MONOMIALS OF ¢ AND ¢,--CHARACTERS FOR NON SIMPLY-LACED
QUANTUM AFFINIZATIONS

DAVID HERNANDEZ

ABsTrACT. Nakajima [N2, N3] introduced the morphism of g, ¢-characters for finite dimensional rep-
resentation of simply-laced quantum affine algebras : it is a t-deformation of the Frenkel-Reshetikhin’s
morphism of g-characters (sum of monomials in infinite variables). In [H2] we generalized the con-
struction of g, t-characters for non simply-laced quantum affine algebras. First in this paper we prove a
conjecture of [H2] : the monomials of ¢ and g, t-characters of standard representations are the same in
non simply-laced cases (the simply-laced cases were treated in [N3]) and the coefficients are non negative.
In particular those g, t-characters can be considered as t-deformations of g-characters. In the proof we
show that for quantum affine algebras of type A, B, C' and quantum toroidal algebras of type A1) the
[-weight spaces of fundamental representations are of dimension 1. Eventually we show and use a gen-
eralization of a result of [FR3, FM, N1] : for general quantum affinizations we prove that the l-weights
of a l-highest weight simple module are lower than the highest [-weight in the sense of monomials.
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1. INTRODUCTION

V.G. Drinfel’d [D] and M. Jimbo [J] associated, independently, to any symmetrizable Kac-Moody
algebra g and any complex number ¢ € C* a Hopf algebra U, (g) called quantum Kac-Moody algebra.

In this paper we suppose that ¢ € C* is not a root of unity. In the case of a semi-simple Lie algebra g
of rank n (ie. with a finite Cartan matrix), the structure of the Grothendieck ring Rep(U,(g)) of finite
dimensional representations of the quantum finite algebra U,(g) is well understood. It is analogous to
the classical case ¢ = 1.

For the general case of Kac-Moody algebras the picture is less clear. The representation theory of the
quantum affine algebra U,(g) is of particular interest (see [CP1, CP2|). In this case there is a crucial
property of U,(g): it has two realizations, the usual Drinfel’d-Jimbo realization and a new realization
(see [D2, Be]) as a quantum affinization of a quantum finite algebra U,(g).
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To study the finite dimensional representations of U,(§) Frenkel and Reshetikhin [FR3| introduced ¢-

characters which encode the (pseudo)-eigenvalues of some commuting elements (bfim (m > 0) of the

Cartan subalgebra U, (h) C Uy (§) (see also [K]) : for V a finite dimensional representations we have :

v= P v,

~ECIXE

where for v = (7§7i)m)ie 1,m>0, V5 is a simultaneous generalized eigenspace (I-weight space):

V,={zeV/3peNVie ,ym >0, —7%,P.e=0}

The morphism of g-characters is an injective ring homomorphism:
Xq : Rep(Uy(g)) = YV = Z[Y;)j,:l]iel,ae(c*

where Rep(U,(g)) is the Grothendieck ring of finite dimensional (type 1)-representations of U,(g) and
I={1,..,n},and :

Xq(V) = Z dim(V;)m,

VECI XZ
where m., € ) depends of 7. In particular Rep(U,(g)) is commutative and isomorphic to Z[X; o|icr,acc-

In the finite simply laced-case (type ADFE) Nakajima [N2, N3] introduced t-analogs of g-characters. The
motivations are the study of filtrations induced on representations by (pseudo)-Jordan decompositions,
the study of the decomposition in irreducible modules of tensorial products and the study of cohomologies
of certain quiver varieties. The morphism of ¢, t-characters is a Z-linear map :

Xa.t : Rep(Uy(8)) — Vi = Z[Y; o, ticracc

which is a deformation of x, and multiplicative in a certain sense. A combinatorial axiomatic definition
of ¢,t-characters is given. But the existence is non-trivial and is proved with the geometric theory of
quiver varieties which holds only in the simply laced case.

In [H2] we defined and constructed g,t-characters for a finite (non necessarily simply-laced) Cartan
matrix C' with a new approach motivated by the non-commutative structure of U,(h) C U,(g), the
study of screening currents of [FR2| and of deformed screening operators S; ; of [H1]. It generalizes the

construction of Nakajima to non-simply laced cases.

The quantum affinization process (that Drinfel’d [D2] described for constructing the second realization
of a quantum affine algebra) can be extended to all symmetrizable quantum Kac-Moody algebras U, (g)
(see [Jin, N1, H4|). One obtains a new class of algebras called quantum affinizations : the quantum
affinization of U,(g) is denoted by U,(§). It has a triangular decomposition [H4|. For example the
quantum affinization of a quantum affine algebra is called a quantum toroidal algebra. The quantum
affine algebras are the simplest examples and are very special because they are also quantum Kac-Moody
algebras. In the following, general quantum affinization means with an invertible quantum Cartan matrix
(it includes most interesting cases like affine and toroidal quantum affine algebras, see section 2.2). In [H4]
we developed the representation theory of general quantum affinizations and constructed a generalization
of the g-characters morphism which appears to be a powerful tool for this investigation. In particular we
proved that the new Drinfel’d coproduct leads to the construction of a fusion product on the Grothendieck
group.

The results of this paper can be divided in three parts :

1) First we prove that for general quantum affinizations, the l-weights m’ € ) of a simple module of
I-highest weight m € ) are lower than m in the sense of monomials (theorem 3.2) : it means that m/m !
is a product of certain A;ll € ). For C finite, this result was conjectured and partly proved in [FR3] and
proved in [N1] (ADE-case) and [FM] (finite case). In the general case no universal R-matrix has been
defined : so we propose a new proof based on the study of Uq(szg)—Weyl modules introduced in [CP3].
This first result is used in the proof of the following points :
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2) We prove a conjecture of [H2] : let U,(§) be a quantum affine algebra (C finite) and M be a standard
module of U, (§) (tensorial product of fundamental representations). We prove that the coefficients of
Xq.t(M) are in N[t*] and that the monomials of x4 (M) are the monomials of x,(M) (theorem 7.5) (the
case ADE follows from the work of Nakajima [N3]; in this paper the non-simply laced case is treated.)
In particular the g, t-characters for quantum affine algebras have a finite number of monomials : this
result shows that the g,¢-characters of [H2] can be considered as t-deformations of g-characters for all
quantum affine algebras. In particular it is an argument for the existence of a geometric model behind the
g, t-characters in non simply-laced cases (in the simply laced-case the standard module can be realized
in the K-theory of quivers varieties).

3) In the proof of the conjecture we study combinatorial properties of g-characters : we prove that
for quantum affinizations of type A, A, B, C' the I-weight spaces of fundamental representations are of
dimension 1 (theorem 3.5). Note that this property is not true in general, for example for type D.

Our proof is based on an investigation of the classical algorithm (see [FM, H3|) which gives g-characters.
The proof is direct without explicit computation. Note that for type A, B, C the result could follow from
explicit computation of the specialized R-matrix, as explained in [FR3]. The result should produce the
formulas of [FR1]; however with this method it would not be easy to decide if the coefficients are 1 (for
example it is not the case for type D4). Moreover it allows us to extend the proof to quantum toroidal
algebras of type A1),

This paper is organized as follows : in section 2 we give reminders on representations of quantum
affinizations and their g-characters. In section 3 we state and prove theorem 3.2 (the l-weights of a
I-highest weight simple module are lower than the highest [-weight in the sense of monomials) and state
theorem 3.5 (on g-characters of fundamental representations) and give technical complements. The proof
of theorem 3.5 is based on a case by case investigation explained in sections 4, 5, 6. In section 7 we
give reminders on ¢, t-characters and we prove theorem 7.5 (on coefficients of g, t-characters of standard
monomials). For the theorem 7.5 type Fy, our proof is based on results obtained by a computer program
written with Travis Schedler, and the results are given in the appendix (section 8).

Acknowledgments : the author would like to thank Travis Schedler for the computer program we wrote.

2. REMINDER

2.1. Representations of quantum affinizations. Let C' = (C;;)i1<i j<n be a symmetrizable (non
necessarily finite) Cartan matrix and I = {1,...,n}. Let D = diag(ri,...,7,) such that B = DC is
symmetric. We consider (h, I, IIV) a realization of C, the weight lattice P C h*, the roots az, ..., a,, € P,
the set of dominant weights P+ C P, the relation < on P, the map v : h* — b (see [H4]).

Let ¢ € C* not a root of unity. Let U,(g) be the quantum Kac-Moody algebra of Cartan matrix
C. Let Uy(§) D Uy(g) be the quantum affinization of U,(g), with generators z3,, ky, ci%,qSEi)m, where

2,7

iel,reZ,m>0,he b (see for example [H4|). A U,(g)-module is said to be integrable if it is integrable

as a Uy (g)-module.

Denote by P, the set of [-weights, that is to say of couple (A, ¥) such that A € h*, ¥ = (\I},?,::t,,n)ie]7m20,
+ ()

¥ €C, ‘I’?,Eo =4q;

A Uy(g)-module V is said to be of I-highest weight (A, U) € P, if there is v € V such that (i € I,r €
Z,m>0,h € h):

. Note that if C is finite, A is uniquely determined by V.

o v=0,V=U(g)v, (biiim.v =0, v, kpo=¢ Mo

7 i,tm

For (A, ¥) € P, let L(\, ¥) be the simple U,(g)-module of I-highest weight (A, ¥) (see [H4]).

Let PlJr be the set of dominant [-weights, that is to say the set of (A, ¥) € P, such that there exist
(Drinfel’d)-polynomials P;(z) € C[z] (i € I) of constant term 1 such that in C[[2]] (resp. in C[[z7]]):

o Pilzgq )
\IJ?: mzim — qjeg(Pt) i
2 Vi Pi(zq;)

m>0
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Theorem 2.1. For (\,¥) € P, L(\, V) is integrable if and only (\, ¥) € P;T.

If g is finite (case of a quantum affine algebra) it is a result of Chari-Pressley in [CP1, CP2|. Moreover
in this case the integrable L(A, V) are finite dimensional. If C is simply-laced the result is proved by

Nakajima in [N1]. If C is of type AlD (toroidal sl,-case) the result is proved by Miki in [M1]. In general
the result is proved in [H4].

