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1 Introduction

1.1 Historical remarks

Derived categories are a ‘formalism for hyperhomology’ [61]. Used at first only by the circle
around Grothendieck they have now become wide-spread in a number of subjects beyond algebraic
geometry, and have found their way into graduate text books [33] [38] [44] [62].

According to L. Illusie [32], derived categories were invented by A. Grothendieck in the early
sixties. He needed them to formulate and prove the extensions of Serre’s duality theorem [55] which
he had announced [24] at the International Congress in 1958. The essential constructions were
worked out by his pupil J.-L. Verdier who, in the course of the year 1963, wrote down a summary
of the principal results [56]. Having at his disposal the required foundations Grothendieck exposed
the duality theory he had conceived of in a huge manuscript [25], which served as a basis for the
seminar [29] that Hartshorne conducted at Harvard in the autumn of the same year.’

Derived categories found their first applications in duality theory in the coherent setting [25]
[29] and then also in the étale [60] [13] and in the locally compact setting [57] [58] [59] [22].

At the beginning of the seventies, Grothendieck-Verdier’s methods were adapted to the study of
systems of partial differential equations by M. Sato [53] and M. Kashiwara [37]. Derived categories
have now become the standard language of microlocal analysis (cf. [38] [46] [52] or [6]). Through
Brylinski-Kashiwara’s proof of the Kazhdan-Lusztig conjecture [9] they have penetrated the rep-
resentation theory of Lie groups and finite Chevalley groups [54] [4]. In this theory, a central role
is played by certain abelian subcategories of derived categories which are modeled on the category
of perverse sheaves [2], which originated in the sheaf-theoretic interpretation [14] of intersection
cohomology [20] [21].

In their fundamental papers [1] and [3], Beilinson and Bernstein-Gelfand used derived categories
to establish a beautiful relation between coherent sheaves on projective space and representations
of certain finite-dimensional algebras. Their constructions had numerous generalizations [16] [34]
[35] [36] [10]. They also led D. Happel to a systematic investigation of the derived category of a
finite-dimensional algebra [26] [27]. He realized that derived categories provide the proper setting
for the so-called tilting theory [7] [28] [5]. This theory subsequently reached its full scope when it
was generalized to ‘Morita theory’ for derived categories of module categories [48] [50] (cf. also [39]
[40] [41]). Morita theory has further widened the range of applications of derived categories. Thus,
Broué’s conjectures on representations of finite groups [8] are typical of the synthesis of precision
with generality that can be achieved by the systematic use of this language.

1.2 Motivation of the principal constructions

Grothendieck’s key observation was that the constructions of homological algebra do not barely
yield cohomology groups but in fact complexes with a certain indeterminacy. To make this pre-
cise, he defined a quasi-isomorphism between two complexes over an abelian category A to be a
morphism of complexes s : L — M inducing an isomorphism H"(s) : H"(L) — H"(M) for each
n € Z. The result of a homological construction is then a complex which is ‘well defined up to
quasi-isomorphism’. To illustrate this point, let us recall the definition of the left derived functors
Tor (M, N), where A is an associative ring with 1, N a (fixed) left A-module and M a right
A-module. We choose a resolution

PPt PP S M0

(i.e. a quasi-isomorphism P — M) with projective right A-modules P?. Then we consider the
complex P ®4 N obtained by applying ? ® 4 N to each term P?, and ‘define’ Tor;:‘(M, N) to be
the (—n)th cohomology group of P®4 N. If P’ — M is another resolution, there is a morphism of
resolutions P — P’ (i.e. morphism of complexes compatible with the augmentations P — M and
P’ — M), which is a homotopy equivalence. The induced morphism P ®4 N — P’ ®4 N is still a
homotopy equivalence and a fortiori a quasi-isomorphism. We thus obtain a system of isomorphisms
between the H™"(P ®4 N), and we can give a more canonical definition of Tor’ (M, N) as the



(inverse) limit of this system. Sometimes it is preferable to ‘compute’ Tor? (M, N) using flat
resolutions. If FF — M is such a resolution, there exists a morphism of resolutions P — F. This is
no longer a homotopy equivalence but still induces a quasi-isomorphism P®4 N — F ®4 N. So
we have H"(P®4 N) = H " (F ®4 N). However, the construction yields more, to wit the family
of complexes F' ® 4 N indexed by all flat resolutions F', which forms a single class with respect to
quasi-isomorphism. More precisely, any two such complexes F'®4 N and F' ® 4 N are linked by
quasi-isomorphisms F ®4 N +— P®4 N — F' ® 4 N. The datum of this class is of course richer
than that of the Torf(M ,N). For example, if A is a flat algebra over a commutative ring k, it
allows us to recover Tor” (M, N ®;, X) for each k-module X.

Considerations like these must have led Grothendieck to define the derived category D (A) of an
abelian category A by ‘formally adjoining inverses of all quasi-isomorphisms’ to the category C (A)
of complezxes over A. So the objects of D (A) are complexes and its morphisms are deduced from
morphisms of complexes by ‘abstract localization’. The right (resp. left) ‘total derived functors’
of an additive functor F' : A — B will then have to be certain ‘extensions’ of F' to a functor RF
(resp. LF') whose composition with H"(?) should yield the traditional functors R"F (resp. L"F).

It was Verdier’s observation that one obtains a convenient description of the morphisms of D (A)
by a ‘calculus of fractions’ if, in a first step, one passes to the homotopy category H (A), whose
objects are complexes and whose morphisms are homotopy classes of morphisms of complexes. In
a second step, the derived category is defined as the localisation of H (A) with respect to all quasi-
isomorphisms. The important point is that in H (A) the (homotopy classes of) quasi-isomorphisms
M’ — M (resp. L «— L’) starting (resp. ending) at a fixed complex form a filtered category %
(resp. ¥1). We have

HOIHD(_A)(L,M) = limgM HOmH(A)(L,M/) = ling HOmH(A)(L/,M).

The elements of the two right hand members are intuitively interpreted as ‘left fractions’ s~! f or
‘right fractions’ g¢~! associated with diagrams

LLvmweEam oo LALLM

of H(A). This also leads to a simple definition of the derived functors: Examples suggest that the
derived functors RF and LF can not, in general, be defined on all of D.A. Following Deligne [12,
1.2] we define the domain of RF (resp. LF') to be the full subcategory of D (A) formed by the
complexes M (resp. L) such that

hj}EM FM' (resp. l}ﬂlLE FL )

exists in D (B) and is preserved by all functors starting from the category D (B). For such an M
(resp. L) we put
RF M :=limy,, FM' (resp. LF L :=1lim s FL ).

