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Figure 1. The experimental observation at CERN’s LHC of the collision
of two primes numbers p and p producing as a sub-product of the fusion
some p, ℓ and ∞’s.
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LECTURE 1

THE LOCAL LANGLANDS CORRESPONDENCE

In this chapter we present the local Langlands correspondence as stated in the
“classical case”. We explain at the end its reformulation as it appears in [58].

1.1. Notations

We fix a prime number p. We need the following datum:
— E is a finite degree extension of Qp with residue field Fq and uniformizer π.

— We fix an algebraic closure E of E and let

ΓE = Gal(E|E)

and

WE ⊂ ΓE

be the associated Weil group of elements of ΓE acting as Frobnq for some n ∈
Z ⊂ Ẑ on the residue field.

— G is a reductive group over E.
— We fix some ℓ ̸= p and consider Qℓ an algebraic closure of Qℓ.

We let
LG = “G⋊ ΓE

be the associated L-group over Z (seen as a pro-algebraic group). Here “G is a split
reductive group over Z equipped with an action of ΓE factorizing through the quotient
by an open subgroup of ΓE . We refer to [18] for L-groups.

Example 1.1.1. — 1. If G = T is a torus then T̂ = X∗(T )⊗Z Gm with the ΓE

action deduced from the one on X∗(T ).

2. If G = GLn/E then “G = GLn with trivial ΓE action.

3. If G = SLn/E then “G = PGLn with trivial ΓE action.
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4. If K|E is a quadratic extension with Galois group {Id, ∗}, A ∈ Mn(K) is her-
mitian non-degenerate, i.e. satisfies tA∗ = A and det(A) ̸= 0, the associated
unitary group G such that

G(E) = {B ∈ GLn(K) | BA tB∗ = A}

satisfies “G = GLn with the action of ΓE factorizing through Gal(K|E), and
where the non-trivial element of the Galois group acts as g 7→ w tg−1w where

w =

á
1

−1
1

. .
.

ë
.

1.2. The local Langlands correspondence: expectations

1.2.1. Smooth representations. — Let Λ be a Z
[
1
p

]
-algebra. Recall the following

definition.

Definition 1.2.1. — A smooth representation of G(E) with coefficients in Λ
is a Λ-module M equipped with a linear action of G(E) such that the stabilizer
of any vector is open in G(E). We note

RepΛ(G(E))

for the category of smooth representations with coefficients in Λ.

Let

C (G(E),Λ)

be the Λ-module of locally constant with compact support functions on G(E) with
coefficients in Λ. Let

HΛ(G(E)) = HomΛ(C (G(E),Λ),Λ)

be the Hecke convolution algebra of distributions on G(E) with coefficients in Λ that
are smooth with compact support. The choice of a Haar measure µ on G(E) with
values in Z

[
1
p

]
defines an isomorphism

C (G(E),Λ)
∼−−→ HΛ(G(E))

f 7−→ fµ

where the ring structure on C (G(E)) is now given by

(f ∗ g)(x) =
∫
G(E)

f(xy−1)g(y)dµ(y).

For each K ⊂ G(E) an open pro-p subgroup there is associated an idempotent

eK ∈HΛ(G(E))
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given by ⟨eK , φ⟩ =
∫
K
φ where, in this formula, the integration on K is with respect

to the Haar measure with volume 1. In other words, eK = 1
µ(K)1K ∈ C (G(E),Λ) via

the preceding identification. Then, one has eK ∗ eK′ = eK if K ⊂ K ′ and

HΛ(G(E)) =
⋃
K

eK ∗HΛ(G(E)) ∗ eK︸ ︷︷ ︸
HΛ(K\G(E)/K)

where HΛ(K\G(E)/K) is the Hecke algebra of K-bi-invariant distributions on G(E)
with compact support.

To any π ∈ RepΛ(G(E)) with associated Λ-moduleMπ, one can associate a module
over HΛ(G(E)) by setting for m ∈Mπ and T ∈HΛ(G(E)),

T.m =

∫
G(E)

π(g).m dT (g).

One then has

eK .Mπ =MK
π

as an H (K\G(E)/K,Λ)-module. This induces an equivalence

{smooth rep. of G(E) wt. coeff. in Λ} ∼−−→
{

HΛ(G(E))-modules M
s.t. M = ∪KeK .M

}
.

One verifies that if Λ is a field and K is compact open with order invertible in Λ
this induces a bijection

{π ∈ RepΛ(G(E)) irred. s.t. πK ̸= 0}/ ∼ ∼−−→
{

irreducible
HΛ(K\G(E)/K) -modules

}
/ ∼

We refer to [119], [12] and [11] for the basics of smooth representations of p-adic
groups.

Later in this text we will consider

D(G(E),Λ)

the derived category of smooth representations of G(E) with coefficients in Λ. The
category RepΛ(G(E)) has enough injective and projective objects. For projective
objects it suffices to consider the collection(

c-ind
G(E)
K Λ︸ ︷︷ ︸

compact induction

)
K
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where K goes through the set of compact open pro-p subgroups of G(E). For the
injective objects it suffices to consider the collection(

Ind
G(E)
{1} M︸ ︷︷ ︸

smooth induction

)
M

whereM goes through the set of injective Λ-modules. When Λ is a characteristic zero
field the category RepΛ(G(E)) has finite cohomological dimension, see [127] where
this is deduced from the contractibility of the Bruhat-Tits building.

1.2.2. Langlands parameters. — The local Langlands correspondence seeks to
attach to any irreducible π ∈ RepQℓ

(G(E)) a Langlands parameter

φπ :WE −→ LG(Qℓ).

