REPRESENTATIONS OF QUANTUM AFFINIZATIONS AND FUSION PRODUCT

DAVID HERNANDEZ

ABSTRACT. In this paper we study general quantum affinizations Uy (§) of symmetrizable quantum Kac-
Moody algebras and we develop their representation theory. We prove a triangular decomposition and we
give a classication of (type 1) highest weight simple integrable representations analog to Drinfel’d-Chari-
Pressley one. A generalization of the g-characters morphism, introduced by Frenkel-Reshetikhin for
quantum affine algebras, appears to be a powerful tool for this investigation. For a large class of quantum
affinizations (including quantum affine algebras and quantum toroidal algebras), the combinatorics of g-
characters give a ring structure * on the Grothendieck group Rep(iq(g)) of the integrable representations
that we classified. We propose a new construction of tensor products in a larger category by using the
Drinfel’d new coproduct (it can not directly be used for Rep(U,(§)) because it involves infinite sums).
In particular we prove that * is a fusion product (a product of representations is a representation).
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1. INTRODUCTION

In this paper ¢ € C* is not a root of unity.

V.G. Drinfel’d [Drl] and M. Jimbo [Jim] associated, independently, to any symmetrizable Kac-Moody
algebra g and ¢ € C* a Hopf algebra U,(g) called quantum Kac-Moody algebra. The structure of the
Grothendieck ring of integrable representations is well understood : it is analogous to the classical case
q=1.

The quantum algebras of finite type U, (g) (g of finite type) have been intensively studied (see for example
[CP4, L, R| and references therein). The quantum affine algebras U,(g) (g affine algebra) are also
of particular interest : they have two realizations, the usual Drinfel’d-Jimbo realization and a new
realization (see [Dr2, Bel) as a quantum affinization of a quantum algebra of finite type U, (g). The finite
dimensional representations of quantum affine algebras are the subject of intense research (see among
others [AK, CP1, CP3, CP4, EM, FR, FM, N1, N2, VV2| and references therein). In particular they
were classified by Chari-Pressley [CP3, CP4], and Frenkel-Reshetikhin [FR] introduced the g-characters
morphism which is a powerful tool for the study of these representations (see also [Kn, FM]).

The quantum affinization process (that Drinfel’d [Dr2| described for constructing the second realization of
a quantum affine algebra) can be extended to all symmetrizable quantum Kac-Moody algebras U, (g) (see
1
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[Jin, N1]). One obtains a new class of algebras called quantum affinizations : the quantum affinization of
Uy(g) is denoted by U,(g). The quantum affine algebras are the simplest examples and are very special
because they are also quantum Kac-Moody algebras. When C is affine, the quantum affinization U,(g)
is called a quantum toroidal algebra. It is known not to be a quantum Kac-Moody algebra but it is also
of particular interest (see for example [GKV, M1, M2, N1, N3, Sa, Sc, STU, TU, VV1] and references
therein). This setting is summed up in this picture :

Quantum Affinization Process

QFA > QAA
QAA’”/ QTA
 QKMA . QA }

(QKMA : Quantum Kac-Moody Algebras, QFA : Quantum Algebras of Finite type, QAA : Quantum
Affine Algebras, QTA : Quantum Toroidal Algebras, QA : Quantum Affinizations; the line between the
two QAA symbolizes the Drinfel’d-Beck correspondence.)

In [N1] Nakajima gave a classification of (type 1) simple integrable highest weight modules of U,(g) when
g is symmetric. The case C of type AW (toroidal sl,-case) was also studied by Miki in [M1] (a coproduct
is also used with an approach specific to the Agll)—case; but it is technically different from the general
construction proposed in this paper). In [H3] we proposed a combinatorial construction of q-characters
(and also of their t-deformations) for generalized Cartan matrix C such that ¢ # j = C;;C;; < 3 (it
includes finite and affine types except Agl), Aéz)); we conjectured that they were linked with a general
representation theory. But in general little is known about the representation theory outside the case of
quantum affine algebras.

In this paper we study general quantum affinizations and we develop their representation theory. First
we prove a triangular decomposition of U,(g). We classify the (type 1) simple highest weight integrable
representations, we define and study a generalization of the morphism of g-characters x, which appears
to be a natural tool for this investigation (the approach is different from [H3] because g-characters
are obtained from the representation theory and not from purely combinatorial constructions). If the
quantized Cartan matrix C(z) is invertible (it includes all quantum affine algebras and quantum toroidal
algebras), a symmetry property of those g-characters with respect to the action of screening operators
is proved (analog of the invariance for the action of the Weyl group in classical finite cases; the result
is proved in [FM] for quantum affine algebras); in particular those g-characters are the combinatorial
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objects considered in [H3]. Moreover we get that the image of x, is a ring and we can define a formal ring
structure on the Grothendieck group. Although quantum affine algebras are Hopf algebras, in general no
coproduct has been defined for quantum affinizations (this point was also raised by Nakajima in [N3]).
Drinfel’d gave formulas for a new coproduct which can be written for all quantum affinizations. They
can not directly be used to define a tensor product of representations because they involve infinite sums.
We propose a new construction of tensor products in a larger category with a generalization of the new
Drinfel’d coproduct. We define a specialization process which allows us to interpret the ring structure that
we defined on the Grothendieck group : we prove that it is a fusion product, that is to say that a product
of representations is a representation (see [F] for generalities on fusion rings and physical motivations).

In more details, this paper is organized as follows :

in section 2 we recall backgrounds on quantum Kac-Moody algebras. In section 3 we recall the definition
of quantum affinizations and we prove a triangular decomposition (theorem 3.2). Some computations are
needed to prove the compatibility with affine quantum Serre relations (section 3.3); note that we get a
new proof of a combinatorial identity discovered by Jing (consequence of lemma 3.10). The triangular
decomposition is used in section 4.2.1 to define the Verma modules of U,(g).

In section 4 we recall the classification of (type 1) simple integrable highest weight representations of
quantum Kac-Moody algebras, and we prove such a classification for quantum affinizations (theorem 4.9;
the proof is analogous to the proof given by Chari-Pressley for quantum affine algebras). The point is to
give an adapted definition of a weight which we call a [-weight : we need a more precise deﬁnAition than

in the case of quantum affine algebras (a I-weight must be characterized by the action of U, (h) C U,(g)
on a [-weight space). We also give the definition of the category O(Uy(g)).

In section 5 we construct g-characters of integrable modules in the category O(U,(g)). New technical
points are to be considered (in comparison to quantum affine algebra cases) : we have to add terms of
the form ky (A coweight of U, (g)) for the well-definedness in the general case. The original definition of
g-characters ([FR]) was based on an explicit formula for the universal R-matrix. In general no universal
R-matrix has been defined for a quantum affinization. However g-characters can be obtained with a piece
of the formula of a “R-matrix” in the same spirit as the original approach (theorem 5.7). In section 5.5 we
prove that the image of x, is the intersection of the kernels of screening operators (theorem 5.15) in the
same spirit as Frenkel-Mukhin [FM] did for quantum affine algebras; new technical points are involved
because of the ky (we suppose that the quantized Cartan matrix C(z) is invertible). In particular it
unifies this approach with [H3] and enables us to prove some results announced in [H3]. We prove that
the image of x4 is a ring. As x4 is injective, we get an induced ring structure * on the Grothendieck
group.

In section 6 we prove that * is a fusion product (theorem 6.2), that is to say that there is a product of
modules. We use the new Drinfel’d coproduct (proposition 6.3); as it involves infinite sums, we have to
work in a larger category where the tensor product is well-defined (theorem 6.7). To conclude the proof
of theorem 6.2 we define specializations of certain forms which allow us to go from the larger category to
O(U,(g)) (section 6.5.2). We also give some concrete examples of explicit computations in section 6.6.

Acknowledgments : the author would like to thank Marc Rosso for his continued support and Olivier
Schiffmann for his accurate remarks.

2. BACKGROUND

2.1. Cartan matrix. In this section we give some general backgrounds about Cartan matrices (for
more details see [Ka]). A generalized Cartan matrix is C = (C; ;)1<i j<n such that C;; € Z, C;; = 2,
i#j=0C;; <0,C;; =04 Cj; =0. We denote I = {1,...,n} and | = rank(C).

In the following we suppose that C' is symmetrizable, that is to say there is a matrix D = diag(ry,...,75)
(r; € N*) such that B = DC' is symmetric. In particular if C' is symmetric then it is symmetrizable with
D = 1I,. For example:

C is said to be of finite type if all its principal minors are in N* (see [Bo] for a classification).
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C' is said to be of affine type if all its proper principal minor are in N* and det(C) = 0 (see [Ka] for a
classification).

2=zt
z—z—1

Let z be an indeterminate. We put z; = 2" and for | € Z, we set [I], = € Z[z%]. Let C(z) be the

quantized Cartan matrix defined by (i # j € I):

Cii(2) = zi+ 27", Cij(2) = [Ciyla
In sections 5.5 and 6 we suppose that C(z) is invertible. We have seen in lemma 6.9 of [H3] that the
condition (C;; < —1 = —C;,; < r;) implies that det(C(z)) # 0. In particular finite and affine Cartan
matrices (where we impose 11 = ro = 2 for Agl)) satisfy this condition and so the quantum affine algebras

and quantum toroidal algebra are included in our study. We denote by C(z) the inverse matrix of C(z)
and D(z) the diagonal matrix such that for i, j € I, D; j(2) = &; j[r:]..

We consider a realization (h,II,ITV) of C' (see |[Ka|): b is a 2n — [ dimensional Q-vector space, II =
{ai1,...,an} C b* (set of the simple roots) and IIV = {ay, ...,y } C b (set of simple coroots) and for
1<i,j<n:

aj(a) = Ci;
Denote by Ay, ..., A, € b* (resp. the AY, ..., A} € b) the fundamental weights (resp. coweights) : we have
Ozl(A;/) = Al(a;/) = 5i7j~
Consider a symmetric bilinear form (,) : h* x b* — Q such that for i € I, h € b* : (i, h) = h(r;af). Tt
is non degenerate and gives an isomorphism v : h* — h. In particular for i € I we have v(«o;) = r;a and
for A1 € b, A(p)) = p(v().
Denote P = {\ € h*/Vi € I, \(a)) € Z} the set of weights and PT = {\ € P/Vi € I, \(«)) > 0} the set
of dominant weights. For example we have a1, ...,a, € P and Ay, ..., A, € PT. Denote Q = PZa; C P

el
the root lattice and Q* = > "Na; C Q. For A\, € h*, write A > pif A\ —pe QT.
icl
If C is finite we have n = | = dim(h) and for X € b*, A = > ) (N)A;. In particular a; = > Cj;A;. In
iel jeI

general the simple roots can not be expressed in terms of the fundamental weights.

2.2. Quantum Kac-Moody algebra.

Definition 2.1. The quantum Kac-Moody algebra U, (g) is the C-algebra with generators ky, (h € b),
(i € 1) and relations:

(]‘) khkh/ == kh+h’ 5 ko = 1
(2) khxjik,h = qio‘f(h)acji
ko.ov —k_,.ov
+ i rio
(3) [x),2;] = 5”#
(4) (—1) |1 TG (@) e @) =0 (fori £ j)
Z - r €Ty ri\xs ) = fori#j
T:O...l—oij qi

This algebra was introduced independently by Jimbo [Jim] and Drinfel’d [Dr1] and is also called a quantum
group. It is remarkable that one can define a Hopf algebra structure on U,(g) by setting :

A(kh)Zkh@)kh
Az =z @1+kf ©af  Alr; ) =2, @k +1®@x;

%

S(kn) =ken , S(af) = —af k', S(a;) = —kfa;

e(kn) =1, e(a}) = e(]) = 0

. +
where we use the notation k; = ki,,ay.
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For i € I let U; be the subalgebra of U,(g) generated by the xii, kpay (p € Q). Then U; is isomorphic to
Uy, (sl2), and so a Uy (g)-module has also a structure of Uy, (sl2)-module.

i

Definition 2.2. A triangular decomposition of an algebra A is the data of three subalgebras (A=, H, A™)
of A such that the multiplication = @ h ® T — x~ha™ defines an isomorphism of C-vector space
ATQH® AT ~ A.

Let Uy (g)* (resp. U,(g)~, Uy(h)) be the subalgebra of U,(g) generated by the z; (resp. the x; , resp.
the kp). We have (see [L]) :

Theorem 2.3. (U,(g)",Uy,(h),U,(g)") is a triangular decomposition of Uy(g). Moreover Uy(h) (resp.
U,(g)t, U, (g)7 ) is isomorphic to the algebra with generators ky, (resp 7, ;) and relations (1) (resp.
relations (4) with +, relations (4) with —).