The functors thus constructed satisfy the universal property by which Grothendieck-Verdier orig-
inally [61] defined derived functors. When they exist, they enjoy properties which apparently do
not follow directly from the universal property.

1.3 On the use of derived categories

Any relation formulated in the language of derived categories and functors gives rise to assertions
formulated in the more traditional language of cohomology groups, filtrations, spectral sequences
... . Of course, these can frequently be proved without explicitly mentioning derived categories
so that we may wonder why we should make the effort of using this more abstract language. The
answer is that the simplicity of the phenomena, hidden by the notation in the old language, is
clearly apparent in the new one. The example of the Kiinneth relations [61] serves to illustrate
this point:



Let X and Y be compact spaces, R a commutative ring with 1, and F and G sheaves of R-
modules on X and Y, respectively. If R = Z, and either F or G is torsion-free, we have split short
exact sequences

0— P B(X,F)@rHI(Y,G) » H'(X x Y, F @R G) (1)
ptqg=n
- @ Tor”(HP (X, F),HY (Y, G)) — 0.
ptg=n-+1

When the ring R is more complicated, for example R = Z/I"Z, [ prime, r > 1, and if we make no
hypothesis on F or G, then in the traditional language we only have two spectral sequences with
isomorphic abutments whose initial terms are

KE = @D TorR (H(X, F),H(Y,G)), @)
r+s=q
//Kg,q — Hp(X X }/7 TOT'?q (]:) g)) (3)

However, these spectral sequences and the isomorphism between their abutments are just the
consequence and the imperfect translation of the following relation in the derived category of
R-modules

RI(X,F)@% RI(Y,G) = RI(X x Y, Fokg), (4)

where RI' (X, ?) denotes the right derived functor of the global section functor and ®I}§{ denotes the
left derived functor of the tensor product functor. (We suppose that X and Y are spaces of finite
cohomological dimension, for example, finite cell complexes.) The members of (4) are complexes of
R-modules which are well determined up to quasi-isomorphism, and whose cohomology groups are
the abutment of the spectral sequences (2) and (3), respectively. Of course, formula (4) still holds
when F and G are (suitably bounded) complexes of sheaves on X and Y. The formula is easy to
work with in practice and also allows us to formulate commutativity and associativity properties
when there are several factors.

Extension of scalars leads to an analogous formula in the derived categories: If S is an R-algebra
and F a sheaf of R-modules on X, we have the relation

RI (X,F) @f S = Rl (X, F ®F S).

Metaphorically speaking, one can say that naive formulas which are false in the traditional language
become true in the language of derived categories and functors.

2 QOutline of the Chapter

The machinery needed to define a derived category in full generality tends to obscure the simplicity
of the phenomena. We therefore start in section 3 with the example of the derived category of a
module category. The same construction applies to any abelian category with enough projectives.

The class of abelian categories is not closed under many important constructions. Thus the
category of projective objects or the category of filtered objects of an abelian category are no longer
abelian in general. This leads us to working with exact categories in the sense of Quillen [47]. We
recall their definition and the main examples in section 4.

Heller’s stable categories [30] provide an efficient approach [26] to the homotopy category.
They also yield many other important examples of triangulated categories, and, more generally, of
suspended categories (cf. section 7). We give Heller’s construction in section 6. It is functorial in
the sense that exact functors give rise to ‘stable functors’. The notion of a triangle functor (=5-
functor [42] =exact functor [12]) appears as the natural axiomatization of this concept. Triangle
functors, equivalences and adjoints are presented in section 8.

In section 9, we recall basic facts on the localization of categories from [15]. These are then
specialized to triangulated categories in section 10. Proofs for the results of these sections may be
found in [29] [6] [38].



In section 11, we formulate Verdier’s definition of the derived category [56] in the context of
exact categories.

In section 12, we give a sufficient condition for an inclusion of exact categories to induce an
equivalence of their derived categories. This is a key result since it corresponds to the theorem on
the existence and unicity of injective resolutions in classical homological algebra.

In sections 13, 14, and 15, we develop the theory of derived functors following Deligne. Derived
functors are constructed using a ‘generalized calculus of fractions’. This approach makes it possible
to easily deduce fundamental results on restrictions, adjoints and compositions in the generality
they deserve. Proofs for some non-trivial lemmas of these sections may be found in [12].

3 The derived category of a module category

For basic module theoretic notions and terminology we refer to [31, I, IV]. We shall sometimes
write C (X,Y") for the set of morphisms from X to Y in a category C.

Let R be an associative ring with 1 and denote by Mod R the category of right R-modules. By
definition, the objects of D® (Mod R), the derived category of Mod R, are the chain complexes

P

P=(.. =P 2P, —..)

of projective right R-modules P,, n € Z, such that we have P, = 0 for all n < 0 and H,,(P) =0
for all n > 0, where H,,(P) denotes the nth homology module of P. If P and @ are such complexes
a morphism P — Q of D® (Mod R) is given by the equivalence class f of a morphism of complexes
f: P — @ modulo the subgroup of null-homotopic morphisms, i.e. those with components of the
form
dgﬂrn + rn,ldf

for some family of R-module homomorphisms r, : P, — Qn—1, n € Z. The composition of
morphisms of D’ (Mod R) is induced by the composition of morphisms of complexes.

The category of R-modules is related to its derived category by a canonical embedding: The
canonical functor can : Mod R — D° (Mod R) sends an R-module M to the complex

—Py1—-P—... P —->F—-0-0—...

given by a chosen projective resolution of M. If f: M — N is an R-module homomorphism, can f
is the uniquely determined homotopy class of morphisms of complexes g : can M — can N such
that Hog(g) is identified with f.
We endow D? (Mod R) with the endofunctor S, called the suspension functor (or shift functor),
and defined by
(Sp)n = I'n—-1, dsp = —dﬁ,l,

on the objects P € D’ (Mod R) and by Sf =3, gn = fn_1, on morphisms f.
We omit the symbol can from the notations to state the fundamental formula
Hom p(M,S™N) = Exth(M,N), n € N, (5)

where Hom p(,) denotes morphisms in the derived category and M, N are R-modules. This
isomorphism is compatible with the product structures in the sense that the composition

L2 smy T gminy

corresponds to the ’splicing product‘ [31, IV,Ex. 9.3] of the n-extension determined by f with the
m-extension determined by g.

