ∇ω = ν∆ω, x ∈ R2, t ≥ 0, (2.1.1)

where ω(x, t) ∈ R is the vorticity distribution and v(x, t) ∈ R2 is the divergence-free
velocity field reconstructed from ω via the Biot-Savart law. It is well-known that the
equation (2.1.1) is globally well-posed in L1(R2), i.e. for any initial data ω0 ∈ L1(R2), the
equation (2.1.1) has a unique global solution ω ∈ C0([0,+∞);L1(R2)) such that ω(0) = ω0.
The total circulation of the velocity field∫

R2
ω(x, t)dx = lim

R→+∞

∮
|x|=R

v(x, t) · dl
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is a quantity conserved by the semi-flow defined by (2.1.1) in L1(R2). The equation (2.1.1)
has a family of explicit self-similar solutions, called Oseen vortices, which is given by

ω(x, t) = α

νt
G
( x√

νt

)
, v(x, t) = α√

νt
vG
( x√

νt

)
, (2.1.2)

where

G(x) = 1
4πe

−|x|2/4, vG(x) = 1
2π

x⊥

|x|2
(
1− e−|x|2/4

)
, x ∈ R2, (2.1.3)

and the parameter α ∈ R is referred to as the circulation Reynolds number. These solutions
are the only self-similar solutions to the Navier-Stokes equations in R2 whose vorticity is
integrable. Moreover, it is proved by T. Gallay and C.E. Wayne in [GW05] that if the
initial vorticity ω0 is in L1(R2), then the solution ω(x, t) of (2.1.1) satisfies

lim
t→+∞

‖ω(·, t)− α

νt
G
( ·√

νt

)
‖L1(R2) = 0, (2.1.4)

where α =
∫
R2 ω0(x)dx is the initial circulation. In physical terms, this means that the

Oseen vortices are globally stable for any value of the circulation Reynolds number α. In
contrast to many situations in hydrodynamics, such as the Poiseuille or the Taylor-Couette
flows, increasing the Reynolds number does not produce any instability.

In order to study the stability of Oseen vortices, we introduce some self-similar variables
x̃ = x/

√
νt, t̃ = log(t/T ) and we set

ω(x, t) = 1
t
ω̃
( x√

νt
, log t

T

)
, v(x, t) =

√
ν

t
ṽ
( x√

νt
, log t

T

)
.

The rescaled system reads (replacing ω̃ by ω, x̃ by x and so on)

∂ω

∂t
+ v · ∇ω = ∆ω + 1

2x · ∇ω + ω, x ∈ R2, t ≥ 0, (2.1.5)

where ω is the rescaled vorticity and v is the rescaled velocity field again given by the
Biot-Savart law. Then by construction, for all α ∈ R, the Oseen vortex αG is a stationary
solution of (2.1.5). Linearizing the equation (2.1.5) at αG, one finds a linear evolution
equation

∂ω

∂t
= −(A+ αiB)ω,

where A is a self-adjoint, non-negative operator in the weighted space L2(R2;G−1dx) and
iB is a skew-adjoint perturbation, so that the linearized operator A + αiB is non-self-
adjoint. By conjugating A + αiB with the Gaussian weight G1/2 and by neglecting a
nonlocal, lower-order term in the perturbation iB, the linearized operator becomes

H̃α = −∆ + |x|
2

16 −
1
2 + αf̃(x)∂θ, x ∈ R2, (2.1.6)

where ∂θ = x1∂2 − x2∂1 and f̃(x) = (2π|x|2)−1(1 − e−|x|2/4). In this paper, we aim to
study the resolvent of the operator H̃α along the imaginary axis, in the fast rotating limit
α→ +∞.
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2.1.2 General framework

In many problems arising in Mathematical Physics, one encounters the following type
of linear evolution equation

du

dt
+Hu = 0, u(0) = u0, (2.1.7)

where H is a linear operator of the form A + iB, where A is a self-adjoint, non-negative
operator and iB is a skew-adjoint operator that does not commute with A. A is usu-
ally called the dissipative term and iB the conservative term. In such a situation, the
conservative term can affect and sometimes enhance the dissipative effects or the regu-
larizing properties of the whole system. A typical example is the Kolmogorov equation
∂tu − ∂2

xu − x∂yu = 0, which is of the form (2.1.7) with A = −∂2
x, iB = −x∂y. The

non-commutation of A and iB can be expressed as [∂x, x∂y] = ∂y, so that the Lie algebra
generated by ∂x and x∂y spans the whole tangent space R2. The operator −∂2

x−x∂y is not
elliptic, however, a fundamental solution constructed in [Hör83, P.210] which is smooth
outside the diagonal, gives that the Kolmogorov operator is hypoelliptic. Another example
is the one-dimensional operator − d2

dx2 + x2 + iλx, where λ ≥ 1 is a large parameter. The
presence of the large skew-adjoint perturbation iλx enhances the resolvent estimate, we
have ‖(− d2

dx2 + x2 + iλx)−1‖ ≤ Cλ−2/3 for λ ≥ 1, see e.g. [GGN09, Sect.3.2.2]. In the
present paper, we want to explore the size of the resolvent in a typical two-dimensional
setting (H̃α − iλ)−1, where H̃α is the two-dimensional non-self-adjoint operator given in
(2.1.6).

2.1.3 Results on a one-dimensional operator

In 2009, I. Gallagher, T. Gallay and F. Nier [GGN09] investigated a one-dimensional
operator given by

Hε = −∂2
x + x2 + i

ε
f(x), x ∈ R, (2.1.8)

where f is a bounded real-valued function and ε > 0 is a small parameter. The operator Hε

is a one-dimensional analogue of H̃α given by (2.1.6), and the limit ε→ 0 corresponds to
the fast rotating limit α → +∞. They studied the asymptotics of two quantities related
to the spectral and pseudospectral properties in the limit ε → 0. More precisely, they
define Σ(ε) as the infimum of the real part of the spectrum of Hε and

Ψ(ε)−1 := sup
λ∈R
‖(Hε − iλ)−1‖

as the supremum of the norm of the resolvent of Hε along the imaginary axis. Under
appropriate conditions on f , both quantities Σ(ε), Ψ(ε) go to infinity as ε→ 0 and lower
bounds are given by using an “hypocoercive” method [Vil06], [Vil09]. Furthermore, they
focused on a specific class of functions.

Hypothesis 2.1.1. Assume that f ∈ C3(R;R) has the following properties:
i) All critical points of f are non-degenerate, i.e., f ′(x) = 0 implies f ′′(x) 6= 0.
ii) There exist positive constants C and k such that, for all x ∈ R with |x| ≥ 1,

∣∣∣∂lx(f(x)− 1
|x|k

)∣∣∣ ≤ C

|x|k+l+1 , for l = 0, 1, 2, 3.
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For f verifying Hypothesis 2.1.1, some precise and optimal estimates on Ψ(ε) are provided
(Theorem 1.8 in [GGN09]): there exists M4 ≥ 1 such that for ε ∈ (0, 1],

1
M4εν̄

≤ Ψ(ε) ≤ M4
εν̄
, where ν̄ = 2

k + 4 .

Their proof is based on localization techniques and some semiclassical subelliptic estimates.
The authors of [GGN09] left open the original question about the operator (2.1.6),

which is precisely the problem we are dealing with in the present paper. In particular, we
shall prove an estimate

sup
λ∈R
‖(H̃α − iλ)−1‖ ≤ Cα−1/3,

see Section 2 for a precise statement. This kind of resolvent estimates will allow us to
localize the pseudospectrum of the non-self-adjoint operator H̃α, and in particular, the
presence of the large skew-adjoint perturbation stabilizes the pseudospectrum of the whole
operator.

2.2 The results

2.2.1 Preliminaries and statements

We consider the two-dimensional operator defined by

Lα := −∆ + |x|2 + ασ(|x|)∂θ, x ∈ R2, (2.2.1)

where α ≥ 1 and
σ(r) := 1

r2 (1− e−r2), for r ≥ 0. (2.2.2)

Let us first make a few preliminary observations about Lα. The operator Lα is unitarily
equivalent to the original operator H̃α given in (2.1.6), up to some constants (see Appendix
2.6.2). The operator Lα has the form A + iB where A = −∆ + |x|2 is positive and
X := iB = ασ(r)∂θ is a real divergence-free vector field. Let us calculate the iterated
commutators [A,X] and [[A,X], X]: in polar coordinates,

[A,X] = −α
(
σ′′(r) + 1

r
σ′(r) + 2σ′(r)∂r

)
∂θ,

[[A,X], X] = −2α2(σ′(r))2∂2
θ ≥ 0.

This kind of “double-bracket” structure of Lα will allow us to obtain some subelliptic
estimates, which we now explain on a simpler example. Let us consider the operator

Pλ = λ∂t + t2, λ ≥ 0, on L2(R; dt).

Then RePλ = t2, iImPλ = λ∂t and [[RePλ, iImPλ], iImPλ] = 2λ2 > 0. We can prove
an estimate ‖Pλu‖L2 ≥ Cλ2/3‖u‖L2 for all u ∈ S(R). By making a change of variable
t = λ1/3s, it suffices to prove the inequality for λ = 1. One can construct a parametrix for
the operator P1. For f ∈ S(R), the ordinary differential equation

P1u = ∂tu+ t2u = f, u(−∞) = 0

can be solved directly
u(t) =

∫ t

−∞
e−(t3−s3)/3f(s)ds.
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It is easy to see that ‖u‖L∞ ≤ ‖f‖L1 . Moreover, one can obtain ‖u‖L2 ≤ C‖f‖L2 by using
the Schur’s criterion. Here we want to take advantage of the “double-bracket” structure
of the operator Lα.

Note that the skew-adjoint part ασ(|x|)∂θ vanishes on radial functions, i.e. for any
radial function v(x), Lαv = (−∆ + |x|2)v = L0v. In particular, v0(x) = e−|x|

2/2 is an
eigenfunction of Lα corresponding to the eigenvalue 2, for any α ∈ R. This implies that
the ground state of the two-dimensional harmonic oscillator is also an eigenfunction of the
operator Lα for any α ∈ R, and moreover, the eigenvalue 2 does not move under the large
skew-adjoint perturbation αf(x)∂θ. We shall thus restrict the domain of Lα to a smaller
Hilbert space L̃2(R2), described below.

Using polar coordinates in R2 and expanding the angular variable θ in Fourier series,
we can write for v ∈ L2(R2; dx),

v(r cos θ, r sin θ) =
∑
k∈Z

uk(r)eikθ,

where uk(r) = 1
2π

∫ 2π

0
v(r cos θ, r sin θ)e−ikθdθ ∈ L2(R+; rdr).

We have the identity ‖v‖2L2(R2;dx) =
∑
k∈Z 2π‖uk‖2L2(R+;rdr). Note that v ∈ L2(R2) is a

radial function if and only if v(r cos θ, r sin θ) = u0(r). We define the subspace

L̃2(R2) := {v ∈ L2(R2); u0 = 0}.

Then (L̃2(R2), ‖ · ‖L2(R2;dx)) is a Hilbert space and has the following decomposition

L̃2(R2) =
⊕
k∈Z∗

L2(R+; rdr)eikθ, (2.2.3)

where Z∗ = Z \ {0}. That is, for v ∈ L̃2(R2), v(r cos θ, r sin θ) =
∑
k 6=0 uk(r)eikθ.

Definition 2.2.1 (Domain of Lα). We define the domain of Lα to be the set

D(Lα) := {v ∈ L̃2(R2); v ∈ H2(R2), |x|2v ∈ L2(R2)}.

We prove in Lemma 2.6.4 that (Lα, D(Lα)) is a closed operator and its spectrum is a
sequence of eigenvalues contained in the half-plane {z ∈ C; Re(z) ≥ 2}. The goal of the
present article is to study the norm of the resolvent of Lα along the imaginary axis, i.e.
the quantities

‖
(
Lα − iλ

)−1‖L(L̃2(R2)), λ ∈ R.

Now let us state our main result, which answers a question in [GGN09].

Theorem 2.2.2. There exist constants C > 0 and α0 ≥ 1, such that for all λ ∈ R and
α ≥ α0, the following estimate holds

‖
(
Lα − iλ

)−1‖L(L̃2(R2)) ≤ Cα
−1/3. (2.2.4)

Observe that the estimate (2.2.4) is equivalent to the following

∀v ∈ D(Lα), ‖(Lα − iλ)v‖L2(R2) ≥ C−1α1/3‖v‖L2(R2), (2.2.5)

since we know that iλ is not in the spectrum of Lα, see Lemma 2.6.5. In fact in this paper,
we will prove a theorem which implies Theorem 2.2.2.
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Theorem 2.2.3. There exist C > 0 and α0 ≥ 1 such that for all λ ∈ R, α ≥ α0 and
v ∈ D(Lα),

‖(Lα − iλ)v‖L2(R2) ≥ Cα1/3‖|Dθ|1/3v‖L2(R2). (2.2.6)

Moreover, the estimate (2.2.6) is optimal in the sense that for some λ ∈ R we can find a
function v ∈ D(Lα) such that ‖(Lα − iλ)v‖L2(R2) = O(α1/3)‖|Dθ|1/3v‖L2(R2) as α→ +∞.

In Theorem 2.2.3, we denote Dθ = i−1∂θ and define the operator |Dθ|1/3 on L2(R2),
using polar coordinates, by the formula

(|Dθ|1/3v)(r cos θ, r sin θ) =
∑
k

|k|1/3uk(r)eikθ, for v =
∑
k

uk(r)eikθ.

On L̃2(R2), both operators |Dθ|, |Dθ|1/3 are bounded from below by 1. Using the equiva-
lence of (2.2.4) and (2.2.5), we conclude that Theorem 2.2.3 implies Theorem 2.2.2.

2.2.2 Pseudospectrum

The notion of pseudospectrum was introduced by L.N. Trefthen and has been studied
numerically in recent years [Tre97], [TE05]. The study of pseudospectrum is closely related
to the stability of the spectrum and is important for non-self-adjoint operators, since some
spectral instability might occur for non-self-adjoint operators. For a family of operators,
we introduce the following definition of pseudospectrum, see [PS04].

Definition 2.2.4. The pseudospectrum of a family of operators {Pα}α≥1 is defined as the
complement of the set of all z ∈ C such that

∃N0 ∈ N, lim sup
α→+∞

‖(Pα − z)−1‖α−N0 < +∞.

The resolvent estimates in Theorem 2.2.2 gives us information about the location of
the pseudospectrum of {α−1/3Lα}α≥1. We have the following corollary, which tells us in
particular that the pseudospectrum is strongly stabilized, as α→ +∞.

Corollary 2.2.5. The pseudospectrum of the family of operators {α−1/3Lα}α≥1 is included
in the half plane {z ∈ C; Re(z) ≥ C−1}.

Proof. If Re(z) ≤ 0, we have

‖(Lα − z)−1‖ ≤ dist(z,Θ(Lα))−1 ≤ 1/2,

where Θ(Lα) is the numerical range of Lα defined by (2.6.17), since for any u ∈ D(Lα)
with ‖u‖L2(R2) = 1,

|〈(Lα − z)u, u〉L2(R2;dx)| = |〈Lαu, u〉L2(R2;dx) − z| ≥ dist(z,Θ(Lα)) ≥ 2.

On the other hand, by the resolvent formula, for µ, λ ∈ R,

(Lα − µ− iλ)−1 − (Lα − iλ)−1 = µ(Lα − iλ)−1(Lα − µ− iλ)−1,

and we find, using the estimate (2.2.4), if µ > 0, µ‖(Lα − iλ)−1‖ < 1 and µ < C−1α1/3,

‖(Lα − µ− iλ)−1‖ ≤ ‖(Lα − iλ)−1‖
1− µ‖(Lα − iλ)−1‖

≤ Cα−1/3

1− Cµα−1/3 .
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For κ ∈ (0, 1), z ∈ C such that Re(z) < κC−1α1/3, we have ‖(Lα − z)−1‖ ≤ Cκ, which is
equivalent to the following

∀ζ ∈ C, Re(ζ) < κC−1, ‖(α−1/3Lα − ζ)−1‖ ≤ Cκα1/3.

As a result, if Re(ζ) < C−1, then ζ is not in the pseudospectrum of {α−1/3Lα}α≥1. The
proof of the corollary is complete.

Remark 2.2.6. In [GGN09], another notion for the pseudospectrum is introduced (Def-
inition 1.2), and some complex domains related to the pseudospectrum (Figure 2) are
constructed in Corollary 4.2, using the precise estimates of the resolvent. This allows us
to localize the pseudospectrum more accurately.

2.2.3 Sketch of the proof

For λ ∈ R, we shall use the Fourier transformation with respect to the angular variable
θ via the decomposition (2.2.3) of L̃2(R2), to reduce the two-dimensional operator Lα− iλ
to a family of one-dimensional operators Lα,λ,k given by

Lα,λ,k = −∂2
r −

1
r
∂r + k2

r2 + r2︸ ︷︷ ︸
=ReLα,λ,k

self-adjoint part

+ i
(
αkσ(r)− λ

)︸ ︷︷ ︸
=iImLα,λ,k

skew-adjoint part

acting on the weighted space L2(R+; rdr), indexed by the parameter k ∈ Z∗. The new
operator Lα,k,λ has the form ReLα,λ,k + iImLα,λ,k, with ReLα,λ,k self-adjoint, positive and
iImLα,λ,k skew-adjoint on L2(R+; rdr). Remark that the adjoint of the operator ∂r in
L2(R+; rdr) is given by

∂∗r = −∂r −
1
r
, (2.2.7)

so that −∂2
r − 1

r∂r = ∂∗r∂r is non-negative. The advantage of using polar coordinates
and expanding the angular variable in Fourier series is that the skew-adjoint operator
ασ(r)∂θ − iλ becomes just the operator of multiplication by a purely imaginary function
i(αkσ(r)−λ). The problem is then reduced to a family of one-dimensional problems with
several parameters.

Without loss of generality, we may suppose that λ ≥ 0 and

λ = α|k|ν2
k , (2.2.8)

with νk ∈ R. Then the one-dimensional operators can be written as follows

Lα,λ,k = −∂2
r −

1
r
∂r + k2

r2 + r2 + iα|k|
(
sign(k)σ(r)− ν2

k

)
, k ∈ Z∗. (2.2.9)

We shall discuss different cases according to the change-of-sign situation of ImLα,λ,k.
Notice that the function σ defined by (2.2.2) is decreasing and has range (0, 1]. When
iImLα,λ,k does not change sign, i.e.

k < 0 or k > 0, ν2
k /∈ (0, 1), (2.2.10)

it is easy to deal with Lα,λ,k by using the multipliers Id, ±iId and some asymptotic
properties of σ, see Section 2.3.2. When iImLα,λ,k changes sign at one point, i.e. the case

k > 0, ν2
k ∈ (0, 1), (2.2.11)
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the situation is more complicated, which we shall call “non-trivial cases”. The study will
be divided into 4 cases, according to the different behaviors of the function σ near the
region where the change-of-sign takes place, and the proofs for each case are given in
Section 2.4.1, 2.4.2, 2.5.1 and 2.5.2, respectively.

For the non-trivial cases, we shall seek a multiplier method, which allows us to obtain
some subelliptic estimates in the zone where the change-of-sign takes places. As a motiva-
tion, we first explain the multiplier method on a model operator in Lemma 2.3.5, which is
very simple only using some standard Fourier analysis. In our cases, the multiplier that we
shall construct for the operator Lα,λ,k is a pseudodifferential operator, which is a carefully
chosen regularization of some Heaviside-type function and which is uniform with respect
to the parameters. The symbols involved in the construction of this multiplier depend on
some Hörmander-type metric and these metrics on the phase space will be a key tool for
the proof.

The study for the one-dimensional operators Lα,k,λ will allow us to tackle the two-
dimensional problem (see Section 2.5.3), which was the initial motivation for the article
[GGN09]. The optimality of these resolvent estimates will be given in Section 2.5.4.
Finally, the definitions and the main properties of Weyl calculus are recalled in Appendix
2.6.1.

2.3 Proof, first part
Throughout Section 3 and 4, we omit the parameters α, λ in the subscript.

2.3.1 First reductions

Recall that we suppose λ = α|k|ν2
k ≥ 0 (2.2.8) and the problem is reduced to the

family of operators Lk given by (2.2.9), which act on the weighted space L2(R+; rdr). We
introduce a new notation

βk := α|k|. (2.3.1)
Then βk ≥ α ≥ 1 and together with (2.2.7) the operator Lk can be written as (we drop
the indices α, λ)

Lk = −∂2
r −

1
r
∂r + k2

r2 + r2 + iβk
(
sign(k)σ(r)− ν2

k

)
= ∂∗r∂r + k2

r2 + r2︸ ︷︷ ︸
=ReLk

+ iβk
(
sign(k)σ(r)− ν2

k

)︸ ︷︷ ︸
=iImLk

. (2.3.2)

2.3.2 Easy cases: the imaginary part does not change sign

This section is devoted to the estimates for the cases (2.2.10) where iImLk does not
change sign. We will use some asymptotic properties of the function σ defined in (2.2.2)
near the origin and infinity, see Figure 2.1. We choose a positive constant c0 such that(8

9
)2
< c0 < 1. (2.3.3)

From the behavior of σ near infinity, there exist constants R1 > 0, 0 < c1 < 1 such
that {

c0r
−2 ≤ σ(r) ≤ r−2, for r > R1,

σ(r) ≥ c1, for 0 ≤ r ≤ R1.
(2.3.4)
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Near 0, we can choose R2 > 0 and 0 < c2 < 1 such that−
1
2r

2 ≤ σ(r)− 1 ≤ −1
2c0r

2, for 0 ≤ r ≤ R2,

σ(r) ≤ c2, for r > R2,
(2.3.5)

since we have the Taylor expansion

σ(r) = 1− r2

2! + r4

3! − · · ·+
(−1)lr2l

(l + 1)! +O(r2l+2), r → 0.

1

R2 R1

c1

c2

r

ΣHrL

Figure 2.1: The function σ(r) = r−2(1− e−r2).

Now we prove two inequalities which will be used below, using (2.3.4) and (2.3.5).

Lemma 2.3.1. There exists C > 0 such that for any r > 0, k 6= 0 and α ≥ 1,

r2 + βkσ(r) ≥ Cβ1/2
k , (2.3.6)

k2

r2 + βk
(
1− σ(r)

)
≥ Cβ1/2

k , (2.3.7)

where βk is given in (2.3.1).

Proof. By (2.3.4) we have,

if r ≤ R1, then r2 + βkσ(r) ≥ c1βk,

if r > R1, then r2 + βkσ(r) ≥ r2 + c0βkr
−2 ≥ 2c1/2

0 β
1/2
k .

Therefore, for any r ≥ 0,

r2 + βkσ(r) ≥ min(c1βk, 2c
1/2
0 β

1/2
k ) ≥ min(c1, 2c1/2

0 )β1/2
k , if α ≥ 1,
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which proves (2.3.6) with C = min(c1, 2c1/2
0 ). By (2.3.5) we have,

if r ≤ R2,
k2

r2 + βk
(
1− σ(r)

)
≥ k2

r2 + βk
c0r

2

2 ≥
√

2c0|k|β1/2
k ,

if r > R2,
k2

r2 + βk
(
1− σ(r)

)
≥ (1− c2)βk. (0 < c2 < 1)

Therefore for any r > 0, k 6= 0,

k2

r2 + βk
(
1− σ(r)

)
≥ min

(√
2c0|k|β1/2

k , (1− c2)βk
)

≥ min(
√

2c0, 1− c2)β1/2
k , if α ≥ 1,

which proves (2.3.7) with C = min(
√

2c0, 1− c2).

Lemma 2.3.2 (k < 0). There exists C > 0 such that for all k < 0, α ≥ 1 and u ∈
C∞0 (R+),

‖Lku‖L2(R+;rdr) ≥ Cβ
1/2
k ‖u‖L2(R+;rdr),

where Lk is given in (2.3.2) and βk given in (2.3.1).

Proof. If k < 0, ImLk = −βk
(
σ(r) + ν2

k

)
is negative. We use multipliers Id and −iId, for

u ∈ C∞0 (R+),

Re〈Lku, u〉L2(R+;rdr) = 〈
(
∂∗r∂r + k2

r2 + r2)u, u〉L2(R+;rdr)

≥ 〈r2u, u〉L2(R+;rdr), (2.3.8)

Re〈Lku,−iu〉L2(R+;rdr) = 〈βk
(
σ(r) + ν2

k

)
u, u〉L2(R+;rdr)

≥ 〈βkσ(r)u, u〉L2(R+;rdr). (2.3.9)

Adding (2.3.8) and (2.3.9) together, using (2.3.6), we get

Re〈Lku, (1− i)u〉L2(R+;rdr) ≥ 〈
(
r2 + βkσ(r)

)
u, u〉L2(R+;rdr) ≥ Cβ

1/2
k ‖u‖

2
L2(R+;rdr).

By Cauchy-Schwarz inequality, we get the estimate in Lemma 2.3.2.

Lemma 2.3.3 (k > 0, ν2
k = 0). If ν2

k = 0, then there exists C > 0 such that for all k > 0,
α ≥ 1 and u ∈ C∞0 (R+),

‖Lku‖L2(R+;rdr) ≥ Cβ
1/2
k ‖u‖L2(R+;rdr),

where Lk is given in (2.3.2) and βk given in (2.3.1).

Proof. νk = 0 corresponds to λ = 0, where ImLk = βkσ(r) is positive. For u ∈ C∞0 (R+),
(2.3.8) is unchanged and

Re〈Lku, iu〉L2(R+;rdr) = 〈βkσ(r)u, u〉L2(R+;rdr). (2.3.10)

Adding (2.3.8) and (2.3.10) together, we get

Re〈Lku, (1 + i)u〉L2(R+;rdr) ≥ 〈
(
r2 + βkσ(r)

)
u, u〉L2(R+;rdr).

By (2.3.6) and Cauchy-Schwarz inequality, we get the estimate in Lemma 2.3.3.
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Lemma 2.3.4 (k > 0, ν2
k ≥ 1). If ν2

k ≥ 1, then there exists C > 0, such that for all k > 0,
α ≥ 1 and u ∈ C∞0 (R+),

‖Lku‖L2(R+;rdr) ≥ Cβ
1/2
k ‖u‖L2(R+;rdr),

where Lk is given in (2.3.2) and βk given in (2.3.1).

Proof. If ν2
k ≥ 1, ImLk = βk

(
σ(r)− ν2

k

)
is non-positive. For u ∈ C∞0 (R+),

Re〈Lku, u〉L2(R+;rdr) = 〈
(
∂∗r∂r + k2

r2 + r2)u, u〉L2(R+;rdr)

≥ 〈k
2

r2 u, u〉L2(R+;rdr), (2.3.11)

Re〈Lku,−iu〉L2(R+;rdr) = 〈βk
(
ν2
k − σ(r)

)
u, u〉L2(R+;rdr). (2.3.12)

Adding (2.3.11) and (2.3.12) together, we get

Re〈Lku, (1− i)u〉L2(R+;rdr) ≥ 〈
(k2

r2 + βk
(
ν2
k − σ(r)

))
u, u〉L2(R+;rdr).

Since ν2
k ≥ 1, using (2.3.7) and Cauchy-Schwarz inequality, we get Lemma 2.3.4.

2.3.3 Non-trivial cases: the imaginary part does change sign, study of
a model operator

We have reviewed the cases k < 0; k > 0, ν2
k = 0 and k > 0, ν2

k ≥ 1 in the previous
section. It remains to check the case (2.2.11), i.e.

k ≥ 1, ν2
k ∈ (0, 1). (2.3.13)

In this case, we denote
ν2
k = σ(rk) (2.3.14)

for some rk > 0. Then ImLk = βk
(
σ(r) − σ(rk)

)
changes sign at r = rk, so that the

multipliers Id, ±iId are not appropriate. We will define a multiplier adapted to this
change of sign situation and do some symbolic calculus to get a local estimate. Then
using a partition of unity we shall obtain a global estimate.

In order to provide some hints about the proof, we first study a simple model to explain
the multiplier method which we will use below. Define for γ ∈ R, t0 ∈ R,

Pγ := D2
t − iγ(t− t0) on L2(R; dt), (2.3.15)

with domain D(Pγ) = {u ∈ L2(R; dt); Pγu ∈ L2(R; dt)},

where we denote Dt = −i∂t. The operator Pγ is closed. Clearly Pγ possesses the same
features as Lk, with real part non-negative and imaginary part changing sign at one point.
We prove the following estimate.

Lemma 2.3.5. There exists C > 0 such that for all γ ∈ R and u ∈ C∞0 (R),

‖Pγu‖L2(R;dt) ≥ C|γ|2/3‖u‖L2(R;dt), (2.3.16)

where Pγ is defined in (2.3.15). Moreover, (2.3.16) is optimal.
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Remark 2.3.6. The result (2.3.16) is well-known, see e.g. [DSZ04, Thm.1.4]. But we
want to expose a robust energy method which can be adapted to our framework.

Proof. For u ∈ L2(R), we shall denote by û = Fu the Fourier transform of u

û(τ) = (Fu)(τ) = 1√
2π

∫
R
u(t)e−itτdt.

Assume γ > 0. First we have the equality

Re〈Pγu, u〉 = 〈D2
t u, u〉. (2.3.17)

Choose a decreasing function ψ0 ∈ C∞(R; [0, 1]) such that

ψ0|(−∞,−2] = 1, ψ0|[2,∞) = 0, ψ′0|[−1,1] ≤ −
1
10 . (2.3.18)

Then the Fourier multiplier ψ0(γ−1/3Dt) defined by

F
(
ψ(γ−1/3Dt)u

)
(τ) = ψ(γ−1/3τ)û(τ)

is a bounded and self-adjoint operator.
Now let us compute the quantity 2Re〈Pγu, ψ0(γ−1/3Dt)u〉L2(R;dt).

2Re〈D2
t u, ψ0(γ−1/3Dt)u〉L2(R;dt) = 2Re〈τ2û, ψ0(γ−1/3τ)û〉L2(R;dτ)

= 2
∫
R
τ2ψ0(γ−1/3τ)|û(τ)|2dτ ≥ 0. (2.3.19)

Since −iγ(t− t0) is skew-adjoint and ψ0(γ−1/3Dt) is self-adjoint, we have

2Re〈−iγ(t− t0)u, ψ0(γ−1/3Dt)u〉L2(R;dt) = 〈
[
ψ0(γ−1/3Dt), iγ(t0 − t)

]
u, u〉L2(R;dt).

We can compute the commutator using Fourier transform and that iγ(t0 − t) is affine,[
ψ0(γ−1/3Dt), iγ(t0 − t)

]
= −γ2/3ψ′0(γ−1/3Dt),

so that we obtain

2Re〈−iγ(t− t0)u, ψ0(γ−1/3Dt)u〉L2(R;dt) = 〈−γ2/3ψ′0(γ−1/3Dt)u, u〉L2(R;dt). (2.3.20)

It follows from (2.3.17), (2.3.19) and (2.3.20) that

Re〈Pγu,
(
1 + 2ψ0(γ−1/3Dt)

)
u〉L2(R;dt) ≥ 〈

(
D2
t − γ2/3ψ′0(γ−1/3Dt)

)
u, u〉L2(R;dt)

= 〈
(
τ2 − γ2/3ψ′0(γ−1/3τ)

)
û, û〉L2(R;dτ).

We have for all τ ∈ R, τ2 − γ2/3ψ′0(γ−1/3τ) ≥ 1
10γ

2/3. Indeed,

if |τ | > γ1/3, τ2 − γ2/3ψ′0(γ−1/3τ) ≥ τ2 ≥ γ2/3,

if |τ | ≤ γ1/3, τ2 − γ2/3ψ′0(γ−1/3τ) ≥ −γ2/3ψ′0(γ−1/3τ) ≥ 1
10γ

2/3,

where the last inequality follows from the third condition in (2.3.18). Then

Re〈Pγu,
(
1 + 2ψ0(γ−1/3Dt)

)
u〉L2(R;dt) ≥ 〈

1
10γ

2/3û, û〉L2(R;dτ) = 1
10γ

2/3‖u‖2L2(R;dt).



2.4. Proof, second part: change of sign away from 0 45

Using the L2(R; dt)-boundedness of the Fourier multiplier ψ0(γ−1/3Dt) and Cauchy-Schwarz
inequality, we obtain

‖Pγu‖L2(R;dt) ≥
1
30γ

2/3‖u‖L2(R;dt).

Thus (2.3.16) holds for γ > 0. The proof for γ < 0 is essentially the same, we just replace
the function ψ0 by 1− ψ0.

Now let us prove the optimality of (2.3.16). Suppose γ > 0. For u ∈ C∞0 (R) such that
‖u‖L2(R;dt) = 1, we define

wγ(t) = γ1/6u
(
γ1/3(t− t0)

)
, t ∈ R.

Then wγ ∈ C∞0 (R), ‖wγ‖L2(R;dt) = 1.

(Pγwγ)(t) = γ1/6
(
− γ2/3u′′

(
γ1/3(t− t0)

)
− iγ(t− t0)u

(
γ1/3(t− t0)

))
= γ1/6γ2/3

(
− u′′

(
γ1/3(t− t0)

)
− iγ1/3(t− t0)u

(
γ1/3(t− t0)

))
= γ2/3γ1/6(P1u)

(
γ1/3(t− t0)

)
,

implying ‖Pγwγ‖L2(R;dt) = γ2/3‖P1u‖L2(R;dt). Since ‖P1u‖L2(R;dt) ≥ C‖u‖L2(R;dt), this
completes the proof of Lemma 2.3.5.

2.4 Proof, second part: change of sign away from 0
Recall (2.3.13), (2.3.14) i.e. we are in the case k > 0, 0 < ν2

k < 1 and

Lk = −∂2
r −

1
r
∂r + k2

r2 + r2 + iβk
(
σ(r)− σ(rk)

)
. (2.4.1)

The operator Lk is much more complicated than Pγ defined in (2.3.15), and furthermore
it acts on a weighted space L2(R+; rdr). We shall also study another model operator Lk
on L2(R; dt), closely related to Lk.

Definition 2.4.1. For k ≥ 1, let Lk be the operator on L2(R; dt)

Lk := D2
t + k2

t2
+ t2 + iβk

(
σ(t)− σ(rk)

)
, (2.4.2)

where Dt = −i∂t, σ(t) is given by (2.2.2) and for t ≤ 0 we define σ(t) = σ(−t). The
operator Lk can be written as Lk = ReLk + iImLk, where ImLk = βk

(
σ(t) − σ(rk)

)
changes sign at t = rk, and ReLk = D2

t + k2

t2 + t2 ≥ 0. Moreover we have the following
equality

Re〈Lku, u〉L2(R;dt) = 〈
(
D2
t + k2

t2
+ t2

)
u, u〉L2(R;dt). (2.4.3)

We will use essentially the same multiplier as in Lemma 2.3.5 and do symbolic calculus
to give local estimates for Lk. Then we can get local estimates for Lk by controlling the
error terms, and finally obtain a global result by using a partition of unity.

Suppose that 0 < ε0 < 1 and µ ≥ 1 are constants to be chosen below. We discuss the
following four cases according to the different behaviors of σ (see Figure 2.2):

rk > ε−1
0 , rk ∈ [ε0, ε−1

0 ], µβ
−1/4
k ≤ rk < ε0 and rk < µβ

−1/4
k .

For each of the first three cases, we start with studying the operator Lk given in (2.4.2)
on L2(R; dt) and then we proceed with Lk given in (2.4.1) on L2(R+; rdr).
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Case 4 Case 3 Case 2 Case 1
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Figure 2.2: The 4 Cases.

2.4.1 Case 1: crossing near infinity

We first consider the case when rk is large, where rk is given in (2.3.14). In order to
use the asymptotic properties (2.3.4) of σ at infinity, we make some assumptions about
ε0:

ε20 < c1, ε0 ≤ (4R1)−1, (2.4.4)

where c1, R1 are given in (2.3.4). Then according to (2.3.4),

∀ r > 1
4ε
−1
0 , c0r

−2 ≤ σ(r) ≤ r−2.

We assume also ε0 small enough to ensure

∀r > 1
4ε
−1
0 , −c4r

−3 ≤ σ′(r) ≤ −c3r
−3, (2.4.5)

for some 0 < c3 < c4. We will prove the following estimate.

Theorem 2.4.2. Suppose rk > ε−1
0 , where rk is given in (2.3.14). Then there exist

constants C > 0, α1 ≥ 1 such that for any k ≥ 1, α ≥ α1, u ∈ C∞0 (R+),

‖Lku‖L2(R+;rdr) ≥ Cβ
1/3
k ‖u‖L2(R+;rdr),

where Lk is given in (2.4.1) and βk given in (2.3.1).

Estimates in L2(R; dt)

Proposition 2.4.3. Suppose rk > ε−1
0 , where rk is given in (2.3.14). Then there exists

C > 0 such that for any k ≥ 1, α ≥ 1, u ∈ C∞0 ([3
4rk,

5
4rk]),

‖Lku‖L2(R;dt) ≥ C(β2/3
k r−2

k + k2r−2
k + r2

k)‖u‖L2(R;dt),

where Lk is given in (2.4.2) and βk given in (2.3.1).
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We prove Proposition 2.4.3 by a series of lemmas. Let us start with a definition.

Definition 2.4.4 (Cutoff functions). We choose two non-negative smooth functions ϕ1
and ϕ2, both with values in [0, 1], such that ϕ1 is supported in [1

4 ,
7
4 ] and has value 1 on

[1
2 ,

3
2 ], ϕ2 is supported in [1

2 ,
3
2 ] and has value 1 on [3

4 ,
5
4 ]. See Figure 2.3.

If u has support included in [3
4rk,

5
4rk], then u(t) = ϕ1

(
t
rk

)
u(t) = ϕ2

(
t
rk

)
u(t).

j1

j2

0
1

4

1

2

3

4
1

5

4

3

2

7

4

0

1

Figure 2.3: Cutoff functions ϕ1 and ϕ2.

Definition 2.4.5 (Admissible metric). We define a metric on the phase space Rt × Rτ :

g := gk,(t,τ) = dt2

r2
k

+ dτ2

β
2/3
k r−2

k + τ2
.

The quantity λg defined by (2.6.4) for the metric g is

λg = rk(β
2/3
k r−2

k + τ2)1/2 ≥ β1/3
k ≥ α1/3 ≥ 1. (2.4.6)

The metric g is of the type studied in Lemma 2.6.1, so that g is admissible and the structure
constants C0, C̃0, Ñ0 in (2.6.2) for g are all independent of k, although g depends on k
itself.

Definition of the multiplier

b(τ) := ψ2(β−1/3
k rkτ), τ ∈ R, (2.4.7)

b̃(τ) := ψ(β−1/3
k rkτ), τ ∈ R, (2.4.8)

where ψ ∈ C∞(R; [0, 1]) is decreasing and satisfies the following conditions

ψ|(−∞,−2] = 1, ψ|[2,∞) = 0, (ψψ′)|[−1,1] ≤ −
1
20 . (2.4.9)

See Figure 2.4. Note that suppψ(l) ⊂ [−2, 2] for any l ≥ 1.
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-2 -1 0 1 2
t

1

Figure 2.4: The function ψ.

Lemma 2.4.6. The symbols b defined in (2.4.7) and b̃ defined in (2.4.8) belong to S(1, g),
where g is given in Definition 2.4.5. Moreover, the semi-norms of b, b̃ are independent of
k.

Proof of Lemma 2.4.6. Observe that |b(τ)| ≤ 1 and

b(l)(τ) = (β−1/3
k rk)l(ψ2)(l)(β−1/3

k rkτ), for l ≥ 1.

If |τ | ≤ 2β1/3
k r−1

k , then |b(l)(τ)| ≤ Cl(β
−1/3
k rk)l ≤ Cl5l/2(β2/3

k r−2
k + τ2)−l/2, where Cl =

‖(ψ2)(l)‖L∞ . If |τ | > 2β1/3
k r−1

k , then b(l)(τ) = 0. This implies that b belongs to S(1, g) and
moreover, the semi-norms of b do not depend on k. Using the same computation we get
that b̃ is also in S(1, g), with semi-norms independent of k.

Remark 2.4.7. As a consequence of Lemma 2.4.6, the Weyl quantizations bw and b̃w

are bounded, self-adjoint operators on L2(R; dt) with operator norm independent of k
(see Appendix 2.6.1). As a matter of fact, bw = b(Dt) and b̃w = b̃(Dt) are bounded,
non-negative Fourier multiplier. Moreover, we have bw = (b̃w)2.

Now let us compute 2Re〈Lku, bwu〉L2(R;dt): for u ∈ C∞0 ([3
4rk,

5
4rk]),

2Re〈Lku, bwu〉L2(R;dt) = 2Re〈
(
D2
t + k2

t2
+ t2

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

A

+ 2Re〈iβk
(
σ(t)− σ(rk)

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

B

. (2.4.10)

Estimate for the term B

Lemma 2.4.8. The symbol iβk
(
σ(t)− σ(rk)

)
ϕ1
(
t
rk

)
belongs to S(βkr−2

k , g) and its semi-
norms are independent of k, where g is given in Definition 2.4.5.
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Proof of Lemma 2.4.8. It suffices to prove ∀n ≥ 0, ∃c′n > 0, ∀k ≥ 1, ∀t ∈ R,∣∣∣ dn
dtn

(
iβk
(
σ(t)− σ(rk)

)
ϕ1
( t
rk

))∣∣∣ ≤ c′nβkr−n−2
k . (2.4.11)

The function is supported in [1
4rk,

7
4rk] ⊂ [1

4ε
−1
0 ,∞), since we are in the case rk > ε−1

0 . By
the hypothesis ε0 < (4R1)−1 in (2.4.4), we have

∣∣iβk(σ(t)− σ(rk)
)
ϕ1
( t
rk

)∣∣ ≤ βk(t−2 + r−2
k ) ≤ 17βkr−2

k .

We get by induction on n that for n ≥ 1,

σ(n)(t) = (−1)nt−n−2((n+ 1)!− pn(t)e−t2
)
,

where pn(t) is a polynomial of degree 2n. So there exist c′′n > 0 such that for all t > 0,
|σ(n)(t)| ≤ c′′nt−n−2. Then∣∣∣ dn

dtn

((
σ(t)− σ(rk)

)
ϕ1
( t
rk

))∣∣∣ ≤ ∑
1≤m≤n

cm|σ(m)(t)|
∣∣ϕ(n−m)

1
( t
rk

)∣∣rm−nk

+ |σ(t)− σ(rk)|
∣∣ϕ(n)

1
( t
rk

)∣∣r−nk
≤ Cr−2−n

k ,

which implies (2.4.11) and completes the proof of Lemma 2.4.8.

For u ∈ C∞0 ([3
4rk,

5
4rk]), we write the term B as

B = 2Re〈iβk
(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)
u, bwu〉L2(R;dt),

where ϕ1 is defined in Definition 2.4.4. Since iβk
(
σ(t)− σ(rk)

)
ϕ1
(
t
rk

)
is skew-adjoint and

bw is self-adjoint, we have

B = 〈
[
bw, iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)]
u, u〉L2(R;dt).

By Weyl’s calculus, since b ∈ S(1, g) and iβk
(
σ(t) − σ(rk)

)
ϕ1
(
t
rk

)
∈ S(βkr−2

k , g), we get
that [

bw, iβk
(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)]
= bw1 + dw, (2.4.12)

where b1 is the Poisson bracket of these two symbols

b1(t, τ) = 1
i

{
b(τ), iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)}
∈ S(βkr−2

k λ−1
g , g),

and d is the remainder belonging to S(βkr−2
k λ−3

g , g) with λg given in (2.4.6), see Appendix
2.6.1, (2.6.12).

We can compute b1 directly:

b1(t, τ) = β
2/3
k r−2

k (2ψψ′)(β−1/3
k rkτ)

·
(
σ′(t)ϕ1

( t
rk

)
r3
k +

(
σ(t)− σ(rk)

)
ϕ′1
( t
rk

)
r2
k

)
. (2.4.13)

The symbol b1 has the following properties.
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Lemma 2.4.9 (Properties of b1). The symbol b1 given in (2.4.13) has support included in
the set {

(t, τ) ∈ R2; |τ | ≤ 2β1/3
k r−1

k , t ∈ [14rk,
7
4rk]

}
.

There exist c5, c6 > 0 independent of k, such that

|τ | ≤ β1/3
k r−1

k , t ∈ [12rk,
3
2rk] =⇒ b1(t, τ) ≥ c5β

2/3
k r−2

k ;

∀τ ∈ R, t ∈ R, |b1(t, τ)| ≤ c6β
2/3
k r−2

k .

Proof of Lemma 2.4.9. The first property is a direct consequence of the choices of ψ and
ϕ1. If |τ | ≤ β1/3

k r−1
k and t ∈ [1

2rk,
3
2rk], by the properties of ψ and ϕ1, we get

(2ψψ′)(β−1/3
k rkτ) ≤ − 1

10 , ϕ′1( t
rk

) = 0, ϕ1( t
rk

) = 1,

σ′(t)r3
k ≤ −c3t

−3r3
k ≤ −

(2
3
)3
c3,

where the last inequality follows from (2.4.5) and the fact that 3
2rk ≥ t ≥

1
2rk ≥

1
4ε
−1
0 . As

a result, we get

b1(t, τ) ≥ c5β
2/3
k r−2

k for |τ | ≤ β1/3
k r−1

k and t ∈ [12rk,
3
2rk],

with c5 = 1
10(2

3)3c3. It follows also from (2.3.4) and (2.4.5) that for all t ∈ [1
4rk,

7
4rk],∣∣σ′(t)ϕ1

( t
rk

)
r3
k +

(
σ(t)− σ(rk)

)
ϕ′1
( t
rk

)
r2
k

∣∣ ≤ 16c4 + 17‖ϕ′1‖L∞ ,

which implies that

∀τ ∈ R, ∀t ∈ R, |b1(t, τ)| ≤ ‖2ψψ′‖L∞
(
16c4 + 17‖ϕ′1‖L∞

)
β

2/3
k r−2

k ,

completing the proof.

Estimate for dw. Recall that d is given in (2.4.12). We deduce from Lemma 2.4.6 and
Lemma 2.4.8 that the semi-norms of d in S(βkr−2

k λ−3
g , g) are independent of k, with λg

given in (2.4.6). Since λg ≥ β
1/3
k , the class S(βkr−2

k λ−3
g , g) is included in S(r−2

k , g). This
implies that r2

kd
w is a bounded operator on L2(R; dt), and its operator norm is bounded

by a semi-norm of d in S(r−2
k , g) (see Appendix 2.6.1), so also bounded by a semi-norm of

d in S(βkr−2
k λ−3

g , g). We get that

|〈r2
kd
wu, u〉L2(R;dt)| ≤ ‖r2

kd
wu‖L2(R;dt)‖u‖L2(R;dt) ≤ C1‖u‖2L2(R;dt),

where C1 > 0 is a constant independent of k 1. Consequently, we get the estimate for the
term B which is defined in (2.4.10): for u ∈ C∞0 ([3

4rk,
5
4rk]),

B ≥ 〈bw1 u, u〉L2(R;dt) − C1r
−2
k ‖u‖

2
L2(R;dt). (2.4.14)

1. Here we replace the S(r−2
k , g) semi-norm of d appearing in the operator norm of r2

kd
w by a

S(βkr−2
k λ−3

g , g) semi-norm and the latter is independent of k. We will use this kind of point of view
several times.
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Proposition 2.4.10 (Estimate for the term A). There exist positive constants C2 and C3
such that for all k ≥ 1, α ≥ 1 and u ∈ C∞0 ([3

4rk,
5
4rk]),

A ≥ −C2k
2r−2
k β

−2/3
k ‖u‖2L2(R;dt) − C3r

2
kβ
−2/3
k ‖u‖2L2(R;dt), (2.4.15)

where A is given in (2.4.10) and βk given in (2.3.1).