Denote by Rep(U,(g)) the Grothendieck group of decomposable integrable representations of type 1 (see
[H4]). The operators kn, o\ eu .(8) (heh,iel,meZ)commute on V € Rep(Uy(§)). So we have a

i,tm
l-weight space decomposmon

V- @ .
(A7ER,

Vi, ={zeVa/FpeNVie LYm>0,(¢\ 7, — 1 0P =0} C Va={veV/Vhe b kyv =g "o}

i,tm

Let QP;" C P, be the set of (u,) € P, such that there exist polynomials Q;(z), R;(z) € C[2] (i € I) of
constant term 1 such that in C[[z]] (resp. in C[[z71]]):

-1
m _ deg(Q;)—deg(Ry) Qi(2q; ") Ri(2q;
Z%iimzzt = gle(@i)—des(Ry) ( )Ri(24:)

3 b —
m>0 Qi(zqi)Ri(zqi )

In particular Pf C QPlJr.
Proposition 2.2. Let V be a module in Rep(Uy(§)) and (u,7) € Py. If dim(V,,,) > 0 then (u,v) € QP;".

The result is proved in [FR3] for C finite. The generalization is straightforward (see [H4]).

2.2. g-characters. Let z be an indeterminate. We denote z; = 2" and for [ € Z, [I], = 2=2+ € Z[2%].
Let C(z) be the quantized Cartan matrix defined by (i # j € I):

Cii(z) =z + Zi_l , Cij(2) = [Cijl-

In the rest of this paper we suppose that C(z) is invertible, that is to say det(C(z)) # 0. We have seen in
lemma 6.9 of [H3] that the condition (C; ; < —1 = —C; < r;) implies that det(C(z)) # 0. In particular

finite and affine Cartan matrices (where we impose 1, = ro = 2 for Agl)) satisfy this condition.

Consider formal variables Ylﬁ; (i€l,aeC*) and k, (w€h) (ko =1). Let A be the commutative group

of monomials of the form m =[] 5@?;‘“(m)kw(m) where a finite number of u; o(m) € Z are non zero,
i€l,aeC*
w(m) € b (the coweight of m), and such that for i € I : a;(w(m)) =1 Y, uiq(m).
a€eC*

For (u,T) € QP;* we define Y, € A by:
Y= k H }/fai,a*%,a
ZEI acC~

where 3;.4,7%i.a € Z are defined by Q;(u) = ] (1 —ua)®e |, Ri(u) = [] (1 — ua)ie.
acC acC

For (u,T) € QP; and V a U,(g)-module, we denote V,,, = V,, r where m =Y, r.
For x € A% we say x € Y if for A € b, there is a finite number of monomials of y such that w(m) = A

and there is a finite number of element A1, ..., A\s € h* such that the coweights of monomials of y are in
U v(D(A))) (where D(A\j) ={p e bh*/u < )\ ;}). In particular Y has a structure of h-graded Z-algebra.

j=1l...s
Definition 2.3. For V € Rep(U,(8)) a representation, the g-character of V is:

XdV)= > dim(Vur)Yur €Y
(u,T)EQPT
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If C is finite the construction is given in [FR3| and it is proved that x, : Rep(U,(§)) — Y is an injective
ring homomorphism (with the ring structure on Rep(U,(g)) deduced from the Hopf algebra structure of

Uy(8))-
For general C, x, is defined in [H4]. A priori there is no ring structure on Y that comes from a tensor
product, but we proved [H4]:

Theorem 2.4. The image Im(xq) C Y is a subalgebra of Y.
Let * be the induced commutative product on Im(x,) C ). Using a deformation of the new Drinfel’d
coproduct we proved in [H4] :
Theorem 2.5. For (\, V), (XN, V') € P;" we have :
L)« LV, 0') = LA+ X, U0/) + > Qxwx v (1, ®)L(1, D)
(1:P)EP /< A+N

where the integers Qx w v (1, ®) > 0.

2.3. Notations and technical tools. For i € I and a € C* we set:

_ - -1
Aia = kriap ¥, g Yia ] II Yoy €A
j/cj‘yi<0’f‘:cj,i+1,cj,i+3 »»»»» —Cj,i—1

The A, ; are algebraically independent (see [H2]). Let A = Z[A;;]iej,aec* c .

For a product M € A such that w(M) € Zay @ ...  Zow,, denote w(M) = —vi(M)ar — ... — v (M)ay,
and v(M) = vi(M) + ... + v, (M). v defines a N-gradation on A.

Definition 2.6. For m,m’ € A, we say that m > m’ if m'm~! € A.

Form e Aand J C I, denote us(m) = Y. ujqo(m), mY) =kyem) [l Y}?fé'“(m) and (5 € I):

jed,aeCx jedaeCx
wpm)=% > wj(m), uj(m) =7 uy(m)
l€Z/£uj, (m)>0 et

For J C I, denote By C A the set of J-dominant monomials (ie Vj € J,I € Z, u;;(m) > 0) and B = By.
Note that for (A, ¥) € QP;" : (\,¥) € P & Y\ ¢ € B).

For m € B denote V,, = L(\, V) € Rep(Uy(g)) where (\, V) € P" is given by Y\ v = m. In particular
for i € I,a € C* denote Vi(a) = Vi, v, and X;, = X¢(Via). The simple modules V;(a) are called
fundamental representations.

Denote My =TT V7" € Rep(ty(§). We have xg(Mn) =TT X"

iel,acC* icl,aceC*

For J C I we denote by g; the Kac-Moody algebra of Cartan matrix (C; ;)i jes and by XZ;] the
morphism of g-characters for Uy(gs) C Uy(g). Let us recall the definition of the morphism 7; (section 3.3
in [FM] for finite case and [H4| for general case) :

We suppose that g, is finite. Let h+ = {w € h/Vi € J,a;(w) = 0} and h; = GQAY. Consider formal
icJ

variables k/, (w € b,), ko (w € b¥), Yo (i € Joa € C*), Zj. (j € I —J, c € C*). Let AY) be the

commutative group of monomials :

_ l [ Us,a(m) ] [ zj,c(m)
m = k;/(m)kw(m) Yi,a Zj,c
i€J,acC* jel—J,ceC*

where a finite number of u; 4(m), zj.(m),r(m) € Z are non zero, w(m) € h+ and such that for i € J,

a; (W' (m)) = riui(m) =7 > uiq(m).
acC+
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Let 77 : A — AY) be the group morphism defined formally by (j € I, a € C*, X € b):
75(Y; v ] HZ;fJaZ(T (k) = K5 0, o0ay kas Ty
keI—Jrez i€J
where j € J & ¢; ;5 =1and j ¢ J & €7 =0. The p; j(r) € Z are defined in the following way : we
write C(z) = C:i'((j)) where d(z),C? ;(2) € Z[z*] and (D(2)C"(2))i; = Zzpi,j( r)z"
re

It is proved in [FM] (finite case) and in [H4| (the proof is given for the 7(;; (i € I), but the proof for 7;
(J C I, gy finite) is the same) :

Lemma 2.7. Consider V' a module in Rep(Uy(g)) and a decomposition 7;(xq(V)) = > PuQr where
%
Py e ZIYE

i,a) j,c?

distinct. Then the restriction of V' to Ug(8s) is isomorphic to @V where Vi, is a Uy(§.s)-module and
k
Xg(vk) = Pk,

kplicgacc hey,, Qr is a monomial in Z[Z kh]jeI—J,ceC*,hEhj and all monomials Qy, are

2.4. Classical algorithm. Consider 8 = (R; C Y where &, = Ker(S;) C Y is the kernel of the
iel
screening operator S; (see [H4]).

Theorem 2.8. We have & = Im(x4) and it is a subalgebra of ).

The result in proved in [FM] for C finite and in [H4| in general. Note that for m € B;, there is a unique
F;(m) € &; such that m is the unique i-dominant monomial of F;(m) (see [H2]).

In [H2| a classical algorithm (and also a t-deformation of it) is proposed : if it is well-defined, it gives
for m € B a F(m) € R such that m is the unique dominant monomial of F'(m). Such an algorithm was
first used in [FM] for finite case (see also [H3|). Note that if F'(m) exists, it is unique (see [H2]). Let us
describe this algorithm : first for m € B we have to define the set D,, :

Definition 2.9. For m € B, we say that m’ € D,, if and only if there is a finite sequence (mg =
m,mi,...,mr = m'), such that for all 1 < r < R, there is j € I such that m,_, € Bj and m, is a
monomial of F;(my—_1).

In particular the set D,, is countable (see [H2]) and m' € D,, = m’ < m. Denote D,, = {mg =
m,my, ma, ...} such that m, <m, =r>r'.

For r,r’ > 0 and j € I denote [F;(my)]m, € Z the coefficient of m, in F};(m,).
We call classical algorithm the following inductive definition of the sequences (s(m..)),>0 € Z,
(5;(my))rs0 € ZN (j € 1) : s(mo) =1, s5(mg) =0 and for r > 1,5 € I:
sj(mr) = Z (s(mqr) = 55 (me ) [ (M) ]m,
r’'<r
my ¢ B; = s(m,) = s;(m,) , m, € B=s(m,)=0

It follows from theorem 2.8 that the classical algorithm is weel-defined and for all m € B, F(m) € &
exists (see section 5.5.4 in [H4]).

3. MONOMIALS OF ¢-CHARACTERS
In this section we state the two main results on g-characters of this paper : theorems 3.2 and 3.5.

3.1. First result. In this section we prove that for m’ a l-weight of V,,, we have m’ < m (theorem 3.2).
This result is proved in [FR3, FM] for C finite. In the general case a universal R-matrix has not been
defined so we propose a new proof based on the Weyl modules introduced in [CP3].

Definition 3.1. For m € B, denote L(m) = xq(Vin) and by D(m) the set of monomials of L(m).
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The partial order on monomials is set in definition 2.6.

