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In Random Matrix Theory, one considers a probability measure on the
space of n x n real symmetric matrices, or Hermition matrices. One studies
the eigenvalues which are random variables, and their distribution. The main
problems are about the asymptotics of the distribution of the eigenvalues as
n — oo.

We will consider the following questions

- Density of the statistical distribution of the eigenvalues

- Limit of the statistical distribution of the eigenvalues

- Probability, for a matrix, to be positive definite

- Conditional statistical distribution of the eigenvalues under the condi-
tion that the matrix is positive definite

- The Sylvester index of a random matrix

We will present two analytic method:
Orthogonal polynomaials

The method gives explicit results, but is only valid for Hermitian matrices.
Logarithmic Potential Theory, or Log-Gas method

It is called Log-Gas method, because of the analogy with Thermodynam-
ics, and is related to the Electrostatistic Model of Stieltjes.
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1 The probability space (H,,P,)

For F =R, C, or H, H, = Herm(n,FF) denotes the space of n x n Hermitian
matrices with entries in F. On Herm(n,F) we consider a probability measure
of the form .
P(dz) = —e 9@ m(dx),

Cn
@ is real valued function defined on R, and, for a matrix z, Q(z) is defined
via the functional calculus. m is the Euclidean measure on H,, associated to
the inner product (z | y) = tr(zy), and C,, is a normalization constant:

Cn:/ e~ Q@ m(dr).
Hy

Main example: Gaussian probability

Q(t) = yt* (v > 0). Then

" N
C, = e (= )m(dx) = ( E)
Hy,
where
N =dimg H, =n + gn(n —1), [=dimgF=1,24.

This probability is invariant under the group U, = U(n,F) of n x n
unitary matrices with entries in IF, acting on H,, by the transformations

z—uzu® (ue Un,F).

- U(n,R) = O(n), the orthogonal group,

- U(n,C) = U(n), the unitary group,

- U(n,H) ~ Sp(n), the compact symplectic group.

For Q(t) = t?, and F = R, the probability space (H,,P,) is called the

Gaussian Orthogonal Ensemble: GOE. For F = C, the Gaussian Unitary
Ensemble: GUE, and for F = H, the Gaussian Symplectic Ensemble, GSE.



Empirical eigenvalue distribution

The empirical eigenvalue distribution of a matrix x € H,, is the random
measure M\" on R defined by

1 n
ME) = - DIENES
=1

where A .. A% are the eigenvalues of z. Observe that, for B C R,
(@) Lo -
M ¥ (B) = —#{eigenvalues of x in B}.
n

For a function ¢ on R,

Statistical distribution of the eigenvalues

The statistical distribution of the eigenvalues is the expectation of the
empirical distribution of the eigenvalues, it is the measure M,, on R defined
by, for a Borel set B C R,

For a bounded measurable function ¢,

[oonian = Ba( [ ptondian)
- l/ tr ()P, (dz).

n

n

One of the main problems in Random Matrix Theory is to determine the
asymptotic of the statistical distribution of the eigenvalues M,, as n — oc.



Empirical distribution of the eigenvalues, GUE, n=2000

dimension = 2000, mean = 0, variance = 1/2000
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Statistical distribution of the eigenvalues, GUE, n=30

Statistic density n = 30
0.5 T T T

045 4

04r- B

0.35 7

0.3 q

0.2 4

0.1r- 4

0.05 q




Weyl integration formula

We recall the notation:

H, = Herm(n,F),F=R,C, or H, U, = U(n,F).

By the classical spectral theorem, every matrix x € H,, can be diagonal-
ized in an orthogonal basis, and the eigenvalues are real. This can be said as
follows: the map

U, x D, — H,, (u,t)— utu®,

is surjective, where D,, denotes the space of real diagonal matrices.

Theorem 1.1. If f is an integrable function on H,, then

(2)m(dz) = ¢ / [t (@ Vi)t .. e,

H’!L

where t = diag(ty, ..., t,),

V() = [t — 1)

i<k

s the Vandermonde polynomial, o, is the normalized Haar measure of the
compact group U,, ¢, is a positive constant, § = dimglF = 1,2, or 4.

If the function f is U,-invariant:
fluzu™) = f(z)  (ueUy),
then f only depends on the eigenvalues \q, ..., \, of x:
@) =F(A, ... ),
where the function F' is defined on R", and symmetric:
F(Ao), -5 Aem) = F(A1, ..., An),

for o € G,,, the symmetric group. In that case the Weyl integration formula
simplifies:

/ f(x)m(dz) = ¢, / F, . )| VaN) PNy . d,.



Let us come back to the probability measure on H,, of the form

P, (dz) = Cie_tr (Q(I))m(d:c).

n

If the function f on H, is U,-invariant, then

@) = / P(Ng VA A,

with .
gn(N) = Z_ef (Q(A1)+---+Q(/\n)) |Vn(/\|67

and
an/ e~ (@00 |17 (318,

Z, is sometimes called the partition function, in analogy to the partition
function which is defined in Thermodynamics.

For Q(t) = 3t*, Z, is the Mehta integral:

Zn = / e*%IIxIF‘Vn(:L’)]ﬁdxl . dz, = (27)2 H N

In general there is no explicit evaluation of the integral Z,,. However we will
see that it is possible to determine asymptotics for Z, by using logarithmic
potential theory.

2 Point process (or Point field)

Consider n particules in a space X. An n-point configuration is a possible
position (z1,...,x,) of the particules. The set Conf,(X) of the n-point
configurations can be identified with X"/&,,. An n-point process (or n-
point field) is the probability space (Conf, (X), P, ), where P, is a probability
measure on Conf, (X). This probability measure can be seen as a probability
measure on X" which is symmetric, i.e. invariant under permutations.