Proof of Proposition 2.4.10. We divide the term A into two parts

A = 2Re〈D2
t u, b

wu〉L2(R;dt)︸ ︷︷ ︸
A1

+ 2Re〈
(k2

t2
+ t2

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

A2

.

A1 is non-negative, since bw is a non-negative Fourier multiplier,

A1 = 2Re
∫
R
D2
t u · b(Dt)udt = 2Re

∫
|τ |2b(τ) · |û(τ)|2dτ ≥ 0. (2.4.16)

For A2, using u(t) = ϕ1( t
rk

)u(t), we have

A2 = 2Re〈
(k2

t2
+ t2

)
ϕ1
( t
rk

)
u, bwu〉L2(R;dt)

= 〈
((k2

t2
+ t2

)
ϕ1
( t
rk

)
bw + bw

(k2

t2
+ t2

)
ϕ1
( t
rk

))
u, u〉L2(R;dt).

Since bw = (b̃2)w = (b̃w)2, where b̃ is given in (2.4.8) (see Remark 2.4.7), we have

(k2

t2
+ t2

)
ϕ1
( t
rk

)
bw =

(k2

r2 + t2
)
ϕ1
( t
rk

)
b̃w b̃w

=
[(k2

t2
+ t2

)
ϕ1
( t
rk

)
, b̃w

]
b̃w + b̃w

(k2

t2
+ t2

)
ϕ1
( t
rk

)
b̃w,

bw
(k2

t2
+ t2

)
ϕ1
( t
rk

)
= b̃w b̃w

(k2

t2
+ t2

)
ϕ1
( t
rk

)
= −b̃w

[(k2

t2
+ t2

)
ϕ1
( t
rk

)
, b̃w

]
+ b̃w

(k2

t2
+ t2

)
ϕ1
( t
rk

)
b̃w,

by adding these two terms together, we obtain[[(k2

t2
+ t2

)
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
+ 2b̃w

(k2

t2
+ t2

)
ϕ1
( t
rk

)
b̃w,

so that A2 can be written as

A2 = 〈
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
u, u〉L2(R;dt)︸ ︷︷ ︸

A21

+ 〈
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
u, u〉L2(R;dt)︸ ︷︷ ︸

A22

+ 2〈b̃w
(k2

t2
+ t2

)
ϕ1
( t
rk

)
b̃wu, u〉L2(R;dt)︸ ︷︷ ︸

A23

.

Estimate for A23.

A23 = 2
∫
R

(k2

t2
+ t2

)
ϕ1
( t
rk

)
|b̃wu|2dt ≥ 0. (2.4.17)
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Estimate for A21. By Lemma 2.6.2, the symbol k2

t2 ϕ1( t
rk

) is in S(k2r−2
k , g) with semi-

norms independent of k. By Lemma 2.4.6, the symbol b̃ is in S(1, g) with semi-norms
independent of k, then

Symbol
[k2

t2
ϕ1
( t
rk

)
, b̃w

]
∈ S(k2r−2

k λ−1
g , g),

Symbol
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
∈ S(k2r−2

k λ−2
g , g),

where λg is given in (2.4.6), and moreover, the semi-norms of these two symbols are
independent of k. Since by (2.4.6) λg ≥ β1/3

k , we have S(k2r−2
k λ−2

g , g) ⊂ S(k2r−2
k β

−2/3
k , g),

implying that

‖
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
u‖L2(R;dt) ≤ C2k

2r−2
k β

−2/3
k ‖u‖L2(R;dt),

where C2 is a constant independent of k. Then

|A21| ≤ C2k
2r−2
k β

−2/3
k ‖u‖2L2(R;dt). (2.4.18)

Estimate for A22. By Lemma 2.6.2, the symbol t2ϕ1( t
rk

) is in S(r2
k, g) with semi-norms

independent of k. The symbol b̃ is in S(1, g), then

Symbol
[
t2ϕ1

( t
rk

)
, b̃w

]
∈ S(r2

kλ
−1
g , g),

Symbol
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
∈ S(r2

kλ
−2
g , g),

and moreover, the semi-norms of the two symbols above are independent of k. Since
λg ≥ β1/3

k , we have S(r2
kλ
−2
g , g) ⊂ S(r2

kβ
−2/3
k , g), implying that

‖
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
u‖L2(R;dt) ≤ C3r

2
kβ
−2/3
k ‖u‖L2(R;dt),

where C3 > 0 is a constant independent of k. Hence

|A22| ≤ C3r
2
kβ
−2/3
k ‖u‖2L2(R;dt). (2.4.19)

The estimate (2.4.15) follows immediately from (2.4.16), (2.4.17), (2.4.18) and (2.4.19).

Estimates for Re〈Lku, (4M + 2bw)u〉L2(R;dt)

From (2.4.10), (2.4.14) and (2.4.15), we obtain

2Re〈Lku, bwu〉L2(R;dt) ≥ 〈bw1 u, u〉L2(R;dt) − C1r
−2
k ‖u‖

2
L2(R;dt)

− C2k
2r−2
k β

−2/3
k ‖u‖2L2(R;dt) − C3r

2
kβ
−2/3
k ‖u‖2L2(R;dt). (2.4.20)

On the other hand, (2.4.3) gives the following inequality for u supported in [3
4rk,

5
4rk]

Re〈Lku, u〉L2(R;dt) ≥ 〈D2
t u, u〉L2(R;dt) + 1

4
(
k2r−2

k + r2
k

)
‖u‖2L2(R;dt). (2.4.21)
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Multiplying (2.4.21) by 4M , where M = max{C1 + C2, C3} + 1, and adding (2.4.20), we
get

Re〈Lku, (4M + 2bw)u〉L2(R;dt) ≥ 〈
(
4MD2

t + bw1
)
u, u〉L2(R;dt)︸ ︷︷ ︸

I

+
(
Mk2r−2

k +Mr2
k − C1r

−2
k − C2k

2r−2
k β

−2/3
k − C3r

2
kβ
−2/3
k

)︸ ︷︷ ︸
≥k2r−2

k
+r2

k
, since βk ≥ α ≥ 1

‖u‖2L2(R;dt). (2.4.22)

Estimate for I. Since u ∈ C∞0 ([3
4rk,

5
4rk]), we have

I = 〈
(
4MD2

t + bw1 + 2c6β
2/3
k r−2

k

(
1− ϕ2( t

rk
)
))
u, u〉L2(R;dt),

where ϕ2 is given in Definition 2.4.4 and c6 is given in Lemma 2.4.9. Remark that by
Lemma 2.4.9, the function b1(t, τ) + 2c6β

2/3
k r−2

k

(
1 − ϕ2( t

rk
)
)
is always non-negative and

for all t ∈ R, |τ | ≤ β1/3
k r−1

k ,

b1(t, τ) + 2c6β
2/3
k r−2

k

(
1− ϕ2( t

rk
)
)
≥ min(c5, c6)β2/3

k r−2
k .

Let us denote
a(t, τ) := 4Mτ2 + b1(t, τ) + 2c6β

2/3
k r−2

k

(
1− ϕ2( t

rk
)
)
. (2.4.23)

We prove an estimate for 〈awu, u〉L2(R;dt), which is equal to I for u ∈ C∞0 ([3
4rk,

5
4rk]).

Lemma 2.4.11. There exist constants C4 > 0, C ′4 > 0 such that for all k ≥ 1, α ≥ 1 and
u ∈ L2(R; dt),

〈awu, u〉L2(R;dt) ≥
(
C4β

2/3
k r−2

k − C
′
4r
−2
k

)
‖u‖2L2(R;dt).

Proof. First we prove that the symbol a belongs to S(r−2
k λ2

g, g), where g is given in Def-
inition 2.4.5 and λg given in (2.4.6). Recall that λ2

g = β
2/3
k + r2

kτ
2 ≥ β

2/3
k . We check the

three terms in the right hand side of (2.4.23) separately.
b1 ∈ S(βkr−2

k λ−1
g , g) ⊂ S(r−2

k λ2
g, g).

2c4β
2/3
k r−2

k

(
1− ϕ2( t

rk
)
)
∈ S(β2/3

k r−2
k , g) ⊂ S(r−2

k λ2
g, g), since ϕ2( t

rk
) ∈ S(1, g).

τ2 ∈ S(r−2
k λ2

g, g): we have τ2 ≤ β2/3
k r−2

k + τ2 = r−2
k λ2

g and we need to check if

|τ | ≤ Cr−2
k λ2

g(β
2/3
k r−2

k + τ2)−1/2,

1 ≤ Cr−2
k λ2

g(β
2/3
k r−2

k + τ2)−1.

These inequalities hold with C = 1 due to the expression of λg. Hence a ∈ S(r−2
k λ2

g, g).
Since the semi-norms of b1 in S(βkr−2

k λ−1
g , g), those of ϕ2( t

rk
) in S(1, g) and those of

τ2 in S(r−2
k λ2

g, g) are all bounded from above independently of k, we deduce that each
semi-norm of a in S(r−2

k λ2
g, g) can be bounded above independently of k.

There exists C > 0 such that a(t, τ) ≥ Cβ2/3
k r−2

k for all t and τ . Indeed,

if |τ | ≤ β1/3
k r−1

k , a(t, τ) ≥ b1(t, τ) + 2c6β
2/3
k r−2

k

(
1− ϕ2( t

rk
)
)

≥ min(c5, c6)β2/3
k r−2

k ,

if |τ | > β
1/3
k r−1

k , a(t, τ) ≥ 4Mτ2 ≥ 4Mβ
2/3
k r−2

k .
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It follows from Fefferman-Phong inequality that the operator aw satisfies

aw ≥ Cβ2/3
k r−2

k − C
′r−2
k ,

where C ′ > 0 depends on a semi-norm of a in S(r−2
k λ2

g, g) (see Proposition 2.6.3) so that
we can assume C ′ independent of k. The proof of Lemma 2.4.11 is completed.

Final estimate. By Lemma 2.4.11, now (2.4.22) becomes

Re〈Lku, (4M + 2bw)u〉L2(R;dt) ≥〈awu, u〉L2(R;dt) + (k2r−2
k + r2

k)‖u‖2L2(R;dt)

≥(C4β
2/3
k r−2

k − C
′
4r
−2
k + k2r−2

k + r2
k)‖u‖2L2(R;dt).

Then with (2.4.21), we have

Re〈Lku, (4M + 4C ′4 + 2bw)u〉L2(R;dt) ≥ (C4β
2/3
k r−2

k + k2r−2
k + r2

k)‖u‖2L2(R;dt).

Since the operator 4M + 4C ′4 + 2bw is bounded on L2(R; dt), with operator norm indepen-
dent of k, we deduce from Cauchy-Schwarz inequality that for u ∈ C∞0 ([3

4rk,
5
4rk])

‖Lku‖L2(R;dt) ≥ C5(β2/3
k r−2

k + k2r−2
k + r2

k)‖u‖L2(R;dt), (2.4.24)

where C5 > 0 is a constant independent of k. In particular, since β2/3
k r−2

k + r2
k ≥ 2β1/3

k ,
we have

‖Lku‖L2(R;dt) ≥ 2C5β
1/3
k ‖u‖L2(R;dt). (2.4.25)

This ends the proof of Proposition 2.4.3.

Estimates in L2(R+; rdr)

We prove estimates in L2(R+; rdr) for the operator Lk which is defined in (2.4.1). First
we have the local result.

Proposition 2.4.12 (Local estimate for Lk). Suppose rk > ε−1
0 . There exist C6 > 0,

α̃1 ≥ 1 such that for all k ≥ 1, α ≥ α̃1, u ∈ C∞0 ([3
4rk,

5
4rk]),

‖Lku‖L2(R+;rdr) ≥ C6(β2/3
k r−2

k + k2r−2
k + r2

k)‖u‖L2(R+;rdr), (2.4.26)

where βk is given in (2.3.1).

Proof. The first order term. For u ∈ C∞0 ([3
4rk,

5
4rk]), the term ‖ itDtu‖L2(R;dt) can be

controlled by the L2(R; dt)-norm of Lku. Indeed,

‖Lku‖2L2(R;dt) ≥ 2C5β
1/3
k ‖Lku‖L2(R;dt)‖u‖L2(R;dt) by Proposition 2.4.3, (2.4.25)

≥ 2C5β
1/3
k Re〈Lku, u〉L2(R;dt)

≥ 2C5β
1/3
k ‖Dtu‖2L2(R;dt) by (2.4.3),

so that

‖ i
t
Dtu‖L2(R;dt) ≤

4
3rk
‖Dtu‖L2(R;dt) ≤

4
3(2C5)−1/2β

−1/6
k r−1

k ‖Lku‖L2(R;dt).
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We choose α̃1 ≥ 1 such that 4
3(2C5)−1/2α̃

−1/6
1 ≤ 1/2, then for all α ≥ α̃1 and k ≥ 1, we

have 4
3(2C5)−1/2β

−1/6
k ≤ 1/2; since r−1

k ≤ ε0 ≤ 1, we get an estimate in L2(R; dt):

‖Lku‖L2(R;dt) ≥ ‖Lku‖L2(R;dt) − ‖
1
t
Dtu‖L2(R;dt)

≥ 1
2‖Lku‖L2(R;dt) ≥

C5
2 (β2/3

k r−2
k + k2r−2

k + r2
k)‖u‖L2(R;dt).

The measure rdr. If u is supported in the interval [3
4rk,

5
4rk], then

3
4rk‖u‖

2
L2(R;dt) ≤ ‖u‖

2
L2(R+;rdr) ≤

5
4rk‖u‖

2
L2(R;dt).

Since Lku also has support in [3
4rk,

5
4rk], we have

‖Lku‖L2(R+;rdr) ≥
(3
4rk

)1/2‖Lku‖L2(R;dt)

≥
(3
4rk

)1/2C5
2 (β2/3

k r−2
k + k2r−2

k + r2
k)‖u‖L2(R;dt)

≥
(3
5
)1/2C5

2 (β2/3
k r−2

k + k2r−2
k + r2

k)‖u‖L2(R+;rdr).

Hence we obtain the estimate (2.4.26) with C6 =
(3

5
)1/2C5

2 . In particular, we have

‖Lku‖L2(R+;rdr) ≥ 2C6β
1/3
k ‖u‖L2(R+;rdr).

We now prove Theorem 2.4.2, i.e. the global estimate for Lk.

Proof of Theorem 2.4.2. We choose a partition of unity on the whole real line:

θ0(s)2 + θ1(s)2 + θ−1(s)2 ≡ 1, s ∈ R, (2.4.27)

where θj are smooth functions and satisfy the following support conditions

suppθ0 ⊂ [−1
4 ,

1
4], suppθ1 ⊂ [18 ,∞), suppθ−1 ⊂ (−∞,−1

8].

Define for j = 0, 1,−1, k ≥ 1,

χj,k(r) := θj
(r − rk

rk

)
. (2.4.28)

Then {χj,k, j = −1, 0, 1} is a partition of unity, see Figure 2.5.

Estimates for Lkχj,ku.

• For Lkχ0,ku: the support of χ0,k is included in [3
4rk,

5
4rk]. Assuming α ≥ α̃1, we can

apply the result (2.4.26) in Proposition 2.4.12,

‖Lkχ0,ku‖L2(R+;rdr) ≥ 2C6β
1/3
k ‖χ0,ku‖L2(R+;rdr).

• For Lkχ1,ku: the support of χ1,k is included in {r ≥ 9
8rk}. Since we have assumed

ε0 ≤ (4R1)−1 in (2.4.4), by (2.3.4) and the monotonicity of σ, we have for r ≥ 9
8rk,

σ(r)− σ(rk) ≤ σ(9
8rk)− σ(rk) ≤ (9

8rk)
−2 − c0r

−2
k = −

(
c0 − (8

9)2)︸ ︷︷ ︸
>0 by (2.3.3)

r−2
k .
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Figure 2.5: Partitions of unity.

We apply the multipliers Id and −iId,

Re〈Lkχ1,ku,−iχ1,ku〉L2(R+;rdr) = 〈βk
(
σ(rk)− σ(r)

)
χ1,ku, χ1,ku〉L2(R+;rdr)

≥
(
c0 − (8

9)2)βkr−2
k ‖χ1,ku‖2L2(R+;rdr),

Re〈Lkχ1,ku, χ1,ku〉L2(R+;rdr) ≥ 〈r2χ1,ku, χ1,ku〉L2(R+;rdr)

≥ r2
k‖χ1,ku‖2L2(R+;rdr),

this implies that

Re〈Lkχ1,ku, (1− i)χ1,ku〉L2(R+;rdr) ≥
((
c0 − (8

9)2)βkr−2
k + r2

k

)
‖χ1,ku‖2L2(R+;rdr)

≥ 2
√
c0 − (8

9)2β
1/2
k ‖χ1,ku‖2L2(R+;rdr).
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Then by Cauchy-Schwarz inequality, we get

‖Lkχ1,ku‖L2(R+;rdr) ≥
√
c0 − (8

9)2β
1/2
k ‖χ1,ku‖L2(R+;rdr).

• For Lkχ−1,ku: the support of χ−1,k is included in {r ≤ 7
8rk}. For r ≤

7
8rk, σ(rk) ≤ σ(8

7r).
Using the multipliers iId and Id, we get

Re〈Lkχ−1,ku, χ−1u〉L2(R+;rdr) ≥ 〈r2χ−1,ku, χ−1,ku〉L2(R+;rdr),

Re〈Lkχ−1,ku, iχ−1,ku〉L2(R+;rdr) = 〈βk
(
σ(r)− σ(rk)

)
χ−1,ku, χ−1,ku〉L2(R+;rdr).

We have r2 + βk
(
σ(r)− σ(rk)

)
≥ cβ1/2

k for all r ≤ 7
8rk. Indeed, by (2.3.4),

if r ≤ R1, r2 + βk
(
σ(r)− σ(rk)

)
≥ βk(c1 − r−2

k )
≥ (c1 − ε20)βk, since rk ≥ ε−1

0

if r > R1, r2 + βk
(
σ(r)− σ(rk)

)
≥ r2 + βk

(
σ(r)− σ(8

7r)
)

≥ r2 + βk
(
c0r
−2 − (8

7r)
−2)

≥ 2
√
c0 − (7

8)2β
1/2
k , since c0 > (8

9)2 > (7
8)2.

Since we have supposed in (2.4.4) that ε20 < c1, the desired inequality holds with c =
min(c1 − ε20, 2

√
c0 − (7/8)2). Thus by Cauchy-Schwarz inequality we get the estimate

‖Lkχ−1,ku‖L2(R+;rdr) ≥
c

2β
1/2
k ‖χ−1,ku‖L2(R+;rdr).

• We have proved for some C7 > 0, for j = 0, 1,−1, k ≥ 1, u ∈ C∞0 (R+),

‖Lkχj,ku‖L2(R+;rdr) ≥ C7β
1/3
k ‖χj,ku‖L2(R+;rdr). (2.4.29)

Lemma 2.4.13 (Localization formula). Take the finite partition of unity {χj , j = −1, 0, 1}
on R+, where χj ∈ C∞(R+;R), such that

1∑
j=−1

χj(r)2 = 1, for all r ∈ R+,

and

m2
1 := sup

r

1∑
j=−1

|χ′j(r)|2 <∞, m2
2 := sup

r

1∑
j=−1

|χ′′j (r)|2 + |1
r
χ′j(r)|2 <∞. (2.4.30)

Then the estimate

3‖Lku‖2L2(R+;rdr) +
(
3m2

2 + 16m4
1
)
‖u‖2L2(R+;rdr) ≥

1∑
j=−1

‖Lkχju‖2L2(R+;rdr), (2.4.31)

holds for u ∈ C∞0 (R+), where Lk is the operator given in (2.4.1).
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Proof. First recall (2.2.7) that the adjoint of ∂r in L2(R+; rdr) is given by ∂∗r = −∂r − 1
r

and remark that the adjoint of Lk in L2(R+; rdr) is given by

L∗k = ∂∗r∂r + k2

r2 + r2 − i
(
αkσ(r)− λ

)
.

For any real-valued smooth function χ,

L∗kχ2Lk = L∗kχLkχ+ L∗kχ[χ,Lk]
= χL∗kLkχ+ [L∗k, χ]Lkχ+ L∗kχ[χ,Lk]
= χL∗kLkχ+ [L∗k, χ]χLk + L∗kχ[χ,Lk] + [L∗k, χ][Lk, χ].

We define the operator

Rχ := [Lk, χ] = [∂∗r∂r, χ] = [L∗k, χ]. (2.4.32)

We see that Rχ is skew-adjoint and can be computed in the following way

Rχ = [∂∗r∂r, χ] = −[∂2
r , χ]− [1

r
∂r, χ] = −χ′′ − 2χ′∂r −

1
r
χ′

= χ′′ − 2∂rχ′ −
1
r
χ′,

which implies

L∗kχ2Lk = χL∗kLkχ+ [L∗k, χ]χLk + L∗kχ[χ,Lk] + [L∗k, χ][Lk, χ]

= χL∗kLkχ+
(
χ′′ − 2∂rχ′ −

1
r
χ′
)
χLk + L∗kχ

(
χ′′ + 2χ′∂r + 1

r
χ′
)
−R∗χRχ

= χL∗kLkχ− ∂r(χ2)′Lk + χ′′χLk −
1
2r (χ2)′Lk

+ L∗kχχ′′ + L∗k(χ2)′∂r + L∗k
1
2r (χ2)′ −R∗χRχ.

We now apply this identity with χ = χj and sum over j, then in view of the equality of
the partition of unity, the left-hand side reduces to L∗kLk, and the second, fourth, sixth
and seventh terms in the right-hand side vanish, so that

L∗kLk =
1∑

j=−1
χjL∗kLkχj +

1∑
j=−1

(
χ′′jχjLk + L∗kχjχ′′j

)
−

1∑
j=−1

R∗χjRχj .
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Thus for any u ∈ C∞0 (R+), we have

‖Lku‖2L2(R+;rdr) =
1∑

j=−1
〈χjL∗kLkχju, u〉L2(R+;rdr)

+
1∑

j=−1
〈
(
χ′′jχjLk + L∗kχjχ′′j

)
u, u〉L2(R+;rdr) −

1∑
j=−1
〈R∗χjRχju, u〉L2(R+;rdr)

=
1∑

j=−1
‖Lkχju‖2L2(R+;rdr) +

1∑
j=−1

2Re〈χjLku, χ′′ju〉L2(R+;rdr)

−
1∑

j=−1
‖Rχju‖2L2(R+;rdr)

≥
1∑

j=−1
‖Lkχju‖2L2(R+;rdr) −

1∑
j=−1

(
‖χjLku‖2L2(R+;rdr) + ‖χ′′ju‖2L2(R+;rdr)

)

−
1∑

j=−1

(
2‖(χ′′j + 1

r
χ′j)u‖2L2(R+;rdr) + 8‖χ′j∂ru‖2L2(R+;rdr)

)

≥
1∑

j=−1
‖Lkχju‖2L2(R+;rdr) − ‖Lku‖

2
L2(R+;rdr) − 3m2

2‖u‖2L2(R+;rdr)

− 8m2
1‖∂ru‖2L2(R+;rdr). (2.4.33)

For the term 8m2
1‖∂ru‖2L2(R+;rdr) in (2.4.33), we use the following estimate, by recalling

that Lk = ∂∗r∂r + k2

r2 + r2 + i(αkσ(r)− λ),

8m2
1‖∂ru‖2L2(R+;rdr) ≤ 8m2

1Re〈Lku, u〉L2(R+;rdr)

≤ 8m2
1‖Lku‖L2(R+;rdr)‖u‖L2(R+;rdr)

≤ ‖Lku‖2L2(R+;rdr) + 16m4
1‖u‖2L2(R+;rdr). (2.4.34)

From (2.4.33) and (2.4.34), we can deduce the localization formula (2.4.31).

End of the proof of Theorem 2.4.2. It remains to estimate the quantities defined in (2.4.30).
In our case, m2

1 ≤ cr−2
k , m2

2 ≤ cr−4
k , with c > 0 a constant depending only on the functions

θj defined in (2.4.27). It follows from (2.4.29) and the localization formula (2.4.31) that
for all u ∈ C∞0 (R+),

3‖Lku‖2L2(R+;rdr) + (3c+ 16c2)r−4
k ‖u‖

2
L2(R+;rdr) ≥

1∑
j=−1

C2
7β

2/3
k ‖χj,ku‖

2
L2(R+;rdr)

= C2
7β

2/3
k ‖u‖

2
L2(R+;rdr).

Choosing α1 ≥ α̃1 such that (3c + 16c2)ε40 ≤ 1
2C

2
7α

2/3
1 , then for all α ≥ α1, k ≥ 1 and

rk ≥ ε−1
0 , we have (3c+ 16c2)r−4

k ≤
1
2C

2
7β

2/3
k . Then we get the estimate

‖Lku‖L2(R+;rdr) ≥
1√
6
C7β

1/3
k ‖u‖L2(R+;rdr),

and this completes the proof of Theorem 2.4.2.
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2.4.2 Case 2: crossing at a finite distance

We turn to the second case when rk belongs to a fixed compact set [ε0, ε−1
0 ] with rk

given in (2.3.14), see Figure 2.2. Notice that we can find a constant c7 > 0 depending only
on ε0 such that

∀r ∈ [14ε0,
7
4ε
−1
0 ], σ′(r) ≤ −c7. (2.4.35)

We will prove the following estimate.

Theorem 2.4.14. Suppose rk ∈ [ε0, ε−1
0 ]. There exist C > 0, α2 ≥ 1 such that for all

k ≥ 1, α ≥ α2, u ∈ C∞0 (R+),

‖Lku‖L2(R+;rdr) ≥ Cβ
2/3
k ‖u‖L2(R+;rdr),

where Lk is given in (2.4.1) and βk given in (2.3.1).

Estimates in L2(R; dt)

Proposition 2.4.15. Suppose rk ∈ [ε0, ε−1
0 ]. There exists C > 0 such that for all k ≥ 1,

α ≥ 1 and u ∈ C∞0 ([3
4rk,

5
4rk]), the following estimate holds

‖Lku‖L2(R;dt) ≥ C(β2/3
k + k2r−2

k + r2
k)‖u‖L2(R;dt),

where Lk is given in (2.4.2) and βk given in (2.3.1).

We prove Proposition 2.4.15 by a series of lemmas. Let us start with a definition.

Definition 2.4.16 (Admissible metric). Define a metric on the phase space Rt × Rτ :

g := gk,(t,τ) = dt2 + dτ2

β
2/3
k + τ2

.

The quantity λg defined by (2.6.4) for the metric g is

λg = (β2/3
k + τ2)1/2 ≥ β1/3

k ≥ α1/3 ≥ 1. (2.4.36)

The metric g is of the type studied in Lemma 2.6.1, so that g is admissible and the
structure constants C0, C̃0, Ñ0 in (2.6.2) are all independent of k, although the metric g
depends on k itself.

We will use again the cutoff functions ϕ1, ϕ2 given in Definition 2.4.4 (Figure 2.3) and
the function ψ given in (2.4.9) (Figure 2.4). If u has support included in [3

4rk,
5
4rk], we

have always u(t) = ϕ1
(
t
rk

)
u(t) = ϕ2

(
t
rk

)
u(t).

Definition of the multiplier

b(τ) := ψ2(β−1/3
k τ), τ ∈ R, (2.4.37)

b̃(τ) := ψ(β−1/3
k τ), τ ∈ R, (2.4.38)

where ψ is given in (2.4.9), Figure 2.4.
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Lemma 2.4.17. The symbols b defined in (2.4.37) and b̃ defined in (2.4.38) belong to
S(1, g), where g is given in Definition 2.4.16. Moreover, their semi-norms are independent
of k.

Proof of Lemma 2.4.17. Observe that |b(τ)| ≤ 1 and

b(l)(τ) = β
−l/3
k (ψ2)(l)(β−1/3

k τ), for l ≥ 1.

If |τ | ≤ 2β1/3
k , then |b(l)(τ)| ≤ Clβ

−l/3
k ≤ Cl5l/2(β2/3

k + τ2)−l/2, where Cl = ‖(ψ2)(l)‖L∞ .
If |τ | > 2β1/3

k , then b(l)(τ) = 0. This implies that b belongs to S(1, g) and moreover, the
semi-norms of b do not depend on k. Using the same computation, we get that the symbol
b̃(τ) is also in S(1, g) with semi-norms independent of k.

Remark 2.4.18. As a consequence of Lemma 2.4.17, the Weyl quantizations bw and
b̃w are bounded, self-adjoint operators on L2(R; dt). As a matter of fact, bw = b(Dt)
and b̃w = b̃(Dt) are both bounded, non-negative Fourier multiplier. Moreover, we have
bw = (b̃w)2.

Now let us compute 2Re〈Lku, bwu〉L2(R;dt): for u ∈ C∞0 ([3
4rk,

5
4rk]),

2Re〈Lku, bwu〉L2(R;dt) = 2Re〈
(
D2
t + k2

t2
+ t2

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

A

+ 2Re〈iβk
(
σ(t)− σ(rk)

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

B

. (2.4.39)

Estimate for the term B

Lemma 2.4.19. The symbol iβk
(
σ(t)−σ(rk)

)
ϕ1
(
t
rk

)
belongs to S(βk, g) with semi-norms

independent of k, where g is given in Definition 2.4.16.

Proof of Lemma 2.4.19. The function
(
σ(t)− σ(rk)

)
ϕ1
(
t
rk

)
is supported in [1

4rk,
7
4rk] and

bounded as well as all its derivatives, since rk belongs to [ε0, ε−1
0 ], a fixed compact set

in (0,∞). This implies that
(
σ(t) − σ(rk)

)
ϕ1
(
t
rk

)
belongs to S(1, g), with semi-norms

depending only on ε0, σ and ϕ1, so that Lemma 2.4.19 is proved.

For u ∈ C∞0 ([3
4rk,

5
4rk]), we write the term B as

B = 2Re〈iβk
(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)
u, bwu〉L2(R;dt),

where ϕ1 is defined in Definition 2.4.4. Since iβk
(
σ(t)− σ(rk)

)
ϕ1
(
t
rk

)
is skew-adjoint and

bw is self-adjoint, we have

B = 〈
[
bw, iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)]
u, u〉L2(R;dt).

By Weyl’s calculus, since b ∈ S(1, g) and iβk
(
σ(t)− σ(rk)

)
∈ S(βk, g), we get that

[
bw, iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)]
= bw1 + dw, (2.4.40)
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where b1 is the Poisson bracket of these two symbols

b1(t, τ) = 1
i

{
b(τ), iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)}
∈ S(βkλ−1

g , g),

and d is the remainder belonging to S(βkλ−3
g , g) with λg given in (2.4.36), see Appendix

2.6.1, (2.6.12).
We can compute b1 directly:

b1(t, τ) = β
2/3
k (2ψψ′)(β−1/3

k τ)
(
σ′(t)ϕ1

( t
rk

)
+
(
σ(t)− σ(rk)

)
ϕ′1
( t
rk

)
r−1
k

)
. (2.4.41)

The symbol b1 has the following properties.

Lemma 2.4.20 (Properties of b1). The support of the symbol b1 given in (2.4.41) is
included in the set {

(t, τ) ∈ R2; |τ | ≤ 2β1/3
k , t ∈ [14rk,

7
4rk]

}
.

There exist c8, c9 > 0 independent of k, such that

|τ | ≤ β1/3
k , t ∈ [12rk,

3
2rk] =⇒ b1(t, τ) ≥ c8β

2/3
k ,

∀τ ∈ R, ∀t ∈ R, |b1(t, τ)| ≤ c9β
2/3
k .

Proof of Lemma 2.4.20. The first property is a direct consequence of the choices of ψ and
ϕ1. If |τ | ≤ β1/3

k and t ∈ [1
2rk,

3
2rk], by the properties of ψ and ϕ1, we have

(2ψψ′)(β−1/3
k τ) ≤ − 1

10 , ϕ′1( t
rk

) = 0, ϕ1( t
rk

) = 1.

By (2.4.35) we have σ′(t) ≤ −c7, since t ≥ 1
2rk ≥

1
2ε0. As a result, we get

b1(t, τ) ≥ c8β
2/3
k , for |τ | ≤ β1/3

k , t ∈ [12rk,
3
2rk],

with c8 = 1
10c7. For t ∈ [1

4rk,
7
4rk] ⊂ [1

4ε0,
7
4ε
−1
0 ], since we are in the case rk ∈ [ε0, ε−1

0 ],

|σ′(t)ϕ1
( t
rk

)
+
(
σ(t)− σ(rk)

)
ϕ′1
( t
rk

)
r−1
k | ≤ ‖σ

′‖L∞ + 2‖ϕ′1‖L∞ε−1
0 ,

implying ∀τ ∈ R, t ∈ R, |b1(t, τ)| ≤ β2/3
k ‖2ψψ

′‖L∞
(
‖σ′‖L∞ + 2‖ϕ′1‖L∞ε−1

0
)
,

which completes the proof of the lemma.

Estimate for dw. Recall that d is given in (2.4.40). We deduce from Lemma 2.4.17 and
Lemma 2.4.19 that the semi-norms of d in S(βkλ−3

g , g) are independent of k, where λg
is given in (2.4.36). Since λg ≥ β

1/3
k , the class S(βkλ−3

g , g) is included in S(1, g). This
implies that dw is a bounded operator on L2(R; dt), and its operator norm is bounded by
a semi-norm of d in S(1, g) (see Appendix 2.6.1), so also bounded by a semi-norm of d in
S(βkλ−3

g , g). We get

|〈dwu, u〉L2(R;dt)| ≤ ‖dwu‖L2(R;dt)‖u‖L2(R;dt) ≤ C1‖u‖2L2(R;dt),

where C1 > 0 is a constant independent of k. Consequently, we get the estimate for the
term B which is defined in (2.4.39): for u ∈ C∞0 ([3

4rk,
5
4rk]),

B ≥ 〈bw1 u, u〉L2(R;dt) − C1‖u‖2L2(R;dt). (2.4.42)
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Proposition 2.4.21 (Estimate for the term A). There exist positive constants C2, C3
such that for all k ≥ 1, α ≥ 1 and u ∈ C∞0 ([3

4rk,
5
4rk]),

A ≥ −C2k
2r−2
k β

−2/3
k ‖u‖2L2(R;dt) − C3r

2
kβ
−2/3
k ‖u‖2L2(R;dt), (2.4.43)

where A is defined in (2.4.39) and βk given in (2.3.1).

Proof of Proposition 2.4.21. We divide the term A into two parts

A = 2Re〈D2
t u, b

wu〉L2(R;dt)︸ ︷︷ ︸
A1

+ 2Re〈
(k2

t2
+ t2

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

A2

.

A1 is non-negative, since bw is a non-negative Fourier multiplier. For A2, using u(t) =
ϕ1( t

rk
)u(t) and doing exactly the same computation as in the previous case in page 51, we

get that

A2 = 〈
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
u, u〉L2(R;dt)︸ ︷︷ ︸

A21

+ 〈
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
u, u〉L2(R;dt)︸ ︷︷ ︸

A22

+ 2〈b̃w
(k2

t2
+ t2

)
ϕ1
( t
rk

)
b̃wu, u〉L2(R;dt)︸ ︷︷ ︸

A23

,

where b̃ is given in (2.4.38).

Estimate for A23.

A23 = 2
∫
R

(k2

t2
+ t2

)
ϕ1
( t
rk

)
|b̃wu|2dt ≥ 0. (2.4.44)

Estimate for A21. The symbol k2

t2 ϕ1( t
rk

) is in S(k2r−2
k , g) with semi-norms independent

of k, by Lemma 2.6.2. The symbol b̃ is in S(1, g) with semi-norms independent of k by
Lemma 2.4.17, then

Symbol
[k2

t2
ϕ1
( t
rk

)
, b̃w

]
∈ S(k2r−2

k λ−1
g , g),

Symbol
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
∈ S(k2r−2

k λ−2
g , g),

where λg is given in (2.4.36), and moreover, the semi-norms of these two symbols are
independent of k. Since by (2.4.36) λg ≥ β1/3

k , we have S(k2r−2
k λ−2

g , g) ⊂ S(k2r−2
k β

−2/3
k , g),

implying that

‖
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
u‖L2(R;dt) ≤ C2k

2r−2
k β

−2/3
k ‖u‖L2(R;dt),

where C2 is a constant independent of k. Then

|A21| ≤ C2k
2r−2
k β

−2/3
k ‖u‖2L2(R;dt). (2.4.45)
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Estimate for A22. By Lemma 2.6.2, the symbol t2ϕ1( t
rk

) is in S(r2
k, g) with semi-norms

independent of k. Since the symbol b̃ is in S(1, g) with semi-norms independent of k by
Lemma 2.4.17, we have

Symbol
[
t2ϕ1

( t
rk

)
, b̃w

]
∈ S(r2

kλ
−1
g , g),

Symbol
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
∈ S(r2

kλ
−2
g , g),

and moreover, the semi-norms of the two symbols above are independent of k. Since
λg ≥ β1/3

k , we have S(r2
kλ
−2
g , g) ⊂ S(r2

kβ
−2/3
k , g), implying that

‖
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
u‖L2(R;dt) ≤ C3r

2
kβ
−2/3
k ‖u‖L2(R;dt),

where C3 > 0 is a constant independent of k. Hence

|A22| ≤ C3r
2
kβ
−2/3
k ‖u‖2L2(R;dt). (2.4.46)

The estimate (2.4.43) follows immediately from (2.4.44), (2.4.45), (2.4.46) and the fact
that A1 ≥ 0.

Estimates for Re〈Lku, (4M + 2bw)u〉L2(R;dt)

From (2.4.39), (2.4.42) and (2.4.43), we obtain

2Re〈Lku, bwu〉L2(R;dt) ≥ 〈bw1 u, u〉L2(R;dt) − C1‖u‖2L2(R;dt)

− C2k
2r−2
k β

−2/3
k ‖u‖2L2(R;dt) − C3r

2
kβ
−2/3
k ‖u‖2L2(R;dt). (2.4.47)

Recall the inequality (2.4.21) for u supported in [3
4rk,

5
4rk]

Re〈Lku, u〉L2(R;dt) ≥ ‖Dtu‖2L2(R;dt) + 1
4
(
k2r−2

k + r2
k

)
‖u‖2L2(R;dt).

Multiplying (2.4.21) by 4M , where M = max{C2, C3} + C1 + 1, and adding (2.4.47), we
get

Re〈Lku, (4M + 2bw)u〉L2(R;dt) ≥ 〈
(
4MD2

t + bw1
)
u, u〉L2(R;dt)︸ ︷︷ ︸

I

+
(
Mk2r−2

k +Mr2
k − C1 − C2k

2r−2
k β

−2/3
k − C3r

2
kβ
−2/3
k

)︸ ︷︷ ︸
≥k2r−2

k
+r2

k
, since βk ≥ α ≥ 1

‖u‖2L2(R;dt). (2.4.48)

Estimate for I. Since u ∈ C∞0 ([3
4rk,

5
4rk]), we have

I = 〈
(
4MD2

t + bw1 + 2c9β
2/3
k

(
1− ϕ2( t

rk
)
))
u, u〉L2(R;dt),

where ϕ2 is given in Definition 2.4.4 and c9 is given in Lemma 2.4.20. Remark that by
Lemma 2.4.20, the function b1(t, τ) + 2c9β

2/3
k

(
1− ϕ2( t

rk
)
)
is always non-negative and

∀t ∈ R, ∀|τ | ≤ β1/3
k , b1(t, τ) + 2c9β

2/3
k

(
1− ϕ2( t

rk
)
)
≥ min(c8, c9)β2/3

k .
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Let us denote
a(t, τ) := 4Mτ2 + b1(t, τ) + 2c9β

2/3
k

(
1− ϕ2( t

rk
)
)
. (2.4.49)

We now prove an estimate for 〈awu, u〉L2(R;dt), which is equal to I if u ∈ C∞0 ([3
4rk,

5
4rk]).

Lemma 2.4.22. There exist constants C4 > 0, C ′4 > 0 such that for all k ≥ 1, α ≥ 1 and
u ∈ L2(R; dt),

〈awu, u〉L2(R;dt) ≥
(
C4β

2/3
k − C ′4

)
‖u‖2L2(R;dt).

Proof. First we prove that the symbol a belongs to S(λ2
g, g), where g is given in Definition

2.4.16 and λg given in (2.4.36). Recall that λ2
g = β

2/3
k + τ2 ≥ β

2/3
k . We check the three

terms in the right-hand side of (2.4.49) separately.
b1 ∈ S(βkλ−1

g , g) ⊂ S(λ2
g, g).

2c9β
2/3
k

(
1− ϕ2( t

rk
)
)
∈ S(β2/3

k , g) ⊂ S(λ2
g, g), since ϕ2( t

rk
) ∈ S(1, g).

τ2 ∈ S(λ2
g, g): we have τ2 ≤ β2/3

k + τ2 = λ2
g and we need only to check if

|τ | ≤ Cλ2
g(β

2/3
k + τ2)−1/2,

1 ≤ Cλ2
g(β

2/3
k + τ2)−1.

These inequalities hold with C = 1 due to the expression of λg. Hence a ∈ S(λ2
g, g). Since

the semi-norms of b1 in S(βkλ−1
g , g), those of ϕ2( t

rk
) in S(1, g) and those of τ2 in S(λ2

g, g)
are all bounded from above independently of k, we deduce that each semi-norm of a in
S(λ2

g, g) can be bounded by a constant independent of k.
There exists C > 0 such that a(t, τ) ≥ Cβ2/3

k for all t and τ . Indeed,

if |τ | ≤ β1/3
k , a(t, τ) ≥ b1(t, τ) + 2c9β

2/3
k

(
1− ϕ2( t

rk
)
)
≥ min(c8, c9)β2/3

k ,

if |τ | > β
1/3
k , a(t, τ) ≥ 4Mτ2 ≥ 4Mβ

2/3
k .

It follows from Fefferman-Phong inequality that the operator aw satisfies

aw ≥ Cβ2/3
k − C ′,

where C ′ > 0 depends on a semi-norm of a in S(λ2
g, g) so that we can assume C ′ indepen-

dent of k, see Proposition 2.6.3. The proof of Lemma 2.4.22 is complete.

Final estimate. By Lemma 2.4.22, now (2.4.48) becomes

Re〈Lku, (4M + 2bw)u〉L2(R;dt) ≥〈awu, u〉L2(R;dt) + (k2r−2
k + r2

k)‖u‖2L2(R;dt)

≥
(
C4β

2/3
k − C ′4 + k2r−2

k + r2
k

)
‖u‖2L2(R;dt).

Then with (2.4.21), we have

Re〈Lku, (4M + C ′4 + 2bw)u〉L2(R;dt) ≥
(
C4β

2/3
k + k2r−2

k + r2
k

)
‖u‖2L2(R;dt).

Since the operator 4M+C ′4+2bw is bounded on L2(R; dt) with operator norm independent
of k, we deduce that for all u ∈ C∞0 ([3

4rk,
5
4rk]),

‖Lku‖L2(R;dt) ≥ C5(β2/3
k + k2r−2

k + r2
k)‖u‖L2(R;dt), (2.4.50)

where C5 > 0 is a constant independent of k. In particular, we have

‖Lku‖L2(R;dt) ≥ C5β
2/3
k ‖u‖L2(R;dt). (2.4.51)

This ends the proof of Proposition 2.4.15.
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Estimates in L2(R+; rdr)

We prove estimates in L2(R+; rdr) for the operator Lk which is defined in (2.4.1). First
we have the local result.

Proposition 2.4.23 (Local estimate for Lk). There exist C6 > 0, α̃2 ≥ 1 such that for
all k ≥ 1, α ≥ α̃2, u ∈ C∞0 ([3

4rk,
5
4rk]),

‖Lku‖L2(R+;rdr) ≥ C6
(
β

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R+;rdr), (2.4.52)

where Lk is given in (2.4.1) and βk given in (2.3.1).

Proof. The first order term. For u ∈ C∞0 ([3
4rk,

5
4rk]), the term ‖ itDtu‖L2(R;dt) can be

controlled by the L2(R; dt)-norm of Lku. Indeed,

‖Lku‖2L2(R;dt) ≥ C5β
2/3
k ‖Lku‖L2(R;dt)‖u‖L2(R;dt) by Proposition 2.4.15, (2.4.51),

≥ C5β
2/3
k Re〈Lku, u〉L2(R;dt)

≥ C5β
2/3
k ‖Dtu‖2L2(R;dt) by (2.4.3),

so that

‖ i
t
Dtu‖L2(R;dt) ≤

4
3rk
‖Dtu‖L2(R;dt) ≤

4
3C
−1/2
5 β

−1/3
k r−1

k ‖Lku‖L2(R;dt).

We choose α̃2 ≥ 1 such that 4
3C
−1/2
5 α̃

−1/3
2 ε−1

0 ≤ 1/2, then for all α ≥ α̃2 and k ≥ 1, we
have 4

3C
−1/2
5 β

−1/3
k ε−1

0 ≤ 1/2; since r−1
k ≤ ε

−1
0 , we get an estimate in L2(R; dt):

‖Lku‖L2(R;dt) ≥ ‖Lku‖L2(R;dt) − ‖
1
t
Dtu‖L2(R;dt)

≥ 1
2‖Lku‖L2(R;dt) ≥

C5
2
(
β

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R;dt).

The measure rdr. Since u and Lku both have support in [3
4rk,

5
4rk], we have

‖Lku‖L2(R+;rdr) ≥
(3
4rk

)1/2‖Lku‖L2(R;dt)

≥
(3
4rk

)1/2C5
2
(
β

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R;dt)

≥
(3
5
)1/2C5

2
(
β

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R+;rdr).

Hence we obtain the estimate (2.4.52) with C6 =
(3

5
)1/2C5

2 . In particular, we have

‖Lku‖L2(R+;rdr) ≥ C6β
2/3
k ‖u‖L2(R+;rdr).

Now we prove Theorem 2.4.14, i.e. the global estimate for Lk.

Proof of Theorem 2.4.14. We use again the partition of unity on the positive-half line
χj,k defined in (2.4.28) (Figure 2.5). We need only to estimate ‖Lkχj,ku‖L2(R+;rdr) for
j = −1, 0, 1, and the quantities m2

1, m2
2 defined in (2.4.30), then apply the localization

formula (2.4.31).

Estimates for Lkχj,ku.
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• For Lkχ0,ku: the support of χ0,k is included in [3
4rk,

5
4rk]. Assuming α ≥ α̃2, we can

apply the result (2.4.52) in Proposition 2.4.23.

‖Lkχ0,ku‖L2(R+;rdr) ≥ C6β
2/3
k ‖χ0,ku‖L2(R+;rdr).

• For Lkχ1,ku: the support of χ1,k is included in {r ≥ 9
8rk}. Let us recall the inequality

(2.4.35)
∀r ∈ [14ε0,

7
4ε
−1
0 ], σ′(r) ≤ −c7.

