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These notes have been written after the talks we gave in the Science Aca-
demic Lecture Workshop on Harmonic Analysis, held on 6 and 7 December
2017 in the SS college, Areacode, Malappuram (Kerala). We present a survey
of the harmonic analysis on compact groups, Abelian and non Abelian, and
explain in detail a few examples.

this workshop, organized by Professor G. Sagith has been attended by
students, scholars and faculty members. I have been very pleased to take
part in this workshop and I thank very much Professor G. Sagith for the
invitation.
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1 Classical Fourier analysis

A function f defined on R which is 27-periodic,
flx+2m)=f(z) (zeR),

can be seen as a function on the group G = R/27Z, which is homeomorphic
to the unit circle T in C:

G=R/27Z — T, x> e,

Therefore the group G is compact.
The integral of a continuous function f on G, identified with a 27-periodic
continuous function on fR, is given by

1 [ 1 [oter
[ rmtan) = o [ pwe = o [ faja,
G T Jo T J,
for any a € R.
For m € Z, the function Y,, given by x,(z) = ™
can be seen as a function on G. It satisfies

¥, is 2m-periodic, and
Xon (T + ) = Xon (%) X (¥)-

The system { Xy, }mez is orthonormal in L*(G, u):

Moreover the system { X }mez is a Hilbert basis of L*(G, ). For a function
f € LY(G, u), the Fourier coefficient f(m) is given by

1 2w

F(m) = (f1xm) = /G F@vm@n(de) = - [ f@)e-mds.

2m Jo
For a function f € L*(G, u),
1 [ A
[ 1@t = o [ 1p@)as = X1
If f is a continuous function such that

S 1f(m)]| < oc,

meZ



then

We will see how these classical properties extend to all compact groups G.
If G is Abelian, then the extension is word for word. In general the extension
involves representation theory. We will state without proof the main facts
about Fourier analysis on compact groups, and present some examples.

2 Compact Abelian groups
A topological group is a group G equiped with a topology such that the maps

GxG—G, (x,y)— zy,

G—G, vz,

are continuous.
Assume G compact. there is on GG a unique probability Borel measure p
which is invariant by right and left translations: for a continuous function f

on G,
/fxg (dx) = /f

F(gz)ulde) =/ )u(dz),

G G

for any g € GG. the measure yu is the normalized Haar measure of G.
If G is finite, N = #G, then

| t@ntan) =5 ¥ @

zelG

Assume G compact and Abelian. In this case we will use the additive no-
tation for the group law. A character x of G is a continuous group morphism

X:G— %, z— x(x).



It satisfies

The product of two characters is a character. Therefore the set of characters
is a group: the dual group G. The identity element in G is the trivial
character yg =1

Proposition 2.1. The system {x}, ¢ is orthonormal in L*(G, ).

Proof. For x € G define
100 = [ x@uldn)
By the translation invariance of the Haar measure, we get, for any a € G,
100 = [ x(o -+ an(de) = (@) 00,

If I(x) # 0, then x(a) =1, and x is the trivial character:

. 1 le:X07
Lme@w—{OﬁX#XO

Consider two characters x; and .

<mmg:[gﬁ@EGMu@=1uﬂa

If x1 # X2, then x1Xz is not the trivial character, and I(x1xz) = 0. 0

Theorem 2.2. The system {x},.¢ is a Hilbert basis of L*(G, )

The Fourier coefficient of a function f € L'(G, p) is defined by

ﬂm—uwwiéﬂmﬂﬂmmy



Theorem 2.3. (Plancherel) For a function f € L*(G, ),

in the L*-sense, and

/G @) = 3 10

xed

If f is continuous, and if 3 s |/(x)| < oo, then
fl@)=>" foox(x),
xe@

uniformly.

3 Examples

1) The cyclic group Z, = Z/nZ

The group Z,, is a finite group with n elements. A system of representa-
tivesis 0,1,...,n — 1. Let w = e’ . Observe that w™ = 1. The group G can
be seen as the group of the n-th roots of unity:

{1,w,w? ... w1},

or the group of the rotaions of the regular polygon with n vertices,

2 gin 2z
(coskn Slnkn), (k=0,1,...,n—1).

sink2r  cosk2r
n n



The characters of Z,, are given by

mx

Xm () = W™,

with m € Z,. One checks easily the orthogonality of the characters. Observe

that
w1

Towh w1 ..ok _ . '
wr—1

We get
1 n—1 _ 1 n—1
(Xm‘Xm/) = E Zwmxwm/z — E Zwka:’
z=0 z=0

with &k =m — m/, and

n—1 .