3. QUANTUM AFFINIZATION U, (§) AND TRIANGULAR DECOMPOSITION

In this section we define general quantum affinizations (without central charge), we give the relations
between the currents (section 3.2) and we prove a triangular decomposition (theorem 3.2).
3.1. Definition.

Definition 3.1. The quantum affinization of Uy(g) is the C-algebra U,(§) with generators xfr (telre
Z), kn (h€b), him (i € I,meZ—{0}) and the following relations (i,j € I,r,r’" € Z,m € Z — {0}):

(5) knkn = knyn 5 ko =1, [k, hjm] =0, [Rim, hjm] =0
(6) khxfrkfh _ q:tozj(h)x;%r
+ 1 +
(7) [im, @5, = ig[ Bijlajim
O ir — G
(8) e R
qi — g,
+ o+ +B;; + .+ _ +B; + + + +
9) i1 Ty — QTG Ty = QT T X T T 1 Ty

kS + + + + + _
(10) Z Z (_1) [k:| xiﬂnw(l)”.xi>r7r(k)xjxr,xi>r7r(k+1)'”xiarw(s) =0

weEXsk=0..s qi

where the last relation holds for all i # j, s = 1 — Cyj;, all sequences of integers ri,...,rs. X is the
symmetric group on s letters. For i € I and m € Z, qi)fm € Uy(g) is determined by the formal power

series in Uy (§)[[2]] (resp. in Uy, (§)[[z71]]):
Z (bl%imzim = k:l:f’ioziv EZEp(:E(q — q_l) Z hi,:tm/Zim,)

m>0 m’>1

andqb;’rm =0 form <0, ¢;,, =0 form > 0.
The relations (10) are called affine quantum Serre relations. The notation k = kir.ay is also used. We
have kik; ' =k ki =1, ki kit = qF Pl

Jm™i

There is an algebra morphism U, (g) — U, (@) defined by (h € b,i € I) ky, — ky, , 2 — a:fo. In particular
a Uy (g)-module has also a structure of a U, (g)-module.
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3.2. Relations between the currents. For i € I, consider the series (also called currents):
=D w6 ()= D6l 4 () = D6 e
reZ m>0 m>0

The defining relations of U, (g) can be written with currents (h,h’ € b, 4,5 € I):

(11) knkn = knyn , ko =1, knoi (2) = ¢7 (2)kn
(12) khx]i(z) = qio‘j(h)xji(z)kh
£B; w —z
(13) PR ) = e @) )
EBijyw — 2
(14) 07 () (w) = = o ()67 (2)
(15) o7 (2 ()] =~ ()0 () = (2o (=)
(16) (w — =P 2yt (2)af (w) = (¢FP9w — 2)af (w)zf (2)
(17) > (-F [Z] 2 (Wr(1)) o (Wr () 2T (2) 27 (Wa (g 1)) (Wr(s)) =0
k=0...s qi

where 6(z) = Y z". The equation (13) (resp. equation (14)) is expanded for |z| < |w| (resp. |w| < |z|).

TeEX k=
>
reZ
Remark: in the relations (16), the terms can not be divided by w — ¢*P4iz : it would involve infinite
sums and make no sense.

The following equivalences are clear : (relations (5) < relations (11)) ; (relations (6) < relations (12)) ;
(relations (9) < relations (16)) ; (relations (8) < relations (15)) ; (relations (10) < relations (17)).

We suppose that the relations (6) are verified and we prove the equivalence (relations (7) with m > 1
< relations (13)) ((relations (7) with m < —1 < relations (14)) is proved in an similar way): consider
hi(z) = > mhimz™"1. The relation (7) with m > 1 are equivalent to (expanded for |z| < |w]):

m>1
wtzE (w)
hi(2), 2 (w)] = £[B; ; J
[ 7,( ) ]( )] [ ’j]q(l—iqBi*j)(l_iq_Bi’j)
It is equivalent to the data of a at(z,w) € (Clw, w™])[[2]] such that ¢;" (z);v;t (w) = ax(z, w)z; £ (w) g7 (2).
So it suffices to prove that this term is the % of relation (13). Let us compute thls term : we
have 2 (Z) = (¢ — ¢ Y)h{ (2)¢] () and so the relations (7) imply :
_ Oay (z,w
(4 a0 (It ()t )] = 2O ity (2)
w™? 1 Odax(z,w), 4 "
T T ) B i AR
dax(z,w) w1t

0z (1= Z¢Piui)(1— zquw-)O‘i(va)

i P
As % is a solution, we have ay (2, w) = A(w )# But at z = 0 we know a4 (0, w) = ¢=Pii

—q
(relations (6)) and so A\(w) = 1.

3.3. Triangular decomposition.
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3.3.1. Statement. Let Uy (§)T (vesp. Uy(d)~, Uy(h)) be the subalgebra of U,(§) generated by the xi‘r
(resp. the x; ., resp. the kp, h; ;).

i,

Theorem 3.2. (U, (@), U, (5),U,(8)") is a triangular decomposition of Uy(§). Moreover Uy (h) (resp.
Uy (8)T, Uy(§)~) is isomorphic to the algebra with generators kp, him (resp m;fr, x;,.) and relations (5)
(resp. relations (9), (10) with +, relations (9), (10) with —).

For a quantum affine algebra (C finite) it is proved in [Be].
In this section 3.3 we prove this theorem in general. We will use the algebras U (g), U, (3) defined by :

Definition 3.3. U.(g) is the C-algebra with generators xfr, him, kn G €I, r€Z, meZ—-{0}, heh)

and relations (5), (6), (7), (8) (or relations (11), (12), (13), (14), (15)).
U, (8) is the quotient of UL() by relations (9) (or relations (16)).

Note that U,(§) is a quotient of ¢/} (§) and that (ug—(g),uq(ﬁ),u;*(g)) is a triangular decomposition of
UL (g) where ULE(g) is generated by the z7, without relations. In the sly-case we have Uy (sly) = Uy (sl2).
Let us sketch the proof of theorem 3.2. We use a method analog to the proof for classic cases or quantum
Kac-Moody algebras (see for example the chapter 4 of [Ja]) : we have to check a compatibility condition
between the relations and the product as explained in section 3.3.2. After some preliminary technical
lemmas about polynomials in section 3.3.3, the heart of the proof is given in section 3.3.4 : properties
of U}(d) (lemma 3.9) lead to a triangular decomposition of U, (§). Properties of U,(§) proved in lemmas
3.10, 3.11 imply theorem 3.2. Note that the intermediate algebra Z;{q (g) is also studied because it will be
used in the last section of this paper.

Remark : lemma 3.10 gives a new proof of a combinatorial identity discovered by Jing.

The theorem 3.2 is used in section 4.2.1 to define the Verma modules of U,(g). Let us give another
consequence of theorem 3.2 : for i € I, let U; be the subalgebra of U,(§) generated by the xfr, kpay s Piym

(r e Z, m e Z— {0}, p € Q). We have a morphism U, (sls) — U; (in particular any U, (§)-module also
has a structure of Uy, (sl2)-module). Moreover theorem 3.2 implies:

Corollary 3.4. U; is isomorphic to Uy, (sly).

3.3.2. General proof of triangular decompositions. Let A be an algebra with a triangular decomposition
(A=, H,A"). Let B* (resp. B™) be a two-sided ideal of A™ (resp. A~). Let C = A/(A.(Bt + B7).A)
and denote by C* the image of B* in C.

Lemma 3.5. If BY.A C A.B™ and A.B~ C B™.A then (C~,H,C%) is a triangular decomposition of C
and the algebra C* is isomorphic to A*/B¥.

Proof: We use the proof of section 4.21 in [Ja] : indeed the product gives an isomorphism of C-vector
space A. (BT +B ) A~BT"@H® A+ AT ® H® B~ O

3.3.3. Technical lemmas. Let ¢ # j and s = 1 — C; ;. Define Py (wn,...,ws,2) € Clws, ..., ws, 2] by the
formula :

Py(wy,...,ws,2) = Z (—=1)* {Z] (w1 — ¢T84 2). (wy, — ¢T84 2) (w14 P — 2)..(wsqTB — 2)
k=0...s q

Lemma 3.6. There are polynomials (f+.r)r=1,.. s—1 of s — 1 variables such that:

.....

sz(wla"'awsaz): Z (w’r‘+l _qii2w’r)fi7’r(w17"'7w’r717w’r+27"'7ws72)
1<r<s—1
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Proof: Tt suffices to prove it for P, (because P_ is obtained from P, by ¢+ ¢~!). First we prove that

—2(s—1 —2(s—2 _
P, (q; (s )w,qi (s )w,...,qiz

s IRV R(1=s) (=2(s=1) js—1 _ 2y =2s=k) s=1 _ o =2s—k-1) 1-s 2y (1-s 2
wkzzo;.s( ) Mq T G =)@ )

w,w, z) = 0. Indeed it is equal to:

i

_ z _ z _
=2 " = )a My (=g )

where:
s s s—
My(w) =, (-1 [k] " (@ = w) (@Y — ). (P )
k=0...s q
Let ag(q), ..., vs—1(q) € Z[q] such that (a —u)(a — ug?)...(a — ug®*~?)) = uw*las_1(q) + u*2acs_2(q) +
.. +a* tag(q). So:

Mq(u) = Z aS,p(q)uS*p Z (_1)k |:Z:| qk(lfs+2p)

p=0...s—1 k=0...s

And so My(u) = 0 because of the g-binomial identity for p’ =1 —s,3 —s,...,s — 1 (see [L]):

S (D Mq 0

k=0...s

As a consequence P, is in the kernel of the projection
(b : (C[wlv vy Ws, Z] - C[wla vy Ws, Z]/((UJQ - qgwl)a [EE) (wS - qgws—l))

that is to say Py (w1, ..., ws,2) = Y. (wrr1 — qP4iw,) fr(wr, ..., ws, 2) where the f,. € Clwy, ..., ws, 2].
1<r<s-—1
Let us prove that we can choose the (fr)i<r<s—1 so that for all 1 < s < r —1, f, does not depend of
wy, wr41. Let A C Ker(¢) be the subspace of polynomials which are degree at most of 1 in each variable
w1, ..., ws. In particular P € A. We can decompose in a unique way P = a + ws3 + w1y where a, 7y €
Clws, ..., ws, 2], B € Clwy, w3, ..., ws, z]. Consider \M) = —g: %y (wy — ¢?wy) € Aand P = P-\1) € A.
We have in particular P(1) = ,uél) + wguél) + wgwlugl) where ugl),uél),uél) € Clws,...,ws, z]. In the
same way we define by induction on 7 (1 <7 < s—1) the A" e A such that P = ptr=1) _ \(") ¢ A
is of the form:
P = N£22 + wr+1M£?1 + wTJrlwr/‘gT) ot errlwr"'wlMY)

where for 1 <7’ <r+2, ,LLS) € Clw, 42, ..., ws, z]. Indeed in the part of P(") without w, 42 we can change
the terms w1 A(wy43, ..., ws, 2) to qi_Qwr+2/\(wr+3, .oy Ws, 2) by adding qi_Q(wH_g — Gwri1)) € A, we
can change the terms w, 1w, N (W13, .., Ws, 2) t0 ¢; “wy 2wy 1 N (Wy 43, ..., ws, 2) by adding ¢; * (w40 —
Cwri1)\ + q;2(wr+2 — @?w,11)) € A, and so on. In particular for r = s — 1 :

pl-1 — ﬂgjjll) + ,ugs_l)ws + ugs:ll)wsws_l + ...+ ,ugsfl)wsws_l...wl

where ugi_ll), ...,ugs_l) € Clz]. But :

0=g(PUY) = ufn” il Vw5 Pl 4 g T g
Soforalll1 <7 <s+1, ﬂ(s_l) =0, and so PG6=1) =0. In particular P = A 2@ 4 4 A-D g

r!