Correlation functions

The correlation measure p,,, (1 < m < n) is the symmetric measure on
X™ defined by, if ¢ is a function on X™,

(om©) =ED_ (w1, .., 2m)),

where the summation is taken over all ordered m-tuples of particules chosen
from the point configuration.

If a reference measure p is given on X, the density R,, of p,,, if it exists,
is called the correlation function:

(p, @) = /m O(x1, .oy ) R (21, o ) pu(dzy) - o i (dyy).

Assume that
P.(dz) = pa(z1, ..., xn)p(dxy) . .. p(day,),

where p, is a symmetric function on X”. Then

Rm<l’1, e ,$m>
n!

—m/ . Pty ooy Ty Ty« oy T p(dTppi) - - pu(dy,).

In particular, for m = n,

Ru(x1,...,2,) = nlpp(xy, ... 2p),

and, for n =1,

Rafon) = [ palonaa )l plde).
Xn—l

Determinantal point process

Recall the Fredholm notation. If K(z,y) is a kernel on X, then, for
Tlyee s Ty Yty e v oy Ym € X,

rT ... Ty
K (y1 ym) = dety<i j<m (K (24, ;).



The point process (Conf,(X),P,) is said to be determinantal if there is
a kernel K, (x,y) such that, for 1 <m < n,

Rm(x17. .. 71'm) — Kn (Il . xm) .

ry ... I

The n-point process of the eigenvalues

Recall the probability space (H,,P,), with

P, (dz) = Cie_trQ(m)m(dx).

n

By the Weyl integration formula, and considering the n eigenvalues as par-
ticules on the line we get an n-point process with X = R, and the probability

]P)n(d>\1, ce 7)\n) B qn<>\1, ce ,)\n)d)\l Ce d)\n,

with

1
B, Aa) = e (QO0H00) 1y (e

We will see in next section that, for 3 = 2 (F = C), and if the function e~?®
admits moments of all order: for all m > 0,

/ tme Wt < oo,
R

the n-point process of the eigenvalues is determinantal. Therefore, in that
case, it will be possible to evaluate the density w,(t) of the statistical eigen-
value distribution M, (dt), because of the following proposition.

Proposition 2.1. The statistical distribution M, of the eigenvalues has a

density wy,,
1
wy(t) = ﬁRl(t)'
Proof.
Let ¢ be a bounded measurable function on R. then
1 1
flz) = E“(SD@)) = E(SO(M) ot (),



where A, ..., \, are the eigenvalues of x. Apply the Weyl integration formula
to the U(n, F)-invariant function f:

[ = [ TP
_ _Z/n NI
— /ngp(/\l)qn()\)d/\l...d)\n:/Rw(t)wn(t)dt,

with .
wo(t) = / Gt Nay - ) = — Ry (1)
Rn—l

n

3 Orthogonal polynomials

Let p be a positive measure on R. We assume that the support of u is infinite,

and, for all m > 0,
/\t!m,u(dt) < 00.

Consider a probability measure on R™ of the form
= H p(das) ... p(day,),
1<J
where Z,, is a normalization constant:
7, = / 2 (d) ... p(dit).
R™ 1<y

We will see in this section that the n-point process (Conf, (R),P,) is deter-
minantal.

On the space P of polynomials in one variable with real coefficients one
considers the inner product

(vlg) = / p(t)q()uldt),

11



for which P is a pre-Hilbert space. The monomials 1,¢,...,t™, ... are inde-
pendent, and, by the Gram-Schmidt orthogonalization, one gets a sequence
{pm} of orthogonal polynomials: p,, is of degree m, and

/Rpm(t)qn(t)u(dt) =0if m #n.

We assume that
and we define

%zém@%ﬁ

Example: Hermite polynomials

Let p be the Gaussian measure
p(dt) = eV dt.
The Hermite polynomials H,, are orthogonal in L*(R, ).

H(t) = (—1)"e" (%)me_tQ.

Since H,,(t) = 2"t 4 - - -, we define

pm(t) = 27" Hp (),
and one gets

dy, = 27" m!/T.
Evaluation of Z,
Proposition 3.1. Recall that
Zo= [ TI G wPutdn)...ulds,),
R™ 1<i<j<n

Then

Zn = n!d0d1 Ce dn—l-

12



Proof.
Notation: for m = (my,...,m,) the polynom p,, in n variables is given by

pm($17 <. ,[L’n) = Pmy (33'1) . 'ann(xn>'

The polynoms py, are orthogonal for the inner product

w10 = [ p@a@nds)...alds,)

and
HpH2 =dmy -y, -

n

For a permutation o € &,,,
g-m = (ma(0)7 ma(l), e ,ma(n_l)).

Define also
§=1(0,1,....,n—1).

Recall the Vandermonde determinant

1 1 1
I T2 1
Vaw) = [ (@y—m)?= |
1<i<j<n :
= ot ah! !
po(wl) p0($2) e po(%)
p1(w1) pi(r2) ... pu(n) Z
= . . . = 6(0’)]90.5([)3).
: : : O'EGTL
pn—l(xl) pn—l(x2> oo pn—2($n)

The third equality comes from the following observation: one does not
change the value of a determinant if one adds to a column a linear combina-
tion of the other ones. Therefore

/ Vo(2)?u(dey) ... p(day,) = nldody .. . dp_y.

13



Example: the Gaussian case

The measure p is Gaussian:
p(dt) = eV dt.

Therefore
Zn :’n!dodl. -1 —TL'H 2 J '\/_ _’71'72L "("2—1) H]'
§=0

This is in agreement with the evaluation of Mehta’s integral, for 5 = 2:

o n T(j8 41
Z, = / eS|, () ey ., = (27)3 [ ] it +)

S T(541)

Christoffel-Darboux kernel

Let S, be the orthogonal projection of L?(R, i) onto the space P,_; of
polynomials of degree < n — 1.

