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Introduction

In these notes we present some new developments in asymptotic harmonic
analysis due to Vershik, Kerov, Okunkov, and Olshanski. The purpose of this
analysis is to study the asymptotics of functions related to harmonic analy-
sis on groups or homogeneous spaces as the dimension goes to infinity. The
subject is not new. In 1938 Schoenberg considered the case of infinite dimen-
sional Euclidean spaces. For instance Schoenberg determined the continuous
functions @ on [0, co[ such that, for every n, the function ® (/2% + - - - + 22 )is
of positive type on R"™. He considered also a similar problem on spheres and
Krein on hyperbolic spaces. Olshanski developped a general theory of the
inductive limit (G, K) of an increasing sequence ((G(n), K(n)) of Gelfand
pairs, introducing the notion of spherical function for such a pair ([Olshanski,
1990]). Several results about specific infinite dimensional pairs can be stated
in this general framework. A natural queston arises: is it possible to obtain
the spherical functions for the inductive limit (G, K) as limits of spherical
functions for the Gelfand pair (G(n), K'(n))? As far I know there is presently
no general answer. In these notes we will present results by Olshanski, Ver-
shik, Kerov, and Okunkov for certain sequences of Riemannian symmetric
spaces as the rank goes to infinity.

In the first chapter we present some basic results about Olshanski spher-
ical pairs, from the paper [Olshanski, 1990]. We review in Chapter 2 ba-
sic properties of Schur functions and Schur expansions, then introduce the
shifted Schur functions, with some of their properties, from the paper [Okunkov-
Olshanski, 1998a]. In Chapter 3 we consider the space of infinite dimensional
Hermitian matrices with the action of the infinite dimensional unitary group,
and describe the asymptotics of the orbital integrals. This is mainly a review
of the main results in [Olshanski-Vershik,1996]. Chapter 4 deals with asymp-
totics of the characters of the unitary group U(n). The main result is from
[Vershik-Kerov,1982], but we present the method of proof from [Okunkov-
Olshanski, 1998b]. We end by a short review of some results about induc-
tive limits of compact symmetric spaces from the recent paper [Okunkov-
Olshanski,2006]. Further references can be found in [Faraut,2006].

These notes are issued from a series of talks given at the Mathematical
Institute of Kyushu University in September 2007. 1 was visiting Kyushu
University in the framework of the COE program. I thank warmly Professor
Masato Wakayama for inviting me, and the Mathematical institute of Kyushu
University for its hospitality. I would also like to thank Dr Sho Matsumoto
who prepared these notes.



Contents

Introduction

Chapter 1 Olshanski spherical pairs

1.1 Gelfand pairs 4
1.2 Olshanski spherical pairs 6
1.3 Gelfand-Naimark-Segal construction 7
1.4 Extremal functions in P, (K\G/K) and irreducibility 9
1.5 Spherical functions and irreducibility 11
1.6 Examples 14
Chapter 2 Schur functions
2.1 Schur functions and Schur expansions 16
2.2 Binomial formula for Schur functions and shifted Schur functions 23
2.3 Generating function for shifted elementary Schur functions 25
2.4 Generating function for shifted complete symmetric function
as factorial expansion 27
Chapter 3 Infinite dimensional Hermitian matrices
3.1 Gelfand pair associated to a motion group 33
3.2 The Gelfand pair (U(n) x Herm(n,C),U(n)) 35
3.3 Multiplicative property for spherical functions 36
3.4 Pélya functions 39

3.5 Convergence of probability measures and functions of positive type
42

3.6 Asymptotic of orbital integrals 47

3.7 Hermitian matrices with entries in F = R, C or H 52

Chapter 4 Infinite dimensional unitary groups

4.1 Gelfand pairs associated with compact groups 54
4.2 Unitary groups o7
4.3 Voiculescu functions 58
4.4 Asymptotics of characters of the unitary group 62



Chapter 5 Inductive limits of compact symmetric spaces

5.1 Inductive limits of compact Riemannian symmetric spaces

of type A 75
5.2 Inductive limits of compact Riemannian symmetric spaces

of type BC' 76

References 78



Chapter 1

Olshanski spherical pairs

An Olshanski spherical pair is the inductive limit of an increasing sequence
of Gelfand pairs. In this first chapter we present the definition and the main
properties of the spherical functions of an Olshanski spherical pair.

1.1 Gelfand pairs

Let us first recall the definition and the basic properties of Gelfand pairs.
Let G be a locally compact group, and K a compact subgroup. The space
L'(K\G/K) of K-biinvariant integrable functions on G is a convolution alge-
bra. The pair (G, K) is said to be a Gelfand pair if the algebra L'(K\G/K)
is commutative. We consider in the sequel of this section a Gelfand pair
(G, K).

A continuous function ¢ # 0 on G is said to be spherical if, for x,y € G,

/K o(xky)dk = p(z)p(y), for any =,y € G, (1.1)

where dk is the normalized Haar measure on K. A spherical function ¢ is
K-biinvariant, and p(e) = 1.

Let P(K\G/K) be the convex cone of continuous K-biinvariant functions
on G of positive type. Recall that a function ¢ on G is said to be of positive
type if

N
> elg; tgy)eic; > 0.
ij=1

for any ¢1,...9x € G and ¢q,...,cy € C. We will denote by P (K\G/K)
the convex set of functions ¢ in P(K\G/K) with p(e) = 1.



Theorem 1.1 Let (G, K) be a Gelfand pair and ¢ € Pi(K\G/K). Then
the following properties are equivalent:

(i) ¢ is spherical.

(ii) ¢ is an extremal point in the conver set Pi(K\G/K), i.e., if ¢ is
expressed as ¢ = a1 + (1 — o) with some @1, 92 € Pi(K\G/K) and
0 <a<l, then p =1 = @a.

(i1i) The representation w¥ associated to ¢ by the Gelfand-Naimark-Segal
construction is irreducible.

We will recall in Section 1.3 the Gelfand-Naimark-Segal construction.
Let € be the set of spherical functions of positive type. From Theorem
1.1, Q is the set of extremal points of Py (K\G/K):

Q = Ext(P1(K\G/K)).
We will see that, for an irreducible unitary representation (7, H),
dimH¥ =0 or 1,

where H” denotes the subspace of K-invariant vectors. If dimHX = 1, we
will say that the representation (7, H) is spherical. Hence the set € can also
be seen as the set of equivalence classes of spherical representations (m,H)
of G . For that reason we will call  the spherical dual of the pair (G, K).

One considers on the set 2 of spherical functions of positive type the
topology of uniform convergence on compact subsets of G. Then it can be
shown that €2 is locally compact.

Theorem 1.2 (Bochner-Godement) For each p € P(K\G/K), there ex-
1sts a unique positive bounded measure i on €2 such that

o(g) = / w(g)uldw).

(See, for instance, [Faraut,1982].)

1.2 Olshanski spherical pairs

Let (G(n), K(n)),>1 be a increasing sequence of Gelfand pairs: G(n) is a
closed subgroup of G(n+1), K(n) of K(n+1), and K(n) = G(n)NK(n+1).
Define

G=JGm), K=|JKMn).
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We consider on G the inductive limit topology. Then K is a closed subgroup
of G. But in general GG is not locally compact, and K is not compact. We
say that the pair (G, K) is an Olshanski spherical pair.

Let us give a simple example of such a sequence (G(n), K(n)).

Example
Let K(n) = O(n) be the orthogonal group and let G(n) = O(n) x R™ the
motion group. The product in G(n) is given by:

(91,61) - (92,&2) = (9192, &1 + 01&2),

(91,92 € O(n), &,& € R™). Then
K = 0e<) = [J otn),
n=1

the infinite dimensional orthogonal group. An element k = (k;;); j>1 in O(00)
satisfies k;; = 0;; for ¢ and j large enough. Define R(>) by

R = O R™.
n=1

A vector £ € R(™®) is a sequence & = (&1,&,,...) of real numbers with & = 0
for i large enough.
The group O(oco) naturally acts on R(™) and G = O(oc0) x R,

Let (G, K) be an Olshanski spherical pair, inductive limit of an increas-
ing sequence of Gelfand pairs (G(n), K(n)). A K-biinvariant continuous
function ¢ on G is said to be spherical if, for x,y € G,

lim p(xky)on(dk) = o(z)e(y), (1.2)

where «, is the normalized Haar measure on the compact group K(n).
We will see that Theorem 1.1 holds for an Olshanski spherical pair.

1.3 Gelfand-Naimark-Segal construction

Let GG be a topological group, and K a closed subgroup. Consider a unitary
representation (m, H) of G. A vector u € H is said to be cyclic if the subspace
of H generated by the vectors m(g)u for g € G is dense in H.



Proposition 1.3 (Gelfand-Naimark-Segal construction) Foryp € P,(K\G/K),
there exists a unitary representation (7%, H¥) of G, and a K-invariant cyclic
unit vector u such that

w(g) = (ulm(g)u).
Furthermore, the triple (7%, H?, u) is unique, up to isomorphism.

Two triples (71, Hy,u1) and (mg, He, uz) are said to be isomorphic if there
is a isometric isomorphism A : ‘H; — H, such that, for g € G,

Ami(g) = m(g)A,

and Au; = us.
Proof
Let H{ be the space of functions on G of the form

f(m) = chgp(gzilx)a

with g1,...,95 € G, ¢1,...,cn € C. Clearly, H{ is the subspace of C(G/K),
the space of right K-invariant continuous functions on G.
The norm of such a function f is defined by

N

A7 = elg " g))eics.

ij=1
Since ¢ is of positive type, this number is > 0. Writing

N
f = p*p, with n = Zc’i(;gm

i=1
we obtain

I = [ (s o) ot
By the Schwarz inequality, with v = Zfil d;bg,,

2

2 N
/G fawldn)| =|3 oo g)ed, (13)
i,j=1
N N .
<Y elg g - Y (e g))did;,
ij=1 ij=1



Therefore, if ||f]|> = 0, then f = 0. Observe that in general the representa-

tion
N

fl) =Y ciplg ')

i=1
of a function f is not unique. The above inequality shows that ||f]|*> only

depends on f, and not on the chosen representation. Hence || f|| is indeed a
norm on H, and Hj is a preHilbert space, with the inner product, for

N Zciw(gflx), f'(x) = Zcﬁ'%@((gﬂflm)’

defined by

N N’

I =D ola ' d))eic.

=1 j=1

Define the representation 7# of G on Hg by the left action

(7?(9)f)(x) = f(¢g"'x),  feH], gxeq.

Then 7¥ is unitary. In fact, if

f(z) = Zw(g )
then .
(T () f)w) = > eipl(990) "),
and hence

17 (9) f1I* = Zs@ 99:) " (99;))eic

7,7=1
N
= elg; e = I fIP-
ij=1

Let H? be the Hilbert completion of H{. Since, for f € H?, |f(z)| < |If]|
(by letting v = 4, in (1.3)), the Hilbert space H¥ can be realized as a subspace
of Cp(G/ K), the space of bounded functions in C(G/K). By definition of H,

the vector ¢ € H¥ is cyclic, K-invariant, and satisfies

©(g) = (¢[m?(g)p).
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Let (7%, H?,u¥) be the triple obtained via the Gelfand-Naimark-Segal
construction, and (7, H,u) be a triple with a K-invariant and cyclic unit
vector u in ‘H such that

p(g) = (ulm(g)u).
Let us define the map A : H¥ — H, by

Cﬂ(gi)u

I
i1~

if
N
= (g
=1

Then

N

IAfII3, = Z m(gi)ulm(g;)u)

N
Z il g95) = IIfI,

Since w is cyclic, the range of A: A(H¥) is dense in H. It follows that A
extends as an isometric isomorphism from H¥ onto H. Furthermore

Anm?(g) = m(g9)A, Au? = u.

1.4 Extremal functions in P;(K\G/K) and ir-
reducibility

As in the previous section, G is a topological group and K a closed subgroup.