For 1 < k < s consider Pf)(wl,wz, ey Ws, 2) € Clwy, ..., ws, 2] defined by:

S —s
RS G < - o = ) g ) )
@i 1

+(—1)k! { : 1] S = wig ) (ws = g wn) (w0 (wh 167 = wn).e (wegE —wr)
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Lemma 3.7. i) For 2 <k < s —1 there are polynomials ( i’f’r)r:h,,,,s,l of s — 1 variables, of degree at

most 1 in each variable, such that Pf) (w1, ..., ws, 2) is equal to :

+(1— k +(1— k
(Z_qz ( S)wk)f:(t}g_l(wla"'7wk717wk+17'~'7w872)+(wk+1 —q; ( S)Z)fi;fl(wla"'7wkawk+27"'7wsaz)

k
+ Z (Wyy2 —qiﬂwrﬂ)fj([;(wl,...,wr_l,wr+2,...,ws,z)
1<r<s—2,r#k—1
ii) There are polynomials (fj(tl,)r)r:L...,sq of s — 1 variables, of degree at most 1 in each variable, such
that Pf)(wl, ey Ws, 2) 18 equal to :
(1—5)2) (1)

k
j:,s(w37"'7wsaz)+ E (wT+2 _q;thT+l)f:(t,Z«(wla'~'7w’r717w’r+27"'7’wsaz)
1<r<s—2

+
(w2 —q;

1) There are polynomials (fj(s)r)rzl,m)s,l of s — 1 variables, of degree at most 1 in each variable, such
that Pf)(wl, ey Ws, 2) 18 equal to :

4+ —
(Z_qz @ S)ws) :(}:S))Sfl(wlw"awsflaz)—’_ Z (wT+2 _q}2wr+l)f:(l:sjn(wla"'7w’r717w’r+27"'7wsaz)
1<r<s—2

Proof: It suffices to prove it for PJ(rk) (because Pﬁk) is obtained from PJ(rk) by ¢ +— q71).

For i) : we see as in lemma 3.6 that it suffices to check that PJ(rk) (w1, ..., ws, 2) = 0 if wg = gwa, ... ,

_ 2 _ 2 _ 2 _ 1-s _ 1-s _ 2
Wy = ¢Wh—1, Wk42 = @ Wkt1, - , Ws = @i Ws—1, 2 = q; Wi and wi1 = ¢q; 2. It means wz = gjwo,

_ 2(k-2) _ 2k—2-2 _ 4 _  2k—3—
vy W = @ Wa, Wit1 = ¢ Swa, ... W = q “wa, 2 =q s

find for Pik)wg 5

S — —2—2s —2s /— 4 - —
A I e U R U
ql =1...

wa. So if we set u = wy /wy we

+ (_1)k—1 |:k i 1:| . zk: q?k’—s—l(quk—Qs—ll _ u).“(quk’—Qs—G _ u)( i2k’—25 _ ’LL)( ?k_4 _ u)(ql—Q _ ’LL)
q; K'=k...s

It is a multiple of:

[s—k+1]g; [ E ka/71 ]  [Klg, qs[ E qfvfl*s ]
k—2s—4 T - Sk—2 i N y— Ay
7 —ul, o (@ ey ruhil L TRy
_ @} [s—k+1]q, [ 1 _ - a7 [Klg el 3 1 _ 1 ]
= Py T T — i T e Y y—
O e R T e ey w R
_ @ls—kt]y [l — L] a; [Klq; Sl 1 =0
- 2k—2s—4 2k—2 —2 2k—2 3 —2 2k—2s—4 -
(=g} (g;" " =) ;" = g T (—g)(q; 2 —u) " g " —u g 7T
. . 1 . _
For ii) : as for i) we check that Pj_ )(wl, o Wsy 2) = 0 if wy = ¢wa, ... , wWs = Gws_1, 2 = q; Lwsy. Tt
2(k'—2 . 1) _—
means wy = qi( )wg for 2 < k' < s. So it we set u = w;y/ws we find for PJ(r )w2 s

[l (Lmw) @) P o) g B TG ) 0 ) ) (@ ) )

1—s

. . @lsla; (1 1 ; 1 1
It is a multiple of: — 25— (qi_Qiu - qfs‘%u) + I’iqi_Q (qi_Qiu - q?S_Qiu) =0.
For iii) : as for i) we check that PJ(rk) (w1, ..y ws, 2) = 0 if wz = GPwa, ... , ws = Gws_1, 2 = q; “ws. Tt
means wy = qiz(k _2)w2 for2<k'<sandz= qf_?’wg. The computation is analogous to i). O

Lemma 3.8. For all choices of polynomials (fgf;))lgk/gsylgrgs_l i lemma 3.7 and each 2 < k < s there

are polynomials (g(i]f)r)rzl7,,,7s,2 of s — 1 variables such that:
k k—1 k
fi}c_l — = > (W - 2w, 1) g8 (W1, ooy W1, Wp ey W, 2)

1<r<s—2
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Proof: We see as in lemma 3.6 that it suffices to check that fj_k)i_l + f(k D—0if w3 = Gwa, ... ,

ws = q?ws_1. So we suppose that wy = q?(klfz) forall 2 < k' < s. Let Q = wf*l(wgq;2 — 1)(wg —
1)...(w2q?*"2)/(g? — 1)). Tt suffices to prove that for 2 < k < s, we have:

k+1+s —s—k+3 —s+k+1 3—k+s
—2s k) kS —1 71 4q; + 4q; —4; — 4
18 (@ - @ 7] W - o) -
i Kl " (vg; —1)(vql% P D(g -1
k+1 —25+k+1 3—k+2s
_ 1\ — +4q; —q; —q;
19 2 2—2sy p(k—1) _lk 1|: S :| k—1].. i_'l 1_ i i i
( ) ( q'L )er,Sfl(Q( ) k _ 1 o [ ]lh (q q’L )) (’Uql _ 1)(vql2k 4 1)(1}ql25 2 1)
because we have the relation :
S s —s— —s s S - —z8 s
[k] (K], (qlk+1+ +q; k+3 —q; +h+1 qf’ k+ )= — {k— J k-1, (q k+1+qi k+3_qi 2s+k+1 qf k42 )
qi qi
First suppose that 3 < k < s — 1. We have P*) = (z — ¢ *w )f(k) + (@wy, —q;~* )f(k) So f
- - : + 49 k)J 4 k-1 qlwk 4 Z)J4s—1- 0 Ior
2 1—s
ag, Br such that PJ(rk) = zoy, + wi Pk, we have filf?cq = W and fJr 1= %ﬂgk- But we

have PJ(rk) = 2(q; "M + k) — wi( N, + g *pux) where (we put v = ws /w1 ):

s— S k' — ’ s—
= 0t i 8 e - e - e = 1o

vq;

—Q(-1) {Z]qi[ R

S— S 4 ’ S—
= GOt [0S o e - 0 @0 D )
q =K...S8

vq;

=00 2] (e - e
As ap = ¢ M + p and By = —( g, + q S)/(qf_ng), we have:
(_1)k L*j [k]qi((b’_q )((qurl s qf+k 1)+v( s+k— 3+q1;s+3k 3 q?k 3—s qf+k 1))
’ (0T D0 2 D T 2 1)
2] Bt = a0+ ) g )
T D D - D 1)
In particular (g7 — 2%&%1@<Dﬂﬂ kg, (gi — g )~ is:
.

(qlk-i-l s_'_qis—k—‘rfi qf‘+k+1 q13 k— S)+U( s+3k 1+qk+1 s q?k 1—s qf+k+1)
(vg; ® = 1)(vg;" 1)(%% - 1)(vg - 1)

and we get formula 18 for k. Moreover (q? — g2~ %) J(rki H(Q(=1)k Lj [k]g, (i —q; 1))t s
qi

Br =@

(qur? 2s+q28 k+2 q;k +2 qich?)_’_,U(qz +q13k 2 q?k 25—2 qurZS 2)

(vg; 2 = D)(vg?" = 1)(vg;* " = 1)(vg* > = 1)
and we get formula 19 for k + 1.

So it remains to prove formula 19 with £ = 2 and formula 18 with k& = s.

1 — _
Mﬂzwa D) = lsle (2} — wi)(@Pwz — w1). (¢ 2wz — w1)
+(z —wig;~ Z 67" 72 (g; Pwz — wn). (@7 Owa — wi) (g7 wy — w1 (g7 P — wy)

k'=1...s



REPRESENTATIONS OF QUANTUM AFFINIZATIONS AND FUSION PRODUCT 11

1-s/ 2 2k’ —2
(1) 1—s I8l "(gf — 1) q;
= f s—1 — —4; Q[ = + 7 — ]
et (vg; 2 —1)(v—1) kzlz S T =)@ - 1)

And so we have for fJr (g — qz2 2S)( Qlslg; (@ — a; ))*1:

i +a} — a7 —qi—25+3
(vg;* = 1)(v = 1)(vg;* v — 1)
that it to say the formula 19 with & = 2.

P = (o =gl g ) 0 = (1 slan e~ wna g (0 — wn) (6w — )

X2

H(1) (2q) 7 —w) Y @ g we — wn) (@7 Owa — wi ) (@ ws — wn). (g7 wa — wy)
k'=1...s

(s) o (_1)5 1[ ]q1QE(S 1)( a4 — 1) _1\8,1—s qfk,_Q
= f+,s—1 - Q[ (vq.QS 4 1)(’0(]25 2 1) + ( 1) q; k,zl S(q?k 4 1)(qz2k 72 1)]

X2

And so we have for £{,_(g? — g7 **)((~1)*Q[s]y: (g: — ;')

2S+1+q? 23_q _q13
(vg;? = 1)(vg" ™ — 1)(vg?* v — 1)

that it to say the formula 18 with k£ = s. (]

3.3.4. Proof of theorem 3.2. The algebras Z/ll(A) Uy(§),ULF(§) are defined in section 3.3. Let U (g) C
U, ,(8) be the subalgebra generated by the x . Let 7+ be the two-sided ideal of U, L*(g) generated by the
left terms of relations (9) (with the gcm)

Lemma 3.9. We have .U, (§) C UL(8)m4 and UL(g)T— C 7_UL(§). In particular (L~lq_ (g),uq(ﬁ),uﬂg))
is a triangular decomposition of Z;{q(ﬁ)

Proof:  First 7. Uy (h) C Uy ()7, Uy(b)7— C 7_U,(h) are direct consequences of relations (12), (13), (14).
We have also (we use relations (15) and (13), (1 ))
(a*

[(w — ¢* B 2)af (2)a (w) —
= (w — ¢ P 2)af (2) [ (w), 2 ()] — (¢FF 9w — 2)[o® (w), 2 (u)]aiE (2)
(¢ Pw — 2)aE (w)[2F (2), af (W)] + (w — ¢FF 2) [ (2), 2 (w)) 2 (w) = 0
and so T UL (@) CUL(G)Ty, ULT(8)T— C T_UL(H).

The last point follows from U, (§) = UL(8)/(UL(§). (T4 +7-).UL(@)), the triangular decomposition of U} (§)
and lemma 3.5. O

Lemma 3.10. Leti# j,s=1—-C;; p=1 or p=—1. We have in Z;{q(ﬁ) :

(20) 5050 0 [3] n)t ) (h ngery)et ) = 0
T€EXk=0..5 qi
(21) S vk m &i(Wr(1))&i (Wr (1)) 75 (2)Ei (Wr (g 1)) i (Wr(s)) = O
TEXk=0..s qi

where & (wp) = x; (wp) if p# 1 and & (wr) = ¢ (wn).
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Remark : in particular if we multiply the equation (20) by ( [[ (wr — ¢ *2)( I (wr — @w,w))
r=1...s 1<r'<r<s
+

and we project it on z; (w1)...x; (ws)d) (2) (we can use the relations (16) thanks to the multiplied
polynomial), we get the combinatorial identity discovered by Jing in [Jin], which was also proved in a
combinatorial way in [DJ] : for 7 € X, denote by e(n) € {1,—1} the signature of = (we have replaced
z 27w w,;,l to get the formula in the same form as in [Jin]):

0= n ¥ [j] ) e g )

TEY s k=0...s

(wﬂ(k+1) - qulz)“'(wﬂ(s) - qulz) H (wﬂ(T) - q2w7r(r’))
1<r<r’<s

Proof:  First we prove the equation (20) with u =1 (i = —1 is analog). The left term is (relations (13)):
) (2)

(w1qFBii — 2)..(wsqTBii — 2)

Z Py (wﬂ'(l)7 ooy Wr(s), Z)m;t (wﬂ(l))m;t (wﬂ'(s))
TEX

that is to say (see lemma 3.6):

Z Z (wﬂ(r+1) - qii2w7r(r))f’r7i(w7r(l)a vy Wr(r—1) Wr(r42)y -+ Wr(s)s Z)xii(wﬂ(l))xii (wﬂ'(s))