1
kgdif’pkpk /K z,y) f(y)pu(dy),

where K, is the following kernel, called the Christoffel-Darboux kernel,

> L@ty

MH

K,(z,y) =
k=0

Proposition 3.2. For z # v,

L pu(2)pn-1(y) = Pn1(2)pn(y)

KN($7y) = 4o, z—vy )
and 1
K@) = 7= (0 (@)pua(@) = pa(alp) 1 (2)):

14



The proof uses the three terms recursion formula. Define b,

Pul@) = 2"+ ba™ 4 -
and

dm
ﬁm = bm - berla Ym =

dmfl .
With this notation

l’pm(l’) = pm—&—l(x) + ﬁmpm(w) + ’Ympm—l(x)-
Mehta’s formulas

Recall the n-point process (Confn(R), ]Pn), with

P,(dx) = ZLnVn(x)Qu(dxl) e (dxy,).

We will now prove that the n-point process (Conf, (R), P, ), is determinantal

Kn (1'1 Ty ... .Z'm)
Yi Y2 .. Ynm

det (Kn(%, yj)) 1<ij<n’

Ry (1, ..., Tm)

where K, is the Christoffel-Darboux kernel.

Lemma 3.3.

Proof.
Consider the matrix A = (a;;) with

aij:—

Then



The entries of B = AAT are

1 1

bij = —dkpk(%)\/—d—kpk(%) = Ky (2, 75).

Recall that Z,, = nldy...d,—1. The formula follows.

For 1 < m < n, the correlation function R,, is defined on R™ by

n! 1
Rm(xl, Ce ,.Tm) = mz—

Theorem 3.4. (Mehta) The n-point process of the eigenvalues is determi-
nantal:
ry ... Iy
o =K :
Rm(xh 7xm> n (xl o xm)

In particular, forn =1, Ri(z) = K, (z, ).

We will prove the proposition by a backwards recursion on m. By the
lemma, the formula holds for m = n. For the recursion we will use the
following lemma.

Lemma 3.5. Let K be the kernel of the orthogonal projection P of L*(R, )
onto a subspace of dimension n,

(P1)@) = [ Kz fwutdy),
Then
Lo s = @i (77 ),
Proof.

The kernel K satisfies the following properties
- Since P* = P, then

K(y,z) = K(z,y)
- Since P o P = P, then

AK@MMMWMM=MLW

16
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- Since tr P = n, then

/RK(.T,SL’),M(CZZ‘> =n.

With entries a;; = K(x;,z;), consider the matrix A, = (a;;)1<i j<m, and
write
()
m a* ,}/ N

det A, =det A,,,_1 -7 — o A,

Then

where A,, ; is the matrix of the cofactors a;j of Ap_1.

Therefore
1 ... ITm . 1 ... Tm-—1
Lo (o yutdey = w (5 ) [ Kade,

_ Z_ a;j /RK(xj’xm)K(xm7xi)M(d$m)

,5=1

m—1
1 ... Ty ~
=nKk - E ain(I'j, $z)
1 ... Ty

ij=1
X1 ... Tm-—1
=n—-—m+1)K i
1T ... Tm—1
since
m—1
E dijaﬂ = det Amfl.
ij=1

Density of the statistical eigenvalue distribution

We apply the preceding results to the case where
p(dt) = e @Wat.

By defining




we get an orthonormal basis of L?(R). We define also a modified Christoffel-
Darboux kernel

Knls,t) =) wr(s)er(t)

=0
Qe+

I
o

7

S —t ’

“ (Pn 1 (Pn 1(t)90n(t))'

The statistical distribution of the eigenvalues has the following density

and

unt) = 2Ka(t,8) = 1 | = (Gl O0ona(6) = Fia (D(0)

n

3|

Formula for the density w,(t) in the GUE case
In the GUE case Q(t) = ¢*.

Pr(t) = 27" Hy (), do = 27" mI/T, =2

om(t) = me_t Hp(1),
and
Kaltt) = 1[5 Oenr(t) = s (en(®)).
1

wa(t) = \/—Q—H(so’(t)sonfl(t) — o1 () en(t))-
Taking the derivative
1) = <= (P01 (0) = s (D (0)

18



The Hermite polynomial H, is a solution of the following differential equation
y" — 2ty’ + 2ny = 0,
from which one deduces

Pn(t) + (20 + D)pn(t) = t*pu(t).

w,,(t) = —\/gson(t)son-l(t)-

Proposition 3.6. The density w, s the Schwartz function given by

z%@z—wg[;%@wmwm&

Remark. Let f be a Schwartz function on R. If

4ﬂﬁ®=&

then the function F' defined by

We get

t
Pt = [ rs)s
is a Schwartz function.

Let ol < a{” < -+. < ol denote the zeros of the Hermite polynomial
H,. The derivative w/,(t) vanishes at a§"), ot and a§”‘1), Ly

. n—1 -
The zeros of H,,_; interlace the zeros of H,,:

(n—1)

a&") < (n—1)

<ol <ol <o,

The function w,, admits a local maximum at each zero agn) of H,, and a local
minimum at each zero """ of H,_;.

19



Graph of the function w,, for n = 11

Statistic density n = 11
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4 Theorem of Wigner

The Fourier transform of the statistical distribution of the eigen-
values

We assume that Q(¢) = ¢*. Recall the Laguerre polynomials:
L (x) = el (%)m(e_xxm““).

n!