Proposition 1.4 For ¢ € Pi(K\G/K), let (m,H) be the unitary represen-
tation obtained by the Gelfand-Naimark-Segal construction (Proposition 1.3).
The following properties are equivalent.

(i) ¢ is extremal in the convez set P1(K\G/K).

(i) The unitary representation (7%, H?) is irreducible.



Proof

(i) = (ii). Assume ¢ extremal and let u € H be a K-invariant cyclic
unit vector. Suppose that H decomposes as the sum H = H; & Hs of two
orthogonal closed invariant subspaces. The vector u decomposes as u =
uh + by, (U] € H;). Put a = ||uf|>. Then 0 < o <1 since

L= [lull* = [lual|* + [lua]*.

If either & = 0 or a = 1, then we have either u}{ = u or uj = u. Since u
is cyclic, either H = H; or H = Hs,, which means that H is irreducible.
Assume now that 0 < a < 1, and put

/ /
Uy )
9 Ug =

Uy = )

B

11—«
©1(g) = (ur|m(g)u1), ©a2(g) = (u2|m?(g)us).

Then ¢ = ap; + (1 — a)ps. Since @ is extremal, ¢ = p; = . Observing
that

(wilm(g)ui) = (wilm(g)u) (i =1,2),
we get
(wr|m(g)u) = (ua|m(g)u),
and, since w is cyclic, u; = us: a contradiction. We have proven that 7 is
irreducible.

(ii) = (i). Assume 7 irreducible and that ¢ is expressed as ¢ = ap; +
(1 — @)y for some 1,y € P(K\G/K), and 0 < o < 1. For f € Hy,
expressed as

flz) = Z cip(g; 'x),

put
N

H(f) =« Z e1(g5 ' gi)eics.

ij=1

This defines an invariant Hermitian form on H,. Furthermore, since

N N
@Y eilg gt <D wlg gy)e,
ij=1 ij=1

we get

0< H(f) <IIfI%

10



hence H extends as a continuous invariant Hermitian form on H. This form
can be written H(f) = (Af|f), where A is a selfadjoint operator on H,
0 < A <, which commutes with the representation m: Am(g) = 7(g)A. By
Schur’s Lemma, A = A\, with 0 < A\ < 1. It follows that ap; = Ap. Since
p(e) = @i(e) =1, we get A = «, and ¢; = . This means that ¢ is extremal.

I

1.5 Spherical functions and irreducibility

Let G be a topological group, and (K (n)),>1 an increasing sequence of com-
pact subgroups of G. Put K = (J.-, K(n). For a unitary representation
(m,H) of G, the orthogonal projection P, onto the space HX™ of K(n)-
invariant vectors is given by

P,v= /K(n)w(k:)van(dk) (veH),

where «,, is the normalized Haar measure of K(n). The sequence of the
subspaces HX(™ is decreasing, and the projections P, strongly converge to
the projection P onto

HS = (RO,
n=1
It follows that, if )} C H is an invariant closed subspace, then P()) C .

Proposition 1.5 Let (m,H) be a unitary representation of G with a K-
invariant cyclic vector u € H. If dim HX = 1, then 7 is irreducible.

Proof

Let Y be a closed G-invariant subspace of ‘H. We will show that either
Y ={0}or Y =H. If P(Y) = {0}, then Y is orthogonal to u € H*. Since u
is cyclic, it follows that ) = {0}. If P(Y) # {0}, then HX C Y, and Y =H
since u € H¥ is cyclic. Thus, we have proven that the representation 7 is
irreducible. i

We assume now that (G, K) is an Olshanski spherical pair, inductive limit
of an increasing sequence (G(n), K (n)) of Gelfand pairs.

Proposition 1.6 Let (G, K) be an Olshanski spherical pair. For any irre-
ducible unitary representation (v, H) of G,

dimHE < 1.

11



Proof
Assume H® # {0}. Since (G(n), K(n)) is a Gelfand pair, the convolution
algebra L' (K (n)\G(n)/K (n)) is commutative, and the algebra M* (K (n)\G(n)/K(n))
of K-biinvariant bounded measures is commutative as well. In particular, for
z,y € G(n),

Qi % Oy % Quy ¥ Oy ¥ Q= Qi Oy k Oty % O ¥ Qi
and, since P, = 7(ay,),
P,rw(x)P,m(y) P, = Pyr(y) Pum(x) P,.
Observing that P,.1 = P,P,+1 = P11 P,, we obtain, for m,m’ > 0,
Prosmm(2) PT(y) Poymy = PrymT(y) Pm(2) g -
As m,m’ — oo, and then n — oo, we obtain
Pr(z)Pr(y)P = Pr(y)Pr(x)P,

since P, strongly converges to P.

Let A be the closed algebra (for the operator norm) generated by the op-
erators Pm(x)P, for x € G. As proven above, the algebra A is commutative.
The space HX is invariant under A. Since an irreducible representation of a
commutative Banach algebra is one dimensional, it is sufficient to prove that
HE is irreducible under A.

Assume that HX = H; ® Hs, where H; and H, are two A-invariant
orthogonal subspaces of HX. Let u; € H;y (u; # 0). For any uy € Hy and
r € G, (PTF(I)PU1|U2) = 0. Since Pu; = uy, Puy = uo, this means that
(m(x)uy|uz) = 0. We use now the fact that the representation 7 is irreducible,
and hence that any non zero vector is cyclic, in particular u, is cyclic. This
implies us = 0, and Hy = {0}. ]

Proposition 1.7 Let (G, K) be an Olshanski spherical pair. For ¢ € Pi(K\G/K),
the following properties are equivalent:

(i) ¢ is spherical.

(i) The representation (mw,H) associated to ¢ by the Gelfand-Naimark-
Segal construction is irreducible.

12



Proof
Recall that ¢(g) = (u|m(g)u), where u is a cyclic unit vector in HX,

(ii) = (i). Assume the representation (7, H) irreducible. By Proposition
1.6 we know that dim H* = 1. Therefore the orthogonal projection P onto
HE can be written

Pv = (v|u)u.

For y € G, and any v € 'H,
(v Pr(y)Pu) = (Poln(y)u) = (v]u) (ul(y)u) = o(y)(v]w).
Therefore Pr(y)Pu = ¢(y)u. Hence, for x € G,

Pr(x)Pr(y)Pu = o(y) Pr(x) Pu = ¢(x)o(y)u,
and
(ulm(z) Pr(y)u) = o(x)o(y).

Since the projections P, strongly converge to P, we get
p(x)p(y) = lim (ulm(z) P (y)u)

= lim (u|m(zky)u)a, (dk)

= lim o(zky)a, (dk),

which means that ¢ is spherical.
(i) = (ii). Assume ¢ spherical. We will show that, for g € G, Pr(g)u =
¢(g)u. If this holds, then the subspace HX is one dimensional: HX =

Cu. Therefore, by Proposition 1.5, the representation 7 is irreducible. By
assumption, for z,y € G,

p(r)p(y) = lim p(rky)ay (dk)

= lim (u|r(z)Por(y)u) = (ulr(z)Pr(y)u).

n—oo

This can be written as
(@™l Pr(y)u) = ¢(y) (m(z™")ulu).
Since u is cyclic, we obtain Pm(y)u = ¢(y)u. i

Let us mention that the Bochner-Godement theorem (Theorem 1.2) has
been recently extended to Olshanski spherical pairs ([Rabaoui,2008]).

13



1.6 Examples

We end this chapter by giving two simple examples of Olshanski spherical
pairs.

Ezxample 1
We come back to the example of Section 1.2. Let G(n) = O(n) x R" and
K(n) = O(n). Then G = O(00) x R®™) and K = O(cc). For an element x =

(9,€) € G, we denote by ||z|| the radius of & ||z|| = ||€]] = V/E+ &+ -+
for £ = (&,&,...,0,0,...) € R, Let ¢ be a K-biinvariant function of G.

Then, for any g1, g2, 9 € O(c0) and & € R(>),

©(9,8) = ¢((91,0) - (9,€) - (92,0)) = ¥(91992, 918)-

Therefore (g, &) only depends on the radius |||, i.e., there exists a function
® on R such that

p(z) = ([|z[*).
Assume ¢ spherical:

lim p(xky)om(dk) = p(x)e(y),  zy€C. (1.4)

By classical harmonic analysis,
/ o(xky)ay, (dk) = cn/ ®(a® + b* + 2abcosh) sin™ ' Odb.
K(n) 0

where a = ||z|| and b = ||y||. Note that the constant ¢, is given by
n+1
r(*)

Cn = — "~

TG

One shows easily that, if f is a continuous function on [0, 7],

lim c, /W £(6) sin""1 0d6 = f(Z).
0

n—oo 2
Therefore we obtain the following functional equation
®(a® + b*) = ®(a®)D(b?).

This equation implies that ®(a) = e=* for some A € C. Furthermore ¢ is
of positive type if and only if A > 0. Hence the spherical functions ¢ for the
Olshanski spherical pair (G, K) are given by

o(z) = e_’\”xHQ, A>0.

14



Thus, the spherical dual €2 can be identifed with [0, oo[. Observe that a spher-
ical function, which is essentially a function on R(®), extends as a continuous
function on

C(N) = {(fufw--) ) &GeR D &< 00}-

k>1

Example 2
Let G(n) = O(n+1) and K(n) = O(n). Here K(n) is seen as a subgroup
of G(n) as follows:

O(n) 3 uw— (g (1)) € O(n+1).

Let {eg,€1,...,€,:1} be the canonical basis of R"™. A K-biinvariant con-
tinuous function ¢ on G can be written as

©(g9) = ®((geoleo)),

where @ is a continuous function on [—1,1]. We get
/ pleky)an(dk) = c, / ®(cosacosb + sinasinbcos f) sin™ ! §df
K(n) 0

where cosa = (zegleg) and cosb = (yegleg) (¢, is the same constant as in
Example 1). If ¢ is spherical, then

®(cosacosb) = P(cosa)P(cosb).
Finally, the spherical functions ¢ in P;(K\G/K) are the following:
v(g) = (geole0)™,  (meN).

Thus the spherical dual €2 can be identified with N.
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Chapter 2

Schur functions

In order to study the spherical functions and their asymptotics we will need
expansions involving Schur functions and shifted Schur functions.

2.1 Schur functions and Schur expansions

For a signature A = (A\1,...,\,), L.e.\; € Z" and A\ > -+ > ), we define
the rational function A,(z) = Ax(21,...,2,) on (C*)" by

A1 A2 A

n
/ZlA ZlA ... Z]}\
P A
Ax(z) =
3 : : :
A e A

In particular, for A = § := (n — 1,...,1,0), As(z) is the Vandermonde
polynomial

As(z) =V(2) = H (zj — 2)-

1<j<k<n

The Schur function sy is defined by

sx(z) = —AH(;(Z).
V(z)
This is a symmetric rational function defined on (C*)", and the Schur func-
tions sy where A = (\q,..., ;) run over all signatures of length < n, con-
stitute a basis of the space of symmetric Laurent polynomials in n variables.
For a partition m = (my,...,my,): my > ... > m, > 0, sy, is a symmetric
polynomial.

16



Let us mention two special cases:

a) Let m = (1%) := (1,...,1,0,...,0), where 0 < k <n. Then
——

3(1k)(2) = ex(2),
the k-th elementary symmetric function
er(z) == Z Zjy e (2.1)
1< < <gp<n

To see it observe that the generating function of the elementary symmetric
functions ey, is given by

n n

E(z;t) := Z ep(2)th = H(l +tz;).
k=0 j=1
Let us consider the Vandermonde polynomial in n+1 variables V (¢, 21, . . ., 2,,).

It can be written as

n

V(t,z1,. .y 2n) = H(t — 2) H(’Zl — zj)

i=1 i<j
n
V() S (D e (),
k=0
and also as a determinant:
ottt 1
N |
V(tvzh‘"azn) - .1 1. .
AU zn 1

Let us expand this determinant with respect to the first row:

n

V(21 z) = ) (=DM  Apeg(2).

k=0

Therefore
Apeys(2) = Ve, .oy zn)er(2),
or
sam(z) = ex(2).