Using the monotonicity of σ, the mean value theorem and (2.4.35), we have for r ≥ 9
8rk,

σ(r)− σ(rk) ≤ σ(9
8rk)− σ(rk) = σ′(sk)

(9
8rk − rk

)
,≤ −1

8c7rk ≤ −
1
8c7ε0,

for some sk ∈ [rk, 9
8rk] ⊂ [ε0, 9

8ε
−1
0 ]. We apply the multiplier −iId and get that

Re〈Lkχ1,ku,−iχ1,ku〉L2(R+;rdr) = 〈βk
(
σ(rk)− σ(r)

)
χ1,ku, χ1,ku〉L2(R+;rdr)

≥ 1
8c7ε0βk‖χ1,ku‖2L2(R+;rdr),

which implies by Cauchy-Schwarz inequality that

‖Lkχ1,ku‖L2(R+;rdr) ≥
1
8c7ε0βk‖χ1,ku‖L2(R+;rdr).

• For Lkχ−1,ku: the support of χ−1,k is included in {r ≤ 7
8rk}. It follows from (2.4.35)

that for r ≤ 7
8rk,

σ(r)− σ(rk) ≥ σ(7
8rk)− σ(rk) = σ′(s′k)(

7
8rk − rk) ≥

1
8c7rk ≥

1
8c7ε0,

for some s′k ∈ [7
8rk, rk] ⊂ [7

8ε0, ε
−1
0 ]. Using the multiplier iId, we get

Re〈Lkχ−1,ku, iχ−1,ku〉L2(R+;rdr) = 〈βk
(
σ(r)− σ(rk)

)
χ−1,ku, χ−1,ku〉L2(R+;rdr)

≥ 1
8c7ε0βk‖χ−1,ku‖2L2(R+;rdr).

By Cauchy-Schwarz inequality we have

‖Lkχ−1,ku‖L2(R+;rdr) ≥
1
8c7ε0βk‖χ−1,ku‖L2(R+;rdr).

• We have proved for some C7 > 0, for all k ≥ 1, j = 0, 1,−1, for all u ∈ C∞0 (R+),

‖Lkχj,ku‖L2(R+;rdr) ≥ C7β
2/3
k ‖χj,ku‖L2(R+;rdr). (2.4.53)

Estimates for m2
1, m2

2. Recall thatm2
1,m2

2 are given in (2.4.30). We havem2
1 ≤ cr−2

k , m2
2 ≤

cr−4
k , with c > 0 a constant depending only on the functions θj defined in (2.4.27). It

follows from (2.4.53) and the localization formula (2.4.31) that for any u ∈ C∞0 (R+),

3‖Lku‖2L2(R+;rdr) + (3c+ 16c2)r−4
k ‖u‖

2
L2(R+;rdr) ≥

∑
j

C2
7β

4/3
k ‖χj,ku‖

2
L2(R+;rdr)

= C2
7β

4/3
k ‖u‖

2
L2(R+;rdr).

Choosing α2 ≥ α̃2 such that (3c + 16c2)ε−4
0 ≤ 1

2C
2
7α

4/3
2 , then for all α ≥ α2, k ≥ 1 and

rk ∈ [ε0, ε−1
0 ], we have (3c+ 16c2)r−4

k ≤
1
2C

2
7β

4/3
k . Then we get the estimate

‖Lku‖L2(R+;rdr) ≥
1√
6
C7β

2/3
k ‖u‖L2(R+;rdr),

and this completes the proof of Theorem 2.4.14.
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2.5 Proof, third part: change of sign close to 0

2.5.1 Case 3: crossing near 0

Now let us consider the third case when rk ∈ [µβ−1/4
k , ε0), where µ ≥ 1 is a large

constant to be chosen below, see Figure 2.2. We suppose throughout Section 2.5.1

α > µ4ε−4
0 (2.5.1)

such that for any k ≥ 1, the interval [µβ−1/4
k , ε0) is not empty. We assume also

7
4ε0 ≤ R2, ε20 < 1− c2, (2.5.2)

where R2 and c2 are given in (2.3.5). Then according to (2.3.5),

∀r ≤ 7
4ε0, −1

2r
2 ≤ σ(r)− 1 ≤ −1

2c0r
2.

Moreover, we suppose ε0 small enough to ensure

∀r ≤ 7
4ε0, −c10r ≤ σ′(r) ≤ −c11r, (2.5.3)

for some c10 > c11 > 0. We will prove the following estimate in this section.

Theorem 2.5.1. There exist µ ≥ 1, C > 0 such that if rk ∈ [µβ−1/4
k , ε0), then for all

k ≥ 1 and u ∈ C∞0 (R+),

‖Lku‖L2(R+;rdr) ≥ Cβ
1/2
k ‖u‖L2(R+;rdr),

where Lk is given in (2.4.1) and βk given in (2.3.1).

Estimates in L2(R; dt)

Proposition 2.5.2. There exists C > 0 such that if µ ≥ 1 and rk ∈ [µβ−1/4
k , ε0), for all

k ≥ 1 and u ∈ C∞0 ([3
4rk,

5
4rk]), the following estimate holds:

‖Lku‖L2(R;dt) ≥ C(β2/3
k r

2/3
k + k2r−2

k + r2
k)‖u‖L2(R;dt),

where Lk is given in (2.4.2) and βk given in (2.3.1). In particular, we have

‖Lku‖L2(R;dt) ≥ Cβ
1/2
k ‖u‖L2(R;dt).

Remark that the second estimate in Proposition 2.5.2 is a consequence of the first one,
just noticing

β
2/3
k r

2/3
k + k2r−2

k ≥ (β2/3
k r

2/3
k )3/4(k2r−2

k )1/4 = k1/2β
1/2
k ≥ β1/2

k .

We prove Proposition 2.5.2 by a series of lemmas. Let us start with a definition.

Definition 2.5.3 (Admissible metric). We define a metric on the phase space Rt × Rτ :

g := gk,(t,τ) = dt2

r2
k

+ dτ2

β
2/3
k r

2/3
k + τ2

.
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The quantity λg defined by (2.6.4) for the metric g is

λg = rk(β
2/3
k r

2/3
k + τ2)1/2 ≥ β1/3

k r
4/3
k ≥ µ4/3 ≥ 1. (2.5.4)

Since rk(βkrk)1/3 ≥ µ4/3 ≥ 1, the metric g is of the type studied in Lemma 2.6.1, so that
g is admissible and the structure constants C0, C̃0, Ñ0 in (2.6.2) for g are all independent
of k, although the metric g depends on k itself.

We will use again the cutoff functions ϕ1, ϕ2 given in Definition 2.4.4 (Figure 2.3) and
the function ψ given in (2.4.9) (Figure 2.4). If u has support included in [3

4rk,
5
4rk], we

have always u(t) = ϕ1
(
t
rk

)
u(t) = ϕ2

(
t
rk

)
u(t).

Definition of the multiplier

b(τ) := ψ2(β−1/3
k r

−1/3
k τ), τ ∈ R, (2.5.5)

b̃(τ) := ψ(β−1/3
k r

−1/3
k τ), τ ∈ R, (2.5.6)

where ψ is given in (2.4.9) (Figure 2.4).

Lemma 2.5.4. The symbols b given in (2.5.5) and b̃ given in (2.5.6) belong to S(1, g),
where g is given in Definition 2.5.3. Moreover, their semi-norms are all independent of k.

Proof of Lemma 2.5.4. Observe that |b(τ)| ≤ 1 and

b(l)(τ) = (β−1/3
k r

−1/3
k )l(ψ2)(l)(β−1/3

k r
−1/3
k τ), for l ≥ 1.

If |τ | ≤ 2β1/3
k r

1/3
k , then |b(l)(τ)| ≤ Cl(β

−1/3
k r

−1/3
k )l ≤ Cl5l/2(β2/3

k r
2/3
k + τ2)−l/2, with Cl =

‖(ψ2)(l)‖L∞ . If |τ | > 2β1/3
k r

1/3
k , then b(l)(τ) = 0. This implies that b belongs to S(1, g)

and moreover, the semi-norms of b do not depend on k. Using the same computation we
get that b̃ is also in S(1, g), with semi-norms independent of k.

Remark 2.5.5. As a consequence of Lemma 2.5.4, the Weyl quantizations bw and b̃w are
bounded, self-adjoint operators on L2(R; dt). As a matter of fact, bw = b(Dt), b̃w = b̃(Dt)
are both bounded, non-negative Fourier multipliers. Furthermore, we have bw = (b̃w)2.

Now let us compute 2Re〈Lku, bwu〉L2(R;dt): for u ∈ C∞0 ([3
4rk,

5
4rk]),

2Re〈Lku, bwu〉L2(R;dt) = 2Re〈
(
D2
t + k2

t2
+ t2

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

A

+ 2Re〈iβk
(
σ(t)− σ(rk)

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

B

. (2.5.7)

Estimate for the term B

Lemma 2.5.6. The symbol iβk
(
σ(t)−σ(rk)

)
ϕ1
(
t
rk

)
belongs to S(βkr2

k, g) with semi-norms
independent of k, where g is given in Definition 2.5.3.
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Proof of Lemma 2.5.6. The function is supported in [1
4rk,

7
4rk] ⊂ (0, 7

4ε0). By our assump-
tion 7

4ε0 ≤ R2 in (2.5.2), we have for t ∈ [1
4rk,

7
4rk],∣∣σ(t)− σ(rk)

∣∣ ≤ |σ(t)− 1|+ |σ(rk)− 1| ≤ 1
2(t2 + r2

k) ≤
17
2 r

2
k,

hence
∣∣iβk(σ(t)− σ(rk)

)
ϕ1
( t
rk

)∣∣ ≤ 17
2 βkr

2
k.

To estimate its derivatives, we notice (2.5.3) and that the derivatives of order ≥ 2 of σ are
bounded, then∣∣∣ dn

dtn

((
σ(t)− σ(rk)

)
ϕ1
( t
rk

))∣∣∣
≤ C

∑
0≤m≤n−2

∣∣σ(n−m)(t)ϕ(m)
1
( t
rk

)
r−mk

∣∣+ C
∣∣σ′(t)ϕ(n−1)

1
( t
rk

)
r−n+1
k

∣∣
+
∣∣(σ(t)− σ(rk))ϕ

(n)
1
( r
rk

)
r−nk

∣∣
≤ C ′

∑
0≤m≤n−2

r−mk + Cr−n+2
k + C ′r−n+2

k

≤ C ′′r−n+2
k , since rk < ε0 ≤ 1,

which proves Lemma 2.5.6.

For u ∈ C∞0 ([3
4rk,

5
4rk]), we write the term B as

B = 2Re〈iβk
(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)
u, bwu〉L2(R;dt),

where ϕ1 is defined in Definition 2.4.4. Since iβk
(
σ(t)− σ(rk)

)
ϕ1
(
t
rk

)
is skew-adjoint and

bw is self-adjoint, we have

B = 〈
[
bw, iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)]
u, u〉L2(R;dt).

By Weyl’s calculus, since b ∈ S(1, g) and iβk
(
σ(t)−σ(rk)

)
ϕ1( t

rk
) ∈ S(βkr2

k, g), we get that

[
bw, iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)]
= bw1 + dw, (2.5.8)

where b1 is the Poisson bracket of these two symbols

b1(t, τ) = 1
i

{
b(τ), iβk

(
σ(t)− σ(rk)

)
ϕ1
( t
rk

)}
∈ S(βkr2

kλ
−1
g , g),

and d is the remainder belonging to S(βkr2
kλ
−3
g , g) with λg given in (2.5.4), see Appendix

2.6.1, (2.6.12).
We can compute b1 directly:

b1(t, τ) = β
2/3
k r

2/3
k (2ψψ′)(β−1/3

k r
−1/3
k τ)

×
(
σ′(t)ϕ1( t

rk
)r−1
k + (σ(t)− σ(rk))ϕ′1( t

rk
)r−2
k

)
(2.5.9)

The symbol b1 has the following properties.
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Lemma 2.5.7 (Properties of b1). The support of the symbol b1 given in (2.5.9) is included
in the set {

(t, τ) ∈ R2; |τ | ≤ 2β1/3
k r

1/3
k , t ∈ [14rk,

7
4rk]

}
.

There exist c12, c13 > 0 independent of k, such that

|τ | ≤ β1/3
k r

1/3
k , t ∈ [12rk,

3
2rk] =⇒ b1(t, τ) ≥ c12β

2/3
k r

2/3
k ;

∀τ ∈ R, ∀t ∈ R, |b1(t, τ)| ≤ c13β
2/3
k r

2/3
k .

Proof of Lemma 2.5.7. The first property is a direct consequence of the choices of ψ and
ϕ1. When |τ | ≤ β1/3

k r
1/3
k , t ∈ [1

2rk,
3
2rk], we have

(2ψψ′)(β−1/3
k r

−1/3
k τ) ≤ − 1

10 , ϕ′1( t
rk

) = 0, ϕ1( t
rk

) = 1, σ′(t) ≤ −c11t,

where the last inequality follows from (2.5.3) and that 1
2rk ≤ t ≤ 3

2rk ≤
3
2ε0. As a result,

we have
b1(t, τ) ≥ c12β

2/3
k r

2/3
k , for |τ | ≤ β1/3

k r
1/3
k , t ∈ [12rk,

3
2rk].

with c12 = 1
20c11. It also follows from (2.3.5) and (2.5.3) that, for t ∈ [1

4rk,
7
4rk] ⊂ (0, 7

4ε0),

∣∣σ′(t)ϕ1
( t
rk

)
+
(
σ(t)− σ(rk)

)
ϕ′1
( t
rk

)
r−1
k

∣∣ ≤ 7
4ε0c10 + 17

2 ‖ϕ
′
1‖L∞ε0,

implying ∀τ ∈ R, t ∈ R, |b1(t, τ)| ≤ β2/3
k r

2/3
k ‖2ψψ

′‖L∞
(7
4ε0c10 + 17

2 ‖ϕ
′
1‖L∞ε0

)
,

which completes the proof.

Estimate for dw. Recall that d is given in (2.5.8). We deduce from Lemma 2.5.4 and
Lemma 2.5.6 that the semi-norms of d in S(βkr2

kλ
−3
g , g) are independent of k, where λg is

given in (2.5.4). Since λg ≥ β1/3
k r

4/3
k , the class S(βkr2

kλ
−3
g , g) is included in S(r−2

k , g). This
implies that r2

kd
w is a bounded operator on L2(R; dt), and its operator norm is bounded

by a semi-norm of d in S(r−2
k , g) (see Appendix 2.6.1), so also bounded by a semi-norm of

d in S(βkr2
kλ
−3
g , g). We get

|〈r2
kd
wu, u〉L2(R;dt)| ≤ ‖r2

kd
wu‖L2(R;dt)‖u‖L2(R;dt) ≤ C1‖u‖2L2(R;dt),

where C1 > 0 is a constant independent of k. Consequently, we get the estimate for the
term B which is defined in (2.5.7): for u ∈ C∞0 ([3

4rk,
5
4rk]),

B ≥ 〈bw1 u, u〉L2(R;dt) − C1r
−2
k ‖u‖

2
L2(R;dt). (2.5.10)

Proposition 2.5.8 (Estimate for the term A). There exist positive constants C2, C3 such
that for all k ≥ 1, µ ≥ 1 and u ∈ C∞0 ([3

4rk,
5
4rk]),

A ≥ −C2k
2r−2
k µ−8/3‖u‖2L2(R;dt) − C3r

2
kµ
−8/3‖u‖2L2(R;dt), (2.5.11)

where A is defined in (2.5.7).
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Proof of Proposition 2.5.8. We divide the term A into two parts

A = 2Re〈D2
t u, b

wu〉L2(R;dt)︸ ︷︷ ︸
A1

+ 2Re〈
(k2

t2
+ t2

)
u, bwu〉L2(R;dt)︸ ︷︷ ︸

A2

.

A1 is non-negative, since bw is a non-negative Fourier multiplier. For A2, using u(t) =
ϕ1( t

rk
)u(t) and doing exactly the same computation as in Case 1 in page 51, we get that

A2 = 〈
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
u, u〉L2(R;dt)︸ ︷︷ ︸

A21

+ 〈
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
u, u〉L2(R;dt)︸ ︷︷ ︸

A22

+ 2〈b̃w
(k2

t2
+ t2

)
ϕ1
( t
rk

)
b̃wu, u〉L2(R;dt)︸ ︷︷ ︸

A23

,

where b̃ is given in (2.5.6).

Estimate for A23.

A23 = 2
∫
R

(k2

t2
+ t2

)
ϕ1
( t
rk

)
|b̃wu|2dt ≥ 0. (2.5.12)

Estimate for A21. The symbol k2

t2 ϕ1( t
rk

) is in S(k2r−2
k , g) with semi-norms independent

of k by Lemma 2.6.2. The symbol b̃ is in S(1, g) with semi-norms independent of k by
Lemma 2.5.4, then

Symbol
[k2

t2
ϕ1
( t
rk

)
, b̃w

]
∈ S(k2r−2

k λ−1
g , g),

Symbol
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
∈ S(k2r−2

k λ−2
g , g),

where λg is given in (2.5.4), and moreover, the semi-norms of these two symbols are
independent of k. Since by (2.5.4) λg ≥ β

1/3
k r

4/3
k ≥ µ4/3, we have S(k2r−2

k λ−2
g , g) ⊂

S(k2r−2
k µ−8/3, g), implying that

‖
[[k2

t2
ϕ1
( t
rk

)
, b̃w

]
, b̃w

]
u‖L2(R;dt) ≤ C2k

2r−2
k µ−8/3‖u‖L2(R;dt),

where C2 is a constant independent of k. Then

|A21| ≤ C2k
2r−2
k µ−8/3‖u‖2L2(R;dt). (2.5.13)

Estimate for A22. The symbol t2ϕ1( t
rk

) is in S(r2
k, g) with semi-norms independent of k

by Lemma 2.6.2. The symbol b̃ is in S(1, g) with semi-norms independent of k by Lemma
2.5.4, then

Symbol
[
t2ϕ1

( t
rk

)
, b̃w

]
∈ S(r2

kλ
−1
g , g),

Symbol
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
∈ S(r2

kλ
−2
g , g),
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and moreover, the semi-norms of the two symbols above are independent of k. Since
λg ≥ β1/3

k r
4/3
k ≥ µ4/3, we have S(r2

kλ
−2
g , g) ⊂ S(r2

kµ
−8/3, g), implying that

‖
[[
t2ϕ1

( t
rk

)
, b̃w

]
, b̃w

]
u‖L2(R;dt) ≤ C3r

2
kµ
−8/3‖u‖L2(R;dt),

where C3 > 0 is a constant independent of k. Hence

|A22| ≤ C3r
2
kµ
−8/3‖u‖2L2(R;dt). (2.5.14)

The estimate (2.5.11) follows immediately from (2.5.12), (2.5.13), (2.5.14) and the fact
that A1 ≥ 0.

Estimates for Re〈Lku, (4M + 2bw)u〉L2(R;dt)

From (2.5.7), (2.5.10) and (2.5.11), we obtain

2Re〈Lku, bwu〉L2(R;dt) ≥ 〈bw1 u, u〉L2(R;dt) − C1r
−2
k ‖u‖

2
L2(R;dt)

− C2k
2r−2
k µ−8/3‖u‖2L2(R;dt) − C3r

2
kµ
−8/3‖u‖2L2(R;dt). (2.5.15)

Recall the inequality (2.4.21) for u supported in [3
4rk,

5
4rk]

Re〈Lku, u〉L2(R;dt) ≥ ‖Dtu‖2L2(R;dt) + 1
4
(
k2r−2

k + r2
k

)
‖u‖2L2(R;dt).

Multiplying (2.4.21) by 4M , where M = max{C1 + C2, C3} + 1, and adding (2.5.15), we
get

Re〈Lku, (4M + 2bw)u〉L2(R;dt) ≥ 〈
(
4MD2

t + bw1
)
u, u〉L2(R;dt)︸ ︷︷ ︸

I

+
(
Mk2r−2

k +Mr2
k − C1r

−2
k − C2k

2r−2
k µ−8/3 − C3r

2
kµ
−8/3)︸ ︷︷ ︸

≥k2r−2
k

+r2
k
, since µ ≥ 1

‖u‖2L2(R;dt). (2.5.16)

Estimate for I. Since u ∈ C∞0 ([3
4rk,

5
4rk]),

I = 〈
(
4MD2

t + bw1 + 2c13β
2/3
k r

2/3
k

(
1− ϕ2( t

rk
)
))
u, u〉L2(R;dt),

where ϕ2 is given in Definition 2.4.4 and c13 is given in Lemma 2.5.7. Remark that by
Lemma 2.5.7, the function b1(t, τ) + 2c13β

2/3
k r

2/3
k

(
1− ϕ2( t

rk
)
)
is always non-negative and

for all t ∈ R, |τ | ≤ β1/3
k r

1/3
k ,

b1(t, τ) + 2c13β
2/3
k r

2/3
k

(
1− ϕ2( t

rk
)
)
≥ min(c12, c13)β2/3

k r
2/3
k .

Let us denote

a(t, τ) := 4Mτ2 + b1(t, τ) + 2c13β
2/3
k r

2/3
k

(
1− ϕ2( t

rk
)
)
. (2.5.17)

We prove an estimate for 〈awu, u〉L2(R;dt), which is equal to I if u ∈ C∞0 ([3
4rk,

5
4rk]).
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Lemma 2.5.9. There exist constants C4, C
′
4 > 0, such that for all k ≥ 1, µ ≥ 1, for all

u ∈ L2(R; dt),
〈awu, u〉L2(R;dt) ≥

(
C4β

2/3
k r

2/3
k − C ′4r−2

k

)
‖u‖2L2(R;dt).

Proof. We first prove that the symbol a belongs to S(r−2
k λ2

g, g), where g is given in Def-
inition 2.5.3 and λg given in (2.5.4). Recall that λ2

g = r2
k(β

2/3
k r

2/3
k + τ2) ≥ β

2/3
k r

8/3
k . We

check the three terms in the right hand side of (2.5.17) separately.
b1 ∈ S(βkr2

kλ
−1
g , g) ⊂ S(r−2

k λ2
g, g).

2c13β
2/3
k r

2/3
k

(
1− ϕ2( t

rk
)
)
∈ S(β2/3

k r
2/3
k , g) ⊂ S(r−2

k λ2
g, g), since ϕ2( t

rk
) ∈ S(1, g).

τ2 ∈ S(r−2
k λ2

g, g). We have τ2 ≤ β2/3
k r

2/3
k + τ2 = r−2

k λ2
g and we need only to check if

|τ | ≤ Cr−2
k λ2

g(β
2/3
k r

2/3
k + τ2)−1/2,

1 ≤ Cr−2
k λ2

g(β
2/3
k r

2/3
k + τ2)−1.

These inequalities hold with C = 1 due to the expression of λg. Thus a ∈ S(r−2
k λ2

g, g).
Since the semi-norms of b1 in S(βkr2

kλ
−1
g , g), those of ϕ2( t

rk
) in S(1, g) and those of τ2 in

S(λ2
g, g) are all bounded from above independently of k, we deduce that each semi-norm

of a in S(r−2
k λ2

g, g) can be bounded by a constant independent of k.
There exists C > 0 such that a(t, τ) ≥ Cβ2/3

k r
2/3
k for all t and τ . Indeed,

if |τ | ≤ β1/3
k r

1/3
k , a(t, τ) ≥ b1(t, τ) + 2c13β

2/3
k r

2/3
k

(
1− ϕ2( t

rk
)
)

≥ min(c12, c13)β2/3
k r

2/3
k ,

if |τ | > β
1/3
k r

1/3
k , a(t, τ) ≥ 4Mτ2 ≥ 4Mβ

2/3
k r

2/3
k .

It follows from Fefferman-Phong inequality that the operator aw satisfies

aw ≥ Cβ2/3
k r

2/3
k − C ′r−2

k ,

where C ′ > 0 depends on a semi-norm of a in S(r−2
k λ2

g, g) (see Proposition 2.6.3) so that
we can assume C ′ independent of k. The proof of Lemma 2.5.9 is complete.

Final estimate. By Lemma 2.5.9, now (2.5.16) becomes

Re〈Lku, (4M + 2bw)u〉L2(R;dt) ≥〈awu, u〉L2(R;dt) + (k2r−2
k + r2

k)‖u‖2L2(R;dt)

≥
(
C4β

2/3
k r

2/3
k − C ′4r−2

k + k2r−2
k + r2

k

)
‖u‖2L2(R;dt).

Then with (2.4.21), we have

Re〈Lku, (4M + 4C ′4 + 2bw)u〉L2(R;dt) ≥
(
C4β

2/3
k r

2/3
k + k2r−2

k + r2
k

)
‖u‖2L2(R;dt).

Since the operator 4M+4C ′4+2bw is bounded on L2(R; dt) with operator norm independent
of k, we deduce that for all u ∈ C∞0 ([3

4rk,
5
4rk]),

‖Lku‖L2(R;dt) ≥ C5(β2/3
k r

2/3
k + k2r−2

k + r2
k)‖u‖L2(R;dt), (2.5.18)

where C5 > 0 is a constant independent of k. Since β2/3
k r

2/3
k + k2r−2

k ≥ β
1/2
k , we have in

particular
‖Lku‖L2(R;dt) ≥ C5β

1/2
k ‖u‖L2(R;dt). (2.5.19)

This ends the proof of Proposition 2.5.2.
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Estimates in L2(R+; rdr)

We prove estimates in L2(R+; rdr) for the operator Lk which is defined in (2.4.1). First
we have the local result.

Proposition 2.5.10 (Local estimate for Lk). There exist µ0 ≥ 1, C6 > 0 such that for
any µ ≥ µ0, α > µ4ε−4

0 , if rk ∈ [µβ−1/4
k , ε0), then for all k ≥ 1 and u ∈ C∞0 ([3

4rk,
5
4rk]),

‖Lku‖L2(R+;rdr) ≥ C6
(
β

2/3
k r

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R+;rdr), (2.5.20)

where Lk is given in (2.4.1) and βk given in (2.3.1).

Proof. The first order term. For u ∈ C∞0 ([3
4rk,

5
4rk]), the term ‖ itDtu‖L2(R;dt) can be

controlled by the L2(R; dt)-norm of Lku. Indeed,

‖Lku‖2L2(R;dt) ≥ C5β
1/2
k ‖Lku‖L2(R;dt)‖u‖L2(R;dt) by Proposition 2.5.2, (2.5.19),

≥ C5β
1/2
k Re〈Lku, u〉L2(R;dt)

≥ C5β
1/2
k ‖Dtu‖2L2(R;dt) by (2.4.3),

so that

‖ i
t
Dtu‖L2(R;dt) ≤

4
3rk
‖Dtu‖L2(R;dt) ≤

4
3C
−1/2
5 β

−1/4
k r−1

k ‖Lku‖L2(R;dt).

We choose µ0 ≥ 1 large enough such that 4
3C
−1/2
5 µ−1

0 ≤ 1/2, then for µ ≥ µ0, if
rk ≥ µβ

−1/4
k , we have 4

3(2C5)−1/2β
−1/4
k r−1

k ≤ 4
3C
−1/2
5 µ−1 ≤ 1/2. We get an estimate

in L2(R; dt):

‖Lku‖L2(R;dt) ≥ ‖Lku‖L2(R;dt) − ‖
1
t
Dtu‖L2(R;dt)

≥ 1
2‖Lku‖L2(R;dt) ≥

C5
2
(
β

2/3
k r

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R;dt).

The measure rdr. Since u and Lku both have support in [3
4rk,

5
4rk], we have

‖Lku‖L2(R+;rdr) ≥
(3
4rk

)1/2‖Lku‖L2(R;dt)

≥
(3
4rk

)1/2C5
2
(
β

2/3
k r

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R;dt)

≥
(3
5
)1/2C5

2
(
β

2/3
k r

2/3
k + k2r−2

k + r2
k

)
‖u‖L2(R+;rdr).

Hence we obtain the estimate (2.4.52) with C6 =
(3

5
)1/2C5

2 . In particular,

‖Lku‖L2(R+;rdr) ≥ C6β
1/2
k ‖u‖L2(R+;rdr).

Now we prove Theorem 2.5.1 i.e. the global estimate for Lk.

Proof of Theorem 2.5.1. We use again the partition of unity on the positive-half line
χj,k defined in (2.4.28) (Figure 2.5). We need only to estimate ‖Lkχj,ku‖L2(R+;rdr) for
j = −1, 0, 1, and the quantities m2

1, m2
2 defined in (2.4.30), then apply the localization

formula (2.4.31).
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Estimates for Lkχj,ku.
• For Lkχ0,ku: the support of χ0,k is included in [3

4rk,
5
4rk]. Assuming µ ≥ µ0 we can

apply the result (2.4.52) in Proposition 2.5.10.

‖Lkχ0,ku‖L2(R+;rdr) ≥ C6β
1/2
k ‖χ0,ku‖L2(R+;rdr).

• For Lkχ1,ku: the support of χ1,k is included in {r ≥ 9
8rk}. Let us recall the inequality

(2.3.5): −
1
2r

2 ≤ σ(r)− 1 ≤ −1
2c0r

2, if r ≤ R2;

σ(r) ≤ c2, if r > R2.

By the monotonicity of σ and (2.3.5), for r ≥ 9
8rk, since rk < ε0,

if r ≤ R2, σ(r)− σ(rk) ≤ σ(r)− σ(8
9r) ≤ −

1
2c0r

2 + 1
2(8

9r)
2 = −1

2

>0 by (2.3.3)︷ ︸︸ ︷(
c0 − (8

9)2) r2,

if r > R2, σ(r)− σ(rk) ≤ c2 − (1− 1
2r

2
k) ≤ −(1− c2) + 1

2ε
2
0 ≤ −

1
2(1− c2),

where the last inequality is due to the hypothesis ε20 ≤ 1−c2 in (2.5.2). So we have proved
the following inequality for r ≥ 9

8rk,

βk
(
σ(rk)− σ(r)

)
+ k2r−2 ≥ min(

√
2(c0 − (8/9)2)kβ1/2

k ,
1
2(1− c2)βk) ≥ cβ

1/2
k ,

with c = min(
√

2(c0 − (8/9)2), (1− c2)/2). Now apply the multipliers −iId and Id:

Re〈Lkχ1,ku,−iχ1,ku〉L2(R+;rdr) = 〈βk
(
σ(rk)− σ(r)

)
χ1,ku, χ1,ku〉L2(R+;rdr)

Re〈Lkχ1,ku, χ1,ku〉L2(R+;rdr) ≥ 〈k2r−2χ1,ku, χ1,ku〉L2(R+;rdr)

which implies that

Re〈Lkχ1,ku, (1− i)χ1,ku〉L2(R+;rdr)

≥ 〈
(
βk
(
σ(rk)− σ(r)

)
+ k2r−2

)
χ1,ku, χ1,ku〉L2(R+;rdr)

≥ cβ1/2
k ‖χ1,ku‖2L2(R+;rdr)

We get by Cauchy-Schwarz inequality that

‖Lkχ1,ku‖L2(R+;rdr) ≥
c

2β
1/2
k ‖χ1,ku‖L2(R+;rdr).

• For Lkχ−1,ku: the support of χ−1,k is included in {r ≤ 7
8rk}. We have for r ≤ 7

8rk,

σ(r)− σ(rk) ≥ σ(7
8rk)− σ(rk) ≥ −

1
2(7

8rk)
2 + c0

2 r
2
k = 1

2(c0 − (7
8)2)r2

k,

recalling that c0 > (8
9)2 is given in (2.3.3). Using the multipliers iId and Id, we get

Re〈Lkχ−1,ku, iχ−1,ku〉L2(R+;rdr) = 〈βk
(
σ(r)− σ(rk)

)
χ−1,ku, χ−1,ku〉L2(R+;rdr)

≥ 1
2
(
c0 − (7

8)2)r2
kβk‖χ−1,ku‖2L2(R+;rdr),

Re〈Lkχ−1,ku, χ−1,ku〉L2(R+;rdr) ≥ 〈k2r−2χ−1,ku, χ−1,ku〉L2(R+;rdr)

≥ k2r−2
k ‖χ−1,ku‖2L2(R+;rdr), since r ≤ rk,
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which imply that

Re〈Lkχ−1,ku, (1− i)χ−1,ku〉L2(R+;rdr)

≥
((1

2(c0 − (7
8)2)βkr2

k + k2r−2
k

)
‖χ−1,ku‖2L2(R+;rdr)

≥
√

2
(
c0 − (7

8)2)kβ1/2
k ‖χ−1,ku‖2L2(R+;rdr).

We get by Cauchy-Schwarz inequality that

‖Lkχ−1,ku‖L2(R+;rdr) ≥
√
c0 − (7

8)2β
1/2
k ‖χ−1,ku‖L2(R+;rdr).

• As a result, we have proved for some C7 > 0, for all k ≥ 1, j = 0, 1,−1, for all
u ∈ C∞0 (R+),

‖Lkχj,ku‖L2(R+;rdr) ≥ C7β
1/2
k ‖χj,ku‖L2(R+;rdr). (2.5.21)

Estimates for m2
1, m2

2. For the quantities m2
1, m2

2 defined in (2.4.30), we have m2
1 ≤

cr−2
k , m2

2 ≤ cr−4
k , where c > 0 is a constant depending only on the functions θj defined

in (2.4.27). It follows from (2.5.21) and the localization formula (2.4.31) that for any
u ∈ C∞0 (R+),

3‖Lku‖2L2(R+;rdr) + (3c+ 16c2)r−4
k ‖u‖

2
L2(R+;rdr) ≥

∑
j

C2
7βk‖χj,ku‖2L2(R+;rdr)

= C2
7βk‖u‖2L2(R+;rdr).

Choose µ ≥ µ0 large enough such that (3c + 16c2)µ−4 ≤ 1
2C

2
7 , then for α > µ4ε−4

0 and if
rk ∈ [µβ−1/4

k , ε0),

(3c+ 16c2)r−4
k ≤ (3c+ 16c2)µ−4βk ≤

1
2C

2
7βk.

We get the estimate

‖Lku‖L2(R+;rdr) ≥
1√
6
C7β

1/2
k ‖u‖L2(R+;rdr),

and this completes the proof of Theorem 2.5.1.

2.5.2 Case 4: crossing “at” 0

Now we deal with the last case when rk < µβ
−1/4
k , where µ is already chosen in

Theorem 2.5.1. Here we use a direct method without metric. As in Section 2.5.1, suppose
α > µ4ε−4

0 such that for any k ≥ 1, µβ−1/4
k < ε0.

Lemma 2.5.11. If rk < µβ
−1/4
k , then there exist Cµ > 0 and αµ ≥ 1 such that for all

k ≥ 1, α > αµ, u ∈ C∞0 (R+),

‖Lku‖L2(R+;rdr) ≥ Cµβ
1/2
k ‖u‖L2(R+;rdr),

where Lk is given in (2.4.1) and βk given in (2.3.1).
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Proof. First recall the inequality (2.3.5) gives

σ(rk) ≥ 1− 1
2r

2
k > 1− 1

2µ
2β
−1/2
k , (2.5.22)

since rk < µβ
−1/4
k < ε0 < R2. We can prove an inequality similar to (2.3.7) by using the

same method, for µ̃ > 0, r > 0, k ≥ 1 and α ≥ µ̃4,

µ̃4k
2

r2 + βk
(
1− σ(r)

)
≥ cµ̃2β

1/2
k . (2.5.23)

Indeed, by (2.3.5),

if r ≤ R2, µ̃
4k

2

r2 + βk
(
1− σ(r)

)
≥ µ̃4k

2

r2 + βk
c0
2 r

2 ≥
√

2c0|k|µ̃2β
1/2
k ,

if r > R2, µ̃
4k

2

r2 + βk
(
1− σ(r)

)
≥ (1− c2)βk ≥ (1− c2)µ̃2β

1/2
k ,

so that we get (2.5.23) with c = min(
√

2c0, 1 − c2). Now using the multipliers µ̃4Id and
iId, we get

Re〈Lku, µ̃4u〉L2(R+;rdr) ≥ 〈µ̃4k
2

r2 u, u〉L2(R+;rdr),

Re〈Lku,−iu〉L2(R+;rdr) = 〈βk
(
σ(rk)− σ(r)

)
u, u〉L2(R+;rdr).

Adding together and using (2.5.22), (2.5.23), we obtain, if α ≥ µ̃4,

Re〈Lku, (µ̃4 − i)u〉L2(R+;rdr) ≥ 〈
(
µ̃4k

2

r2 + βk
(
σ(rk)− σ(r)

))
u, u〉L2(R+;rdr)

≥ (cµ̃2 − 1
2µ

2)β1/2
k ‖u‖

2
L2(R+;rdr).

We take µ̃2 = c−1µ2, then cµ̃2− 1
2µ

2 = 1
2µ

2. By Cauchy-Schwarz inequality we get Lemma
2.5.11 with Cµ = 1

4cµ
−2 and αµ = µ̃4.

2.5.3 End of the proof of Theorem 2.2.3

Summarizing the estimates in Lemma 2.3.2, 2.3.3, 2.3.4, Theorem 2.4.2, 2.4.14, 2.5.1
and Lemma 2.5.11, we have proved the following estimate for the operator Lk := Lα,λ,k
defined by (2.3.2): there exist constants C > 0 and α0 ≥ 1 such that for all k 6= 0, λ ≥ 0,
α ≥ α0 and for all u ∈ L2(R+; rdr),

‖Lα,λ,ku‖L2(R+;rdr) ≥ Cβ
1/3
k ‖u‖L2(R+;rdr) = Cα1/3|k|1/3‖u‖L2(R+;rdr). (2.5.24)

For v ∈ D(Lα) ⊂ L̃2(R2), we write v =
∑
k 6=0 uke

ikθ, with uk ∈ L2(R+; rdr). For λ ≥ 0,
we have

(Lα − iλ)v =
∑
k 6=0

(
Lα,λ,kuk

)
eikθ.

Therefore by (2.5.24) we have

‖(Lα − iλ)v‖2L2(R2) =
∑
k 6=0

2π‖Lα,λ,kuk‖2L2(R+;rdr)

≥
∑
k 6=0

2πC2α2/3|k|2/3‖uk‖2L2(R+;rdr).
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On the other hand, we know that |Dθ|1/3v =
∑
k 6=0 |k|1/3ukeikθ for v ∈ L̃2(R2) and

‖|Dθ|1/3v‖2L2(R2) =
∑
k 6=0

2π‖|k|1/3uk‖2L2(R+;rdr).

As a result we get for v ∈ D(Lα),

‖(Lα − iλ)v‖L2(R2) ≥ Cα1/3‖|Dθ|1/3v‖L2(R2), (2.5.25)

and in particular, since |Dθ|1/3 ≥ 1 on L̃2(R2), we have

‖(Lα − iλ)v‖L2(R2) ≥ Cα1/3‖v‖L2(R2). (2.5.26)

2.5.4 Optimality

It remains to prove the optimality of (2.2.6), i.e. (2.5.25).
Lemma 2.5.12. The estimates (2.5.25) and (2.5.26) are optimal in the sense that we can
find some function v ∈ D(Lα) such that the converse inequalities hold as α→∞.
Proof. It suffices to prove the optimality of the estimate for the operator Lk defined in
(2.4.1) in the case rk > ε−1

0 (Section 2.4.1), i.e.

∀u ∈ C∞0 (R+), ‖Lku‖L2(R+;rdr) ≥ Cβ
1/3
k ‖u‖L2(R+;rdr),

more precisely, for any k ≥ 1, find function uk ∈ L2(R+; rdr) such that

‖Lkuk‖L2(R+;rdr) = O(β1/3
k )‖u‖L2(R+;rdr) as α→ +∞.

If this claim is true, then the function v = uk(r)eikθ gives the optimality of (2.5.25) and
(2.5.26). For k ≥ 1 fixed, suppose r2

k = β
1/3
k . Take u0 ∈ C∞([−1

4 ,
1
4 ]) with ‖u0‖L2(R;dt) = 1

and define
uk(r) := r

−1/2
k β

1/12
k u0

(
β

1/6
k (r − rk)

)
.

Then uk(r) has support in {r; |r − rk| ≤ 1
4β
−1/6
k } ⊂ [3

4rk,
5
4rk]. We have

‖uk‖2L2(R+;rdr) =
∫ +∞

0
β

1/6
k |u0

(
β

1/6
k (r − rk)

)
|2 r−1

k r︸ ︷︷ ︸
∈[ 3

4 ,
5
4 ]

dr ∈ [34 ,
5
4].

We have also

−∂2
ruk = −β1/3

k · r−1/2
k β

1/12
k u′′0

(
β

1/6
k (r − rk)

)
,

−1
r
∂ruk = −r−1β

1/6
k · r−1/2

k β
1/12
k u′0

(
β

1/6
k (r − rk)

)
,

and in the support of uk, we have, according to (2.4.5),

|σ(r)− σ(rk)| ≤ c4(3
4rk)

−3|r − rk| ≤
16
27c4r

−3
k β

−1/6
k ,

so that, with rk = β
1/6
k ,

‖ − ∂2
ruk‖L2(R+;rdr) = O(β1/3

k ), ‖1
r
∂ruk‖L2(R+;rdr) = O(r−1

k β
1/6
k ) = O(1),

‖k
2

r2 uk‖L2(R+;rdr) = O(r−2
k ) = O(β−1/3

k ), ‖r2uk‖L2(R+;rdr) = O(r2
k) = O(β1/3

k ),

‖iβk
(
σ(r)− σ(rk)

)
uk‖L2(R+;rdr) = O(βkr−3

k β
−1/6
k ) = O(β1/3

k ),

which implies ‖Lkuk‖L2(R+;rdr) = O(β1/3
k ) and completes the proof.
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2.6 Appendix

2.6.1 Weyl calculus

We present some facts about the Weyl calculus, which can be found in [Hör85, Chap.18]
as well as in [Ler10, Chap.2]. The Weyl quantization associates to a symbol a the operator
aw defined by

(awu)(x) = 1
(2π)n

∫∫
ei(x−y)·ξa(x+ y

2 , ξ)u(y)dydξ. (2.6.1)

Consider the symplectic space R2n equipped with the symplectic form σ =
∑n
i=1 dξ

i∧dxi.
Given a positive definite quadratic form g on R2n, we define

gσ(T ) = sup
g(Y )=1

σ(T, Y )2,

which is also a positive quadratic form. We say that g is an admissible metric if there
exist C0, C̃0, Ñ0 > 0 such that for all X,Y ∈ R2n,

uncertainty principle: gX ≤ gσX ,
slowness: gX(X − Y ) ≤ C−1

0 =⇒ (gY /gX)±1 ≤ C0,

temperance: gX ≤ C̃0gY (1 + gσX(X − Y ))Ñ0 .

(2.6.2)

An admissible weight is a positive function m on the phase space R2n, such that there
exist C ′0, C̃ ′0, Ñ ′0 > 0 so that for all X,Y ∈ R2n,{

slowness: gX(X − Y ) ≤ C ′−1
0 =⇒ (m(Y )/m(X))±1 ≤ C ′0,

temperance: m(X) ≤ C̃ ′0m(Y )(1 + gσX(X − Y ))Ñ ′0 .
(2.6.3)

In particular, the function defined by

λg(X) := inf
T∈R2n,T 6=0

(gσX(T )/gX(T ))1/2 (2.6.4)

is an admissible weight for g. The uncertainty principle is equivalent to λg ≥ 1.
We prove the admissibility of a special type of metrics, including those we have used

in the proof, given in Definition 2.4.5, 2.4.16, 2.5.3.

Lemma 2.6.1. Suppose that t0, t1 > 0 are constants satisfying t0t1 ≥ 1. The following
metric on Rt × Rτ is admissible:

Γ = dt2

t20
+ dτ2

t21 + τ2 . (2.6.5)

Moreover, the structure constants C0, C̃0 and Ñ0 given in (2.6.2) are independent of t0
and t1.

Proof of Lemma 2.6.1. First we notice that

λΓ = inf
T 6=0

(
ΓσX(T )/ΓX(T )

)1/2 = [t20(t21 + τ2)]1/2 ≥ t0t1 ≥ 1,

so that Γ satisfies the uncertainty principle.
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Slowness. it suffices to prove ΓY ≤ C0ΓX . For X = (x, ξ), Y = (y, η), T = (t, τ), if
ΓX(X − Y ) ≤ s2 then |ξ − η|2 ≤ s2(t21 + ξ2), and we obtain

ξ2 ≤ 2(ξ − η)2 + 2η2 ≤ 2s2(t21 + ξ2) + 2η2,

thus (1− 2s2)(t21 + ξ2) ≤ 2(t21 + η2).

By choosing 0 < s < 1/
√

2 and C0 = 2(1− 2s2)−1 > 1, we get

t21 + ξ2 ≤ C0(t21 + η2).

Then ΓY (T ) = t2

t20
+ τ2

t21 + η2 ≤
t2

t20
+ C0τ

2

t21 + ξ2 ≤ C0ΓX(T ).

Temperance. We have
ΓσX = (t21 + η2)dr2 + t20dη

2,

ΓX(T )
ΓY (T ) ≤ max{1, t

2
1 + η2

t21 + ξ2 }.

If |η| ≤ 2|ξ| or |η| ≤ t1, the right-hand side of the last inequality is bounded from above
by 4. If |η| > 2|ξ| and |η| ≥ t1, then |ξ − η| ≥ 1

2 |η|, which implies that ΓσX(X − Y ) ≥
t20(ξ − η)2 ≥ 1

4 t
2
0η

2; on the other hand, we have

t21 + η2

t21 + ξ2 ≤
t21 + η2

t21
= 1 + t−2

1 η2,

since t0t1 ≥ 1, we have
ΓX(T )
ΓY (T ) ≤ 1 + 4ΓσX(X − Y ).

So the inequality ΓX(T )/ΓY (T ) ≤ 4(1 + ΓσX(X − Y )) holds for any X,Y, T . As a result,
we have proved that Γ is admissible. From the proof above, we see that the constants C0,
C̃0, Ñ0 given in (2.6.2) are independent of t0 and t1, and this ends the proof of Lemma
2.6.1.

Now we introduce some spaces of symbols. We say that a is a symbol in S(m, g) if
a ∈ C∞(R2n) and the following semi-norms for all k ∈ N

sup
gX(Tj)≤1

∣∣a(k)(X)(T1, · · · , Tk)
∣∣m(X)−1 < +∞. (2.6.6)

The following lemma is used in the proof of Proposition 2.4.10, 2.4.21 and 2.5.8.

Lemma 2.6.2. Suppose φ ∈ C∞0 (R) and t0 > 0. Then the symbol φ( tt0 ) is in S(1,Γ) with
semi-norms depending only on φ, where Γ is defined in (2.6.5).