20



Proposition 4.1. The Fourier transform of the statistical distribution of the
ergenvalues

M, (1) = /R e T M, (dt),

s given by

Proof.
Recall that

walt) = Kl 1) = = D ul)

We determine first the Fourier transform of
W.(t) = Zrkgok(t)Z. (0<r<1).
k=0

By using the classical formula of Mehler:

o0

]_ 1 2_r
N Hi(2)? = ™ T
kLI 1 _ 2 )
o 2kE! 1 —1r2
one gets
W) = =Lt

—~ 1 2
W, (7) eI

:1—7“

We consider the product of two power series:

(z) @mw?rk) _ ki:;(k;mw)w
= i/CnH(t,t)r".
1 i T‘WT(t) = ilC(t,t)r”.

21



Therefore
1 W\ 72 1 _r 2
[ — 4 — 1—r 2
T = et TR
and one recognizes the generating function of the Laguerre polynomials L.:
)

n=0

Recall the Lévy-Kramér Theorem: let pu, be a sequence of probability mea-
sures on R such that, for every 7 € R,

lim 71, (7) = (7),

n—oo

the function ¢ being continuous at 0. Then the sequence p, converges for
the tight topology to a probability measure p, whose Fourier transform is
equal to ¢: for every continuous bounded function f on R,

n—oo

lim f ) (dt) / f(&)u(dt).

Semi-circle law o,: for a > 0,
/f (t)ou(dt) = /f Va? — t2dt.

Theorem 4.2. (Theorem of Wigner) After scaling, the statistical distribu-
tion of the eigenvalues M, converges to the semi-circle law o, with a = /2,

for the tight topology. Precisely, for every continuous bounded function f on
R,

Tim Rf(%)Mn(dt) - %/_Zf(u)\/m(ju.

Proof.
By the Lévy-Cramér Theorem it amounts to showing that

lim ]T/[\

Jim 54.(77)

= 04(T).
Introduce the function

1
F(r)y==[ e ™1 -1t

TJ

22



Up to a simple factor it is a Bessel function:

_
() = TF(r)
One uses power series expansions:
n—1
=T\ i 1 T2\ k
M”(ﬁ) - ;0(_1) (M) Ee 11 ( 2 ) ’
with (n—1)n—2)...0n— k)
cx(n) = o ,
and

- k 1 T\ F
i - St ()"

k=0

It follows that -

n
5 The probabilities A,(B)

For a Borel set B C R, one denotes by A, (B) the probability, for a random
matrix x, to have no eigenvalues in B: the set B is a gap in the spectrum of
x. Let Apnax be the largest eigenvalue of the random matrix x. Then

lim @(

n—oo

) = F(V27) = 5.5(7).

]P)n({)\max S Oé}) = An(]a> OOD
The probability for a random matrix x to be positive definite is given by
Ap(] = 00,0[) = Py (Q),

where ,, C Herm(n,F) denote the cone of positive definite Hermitian ma-
trices. We will see that, using the fact that the n-process of the eigenvalues
is determinantal, the probabilities A, (B) can be evaluated in terms of Fred-
holm determinants.

23



Fredholm determinant

Let (X, ) be a measured space with p(X) < oo, and K(z,y) a bounded
measurable kernel on X. For z € C, the Fredholm determinant D(z) =
Det(I — zK) is defined by the series

D(z) = Det(I—zK):1—z/XK(x,gg),u(dx)+...

+ﬂz”/n[(<xl x")u(dq:l)...,u(da:n)—i-~~.

n! 1 ... Ty

One shows that this series converges for all z € C, and define an entire
function of z. Define the integral operator

(LH@) = [ Ky
X
If L is of finite rank, then
Det(I — zK) = det(I — AL).

Theorem 5.1. (Mercer) Assume X to be a compact topological space, and
supp(p) = X. If the kernel K is continuous, Hermitian, of positive type,
then L s nuclear, and

Det(I — zK) = H(l — zay),

where ay are the positive eigenvalues of L.

Recall the modified Christoffel-Darboux kernel

n—1

Ko(s,t) =Y @r(s)er(s).

k=0

Proposition 5.2. Assume B C R to be of finite measure p(B) < co. Then
A, (B) = Detg(I — K,).

The index B means that the kernel K,(s,t) is restricted to B.

24



Let x be the characteristic function of the set B. Then the characteristic
function of the set {Vj, x; € B} is

[I0-

Jj=1

Therefore

= /Rn H(l — X(xj))qn(xl, ooy Tp)dxy L day,.

More generally we will compute

= /n U(l — 2x(%))) (@1, ... ) day . d,.

Recall the formulas for the elementary symmetric functions

or(ag,...,an) = g+«
0'2(@1, ce ,an) = ZOéiO{j,
=
on(Q1,...,qn) = aj...qy,
and
n
H(l —zaj) =1 =012+ 092" — -+ (=1)"0,2".
j=1
Therefore

n

H (1—2x(zy)) = Z(—l)kzkak(x(:vl), ().

k=0

We compute now the integral of each term. By using the symmetry of the
function ¢ we obtain

/ ak(x ))qn(xl,...,xn)d:cl...dxn

( )/ x(x X(@k)gn(T1, ... xp)dey .. dxy,

25



1
= — Ri(xy, ..., xp)dry .. . dry,
k' Bk

where R} is the k-th correlation function.

We get finally

zk/ Ri(zq, ..., xp)dzy ... dxy.
Bk

k=

[e=]

We use now the fact that the n-point process of the eigenvalues is determi-
nantal and get

"L (—1)F Ty ... T
Alz) = ZTzk/BkKn xi x: dry ... dug

k=0
= Detg(l — zK,).

Asymptotics of the probability A, (B)
Define the kernel IC,

1sin(€ —n)
K(&,n
(&m) = — -
Theorem 5.3. Let B C R be a Borel set. Then

Tim A,&%B) = Dety(I — K).

Define

Rolen) = K (=6 <= o=

By using asymptotics of the Hermite functions ¢,,, on shows that

lim K,(€,m) = K(&,7)-

In case B = [—a, al, consider the integral operator L with kernel K:

wne- [ " K& m) ).
26



The eigenfunctions 1; of L are prolate spheroidal wave functions: Li; =

a;1);, and
o

Detp(I — K) = [J(1 - o).

j=1

One can show that the eigenvalues «; go to zero very rapidly (See [Mehta,1991]).