Theorem 3.2. For m € B and m’ € D(m), we have m’ < m.

In this section 3 we prove this theorem. First let us show some lemmas which will be useful :

Lemma 3.3. Let V be a Uy(§)-module and W C V' a Uy(h)-submodule of V. Then fori € I, W! =

>z, W is aUy(h)-submodule of V.
S/

Proof: Forw e W,je€J, m,reZ (m+#0),hebh we have :

Rjm- (2 w) = x; (g mew) — E[mBi)j]qx;mH.w e w/

kp(x; w) = x;T.(qai(h)kh.w) ew/

7,7

Note that g-character of an (integrable) U, (h)-module is well-defined (see section 5.4 of [H4]).

Lemma 3.4. Suppose that g = sly and let L be a finite dimensional Uy (§)-module (AV is the fundamental
coweight).

(i) If L is of l-highest weight M then L,,» # {0} implies m' < M.

(it) Forp € Z, let L, = > Ly and Ly, = Y x; .Ly. Then Ly, L, are U, (h)-submodule of L
AEP* /A(AV)>p re’
and (L)) # 0 = Im,m" <m and (Lp)m # {0}

Proof: (i) Consider the Weyl module W, (M) of I-highest weight M defined in [CP3] : W,(M) is the
universal finite dimensional module of [-highest weight M such that all finite dimensional module of
highest [-weight M is a quotient of W, (M). In particular L is a quotient of Wy (M). So it suffices to study

Wy (M). For Uq(szg), the Weyl modules are explicitly described in [CP4] : in particular the dimension

of W,(M) is 2™ where m = u(M) = > u;o(M). But (see [VV, AK, FM]) there is a standard
icl,acC*

module (tensorial product of fundamental representation) of highest I-weight M. The dimension of such

a standard module is 2™ and it is a quotient of Wy (M). So Wy (M) is isomorphic to a standard module.

The g-character of a standard module is known (see section 2.3), in particular for a I-weight m’ of W, (M)

we have m’ < M.

(ii) Ly is a Uy(h)-submodule of L because the action of U, () does not change the weight, so it follows
from lemma 3.3 that L; is a Z/lq(l:))—submodule of L. Let us prove the second point by induction on
dim(Ly) : if L, = {0} we have L}, = {0}. In general let v be a [-highest weight vector of L, (there is at
least one, see the proof of proposition 5.2 in [H4]) and denote by M his I-weight. Consider V' = U,(§).v.
It is a [-highest weight module and so it follows from (i) that V,, # {0} = m < M. We can use the

induction hypothesis with L") = L/V and we get the result because x,(L) = x4(V) + xq(LM). O
End of the proof of theorem 3.2 :

We prove the result by induction on v(m/m=1) > 0. For v(m'm~!) = 0 we have m’ = m. In general
suppose that the result is known for v(m/m=!) < p and let W = > (Vin)m. Note that W is
m! fu(mim=1)<p

a U, (h)-submodule of V,,,. Tt follows from the triangular decomposition of U, (§) (see [H4]) that :

@ (Vi)m: C ZW{ where W/ = le_rW
m//v(m/m=1)=p+1 iel relZ
Forie I, W/isa Z/lq(f))—submodule of V,,, (lemma 3.3). In particular W} = @(W/ N (Vin)h,) = B(W;)m

and it suffices to show that for i € I, (W/),, # {0} = m/ <m.
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Consider the decomposition of lemma 2.7 with J = {i}: V = @Vi. We have W = (Vi N W) and so
3 k

W! = @(Vi, nW}) (because Vj, is a sub U, (g;)-module of V,,). So we can use the (ii) of lemma 3.4 to the
k

Uy, (sl3)-module Vj, with py, such that (Vi),, = Vi NW. We get that for m a monomial of x4 (W) there are

m’ a monomial x (W) and m" € Z[Y;TalYfl2 (ké?i)*l]ae(c* such that m = m/m/ (the % are the k;, for

i,aqi }
Uy, (sla), see [H4]). Tt follows from the lemma 5.9 of [H4] (see also [FM]) that 7i(A; aq,) = YiaYi a2 ké?t
So for M a monomial of x,(W/) there is M’ a monomial of x (W) such that M < M’. O

3.2. Second result.

Theorem 3.5. Let g be of type A,, (n > 1), Al(l) (1>2),B, n>2)orC, (n>2). Leti €I, ae C*.
Then for m € D(Y; ), for all j € 1,1 € Z, uji(m) < 1. In particular all coefficients of L(Y; ) are equal
to 1 and all l-weight space of Vi(a) are of dimension 1.

The last part of the result for type A, is established in [N4].

Note that for type D,, the statement is false : for example for the type Dy, the monomial Y2,2Y2T41 has a
coefficient 2 in x4(V2(q°)) (see the figure 1 in [N2]). For type F} it is also false (see section 8).

Let us explain the main points of the proof : it is based on the study of the classical algorithm in a case
by case investigation : for type A, a proof is given in [H2] and recalled in section 4. The result for type
Al(l) is proved in section 4, the result for type B, is proved in section 5, the result for type C,, in section
6. In each case we suppose the existence of a m € D(Y; ), such that there is j € I,l € Z, u;;(m) > 2.
The classical algorithm starts from the highest weight monomial. In our proof we look at a monomial
m with u;;(m) > 2 and show that inductively that it implies a condition on some monomials of higher
weight. In particular it leads to a contradiction on the highest weight monomial.

Note that for type A,,, By, C, the result could follow from explicit computation of x,(Vi(a)). We would
have to compute the specialized R-matrix, as explained in [FR3|. The result should produce the formulas
of [FR1]|. However with this method it would not easy to decide if the coefficients are 1 (for example it
is not the case for type Dy). In this paper the proof is direct without explicit computation. In particular

it allows us to extend the proof to Al(l).

3.3. Notations. In the following (sections 3, 4, 5, 6) we can forget the terms k) because we work in a
set D(m) or D,, : indeed m’ such that m’ < m is uniquely determined by m and the v; ;(m’m™").

For J C I, j € J,a € C* consider A7 = (AT ). Define pf : Z[A]]jesaece — ZIAT,]jeracc
the ring morphism such that ug(Aj;t) = A7,. For m € By, denote L’ (m(7)) defined for g (g, is the
Kac-Moody algebra of Cartan matrix (Cy, i, )i;,ipes). Define :

Ly(m) = mT= D ph(m") = L7 (m)))

Definition 3.6. For J C I and m € By, denote by D j(m) the set of monomials of L j(m).

For J = {i} and m € B;, an explicit description of D;(m) is given in [FR3] : a o C Z is called a 2-segment
if o is of the form o = {l,1+2,...,1+ 2k} where | € Z, k > 0. Two 2-segment are said to be in special
position if their union is a 2-segment that properly contains each of them. All finite subset of Z with

multiplicity (I, u;)iez (w; > 0) can be broken in a unique way into a union of 2-segments which are not
in pairwise special position. For m € B; and r € {1, ...,2r;}, consider (O'J(-T)
(I, urg2r,;1(m))icz as above. Let m@ = II [IIm,; where m,; = [] Yirior, and we have :

r=1,...,2r; (r)
i J lEo'j

); the decomposition of the
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where for m = [[ Yiitork :
k=1...r
-1 -1 ~1 —1 -1 —1
Di(m) = {mA; /oy jrs MAT 2 1, A ors ey e o A Lpor e Ad 2 (k1) s A}

In particular :
Lemma 3.7. For m € B; such that VI € Z,u; ;(m) <1, we have F;(m) = L;(m).
Definition 3.8. Let J C I andi € I,a € C*. For m,m' € D(Y;,), we denote :

m—ym' (orm’ —;m)ifme By and m’' € Dj(m).

m =y m' (orm’ —; m) if U(m'YiTal) > v(meal) and Im" € D(Y;,) such that m"” —; m and
m’ —;m’.

In particular m —; m’ implies m —; m/. For J = {j} (resp. J = I) we denote —;, —; (resp. —, ).

3.4. Technical complements.

Proposition 3.9. For m € B and J C I such that g; is finite, there is a unique decomposition:

L(m) = Z As(m/)Ly(m')

m’/€ByND(m)
where Aj(m’) > 0.

Proof: Consider the decomposition of lemma 2.7 with J : V = V). We can decompose each V, in a
sum of simple U, (g.;)-modules in the Grothendieck group : Xg(Vk)k: Z)\k,k/L‘](mk,k/) where my € By
and A\ x> 0. In particular 75 (PeQr) = > Mo Ly (75 (M Q) (l::onsequence of lemma 5.9 of [H4]).
For the uniqueness the L;(m') (m' € By) g,re linearly independent. O

We say that a monomial m € B is right (resp. left) negative if : for b € C* such that (3j € I, ujp(m’) #0
and Vk € I,1 > 0 (resp. I < 0), ugpqe(m’') = 0), we have V& € I, uyp(m') < 0 (see [FM]). A product of
right (resp. left) negative monomials is right (resp. left) negative.

Corollary 3.10. Fori e I,a € C* and m' € D(Y; ), we have :
1) for J C I such that gy is finite, there is m"” —; m/'.

2) there is a finite sequence Y; o = mo > my > mg > ... > Mp = m/ such that for all 1 < r < R,
E'jr S I, Myp_1 —j,. My.

3) if m' £V, ., then m’ is right negative
4) forb € Z and j € I, we have ujp(m') #0 = b € aq”.

Note that the (1) will be used intensively in the following. For C finite those results are proved in [FM].
Proof: 1) Consequence of proposition 3.9.
2) We use (1,3) inductively.

3) For m' € Dy, , — {Yia}, we have m’ < Y;, (theorem 3.2) and m’ is right or left negative, so not
dominant. So as in [FM] m/ is right negative.

4) As for m € Bj N Z[Y; aqm |mez implies L;(m) € Z[Y; aqm|mez (see section 3.3), we have M €
BN Z[Y; aqm | mez implies Dy, C Z[Y; qqm |mez (see also [FM]). O

As a right negative monomial is not dominant, we have :

Corollary 3.11. Foriec I,a € C*, L(Y; o) = F(Y;q) has a unique dominant monomial Y; .