17



b) If m = (m) := (m,0,...,0), with m > 0, then

the m-th complete symmetric function,

hm(z) := Z 2% = Z

lajl=m at,...,on >0
a1+-tan=m

2tz (2.2)

n

To see it, let us show that the generating function of the complete symmetric
functions is given, for || small enough, by

m=0 j=1
In fact
Z (tz)* = Z( Z zO“)tm = Z R (2)t™
aeN™ m=0 |a|=m m=0

Let us now compute the sum of the following power series, for |t| small
enough,

- - Z¥71 n—2
S gttt oy T A1 s A
o] o] m+n—1 n—2 21 _
t"mz z R | P2 n—2
A . Zm:o 2 2 2 s % B
(m)+s\2) = . . . . = .
m=0 ZOO * n 1 : 9 ° : . .
tmzm n— an z 1 Zn—l —9
=0 n n s n fn n
m 1—tz, *“n “n
Since
kg sz H _ tf
z; + = ,

1—t2i 1—Zt1

this determinant is equal to

n—1
21

1—tz
zg_l
1—tzo

n—1

1—tzn

2?72
1-tz

zg_%
1—tzo

n—2

1—tzn

_21
1—tz1
_Z2
1—tzo

1—tzn

1—tzn

18




Therefore

or

Proposition 2.1 (Hua’s formula) Consider n power series

w):Zcwim, weC,i=1,...,n
m=0

which are convergent for \w| < r for some r > 0. Define the function F on

C" by
det(fi(2j))1<ij<n
F(Z>:F(Zl7”'azn): V](Z)_]_ ) |Zj|<7".
Then F' admits the following Schur expansion
F(z) = Z AmSm(7)
m=(maq,...,mn)
my2>-2>mp>0
with
= det(cl) 10 iigen:
([Hua,1963], Chapter H.)
Proof
In fact,
det(f;(2))hi<ijen = »_ €(o H(Z 052)2%)
ceG, =1 m=0
If we permute the product [ [, and the sum ), we obtain
= > dy e [z = Do el det(z" )iz n-
mi,...,Mp=>0 ceS, i=1 mi,...,Mp=0

Since det(2}") = 0 unless the m; are all distinct, this sum is equal to

— (1) (n) Mr@y, .
= 2 DAy, 4ot nsien

mi1>-->mp >0 TS,

= Z Z Cha <1) (nz( , det(z]" )1<ij<n

m1>-->mp >0 176,

— Z det(c )1<z]<n det(2]" )1<ij<n-

my>->mp >0

19



Finally, with m; = k; +n — j, we obtain

det(fi(z))izijen = D det(cy)s, NicijenAiinbonin+5(2).

k1>-2>kn>0

which is the claim of the proposition. i

Looking at the value at z = 0, since

. 1 1 dm
) — = fmy - = 2 ¢
Cm = m!fi (0) = ml dwmfz(w)|w=07
we obtain
: det(fi(2))1<ij<n
z1,..1-l,133—>0 V(Z = :F(()) = o= det( ’El)]>1<zj<” (23)
=5 det(f(” D(0)1r<ij<n

For a partition m = (myq,...,m,) we have used the notation

m!=mq!---m,!
We present some applications of Hua’s formula.

Proposition 2.2 For a signature A = (A, ..., \),
V(A+9)
V(e) -
Note that V' (d) = d!. Observe that this formula is nothing but the Weyl
dimension formula in case of the unitary group U(n). In fact the value

sx(1,...,1) is the dimension d, of the irreducible representation of U(n)
associated with the highest weight .

S)\(l,...,1>:

Proof
Let fi(w) = (1 +w)™ with a; = A\; +n — i. We see that
_ det(fi(2)1<ij<n _
F(0) —z1’..1'1’1;ranO Vo) =sa(1,...,1).
Since

F0) = aglas — 1) (s —n+j — 1),

S)\(l,...,l) :F(O) = —det(az( a; 1) ( —7’L—|—j— 1))1§i,j§n

V(A +0)
T
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Proposition 2.3 For x = (x1,...,x,) and y = (y1, ..., Yn),

det(e™¥)1<; j<n 1
—~ = 7 5m(Z)sm(y)-
V(z)V(y) m1>,;nn>0 (m +)!
Proof
Apply Hua’s formula (Proposition 2.1) with f;(w) = ™™ =3 ™.
Then
det(c? . Yiiion = Ais(®) =V (2)5m(2)
mj+n—j/1<i,5<n (m+5)' m-+§ (m+5)' m )
Proposition 2.3 immediately follows. I
Proposition 2.4
1
et = 5l —————dmSm(2),
le'Z;nnZO (m + 6)|
where dm = sm(1,...,1).
0
As a special case of (2.3) we obtain
. det(emiy1)1<~ i< 1 dn_j )
1 SIS = det (——em| ) 2.4
y1,...1f£%1 Vy) 0! ¢ dw™ i€ w=1/1<i j<n (2:4)

' 1
== det(:ﬁ_Je”"")lgiijn = 56$1+.'.+$"V(l’). (25)

Therefore, letting y; — 1, 1 < j < n, in Proposition 2.3, we get the claim.
0

Proposition 2.5 (Cauchy identity)

n

M- X el

ij=1 m1>e>mn >0
Proof
Take
1 o m m



in Hua’s formula (Proposition 2.1). Then we obtain the identity

= Z Sm(x)sm(y)'

M1 > > >0

der(—L)
1 — 2y / 1<ij<n

The claim follows from the well-known evaluation for Cauchy’s determinant

1
det(—) V)W) ] ———.
1— TiYj/ 1<i,j<n igl 1— TiY;
0
Proposition 2.6 (Voiculescu’s formula) Consider a Laurent series
fw)= ¥ oo
Then .
[[rE) = Y amsm(z)
j=1 mez"
mi>--2mn
with am = det(cmi_i+j)1§i7j§n.
([Voiculescu,1976], Lemme 2.)
Proof
Let us expand the product,
+i, n+0s(n
V(@) fla) = 3 Y e@)ep et
0EGy p1,.--Pn€L
where 0; = n — j. The number ay, is the coefficient of the monomial
z{””‘sl e qunmn in this sum. It comes from the terms for which p; + 6, =

m; + 0;, or p; = m; — i+ o(i). Therefore we obtain

n

am = Y €(0) [ [ emizow) = det(cm,—isi)1<ijn.

cEG, =1

Proposition 2.7 (Jacobi-Trudi identity) For a partitionm (my > --- >
mn 2 O);
Sm(2) = det(hm,—iv;(1))1<ij<n,

where hy, is the complete symmetric function (see (2.2)).
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Proof
Take

fw) =11+ _1xiw =5 hy(a)uw™

=1 m=0

in Proposition 2.6. Then

n n 1
I1rG) =11 P > det(hm,—irj()1<ij<nsm(z). (2.6)
j=1 i,j=1 YT > >me >0

On the other hand, it follows by the Cauchy identity (Proposition 2.5) that

n

H : _1$izj _ Z Sm(x)sm(Z).

1,j=1 my>--2>mn >0

Comparing with (2.6), we obtain the Jacobi-Trudi identity. i

2.2 Binomial formula for Schur functions, and
shifted Schur functions

The results in this section are from [Okunkov-Olshanski,1998a]. For a parti-
tion m (my > -+ > m, > 0), the shifted Schur function s%, is defined, for a
signature A = (\q,...,\,), by

det ([N + 0ilm.+6.)1<i j<n
(A =50, (A, ) = e
Sm(A) = sm(Ar, - An) det([A; + 6ils;)1<ij<n

where §; =n —j and [a],, =a(a —1)---(a —m+1).

Theorem 2.8 (Binomial formula for Schur functions) For a signature

A=),

s,\(l—l—zl,...,l—i-zn)_ Z 0!
S)\(l,...,l)

My > >mp >0
For n = 1 it reduces to the classical binomial formula (A € C):
A m
(T4 w) =) —mw™

m!
m=0

Proof



We apply Hua’s formula (Proposition 2.1) with

= [N 5
Filw) = (1 4 w)hitd — Z imym 1<i<n.

m=0

Then we have

A)\+5<1+21,...,].+Zn>_ Z

V) s det([Aitdi]m,+s,)1<ij<n5m(2)-

my2>--2mp >0 <m 6)
Finally, by Proposition 2.2,

V(IN+0) det([A; + dils;)1<ij<n

S,\(l,...,l)z V((S) = 51

Let us state some properties of the shifted Schur functions.

Stability: for a partition m = (mq,...,m,),
S*rn()\h ) >\n7 )\n+1)‘)\n+1:0 = an()\l, RN )\n)

Therefore we can regard s*, as a function on R(*).

Shifted symmetry: an ordinary Schur function is symmetric, i.e., Sy (..., A\, Ait1, - - -

Sm(- -y Ait1, Aiy . .. ), while a shifted Schur function is shifted symmetric, i.e.,
S*m(‘..,)\i,/\i+1,...) :S:n<~~-7/\i+1 - 1,)\z+17>

Let us mention two important special cases.

a) The shifted elementary symmetric function ej:

V)= Y N — kD, —E+2)- N,

1<j1 <<

We will see in next section that e} (\) = S(1my (A)-
b) The shifted complete symmetric function h’,:

b= > (A —mAD) N, —m+2) A,

1<j1 < <jm

24
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We will prove in next section that h;,(A) = s, (A). By Theorem 2.8 we
obtain the following power expansion:

oo

1 1... — 1!
3)\( +wa ) ) Z TL *()\)

sxa(l, ..., m+n—1'm

m:0

Ordinary Schur functions s,, are homogeneous polynomials but shifted
Schur functions s}, are not homogeneous. Note that

Spa(A) = sm(A) + (terms of degree < |ml),

m

where |m| =my +mg + - -

2.3 Generating function for shifted elemen-
tary symmetric functions

Theorem 2.9 (i) For a signature A = (A1,..., \n),

(ii) Define the generating function F* for the shifted elementary symmet-
ric functions e} by

Fr 1) = 3 (-1 N i

k=0

Then

n

Frxt) =[]t - —n+j)

Jj=1

Our definition slightly differs from the definition given by Okunkov and
Olshanski. They define

and then
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In fact the two statements are equivalent: for ¢t = n — 1 — u, by using the
relation

one sees that

Proof
a) We will first prove (ii) by recursion on n. We will use

[t]y = t[t — 1)1,
and the relation
er( A, ) =er(A, o ) Fep (M L A F DAL
Observe that

:F*()\l‘i‘l,,)\nfl‘i‘l,t)

For n =1 it is trivial. Assume that (ii) holds for n — 1. Then

F*()\l,,)\n,t):
(=M=t Dt =do—n+2) . (t— Aot —1) % (£ —\n)
:tF*(Al,,)\n_l,t—l)—AnF*(Al—Fl,,/\n_1+1,t)

n—1 n—1

= (=DFer(M, o Ancatlt — Unoemr — D (= DFer(M+ 1o Aact + DA [Hlak—s
k=0 k=0
n—1

(=D s A ok + > (=DFer ;M + 1L, At + D[t
k=1

e
Il
o

-1

— [+ (ewl, SR W WS O VI TN W mn) [t
k=1

+ (=D M+ 1. o+ DA,

n

= (=DFer(M, o M) [t

k=0

3
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b) Consider the following (n + 1) x (n + 1) determinant:

GR i . 1] 1

[)\1+n—1]n [)\1—I—n—1]n_1 [>\1+7’L—1]1 1

D*\t) = |he+tn—2 Potn—21 ... ot+n—2 1
[)‘n]n P‘n].nfl [)‘n]l 1

By using the fact that the value of a determinant does not change when one
adds to a column a combination of the other ones, this determinant reduces
to a Vandermonde determinant, and one obtains

D*(\it) = V(A+5)ﬁ(t— A —n+j)

—

= V(A +8)F*(\: ).