Here the terminology “Langlands parameter” means
— that the composite of φπ with the projection to ΓE is the canonical inclusion

WE ⊂ ΓE i.e. φπ is given by a 1-cocycle WE → “G(Qℓ),

— that moreover this cocycle takes values in “G(L) where L is a finite degree
extension of Qℓ,

— that this cocycle with values in “G(L) is continuous.
Remark 1.2.2. — There’s a way to make this notion of Langlands parameter inde-
pendent of the choice of the ℓ-adic topology. In fact, Grothendieck’s ℓ-adic monodromy
theorem (“any ℓ-adic representation is potentially semi-stable”, see [35, Theorem 8.2])
applies in this context and a Langlands parameter

φ :WE → LG(Qℓ)

as before is in fact the same as a couple (ρ,N) where
— ρ :WE → LG(Qℓ) is a Langlands parameter that is trivial on an open sub-group

of WE,
— N ∈ gQℓ

(−1) is nilpotent and satisfies: ∀τ ∈ WE , Ad ρ(τ).N = qv(τ)N where

τ acts as Frobv(τ)q on the residue field.
The couples

(ρ,N)

are the so-called Weil-Deligne parameters. There is a 1-cocycle

tℓ :WE → Zℓ(1)

sending τ to
(
τ(π1/ℓn)/π1/ℓn

)
n≥1

. The correspondence sends (ρ,N) to the parameter

φ such that for τ ∈WE,

φ(τ) = ρ(τ) exp(tℓ(τ)N)⋊ τ.

Nevertheless, since we fix a prime number ℓ in our work with Scholze we prefer
to give a formulation using the ℓ-adic topology. This is justified by the fact that we
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construct such parameters over Fℓ too and our correspondence is compatible with mod
ℓ reduction.

Remark 1.2.3. — There is a p-adic local Langlands program too for which peoples
look at the case ℓ = p, see [22] for example. We only look at the case ℓ ̸= p here which
is the case of the “classical” local Langlands correspondence.

One last remark: φπ is only defined up to “G(Qℓ)-conjugation i.e. we see it as an

element of H1(WE , “G(Qℓ)). Up to now the local Langlands correspondence is a map

IrrQℓ
(G(E))/ ∼ −→

{
φ :WE → LG(Qℓ)

}
/“G(Qℓ)

i.e. a map between isomorphism classes of object. We will later see this corre-
spondence has some categorical flavors (and this is quite important since at the end
we formulate a real categorical local Langlands correspondence with Scholze) but up
to now we deal with objects up to isomorphisms.

1.2.3. What to expect from the local Langlands correspondence. — Here
is what we expect from the local Langlands correspondence.

1. Frobenius semi-simplicity First, there is one condition on φπ: this has to be
Frobenius semi-simple in the sense that the associated couple (ρ,N) has to be
such that for all τ , ρ(τ) is semi-simple (i.e. ρ(τ) is semi-simple for a τ satisfying
v(τ) = 1).

2. Finiteness of the L-packets The fibers of {π} 7→ {φπ} are finite: those are
the so-called L-packets.

3. Description of the image When G is quasi-split the correspondence

{π} 7→ {φπ}
should be surjective. For other groups G, there is the so-called relevance condi-
tion: a (Frobenius semi-simple) parameter

φ :WE → LG(Qℓ)

is isomorphic to some φπ if and only if as soon as φ factorizes (up to “G(Qℓ)-
conjugacy) through some parabolic subgroup LP (Qℓ) where P is a parabolic
subgroup of G∗ then P transfers to G. We refer to [18, section 3] for the notion
of a relevant parabolic subgroup.

For example: if G = D× where D is a central division algebra over E with
[D : E] = n2 then a Langlands parameter

φ :WE −→ GLn(Qℓ) = “G(Qℓ)

is relevant if and only if φ, as a linear representation of WE , is indecomposable.



22 LECTURE 1. THE LOCAL LANGLANDS CORRESPONDENCE

4. Compatibility with local class field theory ([18, Section 9]) If G = T is a
torus, class field theory gives an isomorphism of groups

Hom(T (E),Q×
ℓ )

∼−−→ H1(WE ,
LT (Qℓ))

this has to be the local Langlands correspondence for tori. Typically, when T
is a spli torus, there is an Artin reciprocity isomorphism

T (E)
∼−−→W ab

E ⊗Z X∗(T )

deduced from

ArtE : E× ∼−−→W ab
E ,

and this isomorphism induces the local Langlands correspondence for T .

5. Compatibility with the unramified local Langlands correspondence
(Satake isomorphism) A good reference for the Satake isomorphism is [70].
If G is unramified, K is hyperspecial, after the choice of a square root of q in
Qℓ, there is a Satake isomorphism given by a constant term map

HQℓ
(K\G(E)/K)

∼−−→HQℓ
(T (OE)\T (E)/T (OE))

W

where T is an unramified torus coming from an integral model associated to the
choice of K. If A ⊂ T is the maximal split torus inside T then

HQℓ
(T (OE)\T (E)/T (OE))

W = HQℓ
(A(OE)\A(E)/A(OE))

W

that is identified with

Qℓ[X∗(A)]
W = Qℓ

[
X∗(Â )

]W
.

If π is such that πK ̸= 0 then the irreducible module πK over the spherical
Hecke algebra thus defines a character

Qℓ

[
X∗(Â)

]W −→ Qℓ

that is to say an element of Â(Qℓ)/W . One can prove that this is the same as
an element of{

unramified (semi-simple) φ :WE/IE → LG(Qℓ)
}
/ “G(Qℓ),

see [18, Section 7]. We ask that this this correspondence is our local Langlands
correspondence for unramified representations.

