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1 Projection of orbital measures

We note H,(R) = Sym(n,R), H,(C) = Herm(n,C). For a matrix X €
H,(F) (F =R ou C), the classical spectral theorem says that the eigenvalues
A1, ..., A, are real and the corresponding eigenvectors are orthogonal. Note
A™ the map H,(F) onto (R"),,

(R, == {t e R" | t; <ty <--- < t,},

which, to a matrix X, associate the sequence of the eigenvalues in the in-
creasing order:

AY(X) = (A, A

Note U,(F) = O(n), the orthogonal group, if F = R, and U,(F) = U(n), the
unitary group, if F = C. The group U,(F) acts on the space H,(F) by the
transformations X — uXu* (u € U,(F)). Note O4 the orbit of the diagonal
matrix A = diag(ay,...,a,) (@; ER a3 < -+ < ay) :

O4 = {uAu* | u e U,(F)}.
From the spectral theorem it follows that
O4 = {X € H,(F) | spectrum(X) = {a1,...,a,}}.

The orbit O4 carries a natural probability measure: the orbital measure 4,
image of the normalized Haar measure « of the compact group U, (IF) under
the map

Un(F) = H,(F), ur— uAu”.

For a continuous function f defined on H,(F),

/ FOa(dX) = / F (uAu*)o(du).
Hon (F) n(F)

Note py the projection of H, (IF) onto Hy(F) which maps a matrix X €
H,(F) to the matrix Y = pp(X) € Hy(F) of the k first rows and the k first
columns of X. We will study the image u(:) of the orbital measure p4 under
the projection py.

Let p be a measure on H,,(F) which is invariant under U,,(IF). The integral
of a function f is written as follows

/Hn(]F) f(X)u(dX) = /(R")+ </Un(IF) f(udiag(t, . .. ,tn)u*)a(du)>u(dt),
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where v is a measure on (R™), called the radial part of . If i is a probability
measure on H, (F) which is U, (F)-invariant, its radial part v is also the joint
distribution of the eigenvalues for a random matrix whose distribution is .
We will note z/gk) the radial part of ,u(:).

Assume now F = C. We will start with the simplest case k = 1, and will
see that the projection ,uill) involves spline functions (Okounkov, 1996).

If K = n — 1 this question is related to an interlacing property of the
eigenvalues. The measure Vi(ffl) is given by a formula due to Baryshnikov
(2001).

We will study the general case, 1 < k < n — 1, by using the Fourier
transform. The radial part VXC) has a density which can be written as a de-
terminant of spline functions. This is the Olshanski’s determinantal formula
(2013).

In last two Sections, we consider the projection onto the subspace D,, of
diagonal matrices. Horn’s Theorem describes the image of the orbit O4: it
is the convex hull of points o(a), with ¢ € &,,, the symmetric group. The
image of the orbital measure is given as a special case of Heckman’s formula.

2 Projection of the orbital measure py and
Peano measure

We assume in this section that F = C. We consider the projection M, :=
,u(Al) = S) of the orbital measure pus on H;(C) = RE;; ~ R: if fis a
continuous function on R,

/Rf(t)MA(dt) _ /U( )f((uAu*)H)an(du).

One establishes easily
(wAu )11 = ap|ug]® + - + aplurn .
Proposition 2.1. Consider the map
$:U(n)— 5 =5C"),
the unit sphere in C", which maps the matriz u € U(n) to the first row:

u +— (Ull, Ce ,uln).
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The image under ® of the Haar measure a is the normalized uniform measure
oonsS.

Proof. The image under ¢ of the Haar measure « is a measure on S which
is U(n)-invariant. i

Note A,, the simplex defined by
An:{T: (Tla...,Tn-i-l) GR”-H | T; ZO, T4+ Tag1 = 1}’

and let 3, be the normalized uniform measure on A, i.e. the restriction to
A,, of the Lebesgue measure on the hyperplane with equation 7+« -+7,41 =
1, normalized in such a way that the total measure is equal to 1. Note also
D,, the closed set of R™ defined by

Dy={r=(n,....,7) eR"| >0, m+---+7, < 1}.

This is the projection of A, on the horizontal hyperplane with equation
Tne1 = 0. The volume of D,, is equal to

1
vol™)(D,) = —.
n:

The integral of a function f defined on A, with respect to the measure 3,
can be given as an integral on D,, as follows:

/ f(1)Bu(dT) =n! flr,. 1= — - —1)dm ... dTy,.
Ay Dy
Proposition 2.2. Consider the map

U:S(CY) — Ay, u= (U, uy) = 7= (lw]? ..., Ju.]?).

The image under ¥ of the measure o is equal to the measure B = B,_1 : if f
is a continuous function on A, _1,

/S(Cn f(lul, ... [ual?)o(du) /n 1f 1, ... 7)B(dT).



Proof.
Observe first that, if £ is a function defined on (R4 )™ which is integrable
with respect to the Lebesgue measure,

/ F(xy,...,2,)dzy ... dz,

R)™ . .
= n—1
=g, ([ Fm )

Let f be a function defined on A,,_1, integrable with respect to the measure
0B, and let fy be a function defined on R, integrable with respect to the
measure p" 'dp. We associate to the functions f and f, the function F}
defined on (R,)" by puting

Fi(x) = folp)f(m1,. . 1), itz = (pr1,...,p70), T=(71,...,Tn) € Ap_1
Then

/ Fl(xl,...,:cn)dxl...dxn
R4)™

1 > n—1
= m/o fO(p)p dp; /An_l f(Tlv""T”)ﬁ(dT)'

We consider also the function F5 defined on C" by puting
Fy(2) = fo(r®) f(Jual?, ... Jua]?),

if z = (rug,...,ru,), v = (u1,...,u,) € S. Then, on one hand, since
F2 Z) = F1(|Zl|2, Ceey |Zn|2),

/ Fy(z)m(dz) = (2#)"/ Fy(r?, . r2)rdry .. orpdry
C (Ry)™

n

= ﬂ'n/ F(tl,,tn)dtldtn
Ry

)TL
= o e [ s st

where m denotes the Lebesgue measure on C" ~ R?". And, on the other
hand,

[ Rm)



N 27T—n/ fo(r®)r®™ 1‘”/J”Mz - [un[*)or(du)

(n—1)!
= / Jo(p)p"™™ ldp/f |U1| 7|Un|2)0(du)-
(n—1)!
By comparing these equalities one gets the statement [
To apoint a = (ay, .. .,a,) € R™ one associates the measure M, (ay, .. ., a,; dt)

on R, image of the measure by the map
O: A, 1—R 7—am+-+a,m.

