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Introduction

Voevodsky [59] has defined an analog of the classical Postnikov tower in the setting of
motivic stable homotopy theory by replacing the classical suspension X := — A S with
t-suspension X1 := — AP!; we call this construction the motivic Postnikov tower. In this
paper, we use this idea to associate invariants to a central simple algebra A over a field
k, and to study them.

For this, we consider the motivic Postnikov tower in the category of S'-spectra,
SHsi(k), and its analog in the category of effective motives, DM®® (k). In the setting of
Sl-spectra, we look at the presheaf of the K-theory spectra K4:

Y —» KA(Y) := K(Y; A),

where K(Y; A) is the K-theory spectrum of the category of Oy ®j) A-modules which
are locally free as Oy-modules. In the motivic setting, we study the motive M(X) €
DM*(k), where X is the Severi-Brauer variety of A.

Of course, K4 is a twisted form of the presheaf K of K-theory spectra Y + K(Y)
and X is a twisted form of a projective space over k, so one would expect the layers
in the respective Postnikov towers of K4 and M (X) to be twisted forms of the layers
for K and M (P™). The second author has shown in [33] that the nth layer for K is the
Eilenberg-Mac Lane spectrum for the Tate motive Z(n)[2n]; similarly, the direct sum
decomposition

N
M(PY) = P z(n)[2n]
n=0

shows that nth layer for M (PY) is Z(n)[2n] for 0 < n < N, and is 0 for n outside this
range. The twisted version of Z(n) turns out to be Za(n), where Z, € DM (k) is
the subsheaf of the constant sheaf with transfers Z whose sections Z4(Y) on a smooth
irreducible k-scheme Y are the subgroup of Z(Y) = Z equal to the image of the reduced
norm map
Nrd : Ko(A @ k(Y)) = Ko(k(Y)) = Z.

We like to call Z 4 the motive of A.

Letting s,, and s2°* denote the nth layer of the motivic Postnikov tower in SH g1 (k) and
DM (k), respectively, and letting EMy1 : DM® (k) — SH g1 (k) denote the Eilenberg-
Mac Lane functor [44], our main results are the following theorems.

Theorem 1. Let A be a central simple algebra over a field k. Then
$n(K*) = EMy1 (Za(n)[2n])

for all n > 0.
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Theorem 2. Let A be a central simple algebra over a field k of prime degree £ # char k,
X = SB(A) the associated Severi-Brauer variety. Then

sp " (M (X)) = Zaon+1 (n)[2n]
for 0 <n < ¢ —1, 0 otherwise.
See Theorems 6.5.5 and 7.4.2, respectively, in the body of the paper.

Remark 1. Let A be a quaternion algebra over k. Then Z 4 is in DMgeIf;fl(k). Indeed, by
Theorem 2, we have the distinguished triangle

Z(1)[2] = M(SB(A)) = Z4 — Z(1)[3].
We do not know if Z 4 is in DMZE (k) for A of larger degree.
Since s, K4 and s™°*M(X) are the layers in the respective motivic Postnikov towers
coo = fap KA = oK — o foKA = KA,
0=f""M(X) = f20M(X) = - — " M(X) = M(X),

our computation of the layers gives us some handle on the spectral sequences

EPT =y y(s_gKA(Y)) = 1y g KA(Y)
and

ERY = HPHI(Y, s M (X)(n)) = HPF(Y, M(X)(n)

arising from the towers. In fact, we use a version of the first sequence to help compute
the layers of M (X). Putting our computation of the layers into the K “-spectral sequence
gives us the spectral sequence

EY = HP (Y, Za(~q) = K_py(Y; A)

generalizing the Bloch-Lichtenbaum /Friedlander—Suslin spectral sequence from motivic
cohomology to K-theory [8,16]. In particular, taking ¥ = Speck, we get

Ky(A) = H' (k, Z4(1))
and for A of square-free index, prime to the characteristic,
K3(A) = H?(k,Za(2))-

See Theorem 6.7.1 and Theorem 6.8.2.

To go further, we must use the Beilinson-Lichtenbaum conjecture. Recall that this
conjecture is equivalent to the Milnor—-Bloch—Kato conjecture relating Milnor’s K-theory
with Galois cohomology [18,56]. It seems to be now a theorem (see [66]), thanks to work
of Rost and Voevodsky; accepted proofs are certainly that of Merkurjev and Suslin in the
special case of weight 2 [38] and that of Voevodsky at the prime 2 (in all weights) [61].
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Since this seems important to some people, we shall specify in what weights we need the
Beilinson—Lichtenbaum (or Milnor-Bloch—Kato) conjecture for our statements.

We use our knowledge of the layers of M (X), together with the Beilinson—Lichtenbaum
conjecture, to deduce a result comparing H?(k,Z4(q)) and H?(k,Z(q)) via the reduced
norm map

Nrd : HP(k, Za(q)) — H” (k, Z(q)),

this just being the map induced by the inclusion Z4 C Z. By identifying Nrd with the
change of topologies map from the Nisnevich to the étale topology (using the fact that
Za(n)® = Z(n)®), a duality argument leads to the following corollary.

Corollary 1. Let A be a central simple algebra of square-free index e over k, with
(e,chark) = 1. Let n > 0 and assume the Beilinson—Lichtenbaum conjecture in weights
w < n+1 at all primes dividing the index of A. Then

Nrd : H?(k,Za(n)) — HP(k,Z(n))

is an isomorphism for p < n, and we have an exact sequence

0— H"(k,Za(n)) 2% H™(k, Z(n)) ~ KM (k)

n
A, HEF (k2 e(n + 1)) = HEF(R(X), Z/e(n +1)).
Here [A] € H} (k,Z(1)) = HZ (k,G,,) is the class of A in the Brauer group of k, and
the map U[A] is shorthand for the composition

H™ (k, Z(n)) < HZ (k, Z(n)) 22 HI43(k, 2(n + 1))

(note that this cup-product map lands into JH%™(k, Z(n + 1)) ~ HEZ 2 (k, Z/e(n + 1)),
the latter isomorphism being a consequence of the Beilinson—Lichtenbaum conjecture in
weight n + 1).

See Theorem 8.2.2 in the body of the paper for this result.

Combining this result with our identification above of K;(A) and K3(A) as ‘twisted
Milnor K-theory’ of k, we have the following corollary (see Theorem 8.2.2).

Corollary 2. Let A be a central simple algebra over k of square-free index e, with
(e,char k) = 1. Then the reduced norm maps on Ky(A), K1(A) and K5(A)

Nrd : K, (A) - K,(k), n=0,1,2,
are injective; in fact, we have an exact sequence

0= Kn(A) 2% K, (k) = H™(k, Z(n))

A 2 Zfe(n + 1)) — HEP2((X), Ze(n + 1))

forn =0,1,2. (For n = 2 we need the Beilinson—Lichtenbaum conjecture in weight 3.)
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For n = 2, this proves a conjecture of Merkurjev [36, p. 81].

The injectivity of Nrd on K;(A) is Wang’s theorem [64], and it was proved for K5(A)
and A a quaternion algebra by Rost [51] and Merkurjev [35]. They used it as a step
towards the proof of the Milnor conjecture in degree 3; conversely, the Milnor conjecture
in degree 3 was used in [26, proof of Theorem 9.3] to give a simple proof of the injectivity
in this case. This proof was one of the starting points of the present paper.

For n = 0, the exact sequence reduces to Amitsur’s theorem that ker(Br(k) —
Br(k(X))) is generated by the class of A [1]. For n = 1, the exactness at Ki(k) is
due to Merkurjev-Suslin [38, Theorem 12.2] and the exactness at H3, (k,Z/e(2)) could
be extracted from Suslin [53]. For n = 1 and A a quaternion algebra, the exactness at
H3 (k,Z/2) is due to Arason (2, Satz 5.4]. For n = 2 and a quaternion algebra, it is due
to Merkurjev [37, Proposition 3.15].

The injectivity for K2(A) with A of square-free index has also been proven by Merkur-
jev and Suslin [39, Theorem 2.4]; their method also relies on the Beilinson-Lichtenbaum
conjecture, using it to give a computation of the motivic cohomology of the ‘Cech co-
simplicial scheme’ C(X).

This paper is divided into three parts. Part I is foundational material concerning the
slice filtration in both the homotopical and the motivic context, and their comparisons: it
may be skipped at first reading by those readers primarily interested in the applications to
central simple algebras, which can be found in Part II. Part IIT contains three appendices.

We begin in §1 with a quick review of the motivic Postnikov tower in SHg:1 (k) and
DM (k), recalling the basic constructions and properties. In § 2, we recall from [33] the
homotopy coniveau tower and its relation to the motivic Postnikov tower in SHg1(k); we
also explain how to modify this theory to give an analogous homotopy coniveau tower
for motives. We discuss well-connected spectra in §3, showing how the slices for these
spectra can be expressed using a generalization of Bloch’s cycle complexes. In §4 we
recall some of the first author’s theory of birational motives* as well as pointing out the
role these motives play as the Tate twists of slices of an arbitrary T-spectrum.

We proceed in §5 to define and study the special case of the birational motive Z 4
arising from a central simple algebra A over k; we actually work in the more general
setting of a sheaf of Azumaya algebras on a scheme. In §6 we prove our first main
result: we compute the slices of the ‘homotopy coniveau tower’ for the G-theory spectrum
G(X; A), where A is a sheaf of Azumaya algebras on a scheme X. This result relies on
some regularity properties of the functors K,(—, A) which in turn rely on results due
to Vorst and generalized by van der Kallen; we collect and prove what we need in this
direction in Appendix B. We also recall some basic results on Azumaya algebras in
Appendix A. Specializing to the case in which X is smooth over a field £ and A is the
pullback to X of a central simple algebra A over k, the results of [33] translate our
computation of the slices of the homotopy coniveau tower to give Theorem 1.

We also give in §6.9 a construction of homomorphisms from SK; and SK» of a central
simple algebra A to quotients of étale cohomology groups of k, in the spirit of an idea

* Work done jointly with Sujatha.
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of Suslin [54,55], albeit with a very different technique (for SK> we need the Beilinson—
Lichtenbaum conjecture in weight 3).

We turn to our study of the motive of a Severi-Brauer variety in § 7, proving Theorem 2
there. We conclude in §8 with a discussion of the reduced norm map and the proofs of
Corollaries 1 and 2. In Appendix C, we recall the construction and basic properties of
the category of motives DM (S) over a regular base S, as well as the version for the
étale topology DMe(S)%t,

Notation

For a scheme B, let Schp denote the category of finite type B-schemes, and Sm/B the
full subcategory of smooth quasi-projective B-schemes. For B = Spec R, we often write
Schy and Sm/R for Schp and Sm/B. We let Ord denote the usual indexing category for
(co)simplicial objects, that is, Ord has objects the sets [n] := {0,1,...,n} and morphisms
[n] — [m] the non-decreasing maps of sets. We write A[n] for the representable simplicial
set Homoyra(—, [n]). For a set S, Z[S] denotes the free abelian group on S; for a simplicial
set S, Z[S] is the corresponding simplicial abelian group n +— Z[S,,].

For categories A and C, with C essentially small, we let PS4(C) denote the category
of A-valued presheaves on C; in case A is the category of sets, we just write PS(C), and
for the category of pointed sets we write PS4(C). Since an A-valued presheaf on Ord is
just a simplicial object of A, we write sA for PS4(Ord).

For an additive category A, we let C(A) denote the category of complexes over A, with
differential of degree +1. We let K(A) denote the homotopy category of complexes, with
the standard structure of a triangulated category. If A is an abelian category, we denote
the derived category by D(A). We have as well the bounded versions C”(A), K’(A),
D?(A), with ? = 0, +, —,b. We let CS%(A) denote the category of complexes supported
in non-positive degrees. We will systematically use the cohomological translation functor:
(E[1])" := E™*L. On the occasion that we use a homological complex C,, we will always
consider C, as a cohomological complex by setting C™ := C_,,, and the translation
functor will be applied to C*. As homological complexes, we thus have (C,[1]), = Cp_1.

Part 1. Slice filtrations and birational motives

1. The motivic Postnikov tower in SH g1 (k) and DM®f (k)

In this section, we assume that k is a perfect field. We review Voevodsky’s construction of
the motivic Postnikov tower in SH g1 (k), as well as the analog of the tower in DM (k).
We also give the description of these towers in terms of the homotopy coniveau tower,
following [33].

1.1. Constructions in A! stable homotopy theory

We start with the unstable A! homotopy category over k, Ho (k), which is the homotopy
category of the category Spc, (k) of pointed presheaves of simplicial sets on Sm/k, with
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respect to the Nisnevich- and A'-local model structure defined in [15, § 2] (in [15] Spc, (k)
is denoted M and the model structure M, is called the motivic model structure). We
recall that the cofibrations in Spc, (k) are generated by maps of the form

hx/\aA[n]%hx/\A[n], n=0,1,...,

where hx is the pointed representable presheaf hx (U) := Homgp, /1 (U, X) .
Spc, (k) contains the category of simplicial sets by taking the constant presheaf; in
particular, we have the suspension operation

Y : Spe, (k) — Spc, (k)

defined by ¥, X := X A S'. For S € Spc, (k), we have the associated Al-homotopy sheaf
Al (S), this being the Nisnevich sheaf associated to the presheaf

T

Uw— Hom;_[.(k) (E?h(], S)

We note that the weak equivalences in Spc, (k) are the maps inducing an isomorphism
on 7rf§1 for all n > 0. Below, we simplify the notation Wﬁl into y,.

We let Sptgi (k) denote the category of Xg-spectra in Spc,(k), i.e. the category with
objects sequences (Ep, E1,...) in Spc,(k) together with bonding maps €, : X E, —
E, +1; morphisms are sequences of morphisms in Spc, (k) commuting with the bonding
maps. Thus, Sptge: (k) is just the category of presheaves of classical spectra on Sm/k.

For E = (Ey, E1,...) € Sptgi(k), one has the stable homotopy sheaf

S

mo(E) :=lim7, NEN.
¥

A map f: E — F in Sptg: (k) is a stable weak equivalence if f. : 72 (E) — 72 (F) is an
isomorphism for all n.

Hovey [21, §3] defines the stable model structure on Sptg: (k). It follows from [21,
Theorem 4.12] that the weak equivalences are the stable weak equivalences. We denote
the homotopy category of Sptgi (k) by SHg1 (k).

Remark 1.1.1. There is a natural functor
SHS' (k) — SHe (k)

where SHS' (k) is the stable A'-homotopy category defined by Morel in [40, §3.2]. This
functor is in fact an equivalence of categories.

To see this, we use the Nisnevich-local model structure Mg on M := Spc, (k) defined
in [15]. The results of Hovey [21, Theorems 3.4, 4.9 and 4.12] tell us that the fibrant
objects in Spt 1 (M) are (up to weak equivalence) the S*-spectra E = (Ey, E1, ... ) such
that E, is fibrant in M, and E,, — 2,F, 11 is a weak equivalence in M. Changing M
to Mo gives us a similar description of the fibrant objects in Spt g1 (M) =: Sptgi (k).

* To see this, note that, for a map f between fibrant objects, this implies that f induces an isomorphism
on the homotopy presheaves U +—> HomH.(k)(E?hU, —), and the X" hy; generate.
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As My, is the Bousfield localization of M with respect to Al-homotopy, it is then easy
to see that the Bousfield localization of Spt g1 (M) with respect to Al-homotopy has the
same fibrant objects as Spt g1 (M), from which it follows that the respective homotopy
categories are equal.

We shall not however use this identification of the category SHS (k) of [40] with
SHs1(k) in this paper.

The infinite suspension functor
2> : Spc, (k) — Sptgi (k), Io(X) = (X, XX, 5%X,...)

admits as right adjoint the 0-space functor (Fy, E1,...) — Ey, giving the Quillen adjoint
pair (X2, 22°) and inducing the pair of adjoint functors on the homotopy categories

XX Spe, (k) &= SHsi (k) = £23°.

Let G,, be the pointed space (A'\{0},1). Let T denote the pointed presheaf S' AG,,,
and X7 the operation —AT. The functor X on Sptg: (k) has as right adjoint the T-loops
functor Q7 := Hom(T, —). These functors form a Quillen pair of adjoint functors on the
model category Sptgei (k) and thus define an adjoint pair of functors

ET : SHSI (k) = 87‘[31 (kj) : .QT

on the homotopy category SHg1 (k).

We have the pointwise model structure on Sptgi(k), with the same cofibrations as
above, and with the weak equivalences the maps E — F for which E(Y) — F(Y) is a
weak equivalence of spectra for each Y € Sm/k. We write H Sptg: (k) for the homotopy
category of Sptg: (k) with respect to the pointwise model structure.

Remark 1.1.2. For E € Sptg: (k), define 2p1 E(X) as the homotopy fibre
OQp E(X) :=fib(B(X x P!) - E(X x 00)).

As T = (P!, c0) in H,, the adjoint functors X7, 20 on SHgi(k) are isomorphic to
Yp1, {2p1; we often use the model 2p F for (27 F.

We let Spc, denote the category of pointed simplicial sets, Spt the category of spectra
(i.e. — A ST spectra in Spc,) and SH the homotopy category of Spt, i.e. the classical
stable homotopy category. For each Y € Sm/k, the evaluation functor at Y defines as
usual an exact functor

RI(Y,—): SHsi(k) = SH
with RI(Y, E) := Ef*(Y), where E — Ef" is a fibrant model. As we will usually apply

RI(Y,—) to presheaves E for which E(Y) — EfP(Y) is a weak equivalence for all Y, we
usually will write E(Y) for RI'(Y, E).

Remark 1.1.3. There are other model structures on Spc, (k) and Sptg: (k) with the
same weak equivalences, and thus yielding the same homotopy categories as above; see
for instance [24,41,49].
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1.2. Postnikov towers for S'-spectra

Voevodsky [59] has defined a canonical tower on the motivic stable homotopy category
SHs1(k), which we call the motivic Postnikov tower.

Recall from [42, Definition 3.2.6] that a thick subcategory A of a triangulated category
T is a localizing subcategory if each (not necessarily finite) coproduct of objects of A4
that exists in 7 is in A. Let X SHgi(k) be the localizing subcategory of SHgi(k)
generated by objects of the form Y2 E, E € SHg1 (k). This gives us the tower of localizing
subcategories

L C XML SH G (K) € SR SHa1 (k) C - € SHs (k).
Take E € SHs1(k) and consider the cohomological functor
Homg% SHg1 (k)(_7 E) : 252 SHsl (k) — Ab.

By Neeman’s version [42, Theorem 8.3.3] of Brown representability, this functor is rep-
resented by an object r,E of X7 SHgi(k); sending E to r,E defines a right adjoint
rn @ SHgi(k) — XRSHgi(k) to the inclusion i, : TR SHgi(k) — SHgi(k). Let
fn = in o1, with counit f, — id. Thus, for each E € SHg1(k), there is a canoni-
cal tower in SHg1 (k)

o fuiE > JuE = foE = E, (11)

the motivic Postnikov tower for S'-spectra. We write fn/nsrE for the cofibre of f, 1, E —
fnE; we use the notation s, := f,, /41 to denote the nth slice in the Postnikov tower.

By [33, Theorem 7.4.2], the T-loops functor {27 is compatible with the truncation
functors f, up to canonical isomorphism

QTOf7,+1 > f,o00p. (12)

1.3. The motivic Postnikov tower for motives

There is an analogous Postnikov tower for motives, where the corresponding category
of motives is the enlargement DM (k) of the category DM®f (k). For details on the
construction and basic properties of DM®®(k), we refer the reader to Appendix C.

Let DM*®(k)(n) be the localizing subcategory of DM®® (k) generated by objects
M(X)(n)[2n], X € Sm/k, giving the tower of localizing subcategories (for n > 0)

- DM (k)(n +1) € DM°*T(k)(n) C --- € DM (k)(0) = DM (k).
Just as for SHg1(k), we have the right adjoint rm°t : DM®¥(k) — DM¥(k)(n) to the
inclusion 4m°%. Thus, for £ in DM®f (k), we have the motivic Postnikov tower in DM®® (k)
v fRVE — fPO'E — = f[P'E=F (1.3)
with fmot .— jmet o pmot,

Remark 1.3.1. We lift the functors s,, f, to operations on Sptg: (k) by taking the
fibrant model of the corresponding object in SHg:i(k); we make a similar lifting to
C(PST(k)) for the functors fmot gmot,
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1.4. Comparing Postnikov towers

We use the motivic Eilenberg—Mac Lane functor to compare the Postnikov towers
in SHgi(k) and DM*%(k); we begin by recalling the construction of the Eilenberg-
Mac Lane functor from [45, §1].

We recall the Dold-Kan correspondence [14,28]. Sending a simplicial abelian group
n +— C,, to the normalized chain complex (NC,d):

NC™ .= ﬁ ker(d; : Cp, = Cr—1), d=dy,

i=1
defines an equivalence of categories

N :sAb — CS°(Ab).
The inverse is the Dold-Kan functor

DK : CS°(Ab) — s Ab,
where DK(C) is the simplicial object

g+ Home<o(ap) (NZ[A[g]], C).

If C is a category, applying the functors N and DK pointwise gives an equivalence of
presheaf categories CSC(PSap(C)) ~ s PSap(C).
We have the forgetful functor

U : PST(k) — PS.(Sm/k)

sending a presheaf with transfers P to the associated presheaf of sets (pointed by 0). U
induces the functor
sU : sPST(k) — Spc, (k)

on the associated categories of simplicial objects. Sending hx A A[n] to Z™(X) @ Z[A[n]]
extends, by taking the left Kan extension, to a functor

Z' : Spc, (k) — sPST(k)

left adjoint to si.
Composing with the Dold-Kan functor DK : CS°(PST(k)) — s PST(k) gives

DK o s : CS°(PST(k)) — Spc, (k),

with left adjoint
N o Z' : Spc, (k) — CSY(PST(k)).

One defines a model structure CSO(PST(k))4: on CSO(PST(k)) with the cofibrations
generated by maps of the form

Z"(X)n—1] = D"(X)[n], n>=1, and 0—Z"(X), X €Sm/k,
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where D' (X) is the complex Z'(X) 2, Z'(X), concentrated in degrees 0, 1, the weak
equivalences the maps in CSY(PST(k)) which are weak equivalences in C(PST(k))a1,
and the fibrations are the maps having the right lifting property with respect to acyclic
cofibrations. It is easy to show that N o Z' defines a left Quillen functor with right
adjoint DK o s (see [45, §2] for details).

Let Spt(CS°(PST(k))) be the category of spectrum objects in CSO(PST(k)) with
respect to the suspension operator XC' := C[l]. As C[1] = (Z[1]) ® C, Hovey’s
methods apply to give a stable model category structure Spt(C<SY(PST(k)))a: to
Spt(CSY(PST(k))). (N o Z,DK o sd) extends to a Quillen adjoint pair (Spt(N o
7*),Spt(DK o slf)) on the spectrum categories.

Sending (Coy, Cq,...) to lign Cp[—n] defines a left Quillen equivalence

Spt(CSO(PST(k)) a1 — C(PST(k))a1,
with inverse the functor
[C € C(PST(k))] = (1<0C, 1<0(C[1]), ..., 7<0(C[n]),...).

Thus, on the homotopy categories, (Spt(N o Z%), Spt(DK o sif)) induces the pair of
adjoint functors (Mot, EM1):

Mot : SHg1 (k) & DM (k) : EM. .

Remark 1.4.1. Actually, @stveer-Rondigs define the adjoint pair (Mot, EMy1) between
the category of T-spectra SH(k), and the category of Z(1)[2]-spectra DM (k). The con-
structions of [44,45] work in the (somewhat simpler) setting described above, by replacing
the T-suspension functor used in [44,45] with the S'-suspension .

Remark 1.4.2. Replacing PST(k) with Ab and Spc, (k) with Spc,, exactly the same
construction gives the classical Eilenberg—Mac Lane functor

EM: D(Ab) — SH.
For Y € Sm/k, F € DM*®(k), we have a canonical isomorphism in SH,
EM(F(Y))  (EMu F)(Y),
as follows from the adjunction computation for a general £ € SH:

Homsy (£, EM(F(Y))) ~ Hompap) (C:E, F(Y))
~ Homp ppert () (Co E @ M(Y'), F)
=~ Hom p prest () (Mot (E A Y), F)
~ Homgy, (1) (E A Y, EMg1 F)
~ Homgy (E, (EMy1 F)(Y)),

where C, is the left adjoint of EM and the third isomorphism uses the fact that Mot is
a strict monoidal functor.
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Lemma 1.4.3. For every n > 0, we have Mot(X% SHg (k) € DM (k)(n) and
EMy: (DM (k) (n)) C X7 SHar (k).

Proof. Note that, as the infinite suspension spectra X>°hx_; are generators for SH 1 (k),
the YR X®hx generate X1 SHg1(k) as a localizing subcategory of SHg1 (k). Since Mot
is exact and commutes with colimits, we need only show that Mot(X2X°hx ) is in
DM (k)(n) for each X € Sm/k.
Since

ZH(X x PY) = 27(X) @ 2 (PY) = 2 (X) & Z(X)(1)[2],
we have

Mot(Er(Shx 1)) = Mot(Shx e /hx) = M(X)(1)[2],

and similarly, Mot(X%(X>hx 1)) & M(X)(n)[2n]. This verifies the first inclusion.
The second inclusion is more subtle; we will postpone the proof until we introduce the
homotopy coniveau construction in §2.2 (see Remark 2.2.4). O

Proposition 1.4.4. We have canonical isomorphisms for all n > 0,

EMy: o fot = f o EMjy1, EMj1 0 s™° 22 5. 0 EMy1,

n

inducing an isomorphism of distinguished triangles

EMjy: o ;lnf{ — EMj: o f:ant — EMjy: o 8210'3 — EMj 1 o gfﬂl]

| | | |

fn+1 O EMAl e fn 9] EMAI —> S5, 0 EMAl e fn+1 9} EMAl [1]

Proof. By Lemma 1.4.3 and the fact that EMjy: is a right adjoint, we see that
EMy: (fmotF) — EMy1 (F) satisfies the universal property of f,, EMy1(F) — EMy1 (F),
giving the canonical isomorphism

EMAl o f::mt = fn o EMAI.

Let Z;H SHsi(k): C X1 SHgi denote the right perpendicular of E;H SHgi(k) in
X1 SHsr, and similarly let DM (k)(n 4+ 1)+ € DM°®(k)(n) be the right perpendicular
of DM®%(k)(n + 1) in DM°E(k)(n). For E € X% SHg:, the distinguished triangle

fn-l—lE — FE — s F — fn-l—lE[l]

is characterized as the unique distinguished triangle A — E — B — A[l] with A €
It SHi (k) and B € I SHei (k)*. We have an analogous characterization of the
distinguished triangle

[INF — F — s F — [t F1]

n

for F € DM*®(k)(n). Since

Mot(Z T SH g1 (k) € DM (k) (n + 1),
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the right adjoint EM,: satisfies

EM: (DM (k) (n+1)*) € 2 SHg (k)*.
Thus the isomorphisms

EMyi1 o f;ant ~ f, o EMy1,
EMy1 o fi%] & fry1 0 EMy

n

extend to an isomorphism of distinguished triangles

EMy1 o fi0 — EMy1 o f°0 — EMy1 0 s —= EMj1 o f,rlnfﬂl}

| | | |

fn+1 o EMAI —_— fn o EMAI —> S, 0 EMAl —_— fn+1 o EMAl[H

completing the proof. O

2. The homotopy coniveau tower

The homotopy coniveau tower gives a fairly explicit construction of the motivic Postnikov
towers in SHg1 (k) and DM®® (k). We review the main results of [33] on the homotopy
coniveau tower for Sptgi(k), and show how these can be modified to give analogous
results for C(PST(k)).

2.1. Purity

Let E be in SHg1(k), Y € Sm/k and W C Y a closed subset. We let E" (V') denote
the homotopy fibre of 3 .
EY) = EY\W),

where E is a fibrant model of E in Sptg: (k). We make a similar definition for F €
C(PST(k)). If E is homotopy invariant and satisfies Nisnevich excision, then the map of
the homotopy fibre of E(Y) — E(Y \ W) to EW (Y) is a weak equivalence [43]; in this
setting, we will sometimes use the homotopy fibre spectrum for EW (Y") without explicit
mention.

Let i : W — Y be a closed immersion in Sm/k such that the normal bundle v :=
Ny /y admits a trivialization ¢ : O, — v. This gives us the Morel-Voevodsky purity
isomorphism [41, Theorem 2.23] in SH

b5 BV (Y) = (QLE)(W) (2.1)
and the isomorphism on homotopy groups
O, s (B (Y)) = ma (24 E)(W)). (2.2)

In general, the 0, g depend on the choice of .



Motives of Azumaya algebras 495

2.2. The tower

The construction of the homotopy coniveau tower relies on the cosimplicial scheme of
algebraic n-simplices

n— A" = Speck‘[to,...,tn]/Zti—l,

with coface and codegeneracy maps defined as in the topological setting (see, for example,
[6]). We recall that a face of A™ is a subscheme defined by equations of the form t¢;, =
=1, =0.

Definition 2.2.1.

(1) For X € Schy, locally equidimensional over k, and ¢,n > 0 integers, set

S&?)(n) ={W C X x A" | W is closed, and codimxxrp WNX x F > ¢
for all faces ' C A"}

Set

X@(n):={we X x A" | w is the generic point of some irreducible W & Sgg)(n)}

(2) For E € Sptgi(k), X € Sm/k and integer ¢ > 0, define

fIX,mE) = lig EV(X x A™).
wess? (n)

(3) For E € Sptg:(k), X € Sm/k and integer ¢ > 0, define

S(XmE)= lim  BYW(X < AT\ W),
wes? (n)
w'es{¢t (n)

For fixed ¢, the cosimplicial structure on n — A™ makes n — Sg?)(n) a simplicial
set, and n — f9X,n;E), n — s%(X,n; E) similarly form simplicial spectra. We let
fUX,—; E) and s?(X, —; E) denote the respective total spectra.