. {n if m = m/ mod n,
5 Wt =
x=0 0

if m # m’ mod n.

The Fourier coefficients of a function f on G are given by,



Hence the matrix F of the Fourier transform is the following n x n matrix:

1 1 1

1 wl w—(n—l)

F = L T
n| . : .

1 w1 w—(n—l)2

Observe that y/nF is unitary.

2) The hypercube Q,, = (Z)"
An element x € @, is a sequence (z1,...,x,) where z; = 0 or 1. The
addition is given, for x = (z1,...,2,) and y = (y1,...,yn) by

x+y=(x1+y1,...,xn+yn),

where the sums x; + y; are mod 2. Observe that —z = z. The group @),, has
2" elements.
A character of (), is of the form

@) = (<1t

?

with m = (mq,...,m,) € Qn.

(0,0,1) (0,1,1)

(1,0,1) (1,1,1)

(07 0, 0)9 (0, 1, O)

1.0.0) -



4 The infinite hypercube Q. = (Z,)"

An element = € o, is an infinite sequence x = (z1,...,2,,...) where z; =
0 or 1. The group (D is equiped with the product topology. For that
topology a fundamental system of the identity element 0 = (0,...,0,...) is
the following family of subsets V4, where A is a finite subset of N, and

Va={x=(z1,...,2pn,...) | x; =0 for i € A}.

By Tychonov’s theorem, the topological space (), is compact.
Consider the map

e’} T,
q:Qx — [0,1], x:(xl,...,xn,..,)Ht:q(IE):ZZ_”'

Hence (z1,...,Z,,...) is the dyadic expansion of the real number ¢. The
map ¢ is surjective, but not injective. In fact, for x = (1,0,...,0,...) and

y=1(0,1,...,1,...), then ¢(x) = q(y):

1 ~. 1 1 1
Q(x)—§, Q(y)_ZQ_n_Z 9

But if ¢ is not a dyadic number, i.e. a rational number of the form £ then

there is a unique x € ), such that ¢t = ¢(x). We will define a map

d:[0,1] - Qu, trdt),

as follows. If ¢ is not a dyadic number, then d(t) = = with 2 = ¢(¢). If t is a
dyadic number, ¢ = we choose the finite dyadic expansion:

2n7

2n7
d(t) = (z1,...,2,,0,...), withz, = 1.

The map d is a right inverse of q: god = Id.
Observe that the map d is not continuous. For instance, define

. 1 1
n - 2 271’
then ¢, — but 2™ = ¢(t,) does not converge to z = q(%) In fact

1
27
), and 2™ = (z (n) with

Z

) {1 if 2 <<n,

0 otherwise.

x=(1,0,...



Let p be the normalized Haar measure of the compact group @)o,. Then
the image by the map ¢ of u is the Lebesgue measure on [0, 1]. This means
that, if f is a bounded measurable function on [0, 1], then

/ fa(2)) p(dz) = /Olf(t)dt.

oo

Let us give some hints for proving this result. Let u be a measure on ()
whose image by ¢ is the Lebesgue measure on [0, 1]. Takea = (1,0,...) € Qu.
Then one checks that

1

/Q f(q($~|—a)),u(da:):/O;f<t+%>dt+/% f(t—%)dt

:Zlf(ﬂdt: / f(a(z)) u(dz).

oo

Take now, for m € N, a = (ay,...,a,,...) € Qu with a,, = 1, a, = 0 if
n # m. then one checks that

/ £ (qa + a)) uld)

oo

gm—1_1 2k+1 2k+2

-y </2:mf<t+2im>dt+/; f(t—%)dt)

k1:0 2m
_ / ()t
0

We will determine the characters of (),. Observe first that the hypercube
QN can be seen as a subgroup of ), by the embedding

Qn — Qx, (x1,...,28) — (21,...,25,0,...).

Observe that the restriction of a character of (), to Q) is a character of Q) y.
Denote by () the set of sequences m = (mq,my, ..., my,...) with m; =
0 or 1, for which there is only a finite number of indices ¢ such that m; = 1.