That is, if f is a continuous function on R,
/f w(ag, ... ay;dt) —/ flaym + -+ a,7,)B(dT).
Anfl

M, (a1, ..., an;dt) is a probability measure on R with support [min a;, max a;]|.
We call it Peano measure. For n = 2,

/Rf(t)Mg(al,aQ;dt) = /Olf(alT-l—(l—T)ag)dT: ! /:f(t)dt.

a2 — aq

Theorem 2.3. (Okounkov) The projection Ma(dt) on the line REy; of the
orbital measure 4 is equal to the Peano measure M, (ay, ..., a,;dt),

Ma(dt) = Myp(aq, ..., ap;dt).

Proof. The map
Un)—R, u— (uAu")q;

can be factorized as follows
Un) -2 S(C") LA, -5 R

wis €= (ur, .. un) — 7= (G2 &) =t = aim 4 - + anT.
By Proposition 2.1,

/Rf(t)MA(dt) = /S(Cn) flagur|* 4 - -+ ap|un|*)o(du).
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and, by Proposition 2.2 and the definition of the Peano measure,
/ flag|ur]? + -+ + anlu,|?)o(du)
S((Cn)

= / flaym + -+ 4+ apmn)B(dT) = / f&)My(ay,...,a,;dt).
Ap_1 R

3 Divided differences, Peano measures and
spline functions

Let f be a function defined on R. If the real numbers a; are distinct, the
divided differences of f are defined as follows

flar,as] = M’
ag — aq
flai,as,...,a,] = f[a2""7an]_f[al,...,an,l]'
Ay — aq

If f is of class C"! the divided differences flay,...,ax] (k < n) are defined
for every numbers a;, distinct or not, by going to the limit. In particular, if
a1 = as = -+ = aj = a, then

1

_ (k=1)
a,...,al = a).
Assume the numbers aq,...,a, to be distinct. Let p be the interpolation
polynomial of the function f with respect to the points aq,...,a, : p is the

polynomial of degree < n — 1 such that p(a;) = f(a;) (i =1,...,n). Recall
the following Newton formula: the interpolation polynomial p can be written

p(t) = Zf[ah coag)(t —ay) - (E—ap_y).
k=1
Let cq,...,c,_1 be the coeficients of the interpolation polynomial:
p(t) =co+ -+ cuat"
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By the Newton formula ¢, = flay, ..., a,]. Les coefficients ¢ are solutions
of the system

co+car+ -+ eaalt = flar),
Co+cran + - cp1a”t = flay).

From Cramer’s formulas one gets:

Proposition 3.1. The divided differences admit the following determinantal

representation:
1 1 e 1
o o ) a as ... G
oo Valar, ..., a,) a’f;z aglz N aﬁ._Q
flar) fla2) ... flan)

where V,, is the Vandermonde polynomial in n variables,

1 1 - 1
ay a9 c. Ap
Valar, ..., a,) =1 ¢ : L= || (a; — a;).
al™® al? ... QT lsi<ise
a™t abt oL et

It follows that
f[ala R 7an] - 271f<a1)7
i=1

where
( ) 1
v =v(ay, ..., a,) = =———.
' Y " Hj;ﬁi(ai - aj)
Next Theorem expresses the relation between divided differences and
Peano measures.

Theorem 3.2. (Hermite-Genocchi) If f is a function of class C"™' on R,
then

f[al, e ,an] = ﬁ /mf("l)(t)Mn(al, vy Qg dt)



Proof.
The proof uses a recursion. For n = 2, if f is a function of class C!,

/01 flaT +ax(1=7))dr = L [f((al — a9)T + ag)};

= ! (f(ar) = f(az)) = flay, az).

ap — a2

Assume that the relation holds for n, and let us prove it for n + 1. If f is of
class C", by a partial integration one gets

1
5/ f(")(aﬂl o A1 Tog) BuldT)
. An
— f(n)(alTl B Ay T + an+1(1 — T — = Tn))d’rl .. .dTn
Dy,

= / R ((a1 — Qpi1)T1 + o+ (A — Qpyr)To + an+1)d7'1 ..dmy,

n

I
— / (/ f(”)((al - an-‘rl)Tl —+ ((12 — an+1)7—2 4o
anl 0

+(an — Qpy1)Tn + an+1)d7'1>d7'2 ..dT,.

The integral with respect to 7 gives

1
I () — 1y — oo —
01 — Gnas (f ((a1 an+1)( T2 Tn)

+(a2 - an+l>T2 +- 1+ (an - an+1)7—n + an-i—l)

—f(n_l) ((ag — an+1)7‘2 + -+ (a'n - a’n+1)7—n + an""l))

1
— —<f(n*1)(a/1(1_7-2_..._Tn)_|_a/27-2+...+an7-n)
a1 — Gp41
— O (aema o T A (L= — - — m)))
We get finally
1 (n) 1
] f (alT1 +---+ an+17'n+1)5n(d7') = —X
n. An Ap+1 — A1

1
: n—1
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_ﬁ / FOD (@ + -+ anm) By (dr) )
- cJAp—1
1

— m(f[az,...,an—s—l] —f[al,...,an]) :f[al,...,am_l],

Taking f(t) = e*' one gets the Fourier-Laplace transform of the Peano
measure:

—~

M,y(ai,...,an;2) = /eZtMn(al,...,an;dt)
%"

1 1 - 1
aq Qo R Qp
(n—1)! 1
o n—1 . :
Vn(a17 cee 7a"1) z n—2 n—2 n—2
al™ ay™® ... a”
eMZ 022 ean?

Corollary 3.3. In the distribution sense, if the numbers a; are distinct,

i=1

(n—1)I\ dt
Hence, if the numbers a; are distinct, and if n > 2, the Peano mea-
sure M, (ay,...,a,;dt) is absolutely continuous with respect to the Lebesgue
measure,

M,(ay, ... an;dt) = My(aq, ..., a,;t)dt.