For F € C(PST(k)), we make the analogous definition yielding the simplicial complexes
nw L (X, n;F)and n— sk (X, n; F); welet fl .(X,*;F)and sL . (X,*;F) be the
associated total complexes. It follows from Remark 1.4.2 that we have isomorphisms in
SH:

mot

EM(s (X, *; F)) =2 s1(X, —; EMy1 (F)).

mot

EM(f! (X,*;f»~fq<X,—;EMA1<f>>’} (23)

The following result relates the homotopy coniveau construction to the motivic Post-
nikov tower.
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Proposition 2.2.2 (Levine [33, Theorem 7.1.1]). Take X € Sm/k and ¢ > 0 an
integer. Let E € Sptgi (k) be homotopy invariant and satisfy Nisnevich excision. Then
there are isomorphisms in SH

ax,qge @ fUX, = E) = fo(E)(X).
The maps ax 4, define an isomorphism of towers in SH
ax.—p  FOX, = E) = fo)(B)(X)
and induce isomorphisms in SH
Bxgm : sUX, = E) = 54(E)(X).

All these transformations are natural in X (with respect to smooth maps in Sm/k) and
in E.

We have as well a version in C(PST(k)).
Proposition 2.2.3. Take X € Sm/k and ¢ > 0 an integer. Let F € C(PST(k)) be homo-
topy invariant and satisfy Nisnevich excision. Then there are isomorphisms in D(ADb)

X Fabor (X, =3 F) = N (F)(X).

The isomorphisms a%?qt; £ define an isomorphism of towers in D(Ab)

AR flaot (X, =3 F) S f2SH(F)(X)
and induce isomorphisms in D(Ab)
BX g7+ Smot (X, =1 F) = s (F)(X).
All these transformations are natural in X (with respect to smooth maps in Sm/k) and
in F.

Proof The proof of Proposition 2.2.3 goes by constructing a functorial model for the

1.:(X,—; E), as in [32, Theorems 2.6.2 and 7.4.1], and then following the proof of [33,
Theorem 7.1.1], changing presheaves of spectra to complexes of presheaves with transfer
throughout. We give an outline of the proof, referring to the relevant results in [32,33]
as needed.

Step 1. Take F € C(PST(k)) which is homotopy invariant and satisfies Nisnevich
excision. We apply the method of [32] to define f%_.(F) € C(PST(k)), forming a tower
in C(PST(k))

= FEEH(F) = fhop(F) = - = Foo(F),

and, for each X € Sm/k, an isomorphism of towers in D(Ab)

Yoy xr ot (F)X) 2 fol (X, % F),

natural in F and natural in X for smooth maps.
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To form the tower fmot(]-"), we apply the functoriality results [32, Theorems 2.6.2
and 7.4.1], replacing the presheaf of spectra in that result with the complex of presheaves
F, throughout. As the results of [32] construct a presheaf on Sm/k, rather than on
SmCor(k), we need to make a few modifications to achieve this extension. Fortunately,
the main technical result [32, Theorem 2.6.2] does not need to be modified at all, we
need only modify the application to functoriality given in [32, Theorem 7.4.1] as follows
(we use the notation of [32, §7]).

(1) We replace the category £(Sm/k) (see [32, §7.4]) with a version adapted to finite
correspondences and defined as follows: £(SmCor(k)) has objects the morphisms f :
X' — X in SmCor(k) such that

(i) f is an effective (finite) cycle on X’ x X,

(ii) X' can be written as a disjoint union, X’ = X{ II X] such that the restriction of f
to fo: X{j — X is the graph of an isomorphism f; : Xj — X in Sm/k.

The choice of the decomposition of X’ as a disjoint union is not part of the data. We
identify f: X' — X with fIIp: X'II X" — X if p= 3, m;p; : X" — X with each p;
the graph of a smooth morphism in Sm/k, and we identify f : X’ — X with fog:
X" — X for g: X" — X’ the graph of an isomorphism in Sm/k.

Homg(gmeor(e)) (fx @ X' = X, fy Y’ — Y) is by definition the subgroup of
Homsmcor(k)(X Y) generated by effective g € Homgycor(r)(X,Y) such that there is
a morphism ¢ = >, n,q; : X’ = Y” in SmCor(k), with n;, > 0 and with each g¢; the graph
of a smooth morphism in Sm/k, such that g o fx = fy o ¢. The choice of ¢ is not part
of the data; composition is the composition in SmCor(k).

(2) Let f:Y — X be a morphism in SmCor(k), with f =3".n;Z; and the Z; CY x X
integral. Let p; : Z; — X be the projection, giving us the subset
SP(X)(p) = {W € SDX)(p) | (i x idar) " (W) € S9(Z:)(p)}.
Define
57 (X)(p) = NS (X) (p)-
Given F € PST(k), define

fglot(XapM?:)f = hg fW(X X AP)
west? (X)(p)

giving us the associated simplicial complex p — f2.(X,p,F); and total complex

fmot (X7 *, f)
If we take W € S(Q)( X)(p), then, as each Z; is finite over Y, there is a unique minimal
closed subset W’ € S (@ (Y)(p) such that

Py xar(Z; @ 5ar N pxpan (W) C W,
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where dar is the diagonal correspondence. Thus, the correspondence Z ® dar gives a
well-defined map of complexes

A glot(Xv*’]:)f - fglot(Yv*7f)'

More generally, if g : (fx : X’ = X) — (fy : Y = Y) is a morphism in £(SmCor(k)),
we have a well-defined map of complexes

g* : fmot(Xv*7‘7:)fX — mot(Yv*vj:)fy

(cf. [32, Lemma 7.4.3]). Thus, sending fx : X’ — X to f (X, *, F)s, defines a presheaf
of complexes on £(SmCor(k)).

Noting this, and making the two changes described above, the proof of [32, Theo-
rem 7.4.1] goes through word for word as in [32, § 7.4] to give us the tower of presheaves
fmot( )nis and an isomorphism of towers in D(Sh*P(Xyis)):

Tl (Fisl e 2 Lot (Xnvis, #; F).

Letting f ( ) be a fibrant model of the Nisnevich sheafification of f ( INis 1D
C(Shf\?ls(k)) and recalling that f( +(Xnis, *; F) has the Brown—Gersten property on
Xle, we have the tower fé;%(]:) in C(Shy;.(k)) with value fﬁ;i (F)(X) isomorphic to
JA ot (X, *; F) in D(Ab), naturally in X for smooth morphisms.

We conclude by defining 5%, (F) as the cone of f&tI(F) — f2 . (F); the isomorphisms

fmot( W(X) = f(f)( X, x; F) extend to an isomorphism in D(Ab)

mot
§3not(]:)(X) - Smot(Xv*af)

with the same naturality as above.

Step 2. We now just repeat the proof of [33, Theorem 7.1.1], replacing presheaves of
spectra on Sm/k with complexes of presheaves F on SmCor(k). Making this change,
the proofs of the preliminary results [33, Theorem 5.3.1 and Lemmas 7.3.1, 7.3.2, 7.3.3
and 7.3.4] as well as the concluding argument following [33, Lemma 7.3.4] finish the proof
of Proposition 2.2.3. O

Remark 2.2.4. We can now finish the proof of Lemma 1.4.3.
Take F € DM®(k)(n); we may assume that JF is fibrant in C(PST(k))a:. For each
Y € Sm/k, we have isomorphisms in SH:

sm(EMp1 (F))(Y) = s™(Y, = EMp1 (F))
= EM(s™, (Y, %, F))

Smot

= EM(sp,” (F)(Y),

using Proposition 2.2.2, Proposition 2.2.3 and (2.3). But s2°*(F) = 0 for 0 < m < n,

m

hence sy, (EMp1(F)) =0 for 0 < m < n, so EM1(F) is in X} SHg1i (k).

The identity (1.2) is also valid for the truncation functors fmot.
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Proposition 2.2.5. For each n > 0, we have a natural isomorphism

QT 9] fmf{ o fmot 9 QT. (24)

n n

Proof. One repeats the argument for (1.2) given in [33, Theorem 7.4.2], changing
Sptgi (k) to C(PST(k)) throughout, as in the proof of Proposition 2.2.3. O

Remark 2.2.6. As a particular case, Proposition 2.2.2 gives an explicit description of the
Oth slice of E € Sptg:(k), assuming E is A'-homotopy invariant and satisfies Nisnevich
excision, as follows. For Y € Sm/k, (soE)(Y) can be described using the cosimplicial
scheme of semi-local (-simplices A’ (denoted Af in [33]). In fact, for Y € Sm/k, let
O()k(yy,» be the semi-local ring of the set v of vertices of Aﬁ(y) and set

Af;(y) = Spec O(4) (v v-

Clearly, ¢ +— Ai(y) forms a cosimplicial subscheme of A} .. It follows from Proposi-

tion 2.2.2 that (so£)(Y') weakly equivalent to total spectrum E(Aj ) of the simplicial
spectrum

t— E(ALyy)-

Proposition 2.2.3 yields a similar description of s§***F(Y), for F € C(PST(k)) which
is Al-homotopy invariant and satisfies Nisnevich excision: s§°'F(Y) is represented by

the total complex F(Aj ) associated to the simplicial object of C(Ab)
0 F(ALyy)

The construction in [25, Definition 2.14] is closely related to this.

2.3. Miscellaneous results
We conclude this section recalling a few results from [33] that will be useful later.

Lemma 2.3.1. Let W C Y be a closed subset, Y € Sm/k, such that codimy W > ¢
for some integer ¢ > 0. For E € SHg1(k), the canonical map f,E — E induces a weak

equivalence
(feB)" (V) = BY(Y).

Proof. This is [33, Lemma 7.3.2]. O
Lemma 2.3.2. Let E be in SHg1 (k). Let W C Y be a closed subset, Y € Sm/k.
(1) Suppose codimy W > q. Then s,(E)" (Y) 220 in SH.

(2) Suppose that codimy W > ¢q. Let YV(V?) be the set of points generic points w of W
with codimy w = q. Fory € Y, let Y, := Spec Oy,,. Then the restriction map

Sq(E>W(Y)_> @ sq(E£)" (Yu)
wGYV(‘f)

is an isomorphism in SH.
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Proof. It follows from Lemma 2.3.1 that the canonical map
fq+1(E)W(Y) - fq(E)W(Y)

is an isomorphism in SH, hence the cofibre s,(E)" (Y) is zero, proving (1). For (2),
if W% C W is a closed subset with codimy W% > ¢, then we have the homotopy fibre
sequence

so(B)V (V) = sg(B)V (V) = so(B)V W (v \ W),

hence by (1), the restriction map s,(E)"V (V) — sq(E)W\WO (Y \ W?) is an isomorphism
in SH. Now (2) follows by taking the limit over W% C W. O

For E € SHgs1(k), we have the diagram
E& f,E TS s B

Lemma 2.3.3. Take F € SHg1(k), X € Sm/k and integers q,n > 0. For all p > q the
map 7, : fq8 — E induces weak equivalences

(X, foB) = f7(X,n; E),
sP(X,n; foF) T sP(X,n; E).

Proof. That 7, : fP(X,n; foE) — fP(X,n;FE) is a weak equivalence follows from
Lemma 2.3.1. We have the map of distinguished triangles

fPHUX n; foB) — fP(X,n; foF) — sP(X,n; foF)

fPH(X,n; E) fP(X,n; E) sP(X,n; F)

hence 7, : sP(X, n; fyE) — sP(X,n; E) is also a weak equivalence. O
Proposition 2.3.4. Take E € SHg:1(k), X € Sm/k and an integer q > 0.
(1) For all p > q, the map 7, : f,E — E induces weak equivalences
PP = faB) 75 fP(X, = B),
sP(X, —; [, B) <5 (X, —; E).
(2) The map 7y : fq — s4 induces a weak equivalence

sU(X,—; foE) Ta, s1(X, —;s4F).
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Proof. Item (1) follows from Lemma 2.3.3. For (2), we have the commutative diagram
in SH
Sq(Xa s qu) L Sq(X7 - SqE)

ﬁva?qu\L \Lﬂx,q:qu

sq(fqE)(X) ﬁ $q(8qE)(X)

Sq\Tq

with vertical arrows isomorphisms. The bottom horizontal diagram extends to the dis-
tinguished triangle

sq(mq)

8q(fe+1E) = sq(foB) —— sq(8¢E) = sq(fe+1E)[1]

and we have the defining distinguished triangle for s,:

fq+1(fq+1E) — fq(fq+1E) — Sq(fq-i-lE) - fq+1(fq+1E)[1]-

Since f, 1 F is in X5 SHgi (k) € 24 SHgi (k), the canonical maps

fq+1(fq+1E) - qurlEqu(qurlE) - fq+1E
are isomorphisms, hence s,(f;+1E) = 0 and s,(7,;) is an isomorphism. O

Remark 2.3.5. Making the evident changes, the analogues of Lemma 2.3.1, Lemma 2.3.3
and Proposition 2.3.4 hold for F € DM (k).

3. Slices and cycles

We show how, for special objects in Sptgi(k), the well-connected spectra, the slices in
the motivic Postnikov tower have a cycle-theoretic description via a generalization of
Bloch’s cycle complex. This material is taken largely from [33, §§5, 6].

3.1. Connected spectra

We continue to assume the field k is perfect.

Definition 3.1.1. Call E € SHg1(k) connected if for each X € Sm/k, the spectrum
E(X) is —1 connected, where E € Sptg. (k) is a fibrant model for E.

Note that this is a global, quite strong notion.

Lemma 3.1.2. Let E € SHg1(k) be connected. Then
(1) For each q > 0, 2}.F is connected.

(2) For X € Sm/k and W C X a closed subset, the spectrum with supports EW (X)
is —1 connected.
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(3) Let j: U — X be an open immersion in Sm/k, W C X a closed subset. Then
7 mo(EW (X)) = mo(EW ™V (1)
is surjective.

Proof. For (1) it suffices to prove the case ¢ = 1. Take X € Sm/k. Since co < P!
is split by P! — Speck, (27E)(X) is a retract of E(X x P!). Since E(X x P!) is —1
connected by assumption, it follows that (£20F)(X) is also —1 connected, hence 27 F is
connected.

For (2), suppose first that ¢ : W — X is a closed immersion in Sm/k and that the

normal bundle v of W in X admits a trivialization, v = Of,. We have the Morel-
Voevodsky purity isomorphism (2.1)

EY(X) = (QLE)W).

By (1) (24.E)(W) is —1 connected, verifying (2) in this case.

In general, we proceed by descending induction on codimyx W, starting with the trivial
case codimyxy W = dimy X + 1, i.e. W = (). In general, suppose that codimx W > q for
some integer ¢ < dimy X. Then there is a closed subset W’/ C W with codimy W’/ > ¢
such that W \ W’ is smooth and has trivial normal bundle in X \ W’. We have the
homotopy fibre sequence

/

EV'(X) = EW(X) = EV\W (X \ W)

thus the induction hypothesis, and the —1 connectedness of EW\W'(X \ W) implies that
EW(X) is —1 connected.
Item (3) follows from the homotopy fibre sequence (note that E satisfies Zariski exci-
sion)
EM\Y(X) - EV(X) = EV"Y(U)

and the —1 connectedness of EW\V(X). O

Lemma 3.1.3. Suppose E € SHgi(k) is connected. Then for X € Sm/k and every
qg,n =20, f9(X,n; F) and s1(X,n; E) are —1 connected.

Proof. This follows from Lemma 3.1.2 (2), noting that f9(X,n; E) and s4(X,n; E) are
colimits over spectra with supports EW (X x A™), EWV\W' (X x A"\ W’). d

Proposition 3.1.4. Suppose E € SHg1(k) is connected. Then for every ¢ > 0, f,E and
sq0 are connected.

Proof. Take X € Sm/k. By Proposition 2.2.2, we have isomorphism in SH:
qu(X)%fq(X7_7E)a SqE(X)gSQ(X,—;E).

By Lemma 3.1.3, the total spectra f4(X, —; E) and s7(X, —; E') are —1 connected, whence
the result. [l
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Definition 3.1.5. Fix an integer ¢ > 0 and let W C Y be a closed subset with Y € Sm/k
and codimy W > q. For E € SHg:1(k), define the comparison map

i (V) : mo(EY(Y)) = mo(s4(E)"Y (V)
as the composition
mo(EW (V) <= mo((f4B)" (Y)) = mo(sq(E)Y (Y)),

noting that mo((f,£)" (Y)) = mo(EY(Y)) is an isomorphism by Lemma 2.3.1.

Lemma 3.1.6. Let w e Y@ be a codimension q point of Y € Sm/k and let Y,
Spec Oy . Take E € SHg1(k) and suppose that E is connected. Then the comparison
map

Y (Yo) : mo(E™ (V) = mo(s4(E)" (Vo))
is an isomorphism.

Proof. Recall from Remark 2.2.6 the cosimplicial subscheme A R (Y) of Ay (Y)"
Since A y) = Spec kE(Y'), we have the natural map

mo((24E)(k(Y))) = mo((24E)(Afy)));

which is an isomorphism Indeed, by Lemma 3.1.2 (1), 24F is connected for all ¢ > 0.
In particular, (£2% E)(Ak(yl) is —1 connected for all Y and all n > 0. Thus we have the
presentation of o ((£2% )(A,’;(Y)))

mo((2E)(Al) 2= mo(QRE)R(Y) = ol(2-E)Afr)) = 0.
By Lemma 3.1.2 (3) and a limit argument, the map
mo((24B)(Akyy)) = mo((24E)(Aky))

is surjective; since A,lc(y) = Ai(y) and 24 F is homotopy invariant, the map 4§ — i} is the
zero map.

Choose a trivialization of the normal bundle v of w € Yy, k(w)? = v. This gives
us the purity isomorphisms E*(Yy,) = (27.E)(w), (s4E)*(Yy) = so(27E)(w); from
Remark 2.2.6 we have the isomorphism so(24E)(w) = (£24, E)(A,’Z(w)) This gives us the
commutative diagram

Yl (V)

mo(E* (Ya))

|

mo (24 B(w)) — mo((24E) (A5 (,))

70(sq(E)" (Yu))
l

with the two vertical arrows and the bottom horizontal arrow isomorphisms. Thus
YE(Y,) is an isomorphism. O
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Lemma 3.1.7. Suppose E € SHg1 (k) is connected. Fix an integer ¢ > 0 and let W C Y
be a closed subset, with Y € Sm/k and codimy W > ¢q. Then the comparison map

Vi (Y) 2 mo(BY (Y)) = mo(sq(E)" (Y))
is surjective.

Proof. Recall that YV(Vq) denotes the set of generic points w of W with codimy w = gq.
Let Yw := Spec Oy, (o). By Lemma 2.3.2, the restriction map
[Ra7%

is a weak equivalence. By Lemma 3.1.6,
Y (Yw) = mo(E® (Yi)) = mo(s4(E)" (Yiw))
is an isomorphism for all w € Yv(‘f). Thus we have the commutative diagram

P (Y)

mo(EY(Y)) mo(sq(E£)" (Y))

| |

D B (vw)) D molse(E)" (Vi)

weY P Sutg (Yw) wev?

By Lemma 2.3.2, the right-hand vertical arrow is an isomorphism; the bottom horizontal
arrow is an isomorphism by Lemma 3.1.6. It follows from Lemma 3.1.2 (3) that the left-
hand vertical arrow is surjective, hence w{?v(Y) is surjective as well. O

Lemma 3.1.8. Suppose that E € SHg1 (k) is connected. Take Y € Sm/k, w € Y@
and let Y,, := Spec Oy ,,. Then the purity isomorphism

00,5 : To(E" (Y)) = mo(24E(w))
is independent of the choice of trivialization .
Proof. We have the commutative diagram of isomorphisms

Pl (Yu)
mo(EY (Yy)) ——

9¢,0E\L

[’
70(28B(w)) —> mo((24E) (A7)

7o (5q(E)" (Yaw))

©,0,5qE

By [33, Corollary 4.2.4], 0,,0,s, is independent of the choice of , whence the result. [
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Take E € SH g1 (k) connected. For each closed subset W C Y, Y € Sm/k, EW(Y) is
—1 connected, giving us the canonical map

peyw : EY(Y) = EM(mo(EV (Y))).
Definition 3.1.9. Let F € SHg1(k) be connected. Let Y be in Sm/k and let W C Y
be a closed subset of codimension > ¢q. The cycle map
cycy (V) : EV(Y) - EM( wo((Q%E)(w))>
wGYv(‘f)
is the composition

EV (v) 2255 EM(mo(EY (Y)))

wEY(Q)

B, EM( P mo((24E)(w )))

wGYV(‘f)

0

We let
mo(eyey (V) : mo(EY (V) = @D mo((924.E)(w))

wEY‘E‘;’)
be the map on 7y induced by cych (V).

Definition 3.1.10. Let E € SHg: (k) be connected. For X € Sm/k and integers g,n > 0
define

M(X,mE) = @ m((2E)(w)).

weX (D (n)

Taklng the limit of the maps cch /(X x A"\ W') for E € SHg:1(k) connected,
W e S Y(n), W' € S(q+1)( ) we have the maps of spectra

cycg(X,n): s9(X,n; E) - EM(z9(X,n; E)) (3.1)
and the maps of abelian groups
mo(cyep(X,n)) s mo(s1(X, n; ) = 21(X, n; E).
Lemma 3.1.11. Let E € SHg1(k) be connected and let X be in Sm/k. Then
Wg(cycqu(X, n)) : mo(s1(X,n;84F)) — 29(X,n; s, E)

is an isomorphism.
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Proof. First note that, by Proposition 3.1.4, s,F is connected, hence all terms in the
statement are defined. By Lemma 2.3.2, the restriction map

mo((sE)V (V) = D mol(seB)" (Yw))
wEYV([}Z)

is an isomorphism; since Wo(Cstq g(X,n)) is constructed by composing restriction maps
with purity isomorphisms, this proves the result. ([l

Proposition 3.1.12. Let E € SHgi(k) be connected and let X be in Sm/k. There is
a unique structure of a simplicial abelian group

n— z4(X,n; E)

such that the maps mo(cyc(X,n)) define a map of simplicial abelian groups

[0 s mo(s9(X, m; B))] XX 1 i x s B)).
Proof. Since F is connected, the cycle maps
m(EV(Y) =5 P m(EY(Yw)) = P mo(24E(w))
weyl? wey®
w w

are surjective. Thus mo(cycg(X,n)) is surjective, which proves the uniqueness.

For existence, the map m(cycy(X,n)) is natural with respect to E. In addition, by
Proposition 3.1.4, both f,E and s,E are connected; applying mo(cyc,(X,n)) to the dia-
gram

E+— foFF = s.F

gives the commutative diagram
mo(s9(X,n; E)) <—— mo(s9(X, n; fuE)) — mo(s9(X, n; s, E))

Tro(cch(X,n))l TFO(CnyqE(Xa"))i WO(CstqE(Xvn))l

29(X,n; E) 29X, n; foF) 29X, n; 54 F)

By Lemma 2.3.3, the left-hand map in the top row is an isomorphism. The maps in the
bottom row are induced by maps

mo (27 E)(w)) = 7o (27 fo B) (w)) = mo (275, F) (w)).
By (1.2), QLf,E = fo(2f,E) = 2LE and similarly 2%s,E = s¢(£2}-F). Thus the
bottom row is a sum of isomorphisms (see Lemma 3.1.6)

mo((£27.E)(w)) — mo(so(£27.E)(w)).

Finally, the right-hand vertical map is an isomorphism by Lemma 3.1.11. As the top row
is the degree n part of a diagram of maps of simplicial abelian groups, the isomorphisms

mo(s(X,n;s¢F)) = 29(X, n; s¢F) + 29(X,n; E)
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induce the structure of a simplicial abelian group from [n +— my(s9(X, n; s, E))] to [n —
z1(X,n; E)], so that the maps mo(cycg(X,n)) define a map of simplicial abelian groups.
U

Remark 3.1.13. For F € C(PST(k)), we call F connected if H" (Xy;is, F) = 0 for n > 0,
X € Sm/k. Making the obvious modifications, all the results of this section carry over
from SH g1 (k) to DMH (k).

We use the above results to give a generalization of the higher cycle complexes of
Bloch.

Definition 3.1.14. Let E € Sptgi (k) be connected, homotopy invariant and satisfy
Nisnevich excision. For X € Sm/k, and ¢,n > 0 integers, let 27(X, %; E) be the complex
associated to the simplicial abelian group n — z4(X, n; E). Similarly, for F € C(PST(k))
which is connected, homotopy invariant and satisfies Nisnevich excision, we set

24X, F) = @ HO((24F)(w)),

weX (D (n)

giving the simplicial abelian group n — 29(X,n; F). We denote the associated complex
by z%(X, *; F).
For integers ¢, n > 0, set

CHY(X,n; E) := H,(29(X,* E))
and

For F € C(PST(k)) as above, we note that 29(X, *, EMy1(F)) is naturally isomorphic
to 29(X, *, F), via the canonical isomorphisms

HO((24.F)(w)) = wo(EM ((24.F)(w)))
= 7o ((EMp1 27.7) (w))
>~ 71'0((_(2% EMy: F)(w)).

Definition 3.1.15. Take X € Sm/k. For connected E € SHg1(k), let
cyep(X) : s4(X,— E) = EM(24(X, —; F))

be the map of spectra induced by the maps (3.1); this is well-defined by Proposi-
tion 3.1.12. Similarly, for connected F € DM (k), let
cycr(X) st (X, % F) = 24X, % F)

mot

be the map of complexes induced by the maps cyc(X,n) analogous to the maps (3.1).
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3.2. Well-connected spectra
Following [33] we have the following definition.

Definition 3.2.1. E € SHg1 (k) is well-connected if
(1) E is connected;

(2) for each Y € Sm/k, and each ¢ > 0, the total spectrum (Q%E)(AZ(Y)) has

(24 E)(Afyy)) = 0
for n # 0.

Remark 3.2.2. The corresponding notion in DM (k) is Let F € C(PST(k)) be Al
homotopy invariant and satisfy Nisnevich excision. Call F well-connected if

(1) F is connected,;
(2) for each Y € Sm/k, the total complex (Q%f)(AZ(Y)) satisfies
H"((24F)(Ajy))) = 0
for n # 0.

Remark 3.2.3. We gave a slightly different definition of well-connectedness in [33,
Definition 6.1.1], replacing the connectedness condition (1) with: EW (V) is —1 connected
for all closed subsets W C Y, Y € Sm/k. By Lemma 3.1.2, this condition is equivalent
with the connectedness of E.

The main result on well-connected spectra is the following theorem.

Theorem 3.2.4.
(1) Suppose E € SHs1(k) is well-connected. Then
Cch(X) : Sq(X7 ) E) - EM(Zq(X7 ) E))

is a weak equivalence for each X € Sm/k. In particular, there is a natural isomor-
phism

CHY(X,n; E) = m, (s E)(X)) = Homsy , ) (X7 Xy, V7" 5q(E)).

(2) Suppose F € C(PST(k)) is well-connected. Then

ey (X) 1 sl (X, x F) — 29X, %, F)

mot

is a quasi-isomorphism for each X € Sm/k. In particular, there is a natural iso-
morphism

CHY(X,n; F) = HyL (X, 52“‘“.7:) = HOmDMcff(k)(M(X), sfant(}")[an.
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Proof. We prove (1), the proof of (2) is the same. We have the commutative diagram
in SH:

sU(X,— E)
CyCE(X)\L CnyqE(X)l iCyCSqE(X)
EM(29(X, — B)) <= BM(:0(X, = £,)) ——= EM(24(X, —; 5, 5))

sU(X, —; foE)

s1(X, —;8,F)

By Proposition 2.3.4, the arrows in the top row are isomorphisms. As we have seen in the
proof of Proposition 3.1.12 the arrows in the bottom row are also isomorphisms. Thus,
it suffices to prove the result with E replaced by s, E.

The map cyc,, (X)) is just the map on total spectra induced by the map on n-simplices

cye,, g(X,n) 81X, n; s ) — EM(27(X, n; 54 E)).
By Lemma 3.1.11, the map on g,
mo(cyes, p(X,n)) t mo(s?(X, n; 8¢ E)) = 29(X,n; 84 E),
is an isomorphism. However, since E is well-connected, and since

s1(XoniseB) =[] (RfseB)(k(w)) =[] so(RFE)(k(w)),

weX (D) (n) weX (D) (n)

it follows that
s1(X,n; sqFE) = EM(mo(sY(X, n; sqE))),

and cyc, p(X,n) is the map induced by mo(cyc, g(X,n)). Thus cyc, (X, n) is a weak
equivalence for every n, hence cyce,, (X) is an isomorphism in SH, as desired. O

We recall that the functoriality results of [32, Theorems 2.6.2 and 7.4.1] applied to the
spectra s?(X, —; E) gives a presheaf of spectra 5§9(E) on Sm/k, together with isomor-
phisms

vo.x.B 81X, — E) = 31(E)(X)

in SH, natural in X for smooth maps in Sm/k. In addition, by [33, Theorem 7.1.1],
there is an isomorphism

g5 : SUE) = s54(F)

in HSptg: (k) and the isomorphism Bx g of Proposition 2.2.2 is the composition
Wq,E(X) Y, X,E-

Using the same methods, we extend the assignment X — 29(X,—; E) to a presheaf
X — z9(E)(X) of simplicial abelian groups on Sm/k, together with isomorphisms

0g. x5 21(X,— FE) = 29(E)(X)
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in the homotopy category of s Ab, natural in X for smooth maps in Sm/k. It follows
from the naturality of the functorial models of [32, Theorems 2.6.2 and 7.4.1] that we
have the canonical maps of presheaves on Sm/k

cycy : §4(E) — EM(2Y(E)),
giving for each X € Sm/k the commutative diagram

Y4, X, E

s1(X, = E) s1(E)(X)
CyCE(X)i icch(X)
EM(z(X, — E)) EM(z9(E))(X)

—_—
EM(dq,x,E)

Similarly, using the functoriality machinery of [32, Theorems 2.6.2 and 7.4.1], and
the comparison results of [33, Theorem 7.1.1], extended as explained in the proof of
Proposition 2.2.3, we can extend the assignments X — s _ (X, % F), X — 29(X, x; F)
to objects of C(PST(k)), 5L ..(F), 2¢(F), together with isomorphisms

WéngftE Smot( 7*7f)_>smot(‘7:)(X)7
Sgx.F 21X, F) — 29(F)(X)

in D(Ab), natural in X for smooth maps in Sm/k. We also have an isomorphism

mot

PoF ot (F) = 537 (F)

in the derived category D(PST(k)), such that the isomorphism ﬁ%fqﬁ}- of Proposition 2.2.3

Inot

is the composition % (X) o 7)"¢
In addition, the maps cycmOt(X) extend to maps in C(PST(k))

mot

cycpot 51 (F) — Z4(F)

compatible with the maps cyc2°"(X) : s X, % F) — 29(X, x; F) via the isomorphisms
mot
Amot - §mot  Theorem 3.2.4 thus yields the following corollary.