6. Compatibility with Kazhdan-Lusztig depth 0 local Langlands

If G is split and I is an Iwahori subgroup of G(E) then the category

RepIQℓ
(G(E))

of π ∈ RepQℓ
(G(E)) generated by πI form a block in RepQℓ

(G(E)) in the

sense that there is an indecomposable idempotent e in the Bernstein center of
RepQℓ

(G(E)) such that

e.RepQℓ
(G(E)) = RepIQℓ

(G(E)).
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This is the so-called central block, see [17] for the beginning of this story. This
category is then identified with the category of modules over the Iwahori-Hecke
algebra

H (I\G(E)/I).

The identification of this Iwahori-Hecke algebra with the equivariantK-theory of
the Steinberg variety has allowed Kazhdan and Lusztig to give a parametrization
of irreducible H (I\G(E)/I)-modules as couples

(s,N)

where s ∈ “G(Qℓ) is semi-simple andN ∈ ĝQℓ
is nilpotent and satisfies Ad(s).N =

qN , see [83]. We ask that this is the local Langlands correspondence in this
case.

7. Compatibility up to semi-simplification with parabolic induction

We say a parameter φ is semi-simple if the associated Weil-Deligne Langlands
parameter (ρ,N) is such that N = 0. Equivalently, φ|IE is trivial on an open
subgroup. For a parameter φ we can define

φss

its semi-simplification: if φ corresponds to (ρ,N) then φss corresponds to (ρ, 0).
Then, if P is a parabolic subgroup with Levi quotient M we ask the following:
for π an irreducible smooth representation of M(E), if π′ is an irreducible sub-
quotient of the finite length representation

Ind
G(E)
P (E) π

(parabolic induction), then

φss
π′

is the composite of φss
π with the inclusion LM(Qℓ) ↪→ LG(Qℓ).

Let us remark that, of course, this is false without the semi-simplification
since the Steinberg representation of GLn(E) and the trivial one do not have
the same Langlands parameters.

8. Categorical flavor: description of supercuspdial L-packets

We are now introducing some categorical flavor inside the Langlands param-
eters: we are not looking at the set quotient

{φ :WE → LG(Qℓ)}/“G(Qℓ)

but the quotient as a groupoidî{
φ :WE → LG(Qℓ)

}
/ “G(Qℓ)

ó
,

and thus{
φ :WE → LG(Qℓ)

}
/“G(Qℓ) = π0

î{
φ :WE → LG(Qℓ)

}
/“G(Qℓ)

ó
.



24 LECTURE 1. THE LOCAL LANGLANDS CORRESPONDENCE

Suppose G is quasi-split (we will see later, following the work of Vogan,
Kottwitz and Kaletha what to do in the non-quasi-split case). For a parameter
φ we define

Sφ = {g ∈ “G(Qℓ) | gφg−1 = φ}.

This is the automorphism group of φ in the preceding groupoid. There is always
an inclusion

Z(“G)(Qℓ)
ΓE ⊂ Sφ.

We say that φ is cuspidal if it is semi-simple and Sφ/Z(“G)(Qℓ)
ΓE is finite. We

say a packet is supercuspidal if all of its elements are supercuspidal. Then

{supercuspidal L-packets} ∼−−→ {φ :WE → LG(Qℓ) cuspidal }/“G(Qℓ).

Moreover, the choice of a Whittaker datum defines a bijection for φ a cuspidal
parameter

Irr(Sφ/Z(“G)(Qℓ)
ΓE︸ ︷︷ ︸

finite group

)/ ∼ ∼−−→ L-packet associated to φ

where the trivial representation should correspond to the unique generic (with
respect to the choice of the Whittaker datum) representation of the L-packet.

This phenomenon of L-packets already shows up in the unramified case. The
choice of a Whittaker datum fixes a conjugacy class of hyperspecial subgroup.
One this hyperspecial subgroup is fixed the characters of the finite abelian group

π0(Sφ/Z(“G)ΓE ) are in natural bijection with the set of conjugacy classes of
compact hyperspecial subgroups, see [110] for example.

9. Local global compatibility

Let K be a number field and Π be an algebraic automorphic representation
of G where now G is a reductive group over K, see [30] and [23]. Conjecturally,
Πf is defined over a number field as a smooth representation of G(Af ). Let us

fix an embedding of this number field inside Qℓ. Then one should be able to
attach to Π an ℓ-adic Langlands parameter

φΠ : Gal(K|K) −→ LG(Qℓ).

For a place v of K dividing p ̸= ℓ,

φΠ |WKv

depends only on Πv and is given up to conjugation by

φΠv
.
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1.3. Background on the global Langlands correspondence and global Lang-
lands parameters

Let G be a reductive group over a number field K. Let Π be an automorphic
representation of G i.e. an irreducible sub-quotient of the space of automorphic forms
on G. As an abstract representation

Π ≃
⊗
v

Πv

where v goes through the places of K. If v|∞, the local Langlands correspondence is
known for Πv ([94]), and we can define

φΠv
:WKv

−→ LGC.

There is a natural morphism

C× −→WKv

that is an isomorphism if Kv ≃ C and fits into a non-split exact sequence

1 −→ C× −→WKv
−→ Gal(C|R) −→ 1

if Kv ≃ R.

Definition 1.3.1. — An automorphic representation Π of G is algebraic if

for all v|∞, φΠv|C× : C× −→ “G(C) is algebraic i.e. is given by an algebraic

morphism SC → “GC where S is Deligne’s torus ResC|R Gm via the inclusion

C× = S(R) ↪→ S(C).

It is the same as to ask that for all v|∞, Πv has the same infinitesimal character
as the one of an algebraic irreducible finite dimension representation of the algebraic
group GKv

with coefficients in C.