Corollary 3.4. Assume ay < --- < a,. The Peano function admits the
following representation

My(ay,... an;t) = (=1)" Y(n—1) Z%(t —a;)"2

Proof. Consider the function




In the distribution sense

(&) 'e=a

and this can be written E % 5(()71—1) = dp. We get from Corollary 8.4
E « ((56”71) * M) = (=1)""(n—1)! Z%E * g, -
i=1

since the support of M, is compact, the convolution product is associative
in that case. The left handside is equal to

(E #6868 ) x M, = M,.

therefore
n
My(ar, ... ap;dt = (=1)" " (n—=1)> (t—a;)} "
i=1
0
If the numbers a; are distinct, the function M, (ay,...,a,;t) is of class
C"3,and, ifa; < ag < -+ < ay, the restriction of the function M, (a4, ..., an;t)
to each of the intervals |a;, a;41[ is a polynomial of degree < n — 2. These
properties express that M, (ay,...,a,;t) is a spline function of degree n — 2
whose knots are the numbers aq, ..., a,.

Proposition 3.5. Assume the numbers a; to be distinct, a; < --- < a,. The
function f(t) = My(ay, ..., a,;t) is characterized by the following properties :

(1) supp(f) = [ax, an],
(2) The restriction of f to each of the intervals [a;, a;41] (i=1,...n—1)
15 a polynomial of degree < n — 2.

(3) If n >3, then f is of class C"3),

(4)
/ Ft)dt = 1.
Proof.

Note &,(a,...,a,) the space of functions on R satisfying (1) et (2). Its
dimension is given by

dim &,(ay, ..., a,) = (n — 1)

11



Consider the n(n — 2) linear forms on &,(ay, ..., a,)

The linear forms L;; are linearly independant. They express Condition (3).
By the rank theorem the functions in &, (a4, ..., a,) satisfying Condition (3)
form a vector subspace of dimension 1. In fact

(n—17°%—-nn-2)=1.

Hence these functions are proportinnal to M, (a4, ..., a,;t). Therefore M, (a4, ...
is the unique function satisfying Conditions (1), (2), (3), (4). ]
afl 52 53 54

Figure 1. Graph of My(ay, as,as,a4) (a3 = —4, ay =0, a3 = 3, ay = 4).

The Peano measure possesses a remarkable geometric meaning: Let A, Ao, ..

be the n vertices of a simplex @ in R"~!'. The simplex @ is the set of convex
combinations of the points Ay, ..., A,:

Q= {'r_itiAi | t; >0, iti_ 1}.
=1 i=1

Let ay,...,a, denote the abscisses of the projections of Ay,..., A, on the
first coordinate axis.

Proposition 3.6. Let (), be the intersection of the simplex Q) by the hyper-
plane with equation x1 = t. We assume that the volume Vol(”_l)(Q) equals
1. If the numbers aq, ..., a, are distinct, then

vol " (@) = My(av, ..., ap; ).

12
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Proof. If f is a continuous function on R, then
/ Fan)das ... dany = / F(E)vol ™D (Qy)dt.
Q R

Define the map
A, 1—-Q, t—x= ZtiAi-
i=1

The image under ® of the measure 3 is the restriction to @) of the Lebesgue
measure on R"~!. Hence

/ f(ﬂ?l)d$1 .. .dﬂjn_l = / f(tl(ll + t2a2 + -+ tnan)ﬁ(dt).
Q Ap—1

Since the relation holds for every function f on R, it follows that

vol" 2(Qy) = My(ay, ..., an;t).

Figure 2. Projection of a simplex.
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4 Interlacing property of the eigenvalues

Let p = p,_1 be the projection of H, (F) onto H,,_;(IF) which maps a matrix
X € H,(F) to the matrix Y = p(X) € H,,_1(FF) of the n — 1 first rows and
n — 1 first columns of X.

Theorem 4.1. The sequence ji1 < -+ < p,_1 of the eigenvalues of Y = p(X)
interlaces the sequence of the eigenvalues A\ < --- < X\, of X:

AL < S A < St <A

This interlacing relation will be denoted: pu < .

Proof. Assume the eigenvalues A,..., A, to be distinct: \; < -+ < A,.
Let v; be a unit eigenvector associated to the eigenvalue \; : Xv; = \jv;,
|lvi|| = 1. Assume also that, for every i, v; € H,—1(F), i.e. (vi]e,) # 0. We
will evaluate in two ways the rationnal function

f(z) = ((zI, — X) ey len) (z € C).

On one hand, by the Cramer’s formulas,

 det™(zl, —X) I (z—X)

The eigenvalues A; of X are the poles of f and the eigenvalues p; of Y are
the zeros of f. On the other hand, by using the spectral decomposition of
X

’

fe =Y = with  w; = |(v;]en) 2.

-1 © Ail
In fact, for v € F",

Xv = Z Ni(v|v)vg, (20, — X) v =

=1 i=1

3

Hence

=
iy
—~
I\
|
=
<S
N~—
3
g
S




The function f is decreasing from 400 to —oo on each of the intervals
JAis Miva] (@ = 1,...,n — 1). Therefore each of these intervals contains one
and only one zero of f, i.e.

M <y < Ag <o < ey < A

Figure 3. Graph of the rational function f(z).
Note that the residue w; at the pole \; is given by

o — 1= (O — )
Z Hj#i(Ai - )‘j) ‘

n
=1

To complete the proof one should consider the case of non distinct eigenvalues
ALy ...y Ay, and the case where some eigenvectors v; belong to H,_1(F). []

Note also that

We can state a more precise theorem:
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Theorem 4.2.
AT (p(00)) = {u € (R™) | 1< a).
Proof. By Theorem 4.1,
AT (p(O)) € fr € (R, | i < a).
Assume the eigenvalues aq, ..., a, to be distinct. Let uq,..., u,_1 such that
ay < g < ag < - < flpq < Q.

We will show that there exists a matrix X € O4 such that pq,..., u,_1 are
the eigenvalues of Y = p(X).
Put

We will show that

i.e. that, for every z € €,

ﬁ(z — 1) = i(wz [z~ aj))-
j=1 i=1 i

This equality for two polynomials of degree n—1 is satisfied for the n numbers
z=ay,...,2 = ay, therefore for every z.
Comparing the highest degree terms of both handsides one gets

i=1

Furthermore, from the interlacing property of the sequence g, ..., t,—1, one
deduces that the numbers w; are > 0.