Corollary 3.2.5.
(1) Suppose E € SHg:i(k) is well-connected. Then
cyepowyh + 5q(E) — EM(3(E))
is an isomorphism in SHq1 (k).
(2) Suppose F € C(PST(k)) is well-connected. Then
eyep o(o) ™ SPHF) » 21(F)

is an isomorphism in DM®% (k).
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4. Birational motives and higher Chow groups

Birational motives have been introduced and studied by Kahn and Sujatha in [27] and
by Huber and Kahn in [22]. In this section we reexamine their theory, emphasizing the
relation to the slices in the motivic Postnikov tower. We also extend Bloch’s construction
of cycle complexes and higher Chow groups: Bloch’s construction may be considered as
the case of the cycle complex with constant coefficients Z whereas our generalization
allows the coefficients to be in a birational motivic sheaf. Finally, we extend the identifi-
cation of Bloch’s higher Chow groups with motivic cohomology [17,60] to the setting of
birational motivic sheaves.

4.1. Birational motives

Definition 4.1.1. A motive F € DM*°®(k) is called birational if for every dense open
immersion j : U — X in Sm/k and every integer n, the map

g3* HomDMeff(k)(M(X),f[n]) — HomDMeff(k)(M(U),}'[n])
is an isomorphism. If F is a sheaf, i.e. F = HO(F) in D(Sh{,(k)), we call F a birational
motivic sheaf.

Remark 4.1.2. For X € Sm/k and F € DM (k) c D(Shy.(k)), there is a natural
isomorphism
HomDMeff(k)(M(X)a]:[n]) Nis (X, F).

Thus a motive F € DM® (k) is birational if and only if the hypercohomology presheaf
U = H%is(Uv f)
on Xz, is the constant presheaf on each connected component of X, for all X € Sm/k.

Lemma 4.1.3. Let F be a presheaf with transfers that is birational and homotopy
invariant. Then F is a birational motivic sheaf.

Proof. Any presheaf of sets G on Sm/k which transforms coproducts into products and
is birationally invariant in the sense that G(X) = G(U) for any open immersion U < X
is a sheaf for the Nisnevich topology: this follows from the fact that the Nisnevich topology
is generated by elementary Nisnevich covers, see [41, Proposition 1.4, p. 96]. This shows
that F is a Nisnevich sheaf with transfers. Then we have

Hompsne (1)) (2" (X), Fln]) = Ho (X, F);

the Nisnevich cohomology HY, (X, F) is zero for n > 0 by Lemma 4.1.4 below. In par-
ticular, F is strictly homotopy invariant and thus an object of DM (k) c DM (k).
Finally,

Hom p ppere () (M (X ), F[n]) = Hom psper_ () (27 (X), Fn]) =

F(X) forn=0,
0 for n # 0,

hence F is a birational motive. O
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Lemma 4.1.4 (Riou). Let X be a Noetherian scheme, and let F be a Nisnevich sheaf
of abelian groups over X. Assume that F is flasque viewed as a Zariski sheaf, i.e. for
any open immersion V < U in the small Nisnevich site of X, the map F(U) — F(V) is
surjective. Then Hi, (X, F) =0 for all i > 0.

The proof is an elaboration of Godement’s proof for the Zariski topology: see [50,
Lemma 1.40].

4.2. The Postnikov tower for birational motives

In this section, we give a treatment of the slices of a birational motive. These results
are obtained in [27]; here we develop part of the theory of [27] in a slightly different and
independent way.

Let F be in DM (k). Since fi*°'F — F is an isomorphism, we have the canonical
map

mo : F — gt F.

The following result is taken from [27] in slightly modified form.

Theorem 4.2.1. For F in DM*¥(k), my : F — s'°'F is an isomorphism if and only if
F is a birational motive. In particular, since s°'F = s{°* (s§°'F), sg*°*F is a birational
motive.

Proof. Since we have the distinguished triangle
JOUF = F 25 s§oF — [ F (1),

T is an isomorphism if and only if fj"°*F = 0.
Suppose that 7 is an isomorphism. Let 7 : U — X be a dense open immersion in
Sm/k and let W = X \ U. We show that

Hom p ygere ) (M (X), Fln]) L Hom p pgerr (1) (M (U), Fn])

is an isomorphism by induction on codimyx W, starting with W = ). We may assume
that X is irreducible.

By induction we may assume that W is smooth of codimension d > 1, giving us the
Gysin distinguished triangle

MU) L M(X) — M(W)(d)[2d] — M(U)[1].
But as d > 1, we have
Hom p pgese () (M (W)(d) [2d], F[n]) = Hom p yrese () (M (W)(d)[2d], f{*°* Fn]) = 0,

hence, by adjunction, j* is an isomorphism.
Now suppose that F is birational. We may assume that F is fibrant as a complex of
Nisnevich sheaves, so that

Homp yyest () (M (X), Fn]) = H" (F (X))
for all X € Sm/k.
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Take an irreducible X € Sm/k. By Remark 2.2.6, we have a natural isomorphism
Hom p ppesr ) (M (X)), s F[n]) = Hn(}-(A;;(x)))-
Also, as F is birational, the restriction to the generic point gives an isomorphism
Hom p pgere () (M (X), Fn]) = H™(F (k(X))),
and the map
Hom p ppere 1y (M (X), F[n]) = Homppger () (M (X), 55" F[n])
is given by the map on H™ induced by the canonical map
F(k(X)) = F(Ax) = F(Ajx):
On the other hand, since F is birational, the map
j:(AZ(X)) - f(AZ(X))
is a quasi-isomorphism for all n, and hence the map of total complexes
F(Dix) = FBix)
is a quasi-isomorphism. Since F is homotopy invariant, the map
F(R(X)) = F(Axy) = F(Qkix))
is a quasi-isomorphism; thus the composition
F(R(X)) = F(Ajx) = F(Afx)
is a quasi-isomorphism as well. Taking H", we see that
HomDMoff(k)(M(X)’j:[n]) = HomDMcff(k)(M(X)vsgmt}—[n])

is an isomorphism for all X € Sm/k. Since the localizing subcategory of DM (k)
generated by the M(X) for X € Sm/k is all of DM°®(k), it follows that 7 is an
isomorphism. O

Corollary 4.2.2. Let F be a birational motive. Then

0 for m > n,
F(n) form < n.

fot (F(n)) = {

Proof. Suppose n > m > 0. As F(n) is in DM (k)(m), we have fmoY(F(n)) = F(n).
Now take m > n. As a localizing subcategory of DM®®(k), DM (k)(m) is generated
by objects M (X)(m), X € Sm/k. Thus it suffices to show that

Hom p gest ) (M (X) (m), F(n)[p]) = 0
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for all X € Sm/k and all p. By Voevodsky’s cancellation theorem [62], we have
HOHlDMeff(k)(M(X)(m)a F(n)[p]) = HomDMeff(k)(M(X)(m —n), Flp).
But since m —n > 1, we have
Hom p gt () (M (X ) (m — n), Fp]) = Hom p ppese () (M (X) (m — n), fi** F[p]),
which is zero by Theorem 4.2.1. |

Remark 4.2.3. Let F be a birational motive. Then F(n) = s°*(F(n)) for all n > 0.
Indeed, f°(F(n)) = F(n) and fie1(F(n)) = 0.

Remark 4.2.4. Let F be a birational motive. Then for all G in DM*®® (k) and all integers
m >n > 0, and all p, we have

Homm e () (G(m), () [p]) = 0.

Indeed, the universal property of f2°%(F(n)) — F(n) gives the isomorphism

Hom p et (1) (G (m), fr® (F (1)) [p]) = Hom p ypess 1) (G (m), F (n) [p])

but f2ot(F(n)) = 0 by Corollary 4.2.2.

4.3. Birational motivic sheaves
If F/k is a finitely generated field extension, we define the motive M (F) in DM (k)
as the homotopy limit of the motives M(Y) as Y € Sm/k runs over all smooth models
of F. Since we will really only be using the functor Homp psete () (M (F), —), the reader
can, if she prefers, view this as a notational shorthand for the functor on DM (k):
M — llﬂ HOmD]v[eff(k)(M(Y)7M).
k(D =F

This limit is just

11 H%HI‘(Y7 M)’

¥

k(Y)=F

in other words, just the stalk of the Oth hypercohomology sheaf of M at the generic point
of Y.

Lemma 4.3.1. Let F € DM (k) be such that H*(F) =0 for all i > 0. Then
Hom et () (M (k(Y')), F(n)[2n +7])) = 0

forr >0,n >0 and for all Y € Sm/k.
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Proof. Let F = k(Y). F(n)[2n] is a summand of F ® M (P™), so it suffices to show that
HomDMcff(k)(M(F), F® M(]P)n)['f']) =0

for r > 0. We can represent F @ M (P™) by C.(F @ Z™(P")). For each n € Z, let F,
be the nth term of F (homological notation). Replacing F with the canonical truncation
T<oF, we may assume that F,, = 0 for n < 0. We have the functorial left resolutions

L(Fpn) = Fn

of F,, (as Nisnevich sheaves with transfers), where the terms in £(F,,) are direct sums of
representable sheaves; let £(F) denote the total complex of the double complex £(F,),-
Then we can replace C,(F @ Z"(P")) with the total complex of

e CulLF)n & T E) - > C(L(F)o & 7 (B™)).

This in turn is a complex supported in (cohomological) degree < 0 with all terms direct
sums of representable sheaves Z™(Y), Y € Sm/k. But for any X € Sm/k, we have

HOmDMeff(k) (M(X), M(Y)[TD >~ HY

Zar

(X, C(Y)).
Thus
Homp yyese () (M (F), M(Y)[r]) = H"(C.(Y)(F)),
which is zero for > 0, and thus
Hom p gt 5y (M (F), F(n)[2n + r]) € H"(C(L(F) @™ Z™ (P™))) =0
for 7 > 0. O

Proposition 4.3.2. Let F be a birational motivic sheaf. Then for all n > 0, F(n)[2n]
is well-connected.

Proof. We first show that F(n)[2n] is connected, i.e. that
(X, F(n)[2n]) = HomDMeff(k)(M(X),F(n)[2n +7])=0
for all » > 0 and all X € Sm/k. We have the Gersten—Quillen spectral sequence

EPY = @ Hom p pete 1y (M (k(2)) (p) [2p], F (n)[2n + p + q])
rxeX®)

= Hom p ppere (1) (M (X), F(n)[2n + p + q).

For p > n, E7"? = 0 by Remark 4.2.4. Using Lemma 4.3.1 and Voevodsky’s cancellation
theorem [62], we see that EY"? =0 for p+ ¢ > 0, p < n, whence the claim.
Next, note that

O (F(n)2n]) = {ﬂn Tl am] o0 m <.

for m > n.
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Indeed, note that, for G € DM (k),
Homp et () (G, £27(F (n)[2n])) = Homp pere (1) (G (m) [2m], F (n)[2n]).

For m < n, we have the canonical evaluation map ev : F(n — m)[2n — 2m| —
027 (F(n)[2n]); the above identity says that ev induces the Tate twist map

HOmDMcff(k)(g, F(n—m)[2n — 2m]) — HomDMcff(k)(g(m)[Qm], F(n)[2n]),
[ = f®idzim)zm) -

Voevodsky’s cancellation theorem [62] implies that the Tate twist map is an isomorphism;
as G was arbitrary, it follows that ev is an isomorphism. For the case m > n, the right-
hand side Hom p ygert (1) (G(m)[2m], F(n)[2n]) is zero by Remark 4.2.4.

Thus
0 form >0, m#n,

F  for m =n.

so " (27 (F(n)[2n])) = {

In fact, we need only check for 0 < m < n. If 0 < m < n, then 2F(F(n)[2n]) is in
DM®(k)(1), hence the s2°t (27 (F(n)[2n])) = 0. Finally, 22(F(n)[2n]) = F, and thus
so82(F(n)[2n]) = s§°"(F) = F by Remark 4.2.3.

As F is a sheaf, s§°" (27 (F(n)[2n])) is concentrated in cohomological degree 0 for all
m, which shows that F(n)[2n] is well-connected. O

Theorem 4.3.3. Let F be a birational motivic sheaf. Then for q > 0, there is a natural
isomorphism

H?7P(X, F(q)) := Homp pere ) (M (X), F(q)[2q — p]) = CHY(X, p; F(q)[24q]).

Proof. Since F(q)[2q] is well-connected (Proposition 4.3.2), it follows from Theo-
rem 3.2.4 that the slices s;***(F(¢)[2q]) are computed by the cycle complexes, i.e. there
is a natural isomorphism

Hom p pge (1) (M (X), 53" (F(q)[24)) [-p]) = CH! (X, p; F(q)[24))-

1 5q
But s7°*(F(q)[2q]) = F(q)[2¢] by Remark 4.2.3. O

Remark 4.3.4. Let F be a birational sheaf. For Y € Sm/k, we can define the group of
codimension ¢ cycles on Y with values in F as

A(Y)ri= @ Flhw)),

weY (@)

that is, an F-valued cycle on Y is a formal finite sum ; a;W; with each W; a codimension
g integral closed subscheme of Y and a; € F(k(W;)). The canonical identification

F(k(w)) = H((F(q)[24))" (V)
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for W C Y a codimension ¢ integral closed subscheme gives the F-valued cycle groups the
usual properties of algebraic cycles, including proper pushforward, and partially defined
pullback. In particular, for F = Z, we have the identification

we will show in the next subsection that this identification is compatible with the oper-
ations of proper pushforward, and pullback (when defined).
In addition, we have

5o (23(F(q)[24))) = 55 (F)

hence

AXn F@R2d) = P Flh(w)).
weX (@) (n)
Thus we can think of 2%(X, *; F(q)[2q]) as the cycle complex of codimension g F-valued
cycles in good position on X x A*.

4.4. The sheaf Z

The most basic example of a birational motivic sheaf is the constant sheaf Z. Here we
show that the constructions of the previous subsection are compatible with the classical
operations on algebraic cycles.

Let W C Y be a closed subset with Y € Sm/k. We let zf;,(Y) be the subgroup of
29(Y') consisting of cycles with support contained in W.

Definition 4.4.1. The category of closed immersions Immy, has objects (Y, W) with
Y € Sm/k and W C Y a closed subset. A morphism f : (Y,W) — (Y, W) is a
morphism f : Y — Y’ in Sm/k such that f='(W’'),eq C W. Let Immy(q) C Immy
be the full subcategory of closed subsets W C Y such that each component of W has
codimension at least q.

Note that for each morphism f: (W CY) — (W' CY’) in Immy(q), the pullback of
cycles gives a well-defined map f* : 2, (Y") — 2, (Y).

Definition 4.4.2. Let f: Y’ — Y be a morphism in Schy, with Y and Y’ equidimen-
sional over k. We let 29(Y, %) C 2%(Y, %) be the subcomplex defined by letting 27(Y, n);
be the subgroup of z4(Y,n) generated by irreducible W C Y x A™ W € 2(Y,n), such
that for each face F' C A", each irreducible component of (f x idg)~1(W N X x F) has
codimension ¢ on Y’ x F.

Assuming that f(Y”) is contained in the smooth locus of Y, the maps (f X idan)* thus
define the morphism of complexes

[ 29(Y, %) — 29(Y %),

We recall Chow’s moving lemma in the following form.
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Theorem 4.4.3 (Bloch [7]). Suppose that Y is a quasi-projective k-scheme, and that
f:Y’" =Y hasimage contained in the smooth locus of Y. Then the inclusion z9(Y, x) y —:
29(Y, %) is a quasi-isomorphism.

Lemma 4.4.4. TakeY € Sm/k, W C Y a closed subset. Suppose that each irreducible
component of W C'Y has codimension at least q. Then there is an isomorphism

PY,W,q HI%;/I(Y’ Z(q)) = 2 (Y)

such that the py,w,q define a natural isomorphism of functors from Immy(¢)°? to Ab. In
addition, the maps py,w,q are natural with respect to proper pushforward.

Proof. For U € Sm/k, we have the sheaf z, 4, (U) € Shili(k), where for X € Sm/F,
Zq.fin(U)(X) is the free abelian group on the integral subschemes W C X xj U with
W — X quasi-finite and dominant over some component of X.
Let f: (Y',W') = (Y,W) be a map in Immy(q). By definition, Z(1)[2] is the reduced
motive of P!,
Z(1)[2] = M(P") = cone(M (k) === M(P')),

and Z(q)[2q] is the gth tensor power of Z(1)[2]. Via the localization functor
RCS" : D (Sh¥%. (Sm/k)) — DM (k)

and using [58, Corollary 4.1.8], we have the isomorphism

Z(q)[24) = CP**(2q.6n(A7))
and the natural identification

H?TP(Y, Z(q)) 2 Hi, (Y, CF™ (2q.6n (A))) 22 HP(C2* (2,50 (AD)) (V).
In particular, we have the natural identification of the motivic cohomology with supports
Hy!(Y,Z(q)) = Ho(cone(C2" (zq.in (AN)(Y) = 2% (zq.6m (A)) (Y \ W))[-1]).
Set
O (2q.in(AN)) (Y) 1= cone(C7" (zq.6 (A))(Y) = O (zq.6m(A)) (Y \ W))[-1].

In addition, from the definition of the Suslin complex, we have the evident inclusion
of complexes

OS5 (20 ain (A (Y) C 29(Y x A% %) pyia C 22(Y x A7, %).
It follows from [17, VI, Theorem 3.2; V, Theorem 4.2.2] that the inclusion

OP (zq.6n(AD))(Y) C 29(Y x AT, %)
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is a quasi-isomorphism; by Theorem 4.4.3, the inclusion
O™ (2q.in (A))(Y) C 29(Y x A% %) rxia

is a quasi-isomorphism as well.
Let U=Y \W, U :=Y'\ W' and let fyy : U' — U be the restriction of f. Setting

2y (Y, %) p = cone(2(Y, %)y = 29(U, %) 5, ) [-1],
we thus have the quasi-isomorphism
O (zqin(AD)Y (V) = 20 (Y X AT %) pcia.
We have the commutative diagram
O3 (2q.tin (A (V) —= 2y sepa (Y X AT, %) £xia
(fﬁfé)l l(ind*)fU xid")
CF" (2.6 (A (Y7)

20 na (Y X AT %)

Since the horizontal maps are quasi-isomorphisms, we can use the right-hand side to
compute f* : Hil(Y,Z(q)) — Hol (Y, Z(q)).

By the homotopy property for the higher Chow groups, and using the moving lemma
again, the pullback maps

P12 (Vo) p = 2y spa (Y X AT %) pia,
pi o 2h (Y %) = 2 00 (Y X AT %)
are quasi-isomorphisms. Thus we can use
froay (Vo) = 2 (Y7 %)

to compute f* : H‘%‘?(K Z(q)) — Hﬁg, (Y, Z(q)).
Let d = dimg Y. Chow’s moving lemma together with the localization distinguished
triangle
2ag—q(W, %) = 24—q(Y, %) = 2q—q(U, )

shows that the inclusion zq_q(W, %) C zq—q(Y, %) induces a quasi-isomorphism
2a—q(Wy %) = 23 (Y, %) 5.

Similarly, the inclusion zg_o(W' %) C zg_q(Y’, %), d := dim;Y’, induces a quasi-
isomorphism
zar—q(W' %) = 28, (Y, %).

Since each component of W has codimension at least ¢ on Y, it follows that the inclusion

Za—q(W) = 24—q(W,0) = zq_q(W, %)
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is a quasi-isomorphism. As zq_4(W) = 2{},(Y'), we thus have the isomorphism
py.wg s 2 (V) = HG (Y, Z(q)).

In addition, the following diagram commutes:

ca g (W) 2 (V) —— 24, (Vi #)s
4
2r—g(W') == 2y (V') —> 28, (V%)

C(;mbining this with our previous identification of Hgﬂ(Y, Z(q)) with Ho (2 (Y, *)s) and
HL (Y Z(q)) with Ho(z(,, (Y, %)) shows that the isomorphisms py,w,q are natural with
respect to pullback.

The compatibility of the py w,, with proper pushforward is similar, but easier, as one
does not need to introduce the complexes 29(Y x A9, ) ¢yiq, etc., or use Chow’s moving
lemma. We leave the details to the reader. O

Now take X € Sm/k, W € Sgg)(n). By Lemma 4.4.4, we have the isomorphism
pxxanwq t Hyd(X x A" Z(q)) — 2{, (X x A™).

In addition, if W’ C W is a closed subset of codimension greater than g on X x A™, then
the restriction map

HY(X x A", Z(q)) — H?

WAW (X x A"\ W', Z(q))

is an isomorphism. Noting that
HO((Z(@)[24))" (X x A™)) = Hyf (X x A", Z(q)),

it follows from the definition of 29(X, n;Z(q)[2¢q]) that we have

(X, mZ(g)2q) = lim  HE(X x A" Z(q)).
WCXxA™
wes'? (n)

Thus taking the limit of the isomorphisms pxxan w,q over W € Sgg)(n) gives the iso-
morphism

px.a 21X, n; Z(q)[2¢]) — 27(X,n).
Proposition 4.4.5. For X € Sm/k, the maps px , define an isomorphism of complexes
21X, % Z(q)[2q]) £ 29(X, *)
natural with respect to flat pullback.

Proof. It follows from Lemma 4.4.4 that the isomorphisms px w,, are natural with
respect to the pullback maps in Immy(¢); in particular, with respect to flat pullback and
with respect to the face maps X x A"~! — X x A", Passing to the limit over W & Sg?)(n)
proves the result. O
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Part II. Motivic cohomology of Azumaya algebras

5. The sheaves KZOA and Z.4

In this section we develop a theory of ‘KCgl-valued cycles’ leading to a generalization of
Bloch’s cycle complex and higher Chow groups. In the next section, we show how one
extends the Bloch-Lichtenbaum spectral sequence (as generalized in [31]) to the case
of the G-theory of an Azumaya algebra A over some scheme X, with the higher Chow
groups being replaced by our modified version.

The general theory developed in the previous sections is restricted to presheaves of
spectra on Sm/k; as we would like to have our spectral sequence for an arbitrary sheaf
of Azumaya algebras over some base-scheme X, rather than just a central simple algebra
over k, we are forced to repeat some of the constructions of the previous sections in
this more general setting. However, the proof of our main result (Theorem 6.1.3) in the
next section will be accomplished by using localization properties to reduce to the case
X = Speck, allowing us to apply the results of the previous sections.

Returning to the case of a central simple algebra over k, we use Theorem 6.1.3 to prove
a more precise result, identifying the slice s, K A with the Eilenberg-Mac Lane spectra
of the motive Z 4(q)[2g] (Theorem 6.5.5). This is the main result we will need for our
applications to Severi-Brauer varieties and the K-theory of central simple algebras.

5.1. KZ64: definition and first properties

Let R be a noetherian ring and fix a sheaf of Azumaya algebras A on an R-scheme of
finite type X. For p: Y — X € Schy, we have the sheaf p* A of Azumaya algebras on
Y. We may sheafify the K-groups of p*A for the Zariski topology on Y, giving us the
Zariski sheaves ;' on Schy.

Lemma 5.1.1. Suppose that X is regular. Then
(1) Kg' is an A' homotopy invariant presheaf on Sm/X;

(2) K3 is a birational presheaf on Sm/X, i.e. for Y € Sm/X, j: U — Y a dense open
subscheme, the restriction map

7 GEHY) = K5 U)

is an isomorphism; equivalently, IC()4 is locally constant for the Zariski topology on
Sm/X, hence is a sheaf for the Nisnevich topology on Sm/X.

Proof. The homotopy invariance follows from the fact that Y — Ky(Y;.A) is homotopy
invariant, and that the restriction map Ky (Y, A) — Ko(U,.A) is surjective for each open
immersion U — Y in Sm/X.

For the birationality property, we may assume that Y is irreducible. By Corollary A.4,
any object in the category Px, 4 is locally A-projective, hence it suffices to show that for
each y € Y, the map

Ko(.A Rop OY,y) — KO(-A ®op k(Y))

is an isomorphism.
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Since Y is regular, surjectivity follows easily from Corollary A.5. On the other hand,
since Oy, is local, the category of finitely generated projective A ®o, Oy y-modules has
a unique indecomposable generator (see [12] and [29, I11.5.2.2]) and similarly, the cate-
gory of finitely generated projective A ®p,, k(Y )-modules has a unique simple generator.
Thus the map is also injective, completing the proof that IC(J4 is birational.

To see that K is a sheaf for the Nisnevich topology, it suffices to check the sheaf
condition on elementary Nisnevich squares (compare proof of Lemma 4.1.3); this follows
directly from the birationality property. O

5.2. The reduced norm map

For Y € Sm/X, let Spec FF — Y be a point. We define a map
Nrdp : Z ~ Ko(Ar) = Ko(F) =Z

by mapping the positive generator of Ko(Ar) to ep[F], where ep is the index of Ap.
Recall that, by definition, e% = [D : F] where D is the unique division F-algebra similar
to Ap.

Lemma 5.2.1. The assignment F > Nrdp defines a morphism of sheaves on Sm /Xyis
Nrd: K — Z

which realizes K' as a subsheaf of the constant sheaf Z. This is the reduced norm map
attached to A.

Proof. In view of Lemma 5.1.1, it suffices to check that if L is a separable extension of

F'| the diagram

Ko(AL) 25 Ko(L)

Ko(Ap) ~% Ko(F)
commutes. This is classical: by Morita invariance, we may replace Ag by a similar division
algebra D. Choose a maximal commutative subfield £ C D which is separable over F.
First assume that L = FE: then Dy, is split and Nrd; is an isomorphism by Morita
invariance; on the other hand, the generator [D] of Ky(D) maps to e times the generator
of Ko(Dp), which proves the claim in this special case. The general case reduces to the
special case by considering a commutative cube involving the extension LFE. O

5.3. The presheaf with transfers Z 4

For a scheme X we let M x denote the category of coherent sheaves of Ox-modules
on X. Given a sheaf of Azumaya algebras A on X, we let Mx(A) denote the category
of sheaves of A-modules F which are coherent as Ox-modules, using the structure map
Ox — A to define the O x-module structure on F. We let G(X; .A) denote the K-theory
spectrum of the abelian category Mx(A). If f:Y — X is a morphism, we often write
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G(Y;A) for G(Y; f*A). For Y € Sm/X, we let G,(Y,.A) denote the Zariski sheaf on YV’
associated to the presheaf U — G, (U, A).

Suppose that X is regular. Let f : Z — Y be a finite morphism in Schx with Y in
Sm/X. Restriction of scalars defines a map of sheaves

fe i [oKo(Z; A) = Go (Y5 A).
Using Corollary A.5, we see that the natural map
Ko(Y;A) = Go(Y;A)
is an isomorphism, giving us the pushforward map
Jo i K2) - KR(Y).

Now take Y, Y’ € Sm/X and let Z C Y xx Y’ be an integral subscheme which is finite
over Y and surjective onto a component of Y;let p: Z — Y, p' : Z — Y’ be the maps
induced by the projections. Define

Z* K Y') = Kg'(Y)
by Z* := p, o p’*. For X regular, this operation extends to Corx (Y;Y”) by linearity.
Lemma 5.3.1. Suppose X regular. For Z, € Corx(Y,Y"), Zy € Corx (Y',Y") we have

(ZayoZh) =270 Z5.

Proof. We already have a canonical operation of Corx(—,—) on the constant sheaf Z
making Z a sheaf with transfers; one easily checks that this action agrees with the action
we have defined above for A = Ox. It is similarly easy to check that, for Z integral and
f+Z — Y finite and surjective with Y smooth, f. commutes with Nrd. Since Nrd is
injective, this implies that k7' is also a sheaf with transfers, as desired. O

Definition 5.3.2. Let X be a regular R-scheme of finite type, A a sheaf of Azumaya
algebras on X. We let Z 4 denote the Nisnevich sheaf with transfers on Sm/X defined
by IC(;‘.

Remark 5.3.3. The reduced norm map Nrd : Kg' — Z defines a monomorphism of
Nisnevich sheaves with transfers Nrd : Z 4 — Z.

Lemma 5.3.4. The subsheaf with transfers (Z 4, Nrd) of the constant sheaf (with trans-
fers) Z only depends on the subgroup of Br(X) generated by A. In particular, it is
Morita-invariant.

Proof. Indeed, if B generates the same subgroup of Br(X) as A, there exist integers
r, s such that A®X" is similar to B and B®x# is similar to A. This implies readily that
A and B have the same splitting fields (say, over a point Spec F' of X'), hence have the
same index (say, over any extension of F). O



524 B. Kahn and M. Levine

Remark 5.3.5. The maps K¢(F) — Ko(Ap) given by extension of scalars also define a
morphism of sheaves Z — Z 4. But this morphism is not Morita-invariant.

In case X is the spectrum of a field, Lemma 5.1.1 yields the following proposition.

Proposition 5.3.6. Take X = Speck, k a field, and let A be a central simple algebra
over k. Then the sheaf with transfers Z, on Sm/k is a birational motivic sheaf.

5.4. Severi-Brauer schemes
Let p : SB(A) — X be the Severi-Brauer scheme associated to A.
Lemma 5.4.1. Suppose X = Speck, k a field. Then the subgroup Nrd(Ky(A)) C
Ko(k) = Z is the same as the image
p(CHy(SB(A))) € CHy(B) = 7.
Moreover, p, : CHo(SB(A)) — Z is injective.