Conjecturally, there exists a global Langlands group

LK

that is a locally compact topological group sitting in an exact sequence

1 −→ L ◦
K −→ LK −→ Gal(K|K) −→ 1

and with an identification

LK/(L
◦
K)′ =WK

the global Weil group ([135], [3]). Let us note that a candidate for LK has been
proposed in [2]. Moreover, on expects the following. In the following conjecture a
continuous representation ρ of LK on a finite dimensional C-vector space is said to be
algebraic if for each v|∞, the composite of ρ with C× → WKv → LK is an algebraic
representation of Deligne’s torus S.
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Conjecture 1.3.2. — The following is expected:

1. To each automorphic representation Π of G one can associate a Lang-
lands parameter

φΠ : LK −→ LGC

compatibly with the local Langlands correspondence at archimedean places
and the unramified one at almost all finite places

2. If Π is algebraic then Πf is defined over a number field inside C and to

the choice of an embedding of such a number field inside Qℓ is associated
an ℓ-adic Langlands parameter

φΠ,ℓ : Gal(K|K) −→ LGQℓ

3. The Tannakian category of continuous representations of LK on fi-
nite dimensional C-vector spaces that are algebraic is identified with
the category of Grothendieck motives for numerical equivalence with C-
coefficients.

This is known for tori when we consider the category of CM-motives for absolute
Hodge cycles. In fact, this is a consequence of the identification of the Taniyama
group with the motivic Galois group of the category of CM motives equipped with
absolute Hodge cycles, see [36].

The construction of the ℓ-adic Langlands parameters is know for regular algebraic
automorphic representations of GLn over a totally real or CM field, see [71] and
[130]. Other cases are known using the cohomology of Shimura varieties, see for
example [89].

For example, if f =
∑

n≥1 anq
n is a normalized weight k ≥ 1 holomorphic modular

form for Γ0(N) that is new and an Hecke eigenvector of the Hecke operators (Tp)p ̸ |N
then one can associate (Shimura, Deligne ([34]), Deligne-Serre ([37]) a Galois repre-
sentation

ρf : Gal(Q|Q) −→ GL2(Qℓ)

such that for p ̸ | N , that characteristic polynomial of ρf (Frobp) is X
2 − apX + pk−1.

1.4. What we do

We prove the following theorem in [58].
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Theorem 1.4.1 (F.-Scholze). — For ℓ a good prime with respect to G (any
ℓ if G = GLn, ℓ ̸= 2 for classical groups) there exists a monoidal action of the
category of perfect complexes

Perf(LocSys“G/Zℓ
)

on
Dlis(BunG,Zℓ)

where LocSys“G → Spec(Z
[
1
p

]
) is the moduli space of Langlands parameter, an

algebraic stack locally complete intersection of dimension 0 over Spec(Z
[
1
p

]
).

As a consequence of the preceding theorem we can construct the semi-simple local
Langlands correspondence

π 7→ φss
π

for any reductive group over E, over Fℓ and Qℓ (and compatibly with mod ℓ reduc-
tion). We will explain later the

As for now the statement of the local Langlands conjecture is the following.

Conjecture 1.4.2 (Categorical local Langlands)
Suppose G is quasi-split and fix a Whittaker datum (B,ψ). Suppose ℓ is a

good prime. There exists an equivalence of stable ∞-categories

Db
coh(LocSys“G/Zℓ

)nilp.ss.supp
∼−−→ Dlis(BunG,Zℓ)

ω

compatible with the preceding spectral action and sending the structural sheaf
O to the Whittaker sheaf.

The goal of this text is to explain how after 20 years of work, starting from the
classical local Langlands correspondence in terms of parameters of smooth irreducible
representations as in the work of Harris-Taylor, we arrived at such a statement and
what are those geometric objects showing up in the preceding statement, starting with
the so-called Lubin-Tate spaces continuing with Rapoport-Zink spaces, Hodge-Tate
periods, the curve and so on.





LECTURE 2

SHIMURA VARIETIES, GALOIS REPRESENTATIONS,
AND THE WORK OF HARRIS-TAYLOR

2.1. Introduction

The problem of the following chapter is the following: construct the local Lang-
lands correspondence for a given group using local-global compatibility coupled with
some known cases of the global construction of ℓ-adic parameters via the cohomology
of Shimura varieties.

More precisely, if Π ≃
⊗

v Πv is a cohomological automorphic representation of the
reductive group G defined over a number field Q and

Π 7−→ rµ ◦ φΠ|Gal(Q|L)

via the cohomology of Shimura varieties where
— φΠ : Gal(Q|Q)→ LG(Qℓ) is the expected global ℓ-adic parameter,
— L is the reflex field associated to the Shimura variety, a number field inside C,
— rµ ∈ RepQℓ

(“G ⋊ Gal(Q|L)) is an algebraic representation associated to our

Shimura datum,
one expects that for p ̸= ℓ,

φΠ|WQp
= φΠp

and thus, if v|p is a place of L associated to the choice of an embedding f L inside Qp,

rµ ◦ φΠ|WLv
= rµ ◦ φΠp|WLv

Remark 2.1.1. — 1. By definition, a cohomological automorphic representation
is a particular type of algebraic automorphic representation that shows up in the
cohomology of locally symmetric spaces. For example, for GL2, the automorphic
representation associated to an holomorphic modular form of weight k ≥ 1 is
algebraic but cohomological only when k ≥ 2. The ℓ-adic Langlands parameter
associated to a weight ≥ 2 holomorphic modular forms is obtained inside the
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intersection cohomology cohomology of modular curves with coefficients in some
local systems (Shimura, Deligne).

For weight 1 holomorphic modular forms this ℓ-adic Langlands parameter is
obtained by ℓ-adic interpolation from the weight ≥ 2 case (Deligne-Serre).

There is another class of automorphic representation of GL2/Q that are alge-
braic but not cohomological: the one associated to non-holomorphic Maass forms

f that satisfy ∆f = 1
4f where ∆ = −y2( ∂2

∂x2 + ∂2

∂y2 ) is the hyperbolic Laplacian.