Proof. For n ≥ 0, we have

∣∣∣ dn
dtn

(
φ
( t
t0

))∣∣∣ =
∣∣∣φ(n)( t

t0

)
t−n0

∣∣∣ ≤ ‖φ(n)‖L∞t−n0 ,

which implies the Lemma.
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We define the composition law ] by awbw = (a]b)w, and we have

(a]b)(X) = exp
( i
2σ(DX , DY )

)
a(X)b(Y )|Y=X . (2.6.7)

For a ∈ S(m1, g), b ∈ S(m2, g), we have the asymptotic expansion

(a]b)(x, ξ) =
∑

0≤k<N
wk(a, b) + rN (a, b), (2.6.8)

with wk(a, b) = 2−k
∑

|α|+|β|=k

(−1)|β|

α!β! Dα
ξ ∂

β
xa D

β
ξ ∂

α
x b ∈ S(m1m2λ

−k
g , g), (2.6.9)

rN (a, b)(X) = RN
(
a(X)⊗ b(Y )

)
|X=Y ∈ S(m1m2λ

−N
g , g), (2.6.10)

RN =
∫ 1

0

(1− θ)N−1

(N − 1)! exp θ

2i [∂X , ∂Y ]dθ
( 1

2i [∂X , ∂Y ]
)N
. (2.6.11)

We use here the notation D = i−1∂. The wk(a, b) with k even are symmetric in a, b and
skew-symmetric for k odd. In particular, we have

a]b− b]a = 1
i
{a, b}+ r̃, r̃ ∈ S(m1m2λ

−3
g , g), (2.6.12)

where { , } is the Poisson bracket, implying that [aw, bw] = 1
i {a, b}

w + r̃w.
The symbols in S(1, g) are quantified in bounded operators on L2(Rn), with operator

norm depending on the structure constants C0, C̃0, Ñ0 given in (2.6.2) and a semi-norm
(2.6.6) of the symbol in S(1, g), whose order depends only on the dimension and the
structure constants C0, C̃0, Ñ0 in (2.6.2).

Next let us recall the Fefferman-Phong inequality which is used in the proof of Lemma
2.4.11, 2.4.22 and 2.5.9.

Proposition 2.6.3 (Fefferman-Phong inequality). If a ∈ S(λ2
g, g) and a ≥ 0, then aw is

bounded from below by a constant depending on C0, C̃0, Ñ0 given in (2.6.2) and a semi-
norm (2.6.6) of the symbol a in S(λ2

g, g), whose order depends only on the dimension and
the structure constants C0, C̃0, Ñ0.

We use the ellipticity to give a second proof of Lemma 2.4.11. Similar proofs can be
found for Lemma 2.4.22 and 2.5.9.

Another proof of Lemma 2.4.11. Recall that a is defined by (2.4.23). We prove first that
a is bounded below by Cr−2

k λ2
g.

For |τ | ≤ β1/3
k r−1

k , a(t, τ) ≥ min(c5, c6)β2/3
k r−2

k ≥
1
2 min(c5, c6)

(
β

2/3
k r−2

k + τ2),
for |τ | > β

1/3
k r−1

k , a(t, τ) ≥ 4Mτ2 ≥ 2M
(
β

2/3
k r−2

k + τ2).
On the other hand a ∈ S(r−2

k λ2
g, g), we get

∀t ∈ R, ∀τ ∈ R, Cr−2
k λ2

g ≤ a(t, τ) ≤ C ′r−2
k λ2

g.

Let us denote
ã := a− 1

2Cr
−2
k λ2

g,
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then 1
2Cr

−2
k λ2

g ≤ ã ∈ S(r−2
k λ2

g, g) (with semi-norms bounded by constants independent of
k). We apply the Faà di Bruno formula

(g ◦ f)(n)

n! =
∑

1≤m≤n

g(m) ◦ f
m!

∏
j1+···+jm=n,

jl≥1

f (jl)

jl!

with f = ã and g(x) = x1/2,

|
(
ã1/2)(n)(X)Tn| =

∣∣∣ ∑
1≤m≤n

cmã
1
2−m(X)

∏
j1+···+jm=n,

jl≥1

1
jl!
ã(jl)(X)T jl

∣∣∣
≤

∑
1≤m≤n

cm|ã
1
2−m(X)|

∏
j1+···+jm=n,

jl≥1

1
jl!
r−2
k λ2

g(X)gX(T )jl/2

≤
∑

1≤m≤n
c′m(r−2

k λ2
g)

1
2−m(X) · (r−2

k λ2
g)m(X)gX(T )n/2

≤ c′′nr−1
k λg(X)gX(T )n/2,

which implies that ã1/2 ∈ S(r−1
k λg, g) (and each semi-norm can be bounded by a constant

independent of k). The composition formula tells us that

ã1/2]ã1/2 = ã+ S(r−2
k , g).

Then ã− ã1/2]ã1/2 ∈ S(r−2
k , g) and

〈ãwu, u〉L2(R;dt) = 〈(ã1/2]ã1/2)wu, u〉L2(R;dt) + 〈(ã− ã1/2]ã1/2)wu, u〉L2(R;dt)

≥ ‖(ã1/2)wu‖2L2(R;dt) − C
′′r−2
k ‖u‖

2
L2(R;dt)

≥ −C ′′r−2
k ‖u‖

2
L2(R;dt),

where C ′′ > 0 depends on a semi-norm of ã − ã1/2]ã1/2 in S(r−2
k , g) and we can suppose

C ′′ independent of k, see the footnote in page 50. We get the estimate for aw:

aw = C

2 (r−2
k λ2

g)w + ãw ≥ C

2 (r−2
k λ2

g)w − C ′′r−2
k .

Remark that λg is a function depending only on the variable τ , so (λ2
g)w = λ2

g(Dt) is a
Fourier multiplier. We deduce from λ2

g ≥ β
2/3
k that (λ2

g)w ≥ β
2/3
k and

aw ≥ C

2 β
2/3
k r−2

k − C
′′r−2
k .

The proof of Lemma 2.4.11 is completed. �

2.6.2 A closed operator

We present in this appendix some properties of the operator Lα which is defined in
(2.2.1). First the operator Lα is unitarily equivalent to the original operator H̃α given in
(2.1.6), up to some constants. Indeed, the Weyl symbols corresponding to the operators
Lα, H̃α are given by

pα(x, ξ) = |ξ|2 + |x|2 + α

|x|2
(1− e−|x|2)(x1ξ2 − x2ξ1),

p̃α(x, ξ) = |ξ|2 + |x|
2

16 −
1
2 + α

2π|x|2 (1− e−|x|2/4)(x1ξ2 − x2ξ1).
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Let κ be a symplectic transform given by κ(x, ξ) = (2x, 1
2ξ), then we have

4(p̃2πα ◦ κ)(x, ξ) + 2 = pα(x, ξ),

which implies the identity 4H̃2πα + 2 = M∗LαM , where M is the unitary operator on
L2(R2) defined by Mu(x) = 2u(2x).

Now we prove that the operator Lα with domain D(Lα) given in Definition 2.2.1 is
closed.

Lemma 2.6.4. The operator Lα given in (2.2.1) is closed with domain D(Lα) which is
dense in L̃2(R2). Its spectrum is contained in the half plane {z ∈ C; Re(z) ≥ 2}.

Proof. Remark Lαv ∈ L̃2(R2) for v ∈ L̃2(R2). We first prove D(Lα) = D where

D := {v ∈ L̃2(R2); Lαv ∈ L2(R2)}.

We have clearly the inclusion D(Lα) ⊂ D. It suffices to prove that v ∈ H2(R2) and
|x|2v ∈ L2(R2) for v ∈ D. Firstly we have v ∈ H1(R2) and |x|v ∈ L2(R2). Indeed,

‖v‖2L2(R2) + ‖|x|v‖2L2(R2) = 〈(−∆ + |x|2)v, v〉L2(R2)

= Re〈Lαv, v〉L2(R2) ≤ ‖Lαv‖2L2(R2) + ‖v‖2L2(R2).

Next we compute 2Re〈(−∆ + |x|2)v, ασ(|x|)∂θv〉L2(R2) for v ∈ C∞0 (R2). Denote f(x) =
σ(|x|), since −∆ + |x|2 is self-adjoint and αf(x)∂θ is skew-adjoint, we have

2Re〈(−∆ + |x|2)v, αf(x)∂θv〉L2(R2) = 〈
[
−∆ + |x|2, αf(x)∂θ

]
v, v〉L2(R2)

= −α
(
〈(∆f(x))∂θv, v〉L2(R2) + 〈2∇f · ∇(∂θv), v〉L2(R2)

)
.

For the first term in the parentheses, we have the following estimate

|〈(∆f)∂θv, v〉L2(R2)| = |〈(∆f)(x1∂x2 − x2∂x1)v, v〉L2(R2)|
=
∣∣〈∂x2v, x1(∆f)v〉L2(R2) − 〈∂x1v, x2(∆f)v〉L2(R2)

∣∣
≤ 2‖∆f‖L∞‖v‖H1(R2)‖|x|v‖L2(R2). (2.6.13)

For the second, we have

〈2∇f · ∇(∂θv), v〉L2(R2) = 2〈∇(∂θv),∇f · v〉L2(R2) = −2〈∂θv,∇ · (∇fv)〉L2(R2)

= −2〈∂θv, (∆f)v〉L2(R2) − 2〈∂θv,∇f · ∇v〉L2(R2), (2.6.14)

since ∇f(x) = σ′(x)|x|−1x, we have |x|∇f ∈ L∞, then

∣∣〈∂θv,∇f · ∇v〉L2(R2)
∣∣ =

∣∣〈∂x2v, x1∇f · ∇v〉L2(R2) − 〈∂x1v, x2∇f · ∇v〉L2(R2)
∣∣

≤ 2‖|x|∇f‖L∞‖v‖2H1(R2). (2.6.15)

It follows from (2.6.13), (2.6.14) and (2.6.15) that

∣∣2Re〈(−∆ + |x|2)v, ασ(|x|)∂θv〉L2(R2)
∣∣

≤ 4‖∆f‖L∞‖v‖H1(R2)‖|x|v‖L2(R2) + 2‖|x|∇f‖L∞‖v‖2H1(R2). (2.6.16)
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Since C∞0 (R2)∩ L̃2(R2) is dense in D(Lα), the inequality (2.6.16) holds for all v ∈ D(Lα).
On the other hand, we have

‖Lαv‖2L2(R2) = ‖(−∆ + |x|2)v‖2L2(R2) + ‖ασ(|x|)∂θv‖2L2(R2)

+ 2Re〈(−∆ + |x|2)v, ασ(|x|)∂θv〉L2(R2),

so that (−∆ + |x|2)v ∈ L2(R2) and ασ(|v|)∂θv ∈ L2(R2). This gives v ∈ H2(R2) and
|x|2v ∈ L2(R2) for all v ∈ D(Lα).

Now consider a sequence (vn)n∈N ⊂ D(Lα), v, w ∈ L̃2(R2) such that

vn → v in L2(R2) and Lαvn → w in L2(R2), as n→∞.

This implies that

vn → v in D′(R2) and Lαvn → w in D′(R2), as n→∞.

We have convergence Lαvn → Lαv in D′(R2) as n→∞ since L is a differential operator of
order 2 with smooth coefficients. Thus w = Lαv, implying v ∈ H2(R2) and |x|2v ∈ L2(R2).
This proves that v ∈ D(Lα) and that Lα is closed.

By classical perturbation theory [Kat95, Chap.V], Lα has compact resolvent for any
α, and its spectrum is a sequence of eigenvalues. The numerical range

Θ(Lα) := {〈Lαv, v〉L2(R2;dx) ∈ C; v ∈ D(Lα), ‖v‖L2(R2;dx) = 1} (2.6.17)

is contained in the half plane {z ∈ C; Re(z) ≥ 2}, since

Re〈Lαv, v〉L2(R2;dx) = 〈(−∆ + |x|2)v, v〉L2(R2;dx) ≥ 2‖v‖2L2(R2;dx).

Then the spectrum of Lα is contained in Θ(Lα) and this ends the proof of Lemma 2.6.4.

Finally we prove an argument that is used to give the equivalence of the estimates
(2.2.4) and (2.2.5).

Lemma 2.6.5. Let P be an (unbounded) operator with domain D(P ) on a Hilbert space
H. Suppose that z is not in the spectrum of P and δ > 0. The following are equivalent,

i) for all v ∈ D(P ), ‖(P − z)v‖ ≥ δ‖v‖,
ii) ‖(P − z)−1‖ ≤ δ−1.

Proof. Clearly ii) =⇒ i). Assume now that i) holds. We know that (P − z)−1 ∈ L(H)
since z is not in the spectrum of P . For u ∈ H, let v = (P − z)−1u, then v ∈ D(P ) and
i) gives the inequality ‖u‖ ≥ δ‖(P − z)−1u‖, implying ‖(P − z)−1‖ ≤ δ−1 and completing
the proof.

Remark 2.6.6. Without the assumption that z is not in the spectrum of P , i) =⇒ ii)
is possibly wrong. For example, let P be the right shift operator on l2(N), i.e. for
v = (v1, v2, · · · ), Pv = (0, v1, v2, · · · ). P verifies the condition i) at z = 0 since ‖Pv‖ = ‖v‖
for any v ∈ l2(N), but it is not invertible since it is not onto.
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Chapter 3

Pseudospectrum for Oseen
vortices operators

The result of this chapter is taken from the article [Den11b], Pseudospectrum for Oseen
vortices operators, which has been accepted for publication in the journal International
Mathematics Research Notices, see Section 3.5 for the letter of acceptance.

We give resolvent estimates for the complete linearized operator of the Navier-Stokes
equation in R2 around the Oseen vortices, in the fast rotating limit α→ +∞.

3.1 Introduction

3.1.1 The origin of the problem

Consider the motion of a viscous incompressible fluid in the whole plane, which is
described by the Navier-Stokes equation in R2. In two dimensions where the vorticity is
a scalar, it is more convenient to study the evolution of the vorticity which is given by

∂ω

∂t
+ v · ∇ω = ν∆ω, x ∈ R2, t ≥ 0, (3.1.1)

where ν is the kinematic viscosity, ω(x, t) ∈ R is the vorticity of the fluid, v(x, t) ∈ R2 is
the divergence-free velocity field reconstructed from ω by the Biot-Savart law

v(x, t) = (KBS ∗ ω)(x, t) = 1
2π

∫
R2

(x− y)⊥

|x− y|2
ω(y, t)dy, (3.1.2)

where we denote x⊥ = (−x2, x1) for x = (x1, x2) ∈ R2. The equation (3.1.1) is globally
well-posed in L1(R2) ([BA94], [Kat94]), i.e. for any initial data ω0 ∈ L1(R2), (3.1.1) has a
unique global solution ω ∈ C0([0,+∞);L1(R2)) such that ω(0) = ω0. The total circulation
of the velocity field ∫

R2
ω(x, t)dx = lim

R→+∞

∮
|x|=R

v(x, t) · dl (3.1.3)

is a quantity conserved by the semi-flow defined by (3.1.1) in L1(R2). It is well-known that
the equation (3.1.1) has a family of explicit self-similar solutions, called Oseen vortices,
which is given by

ω(x, t) = α

νt
G
( x√

νt

)
, v(x, t) = α√

νt
vG
( x√

νt

)
, (3.1.4)
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where

G(x) = 1
4πe

−|x|2/4, vG(x) = 1
2π

x⊥

|x|2
(
1− e−|x|2/4

)
, x ∈ R2, (3.1.5)

and the parameter α ∈ R is referred to as the circulation Reynolds number. In fact these
solutions are trivial in the sense that v(x, t) · ∇ω(x, t) ≡ 0 so that (3.1.1) reduces to
the linear heat equation, and the Oseen vortices are the only self-similar solutions to the
Navier-Stokes equations in R2 whose vorticity is integrable. Moreover, it is proved by T.
Gallay and C.E. Wayne in [GW05] that if the initial vorticity ω0 is in L1(R2), then the
solution ω(x, t) of (3.1.1) satisfies

lim
t→+∞

‖ω(·, t)− α

νt
G
( ·√

νt

)
‖L1(R2) = 0, (3.1.6)

where α =
∫
R2 ω0(x)dx. In physical terms, this means that the Oseen vortices are globally

stable for any value of the circulation Reynolds number α. In contrast to many situations in
hydrodynamics, such as the Poiseuille or the Taylor-Couette flows, increasing the Reynolds
number does not produce any instability.

In order to investigate the stability of the Oseen vortices, we introduce the self-similar
variables x̃ = x/

√
νt, t̃ = log(t/T ) and we set

ω(x, t) = 1
t
ω̃
( x√

νt
, log t

T

)
, v(x, t) =

√
ν

t
ṽ
( x√

νt
, log t

T

)
.

Then the rescaled system reads (replacing x̃ by x, ω̃ by ω and so on)

∂ω

∂t
+ v · ∇ω = ∆ω + 1

2x · ∇ω + ω, x ∈ R2, t ≥ 0, (3.1.7)

where ω(x, t) ∈ R is the rescaled vorticity, v(x, t) ∈ R2 is the rescaled velocity field again
given by the Biot-Savart law (3.1.2). Then for any α ∈ R, the Oseen vortex ω = αG is
a stationary solution of (3.1.7). Linearizing the equation (3.1.7) at αG, we get a linear
evolution equation

∂ω

∂t
= −(L+ αΛ)ω,

where
Lω = −∆ω − 1

2x · ∇ω − ω, Λω = vG · ∇ω + (KBS ∗ ω) · ∇G. (3.1.8)

It turns out that the operator L is self-adjoint, non-negative on the weighted space
L2(R2;G−1dx) and Λ is a relatively compact perturbation of L, which is the sum of two
skew-adjoint operators on L2(R2;G−1dx). The spectrum of L+αΛ is a sequence of eigen-
values by classical perturbation theory ([Kat95]). Introducing the following subspaces of
Y = L2(R2;G−1dx):

Y0 =
{
ω ∈ Y ;

∫
R2
ω(x)dx = 0

}
= {G}⊥,

Y1 =
{
ω ∈ Y0;

∫
R2
xjω(x)dx = 0 for j = 1, 2

}
= {G; ∂1G; ∂2G}⊥,

Y2 =
{
ω ∈ Y1;

∫
R2
|x|2ω(x)dx = 0

}
= {G; ∂1G; ∂2G; ∆G}⊥,
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which are invariant spaces for L and Λ, the following spectral bounds for L + αΛ are
proved in [GW05],

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) ≥ 0

}
in Y,

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) ≥ 1

2
}

in Y0,

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) ≥ 1

}
in Y1,

Spec(L+ αΛ) ⊂
{
z ∈ C; Re(z) > 1

}
in Y2, if α 6= 0.

These spectral bounds allow us to obtain estimates on the semigroup associated to L+αΛ,
which can be used to show that Oseen vortex αG is a stable stationary solution of (3.1.7)
for any α ∈ R. However, these bounds are not precise. The eigenvalues that do not move
are those which correspond to eigenvectors in the kernel of Λ. All eigenvalues of L + αΛ
which correspond to eigenvectors in the orthogonal complement of ker(Λ), have a real part
that goes to +∞ as |α| → ∞, observed numerically by A. Prochazka and D. Pullin [PP95]
and recently proved by Y. Maekawa [Mae11].

In this paper, we are interested in pseudospectral properties of this linearized operator.
We conjugate the linear operators L and Λ with G1/2, then we obtain two operators on
L2(R2; dx)

Lω = G−1/2LG1/2ω = −∆ω + |x|
2

16 ω − 1
2ω, (3.1.9)

Mω = G−1/2ΛG1/2ω = vG · ∇ω − 1
2G

1/2x ·
(
KBS ∗ (G1/2ω)

)
. (3.1.10)

Up to some numerical constants, L is the two-dimensional harmonic oscillator, which is
self-adjoint and non-negative on L2(R2; dx). On the other hand, both terms in M are
separately skew-adjoint on L2(R2; dx). Letting

Hαω = Lω + αMω, ω ∈ L2(R2; dx)

=
(
−∆ω + |x|

2

16 ω − 1
2ω
)

+ α
[
vG · ∇ω − 1

2G
1/2x ·

(
KBS ∗ (G1/2ω)

)]
, (3.1.11)

our aim is to give estimates for the resolvent of the non-self-adjoint operator Hα along the
imaginary axis, in the fast rotating limit α→ +∞.

3.1.2 About non-self-adjoint operators

In many problems originated from mathematical physics, one encounters a linear evo-
lution equation with a non-self-adjoint generator, of the form H = A + iB, where A is
self-adjoint, non-negative and iB is skew-adjoint such that A,B do not commute. A is
usually called the dissipative term and iB the conservative term. The conservative term
can affect and sometimes enhance the dissipative effects or the regularizing properties of
the whole system. When a large skew-adjoint term iB is present, the spectrum and the
pseudospectrum of the whole operator H may be strongly stabilized. In particular, the
norm of the resolvent ‖(H − z)−1‖ may tend to 0 quickly.

In the paper [GGN09], a one-dimensional analogue of Hα is studied by I. Gallagher,
T. Gallay and F. Nier

Hε = −∂2
x + x2 + i

ε
f(x), x ∈ R, (3.1.12)

where ε > 0 is a small parameter, f : R→ R is a bounded smooth function. Here the limit
ε → 0 corresponds to the fast rotating limit α → +∞. They studied the asymptotics of
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two quantities related to the spectral and pseudospectral properties in the limit ε → 0.
More precisely, they define Σ(ε) as the infimum of the real part of the spectrum of Hε and

Ψ(ε)−1 = sup
λ∈R
‖(Hε − iλ)−1‖

as the supremum of the norm of the resolvent of Hε along the imaginary axis. Under some
appropriate conditions on f , both quantities Σ(ε), Ψ(ε) tend to infinity as ε→ 0 and lower
bounds are given by using the so-called hypocoercive method. Furthermore, they focused
on Morse functions of C3(R;R) which are bounded together with their derivatives up to
the third order, and which behave like |x|−k as |x| → ∞ (Hypothesis 1.6 in [GGN09]).
For functions verifying these hypotheses, some precise and optimal estimates on Ψ(ε) are
proved (Theorem 1.8 in [GGN09]): there exists M ≥ 1 such that for any ε ∈ (0, 1],

1
Mεν

≤ Ψ(ε) ≤ M

εν
, with ν = 2

k + 4 .

Their proof is based on the localization techniques and some semiclassical subelliptic
estimates.

In our recent work [Den10a], a two-dimensional non-self-adjoint operator is considered

Lα = −∆ + |x|2 + ασ(|x|)∂θ, x ∈ R2, (3.1.13)

where σ(r) = r−2(1 − e−r2), ∂θ = x1∂2 − x2∂1 and α is a positive parameter tending to
infinity. Note that up to some numerical constants, the differential operator Lα is equal
to the operator Hα given in (3.1.11), by neglecting the second member in the skew-adjoint
part αM , which is a non-local, lower-order term. In that paper, we gave a complete study
of the resolvent of Lα along the imaginary axis in the limit α → +∞ and proved an
estimate of type (Theorem 2.2 in [Den10a])

sup
λ∈R
‖(Lα − iλ)−1‖L(L̃(R2)) ≤ Cα

−1/3, (3.1.14)

where L̃2(R2) =
{
ω ∈ L2(R2; dx); ω(r cos θ, r sin θ) =

∑
k 6=0

ωk(r)eikθ
}
.

(3.1.14) is also optimal. The result is established by using a multiplier method, metrics
on the phase space and localization techniques.

The present paper is devoted to proving resolvent estimates similar to (3.1.14) for the
whole linearized operator Hα in (3.1.11).

Acknowledgements. The author would like to thank Professors I. Gallagher and T.
Gallay for kindly forwarding the question and generously providing helpful and detailed
motivation arguments. In particular, the author is very grateful to the invitation of the
summer school “Spectral analysis of non-selfadjoint operators and applications”, held in
University Rennes I, June 2011, where the notes [Gal11] were taken. This work is sup-
ported by a Fondation CFM-JP Aguilar grant.
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3.2 Statement of the result

3.2.1 The theorem

Using the notations in Section 3.1.1, we consider the operator on L2(R2; dx)

Hαω = −∆ω + |x|
2

16 ω − 1
2ω︸ ︷︷ ︸

self-adjoint and non-negative on L2(R2)

+ αvG · ∇ω − α

2G
1/2x ·

(
KBS ∗ (G1/2ω)

)
︸ ︷︷ ︸

skew-adjoint on L2(R2)

, (3.2.1)

where G, vG are given by (3.1.5), KBS is given in (3.1.2) and α ≥ 1 is a large parameter.
The real part of Hα is the two-dimensional harmonic oscillator and the imaginary part of
Hα is the sum of a divergence-free vector field and a non-local integral operator, multiplied
by the circulation Reynolds number α.

The skew-adjoint part of Hα vanishes on radial functions and in particular the function
e−|x|

2/8 is an eigenfunction of Hα corresponding to the eigenvalue 0, for any α ∈ R, which
implies that the ground state of the two-dimensional harmonic-oscillator does not move
under the large skew-adjoint perturbation. Moreover, one can also check that the skew-
adjoint part of Hα vanishes on the functions x1e

−|x|2/8, x2e
−|x|2/8. Thus we shall work in

some subspaces of L2(R2; dx), defined below.
Using polar coordinates in R2, for k0 ≥ 1, we define the subspace of L2(R2; dx)

Xk0 =
{
ω ∈ L2(R2; dx); ω(r cos θ, r sin θ) =

∑
|k|≥k0

ωk(r)eikθ
}
, (3.2.2)

which is a Hilbert space equipped with the norm ‖ ·‖L2(R2) and which is an invariant space
for Hα.

Definition 3.2.1 (Domain of Hα). Let

D = {ω ∈ L2(R2); ω ∈ H2(R2), |x|2ω ∈ L2(R2)}.

The non-local term in (3.2.1) is in fact a bounded operator on L2(R2) (see Section 3.4.4
for a proof). Then (Hα, D) is a closed operator on L2(R2). Moreover, for any k0 ≥ 1, Hα
is a closed operator on Xk0 with dense domain D ∩Xk0 and the numerical range defined
by

Θ(Hα;Xk0) = {〈Hαω, ω〉L2(R2) ∈ C; ω ∈ D ∩Xk0 , ‖ω‖L2(R2) = 1}

is included in the set {z ∈ C; Rez ≥ k0/2} (see Section 3.4.4 for a proof), so that its
spectrum is also contained in {z ∈ C; Rez ≥ k0/2}.

Now let us state our main result.

Theorem 3.2.2. There exist constants C0 > 0, k0 ≥ 3, α0 ≥ 8π such that for all α ≥ α0,
λ ∈ R, for all ω ∈ C∞0 (R2) ∩Xk0, we have

‖(Hα − iλ)ω‖L2(R2) ≥ C0α
1/3‖|Dθ|1/3ω‖L2(R2), (3.2.3)

where |Dθ|1/3ω =
∑
k |k|1/3ωk(r)eikθ, for ω =

∑
k ωk(r)eikθ. In particular, we have

sup
λ∈R
‖(Hα − iλ)−1‖L(Xk0 ) ≤ C−1

0 α−1/3k
−1/3
0 . (3.2.4)
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The resolvent estimate (3.2.4) gives information about the pseudospectrum of the
family of operators {α−1/3Hα}α≥1.

Definition 3.2.3. For a family of operators {Pα}α≥1 on a Hilbert space X, we define the
pseudospectrum of {Pα}α≥1 as the complement of the set of z ∈ C such that

∃N0 ∈ N, lim sup
α→+∞

α−N0‖(Pα − z)−1‖L(X) < +∞.

Corollary 3.2.4. When restricted to Xk0, the pseudospectrum of {α−1/3Hα}α≥1 is in-
cluded in the set {

z ∈ C; Rez ≥ C0k
1/3
0
}
,

where k0 is given in Theorem 3.2.2.

Proof. If Reη ≤ 0, then for ω ∈ D ∩Xk0 with ‖ω‖L2(R2) = 1,

|〈(Hα − η)ω, ω〉L2(R2)| ≥ |Re〈Hαω, ω〉L2(R2) − Reη| ≥ k0
2 ,

implying ‖(Hα − η)−1‖L(Xk0 ) ≤ 2k−1
0 .

Let κ ∈ (0, 1). For η = µ+ iλ with 0 < µ ≤ κC0α
1/3k

1/3
0 and λ ∈ R, we infer from the

resolvent formula

(Hα − µ− iλ)−1 − (Hα − iλ)−1 = µ(Hα − iλ)−1(Hα − µ− iλ)−1

and the resolvent estimate (3.2.4) that for α ≥ α0,

‖(Hα − µ− iλ)−1‖L(Xk0 ) ≤
‖(Hα − iλ)−1‖L(Xk0 )

1− µ‖(Hα − iλ)−1‖L(Xk0 )
≤ C−1α−1/3k

−1/3
0

1− κ .

As a result, for κ ∈ (0, 1), for all η ∈ C such that Reη ≤ κC0α
1/3k

1/3
0 , we have

‖(Hα − η)−1‖L(Xk0 ) ≤ Cκ. This is equivalent to the following

∀z ∈ C, s.t. Rez ≤ κC0k
1/3
0 , sup

α≥α0
α−1/3‖(α−1/3Hα − z)−1‖L(Xk0 ) ≤ Cκ.

According to the definition, we know that the set {z ∈ C; Rez ≤ κC0k
1/3
0 } is included in

the complement of the pseudospectrum of {α−1/3Hα}α≥1, so that the corollary is proved.

3.2.2 Comments

The nonlocal term

The term
α

2G
1/2x ·

(
KBS ∗ (G1/2ω)

)
is an integral operator which is non-local and skew-adjoint. This term should be carefully
treated as it has a large coefficient α.
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A weight

We shall reduce the two-dimensional operator Hα − iλ to a family of one-dimensional
operators acting on the positive-half real line R+ by using polar coordinates and expanding
the angular variable θ in Fourier series, indexed by the Fourier mode parameter k ∈ Z.
Then we transform the problem onto the whole real line R by making a change of variable
r = et and multiplying by a weight e2t. After these transformations, the properties of
self-adjointness and skew-adjointness are preserved (see Section 3.3.1), and the non-local
term turns out to be a skew-adjoint pseudodifferential operator with L(L2(R; dt))-norm
bounded above by α|k|−1. The discussion is divided into different cases according to a
change-of-sign situation.

Multiplier method

The proof relies on a classical multiplier method. For the non-trivial cases where
the change-of-sign takes place (see Section 3.3.3, 3.3.4), we shall construct a multiplier
bounded on L2(R; dt), which is a pseudodifferential operator associated to a Hörmander-
type metric. The non-local term will be treated as a perturbation and will be absorbed
by the main term letting |k| ≥ k0, with k0 a constant independent of the circulation
parameter α.

The value of k0

Given ε0, ε1 ∈ (0, 1), we shall discuss 4 different cases given in (3.3.22). Then k0 can
be expressed as a function of (ε0, ε1). For example, if we take ε0 ' 0.462, ε1 ' 0.426, then
Theorem 3.2.2 holds with k0 = 84, see [Den11a]. (In fact, we can obtain k0 = 51 if we do
some improvements.)

3.3 The proof

3.3.1 First reductions

The operator Hα in (3.2.1) is invariant under rotations with respect to the origin in
R2. We can reduce the problem to a family of one-dimensional operators by using polar
coordinates and expanding the angular variable θ in Fourier series.

Polar coordinates

We can write for ω ∈ L2(R2) and v = KBS ∗ ω given by (3.1.2) as

ω(r cos θ, r sin θ) =
∑
k∈Z

ωk(r)eikθ,

v(r cos θ, r sin θ) =
∑
k∈Z

(uk(r)
r

er + wk(r)
r

eθ
)
eikθ,

where er = (cos θ, sin θ) and eθ = (− sin θ, cos θ). The relations ∂1v1 + ∂2v2 = 0, ∂1v2 −
∂2v1 = ω become

u′k + ik

r
wk = 0, w′k −

ik

r
uk = rωk, (3.3.1)

(see Section 3.4.4) so that −∆kuk = ikωk, where

−∆k = −∂2
r −

1
r
∂r + k2

r2 .
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If k 6= 0, the Poisson equation −∆kΩ = f has the explicit solution Ω = Kk[f ], where

Kk[f ](r) = 1
2|k|

∫ +∞

0

((r
s

)|k|
H(r)H(s− r) +

(s
r

)|k|
H(s)H(r − s)

)
f(s)sds, (3.3.2)

where H(r) is the Heaviside function. We thus have

uk = ikKk[ωk] and wk = −rKk[ωk]′

if k 6= 0. For k = 0, we find u0 = 0 and w′0 = rω0, hence w0(r) =
∫ r

0 sω0(s)ds.
By using the following notations:

σ(r) = 1− e−r2/4

r2/4 , g(r) = e−r
2/8, for r > 0, (3.3.3)

and observing that vG = 1
8π rσ(r)eθ, we rewrite the skew-adjoint part of Hα in polar

coordinates as
αvG · ∇ω =

∑
k 6=0

iαk

8π σ(r)ωk(r)eikθ,

α

2G
1/2x ·

(
KBS ∗ (G1/2ω)

)
=
∑
k 6=0

iαk

8π g(r)Kk[gωk](r)eikθ.

Thus we find that for Hα given by (3.2.1), λ ∈ R and for ω =
∑
k∈Z∗ ωk(r)eikθ,(

(Hα − iλ)ω
)
(r cos θ, r sin θ) =

∑
k∈Z∗

(Hα,k,λωk)(r)eikθ, (3.3.4)

where Hα,k,λ acts on L2(R+; rdr) and is given by

Hα,k,λv = −∂2
rv −

1
r
∂rv + k2

r2 v + r2

16v −
1
2v + ikα

8π
(
σ(r)v − gKk[gv]

)
− iλv. (3.3.5)

Introducing two new notations

βk = αk

8π , λ = βkνk, νk ∈ R, (3.3.6)

we are led to study the resolvent of the one-dimensional operator Hα,k,λ on L2(R+; rdr)
for |βk| → +∞, where (we omit the indices α, λ in Hα,k,λ)

Hkv = −∂2
rv −

1
r
∂rv + k2

r2 v + r2

16v −
1
2v︸ ︷︷ ︸

self-adjoint and non-negative on L2(R+;rdr)

+iβk
(
σ(r)− νk

)
v − iβkgKk[gv]︸ ︷︷ ︸

skew-adjoint on L2(R+;rdr)

. (3.3.7)

Note that the non-local term is transformed to iβkgKkg with Kk given by (3.3.2). More-
over, C∞0 ((0,+∞)) is a core for the closed operator Hk with domain

D(Hk) =
{
v ∈ L2(R+; rdr); ∂2

rv,
1
r
∂rv,

1
r2 v, r

2v ∈ L2(R+; rdr)
}
, if |k| ≥ 2,

and D(Hk) =
{
v ∈ L2(R+; rdr); ∂2

rv, ∂r
(v
r

)
, r2v ∈ L2(R+; rdr)

}
, if |k| = 1.

One can check that the function rg(r) = re−r
2/8 is in D(H±1) but not in D(Hk) for any

|k| ≥ 2.
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Change of variables

We wish to transform the operator Hk in (3.3.7) acting on the positive half-line into
an operator acting on the whole real line, by making the change of variables r = et. A
simple but key observation is

Lemma 3.3.1. For v ∈ L2(R+; rdr), define u(t) = v(et). Then

‖etu‖2L2(R;dt) =
∫
R
|etu(t)|2dt =

∫ +∞

0
|v(r)|2rdr = ‖v‖2L2(R+;rdr). (3.3.8)

Moreover, for v ∈ C∞0 ((0,+∞)), multiplying (Hkv)(et) by the weight e2t, we have

e2t(Hkv)(et) = (L̃ku)(t), for u(t) = v(et), (3.3.9)

where

L̃k =− ∂2
t + k2 + 1

16e
4t − 1

2e
2t

+ iβke
2t(σ(et)− νk

)
− iβke2tg(et)(k2 +D2

t )−1e2tg(et). (3.3.10)

Proof. Indeed, we have

r2(∂2
r + r−1∂r) = (r∂r)2 = ∂2

t for r = et.

On the other hand, by the definition (3.3.2) of Kk, we have for v ∈ C∞0 ((0,+∞)),

e2t(gKk[gv]
)
(et) = e2tg(et)Kk[gv](et)

= 1
2|k|

∫ +∞

0
e2tg(et)

[(et
s

)|k|
H(et)H(s− et) +

( s
et

)|k|
H(s)H(et − s)

]
g(s)v(s)sds

= 1
2|k|

∫
R
e2tg(et)

[( et
es

)|k|
H(es − et) +

(es
et

)|k|
H(et − es)

]
g(es)v(es)e2sds

= 1
2|k|

∫
R
e2tg(et)

[
e−|k|(s−t)H(s− t) + e−|k|(t−s)H(t− s)

]
e2sg(es)v(es)ds

= 1
2|k|

∫
R
e2tg(et)e−|k||t−s|e2sg(es)u(s)ds.

For k 6= 0, we have
1

2|k|

∫
R
e−|k||t|eitτdt = 1

k2 + τ2 ,

(see Lemma 3.4.4) so that the non-local term gKkg becomes

e2t(gKk[gv]
)
(et) =

(
e2tg(et)(k2 +D2

t )−1e2tg(et)u
)
(t), for u(t) = v(et),

which is a self-adjoint, positive (non-local) pseudodifferential operator on L2(R; dt). The
proof of the lemma is complete.

When L̃k given by (3.3.10) is viewed as an operator on L2(R; dt), we see that

L̃k = −∂2
t + k2 + 1

16e
4t − 1

2e
2t︸ ︷︷ ︸

self-adjoint and non-negative on L2(R;dt)

+ iβke
2t(σ(et)− νk

)︸ ︷︷ ︸
skew-adjoint on L2(R;dt)

− iβke2tg(et)(k2 +D2
t )−1e2tg(et)︸ ︷︷ ︸

skew-adjoint on L2(R;dt)

.
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After the change of variables r = et and the multiplication by the weight e2t, the self-
adjoint (resp. skew-adjoint) part of Hk in (3.3.7) does not lose its self-adjointness (resp.
skew-adjointness), and in particular, the non-local term iβkgKkg stays skew-adjoint. More-
over, the power 2 in the weight is the only power to keep these properties unchanged.

In view of (3.3.8) and (3.3.9) in Lemma 3.3.1, the problem is reduced to prove estimates
for the operator L̃k in (3.3.10) of type

‖e−tL̃ku‖L2(R;dt) ≥ C|βk|a‖etu‖L2(R;dt) (3.3.11)

for some a > 0, which correspond to the estimates for the operator Hk given in (3.3.7)

‖Hkv‖L2(R+;rdr) ≥ C|βk|a‖v‖L2(R+;rdr), (3.3.12)

where u(t) = v(et), since we have exactly

‖e−tL̃ku‖L2(R;dt) = ‖Hkv‖L2(R+;rdr), ‖etu‖L2(R;dt) = ‖v‖L2(R+;rdr).

Furthermore, we need only to prove estimates (3.3.11) for u ∈ C∞0 (R), since it is enough
to get (3.3.12) for v ∈ C∞0 ((0,+∞)).

As in [Den10a], we divide our discussion into different cases, according to the change-
of-sign situation of σ(et) − νk, where the function σ is given in (3.3.3). Note that σ(et)
is a decreasing function of the variable t and has range (0, 1). When σ(et) − νk does not
change sign, it is easy to deal with by using the multipliers Id, ±iId (see Section 3.3.2).
If σ(et) − νk changes sign at one point, it is more complicated (see Section 3.3.3, 3.3.4).
In this case, we will construct a multiplier well-adapted to this change-of-sign situation,
which is a pseudodifferential operator depending on a Hörmander metric on the phase
space. Compared with the method in [Den10a], the multiplier that we shall construct
is a global one, because of the existence of the non-local term, which possesses a large
coefficient and would produce a commutator of size |βk| if we just used a partition of unity
on Rt as done in [Den10a].

Notations

In Section 3.3.2, 3.3.3 and 3.3.4, we shall always assume that k ≥ 1 hence βk > 0, and
we denote by ‖ · ‖, 〈·, ·〉 the L2(R; dt)-norm, inner-product respectively. We shall also be
able to neglect the term −1

2e
2t in the real part of L̃k and by introducing two notations,

〈Dk〉−2 = (D2
t + k2)−1, γ(t) = e2tg(et) = e2te−e

2t/8, (3.3.13)

we shall study

Lk = D2
t + k2 + 1

16e
4t + iβke

2t(σ(et)− νk
)
− iβkγ(t)〈Dk〉−2γ(t). (3.3.14)

In fact, as soon as we prove (3.3.11) for Lk in (3.3.14) with a > 0, we have for the operator
L̃k given in (3.3.10)

‖e−tL̃ku‖L2(R;dt) = ‖e−t
(
Lk −

1
2e

2t)u‖L2(R;dt)

≥ Cβak‖etu‖L2(R;dt) −
1
2‖e

tu‖L2(R;dt),

so that it suffices to let α large enough since k ≥ 1, βk ≥ α/8π.
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We present in Appendix 3.4.3 some inequalities concerning the functions σ and g given
in (3.3.3) that will be used in the proof. We have for all u ∈ C∞0 (R),

Re〈Lku, u〉L2(R;dt) = 〈
(
D2
t + k2 + 1

16e
4t)u, u〉L2(R;dt), (3.3.15)

0 ≤ 〈γ〈Dk〉−2γu, u〉L2(R;dt) ≤ k−2‖γu‖2L2(R;dt), by Lemma 3.4.3, (3.3.16)

where Lk is given in (3.3.14) and γ, 〈Dk〉−2 are given in (3.3.13).

3.3.2 Easy cases

In this section, we study the cases where σ(et)−νk does not change sign, that is νk ≥ 1
or νk ≤ 0.

Lemma 3.3.2. Suppose νk ≥ 1. There exists C > 0 such that for all k ≥ 1, α ≥ 8π and
for u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
1/2
k ‖e

tu‖, (3.3.17)

where Lk is given in (3.3.14) and βk is given in (3.3.6).

Proof. If νk ≥ 1, then σ(et)−νk is non-positive. Using the multiplier −iId and by (3.3.16),
we have

Re〈Lku,−iu〉 = βk〈e2t(νk − σ(et)
)
u, u〉+ βk〈γ〈Dk〉−2γu, u〉

≥ βk〈e2t(1− σ(et)
)
u, u〉. (3.3.18)

Adding (3.3.15), (3.3.18) together, we obtain

Re〈Lku, (1− i)u〉 ≥ 〈
(
k2e−2t + βk

(
1− σ(et)

))
e2tu, u〉.

Then using the second inequality in (3.4.17), we get

Re〈e−tLku, e
t(1− i)u〉 ≥ Cβ1/2

k 〈e
2tu, u〉 = Cβ

1/2
k ‖e

tu‖2.

By Cauchy-Schwarz inequality, the estimate (3.3.17) is proved.

Lemma 3.3.3. Suppose νk ≤ 0. There exists C > 0 such that for all k ≥ 2, α ≥ 8π and
for u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
1/2
k ‖e

tu‖, (3.3.19)

where Lk is given in (3.3.14) and βk in (3.3.6).

Proof. If νk ≤ 0, then σ(et)− νk is non-negative. Using the multiplier iId and by (3.3.16),
we have

Re〈Lku, iu〉 = βk〈e2t(σ(et)− νk
)
u, u〉 − βk〈γ〈Dk〉−2γu, u〉

≥ βk
(
〈e2tσ(et)u, u〉 − k−2‖e2tg(et)u‖2

)
.

Using (3.4.12), we get for k ≥ 2,

Re〈Lku, iu〉 ≥
(
1− (4δ)−1)βk〈e2tσ(et)u, u〉, (3.3.20)
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with 1− (4δ)−1 > 0. Adding (3.3.15), (3.3.20) together we obtain

Re〈Lku, (1 + i)u〉 ≥ 〈
( 1

16e
2t +

(
1− (4δ)−1)βkσ(et)

)
e2tu, u〉, k ≥ 2.

Using the first inequality in (3.4.17), we get

Re〈e−tLku, e
t(1 + i)u〉 ≥ Cβ1/2

k 〈e
2tu, u〉 = Cβ

1/2
k ‖e

tu‖2, k ≥ 2.

By Cauchy-Schwarz inequality, the estimate (3.3.19) is proved.

Remark 3.3.4. When k = 1 and νk = 0, the imaginary part of H1 vanishes on the
function v(r) = rg(r) ∈ D(H1), i.e. we have gK1[gv] = σv. Consequently, when νk = 0,
the imaginary part of L1 vanishes on the function u(t) = etg(et).

3.3.3 Nontrivial cases

We turn to study the cases where the change-of-sign of σ(et)− νk takes place, that is
νk ∈ (0, 1). We have thus νk = σ(etk) for some tk ∈ R. Then the operator Lk can be
written as

Lk = D2
t + k2 + 1

16e
4t + iβke

2t(σ(et)− σ(etk)
)
− iβkγ(t)〈Dk〉−2γ(t). (3.3.21)

Suppose ε0, ε1 ∈ (0, 1). We discuss four cases according to the behavior of the function σ
near the point etk :

etk > ε−1
0 or etk ∈

[
ε1, ε

−1
0
]

or etk ∈ (β−1/4
k , ε1) or etk ≤ β−1/4

k . (3.3.22)

Before going through the proofs for each case, let us first choose some functions that will
be used to construct the multipliers. Suppose that c0 ∈ (0, 1) is the constant chosen in
Proposition 3.4.7. Let χj ∈ C∞(R; [0, 1]), j = 0,+,−, satisfying that

suppχ0 ⊂ [−c0, c0],
χ+ = 1 on [c0,+∞), suppχ+ ⊂

[c0
2 ,+∞),

χ− = 1 on (−∞,−c0], suppχ− ⊂ (−∞,−c0
2
]
,

χ0(θ)2 + χ+(θ)2 + χ−(θ)2 = 1, ∀θ ∈ R.

(3.3.23)

See Figure 3.1.
Choose a function χ̃0 ∈ C∞0 (R; [0, 1]) such that

χ̃0 = 1 on [−2c0, 2c0], suppχ̃0 ⊂ [−3c0, 3c0]. (3.3.24)

Take a decreasing function ψ ∈ C∞(R; [−1, 1]) such that

ψ = 1 on (−∞,−2], ψ = −1 on [2,+∞), ψ′ = −1
2 on [−1, 1]. (3.3.25)

We can assume that ψ has a factorization

ψ(θ) = −e(θ)θ, (3.3.26)

where e ∈ C∞b (R; [0, 1]) satisfies 1 that

e(θ) = 1
2 for θ ∈ [−1, 1], e(θ) = |θ|−1 for |θ| ≥ 2.

1. We denote by C∞b (R; [0, 1]) the set of smooth functions defined on R with values in [0, 1] such that
all their derivatives are bounded.
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1

Figure 3.1: The functions χ0, χ±.

Plan of the paragraph

The sections 3.3.3, 3.3.4 are organized as follows. Recall the four cases given in (3.3.22)
and we give in Proposition 3.4.7 inequalities about the function σ that will be used in the
proof for the first three cases.

Section 3.3.3.a) is devoted to the proof for Case 1 where etk > ε−1
0 . We shall construct a

multiplier adapted to the change-of-sign situation. Moreover, there is a special localization
effect in this case (see Remark 3.3.13).

In Section 3.3.3.b), we prove estimates for Case 2 where etk ∈ [ε1, ε−1
0 ]. The multiplier

to be used in this case is the same as that in Case 1.
In Section 3.3.4.c), we prove estimates for Case 3 where etk ∈ (β−1/4

k , ε1). The mul-
tiplier will be different from that in the previous cases and the condition etk > β

−1/4
k is

required such that the metric verifies the uncertainty principle.
Finally, Section 3.3.4.d) is devoted to proving estimates for the last case where etk ≤

β
−1/4
k and estimates are easily obtained by using the multipliers Id, −iId.

3.3.3.a) Case 1: etk > ε−1
0

We present in Proposition 3.4.7,(1) some inequalities about the function σ that will be
used in this case.