Proof. This is a theorem of Panin [46], see also [10, Corollary 7.3]. We recall the
proof of the first statement. Let = Spec K be a closed point of SB(A). Then K is a
finite extension of F' which is a splitting field of A. It is classical that K is a maximal
commutative subfield of some algebra similar to A; in particular, [K : F] is divisible by
the index of A. Conversely, replacing A by a similar division algebra D, for any maximal
commutative subfield L C D, [L : F] equals the index of A. O

Now let us come back to the case where X is regular. Let us denote by CHo(SB(A)/X)
the sheafification (for the Zariski topology) of the presheaf on Sm/X

U — CHgim, v(SB(A) xx U).
The pushforward
pu« : CHdim, v(SB(A) xx U) = CHgim, v(U) =Z
defines the map
deg : CHo(SB(A)/X) — Z,
where Z is viewed as a constant sheaf on (Sm/X)z,,.

Lemma 5.4.2. The map deg identifies CHo(SB(A)/X) with the locally constant sub-
sheaf Nrd(Z 4) C Z. In other words, there is a canonical isomorphism of subsheaves of
Z

(ZA,Nrd) >~ (CHo(SB(A)/X), deg).

Proof. By Lemma 5.4.1, the result is true at Spec F', F' a field. For Y local, the restriction
map

5%+ CHaim x (SB(A) xx V) — CHo(SB(A ®0,, k(Y)))

(dim X := the Krull dimension) is surjective, from which the result easily follows. d

Remark 5.4.3. It is evident that the transfer structure of Lemma 5.3.1 on Z 4 coincides
with the natural transfer structure on CHo(SB(A)/X).
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5.5. ICO'A for embedded schemes

Let k be a field. We fix a sheaf of Azumaya algebras A on some finite type k-scheme
X; we do not assume that X is regular.

As a technical tool, we extend the definition of the category Immy (Definition 4.4.1)
as follows.

Definition 5.5.1. The category of closed immersions Immy ; has objects (Y, W) with
Y € Sm/k and W C X x; Y a closed subset. A morphism f : (Y, W) — (Y/,W') is a
morphism f:Y — Y’ in Sm/k such that (id x f)™1(W')eq C W.

Let Y be a smooth k-scheme, let i : W — X X1 Y be a reduced closed subscheme of
pure codimension. Letting W,e;, C W be the regular locus, we have the (constant) Zariski
sheaf ICé“ defined on W,e,. We describe how to extend IC()4 to W C X X, Y so that

(Y, W) = Kgi (W € X x,, Y)

defines a presheaf IC({‘ on Immy .

For this, we define Kg' on i : W — X x; Y to be Kg'(Wieg), where j : Wyeq — W is
the regular locus of W. The trick is to define the pullback maps.

We let G (X x;, Y;.A) denote the homotopy fibre of the restriction map

G(X Xk Y,.A) — G(X XkY\W,A)

Lemma 5.5.2. Suppose that X is local, with closed point x. Let i : Y/ — Y be a
closed embedding in Sm®® /k, with Y local having closed point y. Let W C X x Y be
a closed subset such that X x Y/ NW = (z,y) (as a closed subset). If codimx xy W >
codimy xy+(x,y), then the restriction map

GV (X x Y3 A) = GV (X x Y5 A)
is the zero map.

Proof. The proof is a modification of Quillen’s proof of Gersten’s conjecture. Making a
base-change to k(z,y), and noting that G(()x’y)(X x Y; A) = Go((z,y);. A), we may assume
that k(y) = k(x) = k. Since K-theory commutes with direct limits (of rings) we may
replace Y and Y’ with finite type, smooth affine k-schemes, and we are free to shrink to
a smaller neighbourhood of y in Y as needed.

Let W C Y be the closure of py(W). Note that the condition codimxyy W >
codimy xy(z,y) implies that dimj W < dim; Y, hence W is a proper closed subset
of Y. Take a divisor D C Y containing W. Then there is a morphism

m:Y — A"

n = dimg Y — 1, such that 7 is smooth in a neighbourhood of y and 7w : D — A" is finite.
Let
W= (r(W)).
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Choosing 7 general enough, and noting that
codimyxxy W’ = codimxxy W — 1 > codimx wy(x,y) = dimy, X x Y,

we may assume that W/ N X x Y’ is a finite set of closed points, say T. Let S C D be
the finite set of closed points 7=(7(y)) N D.

The inclusion D — Y induces a section s : D — Y Xan D to pg : Y Xpn D — D;
since 7 is smooth at y’, s(D) is contained in the regular locus of Y x4~ D and is hence
a Cartier divisor on Y Xa» D. Noting that p; : Y xan D — Y is finite, there is an open
neighbourhood U of S in ¥ such that s(D) NY xun U is a principal divisor; let ¢ be a
defining equation. Let Dy := DNU.

This gives us the commutative diagram

Y XAn DU $ U
A
Dy

with ¢ finite. Applying X xj; —, this gives us the commutative diagram

XXkYXAnDULXXkU
XXkDU

with ¢ finite.
Thus we have, for M € Mx«, py;4, the exact sequence

0= g M) 2D 4 (" M) = .M — 0

natural in M.
Note that, if M is supported in W, then §.(p* M) is supported in W’. Letting ¢’ : W —
W' be the inclusion, our exact sequence gives us the identity

[(,M] =0 in GY(Y;A),

hence
F([iILM]) =0 in Gy "R (v A).

Let i: (x,y) — T := W N X x; Y’ be the inclusion. We have the commutative diagram

GV (X x Y; A) ——= GIV' (X x Y'; A)

GIV(X x Y A) —— GT(X x Y'; A)
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Since T is a finite set of points containing (x,y),
GE (X x Y5 4) = G (X x Y5 A) @ G 1N (X x Y3 A),

with i, the inclusion of the summand G(()x’y) (X xY’; A), from which the result follows
directly. O

For a closed immersion i : W — X X Y, restricting to the generic points of W and
using the canonical weak equivalence

GW;A) - GV (X xY; A

gives the map
ow G (X x Y; A) = K& W).

Each map of pairs f: (' : W/ = X xY') = (i : W = X x Y) induces a commutative
diagram of inclusions

XXxY'\W — X x Y’

| |

XxY\W—XxY

Noting that id x f : X x Y’ — X x Y is a local complete intersection morphism, we may
apply G(—) to this diagram, giving us the induced map on the homotopy fibres

F GV (X x Y A) = GY (X A).
Thus, we have the diagram

GV (X x V3 A) —1= GV (X x Y"; A)

@Wl lww,

K (W) Kt (W)
In order that f* descend to a map
F* K (W) = Kt (W),
it therefore suffices to prove the following lemma.

Lemma 5.5.3.

(1) Foreachi:W — X x Y, the map pw is surjective.

(2) ow (f*(kerpw)) = 0.
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Proof. The surjectivity of ¢y follows from Quillen’s localization theorem, which first
of all identifies K}V (X x Y;A) with Go(W;.A) and secondly implies that the restriction
map

T Go(W5A) = Go(k(W); A) = Ko(k(W); A)

is surjective.

For (2), we can factor f as a composition of a closed immersion followed by a smooth
morphism. In the second case, f~1(W \ Speck(W)) contains no generic point of W,
hence classes supported in W \ Spec k(W) die when pulled back by f and restricted to
kE(W’). Thus we may assume f is a closed immersion.

Fix a generic point w’ = (z,y) of W’. We may replace X with Spec Ox , and replace
Y with Spec Oy,. Making a base-change, we may assume that k(z,y) is finite over k.
Since X X Y is smooth, it follows that

codimyxy W > codimx xy(x,y).
Let W C W is a closed subset of W containing no generic point of W. Then
codimy xy W > codimx xy (z,v),
hence by Lemma 5.5.2 the restriction map
GV (X x Vi A) = GEY(X x Y'; A)
is the zero map. By Quillen’s localization theorem we have
ker pw = hgngV”(X xY;A)
over such W, which proves the lemma. |

5.6. The cycle complex

Let T be a finite type k-scheme. We let dimg T" denote the Krull dimension of T'; we
sometimes write dr for dimg T'.

We fix as above a finite type k-scheme X and a sheaf of Azumaya algebras A on X.
We let S(}ﬁ) (n) be the set of closed subsets W C X x A™ with

dimy WNX x F<r+dimgF

for all faces FF C A™ (compare with Definition 2.2.1, where we index by codimension
instead of dimension). We order SX (n) by inclusion. If g : A™ — A" is the map
corresponding to a map ¢ : [m] — [ ] in Ord, and W is in SX)( n), then g~ (W) is in
S(T)( m), SO n > S( (n) defines a simplicial set. We let X, (n) C Sg. )( n) denote the set
of irreducible W € S (1) with dimg W =7+ n.

Definition 5.6.1.
Z(X,n; A) @ KO A).

wWeX,(
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Remark 5.6.2. Let W C X x A™ be a closed subset. Then restriction to the generic
points of W gives the isomorphism

KiWcXxAm = @ Ko(kw);A).
weW (0)

Thus, we can identify z,.(X,n;.A) with the quotient:
: A n
h_n;WeS({)(n) Kg(W C X x A™)

. A .
li g KOV C X A)

z (X, A)

Suppose each irreducible W’ € S, (n) is contained in some irreducible W € S{i(n)
with dimg W = r 4+ n; as the map

K (W' € X x A™) = KgH(W € X x A™)
is in this case the zero-map, it follows that

(X, A) = lim (W C X x A")
WES({)(n)
if this condition is satisfied, e.g. for X quasi-projective over k.

Let g : A™ — A™ be the map corresponding to g : [m] — [n] in Ord. By Lemma 5.5.3
and the above remark, we have a well-defined pullback map

idxg*: z.(X,n; A) = 2. (X, m; A),
giving us the simplicial abelian group n +— z.(X,n;.A). We let (z.(X, *; A), d) denote the
associated complex, i.e.

dp =Y (1) (1d x07 )" 2 (X, m5 A) = 20(X,n — 1 A).
1=0

Definition 5.6.3. We define the higher Chow groups of dimension r with coefficients in
A as
CH,(X,n;A) := Hp (2 (X, *; A)).

5.7. Elementary properties
The standard elementary properties of the cycle complexes are also valid with coeffi-
cients in A, if properly interpreted.

Proper pushforward

Let f: X’ — X be a proper morphism. For Y € Sm/k and W C X’ x Y, we have the
pushforward map

fxid, s GV (X' x Y, f*A) — GPYV) (X x v; A)
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commuting with pullback by morphisms id xg, for g : Y’ — Y in Sm/k. Thus, the maps
(f xidan )« induce a map of complexes

Foi2n( X x5 fRA) — 20.(X, % A)
with the evident functoriality.

Flat pullback
Let f: X’ — X be a flat morphism. For Y € Sm/k and W C X x; Y, we have the
pullback map
Fxid®: GV (X x Y, A) = G (X7 v, £ 4)

commuting with the pullback maps id xg* for ¢ : Y/ — Y a map in Sm/k. Since f is
flat, the codimension of W is preserved, hence the pullback maps f x id\» induce a map
of complexes

f* : ZT(X,*,A) — ZT(X/) *; f*A)

functorially in f.

Elementary moving lemmas and the homotopy property

Definition 5.7.1. FixaY € Sm/k and let C be a finite set of locally closed subsets of Y.
Let X x Y,°(n) be the set of irreducible dimension r +n closed subsets W of X x Y x A"
such that W is in X x Y;.(n) and for each C € C

WNXxCxAis in 83 (n).
We have the subcomplex z,.(X X Y, x; F)c of z.(X x Y, *; F), with

Z(XxYmFle= @ Kgtw).

WeXxYC(n)

Exactly the same proof as for [6, Lemma 2.2], using translation by GL,,, gives the
following.

Lemma 5.7.2. Let C be a finite set of locally closed subsets of Y, with Y = A™ or
Y =P~ L. Then the inclusion

2r(X x Y x5 A)e — 2. (X X Y, %; A)
is a quasi-isomorphism.
Similarly, we have the following lemma.

Lemma 5.7.3. The pullback map
Zr(Xa *v-A) — ZT-‘rl(X X Al; A)

is a quasi-isomorphism.
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5.8. Localization

Let j : U — X be an open immersion with closed complement ¢ : Z — X. Let Y be
in Sm/k. If W C X XY is an irreducible closed subset supported in Z X Y, then ¢ x id
induces an isomorphism

i xid, : GY(Z x YV, A) = GY (X x Y; A),
which in turn induces the isomorphism
iyt KC5AW) = KGHW).
Similarly, if the generic point of W lives over U X Y, then we have the surjection
§xid* GV (X x Y;A) = GV (U x Y, A)
inducing an isomorphism
K W) = KW NU xY).
This yields the termwise exact sequence of complexes
0= 20(Z, %, A) 25 2(X, % A) L 2, (U, %, A). (5.1)
The lemma below follows from [31, § 7, Theorem 8.2].
Lemma 5.8.1. The inclusion
75 (2 (X, %, A)) C 2-(U, *, A)
is a quasi-isomorphism.
Therefore, we have the following corollary.

Corollary 5.8.2. The sequence (5.1) determines a canonical distinguished triangle in
D~ (Ab), and we have the long exact localization sequence

o CHA(Z,m; A) 55 CHL (X, ns A) 25 CHL (U, A) = CHA(Zyn — 1 A) — -+

This in turn yields the Mayer—Vietoris distinguished triangle for X = UUV, U,V C X
Zariski open subschemes

2r(X, % A) = 2. (U, A) @ 2. (Vo A) = 2,(UNV, % A) = 2.(X,x—1;4).  (5.2)

5.9. Reduced norm

For X € Schy, A = k, the complex z,.(X, *; k) is just Bloch’s cycle complex z, (X, *).
Indeed, for a field F', we have the canonical identification of Ky(F') with Z by the dimen-
sion function, giving the isomorphism

2 (X, s k) = @ Ko(k(w)) = @ Z=z.(X,n).

weX(T) (’I’L) ’LUEX(T)(’IL)
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In addition, if W C X x A" is an integral closed subscheme of dimension d, i : A"~! — A"
is a codimension one face and if W is not contained in X x i(A"~!), then it follows
directly from Serre’s intersection multiplicity formula that the image of (id xi)*([Ow])
in @MG(XXA%A)M?]) Ko(k(w)) goes to the pullback cycle (id xi)*([W]) under the iso-
morphism

<5 Ko(k(w)) 2 zg_1(X x A1),

we(X XA~ )41

Now take A to be a sheaf of Azumaya algebras on X. The collection of reduced norm
maps
Nrdy,,, : Ko(k(w); A) = Ko(k(w))

defines the homomorphism
Nrdx pa : 2 (X, n; A) = z.(X,n).
Lemma 5.9.1. The maps Nrdx ,.4 define a map of simplicial abelian groups
n > [Nrdx p.a 2. (X, n; A) = 2.(X, n)].

Proof. We note that the maps Nrdx: .4 for X’ — X étale define a map of presheaves
on Xg. Both z.(X,n;A) and z.(X,n) are sheaves for the Zariski topology on X and
Nrdy ,.4 defines a map of sheaves, so we may assume that X is local. If X’ — X is
an étale cover, then z,.(X,n; A) = z.(X',n; A) and z.(X,n) — z.(X’,n) are injective,
so we may replace X with any étale cover. Since A is locally a sheaf of matrix algebras
on X, we may assume that A = M, (Ox). In this case, Nrdx ,. 4 is just the Morita
isomorphism; we thus may extend Nrdx ,,4 to the Morita isomorphism

Nrd" : GV (X x A" A) — GV (X x A™)

for every W e S()f)(n). But the pullback maps ¢* : z.(X,n;A) — z.(X,m;A) and
g z(X,n) = z.(X,m) for g : [m] — [n] in Ord are defined by lifting elements in
2 (X,n; A) (respectively z.(X,n)) to GIV (X x A"; A) (respectively GV (X x A™)) for
some W, applying (id xg¢)* and mapping to z.(X,m;.A) (respectively z.(X,m)). Thus
the maps Nrdx ,.4 define an isomorphism of simplicial abelian groups, completing the
proof. O

Thus we have maps

Nrdx a4 : 20 (X, %54) = 2z.(X, %),
Nrdx,4 : CH,(X,n; A) - CH,(X,n).

The naturality properties of Nrd show that the maps Nrdx, 4 are natural with respect
to flat pullback and proper pushforward (on the level of complexes).
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6. The spectral sequence

We are now ready for the first of our main constructions and results. We begin by
discussing the homotopy coniveau tower associated to the G-theory of a sheaf of Azumaya
algebras A on a scheme X. Our main result (Theorem 6.1.3) is the identification of the
layers in the homotopy coniveau tower with the Eilenberg-Mac Lane spectra associated
to the twisted cycle complex z,(X, *; A). The proof is exactly the same as for standard
K-theory K(X) (see [33,34]), except that at one point we need to use an extension of
some regularity results from K(—) to K(—;.A); this extension is given in Appendix B.

We then turn to the case X = Spec k, where we have the motivic Postnikov tower for
the presheaf K. We show how our computation of the layers in the homotopy coniveau
tower for K4(X) = K(X; A ®; Ox), for each X € Sm/k, lead to a computation of
the layers in the motivic Postnikov tower for K. This completes the proof of our first
main Theorem 1 (see Theorem 6.5.5). We conclude this section with a comparison of the
reduced norm maps in motivic cohomology and K-theory, and some computations of the
Atiyah—Hirzebruch spectral sequence in low degrees.

6.1. The homotopy coniveau filtration
Following [33] we define

Gp(X,nyA) = lim GV (X x A™; A)
WGSé)(n)

giving the simplicial spectrum n — G ;) (X, n; A), with associated total spectrum denoted
G (X, —; A). Note that, for all p > dx, the ‘forget supports’ map

G(p)(X,—;A) — G(X X A*,A)

is an isomorphism.

Remark 6.1.1. In order that n — G, (X, n;A) form a simplicial spectrum, one needs
to make the G-theory with support strictly functorial. This is done by first replacing the
categories M x xan(A) with the full subcategory Mxxan(A)" of A-modules which are
coherent sheaves on X x A™ and are flat with respect to all inclusions X x FF — X x A™,
F C A" a face. Quillen’s resolution theorem shows that

K(Mxxan(A)) = K(Mxxan(A))

is a weak equivalence. One then uses the usual trick of replacing Mxxan(A) with
sequences of objects together with isomorphisms (indexed by the morphisms in Ord) to
make the pullbacks strictly functorial.

A similar construction makes Y — G(X Xy Y, A) strictly functorial on Sm/k; we will
use this modification from now on without further mention.

Since G(X x —;.A) is homotopy invariant, the canonical map

G(X;A) = Ga(X,— A)
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is a weak equivalence. This gives us the homotopy coniveau tower

Setting G (p/p—r) (X, —;A) equal to the homotopy cofibre of G(,_ny(X,—A) —
G(p)(X, —;A), the tower (6.1) yields the spectral sequence

Bpt =m_pq(Ggjq-1)(X, =1 A) = G_p—q(X3 A). (6.2)
Remarks 6.1.2.

(1) Let T be a finite type k-scheme, W C T a closed subscheme with open complement
j:U — T and A a sheaf of Azumaya algebras on T. We have the homotopy fibre
sequence

G (T; A) = G(T; A) — G(U; 5* A).

In addition, the spectra G(T; A) and G(U; j*A) are —1 connected, and the restric-
tion map
j* : Go(T; .A) — G()(U,j*A)

is surjective. Thus G (T'; A) is —1 connected, hence the spectra Gp)(X,n; A) are
—1 connected for all n and p.

(2) Noting that S();) (n) = 0 for p4+n < 0, the —1 connectedness of G,y (X, n;.A) implies
that
TN (Gp) (X, =5 A)) =0

for N < —p, i.e. that G(;,)(X, —;.A) is —p — 1 connected. This in turn implies that
G (p/p—r)(X,—;A) is —p — 1 connected for all 7 > 0, that the natural map

G(X;A) = holim,, G4, /—n)(X; A)
is a weak equivalence and that the spectral sequence (6.2) is strongly convergent.

Our main result in this section is the following theorem.

Theorem 6.1.3. There is a natural isomorphism
T (G (p/p-1) (X, =31 A)) = CH, (X, 15 A).
Corollary 6.1.4. There is a strongly convergent spectral sequence
EPY = CHy(X,—p—q¢A) = G_,_(X; A).
The proof is in three steps: we first define a natural ‘cycle map’
ey : T (G p/p—1) (X, =5 A)) = CH, (X, n; A),

which will define the isomorphism. We then go on to use the localization properties of
G(p/p—1)(X, —;A) and CHy(X, *;A) to reduce to the case X = Spec F', F' a field, and
finally we apply Theorem 3.2.4 to complete the proof.
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6.2. The cycle map

We have already seen in Remark 6.1.2 that the spectra G, (X, n;.A) are all —1 con-
nected. A similar argument shows that the spectra G/, (X,n;.A) are all —1 con-
nected.

Let EM(m0G p/p—1)(X,n;.A)) denote the Eilenberg-Mac Lane spectrum with 79 =
710G (p/p—1)(X,n; A) and all other homotopy groups 0. Since G(,/p—1)(X,n;A) is —1
connected, we have the map of spectra

©n : Gpp—1) (X, 15 A) = EM(m0G /p—1) (X, n; A))

natural in n. Letting EM(70G ,,/p—1) (X, —; A)) denote the total spectrum of the simplicial
spectrum n — EM(moG (,/p—1)(X, n; A)), this gives us the natural map of spectra

px : G(p/p—l)(X> —;A) — EM(ﬂ'oG(p/p,l)(X, —;.A)).
Lemma 6.2.1. There is a natural map
U 1o(Gp/p—1) (X, 15 A)) = 2,(X,n; A),
which is an isomorphism if X = Spec F', F' a field.

Proof. Let W C X x A™ be a closed subset with generic points wy,...,w,. We have
the evident restriction map

Gy (X x A" A) = Go(W3 A) = D Golk(wi); A).

Since Z (W) = @, Go(k(w;); A), we may define
Un 2 mo(Gp/p—1) (X, 13 A)) = 2 (X, ns; A)

by projecting @, Go(k(w;); A) on the factors coming from the generic points of
W e Sé)(n) having dimension n + r over k. By Lemma 5.5.3, 1, is natural in n.

Suppose now that X = SpecF, F a field; making a base-change and replacing p
with p— dimy X, we may assume that F' = k (note that in this case we may assume
p < 0). This implies that X x A™ = A7, It is easy to see that, for each W € S);)( n), the
intersection of —p hypersurfaces of sufﬁmently high degree, containing W, is in S(p)( n)
and has pure dimension p + n. Thus the closed subsets W & S( )( n) of pure dimension
p + n are cofinal in S(p)( n).

Identify z,(X,n;.A) with the direct sum @, Go(k(w); A) as w runs over the generic
points of S()Zi)(n) of dimension exactly n. From the localization sequence, we see that the
map

lim  Go(W; A) = @D Go(k(w); A)

X
WES(D)( n)

is surjective, with kernel the subgroup generated by the image of groups Go(W’; A)
with dim W’ < p+n and W’ C W for some W € S();) (n). The result thus follows from
Lemma 6.2.2 below. O
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Lemma 6.2.2. Suppose that X = Speck. Let W' C A} be a closed subset with W’ €
Sg(q) (n) and codiman~ W' > ¢q. Then the natural map

Go(W/;.A) — llg GU(W,A)
wes® (n)

is the zero-map.

Proof. This is a modification of the proof of Sherman [52] that the Gersten complex
for A" is exact. We may assume that k is infinite. Take a general linear projection

AR =AY — APT!
and let W = 7= (7m(W")). Then
T W o= AP

is finite and W is in Sg?)(n). In addition, 7 makes A™ into a trivial Al-bundle over
A" 1. Thus the canonical section s : W/ — W’ x 4n—1 A" makes W’ X pn-1 A” — W' into
a trivial line bundle over W', hence s(W') C W' X 4n-1 A™ is a principal Cartier divisor.
Letting ¢t be a defining equation, we have the functorial exact sequence

0 = poupt (M) 25 poupt (M) = is(M) =0, M € My (A),

where py : W/ Xgn1 A" — W' py: W Xyn-1 A" — W C A" are the projections and i :
W' — W is the inclusion. Thus

iv : Go(W's A) — Go(W; A)
is the zero-map, completing the proof. ([l
We denote the composition EM(%,,) o ¢, by
cye, (X) : Gy (X, n; A) — EM(2,(X, n; A))
and the map on the associated total spectra by

cye(X) : Gy (X, = A) = EM(2,(X, —; A)).

6.3. Localization

Consider an open subscheme j : U — X with closed complement i : Z — X. We let
Sgﬂ;‘ (n) C S(% (n) denote the set of closed subsets W C U x A™ such that

(1) Wisin Sg)(n),

(2) the closure W of W in X x A" is in S()ﬁ) (n).
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Define the spectrum G,y (Ux,n;.A) by

Gy Ux,n; A) = %n G (U x A™; A)

WeS(¥ (n)

giving us the simplicial spectrum n — G, (Ux,n;.A) and the associated total spectrum
Gy (Ux, —;A). The restriction map

j* G(T)(X,n;.A) — G(T)(U,n;A)

factors through G,y(Ux,n; A), giving us the commutative diagram

G (X, =5 A) SN Gy(Ux,—;A)

T b

G(r) (Uv -3 A)
Lemma 6.3.1. The sequence
G (Z, =" A) £ Gy (X, =5 A) L Gy (Ux, =3 A)
is a homotopy fibre sequence.

Proof. In fact, it follows from Quillen’s localization theorem for G(—;.A) that the
sequence

Gy (Z,m3i* A) =5 G (X,m: A) L5 Gy (U, m3 A)
is a homotopy fibre sequence for each n, whence the result. O
The localization techniques of [31, §7, Theorem 8.2] yield the following result.
Theorem 6.3.2. The map
Y Goy(Ux,—A) = Gy (U, —; A)
is a weak equivalence.
Thus, we have the following corollary.

Corollary 6.3.3. The sequences

G (Z,— A) 5 Gy(X, = A) i Gy(U,— A)
and
G(r/r—s) (Za ) A) l_*> G(r/r—s) (Xv ) A) J_> G(r/r—s)(U7 - A)

are homotopy fibre sequences.
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In addition, we have the following lemma.

Lemma 6.3.4. The diagram

Gijr1y(Z, = A) —> Glrry (X, = A) —2 G pr1y (U, = A)

cycl cycl cyc i
Z

EM(ZT< ’ _;AD T> EM(ZT(Xa _;A)) T> EM(zr(Uv - A))

defines a map of distinguished triangles in SH.
Proof. It is clear the maps cyc,, are functorial with respect to the closed immersion ¢

and the open immersion j, hence the diagram

710G (r)r—1)(Z,n; A) s 710G (rfr—1) (X, 13 A) —2> 100G (/o 1) (Ux, 3 A)

cycnl cycnl Cycni

Zr(Za n; -A) ZT(X,’H,,A) T ZT(UX7n; -’4)

Vs J

commutes for each n. Similarly, the diagram

W(]G(r/r—l) (UX7 n; -A) L‘ TFOG(T’/T‘—l)(U7 n; A)

cyc,, \L cyc,, \L

z-(Ux,n; A) 2 (U,n; A)

commutes for each n. The result follows directly from this. O

Proposition 6.3.5. Suppose that the map
eye(X) : G pr—1)(X, =3 A) = EM(2(X, —; A))

is a weak equivalence for all X of the form X = SpecF, F a finitely generated field
extension of k. Then cyc(X) is a weak equivalence for all X essentially of finite type
over k.

Proof. This follows from Corollary 5.8.2, Corollary 6.3.3, Lemma 6.3.4 and noetherian
induction. (]

6.4. The case of a field

We have reduced the proof of Theorem 6.1.3 to the case X = Speck, where we may
apply the method of [33, §6.4], as explained in §3.2.

Let K4 € Sptgi (k) be the presheaf of spectra X +— K(X;A). We note the following
lemma.
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Lemma 6.4.1.
(1) K# is homotopy invariant and satisfies Nisnevich excision.
(2) KA is connected.
(3) K4 = Qp(KHA).

We have already seen (1); (2) follows from the weak equivalence K(—;.A) — G(—;.A)
on Sm/k; and (3) follows from the projective bundle formula (which in turn is a direct
consequence of localization and homotopy invariance)

QKN (Y) = Bb[K(Y x P, A) =5 K(Y, A)] = K(Y, A).

In particular, for Y in Sm/k and integer ¢ > 0, we have the simplicial abelian group
29(Y, —; K*) and the cycle map (see Definition 3.1.15)

cycpa(Y) : s9(Y, — K4 = EM(29(Y, — K*4)).

Lemma 6.4.2. Let Y be in Sm/k, d = dimy Y. Fix an integer ¢ > 0 and let r = d — q.
There is a weak equivalence of simplicial spectra

ni— @ s1Y,n; K4 — Grr—1y)(Y,n; A)
and an isomorphism of simplicial abelian groups
n sy, 29(Y,n; K4 = 2.(Y,n; A)

such that the diagram of total spectra

s9(Y, —; K4) i Girir—1y (Y, =5 A)

cchA(Y)\L icyc(Y)

EM(Zq(Y7_§KA)) EM(ZT(Ya_a-A))

BN
commutes in SH.
Proof. We have the natural transformation of functors on Sm/k
K(=A) = G(= A).
In particular, for T € Sm/k and W C T a closed subset, we have the map
orw : KV(T; A) — GW(T; A)

defining a natural transformation of presheaves of spectra on Immyj. Applying ¢_ _
to the colimit of spectra with supports forming the definition of s4(Y,n; K**) and
Grjr—1y(Y,n; A) gives o,,. The map 1, is defined similarly, using the maps 7 (7w ).
The compatibility with the cycle maps follows directly from the definitions. O
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Thus, to prove that cyc(Y) : G(/r—1)(Y, —;A) = EM(z,(Y, —;.A)) is an isomorphism
in SH for all r and all Y € Sm/k (in particular, for Y = Spec k), it suffices to show the
following lemma.