6 Logarithmic potential theory

Energy, equilibrium measure

Let X C R be a interval and @) a function defined on > with values on
| — 00, 00], continuous on int(X). If ¥ is unbounded, it is assumed that

lim <Q(ZE) — log(x? + 1)) = 00.

|z|—00
Some examples

-2 =R, Q(z) = 22
- =[-1,1], Q(z) = alog - + Blog 1.
-X= [0,00[, Q(«T) - x—i—ozlogi
If p is a probability measure supported by X, the energy F(u) of u is
defined by
1
E(p) = / log —— p(dx)p(dy) + / Q(x)p(dx)
UxE >

|z —y
— /E UM () p(dx) + /E Q(z)p(dz),

where U* is the logarithmic potential of the measure u:

1
Ut(x) = / log w(dy).
(=) b [z —y| ()
One shows that the energy E(u) is bounded from below: E(u) > m, where
m = inf (Q(z) — log(z* + 1)).

TEX

We define
E* =inf{E(u) | u € Prob(X)}.

27



Theorem 6.1. There is a unique probability measure p* € Proba(X) such
that
E(u") = E".

The support of u* is compact.

w* is called the equilibrium measure.

Prokhorov’s criterium

Consider on Prob(R) the tight topology. For a set of measures M C
Prob(R) to be relatively compact it is necessary and sufficient that, for any
e > 0, there is a compact set K C R such that, for all measures p in M,

p(K)>1—e.

As a consequence: let M C Prob(R). Assume that there is a measurable
function hA > 0 such that
lim h(z) = oo,

|z|—o0

and a constant C' such that, for all y € M,

/Rh(:v),u(dx) <C.

Then M is relatively compact.
a) Existence One shows that the map

w— E(u)

is lower semi-continuous for the tight topology:
If p, is a sequence in Prob(R) supported by ¥ which converges to the
measure g for the tight topology, one shows that

E(p) <liminf E(u,).

n—oo

It follows that, for C' > E*, the set

Mc = {u € Proba(X) | E(u) < C}
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is closed. We will prove that this set is relatively compact by using Prokhorov’s
criterium. Define

k(z,y) = log T %Q(ﬂc) + %Q(y)-
Then
B0 = [ ko (da)n(dy).
Define
h(z) = Q(z) — log(x* + 1).
Then

1 1
K(r.y) > Shix) + Shiy)
and, for u € Mg,
[ Homtar) < c
b

We have proved that Mg is compact. Therefore there exists up = p* €
Prob(X) such that

E(p*) = E* :=inf{E(un) | p € Prob(X2)}.

b) One shows that a measure p € Proba(X) with E(u) = E* is compactly
supported.

c) Uniqueness One shows that the map

p— E(p),

restricted to the set of compactly supported measures in Prob(X), is strictly
convex. Consider p; # ps € Prob(X), and, for 0 < ¢ < 1, the energy of
(1= t)pa + Lo

E((1—t)u +tps) = at® + bt + ¢,
with

1
a= [ log——v(dz)v(dy), v = — us.
/]R Iw—yl( i) b

The coefficient a is > 0 by the following Fourier analysis lemma:
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Lemma 6.2. Let v be a signed measure on R with compact support and zero
integral. Then

1 o) ?
/ log v(dz)v(dy) = / |V(—)|dt,
R2 [z =y 0 t
where U is the Fourier transform of v:

P(t) = /R ¢y (dx).

The following statement, which is not the best possible, works for the
examples we have in mind.

Proposition 6.3. Let u € Proba(X) with compact support. Assume that the
potentiel U* of p 1s continuous and that there is a constant C' such that

(i) U*(z) +3Q(x) > C on %,

(i) U"(2) + 2Q(x) = C on supp(n).

Then 1 is the equilibrium measure: p = p*.

The constant C' is called the (modified) Robin constant. Observe that

1
E*=C+ —/ Q(z)p*(dx).
2 Js
The idea of the proof is that p* should be a critical point of the energy under

the condition p(3) = 1. The differential of the energy should be proportional
to the linear form p — p(X). For two measures p and v,

B(u+v) = E(u) +2 /Z (0(2) + 5Q() )l

1
+/10g v(dx)v(dy).
o ey W)

This gives U* (z) + $Q(x) = C. This argument is not correct, because one
has to take into account that the minimum is relative to the set of positive
measures g with p(X) = 1.

Examples

a) X = [—1,1], Q(z) = 0. Then the equilibrium measure x* is the arcsinus

v [, et =1 [ oo
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b) ¥ =R, Q(x) = *. Then the equilibrium measure u* is the semi-circle
law:

V2
1
[etawrtan) =~ [ ptave=atan
R )2
¢) ¥ =]0,00[, Q(x) = z + (c—1)log (¢ > 1). Then the equilibrium
measure is the Marchenko-Pastur law

b X
(/ ¢umwma=31/w@nﬂx—@w—xﬂﬁ
]O’OO[ a

27 x

with a = (y/c —1)%, b = (Ve + 1)2

7 Pastur’s formula

Theorem 7.1. Let ¥ = R, and Q a polynomial of even degree 2k (k > 1),
convex. Then the equilibrium measure * is given by

[ f@w (o) = [ f@ata) /= b= e

where q is the polynomial of degree 2k — 2 given by

_ 1 Q- dt
“@_2wl =t imab-1

The numbers a and b are determined by the conditions

(1)

QW _ _
.L\ﬁ—@@—wﬁ_o’ o u—@w—wﬁ_2m
Example
For Q(z) = 22,
Q-9 _,
r—1
Hence

1.

