
Cohomological finiteness of proper morphisms in

algebraic geometry: a purely transcendent proof,

without projective tools

Antoine Ducros
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Introduction

If f : Y → X is a proper morphism between locally noetherian schemes, and
if F is a coherent OY -module, then Rqf∗F is a coherent OX module for every
integer q. In order to prove this result, one proceeds usually in two steps;
first, one supposes that f is projective, and one uses tools which are specific
to this situation: tensorisation with O(n), explicit computations of the Čech
cohomology groups associated to the standard affine covering of Pr, and so on;
then one reduces the general case to the projective one using Chow’s lemma.

The purpose of this note is to give, when Y and X are locally of finite type
over a field k, a new proof of that assertion, which uses neither projective tools
nor Chow’s lemma. The principle is very simple.

• This theorem is true in the setting of Berkovich analytic spaces. One sees
it by reducing, thanks to a suitable ground field extension, to the case of a
proper morphism between two rigid-analytic spaces, in which the cohomological
finiteness has been proved by Kiehl, of course without Chow’s lemma (a proper
rigid-analytic space is in general far from being bi-meromorphically isomorphic
to a projective variety): Kiehl uses strong refinements of affinoid covers, and
the fact that such a refinement induces completely continuous maps at the level
of Čech complexes.
• To any algebraic variety Z over k can be associated an analytic space Z i

over the field k endowed with the trivial absolute value. If Y → X is proper,
then Y i →X i is proper too (this can be proven using only valuative tools).
• Thanks to an explicit computation of Čech complexes, one proves in

this very particular case a GAGA comparison theorem for the cohomology of
coherent sheaves, which allows to conclude.

1 Remindings on coherent sheaves in analytic
geometry

Let k be a complete, non-Archimedean field, let Z be a k-analytic space in the
sense of Berkovich [1], [2]. Let us assume that Z is paracompact and separated
(ie., the diagonal map is a closed immersion). Let F be a coherent sheaf on
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the site ZG; for a definition of this ringed site and basic facts1 about coherent
sheaves on it, see [2], §1.3.. Let us fix a locally finite affinoid G-covering U
of Z. Thanks to Tate’s acyclicity theorem, and because the intersection of two
affinoid domains of Z is an affinoid domain of Z (this is due to our separatedness
assumption), there is a natural isomorphism H•(ZG,F ) ' H•C (U,F ), where
C denotes the Čech complex.

Let f : Y → X be a morphism between k-analytic spaces which is proper,
that is, topologically proper and without boundary; and let F be a coherent
sheaf on YG. Let q be an integer. Let us recall how one proves (Berkovich,
[1], prop. 3.3.5), using in a crucial way Kiehl’s corresponding theorem in rigid
geometry, that Rqf∗F is coherent.

One immediately reduces to the case where X is affinoid, say X = M (A ).
As Y → X has no boundary, there exists, for every y ∈ X, two affinoid
neighborhoods Ux and Vx of x in X, such that Ux is included in the relative
interior of Vx over Y , in the sense of [1], def. 2.5.7. Note that we used here the
fact that Y is good, which comes from the goodness of X (which is affinoid)
and the fact that a boundaryless morphism between general analytic spaces is
good by its very definition ([2], 1.5.3). The space Y being compact, there exists
two finite affinoid covers U and V of Y , such that every affinoid domain of Y
belonging to U is included in the relative interior over Y of an affinoid domain
belonging to V.

Let r = (r1, . . . , rn) be a family of positive real numbers which is free in
Q ⊗Z (R∗

+/|k∗|), and which is such that |k∗r | 6= {1} and that all the affinoid
spaces involved become strict after extending the scalars to kr (the notation kr
has its usual meaning in Berkovich theory, see for example [1], §2.1). Every
affinoid domain belonging to Ur is ’included in the relative interior over Yr of an
affinoid domain belonging to Vr’, in the sense of Berkovich; but in view of the
lemma 2.5.11 of [1], this remains true in the sense of Kiehl (def. 2.1 of [5]). The
two following facts are therefore consequences of the assertion preceding th. 2.6
of [5]:

i) the differential maps of C (Ur,Fr) are admissible, which implies, among
other things, that each of its cohomology spaces has a natural structure of a
Banach Ar-module;

ii) for every q, the Banach Ar-module HqC (Ur,Fr) is a finitely generated
Ar-module; as |k∗r | 6= {1} this implies, by the open mapping theorem, that
HqC (Ur,Fr) is a finite Banach Ar-module, that is, a topological quotient of the
Banach Ar-module A m

r for some m.