For each i one fixes & € I such that |§;]? = w;. The vector & = (&1,...,&,)
belongs to the unit sphere of . Therefore there exists u € U, (F) such that
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u*e, = £ One puts X = uAu*. We saw in the proof of Theorem 4.1 that
the eigenvalues u9, ..., u% | of the projection Y = p(X) satisfy

n—1 n
Hj:l (Z - N?) _ Z W;
I[=i(z — a;) =1 a;’

hence p = p; (j=1,...,n—1). ]

5 Baryshnikov’s formula

We will determinate the joint distribution of the eigenvalues g, ..., f,—1 of
Y = p(uAu*), i.e. the image of the Haar measure o under the map

Un) — RN, w— A (p(uAu®)).

We will factorize this map as follows:

Un(F) = S(F") =5 A,y —> {t € (R™), [t < a},
u— & =ue, — w; = [(ueylen)? — (1, fno1).

Consider the map

D (i, 1) — (e, ..., wy),
defined by
n—1
W — Hj:l (ai — )
' Hj;éz’(ai - a;)

Proposition 5.1. Let w be the differential form of degree n — 1,

w =dwy; ANdwa A -+ N dw,_1.

Its image under ®* is given by

P — Vn—1(,u1; e 7Mn—1)
Vn(al, e ,CLn)

where V,, 1s the Vandermonde polynomaial in n variables,

Va(z1, . ooy2n) = H (z; — z).

dpy Ndpg A -+ N dpig 1,



Proof. Let us compute the differential of & :

owi _ Il —m) 1

I [Tsilai — ax) ai — p’

and its Jacobian determinant:

det (M

Oy > 1<i,j<n—1

. n_1 7yn—1( TI3Z] (ai—p) 1
- (_1> Hi=1 (Hljc;ét'(ai_a‘k) ) det (ai_ﬂj

>1<i,j<nl

We use now the following Cauchy’s formula

det( )
a; — ft;/ 1<ij<n—1
n—1

= Vn—l(ala"'7an—1)vn—1(lu’17""'u”_1) H oy
iz 4T

One gets finally
1 1
n—1 n
ITis Hk:l,k;ﬁi(ai — ak)

an_l(al, . ,an_l)Vn_l(,ul, Ce ’/Ln—l)
_ iVn—1(,u17 xE )/vbn—l).
Valay, ..., ap)

8101'

X
8uj>1<i,j<n

det( = (~1)"

Theorem 5.2. Assume F = C. The joint distribution of the eigenvalues
W1y s fn—1 @S the probability measure ui(ffl) with support

{peR" " ag <p <ay < <pipoy < anl,

and density




This can be written, for a function f defined on (R"7!),,

[ s

_ Z—l / it / dty .. / dtn Vo (D F(2).

Proof. The map ® : U(n) — S(C™) maps the Haar measure « to the uniform
measure o (Proposition 2.1). The map ¥ : S(C") — A,,_1, maps the uniform
measure o to the measure 3 (Proposition 2.2). The measure 3 can be defined
by the differential form

(n— Dldwy A ... A dw,_;.

By Proposition 5.1, the measure [ is transformed into the one given in the
statement. ]

6 The Fourier-Laplace transform of orbital
measures

The Fourier-Laplace transform of a bounded measure p on H,,(F) is defined
by, if Z € iH,,(F),

i(2)= [ @ pax)
Hn (F)
If the support of p is compact, then this transform is defined for Z in the

complexified space H,(F): Sym(n,C) if F =R, M(n,C) if F = C.
The Fourier-Laplace transform of the orbital measure 4 is given by

@(Z) — / €tr(ZX)IUA(dX> — / etr(ZUAu*)CY(dU).
Oy n(F)

If Z = diag(z1,...,z2,), one can write
pa(Z) = En(z;a),

where &, is an analytic function on C™ x C”, biinvariant under the group G,,
of permutations.
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Let p be a measure on H,,(IF) which is U, (F)-invariant. The integral of a
function f defined on H,(F) can be written

/Hn(m FXdX) = /(Rn>+ </Un(m fludiag(ty, .. ’t”)“*)a(du)) v(dt),

where v is a measure on (R"),, called the radial part of u. The Fourier-
Laplace transform p is given by, if Z = diag(z1, ..., z,),

i(Z) = /(Rn) £, (= yw(dt).

If 1 is a probability measure on H,,(F) which is U, (F)-invariant, its radial
part v is also the joint distribution of the eigenvalues for a random matrix
X distributed according to the law pu.

Theorem 6.1. (Harish-Chandra-Itzykson-Zuber) We assume that F =
C. If Z = diag(z1, ..., 2zn),

[a(Z) = 6,! det(€¥%)1<i j<n,

V%(a)V%(Z)
o
dp=Mm—-1n—-2,...,1,0), d!=(Mn—-1l(n—-2)...2.

In other words

En(z,a) = 6,! det (e*%)

1<ij<n’

1
Va(a)Va(2)

This formula is well defined if the numbers a; are distinct, and the numbers
zj as well.

Proof.
a) We prove first a recursion formula for &,(z,a), valid for F = R or C.
Let Y denote the projection of X on H,,_1(F). We can write

tr(ZX) =tr(Z'X) + z,(tr(A) — tr(Y)).
In the integral which defines £(z, a), the integrant

tr(ZX) _ eZntr(A) —zptrY _tr(Z'Y)

e e e ,
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where Z' = diag(z1,...,2,_1) only depends on the projection Y. Therefore
Euea) = e [ o 0 gy
M1 (F)

By using the integral formula (*) we get

8n<z’a) — ezntI‘A/ (/ etr(Z’fuTU*)an_1<dU>>VA(An—l) (dt),
R*=1)+ *Un—1(F)

where T' = diag(ty, ..., t,_1). Hence we have established the following recur-
sion formula

En(z,a) = e /(R -1 En1 (2, t)e 2t Ftn) 7D (),

b) We assume now F = C, and prove the Harish-Chandra-Itzykson-Zuber
formula recursively on n. For n = 1 there is nothing to prove. Assume that
the formula holds for n — 1. Then, by Baryshnikov’s formula

511 1 eon (a14++an) (zj—2zn)ti
Enlz,0) = Voo 1(z/)Vn( / dtl/ it - / det(e >1<"73’<”1.