R A
T Vi—at—-b
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The numbers a and b are determined by

2.

/" 22 =0 / 22 -
o Vit—a)b—1) "o Ja JE—a)(b—1)

The first equation gives a +b = 0, and the second a? = b* = 2. Therefore u*
is the semi-circle law of radius v/2.

For the proof of Pastur’s formula we will use some complex analysis. The
Cauchy-Stieltjes transform of a bounded measure y on R is the function
defined on C \ supp(u) by

Gulz) = [ ——uan).

The Cauchy-Stieltjes transform is holomorphic.

We will use some properties of the boundary value distribution of a holo-
morphic function. Let f be holomorphic in C \ R. It is said of moderate
growth near R if, for every compact set K C R, there are ¢ > 0, N > 0, and
C > 0 such that

, C
|f(z+iy)| < e (ze K, 0<ly <o)
Then the formula, with ¢ € D(R),

(T,p) = lim o(t) (f(t +ie) — f(t — ié‘))dt,

e—0,e>0 R

defines a distribution on R which is denoted by T" = [f], and called the
difference of boundary values of f. One shows that the function extends as
a holomorphic function in C \ supp([f]). In particular, if [f] = 0, then f
extends as a holomorphic function in C.

Theorem 7.2. Let i1 be a bounded positive measure on R.
(i) The Cauchy-Stieltjes transform G, is of moderate growth near R, and

G = —2imp.

(ii) Assume that the support of p is compact. Let F be holomorphic in
C\ R, of moderate growth near R, such that

|F] = —2imp, and lim F(z) =0,

2| =00

then F = G,.
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Example 1
Consider the probability measure 1 on R defined, for a < b, by

/f (d) /f t—a( —1)

The function F', defined, for z ¢ [a, b], by

satisfies

Therefore G, = F'.

Ezxample 2
The semi-circle law ¢, of radius a is defined by

/f (t)oa(dt) = /f (t)Va2 — t2dt.

The function f defined, for z ¢ [—a, a], by
F(z2) = V22 —a?
satisfies [f] = ima®u. Consider the Laurent expansion of f at infinity:

a? a’1
12—, %2,

The function F, defined for z & [—a, a], by

2 2
F(z) = = (2) + %z,
satisfies
[F] = —2ino,, ‘1|im F(z)=0
Therefore ) 5
Go,(2) = %z - 22 — a?.



Proof of Pastur’s formula
Taking the derivatives in the relation (ii) of Proposition 6.3 one gets

o [ ) = Q') on supp(s)

(vp : valeur principale). Such an equation has been considered by Tricomi.
The boundary value of G, is as follows:

1
lim G,(z+ie) = vp/ m,u(dy) — T L.

e—0,e>0
Therefore (ii) of Proposition 6.3 leads to the relation

1

ReG,(x) = 5 Q'(z) (x € supp(p)).

For instance, for a = \/5, the semi-circle law o, satisfies the relation
1 /
ReG,, (x) = 3 Q' (x) =z,
if Q(z) = 22
Let us assume that the equilibrium measure is of the form
p(dt) = u(t)dt,

where v is an integrable function with support [a,b]. We will determine the
Cauchy-Stieltjes transform of p,

G(z) = /b utt) dt,

z—1

by using the relation
1
ReG(z) = §Q'(x), for a <z <b.

Put




The function G is holomorphic in C \ [a, b], and

Gl i QW
(t—a)(b—1t)

x(t),

where y is the charasteristic function of [a,b]. Furthermore

G2~ (12— o0).

By the previous theorem

_i_b 1 Q'(t)
Gle) = 27r/a B TR T

which can be written

W 1QE-Q0) oL
=g e | iyean

dt.

We have seen that

1 /1 dt 1
w/a =t /lt—a)b—1) (z—a)lz—b)

Therefore |

(= —a)(z =)

G(2) = ~a(=) + 5Q'(2)

and .
G(2) = —a(x)V/(z = a)(z = b) + 5Q'(=).
Let us take the difference of the boundary values:
[G] = =2ig(t) v/ (t — a)(b— 1)x ().

Since [G] = —2impu, we get
u(t) = (/T — )b~ Dx(r).

Consider the Laurent development at infinity of G-

sy 11 Q'(t) _ Gy o
G(z)_Qﬂz—t (t_a)(b_t)dt_z 22
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with

ao — %/ OONT— Db =Ddt, ay = O 4

2m \/(t = a)(b—1)

From this one gets the Laurent development of G:
G(z) = G()V(z—a)(b—=2)
apg  a a+b (a—10)%*1
= (Tt ) e)
a -+ b) 1
2

= a0+<a1—a0
z

Observing that G(z) ~ %, we get the conditions @y = 0, a; = 1. Under these
conditions u(dt) = u(t)dt is a probability measure. In fact, the function ¢ is
positive since the function @) is convex. One shows that

Lura) +2Q@) = —a)a- D00, i <a

dx
0, if a <x<b,
= g(z)\/(z —a)(z —b), if = >b.

Therefore there is a constant C' such that

C,ifa<z <,
> (' everywhere.

U*(2) + 5Q()

This establish that u is actually the equilibrium measure.

8 Generalized theorem of Wigner

We come back to the n-point process of the eigenvalues. ¥ C R is an interval.
@ is a continuous function on ¥ such that

lim Q(#) — log(1 + t*) = o0,
and G > 0.
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On Conf, (X) we consider the probability

Pn(dx)—zln/ exp( nZQ xl>|V )|Pday . .

The partition function Z,, is given by

Zn:/ exp< nZQ ) (2)|Pdxy ... dz,.

and the statistical distribution of the eigenvalues M,, by

[ ot = [ (£3 56w Putan

We have modified the definitions by a different scaling. This makes pos-
sible to treat more general functions ). In the Gaussian case: ¥ = R, and
Q(t) = t?, the function @ being homogeneous, we get the simple relations

| omratan) = [ i),

with N(8) =n+ gn(n —1).