Proposition 4.1. A character x of Q« is of the form

Xm(-T) — (_1)m1x1+-~'+mnxn+~~

Y

with m € Q).



Let x be a character of (.. For 0 < & < 1 there is a neighborhood V/
of 0 = (0,...) such that, for z € V, |x(x) — 1| < e. The neighborhood V
contains a neighborhood of the form V4 where A C N is finite. Choose N
such that A C {1,..., N} . The restriction of the character x to Qu is of

the form

X(x) — (_1)m1af1+--~+mN$N

and takes the values 0 and 1. For x € Vyu, |x(z) — 1] < € < 1, hence
myxy + - - -+ myxy = 0. This implies that m; =0 if i ¢ A.

By Theorem (?) the system {Xm }meq,.., 15 a Hilbert basis of L*(Quo, 1)-
The characters x,, are related to the classical Rademacher and Walsh func-
tions.

The Rademacher function ¢ is defined on [0, 1] as folows: ¢o(t) = 1, and,
forn > 1, if d(t) = (x1,...,Zy,...) is the dyadic expansion of ¢, then

1 if x, =0,
on(t) = {

9

1 ifwx, =1,

i. e. @u(t) = (—1)". More explicitely,

k k41
1f2—ngt<2%, then pn(t) = (=1)F (k=0,1,...,2"—1).

It can also be written ¢, (t) = sign(sin 2"xt).
For m = (my,...,my,...) € Q), let ny, ..., n, be the indices for which
my, = 1. Then, if ¢q(z) =1,

X (%) = P (t) = Py (1) - on, (1)

10



Graph of the Rademacher function ¢;.

=
N
oolw

[S—y

Graph of the Rademacher function ¢,.

=

Graph of the Walsh function 91 1) = @102

The system {¥ }meq,.., is a Hilbert basis of L?(0,1). Tt can be seen as a
corollary of Theorem. But it is a classical result whcih can be proven directly
as follows:

The system {Wy} is orthonormal in L?(0,1)
a) Observe first that |¢,,| = 1, hence ||¢, |2 = 1.

11



b) For 0 <mny <ng < --- < ny,
1
/ oo (s (1) - o (1)t = 0.
0

The function ¢y, (£)@n,(t) ... @5, () is constant on the intervals

kE+1
< _
onp—1 — t< onp—1’

and the integral of ¢,, on such an interval is equal to 0.

c¢) For m € () one defines
supp(m) = {t € N|m; = 1}.

If m #m/, then (Y, | ) = 0. Let M = supp(m) Nsupp(m’). Then

Vo (8) U (1) = H ©n(t).

neM
Therefore, by b),
1
/ U () ()dt = 0.
0

The system {1, } is a Hilbert basis.
Let f € L*(0,1) such that

vm, (f | ¢m> =0.
We will show that f = 0. Define

Flt) = /0 " Hs)ds.

Then F(0) =0, and

F) = [ 5= [Cwois=0

12



Take now v,,, with m = (1,0,...),

J ot = [ eas— [ peas = 2r(),
therefore F(3) = 0.
Take 1, with m = (0,1,0,...), and m = (1,1,0,...),

/Olf(s)@(s)ds - 2<F(i)+F(Z)):O,
[ 1&apts = 2(r() - () =0

therefore F(%) =0, F(%) =0.
Taking ,,,, with

m = (0,0,1,0...), (1,0,1,0...), (0,1,1,0,...), (1,1,1,0...),

we get
[ fressris = o)+ P+ rE)+P(D) =0
Olf(S)sol(S)soz(S)ds = Z(F(é) + F(g) - F(g) - F(g)) — 0,
01 FOeals)ests)ds = 2(F(5) - F(2) ~F(C) + F(D)) =0
[ 10n@een = 2(FQ) - F)+F) D) =0

therefore

1 3 5 7
F(g5)=F(g) =F(g) =F(g) =0
And by going on one shows that F' vanishes at every dyadic rational number.
Since the function F' is continuous, and the set of dyadic rational numbers is
dense in [0, 1], F vanishes identically. This means that f is orthogonal to the
chacacteristic functions of the intervals [0,¢] (0 < ¢ < 1). Since the system
of these characteristic functions is total in L?(0,1), it follows that f =0. []

See [Higgens,1977], p.45, 2.4 The functions of Rademacher, Walsh and
Haar, and also [Alexist,1961], p.51, Ch.1 §7 Rademacher’s and Walsh’s or-
thogonal systems. Relations to the theory of probability.