<

Therefore, by a),

D*(\t) = V(A4 6) Y (=D)*ex (N[t n—s-

On the other hand, by expanding this determinant with respect to the first
row one obtains

n

D\ t) =V(A+6) > (=1)Fs7 (M-, Aa) [Hlk-

k=0

This proves (i):
s (A) = ().

2.4 Generating function for shifted complete
symmetric functions as a factorial expan-
sion

A factorial expansion is an expansion of the following form

+ 242 4 O +
C —_— ... ...
T T 2(z41) 2(z+1)...(z4+4m—1)

(See [Norlund,1914].)
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Consider the following Mellin transform
1
f(z) = / ()t dt.
0
Assume that the function ¢ is analytic for |t — 1| < 1, and consider its power
expansion at ¢t = 1:
= Z A (t —1)™
m=0

Assume that

1
Z\amy/ (1—t)™7"'dt < 0.
0

This is a factorial expansion with
Co = 0, Cm+1 = (—1)mm'am

In the special case p(t) =t~ (a € R),

e}

gp(t):(t—l—i—l)_a:Za<&)"'(:1!+m_1)(1—t)m,

one obtains the Stirling series (Stirling, 1730)
1 1 o ala+1)...(a+m—1)

m—g+z(z+1)+...+ 2(z+1)...(z+m)

which converges for Rez > max(a,0). By putting a« = =\, z = —(u + 1),
one obtains the modified Stirling series

u+1 = [Alm
u—A+1 mzz[u

which converges for Reu < min(A — 1,0). Recall that

[a]m =ala—1)...(a —m+1).
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Theorem 2.10 (i) For a signature A = (A1, ..., \,),

Stmy(N) = ().

m

(ii) Define the generating function for the shifted complete symmetric func-
tions h}, by

1
[ m

Then H*(\,u) is the following rational function:

H*(\u) =Y hi(A)——.

_uty

H(Nu) =[]

j=1

Notice that, for n = 1, (i) means that
hn(A) = [Alm,

and (ii) is nothing but the evaluation of the modified Stirling series.

Proof
We will first show that
S*m )\ e — . 9

and then that

a) Define
* - * 1
H(Nu) =Y s(m)(A)W.
m=0 m
Recall that

[)\1 +n— 1]m+n71 [)\1 +n — 1]71,2 o1
& ()\) B 1 [)\2 +n— 1]m+n—1 [)\2 +n — 1]n—2 |
Y =Y+ 0) : : :
P‘n]m—l—n—l [An]n—2 o1

By using the identity
[a]min—1 = [a]n-1[a — 1 + 1],
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and the modified Stirling series we obtain

[)\1 +n— Hn*luﬁli—}\l [)\1 +n— 1]1172 o1

H*()\ U,) _ 1 [)\2 +n— Q]n—lu_f_g_)q [)\2 +n— 2]71—2 oo 1
’ V(A+9) : : :
[)\n]n—lufl—’—_lkn P‘n]n—? Ce 1

Hence u + 1 factors out. Then we add the first column of the determinant
to the second one and the i-th row becomes

1 u—+ 2

— |\ —tpo———— [\ —tpg ... 1
U,‘i‘l—)\l [ n Z] 2U+Z—)\Z’ [ n Z] 3

[)\Z + n — i]n—l

Now u + 2 factors out, and so on. One obtains finally

VA+o)H (Nu) =(u+1)(u+2)...(u+n)

[)\1 +n — 1],1_1@ [)\1 +n — ]-]n—2 u+11_>\1 T u+11_>\1
Motn—=2harm Metn—2Lhorm—s - wmon
Pnln-1 7 Pobzims, - e

_ (u+1)(u+2)...(u+mn)
(u+1=A)(u+2=X)...(u+n—-2X\,)

V(A+0).

b) We prove now that
S(my(A) = B (A),

m

by recursion with respect to n. For n = 1, this means that
hin(A) = [Alm.

Assume that the formula holds for m — 1. By a), and by using the Stirling
series, for a signature A = (A1,..., \,),

. YT uti Tputi
H<A,u)—Hm Hu+z—)\zu+n_1

Then, by observing that

(u+1Du+2)...(u+n—-1) (u—qg+1)(u—qg+2)...(u—qg+n—1)

[u+mn— 1], [ulq

)
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we get

n—1 . 0
. B u—q+1 Anlq
H(U;)\>_Hu+z_)\z — [U]q

i=1

u—q >
e e I

9=

We use now the recursion hypothesis:

h*()\l—q,..., 1—q
D 2:
[U—q

p=0 q=

i h;()\l -, A1 — Q)[/\n]q
(X = dy i, )

m=0 p+qg=m

NE

H*(\u) =

By using the identity
[u— glplulq = [u]ptq,

we get finally

H (A u) = Z( b =g A — q)[/\n]q>ﬁ.

m=0 p+qg=m

Observing that

Z h;()\l -4, )‘n—l - Q)P‘n]q = h:(n()‘)a

pt+g=m

we get
- > B

We use now the fact that, if two factorlal expansions are equal, their coeffi-
cients are equal (See [Norlund,1914]). Therefore

S(my (A) = I (V)

and
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Consider the logarithmic derivative of H*(\;u):

n

d. 1 1
@logH O\’u)_Z(u—i—j _u—l—j—/\j)'

J=1

It can be written as a power series in %:

d ]
d—logH (A, u) qu ey

with

GV =3 ( =)™ = (=5)").
j=1
This provides a new family of shifted symmetric functions. The functions ¢,
can be seen as shifted analogues of the Newton power series. They will occur
in chapter 4 in the proof of Theorem 4.6.
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Chapter 3

Infinite dimensional Hermitian
matrices

In this chapter we consider the Olshanski spherical pair
(U(o0) x Herm(oo,C),U(c0)).
We will present results from [Olshanski-Vershik,1996].

3.1 Gelfand pair associated to a motion group

Let V be a finite dimensional real vector space V = R", and K a compact
subgroup of GL(V'). Define the generalized motion group G = K x V with
the product

(k1,a1) - (ko,as) = (k1ke, a1 + k1as), ki, ke € K, ay,a9 € V. (3.1)
If ¢ is a K-biinvariant function on G, then, since
p((k;a)) = o((k1,0)-(k, a)-(k2, 0)) = o((kikke, kra)), ki kg, k€ K, a €V,
the function ¢ only depends on a:
elg) =¢la),  g=(ka) e KxV, (3.2)

where ¢ is a K-invariant function on V. The correspondence ¢ < ¢ identifies
the convolution algebras L'(K\G/K) and L'(K\V). Since the convolution
algebra L'(K\V) is commutative, (G, K) is a Gelfand pair.

A spherical function ¢ for the Gelfand pair (G, K') satisfies the functional
equation

/K p((k1,a1) - (K, 0) - (kg, ag))dk = @((k1, a1))p((k2, az)) (3-3)
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for any ki, ks € K, ai,as € V, and dk is the normalized Haar measure on K.
It follows by (3.1) and (3.2) that the left hand side equals

/ (,0((]61]{3]{32, a, + klk’ag))dk} = / @(al + klkag)dk"
K K

so that the functional equation (3.3) can be rewritten as

/K Blax + kikas)dk = B(a))B(a).

Replacing a; with kja;, we finally obtain the equation

/K Hlar + kao)dk = G(a1)B(az),  anas € V. (3.4)

Conversely, if ¢ is a K-invariant continuous function on V' which satisfies
the functional equation (3.4), and if ¢ is the function on G given by (3.2),
then ¢ is a spherical function for the Gelfand pair (G, K). For that reason
we make the following definition: a K-invariant continuous function ¢ on V'
is said to be spherical if

/K oz + k- y)a(dk) = p(x)p(y).

Let us consider on V a K-invariant inner product. The spherical functions
of positive type are Fourier transform of orbital measures on V:

go()\;x):/ e~ EAD o (dk).
K

Let us check that the function ¢(x) = ¢(A; x) is spherical:

[ et kegatar) = [ ([ et vagm)ad)

:/ e—(lﬁ-A,:{;)(/ e—i(k*kr%y)a(dk))a(dkl)
= o()p(y), (3.5)

by the invariance of the Haar measure «.
Hence the spherical dual 2 can be identified with the set of K-orbits in
V:Q~K\V.
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3.2 The Gelfand pair (U(n) x Herm(n,C),U(n))

In the present chapter, we consider the case where V' = Herm(n,C), the
space of n x n Hermitian matrices, and K = U(n). Here K acts on V by

k-x=kak* (z€ Herm(n,C), k€ U(n))

A spherical function is a continuous solution of the following functional equa-
tion:

/ (@ + kyk")dk = o(2)o(y), @,y € Herm(n,C).
U(n)

We consider on Herm(n,C) the following inner product (z|y) = tr(zy). By
the spectral theorem, every Hermitian matrix is diagonalizable by unitary
matrices and its eigenvalues are real, therefore

Q~U(n)\Herm(n,C) ~R"/G,,.

A U(n)-invariant function ¢(z) on Herm(n,C) only depends on the eigen-
values A\i,..., A\, of z € V ie., ¢ can be seen as a symmetric function of n
real variables Ay, ..., \,.

Consider the orbital integral
]({L" y) = / etr(zuyu*)a<du), T,y € Herm(n, C),
U(n)

where « is the normalized Haar measure on U(n).

Theorem 3.1 Let x and y be diagonal matrices x = diag(z1,...,x,) and
y = diag(y1,...,Yn). Then we have

Proof

Let xm be the character of the irreducible representation of U(n) with
highest weight m = (my,...,m,). By the Weyl character formula, it can be
expressed as a Schur function: if z,..., z, are the eigenvalues of the matrix
u € U(n), then, xm(u) = sm(21,...,2,). If m is a partition: m; > ... >

m, > 0, then the character x,, extends as a polynomial function on the
vector space M (n,C) of n x n complex matrices.
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By Proposition 2.4,

I(z,y) = Z L)!dm /U(n) Xm(zuyu®)a(du).

m-+9
my1>->mp>0 ( T

Using the functional equation of the characters :

| mCeugnn)atdn) = 2 xm(@)xn).
U(n) m

(see Proposition 4.1 below) we get

Iy) = ), ﬁxm(x)xm@)-

Furthermore, by Proposition 2.3, this equals

Vv )

3.3 Multiplicative property of spherical func-
tions

Let G(n) = U(n) x Herm(n, C) and K(n) = U(n). We regard Herm(n, C) as
the subspace of Herm(n + 1, C) by

Herm(n,C) 5 2 — <%»8> € Herm(n + 1,C).

Define the Olshanski spherical pair (G, K) as the inductive limit of the
Gelfand pairs (G(n), K(n)):

G = U G(n) = U(c0) X Herm(oco,C), K = U K(n)=U().
n=1 n=1
For m < n, define the subgroup K,,(n) of K(n) by
I, |0
ot = (542)

and the subgroup K, of K by K,,, =~ K,.(n).

n=m

vEU(n—m)}:K(n—m)
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Proposition 3.2 (Weyl’s integral formula) Let f be a continuous K,,(n)-
bitnvariant bounded function on K(n). If 2m < n, then

/ Fk)an(dk) = / / F(h1a(0)h2) o (AR )t (A1) Dy (0) 6y -
K(n) 0,21 J K (m)x K (m)

where
cos b — sin 6
0
COS em — sin 0m
a(f) = | sin6, cos 0,
0
sin Oy, cos O,
0 O ]n—2m
and
Dm,n(e) = Am,n H SinQ(Qi + ‘9]) SiH2<9i o 9]) A H(Sin 29i)(sin Qi)Q(n—Qm) '
1<i<j<m i=1

The constant ay, , s such that f[o xm Dypn(0)dby ---db, = 1. []
72
Using Proposition 3.2 we obtain:

Proposition 3.3 Let f be a K,,-biinvariant continuous bounded function on
K. Then

lim f(kﬁmxdk)==/£() o T Ao )

n—oo K(n)

with
- - 0 -1, 0
wm:a(i,...,§>— ]m 0 0
0 0 [n—Qm
Proof

It follows from the following

Lemma Let X be a compact space, and p a positive measure such that every
nonempty open set has a positive measure. Let d > 0 be a continuous function
on X which attains its mazimum at only one point xy. Define

= [ dwrutas)

an
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and, for a continuous function f on X,

Lo(f) = a /X F(2)6(x)" p(dz).