For ¢ € C*, let B, : ) — Y be the ring morphism such that 5.(Y; o) = Yi ac-
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Proposition 3.12. For a,b € C*, L(Y; o) = Bup-1(L(Yip))-

Proof: For ¢ € C*, we have 3.(R) = & (see [FM, H3|). O
It suffices to study (see (4) of corollary 3.10 and [H3]) :
Xq : Z[X; glieriez — Z[Y; gi)ic1iez

In the following we denote Rep = Z[X; yilicricz, Xig = Xig, V = Z[Y;;l]ieuzo, Y = Yﬁ;. A
Rep-monomials is a product of the X ;.

Lemma 3.13. For m € B, we have :

D(m)c [ D(Yju)t™
JeLIEZ

Proof: [1 D(Y;;)%(™ is the set of monomials of x,(M,,). Then see theorem 2.5. d
jellez

Lemma 3.14. Let mq,mg € B; such thatVl € Z, u; ;(m1) <1 and u;(me) < 1. Then D;(m1) = D;(mq)

(resp. Di(ma) = D;j(m2)) and D;(m1) N Di(ma) = 0 < my # mas.

Proof: Let us write mgi) — T:1H 2TV];[m22,) as in section 3.3 . Denote O'J(-T) = oj(r) u {max(oj(r)) + 2r;}.

It follows from the hypothesis of the lemma that (j,r) # (j',7') = O’;T) N oj(f’/) = (). Moreover for

m € Di(m ), we have w; o1, (m') £ 0 = 34,1 € O'J(-T). In particular the given of m’ suffices to
j

determine the o'j(-r) : for example we can find the set M = {rnax(orj(-r))/j7 r} and M’ = {min(o'j(-r))/j, r}
in the following way :

if u; (m') =1 and w420, (M) = 0 and w; j44,,(m’) > 0, then | + 2r; € M

if u;(m') = —1 and u; ;4o (m') > 0, then I € M

if ui(m') = —1 and u; 1o, (m’) = 0 and w; j—4p,(m') <0, then | — 2r; € M’

if ui(m') =1 and u;—op, (m') <0, then [ € M’
So if m’ € D;(m1)ND;(ms2), we have the same decomposition for m, and ma, that is to say mq; = mg. O
Lemma 3.15. Let m € B, m’ € D(m)NB;. We suppose that for all m” € D(m) such that v(m”"m™!) <
v(m'm™1), alli € 1,1 € Z we have u; (m”) < 1. Then D;(m’) C D(m).

Proof: Let p = v(m'm~!). Consider the decomposition of proposition 3.9 with J = {j} : L(m) =
> Aj(M)L;(M). It follows from the hypothesis and from the lemma 3.7 that for v(Mm™1) < p,

MeB;ND(m)

m’' ¢ D;(M). So \;j(m’) >0, and D;(m’) C D(m). O

Proposition 3.16. Let ¢ € I such that all m € D(Y; 1) satisfies : for j € I, if m € B; then VI €

Z,uji(m) < 1. Then all coefficients of L(Y; 1) are equal to 1.

Proof: 'We can compute the coefficients of L(Y; 1) = F(Y; 1) thanks to the classical algorithm (see section
3.3) : let us show by induction on v(inTLl) that the coefficients of m is equal to 1. For a monomial
m < Y;p, there is j € I such that m ¢ B;. There is M —; m. It follows from the lemma 3.14 that M
is entirely determined by m. So the coefficient of m is the coeflicient of M in L(Y;;) multiplied with the
coefficient of m in L;(M) = F;(M), that is to say 1 (section 3.3). O

4. Type A, AD

Proposition 4.1. The property of theorem 3.5 is true for g of type A, (n >1) or Al(l) 1>2).

Technical consequences of this result which will be used in the following are discussed in section 4.3.
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4.1. Type A. Let n > 1 and g of type A,,. Fori € {2,...n—1},l € Z:

A =YY 1Yl+1 lY_

Ay =Y, 1—1Y2_ll s A =Y, l+1Yn,l—1Yn_,11)l
In particular for all i € 1,1 € Z, u(A; ') <0. Som <m = u(m) < u(m').
We can suppose Y; 1 =Y o (proposition 3.12).

Lemma 4.2. For m € B and m’' € D(m) we have u(m) > v, (m'm=1).

Proof: For all i € I, we have w; + wpy1—i € an + Y. Zaj (see [Bo]).

j<ne1
Consider m’ € D(m). It follows from the lemma 6.8 of [FM] that w(m) > w(m’) > =Y u;(m)wny1-i,
i€l
and so —w(m'm™1) < S u;(m)(wi + wni1—:)- S0 vu(M'm™) < STui(m) = u(m). O
i€l i€l

Lemma 4.3. For j €I, if m e B; N D(Y;) then uj(m) < 1.

Proof: Suppose there is j € I and my € B; N D(Y; ) such that u;j(m;) > 2. Let J; = {k € I/k < j},
Jy={kel/k>j}and J=J UdJs. Let my —;m; and v = Uj_l(mlmgl) + Uj+1(m1m51). It follows
from lemma 4.2 (for g, and g;,) that wy, (m2) +uz, (m2) > v. Moreover we have u;(mz) = uj(mi) —v >
2 —v. So u(ms) = uy,(Mm2) + u;(ma) + uy,(m2) > 2, contradiction because ma < Y; . O

The proposition 4.1 for type A,, follows from proposition 3.16 and lemma 4.3.

4.2. Type Al(l). Let [ > 2 and g of type Al(l). Foriel,le€Z (where Y_11, =Y, 1, Yat1.L = Yo,L):
Ay =Yi1Yi- 1Yl+1 lY_
In particular for all i € 1,1 € Z, u(A;; 1) <0. Som <m' = u(m) < u(m’).

We have an analog of lemma 4.3 by putting in the proof J = I — {j} instead of J; U Jo. In particular we
get proposition 4.1 for type Al(l)

4.3. Consequences. In this section g is general and consider J C I such that gy is of type A,, (m < n).
We prove technical results which will be useful in the following. Let i € I,a € C*.

Lemma 4.4. Let m € By, j € J and m’ € B; such that m' € D j(m). We have uj(m) > u;(m’).

Proof: 1t follows from lemma 3.13 that we can write :

r_ o (I=J) / /
m =m H mk’l71...mk7l)ukyl(m)

kEJIEL
where mj ;, € Dj(Yy,1). For a € J x Z x N, it follows from lemma 4.3 that uj7L(mf1) >1= (m,)V) =
Yj . So there are ai, ..., () such that the (m :1,,)(]) = Yj,, and m, ..m, oy = m’)9). So
wj(m
uj(m') < 32 ugi(m) = uy(m). 0
keTIEL

Lemma 4.5. Let M € By such that uwy(M) > 2. The following properties are equivalent :
(i) there are j € J, 1 € Z, My € D;(M) N Bj such that uj (M) > 2

(ZZ) there are M' € DJ(M)QBJ, 11,19 € J, ll,lg € Z such that io —11 > |ll—lg| and (ig—il)—(lg—ll)
is even and u;, i, (M') > 1, wiy 1, (M) > 1.

Moreover one can choose M’ such that My € D j(M').
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Proof: 'We can suppose that g = g; is of type A,. For K C I, in this proof the notation —x, — is
defined as in definition 3.8 by putting D(M) instead of D(Y; ).

Let us show that (i) = (4) : if 42 = i1 we have u;, j, (M') > 2. If i3 — i1 > 0, suppose that () is not true.
In this situation we can use the lemma 3.15. Consider the integers:
(iQ—i1)+(lz—ll) (ig—i1)+(ll —lz)

2 2

We have K, K’ > 0. Denote t =41 + K =13 — K', |l =11 + K = Il + K’ and consider :
a1 -1 -1 -1 -1 -1
V - A’il,l1+1A’i1+1,l1+2...A'L'1+(K—1)7l1+KA’i27l2+1Ai2717[2“’2.”ATLQ—(K/—l)JQ-‘rK/

There is My € D(M’) such that M; < M’V and v;(M;(M')~1) = 0 (lemma 3.15). In particular M; € B;
and wu; ;(M7) > 2, contradiction.

K= K =

Let us show that (z) = (i4) : it follows from lemma 3.13 and proposition 4.1 that we can suppose that
u(M) = 2. Denote M =Y, 1,Yi, 1., and let us show the result by induction on n. For n = 1 we have

My = M and (i3) is clear. In general let M; € D(M) N B; such that Ml(j) =Y} We can suppose that
v(MiM~1) is minimal. If M; is dominant, we put M; = M’. Otherwise consider J' = {1,...,n — 1} if
j<n-—1,and J' ={2,...,n} if j = n (we suppose that j < n — 1, the case j = n can be treated in the
same way). Let My — 5 Mj. The induction with g of type A, _1 gives that Mg(J/) =Y, .1, Yi, 1, where
iQ—il Z |ll_12| and (iz—il)—(lg—ll) is even. We have U(Mz) S 2 and so un(Mz) = U(MQ)—UJ/(MQ) S 0.
If MQ(") =1, we put My = M’. Otherwise it follows from the lemma 4.4 that we are in one the following
cases a, 3, 7:

a) if M = Y, i Yok, we have :
My, M3 = }/il,ll Yviz,l2Yn__117K1_1Yn__11,K2_1Yn7K172Yn7K272
If }/;2712 75 YnfLKlfl and Yviz,lz 75 YnfLKzfla there is M4 = Mg(MlMgl) S D(Mg,) (lemma 315)
such that Mij) = szl and v(MysM~1) < v(M;M~1), contradiction. So for example we have Mz =
Vi Yoy o1 Yok —2Yn ko2 and ig = n — 1, I = K1 — 1. We have :
Ms —gi41,n—1y Ma=Yi 1y i:,lKrl,(n,il,1)Y¢1+1,K2—2—(n—¢1—1)Yn,K1—2

I£Y; 1, }/;;1;(2,1,(”71»171) # 1, there is :

— - —1
’il} M5 - Yl,K;),}/Zl7l1}/;1+1)K2727(n7i171)Y:L'1+1,K2—2—(’n.—’i1—1)Y’I’L7K172

.....

and u(Ms) = 3, impossible. So Iy = Ky —1—(n—iy — 1) and My = Yy Y, 1n where i} = i1 +1, i3 = n,
lll ZKQ—Z—(n—il—l), l/2 :K1—2. Let M/=M4. Wehavei’z—i’l ZiQ—il > |ZQ—11| = |l/2—l/1|
and (Z/Q — le) — (ZIQ — lll) = (iQ — il) — (ZQ — ll) is even.