Example 3.1 : Fields. Suppose that R = k is a (skew) field. Then it is not hard to see
that each P € D° (Mod k) is isomorphic to a finite sum of objects S"M, M € Modk, n € Z.
Moreover, by formula (5) there are no non-trivial morphisms from S*M to SN unless i = j,
and Hom p(S*M,S'N) = Hom (M, N). Thus, D’ (Modk) is equivalent to the category of Z-
graded k-vector spaces with finitely many non-zero components. The equivalence is realized by
the homology functor P — H,(P).



Example 3.2 : Hereditary rings. Suppose that R is hereditary (i.e. submodules of projective
R-modules are projective). For example, we can take for R a principal domain or the ring of upper
triangular n x n-matrices over a field. Then, as in example 3.1, each P € D° (Mod R) is isomorphic
to a finite sum of objects S"M, M € Mod R, n € Z. Formula (5) shows that

0 J#F I+ 1
Hom p(S'M,S'N)={ Hompg(M,N) j=i
Extr(M,N) j=i+1.
Example 3.3 : Dual numbers. Let k be a commutative field and let R = k[6]/(6?) be the ring
of dual numbers over k. The complexes

.HOHAiAi...iAiAHOH...

with non-zero components in degrees 0,..., N, N > 1, have non-zero homology in degrees 0 and
N, only, but they do not admit non-trivial decompositions as direct sums in D’ (Mod R).

4 Exact categories

We refer to [45] for basic category theoretic notions and terminology. A category which is equivalent
to a small category will be called swelte.

A pair of morphisms

ALBLC
in an additive category is exact if i is a kernel of p and p a cokernel of 3.

An ezact category [47] is an additive category A endowed with a class £ of exact pairs closed
under isomorphism and satisfying the following axioms Ex0-Ex2°P [39]. The deflations (resp.
inflations) mentioned in the axioms are by definition the morphisms p (resp. i) occurring in pairs
(i,p) of £. We shall refer to such pairs as conflations.

Ex0  The identity morphism of the zero object is a deflation.
Exl A composition of two deflations is a deflation.
Ex1°P A composition of two inflations is an inflation.

Ex2  Each diagram

C/
le
B % C,
where p is a deflation, may be completed to a cartesian square
B %
bl le
B % C,
where p’ is a deflation.
Ex2°P Each diagram
A % B
al
A/
where 4 is an inflation, may be completed to a cocartesian square
A L B
al b
A Lo

)

where 4’ is an inflation.



An abelian category is an exact category such that each morphism f admits a factorization
f = ip, where p is a deflation and ¢ an inflation. In this case, the class of conflations coincides with
the class of all exact pairs.

If A and B are exact categories, an ezact functor A — B is an additive functor taking conflations
of A to conflations of B.

A fully exact subcategory of an exact category A is a full additive subcategory B C A which
is closed under extensions, i.e. if it contains the end terms of a conflation of A, it also contains
the middle term. Then B endowed with the conflations of A having their terms in B is an exact
category, and the inclusion B C A is a fully faithful exact functor.

Example 4.1 : Module categories and their fully exact subcategories. Let R be an

associative ring with 1. The category Mod R of right R-modules endowed with all short exact

sequences is an abelian category. The classes of free, projective, flat, injective, finitely generated,
. modules all form fully exact subcategories of Mod R.

In general, any svelte exact category may be embedded as a fully eract subcategory of some
module category [47] [39]. As a consequence [39], in any argument involving only a finite diagram
and such notions as deflations, inflations, conflations, it is legitimate to suppose that we are
operating in a fully exact subcategory of a category of modules.

Example 4.2 : Additive categories. Let A be an additive category. Endowed with all split
short exact sequences A becomes an exact category.

Example 4.3 : The category of complexes. Let A be an additive category. Denote by C (A)
the category of differential complexes

an
= AT A AT

over A. Endow C(A) with the class of all pairs (i,p) such that (i",p™) is a split short exact
sequence for each n € Z. Then C (A) is an exact category.

Example 4.4 : k-split sequences. Let k& be a commutative ring and R an associative k-algebra.
Endowed with the sequences whose restrictions to k are split short exact the category Mod R of
section 3 becomes an exact category.

Example 4.5 : Filtered objects. Let 4 be an exact category. The objects of the filtered
category F (A) are the sequences of inflations
A=(. AP a1 Ly ez,

of A such that A? = 0 for p < 0 and Cok j% = 0 for all p > 0. The morphisms from A to
B € F (A) bijectively correspond to sequences fP € A (AP, BP) such that fPT1;5 = j2 fP for all
p € Z. The sequences whose components are conflations of A form an exact structure on F (A).
Note that if A contains a non-zero object, then F (A) is not abelian (even if A is).

Example 4.6 : Banach spaces. Let A be the category of complex Banach spaces. The axioms
for an exact structure are satisfied by the sequences which are short exact as sequences of complex
vector spaces.

5 Exact categories with enough injectives
Let A be an exact category. An object I € A is injective (resp. projective) if the sequence

AB,I) S AA L) =0 (resp. A(P,B) ™ A(P,C) —0)

is exact for each conflation (i,p) of A. We assume from now on that A has enough injectives, i.e.
that each A € A admits a conflation ‘
ABTAT SA



with injective T A. If A also has enough projectives (i.e. for each A € A there is a deflation P — A
with projective P), and the classes of projectives and injectives coincide, we call A a Frobenius
category.

Example 5.1 : Module categories. The category of modules over an associative ring R with
1 has enough projectives and injectives. Projectives and injectives coincide for example if R is the
group ring of a finite group over a commutative field.

Example 5.2 : Additive categories. In example (4.2), each object is injective and projective,
and we can take i4 to be the identity of A for each A € A.

Example 5.3 : The category of complexes. In example (4.3), we define

0 1 . 1

n __ An n+1 n o __ n _

(IA) =A"® A ) IA_|:0 0:|7(ZA) _|:d2:|
(SA" = A" dEy = —dit, pl = [—di 1),

It is easy to see that IA is injective in C (A). Now the inflation i4 splits iff A is homotopic to
zero. Thus, a complex is injective in C(A) iff it is homotopic to zero. Since the complexes T A,
A € C(A), are also projective, C (A) is a Frobenius category.