13



5 Representations of compact groups

We give first some definitions. Let G be a topological group and V' a normed
complex vector space. A representation w of G on V' is a group morphism

G — GL(V), g+— m(9g),

B r(g)g2) = 7(gur(en), w(g™") = 7(g) ",

such that, for any v € V', the map g — m(g)v is continuous.

A subspace W C V' is invariant if, for any g € G, w(g)W = W. The
representation 7 is #rreducible if the only closed invariant subspaces are {0}
and V. In particular, if dimV = 1, the 7 is irreducible. Let (7, V), (w2, V2)
two representations of G. An it intertwining operator A is an isomorphism
A =V} — Vy, such that, for any g € G,

Ami(g) = ma(g)A.

If such an intertwining operator exists, the representations (m, V1) and (ms, V3)
are said to be equivalent.

Assume that V' = H is a Hilbert space. A representation m of G on H is
unitary if, for any g € G, 7(g) is unitary.

We assume now that the group G is compact.

Let (7, V) be an irreducible representation of G. Then the vector space
V' is finite dimensional, and there is on V' an inner product such that 7 is
unitary.

Schur orthogonality relations

Let 7 be a irreducible unitary representation of GG on a finite dimensional
Euclidean vector space, of dimension d. Let {ey,...,eq} be an orthonormal
basis of V, and (m;;(g)) the matrix of 7(g) with respect to this basis. The
functions 7;;(g) are orthogonal in L*(G, p): if (i,7) # k, ),

/ mij(z)mhe(2) p(dx) = 0,
G

and

| mata)Ftan) = 5.

14



If (m, V1) and (g, V2) are irreducible representations of G which are not
equivalent, then the space M, of matrix coefficients of (71, V}) and the space
M of matrix coefficients of (s, V) are orthogonal in L*(G, ).

Peter-Weyl theorem

The set of equivalence classes of irreducible representations of G is de-
noted G. For a class A € G, one chooses a representative (7™, H,) and
denotes by d, the dimension of the representation space H*. By the Schur
orthogonality relations, the system

{\/ d)ﬂTl(]/-\) | A€ é, 1,5=1,... ,d)\}.
Theorem 5.1. (Peter-Weyl) The system

(VD [ e G, ij=1,...,d\}.
is a Hilbert basis of L*(G, ).

6 Characters and central functions

Let m be a representation of GG on a finite dimensional vector space V. the
character of the representation 7 is the function x, defined on G by

Xx(g) = tr7(g).
Observe that y.(e) = dimV, and, for g,z € G,

X=(g2g™") = xx(9)-

In fact, for two square matrices A, B, tr AB = tr BA. Two elements x,y € G
are said to be conjugate if there exists ¢ € G such y = gxg~!. this is an
equivalence relation. An equivalence class is called a conjugacy class. A

function f on G is siad to be central if

flgzg™) = f(z) (2,9 €G),

i. e. the function f is constant on each conjugacy class. The character of a
representation is a central function. By the Schur orthogonality relations, if
7 is irreducible, then

/G o) Par) = Y /G () Pu(da) = 1.

15



If the representations 7; and 75 are irreducible and non equivalent, then x,
and Y, are orthogonal in L*(G, p):

/ Yo (€)X @) pa{dz) = 0.
G

The characters of two equivalent representations are equal. Therefore we will
denote by y, the character of any representation in the class A € G. Hence
the system {x»},ca is orthogonal in L*(G, ).

As a consequence of the Peter-Weyl theorem (Theorem 5.1) one obtains

Theorem 6.1. The system {x»}\cq s a Hilbert basis of the space L*(G, ).
of central functions in L*(G, ).

Proposition 6.2. Assume the group G to be finite.
(i) #G = Z)\GG di' A
(ii) #{conjugacy classes} = #G.

Property (i) follows from the Peter-Weyl theorem (Theorem 5.1), and (ii)
from Theorem 6.1.

7 Examples

1) The group &3 of permutations of three elements

The number of elements of &3 is #63 = 3! = 6. The group 63 can be
seen as the group of isometries of the equilateral triangle.