B) if M{" =Y, k, Y, ., we have :
My —n M3 =Yi, 1,Yi, 1,V ey 1 Yo iy—2Yn ko2
and u(M3) = 3, impossible.
~) if M{™M = Y, ., we have :
My =y Ms = Yi, 1,Ya, 1Y, gy 1 Yok, —2
If Y, 1,1 # Yiyg, and Yy, 1 g, 1 # Yi,1,, there is My = M3(M;M; ') € D(M3) (lemma 3.15) such
that Mi]) = Yfl and v(MyM~1) < v(M;M~1), contradiction. So for example we have M3 = Y;, 1, Yo i, —2

and i = n—1, 1y = K; — 1. Let M = M3 and we have n — 47 = 1o — i1 +1 > |l2—ll|+1 >
|(K1—2)—l1+1|+12\(K1—2)—l1|andn—il—((Kl—2)—[1):(1'2—1'1)—(12—11) is even.

For the last point, the arguments of this proof can be used for any M’ € B such that M; € D;(M’). O
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5 TYPE B

5.1. Statement. In this section g is of type B,, (n >2). Fori € {2,...,.n—2}, 1 € Z:
Air =Yiur2Yii2Yi Yl A= YieYii2Ys s Ang = YouaYar 1Y,

—1 -1 -1
An—l,l = Yn—1al+2Yn—1al_2Yn72,lYn7l7IYn,lJrl

In this section we prove:

Proposition 5.1. The property of theorem 3.5 is true for g of type B,, (n > 2).

Denote J = {1,...,n — 1}. We can suppose Y; [, = Y; o (proposition 3.12).
As u(A;il)l) > 0, the m’ < m does not imply u(m’) < u(m).

5.2. Proof of the proposition 5.1. Suppose that there is m € D(Y; ) such that there is j € J,l € Z,
uji(m) > 2, and let m such that v(inI)l) is minimal with this property.

Lemma 5.2. There is M € D(Y; o) such that U(MYZ-)_Ol) < U(in’_Ol) and ' € Z, up (M) > 2.

Proof: Suppose that M does not exists. Let m; —; m. It follows from lemma 4.5 that m; =
m}Yi, 1, Yiy 1, where m) € By, 2(i2 —i1) > |l1 —la|, (i2—i1) — (I2—11)/2 is even. Let ma —,, my such that
v(mimsy 1) = 1 (mq exists because it follows from the hypothesis and lemma 3.15 that My —,, mo implies
D, (Ms) C D(Y;0)). We have mg = mIQYvil,l1}/i27l2Yn__117LYn7L71 where m4 € By and uy,, —1(mb) > 0.
If }217111§2,12Yn’}17L ¢ B, there is mg —; My = mg(mmfl) (lemma 3.15) such that wu;;(M2) > 2 and
U(Mngol) < U(in’_ol), contradiction. So for example Y;, ;, = Y;, 1,1, and ma € B;. my is not dominant
(because we would have u(msg) > 2), so there is mz —,, ma such that v(mamz') = 1 (same argument
as above for the existence of mg). We have mg = m’3Y;1,llYnilLL/Yn,L,lYn,L/,l where m4 € By and
un,L,l(mg) > 07 umL/,l(mg) > 0.

if we can choose L’ # L + 2, the same argument gives Y;, ;, = Y,,—1 1 because :
my = YrilJlYézylzyniflLL’Yn,L*l'mil —n My
where mjy € By. So we have i1 =is =n—1,s0l; =1y and L' = L, ie uy,(m3) > 2, contradiction.
if we can not choose L’ # L+ 2, we can not use the same argument (because : 1 ¢ L, (Yo r—1Yn 1+1)).
We have (k > 1):

oy —1 —1 -1
m3 —n ms = msYi, 1Yy 7y p oY 1 pya Yo 1 po1gok Y i1 Yo npr e Yo L o142k

where mj € B. Suppose that m}Y;, ,Y,"", ; ., ¢ B. Then we have :
/ 1 1 -1
ms “—p—1me =m5Ys 1, Yn1,0Y, 1 10, pi6 Y1 po1yokr1 YnL—1Yn L45-- Yo L1142k

But u,_1,r.(meA, ") = 2, contradiction. In the same way we prove by induction that
mg}/ilvllYn_}17L+4Yn_—11,L+8"' € B and so :

" —1 —1 —1
ms = m51/i1,llyn—1,L+2Yn—1,L+6'"Yn—1,L+2+4K’Y"7L—1Y"7L+1"'Yn,L—H'Qk

where m{ € B. Suppose that ms ¢ B. As mgj is right negative, we have L+2+4K’' = L+ 2k and so k =
14 2K'. Consider m7 —; ms. We get that m7 is dominant, and so m7 = Y; 9. Let K" = u_(ms) < K'.
We have 1 = u(my7) > uy(mz)+up(mz) > K"+ (k+1-2K")=14+k—K">k—K' >1+K'. So K' =0
and k = 1. In particular ms = m’5'Y;1,llYnilLLHYn,L,lYn,LH and so we have iy =n—1—3,11 = L+2-2j
where j > 0 (otherwise we would have u(my7) > 2). It implies 45 — i1 — (Io —11)/2=j — (j — 1) = 1 not
even, contradiction. So ms € B and ms = Y; o. But u(ms) > u,(ms) > 2, contradiction. O

Lemma 5.3. Let j € I and m € D(Yio) N B, such that uj(m) = 2. For L,L' € 7 such that m\) =
Y; LY, we have L # L'.
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Proof: It follows from lemma 5.2 that we can suppose that j = n and that for v(m'Yi)_Ol) < U(in,_Ol),
for all j € J,l € Z, uj;(m’) < 1. Let M such that 3] € Z, u, (M) > 2 and suppose that v(MYijOl) is
minimal with this property. Let L be maximal such that u, r—1(M) > 2. First it follows from lemma 4.5
that M € B,,. We have M —, M' = MA_ " 1, and the coefficient of M’ in L,(M) is at least 2. Suppose
that there is j € J such that M’ ¢ B;. Let M —; M. Tt follows from lemma 3.14 that M" is uniquely
determined by M’, and that the coefﬁment of M" in F;(M’) is 1. But the coefficient of M" in L(Y; ) is
1, so it follows from the proposition 3.9 that the coefﬁ(nent of M’ is 1, contradiction. So M’ € Bj;. So
M Y~ 11LMwhereM€B and U, - 1(M) > 2. As un(M) > 2, M¢B So there is My — 5 M. We
have : }
My = MOYn,L—1Y,:i_3

where My € B and u;(My) > 1. But My is not right negative, so My is dominant (corollary 3.10). But
u(My) > UJ(MO) + up,—1(Mo) > 2, contradiction. O

So the proposition 5.1 follows from proposition 3.16 and lemma 5.3.

5.3. Complement : degree of monomials. The aim of this section is to prove that the degrees are
bounded (it is a complement independent of the proof of theorem 3.5):

Proposition 5.4. For j € I and m € B; N D(Y; ), then u;(m) < 2.

Note that it follows from proposition 5.1 that we can use the lemma 3.15.

For m € A denote w(m) = (u¥(m),u; (m),u,} (m),u, (m)).

Suppose that there is j € J and mg € D(Y; o) N B; such that uj(mg) > 3. It follows from lemma 4.4 that
there is m —; mg such that u;(m) > 3. Suppose that v(infOl) is minimal for this property.

Lemma 5.5. There is M € D(Y;0) N By, such that M > m and u,(M) > 3.

Proof: We have m € By and uy(m) =3 : m = Yi, 1, Yi, .1, Yis1sm' where (m/)(”) = 1. There is

1
m ;TL ml - }/’il,ll}/iz,lzn Y 1 Lmlif’n L—1

3,03
where (m})) =1 and u, _1(m}) > 0. If Y;,. 11}22,;23@37133/71711@ ¢ B, there is M; —; my such that
uy(My) > 3, contradiction. So for example my =Y;, 1, Y, 1,m) Y5 1,—1. There is

1
my /_’I’L mo = K:17l1§/1/27l2Y -1, L/mQY’I’L l3— 1Y L/ 1

where (m5)() =1 and w, 1,1 (mb) > 0, U1 1(mb) > 0. It follows from lemma 5.3 that I3 # L'. If
L' =13+ 1, we have mj —; my where m} is dominant and u(mf) > u;(m4) > 2, contradiction. So we
see as above that for example mo =Y;, ;,m5Y,, 1, 1Y, 1,—1. In the same way

/ -1
mg “—p M3 = mB}/'L'l,l1YR_17L//}/’IL,l3—1YTL,l2—1YTL,L”—1

where (mg)(‘]) =1and up;—1(mb) > 0, up 1,—1(mf) >0, up 1, —1(m%) > 0. We can conclude with lemma
4.4. O

For m € A, denote w(m) = (u} (m),u; (m),u} (m),u, (m)).
End of the proof of proposition 5.4 :

Suppose that there is M € D(Y; ) N B, such that u,(M) > 3. Suppose that v(MYi,_Ol) is minimal for
this property. It follows from lemma 5.5 that for M’ € D(Y; ), M' > M for j € J,l € Z, uj (M') < 2.

We have M € By, n—2y (if not we would have M’ —y . ,_oy M with M’ > M and u,(M’) > 3).