We do not know how to construct their ℓ-adic Langlands parameter.

2. Suppose that GR has discrete series, that is to say GR is an inner form of its
compact form. This is for example the case if G can be enhanced to a Shimura
datum. One can prove that one can globalize any supercuspdial representation
of G(Qp) to an automorphic representation Π such that Π∞ is a discrete series
representation ([29, Theorem 1B]). Those are cohomological and show up in
middle degree in the cohomology of locally symmetric spaces.

3. One of the difficulties of the preceding approach is that we can not construct φΠ

but its composition with rµ where rµ is a very particular type representation of
the Laglands dual since µ is minuscule. This difficulty is removed over function
fields over Fq using general Shtuka moduli spaces but we don’t know, even for
GL2, how to define Shimura varieties for non-minuscule µ. We will see later
how to remove this difficulty for local Shimura varieties at p as diamonds.

We would like to use this type of formula to define φΠv
after choosing suitable

Shimura data giving rise to different representations rµ, This leads to the question:
why, after composing with rµ, would φΠ|WKv

depend only on Πv? This is the problem
of local-global compatibility. The answer is that there are local Shimura varieties linked
to the global one via a process of p-adic uniformization.

Remark 2.1.2. — The use of the local-global compatibility is common in the domain.
Let us cite for example the proof of the fundamental lemma by Ngô ([112]) that uses
a globalization to a smooth projective curve over a finite field or the proof of the
arithmetic fundamental lemma ([143]).

2.2. Shimura varieties

2.2.1. Hermitian symmetric spaces. — Let S = ResC|R Gm be Deligne’s torus.
Recall the the Tannakian category of real Hodge structures is equivalent to RepR(S).

Let

(G, {h})
be a couple where

1. G reductive group over R,
2. h : S→ G with G(R)-conjugacy class {h}.
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This is the same as the datum of G together with a faithful ⊗-functor
Rep(G) −→ R-Hodge structures,

i.e. a G-R-Hodge structure, such that the composite

Rep(G) −→ R-Hodge structures
can−−→ VectR

is isomorphic to the canonical fiber functor on RepG.

We note µh : Gm/C → GC for the composite of hC with z 7→ (z, 1) from
Gm/C → SC = Gm/C ×Gm/C. This defines the Hodge filtration.

Hypothesis:

1. (Weight 0 adjoint Hodge structure) wh : Gm → G, obtained by
composing h with the morphism Gm → S inducing R× ↪→ C× on the
R-points, is central that is to say the Hodge structure (g,Ad ◦h) is pure
of weight 0.

2. (Polarization) Conjugation by h(i) is a Cartan involution on Gad that
is to say the Killing form on gad defines a polarization of the weight 0
Hodge structure (gad,Ad ◦h).

3. (Griffiths transversality) µh : Gm/C → GC is minuscule that is to say
the weights of Ad ◦µh on gC are in {−1, 0, 1} that is to say the Hodge
structure (gR,Ad ◦h) is of type (−1, 1), (1,−1), (0, 0).

Under those hypothesis, if K∞ is the centralizer of h(i) in G(R), a sub-group of
G(R) that is compact modulo the center,

X = G(R)/K∞

is an hermitian symmetric space. More precisely, if F is the complex analytic flag
manifold defined by µh, the map

X −→ F
that sends some h′,G(R)-conjugate to h, to the class of µh′ is an open embedding,

X ⊂
open
F .

Furthermore, X is a moduli space of rigidified variations of Hodge structures
equipped with an additional G-structure.

More precisely, if S is a smooth complex analytic space then X(S) is the set of
equivalence classes of (F ,Fil•F ⊗R OS , η) where

— F : Rep G→ {R local systems on S} is a ⊗-functor,
— Fil•F ⊗R OS is a finite decreasing filtration of the ⊗-functor

F ⊗R OS : Rep G −→ {vector bundles on S}

satisfying Griffiths transversality: if ∇ = Id⊗d then ∇Filk ⊂ Filk−1 ⊗ Ω1
S
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— for each R-linear representation (V, ρ) of G and s ∈ S, the complex conjugate
of the associated filtration of VC is ρ ◦ wh-opposite to the filtration of VC and
thus defines a weight ρ ◦ wh Hodge structure,

— η is an isomorphism between tensor functors between F and the canonical
functor (V, ρ) 7→ V ,

— We ask that for each s ∈ S, the associated morphism S→ G defined by taking
the stalk at s of the preceding variation is G(R)-conjugated to h.

Thus, X is a moduli space of Hodge structures. We will see later that we can define
moduli spaces of p-adic Hodge structures using the curve. But we are first going to
treat a particular case: Lubin-Tate spaces.

2.2.2. Shimura varieties. — Let us begin by recalling the definition of a Shimura
datum ([38], [39], [104], [107], [108], [64]).

Shimura datum:

1. G is a reductive group over Q.

2. h : S→ GR.

Hypothesis:

1. (Weight 0 adjoint Hodge structure) wh : Gm → GR, obtained by
composing h with the morphism Gm → S inducing R× ↪→ C× on the
R-points, is central that is to say the Hodge structure (gR,Ad ◦h) is pure
of weight 0.

2. (Polarization) Conjugation by h(i) is a Cartan involution on GR,ad that
is to say the Killing form on gad defines a polarization of the weight 0
Hodge structure (gR,ad,Ad ◦h).

3. (Griffiths transversality) µh is minuscule that is to say the Hodge
structure (gR,Ad ◦h) is of type (−1, 1), (1,−1), (0, 0).

4. (Density of CM points) For any simple Q-factor H of Gad, H(R) is
not compact.

Example 2.2.1. — 1. G = GL2 and h(a+ ib) =

Å
a b
−b a

ã
. This is the modular

curves case.