One deduces from i) that the differentials of C (U,F ) are admissible; the
space HqC (U,F ) inherits therefore for every q a natural structure of a Banach
A -module. Prop. 2.1.2 of [1] then ensures that there is for all i a natural
isomorphism HqC (U,F )r ' HqC (Ur,Fr); by ii) above and prop. 2.1.11 of [1],
it follows that HqC (U,F ) is a finite Banach A -module, and in particular a

1One of them is missing in [2]: the coherence of the sheaf OZG
itself. It is proven in [4],

lemma 0.1. Note that it was pointed out to the author by Jérôme Poineau that there is a
mistake in this proof: it establishes that a surjection On → O has a locally finitely generated
kernel, though in order to get the coherence, this finiteness claim should be established for
any, i.e. non necessarily surjective, map On → O; but it turns out that the proof doesn’t
make any use of this inaccurate surjectivity assumption.
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finitely generated A -module. In other words, Hq(YG,F ) is a finitely generated
A -module.

It remains to show (we won’t need it in this paper) that for every affinoid
domain Z of X and for every q, the natural arrow

Hq(YG,F )⊗AZ → Hq(f−1(Z)G,F )

is an isomorphism. One can do it by extending the scalars to kr for a suitable
r, and applying th. 3.3 of [5].

2 The analytic space associated to a scheme and
the comparison theorem

Let k be any field. To every k-scheme of finite type Z , there are two ways to
associate an analytic space over the field k endowed with the trivial absolute
value.

The first one consists in considering its analytification in the sense of [2],
§2.6. The second one, which has already been considered by Thuillier in [8],
consists in viewing Z as a locally topologically finitely presented formal scheme
over the discrete ring k (in other words, one is interested in the topologically
locally ringed space deduced from Z by endowing OZ (U ) with the discrete
topology for every open subset U of Z ); one can then consider its generic fiber
in the sense of [3]. This is what we will do here, and we will denote by Z i this
generic fiber.

Let us recall how one builds it. If Z is affine, say Z = Spec A, then Z i

is the affinoid space M (Ai), where Ai is the affinoid algebra which is equal to
A equipped with the trivial norm. If f ∈ A, the map Ai → Ai

f is obviously

bounded, and M (Ai
f ) → M (A) identifies M (Ai

f ) with the affinoid domain of

M (A) described by the equation |f | = 1. One uses this remark to build Z i by
gluing in the general case.

There is a natural reduction map Z i → Z , through which the pre-image
of an open subset V of Z is a compact analytic domain of Z i naturally
isomorphic to V i. The arrow r appears as a morphism of locally ringed sites
from (Z i

G ,OZ i
G

) to (Z ,OZ ). If F is a coherent sheaf on Z , one will denote

by Fi the OZG -module Fi.

Description of F 7→ Fi in the affine case. Let us assume that Z is affine,
say Z = Spec A. Let M be a finitely generated A-module; we denote by M̃
(resp. M̃G) the associated coherent sheaf on Z (resp. Z i

G ).

• If V is an open affine subset of Z , then M̃(V ) = M ⊗A OZ (V ); as a
consequence, for every OZ -module F , the natural map

Hom(M̃,F )→ Hom(M,F (Z ))

is an isomorphism.
• If V is an affinoid domain of Z i, then M̃G(V ) ' M ⊗A OZG

(V ); as a
consequence, for every OZ i

G
-module G , the natural map

Hom(M̃G,F )→ Hom(M,G (Z i))
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is an isomorphism.

• If G is an OZ i
G

-module, it follows from the above that one has a sequence
of canonical isomorphisms

Hom(M̃G,G ) ' Hom(M,G (Z i)) ' Hom(M, r∗G (Z )) ' Hom(M̃, r∗G ).