If u, (M) = 3 : there is M «; My. If v,_1(MiM~1) = 1, we have w(M;) = (a,0,3,2) or (a,0,2,1)
or (a,0,1,0) where a = 1 or 2. For the first two cases we have u; (My) + u,, (M) > 3, so there is
M —, M such that un(Ml) > 3, contradiction. For the last case M1 is dominant with w(M7) > 2,
contradiction. So v,—1(MiM~1) = 2 and w(m) = (2,0,3,4) or (2,0,2,3) or (2,0,1,2) or (2,0,0,1).
As above we have w(M;) = (2,0,0,1). Let My —,, M;. If w(Mz) = (1,0,1,0), M, is dominant with
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u(Msz) > 2, contradiction. So w(Msz) = (2,1,1,0). Let M3 —; Ms. If w(Ms) = (2,0,1,2), there is
M4 > Mj such that wu,(Mj5) > 3, contradiction. So w(Ms) = (2,0,0,1). We continue and we get an
infinite sequence such that w(Msg) = (2,1,1,0) and w(Mak41) = (2,0,0,1). Contradiction because the
sequence U(MkYifol) > 0 decreases strictly.

If u, (M) =4 : thereis M «; My. If v, 1(MiM~1) = 1, we have w(M;) = (a,0,4,2) or (a,0,3,1) or
(a,0,2,0) Where a =1 or 2. We see as above that it is 1mposs1ble. So vy 1 (M1 M~1) = 2 and w(my) =

(2,0,4,4) or (2,0,3,3) or (2,0,2,2) or (2,0,1,1). As above we have w(M;) = (2,0,1,1). Let My —,, M;.
If w(Msz) = (1, ,270) My is dominant with u(Ms) > 2, contradiction. So w(Msz) = (2,1,2,0). Let
Mz —; f w(Ms) = (2,0,2,2), there is M4 > Ms such that w,(M3) > 3, contradiction. So
w(Ms) = (2,0 ,1). We continue and we get an infinite sequence such that w(Ma) = (2,1,2,0) and
w(Mag+1) = (2,0,1,1). Contradiction because the sequence v(M kYifOl) > 0 decreases strictly. O
6. Type C
6.1. Statement. Let g be of type C,, (n >2). Fori e {2,...,.n—1},1 € Z:
Aig =YYV} lYHi .

Al =" l+1Y1 — 1}/2711 ) Anl = Yn l+2Yn l72Yn7_1171+1Yn7_1171_1
In particular for all i € 1,1 € Z, u(4;; 1Y <0. Som <m! = u(m) < u(m’).
In this section we prove :

Proposition 6.1. The property of theorem 3.5 is true for g of type C,, (n > 2).
Denote J = {1,...,n—1} C I.

6.2. Proof of proposition 6.1. We can suppose Y; 1, = Y; o (proposition 3.12).
Lemma 6.2. (i) For m € B,, N D(Y; ), we have up(m) <
(it) For j <n—1 and m € B; N D(Y;0), we have uj(m)

(iii) Let j <n—1 and m € D(Y;0)NB; such that uj(m) = 2. For L, L' € Z such that m"Y) =Y; 1Y; 11,
we have L # L'.

Proof: (i) suppose that there is m1 € By, N D(Y; o) such that u,(m1) > 2. Let mg —; m;. We have
Un(ma) > 2 — vy_1(mamit). But uy(ma) > v,_1(mam; ') (lemma 4.2) and so u(ms) = uy(mz) +
Un(msa) > 2. As Y; o > mo it is impossible.

(3) suppose that there is j <n —1 and m; € B; N D(Y; o) such that u;(m;) > 3. Let ma —; my. Then
we have uj(msg) > 3 (lemma 4.4) and so u(msz) > 3+ u,(mq) > 2 (it follows from (¢) that u,(mq) > —1).
Contradiction.

(iii) let j # n and m; € D(Yio) N B; such that m{?) = Y7, We can suppose that v(mym™") is
minimal. Let mo —; my. It follows from lemma 4.5 for g; of type A,_1 that m(J) =Y .1.Yi 1,
with iQ — il Z |L1 — L2| and (22 — Zl) (LQ — Ll) is even. As u(mg) < 1 and Un(mg) Z —1, we
have u,(m2) = —1 and uy(me) = 2. In particular mo = Y;, 1,Yi, 1, 7;11{ There is mg <, m3 =
YihLlE27L2Yn__ll7K_1Yn__11,K_3Yn,K,4. We are in one the following cases «, 3,7, 6:

a) Yil7L1E27L2Yn__11,K_1Yn__11 x_3 = 1 : impossible because i; = iz = L1 = Ly.
B) Vit Yo 1Yo k1Yo ks = Yo, Y, g1 # 1 (or in the same way Vi, 1,Y, ' | # 1).
There is mg «—p—1 M4 = Mm3A,_1,k—2. In particular mfl " — Y, K,4Yn K _o, contradiction with (4).

v) Yiy 1, Yi,, LQY_ 1,K— 1Y_ 1,K—3 — =Y, L1Y_ 1,K— 3 # 1 (or in the same way Y;, 1,Y, 11 k-3 #1). 1
particular i5 =n—1, Ly = K —1 and m3 = }QhLlYnil)Kf?,Yn?K_zl. Let J' = {i;+1,....,n—1} (J' can be
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empty) and mg < ms = Yi, 1, Vi ko nyi, Vit 1.K-3-nin- U Yo, 0, Y ko pys, 7 1, let ms —i, my.
If 4, = 1, we have u(ms) = 2, impossible. If i1 > 2, we have ms = }/il_il,K—B—n-&-ilml,lel,K—‘l—n"ril'
Let J” = {1,...,41 — 1} and ms «—j» mg = Y1 x/Yi, 1, We have u(mg) = 2, impossible. So Y;, 1, =
ml’K_Q_n_A,_il, that is to say L1 = K — 2 —n+1;. SoLy—Li=n—i1+1 =iy —i1+2 > iy — i,
contradiction.

) {(i1, L1), (ia, La)} N {(n — 1, K — 1), (n — 1, K — 3)} is empty : there is m3 —; my = mz(mymy ")
such that m$) = Y7, (lemma 3.15) and v(mym~") < v(mim~"), contradiction. O

The proposition 6.1 follows from proposition 3.16 and lemma 6.2.

7. APPLICATION TO ¢,t-CHARACTERS
In this section we state and prove the main result of this paper on ¢, t-characters (theorem 7.5).

7.1. Reminder on ¢, t-characters [N2, N3, H1, H2, H3|. We define the product *; on A X (A® Z[t£])
such that : for (m,v), (m/,v") € A x A (m,m’,v,v" monomials):
(m,v) = (m!, ") = P02 (! )
where :
D((m,v), (m',v')) = > 20140, (M)vi1(0") + 2031407, (0)203,0 (M) + Vi1, (V)30 (0) + i 47, (V)07 (V)
i€,IEL
(see [N3| for the ADE-case and [H2, H3]| for other cases).
Let Y, =Y ®z Z[ti]. One can define &; ¢+, & C YV with deformed screening operators (see [H1, H3]).
Definition 7.1. We say that a Z-linear map xq,: : Rep — Vi is a morphism of q,t-characters if :

1) For M a Rep-monomial define m = [[ (Yiy)®+ M) € B. We have :
icl,lez

Xqt(M) =m + Z Ay (£)Ym' (where am: (t) € Z[t*])
m’<m
2) The image of xq.¢ is contained in K.
3) Let My, Ms be Rep-monomials. If maz{l/> x; (M1) > 0} < min{l/> x;,(Ma) > 0} then :
i€l i€l

(M1 Ma, (M1 Ms) ™ xg,e (M1 Ms)) = (My, Mi g, (M) % (Mo, My xq(Ma))

Those properties are generalizations of the axioms that Nakajima [N3] defined for the AD FE-case.

Theorem 7.2. ([N3, H2, H3|) For C such that i # j = C;;C;,; < 3, there is a unique morphism of
q, t-characters.

This result (among others) was proved by Nakajima [N3] for C' of type ADE. For C finite it is proved in
[H2], and for C such that i # j = C; ;C;,; < 3 in [H3]| (it includes quantum affine and toroidal algebras

except Agl), AgQ)). The existence of x4, for symmetric toroidal type is also mentioned in [N5].

In [H2] we defined a t-deformed algorithm : for m € B, if it is well-defined it gives an element F;(m) € &
such that m is the unique dominant monomial of F;(m) (an algorithm was also used by Nakajima in the
ADZE-case in [N2]). If we set ¢ = 1 we get the classical algorithm. It follows from theorem 7.2 that the
t-deformed algorithm is well defined if i # j = C; ;C;,; < 3. We proved in [H2| that if the ¢-deformed
algorithm is well-defined, for i € I,j € I,l € Z : Fo(Y;)F:(Y;1) = Fr(Y;)Fe(Yiy).

Note that x4 is injective and we have (see [H2]):

—

1) xeel [T x50 =R = (IR ) LRG0 O [E ) ).

iel,leZ leZiel el el el
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7.2. Technical complement.
Proposition 7.3. (i) Let m € Bj such that for alll € Z, u;;(m) < 1. Then F;(m) = F;(m) = L;(m)
and all coefficients are equal to 1.
(i1) Let i € I such that all m € D(Y; 1) satisfies : for j € I, if m € B; then ¥Vl € Z,u;j;(m) < 1. Then
F,(Y,r)=F(Yr) =LY ) €V is in R and all coefficients are equal to 1.
Proof: (i) Direct consequence of the lemma 4.13 of [H2].
(ii) Let j be in I and consider the decomposition of proposition 3.9 :
L(YiL) = > AL
m/€B;ND(Yi,L)

But it follows from (i) that m’ € B; N D(Y; 1) implies that L;(m’') = Fj(m’). And so:

L(Yiy) = S Nm)F () € Ry
m’€B;ND(Y;,1)
So L(Y;,L) S ﬁt and Ft(Y;,L) = L(}/i,L) = F(Y;',l). O

7.3. New results for ¢, t-characters. It follows also from theorem 3.5 and proposition 7.3 :

Proposition 7.4. Let g be of type A, (n > 1), Al(l) (1>2),B, (n>2)orC, (n>2). Forie I,aecC*,
we have Xq.t(Vi(a)) = xq(Vi(a)) and all coefficients are equal to 1.