Let us compute this integral

a2 as an
/ dty / dty . .. / det (e(zj_zn)ti>
a a2 an—1 1<i,j<n—1
Qi1
— det( / et )
a; 1<i,j<n—1

= ; det (ezj_z")“'”rl — e(zj_zn)ai>

H;‘:ll (Zl - Zn)

It remains to check the identity

1<i,j<n—1

D = det (e"‘j“i)

— ezn(al+"'+an) det (6ai(zi_2n) _ eai+1(2j—2n))

1<i,j<n 1<i,j<n~1"
One writes
em(z1—2n)  pai(zz—zn)  cai(zm-1—2n) ]
ea2(z1—2n)  pa2(z2—zn)  ga2(zn-1—zn) ]
D — ez7l(a1+"'+a7z)
ean (Zl_zn) ean(z2_zn) . ean(znfl_zn) 1
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One substracts the second row from the first, the third from the second, and
so on. One gets finally the identity.

0

By using this formula we will determine the projection u(:) on Hi(C) of

the orbital measure p 4, observing the following: Let y be a bounded measure
on H,(C), and pu® the projection of p on H;(C). The Fourier-Laplace
transform of ;® is equal to the restriction to H(C) of the Fourier-Laplace
transform of p. But a difficult appears: for & < n — 2, the Harish-Chandra-
[tzykson-Zuber formula is not defined for Z € H;(C). We will obtain the

Fourier-Laplace transform of u(:) by going to the limit.

7 Fourier-Laplace transform of the projection
of an orbital measure

Consider functions of n variables defined by determinantal formulas of the
following type:

1
F(z1,...,2,) = V) det(fi(zj))1§i7j§n,
where fi,..., f, are n analytic functions of one variable defined in a neigh-

borhood of 0, and V,, is the Vandermonde polynomial:

Vaz) = ] (zi—2)

1<i<j<n

We saw in preceding Section that the Fourier-Laplace transform of an orbital
integral is of this type (Theorem 6.1). The formula defines F' if the numbers
zj are distinct, and F' extends as an analytic function in a neighborhood of
0 in C". We will establish an explicit formula for the restriction of F' to the
subspace z, =0,...,2x11 = 0.

Theorem 7.1. For 0 <k <n-—1,

F(Zl,...,Zk,O,...,O):m
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fitz) o falzm)
f) o )

Vi (21,00, zk)l(zlmzk)nfk flnikfl)(()) o f7(lnflcf1)(0>
A0 )

Proof. We will prove this formula by a backwards recursion on k, starting
from k = n. Assume that the formula holds for k. We will establish it for
k — 1. Since the value of a determinant does not change if one adds to a row
a linear combination of the other rows, we can replace the entries of the k-th
row by

fi(zk) = (f5(0) + 2. £5(0) + %Zifj(()) + ot mzﬁ_k_lﬁn_k—l)((}))-
Observing that

lim, o _Zg{k (fj(zk) — (f5(0) + 2. f5(0) + 522 £5(0) + - - -
n—k— n—k—1 n—k
e ER0)) = a0 0),

we obtain

F(zl,...,zk_l,O,...,O):m

fi(z1) cee fu(z1)
f1<z.k—1) . fn(z'k—l)
e [P0 L P
O
f10) ... £a.(0)
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In particular, for £k = 1 we get:

fl(Zl) fn(zl)
' A (VR E )
Fz1,0,...,0) = 120 (n—2)lzr 1|
f1(0) »(0)
f1(0) fa(0)

For k = 0 we get:

1 : :
F(O""’O):l!Q!...(n—l)! f{(O) fA'(O)

fi(0) ... f.(0)

If we specialize the formula of Theorem 7.1 to the case:

fj (ZZ) — easz"

then, if Z = diag(z1,...,2n),

1

FAlZ) = daly s

F(z1,...,20),

and we get by restriction the Fourier-Laplace transform of the projection
k

.

Theorem 7.2. Assume the numbers a; to be distinct, and the numbers

21y .., 2k to be distinct and non zero (0 <k <n-—1).

—

,u(:)(z) =n—-FK! .. (n—-1)

e s . efnF
412k ) e4nzk
1 n—k—1 n—k—1
V(@) Ve F1rozn) rozn)—F |41 cee Gy '
aq e (07%
1 . 1
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In particular, for £ = 1, z = diag(z1,0,...,0), we recover the formula of
Proposition 3.1.

e . WAt
a711—2 an—2
) L1 :
z)=(n—-1)
Ha ( ) ( ) Vn(a) 21—1
aq Ce Ay
1 1

8 Olshanski’s determinantal formula

Recall the following determinantal formula for the divided differences:

1 1 1
flar, o] S I
aty - n| = 77—~ : :
Vn(ah tet ’an) a?_Q ag_2 ce CLZiQ
f(al) f(az) (an>

This formula can be generalized:

Proposition 8.1. Let f1,..., fr be functions defined on R.

1 1 1
ay az Qp
n—k—1 n—k—1 n—k—
a; Qg Qp

fila) fla) ... Al

felar)  filas) . fulan)

= <H0<jfi§nfk(aj - ai)) det (fz aj, ... 7a’j+”*k])1§z’,j§k'

Put ¢y (t) = t*. Observe that, for b; € R,

gﬁk[bl,...,bk+1]:1, @k[bl,...,bg]:0f0r6>/€+1.
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Let D denote the left handside. It can be written

wo(ar) wo(az) ce wo(an)
p1(ar) p1(az) e e1(an)
D= @n,kil(al) @n,kil(aQ) . gon,k;l(an)
fiar) filaz) .. filan)
fla)  fla) o fulan)

One substracts the first column from the second one, the second one from
the third one, and so on:

Ch—C,—Ch1, Cpoy — Cpoy —Crg, ..., 0y — Cy — Ch.