Since r∗ is the left-adjoint of r∗, one deduces from the last point that for every
finitely generated A-module M, there is a canonical isomorphism (M̃)i ' M̃G;

in particular, M̃(Z )→ M̃i(Z i) is an isomorphism.

Description of F 7→ Fi in the general case. We don’t assume
anymore that Z is affine. Let F be a coherent sheaf on Z . By the above,
F (V )tFi(V i) is an isomorphism for every affine open subset V of Z . This
fact immediately extends to all open subsets of Z .

Let us assume now that Z is separated, and let U be a finite affine cover of
Z . It induces a finite affinoid cover Ui of Z i. The canonical arrows

H•C (U,F )→ H•(Z ,F ) and H•C (Ui,Fi)→ H•(Z i,Fi)

are bijections. Moreover, what we have just seen about Fi implies that
C (U,F )→ C (Ui,Fi) is an isomorphism.

As a consequence, the canonical map H•(Z ,F ) → H•(Z i
G ,Fi) is an

isomorphism.

3 Proof of the theorem

Theorem. Let k be a field and let f : Y → X be a proper morphism between
k-schemes locally of finite type. Let F be a coherent sheaf on : sshY . For every
integer q, the OX -module Rqf∗F is coherent.

Proof. One can assume that X is affine; say X = Spec A. As Rqf∗F is
quasi-coherent, it is sufficient to ensure that Hq(Y ,F ) is a finitely generated A-
module. By the preceding paragraph, it is naturally isomorphic to Hq(Y i,Fi).
By the following lemma, Y i →X i is proper. In view of what we have recalled
in section 1), this implies that Hq(Y i,Fi) is a finitely generated A-module,
which ends the proof. �

Lemma. The morphism Y i →X i is proper.

Proof(s). We will give three different proofs.

The first one. The morphism Y i →X i is topologically proper. Hence it is
sufficient to prove that it has no boundary.Thanks to cor. 2.5.12 of [1], this can
be checked after extending the scalars to kr for any r ∈]0; 1[; one can identify
Y i

r (resp. X i
r ) with the generic fiber of Y × Spf ko

r (resp. X × Spf ko
r).

As Y → X is proper, Y × Spf ko
r → X × Spf ko

r is proper too; since the
absolute value of kr is not trivial, Y i

r →X i
r is then proper (and in particular

boundaryless): this is a result by Temkin (cor. 4.4 of [6]).
Remark. The field kr is nothing but k((t)), endowed with the t-adic

absolute value that sends t to r. The formal scheme Y × Spf ko
r (resp.

4



X × Spf ko
r) is simply the completion of Y × Spec k[[t]] (resp. ...) along

its special fiber.

The second one. One can do the same as in the first proof, but with avoiding
ground field extension. It suffices to remark that the aforementioned result by
Temkin (cor. 4.4 of [6]) can be easily extended to the case of a trivially valued
ground field, using the formalism of graded reductions, which is developed by
Temkin in [7].

The third one (it was pointed out to the author by Amaury Thuillier). We
may assume that X is affine; say X = Spec A. The X i-analytic space Y i

embeds in a natural way into the analytification (Y /X i)an of the Ai-scheme
of finite type Y – note that (Y /X i)an is nothing but Y an ×X an X i.

More precisely, Y i can be identified with an analytic domain of the proper
X i-analytic space (Y /X i). Indeed, if Y = Spec B, then Y i is naturally
isomorphic to the affinoid domain of (Y /X i)an defined by the inequalities
|b| 6 1 for b running through a finite system of generators of B over A; in
general, these local identifications glue obviously.

To conclude, it is sufficient to prove that Y i → (Y /X i)an is onto, because
it will then be an isomorphism. Let y ∈ (Y /X i)an. By the definition of Ai,
the natural map A → H (y) induced by Y → X takes its values in H (y)o,
hence induces a morphism Spec H (y)o → X . As Y → X is proper, the X -
map Spec H (y) → Y extends to an X -map Spec H (y)o → Y . If x denotes
the image of the closed point of Spec H (y)o on Y and if V = Spec B is an
affine neighborhood of x in Y , then |b(y)| 6 1 for every b ∈ B. This implies
that y ∈ V i ⊂ Y i. �
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