Example 5.4 : k-split exact sequences. In example (4.4) we can take for iy, the canonical
injection

M — Hom (R, M), m > (r — rm).
If R = k[G] for a finite group G, the fully exact subcategory of Mod R formed by finitely generated
k-free R-modules is a Frobenius category.

Example 5.5 : Filtered objects. In example (4.5) it is not hard to see that F (.A) has enough
injectives iff A4 has, and in this case the injectives of F (A) are the filtered objects with injective
components [39]. Similarly, F (A) has enough projectives iff .4 has, and in this case the projectives
of F (A) are the filtered objects of A with projective components and such that j4 splits for all
p € Z.

Example 5.6 : Banach spaces. As a consequence of the Hahn-Banach theorem, the one-
dimensional complex Banach space is injective for the category of example (4.6). More generally,
the space of bounded functions on a discrete topological space is injective. There are enough injec-
tives since each Banach space identifies with a closed subspace of the space of bounded functions
on the unit sphere of its dual with the discrete topology.

6 Stable categories

Keep the notations and hypotheses of section 5. The stable category A associated with A has the
same objects as A. A morphism of A is the equivalence class f of a morphism f : A — B of A
modulo the subgroup of morphisms factoring through an injective of A. The composition of A is
induced by that of A.

Example 6.1 : The homotopy category. The homotopy category H (A) of an additive category
A is by definition the stable category of the category C (A) of complexes over A (cf. example
4.3). So the objects of H (A) are complexes over .4 and the morphisms are homotopy classes of
morphisms of complexes, by example (5.3).

The stable category is an additive category and the projection functor A — A is an additive
functor. However, in general, A does not carry an exact structure making the projection functor
into an exact functor. Nonetheless, in order to keep track of the conflations of A, we can endow A
with the following ‘less rigid’ structure:



First, we complete the assignment A — SA to an endofunctor of A by putting Sf = h, where
h is any morphism fitting into a commutative diagram

A M o144 os4
il Lh
B 2 1B 2 g$B.

Indeed, by the injectivity of IB, such diagrams exist. Clearly h does not depend on the choice of
g.
Secondly, we associate with each conflation € = (i, p) of A a sequence

ALBE % g4
called a standard triangle and defined by requiring the existence of a commutative diagram

AL B & ¢
I 1y le ,oe=e,
A B 74 " g4
Again, g exists by the injectivity of IA, and € is independent of the choice of g.
If C is an arbitrary category endowed with an endofunctor S : C — C, an S-sequence is a

sequence
X3y3L 258X

of C and a morphism of S-sequences from (u,v,w) to (u',v',w’) is a commutative diagram of the
form N . "
X —- Y —- 7Z — 8X
z ] ! ! | Sz
X %oy Yoz m§x,

With this terminology, we define a triangle of A to be an S-sequence isomorphic to a standard
triangle. A morphism of triangles is a morphism of the underlying S-sequences. Note that the
standard triangle construction defines a functor from the category of conflations to the category
of triangles.

Theorem 6.2 The category A endowed with the suspension functor S and the above triangles
satisfies the following axioms SPO-SP.

SP0 Each S-sequence isomorphic to a triangle is itself a triangle.

SP1 For each object X, the S-sequence
0— X% XS0
is a triangle.
SP2 If (u,v,w) is a triangle, then so is (v, w, —Su).

SP3 If (u,v,w) and (u’,v',w’) are triangles and z, y morphisms such that yu = vz, then there is
a morphism z such that zv = v’y and (Sz)w = w'z.

X % v X% z % sx
x] yl z] | Sz
X % v 5 oz SX'.

15



SP4 For each pair of morphisms

X—=Y—>Z7
there is a commutative diagram
X 5 vy 5 7z - SX
I vl Lw I
X - z 4 y 5 Sx
! 1t 1 Su
x 5 x5 sy
rl !
sy %% sz,

where the first two rows and the two central columns are triangles.

We refer to [26] for a proof of the theorem in the case where A is a Frobenius category. Property
SP4 can be given a more symmetric form if we represent a morphism X — SY by the symbol

X 5 SY and write a triangle in the form
/ \

With this notation, the diagram of SP4 can be written as an octahedron in which 4 faces represent
triangles. The other 4 as well as two of the 3 squares 'containing the center’ are commutative.

//\\
XA

7 Suspended categories and triangulated categories

X Y

A suspended category [42] is an additive category S with an additive endofunctor S : § — §
called the suspension functor and a class of S-sequences called triangles and satisfying the axioms
SP0-SP4 of section 6.
A triangulated category is a suspended category whose suspension functor is an equivalence.
By theorem 6.2, the stable category of an exact category A with enough injectives is a suspended
category. If A is even a Frobenius category, it is easy to see that A is triangulated.

Example 7.1 : The mapping cone. Let A be an additive category. The homotopy category
H (A) is triangulated (6.1). Here the suspension functor is even an automorphism. Axiom SP4
implies that for each morphism of complexes f : X — Y there is a triangle

xLy%zhsx



Concretely, we can construct Z as the mapping cone C'f over f. It is defined as the cokernel of
the conflation [ix f]': X — IX @Y and hence fits into a diagram
]t

x et o

IXaY Cf
[ N Lh
X = X X SX.

The standard triangle provided by this diagram is clearly isomorphic to (f,g, ). Explicitly

n n+1 n m _dn+1 0
(Cf) =X oY ) Cf:|: fn)%{l dr;/:|
n_ |0 n__
g {1} . ht=[-1 0.

The following properties of a suspended category S are easy consequences of the axioms. Proofs
may be found in [29], [6], [38].

a) Each morphism v : X — Y can be embedded into a triangle (u,v,w).
b) For each triangle
X5y L z58X
and each V € S, the induced sequence
S(X,V) —S(Y,V) —8(Z,V) — S(SX,V) — S(SY,V)...

is exact. In particular, vu = wv = (Su)w = 0.
¢) If in axiom SP3 the morphisms x and y are invertible, then so is z.

d) If (u,v,w) and (u',v’,w’) are triangles, then so is
XX "yoy " 2o 2 "™ S(X o X).

e) If

X—-Y—>7—-5X

is a triangle, the sequence
0-Y35Z25%8X -0

is split exact iff u = 0.

f) For an arbitrary choice of the triangles starting with u, v and vu in axiom SP4, there are
morphisms w and z such that the second central column is a triangle and the whole diagram is
commutative.