Then we get
D = (ay —ay)(az —az) ... (an — ap_1)X
©1laq, as] pilag,as] ... @ian—1, an)
SOn—k—1[a17 a2] @n—k—1[a2, as] e ¢n—k—1[an—1, an]
f1 [Ch, GQ] f1[a2, ag] e f1 [%—1, an]
frla1, as] felaz,as] ... filan—1,a,]

Then we repeat the process:

D = ((&2 —ay)...(a, — an,l)) ((ag —ay)...(a, — an,g)) X

polay, as, as) . Oalan_2,An_1, ay]
On—k—1la1,as,as] ... gpn,k,l[an,‘g, Ap—1, Qp]
fila1, ag, ag] . filan—2, an_1, ay]
frla1, az, as) e Jrlan—2,an_1,a,)
After n — k steps we get the formula of Proposition 8.1. [
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By the Hermite-Genocchi formula,

det(f laj, .. aj+n k \<i <k
k
= (F det / f " n k+1(a], cooy Qjpn—k; t)dt) 1<Z‘j<k‘.
We use now the integral Cauchy-Binet formula: Let uq, ..., u; be continuous
functions on R, vq, ..., v, continuous functions on R with compact support,

then
/le det (uj(ti))lgi,jgk det (vj(ti))lgi,jgkdtl Ce dtk

= Kl det (/IR‘@ Ui (t)'Uj Of)dt) 1<q j<k'

Taking u;(t) = £ (t) et 0;(t) = My_j1(aj, ..., Qj4nk;t), we get

det (fi[ajv e aj+"*k})1<ij<k

= (ﬁ)k ]i' / det (f (tl) det (Mn,]prl (CL]', coos Qjgn—k; t))dtl e dtk

We specialize this formula to the functions f;(t) = e**, and obtain, pour
7 = diag(z1, ..., z1),
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G C(n, k) / .
M (Z) = Sk(Zh...,Zk,t)
4 Hj7i2n7k+1(aj = i) Jow,
det (Mn_k+1(aj, coey Qjpn—k; ti))lgi,jgkvk’<t>dt1 C dtk,

with -
—/n—k+1
C(n, k) = )
Olshanski’s determinantal formula follows:

Theorem 8.2. The radial part ul(f) of the projection ,uff) on the subspace

Hy(C) of the orbital measure i is given by
C(n, k)

ijiznkarl(aj — a;)
X det(Mn_k+1(aj, sy Ak ti))lgi,jgk‘/’f@)dtl Ce dtn.

Vi) (dt) =

Special cases

a) k = 1. In this case C(n,k) = 1, and

VS)(dt) = M,(aq,...,a,)dt.
b) k =n — 1. In this case C(n, k) = (n — 1)!, and

H (a; —a;) = Vula)

j—i>2 Hj7i=1 (aJ - a”i) ‘

Since a1 < as < --- < a,, the determinant
det(My(a;, aj.1;5t;))

1<4,j<n—1

vanishes unless ¢ < a, and then is equal to

Ms(ay, ag; t1) Ma(ag, ag; ta) . .. Ma(an—1, an;ty).
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Since, for a < b,

Ms(a,b;t) = mlagtgm
one gets
n— 1
V0 (dt) = mVn_l(t)ltjadtl odty,

and one recovers Baryshnikov’s formula.

One can check that Olshanski’s formula defines a probability measure by
evualating directly the integral

Z(a) = / det(Mn_k+1(aj, e Qs 8) Vi () dty . dt.
(RF)4
By the Cauchy-Binet formula,

Z(CL) = det (/ Mnflﬁ»l (Clj, ceo sy Qjpn—k; t)tzildt) .
R
The moments of the Peano measures are known:

ml(n —1)!

My(ay, ... a,;0)t"dt = ————hy(ay, ..., a,),
/R (@1, ni ) (= (0]
where h,, is the complete symmetric function of degree m. Hence
(1 —1)(n —k)!

(n I n i _ 1)' Z',1<aj, Ce ;aj+nfk:)) .

Z(a) = det(

By using the relation

hm(asg, ... an) — hp(ay, ... an_1) = (a1 — ap)hm_1(a, ..., ay),

which follows from the generating formula:

= 1
mZ::Ohm(al,...,an)zm = 11 oz

one gets

det (hi_l(aj, c. ,aj+n_k)) = H (CL]‘ — ai).

Finally




9 A branching theorem

Let G be a compact group and 7 a representation of G on a finite dimensional
vector space V. Recall that the character x, is the function defined on G by

Xr(g) = trm(g).

It is a central function which can be decomposed in the basis {x»} (A € G)
of the characters of the equivalence classes of irreducible representations of

G:
Xx(9) = Z maxx(9)-

AeG

The sum is finite and the coefficients m, are integers > 0, called multiplicities.
This equality is equivalent to the relation

™= @m)\ﬂ')\.

AeG

If the numbers m, are equal to 0 or 1, one says that the decomposition is
multiplicity free (see exercice 1).

Consider the restriction 7r>\| " of an irreducible represetnation m, of G to
a closed subgroup H of G. The character of this restriction is equal to the re-
striction to H of the character x, of m). In general the representation m{ ;18
not irreducible, and decomposes in a finite sum of irreducible representations
7 of H (neH):
77)\|H = @m(A, M)WELH),

,ueﬁ

which involves multiplicities m(\, ). Such a relation is called branching
rule. In order to determine the multiplicities m(\, ) one method consists
in decomposing the restriction to H of the character x, in the basis of the
characters XLH) of the irreducible characters of H : for h € H,

Xalh) =Y m, wx(h).

pel

We will apply this method in the case of G = U(n) and H = U(n—1). The
character of the representation Wf\") of the group U(n) with highest weight A

30



can be expressed by the Schur function sy: if ¢ is a unitary diagonal matrix,
t = diag(ty,...,t,) € T =~ (C*)", then

X (1) = sx(8).

Recall the definition of the Schur function s,(t) associated to the signature
A= (A, s ), Ay oo A €Z, A > --- > A\, One writes sg\")(t) if one
wants to specify the numbers of variables, t = (1,...,t,) € (C*)":

til*”‘i tf*”‘z Lt
(n) (t) _ 1 t21+n_ t22+n_ ce
AN : ok

t>\1+7Z—1 t)\2+n—2 o t)xn

where V() is the Vandermonde polynomial

oty =[] ti—t).

1<i<j<n

For fixed ¢,, = 1, one gets a function of n — 1 variables sf\n) (t1, .. tno1,1)

which can be written as a linear combination of the Schur functions s,(f_l) (t1, ..