Then
lim L,(f) = f(xo).

n—oo

Corollary 3.4 Let ¢ be a K -invariant continuous bounded function on Herm(oo, C).
If v = diag(xy, ..., 2m,0,0,...) and y = diag(y1, . .., Ym,0,0,...), then

lim o(x + kyk™)ay, (dk) = o(diag(z1, ..., Tmy Y1y -« o Ym, 0,0,...)).

n—oo K(n)

Proof
Since the function K 3 k — ¢(x + kyk*) is K,,-biinvariant, we can apply
Proposition 3.3:

lim o(x+kyk™) oy, (dk) = / o(x+hywmhoyhyw, 'R} ap (dhy)a (dhs).
n—0 JK(n) K(m)xK(m)
One sees that
x 0 0
T+ hywyhoyhiw 'hf = [ 0 hyyhi 0
0 0 0
Hence we have the desired statement. i

Theorem 3.5 (Multiplicative property) Let ¢ be a continuous bounded
function on Herm(oo, C) with ¢(0) = 1, which is U(oco)-invariant. Then ¢
15 spherical if and only if there exists a continuous function ® on R with
®(0) =1 such that

o(diag(z1, x2, ..., 2,,0,0,...)) = O(x1)P(x2) - - - P(z4,). (3.6)

This can be written, by using functional calculus,

o(z) = det O(x).

38



Proof
Assume ¢ spherical.  Then, for x = diag(zy,...,2,,0,0,...),

y = diag(y1, .-, Ym,0,0,...),
lim " o(x + kyk™) o (dk) = p(x)e(y).
n—oo U n

By Corollary 3.4

gD(l’)gO(y) = @(dl&g(l‘l, s Tms Y1y - -5 Ym, 07 07 s ))

Hence p(diag(xy,...,2m,0,0,...)) = ®(xy) - - - P(z,,), where @ is the restric-
tion of ¢ to R = Herm(1,C).
Conversely, if ¢ has the property (3.6), by Corollary 3.4,

lim ( )90(56 + kyk*)an (dk) = p(z)o(y).
n—oo U n

Therefore ¢ is spherical. [

3.4 Podlya functions

We will describe the functions ® occuring in Theorem 3.5 when the spherical

function is of positive type. We say that a continuous function ® on R , with

®(0) =1, is a Pdlya function if the function ¢ defined on Herm(oo, C) by
o(z) = det ®(z)

is of positive type. It amounts to saying that, for every n, the function ¢
defined on Herm(n,C) by

o(z) = det ()
is of positive type. This formula means that ¢ is K-invariant, and
p(diag(z1, ..., 2n,0,...)) = ®(z1) ... B(z,).

Theorem 3.6 The Polya functions are the following ones:

o)

o _ —ifz — 327 €
(2) =e € IH 14202

where B € R, v > 0, ap € R with

o

2
E ag, < 00.
k=1

1o

(2 € R),
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The name Pdlya refers to the following result by Pdlya:

Let U be an entire function with W(0) = 1. Then ¥ is the uniform limit
on compact sets in C of polynomials with only real zeros if and only if U has
the following form

\IJ(S — e~ s —7s? Heaks

where § € R, v > 0, a; € R with
> af < oo
k=1

Such an entire function W is said to belong to the Pdlya-Laguerre class.

First let us check that the function given by the formula of Theorem 3.6
is a Pdlya function.
If &(z) = e P*, with 8 € R, then

o(z) = det ®(z) = e~ P

is of positive type.
If ®(z) = e 2%°, with y > 0, then

o(x) = det ®(z) = e~ 2 ()

is a Gaussian function, which is of positive type.
Consider the following Wishart distribution, image by the map

E—y=al", C" — Herm(n,C),

of the Gaussian measure
T ne*IIEHQm(dO

on C" (m is the Euclidean measure). Its Fourier transform is
W(z) = W—n/ e EWW (dy) = W—n/ e~ io(@lee”) =gl m(d€)
Herm(n,C n

_ ﬂ_—n/ —(I+iax)€|€) (dé—)
= det(I +iaz) "
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Therefore, if ®(z) = (1 +iaz)!, then
det ®(z) = det(I +iax)™?,

and & is a Pdélya function.

Since products and limits of functions of positive type are of positive type,
it follows that the function given in the formula of Theorem 3.6 is a Pdlya
function.

Pélya functions have been considered by Schoenberg in connection with
totally positive functions. Recall that a function f on R is said to be totally
positive if

det(f(sz - tj))lgi,jgn Z 0,

for all reals numbers s. < s, t1,...,%,.

Theorem 3.7 (Schoenberg,1951) Pdlya functions, for which

’y—l—Zai > 0,
k=1

(i.e. mot of the form e~%%% ) are Fourier transforms of totally positive inte-
grable functions f with

F(t)dt = 1.
R

From Theorem 3.5 and 3.6 one obtains:

Theorem 3.8 (Pickrell,1991) The spherical functions of positive type for
the Olshanski spherical pair (U(oo) x Herm(oo,C),U(c0)) are given by the
following functions ¢ on H(erm(oo,C):

p(x) = det @(z),

where ® 1s a Polya function. This means that

p(diag(z1, ..., 20, 0,...)) = ®(z1) ... B(z,).

The spherical unitary dual €2 can be identified with the set of triples
w=(a,3,7) where 8 € R, v > 0, o € R with

oo
E a; < 0o.
k=1
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More precisely, to an element w in {2 corresponds the set {aj}. One should
consider an element w up to permutation of the numbers aj. The Pdlya
function corresponding to w will be written ®(w; 2):

o

D(w;z) = e P37 H

k=1

102
e k

1+ iz

For a continuous function f on R we define the function L on €2 by

Ly(w) =7£(0)+ > apflow).

We consider on € the initial topology associated to the functions L, and the
function w — (. For z fixed, the function w — ®(w, 2) is continuous on 2
for that topology. This can be seen by looking at the logarithmic derivative

diZ(I)(w; z) = —iff — (7 +p2(a))2 —1 me+1(a)(—iz)",

where, for m > 2,
pm(@) = Z ap’.
k=1
Observe that
Y+ pafa) = Ly(w), with f(s) = 1,

pm(@) = Li(w), with f(s) =s™2 (m > 3).

3.5 Convergence of probability measures and
functions of positive type

Let i be a positive measure on R, Define

D) = (s € B [ Oufg) < oc).
Rd
If D(1) # 0, the Fourier-Laplace of the measure p is defined for z in the tube
R? + 5D by
Fulz) = [ e ()
Rd
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Theorem 3.9 Assume that the interior Q of D(u) is not empty. Then the
Fourier-Laplace transform Fu of u is holomorphic in the tube R + ).

Proof
a) Assume first that the open ball B(0, R) C Q: for every y with ||y|| < R,

/ 6(y|€)u(d§) < 00.
R4

We will show that, for every r» with 0 < r < R,

/ 16l g < oo,
R4
For ||ly|| > r, observe that the set

{€eR | (yle) = rli€ll}

is a conical neighbourhood of the semi-axis R, y. One can find a finite number

of points 1, ..., yn, with ||ly;|| < R, and decompose R? in a disjoint union of
conical sets Fi, ..., Ey such that, for £ € E;,

(wil&) > rll€]l-
Therefore

/erflllu(dg)g/ 419 4 (d€) < oo,
E;

E;
and

N
(il (g — il (g .
[ e¥nag) Z[E ldg) < o

It follows that the Fourier-Laplace transform of u is holomorphic on the tube
R? +iB(0, R).
b) Assume now that B(yg, R) C Q. Applying the result of a) to the mea-

sure e®08) ;4 (d¢) proves that the Fourier-Laplace of the measure y is holomor-
phic on the tube R? + iB(yo, R). i

Proposition 3.10 Let ¢ be an analytic function in a neighborhood of 0 in
Re, with (0) = 1. Assume that there is a probability measure p on R with
finite moments such that, for every a = (o, ..., ay),

| iorntie) = a.(0)

Then v extends as an analytic function on R? which is the Fourier transform
of the measure p: ¥ = fi. Furthermore, if such a probability measure exists,
1t 1S unique.
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Proof
Assume that the function v is holomorphic in the ball B(0, R) C C%. For
a # 0 fixed in R? with |Ja|| < R, consider the function f, in one variable

defined by

fa<w) = w(@w)'
The function f, is holomorphic in the disc D(0, p) with radius p = ||TRH > 1.
The derivatives of f, at 0 are given by

£ (0) = ((% +---+ad8in)mw) (0)
— [ (al=ie)u(at)

Let us evaluate the function f, at ¢ and —i:

[e.9]

() + ful=i)) =3 @ff“(ox—l)’f

- . 2
=3 (g 0" utas

_ / ~cosh(al€)p(de).

DN | —

It follows that, for every a with ||a|| < R,

/ el (de) < oo.
R4

As we saw in the proof of Proposition 3.9, the Fourier-Laplace transform Fpu
of the measure y is holomorphic in the tube R? + iB(0, R). Looking at the
derivatives at 0 one checks that ¢y = Fpu in a neighbourhood of 0. Uniqueness
of the measure pu follows from uniqueness of the analytic continuation. [

Proposition 3.11 Let 1, be a sequence of C®-functions on R? of positive
type with 1, (0) = 1, and ¥ an analytic function on a neighborhood of 0.
Assume that, for every a = (aq, ..., aq),

lim 9%, (0) = 0°¢(0).

n—oo

Then v has an analytic extension to R, and 1), converges to 1 uniformly
on compacts subsets of R,
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Proof
The function v, is the Fourier transform of a probability measure p,,:

wn(x) _ /Rd e—z(ﬂd&)“n(dg)

Since
lim A, (0) = Av(0),

where A is the Laplace operator of RY, it follows that there is a constant
C > 0 such that

/ €1 a(de) < C.
Rd

Therefore the set {u,} is relatively compact for the weak topology (tight
topology), and there exists a subsequence p,, which converges to a prob-
ability measure p for the weak topology. Furthermore, for every N > 0,
since

lim (7 + A)Y4p(0) = (I + A)4(0),

n—oo

there is a contant C'y > 0 with

L+ gt < .

Consider the function f defined by

oy (y €l
F1©) = Q-+l (1= ).

if ||€]] < R, and f(&) = 0 for ||¢|| > R. The function f is continuous with
compact support. Then

fim [ () = [ (i)

k—o0

It follows that, for every R

[aierr (- L) <,

and, by the Lebesgue monotone convergence theorem, as R — oo, that

[+ ety Viutae) < .
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We will show that, if p is a polynomial, then

i [ o) = [ pOutde).

k—oo R4
Fix N such that 2N > degree p. The function f defined by

p(§)
(14 lIEl2)™

is continuous and vanish at infinity. Fix e > 0. There is a continuous function
¢ with compact support such that, for £ € R¢,

p(§)
e )| <=

There is kg such that, for k& > ko,

| [ o0+ 1) oy (ta) = [ €)1+ 1) i) < e

f&) =

By decomposing

[ @it = [ pimtae)

_ p(§) o - -
B /Rd (1+ |y§||2)N_(1+ 1€11°)™ 12 (d€) /Rdg(ﬁ)(lJr 1€07)™ 2y, (d€)

+ [ o0+ 1 ()~ [ a1+ It

[ O+ NP ude) ~ [ (4 el Vatde),

one obtains
‘ / P(E) fin,, (dE) — / p(f),u(dg)‘ < 2:Cy +e.
Rd Rd

Observe that
00n(0) = [ (=i6)"m(d9).
Rd
Therefore

[ iorntae = pim [ (i, @)

Rd

= lim 9,13,,(0) = 9b(0).
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Since the function v is analytic near 0, there is at most one probability
measure j such that

[ (igyutde) = 2.000)

Therefore the sequence p,, itself converges weakly to u. The Fourier-Laplace
transform i of p is holomorphic in a tube RY 4 iw, coincides with ¢ in a
neighborhood of 0, and 1, converges to 1) on compact sets. 0

3.6 Asymptotics of orbital integrals

For the Gelfand pair (U(n) x Herm(n,C),U(n)), the spherical functions are
Fourier transforms of orbital measures. More specifically, for a spherical func-
tion ¢ on Herm(n,C), there exists a diagonal matrix A = diag(Aq, ..., \,),
A € R, such that

p(x) = pn(Xz) =I(=iz, A)
:/ efitr(xu)\u*)an(du).
U(n)

By Theorem 3.1 the orbital integral I(—iz, A) can be expanded as follows :

o, A) = I(—iz, A ) " (N)Sm(—iz). (3.7)

S
‘ m
my>-2mn 20 (m + 5)'

(see Theorem 3.1.) We will study the asymptotics of ¢, (x, \) as n goes to
infinity..