Theorem 3.3.5. Suppose etk > ε−1
0 . There exist C > 0, k0 ≥ 1 such that for all k ≥ k0,

α ≥ 8π, u ∈ C∞0 (R),
‖e−tLku‖ ≥ Cβ

1/3
k ‖e

tu‖, (3.3.27)

where Lk is given in (3.3.21) and βk is given in (3.3.6).

a. Definition of the multiplier. We first give the definition of the Hörmander-type
metric that we shall work with (see Appendix 3.4.1).
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Definition 3.3.6. Define a metric on the phase space Rt × Rτ

Γ = |dt|2 + |dτ |2

τ2 + β
2/3
k

,

which is admissible with

λΓ = (τ2 + β
2/3
k )1/2 ≥ β1/3

k ≥
( α
8π
)1/3 ≥ 1, provided α ≥ 8π. (3.3.28)

Remark 3.3.7. We give a proof for the uniform admissibility (w.r.t. k ≥ 1, α ≥ 8π) of the
metric Γ in Lemma 3.4.1. Moreover, the function f(β−1/3

k τ) belongs to S(1,Γ) whenever
f ∈ S(1, |dθ|

2

1+θ2 ), since for any n ∈ N,

∣∣ ∂n
∂τn

(
f(β−1/3

k τ)
)∣∣ =

∣∣f (n)(β−1/3
k τ)β−n/3k

∣∣
≤ Cn(1 + |β−1/3

k τ |2)−n/2β−n/3k = Cn(β2/3
k + τ2)−n/2.

Now we can construct the multiplier, using the functions that we have chosen in
(3.3.23), (3.3.25).

Definition 3.3.8.
Mk = mw

0,k +mw
+,k +mw

−,k, (3.3.29)

where

m0,k(t, τ) = χ0(t− tk)]ψ(β−1/3
k τ)]χ0(t− tk),

m+,k(t, τ) = −iβ−1/3
k χ+(t− tk)2,

m−,k(t, τ) = iβ
−1/3
k χ−(t− tk)2,

where aw stands for the Weyl quantization for the symbol a and ] denotes the composition
law in Weyl calculus. (See Appendix 3.4.1 for Weyl calculus.)

Remark 3.3.9. The functions χ0(t−tk), χ±(t−tk), ψ(β−1/3
k τ) are real-valued symbols in

S(1,Γ). Then Mk given in Definition 3.3.8 is a bounded operator on L2(R; dt). Moreover,
we see that

mw
0,k = χ0(t− tk)ψ(β−1/3

k Dt)χ0(t− tk) (3.3.30)

and Mk can be written as

Mk = χ0(t− tk)ψ(β−1/3
k Dt)χ0(t− tk)− iβ

−1/3
k χ+(t− tk)2 + iβ

−1/3
k χ−(t− tk)2.

Furthermore, the operator etMke
−t is bounded on L2(R; dt), since

etmw
0,ke
−t =

[
et−tkχ0(t− tk)

]
ψ(β−1/3

k Dt)
[
χ0(t− tk)e−(t−tk)], (3.3.31)

and |e±(t−tk)χ0(t− tk)| ≤ ec0 .

The three parts in Mk are used to handle different zones in the phase space. We use
mw

0,k to localize near the point tk, where the change-of-sign of σ(et) − σ(etk) happens.
The Fourier multiplier ψ(β−1/3

k Dt) allows us to obtain some subelliptic estimate in this
zone, acting with the skew-adjoint part of Lk. As we shall see in the computations, it is
important to put the cutoff function χ0(t − tk) on both sides of ψ(β−1/3

k Dt), so that we
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are able to do symbolic calculus with the exponential functions since they are all localized
near tk.

The other two multipliers mw
±,k are used for dealing with the zones where there is

no change-of-sign of σ(et) − σ(etk), that is t away from the point tk, and the sign of
m+,k,m−,k corresponds exactly to the sign of σ(et) − σ(etk) on their supports. If the
non-local term iβkγ〈Dk〉−2γ were not present, then we could remove the factor β−1/3

k to
get better estimates in these zones, as we have already done in [Den10a]. However, we see
that the non-local term has a large coefficient βk and it does not commute with χ±(t− tk),
so that we would obtain a commutator of size βk that we would not know how to control.
Our strategy is to weaken the multiplier in these regions by multiplying a factor β−1/3

k .
The method that we use here is perturbative: the non-local term is treated as a

perturbation with respect to the main term σ(et)−σ(etk). Thanks to the operator 〈Dk〉−2

and the nice function γ(t) (see (3.3.13)), this perturbation is controlled by the main term
with an extra factor k−2. Letting k ≥ k0, with k0 ≥ 1 a constant independent of the
parameter α, we can get the desired result.

However, it is of course impossible to consider the non-local term as a “global” per-
turbation, i.e. to absorb it by a term controlled by ‖e−tLk,0u‖L2(R;dt), where Lk,0 is the
unperturbed part of Lk: in fact the size of that perturbation is βk and the best estimate
we can hope is controlling a factor β1/3

k . We have instead to follow our multiplier method
to check the effect of the perturbation.

b. Computations. Now let us compute 2Re〈Lku,Mku〉.

Proposition 3.3.10. Suppose etk > ε−1
0 . There exist c, C > 0 such that for all k ≥ 1,

α ≥ 8π, u ∈ C∞0 (R),

2Re〈Lku,Mku〉 ≥ cβ
2/3
k 〈ρ(t, tk)u, u〉 − Cβ

2/3
k k−2κ(etk)‖e2tg(et)1/2u‖2

− 2β2/3
k k−2‖e2tg(et)χ−(t− tk)u‖2 − C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (3.3.32)

where Lk is given in (3.3.21), Mk in Definition 3.3.8, χ0, χ± in (3.3.23), σ, g in (3.3.3),
βk in (3.3.6),

ρ(t, tk) = χ0(t− tk)2 + e2tσ(etk)χ+(t− tk)2 + e2tσ(et)χ−(t− tk)2 (3.3.33)

and κ(etk) = sup
{
g(s)1/2 max

(
1,
∣∣2− 1

4s
2∣∣, ∣∣4− 3

2s
2 + 1

16s
4∣∣); s ∈ [etk−c0 , etk+c0 ]

}
.

(3.3.34)

Proof of Proposition 3.3.10. First recall that for all u ∈ C∞0 (R),

Re〈Lku, u〉 = ‖Dtu‖2 + k2‖u‖2 + 1
16‖e

2tu‖2. (3.3.35)

In the following computations, we omit the dependence of χj(t− tk) on t− tk for the sake
of brevity.

Estimates for 2Re〈Lku,m
w
0,ku〉.

A := 2Re〈Lku,m
w
0,ku〉 = 2Re〈iβke2t(σ(et)− σ(etk)

)
u,mw

0,ku〉
− 2Re〈iβkγ〈Dk〉−2γu,mw

0,ku〉

+ 2Re〈
(
D2
t + k2 + 1

16e
4t)u,mw

0,ku〉

=: A1 +A2 +A3. (3.3.36)
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Noticing χ0χ̃0 = χ0 and (3.3.30), we have

A1 = 2Re〈iβke2t(σ(et)− σ(etk)
)
u, χ0ψ(β−1/3

k Dt)χ0u〉

= 2Re〈iβkχ̃0e
2t(σ(et)− σ(etk)

)
χ0u, ψ(β−1/3

k Dt)χ0u〉

= 〈
[
ψ(β−1/3

k Dt), iβkχ̃0e
2t(σ(et)− σ(etk)

)]
χ0u, χ0u〉.

By (3.4.19), we know that the symbol βkχ̃0e
2t(σ(et)− σ(etk)

)
belongs to S(βk,Γ) and we

get [
ψ(β−1/3

k Dt), iβkχ̃0e
2t(σ(et)− σ(etk)

)]
= bw1 + rw1 ,

where b1 ∈ S(βkλ−1
Γ ,Γ) is a Poisson bracket and r1 ∈ S(βkλ−3

Γ ,Γ) ⊂ S(1,Γ), with λΓ
given in (3.3.28) (see (3.4.11)). More precisely, we have

b1(t, τ) = 1
i

{
ψ(β−1/3

k τ), iβkχ̃0e
2t(σ(et)− σ(etk)

)}
= β

2/3
k ψ′(β−1/3

k τ) d
dt

(
χ̃0e

2t(σ(et)− σ(etk)
))
∈ S(β2/3

k ,Γ).

By (3.3.24), (3.3.25) and (3.4.18), we have in the zone {|t− tk| ≤ 2c0, |τ | ≤ β1/3
k }

b1(t, τ) = β
2/3
k ψ′(β−1/3

k τ) d
dt

(
e2t(σ(et)− σ(etk)

))
≥ C1

2 β
2/3
k .

This implies for all t, τ ∈ R,

C1
2 β

2/3
k ≤ b1(t, τ) + C1

2 τ2 + C̃1β
2/3
k

(
1− χ̃0

(
2(t− tk)

))
∈ S(λ2

Γ,Γ), (3.3.37)

where C̃1 = 2‖b1‖0,S(β2/3
k

,Γ). Indeed, the function

b1(t, τ) + C̃1β
2/3
k

(
1− χ̃0

(
2(t− tk)

))
≥ C1

2 β
2/3
k for all t ∈ R and |τ | ≤ β1/3

k ,

and it is non-negative for all t, τ ∈ R ; if |τ | ≥ β
1/3
k , then τ2 ≥ β

2/3
k , which proves the

inequality in (3.3.37). Moreover, each term in the right hand side of (3.3.37) is in S(λ2
Γ,Γ).

The Fefferman-Phong inequality (Proposition 3.4.2) implies

b1(t, τ)w + C1
2 D2

t + C̃1β
2/3
k

(
1− χ̃0

(
2(t− tk)

))
≥ C1

2 β
2/3
k − C ′.

Applying to χ0u and noting χ0(·)χ̃0(2·) = χ0(·), we obtain

A1 + C1
2 〈D

2
tχ0u, χ0u〉 = 〈

(C1
2 D2

t + bw1
)
χ0u, χ0u〉+ 〈rw1 χ0u, χ0u〉

≥ C1
2 β

2/3
k ‖χ0u‖2 − C ′′‖χ0u‖2.

On the other hand, we have

〈D2
tχ0u, χ0u〉 = ‖Dtχ0u‖2 ≤ 2‖χ0Dtu‖2 + 2‖χ′0u‖2

≤ C‖Dtu‖2 + C‖u‖2,
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which gives

A1 ≥
C1
2 β

2/3
k ‖χ0u‖2 − C‖Dtu‖2 − C‖u‖2. (3.3.38)

For the term A2 defined in (3.3.36), we have

A2 = −2Re〈iβkγ〈Dk〉−2γu,mw
0,ku〉

= −2Re〈iβk〈Dk〉−2γu, γmw
0,ku〉

= −2Re〈iβk〈Dk〉−2γu,mw
0,kγu〉 − 2Re〈iβk〈Dk〉−2γu,

[
γ,mw

0,k
]
u〉

=: A21 +A22. (3.3.39)

For A21 in (3.3.39), since i〈Dk〉−2 is skew-adjoint and mw
0,k is self-adjoint, we have

A21 = iβk〈
[
〈Dk〉−2,mw

0,k
]
γu, γu〉. (3.3.40)

Recalling (3.3.30) and noting that 〈Dk〉−2 commutes with ψ(β−1/3
k Dt), we get[

〈Dk〉−2,mw
0,k
]

=
[
〈Dk〉−2, χ0

]
ψ(β−1/3

k Dt)χ0 + χ0ψ(β−1/3
k Dt)

[
〈Dk〉−2, χ0

]
. (3.3.41)

We compute the commutator as follows[
〈Dk〉−2, χ0

]
= 〈Dk〉−2χ0 − χ0〈Dk〉−2

= 〈Dk〉−2
(
χ0(D2

t + k2)− (D2
t + k2)χ0

)
〈Dk〉−2

= 〈Dk〉−2
(
[χ0, Dt]Dt +Dt[χ0, Dt]

)
〈Dk〉−2

= i〈Dk〉−2χ′0Dt〈Dk〉−2 + i〈Dk〉−2Dtχ
′
0〈Dk〉−2,

which implies[
〈Dk〉−2, χ0

]
Dt = i 〈Dk〉−2︸ ︷︷ ︸

≤k−2

χ′0Dt〈Dk〉−2Dt︸ ︷︷ ︸
≤1

+i 〈Dk〉−2Dt︸ ︷︷ ︸
≤(2k)−1

χ′0 〈Dk〉−2Dt︸ ︷︷ ︸
≤(2k)−1

,

and ‖
[
〈Dk〉−2, χ0

]
Dt‖L(L2(R;dt)) ≤

5
4‖χ

′
0‖L∞k−2.

The factorization (3.3.26) of ψ gives

ψ(β−1/3
k Dt) = −β−1/3

k Dte(β−1/3
k Dt) = −β−1/3

k e(β−1/3
k Dt)Dt,

so that [
〈Dk〉−2, χ0

]
ψ(β−1/3

k Dt)χ0 = −β−1/3
k

[
〈Dk〉−2, χ0

]
Dt︸ ︷︷ ︸

has norm ≤Ck−2

e(β−1/3
k Dt)︸ ︷︷ ︸

bounded

χ0,

and
∣∣〈[〈Dk〉−2, χ0

]
ψ(β−1/3

k Dt)χ0γu, γu〉
∣∣ ≤ Cβ−1/3

k k−2‖χ0γu‖‖γu‖.

Similarly we can get∣∣〈χ0ψ(β−1/3
k Dt)

[
〈Dk〉−2, χ0

]
γu, γu〉

∣∣ ≤ Cβ−1/3
k k−2‖γu‖‖χ0γu‖.
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By (3.3.40) and (3.3.41), we obtain

|A21| ≤ Cβ2/3
k k−2‖χ0γu‖‖γu‖. (3.3.42)

For the term A22 defined in (3.3.39), we have, using (3.3.30)

A22 = −2Re〈iβk〈Dk〉−2γu,
[
γ,mw

0,k
]
u〉

= −2Re〈iβk〈Dk〉−2γu, χ0
[
γ, ψ(β−1/3

k Dt)
]
χ0u〉,

so that we should compute the commutator [γ, ψ(β−1/3
k Dt)], for which we will do some

symbolic calculus with the metric Γ given in Definition 3.3.6. The symbol γ(t) is in S(1,Γ)
since γ(t) = e2te−e

2t/8 belongs to C∞b (R), and we get
[
γ, ψ(β−1/3

k Dt)
]

= bw2 + rw2 ,

where b2 ∈ S(λ−1
Γ ,Γ) is a Poisson bracket and r2 ∈ S(λ−3

Γ ,Γ) ⊂ S(β−1
k ,Γ), with λΓ given

in (3.3.28) (see (3.4.11)). By direct computation, we have

b2 = 1
i

{
γ(t), ψ(β−1/3

k τ)
}

= −1
i
β
−1/3
k ψ′(β−1/3

k τ)γ′(t) ∈ S(β−1/3
k ,Γ)

= −1
i
β
−1/3
k ψ′(β−1/3

k τ)]γ′(t) + b3 + r3,

where b3 ∈ S(β−1/3
k λ−1

Γ ,Γ) is again a Poisson bracket and r3 belongs to S(β−1/3
k λ−2

Γ ,Γ)
thus to S(β−1

k ,Γ), since λΓ ≥ β
1/3
k . We continue to expand b3

b3 = − 1
2i
{
− 1
i
β
−1/3
k ψ′(β−1/3

k τ), γ′(t)
}

= −1
2β
−2/3
k ψ′′(β−1/3

k τ)γ′′(t) ∈ S(β−2/3
k ,Γ)

= −1
2β
−2/3
k ψ′′(β−1/3

k τ)]γ′′(t) + r4,

with r4 ∈ S(β−2/3
k λ−1

Γ ,Γ) ⊂ S(β−1
k ,Γ). Thus we get for w ∈ C∞0 (R),

[
γ, ψ(β−1/3

k Dt)
]
w = −1

i
β
−1/3
k ψ′(β−1/3

k Dt)γ′(t)w −
1
2β
−2/3
k ψ′′(β−1/3

k Dt)γ′′(t)w

+
(
rw2 + rw3 + rw4

)
w,

where r2, r3, r4 ∈ S(β−1
k ,Γ). Since ψ′(β−1/3

k Dt) and ψ′′(β−1/3
k Dt) are bounded on L2(R; dt),

we deduce that for w ∈ C∞0 (R),

‖
[
γ(t), ψ(β−1/3

k Dt)
]
w‖ ≤ Cβ−1/3

k ‖γ′w‖+ Cβ
−2/3
k ‖γ′′w‖+ Cβ−1

k ‖w‖.

Applying the above inequality to χ0u, we get the estimate for A22 defined in (3.3.39):∣∣A22
∣∣ ≤ 2βk‖〈Dk〉−2γu‖‖χ0

[
γ, ψ(β−1/3

k Dt)
]
χ0u‖

≤ 2βkk−2‖γu‖ ×
(
Cβ
−1/3
k ‖γ′χ0u‖+ Cβ

−2/3
k ‖γ′′χ0u‖+ Cβ−1

k ‖χ0u‖
)
. (3.3.43)
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It follows from (3.3.39), (3.3.42) and (3.3.43) that∣∣A2
∣∣ ≤ Cβ2/3

k k−2‖γu‖ ×
(
‖χ0γu‖+ ‖χ0γ

′u‖
)

+ Cβ
1/3
k k−2‖γu‖‖χ0γ

′′u‖+ Ck−2‖γu‖‖χ0u‖. (3.3.44)

Recall γ(t) = e2tg(et) = e2te−e
2t/8 ≤ 8/e and g(et) = e−e

2t/8, then

γ′(t) = e2tg(et)
(
2− 1

4e
2t), γ′′(t) = e2tg(et)

(
4− 3

2e
2t + 1

16e
4t). (3.3.45)

Define for r ≥ 0,

κ(r) = sup
{
g(s)1/2 max

(
1,
∣∣2− 1

4s
2∣∣, ∣∣4− 3

2s
2 + 1

16s
4∣∣); s ∈ [re−c0 , rec0 ]

}
. (3.3.46)

Using the fact that χ0(· − tk) supported in |t− tk| ≤ c0, we have

∀t ∈ R, max(|χ0γ|, |χ0γ
′|, |χ0γ

′′|) ≤ κ(etk)e2tg(et)1/2,

and we deduce from (3.3.44) that∣∣A2
∣∣ ≤ Cβ2/3

k k−2κ(etk)‖e2tg(et)1/2u‖2 + Ck−2‖u‖2. (3.3.47)

Remark 3.3.11. The function κ(r) is bounded and decreasing to 0 at infinity. If ε0 is
taken small, then for all etk > ε−1

0 , κ(etk) can be bounded above by κ(ε−1
0 ), which is very

small.

For the term A3 defined in (3.3.36), we have

A3 = 2Re〈D2
t u,m

w
0,ku〉+ 2Re〈k2u,mw

0,ku〉+ 1
8Re〈e4tu,mw

0,ku〉

=: A31 +A32 +A33. (3.3.48)

For A31 in (3.3.48),

A31 = 2Re〈Dtu,Dtm
w
0,ku〉

= 2Re〈Dtu,m
w
0,kDtu〉+ 2Re〈Dtu,

[
Dt,m

w
0,k
]
u〉

= 2Re〈Dtu,m
w
0,kDtu〉+ 〈

[
Dt, [Dt,m

w
0,k]
]
u, u〉.

Since m0,k ∈ S(1,Γ) and τ ∈ S(λΓ,Γ), the double commutator
[
Dt, [Dt,m

w
0,k]
]
has a

symbol in S(1,Γ). We get ∣∣A31
∣∣ ≤ C‖Dtu‖2 + C‖u‖2. (3.3.49)

Using the L2(R; dt)-boundedness of mw
0,k, we get for A32 defined in (3.3.48)∣∣A32
∣∣ ≤ Ck2‖u‖2. (3.3.50)

For A33 in (3.3.48), we have by (3.3.31)

8A33 = Re〈e4tu, χ0ψ(β−1/3
k Dt)χ0u〉

= Re〈e2tu, e2tχ0ψ(β−1/3
k Dt)χ0e

−2t︸ ︷︷ ︸
bounded on L2(R;dt)

e2tu〉.
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Hence ∣∣A33
∣∣ ≤ C‖e2tu‖2. (3.3.51)

By (3.3.48), (3.3.49), (3.3.50) and (3.3.51) we get∣∣A3
∣∣ ≤ C‖Dtu‖2 + Ck2‖u‖2 + C‖e2tu‖2. (3.3.52)

We deduce from (3.3.36), (3.3.38), (3.3.47) and (3.3.52) that

A ≥ C1
2 β

2/3
k ‖χ0u‖2 − Cβ2/3

k k−2κ(etk)‖e2tg(et)1/2u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (3.3.53)

with κ(etk) given by (3.3.46).

Estimates for 2Re〈Lku,m
w
+,ku〉. Recall that mw

+,k = −iβ−1/3
k χ+(t− tk)2.

B+ := 2Re〈Lku,m
w
+,ku〉 = 2Re〈Lku,−iβ

−1/3
k χ2

+u〉

= 2Re〈iβke2t(σ(et)− σ(etk)
)
u,−iβ−1/3

k χ2
+u〉

− 2Re〈iβkγ〈Dk〉−2γu,−iβ−1/3
k χ2

+u〉

+ 2Re〈D2
t u,−iβ

−1/3
k χ2

+u〉
=: B+

1 +B+
2 +B+

3 . (3.3.54)

The support of χ+(t− tk) is included in the set {t− tk ≥ c0/2}. By (3.4.20) we have

B+
1 = 2β2/3

k 〈e
2t(σ(etk)− σ(et)

)
u, χ2

+u〉

≥ 2c1β
2/3
k 〈e

2tσ(etk)χ2
+u, u〉. (3.3.55)

For B+
2 in (3.3.54) we have

B+
2 = β

2/3
k 2Re〈χ+〈Dk〉−2γu, χ+γu〉

= β
2/3
k 2Re〈

[
χ+, 〈Dk〉−2]γu, χ+γu〉+ β

2/3
k 2Re〈〈Dk〉−2χ+γu, χ+γu〉

= β
2/3
k 〈

[
χ+, [χ+, 〈Dk〉−2]

]
γu, γu〉+ β

2/3
k 2Re 〈〈Dk〉−2χ+γu, χ+γu〉︸ ︷︷ ︸

≥0

.

The kernel of
[
χ+, [χ+, 〈Dk〉−2]

]
is

1
2ke

−k|t−s|[χ+(t− tk)− χ+(s− tk)
]2
,

vanishing if max(t, s) ≤ tk + c0/2 and also if min(t, s) ≥ tk + c0. Then we have∣∣〈[χ+, [χ+, 〈Dk〉−2]
]
γu, γu〉

∣∣
=
∣∣∣ ∫∫

t−tk≥c0/2

1
2ke

−k|t−s|[χ+(t− tk)− χ+(s− tk)
]2(γu)(s)(γu)(t)dtds

+
∫∫

t−tk≤c0/2
s−tk≥c0/2

1
2ke

−k|t−s|[χ+(t− tk)− χ+(s− tk)
]2(γu)(s)(γu)(t)dtds

∣∣∣
≤ g(etk)1/2

∫∫
t−tk≥c0/2

1
2ke

−k|t−s|
(
e2sg(es)|u(s)|

)(
e2tg(et)1/2|u(t)|

)
dtds

+ g(etk)1/2
∫∫

t−tk≤c0/2
s−tk≥c0/2

1
2ke

−k|t−s|
(
e2sg(es)1/2|u(s)|

)(
e2tg(et)|u(t)|

)
dtds

≤ g(etk)1/2k−2‖e2tg(et)1/2u‖2,
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so that we obtain
B+

2 ≥ −β
2/3
k k−2κ(etk)‖e2tg(et)1/2u‖2, (3.3.56)

where κ(etk) is given in (3.3.46). For B+
3 in (3.3.54), we have

B+
3 = β

−1/3
k 〈

[
D2
t ,−iχ2

+
]
u, u〉

= iβ
−1/3
k 〈(2χ+χ

′′
+ + 2χ′2+)u, u〉+ iβ

−1/3
k 〈4χ+χ

′
+∂tu, u〉,

which implies∣∣B+
3
∣∣ ≤ Cβ−1/3

k ‖u‖2 + Cβ
−1/3
k ‖∂tu‖‖u‖ ≤ C‖Dtu‖2 + C‖u‖2. (3.3.57)

We get from (3.3.54), (3.3.55), (3.3.56) and (3.3.57) that

B+ ≥ 2c1β
2/3
k 〈e

2tσ(etk)χ2
+u, u〉

− β2/3
k k−2κ(etk)‖e2tg(et)1/2u‖2 − C‖u‖2 − C‖Dtu‖2. (3.3.58)

Estimates for 2Re〈Lku,m
w
−,ku〉. Recall that mw

−,k = iβ
−1/3
k χ−(t− tk)2.

B− := 2Re〈Lku,m
w
−,ku〉 = 2Re〈Lku, iβ

−1/3
k χ2

−u〉

= 2Re〈iβke2t(σ(et)− σ(etk)
)
u, iβ

−1/3
k χ2

−u〉

− 2Re〈iβkγ〈Dk〉−2γu, iβ
−1/3
k χ2

−u〉

+ 2Re〈D2
t u, iβ

−1/3
k χ2

−u〉
= B−1 +B−2 +B−3 . (3.3.59)

Recall (3.4.20) and note that the support of χ−(t − tk) is included in {t − tk ≤ −c0/2},
then we get

B−1 = 2β2/3
k 〈e

2t(σ(et)− σ(etk)
)
u, χ2

−u〉

≥ 2c1〈β2/3
k e2tσ(et)χ2

−u, u〉. (3.3.60)

For B−2 in (3.3.59) we have

B−2 = −2β2/3
k Re〈χ−〈Dk〉−2γu, χ−γu〉

= −2β2/3
k Re〈

[
χ−, 〈Dk〉−2]γu, χ−γu〉 − 2β2/3

k Re〈〈Dk〉−2χ−γu, χ−γu〉

= −β2/3
k 〈

[
χ−, [χ−, 〈Dk〉−2]

]
γu, γu〉 − 2β2/3

k Re〈〈Dk〉−2χ−γu, χ−γu〉
=: B−21 +B−22.

For B−22, we have

0 ≥ B−22 = −2β2/3
k Re〈〈Dk〉−2χ−γu, χ−γu〉 ≥ −2β2/3

k k−2‖χ−γu‖2.

By using the method that is used to estimate the double commutator in B+
2 , we find

|B−21| ≤ g(etk−c0)1/2β
2/3
k k−2‖e2tg(et)1/2u‖2

≤ β2/3
k k−2κ(etk)‖e2tg(et)1/2u‖2,



108 Chapter 3. Pseudospectrum for Oseen vortices operators

where κ(etk) is given in (3.3.46), so that

B−2 ≥ −2β2/3
k k−2‖χ−γu‖2 − β2/3

k k−2κ(etk)‖e2tg(et)1/2u‖2. (3.3.61)

For B−3 in (3.3.59), we have

B−3 = β
−1/3
k 〈

[
D2
t , iχ

2
−
]
u, u〉

= −iβ−1/3
k 〈(2χ−χ′′− + 2χ′2−)u, u〉 − iβ−1/3

k 〈4χ−χ′−∂tu, u〉,

which implies

∣∣B−3 ∣∣ ≤ Cβ−1/3
k ‖u‖2 + Cβ

−1/3
k ‖∂tu‖‖u‖ ≤ C‖u‖2 + C‖Dtu‖2. (3.3.62)

We get from (3.3.59), (3.3.60), (3.3.61) and (3.3.62) that

B− ≥ 2c1β
2/3
k 〈e

2tσ(et)χ2
−u, u〉 − C‖u‖2 − C‖Dtu‖2

− 2β2/3
k k−2‖χ−e2tg(et)u‖2 − β2/3

k k−2κ(etk)‖e2tg(et)1/2u‖2. (3.3.63)

End of the proof of Proposition 3.3.10. By (3.3.53), (3.3.58), (3.3.63) and the definition
3.3.6 of Mk, we get

2Re〈Lku,Mku〉 = A+B+ +B−

≥ C1
2 β

2/3
k ‖χ0u‖2 + 2c1β

2/3
k 〈e

2tσ(etk)χ2
+u, u〉+ 2c1β

2/3
k 〈e

2tσ(et)χ2
−u, u〉

− Cβ2/3
k k−2κ(etk)‖e2tg(et)1/2u‖2 − 2β2/3

k k−2‖χ−e2tg(et)u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2,

where κ(etk) is given in (3.3.46). This completes the proof of (3.3.32) in Proposition
3.3.10.

Recall the definition (3.3.33) of ρ(t, tk), then (3.3.32) implies

2Re〈Lku,Mku〉 ≥ β
2/3
k 〈

(
cρ(t, tk)− Ck−2e4tg(et)

)
u, u〉

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (3.3.64)

since κ(etk) is bounded above by a constant depending on ε0 (see Remark 3.3.11). We
have the following two estimates for ρ(t, tk).

Lemma 3.3.12. There exist C4, C5 > 0 such that for etk > ε−1
0 , t ∈ R, α ≥ 8π, k ≥ 1,

ρ(t, tk) ≥ C4e
4tg(et), (3.3.65)

β
2/3
k ρ(t, tk) + e4t ≥ C5β

1/3
k e2t, (3.3.66)

where ρ(t, tk) is given in (3.3.33), g is given in (3.3.3) and βk is given in (3.3.6).
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Proof of Lemma 3.3.12. Suppose etk > ε−1
0 , then σ(etk) ≥ δe−2tk for some δ > 0. Note

also that the function r4g(r) is bounded. If t is in the support of χ0(·−tk), i.e. |t−tk| ≤ c0,
we have

e4tg(et) ≤ C (always true), β
2/3
k + e4t =

(
β

2/3
k e−2t + e2t)e2t ≥ β1/3

k e2t,

implying ∀t ∈ R, Cχ2
0 ≥ e4tg(et)χ2

0 and β
2/3
k χ2

0 + e4tχ2
0 ≥ β

1/3
k e2tχ2

0.

When t is in the support of χ+(· − tk), i.e. t ≥ tk + c0/2, we have

e2tσ(etk) ≥ δe2te−2tk ≥ δec0 ≥ Ce4tg(et),

β
2/3
k e2tσ(etk) + e4t ≥ (δβ2/3

k e−2tk + e2tk)e2t ≥ δ1/2β
1/3
k e2t,

implying ∀t ∈ R, e2tσ(etk)χ2
+ ≥ Ce4tg(et)χ2

+

and ∀t ∈ R, β
2/3
k e2tσ(etk)χ2

+ + e4tχ2
+ ≥ δ1/2β

1/3
k e2tχ2

+.

When t is in the support of χ−(· − tk), i.e. t ≤ tk − c0/2, we have, using (3.4.13) and the
first inequality in (3.4.17)

e4tg(et) ≤ 16e2tσ(et),

β
2/3
k e2tσ(et) + e4t ≥

(
β

2/3
k σ(et) + e2t)e2t ≥ (2 log 2)−1β

1/3
k e2t,

implying ∀t ∈ R, 16e2tσ(et)χ2
− ≥ e4tg(et)χ2

−

and ∀t ∈ R, β
2/3
k e2tσ(et)χ2

− + e4tχ2
− ≥ (2 log 2)−1β

1/3
k e2tχ2

−.

Summing up, this completes the proof of (3.3.65) and (3.3.66).

Proof of Theorem 3.3.5. The estimates (3.3.64) and (3.3.65) imply that there exists k0 ≥
1, for all k ≥ k0,

2Re〈Lku,Mku〉 ≥
c

2β
2/3
k 〈ρ(t, tk)u, u〉 − C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2.

Together with (3.3.35), by choosing C6 > 0 large enough, we have for k ≥ k0,

Re〈Lku, (C6 + 2Mk)u〉 ≥
c

2〈
(
β

2/3
k ρ(t, tk) +D2

t + k2 + e4t
)
u, u〉. (3.3.67)

It follows from (3.3.67) and (3.3.66) that for k ≥ k0,

Re〈Lku, (C6 + 2Mk)u〉 ≥ C〈β
1/3
k e2tu, u〉. (3.3.68)

Noticing that et(C6 + 2Mk)e−t is bounded on L2(R; dt) by (3.3.31) and that

〈Lku, (C6 + 2Mk)u〉 = 〈e−tLku,
(
et(C6 + 2Mk)e−t

)
(etu)〉,

we deduce from (3.3.68) and Cauchy-Schwarz inquality that

‖e−tLku‖‖etu‖ ≥ Cβ
1/3
k ‖e

tu‖2, for k ≥ k0,

which is
‖e−tLku‖ ≥ Cβ

1/3
k ‖e

tu‖, k ≥ k0,

completing the proof of Theorem 3.3.5.
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Remark 3.3.13. There is a localization effect taking place in this case. We see in (3.3.32)
of Proposition 3.3.10 that the coefficient of the term ‖e2tg(et)1/2u‖2 has a factor κ(etk),
which is small if etk is taken very large (see Remark 3.3.11). As a result, if we suppose etk
large enough, this term is negligible (even without taking k large), and the only bad term
coming from the nonlocal operator that we need to control is

2β2/3
k k−2‖e2tg(et)χ−u‖2.

On the other hand, we can prove that there exists ε2 > 0 such that for all etk > ε−1
2 ,

∀k ≥ 2, ∀t ≤ tk −
c0
2 , 2e2t(σ(et)− σ(etk)

)
> 2k−2e4tg(et)2.

This implies that it suffices to take k ≥ 2 to absorb the remainders and thus Theorem
3.3.5 holds for k0 = 2 and etk > ε−1

2 . Furthermore, we shall see that this localization effect
does not present in Case 2 and Case 3.

3.3.3.b) Case 2: etk ∈ [ε1, ε−1
0 ]

Theorem 3.3.14. Suppose etk ∈ [ε1, ε−1
0 ]. Then there exist C > 0, k0 ≥ 1 such that for

all k ≥ k0, α ≥ 8π, u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
2/3
k ‖e

tu‖, (3.3.69)

where Lk is given in (3.3.21) and βk is given in (3.3.6).

We present some inequalities concerning σ that will be used in Case 2 in Proposition
3.4.7,(2). Note that they are similar to those in the Case 1 (given in Proposition 3.4.7,(1)).

We use the metric Γ and the multiplier Mk in Definition 3.3.6, 3.3.8, and we use the
notations A1, A2, A3, B

+, B− in (3.3.36), (3.3.54), (3.3.59). The estimate (3.3.38) for A1
is valid with constant C1 replaced by C2 (which is given in (3.4.21)) and the estimate
(3.3.52) for A3 holds in Case 2. For A2, the estimate (3.3.44) remains true:

|A2| =
∣∣2Re〈iβkγ〈Dk〉−2γu,mw

0,ku〉
∣∣

≤ Cβ2/3
k k−2‖γu‖

(
‖χ0γu‖+ ‖χ0γ

′u‖
)

+ Cβ
2/3
k k−2‖γu‖‖χ0γ

′′u‖+ Ck−2‖γu‖‖χ0u‖.

In the case where etk ∈ [ε1, ε−1
0 ], we have by (3.3.45):

|χ0(t− tk)γ′(t)| ≤ Cγ(t), |χ0(t− tk)γ′′(t)| ≤ Cγ(t),

for some C depending on ε1, ε−1
0 , so that

|A2| ≤ Cβ2/3
k k−2‖γu‖2 + Ck−2‖u‖2. (3.3.70)

For the terms B+, B−, we have by (3.4.23),

B+ = 2Re〈Lku,m
w
+,ku〉

≥ 2c2β
2/3
k 〈e

2tσ(etk)χ2
+u, u〉 − C‖u‖2 − C‖Dtu‖2 − 2β2/3

k k−2‖γu‖2,

B− = 2Re〈Lku,m
w
−,ku〉

≥ 2c2β
2/3
k 〈e

2tσ(et)χ2
−u, u〉 − C‖u‖2 − C‖Dtu‖2 − 2β2/3

k k−2‖γu‖2.
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Summarizing, we get that for all k ≥ 1, α ≥ 8π, u ∈ C∞0 (R),

2Re〈Lku,Mku〉 = A+B+ +B−

≥ C2
2 β

2/3
k ‖χ0u‖2 + 2c2β

2/3
k 〈e

2tσ(etk)χ2
+u, u〉+ 2c2β

2/3
k 〈e

2tσ(et)χ2
−u, u〉

− Cβ2/3
k k−2‖γu‖2 − C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2,

so that the following proposition is proved:

Proposition 3.3.15. Suppose etk ∈ [ε1, ε−1
0 ]. There exist c > 0, C > 0 such that for

k ≥ 1, α ≥ 8π, u ∈ C∞0 (R),

2Re〈Lku,Mku〉 ≥ β
2/3
k 〈

(
cρ(t, tk)− Ck−2e4tg(et)2

)
u, u〉

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (3.3.71)

where Lk is given in (3.3.21), Mk in Definition 3.3.8, g in (3.3.3), βk in (3.3.6) and

ρ(t, tk) = χ0(t− tk)2 + e2tσ(etk)χ+(t− tk)2 + e2tσ(et)χ−(t− tk)2, (3.3.72)

with χ0, χ± defined in (3.3.23) and σ in (3.3.3).

We have the following estimates for ρ(t, tk).

Lemma 3.3.16. There exist C7, C8 > 0 such that for all etk ∈ [ε1, ε−1
0 ], t ∈ R,

ρ(t, tk) ≥ C7e
4tg(et)2, (3.3.73)

ρ(t, tk) ≥ C8e
2t, (3.3.74)

where ρ(t, tk) is given in (3.3.72) and g is given in (3.3.3).

Proof of Lemma 3.3.16. Firstly, we have for etk ∈ [ε1, ε−1
0 ], σ(etk) ≥ σ(ε−1

0 ) = δ > 0, since
σ is decreasing. Note also that r4g(r)2, r2g(r)2 are bounded functions. If t is in the
support of χ0(· − tk), we have |t− tk| ≤ c0, then

e4tg(et)2 ≤ C, e2t ≤ ε−2
0 e2c0 ,

implying ∀t ∈ R, e4tg(et)2χ2
0 ≤ Cχ2

0 and e2tχ2
0 ≤ ε−2

0 e2c0χ2
0.

If t is in the support of χ+(· − tk), we have t ≥ tk + c0/2, (recall σ(etk) ≥ δ and r2g(r)2

bounded)
e4tg(et)2 ≤ Ce2t ≤ Cδ−1e2tσ(etk), e2t ≤ δ−1e2tσ(etk),

implying ∀t ∈ R, e4tg(et)2χ2
+ ≤ Cδ−1e2tσ(etk)χ2

+ and e2tχ2
+ ≤ δ−1e2tσ(etk)χ2

+.

If t is in the support of χ−(· − tk), we have t ≤ tk − c0/2, then σ(et) ≥ δ,

e4tg(et)2 ≤ 3e2tσ(et) (by (3.4.12)), e2t ≤ δ−1e2tσ(et),

implying ∀t ∈ R, e4tg(et)2χ2
− ≤ 3e2tσ(et)χ2

− and e2tχ2
− ≤ δ−1e2tσ(et)χ2

−.

Summing up, the inequalities (3.3.73), (3.3.74) are proved.
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Proof of Theorem 3.3.14. (3.3.71) and (3.3.73) imply that there exists k0 ≥ 1, for k ≥ k0,

2Re〈Lku,Mku〉 ≥
c

2β
2/3
k 〈ρ(t, tk)u, u〉 − C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2. (3.3.75)

Hence by choosing C9 > 0 large enough, we get for k ≥ k0

Re〈Lku, (C9 + 2Mk)u〉 ≥
c

2〈
(
β

2/3
k ρ(t, tk) +D2

t + k2 + e4t
)
u, u〉,

and in particular by (3.3.74)

Re〈Lku, (C9 + 2Mk)u〉 ≥ C〈β
2/3
k e2tu, u〉, ∀k ≥ k0.

Finally we obtain the inequality (3.3.69) by using the L2(R; dt)-boundedness of the oper-
ator et(C9 +Mk)e−t and Cauchy-Schwarz inequality.

3.3.4 Nontrivial cases, continued

3.3.4.c) Case 3: β−1/4
k < etk < ε1

We present in Proposition 3.4.7,(3) the inequalities about the function σ to be used in
this case. Moreover, we assume α0 ≥ 8π such that the interval (β−1/4

k , ε1) is not empty
for any k ≥ 1, α ≥ α0.

Theorem 3.3.17. Suppose etk ∈ (β−1/4
k , ε1). Then there exist C > 0, k0 ≥ 3 such that

for all k ≥ k0, α ≥ α0, u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
1/2
k ‖e

tu‖, (3.3.76)

where Lk is given in (3.3.21) and βk is given in (3.3.6).

We shall modify the metric Γ and the multiplier Mk as follows.

Definition 3.3.18.

Γ = |dt|2 + |dτ |2

τ2 + (βke4tk)2/3 , (t, τ) ∈ Rt × Rτ , (3.3.77)

Mk = mw
0,k +mw

+,k +mw
−,k, (3.3.78)

where

m0,k(t, τ) = χ0(t− tk)]ψ
(
(βke4tk)−1/3τ

)
]χ0(t− tk),

m+,k(t, τ) = −i(βke4tk)−1/3χ+(t− tk)2,

m−,k(t, τ) = i(βke4tk)−1/3χ−(t− tk)2,

with χ0, χ±, ψ given in (3.3.23), (3.3.25).

Remark 3.3.19. Since we are in the region etk ∈ (β−1/4
k , ε1), we have

λΓ =
(
τ2 + (βke4tk)2/3)1/2 ≥ (βke4tk)1/3 ≥ 1, (3.3.79)

so that the metric Γ verifies the uncertainty principle and moreover, Γ is uniformly ad-
missible (see Lemma 3.4.1). Furthermore, the operator etMke

−t is bounded on L2(R; dt).
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Proposition 3.3.20. Suppose etk ∈ (β−1/4
k , ε1). There exist c, C > 0 such that for all

k ≥ 3, α ≥ α0, u ∈ C∞0 (R),

2Re〈Lku,Mku〉 ≥ βk(βke4tk)−1/3〈
(
cρ̃(t, tk)− Ck−2e4tg(et)2

)
u, u〉

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (3.3.80)

where Lk is given in (3.3.21), Mk in Definition 3.3.18, g in (3.3.3), βk in (3.3.6) and

ρ̃(t, tk) = e4tkχ0(t− tk)2 + e2t(1− σ(et)
)
χ+(t− tk)2 + e2t(1− σ(etk)

)
χ−(t− tk)2, (3.3.81)

with χ0, χ± defined in (3.3.23) and σ given in (3.3.3).

Proof of Proposition 3.3.20.

Estimates for 2Re〈Lku,m
w
0,ku〉.

A := 2Re〈Lku,m
w
0,ku〉 = 2Re〈iβke2t(σ(et)− σ(etk)

)
u,mw

0,ku〉
− 2Re〈iβkγ〈Dk〉−2γu,mw

0,ku〉

+ 2Re〈(D2
t + k2 + 1

16e
4t)u,mw

0,ku〉

=: A1 +A2 +A3. (3.3.82)

For A1 in (3.3.82), we get a commutator

A1 = 2Re〈iβke2t(σ(et)− σ(etk)
)
u, χ0ψ

(
(βke4tk)−1/3Dt

)
χ0u〉

= 〈
[
ψ
(
(βke4tk)−1/3Dt

)
, iβkχ̃0e

2t(σ(et)− σ(etk)
)]
χ0u, χ0u〉,

where χ̃0 is given in (3.3.24). We know that, with Γ given in Definition 3.3.18[
ψ
(
(βke4tk)−1/3Dt

)
, iβkχ̃0e

2t(σ(et)− σ(etk)
)︸ ︷︷ ︸

∈S(βke4tk ,Γ) by (3.4.25)

]
= bw1 + rw1 ,

where b1 is a Poisson bracket and r1 ∈ S(βke4tkλ−3
Γ ,Γ) ⊂ S(1,Γ), with λΓ given in (3.3.79)

(see (3.4.11)). More precisely,

b1(t, τ) = 1
i

{
ψ
(
(βke4tk)−1/3τ

)
, iβkχ̃0e

2t(σ(et)− σ(etk)
)}

= βk(βke4tk)−1/3ψ′
(
(βke4tk)−1/3τ

) d
dt

(
χ̃0e

2t(σ(et)− σ(etk)
))

∈ S((βke4tk)2/3,Γ) ⊂ S(λ2
Γ,Γ).

By (3.3.24), (3.3.25) and (3.4.24), we have in the zone {|t− tk| ≤ 2c0, |τ | ≤ (βke4tk)1/3}

b1(t, τ) = βk(βke4tk)−1/3ψ′
(
(βke4tk)−1/3τ

) d
dt

(
e2t(σ(et)− σ(etk)

))
≥ βk(βke4tk)−1/3 × 1

2C3e
4tk ≥ C3

2 (βke4tk)2/3. (3.3.83)

This implies for all t, τ ∈ R,

C3
2 (βke4tk)2/3 ≤ b1(t, τ) + C3

2 τ2 + C̃3(βke4tk)2/3
(
1− χ̃0

(
2(t− tk)

))
∈ S(λ2

Γ,Γ), (3.3.84)
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where C̃3 = 2‖b1‖0,S((βke4tk )2/3,Γ). Indeed, the function

b1(t, τ) + C̃3(βke4tk)2/3
(
1− χ̃0

(
2(t− tk)

))
≥ C3

2 (βke4tk)2/3

for all t ∈ R and |τ | ≤ (βke4tk)1/3, and it is non-negative for all t, τ ∈ R ; if |τ | ≥ (βke4tk)1/3,
then τ2 ≥ (βke4tk)2/3, which proves the inequality in (3.3.84). Moreover, each term in the
right hand side of (3.3.84) is in S(λ2

Γ,Γ). The Fefferman-Phong inequality (Proposition
3.4.2) implies

b1(t, τ)w + C3
2 D2

t + C̃3(βke4tk)2/3
(
1− χ̃0

(
2(t− tk)

))
≥ C3

2 (βke4tk)2/3 − C ′.

Applying to χ0u, we get

A1 + C3
2 〈D

2
tχ0u, χ0u〉 = 〈

(C3
2 D2

t + bw1
)
χ0u, χ0u〉+ 〈rw1 χ0u, χ0u〉

≥ C3
2 (βke4tk)2/3‖χ0u‖2 − C ′′‖χ0u‖2.

Hence we get the estimate for A1:

A1 ≥
C3
2 (βke4tk)2/3‖χ0u‖2 − C‖Dtu‖2 − C‖u‖2. (3.3.85)

For A2 defined in (3.3.82), we have

A2 = −2Re〈iβkγ〈Dk〉−2γu,mw
0,ku〉

= −2Re〈iβk〈Dk〉−2γu,mw
0,kγu〉 − 2Re〈iβk〈Dk〉−2γu,

[
γ,mw

0,k
]
u〉

=: A21 +A22. (3.3.86)

For A21 in (3.3.86), since i〈Dk〉−2 is skew-adjoint and mw
0,k is self-adjoint, we get

A21 = iβk〈
[
〈Dk〉−2,mw

0,k
]
γu, γu〉.

Noting that 〈Dk〉−2 commutes with ψ((βke4tk)−1/3Dt), we have[
〈Dk〉−2,mw

0,k
]

=
[
〈Dk〉−2, χ0ψ

(
(βke4tk)−1/3Dt

)
χ0
]

=
[
〈Dk〉−2, χ0

]
ψ
(
(βke4tk)−1/3Dt

)
χ0 + χ0ψ

(
(βke4tk)−1/3Dt

)[
〈Dk〉−2, χ0

]
.