TeEX1<r<s—1
For each r, we put together the m, 7" € Xy such that n(r) = 7' (r+1), 7(r+1) = 7'(r), and #(r") = 7' (r")
for all ¥ # r,r + 1. So we get a sum of terms:
fr,:t(wﬂ(l)a vy Wr(r—1) Wr(r42)y -+ Wr(s)s Z)JI?: (wﬂ'(l))m;t (wﬂ'(’rfl))A?:ﬂ'(’r‘)7ﬂ'('[‘+1)}m1:lt (wﬂ(r+2)"'m;t (wﬂ'(s))

where A oy = (wi — ¢ 2wy ) (i )z} (wp) + (wir — g wp)z (wy ) (wy)
But A{ik’k,} =0 in Uy(g).
Let us prove the equation (21) with 4 =1 (= —1 is analog). The left term is :
¢ (wi)
+(1-s)

(w2q;? — wi)...(ws g — w1)(2q;

wl)

k
Z Pj(c )(wl, Wr(2)s -+ Wr(s)s z)x;t(wﬂ(g))...x;t (w,r(k))a:;t (z)x;t (w,r(kﬂ))...x;t (Wr(s))
TEXs_1,k=1...s

where ¥;_1 acts on {2, ..., s}. With the help of lemma 3.7 and in analogy to the previous case, for each
1 <k < seachr # k, we put together the 7,7’ € X, such that n(r) = 7'(r + 1), n(r + 1) = #'(r), and
w(r") = @' (r") for all ¥ # r,r + 1. So the terms with polynomials fikzc, with k¥’ # s,k — 1 are erased.

i
We get : 2 (o) TP

(w2qE? —w1)...(wsqE% —w1)(2g; w1)

+(1—s k +(1—s k
Lz (2 = ¢ ") 151+ (wegeyry — a7 0218 )
mTELs_1,k=1...8

xzi (w,T(z))...gcii (wﬂ(k))acji (z);vli (u},T(k_H))...acii (Wa(s))

But this last sum is equal to :

+(1—s k k—1
S g w1 (W)t (W) )2 (2)2F (W) ) (1))
TEXs_1,k=2...8

where we can replace (z—qf(lfs)wﬂ(k))xf(w,,(k))x;t (2) by (—wr ) +qf(1is)z)x;t(z)xii(w,,(k)) (relations
(16) in U,(@)). As in the previous cases it follows from lemma 3.8 that this term is equal to 0. O

Let 7+ be the two-sided ideal of Z;l;t () generated by the left terms of relations (10) with the a:lir

Lemma 3.11. We have 74U, (3) C Uy (§)7+ and U, (3)7— C 7 Uy (§).
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In particular as Uy (g) = E{é(ﬁ)/(ﬂé(@)(ﬁr + %,).Z;{é (g)) the result of theorem 3.2 follows from lemma 3.5
and the triangular decomposition of U, (g) proved in lemma 3.9.

Proof:  First 71Uy (h) C Uy (h) 7y, Uy(h)7T— C 7_U4(h) are direct consequences of relations (12), (13), (14).
Let us show that :

@) [0 5 03] o ) ) G )t ) )] =0

wE€Xsk=0..5

i

where ¢,5,1 € I, i # j. If | # j and | # i the equation (22) follows from relations (15)). If | = j, the
equation (22) follows from the identity (20) of lemma 3.10 because the left term is :

550 03] e n) G005 () 80T ) wnery ) (00)

z z
u u
TEXk=0..s

i

If | = i, the equation (22) follows from the identity (21) of lemma 3.10 because the left term is :

5 5 0] X w e ne )30 (o) — 67 ()

wTEXk=0..s k'=1...k

mli (ww(k’+1))---$¢i (wﬂ(k))xjc (Z)lei (wﬂ—(k}Jrl))---m;l: (wﬂ(s))

+ Z xf: (wﬂ(l))...xf (w,,(k))xji (z);v;t (wﬂ(k+1))...xii (Wak 1))

k'=k+1...5
Wi
o(=, )(6F (wrr) = &F (Wi )T (Wr(r 41)) -2 (Wr(s)))
So we have proved the equation (22) and in particular 7~'+L~Iq_ (§) C Uy (8)7+, Z;ll;r (8)7- C 7-Uy(g). O

4. INTEGRABLE REPRESENTATIONS AND CATEGORY O(U,(g))

In this section we study highest weight representations of U, (g). In particular theorem 4.9 is a gener-
alization of a result of Chari-Pressley about integrable representations.

4.1. Reminder: integrable representations of quantum Kac-Moody algebras. In this section
we review some known properties of integrable representations of Uy (g).

For V' a U,(h)-module and w € h* we denote by V,, the weight space of weight w:
Vo={veV/Vheb kpv= q“(h)v}

(o)

In particular for v € V,, we have k;.v = q;‘) v and for ¢ € I we have xli.Vw C Votas-

We say that V' is U, (h)-diagonalizable if V = €D V,, (in particular V is of type 1).
webh*

Definition 4.1. A U,(g)-module V is said to be integrable if V' is Uy()-diagonalizable, Yw € §*, V,, is
finite dimensional, and for p € h*, i € I there is R > 0 such that r > R = V1,4, = {0}.

In particular for all v € V' there is m,, > 0 such that for all : € I, m > m,,, (3;7r

J)mow=(z; )™.v =0, and
U;.v is finite dimensional.

Definition 4.2. A U,(g)-module V is said to be of highest weight w € h* if there is v € V,, such that V
is generated by v and Vi € I, x} v = 0.

In particular V' = U,(g)~.v (theorem 2.3), V is U, (h)-diagonalizable, and V = @ V. We have (see [L]):
A<w

Theorem 4.3. For any w € h* there is a unique up to isomorphism simple highest weight module L(w)
of highest weight w. The highest weight module L(w) is integrable if and only w € PT.
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4.2. Integrable representations of quantum affinizations. In this section we generalize results of
Chari-Pressley [CP3, CP4] to all quantum affinizations.

4.2.1. [-highest weight modules. We give the following notion of I[-weight :

Definition 4.4. A couple (A, ¥) such that A € h*, ¥ = (\I},?,::t,,n)ie]7m20, \I/fim € C, \Ilfo = qii)‘(a"'v) is
called a l-weight.
The condition \Ilfo = qii Med) g a compatibility condition which comes from qbfo = kE.
We denote by F; the set of [-weights. Note that in the finite case A is uniquely determined by ¥ because
A =Y Aa})A;. Analogs of those [-weights were also used in [M1] for toroidal si,-cases.

i€l
Definition 4.5. A Uy(g)-module V' is said to be of l-highest weight (A, V) € P, if there is v € V such
that (i € I,r € Z,m >0,h €h):

x:fr.v =0,V =Ug)v, (bfim.v = \I/fim

v, kpv= q)‘(h).v

In particular U,(§)~.v = V (theorem 3.2), V is U,(h)-diagonalizable and V = €D V. Note that the
A<w

l-weight (A, ¥) € P, is uniquely determined by V. It is called the [-highest weight of V.

The notion of [-highest weight is different from the notion of highest weight for quantum affine algebras.

The term “pseudo highest weight” is also used in the literature.

Example : for any (A, ¥) € P, define the Verma module M (X, ¥) as the quotient of U, (g) by the left
ideal generated by the x;fr (i € I,r € Z), k, — ™M (h € p), (bfim - \I/fim (i € I,m > 0). It follows
from theorem 3.2 that M (X, ¥) is a free U, (g)-module of rank 1. In particular it is non trivial and it is
a [-highest weight module of highest weight (A, ¥'). Moreover it has a unique proper submodule (mimic

the classical argument in [Ka]), and :

Proposition 4.6. For any (\,¥) € P, there is a unique up to isomorphism simple l-highest weight
module L(\, W) of l-highest weight (A, V).

4.2.2. Integrable U, (§)-modules.

Definition 4.7. A U,(g)-module V' is said to be integrable if V is integrable as a Uqy(g)-module.

Note that in the case of a quantum affine algebra, the two notions of integrability do not coincide.
Throughout the paper only the notion of integrability of definition 4.7 is used.

Fori e I,r € Z and w € h* we have mfr.Vw C Vipta,- Soif V is integrable, for all v € V, U;.v is finite

dimensional and there is mg > 1 such that for all i € I, r € Z, m > mo = (x:fr)m.v = (z;,)"v=0.

Definition 4.8. The set Pf of dominant l-weights is the set of (A, W) € P, such that there exist
(Drinfel’d)-polynomials P;(z) € Clz] (i € I) of constant term 1 such that in C[[2]] (resp. in C[[z71]]):

ca(p) Pi(z ;1
>V, =g gm)ip( % )
= i(24:)

In particular for all i € I, A(«)) = deg(P;) > 0 and so A € P is a dominant weight.
Theorem 4.9. For (\,¥) € P, L(\, V) is integrable if and only (\, ¥) € P;T.

If g is finite (case of a quantum affine algebra) it is a result of Chari-Pressley in [CP3| (if part) and in
[CP4] (only if part). Moreover in this case the integrable L(A, ¥) are finite dimensional. If g is symmetric
the result is geometrically proved by Nakajima in [N1]. If C is of type ASP (toroidal szn—case) the result
is algebraically proved by Miki in [M1].
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For the general case we propose a proof similar to the proof given by Chari-Pressley in the finite case.
For X\ € h* denote D(A) = {w € h*/w < A}

Proof:  The proof uses the result for U, (sly) which is proved in [CP1, CP3].

First suppose that L = L(\, ¥) is integrable and for i € I let L, be the U;-submodule of L generated by
the highest weight vector v. It is a [-highest weight Uy, (sl2)-module of highest weight (A(e)'), UF). As L
is integrable, L; is finite dimensional. So the result for U, (sl2) gives P;(z) € C[z] such that:

) Pi(zq; ")
U, 2t = s ET T N (a)) = deg(P) > 0
mzzo = Pi(zq;)

Now we prove that L = L(\, V) = U,(g).v is integrable where (A, ) € P;". It suffices to prove that:

(1) For all g < X, if L, # {0} then there exists M > 0 such that m > M = L,_ma, = Lutma, =0
for alli € I.

(2) For all p < A, dim(L,) < oo.
The proof goes roughly as in section 5 of [CP3|, with the following modifications :

For (1) : the existence of M for L,4ma, = 0 is clear because the weights of L are in D()). Put
rY =max{—C; ;/i # j}. In particular if C is finite, we have r¥ < 3. First we prove that for m > 0, the
space L, _maq, is spanned by vectors of the form Xfxakl...X,:x;“th,;rl.v where A — p = aj, +... + o,
k.o kn € Z, X, is of the form X° =z, .y - where my + ..+ mpiq = m and my, .., my, < rY
(which is the crucial condition). It is proved by induction on h (see [CP3] section 5, (e)) with the help
of the relations (10). Note that in [CP3| ¥ = 3. Now it suffices to prove that U;.v is finite dimensional
. indeed if m > rVh + dim(U;.v) we have my 41 > dim(U;.v) and X v = 0. It is shown exactly as in

lemma 2.3 of [CP2] that U;.v is irreducible as U;-module, and so is finite dimensional.

For (2) : let us write A — 4 = a;, + ... + ;,,. The result is proved by induction on h. We have seen
that U;.v is finite dimensional. The induction is shown exactly as in [CP3] (section 5. (b)) by considering
the Lx—jta,, and with the help of relation (9). d

4.3. Category O(U,(g)). In the following by subcategory we mean full subcategory.
Definition 4.10. A U,(h)-module V is said to be in the category OUq(h)) if:
i) V is Uq(h)-diagonalizable
ii) for all w € §*, dim(V,,) < oo
iii) there is a finite number of element A1, ..., As € h* such that the weights of V are in  |J D()\;)

j=1l...s
A Uy (g)-module (resp. a Uq(§)-module) is said to be in the category OUy(g)) (resp. OUq(8))) if it is in
the category O(Uy(h)) as a Uy (h)-module.