Now suppose that S is a triangulated category. Then in addition we have

g) If (v,w,—Su) is a triangle of S, then so is (u, v, w).

h) If (u,v,w) and (v',v',w’) are triangles and y, z morphisms such that zv = v’y, then there is a
morphism z such that yu = v’z and (Sz)w = w'z.

i) For each triangle
X5y 5725 85X
and each V € T the induced sequence
TWV,X) =TV, Y)—>TV,Z2)—-S(V,5X) > S(V,5Y) — ...
is exact.

This implies in particular that our notion of triangulated category coincides with that of [2, 1.1]

10



8 'Triangle functors

We shall denote all suspension functors by the same letter S.
Let S and 7 be two suspended categories. A triangle functor from S to 7 is a pair consisting
of an additive functor F' : S — 7 and a morphism of functors o : F'S — SF such that
Fx T py T pz U gpx
is a triangle of 7 for each triangle (u,v,w) of §. This implies that « is invertible, as we see by
considering the case Y = 0 and using property b) of section 7.

Example 8.1 : Triangle functors induced by exact functors. Let A and B be two exact

categories with enough injectives. Let F' : A — B be an exact functor preserving injectives. Then

F induces an additive functor F' : A — B. For each A € A define aA to be the class of a morphism

a fitting into a commutative diagram

FA E4 pra 4 pga
o la

FA 24 JFrA P24 SFRA.

Then (F,«) is a triangle functor A — B. This construction transforms compositions of exact
functors to the compositions of the corresponding triangle functors.

A morphism of triangle functors (F,a) — (G, ) is a morphism of functors p : FF — G such
that the square

FS % SF
wS | 1 Sp
as L sa

is commutative. A triangle functor (F,«a) : & — 7T is a triangle equivalence if there exists a
triangle functor (G,f) : 7 — S such that the composed triangle functors (GF, (8F)(Ga)) and
(FG, (aG)(FB)) are isomorphic to the identical triangle functors (1s,1g) and (17, 1g) respectively.

Lemma 8.2 A triangle functor (F,a) is a triangle equivalence iff F is an equivalence of the
underlying categories.

Let (R,p): S — T and (L,\) : T — S be two triangle functors such that L is left adjoint to
R. Let ¥ :17 — RL and ® : LR — 1s be two ‘compatible’ adjunction morphisms, i.e. we have
(PL)(LY) = 11 and (R®)(VR) = 1r. For X € 7 and Y € S, denote by u(X,Y) the canonical
bijection
S(LX,Y) — T (X,RY), f (Rf)(TX).

Then it is not hard to see that the following conditions are equivalent

i) A= (®SL)(Lp~L)(LSVY) iii) ®S = (SP)(AR)(Lp)
ii) p7! = (RS®)(RAR)(¥SR) iv) SU = (pL)(RA)(TS)
v) The following diagram is commutative
S(LX,)Y) 2 S(SLX,8Y) % S(LSX,SY)
p(X,Y) ] L n(SX,8Y)

T(X,RY) 2 T(SX,SRY) £ T (SX,RSY).

If they are fulfilled, we say that ® and ¥ are compatible triangle adjunction morphisms and that
(L, \) is a left triangle adjoint of (R, p).

Lemma 8.3 Let S and T be triangulated categories, (R,p) : S — T a triangle functor, L a
left adjoint of R, ® : LR — 15 and ¥ : 17 — RL compatible adjunction morphisms and A =
(®SL)(Lp~*L)(LSY). Then (L, \) is a triangle functor and is a left triangle adjoint of (R, p).

11



A proof is given in [40, 6.7].

Example 8.4 : Infinite sums of triangles. Let 7 be a triangulated category and I a set.
Suppose that each family (X;);c; admits a direct sum €, ; X; in 7. This amounts to requiring
that the diagonal functor

il
D:T— H T,
i€l
which with each object X € 7 associates the constant family with value X, admits a left ad-

joint. Now the product category admits a canonical triangulated structure with suspension functor
S(X;) = (SX;), and (D,1) is a triangle functor. Thus, by the lemma,

@yHTHT
i€l

can be completed to a triangle functor. Loosely speaking this means that sums of families of
triangles indexed by I are still triangles.

9 Localization of categories

If C and D are categories, we will denote by Hom (C, D) the category of functors from C to D.
Note that in general, the morphisms between two functors do not form a set but only a ‘class’.
A category C will be called large to point out that the morphisms between fixed objects are not
assumed to form a set.

Let C be a category and X a class of morphisms of C. There always exists [15, I, 1] a large
category C[¥7!] and a functor @ : C — C[X~!] which is ‘universal’ among the functors making the
elements of ¥ invertible, that is to say that, for each category D, the functor

Hom (Q, D) : Hom (C[X~'], D) — Hom (C, D)

induces an isomorphism onto the full subcategory of functors making the elements of 3 invertible.
Now suppose that ¥ admits a calculus of left fractions, i.e.

F1 The identity of each object is in X.
F2 The composition of two elements of ¥ belongs to 3.

F3 Each diagram
xexly

with s € ¥ can be completed to a commutative square

X =Y
s Lt
x Loy

with t € 2.

F4 If f, g are morphisms and there exists s € X such that fs = gs, then there exists ¢t € ¥ such
that tf = tg.

Then the category C[X 1] admits the following simple description: The objects of C[£~!] are the
objects of C. The morphisms X — Y of C[¥71] are the equivalence classes of diagrams

xLy sy,

where by definition (s, f) is equivalent to (t, g) if there exists a commutative diagram

12



Y/
AR
X e ym Lty

o DA

Yl/

such that u € X. Let (s|f) denote the equivalence class of (s, f). We define the composition of
C[X71 by
(s|f) o (tlg) = (s"tlg" f),

where s’ and ¢’ fit into the following commutative diagram, which exists by F3:

Z//
LN
Y’ Z'
f/’ ‘\s y’ ‘\t
X Y Z.