(M = (Mlv s 7:U’n—1))‘
Proposition 9.1.

S0t 1) = D5 b )
HRA

ou p =\ signifie que p entrelace \ :

M2 > A 2> o > A3 > - 2> Nyg 2 o1 > A

Proof.
We will use the formula: for p,q € Z, p > q,
P+l _ a
—1:tq+tq+1—}—+tp: Ztr (*>
b= p2r2>q
Observe that
n—1
Vn(tl, PN ,tnfl, 1) - Vn,1<t1, e 7tn71> H(tl — 1)
i=1

31
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in order to evaluate the determinant

ti\l +n—1 ti\2 +n—2 ti\n

t;‘l +n—1 t;‘Q +n—2 t;‘n
A1+n—1 Ao+n—2 A

tnil tnil .. tnyil
1 1 R |

one substracts the second column from the first one, then the third one from
the second one, and so on. One gets

sa(ti, .. tho1,1) = det(Aij)1<ij<n—1,

Viao1(t)
where , 4
Ajtn—j Xjr1+n—j+1
t; —
t;, — 1

We apply now formula (*) :
Aij _ Z t}}-‘rn—l—j'
Aj2pu> 41

The formula of Proposition 9.1 follows. I

Let ﬂg\") denotes the irreducible representation of the unitary group U(n)
with highest weight .
From Proposition 9.1 one deduces the following branching rule.

Theorem 9.2. (Branching rule) The restriction of the representation 7T§\n)

to the subgroup U(n — 1) decomposes multiplicity free. The irreducible repre-
sentations W,S"il) of U(n — 1) which occur in this decomposition are those for

which p interlaces \:
(n) _ (n—1)
[>Y ’U(n—l) = @Wu :

H=A

The branching rule for the restriction of ﬂg\n) to the subgroup U(k) (1 <
k <n —2)is less simple ;

DY |U(k) @ m<AaN)W,Sk)7



where m(A, ) is the number of sequences
D e gt =) g g2 D ¢ gkt

such that

= D << D <N

10 Horn’s theorem

In this section we consider the projection ¢ of the space H,(IF) on the sub-
space D,, ~ R" of real diagonal matrices

q:Hao(F) =R, X (21,...,2,), v, = Xy

For an orbit O4 of a diagonal matrix A = diag(ay, ..., a,) under the action of
the unitary group U, (IF), we will see that the projection ¢(Q,) is equal to the
convex hull of the points o(a), where o(a) is the transform of a = (ay, ..., a,)
under the permutation o € &,: o(a) = (a1, .-, asw)). This the Horn’s
convexity theorem:

q(04) = C(a) := Conv({o(a) | 0 € &,}).

The image of the orbital measure u4 is suppported by C(a), and the
density of the projection Ny = q(u4) with respect to the Lebesgue measure
of the hyperplane

T+ =a1+ - +a,
is a piecewise polynomial function. This measure has been described by
Heckman in a more general setting.

Theorem 10.1. (Horn’s convexity Theorem) For a diagonal matriz A =
diag(aq, ..., an),
q(O4) = C(a).

Proof.
We will sketch the main steps in the proof.
a) Theorem of Birkhoff
A real n x n matrix S is said to be doubly stochastic if, for all ¢ and j,

Sz'j > 0, and
k=1 k=1

33



Ezxample

O NN~
= O
== O

The set of doubly stochastic matrices is convex and compact.
The permutation matrix P, associated to the permutation o is given by

(PU.T)Z' = To(s)-

The matrix P, is doubly stochastic.
Ezample For o = (2,3, 1),

P, =

O = O
_ o O
O O =

Theorem 10.2. (Birkhoff) The extremal points of the set of doubly stochas-
tic matrices are the permutation matrices.

b) We show first that ¢(O4) C C(a). Let X € Oyx: X = uAu* with

u € U,(F). Then
Xii = Z |Uij|2a]’.
j=1

The matrix S with S = |u;;|? is doubly stochastic. By Birkhoff’s Theorem it
is a convex combination of permutation matrices:

S = ZCUPU, with ¢, > 0, chzl.

0'6677, 0'6671

Therefore

q(X) = Z co Pya = Z coo(a) € Cla).

O’GGn 0'6677.

Hence ¢(O4) C C(a).

c) We show now that C(a) C ¢(O4). Let b € C(a). We have to show
that there is a matrix u € U, (F) such that ¢(uAu*) = b. Horn shows that, if
b € C(a), then there is an orthogonal matrix u such that b = Sa, where S is
the doubly stochastic matrix given by S;; = ufj Therefore b = q(uAu®).

0
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11 Heckman’s measure

Let N4 denote the projection of the orbital measure p4 on the space D,, of
diagonal matrices: Ny = q(u4). As we observed at the end of Section 6 in
an another case, the Fourier-Laplace transform ]@ of N4 is the resriction to
D,, ~ R™ of the Fourier-Laplace fi4 of p4. By the Harish-Chandra-Itzykson-
Zuber formula (Theorem 6.1), for z = (21,...,2,) € C™

m(Z) = (Sn' det(ezi“j)lgi,jgn.

Va(a)Va(2)

This can be written

Vn(z)]@(z) = er(l;) Z (o) exp(z ziaa(i)).

€6, i=1

This means an equality between two Fourier-Laplace transforms, and implies
the following differential equation:

0 On!
H( gt o

where 0(a) = (ao(1), - - -, Go(n)). For solving this equation we will use an ele-
mentary solution of the differential operator V;,(:2). Define the distribution

E,:
(Ens) = [ s #(E b = )i

1<j

Proposition 11.1. The distribution E, is an elementary solution of the
differential operator Vn(a%):

Its support is the following cone
supp(E,) ={z €R" |21 >--- >z, 21+ -+ 2, = 0}.