Lemma 6.4.3. The object K* € Sptg: (k) is well-connected. The map
cycra(Y) : s1(Y, — K4) = EM(294(Y, —; K*4))
is an isomorphism in SH for all ¢ and all Y € Sm/k.

Proof. By Theorem 3.2.4, the first statement implies the second.
We have already seen that K is connected (Lemma 6.4.1(2)). By Lemma 6.4.1(3)
we need only show that

Wn(K(AZ(Y);-A)) =0

for n # 0.
We have shown in [33, Theorem 6.4.1] that the theory ¥ — K(Y) is well-connected,

in particular, that Wn(K(AZ(y)éA)) =0 for n # 0 and for A = k. Using the results of
Appendix B, especially Proposition B.5, the same argument shows 7, (K (A,’;(Y); A) =0
for n # 0 for arbitrary A. O

This completes the proof of Theorem 6.1.3.

6.5. The slice filtration for an Azumaya algebra

By Proposition 5.3.6, Z 4 is a birational motivic sheaf, hence the cycle complex
29(X, *; Z.4(q)[2q]) is defined.

Proposition 6.5.1. Let A be a central simple algebra over a field k. For X € Sm/k,
there is an isomorphism of complexes

21X, x5 A) T 29X, % Za(q)[24)),
natural with respect to proper pushforward and flat pullback.
Proof. We first define for each n,q > 0 an isomorphism
ox.an 21X, n; A) = 29(X,n;Z4(q)[29])-

Indeed, by definition,
AX,mA) = P Kg(kw).

weX (D (n)

By Remark 4.3.4, we have

A(XnZa@)2a) = P Zalk(w)).

weX (@ (n)

But Z 4 is just IC(f‘ considered as a sheaf with transfers, giving us the desired isomorphism.
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This isomorphism ¢x 4., is clearly compatible with proper pushforward and flat
pullback. It thus suffices to show that the ¢x 4, are compatible with the face maps
X x A" 5 X x A"

Let k — k' be an extension of fields. As the base-change maps

21(X,n; A) = 2%(Xp, n; Ag)[24)),
21(X,n; Za(q)[2q]) — 29 (Xir,n; Za(q)[24))
are injective, it suffices to check in case A is a matrix algebra. By Morita equivalence, it
suffices to check for A = k.
Recall from Proposition 4.4.5 the isomorphism of simplicial abelian groups
n— [pxn 24X, 1 Z(q)[2q]) — 24(X, n)]
and from §5.9 and Lemma 5.9.1 the reduced norm map (of simplicial abelian groups)

n = [Nrdx p.a: 29X, n;A) = 29(X, n)].

In case A = k, the maps Nrdx ,,4 are isomorphisms. It is easy to check that (for A = k)
the diagram of isomorphisms

29(X, n; A) A 29(X,n; Z(q)[2q))
Nm PX,n
29(X,n)

commutes. Since both the Nrdx ,.4 and px , define maps of simplicial abelian groups,
it follows that the ¢ x 4., define maps of simplicial abelian groups as well. O

Remark 6.5.2. We have the reduced norm map Nrd 4 : Z4 — Z (as a map of Nisnevich
sheaves with transfers) inducing a reduced norm map Nrd4(q) : Z.a(q)[2q] — Z(q)[24]
and thus a map of complexes

Nrda(g)x : 2%(X, % Za(q)[2q]) — 2% (X, *; Z(q)[24])-
We have as well the reduced norm map of §5.9:
Nrdx. 4 : 24X, % A) — 29(X, %).
We claim that the diagram

Nrdx;a

(X, % A) 29(X, %)

wx,Al l%x,k

29(X, % Z.4(q)[24q]) 29(X, *; Z(q)[2q])

R ——
Nrd.4(q)x

commutes. Indeed, on z7(X,n; A) = @,, Kg'(k(w)), both compositions are just sums of
the reduced norm maps

Nrd : KO(-Ak(w)) — Ko(/{i(w)) =Z.
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Theorem 6.5.3. Let A be a central simple algebra over a perfect field k, Y € Sm/k.
Then there is an isomorphism

Yp.qa : CHUY, 2 — p; A) — HP(Y,Z(q))

natural with respect to flat pullback and proper pushforward, and compatible with the
respective reduced norm maps.

Proof. This follows from Theorem 4.3.3 and Proposition 6.5.1. O

Corollary 6.5.4. Let A be a central simple algebra over a perfect field k, Y € Sm/k.
Then there is a strongly convergent spectral sequence

EPY =HPUY,ZA(—q)) = K_,—(Y; A).
Proof. By Corollary 6.1.4, we have the strongly convergent Es spectral sequence
EPI=CH UY,-p—qA) = K_,_,(Y; A).
By Theorem 6.5.3 we have the isomorphism
CH (Y, —p —q;A) = H ™Y, Za(—q)),
yielding the result. [

In fact, we have the following theorem.

Theorem 6.5.5. Let A be a central simple algebra over a perfect field k. Then for each
q = 0, there is an isomorphism

sq(K4) 2 EMy1 (Z.a(q)[24)-
Proof. By Proposition 6.5.1, we have an isomorphism of complexes
21X, %, Za(q)[2q)) = 2U(X, % A);
as 29(X, *; A) 2 29(X, ; K*) (Lemma 6.4.3), this gives us an isomorphism of complexes
mx 20X, % KA) = 29(X, %, Z 4(q)[2q]).

Referring to the construction in §3.2 of functorial models 29(K*), 29(Z 4(q)[2q]) for
the complexes 29(X,*,7Z4(q)[2q]), 22(X,*; K*), the isomorphisms 7x give rise to an
isomorphism in Sptg: (k)

7 EM(27(K4)) — EM(2%(Z.a(q)[24))).

By Proposition 5.3.6, Z 4 is a birational motivic sheaf, hence by Proposition 4.3.2,
Z.4(q)[2q] is well-connected. K is well-connected by Lemma 6.4.3. Thus, Corollary 3.2.5
yields isomorphisms (in H Sptg: (k), D(PSan(Sm/k)), respectively)

CyCra 0Py A Sq(KA) — EM(24(KH)),
CYCT s () 24] ©Pa a()(2a] * S0 (Za(9)[29]) — ZU(Z a(q)[24)),
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and therefore we have an isomorphism
sq(K™) = EM 1 (s7'°(Z.a(9)[24)))

in SHsl (k)
Finally, as Z4 is a birational motivic sheaf, it follows from Remark 4.2.3 that
s (Za(q)[2q]) = Z.4(q)[2q], giving us the desired isomorphism

sq(K4) = EMy1(Z.a(q)[24)).

6.6. The reduced norm map

Let A be a central simple algebra over k. We have already mentioned the reduced norm
map
Nrd : Ko(A) = Ko(k)
in §5.2; there are in fact reduced norm maps
Nrd : K, (A) — K, (k)

for n =0,1,2. For n = 0,1, these may be defined with the help of a splitting field L D k
for A and Morita equivalence. Use the composition A C A®y L = M4(L) to define maps
on the K-groups
K,(A) = K,(Ar) 2 K,(My(L)) =2 K, (L).
For n = 0, the map Ky(k) — Ko(L) is an isomorphism; one checks that the resulting
map Ky(A) — Ky(k) is the reduced norm we have already defined. For n = 1, one can
take L to be Galois over k (with group say G) and use that fact that there is a 1-cocycle
{Go} € Z*(G;PGL4(L)) such that A C My(L) is the invariant subalgebra under the G
action
(0,m) = §o - “m - g, "

As det : K1(My(L)) — K1(L) = L* is the isomorphism given by Morita equivalence,
one sees that the image of K;(A) in L* lands in the G-invariants, i.e. in k* = K; (k).

For n = 2, the definition of the reduced norm map (due to Merkurjev—Suslin in the
square-free degree case [38, Theorem 7.3] and to Suslin in general [53, Corollary 5.7]) is
more complicated; however, we do have the following result. Let Spl, be the set of field
extensions L/k that split A.

Proposition 6.6.1. Let L D k be an extension field.
(1) Forn =0,1,2, the diagram

Kn(AL) &) Kn(L)

NmAL/A\L \LNmL/k

commutes. Here Nmy, /4 : K, (AL) — Ky (A) is the map on the K-groups induced
by the restriction of scalars functor, and similarly for Nmyp, /..
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(2) Forn=0,1, the map
> Nmg,u: P Kn(AL) = Ka(4)
LeSply
is surjective. If A has square free index, ) \Nmy, /4 is surjective for n = 2 as well.

For a proof of the last statement, see [38, Theorem 5.2].
Let L D k be a field. Since CH™ (L, n;.A) = 0 for m > n, due to reasons of dimension,
we have the edge homomorphism

pn;a s CH"(L,n; A) — Ky (Ar)

coming from the spectral sequence of Corollary 6.1.4.
Let L/k be a finite field extension. We let

Nmy, ;. : CHY(Y, p; A) — CHY(Y, p; A)
denote the pushforward map for the finite morphism Y;, — Y.

Lemma 6.6.2. Let L/k be a finite field extension, f : Spec L — Spec k the corresponding
morphism. Then the diagram

Pn,L;A

CH"(L,n; A) —= K, (A1)

NmL/kl iNmAL/A

CH"(k,n; A) —— K,,(A)

Pn,k;A

commutes.

Proof. Let w be a closed point of A}, not contained in any face. We have the compo-
sition
Ko(L(w); A) = K (AL; A) = K (A7, 007 A) = Ko(A7,0A7; A) = K, (Ar)

defined as follows. The first isomorphism is obtained via the localization sequence for
K(—; A). We have the canonical map

KY(A},0A7; A) —» KY(AL; A),

which is a weak equivalence since w N 9AYT = (), giving us the second isomorphism. The
map « is ‘forget supports’ and the last isomorphism follows from the homotopy property
of K(—; A). Denote this composition by

Brp.a: Ko(k(w); A) — Kn(Ar).

Since 2"(L,n; A) = @, Ko(k(w); A), where the sum is over all closed points w € A7 \
OAY, the maps 3, 4 induce

ﬁn,L;A : Zn(Lana A) — Kn(AL)a
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we have as well the canonical surjection
Yn,L;A - Zn(L7 n; A) - CH” (La n; A)
It follows easily from the definitions that the diagram

TYn,L; A

2"(L,n; A) —— CH"(L, n; A)
Pn,L;A
K, (Ap)

commutes.
On the other hand, it is also a direct consequence of the definitions that, for x € A}
the image of w under A} — A}, we have

Nmy g oy ;4 = Ynga o Nma, o/a,,
Nmy, s, ©Bn,r;a = Brgsa ©Nma, /a4, .
whence the result. O

Lemma 6.6.3. For all n > 0, the map

ZNmL/k : @ CH"(L,n; A) — CH"(k,n; A)
L

LeSply
is surjective.

Proof. In fact, the map

ZNmL/k: @ 2"(L,n; A) — z"(k,n; A)
L

LESpl,
is surjective. Indeed, let z be a closed point of A} \ OA}. Then

for some division algebra D over k(z). Letting L C D be a maximal subfield of D
containing k(x), L splits D, hence L/k splits A. Since L D k(x), there is a closed point
w € A7\ 0A} lying over z with L(w) = L, i.e. w is an L-point.

Since L is a maximal subfield of D, the degree of L over k(z) is exactly the index of
Nrd(Ko(D)) C Ko(k(z)). Thus the norm map

NmL/k(m) : Ko(AL) — KO(Ak.(I))
is surjective, i.e. Ko(Ag(z)) - is contained in the image of Nmy /(2™ (L,n; A)). As

k‘ n; A @Kg Ak(z)

with the sum over all closed points x € A} \ JA}, this proves the lemma. O
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Recall from §5.9 the reduced norm map
Nrdy, 4 : 29(Y, %; A) — 29(Y, *).
Lemma 6.6.4. Let j : k — L be a finite extension field, Y € Sm/k. Then the diagram

NrdyL JA

2(Yp, = A) —=29(YL, —)

NmL/k\L leL/k

Y, = 4) g2 -)

commutes.

Proof. Take w € Y% (n) and let z € Y@ (n) be the image of w under Y x A" — Y x A
It is easy to check that the diagram

Ko(Agw)) ~s Ko (k(w))

Nm Ay )/ 4k () l lek(ww(m)
KO(Ak(m)) e Ko(k(z))
commutes, from which the lemma follows. ([

Proposition 6.6.5. For n =0,1,2 the diagram

Pn k;A

CH"(k,n; A) —= K, (A)

Nrdl lNrd

CH" (k,n) ———> K, (k)

n,k
commutes.

Proof. Let j: kK — L be a finite extension field of k. We have the diagram

Pn,L;A

CH”(L,H,AL) Kn(AL)
Nmp,
1\IIIIL/;C
Nrd CH"(k,n; A) — 22 K, (A)
Nrd
Nrd ‘/
CH"(L,n) o K, (L) Nrd
m Nm
CH"(k,n) K, (k)

Pn,k
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The left-hand square commutes by Lemma 6.6.4, the right-hand square commutes by
Proposition 6.6.1, and the top and bottom squares commute by Lemma 6.6.2.

Now suppose that L splits A. Then, after using the Morita equivalence, the maps
Nrd are identity maps, hence the back square commutes. Thus for b € CH"(L,n; Ap),
a = Nmp,/,(b) € CH"(k,n; A), we have

Nrd(pn k,4(a)) = pnx(Nrd(a)).

But by Lemma 6.6.3, CH"(k,n; A) is generated by elements a of this form, as L runs
over all splitting fields of A, proving the result. O

6.7. Computations
Theorem 6.7.1 (see also Theorem 6.8.2). Let A be a central simple algebra over k.

(1) For n = 0,1, the edge homomorphism
CH"(k,n; A) 2252, K, (A)
is an isomorphism.

(2) The sequence

0 — CH'(k,3; A) 25 CH2(k, 2; A) 2254 Ko(A) — CH'(k,2; A) = 0
is exact.

Proof. We first note that CH™(k,n; A) = 0 for m > n for dimensional reasons.
In addition z°(k,—; A) is the constant simplicial abelian group n +— Ky(A), hence
CH®(k,n; A) = 0 for n # 0. Ttem (1) follows thus from the spectral sequence of Corol-
lary 6.1.4.

For (2), the same argument gives the exact sequence

0— CH'(k,3; A) 25 CH2(k,2; A) 2254 Ky(A) — CH(k,2; A) — 0.

6.8. Codimension one

We recall the computation of the codimension one higher Chow groups due to Bloch.
Proposition 6.8.1 (Bloch [6, Theorem 6.1]). Let F' be a field. Then

F* forn=1,

CH'(F,n) =
0 forn # 1.
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Note that CH'(F,0) = 0 for dimensional reasons. To show that CH'(F,n) = 0 for
n>1,let D =3, n;D; be a divisor on A%, intersecting each face properly, i.e. containing
no vertex of A% in its support. Suppose that D represents an element [D] € CHl(F \n),
that is, d,(D) = 0. Using the degeneracy maps to add ‘trivial’ components, we may
assume that D - A?_l =0 for all j, where A;-l_l is the face t; = 0.

As A% = A%, the divisor D is the divisor of a rational function f on A'%. Since D
intersects each A}L_l properly, the restriction f; of f to A?_l is a well-defined rational
function on A?_l; as D - A?_l = 0, Div(f;) = 0, so f; is a unit on A?_l, that is,
f; = a; for some a; € k*. Since A?fl N A;”l # () for all j, 1,* all the a; are equal, thus
fij = a € k> for all j. Dividing f by a we may assume that f; =1 for all j.

Now let D be the divisor of g := tf — (1 —t) on A% x AL, where AL := Spec F[t].
As the restriction of g to A7~ x Al is 1, D defines an element [D] € CH' (AL, n) with
i5([D]) = [D], i5([D]) = 0. By the homotopy property, [D] = 0.

We use essentially the same argument plus Wang’s theorem [64] to complete Theo-
rem 6.7.1 as follows.

Theorem 6.8.2. Let A be a central simple algebra over a field F. Suppose A has
square-free index e, with (e,chark) = 1. Then CH'(F,n; A) = 0 for n # 1, and the edge
homomorphism

CH%(k,2; A) 22525 Ky (A)

is an isomorphism.

Proof. We reduce as usual to the case where deg A = p is prime (with (p,chark) = 1).
As above, the case n = 0 is trivially true. We mimic the proof for CH'(F,n) in case
n > 1.

If A= M,(k), then CH'(F,n; A) = CH'(F,n), so there is nothing to prove; we there-
fore assume that A is a degree p division algebra over k. Then A admits a splitting field
k' of degree p over k; since CH'(F ®y k', n; A) = CH' (F @4 k’,n) = 0 for n > 1, a norm
argument shows that CH'(F,n; A) is p-torsion.

We have seen in Lemma 6.2.2 that the argument of Sherman [52, Theorem 2.4] for
the degeneration of the Quillen spectral sequence for K (A%) goes through word for word
to give the degeneration of the Quillen spectral sequence for K (A’%; A). We will use this
fact throughout the remainder of the proof.

Let MY (A%; A) denote the category of A ®; Oan-modules M which are coherent as
Oarp-modules, and such that the support of M has codimension at least one on A% and
contains no vertex of A’%. Take a ‘divisor’ D representing a class [D] € CH'(F,n; A),
that is, represent [D] by an element

_DZ:ZOZj'Dj
J

with each D; an integral codimension one closed subscheme of A, containing no vertex
of A%, aj € Ko(A®p F(Dj)) and extend P, a; to an element D € Ko(MqSl)(Aﬁ;A)).

* This is where we use the hypothesis n > 1.
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As above, we may assume that the restriction D - A;"_l of D to A;’"l is zero for each
j=0,...,n

Let v, denote the set of vertices of A™, Oan ,, the semi-local ring of v, in A™. Since
Ko(A%L; A) = Ko(A) by the homotopy property, the localization sequence

K1(A® Opn,) 5 Ko(MU (A" A)) = Ko(Af; A) = Ko(A® Oan o)
for K (A%; A) gives us an element f € K1(A® Oan 4, ) with
of =D.

Since Oan . is semi-local, we have a surjection

(A® Opnp, ) = Ki(A® Opny,);

we lift f to an element f of (A® Oan )%, and let f; € (A® Opn—1
restriction of f to A?fl. ’
We have the localization sequence

) denote the

JUn—

_ o -
0= Ki(ATHA) = K (A® Opn-t4,,) = Ko(M{P(AT1 A)) —
By the degeneration of the Quillen spectral sequence on A?il, it follows that

KoMM (A~ 4) = . Ko(A @y k(w)),
wE(A}Lil,vn,l)(l)

where (A?_l, vp—1)M is the set of codimension one points of A?_l whose closure con-
tains no vertex. Thus, the fact that D - A;L_l =0 implieb that restriction of f to
e Ki(A® OAn 1, lifts uniquely to Ky (A}~ L A) = K (A).

The degeneracy maps give compatible splittings to the inclusions A;’ L' A" for
j = 1,...,n, so we can modify f and f so that f7 =1¢€ (A®(’)A;_L 1 )* for
j=1,...,n

Now let L := k(AZ™') and consider fo € (Az)*. Asn > 1, Al7L 0 AT £ ¢,
restricting to Agfl N A?fl shows that fy = 1 € K;(Ar). Furthermore, the reduced
norm map

yUn—1

Nrd : Kl(AL) — Kl(L) =L~

is injective [64], and finally, for a € (Ap)*, we have

Nrd(a) aP for a € L*,
rd(a) =
Nmyy/(a) forae A7\ L*.

Now, L( fo) is a subfield of Ay of degree at most p over L. But since A is a division
algebra and L is a pure transcendental extension of k, Ay, is still a division algebra,
and hence either L(fo) = L or L(fo) has degree exactly p over L. In the former case,
1= Nrd(fo) fo, and since fj =1 for j > 0, it follows that fo = 1 as well.
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In case L(fy) has degree exactly p over L, then Nmy 7 )/L(fo) =1. Let M > L(fo)
be the Galois closure of L(fo) over L, let My C M be the unique subfield of index p,
and let 0 € Gal(M/L) be the generator for Gal(M/My). Then NmM/MO(fO) =1, so by
Hilbert’s theorem 90, there is a § € M * with

Looking at the proof of Hilbert’s theorem 90, we see that we may take g in the integral
closure of O n-1 w,_,» with g =1 over all generic points of OA]™ L

By the Skolem— Noether theorem, there is an element a, € AM w1th 9% =ay gag, ie.

fo=a,"'gag9™".

As above, we may take a4 to be a unit in the integral closure of A ® OAn L

Let L := k(A"), and let M > L(f) be the Galois closure of L(f) over I. Lift g to
g€ M (or rather in the integral closure R of Oan yp, in M), with ¢ = 1 over the generic
point of A , for each j > 0. Lift a, similarly to a4. Let d = [Mo : ﬁ] We may replace
[ with

f=Nmy ga, (fag gagg").

Then f restricts to 1 in A® OAS—I v,_, for all j, giving a trivialization of d - [D] in
CH'(F,n). Since d is prime to p, it follows that [D] =0 in CHl(F n; A). O

Remark 6.8.3. We shall give in Corollary 8.1.5 below a second proof of Theorem 6.8.2,
relying on the Merkurjev—Suslin theorem, by proving that H?(k;Z (1)) = 0 for p # 1, if
A has square-free index e over a perfect field k, (e, char k) = 1. Via the isomorphism of
Theorem 6.5.3

CH'(k,n; A) = H*> "(k,ZA(1))

this shows a second time that CHl(k7 n; A) = 0 for n # 1 in the square-free index case.
We do not know if this holds for A of arbitrary index.

6.9. A map from SK;(A) to étale cohomology

In this section, we use the étale version of the spectral sequence in the previous section
to construct homomorphisms from SK;(A) to quotients of H 2 (k, Q/Z(i+1)) fori = 1,2.
In what follows, we invert the exponential characteristic of k throughout, but we do not
write this explicitly, to simplify the notation. We refer to Appendix C, especially § C.4,
for details on the category of étale motives and the change of topology functor.

The motivic Postnikov tower for K4

= fa KA = KA = foKA = KA
induces by the étale sheafification functor a* the étale version

= [far1 KA = [[LLKAS — - = [foKA® = [KA®
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with layers the étale sheafifications s K4 of the layers s,, K of the original tower. Since
s, KA = EMy1(Za(n)[2n]) (Theorem 6.5.5), and Za(n)* = Z(n)*, we have

sSEKA = EMyi (Z(n)®*[2n)]).

Evaluating at Spec k and taking the spectral sequence of this tower gives the étale motivic
Atiyah—Hirzebruch spectral sequence for A, with Bloch—Lichtenbaum numbering:

EP? = HY Uk, Z(—q)) = K%,_(A).

—pP—q

Here is part of the corresponding Es-plane:

—2 -1 0 1 2 3
0 0 HY(k,Z) 0  HZ(kZ)
0 0 Hg,(k,Z(1)) 0 HE(k,Z(1))
Hg(k,2(2))  Hi(k,Z(2))  HE(K,Z(2)) 0 Hg(k,Z(2))
Hy,(k,Z(3))  Hg(k,Z(3))  HE(k,Z(3)) 0  HZ(k,Z(3))
HE (k,2(4))  HE(k,Z(4))  Hg(k,Z(4)) 0 HE(k,Z(4)) HE(k,Z(4))

For ¢« = 1,2, the composition
Ki(A) — K{*(A) = Hi (k. Z(i) = Ki(k)

coincides with the reduced norm, where € is the edge homomorphism of the spectral
sequence and the isomorphism follows from the Beilinson—Lichtenbaum conjecture in
weight ¢ (that is, Kummer theory for ¢ = 1 and the Merkurjev—Suslin theorem for i = 2).
Hence we get an induced map

SKL(A) — coker(KM (k) ~ H2 (k. Z(2)) 25 HE,(k, Z(3))).

Note that the map H (k, Q/Z(3)) — HZ,(k,Z(3)) is an isomorphism, independent of
the Beilinson—Lichtenbaum conjecture. The spectral sequence shows that there is a map
from the kernel of this homomorphism to a quotient of H}, (k,Z(4)) ~ HS,(k,Q/Z(4)).

For SK5(A), we get a priori a map to the quotient of

coker(K2 (k) ~ H3,(k, 7:(3)) 25 HS,(k, 7(a)))

by the image of a d3 differential starting from HZ, (k,Z(2)) ~ K3(k)ina. If k contains a
separably closed field, this group is divisible, hence its image by the torsion differential
ds is 0. Note that we also have an isomorphism

HE (k, Q/Z(4)) = H (k, Z(4)).

Here, the isomorphism K2/(k) ~ H3 (k,Z(3)) follows from the Beilinson-Lichtenbaum
conjecture in weight 3; if one does not want to assume it, one gets a slightly more obscure
quotient.
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To compute df', we use the fact that this spectral sequence is a module on the cor-
responding spectral sequence for K¢ I [47]. The latter is multiplicative [47] and ds is
obviously 0 on Ko(F) and K;(F), hence on all KM (F). For d3', we then have

d?(ﬂ?) =T dQA(l)v T e Egiz,Eg’iBa

where d4'(1) is the image of 1 € Ko(F) in Br(F).

When we pass to the function field K of the Severi-Brauer variety of A, A gets split
so d§(1)x = 0. By Amitsur’s theorem, d4'(1) is a multiple 6[A] of [A].

In fact, we have 6 = 1. The computation is very similar to our computation of a related
boundary map for the motive of a Severi-Brauer variety (see Proposition 8.2.1) so we
will be a little sketchy in our discussion here.

Proposition 6.9.1. dj'(1) = [A].

Proof. We begin by noting that by naturality, it suffices to restrict the presheaf ¥ +—
K(Y; A) to the small étale site over k. Fix a Galois splitting field L over k of A with
group G. As the field extensions of L are cofinal in kg, it suffices to consider the functor

F s K(F; A)

on finite extensions F' of k containing L; denote this subcategory of k¢ by ket (L).
For such an F', Ap is isomorphic to a matrix algebra, say Ap = M, (F), so by Morita
equivalence, K (F; A) is weakly equivalent to K (F'). Similarly, Z4 = Z on ke (L). Since

HP(F,Z(n)) =0
for p > n, and since Z(1) = G,,[—1], it follows from our identification of the slices
(Theorem 6.5.5)
sn K 22 EMu1 (Za(n)[2n)),

that the cofibre fO/QKA of fo K4 — fo K4 is the same as the presheaf of cofibres of K4
by its 1-connected cover

<1 K4 = cofib[rso K4 — KA.

Thus, to compute d4'(1), we just need to apply the usual machinery of G-cohomology to
the fibre sequence
YEM(KP) — r<1 K4 — EM(K3)

(see the proof of Proposition 8.2.1 below for more details).

Let us choose a cocycle o0 — g, € PGL,(L) representing the class of A in
HY(G,PGL,(L)). Thus, if g, € GL,(L) is a lifting of g,, we have the action of G
on M, (L)

— o -1
po(m) i=go - m-g,",

where “m is the usual action of G by conjugation of the matrix coefficients. A is isomor-
phic to the G-invariant k-subalgebra of M,,(L). Also, the coboundary in HZ (k,G,,) of
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the class of A in H'(k, PGL,,) is represented by the 2-cocycle {c, ,} € Z?(G, L*) defined
by
Cro* idpn =gr - 795 g;o—l-

The ring homomorphism ¢, : M, (L) — M, (L) induces an exact functor
Pox - MOdM"(L) — MOd]\/[n(L)

sending projectives to projectives, hence a natural map ¢,, : K(L; A) — K(L; A) and
thereby a map ¢, : 7<1 K(L; A) — 7<1K(L; A). To compute d4' (1), we apply the follow-
ing procedure: lift 1 € Ky(L; A) to a representing M,,(L)-module F. For each o € G,
choose an isomorphism ¢, : @,«(F) — F, which gives us a path 7, in the 0-space of
K(L; A). The path

Y7 0) = r 7. Vo] - Voo

is a loop in K(L; A), giving an element ¢, . € K;(L;A) = L*. This gives us a cocycle
{c\. .} € Z*(G; L*), which represents d3'(1) € H (k,Z(1)) = HZ (k,G,,,).

To make the computation concrete, let F' be a left M, (L)-module. Then the isomor-
phism of abelian groups F' — M, (L) @z, (1) F sending v to 1 ® v identifies pq.(F) with
the M,,(L)-module with underlying abelian group F', and with multiplication

-1
m-ov:=7 [g5 mgs]-v.
Under this identification, ¢, acts by the identity on morphisms.
Take F' = L™ with the standard M, (L)-module structure. One sees immediately that
sending v to g, - “v gives an M, (L)-module isomorphism %, : ¢,, (F') — F. The loop
y(,0) is thus represented by the automorphism ¢, o ¢ . () 0 Pt

TO *

P 0 Pra() © V71 (V) = U7 0 0ou (16) (T [g7 10)])
=0 (9 - T lgrd )
= (97 : Tga 'gr_al)(v)'

Since the Morita equivalence Mod;, 1,y — Mody sends multiplication by ¢ € L on F'
to multiplication by ¢ on L, we have the explicit representation of d4'(1) by the cocycle
{¢r,0}, completing the computation. O

7. The motivic Postnikov tower for a Severi—Brauer variety

Results of Huber and Kahn [22] give a computation of the sheaf H? of the delooped
slices of M(X) for X any smooth projective variety and show that H™ vanishes for
n > 0. For the motive of a Severi-Brauer variety X = SB(A), we are able to show (in
case A has prime degree £ over k) that the negative cohomology vanishes as well. We do
this by comparing with the slices of the K-theory of X and using Adams operations to
split the appropriate spectral sequence, proving our second main result Theorem 2 (see
Theorem 7.4.2).
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7.1. The motivic Postnikov tower for a smooth variety

Take X € Sm/k, n > 0 an integer. We recall that the sheaf zequi (X, n) € Shi(k) has
sections zequi(X,n)(Y) over Y € Sm/k the free abelian group on integral subschemes
W CY X3 X such that W — Y is dominant and equidimensional of relative dimension
n over a component of Y.

Lemma 7.1.1. Let X be a smooth projective variety, M(X) € DM (k) the motive
of X.