One easily verifies that C[X 1] is indeed a category, that the quotient functor
Q:C—CEY, X=X, fr(1]f)

makes the elements of ¥ invertible (the inverse of (1|s) is (s|1)), and that it does have the universal
property stated above (cf. [15]).

If ¥ also admits a calculus of right fractions (i.e. the duals of F1-F4 are satisfied), the dual of the
above construction yields a category, which, by the universal property, is canonically isomorphic
to C[¥71].

Now let B C C be a full subcategory. Denote by ¥ N B the class of morphisms of B lying in X.
We say that B is right cofinal in C with respect to X, if for each morphism s : X’ — X of ¥ with
X' € B, there is a morphism m : X — X" such that the composition ms belongs to ¥ N B. The
left variant of this property is defined dually.

Lemma 9.1 The class XN B admits a calculus of left fractions. If B is right cofinal in C w.r.t. ¥,

the canonical functor
B[(EnB)™' =[x

1s fully faithful.

10 Localization of triangulated categories

Let T be a triangulated category and N' C 7 a full suspended subcategory, i.e. a full additive
subcategory such that SN C N and N is closed under extensions, i.e. if the terms X and Z of a
triangle (X,Y, Z) belong to NV, then so does Y. We say that N is a full triangulated subcategory if
we also have X7'N C V.

Let X be the class of morphisms s of 7 occurring in a triangle

N-X3%X - SN,
with N € V.

Lemma 10.1 The class 3 is a multiplicative system with S¥ C ¥. Moreover, if, in the setting of
azxiom SP3 (section 6), the morphisms x and y belong to ¥, then z may be found in X. If N is a
full triangulated subcategory of T, we have ST C 2.

13



The localization 7[X 1] is an additive category and the quotient functor Q : 7 — 7[271]
an additive functor (by [15, I, 3.3]). We endow it with the suspension functor S induced by
S :T — T. We declare the triangles of T[%7!] to be those S-sequences which are isomorphic to
images of triangles of 7 under the quotient functor.

By SP1 and SP2, the morphisms N — 0 with N € N belong to X. Thus the quotient functor
annihilates A. We define

T/N =T[E7.
If S is a suspended category, denote by Homyi4(7,S) the large category of triangle functors from
T to S.

Proposition 10.2 The category T /N endowed with the above structure becomes a suspended cat-
egory and (Q,1) : T — T /N a triangle functor. For each suspended category S, the functor

Homyria(Q,S) : Homyyria(T /N, S) — Homyria(T,S)

induces an isomorphism onto the full subcategory of triangle functors annihilating N. If N C¢ T
is a full triangulated subcategory, then T /N is triangulated.

Let § C 7 be a full triangulated subcategory. If
N—-X—-X — SN

is a triangle with N € A and X, X’ € S, then N lies in SNA as an extension of X by S~'X’. So
the multiplicative system of S defined by S N N coincides with ¥ N S.

Lemma 10.3 If each morphism N — X' with N € N and X' € S admits a factorization N —
N' — X' with N' e N NS, then S is right cofinal w.r.t. . In particular, the canonical functor
S/SNN — T/N is fully faithful.

11 Derived categories

Let A be an exact category (cf. section 4). A complex N over A is acyclic in degree n if d}i,_l
factors as

n—1

Nn—l

pnx ,L'n—l

Zn—l

where p”~1 is a cokernel for d*~2 and a deflation, and i®~! is a kernel for d* and an inflation. The

complex N is acyclic if it is acyclic in each degree.

Example 11.1 : A abelian. Then N is acyclic in degree n iff H"(N) = 0.

Example 11.2 : Null-homotopic complexes. Let R be an associative ring with 1 and e € R
an idempotent. Let A be the exact category of free R-modules (cf. example 4.1). The ’periodic
complex
SRS RESRS
is acyclic iff Ker e and Ker (1 — ¢) are free R-modules. Note, however, that this complex is always
null-homotopic. If A is any exact category it is easy to see that the following are equivalent
i) Each null-homotopic complex is acyclic.

ii) Idempotents split in A, i.e. Ker e and Ker (1 — e) exist for each idempotent e : A — A of
A.

iii) The class of acyclic complexes is closed under isomorphism in H (A4).

14



Denote by A the full subcategory of H(A) formed by the complexes which are isomorphic to
acyclic complexes.

Lemma 11.3 N is a full triangulated subcategory of H (A).

The morphisms 5 of H (A) occurring in triangles N — X = X’ — SN with N € A are called
quasi-isomorphisms. If A is abelian, a morphism 3 is a quasi-isomorphism if and only if H"(3) is
invertible for each n € Z. By definition (cf. section 10) the multiplicative system ¥ associated with
N is formed by all quasi-isomorphisms. The derived category of A is the localization (cf. section
10)

D (A) :=H((A)/N =H(A)Z].

Example 11.4 : The abelian case. If A is abelian, this definition of D (A) is identical with
Verdier’s [56].

Example 11.5 : The split case. If each conflation of A splits, we have N' = 0 and H (A) =
D (A).

Let _
e XSy Lz

be a sequence of complexes over A such that (i",p") is a conflation for each n € Z. We will
associate with ¢ a functorial triangle of D (A) which coincides with the image of (z,D, d¢) if (3™, p™)
is a split conflation for all n € Z (cf. section 5). Form a commutative diagram

Lt
x =1 ixey ®4 oo
I Lo s
X - Y L,z

where C'i is the mapping cone of example 7.1. In the notations used there, the triangle determined
by € is then

XLy X z9@ " gx
where @ is the quotient functor and (Qs)~! is well defined by the
Lemma 11.6 The morphism s is a quasi-isomorphism.