We prove a conjecture of [H2]:

Theorem 7.5. Let Uy(§) be a quantum affine algebra (C finite) and M be a standard module of Uy(§).
The coefficients of xq.t(M) are in N[t*] and the monomials of xq.+(M) are the monomials of x4(M).

In particular the ¢, t-characters for quantum affine algebras have a finite number of monomials and this
result shows that the g, t-characters of [H2] can be considered as a t-deformation of g-characters for all
quantum affine algebras. In particular it is an argument for the existence of a geometric model behind
the g, t-characters in non simply-laced cases.

Proof:  If follows from formula (1) in section 7.1 that it suffices to look at the Fy(Y;;). We do it with a
case by case investigation :

the case ADE follows from the work of Nakajima [N3]
the case BC follows from theorem 3.5 and proposition 7.4 (ii)
the case Gy follows from an explicit computation in [H2]

the case Fy follows from an explicit computation on computer (see section 8). g

8. APPENDIX : EXPLICIT COMPUTATIONS ON COMPUTER FOR TYPE F}

The proof of theorem 7.5 for type Fj is based on an explicit computation on computer. A com-
puter program written in C with Travis Schedler computes explicitly the g, t-characters of fundamental
representations.

For type Fy there are 4 fundamental representations (see [Bo] for the numbers on the Dynkin diagram) :
dim(V;(a)) = 26 (26 monomials), dim (V1 (a)) = 299 (283 monomials), dim(V;(a)) = 1703 (1532 monomi-
als), dim(V; (a)) = 53 (53 monomials). We checked that the coefficients are in N[t*]. We give an explicit
list of terms of fundamental representations of type Fy whose coefficient is not 1 (the complete list of
monomials can be found on http://www.dma.ens.fr/~dhernand /f4monomials.pdf). We can see that the
coefficient are all (¢ 4+ ¢~') € N[t*]. They appear only in fundamental representations 2 and 3 :

Fundamental representation 2 :
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Monomial 70:
Monomial 87:
Monomial 89:

Monomial 105:
Monomial 109:
Monomial 120:
Monomial 124:
Monomial 142:
Monomial 143:
Monomial 151:
Monomial 155:
Monomial 168:
Monomial 173:
Monomial 188:
Monomial 193:
Monomial 206:

(t~
("
("

t~
t—
t~

-

-
t—

(”
("
(
(
(
("
("
(
(”
("
(
(
("

DAVID HERNANDEZ

-1 —1
Y1,12Y2,7Y2,9 Y4,6

—1y—1 -1
Y1,10Y2,7Y279 Y2711Y:°>,8Y4710

1 + t) Y1,101/§7713T9113T111Y4,6
+1)
+1)

1) Y 5Ya7Y5 0 YasYig
+1) Y1,10YQ,7Y3T112

+1) Y178Y1710Y2T91Y3,8Y3T112
1) Y 5Y2 1Yo 115 0

) Y2,7Y2T113

+1) YisY, 15Ys0 Ya1Ys8Y5 1
) Yljll() Yl,_112 Y2, 1Y3 )8 Y3_112
+1) YisYag Yo 1558

+1) Yi10Ys 1338

+1) Y1,8}/2,11}/2T113Y23,_112Y4,10
) Y1T110Y2,9Y2,111/'2?113}/3112}/4,10
+1) YiYa11Ys 135

Lt) Yy 10Y2 9Y2 11Y5 13Y4_14

Fundamental representation 3 :

(t™'+1) Y13Y10Ys 61/2_811/2_110}/4 5

Monomial 64:
Monomial 90:
Monomial 91:
Monomial 93:
Monomial 96:

Monomial 117:
Monomial 125:
Monomial 126:
Monomial 128:
Monomial 138:
Monomial 152:
Monomial 159:
Monomial 162:
Monomial 165:
Monomial 166:
Monomial 194:
Monomial 208:
Monomial 209:
Monomial 220:
Monomial 221:
Monomial 237:
Monomial 238:
Monomial 251:
Monomial 252:
Monomial 253:
Monomial 257:
Monomial 281:
Monomial 289:
Monomial 294:

(
(t™
(t
(t™

t—
t

+t

t1 —|—t) Y Y10Y24Y26Y5 5 Yo10Yas

Y3,5Y3,9 Yis

Y1 3Y1,0Y5 GY{gl y2*110y3 7Y4791

+1)
+1) Yi3Y, 1 Ya6Yog Yas
+1)

1

1 51Y1 11Y2 4Y26Y5 8 Y4 5
Yy 5 Yl 9Y2, 4Y2 6Y2 .8 YQ 10Y3 7Y479
Y35Y37Y50Yig o
Y 3Y1 11Y2 6 8 Y3 7Y4_9
Y 3Y1 oY GYE, 11
Vi Y Yo uYasY, d Y rY
YQ 8Y2 10Y3 5Y3 91Y3_11
V1,3Y1,7Y1,0Y5 4 Vs 7Y3 11
Yl 3Y1 11Y2 6Y2 10Y3 11
Yis V1 0YeYo,6 Vi
Yy 5 Y11 Y2,4Y2,6Y2 10Y3 11
Yl 5 Yl 7Y1 9Y2 4Y2 8 Y3 7Y3 11
YinYasYs, 12Y3 5Y3_9
Yl 3Y2 6Y2 12
Yi3Y17Yy LY, 3 'Ya,10Y3 7Y3 11
Yi9Y1,11Y5 10Y2 5Ya 5
Yl 7Y1 9Y2 6 YQ 8 Y3 5Y3 7Y3 11
Yl 5 Y2 4Y2 6Y2 112
Y 3Y1 9 Yl 11Y2 10Y3 7Y3 11
Y5 Yi7Y7) 11Y2 1Y5 5 Y2,10Y3,7Y5 1
Yl 3Y1 71/2 .8 YQ 12Y3 7
Yy 13Y2 Y3 5Y3 9
Y15 Yig Y1 YaaY210Y3,7Y5 1

) Y
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
+1)
1) Y17Y1,0Y37Y59 Vs, Yar
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Monomial 296:
Monomial 298:
Monomial 300:
Monomial 303:
Monomial 320:
Monomial 332:
Monomial 351:
Monomial 353:
Monomial 359:
Monomial 361:
Monomial 362:
Monomial 368:
Monomial 370:
Monomial 382:
Monomial 384:
Monomial 394:
Monomial 399:
Monomial 414:
Monomial 422:
Monomial 428:
Monomial 431:
Monomial 432:
Monomial 436:
Monomial 438:
Monomial 461:
Monomial 463:
Monomial 469:
Monomial 495:
Monomial 498:
Monomial 500:
Monomial 502:
Monomial 505:
Monomial 512:
Monomial 514:
Monomial 526:
Monomial 528:
Monomial 564:
Monomial 575:
Monomial 577:
Monomial 581:
Monomial 583:
Monomial 586:
Monomial 591:
Monomial 622:
Monomial 648:
Monomial 656:

+1) Y19Y111Y2,6Y2,8Y5 10Y2 12Y3 oYz
)Y13Y19Y212Y:°>7
)Y15Y17Y24Y28Y212Y37

+1) Yi7Y7 11Y2 6 Y2 s Yo 10Y55Y3 7Y3 1
) Y1,0Y7 13Y2 10Y:°> 5

+1) Y13Y17Y210Y5 12Y3 LYao

1) Y5 Vg YauYs15Ya

) Y17Y26Y28Y212Y:°>5Y:°>7

+1) Yig Vi1 Yag Yo10Y3, 5Y3 Yt
+1) Yl 7Y1 11Y2,10Y3,7Y5 9 Ys 1 Yar
) Yl 11Y1 13Y:°> 5

+1) Y17Y1,0Ys7Y5 4 Yo

+1) Y19Y7, 11Y2 6Y2,8Y5 10Y2 12Y4 11
) Yl 3Y1 9 }/2 8}/2 10}/2 121/23 11Y4 9
+1) Y5 Y17Y24Y210Y5 15 Y5, 11Y4 9
+1) Y197 5Ya6Y2,8Y5 1oY3 o Ya7

+1) Y1,3Y1,7Y2,10Y5 1Y 15

+1) Yy 91Y2 o Yy 15Y3,5Y37

) Y 5 Yl 9 Y2 4Y28Ys, 10YQ 12Y:°, 11Y4 9
+1) Yl 9 Yl 11Y2 8Y2,10Y3 7Y3 9 Ya 11Y4 7
1) YirYy 1 Yo 0¥, Y5 5 Vi

) Yl 11Y1 13Y26Y28Y:39Y47

+1) Y1754 Y2,10Ys 15Y3,5Y5 11 Ya0
+1) Y17Y212Y37Y39Y47

+t) Y1 3Y1 9 'Y 82, 10Y5; 12Y4 1

+1) Y15 Y1,7Y2,4Y2,10Y5 155 1

+t) Y1 E ER 13Y2 6Y2 SYQ 10Y4_11

) Y15Y19Y24Y28Y210Y212Y413
+i) Y 9Y1 1 Y7 15Y2,6Ys 1oY4 7

) YQ 8Y2 121/23 7Y3 9 Yr4 7

+1) Y1 7Y2 8Y2,10Y5 12Y3 9 Yg LY17Yao
+1) Y19Y26Y28Y210Y212Y35Y311Y49
) Yl 9 Yl 11Y2 8Y2 10Y3 7Y:°, 11Y4_11
+1) YY) 13Y2 Yo sV,

+1) Yi,7Y54 Y2,10Y5, 15Y3,5Yi 13

) Y 7Y2 12Y3 7Y4_11

+1) Y5 10Ys12Ya,7Ya 7

+1) Y, 7Y1 oY1 Y115 og YooY 7Yar
) Yy .9 Y2 8Y2, 10Y2 12Y3 91Y3 11Y4 7Y4 9
+1) Y19V LY 5Yo6Ys 10Y3 oYy
1) Vg YagYy hYa 7Yy i