By using the method that is used in Case 1, we can get∣∣〈[〈Dk〉−2, χ0
]
ψ
(
(βke4tk)−1/3Dt

)
χ0γu, γu〉

∣∣ ≤ C(βke4tk)−1/3k−2‖χ0γu‖‖γu‖,∣∣〈χ0ψ
(
(βke4tk)−1/3Dt

)[
〈Dk〉−2, χ0

]
γu, γu〉

∣∣ ≤ C(βke4tk)−1/3k−2‖γu‖‖χ0γu‖,

so that
|A21| ≤ Cβk(βke4tk)−1/3k−2‖χ0γu‖‖γu‖. (3.3.87)

For A22 in (3.3.86), we have

A22 = −2Re〈iβk〈Dk〉−2γu,
[
γ,mw

0,k
]
u〉

= −2Re〈iβk〈Dk〉−2γu, χ0
[
χ̃0γ, ψ

(
(βke4tk)−1/3Dt

)]
χ0u〉,
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where χ̃0 is given in (3.3.24). Since χ̃0γ = χ̃0(t− tk)e2tg(et) ∈ S(e2tk ,Γ), we get[
χ̃0γ, ψ

(
(βke4tk)−1/3Dt

)]
= bw2 + rw2 ,

where b2 ∈ S(e2tkλ−1
Γ ,Γ) is a Poisson bracket and r2 belongs to S(e2tkλ−3

Γ ,Γ) ⊂ S(e2tk(βke4tk)−1,Γ),
with λΓ given in (3.3.79) (see (3.4.11)). We compute b2 as follows

b2 = 1
i

{
χ̃0γ, ψ

(
(βke4tk)−1/3τ

)}
= −1

i
(βke4tk)−1/3ψ′

(
(βke4tk)−1/3τ

)
(χ̃0γ)′(t) ∈ S(e2tk(βke4tk)−1/3,Γ)

= −1
i
(βke4tk)−1/3ψ′

(
(βke4tk)−1/3τ

)
](χ̃0γ)′(t) + b3 + r3,

where b3 ∈ S(e2tk(βke4tk)−2/3,Γ) is a Poisson bracket and r3 ∈ S(e2tk(βke4tk)−1,Γ). We
continue to expand b3

b3 = − 1
2i
{
− 1
i
(βke4tk)−1/3ψ′

(
(βke4tk)−1/3τ

)
, (χ̃0γ)′(t)

}
= −1

2(βke4tk)−2/3ψ′′
(
(βke4tk)−1/3τ

)
(χ̃0γ)′′(t)

= −1
2(βke4tk)−2/3ψ′′

(
(βke4tk)−1/3τ

)
](χ̃0γ)′′(t) + r4,

where r4 ∈ S(e2tk(βke4tk)−1,Γ). Thus we get for w ∈ C∞0 (R),

[
χ̃0γ,ψ

(
(βke4tk)−1/3Dt

)]
w = −1

i
(βke4tk)−1/3ψ′

(
(βke4tk)−1/3Dt

)
(χ̃0γ)′(t)w

− 1
2(βke4tk)−2/3ψ′′

(
(βke4tk)−1/3Dt

)
(χ̃0γ)′′(t)w + (rw2 + rw3 + rw4 )w,

where r2, r3, r4 ∈ S(e2tk(βke4tk)−1,Γ). Using the boundedness of ψ′ and ψ′′, we obtain for
w ∈ C∞0 (R),

‖
[
χ̃0γ,ψ

(
(βke4tk)−1/3Dt

)]
w‖ ≤ C(βke4tk)−1/3‖(χ̃0γ)′w‖

+ C(βke4tk)−2/3‖(χ̃0γ)′′w‖+ Ce2tk(βke4tk)−1‖w‖.

Now the term A22 defined in (3.3.86) can be estimated as follows:∣∣A22
∣∣ =

∣∣2Re〈iβkχ0〈Dk〉−2γu,
[
χ̃0γ, ψ

(
(βke4tk)−1/3Dt

)]
χ0u〉

∣∣
≤ 2βk‖χ0〈Dk〉−2γu‖‖

[
χ̃0γ, ψ

(
(βke4tk)−1/3Dt

)]
χ0u‖

≤ 2βk‖χ0〈Dk〉−2γu‖ ×
(
C(βke4tk)−1/3‖(χ̃0γ)′χ0u‖

+ C(βke4tk)−2/3‖(χ̃0γ)′′χ0u‖+ Ce2tk(βke4tk)−1‖χ0u‖
)

≤ Cβk(βke4tk)−1/3k−2‖γu‖‖γ′χ0u‖+ Cβk(βke4tk)−2/3k−2‖γu‖‖γ′′χ0u‖
+ Ck−2‖g(et)u‖‖χ0u‖, (3.3.88)

where in the last inequality we use the following

‖χ0〈Dk〉−2γu‖ = ‖χ0e
2t e−2t〈Dk〉−2e2t︸ ︷︷ ︸

has norm ≤ 3k−2

since k ≥ 3

g(et)u‖ ≤ Ce2tkk−2‖g(et)u‖
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(see Lemma 3.4.5).
It follows from (3.3.86), (3.3.87) and (3.3.88) that∣∣A2

∣∣ ≤ Cβk(βke4tk)−1/3k−2‖γu‖
(
‖χ0γu‖+ ‖χ0γ

′u‖
)

+ Cβk(βke4tk)−2/3k−2‖γu‖‖χ0γ
′′u‖+ Ck−2‖u‖2. (3.3.89)

From (3.3.45) we deduce that for etk < ε1,

|χ0(t− tk)γ′(t)| ≤ Cγ(t), |χ0(t− tk)γ′′(t)| ≤ Cγ(t),

with C depending only on ε1, so that∣∣A2
∣∣ ≤ Cβk(βke4tk)−1/3k−2‖γu‖2 + Ck−2‖u‖2. (3.3.90)

The estimate for A3 defined in (3.3.82) is the same as that in Case 1∣∣A3
∣∣ ≤ C‖Dtu‖2 + Ck2‖u‖2 + C‖e2tu‖2. (3.3.91)

We deduce from (3.3.82), (3.3.85), (3.3.90) and (3.3.91) that

A ≥ C3
2 (βke4tk)2/3‖χ0u‖2 − Cβk(βke4tk)−1/3k−2‖γu‖2 − Ck−2‖u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2. (3.3.92)

Estimates for 2Re〈Lku,m
w
+,ku〉. Recall mw

+,k = −i(βke4tk)−1/3χ+(t− tk)2.

B+ := 2Re〈Lku,m
w
+,ku〉 = 2Re〈Lku,−i(βke4tk)−1/3χ2

+u〉

= 2Re〈iβke2t(σ(et)− σ(etk)
)
u,−i(βke4tk)−1/3χ2

+u〉
− 2Re〈iβkγ〈Dk〉−2γu,−i(βke4tk)−1/3χ2

+u〉
+ 2Re〈D2

t u,−i(βke4tk)−1/3χ2
+u〉

= B+
1 +B+

2 +B+
3 . (3.3.93)

Recall that the support of χ+(t− tk) is included in {t− tk ≥ c0/2} and (3.4.26). Thus

B+
1 = 2βk(βke4tk)−1/3〈e2t(σ(etk)− σ(et)

)
u, χ2

+u〉
≥ 2c3βk(βke4tk)−1/3〈e2t(1− σ(et)

)
χ2

+u, u〉. (3.3.94)

For B+
2 in (3.3.93) we get∣∣B+

2
∣∣ =

∣∣2βk(βke4tk)−1/3Re〈γ〈Dk〉−2γu, χ2
+u〉

∣∣
≤ 2βk(βke4tk)−1/3k−2‖γu‖2. (3.3.95)

For B+
3 in (3.3.93) we have∣∣B+

3
∣∣ =

∣∣(βke4tk)−1/3〈
[
D2
t ,−iχ2

+
]
u, u〉

∣∣
≤ C(βke4tk)−1/3(‖u‖2 + ‖∂tu‖‖u‖

)
≤ C‖Dtu‖2 + C‖u‖2. (3.3.96)

We get from (3.3.93), (3.3.94), (3.3.95) and (3.3.96) that

B+ ≥ 2c3βk(βke4tk)−1/3〈e2t(1− σ(et)
)
χ2

+u, u〉
− C‖u‖2 − C‖Dtu‖2 − 2βk(βke4tk)−1/3k−2‖γu‖2. (3.3.97)
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Estimates for 2Re〈Lku,m
w
−,ku〉. Recall that mw

−,k = i(βke4tk)−1/3χ−(t− tk)2.

B− := 2Re〈Lku,m
w
−,ku〉 = 2Re〈Lku, i(βke4tk)−1/3χ2

−u〉

= 2Re〈iβke2t(σ(et)− σ(etk)
)
u, i(βke4tk)−1/3χ2

−u〉
− 2Re〈iβkγ〈Dk〉−2γu, i(βke4tk)−1/3χ2

−u〉
+ 2Re〈D2

t u, i(βke4tk)−1/3χ2
−u〉

= B−1 +B−2 +B−3 . (3.3.98)

Recall that the support of χ−(t− tk) is included in {t− tk ≤ −c0/2} and (3.4.26). Thus

B−1 = 2βk(βke4tk)−1/3〈e2t(σ(et)− σ(etk)
)
u, χ2

−u〉
≥ 2c3βk(βke4tk)−1/3〈e2t(1− σ(etk)

)
χ2
−u, u〉. (3.3.99)

For B−2 in (3.3.98) we have∣∣B−2 ∣∣ =
∣∣2βk(βke4tk)−1/3Re〈γ〈Dk〉−2γu, χ2

−u〉
∣∣

≤ 2βk(βke4tk)−1/3k−2‖γu‖2. (3.3.100)

For B−3 in (3.3.98), we have∣∣B−3 ∣∣ =
∣∣(βke4tk)−1/3〈

[
D2
t , iχ

2
−
]
u, u〉

∣∣
≤ C(βke4tk)−1/3(‖u‖2 + ‖∂tu‖‖u‖

)
≤ C‖u‖2 + C‖Dtu‖2. (3.3.101)

We get from (3.3.98), (3.3.99), (3.3.100) and (3.3.101) that

B− ≥ 2c3βk(βke4tk)−1/3〈e2t(1− σ(etk)
)
χ2
−u, u〉

− C‖u‖2 − C‖Dtu‖2 − 2βk(βke4tk)−1/3k−2‖γu‖2. (3.3.102)

End of the proof of Proposition 3.3.20. By (3.3.92), (3.3.97), (3.3.102) and the definition
3.3.18 of Mk, we get

2Re〈Lku,Mku〉 = A+B+ +B−

≥ C3
2 (βke4tk)2/3‖χ0u‖2

+ 2c3βk(βke4tk)−1/3〈e2t(1− σ(et)
)
χ2

+u, u〉
+ 2c3βk(βke4tk)−1/3〈e2t(1− σ(etk)

)
χ2
−u, u〉

− Cβk(βke4tk)−1/3k−2‖γu‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2

≥ βk(βke4tk)−1/3〈
(
cρ̃(t, tk)− Ck−2e4tg(et)2

)
u, u〉

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2,

where ρ̃(t, tk) is given in (3.3.81). This completes the proof of (3.3.80) in Proposition
3.3.20.

We have the following estimates for ρ̃(t, tk).
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Lemma 3.3.21. There exist C10, C11 > 0 such that for all etk < ε1, t ∈ R, α ≥ α0, k ≥ 1,

ρ̃(t, tk) ≥ C10e
4tg(et)2, (3.3.103)

βk(βke4tk)−1/3ρ̃(t, tk) + k2 ≥ C11β
1/2
k e2t, (3.3.104)

where ρ̃ is given in (3.3.81), g is given in (3.3.3) and βk is given in (3.3.6).

Proof of Lemma 3.3.21. Firstly, there exists δ > 0 such that for etk < ε1, 1−σ(etk) ≥ δe2tk .
If t is in the support of χ0(· − tk), i.e. |t− tk| ≤ c0, we have

e4tg(et)2 ≤ e4t ≤ e4c0e4tk , since g ≤ 1,

βk(βke4tk)−1/3e4tk + k2 ≥
(
(βke4tk)2/3)3/4(k2)1/4 = β

1/2
k e2tkk1/2 ≥ e−2c0β

1/2
k e2t.

This implies
∀t ∈ R, e4tg(et)2χ2

0 ≤ e4c0e4tkχ2
0,

and ∀t ∈ R, βk(βke4tk)−1/3e4tkχ2
0 + k2χ2

0 ≥ β
1/2
k e2tkk1/2 ≥ e−2c0β

1/2
k e2tχ2

0.

If t is in the support of χ−(· − tk), i.e. t ≤ tk − c0/2, we have

e4tg(et)2 ≤ e2te2tk ≤ δ−1e2t(1− σ(etk)
)
,

βk(βke4tk)−1/3e2t(1− σ(etk)
)

+ k2

≥
(
δβk(βke4tk)−1/3e2tk + k2e−2tk)e2t

≥ C
(
β

2/3
k e2tk/3)3/4(k2e−2tk)1/4e2t = Cβ

1/2
k k1/2e2t,

which implies
∀t ∈ R, e4tg(et)2χ2

− ≤ δ−1e2t(1− σ(etk)
)
χ2
−,

and ∀t ∈ R, βk(βke4tk)−1/3e2t(1− σ(etk)
)
χ2
− + k2χ2

− ≥ Cβ
1/2
k e2tχ2

−.

If t is in the support of χ+(· − tk), i.e. t ≥ tk + c0/2, we have, by (3.4.13)

e4tg(et)2 ≤ 8e2t(1− σ(et)
)
.

Suppose t ≥ tk + c0/2, if et ≤ 2, we have 1− σ(et) ≥ e2t/16 and then

βk(βke4tk)−1/3e2t(1− σ(et)
)

+ k2 ≥
(
β

2/3
k e−4tk/3 e

2t

16 + k2e−2t)e2t

≥
( 1
16β

2/3
k e2t/3)3/4(k2e−2t)1/4e2t = 1

8β
1/2
k k1/2e2t;

if et ≥ 2, we have 1− σ(et) ≥ 1− σ(2) = e−1 and then

βk(βke4tk)−1/3e2t(1− σ(et)
)
≥ e−1β

2/3
k e−4tk/3e2t ≥ e−1ε

−4/3
1 β

2/3
k e2t ≥ e−1ε

−4/3
1 β

1/2
k e2t.

Then we get for all t ∈ R,

e4tg(et)χ2
+ ≤ 8e2t(1− σ(et)

)
χ2

+,

and βk(βke4tk)−1/3e2t(1− σ(et)
)
χ2

+ + k2χ2
+ ≥ Cβ

1/2
k e2tχ2

+.

Summing up, this completes the proof of (3.3.103), (3.3.104).
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Proof of Theorem 3.3.17. The estimates (3.3.80) and (3.3.103) imply that there exists
k0 ≥ 3, for all k ≥ k0,

2Re〈Lku,Mku〉 ≥
c

2βk(βke
4tk)−1/3〈ρ̃(t, tk)u, u〉

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2.

Choosing C12 > 0 large enough, we have, using (3.3.35)

2Re〈Lku, (C12 +Mk)u〉 ≥
c

2〈
(
βk(βke4tk)−1/3ρ̃(t, tk) +D2

t + k2 + e4t
)
u, u〉. (3.3.105)

We deduce from (3.3.104) and (3.3.105) that for k ≥ k0,

2Re〈Lku, (C12 +Mk)u〉 ≥ C〈β
1/2
k e2tu, u〉.

Using that et(C12 + Mk)e−t is bounded on L2(R; dt) and Cauchy-Schwarz inequality, we
get

‖e−tLku‖ ≥ Cβ
1/2
k ‖e

tu‖, ∀k ≥ k0,

completing the proof of Theorem 3.3.17.

3.3.4.d) Case 4: etk ≤ β−1/4
k

If etk ≤ β−1/4
k , we can get estimate by using the multipliers Id and iId.

Lemma 3.3.22. Suppose etk ≤ β−1/4
k . There exists C > 0 such that for all k ≥ 1, α ≥ 8π,

u ∈ C∞0 (R),
‖e−tLku‖ ≥ Cβ

1/2
k ‖e

tu‖, (3.3.106)

where Lk is given in (3.3.21) and βk is given in (3.3.6).

Proof. At first note that
∀r > 0, 1− σ(r) ≤ 1

8r
2.

We have for etk ≤ β−1/4
k ,

Re〈Lku,−iu〉 = βk〈e2t(σ(etk)− σ(et)
)
u, u〉+ βk〈γ〈Dk〉−2γu, u〉

≥ βk〈e2t
((

1− σ(et)
)
−
(
1− σ(etk)

))
u, u〉

≥ βk〈e2t
((

1− σ(et)
)
− 1

8β
−1/2
k

)
u, u〉,

so that with (3.3.35) we get,

Re〈Lku, (1− i)u〉 ≥ 〈
(
k2e−2t + βk

(
1− σ(et)

)︸ ︷︷ ︸
≥e−1β

1/2
k

, by (3.4.17)

−1
8β

1/2
k

)
e2tu, u〉,

thus
Re〈Lku, (1− i)u〉 ≥

(1
e
− 1

8
)
β

1/2
k 〈e

2tu, u〉.

By Cauchy-Schwarz inequality, we complete the proof of (3.3.106).



120 Chapter 3. Pseudospectrum for Oseen vortices operators

3.3.5 End of the proof of Theorem 3.2.2

The case k < 0 can be covered by modifying the multiplier in each cases:

Easy case 1: νk ≥ 1 (Lemma 3.3.2) use multipliers iId, Id,
Easy case 2: νk ≤ 0 (Lemma 3.3.3) use multipliers − iId, Id,
Case 1: etk > ε−1

0 (Theorem 3.3.5), Case 2: etk ∈ [ε1, ε−1
0 ] (Theorem 3.3.14)

use multipliers Id and Mk, where
Mk = −χ0(t− tk)ψ(|βk|−1/3Dt)χ0(t− tk) + i|βk|−1/3χ+(t− tk)2

− i|βk|−1/3χ−(t− tk)2,

Case 3: etk ∈ (|βk|−1/4, ε1) (Theorem 3.3.17) use multipliers Id and Mk, where
Mk = −χ0(t− tk)ψ(|βke4tk |−1/3Dt)χ0(t− tk) + i|βke4tk |−1/3χ+(t− tk)2

− i|βke4tk |−1/3χ−(t− tk)2,

Case 4: etk ≤ |βk|−1/4 (Lemma 3.3.22) use multipliers iId, Id.

The estimates in Lemma 3.3.2, 3.3.3, Theorem 3.3.5, 3.3.14, 3.3.17 and Lemma 3.3.22 hold
with βk replaced by |βk| for k ≤ −k0. Summarizing, we have proved the estimate for the
operator Lk given in (3.3.14): There exist C > 0, k0 ≥ 3, α0 ≥ 1 such that for all |k| ≥ k0,
α ≥ α0, u ∈ C∞0 (R),

‖e−tLku‖L2(R;dt) ≥ C|βk|1/3‖etu‖L2(R;dt), (3.3.107)

and an estimate of the same type for L̃k given in (3.3.10) (with different constants C,α0).
This corresponds to the following estimate for the operator Hα,k,λ = Hk given in (3.3.5),
(3.3.7) for v ∈ C∞0 ((0,+∞)), by the equivalence of (3.3.11) and (3.3.12)

‖Hk,α,λv‖L2(R+;rdr) ≥ C|βk|1/3‖v‖L2(R+;rdr). (3.3.108)

Then noticing (3.3.4), we get for ω =
∑
|k|≥k0 ωk(r)e

ikθ ∈ C∞0 (R2) ∩Xk0 ,

‖(Hα − iλ)ω‖2L2(R2) =
∑
|k|≥k0

2π‖Hk,α,λωk‖2L2(R+;rdr)

≥
∑
|k|≥k0

2πC2|βk|2/3‖ωk‖2L2(R+;rdr)

= C2α2/3‖|Dθ|1/3ω‖2L2(R2),

since ‖|Dθ|1/3ω‖2L2(R2) =
∑
|k|≥k0

2π|k|2/3‖ωk‖2L2(R+;rdr).

Thus (3.2.3) is proved. Since k0 ≥ 3, we know that the imaginary axis does not intersect
with the spectrum of Hα viewed as an operator acting on Xk0 , which gives (3.2.4). The
proof of Theorem 3.2.2 is complete.

3.4 Appendix

3.4.1 Weyl calculus

We present some facts about the Weyl calculus, which can be found in [Hör85, Chapter
18] as well as in [Ler10, Chapter 2]. The Weyl quantization associates to a symbol a the
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operator aw defined by

(awu)(x) = 1
(2π)n

∫∫
Rn×Rn

ei(x−y)·ξa
(x+ y

2 , ξ
)
u(y)dydξ. (3.4.1)

Consider the symplectic space R2n equipped with the symplectic form σ =
∑n
i=1 dξ

i∧dxi.
Given a positive definite quadratic form Γ on R2n, we define

Γσ(T ) = sup
Γ(Y )=1

σ(T, Y )2,

which is also a positive quadratic form. We say that Γ is an admissible metric if there
exist C0, C̃0, Ñ0 > 0 such that for all X,Y ∈ R2n,

uncertainty principle: ΓX ≤ ΓσX ,
slowness: ΓX(X − Y ) ≤ C−1

0 =⇒ (ΓY /ΓX)±1 ≤ C0,

temperance: ΓX ≤ C̃0ΓY
(
1 + ΓσX(X − Y )

)Ñ0 .

(3.4.2)

C0, C̃0, Ñ0 in (3.4.2) are called structure constants of the metric Γ. An admissible weight
is a positive function m on the phase space R2n, such that there exist C ′0, C̃ ′0, Ñ ′0 > 0 so
that for all X,Y ∈ R2n,slowness: ΓX(X − Y ) ≤ C ′−1

0 =⇒ (m(Y )/m(X))±1 ≤ C ′0,
temperance: m(X) ≤ C̃ ′0m(Y )

(
1 + ΓσX(X − Y )

)Ñ ′0 . (3.4.3)

C ′0, C̃
′
0, Ñ

′
0 in (3.4.3) are called structure constants of the weight m. In particular, the

function defined by
λΓ(X) = inf

T∈R2n,T 6=0

(
ΓσX(T )/ΓX(T )

)1/2 (3.4.4)

is an admissible weight for Γ and its structure constants depend only on the structure
constants of Γ (see [Den10b]). The uncertainty principle is equivalent to λΓ ≥ 1.

We prove the uniform admissibility of a special type of metrics, including those we
have used in the proof, given in Definition 3.3.6, 3.3.18.

Lemma 3.4.1. For γ ≥ 1, the metric on the phase space Rt × Rτ given by

Γ = |dt|2 + |dτ |2

τ2 + γ2 ,

is admissible. Moreover, the structure constants of Γ defined in (3.4.2) are bounded above
independently of γ.

Proof. First we notice that

λΓ = (τ2 + γ2)1/2 ≥ γ ≥ 1,

so that Γ satisfies the uncertainty principle.
Slowness. It suffices to prove for X = (x, ξ), Y = (y, η), T = (t, τ), ΓX(X − Y ) ≤ s2

implies ΓY ≤ C0ΓX . Indeed, if ΓX(X−Y ) ≤ s2 then |ξ−η|2 ≤ s2(ξ2 +γ2), and we obtain

ξ2 ≤ 2(ξ − η)2 + 2η2 ≤ 2s2(ξ2 + γ2) + 2η2,

thus (1− 2s2)(ξ2 + γ2) ≤ 2(η2 + γ2).
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By choosing 0 < s < 1/
√

2 and C0 = 2(1− 2s2)−1 > 1, we get

ξ2 + γ2 ≤ C0(η2 + γ2).

Then ΓY (T ) = t2 + τ2

η2 + γ2 ≤ t
2 + C0τ

2

ξ2 + γ2 ≤ C0ΓX(T ).

Temperance. We have
ΓσX = (ξ2 + γ2)|dt|2 + |dτ |2,
ΓX(T )
ΓY (T ) ≤ max

(
1, η

2 + γ2

ξ2 + γ2
)
.

If |η| ≤ 2|ξ| or |η| ≤ γ, the right-hand side of the last inequality is bounded from above by 4.
If |η| > 2|ξ| and |η| ≥ γ, then |ξ−η| ≥ 1

2 |η|, which implies that ΓσX(X−Y ) ≥ (ξ−η)2 ≥ 1
4η

2;
on the other hand, we have

η2 + γ2

ξ2 + γ2 ≤
η2 + γ2

γ2 = 1 + γ−2η2,

since γ ≥ 1, we have
ΓX(T )
ΓY (T ) ≤ 1 + 4ΓσX(X − Y ).

So the inequality ΓX(T )/ΓY (T ) ≤ 4(1 + ΓσX(X − Y )) holds for any X,Y, T . As a result,
we have proved that Γ is admissible. From the proof above, we see that the structure
constants are independent of γ, and this ends the proof of lemma.

The space of symbols S(m,Γ) is defined as the set of functions a ∈ C∞(R2n) such that
the following semi-norms for all k ∈ N

sup
ΓX(Tj)≤1

∣∣a(k)(X)(T1, · · · , Tk)
∣∣m(X)−1 < +∞. (3.4.5)

The composition law ] is defined by awbw = (a]b)w and we have

(a]b)(X) = exp
( i
2σ(DX , DY )

)
a(X)b(Y )|Y=X . (3.4.6)

For a ∈ S(m1,Γ), b ∈ S(m2,Γ), we have the asymptotic expansion

(a]b)(x, ξ) =
∑

0≤k<N
wk(a, b) + rN (a, b), (3.4.7)

with wk(a, b) = 2−k
∑

|α|+|β|=k

(−1)|β|

α!β! Dα
ξ ∂

β
xa D

β
ξ ∂

α
x b ∈ S(m1m2λ

−k
Γ ,Γ), (3.4.8)

rN (a, b)(X) = RN
(
a(X)⊗ b(Y )

)
|X=Y ∈ S(m1m2λ

−N
Γ ,Γ), (3.4.9)

RN =
∫ 1

0

(1− θ)N−1

(N − 1)! exp θ

2i [∂X , ∂Y ]dθ
( 1

2i [∂X , ∂Y ]
)N
. (3.4.10)

We use here the notation D = i−1∂. The wk(a, b) with k even are symmetric in a, b and
skew-symmetric for k odd. In particular, we have

a]b− b]a = 1
i
{a, b}+ r̃, r̃ ∈ S(m1m2λ

−3
Γ ,Γ), (3.4.11)
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where { , } is the Poisson bracket, implying that [aw, bw] = 1
i {a, b}

w + r̃w.

The symbols in S(1,Γ) are quantified in bounded operators on L2(Rn), with operator
norm depending on the structure constants of Γ defined in (3.4.2) and a semi-norm (3.4.5)
of the symbol in S(1,Γ), whose order depends only on the dimension n and the structure
constants of Γ. See [Den10b].

Proposition 3.4.2 (Fefferman-Phong inequality). If a ∈ S(λ2
Γ,Γ) and a ≥ 0, then aw

is bounded from below by a constant depending on the structure constants of Γ given in
(3.4.2) and a semi-norm (3.4.5) of the symbol a in S(λ2

Γ,Γ), whose order depends only on
the dimension n and the structure constants of Γ.

3.4.2 For the operator (k2 + D2
t )−1

Lemma 3.4.3. For k ≥ 1, we have

(τ2 + k2)−1 ∈ S
(
(τ2 + k2)−1,

|dτ |2

τ2 + k2
)
⊂ S(k−2,

|dτ |2

τ2 + k2 , ),

with semi-norms bounded above independently of k. Moreover, the Fourier multiplier
〈Dk〉−2 = (k2 +D2

t )−1 is bounded on L2(R; dt) with L(L2(R; dt))-norm bounded by k−2.

Proof. We see that
1

τ2 + k2 = k−2

(k−1τ)2 + 1 .

Then for any m ≥ 0,

∣∣∣ dm
dτm

( 1
τ2 + k2

)∣∣∣ ≤ Cmk−2((k−1τ)2 + 1
)−1−m/2

k−m = Cm(k2 + τ2)−1−m/2,

where Cm is a positive constant depending only on m. This completes the proof of the
lemma.

We can also compute the kernel of the operator (k2 +D2
t )−1.

Lemma 3.4.4. For k ≥ 1, we have

1
2k

∫
R
e−k|t|eitτdt = 1

k2 + τ2 .

As a consequence, 〈Dk〉−2 is just the convolution operator with the function (2k)−1e−k|·|.

Proof. We have

1
2k

∫
R
e−k|t|eitτdt = 1

k

∫ +∞

0
e−kt cos(tτ)dt = 1

k
Re
∫ +∞

0
e−t(k+iτ) = 1

k2 + τ2 .

As a corollary of the lemma, the following result is used in the proof of Case 3.

Lemma 3.4.5. For k ≥ 3, the operator e−2t〈Dk〉−2e2t is bounded on L2(R; dt) with
L(L2(R; dt))-norm bounded above by 3k−2.
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Proof. We deduce from the previous lemma that the operator e−2t〈Dk〉−2e2t has kernel

Tk(t, s) = 1
2ke

−2te−k|t−s|e2s = 1
2ke

−k|t−s|−2(t−s).

We have
|Tk(t, s)| ≤

1
2ke

−(k−2)|t−s|.

If k ≥ 3, then the convolution with 1
2ke
−(k−2)|·| is bounded on L2(R; dt) with norm

1
2k‖e

−(k−2)|·|‖L1(R;dt) = 1
k(k − 2) ,

which is smaller than 3k−2 since k ≥ 3. This completes the proof of the lemma.

3.4.3 Some inequalities

We present some inequalities that we have used in the proof. Recall the functions σ, g
given in (3.3.3)

σ(r) = 1− e−r2/4

r2/4 , g(r) = e−r
2/8, r > 0.

Firstly, a calculation shows that

inf
θ>0

θ−2(eθ − 1) ' 1.54414 . . .

so that
∀r > 0, δr2g(r)2 ≤ σ(r), with δ ' 1

4 × 1.54414. (3.4.12)

We have
∀r > 0, r2g(r) ≤ 16σ(r), r2g(r)2 ≤ 8

(
1− σ(r)

)
. (3.4.13)

Indeed, let θ = r2/4, then (3.4.13) are equivalent to the following

∀θ > 0, 4θe−θ/2 ≤ 161− e−θ

θ
, 4θe−θ ≤ 8

(
1− 1− e−θ

θ

)
,

and also ∀θ > 0, θ2eθ/2 ≤ 4(eθ − 1), θ2 ≤ 2
(
θeθ − eθ + 1

)
.

It is easy to check that the functions

θ 7→ 4(eθ − 1)− θ2eθ/2, θ 7→ 2(θeθ − eθ + 1)− θ2

vanish at θ = 0 and have positive derivative for θ > 0. Hence (3.4.13) are proved.
We can get by induction on n ∈ N that

σ(n)(r) = (−1)n4r−n−2((n+ 1)!− pn(r)e−r2/4), (3.4.14)

where pn is a polynomial of degree 2n. In particular, we have

∀r > 0, σ′(r) = − 8
r3
(
1− e−r2/4 − r2

4 e
−r2/4) < 0, (3.4.15)

so that σ is decreasing. We have the Taylor expansion of σ near 0

σ(r) = 1− 1
2 ·

r2

4 + 1
3!
(r2

4
)2
− · · ·+ (−1)l

(l + 1)!
(r2

4
)l

+O(r2l+2), as r → 0. (3.4.16)
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Lemma 3.4.6. For all k ≥ 1, β ≥ 1, r > 0, we have
r2 + βσ(r) ≥ (2 log 2)−1β1/2,

k2

r2 + β
(
1− σ(r)

)
≥ e−1β1/2,

(3.4.17)

where σ(r) is given in (3.3.3).

Proof. By the definition of σ, we have

if r ≤ 2(log 2)1/2, then σ(r) ≥ σ
(
2(log 2)1/2) = (2 log 2)−1,

if r > 2(log 2)1/2, then e−r2/4 <
1
2 , implying σ(r) > 2r−2.

Therefore, we get

if r ≤ 2(log 2)1/2, then r2 + βσ(r) ≥ (2 log 2)−1β,

if r > 2(log 2)1/2, then r2 + βσ(r) ≥ r2 + 2βr−2 ≥ 2
√

2β1/2,

which implies for any r ≥ 0,

r2 + βσ(r) ≥ min
(
(2 log 2)−1β, 2

√
2β1/2) ≥ (2 log 2)−1β1/2, since β ≥ 1,

proving the first inequality in (3.4.17). Noting that

∀ 0 ≤ θ ≤ 1, e−θ − 1 + θ ≥ θ2

4 ,

we have
∀0 < r ≤ 2, 1− σ(r) = 4

r2
(
e−r

2/4 − 1 + r2

4
)
≥ r2

16 .

Then we obtain

if r ≤ 2, k2

r2 + β
(
1− σ(r)

)
≥ k2

r2 + β
r2

16 ≥
1
2kβ

1/2,

if r > 2, k2

r2 + β
(
1− σ(r)

)
≥ β

(
1− σ(2)

)
= e−1β.

Therefore for any r > 0, k ≥ 1,

k2

r2 + β
(
1− σ(r)

)
≥ min

(1
2kβ

1/2, e−1β
)
≥ e−1β1/2, since β ≥ 1,

which proves the second inequality in (3.4.17).

Now we prove inequalities about the function σ that are used in the proof of Case 1,
2 and 3.

Proposition 3.4.7. Given ε0, ε1 ∈ (0, 1), there exist c0 ∈ (0, 1), C1, C2, C3, C̃n > 0,
c1, c2, c3 ∈ (0, 1) satisfying the following. Recall that σ is given in (3.3.3). Let tk ∈ R.

1. For etk > ε−1
0 , we have

∀|t− tk| ≤ 2c0,
d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C1, (3.4.18)

∀|t− tk| ≤ 3c0, ∀n ∈ N,
∣∣∣ dn
dtn

[
e2t(σ(et)− σ(etk)

)]∣∣∣ ≤ C̃n, (3.4.19)

and
{
σ(et)− σ(etk) ≤ −c1σ(etk), for t− tk ≥ c0/2,
σ(et)− σ(etk) ≥ c1σ(et), for t− tk ≤ −c0/2.

(3.4.20)
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2. For ε1 ≤ etk ≤ ε−1
0 , we have

∀|t− tk| ≤ 2c0,
d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C2, (3.4.21)

∀|t− tk| ≤ 3c0, ∀n ∈ N,
∣∣∣ dn
dtn

[
e2t(σ(et)− σ(etk)

)]∣∣∣ ≤ C̃n, (3.4.22)

and
{
σ(et)− σ(etk) ≤ −c2σ(etk), for t− tk ≥ c0/2,
σ(et)− σ(etk) ≥ c2σ(et), for t− tk ≤ −c0/2.

(3.4.23)

3. For etk < ε1, we have

∀|t− tk| ≤ 2c0,
d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C3e

4tk , (3.4.24)

∀|t− tk| ≤ 3c0, ∀n ∈ N,
∣∣∣ dn
dtn

[
e2t(σ(et)− σ(etk)

)]∣∣∣ ≤ C̃ne4tk , (3.4.25)

and
{
σ(et)− σ(etk) ≤ −c3

(
1− σ(et)

)
, for t− tk ≥ c0/2,

σ(et)− σ(etk) ≥ c3
(
1− σ(etk)

)
, for t− tk ≤ −c0/2.

(3.4.26)

Proof. Step 1. The essential step is to choose c0 ∈ (0, 1) such that (3.4.18), (3.4.21) and
(3.4.24) hold.

By (3.4.15), given ε0, ε1 ∈ (0, 1), there exist µ1 > µ2 > 0 such that

∀r > e−2ε−1
0 , −µ1r

−3 ≤ σ′(r) ≤ −µ2r
−3,

∀r ∈ [e−2ε1, e
2ε−1

0 ], −µ1 ≤ σ′(r) ≤ −µ2,

∀r < e2ε1, −µ1r ≤ σ′(r) ≤ −µ2r. (3.4.27)

Let us denote

f(t, tk) := d

dt

[
e2t(σ(et)− σ(etk)

)]
= e3tσ′(et) + 2e2t(σ(et)− σ(etk)

)
.

The Taylor’s formula gives

σ(et)− σ(etk) =
∫ 1

0
σ′(etk+θ(t−tk))etk+θ(t−tk)(t− tk)dθ.

Suppose |t− tk| ≤ 2c0 with c0 < 1. Using (3.4.27), we get the following
– if etk > ε−1

0 , then et > e−2ε−1
0 and

f(t, tk) ≤ −µ2 + 4µ1e
4c0c0;

– if etk ∈ [ε1, ε−1
0 ], then et ∈ [e−2ε1, e

2ε−1
0 ] and

f(t, tk) ≤ −µ2e
3t + 4µ1e

3te2c0c0 = −(µ2 − 4µ1e
2c0c0)e3t;

– if etk < ε1, then et < e2ε1 and

f(t, tk) ≤ −µ2e
4t + 4µ1e

4te4c0c0 = −(µ2 − 4µ1e
4c0c0)e4t.
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Let c0 ∈ (0, 1) satisfying
4c0e

4c0 ≤ µ2
2µ1

,

then we get (3.4.18), (3.4.21), (3.4.24) with

C1 = µ2/2, C2 = µ2e
−6ε31/2 and C3 = µ2e

−8c0/2.

Step 2. We prove (3.4.19), (3.4.22) and (3.4.25). Notice for r ∈ [etk−3c0 , etk+3c0 ],

∣∣σ(r)− σ(etk)
∣∣ ≤


Ce−2tk , if etk > ε−1

0 ,

C, if etk ∈ [ε1, ε−1
0 ],

Ce2tk , if etk < ε1.

It follows from (3.4.14), (3.4.16) that σ(n)(r) = O(r−n−2) as r → +∞ and σ(n)(r) = O(1)
as r → 0. We have also σ′(r) = O(r) as r → 0, since σ is even. Denote

f(r) = r2(σ(r)− σ(etk)
)
, h(t) = et.

By Leibniz formula, we have

f ′(r) = r2σ′(r) + 2r
(
σ(r)− σ(etk)

)
,

f ′′(r) = r2σ′′(r) + 4rσ′(r) + 2
(
σ(r)− σ(etk)

)
,

f (n)(r) = r2σ(n)(r) + 2nrσ(n−1)(r) + n(n− 1)σ(n−2)(r), n ≥ 3,

so that for r ∈ [etk−3c0 , etk+3c0 ], n ≥ 0,

|f (n)(r)| ≤


Cn(etk)−n, if etk > ε−1

0 ,

Cn, if etk ∈ [ε1, ε−1
0 ],

Cn(etk)max(4−n,0), if etk < ε1,

(3.4.28)

by using the properties of σ stated above. Now applying the Faà di Bruno formula

(f ◦ h)(l)

l! =
∑

1≤n≤l

f (n) ◦ h
n!

∏
l1+···ln=l
lj≥1

h(lj)

lj !
,

we get
∣∣∣ dl
dtl

[
e2t(σ(et)− σ(etk)

)]∣∣∣ = |(f ◦ h)(l)(t)| ≤
∑

1≤n≤l
Cl,n|f (n)(et)|

(
et
)n
.

Using (3.4.28) for et ∈ [etk−3c0 , etk+3c0 ], we obtain (3.4.19), (3.4.22) and (3.4.25).

Step 3. It remains to prove (3.4.20), (3.4.23) and (3.4.26). Denoting rk = etk and
r = et, then (3.4.20), (3.4.23) are equivalent to the following

∀rk > ε−1
0 ,

{
σ(r) ≤ (1− c1)σ(rk), for r ≥ rkec0/2,

σ(rk) ≤ (1− c1)σ(r), for r ≤ rke−c0/2.
(3.4.29)

∀rk ∈ [ε1, ε−1
0 ],

{
σ(r) ≤ (1− c2)σ(rk), for r ≥ rkec0/2,

σ(rk) ≤ (1− c2)σ(r), for r ≤ rke−c0/2.
(3.4.30)
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The function σ is decreasing, so that in order to prove (3.4.29) and (3.4.30), it suffices to
prove the following

∃c ∈ (0, 1), ∀r ≥ ε1e−c0/2, σ(rec0/2) ≤ (1− c)σ(r). (3.4.31)

We know that for any λ > 1, the function

[0, 1] 3 θ 7→ f1(θ;λ) = 1− θλ

λ(1− θ)

is strictly increasing in (0, 1) and f1(1;λ) = 1. Hence for all λ > 1, there exists 0 <
δ1(λ) < 1 such that

∀0 < θ ≤ exp(−ε21e−c0/4), f1(θ;λ) ≤ δ1(λ).

Then we have for r ≥ ε1e−c0/2,

σ(rec0/2)
σ(r) = 1− (e−r2/4)ec0

ec0(1− e−r2/4)
= f1(e−r2/4; ec0) ≤ δ1(ec0), since ec0 > 1,

which proves (3.4.31) with c = 1− δ1(ec0). Thus (3.4.20) and (3.4.23) are proved.
Now we turn to prove (3.4.26), which is equivalent to the following

∀rk < ε1,

{
σ(r)− σ(rk) ≤ −c3

(
1− σ(r)

)
, for r ≥ rkec0/2,

σ(r)− σ(rk) ≥ c3
(
1− σ(rk)

)
, for r ≤ rke−c0/2.

(3.4.32)

Since 1− σ(r) is increasing, we need only to prove

∃c3 ∈ (0, 1), ∀r < ε1, 1− σ(r) ≤ (1− c3)
(
1− σ(rec0/2)

)
. (3.4.33)

By direct computation, we find that for any λ > 1, the function

(0,+∞) 3 x 7→ f2(x;λ) = λ(e−x − 1 + x)
e−λx − 1 + λx

is continuous on [0,+∞), f2(0;λ) = λ−1 and f2(x;λ) < 1 for all x > 0. Hence for any
λ > 1, there exists 0 < δ2(λ) < 1 such that

f2(x;λ) < δ2(λ), ∀0 < x < 1/4.

We get for all r < ε1 < 1,

1− σ(r)
1− σ(rec0/2)

= ec0 e−r
2/4 − 1 + r2/4

e−e
c0r2/4 − 1 + ec0r2/4

= f2(r2/4; ec0) < δ2(ec0),

which proves (3.4.33) with c3 = 1−δ2(ec0) thus (3.4.26) is proved. The proof of Proposition
3.4.7 is now complete.
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3.4.4 Miscellaneous

The non-local term

The non-local term α
2G

1/2x·
(
KBS∗(G1/2ω)

)
in (3.2.1) is a bounded operator on L2(R2),

see (3.1.5), (3.1.2) for notations. In polar coordinates, we have, for ω =
∑
ωk(r)eikθ (see

Section 3.1.1)

α

2G
1/2x ·

(
KBS ∗ (G1/2ω)

)
=
∑
k 6=0

iαk

8π g(r)Kk[gωk](r)eikθ,

where g is given in (3.3.3) and Kk in (3.3.2). Note that for any f ∈ L1(R+; rdr), k 6= 0,

‖Kk[f ]‖L∞ ≤
1

2|k|

∫ ∞
0
|f(s)|sds

so that by Cauchy-Schwarz inequality,

‖gKk[gωk]‖L2(R+;rdr) ≤ ‖g‖L2(R+;rdr)‖Kk[gωk]‖L∞

≤ 1
2|k|‖g‖L2(R+;rdr)

∫ ∞
0
|g(s)ωk(s)|sds

≤ 1
2|k|‖g‖

2
L2(R+;rdr)‖ωk‖L2(R+;rdr).

Noticing ‖g‖L2(R+;rdr) =
√

2, we get

‖α2G
1/2x ·

(
KBS∗(G1/2ω)

)
‖2L2(R2) =

∑
k 6=0

2π
∣∣∣αk8π

∣∣∣2‖gKk[gωk]‖2L2(R+;rdr)

≤
∑
k 6=0

2π
∣∣∣ α8π

∣∣∣2‖ωk‖2L2(R+;rdr) ≤
∣∣∣ α8π

∣∣∣2‖ω‖2L2(R2),

so that the non-local operator is bounded on L2(R2).

Remark 3.4.8. By using the change of variables r = et, we can prove a better inequality
for the non-local term. By Lemma 3.3.1, we know

e2t(gKk[gωk])(et) =
(
e2tg(et)(k2 +D2

t )−1e2tg(et)uk
)
(t), for uk(t) = ωk(et),

and ‖gKk[gωk]‖L2(R+;rdr) = ‖etg(et)(k2 +D2
t )−1e2tg(et)uk‖L2(R2;dt).

Using ‖etg(et)‖L∞ = 2/
√
e and ‖(k2 +D2

t )−1‖L(L2(R;dt)) ≤ k−2, we obtain

‖etg(et)(k2 +D2
t )−1e2tg(et)uk‖L2(R2;dt) ≤

4
e
k−2‖etuk‖L2(R;dt),

so that ‖gKk[gωk]‖L2(R+;rdr) ≤ 4e−1k−2‖ωk‖L2(R+;rdr) and

‖α2G
1/2x ·

(
KBS ∗ (G1/2ω)

)
‖2L2(R2) ≤

∑
k 6=0

2π
∣∣∣ α8π

∣∣∣2 16
e2 k

−2‖ωk‖2L2(R+;rdr)

= 16
e2

∣∣∣ α8π
∣∣∣2‖|Dθ|−1ω‖2L2(R2),

where |Dθ|−1ω =
∑
k 6=0
|k|−1ωk(r)eikθ, for ω =

∑
ωk(r)eikθ.
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Numerical range of Hα

The numerical range

Θ(Hα;Xk0) =
{
〈Hαω, ω〉L2(R2) ∈ C; ω ∈ D ∩Xk0 , ‖ω‖L2(R2) = 1

}
is included in the set {z ∈ C; Re(z) ≥ k0/2}, where Hα is given in (3.2.1). In other words,
we need to prove

Re〈Hαω, ω〉L2(R2) ≥
k0
2 ‖ω‖

2
L2(R2), ∀ω ∈ D ∩Xk0 .

Recall that ReHα = −∆ + |x|2
16 −

1
2 . Using polar coordinates, it suffices to prove that for

all k ≥ 0, v ∈ C∞0 ((0,+∞))

〈
(
− ∂2

r −
1
r
∂r + k2

r2 + r2

16 −
1
2
)
v, v〉L2(R+;rdr) ≥

k

2‖v‖
2
L2(R+;rdr). (3.4.34)

Note that the adjoint of ∂r on L2(R+; rdr) is given by ∂∗r = −∂r − 1
r . We can check the

following identities

∂∗r
k

r
+ k

r
∂r = − k

r2 +
[k
r
, ∂r
]

= 0, ∂∗r
r

4 + r

4∂r = −1
4 +

[r
4 , ∂r

]
= −1

2 ,

so that
(
∂∗r −

k

r
+ r

4
)(
∂r −

k

r
+ r

4
)

= ∂∗r∂r + k2

r2 + r2

16 −
1
2 −

k

2 .

Then the left hand side of (3.4.34) is equal to

‖
(
∂r −

k

r
+ r

4
)
v‖2L2(R+;rdr) + k

2‖v‖
2
L2(R+;rdr),

so that (3.4.34) is proved.

Proof of (3.3.1)

In this section, we provide a computation for (3.3.1). Using (x1, x2) = (r cos θ, r sin θ),
we have

∂1 = cos θ∂r −
sin θ
r
∂θ, ∂2 = sin θ∂r + cos θ

r
∂θ.