The distribution E, s absolutely continuous with respect to the Lebesque
measure of the hyperplane x1+---+x, = 0. The cone supp(E,,) decomposes
into a finite union of cones, and the restriction of the density to each of these
cones is a polynomial homogeneous of degree %(n —1)(n—2).
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Proof.
The differential operator Vn(%) is a product of degree one differential

operators: 5 5 5
Vn(é)_x) - H(@l‘z B 8_%>

i<j

An elementary solution of aa — 2 is the following Heaviside distribution

x; Ox;
Y;; defined by

(Yij, 0) = / p(t(e; — e;))dt.
0
Hence the convolution product
E,=1]Yy
i<j

is an elementary solution of V(). i

Define ¢(x) = p(—2), and E, by (E,, ) = (E,,@). Let F and G be
distributions on R™. Assume the support of F' to be compact. Let D = P (a%)
be a diffirential operator with constant coefficients. Then

DF xG =F %« DG = D(F Q).

Therefore: 9 p
B, Vn<—%>NA _ Vn<%>En «Ny= N4
Therefore 5
Ny=—2- Ep % 0y (a).-
A= @ 2 St

ceS,

The measure N4 is supported by the hyperplane
T+t r,=a1 4+ ay.
In fact supp(N4) = ¢(O4) = C(a).

Theorem 11.2. The measure N4 has a density with respect to the Lebesgue
measure of the hyperplane

x1+...+xn:a/1+...+an,

and the density is piecewise polynomial.
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Example, n=2

By, ) = / " o(ter — e)) .

S, = {[dvT}v T <x17x2> — (172,1'1).

<NA,QD> _ 1 </OOOgp(a—tl(el—62))dt1—/OOO@(T(a)—tg(el—eg))dt2>.

a1 — Qg

(Na, p) = /0 o((1 = t)a+tr(a))dt.

(dg,0,)

(ahﬂt‘}
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Example, n=3
a=e —ey, J=ey—e3, 7=e — ez, note that v = a + (.

(B3, @) = / o(ua + vl + wy)dudvdw
(R4)3

= e((u+w)a + (v+ w)f)dudvdw.
(Ry)3
= f(sa+tB)dsdtdw

{0<w<s,0<w<t}

_ / inf(s, 1) f (s + £3)dsdt.
(B2

Hence the suppport of Ej3 is the angle defined by the rays generated by «
and [, with density, if z = sa+ ¢, f(s,t) = inf(s, ).

The support of the measure N, is the convex hull of the six points o(a)
(0 € G3). the density of N, is linear in the three trapezes, and in the three
triangles, and constant in the middle triangle.
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R

(a‘ ,0;. :a,) {a-ﬂ Q.“ﬂ.’]

fa?:mn% [a‘aajrq’z’

=t

(3, %,5,) (22,294)
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FEzercises

1. Let 7 be a finite dimensional representation of a compact group GG on
a complex vector space V, and consider its decomposition as direct sum of
irreducible representations
™ = @ TNN\T ).

Ae@

a) Show that the commutant in End(V) of n(G),
m(G) = {A € End(V) | Vg € G, An(g) = m(g)A},

is equal to

7(G) = P End(C™).
Ae@

b) Recall that the decomposition is said to be multiplicity free if the
multiplicities m, are equal to 0 or 1. Show that the commutant 7(G)" is
commutative if and only if the representation m decomposes multiplicity free.

2. The moments /\/l,(lm)(al, ..., ay) of the Peano measure M, (ay, . .., a,; dt)
are defined by

,/\/lgm)(al,...,an) ::/thn<a17--'7a‘n;dt)'
R

Establish the relation
m!(n —1)!

MM (g, ag)t = T )
i an) (m+n—1)!

hm(al, Ce ,an),

where h,, denotes the complete symmetric function.
3. Establish the following relation
M,(ay, ... an;t)
n—1 [*
= (Mn_l(al, cey 13 8) — My 1 (ag, . .., ap; s))ds.

an — aq —00

4. Originally the Peano measure M, (ay,...,a,;dt) has been introduced
in order to express as an integral the error commited when one replace a
function by its interpolation polynomial.
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a) Let aq,...,a, be n distinct real numbers, and let f be a function
defined on an interval containing the numbers aq, ..., a,. Let p be the inter-
polation polynomial of f with respect to the numbers aq,...,a, : p is the
polynomial of degree < n — 1 such that p(a;) = f(a;) (i = 1,...,n). Show
that

fl@)=plx)+(x—a)(r—as)...(x —a,) flx,a,...,a,)]

b) Assume the function f to be of class C". Show that

()=p()

—l—#(a: —ay)(x — ag) fRf () Myir(z,aq,. .., an;t)dt.

5. Define

Enlz,x) = ! det(e**9), _. . :iV ()& (2, ).

Vo (2) 1<ij<n 51"

Show that
gn(z7 ZE’) - / gn_1<2/7 y)€(<$>—<y>)zndy1 - Yn—1,
y=z

where 2/ = (217_ i ~;Zn71); et <Q;> =x1+ -+ T,

6. Let s&”)(tl, ..., t,) be the Schur function. Show that its Laurent
expansion with respect to t, is given by

(”)(tl,«--,tn—lvtn) - Zsﬁn—l)(th‘“ to )t H— (A)
p=A

ou

(A) = A+ + A

One will observe the analogy of this formula with the one of the preceding
exercise.
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Notes and references

The measure M, (a1, ..., a,;dt) has been called Peano measure (or Peano
kernel) refering to the following theorem due to Peano : a continuous linear
form L on the space C"*1([a, b]) which vanishes on the subspace P, of the
polynomials of degree < n admits the following representation :

L(f) = / e 0 K ()t

where

K(t) = L[ —1);].

(See [Peano,1913], and also [Davis,1963], Section 3.7, [Phillips,2000], Chapter
4.) Observe that a difficulty appear since the function « — (x — )" is not
of class C"*!. In the present case the linear form L is defined by

L(f) = flas, a2, ..., a4,

where aq,...,a, are n real numbers.

Theorem 2.3, due to Okounkov, is noticed in [Olshanski-Vershik,1996] :
Proposition 8.2, p.172.

Hermite-Genocchi formula (Theorem 3.2) has been established by Her-
mite et Genocchi independantly in 1878 for which they gave two different
proofs.

The oldest reference I know for the intertwining theorem (Theorem 4.1)
is a paper by Cauchy : Sur l’équation a [’aide de laquelle on détermine les
inégalités séculaires des planétes (1829).

The intertwining theorem is also called Theorem of Rayleigh refering to
the book by Rayleigh The Theory of Sound (1877), (new edition by Dover in
1945).
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