In order to study Taylor expansions of the spherical functions which are
given by orbital integrals, we introduce an algebra morphism f — f which
maps a symmetric function f onto a continuous function f on :

A—CEQ), [~ [

Recall that p,, denotes the Newton power sum,

pm(T) = Z .
k=1
This morphism is such that

pi(w) =B,

152(“}) =7+ ZO‘27
k=1
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and, for m > 3,
o
w) = Z ag’.
k=1

Observe that the functions p,, are continuous on €. In fact, for m > 2,
Pm(w) = Ly(w) with ¢(s) = s™2.

Proposition 3.12 (i)For w € Q, the Taylor expansion of ®(w,z) is given
by:

O(w,z) =D hyl(w)(—iz)™

(il) Forw € Q and z,...,z € C,

k

H P(w, zj) = ng(w)sm(—izl, ce,—i2E),

7j=1 m
where the sum runs over all partitions m.

Proof
(i) (i) amounts to saying that

H(w,—iz) = ®(w, 2).

where 7 is seen as a parameter. Recall the generating function of the complete
symmetric functions h,,:




On the other hand,

D rogb(w2) = i~ (v+ Y pale))z i Y () (~i2)"
k=1 m=2

d -
= log H(w; —iz).

Since ®(w,0) =1 and ﬁ(w, 0) = 1, the statement follows. I

(ii) Recall the Cauchy identity (Proposition 2.5):

o k k
Zsm(xl,xQ,...)sm(yl,...,yk):HH ! = H(x,y;).

1 -y,
m i=1 j=1 iYs j

Apply the morphism f +— fto both sides of this equality with y; = —iz;.
Then the statement follows by (i). i

Define the map
Tn:Q=R"—=Q A=(A,..., ) mw=(a,03,7)

given by
Ak AL+ A,

g =—, f[f=—"-—7""  7=0
n n

Theorem 3.13 Consider a sequence (A\™) with A\ € Q, ~ R". Assume
that, for the topology of €2,

lim 7,(A™) = w.

n—oo

Then, for every f € A, homogeneous of degree m,

Proof
It is enough to prove the result for f = p,, since the Newton power sums
Pm generate A.

For m =1,

M) =AY A Riw) = 5.
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By the assumption, the limit of 1p; (A(™) is equal to 3 so that lim, .o ~py(A™) =

51 (w)

For m = 2,
PN = A2 4+ A2 Baw) =+ Y o

By assumption (7,,(A™) — w for the topology of . This means that, for
every continuous function ¢ on R,

oo

i 35 o(5) - Setton 250

In particular, taking p =1,

(n) oo
i >3 (%) = et e
k=1

or )
lim —pa(A™) = Pa(w).

For m > 3 take p(s) = s™ 2 (note that ¢(0) = 0). This completes the

proof of the statement. i

Finally, we state the main theorem of this section about the asymptotics,
as the dimension n goes to infinity, of the orbital integrals .

Qpn()\; ZE)) _ / e_itr(ML)\u*)Oén(du)
U(n)
for a fixed diagonal matrix x in Herm(oo, C), i.e., for a point (z1,xs,...) in
R,

Theorem 3.14 As in Theorem 3.13, we consider a sequence (A™), with
A e Q, ~R", and assume that, for the topology of €,

lim 7,(A) = w.
Then, for x = (z1,...,24,0,0,...) in RF C R,
k
lim ¢, (A", 2) = [[ 2(w, 2)).

n— oo
J=1

The convergence is uniform on compact sets of R¥.
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Proof
Assume first k = 1, i.e., let x = (2,0,...) with z € R. Then by (3.7), the
function ¢, (z,a) can be expanded as follows:

> —1)!
=Y oD n B (A (—i2)™.
m=0 m + n- 1

For m fixed, since

(n—1)! 1
(m+n—1)! T (n = o0),

we get

(n—1)! ~

— (A = Ay (w).
n—oo (m +mn —1)! ( ) (@)

by Theorem 3.13. Now by applying Proposition 3.11 about the convergence

of C* functions of positive type, we obtain

lim @,(A\™;z) = Zﬁm(w)(—zz)

n—00
m=0

Finally, by Theorem 3.13,
> (W) (—iz)™ = B(w, 2).
m=0

Next assume k > 2. Let x = (21,...,2k,0,...). Then

J!
(n). ) — o (n) i i
©n (A" ) —m1>m§>m T +5)!3m(A )Sm(—121, ..., —i2k,0,...).

For m fixed,
0! 1
(m+4§)!  nlm
with |m| = m; +mg + -+ - . Hence, by Theorem 3.13,

(n — 00),

o! -
fin G gy om ) = )
Similarly, by Theorem 77
lim @,(A\™;z) = Z Sm(W)Sm(—iz1, ..., =iz, 0,...).

n—o00 -
m:partitions

o1



And finally, by Theorem 3.13,

Z Sm(W)Sm(—iz1, ..., —i2,0,...) = H@(w, 2;).

m:partitions 7=1

The converse of Theorem 3.13 has been proven by Olshanski and Vershik
[1996]: if, for every f € A, the sequence

1
— f(A™), (m is the degree of f,
nm

has a limit, then the sequence T},(A™) converges in Q.

3.7 Hermitians matrices with entries in [F =

R, C, or H

More generally let Herm(n,F) denote the space of n x n Hermitian ma-
trices with entries in F = R, C, or H, the quaternion field. For F = R,
Herm(n,R) = Sym(n,R), the space of real symmetric matrices. Let also
U(n,F) denote the group of unitary matrices with entries in F:

Un,R)=0(n), Un,C)=U(n), U(n,F) ~ Sp(n).
We consider in this section the following sequences of Gelfand pairs
G(n) =U(n,F) x Herm(n,F), K(n) ~U(n,F),

and the corresponding Olshanski spherical pairs
U U(oo,F) x Herm(oo,F),
K = U K(n (00, ).

We will review some results from [Bouali,2007].
The multiplicative property (Theorem 3.5) still holds. Let d = dimgF =
1,2, or 4.
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Theorem 5.1 The spherical functions of positive type are given by, if x =
diag(z1,...,2,,0,...), by

with

O(2) = e~iPze=377

with B € R, v >0, a = (), o € R,

o0

2
g ag, < 00.
k=1

The spherical dual is hence the same space €2 as in Section 3.
The spherical functions for the Gelfand pair (U (n, F)x Herm(n,F), U(n,F))
are Fourier transforms of orbital measures:

gp()\j a’,’) — / e—itr(xuyu*)an(du)’
U(n,F)

where X is a real diagonal matrix: A = diag(\i,...,\,). The spherical
dual is 2, ~ R" as in the case FF = C. One can consider the same maps
T, : Q, — € as in Section 3. By using expansions of the orbital integrals in
terms of spherical polynomials, one proves:

Theorem 3.15 Let (\™) be a sequence of diagonal matrices, with \™ €
Q, ~R", and let w € Q. Assume that, for the topology of €,

lim 7,(A\™) = w.

n—oo

then, for x € Herm(oco,F),

lim ¢,(A\™; ) = det (w; z),

n—oo

uniformly on Herm(k,TF).
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Chapter 4

Infinite dimensional unitary
group

We consider the Olshanski spherical pair (U(oo) x U(o0),U(0)), where

U(oo) = [ JU(n).

The story developps similarly to the one in the previous chapter about infinite
dimensional Hermitian matrices.

4.1 Gelfand pair associated with a compact
group

Consider a compact group U. Let G = U xU and K = {(u,u) € G |u € U}.
If a function f on G is right K-invariant, then

f(uug, vug) = f(u,v), ug, u, v € U.

In particular, taking uy = v~!, we obtain f(uv™! e) = f(u,v). Therefore we
obtain the identification

C(G/K) ~CU); [ F;F(u) = f(u,e), (4.1)

where C(G/K) is the space of right K-invariant continuous functions on G
and C(U) is the space of continuous functions on U. Furthermore, if f is left
K-invariant, then

f(UOU, UOU) = f(u,v), Ug, U,V € Ua

o4



so that, under the identification (4.1),
F(uouugy') = F(u), up,u € U,
i.e. the function F'is central. Therefore we obtain the following identification
C(K\G/K) ~ C(U)central; f < F; F(u) = f(u,e), (4.2)

where C(K\G/K) is the space of K-biinvariant continuous functions on G
and C(U )central i the space of central continuous functions on U. In the same
way LY (K\G/K) ~ L'(U)centra1 as convolution algebras. Hence L'(K\G/K)
is a commutative convolution algebra and so (G, K) is a Gelfand pair.

Let ¢ be a spherical function on G. Then the function ¢ satisfies the
equation

/ o(xuyr, vouys)du = ©(x1, x2)(y1, y2), Z1,%2,Y1,Y2 € U,
U

where du denote the normalized Haar measure on U. Taking x1 = z, y; = v,
and zo = Yo = €, we get

/ olauy, u)du = oz, )plyc),  wyeU.
U

For ¢(z) = ¢(x,e), we obtain the following functional equation

/U Flauyu)du = F@)F(y), sy el (4.3)

Conversely, if a function @ € L'(U)central satisfies the equation (4.3), then
the function ¢ defined by p(u,v) = @(uv~!) is a spherical function for the
Gelfand pair (G, K). Hence we make the following definition:

A continuous central function ¢ in U is said to be spherical if it satisfies
the functional equation

/Usp(my“_l)d“ = o(z)e(y), r,y € U.

Let U be the set of equivalence classes of irreducible representations of
U. For each A € U, denote by 7, a representation of U in the class A on a
vector space H,. Denote its character by y:

xa(z) = tr(m(x)), z € U.

Then dy = xa(e) is the dimension of H,.
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Proposition 4.1 The characters satisfies the following functional equation:

1

/ Xa(zuyu™")du = d_XA(ZU)XA(?J)a v,y €U (4.4)
U A

Proof

Let M, denote the subspace of C(U) generated by the matrix coefficients
of the representation m,. Observe that the character y, is a central func-
tion which belongs to M. As representations spaces for U x U, the space
M, is isomorphic to the space L£(H,) of endomorphisms of H,. By Schur’s
Lemma, It follows that the only central functions in M, are the functions
proportionnal to x,. For x fixed, consider the function v defined on U by

U(y) = / X (zuyu™")du.
U
The function v is central and belongs to M. It follows that

Y(y) = Cxaly)

Evaluating both sides at e we obtain

Cdy = xa(w).
Therefore ]
[ ot = @)
0
Hence

oy xa(w)
p(Asu) o)
is a spherical function. One shows that all spherical functions are obtained in
that way. Therefore the spherical dual of the Gelfand pair (G, K) is identified
with U.
In this case the Bochner-Godement theorem (Theorem 1.2) says: the
central continuous functions ¢ of positive type on U are given by

p(u) = arp(X;u),
el

with
ay > 0, Za,\ < Q.
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4.2 Unitary groups

We consider the case where U is the unitary group U(n). Let
T=U(1)={teC| |t =1}

We identify T™ with the subgroup of U(n) which consists of diagonal matrices
t = diag(ty,...,t,). For a diagonal matrix ¢t = diag(y,...,t,), denote by
V(t) the Vandermonde polynomial V'(t) = [],<; <, (t; — ).