Write the vector field v = (v1, v2) as v = vrer + vθeθ, where er = (cos θ, sin θ), eθ =
(− sin θ, cos θ). Then

v1 = vr cos θ − vθ sin θ, v2 = vr sin θ + vθ cos θ.

We have the following

∂1v1 + ∂2v2 = (cos θ∂r −
sin θ
r
∂θ)(vr cos θ − vθ sin θ)

+ (sin θ∂r + cos θ
r

∂θ)(vr sin θ + vθ cos θ)

= ∂rvr + 1
r
vr + 1

r
∂θvθ = 1

r
∂r(rvr) + 1

r
∂θvθ,

∂1v2 − ∂2v1 = (cos θ∂r −
sin θ
r
∂θ)(vr sin θ + vθ cos θ)

− (sin θ∂r + cos θ
r

∂θ)(vr cos θ − vθ sin θ)

= ∂rvθ + 1
r
vθ −

1
r
∂θvr = 1

r
∂r(rvθ)−

1
r
∂θvr.
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The relations ∂1v1 + ∂2v2 = 0, ∂1v2 − ∂2v1 = ω become

1
r
∂r(rvr) + 1

r
∂θvθ = 0, 1

r
∂r(rvθ)−

1
r
∂θvr = ω. (3.4.35)

We look for functions of the form

vr = uk(r)
r

eikθ, vθ = wk(r)
r

eikθ, ω = ωk(r)eikθ.

Then (3.4.35) implies
u′k + ik

r
wk = 0, w′k −

ik

r
uk = rωk,

and this ends the proof of (3.3.1).

3.5 Letter of acceptance
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Chapter 4

Structure constants of the Weyl
calculus

The result of this chapter is taken from the article [Den10b], Structure constants in
Weyl calculus, which has been accepted for publication in Mathematica Scandinavica,
see Section 4.5 for the letter of acceptance.

We find some explicit bounds on the L(L2)-norm of pseudo-differential operators with
symbols defined by a metric on the phase space. In particular, we prove that this norm
depends only on the “structure constants” of the metric and a fixed semi-norm of the
symbol. Analogous statements are made for the Fefferman-Phong inequality.

4.1 Introduction
The class of symbols Sm1,0 consists of smooth functions a defined on the phase space

Rn × Rn such that for all multi-indices α, β,

|(∂αξ ∂βxa)(x, ξ)| ≤ Cα,β(1 + |ξ|)m−|α|. (4.1.1)

The best constants Cα,β in (4.1.1) are called the semi-norms of the symbol a in the Fréchet
space Sm1,0. We have

Property 4.1.1. If a is in S0
1,0, then a(x,D) defines a bounded operator on L2(Rn).

One might ask some very natural questions: the operator norm ‖a(x,D)‖L(L2(Rn)) is
bounded by which constant? Is it a semi-norm of the symbol a? If yes, then which semi-
norm? Questions of the same type might be asked for the constant C in the following
inequality:

Property 4.1.2 (Fefferman-Phong inequality). If a is a non-negative symbol belonging to
S2

1,0, then there exists C > 0 such that, for all u ∈ S(Rn),

Re〈a(x,D)u, u〉L2(Rn) + C‖u‖2L2(Rn) ≥ 0. (4.1.2)

We can pose similar questions in many other examples of classes of symbols, such as
the semi-classical symbols, Shubin’s class, etc. As a particular example, the class Σm,
defined as the set of smooth functions a on Rn × Rn × R+ such that for all multi-indices
α, β,

∀x, ξ ∈ Rn, τ ∈ R+, |(∂αξ ∂βxa)(x, ξ, τ)| ≤ Cα,β(1 + |ξ|+ τ)m−|α|, (4.1.3)
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is useful for Carleman estimates. One would like to check the Property 4.1.1 and Property
4.1.2 independent of the parameter τ .

Several authors like Bony [Bon99], Boulkhemair [Bou08], Lerner-Morimoto [LM07],
have already considered these questions and they were able to identify the constants. The
constants in Properties 4.1.1, 4.1.2 are always a constant Cn times a semi-norm of the
symbol, whose order depends only on the dimension n. Although the problem is well-
understood for a single class of pseudo-differential calculus, including the class S(m, g)
developed by Hörmander, we want to address a more general and useful question, having
in mind the class Σm depending on the non-compact parameter τ ≥ 0 which is defined in
(4.1.3) and is useful for Carleman estimates.

In this paper, we consider the Weyl quantization for pseudodifferential operators and
we choose the framework with a metric g on the phase space. The metric g is assumed to
be admissible, that is slowly varying, satisfying the uncertainty principle and is temperate
(see Definition 4.2.1, 4.2.6 below). The so-called structure constants of g are closely related
to these properties. We can define very general classes of symbols S(m, g) attached to the
metric g and a g-admissible weight m (see Definition 4.2.3) and we have an effective
symbolic calculus. The following results are classical: (see [Hör85, chapter 18], [Ler10,
chapter 2])

L2-boundedness: a ∈ S(1, g) =⇒ ‖aw‖L(L2(Rn)) ≤ C, (4.1.4)
Fefferman-Phong: a ∈ S(λ2

g, g), a ≥ 0 =⇒ aw + C ≥ 0. (4.1.5)

The question that we would like to address is the following: what happens if we change
the metric g but keep the same structure constants?

We intend to show that the constants involved in (4.1.4), (4.1.5) depend only on the
structure constants of the metric g and a fixed semi-norm of a. Since it may happen that
the metric g depends on a non-compact parameter with uniform structure constants (e.g.
the class Σm), this fact is useful explicitly or implicitly in many examples where these
metrics are used and it seems useful to rely on a more stable argument than referring to
“inspection of the proofs”.

Remark 4.1.3. An abstract functional analysis argument does not seem to work. Our
method is to follow the proofs, by carefully computing all the constants.

4.2 Metric on the phase space
In this section, we introduce the definitions of the admissible metric and exhibit its

properties. We use the Weyl quantization which associates to a symbol a the operator aw
defined by

(awu)(x) =
∫∫

e2iπ(x−y)·ξa(x+ y

2 , ξ)u(y)dydξ. (4.2.1)

Consider the symplectic space R2n equipped with the symplectic form σ =
∑n
j=1 dξ

j∧dxj .
Given a positive-definite quadratic form Γ on R2n, we define

Γσ(T ) = sup
Γ(Y )=1

σ(T, Y )2, (4.2.2)

which is also a positive-definite quadratic form. Let g be a measurable map from R2n

into the cone of positive-definite quadratic forms on R2n, i.e. for each X ∈ R2n, gX is a
positive definite quadratic form on R2n.
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Definition 4.2.1 (Slowly varying metric). We say that g is a slowly varying metric on
R2n, if there exists C0 ≥ 1 such that for all X,Y, T ∈ R2n,

gX(X − Y ) ≤ C−1
0 =⇒ C−1

0 ≤ gX(T )
gY (T ) ≤ C0. (4.2.3)

Definition 4.2.2 (Slowly varying weight). Let g be a slowly varying metric on R2n. A
function m : R2n → (0,+∞) is called a g-slowly varying weight if there exists µm ≥ 1 such
that for all X,Y ∈ R2n,

gX(Y −X) ≤ µ−1
m =⇒ µ−1

m ≤
m(X)
m(Y ) ≤ µm. (4.2.4)

Definition 4.2.3 (Class of symbols). Let g be a slowly varying metric on R2n and m
be a g-slowly varying weight. The class of symbols S(m, g) is defined as the subset of
functions a ∈ C∞(R2n) satisfying that for all k ∈ N, there exists Ck > 0 such that for all
X,T1, · · · , Tk ∈ R2n,

|a(k)(X)(T1, · · · , Tk)| ≤ Ckm(X)
∏

1≤j≤k
gX(Tj)1/2.

For a ∈ S(m, g), l ∈ N, we denote

‖a‖(l)S(m,g) = max
0≤k≤l

sup
X,Tj∈R2n

gX(Tj)=1

|a(k)(X)(T1, · · · , Tk)|m(X)−1. (4.2.5)

The space S(m, g) equipped with the countable family of semi-norms (‖ · ‖(l)S(m,g))l∈N is a
Fréchet space.

For a slowly varying metric g on the phase space R2n, we can introduce some partition
of unity related to g. Define the g-ball near X ∈ R2n

UX,r = {Y, gX(X − Y ) ≤ r2}, (4.2.6)

we have the following theorem, which is Theorem 2.2.7 in [Ler10].

Theorem 4.2.4 (Partition of unity). Let g be a slowly varying metric on R2n and C0 > 0
given in (4.2.3). Then for all r ∈ (0, C−1/2

0 ], there exists a family (ϕY )Y ∈R2n of smooth
functions supported in UY,r such that

∀k ∈ N, sup
Y ∈R2n

‖ϕY ‖(k)
S(1,g) ≤ C(k, r, n, C0), (4.2.7)

∀X ∈ R2n,

∫
R2n

ϕY (X)|gY |1/2dY = 1, (4.2.8)

where C(k, r, n, C0) is a positive constant depending only on k, r, n, C0 and |gY | is the
determinant of gY with respect to the standard Euclidean norm.

Proof. As in the proof of Theorem 2.2.7 in [Ler10], let χ0 ∈ C∞0 (R+; [0, 1]) non-increasing
such that χ0(t) = 1 on t ≤ 1/2, χ0(t) = 0 on t ≥ 1. Define for r ∈ (0, C−1/2

0 ],

ω(X, r) =
∫
R2n

χ0
(
r−2gY (X − Y )

)︸ ︷︷ ︸
=ωY (X)

|gY |1/2dY.
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Since ωY (X) is supported in UY,r and χ0 is non-increasing, by (4.2.3) we have

ω(X, r) ≥
∫
R2n

χ0
(
r−2C0gX(X − Y )

)
C−n0 |gX |

1/2dY =
∫
R2n

χ0(|Z|2)dZC−2n
0 r2n,

and an estimate from above of the same type, i.e. there exists a positive constant C1 =
C1(r, n, C0) such that

C−1
1 ≤ ω(X, r) ≤ C1.

Now let us check the derivatives of ωY (X). Using the notation 〈, 〉Y the inner-product
associated to gY , we have

ω′Y (X)T = χ′0
(
r−2gY (X − Y )

)
r−2〈X − Y, T 〉Y ,

and by induction, for k ≥ 1, T ∈ R2n, ω(k)
Y (X)T k is a finite sum of terms of type

cp,kχ
(p)
0
(
r−2gY (X − Y )

)
r−2p〈X − Y, T 〉2p−kY gY (T )k−p, (4.2.9)

where cp,k is a constant depending only on p, k and p ∈ [k/2, k] ∩ N. Since the support of
χ

(p)
0 is included in [0, 1] and r2 ≤ C−1

0 , the term (4.2.9) can be bounded from above by

cp,k‖χ
(p)
0 ‖L∞r

−2p(r2)(2p−k)/2C
k/2
0 gX(T )k/2,

so that for all k ≥ 1, |ω(k)
Y (X)T k| ≤ C(k, r, C0)gX(T )k/2. This implies that ωY is in S(1, g)

and moreover,
∀k ∈ N, sup

Y ∈R2n
‖ωY ‖(k)

S(1,g) ≤ C(k, r, C0). (4.2.10)

Now we choose a non-negative function χ1 ∈ C∞0 (R+; [0, 1]) such that χ1(t) = 1 on t ≤ 1,
then

|ω(k)(X, r)T k| =
∣∣ ∫

R2n
ω

(k)
Y (X)T kχ1

(
r−2gY (X − Y )

)
|gY |1/2dY

∣∣
≤ sup

Y ∈R2n
‖ωY ‖(k)

S(1,g)gX(T )k/2
∫
R2n

χ1
(
r−2gY (X − Y )

)
|gY |1/2dY

≤ C(k, r, n, C0)gX(T )k/2,

which implies that ω(·, r) is a symbol in S(1, g) with ‖ω(·, r)‖(k)
S(1,g) ≤ C

′(k, r, n, C0). Since
ω is bounded from below by C−1

1 , the function ω(·, r)−1 is also in S(1, g) and

‖ω(·, r)−1‖(k)
S(1,g) ≤ C

′′(k, r, n, C0). (4.2.11)

We define
ϕY (X) = ωY (X)ω(X, r)−1,

then the estimate (4.2.7) follows from (4.2.10), (4.2.11) and moreover, the family (ϕY )Y ∈R2n

satisfies the requirements of Theorem 4.2.4.

A direct consequence of Theorem 4.2.4 is the following.
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Proposition 4.2.5. Let g be a slowly varying metric on R2n and m be a g-slowly varying
weight. Let C0, µm be given in (4.2.3), (4.2.4) respectively. Let a be a symbol in S(m, g).
Then for all 0 < r ≤ min(C−1/2

0 , µ
−1/2
m ),

a(X) =
∫
R2n

aY (X)|gY |1/2dY,

where aY has support included in UY,r and

∀k ∈ N, sup
Y ∈R2n

‖aY ‖(k)
S(m(Y ),gY ) ≤ C(k, r, C0, n, µm)‖a‖(k)

S(m,g). (4.2.12)

Proof. Define aY (X) = a(X)ϕY (X). Since ϕY is supported in UY,r, we have, for k ≥ 0,
X ∈ UY,r, T ∈ R2n,

|a(k)
Y (X)T k| =

∣∣∣ ∑
0≤l≤k

(
k

l

)
a(l)(X)T l · ϕ(k−l)

Y (X)T k−l
∣∣∣

≤
∑

0≤l≤k
ck,l‖a‖

(l)
S(m,g)m(X)gX(T )l/2‖ϕY ‖(k−l)S(1,g)gX(T )(k−l)/2

≤ C(k)‖a‖(k)
S(m,g)‖ϕY ‖

(k)
S(1,g)m(X)gX(T )k/2

≤ C(k)µmCk/20 ‖a‖(k)
S(m,g)‖ϕY ‖

(k)
S(1,g)m(Y )gY (T )k/2,

which completes the proof.

For two positive-definite quadratic forms Γ1,Γ2 on R2n, the harmonic mean Γ1 ∧Γ2 is
defined by

Γ1 ∧ Γ2 = 2(Γ−1
1 + Γ−1

2 )−1, (4.2.13)

which is also a positive-definite quadratic form on R2n.

Definition 4.2.6 (Admissible metric). We say that g is an admissible metric on R2n if g
is slowly varying (see Definition 4.2.1) and there exist C ′0 > 0, N0 ∈ N such that for all
X,Y, T ∈ R2n,

uncertainty principle gX(T ) ≤ gσX(T ), (4.2.14)

temperance gX(T ) ≤ C ′0gY (T )
(
1 + (gσX ∧ gσY )(X − Y )

)N0 , (4.2.15)

where gσ is given by (4.2.2) and ∧ given by (4.2.13).
We may suppose C ′0 = C0 in the sequel, where C0 is given in (4.2.3). Then the

constants (C0, N0) appearing in (4.2.3), (4.2.15) are called the structure constants of
the metric g.

Definition 4.2.7 (Admissible weight). Suppose that g is an admissible metric on R2n.
A function m : R2n → (0,+∞) is called a g-admissible weight if m is a g-slowly varying
weight (see Definition 4.2.2) and there exist µm > 0, νm ∈ N such that for all X,Y ∈ R2n,

m(X) ≤ µmm(Y )
(
1 + (gσX ∧ gσY )(X − Y )

)νm . (4.2.16)

The constants (µm, νm) appearing in (4.2.4), (4.2.16) are called the structure constants of
the g-admissible weight m.
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Let g be an admissible metric on R2n. We define for X ∈ R2n,

λg(X) = inf
T 6=0

(gσX(T )
gX(T )

)1/2
. (4.2.17)

Then the uncertainty principle (4.2.14) can be expressed by

gX ≤ λg(X)−2gσX , λg(X) ≥ 1.

Lemma 4.2.8 ([Ler10, Remark 2.2.17]). For any s ∈ R, λsg is an admissible weight, with
structure constants (µλsg , νλsg) in (4.2.4), (4.2.16) depending only on the structure constants
of the metric g (C0, N0).

Proof. We first verify that λsg is a g-slowly varying weight. For gX(X−Y ) ≤ C−1
0 , T ∈ R2n,

we have

C−1
0 gX(T ) ≤ gY (T ) ≤ C0gX(T ), C−1

0 gσX(T ) ≤ gσY (T ) ≤ C0g
σ
X(T ),

which implies
C−2

0
gσX(T )
gX(T ) ≤

gσY (T )
gY (T ) ≤ C

2
0
gσX(T )
gX(T ) .

Taking the infimum with respect to T , we get

C−2
0 λg(X)2 ≤ λg(Y )2 ≤ C2

0λg(X)2,

so that λg is g-slowly varying with µλg = C0 and so is λsg with µλsg = C
|s|
0 . Next we check

that λsg is temperate. We have for all X,Y, T ∈ R2n,

gX(T ) ≥ C−1
0 gY (T )

(
1 + (gσX ∧ gσY )(X − Y )

)−N0 ,

gσX(T ) ≤ C0g
σ
Y (T )

(
1 + (gσX ∧ gσY )(X − Y )

)N0 ,

which gives
λg(X)2 ≤ C2

0λg(Y )2(1 + (gσX ∧ gσY )(X − Y )
)2N0 .

Thus λg is temperate with νλg = N0 and so is λsg with νλsg = |s|N0. This completes the
proof of Lemma 4.2.8.

The composition a]b of two symbols is defined by awbw = (a]b)w and we have, with
the notations [X,Y ] = σ(X,Y ), D = (2iπ)−1∂,

(a]b)(X) = 22n
∫∫

R2n×R2n
a(Y )b(Z)e−4iπ[X−Y,X−Z]dY dZ, (4.2.18)

(a]b)(X) = exp
(
iπ[DY , DZ ]

)(
a(Y )b(Z)

)
|Y=Z=X . (4.2.19)

For a ∈ S(m1, g), b ∈ S(m2, g), we have the asymptotic expansion

a]b(x, ξ) =
∑

0≤k<p
wk(a, b)(x, ξ) + rp(a, b)(x, ξ), (4.2.20)

with wk(a, b) = 2−k
∑

|α|+|β|=k

(−1)|β|

α!β! Dα
ξ ∂

β
xa D

β
ξ ∂

α
x b ∈ S(m1m2λ

−k
g , g), (4.2.21)

rp(a, b)(X) = Rp
(
a(X)⊗ b(Y )

)
|Y=X ∈ S(m1m2λ

−p
g , g), (4.2.22)
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Rp =
∫ 1

0

(1− θ)p−1

(p− 1)! exp θ

4iπ [∂X , ∂Y ]dθ
( 1

4iπ [∂X , ∂Y ]
)p

(4.2.23)

Notice w1(a, b) = 1
4iπ{a, b}, where {, } denotes the Poisson bracket, so that the asymptotic

(4.2.20) at p = 2 is
a]b = ab+ 1

4iπ{a, b}+ r2(a, b). (4.2.24)

Definition 4.2.9 (The main distance function). Let g be an admissible metric on R2n.
Define the main distance function, for r > 0, X,Y ∈ R2n,

δr(X,Y ) = 1 + (gσX ∧ gσY )(UX,r − UY,r), (4.2.25)

where UX,r is given in (4.2.6) and

g(U − V ) = inf
X∈U,Y ∈V

g(X − Y ).

Lemma 4.2.10 ([Ler10, Lemma 2.2.24], Integrability of δr). Let g be an admissible metric
with structure constants (C0, N0). Then there exist positive constants N1 = N1(n,C0, N0),
C = C(n,C0, N0) such that for all r ∈ (0, C−1/2

0 ],

sup
X∈R2n

∫
R2n

δr(X,Y )−N1 |gY |1/2dY ≤ C < +∞, (4.2.26)

Proof. Suppose r ≤ C
−1/2
0 . Using the slowness and temperance of g, for X ′ ∈ UX,r,

Y ′ ∈ UY,r, T ∈ R2n, we have

(gσX ∧ gσY )(T ) ≥ C−1
0 (gσX′ ∧ gσY ′)(T ) ≥ C−2

0 gσX′(T )
(
1 + (gσX′ ∧ gσY ′)(X ′ − Y ′)

)−N0

≥ C−3
0 gσX(T )

(
1 + C0(gσX ∧ gσY )(X ′ − Y ′)

)−N0

≥ C−3−N0
0 gσX(T )

(
1 + (gσX ∧ gσY )(X ′ − Y ′)

)−N0 .

Taking the infimum in X ′ ∈ UX,r, Y ′ ∈ UY,r, we get

gσX(T ) ≤ C3+N0
0 δr(X,Y )N0(gσX ∧ gσY )(T ). (4.2.27)

We have also
gX(T )
gY (T ) ≤ C

2
0
gX′(T )
gY ′(T ) ≤ C

3
0
(
1 + (gσX′ ∧ gσY ′)(X ′ − Y ′)

)N0

≤ C3
0
(
1 + C0(gσX ∧ gσY )(X ′ − Y ′)

)N0

≤ C3+N0
0

(
1 + (gσX ∧ gσY )(X ′ − Y ′)

)N0 .

By taking the infimum in X ′, Y ′, we get the following inequality

gX(T )
gY (T ) ≤ C

3+N0
0 δr(X,Y )N0 . (4.2.28)

Then

1+gX(X − Y ) ≤ 1 + 3gX(X −X ′) + 3gX(X ′ − Y ′) + 3gX(Y ′ − Y )
≤ 3C3+N0

0 δr(X,Y )N0
(
1 + gX(X −X ′) + gX(X ′ − Y ′) + gY (Y ′ − Y )

)
by (4.2.28)

≤ 3C3+N0
0 δr(X,Y )N0

(
1 + 2r2 + gσX(X ′ − Y ′)

)
≤ 9C6+2N0

0 δr(X,Y )2N0
(
1 + (gσX ∧ gσY )(X ′ − Y ′)

)
by (4.2.27),
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so that 1 + gX(X − Y ) ≤ 9C6+2N0
0 δr(X,Y )2N0+1. In the other hand, we have

|gY |1/2

|gX |1/2
≤ Cn(3+N0)

0 δr(X,Y )nN0 ,

so that for N1 = nN0 + (n+ 1)(2N0 + 1) > 0,∫
R2n

δr(X,Y )−N1 |gY |1/2dY ≤ C(n,C0, N0)
∫
R2n

δr(X,Y )−N1+nN0 |gX |1/2dY

≤ C ′(n,C0, N0)
∫
R2n

(
1 + gX(X − Y )

)−(n+1)|gX |1/2dY

= C ′(n,C0, N0)
∫
R2n

(1 + |Z|2)−(n+1)dZ < +∞.

The proof of the lemma is complete.

4.3 L2-boundedness

In this section, we prove the L2-boundedness of pseudo-differential operators with
symbol in S(1, g) and make precise the operator norms.

4.3.1 The constant metric case

Proposition 4.3.1. Suppose that g is a positive-definite quadratic form (constant metric)
on R2n with g ≤ gσ. Then there exists a constant C(n) > 0 depending only on the
dimension n such that for all a ∈ S(1, g),

‖aw‖L(L2(Rn)) ≤ C(n)‖a‖(2n+1)
S(1,g) .

Proof. Since g is a constant metric, according to Lemma 4.4.25 in [Ler10], there exist
symplectic coordinates (x, ξ) such that

g =
∑

1≤j≤n
λ−1
j (|dxj |2 + |dξj |2), gσ =

∑
1≤j≤n

λj(|dxj |2 + |dξj |2),

with λj > 0. g ≤ gσ is expressed as

min
1≤j≤n

λj ≥ 1.

As a result, we have g ≤ |dx|2 + |dξ|2 := Γ0, which implies S(1, g) ⊂ S(1,Γ0) and for all
a ∈ S(1, g),

∀l ∈ N, ‖a‖(l)S(1,Γ0) ≤ ‖a‖
(l)
S(1,g). (4.3.1)

By Theorem 1.1.4 in [Ler10] and aw = (J1/2a)(x,D), where J t is introduced in Lemma
4.1.2 in [Ler10], we obtain that

‖aw‖L(L2(Rn)) ≤ C(n)‖a‖(2n+1)
S(1,Γ0),

where C(n) depends only on n. Together with (4.3.1), we complete the proof of the
proposition.
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4.3.2 The general case

Theorem 4.3.2. Let g be an admissible metric on R2n with structure constants (C0, N0)
(see Definition 4.2.6). Then there exist C = C(n,C0, N0) > 0 and l = l(n,C0, N0) ∈ N
such that for all a ∈ S(1, g) (see Definition 4.2.3),

‖aw‖L(L2(Rn)) ≤ C‖a‖
(l)
S(1,g).

Proof. Using the partition in Proposition 4.2.5, we write

aw =
∫
R2n

awY |gY |1/2dY,

where aY is supported in UY,r and satisfies (4.2.12). By Proposition 4.3.1, we have
supY ‖awY ‖L(L2(Rn)) ≤ C(r, n, C0, N0)‖a‖(2n+1)

S(1,g) < +∞. The following lemma is useful.

Lemma 4.3.3 (Cotlar). Let H be a Hilbert space and (Ω,A, ν) a measured space such that
ν is a σ-finite positive measure. Let (Ay)y∈Ω be a measurable family of bounded operators
on H such that

sup
y∈Ω

∫
Ω
‖A∗yAz‖

1/2
L(H)dν(z) ≤M, sup

y∈Ω

∫
Ω
‖AyA∗z‖

1/2
L(H)dν(z) ≤M.

Then for all u ∈ H, we have∫∫
Ω×Ω
|〈Ayu,Azu〉H |dν(y)dν(z) ≤M2‖u‖2H ,

which implies the strong convergence of A =
∫

ΩAydν(y) and ‖A‖L(H) ≤M .

In order to apply Cotlar’s lemma, we should estimate ‖āwY awZ‖L(L2(Rn)), i.e. a semi-norm
of āY ]aZ in S(1, gY + gZ). Indeed, the following estimate holds.

Lemma 4.3.4. Let g, aY be as above. For any k,N ∈ N, there exist C = C(k,N, n) > 0,
l = l(k,N, n) ∈ N such that

‖āY ]aZ‖(k)
S(1,gY +gZ) ≤ C‖āY ‖

(l)
S(1,gY )‖aZ‖

(l)
S(1,gZ)δr(Y,Z)−N . (4.3.2)

We use some biconfinement estimates, which can be found in [Ler10, section 2.3], to
prove Lemma 4.3.4.

Definition 4.3.5 (Confined symbols). Let g be a positive-definite quadratic form on R2n

such that g ≤ gσ. Let a be a smooth function on R2n and U ⊂ R2n. We say that a is
g-confined in U , if for all k,N ∈ N, there exits Ck,N > 0 such that for all X,T ∈ R2n,

|a(k)(X)T k| ≤ Ck,Ng(T )k/2
(
1 + gσ(X − U)

)−N/2
.

We denote
‖a‖(k,N)

g,U = sup
X,T∈R2n,g(T )=1

|a(k)(X)T k|
(
1 + gσ(X − U)

)N/2
, (4.3.3)

and |||a|||(l)g,U = max
k≤l
‖a‖(k,l)g,U . (4.3.4)
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Theorem 4.3.6 ([Ler10, Theorem 2.3.2], biconfinement estimate). Let g1, g2 be two
positive-definite quadratic forms on R2n such that gj ≤ gσj . Let aj , j = 1, 2 be gj-confined
in Uj, a gj-ball of radius ≤ 1. Then for all k,N ∈ N, for all X,T ∈ R2n,

|(a1]a2)(k)(X)T k| ≤ Ak,N (g1 + g2)(T )k/2
(
1 + (gσ1 ∧ gσ2 )(X−U1) + (gσ1 ∧ gσ2 )(X−U2)

)−N/2
,

(4.3.5)
with Ak,N = γ(k,N, n)|||a1|||(l)g1,U1

|||a2|||(l)g2,U2
, l = 2n+ 1 + k +N .

Now we begin the proof of Lemma 4.3.4.

Proof of Lemma 4.3.4. The symbol aY is gY -confined in UY,r, since aY is supported in the
gY -ball UY,r. Moreover, we have

∀k,N ∈ N, ‖aY ‖(k,N)
gY ,UY,r

= sup
X∈UY,r,T∈R2n

gY (T )=1

|a(k)(X)T k|,

∀l ∈ N, |||aY |||(l)gY ,UY,r = max
k≤l
‖aY ‖(k,l)gY ,UY,r

= ‖aY ‖(l)S(1,gY ).

Applying (4.3.5) to āY ]aZ and using the triangular inequality

(gσY ∧ gσZ)(X − UY,r) + (gσY ∧ gσZ)(X − UZ,r) ≥
1
2(gσY ∧ gσZ)(UY,r − UZ,r),

we get

|(āY ]aZ)(k)(X)T k| ≤ γ(k,N, n)‖āY ‖(l)S(1,gY )‖aZ‖
(l)
S(1,gZ)(gY + gZ)(T )k/2

×
(
1 + 1

2(gσY ∧ gσZ)(UY,r − UZ,r)
)−N/2

.

Using the definition of the distance δr, we complete the proof of Lemma 4.3.4.

End of the proof of Theorem 4.3.2. Now by Proposition 4.3.1, Lemma 4.3.4 and the
estimate (4.2.12), we obtain that for any N > 0, there exists l = l(N,n) ∈ N such that

‖āwY awZ‖L(L2(Rn)) ≤ C(n)‖āwY awZ‖
(2n+1)
S(1,gY +gZ)

≤ C(N,n)‖āY ‖(l)S(1,gY )‖aZ‖
(l)
S(1,gZ)δr(Y,Z)−N

≤ C(N,n,C0)
(
‖a‖(l)S(1,g)

)2
δr(Y, Z)−N

The same inequality holds for aY ]āZ . Choose N = 2N1, where N1 is given in (4.2.26), so
that

max
{
‖āwY awZ‖

1/2
L(L2(Rn)), ‖a

w
Y ā

w
Z‖

1/2
L(L2(Rn))

}
≤ C‖a‖(l)S(1,g)δr(Y,Z)−N1 ,

where C = C(n,C0, N1) > 0, l = l(n,N1) ∈ N. Then together with Lemma 4.2.10, the
assumptions of Cotlar’s lemma are fulfilled with M = C‖a‖(l)S(1,g), and this completes the
proof of Theorem 4.3.2.
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4.4 Fefferman-Phong inequality
In this section, we prove that the constant in the Fefferman-Phong inequality depends

only on the structure constants of the metric and a fixed semi-norm of the symbol.

Theorem 4.4.1 (Fefferman-Phong inequality). Let g be an admissible metric on R2n

with structure constants (C0, N0) (see Definition 4.2.6). Let a be a non-negative symbol
in S(λ2

g, g) (see Definition 4.2.3 and (4.2.17)). Then the operator aw on L2(Rn) is semi-
bounded from below. More precisely, there exist l = l(n,C0, N0) ∈ N, C = C(n,C0, N0) > 0
such that

aw + C‖a‖(l)S(λ2
g ,g)
≥ 0. (4.4.1)

4.4.1 The constant metric case

For the constant metric case, we use the results of Sjöstrand and refer the readers to
[Ler10, page 116] for the detailed proof.

Let 1 =
∑
j∈Z2n χ0(X − j) be a partition of unity, χ0 ∈ C∞c (R2n). Denote χj(X) =

χ0(X − j).

Proposition 4.4.2 ([Ler10, Proposition 2.5.6]). Suppose a ∈ S(R2n). We say that a
belongs to the class A if ωa ∈ L1(R2n), with ωa(Ξ) = supj∈Z2n |F(χja)(Ξ)|, where F is the
Fourier transform. We have

S0
0,0 ⊂ S0,0;2n+1 ⊂ A ⊂ C0(R2n) ∩ L∞(R2n),

where S0
0,0 = C∞b (R2n) is the space of C∞ functions on R2n which are bounded as well as all

their derivatives, S0,0;2n+1 is the set of functions defined on R2n such that |(∂αξ ∂βxa)(x, ξ)| ≤
Cαβ for |α| + |β| ≤ 2n + 1. A is a Banach algebra for the multiplication with the norm
‖a‖A = ‖ωa‖L1(R2n).

Theorem 4.4.3 ([Ler10, Theorem 2.5.10]). For all non-negative function a defined on
R2n satisfying a(4) ∈ A, then the operator aw is semi-bounded from below. More precisely,

aw + Cn‖a(4)‖A ≥ 0,

where Cn depends only on the dimension n.

4.4.2 Proof of Theorem 4.4.1

We shall use the partition of unity (ϕY )Y ∈R2n given in Theorem 4.2.4. Let (ψY )Y ∈R2n

be a family of real-valued functions supported in UY,2r, equal to 1 on UY,r and

sup
Y ∈R2n

‖ψY ‖(k)
S(1,g) ≤ C(k, r, C0). (4.4.2)

Indeed, with the same notations as in the proof of Theorem 4.2.4, the function ψY (X) =
χ0
(1

2r
−2gY (X − Y )

)
satisfies the requirements. Then with aY = ϕY a, we write

ψY ]aY ]ψY = aY + rY . (4.4.3)

Lemma 4.4.4 (Estimate for rY ). For all k,N ∈ N, there exist C = C(k,N,C0) > 0,
l = l(k,N,C0) ∈ N such that for all X ∈ R2n, T ∈ R2n with gY (T ) ≤ 1,

|r(k)
Y (X)T k| ≤ C‖aY ‖(l)S(λg(Y )2,gY )

(
1 + gσY (X − UY,2r)

)−N
. (4.4.4)
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Moreover, there exist C1 = C1(n,C0, N0) > 0, l1 = l1(n,C0, N0) ∈ N such that∥∥ ∫
R2n

rwY |gY |1/2dY
∥∥
L(L2(Rn)) ≤ C1‖a‖(l1)

S(λ2
g ,g)

, (4.4.5)

To prove Lemma 4.4.4, we use the biconfinement estimate for the remainders, the proof
of which can be found in [Ler10, section 2.3].

Theorem 4.4.5 ([Ler10, Theorem 2.3.4], biconfinement estimate). Let g1, g2 be two
positive-definite quadratic forms on R2n with gj ≤ gσj . Let aj , j = 1, 2 be gj-confined
in Uj, a gj-ball of radius ≤ 1. Recall (4.2.20)

rp(a1, a2)(X) = (a1]a2)(X)−
∑

0≤k<p

1
j!
(
iπ[DX1 , DX2 ]

)j(
a1(X1)a2(X2)

)
|X1=X2=X .

Then for all k, l, p ∈ N, for all X,T ∈ R2n, we have

|
(
rp(a1, a2)

)(k)(X)T k| ≤ Ak,N,p(g1 + g2)(T )k/2Λ−p1,2

×
(
1 + (gσ1 ∧ gσ2 )(X − U1) + (gσ1 ∧ gσ2 )(X − U2)

)−N/2
(4.4.6)

with Ak,N,p = C(k,N, p, n)|||a1|||(l)g1,U1
|||a2|||(l)g2,U2

, l = 2n+ 1 + k + p+N and

Λ1,2 = inf
T∈R2n,T 6=0

(gσ1 (T )
g2(T )

)1/2
= inf

T∈R2n,T 6=0

(gσ2 (T )
g1(T )

)1/2
. (4.4.7)

Now we use Theorem 4.4.5 to prove Lemma 4.4.4.

Proof of Lemma 4.4.4. By the asymptotic formula (4.2.24), we have

ψY ]aY = aY + 1
4iπ {ψY , aY }︸ ︷︷ ︸

=0

+r2(ψY , aY ),

since ψY = 1 on the support of aY . The symbol ψY is gY -confined in UY,2r and aY is
gY -confined in UY,r, and moreover, we have

∀l ∈ N, |||ψY |||(l)gY ,UY,2r = ‖ψY ‖(l)S(1,gY ), |||aY |||(l)gY ,UY,r = λg(Y )2‖aY ‖(l)S(λg(Y )2,gY ).

Applying (4.4.6) to r2(ψY , aY ), we have for all k,N ∈ N, there exist C(k,N, n) > 0,
l(k,N, n) ∈ N such that for all X,T ∈ R2n,

|
(
r2(ψY , aY )

)(k)(X)T k|

≤ C(k,N, n)|||ψY |||(l)gY ,UY,2r |||aY |||
(l)
gY ,UY,r

gY (T )k/2Λ−2
1,2
(
1 + gσY (X − UY,2r)

)−N
≤ C(k,N, n)‖ψY ‖(l)S(1,gY )‖aY ‖

(l)
S(λg(Y )2,gY )gY (T )k/2

(
1 + gσY (X − UY,2r)

)−N
, (4.4.8)

noticing here Λ1,2 defined in (4.4.7) is equal to λg(Y ). An analogous estimate as (4.4.8)
holds for r2(aY , ψY ). In our case, we write rY , which is defined in (4.4.3),

rY = (ψY ]aY − aY )]ψY + (aY ]ψY − aY )
= r2(ψY , aY )]ψY + r2(aY , ψY ).

Then the estimate (4.4.4) follows from (4.4.8) and (4.3.5). Furthermore, for any k,N ∈ N,
there exist C = C(k,N, n,C0) > 0, l = l(k,N, n,C0) ∈ N such that

‖r̄Y ]rZ‖(k)
S(1,gY +gZ) ≤ C‖aY ‖

(l)
S(λg(Y )2,gY )‖aZ‖

(l)
S(λg(Z)2,gZ)δ2r(Y,Z)−N .

Thus we can apply Cotlar’s lemma and get the estimate (4.4.5).
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Lemma 4.4.6 (Estimate for ψY ). For all k,N ∈ N, there exist C = C(k,N,C0) > 0,
l = l(k,N,C0) ∈ N such that for all X ∈ R2n, T ∈ R2n with gY (T ) ≤ 1,

|(ψY ]ψY )(k)(X)T k| ≤ C
(
‖ψY ‖(l)S(1,gY )

)2(1 + gσY (X − UY,2r)
)−N

. (4.4.9)

Moreover, there exists C2 = C2(n,C0, N0) > 0 such that

‖
∫
ψwY ψ

w
Y |gY |1/2dY ‖L(L2(Rn)) ≤ C2. (4.4.10)

Proof. The inequality (4.4.9) follows immediately from (4.3.5). And it follows from (4.3.5),
(4.4.2) and (4.4.9) that for all k,N ∈ N,

‖(ψY ]ψY )](ψZ]ψZ)‖(k)
S(1,gY +gZ) ≤ Cδ2r(Y, Z)−N ,

for some C = C(k,N, n,C0) > 0. Then by choosing N = 2N1 and using Cotlar’s lemma,
we get the estimate (4.4.10).

End of the proof of Theorem 4.4.1. The symbol aY is non-negative and uniformly in S(λg(Y )2, gY ),
so that we can apply the Fefferman-Phong inequality (Theorem 4.4.3) for the constant
metric gY to get

awY + C(n)‖aY ‖(l(n))
S(λg(Y )2,gY ) ≥ 0.

By Proposition 4.2.5 and Lemma 4.2.8, we have

‖aY ‖(l(n))
S(λg(Y )2,gY ) ≤ C(n,C0, N0)‖a‖(l(n))

S(λ2
g ,g)

,

so that
awY + C3‖a‖(l(n))

S(λ2
g ,g)
≥ 0. (4.4.11)

where C3 = C3(n,C0, N0) > 0, l(n) ∈ N are constants. Combining (4.4.3), (4.4.5), (4.4.10)
and (4.4.11), we obtain

aw =
∫
R2n

awY |gY |1/2dY

=
∫
R2n

ψwY a
w
Y ψ

w
Y |gY |1/2dY −

∫
R2n

rwY |gY |1/2dY

≥ −C3‖a‖(l(n))
S(λ2

g ,g)

∫
R2n

ψwY ψ
w
Y |gY |1/2dY − C1‖a‖(l1)

S(λ2
g ,g)

≥ −C‖a‖(l)S(λ2
g ,g)

,

for some C = C(n,C0, N0) > 0 and l = l(n,C0, N0) ∈ N. The proof of Theorem 4.4.1 is
complete.
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Annexe A

Un opérateur normal

On s’intéresse à un opérateur différentiel bidimensionnel

Lα = −∆ + |x|2 + α∂θ, x ∈ R2, α > 0, (A.0.1)

où ∂θ = x1∂2 − x2∂1. Muni du domaine

D(Lα) =
{
u ∈ H2(R2); |x|2u ∈ L2(R2)

}
,

Lα est un opérateur fermé sur L2(R2). Notons que l’opérateur Lα n’est pas auto-adjoint,
mais il est normal puisque sa partie réelle commute avec la partie imaginaire.

Nous démontrons la proposition suivante dans cette annexe.

Proposition A.0.1. Le spectre de Lα est constitué d’une suite des valeurs propres{
4m+ 4± (2l + 1)αi, 4m+ 2± 2lαi; m ∈ N, 0 ≤ l ≤ m

}
.

Notons l’oscillateur harmonique bidimensionnel

H = −∆ + |x|2, x ∈ R2. (A.0.2)

On va calculer le spectre de Lα en utilisant deux méthodes différentes. La première mé-
thode consiste à transformer Lα en une famille de matrices à l’aide des fonctions d’Hermite.
Dans la deuxième partie de cette annexe, on calcule le spectre de l’oscillateur harmonique
bidimensionnel H en coordonnées polaires, en résolvant une équation differentielle ordi-
naire en dimension 1. Ceci nous permet de diagonaliser l’opérateur Lα, et en particulier,
on trouve explicitement les fonctions propres.

A.1 Fonctions d’Hermite

A.1.1 Opérateurs de création et d’annihilation

En notant Dj = i−1∂xj , on définit

C1 = D1 + ix1, C2 = D2 + ix2, opérateurs de création,
A1 = D1 − ix1, A2 = D2 − ix2, opérateurs d’annihilation.

(A.1.1)

Ces opérateurs satisfont les relations de commutation suivantes

[A1, C1] = [A2, C2] = 2,
[C1, C2] = [A1, A2] = [C1, A2] = [C2, A1] = 0.
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On peut écrire
H = |D|2 + |x|2 = C1A1 + C2A2 + 2,

ce qui implique
[H,Cj ] = 2Cj , [H,Aj ] = −2Aj , j = 1, 2. (A.1.2)

Les fonctions d’Hermite sont définies de la manière suivante, pour x ∈ R2,

ψ0,0(x) = e−|x|
2/2 l’état fondamental,

ψp,q(x) = Cp1C
q
2ψ0,0(x), pour p, q ∈ N,

(A.1.3)

où Cj sont les opérateurs de création (A.1.1). La fonction ψp,q est une fonction propre de
l’oscillateur harmonique H correspondante à la valeur propre 2(p+ q + 1), c’est-à-dire

Hψp,q = 2(p+ q + 1)ψp,q, pour p, q ∈ N.

Il est bien connu que l’ensemble des fonctions d’Hermite {ψp,q; p, q ∈ N} est une base
orthogonale (non normalisée) de L2(R2). Enfin, par récurrence on obtient

C1ψp,q = ψp+1,q, C2ψp,q = ψp,q+1,

A1ψp,q = 2pψp−1,q, A2ψp,q = 2qψp,q−1,
(A.1.4)

avec convention évidente ψ−1,p = ψp,−1 = 0.

A.1.2 Représentation matricielle

L’opérateur ∂θ peut être exprimé en termes des opérateurs de création et d’annihilation
Cj , Aj (A.1.1)

∂θ = ix1D2 − ix2D1 = 1
2(C1A2 − C2A1).

On déduit de (A.1.4) que pour tout p, q ∈ N,

∂θψp,q = 1
2(C1A2 − C2A1)ψp,q = qψp+1,q−1 − pψp−1,q+1. (A.1.5)

Pour tout n ∈ N, notons E2n+2 le sous-espace (n + 1)-dimensionnel de L2(R2) engendré
par les fonctions d’Hermite d’ordre n{

ψp,q; p, q ∈ N, p+ q = n
}
,

qui est l’espace propre de H associé à la valeur propre 2n+2. La relation (A.1.5) implique
que ∂θ est invariant sur E2n+2 pour tout n ∈ N. En plus, on en déduit une représentation
matricielle de ∂θ sous la base {ψ0,n, ψ1,n−1, · · · , ψn,0} de E2n+2

An =



0 n
−1 0 n− 1

−2 0 n− 2

−3 0 . . .
. . . . . .

. . . 2
−(n− 1) 0 1

−n 0


∈Mn+1(R). (A.1.6)
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Si l’on normalise la base {ψ0,n, ψ1,n−1, · · · , ψn,0} de E2n+2, alors on arrive à une matrice
anti-symétrique

Bn =



0
√
n 0 0 · · · · · · 0

−
√
n 0

√
2(n− 1) 0 · · · · · · 0

0 −
√

2(n− 1) 0
√

3(n− 2) · · · 0
...

0 0 −
√

3(n− 2) 0 . . . . . . ...
...

... . . . . . . . . . . . . ...
...

... · · · . . . . . .
√

(n− 1)2 0
0 0 0 · · · −

√
(n− 1)2 0

√
n

0 0 0 · · · 0 −
√
n 0


,

(A.1.7)
qui est semblable à la matrice An (A.1.6). En faisant un calcul explicite, on trouve les
valeurs propres de An et Bn

± (2l + 1)i, 0 ≤ l ≤ m, si n = 2m+ 1 est impaire,
± 2li, 0 ≤ l ≤ m, si n = 2m est paire.

(A.1.8)

Revenons à l’opérateur Lα (A.0.1). Pour tout n ∈ N, E2n+2 est donc un sous-espace
invariant pour Lα. Le spectre de la restriction de Lα au sous-espace E2n+2 est

4m+ 4± (2l + 1)αi, 0 ≤ l ≤ m, si n = 2m+ 1 est impaire,
4m+ 2± 2lαi, 0 ≤ l ≤ m, si n = 2m est paire.

(A.1.9)

Ceci termine la démonstration de la Proposition A.0.1.

A.2 Coordonnées polaires

On peut trouver explicitement les fonctions propres de l’opérateur Lα, en utilisant les
coordonnées polaires (r, θ) dans le plan. On écrit l’oscillateur harmonique comme

H = −∂2
r −

1
r
∂r −

1
r2∂

2
θ + r2, r > 0, θ ∈ [0, 2π].

En développant la variable angulaire θ en série de Fourier, on obtient une famille d’opé-
rateurs indexés par k ∈ Z

Hk = −∂2
r −

1
r
∂r + k2

r2 + r2, k ∈ Z, (A.2.1)

qui agissent sur l’espace de Hilbert L2(R+; rdr) avec domaine maximal

D(Hk) =
{
u ∈ L2(R+; rdr); Hku ∈ L2(R+; rdr)

}
.

A.2.1 Spectre de Hk

Dans cette section, on étudie le problème des valeurs propres de Hk

Hku = −∂2
ru−

1
r
∂ru+ k2

r2 u+ r2u = λu. (A.2.2)
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On cherche des solutions de (A.2.2) ayant la forme u(r) = P (r)e−r2/2, où P est un poly-
nôme. Alors (λ, P (r)) doit vérifier une équation différentielle ordinaire d’ordre 2

− P ′′ +
(
2r − 1

r

)
P ′ +

(k2

r2 + 2− λ
)
P = 0. (A.2.3)

Supposons que P est un polynôme de degré n de la forme suivante

P (r) =
n∑
j=0

ajr
j , an = 1.