2. Same as before but G = D× with D a quaternion division algebra over Q. This
is the case of Shimura curves.

3. G = Gsp2n associated with the symplectic form

Å
0 In
−In 0

ã
. Set h(a + ib) =Å

aIn bIn
−bIn aIn

ã
. This is the case of Siegel modular varieties (modular curves for

n = 1).
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4. Let K be a CM field and B be a central simple algebra over K equipped with
an involution ∗ inducing complex conjugation on K. Let G = GU(D, ∗) be the
associated similitude unitary group. Let’s fix an isomorphism

GR ≃ G

(∏
τ∈Φ

U(pτ , qτ )

)
where (pτ , qτ )τ∈Φ is a set of signatures index by a CM type Φ of K. Then if
h(z) = (hτ (z))τ∈Π with hτ (z) = diag(z, . . . , z︸ ︷︷ ︸

pτ

, z, . . . , z︸ ︷︷ ︸
qτ

) this defines a unitary

type Shimura variety.

5. All the preceding cases are particular cases of PEL type Shimura varieties, see
[88].

As a complex analytic space, the Shimura variety associated to the preceding datum
is

ShK = G(Q)\(X ×G(Af )/K)

for K ⊂ G(Af ) compact open “sufficiently small”. Writing G(Af ) =
∐

i∈I G(Q)giK
with I finite (finiteness of the class number), one has

ShK =
∐
i∈I

Γi\X

where Γi = G(Q) ∩ giKg−1
i is an arithmetic subgroup of G(R).

The smooth complex analytic space ShK has an interpretation as a moduli of
variations of Q-Hodge structures equipped with a G-structure. To be more precise,
the natural moduli space is not ShK but∐

ker1(Q,G)

ShK

a finite disjoint union of copies ShK where ker1(Q, G) is a finite group measuring the
obstruction to the Hasse principle for G (see [88] for the PEL case). More precisely, if
S is a smooth complex analytic space then

∐
ker1(Q,G) ShK(S) is the set of equivalence

classes of (F ,Fil• ⊗Q OS , η) where
— F : Rep G→ {Q− local systems on S} is a ⊗-functor,
— Fil•F ⊗Q OS is a finite filtration of the ⊗-functor

F ⊗R OS : Rep G −→ {vector bundles on S}

satisfying Griffiths transversality: if ∇ = Id⊗d then ∇Filk ⊂ Filk−1 ⊗ Ω1
S ,

— for each R-linear representation (V, ρ) of G and s ∈ S, the complex conjugate
of the associated filtration of VC is ρ ◦ wh-opposite to the filtration of VC and
thus defines a weight ρ ◦ wh Hodge structure,

— for each s ∈ S, the associated functor RepGR → VectR obtained by taking
the stalk at s is trivial and the associated GR-Hodge structure is in the G(R)-
conjugacy class of h,

— η̄ is a Kp-orbit of trivialization η : can⊗QAf
∼−−→ F ⊗Q Af .
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Recall the following. We note L for the reflex field of the Shimura datum (G,X).
This is the field of definition of the conjugacy class of µh.

Theorem 2.2.2. — The tower of complex analytic spaces (ShK)K is a tower
of smooth quasi-projective algebraic varieties defined over L. When G is
anisotropic modulo its center those are projective smooth algebraic varieties
over L.

Algebraicity as a C-analytic space is due due Baily and Borel ([4]) where they
prove that if one adds a boundary to X by forming X∗, a generalization of H∗ = H∪
P1(Q), whose boundary components are parametrized by conjugacy classes of maximal
parabolic subgroups of G over Q, equipped with the so-called Satake topology, then
Γi\X∗ is a compact normal C-analytic space. The quasi-projectivity assertion is then
done by proving that the dualizing sheaf ω on those spaces is ample. This is donne
via the construction of Eisentein-Poincaré series that are automorphic forms sections
of ω⊗n for n≫ 0. The co-compact case, i.e. when G is anisotropic modulo its center,
was done before by Cartan and is much more simple via the construction of Poincaré
series and the realization of X as a bounded domain ([26]).

The descent datum from C to L is first constructed on CM-points via the theory of
Shimura and Taniyama, and the proof that it extends to an effective descent datum
to the entire Shimura variety is “easy” in the Hodge type and more generally abelian
type case and delicate, essentially due to Deligne, in the general case. We refer to
[104] and [106]. The case of mixed Shimura varieties and their compactifications,
that contains for example the case of the universal abelian scheme over Siegel modular
varieties, is handled in [113].

This is equipped with an action of G(Af ) when K varies, for g ∈ G(Af )

ShK
g−−→ Shg−1Kg .

This induces correspondences for g and K as before

ShK∩gKg−1 Shg−1Kg∩K

ShK ShK .

∼

Furthermore, if ρ is an algebraic representation of G with values in a finite dimensional
Qℓ-vector space, it induces an equivariant (with respect to the G(Af )-action or the

preceding correspondences that are upgraded to cohomological one) étale Qℓ-local
system Lρ on (ShK)K . We can look at

lim−→
K

H•
ét(ShK ⊗LL,Lρ)

as a smooth representation of G(Af ) equipped with a continuous commuting action of

Gal(L|L). The action of the Hecke algebra on theK-invariants of those G(Af )-smooth
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representations is given by the action of the preceding cohomological correspondences.

Let us now recall the following (see [19] and [142]).