The asymptotic of the partition function Z,, and the limit of the statistical
distribution M,, of the eigenvalues are related to the following problem in
logarithmic potential theory:

Energy on Prob(%):

E(u) =< | log

3 [, 108 [y rldsnldt) + /E Q) (dt).

Equilibrium energy:
E* =inf{E(u) | u € Prob(X)},

and p* is the equilibrium measure.
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Theorem 8.1. (i) The asymptotic of the partition function is given by

1
lim —log Z, = —E".

n—oo n

(ii) For a bounded continuous function f

Jim [ 10 Mutan) = | son

The idea of the proof comes from Laplace integrals, i.e. integrals of the
form

Z()\)—/er(x)a(x)m(dx),

where U is an open set in R”, ¢ is a continuous function on U, a is contin-
uous, positive and integrable, m is the Lebesgue measure. Furthermore one
assumes that

m p(z) = oo,

[[]|—o0

and ¢ attains its infimum in only one point x;. One considers also the
integral, where f is continuous and bounded:

I ) = ﬁ / F(@)e @ a(z)m(dz).

Proposition 8.2.

Ah_,IEOngZ(A) = —¢(zo),
Jim I(A f) = f(xo)-

However, in the situation of the integral defining the partition function
Z,, the situation is less simple because the number n of integration variables
goes to infinity. The integrant can be written

exp n( Zlog ZQ%

i#£]

Heuristacally



with
1 n
@ = =2N"g .
I ”Zl o

But this is not correct since E(u®)) = oo.
The proof of Theorem 8.1 is somewhat sophisticated and we will not give
it (see [Deift,1998], also [Faraut,2014]).

9 Electrostatistic model of Stieltjes

In the proof of Theorem 8.1 one has to consider points ™ = (z{", ..., 2")

in 2™ where the function
exp(—n Y Q(z:)) |V (z)]?
i=1

attains its maximum. In this section we look at the Gaussian case, and see
that such a point 2™ is related to the zeros of the Hermite polynomials.
This has been observed by Stieltjes as he was studying the distribution of
the zeros of the classical orthogonal polynomials.

Consider the function F on R™:
F(z) = e 1Py, (2)2.
The function F'is > 0, continuous and

lim F(z)=0.

[[]|—o0

We will determine the points where F' attains its maximum.
Let E = —log F,

Stieltjes considers that it is the energy of a system of n particules in R. We
will determine the points where the function E attains its minimum.
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Proposition 9.1. The function E attains its minimum at the n! points whose
coordinates are the n zeros of the Hermite polynomial H,,.

Proof.
Such a point is a critical point.

x = (x1,...,x,) is critical for E if

Z :
xT;.
J
ZL’j—ZL‘i

i#]

To a critical point  we associate the polynomial

pe(t) = (t—x1)(t —x2) ... (t — zy).

Consider the logarithmic derivative

Fix ;7 and write,

Lemma 9.2. f is of class C*> on R, f(to) =0, f'(to) #0. Then

(f’(t) 1 >_ f"(to)
ft)y t—to/  2f(to)

By the lemma, as t — x;, we get

lim
t—to

pa(z;)
2p, ()

Hence the polynomial p/(t) — 2tp! (t) vanish at the n points x1, ..., z,, there-
fore is proportional to p,:

p(t) = 2tpl,(t) = Cpa(t).

= x;, or pj(x;) — 2x;p),(x;) = 0.
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Looking at the coefficient of t", we get C' = —2n: the polynomial p, satisfies
the differential equation

Pa(t) = 2tp(t) + 2nps(t) = 0.

A polynomial which is solution of this differential equation is proportional
to the Hermite polynomial H,.

10 Wishart Unitary Ensemble or Laguerre
Unitary Ensemble

), : cone of positive definite n x n Hermitian matrices in the real vector space
H, = Herm(n,C). For p > n — 1, the Wishart law WP? is the probability
measure on 2, defined by

/f YWP(dx)

The function Z,(p) is the gamma function of the cone €2,:

U (det )" Pm(dx).

Zn(p) = / e " (det)?""m(dx)

= 0" [[re-j+1).

J=1

The n-point process of the eigenvalues is given by the following measure
on R™:

P, (dz) = e~ (et TT 2277V, (2).

i=1

Zu(p)

Let MP denote the statistical distribution of the eigenvalues.

Consider ¥ =]0, oco[, and
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Recall the energy of a probability measure p

E(p) = /2210g| hlds)u(dt) + /Q (dt).

It can be shown that the equilibrium measure is given by the Pastur’s formula.
It is the Marchenko-Pastur law p,.:

dt
/f Jiio(d) = /f V= ab-n%,
where a = (y/c — 1)%, b = (/e + 1)
We can apply the generalized Wigner Theorem. Assume that p depends
onn: p=p(n).
Theorem 10.1. Assume that
lim @ =c>1.

n—oo M

Then, for a bounded continuous function f on R,

tim [ p(E)azian = [ e

For 0 < ¢ < 1, The Marchenko-Pastur has an atom at 0:

[ fmtan = - a0 +_/f Vet

The proof has to be modified in that case.

11 The probability for a matrix to be positive

Let (H,,P,) be a Gaussian ensemble, and €2, C H, the cone of positive
definite matrices. What can be said about the numbers p, = P,(2,), the
probability for a matrix x, to be positive positive ?

It is the probability that all eigenvalues are > 0. If the eigenvalues were
independant random variables, this probability would be 2% But it is not

the case. For n = 2, one computes easily

2 -2
4

P2 = =~ 014,
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much less that i = (0.25.