In particular we have a restriction functor res : O(Uy(g)) — OUy(g))-

For example a highest weight U, (g)-module is in the category O(U,(g)) and the product ® is well-defined
on O(Uy(g)). An integrable I-highest weight module is in the category O(U,(g)). But in general a [-highest
weight module is not in the category O(U,(g)), indeed (C,[2] is the space of polynomials of degree lower
that r):

Lemma 4.11. Consider a l-weight (w,¥) € P, and i € I. If dim(L(w,¥)y—a,) = r € N then there is
P(z) € C,[z] such that P(z)U;(z) = 0 where ¥;(z) = > (\IJZTZT -, 277,

i,—T
r>0

In particular the existence of a P(z) € C[z] such that P(2)¥;(z) = 0 for all ¢ € I is a necessary condition
for L(w, ¥) € OU,(9))-
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Proof:  Let vo,v1, ..., v, € L(w, ¥) such that:
Lw,¥), =Cuvy, L(w,¥)y—n, =Cv1 @ ... ® Co,
For m € Z let ¥, ,,, = \I/:fm — Wi, As z,,.vo = 0, we have:

1
o _
LimTim V0 = —1 \Iji7m+m"l}0
qi — g,

As x;,,.v0 € L(w, ¥)y—q, and x:m.vj € L(w,¥),, there are M, uf, € C (m € Z,1 < j < r) such that:

m?
x5 g =Ao 4+ N v, zh v =l v
im0 = Am Ul T .. mUr 5 Lj - Vj = M, V0

In particular we have: W, i = (i — q; %) S M opd. We set M(2) = 32 M 2™, U(z) =
j=l...r m’'EZ
S U 2" =W 27" and we have :

>0
() = (g — g ) D> N (2)
j=1l..r
So the {¥,;(2), 2¥;(2),...,2"¥;(2)} are not linearly independent. O

5. q-CHARACTERS

For a quantum Kac-Moody algebra, one can define a character morphism as in the classical case. For
quantum affine algebras a more precise morphism, called morphism of g-characters, was introduced by
Frenkel-Reshetikhin [FR] (in particular to distinguish finite dimensional representations). In this section
we generalize the construction of g-characters to quantum affinizations. The technical point is to add
terms kx (A € h*) to make it well-defined in the general case. We prove a symmetry property of g¢-
characters that generalizes a result of Frenkel-Mukhin : the image of x, is the intersection of the kernels
of screening operators (theorem 5.15).

5.1. Reminder: classical character. Let U,(g) be a quantum Kac-Moody algebra. Let £ C (h*)% be
the subset of ¢ : h* — Z such that ¢(A) = 0 for A outside the union of a finite number of sets of the form
D(p). For A € h* denote e(A\) € € such that e(A)(p) = . € has a natural structure of commutative
Z-algebra such that e(N)e(u) = e(A+ p) (see [Ka]).

The classical character is the map ch : O(U,(g)) — £ such that for Ve O(U,(g)):
ch(V) = Z dim(V,)e(w)
weh*

ch is a ring morphism and ch(L(w1)) = ch(L(w2)) = w1 = wa.

5.2. Formal character. Let U,(g) be a quantum affinization. In general the map ch o res does not
distinguish the simple integrable representations in O(U,(g)). That is why Frenkel-Reshetikhin [FR]
introduced the theory of g-characters for quantum affine algebras. We generalize the construction for
quantum affinizations.

Let V be in O(Uy(g)). For w € h*, the subspace V,, C V is stable by the operators (bfim (eI, m>0).
+

,m?

kr] = 0, so we have a pseudo-weight space decomposition:

Vo= P Vi

v/(wy)EPR

Moreover they commute and [¢

where V,,  is a simultaneous generalized eigenspace:
Voy={zeVy/IpeNVie{l,...,n},Ym > 0,(¢] 1, — Vipm)" -z =0}

As V,, is finite dimensional the V,, ,, are finite dimensional.
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Let & C PZ be the ring of maps ¢ : P, — Z such that ¢(\, ¥) = 0 for X outside the union of a finite
number of sets of the form D(u).

Definition 5.1. The formal character of a module V in the category O(Uy(8)) is chqe(V) € & defined by:
(V)= S dim(Vy.r)e(u.T)

(nT)ER

We have the following commutative diagram:

OU(8) =% &
| res 1B
ch

OUy(g)) — €

where 3 : & — £ is constructed from the first projection 7 : P, — P.

5.3. Morphism of ¢-characters. The combinatorics of formal characters can be studied with a mor-
phism of g-characters x, which is defined on a category Oint(U,(g)) :

5.3.1. The category Oint(Uy(8)). Denote by Oint(Uy(g)) (resp. Oint(Uy(g))) the category of integrable
representations in the category O(U,(g)) (resp. OU,(§))). For example a simple integrable [-highest
weight U, (g)-modules is in Oine(Uy(§)). Moreover:

Proposition 5.2. For V a module in O;n(Uy(§)) there are Py gy >0 (A, ¥) € P;") such that:

che(V) =D Pawchy(L(N, )
A\ )ept
Proof: 'We have two preliminary points:
1) a submodule, a quotient of an integrable module is integrable.

2) for V' € Oins(Uy(g)) a module and p a maximal weight of V', then there is v € V,, such that U,(g).v
is a [-highest weight module : indeed for (u,~) € P; such that V, , # {0} there is v € V},, — {0} such
that Vi € I,r >0, ¢7,,.v = 7, v (because for all i € I,r > 0, Ker(¢F,, —7;w,) N Vi, # {0}).

The end of the proof is essentially made in [Ka] (proposition 9.7) : first we prove that for A € h* there
exists a filtration by a sequence of submodules in Oin(Uy(8)): V=V, D Vie1 D ... D Vi D Vp =0 and
J C {1,...,t} such that:

(i) if j € J, then V;/V;_1 ~ L(\;, ¥;) for some (\;, ¥;) € P;" such that \; > A
(i) if j ¢ J, then (V;/V;_1), = 0 for every p > X

(see the lemma 9.6 of [Ka]). Next for (1, ¥) € P;*, fix A such that 4 > X and introduce P, ¢ the number
of times (u, U) appears among the (A;, ¥;) (it is independent of the choice of the filtration and of 1). We
conclude as in proposition 9.7 of [Ka]. O

Definition 5.3. QPI+ is the set of (u,vy) € P, satisfying the following condition :
i) there exist polynomials Q;(z), Ri(z) € C[z] (i € 1) of constant term 1 such that in C[[z]] (resp. in

Cllz="11): 1
S = deg(Qi)—deg(R;) Qi(2q; ) Ri(2¢i)
Vi, £m? =g —1
>0 Qi(zqi)Ri(zq; ")

ii) there exist w € PT, a € Q7T satisfying p = w — a.

In particular PlJr C QPI+.

Proposition 5.4. Let V be a module in Oint(Uy(8)) and (p,~) € Py. If dim(V,,) > 0 then (u,v) € QP;".
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Proof: The existence of the polynomials is shown as in [FR] (proposition 1): it reduces to the sls-case
because for v € V, U;.v is finite dimensional. The existence of w € P and o € Q% is a consequence of
proposition 5.2 and theorem 4.9. [l

5.3.2. Construction of q-characters. Consider formal variables Ylia (i € I,a e C*) and ky, (w € bh). Let

A be the commutative group of monomials of the form m =[] Y;Z’“(m)kw(m) (ko = 1) where only a
i€l,aeC*
finite number of u; ,(m) € Z are non zero, w(m) € b (the coweight of m), and such that for i € I:

aj(w(m)) = riu;(m) =r; Z Ui q (M
acC*
The product is given by u; qo(mi1ma) = i q(m1) + i q(m2) and w(mimse) = w(m) + w(msz).
For example for i € I,a € C*, we have k,(x)Yia € A because for j € I, a;(v(N;)) = Ni(v(ey)) =
riAi(a}) = 7;0; . For (u,T') € QP;" we define Y, r € A by:
H P = k H }/fai,a*%,a

16[ acC*

where 0 4,%i.a € Z are defined by Q;(u) = [[ (1 —wua)% , Rj(u) = [] (1—wua)¥e. We have Y, r € A
aeCr aeC*
because for i € I:

ai(v(p)) = p(v(n)) = rip(ay’) = ri(deg(Q:) — deg(R:)) = riui(Y,.r)

For y € A” we say x € ) if there is a finite number of element Ay, ..., \s € b* such that the coweights of
monomials of x arein |J v(D(}A;)). In particular ) has a structure of h-graded Z-algebra.
j=1...s

Definition 5.5. The g-character of a module V' € O (Uy(8)) is:
xq(V) = Z d(u,0)Y,r €Y

(w,D)eQP

where d(u,T") € Z is defined by che(V) = >  d(u,De(p,T).
(mT)EQPRT

We have a commutative diagram :

OumtUs (@) -5 Y
| res 13

OumeUy(a) 2 €

where for m € A, f(m) = e(w(m)).

If C is of finite type then the weight of a monomial m € ) is w(m) = > u;(m)r(A;). So we can forget
iel

the kj, and we get the g-characters defined in [FR]. In this case the integrable simple modules are finite

dimensional.

Note that in the same way one can define the g-character of a finite dimensional Uq(ﬁ)—module.

5.3.3. Morphism of g-characters. Denote by Rep(U,(g)) (resp. Rep(Uy(g))) the Grothendieck group
generated by the modules V in Oin(Uy(g)) (resp. Oint(Uy(§))) which have a composition series (a
sequence of modules V' D V4 D Vo D ... such that V;/V; 44 is irreducible).

The tensor product defines a ring structure on Rep(i;(g)) and ch gives a ring morphism x : Rep(U,(g)) —
E.

The g-characters are compatible with exact sequences and so we get a group morphism x, : Rep(U,;(g)) —
Y which is called morphism of g-characters.



REPRESENTATIONS OF QUANTUM AFFINIZATIONS AND FUSION PRODUCT 19

Proposition 5.6. The morphism x, is injective and the following diagram is commutative:

Rep(Uy () ~% Y
| res 1B
Rep(Uy(a)) ——

The commutativity of the diagram follows from the definition. To see that x, is injective, let us give
some definitions:

A monomial m € A is said to be dominant if u;,(m) > 0 for all i € I,a € C*. If a l-weight (w, ¥)
belongs to Pfr then Y, v) € A is dominant. Moreover the map (w,¥) = Y, y) defines a bijection
between P;* and dominant monomials. For m € A a dominant monomial we denote by L(m) € Y the
g-character of L(w,¥) where (w, V) is the corresponding dominant I-weight. In particular L(m) = m +
monomials of lower weight (in the sense of the ordering on P), and so the L(m) are linearly independent.

A module with composition series in determined in the Grothendieck group by the multiplicity of the
simple modules, and we have seen that the y,(L(\, ¥)) (A, ¥) € P;") are linearly independent in Y. So
Xq 1s injective.

5.4. g-characters and universal R-matrix. The original definition of g-characters ([FR]) was based
on an explicit formula for the universal R-matrix established in [KT, LSS, Da|. In general no universal
R-matrix has been defined for a quantum affinization. However g-characters can be obtained with a piece
of the formula of a “R-matrix” in the same spirit as the original approach:

We refer to the chapter 3 of [Gu] for general background on h-formal deformations. Consider Uy (g) the
C[[h]]-algebra which is h-topologically generated by b and the xfr (tel,reZ),him(icl,meZ—-{0})

and with the relations of U,(g) (where we set for w € b, k., = exp(hw)). The subalgebra Uy (h) C Un(g)
is h-topologically generated by b and the h; ,,, (i € I,m € Z — {0}).

If V is a Uy(g)-module (resp. U,(h)-module) which is U,(h)-diagonalizable then we have an algebra

morphism 7y (k) : Up(§) — End(V)[[h]] (resp. mv(h) : Un(h) — End(V)[[h]]) (Remark : for A\ € bh*,
w € h, v eV, weset wv=Aw)v).

Define R® and T in Uy (§)&U (§) C Un(§)&Un(§) (h-topological completion of the tensor product) by the

formula :
m

BL ’(qm)hmhi,m & h '77m)
[m]q ! !

RO =exp(—(¢g—q" ") Y

i,5€1,m>0

T = exp(—h Z A @v(a))
1<i<2n—1
Remark : we have the usual property of T' (see [FR]): for \,p € h*, z € V\,y € V,,, wehave T.(z ® y) =
¢ O (z ®y). Indeed:

> A () = (1 Y AN ) = (1, )

1<i<2n—1 1<i<2n—1

For i € I,m € Z — {0} denote ﬁi,m = Zéj)i(qm)hj,r,n. We have an inclusion A C Z/lh(f)) because
jer
krunnexp(Flg — g 1) X h™a "him) € Un(§) (i € I,a € C*) are algebraically
m>1

the elements Yt

,a

independent.

Theorem 5.7. For V a finite dimensional Uy (h)-module, ((Try o my (h)) @ Id)(R°T)) € Up(b) is equal
to xq(V).
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Proof:  For (X, ¥) € P; consider V(5 ) and ((Try,, ,, © Ty, 4, (h)) ® Id)(ROT). First we see as in [FR]

that the term Ro gives  [| V%) But we have:
i€l,acC*

Yo A @) =v( Y A )ai) =v(A)

1<i<2n—1 1<i<2n—1
and so T gives k_,(y)- O

In general for V' € Oy (U, (§)) we can consider a filtration (V;.),>¢ of finite dimensional sub U, (§)-modules

of V such that |J V, = V; s0 x4(V) is the “limit” of the ((Try. o 7y, (h)) ® Id)(R°T) in Y.
>0

5.5. Combinatorics of ¢-characters. In this section we prove a symmetry property of general g-
characters : the image of x, is the intersection of the kernels of screening operators (theorem 5.15).
Our proof is analog to the proof used by Frenkel-Mukhin [FM] for quantum affine algebras; however
new technical points are involved because of the k) and infinite sums. In particular it shows that those
g-characters are the combinatorial objects considered in [H3] (which were constructed in the kernel of
screening operators).