+1) Y17Y28Y210Y5 12Y3 oYy 7Y4 13
)Y19Y26Y28Y210Y212Y353Q13
) Yl 7Y2 8Y2 10Y2 12Y3 11Y4 9Y4 11
) YQ 10Y2 12Y3 7Y3 9Y4 11

+1) YagVs 5Ys 11 YarYae
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Monomial 657:
Monomial 666:
Monomial 669:
Monomial 672:
Monomial 694:
Monomial 696:
Monomial 729:
Monomial 755:
Monomial 764:
Monomial 765:
Monomial 767:
Monomial 768:
Monomial 770:
Monomial 771:
Monomial 772:
Monomial 815:
Monomial 818:
Monomial 822:
Monomial 834:
Monomial 840:
Monomial 844:
Monomial 845:
Monomial 849:
Monomial 907:
Monomial 911:
Monomial 916:
Monomial 920:
Monomial 928:
Monomial 930:
Monomial 950:
Monomial 953:
Monomial 979:
Monomial 981:
Monomial 998:

Monomial 1001:
Monomial 1005:
Monomial 1016:
Monomial 1017:
Monomial 1026:
Monomial 1044:
Monomial 1058:
Monomial 1060:
Monomial 1074:
Monomial 1075:
Monomial 1076:
Monomial 1078:
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+1) Yi7Y10Y 4 Y 13Yo 8 Yo 10Ya7Ya0Ys 1
) Y1,7Y1 ,9Y1T111 Y1T113Y:°,,_111 Y4,7Y4,9
+1) Y17Y28Y210Y5 15V 11 Yars
+1) Yy g Y5gYa10Ys 15Ys0 YarYis
) Y1 ,9 Y1T111 Y1T113 Y, ,6 Y, 12 Y:%_ll?)
+1) Y1T91 Y5sY210 Y2T112 Y3T111 Yio Y4T111
+1) Y1711Y2,8}3T110Y2T122Y477Y4,9
) Y1T91 Y22 8 Y2 ,10 Yz,_llz Y4T111 Y4T113
+1) YagYs 5Ya7Ys s
) Y1 N Yi ,9 YlTlll Y1T113 Yy )7 Y4T113
) Y, ,8 Y27112 Y3 ,9 Y3T111 Y, ,9 Y4T111
+1) VYoV 4 Yy 5Ya0Ys h YaoYs i Yo eYasYs 155 14 a0 Va1
) Y1 ,9 Y1T111 Y, ,6 Y2T114
) Y1,7Y1,9Y1T111 Y1T113Yz,781 Y, 12Y3,7Y:3T113
+1) Ya7Y5 5
+1t) Y111Yas Y2T110Y'2T122Y3,1 1 Y4,7Y4T113
+1) Y111Y28Y510Ys 10 Y5.0Ya 051
+1) Yi7Y10Y) 4 Yoy Yo 14Ya7
) Y1T113 Y, ,8 Y2T110 1/2,_112 Y4, 7Ya ,9
+1) Ya5Y210Y5 11 Y5 15Ya0
+1) YasYy 5Ya0Yi11Yis
+1) Y17Y1,0Y7 1Y) 15Y2.10Y2,12Y5 11 Y5 15 Ya0
+1) ViV oY LY 5 Ya 0V Vi
+1) Y1.11Ya8Y5 10Y5 19Y3,0Y311Y5 11 Vi 13
+1) Yl,11Y2,8Y2T110Y£112Y2,14Y3Tll55@,7
+1) YasY210Y515Ys 5
+1t) Yi11Yas Ygfllg Yg,_llg Yi9
) Y1T113 Y, .8 Y2T110 Y2,7112 Y3 11 Y4, 7 Y4T113
+1) Y 5Y28Y5 105 15Y3.0Ya0Ys
+1) Y17Y1,0Y, 4 Y 15Y210Y2,12Y5 155 15
+1) Y17Y1,0Y7 4 Y210Y5 14 Y511 Yao
+1) Y1711Y1,15Y2,8Y2,7110Y2112Y2116n,7
) Y1,9Y1 ,11 Y2T110Y2T112Y3,9Y3T113Y4,9
) Y1T113Y2,8 Y2T110Y2, 14Y3T115 Y4,7
+1) Yi15Y2,8Y5 10Y2 12 Y3,0Y3,11 Yy 11 Va1
+1) YinYasYy 5501 Y5 15V 05
+1) Yi11YasY5 10Ys19Y214Y30Y5 15Ya 1)
+1) Y17Y1,0Y5 5Y5 14 Ya0
) Y1T113 Y, 8 Y?>,_113 Y, 29
+1) YirYi0Yy 4 Y2105 14 Vi
+1) Y1.11Y1,15Y2.8Y5 10Ys 12 Y16 Y3,9Ya 11
) Y1,9Y1,11Y2T110Y2T112Y3,9Y3,11Y3T113Y5113
+1) Yi1Yy 7 Y2 sYs 10Ys 19Ya7
) Y1T113K,15}678}3T11(J}3T1163n,7
) Y1 , 7Y1T111 Y2, 10 Y2T112 Y2T114Y4 29
+1) VoY) 5Y5 10Y3.0Y5 15 a0



MONOMIALS OF g AND gq,t-CHARACTERS FOR NON SIMPLY-LACED QUANTUM AFFINIZATIONS

Monomial 1079:
Monomial 1085:
Monomial 1096:
Monomial 1101:
Monomial 1123:
Monomial 1137:
Monomial 1138:
Monomial 1140:
Monomial 1146:
Monomial 1154:
Monomial 1155:
Monomial 1156:
Monomial 1158:
Monomial 1160:
Monomial 1177:
Monomial 1191:
Monomial 1193:
Monomial 1204:
Monomial 1205:
Monomial 1209:
Monomial 1231:
Monomial 1232:
Monomial 1239:
Monomial 1256:
Monomial 1263:
Monomial 1276:
Monomial 1277:
Monomial 1278:
Monomial 1284:
Monomial 1288:
Monomial 1305:
Monomial 1310:
Monomial 1311:
Monomial 1312:
Monomial 1317:
Monomial 1346:
Monomial 1348:
Monomial 1349:
Monomial 1356:
Monomial 1360:
Monomial 1387:
Monomial 1392:
Monomial 1394:
Monomial 1397:
Monomial 1398:
Monomial 1424:

V4 1) Y1,11Y2,8Y2,14Y5 155 15

Y1) v, 13Y2 sYs, 11Y3 13Y4_13

L) Vi 5Yo8Y5 10 Y2,14Y3,0Y 15Y4711

L t) YirYieYs 1oY5 s Ys1 Y0
Y)Yy 13Y1 17Y2 8Y5 ) 10Ya,7

Y1) Vg Vi YasYa10Ys 5 Yo 14 Ya
L) Y 11Y1 1573, Y3 15V

LHt) YigVinuYs, 10Y2,14Y3 9Y3 13Y:°,_15
V) Vi Y1152 8Y5 16 Ys 15

'+ v 11Y7 17Y2 8Y5 10Y2 12Ys, 9Y4 1
L4t) Yy 13Y1 15Y2,8Y5 | 10Y2 16Y:°> 9Y4 1
LHt) YigYy 12, 10Y5 12Y2 1Y, 11Y4 13
L) YioY; 15Y5 10 Y305, 11Y3 13Y4 13
L1) Y 5YasYa, 12Y2 14Y5 13Y3715

L) YirYieYs s

Ly vioYiuW 15Y5 10Y2 165/:% 95/},_13
Y1) Yy 13Y1 7 Y2,8Y5 1Y 0V, 1

L) Yig Yl 11 Y2,8Y2, 105 12Y2 14Y3 11Y4 13
Y1) Yy 11Y1 13Y3 0Y311Y5 13Y4 13

Lht) YigYy, 13Y2 102, 12Y2 14Y3,0Y5 13Y3;15
L t) YinY 7Y sYs 03

+ t) Yy 5Y115Y28Y2, 12Y2 16Ys 15

+1) Yi7Y7 1 Yo 0V 5

+1) Y15 Yo sY212Y;5 15

) Y hYy 13Y2 1272, 14Y3 9Y315Y515

) Yi,7Ys 5Ys 11 Y505

) Yi,15Y2,8Y5 14Y2_16

) Y1,0Y 15Y1,15Y5, 1oY2 12Y5 16Y3 0Y5 15
) Yi,0Y1,1Y] 17 Y5 10Y3, 9Y3 13

) 1 91Y1 11Y2 8Y2 10Y3 15

) Yi0Y1 15Y2 10Y2 14Y2 16Y3 9

) Yi Yo sYs

) i 9Y7 13Y1 17Y2 10Y2 12Y3, 9Y3 13
) Yy 11Y1 13Y1,15Y2, 12Y2 16Y39Y5 15
) Yo YosYy 5Ys11Y;5 5

) Yl 11Y1 13Y1 17Y2 12Y3, 9Y3 13

) Yl 11Y1 15Y2 14Y2 16Y3 9

) YY1 12Y2,0Y2,11Y5 15

) Y1,0Y7 17Y2 10Y2 14Y3 9

) Y1,0Y1,15Y2,12Y5 14 Y5 16 Ys 15 Va1
L) Y Y Y 14 Y300

L+ t) vs, 11Y3 13Y3 5Yai

1) Yy 11 Y1.15Y2,10Y2 12Y5 14Y2 16Y3 15Ya 1
Y t) YioYy, 17Y2 12Y5 14Y3 13Y4 11

L t) Y10Y115Y212Y5 14 Ys 16Y4 )

V) Vi Y Yo 10Y2,12Y5 14 Va5 Ya

21
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Monomial 1431: (t~! +1¢) 3%711Y3T115Y4T115)
h&ononﬁa11433:(t‘1<+t)‘YIQﬂYEJ5Y5J0Y5J2Y53233]% Lis
Monomial 1436: (t~! +1¢) Y1,9Y1T1175/§,125/§T1£;Y4T115
Monomial 1452: (t~! +1¢) YlflllYl,_117Y2710Y2712Y2T114Y4T115
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