For n <5, the numbers p,, can be obtained from computations which can
be found in Kuriki’thesis (1992). In case of V,, = Sym(n,R) (6 =1) :

P = 0,5
2—4/2
P2 = V2 ~ 0,14
4
Dy — ™—2V2 ~ 0,023
4
(4 — \/§)W -8
— ~ 0,002
Pa 167 5
82
= BTo8-V2 0,00014
247

Actually p,, goes to 0 very rapidly.
The probability p, = P,(£2,) is given by the integral

Pn = i/ exp —tr (z*)m(dz),
C Q,

with
C’n:/ exp —tr (2%)m(dz).

By using the Weyl integration formula,

7+
Pn = Z_n’
with
Zy = / e’g<x%+"'+x%)]Vn(x)\ﬂdxl .. dz,,
and

7t = / 3GV (1) Pday . da,
R

n
For simplicity we will only consider the case of GUE: g = 2.
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Let E* be the equilibrium energy for ¥ = R, Q(t) = t*: the minimum of

E(p) = /R2 log| | p(ds)p(dt) + /Q (dt),

for all 41 € Prob(R),
Then

lim —logZ —E*.

n—oo n2

Let also E% be the equilibrium energy for ¥ = [0,00[, Q(t) = t*: the
minimum of

B = [ og [ gutashutan + [ Qyutan

for all p € Prob(R,),
Then

1
lim — log Z5=—FE%.

n—oo n
In the case (R, Q(t) = t?), the equilibrium measure is the semi-circle law,
and the equilibrium energy is
3 1
E*= -+ —log2.
1728

In the case (R, Q(t) = t?), the equilibrium measure has been determined
by Dean and Majumdar, and the equilibium energy is

. 3 1 1
E+:Z+§log2+§log3.

Theorem 11.1. (Dean & Majumdar)

1
lim logp, = —5 log 3.

For the probability space (H,,P,), consider the conditionnal statistical
distribution of the eigenvalues with the condition :x € €, i.e. the matrice x
is positive definite, or the eigenvalues of x are > 0: for a function ¢ on R,

/ (M () = E, (ir p(a2) | 2 € 2,).
R
Let pu*, be the equilibrium measure in case (R, Q(t) = t?)
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Theorem 11.2. (Dean & Majumdar)
The conditional statistical distribution M} converges to p, as n — oo.

By using a formula similar to Pastur’s formula, one obtains the density
of the Dean-Majumdar law: for a function f on R,

[ s =1 [ s (o4 )yt

with b = 2V/6.

As we did in Section 8 we rescale the Gaussian probability:

1
P, (dx) = ol exp(—ntr(z?)) V,(z)*m(dz).
Consider the condition, for a matrix z, that its eigenvalues are all > o. The
conditional statistical distribution M? of the eigenvalues is given by, for a
Borel ser B C R,

MS(B)=¢&, (M(m)(B) | spectrum(z) C [0, o0f),

n

and for a function ¢ defined on R,
/gp(t)/\/lZ(dt) = &, (tr (z) | spectrum(z) C [0, 00[).

For the associated problem in Logarithmic Potential Theory, ¥ = [0, 00|,
Q(t) = t2. Let pu’ be the equilibrium measure. For a continuous bounded
function f on R,

ti [ foMian) = [ (.

For o < v/2, the conditional statistical distribution of the eigenvalues is
the semi-circle law.

For o = 0, the conditional statistical distribution of the eigenvalues is the
Dean-Majumdar law.

For o > —\/5, the equilibrium measure p has been determined in [Dean-
Majumdar,2008]:

[ s =1 [ s[04 05
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with @ = o, b = $0 4+ 2v/0® + 6. ONe checks that, for o7 is nothing but the
semi-circle law, and that, for o = 0, pfis the Dean-Majumdar law.

14 1

1.2 1

I | | | L
-1 0 1 2

-2
o<-1.414
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12 The Sylvester index of a random Hermi-
tian matrix

For an n x n Hermitian matrix x let k£ be the number of eigenvalues which
are > 0, and ¢ the number of negative eigenvalues (k+¢ = n). The pair (k, /)
is the Sylvester index of the matrix x. We consider the following conditional
statistical distribution of the eigenvalues: for a Borel set B C R,

MED(B) = &,(MP(B) | index(x) = (k,1)).

One is interested in the asymptotic of MYD a5 n — oo and % — 9, for
0<o6<1.

The associated problem in Logarithmic Potential Theory is as follows:
the conditional equilibrium energy is defined by

E5 =inf{E(n) | p € Proba(R), u([0,00]) = d}.
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It is shown in [Majumdar et al.,2011] that there is a unique probability
measure p; on R such that p;([0,00[) = 0 and E(u;) = Ej. Furthermore,
for a continuous bounded function f on R,

n—>oo,%—>6

im [ O ME@) = [ fowsae

Consider the following family of probability measures on R. Let a,b,c
be real numbers such that @ < b < 0 < ¢. Define the measure ;¢ on R,
supported by [a, b] U [0, ¢, by

[ =2 [ ooy [T,

a+b+c=0, a>+b*+c* =4,

If

(@:b:) ig a probability measure and p = p(**¢) satisfies

then p
Re G, (x) = = on supp(u).
Furthermore if p(*9 ([0, c]) = §, then p(** is the equilibrium measure,
plebe) — px.
Observe the limit cases: if

a:—\/i, b=0, c:\/i,

then 6 = % and p(*%°) is the semi-circle law. If

1 2
a 3 , C 3\/_,

then § = 1, and p(** is the Dean-Majumdar law.
The condition 1> ([0,¢]) = ¢ is difficult to handle. It involves elliptic
integrals. See [Pérez Castillo,2016].
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Density f_{a.b,0,d}, 0.5< delta <1

~delta=0.5
—delta=0.937
=—delta=0.864
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