First we recall Weyl’s integral formula. For any central and integrable
function f on U(n),

v ()ovn (d) :% Trnf(lt)IV(lt)IQﬁ(dt), (4.5)

where «, is the normalized Haar measure on U(n), and [ is the normalized
Haar measure on T", i.e.,

~dh;

B(dt) = 2—; t;=¢"% 0<6; <2

J=1

Second we recall Weyl’s character formula and dimension formula. The
set U = U(n) is parameterized by signatures

)\:()\17"'7)\71)6Zn7 AL = 2> A
The corresponding character y, agrees with the Schur function on T™:

det(t" ) 1<ijen

xa(diag(ty, ... t,)) = sa(t) = 70

The dimension of the representation associated to A is given by
V(A+0)
V(s) -

where 0 = (n —1,...,1,0). We proved this equality in Proposition 2.2.

d,\ZSA(l,...,l):

The spherical dual Q, of the Gelfand pair (U(n)x U (n), U(n)) is identified
to the set of signatures A = (Ay,...,\,). We will denote by ¢, (\;u) the
corresponding spherical function:

@n(/\; u) =
Its restriction to T" is given by

t1,...,¢
(N diag(ts, ... 1)) = 2o tn)

57



4.3 Voiculescu functions

We consider now the increasing sequence of Gelfand pairs
Gn)=U(n) xU(n), Kn)={(uu)|uelU(n)}=Un),

and the inductive limit, the Olshanski spherical pair (G, K):

G=|]JGn) =U(s0) x U(cx),

K= J{(t,u) | u € U(c0)} ~ U(c0). (4.6)

n=1

A spherical function ¢ for the pair (G, K) can be seen as a continuous central
function ¢ on U(oo) such that, for z,y € U(o0),

lim o(ruyu”)on, (du) = (x)e(y),

where «,, is the normalized Haar mesure on U(n). As in the case of the
Olshanski spherical pair we considered in Chapter 3, a spherical function ¢
is multiplicative in the following sense:

Theorem 4.2 Let ¢ be a central bounded continuous function on U(oo).
The function ¢ is spherical if and only if there exists a continuous function
O on T with ®(1) =1 such that

o(u) = det O(u).
This means that
p(diag(ty, ... 1)) = P(t1) ... P(t,).

The proof is similar to the one of Theorem 3.5. We will now describe
the functions ® occuring in Theorem 4.2 when the spherical function ¢ is of
positive type. Let us first state an important result by Voiculescu (1976).
Let @ be the following power expansion

O(t) =Y cmt™,
m=0
with

o
Cm 2> 0, Zcm =1.
m=0
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The series converges for |z| < 1, and ® is a continuous function of positive
typeon U(1) ={t € C||t| =1} and (1) = 1.

We propose to say that the function ® is a Voiculescu function if the
function ¢ defined on U(o0) by ¢(u) = det ®(u) is of positive type. Observe
that, for u = diag(ty,...,t,, 1,1,...),

o(u) = dO(ty) ... o(t,).

Theorem 4.3 The Voiculescu functions are the following ones:

0() = T EE

with

([Voiculescu,1976], Proposition 1.)

Let us prove the easy part of the theorem: the function ® given by this
formula is a Voiculescu function.
- Consider the function

with 0 < a < 1. Then

n

HF(tj)_Hl—at th

j=1 j=1 =0

and, for u € U(n),
det F'(u) = det(I — au)™ Z a™ X (m) (u

Therefore, f(u) = det F'(u) is of positive type. For aw > 0 the function

1

) = a =y

39



is a Voiculescu function. In fact

1 1
O(t) = , and 0 < <L
a+11l—q5t a+1
- Put now
F(t) =140t
Then, for t = (t1,...,t,) € T,
[T 7@ =TI +0t) =) e,
j=1 j=1 k=0

and, for v € U(n),
f(u) = det Fu) = det(I + bu) = b¥x(1x(u)
k=0

is of positive type for b > 0. For 0 < g < 1, the function

d)(t):1+ﬁ(t—1):(1—6)<1+%t>

is a Voiculescu function.

- The product of two functions of positive type is of positive type, and a
limit of functions of positive type is of positive type as well. For v > 0, put

Ft)=¢e" = ]}LIEO<1 + %t)k

Then, for u € U(n),

k
det F(u) = '™ = klim det <[ + %u)
is of positive type. Therefore, for v > 0, the function
O(z) = ert-1)

is a Voiculescu function.
It can be shown that

|m]
ST DR o)

my12>--2mn >0
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with the notation .

(@)m = [Jl@ =i+ D,

i=1

Finally, by these three examples, the function ¢ given by the formula in
Theorem 4.3 is a Voiculescu function.

Let €y denote the set of parameters w = (a, 3,7) with a = (o), oy, > 0,
B=(5),0<p <1,7v2>0,and

[o¢] o0
Zak < 00, Zﬁk < 00.
k=1 k=1

We will write

B(1) = D(wi) = 1>H—”6’“

1—Oék

For a continuous function f on R we define the function L; on € by

Ly(w) =~f(0) + Zakf(ak) + Zﬁkf(—oék)7

and we consider on the set €y the initial topology associated to the functions
Ly, for f € C(R). For ¢ fixed, the function w +— ®(w, ) is continuous on 2.
This can be seen by looking at the logarithmic derivative:

o5 ®(w; 1+ 2) = pr(a) + 2 (8) 7+ D (pmea(0) + (<1 "pnia(9)) "

m=1

where p,,(a) is the Newton power sum:

o0
a) = Z ap.
k=1

Theorem 4.4 The spherical functions of positive type for the Olshanski
spherical pair

G=U(0) xU(x), K =U(x)
are giwen by, for u € U(c0),

o(u) = det (w™; u) det ®(w™,u™),
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where wt,w™ € Q.
This can be written more explicitely, for v = diag(ty,...,t,,1,1,...),
t; € T,

o (diag(ty, ... 1y, 1,1,...))
= 0wt ty)... Pw'; tn)@(w*; l) o q)(w*;

t
IR R (RO s BRSNS GIRAYA n SEERICIE &
H(e H1—a;(tj—1)><ge 1_‘[1_@;(%_1)

with wt = (o™, 87,79%), w™ = (o, 57,77).

([Vershik-Kerov, 1981], [Boyer, 1983])

We will write

p(u) = p(w™, w5 u).

Hence the spherical dual of the Olshanski spherical pair (U(coxU(o0), U(00))
can be identified to 2 = )y x .

4.4 Asymptotics of spherical functions of the
unitary group

Recall that, for a signature A = (A\y,...,\,), N € Z, A\ > -+ >\,

Pn(Aju) = . ueln),

where y, is the character of an irreducible representation of U(n) in the class
associated to A. Recall also that

Sk(tl,...,tn)

Sp/\(dlag(tlw'"tn)) - 3)\<1,---71) .

We will consider the asymptotics of ¢, (A; u) as n goes to infinity. This will
be parallel to the section 3.5 about the asymptotics of orbital integrals. In a
first step we will consider the case where A is a partition: A = (Aq,..., \,),
Ay 22 A 2 0.

In order to study the Taylor expansion of the spherical functions, Okunkov
and Olshanski introduced an algebra morphism A — C(£29) which maps a
symmetric function to a continuous function f on €. Since the algebra
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A is generated by the power Newton sums p,,, this morphism is uniquely
determined by their images p,,. One puts, for w = (o, 3,7) € Qy,

Prw) =D o+ B+,
k=1 k=1

Bun(@) =D oft + (=171 B (m > 2).
k=1 k=1

The functions p,, are continuous. In fact
Pm(w) = Lg(w),
with f(s) = s™! (m > 1).

Proposition 4.5 (i) For z € C, |z| <r = (1/sup ay),

Blwil+2) =Y hp(w)e™
m=0
(ii) For z = (2’1,---,2n) € Cna |ZJ| <r,

n

[[ew1+z)=" > smw)sm(2).

j=1 M1 >mn >0

Proof
Recall the generating function for the complete symmetric functions h,,,:
for v = (z1,...,2,),

Statement (i) can be written
D(w; 14 2) = Hw; 2),
where z is considdered as a parameter. Since

O(w;1) =1, H(z,0) =1,

it amounts to showing

d d ~
Elogcb(w, 1+2)= ElogH(w,z),
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and this holds. In fact
1 H Z E m
— 10 Qj 5
> g p +1
therefore
0} (.L) Z m w; zZ).
I~ g p +1 l g

Statement (ii) follows from (i) by applying with respect to x the morphism
f +— f to both sides of the Cauchy identity:

n n

HH T; 2;) H _xlzj Z Sm(T)Sm(2).

j=1 mi > >my >0

Let us also observe that, by applying to both sides of the Jacobi-Trudi identy
(Proposition 2.7):

sm(z) = det (hmi—i+j<x))1§i,j§n’
one gets -
S(my(w) = det (hmhiﬂ' (w>)1§i,j§n'

Hence, by Voiculescu’ formula (Proposition 2.6), one obtains (ii).

Let A = (A1, Ag, .. .) be a partition: the A\; arein N, and A1 > Ay > ... > 0.
The number J; is the number of boxes in the i-th row of the Young diagram
of A\. The conjugate partition N = (N}, N, ...) is associated to the transpose
diagram. For instance, if A = (6,4,4,2,1), then X = (5,4,3,3,1,1). The
Frobenius parameters a = (ay,as,...) and b = (b1, by, ...) of the partition A
are defined by

a; = /\z — 1 if )‘z >1, a; =0 otherwise,
by =N, —j+1if X} > j—1, b; = 0 otherwise.

For instance, if A = (6,4,4,2, 1), then
a=(521,0,...), b=(53,1,0,...).
Observe that

SAN=)ai+> b
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Let €2 denote the set of partitions of length < n. Recall that the length
of a partition A = (Aq, Ag,...) is the largest @ with \; > 0. One defines the

map
T, :QF — Qq

as follows. If A = (A1,..., \,) € Q! is a partition of lenth < n, with Frobenius
parameters a = (a,as,...), b = (by,ba,...), then w = T,(\) is the triple
w = (a, B,7) with
a b
Oék:_ka ﬁk:_ka 7:0
n n

Observe that 0 < g < 1, since by < n.
Recall that A* denote the algebra of shifted symmetric functions.

Theorem 4.6 Consider a sequence \™ of partitions with \™ € Q. and
let w € Qqy. Assume that, for the topology of €,

lim 7,(A™) = w.

Then, for every shifted symmetric function f* € A*,
1 .
lim ——f*(A") = f(w),
n—oo M
where m is the degree of f*, and f € A is the homogeneous part of degree m
of f*.

Proof
We will prove the statement in the special case f* = ¢,

GuN) = (s =i+ 1 = [+ 1)

Recall that these functions appeared at the end of Section 2.4. The function
q;, is of degree m, and the homogeneous part of degree m is equal to the
Newton power sum p,, (). We will show:

lim gt (A®) = Fin(w). (47)

n—oo NM
Since the functions ¢, (\) generate A*, the statement of the theorem will be

proven.