(1) frotM(X) =0 for n > dimg X.
2) For 0 < n < dimyg X, 27 f™°t X is represented by C5" (zequi(X,n)).
TI/n q

Proof. (1) Since the collection of objects {M(Z)[p] | Z € Sm/k,p € Z} are dense in
DM (k), it suffices to show that

Hom p pest ) (M (Z) (n)[p], M(X)) = 0
for all Z, p and all n > dimy X. Since RCS" o K*(Z¥) : DMgg(k) — DM% (k) is fully
faithful (see Remark C.6.3), it suffices to show the same vanishing for the morphisms in
DM (k); since DMER (k) — D Mgy, (k) is fully faithful, it suffices to show the vanishing

for the morphisms in D Mgy, (k).
As X is smooth and projective, we have

Homp s, k) (M (Z)(n)[p], M (X)) = Hompy,,, k) (M(Z x X),Z(d —n)[2d — p]),
where d = dim; X. But
Hompar,,, ) (M(Z x X),Z(d — n)[2d — p]) = H**"?(Z x X,Z(d — n)),

which is zero for d — n < 0.

For (2), it follows from (2.4) that
Q3 FOM(X) = f2pM(X) = 2pM(X).
By [58, Theorem 4.2.2], the inclusion
ZE(X)(Y X P") = 2equi (X, 0)(Y X P™) C zequi(X x P™,n)(Y)
induces a natural isomorphism
Hotm ety (MY x P™), M(X)[m]) 2 H™ (€5 (z0qui( X x P",n))(Y)).
One checks that the projection

HOmDMiff(k)(M(Y x P*), M(X)[m]) — HomDMiff(k)(M(Y)(n) [2n], M (X)[m])
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corresponding to the summand M (Y')(n)[2n] C M (Y x P™) corresponds to the map
Zequi(X X P, n) = zequi(X,n)
induced by the projection X x P™ — X. This gives us the isomorphism

QEM(X) = RHom(Z(n)[2n], M (X)) = C3* (2equi(X, n)).

For later use, we make the following explicit computation.

Lemma 7.1.2. Let Y be in Sm/k. Let X be smooth, irreducible and projective of
dimension d over k. The canonical map f¥°*M(X) — fP°fM(X) induces the map (in
D(AD))

[ FFMXONY) = [0277 fRTM(XO)(Y).

Then « is isomorphic to the map on Bloch’s cycle complexes
ph 2N (Y %) = 2N (X x Y, %)
induced by the projection py : X xY =Y.
Proof. By (2.4), we have
QN M(X) = 0 M(X) = (2 R MX)).
By Lemma 7.1.1 (2), we have
Q7 R M(X) = O (zequi(X, d — 1)),

hence
Q%ilfénOtM(X) = f{nOtCEUS(zequi(Xad - 1))

and the map Q&1 fo N (X)) — Q471 fmot M (X)) is just the canonical map
O (X, d = 1)) = O (zequi( X, d — 1)),
Applying Proposition 2.2.3, we have isomorphisms in D(Ab)
FI O (2equi (X, d = 1)(Y) 2 fron(Y, 5 C2" (2equi(X, d — 1)),
and the canonical map
FOU S (i (X, d — 1)(Y) = O (s X, d — 1))(V)
is isomorphic to

mot (Y, *; Csus(zeqm(X d—1))) —= mot (Y, %; Csus(zequl(x d—1)))

C8% (zoqui(X,d — 1))(Y x A¥)
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Next, for any T € Sm/k, the inclusion
OS5 (zequi (X, d — 1))(T) C 2M(T x X, %)

is a quasi-isomorphism [60]. Thus, if W C T is a closed subset, we have the quasi-iso-
morphism

C5™ oqui(X,d = 1)) (T) = cone(s! (T x X, %) = 2 (T'x X\ W x X, #))[~1].

Now suppose that W has pure codimension 1. By Bloch’s localization theorem, we have
the quasi-isomorphism

22(W, %) — cone(21 (T x X, %) = 21T x X \ W x X, %))[-1];

22W) = 22(W,0) — 2°(W, %) is also a quasi-isomorphism. If codimx W > 1, a simi-
lar computation shows that C$"(zequi(X,d — 1))W(T) is acyclic. Applying this to the
computation of fL (Y, *; C5"(2equi(X,d — 1))), we have the isomorphism in D(Ab)

P Zl(Y7 *) — frllot(}/’ *; OEHS(ZGQUJ(X’ d - 1)))
Furthermore, the composition
1 ® rl . (¥Sus 1 1
z (K *) - fmot(Y7 *; C* (zeqUi(X7d - 1))) - fmot(K * 2 (X X —, *))

is the map
WCYXxA" s X xWx A Cc X xY x A" x A,

It is then easy to see that the composition

Zl(Ya *) 5ty (Y, *?CEHS(Zequi(X7d -1))) — fr(x)lot(ya *§C§us(zequi(Xad - 1))

mot

combined with the isomorphism in D(Ab)

Finor (Vs 55 C2" (Zequi( X, d = 1)) & O (zequi(X, d = 1))(Y) = 21 (X x Y, %)

mot

is just the pullback
ph 2N (Y, %) — 2N (X x Y, %).

O

Let X be in Sm/k. For a presheaf of spectra E on Sm/k, we have the associated
presheaf Hom(X, E), defined by

Hom(X,E)(Y):= E(X xY).
Applying Hom(X, —) to a fibrant model defines the functor

RHom(X,—) : SHgi (k) — SHg1 (k).
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We use the notation Hom™°" and R Hom™" for the analogous operations on C(PST(k))
and on DM*®® (k). We note that

RHom(X, —) = Homsy , (k) (X5 hx, —)
and, similarly,

RHom™" (X, —) = Homp e 1y (M (X)), —).

The operation R Hom(X, —) does not in general commute with the truncation functors
fn. However, we do have the following lemma.

Lemma 7.1.3. Take m > dimy X. Then for all E € SHs1(k),
soR Hom(X, f E) = 0.

Proof. Let F be a presheaf of spectra on Sm/k which is A'-homotopy invariant and
satisfies Nisnevich excision. By Remark 2.2.6, we have a natural isomorphism in SH

(50F)(X) = F(Afy)).

Similarly, for F homotopy invariant and satisfying Nisnevich excision, the spectrum
Hom (X, [ E)(Y) := fmE(X xY) is weakly equivalent to the simplicial spectrum g
fmE(X x Y)(q) with

fmBE(X xY)(@) = lig EV(X xY x A?).
wes{y (q)

The moving lemma [32, Theorem 2.6.2] gives us the natural weak equivalence

fmBE(X x AP

E(Y) x A7),

)(q) = hﬂ EV (X x Ai(y)
WES;MX)Aﬁ(m (@eip

where C(p) is the set X x F, with F' a face of AZ(Y).
Thus sg Hom(X, f,,E)(Y) is weakly equivalent to the total spectrum of the bi-simpli-
cial spectrum

(P, q) = so Hom (X, fm E)(Y)(p, q) = lim EW(X x A} ) x A9).

(m)
WGSXXApk<Y) (Dem)

We denote the total spectrum by so Hom(X, fn E)(Y)(—, —).
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Let so Hom(X, f, E)(Y)(—, q) be the total spectrum of the simplicial spectrum
p = so Hom (X, frn E)(Y)(p, q).
By [33, Claim, Lemma 5.2.1], the face maps
57+ 59 Hom(X, fuB)(Y)(,q) — s0 Hom(X, fruB)(Y)(~,q — 1)
are weak equivalences for all : = 0,...,q, ¢ > 1, and therefore the canonical map
so Hom(X, fm E)(Y)(—,0) = so Hom(X, fn E)(Y)(—,—)

is a weak equivalence.
Take

(m)
W e SanAiw) (O)c(p),

so W is a closed subset of X x AZ(Y) of codimension greater than or equal to m >
dimg X, and W N X x F has codimension greater than or equal to m on X x F for all
faces F' of Ai(y). In particular, for each vertex v of Az(y),

codimyx, WNX x v >dimg X.

Thus WNX xv = 0. Since X is proper, the projection of W, po(W) C Ai(y)v is a closed
subset disjoint from all vertices v. Since Ai(y) is semi-local with closed points the set of
vertices, this implies that po(W) = (. Thus, W = 0, that is,

(m)
SXxA',;m (0)cp) = {0},

and therefore soHom (X, fnE)(Y)(—,0) ~ 0. The description we have given of
so Hom(X, f,, E)(Y) as a simplicial spectrum thus yields

so Hom(X, fm E)(Y) ~ 0
for all Y € Sm/k, completing the proof. O

Thus, for X € Sm/k, smooth and projective of dimension d over k, and for E €
SHsi(k), we have the tower in SH g1 (k)

0= SORHOIH(X, fd+1E) - SORHOHl(Xa f(iE) —
— spRHom(X, foF) = sRHom(X,E) (7.1)

gotten by applying soRHom(X,—) to the T-Postnikov tower of E. Since the func-
tors so and RHom(X,—) are exact, the mth layer in the tower (7.1) is isomorphic
to soRHom(X, s, E), m = 0,...,dim; X. Evaluating at some Y € Sm/k, we have the
strongly convergent spectral sequence

a

E{b = Tarb(SoRHom(X,s_oE)(Y)) = matb(soRHom(X, E)(Y)). (7.2)
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7.2. The case of K-theory

We take E = K, where K(Y) is the Quillen K-theory spectrum of the smooth k-scheme
Y. By [33, Theorem 6.4.2] we have the natural isomorphism

(smEK)(Y) 2 EM(z™(Y, %)) =2 EMp1(Z(m)[2m])(Y).

In addition, we have natural Adams operations vy, k = 2,3, ... acting on K and on the
T-Postnikov tower of K, with ¢, acting on 7. (s,,K)(Y) by multiplication by ™ for all
Y € Sm/k (see [34, §12, Theorem 12.1]).

Thus we have the following lemma.

Lemma 7.2.1. Suppose X has dimension p — 1 over k for some prime p. Then the
spectral sequence (7.2) degenerates at Ey after localizing at p.

Proof. We have to show that all differentials are killed by some integer prime to p. The
Adams operations act on the spectral sequence and 1 acts by multiplication by &% on
E" ;- Thus the differential dl oyt BTy = BTy, is killed by k% (k™ —1). We have
Eimb:Oifa>pora<O,sodT_a7b:0unle550<a<p—2and1<r<p—a—1.
Thus, if @ > 1, then we need only consider r with 1 < r < p — 2, and we need to find
an integer k > 2 such that k and k" — 1 are prime to p. This is possible since (Z/p)* is
cyclic of order p — 1. If a = 0, we can take k = p. (]

7.3. The Chow sheaf

For a smooth projective variety X, we have the Nisnevich sheaf with transfers CH" (X)
on Sm/k, this being the sheaf associated to the presheaf

Y s CH"(X x Y).

It is shown in [22, Remark 2.3] that CH"(X) is a birational motivic sheaf. We can also
label with the relative dimension, defining

CHp(X) := CHI™EX =7 (X)),
For our next computation, we need the following lemma.

Lemma 7.3.1. Take
F € C(Shy(k)),
which is homotopy invariant and satisfies Nisnevich excision. Suppose in addition that

F is connected. Then the sheaf H}™(s3°' R Hom(X, s™°t F)) is the Nisnevich sheaf asso-
ciated to the presheaf Hy(s{*' R Hom(X, si°*F)) with value at Y € Sm/k given by the
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exactness of
lim  Ho(F"\W(X x Y x AT\ W)
wes{ Y (1)
WES;";Y(l) o
S dim Hy(FMW(X < Y\ W)
w’es{ Y (0)
WESE{niy(O)
— Ho(sgth Hom(X, s F))(Y)
— 0.

Proof. From Proposition 2.2.3, R Hom(X, s F)(Y) = (sP°'F)(X x Y) is isomorphic
in D(AD) to s (X x Y, —;F), the total complex of the simplicial complex

mot
m st (X xY,m; F) = lim FYWX Y AT\ W),
WESL)y (m)

W'eS{ (m)

By Lemma 3.1.3, the spectra s (X x Y, m;F) are all —1-connected. Thus we have the

mot
exact sequence

Ho(s"(X x Y, 1; F)) 2255 Ho(s7 (X X Y, 0; F)) = Ho(s"0o (X X Y, —; F)).

mot

In any case RHom(X,s™°tF) is in DM*#(k), hence the homology presheaf
Y e Ho(R Hom(X, $2°F)(Y)) = Ho(s™(X x Y, —; F))

is a homotopy invariant presheaf with transfers. Thus, by [17, III, Corollary 4.18], if Y’
is local, the restriction map

Ho(STrLHOt(X X Y,—;J:)) — HQ(SZlOt(Xk(y)7—;.7:)) (73)

is injective. In addition, R Hom(X, sP°'F) is connected. Indeed, s°*F is connected
by Proposition 3.1.4, and this implies that RHom(X, s®°'F) is connected. Thus the
restriction map (7.3) is also surjective, hence an isomorphism.

By Theorem 4.2.1, si*°* R Hom(X, s™°'F) is also birational, and is connected by Propo-
sition 3.1.4, hence the same argument shows that

Ho(s§°" R Hom(X, sT F)(Y)) — Ho(sg°" R Hom(X, s F) (k(Y)))

is an isomorphism.

We now return to the situation ¥ € Sm/k. As in the proof of Lemma 7.1.3,
sPO'RHom (X, st F)(Y) is given by evaluating RHom(X, s™°'F) on AZ(Y). Since
RHom(X, s F) is connected by Proposition 3.1.4, it follows that we have the exact
sequence

k.
io—11%

Ho(RHom(X, s F)) (AL yy) =—— Ho(RHom(X, sy F)) (AR y)

— Hy(s§°" R Hom(X, s F)(Y)) — 0.
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But since R Hom(X, s F) is connected, the restriction map
Ho(RHom(X, s F)(Akyy)) — Ho(RHom(X, sy F) (AL )
is surjective, which shows that
Ho(RHom(X, sPF)(k(Y))) = Ho(s§*" R Hom(X, s F)(Y)).

Since the restriction map (7.3) is an isomorphism for Y local, it follows that the canonical
map

Ho(RHom(X, s™ F)(Y)) — Ho(s™' R Hom(X, s™'F)(Y))

is an isomorphism for Y local.
Putting this together with our description above of Ho(R Hom(X, s™°*F)(Y)) proves
the result. O

Lemma 7.3.2. Let X be a smooth projective variety of dimension d. There is a natural
isomorphism
HYS(sB°' R Hom (X, Z(n)[2n])) = CH™(X).

Proof. Since Z is a birational motive, we have (Remark 4.2.3)
Z(n)[2n] 22 s (Z(n)[2n]).

We can now use Lemma 7.3.1 to compute H)®(s1°* R Hom (X, sm°%(Z(n)[2n]))).
By Lemma 4.4.4, for W C Y a closed subvariety of codimension n, ¥ € Sm/k, there
is a natural isomorphism

Ho((Z(n)[2n))" (T)) = H? (Y, Z(n)) =% 2 (Y).

From this, it follows from Lemma 7.3.1 that H)(s5°* R Hom(X, s™°Y(Z(n)[2n]))) is just
the sheafification of

Y s CH™(X x Y),
ie.

HYS (53" R Hom (X, s™°%(Z(n)[2n]))) = CH™(X).

7.4. The slices of M(X)

To prove our main theorem on the slices of the motive of a Severi—Brauer variety, we
use duality to shift the computation of the nth slice to a Oth slice of a related motive.
Oth slices are easier to handle, because their cohomology sheaves are birational sheaves.

Lemma 7.4.1. Let X be smooth and projective of dimension d over k. Then for 0 <
n < d there is a natural isomorphism

s M(X) 22 55" (R Hom (X, Z(d — n)))(n)[2d].
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Proof. By [22],

FEOUM(X) = Hom ppgen g (Z(n), M(X)) (1)
— Hompges () (Z(D)2d], M(X) (d - n)[2d]) ()
= HomDMeff(k)(M(X),Z(d n))(n)[2d].

In addition, using the isomorphism (2.4), we have
mOt o HOIHDMcff (Z(l), *) = %OmDMcff (Z(l), *) o f:;nOt. (74)
This plus Voevodsky’s cancellation theorem [62] implies

Frt(F(L) = £ (F)(D).

Indeed
fRN(F (1)) = Homp pren iy (Z(n), F(1))(n)
= Homp pperr () (Z(n — 1), F)(n)
= ol (F)(1).
Thus

SfOtM(X) _ mot fmot( ( ))

( )
= s, (Homp pyers (1) (M (X)), Z(d — n))(n) [2d])
= 507" (Homp st (1) (M (X), Z(d — n)))(n)[2d]
—86“°t(R’HOH1(X Z(d —n)))(n)[2d].

O

Theorem 7.4.2. Let X be a Severi—Brauer variety of dimension p — 1, p a prime,
associated to a central simple algebra A of degree p over k. Then

(1)
SOM(X) 2 CH,o(X) (n)[201]

forn=0,...,p—1, s2'M(X) =0 forn > p.

(2) There is a canonical isomorphism
p—1 p—1
Do) =Bz
n=0 n=0

(3) Forn=0,...,p— 1, we have

Zyg forn=1,...,p—1,

CH"(X) X7 pon =
(X) A® {Z forn =0.
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Proof. We first note that the spectral sequence (7.2) has
pdpt =

for all a, b, . Indeed, if X = PP~!, then the projective bundle formula gives the weak
equivalence

p—1
RHom(PP~ !, fn K) = @D frm—iK

from which the degeneration of the spectral sequence at E; for all Y € Sm/k easily
follows. In general, there is a splitting field L for A of degree p over k, so X = ]P’IE_1
and thus the differentials are all killed by xp. But now by Lemma 7.2.1, it follows that
the spectral sequence (7.2) actually degenerates at Fj.

We recall that s, K = EMy1(Z(n)[2n]) [33, Theorem 6.4.2]. By Quillen’s computation
[48] of the K-theory of Severi-Brauer varieties,

p—1
RHom(X,K) = P K(—; A®").

n=0

Finally, the fact that K(—;.A%") is well-connected (Lemma 6.4.3) implies
0K (=5 A®™)) = EMs (Z_gon ).

Since our spectral sequence degenerates at E', we therefore have the isomorphism

@D 71 s0(R Hom(X, EM 1 (Z(n)[2n]))) = @D 72 EMyi (Z gen ).
n=0 n=0

Also, by Proposition 1.4.4, we have so o EM1 = EMy: o si°t. In addition,

RHom(X,EM: (F)) = EMu: (R Hom(X, F)),
T (EMp1 (F)) = Hyit (F)

for F € DM*® (k). Thus we see that
Nis (59" (R Hom(X,, Z(n)[2n]))) = 0
for m # 0 and

@’HNE ST (R Hom(X, Z(n @Z Aen. (7.5)

In particular, smOt(R Hom(X, Z(n)[2n])) is concentrated in degree 0. Thus, it follows
from Lemma 7.3.2 that

50" (R Hom(X, Z(n)[2n])) = CH"(X)

forn=0,...,p— 1, which together with (7.5) proves (2).
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Together with Lemma 7.4.1, this gives
s M(X) = 55 (R Hom™ " (X, Z(p — 1 — n)))(n)[2p — 2
= CH(X)(n)[2n],

proving (1).

For (3), take a finite Galois splitting field L/k for A with Galois group G. We have
the natural map

7 CH™M(X) — CH™(X)® =27

with kernel and cokernel killed by p. By (2), CH"(X) is torsion-free. Similarly, we have

the inclusion
x . G ~
™ Z_A®n — (Z.A%n) = Z

We thus have compatible inclusions
p—1 p—1
Pen(x) = Pzasn
n=0 n=0

.

p—1 p—1
Per(x)" =P 4o0)¢
n=0 n=0

Clearly, CH(X) = Z. For y € Y € Sm/k the quotient

(@) /(@)

n=0
has order pP~! if A, is not split, and order 1 otherwise. Thus, for n = 1,...,p — 1,
CH"(X), CCH" (XL)S*v = Z has index p if A, is not split and index 1 if A, is split. Thus
we can write

CH” (X) = ZA@n
forn=20,...,p— 1, completing the proof. (]

8. Applications

In this section, we let X be the Severi-Brauer variety SB(A) associated to a central
simple algebra A of prime degree £ over k. We use our computations of the layers for
M(X), together with a duality argument and the Beilinson—Lichtenbaum conjecture, to
study the reduced norm map

Nrd : HP(k,ZA(q)) — HP(k,Z(q))

and prove the first of our main applications: Corollary 1 (see Theorem 8.1.4). Combining
these results with our identification of the low-degree K-theory of A with the twisted
Milnor K-theory of k gives us our main result on the vanishing of SKs(A) for A of
square-free index (Corollary 2; see also Theorem 8.2.2).
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8.1. A spectral sequence for motivic homology

Throughout this section, we invert the exponential characteristic of k. We omit writing
this explicitly, to simplify the notation.
We have the motivic Postnikov tower for M (X)

0= f"M(X) = fEYM(X) = - = fOM(X) — fi*'M(X) = M(X)  (81)
with slices
SPOCM(X) 22 Zgovs1 (D)[26], b=0,...,0—1.

Let o : DM°® (k) — DM°® (k) be the change of topologies functor, with right adjoint
. : DM (k)¢ — DM°® (k) (see § C.4). The functors a* and a, are exact, and applying
a* to the morphism Z 4 (n) — Z(n) gives an isomorphism a*Z4(n) — a*Z(n). Thus, we
have the tower

0=a.a*f*"M(X) = a,a* f[PTM(X) — - -

= @ fPM(X) = a o fiP'M(X) = a.a*M(X) (8.2)

with slices
s M(X) & ™ Z(b)[20], b=0,...,0—1.

Since a, is right adjoint to a*, the unit 7 of the adjunction gives the natural trans-
formation of towers 7 : (8.1) — (8.2). Defining M (X), M(X)™ and Z sev+1(a) by the
distinguished triangles

M(X) = a,a*M(X) - M(X) — M(X)[1],
PR M(X) = e [ M(X) = M(X)™) — fretM(X)[1],
Z pob+1 (a) — a*a*Z(a) — ZA®b+1 (a) — Zpob+1 (a)[l],
we have the tower
0=M(X)P - MX)PD ... 5 M(X)D - M(X)O = M(X) (8.3)

with slices
M(X)P = Z yeue1 (b)[20], b=0,...,p—1.

Note that there are many non-canonical choices leading to these isomorphisms, but
they are not important for the sequel.
This last tower thus gives rise to the strongly convergent spectral sequence

E5 = Homp ppert 1) (Z(a) [b], M(X)(a")[p + q) (8.4)
with

P~ Hom p prer (1) (Z(a)[b], Zge-as1(a’ — q)[p —q]) for 0 < —g < l—1,
0 otherwise.
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Lemma 8.1.1. For U € Sm/k, Homp pzete () (M (U)(r"), Za(7)[q]) = O for
(1) 7" >r and all ¢,
(2) v =7 and ¢ #0,
(3) 1<r—r"<qifU = Speck.

In addition, Hom p yrest (e (M (U)* ('), Z%(r)[q]) = 0 for

(1)*t ¢ >r and q < 2(r — 1),

(2)% ' =7 and q < 0.

Proof. By cancellation (see Theorem C.7.1 and Corollary C.7.2), it suffices to prove (1),
(1)%, (2) and (2)* with 7 = 0, and (3) with r' = 0.

We first prove (1) and (2). For this, Z4 is a homotopy invariant Nisnevich sheaf with
transfers, so

Hom p pert oy (M(U) (1), Zalg — 2']) = ker[Hg, (U x P, Z4) — Hg, (U x P" 71 Z4)).

Zar

We may assume U irreducible. Since Z 4 is a constant sheaf in the Zariski topology and
is homotopy invariant,

0 for q # 0,

HI (UxP",Z4) =
s 4) {ZA(k(U)) for ¢ = 0.

The proof of (1)¢* and (2)® is similar: (2)° follows from the vanishing of H{. (U, Z)
for ¢ < 0. For (1)®, we use the argument for (1), noting that

;o 0 f <0,
HIL(U x P, Z¢) = ord
Z for q=0.
For (3), Theorem 6.5.3 gives us isomorphisms
Hom p pyett () (M (X ), Za(r)[2r + n]) = CH" (X, n; A)

for all n. Taking X = Speck, (3) follows from the fact that z"(Speck; A,n) =0 forn < r
by reason of dimension. (I

For the rest of the paper we use the convention that, for F,G € DM*¥(k), a,b € Z,
Hom p prest () (F (), G(b)[m]) := Homp prets (1) (F(a + N), G (b + N)[m]),

where N is chosen so that a + N > 0 and b+ N > 0; we use a similar convention in
DM (k)¢ . We define motivic cohomology with twisted coefficients F(—gq), ¢ > 0, by

HP(X, F(—q)) := Homp pere () (M (X)(q), F[p))

and similarly for the étale version. By the cancellation theorems (Theorem C.7.1 and
Corollary C.7.2), the convention is well-defined.
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Remark 8.1.2. Define as before Z(n) by the distinguished triangle
Z(n) — a.a*Z(n) — Z(n) — Z(n)[1].

The Bloch—Kato conjecture in weight n may be formulated as the statement that the
cohomology sheaves of Z(n) are zero in degree d < n + 1. We note that the case n = 0,
although not often considered, is in fact true: this comes down to the statement that
H} (Z%) = 0. This in turn follows from the exact sheaf sequence

0— H«(é)t (zZ) — Hgt Q) — Hgt (Q/Z) — Hét(Z) —0

and the surjectivity of H% (Q) — H%,(Q/Z).

Lemma 8.1.3. For n+ 1 > 0, the Beilinson—Lichtenbaum conjecture for weight n + 1
implies that

Hom p ypese (1) (Z(d)[2d], M(X)(n + 1)[m]) =0 for m < n+2
and the sequence
0— H""(X,Z(n+ 1)) — HE(X, 2% + 1)) — HE (k(X), Z(n + 1))
is exact.

Proof. The Beilinson—Lichtenbaum conjecture for weight n+1 > 0 says that the cohom-
ology sheaves of Z(n + 1) are 0 in degree d < n + 2, hence the natural map

H™(X,Z(n+1)) —» HZ(X,Z%(n + 1))
is an isomorphism for m < n 4 2 and there is an exact sequence
0 — H"(X,Z(n + 1) = HEGP (X, 2% (n + 1)) = Hpof (X, HET (Z(n + 1))

since the cohomology sheaves of Z(n -+ 1) vanish in degree d > n + 1. By the Gersten
conjecture for H4t3(Z(n + 1)), the map

He P (Z(n+1)) = HE P (k(X), Z(n + 1))

is injective, which gives the exact sequence in the statement of the lemma.
In terms of morphisms in DM (k) and DM (k)®, this says that the change of
topologies map

Hom p pete () (M (X), Z(n + 1)[m]) — Hom p pgert (e (@™ M (X), o Z(n + 1) [m])

is an isomorphism for m < n + 2 and an injection for m = n + 3.
By Corollary C.7.3, we have natural isomorphisms

HOHlD]\/[off(k) (M(X), Z(n + 1)[m]) = HOHlDMcff(k) (Z(d)[Qd], M(X)(n + 1)[m])
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and

Hom p ppett gyt (" M (X)), ™ Z(n + 1)[m])
= Hom p ppere (yer (" Z(d) [2d], " M (X ) (n + 1)[m)])
= Hom p press (1) (Z(d)[2d], axa™ M (X ) (n + 1) [m]).

Thus, the natural map M (X) — a.a*M(X) induces an isomorphism
Hom p ppert (1) (Z(d)[2d], M (X)(n+1)[m]) — Homp pper ) (Z(d)[2d], oo™ M (X ) (n+1)[m])
for m < n + 2 and an injection for m = n + 3, hence the lemma. O

Theorem 8.1.4. Let A be a central simple algebra over k of prime degree {, with
(¢,chark) = 1. Let n > —1 be an integer, and assume that the Beilinson—Lichtenbaum
conjecture holds in weights w < n + 1, and for the prime ¢.

(1) For m < n, the reduced norm
Nrd : H™(k,Zs(n)) — H™(k,Z(n))
is an isomorphism.
(2) There is an exact sequence

0 — H"(k,Za(n)) 2% H"(k, Z(n)) 2=

HE B3 (ke Z(n + 1)) 5 HEP(k(X), Z(n + 1)),

where X is the Severi-Brauer variety of A, vy is given by extension of scalars, and
O, Is induced by the spectral sequence (8.4).

Proof. For n = —1, H™(k,Za(n)) = H™(k,Z(n)) = 0 for all m by Lemma 8.1.1,
and so the assertion is just that HZ (k,Z) — HZ(k(X),Z) is injective, As HZ (—,Z) =
H} (—,Q/Z), this is the assertion that the base-change map

H,(k,Q/Z) — Hg (k(X),Q/Z)

is injective. As Hj (—,Q/Z) classifies cyclic étale covers and k is algebraically closed in
k(X), the injectivity is clear.

For n > 0, we proceed by induction on n: assume the result for all n’ < n, n’ > —1.
By the Beilinson—Lichtenbaum conjecture in weight n’,

Hom p prer (1) (Z, Z(n')[m]) =0 for m <n'+1, n’ > 0.

Similarly, applying (1) and (2) to the distinguished triangle defining Z 4, our induction
assumption gives

Hom ppses (Z, Za(n')[m]) =0 form <n’, n' > —1. (8.5)
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Finally, by Lemma 8.1.3, the Beilinson-Lichtenbaum conjecture for weight n + 1 gives
Hom p ppesr () (Z(d)[2d], M(X)(n + 1)[m]) =0 for m < n + 2. (8.6)

Now consider our spectral sequence (8.4) witha=d, b=2d—n—2and @’ =n+ 1,
where d = dimp X = ¢ — 1. We have

Hom(Z(d)[2d — n — 2], M(X)(n + 1)[p+ q])
= Hom(Z(d)[2d], M(X)(n+ 1)[n+ 2+ p +q]),

so by (8.6) the spectral sequence converges to 0 for p 4+ ¢ < 0.
The EY? term is

E?? = Hom(Z(d)[2d), Z pe-a+1(n+ 1 — q)[n + 2+ p — q])

for 0 < —¢ < d and 0 otherwise. For 0 < —¢ < d —1 and p + ¢ < 0, we have
n=n+1l-d-—qg<n,
n+2-2d+p—q<n'.