L’équation (A.2.3) devient

− P ′′ + (2r − 1
r

)P ′ + (k
2

r2 + 2− λ)P

=
(
2n+ 2− λ

)
anr

n +
(
2n− λ

)
an−1r

n−1

+
n−2∑
j=0

((
k2 − (j + 2)2)aj+2 + (2j + 2− λ)aj

)
rj − (1− k2)a1

r
+ k2a0

r2 = 0. (A.2.4)

Par conséquent, les coefficients de P vérifient le système suivant



(2n+ 2− λ)an = 0,
(2n− λ)an−1 = 0,(
k2 − (j + 2)2)aj+2 + (2j + 2− λ)aj = 0, ∀ 0 ≤ j ≤ n− 2,

(1− k2)a1 = 0,
k2a0 = 0.

(A.2.5)

En résolvant (A.2.5), on obtient les solutions de (A.2.3) :

– si |k| = 2l, l ≥ 0, alors pour tout m ≥ l, la couple (4m+ 2, P 2l
2m) est une solution de

(A.2.3), où

P 2l
2m(r) =

m∑
j=l

(−1)m−j

(m− j)!
(m+ l)!(m− l)!
(j + l)!(j − l)! r

2j . (A.2.6)

– si |k| = 2l + 1, l ≥ 0, alors pour tout m ≥ l, la couple (4m + 4, P 2l+1
2m+1) est une

solution de (A.2.3), où

P 2l+1
2m+1(r) =

m∑
j=l

(−1)m−j

(m− j)!
(m+ l + 1)!(m− l)!
(j + l + 1)!(j − 1)! r

2j+1. (A.2.7)

On obtient donc les valeurs propres de Hk (A.2.1), ainsi que ses fonctions propres :

– si |k| = 2l, l ≥ 0, le spectre de H±2l est l’ensemble {4m + 2;m ≥ l}. La fonction
propre associée à 4m+ 2 est P 2l

2m(r)e−r2/2, avec P 2l
2m donné par (A.2.6) ;

– si |k| = 2l + 1, l ≥ 0, le spectre de H±(2l+1) est l’ensemble {4m + 4;m ≥ l}. La
fonction propre associée à 4m+ 4 est P 2l+1

2m+1(r)e−r2/2 avec P 2l+1
2m+1 donné par (A.2.7).
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A.2.2 Spectre de Lα

Revenons sur le spectre de Lα (A.0.1). Notons comme précédent Eλ l’espace propre
associé à la valeur propre λ de l’oscillateur harmonique bidimensionnel H. Rappelons que
dans la Section A.1, pour tout n ∈ N, on a obtenu une base orthogonale (non normalisée)
de E2n+2

{ψp,q, p+ q = n},

où les ψp,q sont des fonctions d’Hermite (A.1.3). Ici, on obtient une nouvelle base de
Eλ en coordonnées polaires, sous laquelle les deux opérateurs H et ∂θ sont diagonalisés
simultanément.

Cas 1 : λ = 4m+ 2 avec m ≥ 0.

L’espace E4m+2 de dimension (2m+ 1) est engendré par les fonctions suivantes{
P 2l

2m(r)e−r2/2ei2lθ; −m ≤ l ≤ m
}
, (A.2.8)

où P 2l
2m = P

|2l|
2m sont donnés par (A.2.6). Il est facile de voir que les fonctions dans (A.2.8)

sont deux à deux orthogonales dans L2(R2), et elles font une base de E4m+2. Sous cette
base, l’oscillateur harmoniqueH est égal à (4m+2)Id et ∂θ est égal à la matrice diagonalisée

diag
{
− 2mi,−2(m− 1)i, · · · , 0, · · · , 2(m− 1)i, 2mi

}
.

En particulier, on obtient les values propres et les fonctions propres associées de la res-
triction à E4m+2 de l’opérateur Lα (A.0.1)(

4m+ 2 + 2lαi, P 2l
2m(r)e−r2/2ei2lθ

)
, −m ≤ l ≤ m. (A.2.9)

Cas 2 : λ = 4m+ 4 avec m ≥ 0

L’espace E4m+4 de dimension (2m+ 2) est engendré par les fonctions suivantes{
P 2l+1

2m+1(r)e−r2/2ei(2l+1)θ, −m− 1 ≤ l ≤ m
}
, (A.2.10)

où P 2l+1
2m+1 = P

|2l+1|
2m+1 sont donnés par (A.2.7). Comme le cas pécedent, les fonctions (A.2.10)

forment une base orthogonale de E4m+4. Sous cette base, l’oscillateur harmonique H est
égal à (4m+ 4)Id et ∂θ est égal à la matrice diagonalisée

diag
{
− (2m+ 1)i,−(2m− 1)i, · · · ,−i, i, · · · , (2m+ 1)i

}
.

En particulier, on obtient les valeurs propres et les fonctions propres associées de la res-
triction à E4m+4 de Lα (A.0.1)(

4m+ 4 + (2l + 1)αi, P 2l+1
2m+1(r)e−r2/2ei(2l+1)θ), −m− 1 ≤ l ≤ m. (A.2.11)
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Figure A.1 – Le spectre de l’opérateur Lα.



Appendix B

Miscellaneous

B.1 Alternative proofs

In this section, we provide alternative proofs of Lemma 2.4.22 and Lemma 2.5.9.

Another proof of Lemma 2.4.22. Recall that a is defined by (2.4.49). We first prove that
a is bounded from below by Cλ2

g.

For |τ | ≤ β1/3
k , a(t, τ) ≥ min(c8, c9)β2/3

k ≥ 1
2 min(c8, c9)

(
β

2/3
k + τ2),

for |τ | > β
1/3
k , a(t, τ) ≥ 4Mτ2 ≥ 2M

(
β

2/3
k + τ2).

On the other hand a ∈ S(λ2
g, g), we get

∀t ∈ R, ∀τ ∈ R, Cλ2
g ≤ a(t, τ) ≤ C ′λ2

g.

We denote
ã := a− 1

2Cλ
2
g,

then 1
2Cλ

2
g ≤ ã ∈ S(λ2

g, g) with semi-norms bounded from above by constants independent
of k. We apply the Faà di Bruno formula

(g ◦ f)(n)

n! =
∑

1≤m≤n

g(m) ◦ f
m!

∏
j1+···+jm=n,

jl≥1

f (jl)

jl!

with f = ã and g(x) = x1/2,

|
(
ã1/2)(n)(X)Tn| =

∣∣∣ ∑
1≤m≤n

cmã
1
2−m(X)

∏
j1+···+jm=n,

jl≥1

1
jl!
ã(jl)(X)T jl

∣∣∣
≤

∑
1≤m≤n

cm|ã
1
2−m(X)|

∏
j1+···+jm=n,

jl≥1

1
jl!
λ2
g(X)gX(T )jl/2

≤
∑

1≤m≤n
c′m(λ2

g)
1
2−m(X) · (λ2

g)m(X)gX(T )n/2

≤ c′′nλg(X)gX(T )n/2,
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which implies ã1/2 ∈ S(λg, g) (and each semi-norm can be bounded by a constant inde-
pendent of k). The composition formula tells us that

ã1/2]ã1/2 = ã+ S(1, g).

Then ã− ã1/2]ã1/2 ∈ S(1, g) and

〈ãwu, u〉L2(R;dt) = 〈(ã1/2]ã1/2)wu, u〉L2(R;dt) + 〈(ã− ã1/2]ã1/2)wu, u〉L2(R;dt)

≥ ‖(ã1/2)wu‖2L2(R;dt) − C
′′‖u‖2L2(R;dt)

≥ −C ′′‖u‖2L2(R;dt),

where C ′′ > 0 depends on a semi-norm of ã− ã1/2]ã1/2 in S(1, g), so that we can suppose
C ′′ independent of k, see the footnote in page 50. We get the estimate for aw:

aw ≥ C

2 (λ2
g)w − C ′′, on L2(R; dt).

Remark that λg is a function depending only on the variable τ , so (λ2
g)w = λ2

g(Dt) is a
Fourier multiplier. We deduce from λ2

g ≥ β
2/3
k that (λ2

g)w ≥ β
2/3
k and

aw ≥ C

2 β
2/3
k − C ′′, on L2(R; dt).

Lemma 2.4.22 is proved.

Another proof of Lemma 2.5.9. Recall that a is defined by (2.5.17). We first prove that a
is bounded below by Cr−2

k λ2
g.

For |τ | ≤ β1/3
k r

1/3
k , a(t, τ) ≥ min(c12, c13)β2/3

k r
2/3
k ≥ 1

2 min(c12, c13)
(
β

2/3
k r

2/3
k + τ2),

for |τ | > β
1/3
k r

1/3
k , a(t, τ) ≥ 4Mτ2 ≥ 2M

(
β

2/3
k r

2/3
k + τ2).

On the other hand a ∈ S(r−2
k λ2

g, g), we get

∀t ∈ R, ∀τ ∈ R, Cr−2
k λ2

g ≤ a(t, τ) ≤ C ′r−2
k λ2

g.

We denote
ã := a− 1

2Cr
−2
k λ2

g,

then 1
2Cr

−2
k λ2

g ≤ ã ∈ S(r−2
k λ2

g, g) with semi-norms bounded from above by constants
independent of k. We apply the Faà di Bruno formula

(g ◦ f)(n)

n! =
∑

1≤m≤n

g(m) ◦ f
m!

∏
j1+···+jm=n,

jl≥1

f (jl)

jl!

with f = ã and g(x) = x1/2,

|
(
ã1/2)(n)(X)Tn| =

∣∣∣ ∑
1≤m≤n

cmã
1
2−m(X)

∏
j1+···+jm=n,

jl≥1

1
jl!
ã(jl)(X)T jl

∣∣∣
≤

∑
1≤m≤n

cm|ã
1
2−m(X)|

∏
j1+···+jm=n,

jl≥1

1
jl!
r−2
k λ2

g(X)gX(T )jl/2

≤
∑

1≤m≤n
c′m(r−2

k λ2
g)

1
2−m(X) · (r−2

k λ2
g)m(X)gX(T )n/2

≤ c′′nr−1
k λg(X)gX(T )n/2,
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which implies ã1/2 ∈ S(r−1
k λg, g) (and each semi-norm can be bounded by a constant

independent of k). The composition formula tells us that

ã1/2]ã1/2 = ã+ S(r−2
k , g).

Then ã− ã1/2]ã1/2 ∈ S(r−2
k , g) and

〈ãwu, u〉L2(R;dt) = 〈(ã1/2]ã1/2)wu, u〉L2(R;dt) + 〈(ã− ã1/2]ã1/2)wu, u〉L2(R;dt)

≥ ‖(ã1/2)wu‖2L2(R;dt) − C
′′r−2
k ‖u‖

2
L2(R;dt)

≥ −C ′′r−2
k ‖u‖

2
L2(R;dt),

where C ′′ > 0 depends on a semi-norm of ã− ã1/2]ã1/2 in S(r−2
k , g), so that we can suppose

C ′′ independent of k, see the footnote in page 50. We get the estimate

aw ≥ C

2 (r−2
k λ2

g)w − C ′′r−2
k , on L2(R; dt).

Remark that λg is a function depending only on the variable τ , so (λ2
g)w = λ2

g(Dt) is a
Fourier multiplier. We deduce from λ2

g ≥ β
2/3
k r

8/3
k that (λ2

g)w ≥ β
2/3
k r

8/3
k and

aw ≥ C

2 β
2/3
k r

2/3
k − C ′′r−2

k , on L2(R; dt),

which completes the proof.

B.2 A Fréchet space
We give a proof for that the symbol class S(m, g) defined in Definition 4.2.3 is a Fréchet

space.

Proposition B.2.1. Let g be a slowly varying metric on R2n and m be a g-slowly varying
weight (see Definition 4.2.1, 4.2.2). The space S(m, g) equipped with the countable family
of semi-norms (‖ · ‖(l)S(m,g))l∈N (see Definition 4.2.3) is a Fréchet space.

Proof. It suffices to show that S(m, g) is complete. First remark that the semi-norm
defined in (4.2.5) has an equivalent form

‖a‖(l)S(m,g) = max
0≤k≤l

sup
X,T∈R2n,T 6=0

∣∣a(k)(X)T k
∣∣ gX(T )−k/2m(X)−1. (B.2.1)

Suppose that {aj}j≥1 is a Cauchy sequence with respect to each semi-norm ‖·‖(l)S(m,g), then
for any ε > 0, for any k ≥ 0, there exists N = N(ε, k) ≥ 1 such that for any j1, j2 ≥ N ,

∀X,T ∈ R2n, T 6= 0,
∣∣(a(k)

j1
− a(k)

j2

)
(X)T k

∣∣gX(T )−k/2m(X)−1 ≤ ε. (B.2.2)

For X0 ∈ R2n, we define

UX0 =
{
X ∈ R2n; gX0(X −X0) ≤ min(C−1

0 , µ−1
m )
}
, (B.2.3)

where C0 is given in (4.2.3) and µm given in (4.2.4). Then by using the slowness of the
metric g and the weight m, we have for all X ∈ UX0 ,( gX

gX0

)±1
≤ C0,

( m(X)
m(X0)

)±1
≤ µm. (B.2.4)
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We deduce from (B.2.2) that, for ε > 0, k ≥ 0, j1, j2 ≥ N ,

∀X ∈ UX0 ,∀T ∈ R2n,
∣∣(a(k)

j1
− a(k)

j2

)
(X)T k

∣∣gX0(T )−k/2 ≤ Ck/20 µmm(X0)ε, (B.2.5)

which implies that for any k ≥ 0, {a(k)
j }j≥1 is a Cauchy sequence in L∞(UX0 ;Sk(X0)),

where Sk(X0) denotes the set of symmetric k-multilinear forms on the normed space
(R2n, ‖ · ‖X0), with ‖ · ‖X0 denoting the norm associated to the positive-definite quadratic
form gX0 . Hence there exists bk ∈ L∞(UX0 ;Sk(X0)) such that

a
(k)
j → bk in L∞(UX0 ;Sk(X0)), as j → +∞.

Since the aj ’s are smooth, we have bk ∈ C(UX0 ;Sk(X0)). Moreover, bk is well-defined in
the whole space R2n.

Let us now prove that for each X0, b0 is C1(UX0) and b′0 = b1 in UX0 . Indeed, we use
the Taylor formula for aj , X ∈ UX0 ,

aj(X) = aj(X0) +
∫ 1

0
a′j
(
X0 + θ(X −X0)

)
(X −X0)dθ.

Since a′j → b1 in S1(X0) uniformly in UX0 as j → +∞ and X0 + θ(X − X0) ∈ UX0 for
0 ≤ θ ≤ 1, we get

b0(X) = b0(X0) +
∫ 1

0
b1
(
X0 + θ(X −X0)

)
(X −X0)dθ.

Thus b0 is C1 and b′0 = b1. By induction, we can show that b0 is C∞(R2n) and bk = b
(k)
0

for all k ≥ 0.
It remains to show aj → b0 in S(m, g) as j → +∞. For k ≥ 0, taking the limit

j2 → +∞ in (B.2.5), we get for j ≥ N(ε, k),

∀X ∈ UX0 , ∀T ∈ R2n,
∣∣(a(k)

j − b
(k)
0
)
(X)T k

∣∣gX0(T )−k/2m(X0)−1 ≤ Ck/20 µmε.

Using (B.2.4), we get

∀X ∈ UX0 , ∀T ∈ R2n,
∣∣(a(k)

j − b
(k)
0
)
(X)T k

∣∣gX(T )−k/2m(X)−1 ≤ Ck0µ2
mε,

=⇒ sup
X,T∈R2n,T 6=0

∣∣(a(k)
j − b

(k)
0
)
(X)T k

∣∣gX(T )−k/2m(X)−1 ≤ Ck0µ2
mε,

completing the proof of the proposition.



Appendix C

Numerical computations for the
value of k0

We provide some numerical computations for Chapter 3 (i.e. article [Den11b]) and the
purpose of this appendix is to give a bound for the constant k0 in Theorem 3.2.2. This
appendix are taken from [Den11a], all the computations are done by using Mathematica.
We also give some discussions that can be used to improve the value of k0 at the end of
this appendix.

For the non trivial cases where a change-of-sign takes place, we have discussed 4 cases
in Section 3.3.3, 3.3.4: given ε0, ε1 ∈ (0, 1),

Case 1: etk > ε−1
0 Theorem 3.3.5,

Case 2: etk ∈ [ε1, ε−1
0 ] Theorem 3.3.14,

Case 3: etk ∈ (β−1/4
k , ε1) Theorem 3.3.17,

Case 4: etk ≤ β−1/4
k Lemma 3.3.22.

For each of the first 3 cases, we need a condition k ≥ k0 and the value of k0 could be
expressed as a function of (ε0, ε1). In this note, we shall compute with

ε0 ' 0.461558, ε1 ' 0.426072 (C.0.1)

and the result that we shall obtain is

k0 = 84. (C.0.2)

We shall keep all the notations that have been used in Chapter 3. In order to obtain a
better bound on k0, we would like to make a few changes, including some improvements,
described below.

The 4 cases

The 4 cases are slightly changed and we aim to get the following estimates: Suppose
µ0 ≥ 1 a large constant.

– Case 1: etk > ε−1
0 .

∃C > 0, k0 ≥ 1, α0 ≥ 8π, s.t. ∀k ≥ k0, α ≥ α0, u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
1/3
k ‖e

tu‖. (C.0.3)
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– Case 2: etk ∈ [ε1, ε−1
0 ].

∃C > 0, k0 ≥ 1, α0 ≥ 8π, s.t. ∀k ≥ k0, α ≥ α0, u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
2/3
k ‖e

tu‖. (C.0.4)

– Case 3: etk ∈ (µ0β
−1/4
k , ε1).

∃C > 0, k0 ≥ 1, α0 ≥ 8π, s.t. ∀k ≥ k0, α ≥ α0, u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
1/2
k ‖e

tu‖. (C.0.5)

– Case 4: etk ≤ µ0β
−1/4
k .

∃C > 0, α0 ≥ 8π, s.t. ∀k ≥ 1, α ≥ 8π, u ∈ C∞0 (R),

‖e−tLku‖ ≥ Cβ
1/2
k ‖e

tu‖. (C.0.6)

The constant µ0 will be chosen in Case 3. It is clear that the estimates (C.0.3), (C.0.4),
(C.0.5), (C.0.6) together with the estimates for easy cases given in Lemma 3.3.2, 3.3.3 can
imply the estimate (3.2.3) thus Theorem 3.2.2.

The constant c0

Recall that, in each of the first 3 cases, we have constructed a multiplier with the help
of a partition of unity on Rt given in (3.3.23), which allows us to localize near tk and which
depends on a small constant c0. The constant c0 was chosen according to Proposition 3.4.7
and was common for the 3 cases for the purpose of simplification of notations.

Here for each of the first 3 cases, we shall choose a constant c0:

Case 1: c0 = 0.04, Case 2: c0 = 0.04, Case 3: c0 = 0.08.

Some bounds

We can suppose that the functions χ0, ψ given in (3.3.24), (3.3.25) satisfy the following
bounds

‖χ′0‖L∞ ≤
2
c0

+ ε, ‖ψ′‖L∞ ≤
1
2 + ε, (C.0.7)

for any ε > 0 (fixed). Then the function e given in (3.3.26) verifies

‖e‖L∞ ≤
1
2 + ε, (C.0.8)

noting that

e(θ) = −ψ(θ)− ψ(0)
θ

= −
∫ 1

0
ψ′(tθ)dt, since ψ(0) = 0.

Notations

Recall the notations

σ(r) = 4
r2
(
1− e−r2/4), g(r) = e−r

2/8, r ≥ 0.
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C.1 Case 1

In this section we treat the case where etk > ε−1
0 ' 2.16657. We choose

c0 ' 0.04. (C.1.1)

Estimate for A1

Using the definition of σ

σ(r) = 4
r2
(
1− e−r2/4), σ′(r) = − 8

r3
(
1− e−r2/4 − r2

4 e
−r2/4),

we have for all r ≥ 2,

−8r−3 ≤ σ′(r) ≤ −8(1− 2e−1)r−3.

Using the above inequality and the Taylor’s formula, for et, etk ≥ 2, we have

∣∣σ(et)− σ(etk)
∣∣ ≤ ∫ 1

0

∣∣σ′(et+θ(tk−t))et+θ(tk−t)∣∣|t− tk|dθ ≤ 8e−2te2|t−tk||t− tk|,

which implies

d

dt

[
e2t(σ(et)− σ(etk)

)]
= e3tσ′(et) + 2e2t(σ(et)− σ(etk)

)
≤ −8(1− 2e−1) + 16e2|t−tk||t− tk|.

Then we have,

∀etk > ε−1
0 = 2.16657, ∀|t− tk| ≤ 2c0, (which implies et ≥ 2)

d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C1, with C1 ' 0.611835. (C.1.2)

Then the estimate (3.3.38) holds for A1 with C1 given in (C.1.2).

Estimate for A2

We have to compute the precise coefficients in the estimate for the term A2, especially
for terms of size β2/3

k k−2. With the notations there, the precised inequalities (3.3.42),
(3.3.43) are

|A21| ≤
(5

2‖χ
′
0‖L∞‖e‖L∞

)
β

2/3
k k−2‖χ0γu‖‖γu‖,

|A22| ≤ 2‖ψ′‖L∞β2/3
k k−2‖γu‖‖γ′χ0u‖

+ ‖ψ′′‖L∞β1/3
k k−2‖γu‖‖γ′′χ0u‖+ Ck−2‖γu‖‖χ0u‖,

so that (3.3.44) becomes

∣∣A2
∣∣ ≤ (5

2‖χ
′
0‖L∞‖e‖L∞

)
β

2/3
k k−2‖γu‖‖χ0γu‖+

(
2‖ψ′‖L∞

)
β

2/3
k k−2‖γu‖‖χ0γ

′u‖

+ ‖ψ′′‖L∞β1/3
k k−2‖γu‖‖χ0γ

′′u‖+ Ck−2‖γu‖‖χ0u‖. (C.1.3)
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Recall (3.3.45) and define

κ1(etk) = 5
2‖χ

′
0‖L∞‖e‖L∞g(etk−c0)1/2 + 2‖ψ′‖L∞ max

|t−tk|≤c0
g(et)1/2∣∣1

4e
2t − 2

∣∣, (C.1.4)

and κ2(etk) = ‖ψ′′‖L∞ max
|t−tk|≤c0

g(et)1/2∣∣4− 3
2e

2t + 1
16e

4t∣∣, (C.1.5)

(note that κ1, κ2 are more precise than the function κ) then we deduce from (C.1.3) that∣∣A2
∣∣ ≤ κ1(etk)β2/3

k k−2‖e2tg(et)1/2u‖2

+ κ2(etk)β1/3
k k−2‖e2tg(et)1/2u‖2 + 2C2k

−2‖u‖2. (C.1.6)

Estimates for the other terms

Instead of applying the inequalities (3.4.20) for the terms B+
1 , B−1 , we keep the equal-

ities for the moment

B+
1 = 2β2/3

k 〈e
2t(σ(etk)− σ(et)

)
u, χ2

+u〉,

B−1 = 2β2/3
k 〈e

2t(σ(et)− σ(etk)
)
u, χ2

−u〉.

For B+
2 and B−2 , we use the following

B+
2 ≥ −g(etk+c0/2)1/2β

2/3
k k−2‖e2tg(et)1/2u‖2,

B−2 ≥ −2β2/3
k k−2‖χ−γu‖2 − g(etk−c0/2)1/2β

2/3
k k−2‖e2tg(et)1/2u‖2.

The estimates (3.3.52), (3.3.57), (3.3.62) for the terms A3, B
+
3 , B

−
3 remain unchanged.

Adding these estimates together, we get the following

2Re〈Lku,Mku〉 ≥
C1
2 β

2/3
k ‖χ0u‖2 + 2β2/3

k 〈e
2t(σ(etk)− σ(et)

)
χ2

+u, u〉

+ 2β2/3
k 〈e

2t(σ(et)− σ(etk)
)
χ2
−u, u〉 − φ(etk)β2/3

k k−2‖e2tg(et)1/2u‖2

− 2β2/3
k k−2‖χ−e2tg(et)u‖2 − κ2(etk)β1/3

k k−2‖e2tg(et)1/2u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (C.1.7)

where C1 is given in (C.1.2), κ2 is given in (C.1.5) and

φ(etk) = κ1(etk) + g(etk+c0/2)1/2 + g(etk−c0/2)1/2

= 5
2‖χ

′
0‖L∞‖e‖L∞g(etk−c0)1/2 + 2‖ψ′‖L∞ max

|t−tk|≤c0
g(et)1/2∣∣1

4e
2t − 2

∣∣
+ g(etk+c0/2)1/2 + g(etk−c0/2)1/2. (C.1.8)

Using (C.0.7), (C.0.8) (with ε ' 0.000001), etk > 2.16657 and the following

max
r≥2

g(r)1/2∣∣1
4r

2 − 2
∣∣ ≤ 1,

we get an upper bound for φ(etk) given in (C.1.8):

φ(etk) ≤ C̃1 ' 50.1458. (C.1.9)
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Computations for k0

The main task is to absorb the two negative terms of size β2/3
k k−2 in the rhs of (C.1.7),

for which we have to take k large. We need the following inequality: for etk > 2.16657,
t ∈ R,

C1
2 χ0(t− tk)2 + 2e2t(σ(etk)− σ(et)

)
χ+(t− tk)2 + 2e2t(σ(et)− σ(etk)

)
χ−(t− tk)2

> k−2
(
φ(etk)e4tg(et) + 2e4tg(et)2χ−(t− tk)2

)
,

which can be inferred from the following
C1
2 > k−2φ(etk)e4tg(et), |t− tk| ≤ c0,

2σ(etk)− 2σ(et) > k−2φ(etk)e2tg(et), t− tk ≥ c0/2,
2σ(et)− 2σ(etk) > k−2

(
φ(etk)e2tg(et) + 2e2tg(et)2

)
, t− tk ≤ −c0/2,

(C.1.10)

with C1 given in (C.1.2) and c0 = 0.04.
By making a change of variables rk = etk , r = et and by using the bound (C.1.9) for

φ(etk), we know that (C.1.10) can be inferred from the following: for rk > 2.16657,

C1 > 2k−2C̃1r
4g(r), e−c0rk ≤ r ≤ ec0rk, (C.1.11)

2σ(rk)− 2σ(r) > k−2C̃1r
2g(r), r ≥ ec0/2rk, (C.1.12)

2σ(r)− 2σ(rk) > k−2
(
C̃1r

2g(r) + 2r2g(r)2
)
, 0 < r ≤ e−c0/2rk. (C.1.13)

Now we compute a k0 such that (C.1.11), (C.1.12), (C.1.13) hold for k ≥ k0.
• For (C.1.11). It suffices to take

k2 > 2C−1
1 C̃1 max

{
r4g(r); rk > 2.16657, rke−c0 ≤ r ≤ rkec0

}
.

Note that the function r4g(r) has maximum 256e−2 at r = 4, so that it suffices to take

k2 > 2C−1
1 C̃1 × 256e−2 ' 5679.12, i.e. k > 75.3599.

• For (C.1.12). We rewrite (C.1.12) as follows

∀rk > 2.16657, r ≥ rkec0/2, k2 >
C̃1
2

r2g(r)
σ(rk)− σ(r) .

Note that

r ≥ rkec0/2 =⇒ r2g(r)
σ(rk)− σ(r) ≤

r2g(r)
σ(re−c0/2)− σ(r)

=: b(r; c0),

so that it suffices to take
k2 ≥ C̃1

2 max
r>0

b(r; c0).

By computing the maximum of b(r; c0), it suffices to take k ≥ 80 to ensure (C.1.12).
• For (C.1.13). (C.1.13) can be rewritten as follows

∀rk > 2.16657, r ≤ rke−c0/2, k2 >
C̃1r

2g(r) + 2r2g(r)2

2
(
σ(r)− σ(rk)

) .
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Note that

r ≤ rke−c0/2 =⇒


r2g(r)

σ(r)− σ(rk)
≤ r2g(r)
σ(r)− σ(rec0/2)

=: c(r; c0),

r2g(r)2

σ(r)− σ(rk)
≤ r2g(r)2

σ(r)− σ(rec0/2)
=: d(r; c0),

then to ensure (C.1.13) it suffices to take

k2 > max
r>0

( C̃1
2 c(r; c0) + d(r; c0)

)
.

By computing the maximum, it suffices to take k ≥ 81 to ensure (C.1.13).
As a result, the equalities in (C.1.10) are true for k ≥ 81.

Final estimates

Using the estimates (3.4.20) and the notation ρ(t, tk) given in (3.3.33), we deduce from
(C.1.7) that there exists c > 0 such that for k ≥ 81,

2Re〈Lku,Mku〉 ≥ cβ
2/3
k 〈ρ(t, tk)u, u〉 − κ2(etk)β1/3

k k−2‖e2tg(et)1/2u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2. (C.1.14)

It remains to control the term of size β1/3
k k−2 in the rhs of (C.1.14). Note that κ2(etk) is

bounded and recall (3.3.65), the term

−κ2(etk)β1/3
k k−2‖e2tg(et)1/2u‖2,

can be absorbed by
c

2β
2/3
k 〈ρ(t, tk)u, u〉

by letting α ≥ α0 with α0 taken large. Continuing the proof in Section 3.3.3.a), we can
get the estimate (C.0.3).

C.2 Case 2
We turn to the case where etk ∈ [ε1, ε−1

0 ] with

ε1 ' 0.426072, ε−1
0 ' 2.16657.

We choose
c0 ' 0.04. (C.2.1)

Estimate for A1

We have

etk ∈ [ε1, ε−1
0 ], |t− tk| ≤ 2c0 =⇒ et ∈ [0.393314, 2.34702],

and ∀r ∈ [0.393314, 2.34702], −0.267226 ≤ σ′(r) ≤ −0.0958297.
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For etk ∈ [ε1, ε−1
0 ] such that |t− tk| ≤ 2c0, we get by Taylor’s formula

d

dt

[
e2t(σ(et)− σ(etk)

)]
= e3tσ′(et) + 2e2t(σ(et)− σ(etk)

)
≤ −0.0958297e3t + 2e2t × 0.267226et+2c02c0,

so that

∀etk ∈ [ε1, ε−1
0 ], |t− tk| ≤ 2c0,

d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C2e

3tk

with C2 = e−6c0(0.0958297− 2× 0.267226× 2c0e
2c0) ' 0.038948. (C.2.2)

Note e3tk ∈ [ε31, ε−3
0 ]. Then slightly changing the proof, one can get the following estimate

for A1:

A1 ≥
C2e

3tk

2 ‖χ0u‖2 − C‖Dtu‖2 − C‖u‖2, (C.2.3)

with C2 given in (C.2.2). Note that it is better to keep the factor e3tk .

Estimate for A2

For A2, we have the following (the same as (C.1.3))∣∣A2
∣∣ ≤ (5

2‖χ
′
0‖L∞‖e‖L∞

)
β

2/3
k k−2‖γu‖‖χ0γu‖+

(
2‖ψ′‖L∞

)
β

2/3
k k−2‖γu‖‖χ0γ

′u‖

+ ‖ψ′′‖L∞β1/3
k k−2‖γu‖‖χ0γ

′′u‖+ Ck−2‖γu‖‖χ0u‖.

Recall (3.3.45) and note that the support of χ0(·− tk) is included in the interval [0.39, 2.4],
we know that

|χ0(t− tk)γ′(t)| ≤ 2γ(t), |χ0(t− tk)γ′′(t)| ≤ 4γ(t),
so that ∣∣A2

∣∣ ≤ (5
2‖χ

′
0‖L∞‖e‖L∞ + 4‖ψ′‖L∞

)
β

2/3
k k−2‖γu‖2

+ 4‖ψ′′‖L∞β1/3
k k−2‖γu‖2 + Ck−2‖γu‖‖χ0u‖. (C.2.4)

Estimate for the other terms

We keep the equalities for the terms B+
1 , B

−
1 :

B+
1 = 2β2/3

k 〈e
2t(σ(etk)− σ(et)

)
u, χ2

+u〉,

B−1 = 2β2/3
k 〈e

2t(σ(et)− σ(etk)
)
u, χ2

−u〉,

and we use the following bounds for B+
2 , B−2

B+
2 ≥ −2β2/3

k k−2‖γu‖2, B−2 ≥ −2β2/3
k k−2‖γu‖2.

The estimates for A3, B
+
3 , B

−
3 remain unchanged. Summarizing, we obtain

2Re〈Lku,Mku〉 ≥
C2e

3tk

2 β
2/3
k ‖χ0u‖2 + 2β2/3

k 〈e
2t(σ(etk)− σ(et)

)
χ2

+u, u〉

+ 2β2/3
k 〈e

2t(σ(et)− σ(etk)
)
χ2
−u, u〉

− C̃2β
2/3
k k−2‖e2tg(et)u‖2 − 4‖ψ′′‖L∞β1/3

k k−2‖e2tg(et)u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (C.2.5)
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where C2 is given in (C.2.2) and

C̃2 = 5
2‖χ

′
0‖L∞‖e‖L∞ + 4‖ψ′‖L∞ + 4. (C.2.6)

We use (C.0.7), (C.0.8) (with ε = 0.000001) to obtain

C̃2 ≤ 6 + 5
2c0
' 68.5. (C.2.7)

Computations for k0

The object is to absorb the negative term of size β2/3
k k−2 in the rhs of (C.2.5), for

which we have to take k large enough. We need the following: for etk ∈ [ε1, ε−1
0 ], t ∈ R,

C2e
3tk

2 χ2
0 + 2e2t(σ(etk)− σ(et)

)
χ2

+ + 2e2t(σ(et)− σ(etk)
)
χ2
− > C̃2k

−2e4tg(et)2,

which can be inferred from the following
C2
2 e3tk > C̃2k

−2e4tg(et)2, |t− tk| ≤ c0,

2e2t(σ(etk)− σ(et)
)
> C̃2k

−2e4tg(et)2, t− tk ≥ c0/2,
2e2t(σ(et)− σ(etk)

)
> C̃2k

−2e4tg(et)2, t− tk ≤ −c0/2,

(C.2.8)

where C2 is given in (C.2.2), C̃2 is given in (C.2.6) and c0 = 0.04.
By making a change of variables rk = etk and r = et, (C.2.8) are equivalent to the

following: for rk ∈ [ε1, ε−1
0 ],

C2
2 r3

k > C̃2k
−2r4g(r)2, rke

−c0 ≤ r ≤ rkec0 , (C.2.9)

2
(
σ(rk)− σ(r)

)
> C̃2k

−2r2g(r)2, r ≥ rkec0/2, (C.2.10)
2
(
σ(r)− σ(rk)

)
> C̃2k

−2r2g(r)2, r ≤ rke−c0/2. (C.2.11)

Now we compute a k0 such that (C.2.9), (C.2.10), (C.2.11) hold for k ≥ k0.
•For (C.2.9). It suffices to take

k2 >
2C̃2
C2

sup
{r4g(r)2

r3
k

; rk ∈ [ε1, ε−1
0 ], rke−c0 ≤ r ≤ rkec0

}
,

or k2 >
2C̃2
C2

e3c0 sup
r>0

rg(r)2.

The function rg(r)2 has a maximum
√

2/e at r =
√

2, then it suffices to take

k2 >
2C̃2
C2

e3c0 ×
√

2/e ' 3401.88, i.e. k > 58.3256.

•For (C.2.10). It suffices to take

k2 >
C̃2
2 sup

{ r2g(r)2

σ(re−c0/2)− σ(r)
; r ≥ ε1ec0/2},

by computing the supremum, we get k ≥ 84.
•For (C.2.11). It suffices to take

k2 >
C̃2
2 sup

{ r2g(r)2

σ(r)− σ(rec0/2)
; r ≤ ε−1

0 e−c0/2},
by computing the supremum, we get k ≥ 82.

As a result, the inequalities in (C.2.8) hold for k ≥ 84.
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Final estimates

Using the estimate (3.4.23) and the notation ρ(t, tk) given in (3.3.72), we get the
following: there exists c > 0 such that for k ≥ 84,

2Re〈Lku,Mku〉 ≥ cβ
2/3
k 〈ρ(t, tk)u, u〉 − 4‖ψ′′‖L∞β1/3

k k−2‖e2tg(et)u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2. (C.2.12)

It remains to control the negative term of size β1/3
k k−2 in the rhs of (C.2.12). Noticing

(3.3.73), the term
−4‖ψ′′‖L∞β1/3

k k−2‖e2tg(et)u‖2

can be absorbed by
c

2β
2/3
k 〈ρ(t, tk)u, u〉,

letting α ≥ α0 with α0 taken large enough. Continuing the proof in Section 3.3.3.b), we
can complete the proof of (C.0.4).

C.3 Case 3

In this section, we deal with the case where etk ∈ (µ0β
−1/4
k , ε1) with ε1 ' 0.426072.

We take
c0 ' 0.08. (C.3.1)

We shall choose µ0 in the end of this section and the condition βke
4tk > µ0 is used to

absorb a lower order term.

Estimate for A1

We have for 0 < r ≤ 1/2,

0.979r2

8 ≤ 1− σ(r) ≤ r2

8 , −r4 ≤ σ
′(r) ≤ −0.959r

4 .

Using these bounds, for et, etk ≤ 1/2 such that |t− tk| ≤ 2c0, we have

d

dt

[
e2t(σ(et)− σ(etk)

)]
= e3tσ′(et) + 2e2t(σ(et)− σ(etk)

)
≤ −0.959

4 e4t + 2e2t
(
− 0.979

8 e2t + 1
8e

2tk
)
≤ −e4t(0.4845− 1

4e
4c0
)
,

Then ∀etk < 0.426072, ∀|t− tk| ≤ 2c0, (which implies et ≤ 1
2)

d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C3e

4tk , with C3 ' 0.0739359. (C.3.2)

The estimate (3.3.85) for A1 holds with C3 given in (C.3.2).
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Estimates for A2

The precise versions of (3.3.87), (3.3.88) are

|A21| ≤
(5

2‖χ
′
0‖L∞‖e‖L∞

)
βk(βke4tk)−1/3k−2‖χ0γu‖‖γu‖,

|A22| ≤ 2‖ψ′‖L∞βk(βke4tk)−1/3k−2‖γu‖‖γ′χ0u‖
+ ‖ψ′′‖L∞βk(βketk)−2/3k−2‖γu‖‖γ′′χ0u‖+ Ck−2‖g(et)u‖‖χ0u‖.

Recall (3.3.45). In the support of χ0(· − tk), we have et ≤ 1/2, then

|χ0(t− tk)γ′(t)| ≤ 2γ(t), |χ0(t− tk)γ′′(t)| ≤ 4γ(t),

so that

|A2| ≤
(5

2‖χ
′
0‖L∞‖e‖L∞ + 4‖ψ′‖L∞

)
βk(βke4tk)−1/3k−2‖γu‖2

+ 4‖ψ′′‖L∞βk(βke4tk)−2/3k−2‖γu‖2 + Ck−2‖u‖2. (C.3.3)

Estimates for the other terms

We keep the equalities for B+
1 , B

−
1

B+
1 = 2βk(βke4tk)−1/3〈e2t(σ(etk)− σ(et)

)
u, χ2

+u〉,
B−1 = 2βk(βke4tk)−1/3〈e2t(σ(et)− σ(etk)

)
u, χ2

−u〉,

and we use the following for B+
2 , B

−
2

B+
2 ≥ −2βk(βke4tk)−1/3k−2‖γu‖2, B−2 ≥ −2βk(βke4tk)−1/3k−2‖γu‖2.

The estimates (3.3.91), (3.3.96), (3.3.101) for A3, B
+
3 , B

−
3 remain unchanged. Summariz-

ing, we obtain the following

2Re〈Lku,Mku〉 ≥
C3
2 (βke4tk)2/3‖χ0u‖2 + 2βk(βke4tk)−1/3〈e2t(σ(etk)− σ(et)

)
χ2

+u, u〉

+ 2βk(βke4tk)−1/3〈e2t(σ(et)− σ(etk)
)
χ2
−u, u〉

− C̃3βk(βke4tk)−1/3k−2‖e2tg(et)u‖2 − 4‖ψ′′‖L∞βk(βke4tk)−2/3k−2‖e2tg(et)u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2, (C.3.4)

where C3 is given in (C.3.2) and

C̃3 = 4 + 4‖ψ′‖L∞ + 5
2‖χ

′
0‖L∞‖e‖L∞ . (C.3.5)

We use the bounds in (C.0.7), (C.0.8) (with ε = 0.000001) to obtain

C̃3 ≤ 6 + 5
2c0
' 37.25. (C.3.6)
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Computations for k0

The main task is to absorb the negative term of size βk(βke4tk)−1/3k−2 in the rhs of
(C.3.4), for which we have to take k large. We need the following: for etk < 0.426072,
t ∈ R,

C3
2 e4tkχ2

0 + 2e2t(σ(etk)− σ(et)
)
χ2

+ + 2e2t(σ(et)− σ(etk)
)
χ2
− > C̃3k

−2e4tg(et)2,

which can be inferred from the following
C3
2 e4tk > C̃3k

−2e4tg(et)2, |t− tk| ≤ c0,

2e2t(σ(etk)− σ(et)
)
> C̃3k

−2e4tg(et)2, t− tk ≥ c0/2,
2e2t(σ(et)− σ(etk)

)
> C̃3k

−2e4tg(et)2, t− tk ≤ −c0/2,

(C.3.7)

where C3 is given in (C.3.2), C̃3 is given in (C.3.5) and c0 = 0.08.
By making a change of variables rk = etk and r = et, (C.3.7) are equivalent to the

following: for rk < 0.426072,

C3r
4
k > 2C̃3k

−2r4g(r)2, rke
−c0 ≤ r ≤ rkec0 , (C.3.8)

2(σ(rk)− σ(r)) > C̃3k
−2r2g(r)2, r ≥ rkec0/2, (C.3.9)

2(σ(r)− σ(rk)) > C̃3k
−2r2g(r)2, r ≤ rke−c0/2. (C.3.10)

Now let us compute k0 such that (C.3.8), (C.3.9), (C.3.10) hold for k ≥ k0.
•For (C.3.8). It suffices to take

k2 >
2C̃3
C3

sup
{r4g(r)2

r4
k

; rk < 0.426072, rke−c0 ≤ r ≤ rkec0
}
,

thus k2 >
2C̃3e

4c0

C3
' 1387.63, i.e. k > 37.251.

•For (C.3.9). It suffices to take

k2 >
C̃3
2 sup

{ r2g(r)2

σ(re−c0/2)− σ(r)
; r > 0

}
,

by computing the supremum, we get k ≥ 45.
•For (C.3.10). It suffices to take

k2 >
C̃3
2 sup

{ r2g(r)2

σ(r)− σ(rec0/2)
; r ≤ ε1ec0/2},

by computing the supremum, we get k ≥ 43.
As a result, the inequalities in (C.3.7) are true for k ≥ 45.

Final estimates

Using the estimates (3.4.26) and the notation ρ̃(t, tk) given in (3.3.81), we deduce from
(C.3.4) that there exists c > 0 such that for k ≥ 45,

2Re〈Lku,Mku〉 ≥ cβ(βke4tk)−1/3〈ρ̃(t, tk)u, u〉 − 4‖ψ′′‖L∞βk(βke4tk)−2/3k−2‖e2tg(et)u‖2

− C‖Dtu‖2 − Ck2‖u‖2 − C‖e2tu‖2. (C.3.11)
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It remains to control the negative term of size βk(βke4tk)−2/3k−2 in the rhs of (C.3.11),
for which we take a large constant µ0 so that the quantity βke4tk is very large and we do
not need k large. Using (3.3.103) and letting µ0 ≥ 1 large enough, the term

−4‖ψ′′‖L∞βk(βke4tk)−2/3‖e2tg(et)u‖2

can be absorbed by
c

2βk(βke
4tk)−1/3〈ρ̃(t, tk)u, u〉.

Continuing the proof in Section 3.3.4.c), we can complete the proof of (C.0.5).

C.4 Case 4

It remains to give a proof for (C.0.6), the estimate for the case where etk ≤ µ0β
−1/4
k

with µ0 chosen in the previous section. We use the multiplier µ4
0Id and iId. Using 1−σ(r) ≤

r2/8, we have for etk ≤ µ0β
−1/4
k ,

Re〈Lku,−iu〉 = βk〈e2t(σ(etk)− σ(et)
)
u, u〉+ βk〈γ〈Dk〉−2γu, u〉

≥ βk〈e2t
((

1− σ(et)
)
−
(
1− σ(etk)

))
u, u〉

≥ βk〈e2t
((

1− σ(et)
)
− µ2

0
8 β
−1/2
k

)
u, u〉,

so that

Re〈Lku, (µ4
0 − i)u〉 ≥ 〈

(
µ4

0k
2e−2t + βk

(
1− σ(et)

)
− µ2

0
8 β

1/2
k

)
e2tu, u〉.

We claim that there exists α0 ≥ 8π such that for all k ≥ 1, α ≥ α0, t ∈ R,

µ4
0k

2e−2t + βk
(
1− σ(et)

)
≥ µ2

0
4 β

1/2
k . (C.4.1)

Indeed, 1 − σ(et) ≥ e2t/16 for et < 2, and 1 − σ(et) ≥ e−1 for et ≥ 2. Then we have for
k ≥ 1, α ≥ α0,

if et < 2, µ4
0k

2e−2t + βk
(
1− σ(et)

)
≥ µ4

0k
2e−2t + 1

16βke
2t ≥ µ2

0
2 kβ

1/2
k ;

if et ≥ 2, µ4
0k

2e−2t + βk
(
1− σ(et)

)
≥ e−1βk ≥ e−1

√
α0k

8π β
1/2
k ,

so that (C.4.1) holds with α0 = πe2µ4
0/2. thus

Re〈Lku, (µ4
0 − i)u〉 ≥

µ2
0

8 β
1/2
k 〈e

2tu, u〉.

By Cauchy-Schwarz inequality, we complete the proof of (C.0.6).
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Improvements
The bound k0 = 84 can be improved. For example, when estimating for the term A1,

instead of requiring a control for the derivative of the function σ of type (see (3.4.18),
(3.4.21), (3.4.24))

∀etk > ε−1
0 , |t− tk| < 2c0,

d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C1;

∀etk ∈ [ε1, ε−1
0 ], |t− tk| < 2c0,

d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C2; (C.4.2)

∀etk < ε1, |t− tk| < 2c0,
d

dt

[
e2t(σ(et)− σ(etk)

)]
≤ −C3e

4tk ,

in fact we need only these inequalities above for t such that |t − tk| < c0 + ε for ε > 0
small fixed, since (C.4.2) are applied on the function χ0(· − tk)u which is supported in
[tk − c0, tk + c0]. As the small constant c0 appears in the denominator of the coefficients
of estimates for the term A2, the requirement |t − tk| < c0 + ε will allow us to get a
better control of coefficients for A2 if c0 could be taken slightly larger. And also, the lower
bounds for the terms B+

1 and B−1 can be improved since they are localized in the zone
away from tk of a distance c0/2. Certainly, the requirement |t − tk| < c0 + ε will change
the coefficients in the remainders and the lower order terms (which will depend on ε), but
we need not to take k large to control them.

On the other hand, note that the constant in each of the inequalities in (C.4.2) is
uniform on etk , depending only on the choice of (ε0, ε1). One may divide the discussion
on etk into small intervals to localize etk more precisely, by following the behavior of the
derivative of the function σ, instead of just distinguishing 4 cases as that we have done.
This will also allow us to deduce accurate estimates and to improve the upper bound on
k0.
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