Lemma 4.7

G =m 3 [~ il

(3,7)EN

Here (i,7) runs over all squares (i,7) in the Young diagram of \.
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Proof
By the relation [u + 1], — [u]m = m|[u]m—1, one obtains

m Z J = me 1—mZZ]—Z

(4,5)EN i>1 j=1
=ZZ<U — i+ U = [ — ilm)
i>1 j=1
= (A =i+ U — [ + L)
i>1
0
Lemma 4.8 Let a = (a;) and b = (b;) be the Frobenius parameters of \.
Then
@A) = Z[ai + 1m — Z[l = bjlm-
i>1 j>1
Proof

We first observe that

:Z)‘izzai+zbj-

11 i>1 7j>1

Let m > 2. One decomposes ¢, () as

mz ]—zml—l—mz J = ilm

(4,5)€EX (4,7)EX
j>t i>7
We see that
S =t =Y s = m XS i
(3,9)EN i>1 j=i+1 i>1 j=1
7>t
= Z Z([j + 1]m - []]m) = Z([al + 1]m - [1]m)
i>1 j=1 i>1
= Z[ai + 1, since [1],, = 0 for m > 2,
i>1
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and

bi—1
m ) = ilm- 1—mZZJ—Zm 1=m) )y [
(4,5)EN j>1 i=j 7>1 =0
i>]
b—1
=3 > (=il = =) = =D ([ = byl = [m) = = D _[1 = byl
j>1 i=0 j>1 Jj=1
I
We complete now the proof of Theorem 4.6.
Proof
Let a™ = (a{™) and b™ = (b(n)) be the Frobenius parameters of the

partition A, and w = (o, 3,7) € Qo with a = (ax), 8 = (Bx). Consider the
measures o, and o on R given, for a continuous function ¢ on R, by

NORNG e e
" d — 7 7 ) — |,

/R p(s)o(ds) =D arplon) + Y Bp(=B) +7(0).

By assumption, for a continuous function ¢ on R,

lim [ @(s)o,(ds) :/Rgp(s)a(ds). (4.8)

n—oo R

Observe that the measures 0, and o are positive, and

/ ou(ds) = gi(AM), / o(ds) = Fu(w).
R R
There exists A > 0 such that

supp(o,) C [—A, 4], supp(o) C [—-A, A].

By taking

on(s) = %[ns + 1], = nn}_l (ns+1)(ns —1)(ns —2) -+ (ns —m + 2),

we obtain .

() = / ou(5)0m(ds)
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Note that
lim @, (s) = ¢(s) i= 5™, (4.9)

n—oo

and the convergence is uniform on compact sets.
We can write

1
— g\ —p
() = ()

— /R On(8)on(ds) — /R o(s)o,(ds) + /R p(s)on(ds) — / p(s)o(ds).

R

Let € > 0. There is a positive integer n, such that, if n > nq,

<e on [—A, Al

[ eianias) ~ [ o(s)atas)

R

and a positive integer no such that, if n > ng,
[on(s) —p(s)] <e  on[-A AL

Furthermore, there exists a constant ¢ > 0 such that [ o,(ds) < ¢. There-
fore, for n > max{nj,ny},

1 * n =~
— i, (A™) = P (w)
n

[ oentas) ~ [ w(s)otas)

R

SAWAQ—MM%M@+
<(c+1)e

Hence we have proven (4.8). 1

The converse of Theorem ?? has been proven by Okunkov and Olshanski
[OKAL-1998¢] (Kerov and Vershik [VEKE-1982]): if, for every f* € A*, the

sequence
1
TN (D)
— 17 A0),

has a limit, where m is the degree of f*, then the sequence T},(A™) converges
in ).

Theorem 4.9 As in Theorem 4.6, consider a sequence (A\™) of partitions,
with A € QF and w € Q. Assume that, for the topology of o,

n’

lim 7,,(A™) = w.

n—oo
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Then, for u € U(co),

lim @, A™;u) = det ®(w, u),

uniformly on each U(k). More explicitely,

lim g0n<)\(”); diag(ty, ..., tk, 1,..., 1)) = H@(w,tj).

n—oo

Proof
By Theorem 2.8,

S)\(n)<1+217...,1+Zk-717...,1)
S)\(n)(l,...,l)

_ Z LS* ()\(n))sm(zh,,,,zk,l,...,1).

mi>e>my >0

gpn()\(");diag(1+z1,...,1 + 2, 1,...,1) =

For m fixed,

with |m| = m; + - --m,. Hence, by Theorem 4.6,

. 0! . () _

On the other hand, by Proposition 4.5,
k
Y Em(W)sm(z) =[] 2wil + 2).
my 2> 2>mp >0 Jj=1

Proposition 3.11 applies for a sequence of functions of positive type on T*.
It follows that

k
lim gpn()\(”); diag(1+ 21,..., 14+ 2, 1, ..., 1)) = H O (w; 1+ z5),
j=1
and, for u € U(o0),
lim o, (A™:u) = det ®(w; u),
uniformly on U (k). ]
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We consider now the case of a general signature. To a signature A one
associates two partitions AT and \7: if

A> 20,202 M0 > > A,
then
>\+:()\1,...,)\p), )\_:(—)\n,...,—)\p+1).

We define the map T, : €2, — 2 = Qg x (g, in extending the map previously
defined, by putting
T.(\) = (Tn()\+),Tn()\_)).

One extends also the map f — f as an algebra morphism A — C (Q).
This map is such that

H(x;z) = Z b (2)2™ = H !

1—x;2

m=0 j=1

maps to
1

"1+ z)'
In other words the images Ay, (w', w™) of the complete symmetric functions
hm(x) are the coefficients of the following power series:

! — o
@(uﬁ,l—i—z)@(w ;1—|-Z) :mzzohm(uﬂr’w )2™.

P(wh; 1+ 2)P(w

It follows that

n 1 ~ ~
H@(uﬁ; 1+ 2)®(w™; T Z) = Z Sm(Wh w ) sm(z1, -0y 20).

7j=1 mi1>...2mn>0

We extend now Theorem 1.6:

Theorem 4.10 Consider a sequence A\ of signatures, with A\ € Q,,, and
let w= (wh,w™) € Q. Assume that

lim T,(A\") = w = (w",w").

Then, for every shifted symmetric function f* e A*,
1 -
lim — f*(A™) = f(w),
n—oo NM
where m is the degree of f*, and f € A is the homogeneous part of degree m

n f*.
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By theorem 2.10, the generating function H*(\,u) for the shifted com-
plete symmetric functions factorizes as

p . n .
U+ U+
1 i=p+1

and this can be written:

Lemma 4.11
H*(\u) = H M\ u)H (A —u—n—1).

Proof of Theorem 4.10
By Theorem 4.7,

And by Lemma 4.10 and Theorem 2.10,

mio hfn(A(”))ﬁ = (];io h;(M")*)@) (;io h;(W)—)m)'

This formula needs some comment. In fact the series of the left hanside
and the first series of the right handside converge for — Reu large, while the
second series of the right handside converges for Reu large. But each series
can be seen as a formal series in %, and the equality has to be understood as
equality of formal series in %, that is in the algebra (C[[%]] In general, to a
modified factorial expansion

F(u) = Z amﬁ,

1

w”

one can associate a formal seires in
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In fact

mz:ow :W;)am<§nck,m k) - kz:;CkUk7

with

k
Cr = E Clke,mQm-
m=0

We will consider on the algebra C[[1]] the topology of the coefficient
convergence-wise topology.

We continue the proof of Theorem 4.10 and put u = nv. Then

[u]m:nmv<v—%)... (v— m; 1).

Put also v" = —v — 1, then

[—u—n—l]q:[m/—l]q:nq(v'—l)...

We obtain

m=0 U7 v
= 1 1
- (Z —hi(A™T) >
= v(v — l) (v p;l)
=1 1
(X ) )
=0 (v’—%)...(v’—%)
It follows that ]
U = lim — A% (M) exists,



and

> 1 > - 1\ /o=~ 1
_ +
> am = () 5 ) (Al ) )
m=0 p=0 q=0
One puts
1,1
Z:—,Z:—/,
v v
then
1 =147
142
We obtains
(o) OO~ OO~ 1
w2 = (D hplw)2) (3 hylw)2) = @t 1+ 2)0(w,
PO (Z o)) ()2 = B 1 00 )

Hence, finally a, = hy, (w), and we have proven

1 -
lim —h* (A™) = A, (wh, w?).

n—oo NM

We can now extend Theorem 4.9.

Theorem 4.12 Consider a sequence (A\™) of signatures, with X € Q,,,
and let w = (wh,w™) € Q. Assume that

lim T,(A\") = w = (w,w").

n—oo

Then, for u € U(co),

lim @, A™;u) = det ®(w*, u) det P(w™;u™?),

n—oo

uniformy on each U(k).

Proof The proof is the same as the one of Theorem 4.9. On one hand
0!

gon(/\(n),dlag(Hzl,,1+zk,1,,1)) = Z ms;(/\("))sm(zl,...

my2>--2>2mp>0
and, by Theorem 4.10,
0!

. * (n) =~ + —




On the other hand we saw that

k
~ 1
Z Smwt w )sm(z1,. .., 2) = H Dwh; 14 2)P(w; rzj)
M >mn >0 j=1
By Proposition 3.11, it follows that, uniformly on T*,
i 1
lim gon()\(”); diag(ty, ..., tk, 1, ..., 1))) = H P(wt; tj)CI)(w_, t_)

Hence, uniformly on U(k),

lim @, A™;u) = det ®(w*;u) det P(w™;u™?).

n—oo
0

Theorems 4.10 and 4.12 are consistent with the following property of the
spherical functions of the unitary group U(n):

90110‘5 uil) = Qpn<x3 u),

where, if A = (A1,...,A,), then A = (=A,, ..., —X;). In fact X is the highest
weight of the contragredient representation of the representation with highest
weight .
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Chapter 5

Inductive limits of compact
symmetric spaces

In this last chapter we will present without proof the main results by Okunkov
and Olshanski about the spherical functions of inductive limits of compact
Riemannian symmetric spaces.

5.1 Inductive limits of compact Riemannian
symmetric spaces of type A

We consider one of the following sequences of compact Riemannian pairs :

n is the rank, d is the multiplicity, the system of restricted roots is of type
A,_1, A(n) = expa(n) ~ T" is a Cartan subgroup.

(2, is the spherical unitary dual for the pair (G(n), K(n)), parametrized
by signatures A\; < A,.

Q= Qg x Q

Define




Theorem 5.1 The spherical functions for the pair (G,K) are given,
fora=(z1,...,2,,1,...) € A, by

n

One defines the map 7;, as in the case of the unitary group (d = 2).
The spherical functions for the pair (G(n), K(n)) are given by Jack poly-
nomials: for A = (A,..., ;) € Qp, a = (21,...,2,) € A(n),

. _P)\(zly"'vzn;e) _d
SO(A7217~.-7Z7’7,)_ P)\(1,7170) ( _2)

Theorem 5.2 Let AW = Aﬁ”), .. .,)\%n)) be a sequence of signatures, with
A e, If
lim T(A\") = w = (wF,w"),

n—oo

then
lim ap()\(n); 21y Zhy Ly ) = Hq)(uﬁ’ 20w ).

The proof uses a binomial formula for Jack polynomials.

5.2 Inductive limits of compact Riemannian
symmetric spaces of type BC

n is the rank, the system of rerestricted roots is of type BC,

roots : £¢g; ¢, =g, x2g;,

multiplicities : d, p, q.

Let us assume that the multiplicities don’t depend on n.

The spherical unitary dual 2, is parametrized by positive signatures (or
partitions): A = (Aq,..., \,),with

AL> ... 0 >0, \eEN,

The spherical functions are given by multivariate Jacobi polynomials:

j)x(zl, ce 7zn;97(l, b)
SD( 21, ’Z) \7)\(17"'71;07a7b)
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The spherical unitary dual is £ = €.
As in Section 5.1, one defines

oo

(ID(wz—eVZlH L+ Or(z = 1)
=(1_$M@—1Q

[NIISW

Theorem 5.3 The spherical functions for the pair (G,K) are given,
fora=(z1,...,2n,1,...) € A, by
& 1
olw;a) = H@(w;zj)cb(w; —).

i=1 %
Observe that the formula does not depend on p and gq.

One defines the map 7T, as in the case of the unitary group for positive
signatures.

Theorem 5.4 Let \W = Aﬁ”% .. .,)\%")) be a sequence of signatures, with
A e, If
lim T(A™) = w,

then
b 1
lim oA™Y 2,00, 2, 1,..) = H D (w, 2;)P(w; —).

n— o0 z
j=1 J

Observe that the limit does not depend on p and q.
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