For —q = d, A®~9%! is a matrix algebra, hence Z o —q+1(N) = Z(N). Thus

E? ™% — Hom(Z, Z(n + 1)[n+ 2 — d + p)).
We claim that
EPT=0 for0< —¢<d, —q#d—1, p+g<0. (8.7)

Indeed, if p+ ¢ <0,then p<d,son+2—d+p<n+2. Thus Eg’_d = 0 by Hilbert’s
theorem 90 in weight n + 1. Next, suppose that n +1 —d — ¢ < 0. We have

n+2-2d+p—q¢g<2(n+1—-qg—d,

so E5? = 0 by Lemma 8.1.1 (1)*. Finally, in case n+1—d — ¢ > 0, we use our induction
hypothesis for n’ =n+1—d — ¢ to conclude that E¥? = 0 for 0 < —q < d — 1, finishing
the proof of (8.7).

Thus, in the range 0 < —q < d, p+ ¢ < 0, there is for each p exactly one Ey term that
is possibly non-zero, namely

EP' ! = Hom(Z, Z gwa(n)[n + 1 — d + p));
the dy differential is
ppi=d &y pre2od

Suppose p+q < 0. Since p+2 —d <0, E§+2’_d = 0. Since E;'? =0 for ¢ < —d, there
are no higher differentials coming out of E% 1-d, Similarly, there are no d, differentials
going to EP1=4, Thus EP' ™% = gpl-d — g
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Now take p + ¢ = 0. The abutment of the spectral sequence is still 0 and there is still
only one possibly non-zero Fs term,

B4 — Hom(Z, Za(n)[n)).
The dy differential maps to
B4 — Hom(Z, Z(n + 1)[n + 3)).
Since E? =0 for —q > d, d¢~11=4 = 0 for r > 2, hence
gi-Li-d, pa-l1-d _, pd+l-d

is an injection. Moreover, for r > 2, all d, differentials mapping to E4+1~4 have a source

equal to 0, hence EgH’*d = patl—d,

Let us collect the information obtained so far.
e EF? =0 for p+ q <0, except possibly (p,q) = (d—1,1—d).
o The differential dg_l’l_d induces an exact sequence

0— B84 o AL L Hom(Z(d)[2d], M(X)(n + 1)[n + 3)). (8.8)

Since E®'™% =0 for p < d — 1, we find that the map
Hom(Z,Z g0a(n)[n+ 1 — d + p]) = Hom(Z, axa*Z g0a(n)[n + 1 — d + p))

is an isomorphism for p < d — 1 and an injection for p = d — 1. Since Zy = Z yoc-1, we
have

Hom(Z, Zga(n)[n+1 —d +p]) = H" P74k, Zy(n)),
Hom(Z, . Z gea (n)[n + 1 — d + p)) = HEP~ 4k, Z(n)),

hence the canonical map
ap: H"(k,Za(n)) — H (k,Z(n))
is an isomorphism for m < n and an injection for m = n. Since a4 factors as

H™(k, Za(n)) —> Hy (k, Z(n))

o

H™(k, Z(n))

and o : H™(k,Z(n)) — HZ(k,Z(n)®) is an isomorphism for m < n by the Beilinson—
Lichtenbaum conjecture in weight n, it follows that Nrd is an isomorphism for m < n
and an injection for m = n, proving (1) and the injectivity of Nrd in (2).
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From the distinguished triangles defining Z 4 (n) and Z(n), we have exact sequences

o= H" Y (k,Za(n)) — HE Yk, Z(n)) — B 2174
— H™(k,Zs(n)) = HZ(k,Z(n)) — B0 o H" Yk, Zg(n)) — - --

and

o H' (B, Z(n 4 1)) — HEB (K, Z(n+ 1)) — By 5 H"P4 (B, Z(n + 1)) — - - .

d—2,1—d
Ey

But we have already shown = 0. Also, using Theorem 6.5.3, we have

H" Y (k,Za(n)) = CH"(k,n — 1; A). Thus

HYP (1, Za(n) = HP3(k, Zn + 1)) = HUH4 (0, Z(n + 1)) = 0
for dimensional reasons; additionally, H"(k,Z(n)) = H}(k,Z(n)) by Bloch-Kato in
weight n. Thus we get an exact sequence

0— H"(k,Za(n)) 5" H™(k, Z(n)) — E& 174 50

and an isomorphism
HIP3(k, Z(n + 1)) = B4
Putting this together with (8.8), we get the exact sequence

0— H"(k,Za(n)) 2% H"(k, Z(n)) 22 HX3(k, Z(n + 1))

— Hom(Z(d)[2d), M (X)(n + 1)[n + 3]),

where 0, is the map induced by dg_l’l_d. By comparing the spectral sequence for

Hom(Z(d)[2d], M(X)(n + 1)[*]), Hom(Z(d)[2d], axa™ M (X)(n + 1)[*])
and
Hom(Z(d)[2d), M (X)(n + 1)[x]),

we see that HJ(k,Z(n + 1)) — Hom(Z(d)[2d], M(X)(n + 1)[n + 3]) factors through
the image of

Hom(Z(d)[2d], ™ M(X)(n + 1)[n + 3]) — Hom(Z(d)[2d], M (X)(n + 1)[n + 3]).

By the exact sequence of Lemma 8.1.3 and the duality result Corollary C.7.3, we thus
have the exact sequence

0= H™(k,Za(n)) 2% H™(k, Z(n)) 22 HXV3(k, Z(n + 1)) — HZP3(k(X), Z(n + 1)).

The resulting map
HE P (k, Z(n + 1)) = Hi ™ (k(X), Z(n + 1))

is induced by an edge homomorphism of our spectral sequence, hence equals the extension
of scalars map. This completes the proof. O
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Corollary 8.1.5. Let A be a central simple algebra of square-free index e over k, with
(e,chark) =1. Forn # 1, H"(k,ZA(1)) = 0.

Of course, we have already proved this by a direct argument (Theorem 6.8.2). This
second argument uses our main result on the reduced norm, Theorem 8.1.4, which, in the
weight one case, relies on the Merkurjev—Suslin theorem to prove Beilinson—Lichtenbaum
in weight two (using in turn [18] or [56]).

Proof. We first reduce to the case of A of prime degree £. Write
deg(A) = [ [ t: = d,

where the ¢; are distinct primes. Write A = M, (D) for some division algebra D of
degree d over k, and let F' C D be a maximal subfield. Then F' has degree d over k and
splits D. Let £ = ¢; for some 4, let k(£) D k be the maximal prime to ¢ extension of k and
let F'(€) := Fk(£). Then clearly F(£) has degree £ over k() and splits Ay ); since k()
has no prime to ¢ extensions, F'({) is Galois over k(). Passing from & to the Gal(k(¢)/k)
invariants alters only the prime to £ torsion. Thus we may replace k with k(¢) and assume
that A is split by a degree ¢ Galois extension of k. But then A is Morita equivalent to
an algebra of degree ¢, which achieves the reduction.
It follows from [6, Theorem 6.1] that

0= CH'(k,2 —n) = H"(k,Z(1))

for n # 1. By Theorem 8.1.4 (1), this implies that H"(k,Z4(1)) = 0 for n < 1. Addition-
ally, we have

H"(k,ZA(1)) = CH'(k,2 — n; A)

by Theorem 6.5.3. Since CH'(k,m; A) = 0 for m < 0 and CH"(k,0; A) = 0 for dimen-
sional reasons, the proof is complete. O

Corollary 8.1.6. Let A be a central simple algebra of square-free index e over k, with
(e,char k) = 1. Then the edge homomorphism

Pokia s CH? (K, 2; A) — Ky (A)
is an isomorphism.

Proof. From Corollary 8.1.5, CH' (k,n; A) = 0 for n # 1. From Theorem 6.7.1(2), we
have the exact sequence

0 — CH'(k,3; A) 2 CH2(k, 2; A) 2252 Ky (A) — CH(k,2; A) — 0,

hence the edge-homomorphism ps k.4 : CH?(k,2; A) — Ky (A) is an isomorphism. O
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Finally, here is a global version of Theorem 8.1.4.

Corollary 8.1.7. Let Z 4 denote the cokernel of the reduced norm map Nrd : Z 4 — Z.
Suppose that A has square-free index e, with (e,char k) = 1, and assume the Beilinson—
Lichtenbaum conjecture. Then,

(1) for all n > 0, the complex Z(n) = Za @ Z(n) € DM(k) is concentrated in
degree n;

(2) let F,, = H"(Z(n)). Then the stalk of F,, at a function field K is isomorphic to
Ker(HZ (K, Z(n + 1)) — HEF(K(X), Z(n + 1)),
where X is the Severi-Brauer variety of A;

e for any smooth scheme U we have a Gersten resolution

0= Fi = @ (.7

zeU(0)

=+ D @Fa) 2o B G)eFay) 5

zeU ) rcU(p)

Proof. As in the proof of Corollary 8.1.5, it suffices to handle the case of A of prime
degree over k.

Clearly, Z 4(n) has no cohomology in degrees greater than n; by Voevodsky’s form of
Gersten’s conjecture [57, Corollary 4.19, Theorem 4.27], the vanishing of H(Z(n)) for
i < n reduces to Theorem 8.1.4. The computation of the stalks of H"(Z4(n)) also follows
from Theorem 8.1.4.

For (3), we first show (with the notation of [57, §3.1]) that the Zariski sheaf associated
to the presheaf (F,)_1 is F,,—1. This follows immediately from Voevodsky’s cancellation
theorem [62]: by definition,

(Fn)-1(U) = coker(F, (U x AY) = F,,(U x (A* = {0})))
= coker(H™(U x AY,Zs(n)) — H™(U x (A' — {0}),Z4(n))).

By purity, the localization sequence for U x (A! — {0}) € U x Al, and part (1) of the
corollary, the latter cokernel is isomorphic to

kex(H" (U, Za(n — 1)) = H"" (U, Za(n))) =~ Hyoo (U, Fn),
hence the Zariski sheaf associated to (F,)_1 is the sheaf associated to
U H YU, Za(n — 1)) ~ Fp_1(U).

The statement on the Gersten complex follows from this and [57, Theorem 4.37]. O
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8.2. Computing the boundary map

To finish our study of H"(k,Za(n)), we need to compute the boundary map 9, in
Theorem 8.1.4. As above, we fix a central simple algebra A over k of prime degree ¢, let
d =¢—1 and let X be the Severi-Brauer variety SB(A). We let [A] € HZ (k,G,,) denote
the class of A in the (cohomological) Brauer group of k. As in the previous section, we
invert the exponential characteristic of k.

Concentrating on f*°f M (X) gives us the distinguished triangle

STOUM(X) = FPOEM(X) = S5 (X) = S5O M(X)[1),
which by Theorem 7.4.2 is
Z(d)[2d] — fPUIM(X) — Za(d—1)[2d — 2] — Z(d)[2d + 1].
Applying Q&ifl gives
Z(1)[2] = Q77 R M(X) — Za — Z(1)[3].

Applying the étale sheafification o and noting that Z¢ = Z¢ gives the distinguished
triangle
Z(1)*[2] — a* Q& oM (X) — 2% 2 7(1)%3). (8.9)

Thus 0 : Z¢ — Z(1)%[3] gives us the element
Ba € HE,(k,Z(1)*) = HE (k,G,,).
Proposition 8.2.1. 54 = [A].

Proof. To calculate B4, it suffices to restrict (8.9) to the small étale site on k. By
Lemma 7.1.2, (8.9) on kg is isomorphic (in D(Shgt(k))) to the sheafification of the
sequence of presheaves

L (ML, %) 25 21 (X1, %) — cone(p®) — 21 (L, ¥)[1]). (8.10)

Here, and in the remainder of this proof, we consider the cycle complexes as cohomological
complexes:
(Y, %) = 2H(Y, —n).

We recall that z!(Xy, *) has non-zero cohomology only in degrees 0 and —1, and that
H™' (2N (X1, %)) = (XL, 0x,),
HO(2Y(Xp,*)) = CH (XL).

Similarly, H=*(2!(L, *)) = L* and all other cohomology of z!(L, *) vanishes. Since X is
geometrically irreducible and projective,

p* LX — F(XL,O;(L)
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is an isomorphism, and thus the cone of z!(L, ) LN 2Y(Xp,*) has only cohomology in
degree 0, namely
HO(cone(p*)) = CH'(X}).

Thus the sequence (8.10) is naturally isomorphic (in D(Spc,,, (k))) to the canonical
sequence

L (H ' (N X, #)[1] = m>_128 (X1, %) — H(2Y (X1, %)) — H (X1, %) [2).
(8.11)
We can explicitly calculate a cocycle representing 34 as follows. Take L/k to be a Galois
extension with group G such that Ay is a matrix algebra over L. Then (8.11) gives a
distinguished triangle in the derived category of G-modules, so we have in particular the
connecting homomorphism

o HY(G,H (21 (X1, %)) — H*(G; H (21 (X1, %)) = H*(G; L™).

Also X, = P¢. As HO(2 (X1, %)) = CHY(X}), H°(2' (X[, ¥)) has a canonical G-invariant
generator 1, namely the element corresponding to ¢1 (O(1)). We can apply 9z, to 1, giving
the element 9y, (1) € H?(G; L*) which maps to 4 under the canonical map

H*(G,L*) — HZ (k,G,,).
Since Ay is a matrix algebra over L, A is given by a 1-cocycle
{Go | 0 € G} € Z'(G,PGL,(L))

and X is the form of P? defined by {g,}. This mean that there is an L isomorphism
¥ : X1, — P such that, for each o € G, we have

Jo :=1o a,(/}—I’

under the usual identification Auty,(P4) = PGLg1(L).
Lifting g, to g» € GLg(L) and defining ¢, € L* by

L I —1
Croid = 9: 7959+,

we have the cocycle {c¢,} € Z*(G,L*) representing [A].

For a G-module M, let (C*(G; M), d) denote the standard co-chain complex computing
H*(G; M), i.e. C™(G; M) is a group of n co-chains of G with values in M. We will show
that 91(1) = {c;»} in H*(G,L*) by applying C*(G;—) to the sequence (8.11) and
making an explicit computation of the boundary map.

Fix a hyperplane H C P¢. Then D := ¢*(Hy) € 2! (X1, *)? represents the positive
generator 1 € CH'(X 1) 2 Z. As the class of D in CH'(X) is G-invariant, there is for
each ¢ € G a rational function f, on X such that

Div(f,) = °D — D.



576 B. Kahn and M. Levine

Given 7,0 € G, we thus have
Div(f1 /7 f,) = "D = "D~ (""D—D)+"D—D =0,
so there is a ¢, , € I'(Xp, O, ) = L* with
Cro = I3 F75 Ir-
Using the fact that
’D = ¢*(go(HL)),

one can easily calculate that

/ p—
CT,U =Cro-

Indeed, take a k-linear form Lg so that H is the hyperplane defined by Lo = 0. Let

_ Lpog;*
==,
so Div(F,) = g, (H) — H. Letting f, := ¢*F,, we have
Div(f,) = ¢*(Div(F,)) = 4" (go(H) — H) = °D — D,

F,:

and
LOOTQJIOQTI)
Loogr! '

. Loo gyt ogt (Loogi i\t (Loogs!
Cfr,o’:l/] (1 w T r(/) T
Lo ogr 0 0

¢*<Lo° Tgﬁgﬁ)
Lo o g7a

= CT,O"

Tfo- — w*(
Thus

On the other hand, we can calculate the boundary J(1) by lifting the generator
1 = [D] € CH'(X1)% to the element D € z'(Xp,*)° and taking Cech co-boundaries.
Explicitly, let I, C X, x Al be the closure of graph of f,, after identifying (A!,0,1)
with (P'\{1},0, 00). Define I';, . € z*(L,*)~* similarly as the point of A} corresponding
to cr, € Al(k) C P!(k), and let § denote the boundary in the complex z' (X, *). For
o € G, we have

6~ (I,) = °D — D = d°(D),.

Since H™ (2" (X, %)) = I'(X1, 0%, ) = L™, there is for each 0,7 € G, an element B, , €
Zl()(L7 2) with

pT., . =T,y +T,+5%Byr)

Co,r

= cfl(a b Ty)ro € Ts128 (X, %)L

Thus
IL([D) = {cor} € H*(G, H (' (L, %)) = H*(G, L*).

This completes the computation of dy,(1) and the proof of the proposition. (]
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Theorem 8.2.2. Let A be a central simple algebra over k of square-free index e with
(e,chark) = 1. Let n > 0, and assume that the Beilinson—Lichtenbaum conjecture holds
in weights w < n + 1 at all primes dividing e.

(1) For m < n, the reduced norm
Nrd : H™(k, Za(n)) — H™(k, Z(n))
is an isomorphism.
(2) We have an exact sequence

0— H"(k,Za(n)) 2% H™(k, Z(n)) ~ KM (k)

S 2 Zfe(n + 1)) — HEP2(K(X), Ze(n + 1)).

(3) (n=1) SK1(A) = 0. More precisely, we have an exact sequence

Nrd U[A]

0 — Ki(A) = Ki(k) — Hg(k,Z/e(2)) — Hg (k(X),Z/e(2)).

(4) (n=2) SK3(A) = 0. More precisely, we have an exact sequence

Nrd U[A4]

0 = Ka(A) = Ka(k) —— Hi(k,Z/e(3)) — Hi (k(X), Z/e(3)).

To explain the map U[A] in (2), (3) and (4), we have isomorphisms
Ki(k) =k* = H'(k,Z(1)),
(k) 2= H?(k, Z,(2)),
HE (k,Gp) = HZ (K, Z(1)%).
Thus we have [A] € H3, (k,Z(1)*) and cup product maps

u[A]

H"(k,Z(n)) — HZ (k, Z(n)*) —— Hot3(k, Z(n + 1)),

which obviously land in H2 3 (k, Z(n 4+ 1)®). On the other hand, the exact triangle

€

Zn+1)% S Z(n+ 1) = Z/e(n +1) =
and the Beilinson-Lichtenbaum conjecture in weight n + 1 give an isomorphism
Hi2(k,Z/e(n + 1)) =5 Ho(k,Z(n + 1)%).

Proof. As in the proof of Corollary 8.1.5, it suffices to handle the case of A of prime
degree over k. Thus, (1) follows from Theorem 8.1.4 (1).
For (2), applying o* to the distinguished triangle

Z(1)[2] = Q77 REM(X) = Za — Z(1)[2]
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we have

Z(1)*[2] = o QF L FREM(X) — 7% S Z(1)[3].
It follows from Proposition 8.2.1 that the 0 is given by cup product with [A] €
H3 (k,Z(1)%"). Since the map 9, in Theorem 8.1.4 is just the map induced by 9 after
tensoring with Z(n)®[n], (2) is proven in the form of an exact sequence

0 — H"(k,Za(n)) X% H™(k, Z(n))

A HE S (, Zn + 1)) — HES (R(X), Z(n + 1)),

But the Beilinson—Lichtenbaum conjecture in weight n+1, applied both to k and k(X),
shows that in the commutative diagram

Hy ™2 (k, Zfe(n+ 1)) ——= Hi " (k(X), Z/e(n + 1))

| |
H 2k, Zn + 1)) —— HH (6(X), Z(n + 1))

both horizontal maps have isomorphic kernels, hence the form of (2) appearing in Theo-
rem 8.2.2.
For (3) and (4), we have the isomorphism (Theorem 6.5.3)

Up.g:a s HY (K, Za(q)) — CH(K, 2¢ — p; A)

compatible with the respective reduced norm maps. From Corollary 8.1.6, the edge-
homomorphism ps k. 4 : CH?(k,2; A) — K5(A) is an isomorphism. It follows from Theo-
rem 6.7.1 (1) that the edge homomorphism p; .4 : CH'(k, 1; A) — K;(A) is an isomor-
phism as well. Together with Proposition 6.6.5, this gives us the commutative diagram
forn=1,2:

Vn,n; A Pr,k; A

H™(k, Za(n)) S8 CH™ (k, n; A) 2254 K, (A)

i Nrd \L Nrd l/ Nrd

H"(k, Z(n)) ———> CH"(k,n) K, (k)

[~ Pn,k;k

with all horizontal maps isomorphisms. Thus, in the sequence (1), we may replace
H"(k,Z(n)) with K,(A) and H"(k,Z(n)) with K,(k) for n = 1,2, proving (3)
and (4). a

Remark 8.2.3. Taking n = 0 in Theorem 8.2.2, we have the exact sequence

02 25 2 =5 B (k, o) — HA(R(X), o),
i.e. the kernel of HZ (k,G,,) — HZ (k(X),G,,) is generated by [A]. This relies only on
the Bloch-Kato conjecture in weight 1, i.e. the classical Hilbert theorem 90, and recovers
Amitsur’s result in this special case [1].
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Part III. Appendices

Appendix A. Modules over Azumaya algebras

We collect some basic results for use throughout the paper.
Let R be a commutative ring and A an Azumaya R-algebra.

Lemma A.1. If R is Noetherian, A is left and right Noetherian.

Proof. Indeed, A is a Noetherian R-module, hence a Noetherian A-module (on the left
and on the right). O

Lemma A.2. For an A—A-bimodule M, let
M4 ={m e M | am = ma}.

Then the functor M — M* is exact and sends injective A—A-bimodules to injective
R-modules.

Proof. Let A° = A ®p A°P be the enveloping algebra of A. We may view M as a left
Ac-module. A special A-A-bimodule is A itself, and we clearly have

MA = Hom e (A, M).

Since A is an Azumaya algebra, the map A° — Endg(A) is an isomorphism of
R-algebras; via this isomorphism, Homge(A, M) may be canonically identified with
A* @gndpa) M, where A* = Hompg(A, R). Hence M# is the transform of M under the
Morita functor from Endz(A)-modules to R-modules; since this functor is an equivalence
of categories, it is exact and preserves injectives. O

Proposition A.3. For any two left A-modules M, N and any q > 0, we have
Ext% (M, N) ~ Ext%L (M, N)4.

(Note that Ext%,(M, N) is naturally an A—A-bimodule, which gives a meaning to the
statement.)

Proof. The bifunctor (M, N) — Homa (M, N) is clearly the composition of the two
functors
(M, N) — Homp(M, N)

(from left A-modules to A—A-bimodules) and
Q- Q"

(from A-A-bimodules to R-modules). Note also that, if P is A-projective and I is
A-injective, then Hompg(P,I) is an injective A—A-bimodule. The conclusion therefore
follows from Lemma A.1. O
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Corollary A.4. Let M be a left A-module. Then M is A-projective if and only if it is
R-projective.

Proof. If M is A-projective, it is R-projective since A is a projective R-module. The
converse follows from Proposition A.3. O

Corollary A.5. Suppose R regular of dimension d. Then any finitely generated left
A-module M has a left resolution of length at most d by finitely generated projective
A-modules. In particular, A is regular.

Proof. Since R is regular, it is Noetherian and so is A by Lemma A.1. Proposition A.3
also shows that Ext%™ (M, N) = 0 for any N. The conclusion is now classical [9, VI,
Proposition 2.1; V, Proposition 1.3]. [

Appendix B. Regularity

We prove the main result on the regularity properties of the functor K(—; A) that we
need to compute the layers in the homotopy coniveau tower for G(X;.A) in §6.
Fix a noetherian commutative ring R. We let R-alg denote the category of commu-
tative R-algebras which are localizations of finitely generated commutative R-algebras.
Following Bass [4, XII, § 7, pp. 657-658], for an additive functor F : R-alg — Ab, we
let NF : R-alg — Ab be the functor

NF(A) := ker(F(A[t]) — F(A[t]/(#)));

where A[t] is the polynomial algebra over A. We set N9F := N(NI1F).

For a € A the morphism A[X] — A[X], X — a- X induces a group endomorphism
NF(A) — NF(A). So NF(A) becomes a Z[T]-module. We denote by NF(A)[, the
Z[T, T~ '-module Z[T,T~'| @zp) NF(A). With this notation Vorst proves the following
theorem in [63].

Theorem B.1. Let A € R-alg and let aq,...,a, be elements of A which generate the
unit ideal. Suppose further that the map

NF(R[Tayy .. V) = NE(ATlay )

Qigseees @iy @iy

is an isomorphism, for each set of indexes 1 < i9 < --- < ip < n. Then the canonical
morphism

e: NF(A) - P NF(A,,)
j=1
is injective.
Proof. Compare [63, Theorem 1.2] or [30, Lemma 1.1]. O

This is extended by van der Kallen, in the case of the functor A — K,,(A), to prove
an étale descent result: namely, the following theorem.
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Theorem B.2. Let A be a noetherian commutative ring such that each zero divisor of
A is contained in a minimal prime ideal of A. Let A — B be an étale and faithfully flat
extension of A. Then the Amitsur complex

0— NYK,(A) - NK,(B) - NK,(B®s B) = ---
is exact for each q and n.

In fact, one can abstract van der Kallen’s argument to give conditions on a functor
F: R-alg — Ab as above so that the conclusion of Theorem B.2 holds for the Amitsur
complex for NF'. For this, we recall the big Witt vectors W(A) of a commutative ring
A, with the canonical surjection W(A) — A and the multiplicative Teichmdller lifting
A — W(A) sending a € A to [a] € W(A). We have as well the Witt vectors of length
n, with surjection W(A) — W,,(A4); we let F*W(A) C W(A) be the kernel. If M is a
W (A)-module, we say M is a continuous W (A) module if M is a union of the submodules
M,, killed by F"W (A). Then one has the following theorem.

Theorem B.3. Let F': R-alg — Ab be a functor. Suppose that F satisfies the following
conditions.

(1) Given a € A € R-alg, the natural map F'(A,) — F(A)[q) is an isomorphism.

(2) Sending a € A to the endomorphism [a] : NF(A) — NF(A) extends to a continu-
ous W (A)-module structure on NF(A), natural in A, with the Teichmiiller lifting
[a] € W(A) acting by [a] : NF(A) — NF(A).

(3) F commutes with filtered direct limits.

Let A € R-alg be such that each zero-divisor of A is contained in a minimal prime
ideal of A. Let A — B be an étale and faithfully flat extension of A. Then the Amitsur
complex

0— NF(A) > NF(B) > NF(BQaB) > NF(B®sB®4B)—---

is exact.

The main example of interest for us is the following. Let A be a noetherian central R-
algebra, and let K,,(.A) be the nth K-group of the category of finitely generated projective
(left) A-modules.

Corollary B.4. Let F : R-alg — Ab be the functor
F(A):=NK,(A®Rr A).

Then F satisfies the conditions of Theorem B.3, hence (assuming A satisfies the hypoth-
esis on zero-divisors) if A — B is an étale and faithfully flat extension of A, then the
Amitsur complex

0 NIK,(A®z A) = NK,(A®r B) = NUK,(A®r B®4 B) — -+

is exact.
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Proof. Weibel [65] has shown that N9K,,(A) admits a W(A)-module structure, satis-
fying the conditions (1) and (2) of Theorem B.3. Since K-theory commutes with filtered
direct limits, this proves that the given F' satisfies the conditions of Theorem B.3, whence
the result. O

Now let X be an R-scheme and let A be a sheaf of Azumaya algebras over Ox. We
have the category Px.4 of left A-modules £ which are locally free as Ox-modules. We
let K(X;.A) denote the K-theory spectrum of Px. 4. We extend K (X;.A) to a spectrum
which is (possibly) not (—1)-connected by taking the Bass delooping, and denote this
spectrum by KB(X;A). For f : Y — X an X-scheme, we write K(Y;.A) for K(Y; f*A),
and similarly for K B.

The spectra K B(X;.A) have the following properties.

(1) There is a canonical map K(X;A) —» KB(X;A), identifying K(X;.A) with is the
—1-connected cover of KB(X;A).

(2) There is the natural exact sequence

0 — KB,(X;A) = KB,(X x A'; A) ® KB,(X x A'; A)
— KB,(X x Gy; A) > KBp_1(X;A) = 0

called the fundamental exact sequence.
(3) If X is regular, then K (X;A) — KB(X;.A) is a weak equivalence.

From now on, we will drop the notation K B(X; .A) and write K (X;.A) for the (possibly)
non-connected version.

Proposition B.5. Let X be a noetherian affine R-scheme such that Ox has no nilpotent
elements, and let p : Y — X be an étale cover. Let A be a sheaf of Azumaya algebras
over Ox. For each point y € Y, let Y, := Spec Oy, and let p, : Y, — X be the map
induced by p. Fix an integer ¢ > 1. Suppose there is an M such that, for each smooth
affine k-scheme T, NYK, (T xj Yy, (py o p2)*A) = 0 for each y € Y and each n < M.
Then NYK, (T xj X;A) =0 for each smooth affine T and each n < M.

Proof. Write X = Spec A. Then [[p} : A — B := ][, Oy, is faithfully flat and étale.
Since X is affine, A is the sheaf associated to a central A-algebra A and since A is a
sheaf of Azumaya algebras, each finitely generated projective left A module is finitely
generated and projective as an A-module. Thus NYK,, (X, A) = N9K, (A). Similarly,
N1K,( y,py/l) N?K,,(p;A). By Corollary B.4, N1K,,(A) = 0 for n > 0. The same
argument, with 7" x X replacing X and T' x Y, replacing Y, proves the result for M >
n > 0 and all T. To handle the cases n < 0, use the Bass fundamental sequence and
descending induction starting with n = 0. (]
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Appendix C. Categories of motives

Categories of motives have been defined by Ivorra [23] over a Noetherian separated base
and by Cisinski and Déglise [11] over a regular base. In this appendix, we recall the
construction of the category DM (S), and various adjoint pairs of functors involving
this category. For the construction of adjoint pairs, it is useful to invoke the general
theory of model categories, applied to the various model structures on complexes over a
Grothendieck abelian category discussed in [11]. This theory also gives a tensor struc-
ture and internal Hom functors for DM®¥(S). We will need as well the étale version
DM esz(S)é‘“; for lack of a suitable reference in the literature, we apply the methods
of [11] in the étale setting and use the model structure to give a tensor structure with
internal Hom functors, as well as an adjoint pair for change of topology. We conclude
with the special case S = Speck, k a field, where one can apply Voevodsky’s cancellation
theorem to give a twisted duality result.