There are 3 conjugacy classes
- Co = {e}, where e is the identity

(123
=11 2 3/)°

- Cy: the 3 transpositions

1 2 3\/1 2 3 1 2 3
13 2/)\3 2 1)’\2 1 3/

They correspond to the symmetries with repect to the three heights Aa, Bb,
Be.
- Cy: the two circular permutations

1 2 3 1 2 3
2 3 1) 31 2)°

They correspond to the rotations with angles %’r and %’T.

By property (i) #G =3, G = {A\o, A1, A2}. The representation my, is the
trivial representation. ), is the one dimensional representation given by

T (g) = 5(9)7
the signature of the permutation g,
e(g) = 1if geCy, or g€ Cy,
= —1lifge(
Hence dy, = 1, d), = 1, and, since by property (ii)
43, + d3, + dy, = #6;3 = 6,

a representation in the class Ay is two dimensional: d), = 2. In fact a
representative m,, maps &3 to the group of isometries of the equilateral
triangle. In particular

123'_>—10 123'_>—l—
1 3 2 0 1) \2 3 1 v3oo—

17
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Character table

Co C1 Cy
# 1 3 2
X0 1 1 1
x1 | 1 -1 1
xXe | 2 0 -1

From the character table one can check that the system of the characters
is orthonormal in L?*(G) by using the formula

(o | ) = #—1G S HCEIE)

2) The group A, of even permutations of 4 elements
The group G = Ay is a subgroup of the permutation group Sy:
G={g€6,|e(g) =1},
1

and #G = %#64 = 54! = 12. The group G is also the group of rotations of
the regular tetrahedron.

18



There are 4 conjugacy classes:
- Co = {e}, where e is the identity

(1234
c=\1 2 3 4/)°

- C;: the rotation of %77 around the axis Ajay and orthogonal to the
opposite face oriented toward the vertex Ay:

1 2 3 4
2 31 4)°

and 3 similar rotations coresponding to the three other vertices. #C; = 4.
- C3: the rotation of —2* around the same axis:

3
1 2 3 4
31 2 4)°

and 3 similar rotations. #Cy = 4.
- C4: the rotation of 7 around the line « joining the middles My, and Msy
of the two opposite edges A; Ay and A3Ay:

(12 3 4
“=\2 14 3)

and two similar rotations around to the lines # and 7,
- 1 2 3 4 (1 2 3 4
“\4321) “T3412)

#Cy = 3.

The subset H = {e, a,b,c} is an Abelian subgroup:
Ad=b=c=e ab=c, ac="b, bc = a.
It is isomorphic to 39 X 39:

e a b c

(0,0) (1,0) (0,1) (1,1)

The lines «, 3,7 are 2 by 2 orthogonal and the set {a, 3,~} is invariant under
the action of G = A4. The subgroup of the transformations ¢ € G which fix

19



each of the lines «, 3, ( is the subgroup H. Hence H is a normal subgroup
and the quotient group G/H is isomorphic to 33 acting on the set {a, 3,7}
by even permutations. For instance,

: 1 2 3 4
1fg—<2 3 1 4),thenar—>ﬁ,ﬁr—>%7r—>a.

Recall that the characters of the Abelian group 33 are given by, if z €
{0,1,2}, then x\(z) = w**, where A\ € {0,1,2}, and w = ¢*s. Hence, by
composition,

G—G/H~Z3—T, g— g— x1(9),

one obtains two one dimensional representations m; and my of G.
By the property (i) of Proposition 6.2, #G=4,G = {0, A1, Ao, Az},
dy, =1, dy, =1, dy, = 1.
By the property (ii) of Proposition 6.2,
&3, +d3, +dy, +di, = #G =12,

therefore dy, = 3. A representative of A3 is the representation 73 of G which
maps an element g to a rotation of the 3-dimensional Euclidean space fixing
the regular tetrahedron. For g € C; of Cy, the trace of the rotation m3(g) is

2 2 2
trm3(g) :cosgjtcosg—i—l: 1+2COS§:O.

For g € Cs,
trmg(g) = —-1—-1+1=—1.

Character table

Co Ci Gy Gy
# 1 4 4 3
X0 1 1 11
xi | 1 w w?l
X2 1 w?wl
xs | 3 0 0 -1
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