In sections 5.5 and 6 we suppose that C(z) is invertible (it includes the cases of quantum affine algebras and

quantum toroidal algebras, see section 2). We write C(z) = % where d(z), C’Z'j (2) € Z[zF]. Forr € Z

let p; j(r) = [(D(2)C"(2))i ;] where for a Laurent polynomial P(z) € Z[zF] we put P(z) = 3 [P(2)],2".
reZ

5.5.1. Construction of screening operators. Let Y™ C ) be the subset consisting of those Y € ) satisfying
the following property : if A is the coweight of a monomial of x there is K > 0 such that £ > K implies
that for all ¢ € I, A £ kr;«) is not the coweight of a monomial of x.

Lemma 5.8. Y™ is a subalgebra of Y and Im(x,) C Y™.

Consider the free Y'"t-module ); = [T Y"tS; . and the linear map S; : Yint — Y. such that, for a
acC*
monomial m :

S’Z(m) =m Z Ui,a(m)si,a

acC*

In particular S; is a derivation. Let us choose a representative a for each class of C*/¢?% and consider:

yi = H yintsi,a

aeCx /q?2
For i € I and a € C* we set:

—1 7
Ai7a = kiYi,aqi—lYi,aqi H Yj,atf €A

j/cj‘yi<0 s r:C’j,i+1,Cj,i+3,...,—Cj,i—l
We have Ai,a € A because fOI"j ISE Qaj (T@Oél\v/) = riOm« = ’I"jCj)l' =T;U; (Ai,a)-

We would like to see ); as a quotient of 371 by the relations S; qq, = Ai.a'5,

i.aq—1- But the projection
is not defined for all elements of JN)Z because there are infinite sums. However if y € Y™ and m is a

monomial of y there is a finite number of monomials in x of the form mA; ;qi Az‘_;q?’ AT ;qr or of the form

mA, aq¢1A;iq,3...A;iq,7,. So the projection on Y; is well defined on S'i(yim) C Yi. In particular we can

i

define by projection of S’i the 4t screening operator S; : Yint — ;.

The original definition for the finite case is in [FR].
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5.5.2. The morphism 1;. Some operators 7; (i € I) were defined for the finite case in [FM]. We generalize
the construction and the properties of the operators 7; (lemma 5.9 and 5.10).

Let i € I. Denote hi = {w € h/a;(w) = 0}.

Consider formal variables k") (re),k, (weh), YljE (a€C*), Zj. (j €I—{i}, ceC*). Let A pe
the commutative group of monomials :

- r w (m) H Ym wm) H ZJzaJCC(m)

acC* j€eI,j#i,ceC*

where only a finite number of w; 4(m), zj .(m),r(m) € Z are non zero, w(m) € hi- and such that r(m) =

riui(m) = r; 3 uiq(m). The product is defined as for A. We call (r(m),w(m)) € Z x h;- the coweight
acC~
of the monomial m.

Let 7; : A — A® be the group morphism defined by (j € I, a € C*, A € h):

pi() oy _ ) s
nla) =¥ T1 2007wl =Klaky oy
#i, r€L
(note that it is a formal definition because Yj .k, (4, ) € A but Yo ¢ A) It is well defined because for
m e A, aj(w(m)) = rus(m) and oy (w(m) — al(w(m))—) =0.

Lemma 5.9. The morphism 7; is injective and for a € C* we have:

Ti(Aia) = K5, g Yiaa
Proof: Let m € A such that 7;(m) = 1. For a € C* we have u; o(m) = u;o(mi(m)) = 0. For k € I,
a € C* denote uy q(m)(2) = 3 Up.aqr(m)z" € Z[zF]. For j € I — {i}, we have :
S/

0=2j0r(rim) = D prj(uragr-(m) = > _Ch;(2)uka(m)(2)]r

k€l,r+r'=R kel

As C(2) is invertible we get uy o(m) = 0 for all @ € C*. In particular for j € I we have a;(w(m)) =

rjuj(m) = 0. But w(m) — ai(w(m))agiv =0=w(m) and so m = 1.

For the second point let M = 7;(A; ). First for b € C*, u;p(M) = u;p(Aia) = dasbg, + 6a/b,qf1. For
R € Z and j # i we have:

2j.aqn (M) = [(C"(2)C(2))i 5] = [(d(2)D(2))i,j]r = 0

Finally we have r(M) = r;a; (o)) = —2r; and w(M) = rof — 7"@()@(04\/)0‘21'V =0. O

Formally we have 7;(k;) = k§2 and for j € I — {i} 7;(k;) = k( ) k o where aE) =rjaf — BJ Loy, This

motivates the following definition: for (r,w) € Z x b3 denote :

D(r,w) ={(r, o) €Z x hi Ju' =w — Z mjag-i) yr=r— Z Bj;m; —2r;k/m;j, k > 0}
JEI,j#i JEILj#i

Define Y  (A®)Z as the set of x such that :

i) there is a finite number of elements (r1,w1), ..., (rs, ws) € Zxb;- such that the coweights of monomials
of xyarein |J D(r;,w;).
j=1l...s
ii) for (r, A) the coweight of a monomial of x there is K > 0 such that k£ > K implies that for all j € I,
j#1, (r£Bjk, £ kag-l)) and (r £ 2kr;, A) are not the coweight of a monomial of x.

In particular Y has a structure of Z x f)f‘—graded Z-algebra.
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The morphism 7; can be extended to a unique morphism of Z-algebra 7; : V"t — Yint:(0)  Denote by Xé

the morphism of g-characters for the algebra U, (822)
Lemma 5.10. Consider V € Oin:(Uy(§)) and a decomposition 7;(xq(V)) = > PpQr where
k

P, € Z[Yiikg)m]aeC*; Q. is a monomial in Z[ch, kn)jziacce neyt and all monomials Q. are distinct.

Then there exists a Ui—module PV isomorphic to the restriction of V to [AJl and such that Xé (V) = Px.
k

Proof:  Let Uy (h); the subalgebra of U, (§) generated by the ky, (h € b3-), hjm (j # i, m € Z—{0}). We
can apply the proof of lemma 3.4 of [FM] with U; and U, () because :

i) U; and U, (h);- commute in U, (§)

ii) The image w — a;(w) O‘in in b of w € b suffices to encode the action of the k;, (h € hi) on a vector

of weight v~!(w) = A. Indeed for h € bh;-, we have:

AB) = (A (h), v (@) = v (B) ) = v () — () O
because a;(h) =0 = v~ (o)) = 0. -

K2

5.5.3. 7; and screening operators. In this section we prove that Im(x,) C Ker(S;) (proposition 5.12) with
a generalization of the proof of Frenkel-Mukhin [FM].

Consider the Yt()_module 5)1(1) = 11 yint,(9) Si o and the linear map S, oyt (D) :)71(1) such that, for
acC*
a monomial m :

gi (m) =m Z U/i,a(m)si,a

acC*

In particular S; is a derivation. Consider yf“ = JI Y@, ,. The S;(Y"t®) c )N)Z(l) can be
a€C/q?"

projected in yf“ by the relations :
Siati = Yiae, Vs aq 1 Ko,

i,aq; Laqi_1
and we get a derivation that we denote also by §; : Yt — yfi).

We also define a map 7; : V; — yf“ in an obvious way (with the help of lemma 5.9). We see as in lemma
5.4 of [FM] that:

Lemma 5.11. We have a commutative diagram:

ym =LY
I 17

With the help of lemma 5.9, 5.10 and 5.11 we see as in corollary 5.5 of [FM]:

Lemma 5.12. We have Im(xq) C () Ker(S;).
i€l

In the following we denote &; = Ker(S;) and £ = [ R;.
iel
Lemma 5.13. An element x € Y™ is in &; if and only if it can be written in the form x = > PrQr where
k
P, e Z[kl,(Ai)Y;,a(l + AL

. L. + .
1,aq¢)]aec*’ Q. is a monomial in Z[Yjﬂ, kh]j#i,aECﬁhEPi*‘L and all monomials Qy,

are distinct.
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Proof:  'We use the result for the sle-case which is proved in [FR]. First an element of this form is in £;.
Consider x € &; and write 7;(x) = %:P,QQ;C as in lemma 5.10. From lemma 5.11 we have 0 = S;(x) =
>.8i(P})Qk. So all §;(P}) = 0 and it follows from the sly-case that P € Z[Y; oki} + Y, L.k Jocc.
k ? i

The lemma 5.9 lead us to the conclusion. O

5.5.4. Description of Im(x,). Dominant monomials are defined in section 5.3.3. We have:

Lemma 5.14. An element x € R has at least one dominant monomial.

With the help of lemma 5.13 we can use the proof of lemma 5.6 of [FM] (see also the proof of theorem
49 in [Hl] at t =1).

Theorem 5.15. We have Im(x,) = 8. Moreover the elements of & are the sums:

Z AmL(m)

m dominant

where A\, = 0 for w(m) outside the union of a finite number of sets of the form D(u).

Proof: The inclusion Im(x,) C £ is proved in lemma 5.12. For the other one, consider x € & We can

suppose that the weights of y are in a set D(\) (because the weights of each L(m) are in a set D(u)). We

define by induction L*)(m) € Im(x,) (k > 0) in the following way: we set L(® = 3" [x],,L(m). If
w(m)=A

L®) is defined, we consider the set Ay 1 of monomials m’ which appear in x — L(¥) such that A\ —w(m’) =

miriey + ... + mprp) where my,...,m, > 0 and my + ... + m,, = k. We set:

LD — (k) | Z [x — L®¥)], L(m")

m’EAk+1

Then we set L = Y. [LW],,L(m) € Im(y,) and it follows from lemma 5.14 that L™ = y. O
k>0/me Ay,

Note that proposition 5.2 gives that for x4(V) (V module in Oin(Uy(8))) the Ay, are non-negative.

Remark: for m € A a dominant monomial we prove in the same way that there is a unique F'(m) € £ such
that m has coefficient 1 in F'(m) and m is the unique dominant monomial in F'(m). In the finite case an
algorithm was given by Frenkel-Mukhin [FM] to compute the F(m). In [H3] we extended the definition
of the algorithm for generalized Cartan matrix and showed that it is well-defined if i # j = C; ;C;; < 3
(see also [H2| for the detailed description of this algorithm at ¢ = 1). Theorem 5.15 allows us to prove
two results announced in [H3] : the algorithm is well defined for

AWM (with 7y = ry = 2) because det(C(z)) = 24 — 22 — 272 4 274 £ 0
Ag) (with 1 =4, 79 = 1) because det(C(2)) =25 — 2z — 271+ 275 #0

But for Agl) (with r; = ro = 1) we have det(C(z)) = 0; we observed in [H3] that the algorithm is not
well-defined in this case.

6. DRINFEL'D NEW COPRODUCT AND FUSION PRODUCT

Our study of combinatorics of g-characters gives a ring structure on Im(x,) (corollary 6.1). As x, is
injective we get an induced ring structure on the Grothendieck group. In this section we prove that it
is a fusion product (theorem 6.2), that is to say that the product of two modules is a module. We use
the Drinfel’d new coproduct (proposition 6.3); as it involves infinite sums, we have to work in a larger
category where the tensor product is well-defined (theorem 6.7). To end the proof of theorem 6.2 we
define specializations of certain forms which allow us to go from the larger category to O(U,(g)). Note
that in our construction we do not use that C(z) is invertible.
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6.1. Fusion product. As the S; are derivations, theorem 5.15 gives:

Corollary 6.1. Im(x4) is a subring of Y.

Since x4 is injective on Rep(Uy(§)), the product of Y gives an induced commutative product * on
Rep(Uy(g)). For (A, 0), (X, ¥') € P/" there are Qx w,x v (i, ®) € Z such that:

L(Aa\P) *L(Alvqﬂ) = L(A_F A/7\IJ\I//) + Z QA,‘I’,X,‘I"(Hv(I))L(,u7CI))
(1, @)EPT [ u<A+N
We will interpret this product as a fusion product related to the basis of simple modules : that is to say

we will show that a product of modules is a module (see [F] for generalities on fusion rings and physical
motivations). Let us explain it in more details : consider :

Rep™ Uy(8)) = @D N.LT) CRepUy(s) = @ Z.L( D)
(A w)ept (\w)ept

Theorem 6.2. The subset Rept (U, (§)) C Rep(Uy(§)) is stable by *.