C.1. Categories of correspondences

We begin by recalling the construction; for details, we refer the reader to [5,11] and [23,
Chapter 4].

We work at first in a fairly general setting. Let S be a regular scheme. The starting
point is the category SmCor(S), with objects the smooth quasi-projective S-schemes
Sm /S, and morphisms given by the finite correspondences Corg(X,Y), this latter being
the group of cycles on X X gY generated by the integral closed subschemes W C X xgY
such that W — X is finite and surjective over some component of X. Composition is by
the usual formula for composition of correspondences:

W' oW :=pxz«(py W) - py 5 (W')).

Sending f : X — Y to the graph I'y C X xgY defines a functor m : Sm/S — SmCor(.S).

Next, one has the category PST(S) of presheaves with transfer, this being simply the
category of additive presheaves of abelian groups on SmCor(S). Restriction to Sm/S
gives the functor to the category of presheaves on Sm/S

i* : PST(S) — PS(Sm/S);

we let Sh, (S) C PST(S) be the full subcategory with objects P such that i*(P) is a
Nisnevich sheaf on Sm/S. Such a P is a Nisnevich sheaf with transfers on Sm/S. We
have as well the subcategory Sh¥(S) C Shi(S) of étale sheaves with transfer, that is,
presheaves P such that i*P is an étale sheaf on Sm/S.

We record the following facts about the categories Shit;(S) and Shi;(S). For Shit,.(S),
these are proven in [13, §§4.2.4, 4.2.5]; the analogous facts for Shi;(S) follow by exactly
the same arguments.

The inclusion Shi (S) — PST(S) has as left adjoint: the sheafification functor.
PST(S) is a Grothendieck abelian category with kernel and cokernel defined pointwise
and generators the representable presheaves; as usual, Sh{.(S) is a Grothendieck abelian
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category with kernel the presheaf kernel, cokernel the sheafification of the presheaf coker-
nel and generators the representable sheaves. The corresponding statements for ShE;(S)
hold as well.

We write Z% (X) for the presheaf with transfers represented by X € Sm/S; this is in
fact an étale sheaf with transfers. PST(S), Sh¥, (S) and Sh¥(S) are all Grothendieck
abelian categories, with generators Z%(X), X € Sm/S. For F € Shyj;;(S) and n € Z, we
have a natural isomorphism

Hom p sy (s)(Z5 (X), Fn]) = H™(Xnis, Flxnin)-

Similarly, for F € Sh%(S) and n € Z, we have a natural isomorphism
HomD(Shgi(S))(Zg(X),f[n]) >~ H™(Xet, Flxe,)-
The category PST(S) is a tensor category, with tensor operation ®% satisfying
Z5(X) @5 ZM(Y) = Z"(X x5 Y)
for X,Y € Sm/S. Taking as usual the sheaf associated to the presheaf tensor product
gives Shy,.(S) and Sh;(S) the structure of tensor categories. As the functor
— ®Y M : PST(S) — PST(S)
preserves colimits, there is a right adjoint
Hompgt (M, —) : PST(S) — PST(S);

for N a sheaf, Hompg (M, N) is automatically a sheaf, so we have internal Hom functors
Homgpe, (—, —) and Homgper (—, —) in Shi¥.(S) and Shf (S) as well. In other words, the
categories PST(S), Shi,.(S) and Shf;(S) are closed symmetric monoidal categories.

C.2. Model structures

We can now apply the machinery of [11] to define the motivic model structure on the
categories of unbounded complexes C(PST(S)), C(Shg(S)) and C(Sh;(S)). We first
recall the general set-up. Let A be a Grothendieck abelian category. A descent structure
for A is a pair (G, H) of subsets of C'(A) such that, for C € C(A),

Hompg(4)(H,C[n]) =0 forall HEH, n€Z
= Homg(4)(G,C[n]) = Homp4)(G,Cln]) forall G € G, necZ.

If (G,H) is a descent structure for A, then by [11, Theorem 1.7], the following defines a
proper cellular model category C(A)g with underlying category C(A).

(1) Cofibrations. For E € G, let D(E) be the complex E i, E, concentrated in
degrees 0 and 1, and let
v E[-1] = D(E)
be the map given by the identity in degree 1. The cofibrations are generated (by push-
out, transfinite compositions and retracts) by the morphisms tg[n|, E € G, n € Z.
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(2) Weak equivalences. The weak equivalences are the quasi-isomorphisms.

(3) Fibrations. The fibrations are the maps having the having the right lifting property
with respect to acyclic cofibrations.

In particular, the homotopy category HC(A)g is the derived category D(A).

If A is a presheaf category PSap(C), for C an essentially small category, then A is a
Grothendieck abelian category with set of generators the representable presheaves Z(X),
X € C (more correctly, X running through a set of representatives of isomorphism classes
of C). One can take G = {Z(X) | X € C} and H = {0}:

Home(4)(Z(X),Cln]) = H"(C(X)),

hence Hom g (4)(Z(X), C[n]) = Homp)(Z(X), C[n]) for all n, C. We denote the result-
ing model category by C(PSab(C))proj-

In particular, we have the proper cellular model category C(PST(S))proj with homo-
topy category D(PST(S)). For the sheaf categories Shi,,(S) and Shi(S), we also let G
be the set of representable (pre)sheaves. Let Hyis be the set of complexes of the form
Z%(X) — Z%(X), with X — X a Nisnevich hypercover of X € Sm/S. By [11, Exam-
ple 1.5, (G, Hnis) defines a descent structure on Shi (), giving us the proper cellular
model category C(Shyis(S))proj with homotopy category D(Shys(S)). Replacing Nis-
nevich hypercovers with étale hypercovers defines the set Hgi; the same argument as
in [11, Example 1.5], (G, Hnis) shows that (G, He) defines a descent structure on Sh¥; ().
Thus, we have the proper cellular model category C/(Shg; (S ))proj With homotopy category
D(Sh% ().

Returning to the general situation, the fact that C(A)g is a proper cellular model cat-
egory allows one to apply the localization machinery of Hirschhorn [19, Theorem 4.1.1].
Specifically, let T be a set of objects of C(.A), and suppose we have a descent structure
(G,H) for A. By [11, Proposition 3.5], the left Bousfield localization C(A)7 of C(A)g
exists, C(A)r is again proper and cellular, and the homotopy category is the localization
of D(A) with respect to the localizing subcategory T (A) generated by 7. In addition,
the general theory of Bousfield localization tells us that the quotient functor

Q1 : D(A) = D(A)1 := D(A)/T(A)

admits a right adjoint r7, which in turn defines an equivalence of D(A)7 with the full
subcategory D(A)71°¢ of D(A) of T-local objects, that is, objects C' of D(.A) such that

Homp4)(T,C[n]) =0

forall T € T and all n € Z. In particular, D(A)771°¢ is a triangulated subcategory of D(A)
and is equal to the essential image of 7. In addition, letting i1 : D(A)7°¢ — D(A) be
the inclusion, we have the functor

Lr:=rroQr:D(A) — D(.A)T_IOC,

which is left adjoint to ir.



586 B. Kahn and M. Levine
Example C.2.1. Let Tyis be the set of complexes of the form

25 (V) = Z2"(U) e Z"(Y) = Z™(X)
for each elementary Nisnevich square

—_—

S

Y
X
in Sm/S. By an argument analogous to that of [41, Proposition 3.1.16], a complex
C € C(PST(S)) is T-local if and only if

P

Hom g (pst(s)) (H, C[n]) = 0

for all H € Hyis. From this, it follows that D(PST(S))rx,. is equivalent to D(Sh(S)).

We can now define the motivic model structures. Let 751 be the set of complexes of
the form Z" (X x Al) — Z'(X) for X € Sm/S; when we need to explicitly indicate the
ambient category, we write TAl\lﬁs or A@t. We set,

O(PST(S))mot = C(PST(S))TNisUTA17
C(Shf\rris(s))mot = C(Shgis(s))Tgu
C(Shig (S))mot := C(Sh(S))rs -
Definition C.2.2. Define the triangulated category of effective motives over S,

DM(S), by
DM®(8) := D(ShiE, ()" .

The category of effective étale motives over S, DM (S)% s
DM ()% := D(Shi(S))* 1o°.

Since D(PST(S))7,. is equivalent to D(Sh (S)), it follows that the localization
D(PST(S)) misUTa ~loc jg equivalent to DM E(S).
The general theory, as explained above, gives us the left adjoints
Ly : D(Shy(S)) = DMT(S),
LS4 - D(ShE(S)) — DM°T ()%
to the respective inclusions i : DM (S) — D(Sh{i(9)), i : DM () — D(Sh;(9)).
We let
Ms : Sm/S — DM*%(S),
Mg :Sm/S — DM ()%

denote the functors Mg(X) := L1 (Z%(X)), MSH(X) := L, (ZZ(X)).
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C.3. Tensor and internal Hom

We have seen that the categories Shi..(S) and Shf(S) are tensor categories with
internal Homs. The descent structures (G, Hnis) and (G, He,) are weakly flat [11, §2.1],
that is, for each X,Y € Sm/S and each Nisnevich (respectively étale) hypercover X —
X, the complex

2 (V) & (ZE(X) - Z5(X)

is in Hyis (respectively Hey ). Indeed, Y X s X — Y x g X is clearly a Nisnevich (respectively
étale) hypercover of Y x ¢ X and the tensor product is just ZZ (Y xg X) = Z" (Y xg X).
In addition 71 is G-flat, that is

Z§(Y) @™ (Z§(X x A') = L5 (X))
is in Ta1 for each X, Y € Sm/S. Thus, by [11, Corollary 3.14], we have the following
proposition.

Proposition C.3.1. The tensor product on C(Shiy,.(S)), respectively C(Shg;(S)), makes
C(ShE(5)prog and C(Sh% (8))4s, respectively C(ShA(S))peog and C(ShE (S)), sym-
metric monoidal model categories.

The general theory of symmetric monoidal model categories (see [20, Theorem 4.3.2])
yields the following theorem.

Theorem C.3.2.

(1) The categories D(Shi.(S)), D(Sh%(S)), DM®T(S) and DM°T(S)% are triangu-
lated tensor categories with internal Hom functors.

(2) The localization functors D(Shy;(S)) — DM®F(S) and D(Sh,(S)) — DM*F(S)%
are tensor functors.
(3) The adjunction Homppserr (L1 X,Y) = Hompghy, )(X,4Y) induces the isomor-
phism
) HOHIDMeff (LAI X, Y) = 'HomD(Shf\ﬁs) (X, ZY)

Similarly, we have the natural isomorphism
i Homp ppereet (LG X, Y) 22 Hompgper) (X, 1Y),

Remark C.3.3. Take X € Sm/S. Then Z%(X) is cofibrant, hence the internal
Hom Homgsne ) (24 (X),C) represents Hompspe (2§ (X),C) for all fibrant C €
C(Sh{;s(S9)) proj- But Homesny, ) (25 (X), C) is the sheafification of the presheaf

Y — C(X Xs Y),

so we have an explicit description of Hompgne: (Z%(X),C). Similarly, the internal Hom
Hom pshe ) (Z§ (X), C) is the étale sheafification of the same presheaf as above.

Using the adjunction of Theorem C.3.2, we have a similar description of the internal
Homs Hom ppyerr (Ms(X), —) and Hom p ppeecee (MEH(X), —).
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C.4. Change of topology

Let a* : Sh{, (S) — Sh(S) be the sheafification functor, with right adjoint a. :
Shi (S) — Shi,(S) the inclusion. As a* is exact, we have the canonical extension to the
derived categories

o+ D(Shyis(8)) — D(Shg(S));

as o (TN®) = T, a* descends to an exact functor
Qpor + DSHG(S)) 7y — D(SHE(S)) 72

Via the equivalences
DM (S) ~ D(Sh(S))re.  DM(S)™ ~ D(ShE(8)) e
a} o induces the exact functor
oot DMT(S) — DM (S)%,

On the other hand, the sheaf-level functor a* clearly sends Gnis to Ge and as a left-
adjoint, a* preserves colimits. Thus, the extension C(a*): C(Sh{(S)) — C(ShZ(S))
maps cofibrations in C(Shi;s(.S))proj to cofibrations in C(Shg; (S))proj- Noting that

cof-C(Shyis(S))ar = cof-C(Shis (8S)) pro;

and similarly for C(Shg(S)), the fact that a* is exact, respectively that o* descends to
ol o, says C(a*) preserves acyclic cofibrations, for both the projective as well as the
motivic model structures. Thus, we have Quillen adjoint functors

C(a*) : C(Shyis(S))pro; & C(She(S))proj + Cav),

C(a*) : C(Shy;s(S))ar = C(Shg(5))ar : Claw).
The general theory of model categories thus gives us right adjoints

Ra, : D(Shg;(S)) — D(Shyi(9)),
Ramots : DM () — DM (S)

*

to o, af o As al, o, 0 Qnis = Qs 0 @, we have

ot © Lar = Lzé%tl oa’,
ROé* © iét = iNis © Ramot*a
where inis : DMT(S) — D(Sh%..(S)), ig : DM T(S)¢ — D(Sh%(S)) are the respective
inclusions. We sometimes write a,, o™t for Ra,, Ra™°t when the context makes the
meaning clear.
The sheaf-level functor a* is a tensor functor, and thus C'(a*) is a functor of symmetric

monoidal model categories, for both model structures p.; and 41. Thus, the derived
functors o* and o, are tensor functors, and we have the projection formulae

RO[* HomD(Shgi (O[*B7 C) = HomD(Shgis (B7 ROZ*C),
Ramot* HOmDMcff(S)ét (OZ*B7 C) = HOmDMcff(S)) (B, ROLmOt* C)
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Remark C.4.1. As for SHs1(k), we have the evaluation functor for Y € Sm/S,
RI(Y,—): DM®%(S) — D(Ab),  RI'(Y,F):= Fib(y).

We use the notation F(Y) for RI'(Y,F) in case F — FfP is a pointwise quasi-
isomorphism.

C.5. The case of a field

We now specialize to S = Speck, k a perfect field; we drop the subscript Spec k from
the notation for e.g. Z%(X). We let PST(k)[1/p] C PST(k) denote the subcategory of
presheaves of Z[1/p]-modules, and use a similar notation for Shi;.(k), Sh% (k), etc. We
recall the following fundamental result of Voevodsky.

Theorem C.5.1 (Voevodsky [58, Theorem 3.1.12]).

(1) Let F € PST(k) be an A'-homotopy invariant presheaf. Then for every n > 0, the
cohomology presheaf X — HY, (X, Fnis) has a natural structure of a presheaf with
transfers, and is homotopy invariant.

(2) Let F € PST(k)[1/p] be an A'-homotopy invariant presheaf, where p is the
exponential characteristic of k. Then for every n > 0 the cohomology presheaf
X — HZ (X, Fe) has a natural structure of a presheaf with transfers, and is homo-
topy invariant.

(For the homotopy invariance in (2), see [3, Lemma D.1.3]; the existence of transfers
follows by using the same argument as for the Nisnevich topology, as given in the proof
of [57, Theorem 5.3].)

Corollary C.5.2.

(1) DM (k) C D(Shy (k) is the full subcategory of complexes X such that the
cohomology sheaves (for the Nisnevich topology) H%..(X) are A'-homotopy invari-
ant for all n.

(2) DME(Kk)é[1/p] € D(Shg (k))[1/p] is the full subcategory of complexes X such that
the cohomology sheaves (for the étale topology) H% (X ) are A'-homotopy invariant
for all n.

(3) For F € DM (k)Nis[1/p] we have
o (F) € DM (k)*[1/p]

and
oo (F) = a*(F) € DM (k)1 /p].

mot

Proof. We first prove (2); the proof of (1) is similar, but a bit easier. If C is in
DM (k)é[1/p] C D(Shi(k)), then as Homp e (yee(1/, (Z7(X), C) = HE (X, C), the
pullback map

HY, (X, C) — HE (X x A',C)
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is an isomorphism for all X € Sm/k, in other words, the presheaf X — HZ (X, C) is
homotopy invariant. By Theorem C.5.1, the associated étale sheaf HJ,(C) is homotopy
invariant.

Now suppose that H% (C) is homotopy invariant for each n. Take X € Sm/k, and let
p: X x A = X be the projection. Then

HZ (X x Alv C) = Hg (X, Rp*(O|X><A}3t))'
Extending the canonical map p* : C|x,, — Rp.«(C|xx Aét) to a distinguished triangle
C|Xét - Rp*(C|X><Aét) - C — O‘Xét[lL

we need to show that HZ (X, C) = 0 for all n. For this, it suffices to show that C' = 0 in
D(Shg (X)), that is, it suffices to show that HZ (C) = 0 for all n.

Take z € X, let (’);?w be the strict Henselization of Ox , and let X&' = Spec O}g‘z
Letting p, : X&' x Al — X% be the projection, we have the long exact sequence

S HL(O)e B Rp,(C)y — HA(C) = -

so it suffices to show that p} : HZ (C)y — R"p.(C), is an isomorphism for all n. But
this is just the map
pi o HE(XE C) — H(XE x A, C).

x

As X&' is strictly Hensel local, X&' x Al has finite étale cohomological dimension, so we
have the strongly convergent spectral sequence

EPT = HP (X&' x A, HE(C) = HEF(XE x AL, ).
Since the sheaf Y, (C) is homotopy invariant, the cohomology presheaves
Y= Hi (Y, 1 (C)

are homotopy invariant (Theorem C.5.1 (2) again). Since X&' is strictly Hensel local, we
have EV? = 0 except for p = 0, and EY® = HY (C),. Thus HZ (X, 0) = H(XE x
Al C), completing the proof.

For (3), take F € DM*®¥(k)[1/p]. As the presheaf with transfers

X = Hys (F)(X)

is homotopy invariant, Theorem C.5.1 (2) tells us that HY, (a*F) = a*(HR(F)) is homo-
topy invariant. By (2), o*F is in DM (k)é[1/p]. Thus, the natural maps o*F —
iéth’gla*]: and F — LE}S}" are isomorphisms; as Liﬁa* ~ o Lﬁ}s and i is an embed-
ding, we have o*F = o F (]

mot
motY -

Remark C.5.3. We have presented here the approach of Cisinski-Déglise to the con-
struction of DM®®(S); Ivorra has defined a category of effective motives over S in the
setting of triangulated categories, without using a model structure on the category of
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complexes (see [23, Definition 4.1.2]). Ivorra defines the triangulated category DM (S)
for a general base-scheme S as a localization

Qs : D(Shy;(S)) — DM(S)

of the derived category D(Shy.(S)). By [23, Corollary 4.1.16], the localization functor
Qs admits a right adjoint; this gives an identification of DM®®(S) with the full trian-
gulated subcategory of Al-local objects in D(Sh(S)) (in the sense of [23]). By [23,
Proposition 4.1.12], an object F € D(Sh{;(S)) is Al-local if and only if the presheaf,
X — HZ, (X, F), is Al-homotopy invariant, that is, the natural map

ﬁis(Xaf) %HQIS(X X Alv}—)

is an isomorphism for all X € Sm/S; by [11, Example 3.15], this agrees with the notion
of Al-local object defined in § C.2. Thus the definition given of DM®¥(S) given here is
equivalent to that given in [23].

Beilinson and Vologodsky [5] define the triangulated tensor category DM (k), as the
homotopy category of a DG tensor category (see [5, §2.3]), and give a description of
DM*°% (k) as both a localization of D(Sh¥; (k)) and as a triangulated subcategory of
D(Sh,(k)), equivalent to the descriptions found in [11] and [23].

Recall [58, §3.1] that the category DM®¥(k) is the full subcategory of the bounded
above derived category D~ (Shi;.(k)) with objects the complexes C* for which the cohom-
ology sheaves H%; (C*) are A! homotopy invariant for all n. For bounded above com-
plexes, this condition is equivalent to A'-homotopy invariance, as defined above.

Noting that the bounded above category D~ (Shi(k)) is a full triangulated subcate-
gory of D(Shi;.(k)), we therefore have a commutative diagram of full embeddings

DM (k) — D~ (Sh¥%, (k)

| |

DM*"(k) —— D(Shy,(k))
Voevodsky has also shown [58, Proposition 3.2.3] that the inclusion
i : DM*T(k) — D~ (Sh¥,(k))

admits a left adjoint Ly, : D~ (Shys(k)) — DM (k); the uniqueness of adjoints shows
that L, is the restriction of LK}S.

C.6. Geometric motives

We recall the category of effective geometric motives DMgerfrfl(k), defined in [58, Defi-
nition 2.1.1] as a localization of K®(SmCor(k)).
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Remarks C.6.1 (the Suslin complex [58, §3.2]).

(1) We have the cosimplicial scheme n — A", with
A" = Speck[to,...7n]/Zti -1

and with coface and codegeneracy maps defined as in the topological setting.

For F € PST(k), let CSU(F) be the presheaf CSU(F)(X) := F(X x A"), giv-
ing us the simplicial object n — C5"(F) of PST(k) and the associated complex
CS%(F) € C~(PST(k)). It is easy to show that

p* i CP(F)(X) = C2(F)(X x AY)

is a homotopy equivalence for every X € Sm/k; by Voevodsky’s theorem [58,
Theorem 3.1.12], this implies that C$"(F) is in fact in DM (k). We extend C5us

to
S . 0~ (PST(k)) — DM*® (k)

by taking the total complex of the evident double complex.
(2) Sending X € Sm/k to Z'(X) extends to a functor
7' : SmCor(k) — C~(PST(k));

we extend Z' to C®(SmCor(k)) by taking the evident total complex. This gives us
the exact functor

K®Z") : K*(SmCor(k)) — D~ (Shif, (k).
Similarly, composing C®(Z") with C5" defines the exact functor
OS5 K¥(SmCor(k)) — DM°T (k).
We recall Voevodsky’s embedding theorem.
Theorem C.6.2 (Voevodsky [58, Theorem 3.2.6]).
(1) The Suslin complex functor
5 o K¥(Z*) : K*(SmCor(k)) — DM (k)
descends to a full embedding i¢%, : DM (k) — DM (k).
(2) There is a natural isomorphism of functors K”(SmCor(k)) — DM (k)
OSus o KO(77) Ljo Kb(Z).
Remark C.6.3. As the inclusion functor D~ (Sh,.(k)) — D(Sh{(k)) is a full embed-
ding, the embedding theorem together with the results of [11, Example 3.15] yields the

full embedding
OS5 o KY(ZY) : DMCE (k) — DM ().

gm
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C.7. Cancellation theorems

We have as well the category of geometric motives D Mg (k), formed by inverting the
functor — ® Z(1) on DM (k). We recall Voevodsky’s cancellation theorem.

Theorem C.7.1 (see [58, Theorem 4.3.1] and [62]). For M,N € DM (k), the
canonical map
Homp nrete (1) (M, N') — Hom p prert 1) (M (1), N (1))

is an isomorphism. In consequence, the canonical functor DMgg(k) — DMy (k) is a full
embedding.

Huber and Kahn [22, Appendix A] have extended this result to DM®¥(k) and in
case k has finite étale cohomological dimension, they extend the result to a bounded
above version DM (k)¢ of DM®(k)*[1/p]; the same proof extends the cancellation
theorem to DM®¥(k) and DM (k)ét[1/p]. A direct proof for DM*% (k) can be found
in [5, proposition in 6.1].

Corollary C.7.2.

(1) For M, N € DM*%(k), the canonical map
Hom p et () (M, N) — Hom p pere ) (M (1), N(1))
is an isomorphism.
(2) For M,N € DM*®(k)®[1/p], the canonical map
Hom p pgerr (gyet (M, N') — Homp prerr yee (M (1), N (1))
is an isomorphism.

Proof. (1) We have the adjunction
Hom p ppeir(x) (M (1), N(1)) = Homp perr (1) (M, Hom(Z(1), N(1))),
so to prove (1), it suffices to show that the canonical map
on N = Hom(Z(1),N(1))

is an isomorphism for all N. As Z(1) = G,,[—1] is compact, the category B of N such that
@ is an isomorphism is a localizing subcategory of DM (k). As DMZX (k) — DM®® (k)
is a full embedding, the cancellation theorem for DMgfIfl(k) (Theorem C.7.1 or [5,
Theorem 3.3]) shows that B contains DM;EI(I{:); by [58, Theorem 3.2.6], DMgerffl(k) is
dense in DM (k), hence B contains DM (k). But DM (k) is the essential image of
D~ (Shy;s(k)) under LY#; as D~ (Shy;s(k)) is dense in D(Shy;,(k)) and the left adjoint
LIS preserves colimits, B = DM (k), proving (1).
For (2), we need to show as above that

on : N — Home (Z(1)%, N(1))
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is an isomorphism in DM (k)é[1/p] for all N € DM (k)é*[1/p]. Suppose we know that
@ is an isomorphism in DM®T(k)é[1/p] for each homotopy invariant N € Shg; (k)[1/p].
Take N to be an arbitrary object of DM (k)%[1/p] and take x € X € Sm/k. To show
that ¢ is an isomorphism, it suffices to show that the map on the stalk

PN,z * Nz — Homét(Z(l)étvN(l))z
is an isomorphism in D(Ab). But Home (Z(1)¢*, N(1)), fits into the split exact sequence
0 — Homg (Z(1)%, N(1)), — N(1)(P* x XE)[2] — N(1)(XE)[2] — 0.

As P! x X has finite cohomological dimension, we have the strongly convergent spectral
sequence

EP? = HE(P' x XJHE(N)(1) = HET (P! x XS' N(1)).
The assumption that each P9, () Is an isomorphism implies that Ef’q =~ HI(N), E(l)’q =~
HZ,(N)(1) and all other terms are zero; as the above sequence is split, the dy differential
is also zero, and thus ¢y, is an isomorphism.

Suppose then that N is a sheaf. Suppose first that N is a sheaf of Q-vector spaces.
By [17, Chapter III, Proposition 5.24, 5.27], the canonical map N — a*Ra,N is a quasi-
isomorphism. As we thus have the isomorphism N(1) — a*((Ra.N)(1)), (1) implies (2)
for N a complex of sheaves of QQ-vector spaces.

Next, suppose that N is a torsion sheaf. By [17, Chapter III, Theorem 5.25], N is a
locally constant sheaf. Since we need only check ¢y on stalks, we may replace k with
k°P, reducing us to the case N = Z/m for some m prime to the characteristic. Thus, pnx
is

0z)m : L/m — 'Homét(Z(l)ét,Z/m(l)ét).
As above, Home (Z(1)%, Z/m(1)¢*) can be computed from the étale cohomology of P! x
X, with Z/m(1)-coefficients; as Z/m(1)¢® = p,,, and we have the proper base-change
isomorphism
H;(Pl X Xo, ) & H;(]P’;,,,um),
the result follows from the known étale cohomology of P!.
In general, we use the exact sequence

0— Nior > N > N®Q — Neotor — 0
to reduce to the case of torsion sheaves and sheaves of Q-vector spaces. O

Via the cancellation theorem, we have a twisted version of duality in the categories
DMe¥(k) and DM®(k)é[1/p].

Corollary C.7.3. Let X € Sm/k be smooth and projective of dimension d over k. Then
there are natural isomorphisms

HOmDMeff(k) (A ® M(X), B) = HOmD]V[eff(k) (A(d) [2d]7 B ® M(X)),
HOmDMeff(k)ét[l/p] (A ® Mét(X), B) = HOmDMeff(k)ét[l/p] (A(d) [2d], B® ]\4ét()())7

where in the first isomorphism, A and B are arbitrary objects of DM®% (k) and in the
second, A and B are arbitrary objects of DM (k)%[1/p].
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Proof. In the category DMy (k), the object M(X) has dual M(—d)[—2d] (see [58]),
thus there are morphisms

Sx + 7 — Mg (X) @ Mg (X)(—d)[~2d],
ex + Mg (X)(—d)[~2d) ® Myn(X) = Z

with
(idMgm(X) ®€X) o (5)( ® id]V[gm(X)) = idMgm(X) .

Twisting by Z(d)[2d] and applying the embedding i¢f, : DM (k) — DM (k) gives the
maps

O zZ(d)[2d) - M(X) @ M(X),
ST M(X) @ M(X) — Z(d)[2d]

in DM® (k) with
(idar(x) @) 0 (0% @ idar(x)) = idar(x) @24 - (C.1)
Now take A, B € DM*®¥(k). We have the natural transformation
Hom pyyyere (1) (A @ M(X), B) 225 Hom p ppere ) (A(d)[2d], B © M (X))
sending f : M(X) ® A — B to the composition

ida ®85F f@idar(x)
ikt Y A,

A(d)[2d] = A ® Z(d)[2d] A M(X)® M(X) B ® M(X).
We have as well the natural transformation
Hom p pete () (A(d)[2d], B ® M (X)) Yam, Hom p pyerr () (A ® M (X )(d)[2d], B(d)[2d])
sending ¢ : A(d)[2d] - B ® M (X) to the composition
A M(X)(d)2d] = A(d)2d) © M(X) 2% Bo M(X) @ M(X)
idp ®eSE
Ruiaa. Y

B ® Z(d)[2d] = B(d)[2d).

It follows from (C.1) that 14 B o wa B and Y 4q)[24),B(d)2d] © YA, are the respective
twists by Z(d)[2d]:

Hom p ygere iy (A ® M(X), B) = Homp et 1) (A ® M(X)(d)[2d], B(d)[2d)),
Hom p et i) (A(d)[2d], B @ M(X)) = Hom ppgere 1) (A(2d)[4d], B @ M (X)(d)[2d)),

which are isomorphisms by the cancellation theorem Corollary C.7.2(1). In particular,
w4, B gives us the desired natural isomorphism.
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The proof for DM®F(k)é*[1/p] is the same, noting o* is a tensor functor, that applying
a* to the identity (C.1) yields the identity

(idMét(X) ®(X*€§§f) o (a*é}ff ® idMét(X)) = idMét(X)(d)[Qd],
and using Corollary C.7.2 (2) instead of Corollary C.7.2 (1). O
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