Let CT (A), C™ (A) and CP (A) be the full subcategories of C (A) formed by the complexes A
such that A™ = 0 for all n < 0, resp. n>> 0, resp. all n>> 0 and all n < 0. Let H" (A), H™ (A)
and H? (A) be the images of these subcategories in H (A). Note that these latter subcategories
are not closed under isomorphism in H (A). Nevertheless it is clear that their closures under
isomorphism form full suspended subcategories (cf. section 10) of H (A). For x € {+, —, b} we put

D*(A)=H"(A)/H" (A)NN.
Note that we have canonical isomorphisms
HT (A°P) = H™ (A)°P DT (AP) = D™ (A)°P
mapping a complex A to the complex B with B = A™" and dj} = d;”_l.
Lemma 11.7 The canonical functors
D*(A) - D(A), x € {+,—,b},

induce equivalences onto the full subcategories of D (A) formed by the complexes which are acyclic
in degree n for alln < 0, resp. n>> 0, resp. alln>> 0 and all n < 0. The subcategory H' (A)
(resp. H™ (A)) is right (resp. left) cofinal in H (A) w.r.t. the class of quasi-isomorphisms. The
subcategory H® (A) is right cofinal in H™ (A) w.r.t. the class of quasi-isomorphisms.
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12 Derived categories of fully exact subcategories

Let A be an exact category and B C A a fully exact subcategory (cf. 4). Consider the conditions
C1 For each A € A there is a conflation A — B — A’ with B € B.
C2 For each conflation B — A — A’ of A with B € B, there is a commutative diagram

B — A — A

whose second row is a conflation of B.

Note that C2 is implied by C1 together with the following stronger condition: For each conflation
B — B"— A” of A with B and B’ in B, we have A” € B.

Theorem 12.1 (cf. [39, 4.1])

a) Suppose C1 holds. Then for each left bounded complex A over A, there is a quasi-isomorphism
A — B for some left bounded complex B over B. In particular, the canonical functor
DT (B) — D% (A) is essentially surjective.

b) Suppose C2 holds. Then the category HT (B) is right cofinal in HT (A) w.r.t. the class of
quasi-isomorphisms. In particular, the canonical functor DT (B) — D™ (A) is fully faithful.

Example 12.2 : Injectives. If A has enough injectives (cf. 5), conditions C1 and C2 are
obviously satisfied for the full subcategory B = Z formed by the injectives of A and endowed with
the split conflations. Thus we have

DT (A) & D' (7) & HT (7).

Example 12.3 : Noetherian modules. Let R be a right noetherian ring and mod R the
category of noetherian R-modules. The dual of Condition C2 is clearly satisfied for the fully exact
subcategory mod R C Mod R. Thus the functor

D™ (mod R) — D™ (Mod R)
is fully faithful.

Example 12.4 : Filtered objects. Let £ be an exact category and A the category of sequences

A:(...—>Apf—z> L)

of morphisms of £ with A? = 0 for all p < 0 and f% invertible for all p > 0. Let B = F () be the
category of filtered objects over £ (cf. example 4.5). It is not hard to prove that B viewed as a
fully exact subcategory of A satisfies the duals of C1 and C2.

13 Derived functors, restrictions, adjoints

Let S and 7 be triangulated categories, and M C S and N' C 7 full triangulated subcategories
(cf. section 10). Let (F,¢) : & — T be a triangle functor. We do not assume that FM C N.
Hence in general, F' will not induce a functor S/M — T /N. Nevertheless there often exists an
’approximation‘ to such an induced functor, namely a triangle functor RF : S/M — T /N and a
morphism of triangle functors can : QF — (RF)Q. We follow P. Deligne’s approach [12] to the
construction of RF.
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S T
Q Car Q
8/ M- TIN

Let 3 be the multiplicative system associated with M (cf. section 10). Let Y be an object of

S/ M. We define a contravariant functor rF'Y from 7 /N to the category of abelian groups as

follows: The value of rF'Y at X € 7 /N is formed by the equivalence classes (f|s) of pairs
xLry, vy,

where f € (T/N)(X,FY’) and s € ¥. Here, two pairs (f,s) and (g,t) are considered equivalent if
there are commutative diagrams of 7 /A and S

FY’ Y’
PRI
X h -y N u Y
o tFe vt A
FY" y

such that u € 3. We say that RFY is defined at Y if rF'Y is a representable functor. In this case,
we define RFY to be a representative of rF'Y. So RFY is an object of 7 /N endowed with an
isomorphism

(T/N)(?,RFY) = rFY.

The datum of such an isomorphism is equivalent to the following more explicit data:

e For each s : Y — Y’ of ¥, we have a morphism p; : FY' — RFY such that p,(Fv) = ps
whenever u = vs belongs to X.

e There is some sg : Y — Y and a morphism o : RFY — FY{ such that (1py/|s) = (ops|so0)
foreach s: Y — Y.

In fact, if the isomorphism is given, p, corresponds to the class (1py/|s) and 1gpy to (o|so).
Conversely, if the ps, sg, and o are given, the associated isomorphism maps g : X — (RF)Y to
(oglso), and its inverse maps (f|s) to psf.

If we view Y as an object of S, then, by definition, the canonical morphism can : Q FY —
(RF)QY equals p, for s = 1y.

Let oo = (t|g) be a morphism Y — Z of S/ M. We define the morphism rFoa : vFY — rFZ by

rFa(fls) = ((Fg')fs't),
where s’ and ¢’ fit into a commutative diagram

FZ//

F/ /\
f/' \/\t

X
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which exists by F3 (cf. section 9). One easily verifies that this makes rF' into a functor from S/ M
to the category of functors from 7 /N to the category of abelian groups. Now suppose that RF is
defined at Y and Z. We define the morphism RF«a by the commutative diagram

(T/N)(?,xFY) = rFY
(RFa)y | | rFa
(T/N)(?,xFZ) = rFZ.

Thus RF becomes a functor U — T /N, where U denotes the full subcategory formed by the
objects at which RF is defined. Suppose that RF is defined at Y € S/ M. The following chain of
isomorphisms shows that RF is defined at SY and that ¢ : F.S — SF yields a canonical morphism
Ry : (RF)S — S(RF)

(rF)(SY) & r(FS)(Y) S r(SF)Y) & (T/N) (2, SRFY).
Proposition 13.1 (cf. [12, 1.2]) If
XLy Lz568Xx

is a triangle of S/M and RF is defined at X and Z, then it is defined at Y. In this case
(RFu, RFv, (Ry)(X)RFw) is a triangle of T /N .

In particular, U is a triangulated subcategory of S/M and (RF,Ry) : U — T /N is a triangle
functor. It is called the right derived functor of (F,p) (with respect to M and N).
Let I denote the inclusion of the preimage of U in S.

Lemma 13.2 The canonical morphism can : Q F I — (RF) QI is a morphism of triangle func-
tors.