In this section 6 we prove this theorem by interpreting * with the help of a generalization of the new Drin-
fel’d coproduct. Note that theorem 6.2 means that for (A, ¥), (A, ¥/) € P;" we have Qv w (1, ®) > 0.

6.2. Coproduct.

6.2.1. Reminder: case of a quantum affine algebra and Drinfel’d-Jimbo coproduct. As said before the case
of a quantum affine algebra is a very special one because there are two realizations (if we add a central
charge); in particular there is a coproduct on U,(§), a tensor product on Oin (Uy(§)) and Rep(Uy(g)) is a
ring. It is the product * because it is shown in [FR| that x, is a ring morphism. In particular the tensor
product is commutative. So theorem 6.2 is proved in this case.

6.2.2. General case : new Drinfel’d coproduct. In general we have a coproduct Ay : Uy (b) — Uy, (h) U, (b)

for the commutative algebra U, () defined by (h € P*, i € I, m # 0):
Af) (kh) - kh ® kh 5 Af] (hi,m) =1® hi,m + hi,m ®1

In particular we have (i € I,m > 0) : Aﬁ(@{[im) = > ¢fi(m7l) ® ¢E,,.
o<i<m ’

No coproduct has been defined for the entire U,(§). However Drinfel’d (unpublished note, see also

[DI, DF]) defined for Uy(sl,) a map which behaves as a new coproduct adapted to the affinization
realization. In this section we use those formulas for general quantum affinizations; as infinite sums are
involved, we use a formal parameter u so that it makes sense.

Let C = C((u)) be the field of Laurent series 3 A\,u” (R € Z, A, € C). The algebra U,(§) is defined in
r>R

section 3.3.1. Consider the C-algebra Z;{;(ﬁ) = C ®U,(§) (resp. Uy (g) = C@Uy(g)). Let L?;(ﬁ)@l;{;(ﬁ) =
(U, (8) @c Uy (§))((u)) be the u-topological completion of Z:{;(@) ®c Z;{é(@) It is also a C-algebra.
Proposition 6.3. There is a unique morphism of C-algebra A, : Z;{é(ﬁ) — Z:{,;(@)@Z;{é(@) such that for
iel,reZ, m>0,hebh:

Au(xjr) = xi—'i,_r ®1+ ZurJrl((bi_,—l ® $:r+l)
>0

Au(z;,) =v"(1®x;,)+ Zul(xi_’r_l ® )
>0

Au( Zij:m) = Z uil( ??:I:(m—l) ® (bziil) 5 Au(kh) = kh ® kh
0<Ii<m
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Az (2)) = 2 (2) © 1+ 67 (2) ® 2 (2u) , Au(a; (2)) = 1@ 27 (2u) + a7 (2
Au(07(2)) = ¢ (2) @ ¢ (2u)

Remark 1 : If C is finite or simply laced then A, is compatible with the affine quantum Serre relations
(relations (10)) and can be defined for U, (g) (see [DI] for finite symmetric cases and [E, Gr| for other

finite cases). We conjecture that it is also true for general C, but we do not need it for our purposes.
Remark 2 : let T : Uy (§) — I;{; (g) be the Z-gradation morphism defined by T(a:fr) = uf’xfr, T((bfm) =

u™¢E . T(kp) = k. The u is put in such a way that A, = (Id ® T) o A where A is the usual new

i,m?

Drinfel’d coproduct (without u).

Remark 3 : The map A, is not coassociative , indeed in (LNl,; (9) ®c LNI,; (9) ®c Z;{(; (8)[z]:
(Ay ®1d) 0 Ay) (9] (2)) = &7 (2) ® & (uz) ® ¢ (uz)
((Id® Au) 0 Au)(97 (2)) = ¢ (2) ©@ 6] (uz) © ¢;f (u?2)

Remark 4 : Although is is not defined in a strict sense, the “limit” of A, at u = 1 is coassociative. On

Ug(h) the limit at u =1 makes sense and is Ag.

6.3. Tensor products of representations of Z:{é (§). As the coproduct involves infinite sums, we have
to introduce a category larger than O(U,(g)) in order to define tensor products:

6.3.1. The category O(Z:{é(ﬁ))
Definition 6.4. The set of |, u-weights P, is the set of couple (A, ¥(u)) such that A € b*, ¥(u) =
(U L ()i rmz0, Wiy (w) € Cluyu™!] and Wy(w) = 7.
Definition 6.5. An object V' of the category O(Z;{é(@)) is a C-vector space with a structure on:{,;(ﬁ;)—module
such that:

i) V is Uy(h)-diagonalizable

ii) For all A € b*, the sub C-vector space V\ C V is finite dimensional

iii) there are a finite number of element A1, ..., As € h* such that the weights of V are in  |J D();)
j=1l...s

i) for X e h*, V\ = &b Viaw(u)) where:
(A (u)EPu

Vo ={z € Va/Ip eNVi € {1,...,n},Vr > 0, (674, — Ty, (u)P.x =0}

The property iv) is added because C is not algebraically closed.

The scalar extension and the projection U, (§) — Uy(§) gives an injection i : OU,(§)) — (9(1;{; (§)) such
that for Ve OU,(g)), i(V) =V &C.

Let &, C PP, be defined as &. The formal character of a module V' in the category O(Z;{é (g)) is:
chou(V)= > dime(Vyr)e(nT(w) € &
(1, ()€ P

We have a map ig : & — &, such that ig((\, ¥)) = (A, (TI™ )) and a commutative diagram:

i,tm

R chy
O, (a)) — &
li lig

~ A chy,u
oW (a) — &
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In an analogous way one defines the category O(U,(g)) and a formal character chy ,, on O(U,(8)).

6.3.2. Tensor products. We consider subcategories of O(Z;{é (g)). Let Re Z, R>0:

Definition 6.6. OR(Z;{’(A)) is the category of modules V € O(Z;{é(@)) such that for all A € h*, there is a
C-basis (v))a of Vi satisfying :

i) for all m € Z, o, B, the coefficient of x}, v} on Ug""o” (resp. of x;,,.v) on Uﬂ %) is in Cl[u]] of
m >0, in u®mC[[u]] if m < 0.
it) for all m >0, o, B the coefficient of ¢; _,,.va on v} is in u~ ™ C[[u]]

iii) for allm >0, a, 8 the coefficient of¢ vy, on vy is in Cl[u]]

Example : For V € OU,(§)), we have i(V) € O°(U,(d)).

Theorem 6.7. Let Vi € OU,(§)) and Vs € (’)R(Z;{;(ﬁ)). Then A, defines a structure of Z:{;(@)-module
on (V1) ®¢ Vo which is in ORH(Z:{(;(ﬁ)). Moreover the I, u-weights of i(V1) ®c Va are of the form (A +
A2, 71 (2)72(uz)) where (A1,71) is a l-weight of Vi and (A2, 72) is a I, u-weight of Va.

Remark : vy(u)(z) = 71(2)72(uz) means that for i € I,m >0 :

Yoz (W) = Z (Y1), (w) (21, (m—ty (W) u =D

0<I<m

Proof: As the definition of A, involves infinite sums, we have to prove that the action formally defined
by A, makes sense on V/ ®¢ Vo where we denote V{ = i(V7). Indeed the weight spaces of V{ and V5

are finite dimensional and for A\, u € h* we can use a C-base (v}?), of (V1)) as a C-base of (V/), and

the C-basis (v>) of (V2), given by the definition of OR(Z;{;(Q)). So consider A\, € h*, i € I and let us
investigate the coefficients (r € Z,m > 0):

we have 2 (V/)a ® (V2)u) € (W)ata, ® (V2)u & (VA ® (VZ)u+ai-

on (V{)x ® (Va)u+a, : the coefficient of 27 .(vi* @ v>H) on U * @ v2 P s in S uHC[u]] € C[u]]
>0

if >0, in Y u"HuRCHIC[[u]] € wBFFITC[[u]] if r < 0.
>0

on (V{)xta; ® (Va), : the coefficient of x;fr.(vé’A ® UZ& ) on vﬁ Mo v is in C.
we have 2. (V{)x ® (Va)u) € (V)r-o: @ (Va)u @ (V)2 ® (Vé)u—ai-

on (V)x ® (Va)u—a, : the coefficient of z;,.(vi* ® v2H) on vﬁ ® Uﬁ’“ % is in w"Cl[u]] C Cl[u]] if
r >0, in u"uf* Cl[u]] if r < 0.

on (V{)a—a, ® (Va)u : the coefficient of z7,.(vi* ® v>H) on vé AT g vﬁ,, is in > u!Cl[u]] C C[[u]].
>0

we have ¢, (V/)a ® (Va)u) C (V))r ® (Va),).
the coefficient of ¢, .(vi* @ v2#) on vyt @ v3M isin Y w!C[[u]] C C[[u]].

the coefficient of ¢; _,,.(v1* ® v2/") on vy @ vitisin Y wmuTBC[u]] € ummEHDC[u]].

So we have a structure of Z;{é(ﬁ)—module on V{ ®@¢ V. Let us prove that it is in O(Z:{,; (g)). We verify the
properties of definition 6.5: i) ii) iii) are clear because the restriction of A, to Uy,(h) is the restriction
of Ag. For iv) we note that for (A1,71), (A2,72) € Pru, the (V{)x,,5, ® (V2)x,,4, is in the pseudo weight

space of [, u-weight (A 4+ Ao, 71(2)72(21)) because A, (¢F(2)) = ¢F(2) ® ¢ (2u) (it also proves the last
point of the proposition).
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Finally we see in the above computations that the coefficients verify the property of
OFFLUL(g)), so V] @c Va is in OFFL (U (d)). O

Definition 6.8. For R > 0, we denote ®pr : O(Uy(8)) X OR(ZJ{Q(Q)) — OR“(Z;{;(Q)) the bilinear map
constructed in theorem 6.7.

See section 6.6 for explicit examples. For R > 2 and Vi, Va, ..., VR € O(U,(§)), one can define the iterated
tensor product Vi ®p_2 (Va @r—3 (... ® VR))...) which is in OF~(U! (g)).

6.4. Simple modules of Z;{;(ﬁ)

6.4.1. I, u-highest weight modules. For (A, ¥(u)) € P, let M(/\,\Il(u)) be the Verma Z;{;(@) module of
highest weight (X, ¥(u)) (it is non trivial thanks to the triangular decomposition of U, (§) in lemma 3.10).
So we have an analog of proposition 4.6 : for (A, ¥(u)) € P, there is a unique up to isomorphism simple
U;(g)-module L(A, ¥ (u)) of [, u-highest weight (A, W(u)) that is to say that there is v € L(\, ¥(u)) such
that (i € I,7 € Z,m > 0,h € b):
x;fr.v =0, L\ T(u) = Z:{;(@)U , d)fim.v = \Ili[im(u)v kv =My

In a similar way one define the simple U/, (g)-module L(X, ¥(u)) of [, u-highest weight (X, ¥(u)) (it is non
trivial thanks to theorem 3.2).

Lemma 6.9. For (A, ¥(u)) € P, we have an isomorphism ofuq(ﬁ)—modules L W(u) ~ L\, U (u)).

Proof: Let M'(A\, ¥(u)) € M(\, ¥(u)) be the maximal proper Z:{é(ﬁ)—submodule of M'(\, ¥(u)). Tt
suffices to prove that 7_.1 is included in M’(\, ¥(u)) (see section 3.3.4; it implies that L(\, ¥(u)) is also
a U, (g)-modules). It is a consequence of lemma 3.11. O

In particular L(\, ¥(u)) € OU(E)) < LA, ¥(u)) € OU:(g)) and in this case cheu(L(A, U (u))) =
chyu (LN, T (u))).