Theorem 2.2.3 (Mastushima, Borel, Franke). — For G a reductive
group over Q, K∞ ⊂ G(R) compact whose neutral connected component is the
neutral connected component of a maximal compact subgroup, and K ⊂ G(Af )
compact open “sufficiently small”, if

XK = G(Q)\(G(R)/K∞AG(R)+ ×G(Af )/K)

as a locally symmetric space, where AG is the maximal split torus in ZG, then
for any finite dimensional complex representation ρ of GC,

1. If G is anisotropic modulo its center then, as a module over the Hecke
algebra H (K\G(Af/K),

H•(XK ,Lρ) =
⊕
Π

mΠ.dimCH
•(g∞,K∞; Π∞ ⊗ ρ).ΠK

f

where
— Π goes through the set of automorphic representations of G with triv-

ial central character when restricted to AG(R)+,
— mΠ is the multiplicity of Π in the space of automorphic forms,
— H•(g∞,K∞,Π∞) is a finite dimensional cohomology C-vector space

associated to Π∞.
In particular this cohomology space is semi-simple as a module over the
Hecke algebra H (K\G(Af )/K).

2. For any G, any constituent of H•(XK ,Lρ) as a module over the Hecke
algebra is automorphic in the sense that it is isomorphic to ΠK

f where Π
is a cohomological automorphic representation of G.

This result is in fact deeper: H•(XK ,Lρ) is isomorphic to the (g∞,K∞)-
cohomology of the space of automorphic forms with level K, see [142]. This result
has variants, for example the cohomology of the discrete part (the so-called discrete
spectrum that is orthogonal to the Eisentein part) of the space of L2 automorphic
forms is identified with the L2-cohomology of the locally symmetric space. This is
itself identified with the intersection cohomology of the minimal compactifications.

2.3. Harris-Taylor Shimura varieties ([72, Chapter III])

2.3.1. Generic fiber. — Let E be a given p-adic field. We are looking to define
the local Langlands correspondence for G = GLn/E .

Harris and Taylor have exhibited some PEL-type Shimura datum (G,X) such that
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GR ≃ G(U(1, n− 1)× U(n)× · · · × U(n))

and
GQp ≃ GLn/E ×Gm.

Moreover, one has “G = GLn×GLn× · · · ×GLn×Gm

with rµ the standard representation of dimension n on the first GLn-factor, trivial
on the other GLn factors and all of this is twisted by the standard representation of
Gm. We can moreover suppose that G is anisotropic modulo its center.

In fact, G is a similitude unitary group attached to to a division algebra over a
CM field equipped with an involution inducing complex conjugation on the CM field.
Those are particular cases of Shimura varieties that were already studied by Kottwitz
([88], [87]) and Clozel ([31]).

We get

ShK

Spec(L)

a proper smooth algebraic variety that is in fact a moduli of abelian varieties equipped
with additional structures like a polarization and an action of an order in a division
algebra. Set Lv = E our p-adic field where v is a place of L dividing p.

We are going to analyze the cohomology of (ShK)K ⊗LLv by making a degen-
eration from p ̸= 0 to p = 0.

2.3.2. Integral models. — If Kp ⊂ G(E) is compact hyperspecial, Kp =
GLn(OE) × Z×

p (”minimal level at p”), then ShKpKp degenerates smoothly for any

Kp compact open inside G(Ap
f ) there exists a smooth projective model

SKp ShKpKp ⊗LLv

Spec(OE) Spec(E)

with SKp ⊗OE
E = ShKpKp ⊗LLv. This is a moduli space of abelian schemes with

additional structures.
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The main point is the following. Let

A

SKp

be the universal abelian scheme. The fact is that the p-divisible group A[p∞] splits
as

A[p∞] = G ⊕ GD

where G is equipped, as an extra additional structure, with an action ofMn(OE). The
additional structure that is the polarization on A[p∞] is the canonical polarization on

G ⊕ GD. Let e =

Å
1
ã

as an idempotent of Mn(OE). Then (Morita equivalence),

a p-divisible group such as G equipped with an action of Mn(OE) is the same as a
p-divisible group equipped with an action of OE ,

H := e.G

in our case. The fact now is that the signature at ∞ of our unitary group

(1, n− 1)× (0, n)× · · · × (0, n)

transfers at p as the condition that

1. H is a 1-dimensional p-divisible group with an action of OE

2. The action of OE on LieH is the canonical one via SKp → OE .

We call such an object a 1-dimensional π-divisible OE-module.

2.3.3. Newton stratification. — Let

SKp = SKp ⊗OE
Fq

be the reduction modulo π of our Shimura variety. This again forms a tower of étale
coverings equipped with an action of G(Ap

f ) when K
p varies. Let

H

SKp

be our 1-dimensional π-divisible OE-modules. Geometrically fiberwise on SKp this
has a Newton polygon that is of the following shape in red:
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•

1 • •

• • • • •

0 i n− 1 n

for an integer i ∈ {0, . . . , n − 1}. In the preceding picture the Hodge polygon has
slope 0 with multiplicity n − 1 and 1 with multiplicity 1. The basic (i.e. isoclinic in
Kottwitz terminology) polygon has slope 1/n. The integer i is the OE-height of the
étale part. More precisely, there is a stratification by locally closed subsets

S
(i)

Kp , 0 ≤ i ≤ n− 1

where a geometric point x of SKp lies in S
(i)

Kp if an only if

0 −→ H
◦
x︸︷︷︸

1-dim.formal
of OE-height n−i

−→ Hx −→ H
ét

x︸︷︷︸
OE-height i

−→ 0.

1. The closed stratum is S
(0)

Kp that is a finite set of closed points, the so-called basic
locus,

2. The open stratum is S
(n−1)

Kp that is the so-called µ-ordinary locus.

Remark 2.3.1. — The Newton strata of Shimura varieties are in general
parametrized by Kottwitz set B(G,µ) ([88],[86],[121], and [98] who proves [50,
Conjecture 3.1.1]). The appearance of the set B(G) in the geometry of Shimura
varieties, as in [50], has been a great motivation over the years for finding a more
geometric interpretation of it.