The left derived functor (LF,Ly) of (F,p) is defined dually: For X € §/M, one defines a
covariant functor 17X whose value at Y € 7 /A is formed by the equivalence classes (s|f) of pairs

x&x, rx' Ly,

where f € (T/N)(FX',Y) and s € ¥ .... The canonical morphism can : QFX — LF QX
corresponds to the class (1x|1px) ...

Example 13.3 : Induced functors. If we have FM C N, then RF and LF are isomorphic to
the triangle functor /M — T /N induced by F, and can : QF — RFQ and can : LF Q — QF
are isomorphisms.

Suppose that (F’,¢’) is another triangle functor and p : F — F’ a morphism of triangle
functors. Then for each Y € §/M, the morphism g induces a morphism

ru:rFY —rF'Y

and hence a morphism Ry : RFY — RFE'Y if both, RF and RF’, are defined at Y. Note that
the assignments p — ry and u — Ry are compatible with compositions.

Lemma 13.4 The morphism Ry is a morphism of triangle functors between the restrictions of
RFE and RF’ to the intersection of their domains.

Keep the above hypotheses and let Y C S be a full triangulated subcategory which is right

cofinal in § with respect to 3. Denote by I : Y — S the inclusion functor. Recall from lemma
10.3 that the induced functor RI : U/ (U N M) — S/ M is fully faithful.
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Lemma 13.5 Let U € U. Then RF is defined at U if and only if R(F I) is defined at U and in
this case the canonical morphism

R(FI)(U)— RFRI(U)
1s invertible.

Keep the above hypotheses. Let (R, p) : S — T be a triangle functor and (L, ) : 7 — S a left
triangle adjoint (cf. section 8). Let X € T/A and Y € S/ M be objects such that LL is defined
at X and RR is defined at Y.

Lemma 13.6 We have a canonical isomorphism
v(X,)Y): S/ M(LLX,Y) — T/N (X,RRY).

Moreover the diagram

S/MLLX,Y) = S§/M(SLLX,sY) ™ s/M@LLSX,SY)
v(X,Y) | L v (SX,8Y)
S (Rp)«

T/N (X,RRY) = T/N(SX, SRRY) = T/N(SX, RRSY)
15 commutative.

In particular, if RR and LL are defined everywhere, then LL is a left triangle adjoint of RR
(cf. section 8).

14 Split objects, compositions of derived functors

Keep the hypotheses of section 13. An object Y of S is F-split with respect to M and N if RF
is defined at Y and the canonical morphism FY — RFY of 7 /N is invertible.

Lemma 14.1 The following are equivalent

1) Y is F-split.
ii) For each morphism s :' Y — Y’ of ¥, the morphism QFs admits a retraction (=left
inverse).

i11) For each morphism f: M —Y of S with M € M, the morphism Ff factors through an
object of N.

Let Yy be an object of S. If there is a morphism sg : Yo — Y of ¥ with F-split Y, then RF is
defined at Y and we have
RFYy = RFY & FY.

Indeed, this is clear since rF(so|1y) provides an isomorphism rF'Yy = rF'Y.
We say that S has enough F'-split objects (with respect to M and N) if, for each Yy € S, there
is a morphism sg : Yo — Y of ¥ with F-split Y. In this case RF is defined at each object of S/ M.
Let R be another triangulated category, £ C R a full triangulated subcategory and G : R — S
a triangle functor. Suppose that for each object Zy of R, the multiplicative system defined by £
contains a morphism Zy — Z such that Z is G-split and GZ is F-split.

Lemma 14.2 The functor RG is defined on R/L, the functor RF is defined at each RGZ,
Zy € R/L, and we have a canonical isomorphism of triangle functors

R(GF) > RGRF.

19



15 Derived functors between derived categories

Let A and C be exact categories and F' : A — C an additive (but not necessarily exact) functor.
Clearly F induces a triangle functor H(A) — H(C), which will be denoted by (F,¢). The
construction of section 13 then yields the right derived functor (RF,Ry) of F defined on a full
triangulated subcategory of D (\A) and taking values in D (C). Similarly for the left derived functor
(LF,Ly).

If C is abelian, one defines the n-th right (resp. left) derived functor of F' by

R"FX = H*(RFX) (resp. L,FX=H"(LFX) ), ne¢Z.

Typically, RF is defined on D (A). Lemma 13.5 and Lemma 11 then show that the restriction
of RF to DT (A) coincides with the derived functor of the restriction of F' to H (A).

An object A € A is called (right) F-acyclic if A viewed as a complex concentrated in degree
zero is a (right) F-split object of H(A). The following lemma is often useful for finding acyclic
objects.

Lemma 15.1 Let B C A be a fully exact subcategory satisfying condition C2 of section 12 and
such that the restriction of F' to B is an exact functor. Then B consists of right F-acyclic objects.

Example 15.2 : Injectives. If B is the subcategory of the injectives of A, then each conflation
of B splits. So any additive functor restricts to an exact functor on B. Hence an injective object
is F-acyclic for any additive functor F.

Let Ac C A be the full subcategory formed by the F-acyclic objects.

Lemma 15.3 The category Ac is a fully exact subcategory of A and satisfies condition C2 of
section 12. The restriction of F' to Ac is an exact functor.

Now suppose that A admits enough (right) F-acyclic objects, i.e. that for each A € A, there is
a conflation
A—B— A

with F-acyclic B. This means that Ac satisfies condition C1 of section 12. Hence for each X €
H™ (A) there is a quasi-isomorphism X — X’ with X’ € H (Ac).

Lemma 15.4 The functor RF is defined on DT (A). If X is a left bounded complex, we have
RFX = FX', where X — X' is a quasi-isomorphism with X' € H (Ac). Each left bounded
complex over Ac is right F-split.

Example 15.5 : Injectives. If A has enough injectives, it has enough F-acyclic objects for any
additive functor F'. The right derived functor is then computed by evaluating F' on an ‘injective
resolution’ X’ of the complex X constructed with the aid of theorem 12.1.

Now let R : A — C be an additive functor and L : C — A a left adjoint. Suppose that A admits
enough right R-acyclic objects and that C admits enough left L-acyclic objects. Then we have well
defined derived functors RR : D™ (A) — D (C) and LL : D™ (C) — D (A).

Lemma 15.6 For X € D™ (C) and Y € DT (A), we have a canonical isomorphism
v(X,)Y):D(A) (LLX,Y) > D(C) (X,RRY)

compatible with the suspension functors as in lemma 13.6.
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