6.4.2. The category Oznt(i{é(@))
Definition 6.10. QP;; is the set of (A, ¥(u)) € Py, satifying the following conditions :

i) for i € I there ewist polynomials Q;.(2) = (1 — za;1u’1)...(1 — za; y,ubi), R; u(2) = (1 —
zeiqudin). (1 — zci,N{udi’Nﬁ) (aij,cij € C*, b;j,di ;> 0) such that in Clu,u[[z]] (resp. in
Clu, w27 1]): )
Z\Pﬂ: (u)zir _ q{ieg(Qi,u)fdey(Ri,u)Qi,u(zqi JRiu(2q:)

L -
=0 v ' Qiu(2¢i)Riu(2q; ")

ii) there exist w € PT, o € QT satisfying A = w — a.
PltL is the set of (A, U(u)) € QPZTM such that one can choose R;,, = 1 (in this case we denote P; ,, = Q; ).
Lemma 6.11. If (\, ¥ (u)) € Plz then L(\, ¥(u)) € O(Z;{;(@)) Moreover for (u,v(u)) € P, we have
dim(L(X, W (w)) () 7# 0 = (1, 7(u) € QPZJ,ru
Remark : it follows from lemma 6.9 that we have the same results for L(\, ¥(u)) € O(U,(g))
Proof:  Let (A, ¥(u)) € PltL and decompose P; ,,(z) in the form :

Piu(2) = P (2) P (uz).. P (uz)

where R > 0, H(k)(z) € Clz], p® (0) =1for 0 < k < R (R can be taken large enough so that we

‘ 0a(P¥)) p) (o
have this form for all ¢ € I). For 0 < k < R, set \Ilgk)(z) = qf e(Pi )%. For 1 < k < R define
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Ae = Sdeg(P™)A; € b*. Set \g =A— 3 Ap. Then for 0 < k < R the (A, ¥®) € P" and we can
iel k=1...R

consider L(\g, ¥®)) € O(Uy(g)). Let V € OF(U.(d)) be defined by :

V =i(Lo, V) @r_1 (L, TDY)) @p_o ..(i(LAr_1, ¥ ED)) @ i(L(Ag, TFE)))...)
Consider the Z;{(; (§) submodule L of V' generated by the tensor product of the highest weight vectors.
It is a highest weight module of highest weight (A, ¥(u)). So L(A, ¥(u)) is a quotient of L and so is in
OUy())-

For the second point it follows from proposition 5.4 that the I, u-weight of i(L(Ag, ¥(¥))) are in QP;L So
with the help of the last point of theorem 6.7 we see that the [, u-weights of V' are in QP;)FU and we have
the property for L(\, ¥(u)). O

Definition 6.12. Let Omt(l;lé(@)) be the subcategory of modules V € O(Z;{é(@)) whose 1, u-weights are in
QP

Lemma 6.13. For a module V € Omt(l;{é(ﬁ)) there are Py w(u)) >0 (N, ¥(u)) € Pl+u) such that:

chau(V) = > Paw)cheu LN T@) = > Piaww)cheu(LA ¥(w))
A\ (u)ePt, (A ¥(u)ept,
Proof: Analogous to the proof of proposition 5.2 (the second identity follows from lemma 6.9). O

6.5. Clu*]-forms and specialization.

6.5.1. Clu*]-forms. Let U¥(§) = Uy(§) ®c Clu*] c Uy ()

Definition 6.14. A Clu®]-form of a U}(§)-module V is a sub-U(§)-module L of V such that the map
C ®cpux) L — V is an isomorphism of Uy(g)-module.

Note that it means that L generates V as C-vector space and that some vectors which are C[u®]-linearly
independent in L are C-linearly independent in V.

Let us look at some examples:

Proposition 6.15. For (A, U(u)) € Py, and v a highest weight vector of the Verma module M (A, ¥(u))
(resp. the simple module L(\, ¥(u))), the U (g)-module Uy (g).v is a Clu*]-form of M(X\, W(u)) (resp.
of L(A\, ¥(u))) which is isomorphic to the Verma (resp. the simple) U (g)-module of l,u-highest weight
(A, ¥ (u)).

Proof: As (A, ¥(u)) is fixed, we omit it. M is the quotient of C ®c U,(§) by the relations generated
by xﬁ, = (bfim - \Ilfim (u) = kp, — ¢*™ = 0. So the relations between monomials are in Clu*] and
Ui(g)1C Misa Clu*]-form of M. Moreover those relations are the same as in the construction of the

Verma U} (§)-module M as a quotient of Clu™] ®c Uy (d); and so U (§).1 ~ M™.

Let us look at L. Denote by L* the simple U/ (g)-module of highest weight (X, ¥(u)). We have L = M /M’
(resp. L* = M“/M"*) where M’ (resp. M'*) in the maximal proper submodule of M (resp. M™).

The C-subspace M" of M generated by M is isomorphic to C @cp,+) M"™ (because M* is a Clu*]-form
of M). As M" has no vector of weight A, it is a proper submodule of M and M"” C M’. Suppose that
M’ # M" and consider M'/M" C M/M". M"/M"™ is a Clu*]-form of M/M". Let v be a non zero
highest weight vector of M’/M" and let us write: v = Y fo(u)vy where v, € M¥“/M™ and f,(u) € C

(as there is a finite number of f,(u), we can suppose that they are C[uT]-linearly independent). For all
i€ 1,r € Z, we have x;fr.v = 0 and so for all «, x;fr.va = 0. Fix w, € M" whose image in M"/M" is
Vo. Asforalli e I,r € Z, x;fr.wa € M™, U (g)-w, is a proper submodule of M* and w, € M"™. So
v = 0, contradiction. So M’ = M". In particular M’ ~ M"™ ®¢,+ C, M' N M" = M".
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For v a highest weight vector of L, the U (g).v ~ U (g).1 = M"/(M* N M') = M"/M"™ = L" is a
C[u*t]-form of L. O

6.5.2. Specializations. Consider p : £, — & the surjection such that p((X, U(u))) = (A, ¥(1)).

Lemma 6.16. Let V be in OU(§)). If L is a Clu*]-form of V then the specialization L' = L/(1 —u)L
of L is in O(Uy(§)) and chq(L') = p(chgu(V)).

Proof: Indeed for (i, v(u)) € QPl,u consider Ly, (u) = LNV, y(u)- Asp: L&¢[,C — V is an isomorphism,

we have Vu,v(u) — p_l(vu v(u)) = u V(u)@@[u]c In particular LP«,V(U«) is a free (C[ui] of rank dimc (VM7’Y(U))'
So dim¢(L},) = dim¢(V),), and L' € O(U,(g)). We can conclude because:
Ll)v’Y = @ (LA A ( u)/( )LA 'y(u))

Ay(w)ep (M)
O

6.5.3. Proof of theorem 6.2. For (A, ¥(u)) € Pfru, it follows from proposition 6.15 and lemma 6.16 that

p(chg,o(L(A, ¥(u)))) is of the form chy(L) where L € Oin(Uy(8)), that is to say p(chg..(L(A, ¥(u)))) €

ch,(Rep™ (Uy(d))). So (lemma 6.13) for V € Ot (U, (g)) we have p(ch,.(V)) € chy(Rep™ (U, (8))).

Consider Vi, Vs € Oin(Uy(§)). We have seen that p(chy ., (i(Vi) @0 i(Vz)) € chy(Rep™ (U,(§))). But :
p(ehgu(i(V1) ®0 i(V2)) = che(Vi)chy(V2)

because the specialization of A, on Uq(ﬁ) atu=1is Aﬁ' This ends the proof of theorem 6.2. (]

6.6. Example. We study in detail an example in the case g = sly where everythmg is computable thanks

to Jimbo’s evaluation morphism (see [CP3, CP4]). In this case we have Uy(sly) = Uy (sl2).

For a € C* consider V = L(1 — za) € O (Uy(sl2)). V is two dimensional V = Cuvy @ Cv; and for r € Z,
m > 1 the action of U,(sl2) is given in the following table:

Vo (%1
x} 0 a"vg
T, a" vy 0
O | (g =g DaF vy | F(g— g HaFmuy
k= qivo gt
ot (2) | a e, ¢ L

Remark : in the table ¢*(z) € U,(g)[[2*]] acts on V[[2%F]].

Fora,be C* let V= L(1—za), W = L(1—2b) € Oint(Uy(§)). Consider basis V = Cvg®Cvi, W = Cwo®
Cw; as in the previous table. The tensor product ®q defines an action of U, (sly) on X = i(V) @c i(W)
(see theorem 6.7). X is a 4 dimensional C-vector space of base {vg ® wg, v1 ® wo, vy ® wy,v; @ wy}. The
action of u;(sZQ) is given by (r € Z):

Vo ® Wo V1 ® wWo

xt 0 a” (vg @ wo)

x,; u"b"(vg @ w1) + a q%(vl ®wp) | ub"(v1 ® wy)

0*(2) | ¢ =St (v0 © wo) (e lo2) (1 @ wp)
Up @ W1 V1 @ Wy

xt b u TW(UO ® wp) a”(vo ®wy) + brurq%(vl ® wp)

x; a qilll_qaiqi‘}u;b(vl ®wi) 0

0% (=) | =l (v @ wn) | 2GS (0 @ wn)
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Remark : in the table ¢*(z) € U,(g)[[2*]] acts on X[[z¥]].
Consider the I-weights V4,7, 7, v, € P (the A € h* can be omitted because sls is finite) :

_11—q%az 1—q2bz 11— q¢%bz
1 + — 1+ _ 1
1o B A= B =a

1—q ?az 1+

Ve (2) =4
Consider also v, (2)vp(wz), v, (2)v6(uz), va(2)vs (uz), vo(2)vs (uz) € P . We see that :

chyu(X) = e(va(2)0(uz)) + e(v, (2)1(u2)) + e(va(2)9(u2)) + e(va(2)75(uz))

Those [, u-weights are distinct, the [, u-weights spaces are 1 dimensional:
X = (X ra@m@e © (X ws) © (X)razmguz) @ (X)ys ()9 (ue)

We see that X is of highest weight v,(2)y(uz) € P,. Let us prove that it is simple : indeed X

has no proper submodule : if for all » € Z, z;.(a(v1 @ wo) + B(vo @ wy)) = 0, then for all r € Z,
2 —1 2 —1

ozaW—ﬂb”f% = 0. In particular a—!—ﬁw =0and a"—b"u" = 0 for all r € Z, impossible. So

X ~ L(va(2)v(uz)) as a Z/{;(SZQ)—module. It follows from proposition 6.15 that X = U (8)-(vo®@wo) C X
is a Clu*t]-form of X.

+ _
Yo (2)=q 1—az 1—az

Let us look explicitly at this C[u®*]-form : consider ey, e, e3,e4 € X defined by:

— -1 — —
e1 =1V Quwy , €2 =Ty .61 ,€3 = —a Ty .61+ €2, €4 = (T .2

We have the following formulas:

1—q¢ 2a 'bu
1—a lub

Moreover the action of U, (g) is given by (r € Z):

e1=vQwp , e2 = (vo@w1) +¢q (v1 ®wg) , es = (1 — ubail)(Uo ®wi) , eq4 = (v1 @ wy)

€1 es
T 0 ez — SO ey) [ (g lar T ghugr 1l
o) | Ot e | SRR e + i
es e4
& bru’q (1 — g®a” tbu)er | b u"es + ar%ﬂ%
x, arqfl(l _ q2ua*1b)e4 0
) | st e | Ui

In particular we see that Clu®]e; & Clu*]ey & Clu®]es & CluF]ey is stable by the action of U(d), so is
equal to X. So we have verified that X ~ X ®clut] C-

Let us describe the specialization of Xatu=1:let X' =Ce; ® Cey ® Ces & Cey. The action of Uy(g)
on X' is given by (for z € C,r € Z, we denote [2]/. = 122 € Z[z*] (2 # 1) and [1]. =r):

z

e1 €2
zt 0 (ga"[a""0]} — g "ba" Ma”Tb]1_es
T, a”(ez — [a~ b1 e3) (¢ 'a[a" 0]} 1 —gba™ Ma”b];_)es
1—q¢ 2az)(1—q %bz 1—q%az)(1—q 2bz az(¢?—q~
¢*(2) g* ?Hz?&f?z) Ley | 4 (({wz)((lfqbz) Les + (17(52)(117172)@3
es €4
xt b g (1 — ¢%a"tb)er | b"ea +a"[a"tb]les
x; amq’i(l - q22a’1b)e4 0 ] ]
1—q “az)(1—q°bz —2(1—q“az)(1—q°bz
¢i(z) ( (li—az))((l—b(.zz) )6 q 24 (1q—az§gl—2z) )64
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We see that X' = U,(g).e;. Moreover if ab~! ¢ {¢? ¢ 2} : X’ has no proper submodule because the
formula x;} (cea + Bes) = 0 means that for all r € Z:

alqa"[a b, 1 — ¢ tba" a7 ],) 4+ BV (1 — ¢%aT ) = 0
which is possible only if ab=! € {¢% ¢~} or a = 3 = 0. So:
if ab=' ¢ {q?,q 2}, X' =~ L(ya7s) is simple and :
chy (V)ehy (1) = ehy (X') = chy(L(1am))

if ab™! = ¢% (resp. ab™' = ¢ 2), Ces C X' (resp. C((¢® — 1)ez + e3) C X') is a submodule of X’
isomorphic to L(1) and :

chy(V)chg(W) = Chq(X/) = chq(L(vam)) + chg(L(1))
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