2.3.4. Level structures at p. — We worked before with a level structure at p for
which Kp = GLn(OE) × Z×

p . In this case the integral models are smooth. Drinfeld
([40], [72, Section II.2]) defined a “good” notion of level structures at p for the
principal congruence subgroups Kp = Id+πmMn(OE) × Z×

p when m ≥ 1. This is
very particular to 1-dimensional p-divisible groups. By “good” we mean that the
associated integral models

Sm,Kp
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are regular and the change of level morphism

Sm,Kp regular

SKp smooth/OE

finite flat

is finite flat (see [72, Lemma III.4.1]). Moreover those morphisms are totally ramified
over the points of the basic locus. We obtain a tower

(Sm,Kp)m≥1

that is equipped at the limit when m→ +∞ with an action of G(Qp) and commuting
Hecke correspondences associated to elements of Kp\G(Ap

f )/K
p.

2.3.5. Analysis of the ℓ-adic cohomology at p via nearby cycles. —

2.3.5.1. Background on nearby cycles. — Nearby cycles are a construction that
allows us to analyze the cohomology of an algebraic variety via the cohomology of
the special fiber of a “1-parameter degeneration” of this algebraic variety i.e. a
degeneration parametrized by what we call a trait (the spectrum of a rank 1 valuation
ring). We refer to [79] for an historical introduction to the subject.

Let

X

Spec(V )

be finite presentation morphism of schemes where V is an Henselian rank 1 valuation
ring. Let K = Frac(V ) and k be the residual field of V . Fix an algebraic closure K of
K and let k be the associated algebraic closure of k. We note Spec(k), s = Spec(k),
η = Spec(K) and η̄ = Spec(K).

There is a diagram

Xs X Xη

s Spec(V ) η

Let F ∈ Db
c(Xη,Qℓ) with ℓ invertible in V . We want to understand

H•(Xη̄,Qℓ)

with its Gal(K|K) action in terms of the special fiber Xs of our degeneration. There
is a “nearby cycle fiber functor”
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Db
c(Xη,Qℓ)

RΨη̄−−−−→
ß
objects in Db

c(Xs̄,Qℓ)+ action of Gal(K|K)
compatible with the one of Gal(k|k)

™
such that for any geometric point x̄ of Xs̄,

RΨη̄(F )x̄ = RΓ
(

Spec(Osh
X,x̄

[ 1ϖ ])︸ ︷︷ ︸
schematical Milnor fiber

over x̄

,F
)

where ϖ is a pseudo-uniformizer in V and X = X ⊗V V with V the integral closure
of V in K.

Remark 2.3.2. — The fiber at geometric points of RΨη̄(F ) is thus identified with
the cohomology complex of those schematical Milnor fibers. Grothendieck’s construc-
tion of the functor RΨη̄ is a way to take all those cohomology complexes of the different
“classical” Milnor fibers and build a sheaf out of it. Deligne’s theorem says that this
complex has constructible cohomology and thus the cohomology of those Milnor fibers
“varies constructibly”.

Proper base change then says that if X → Spec(V ) is proper then

RΓ(Xs̄, RΨη̄(F ))
∼−−→ RΓ(Xη̄,F ).

We will now use the following very important result that says that the nearby
cycles depend only on the formal completion and not the henselelinzation. Suppose
that the residue field k is perfect.

Theorem 2.3.3. — (Berkovich ([9], [10]), Huber ([78, Corollary 3.5.16,
Theorem 3.5.8])) Let x be a closed point of Xs̄ and Xx be the formal comple-
tion of X ⊗V V un at x where V un is the integral closure of V in the maximal

unramified extension Kun of K. This is a formal scheme over Spf (‘V un). Let

Xad
x be its generic fiber as an adic space over Spa(‘Kun). There is then an

isomorphism

RΨη̄(F )x︸ ︷︷ ︸
cohomology of the

schematical Milnor fiber

∼−−→ RΓét

(
Xx,η⊗̂’Kun

“K,F ad
)︸ ︷︷ ︸

cohomology of the
rigid analytic Milnor fiber

2.3.6. A localization phenomenon. — The geometry of non-basic Newton strata
implies the following result. For m ≥ 1 we note

RΨη̄(Qℓ)m,Kp ∈ Db
c(Sm,Kp ⊗ Fq,Qℓ).
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If m′ ≥ m and Πm′,m : Sm′,Kp → Sm,Kp then

RΨη̄(Qℓ)m,Kp = Πm′,m∗RΨη̄(Qℓ)m′,Kp .

Moreover if Hm = H (G(E) � Id+πmMn(OE)),

RΨη̄(Qℓ)m,Kp

is equipped with an action of Hm ⊗H (Kp\G(Ap
f )/K

p).

The following result is essentially a consequence of [72, Lemma II.2.1], see point 4
and 5 of this lemma.

Theorem 2.3.4. — For any m ≥ 1,[
RΨη̄(Qℓ)m,Kp

]
supercusp.at p

∼−−→
⊕

x∈S
(0)

m,Kp (Fq)

ix∗
[
RΨη̄(Qℓ)m,Kp,x

]
supercusp.at p

that is to say the supercuspidal at p part of the complex of nearby cycles localizes
on supersingular points.

Remark 2.3.5. — This localization phenomenon is called Boyer’s trick: the coho-
mology of non-basic Newton strata is parabolically induced at p. This phenomenon
generalizes to Newton strata of PEL type Shimura varieties for which the Newton and
Hodge polygon (in a generalized sense as elements of a positive Weyl chamber) touch
at a breakpoint of the Newton polygon. This is the Hodge Newton decomposability
condition ([103], [133], [68], [27] for an application of this to the geometry of p-adic
period domains).

2.4. Lubin-Tate spaces ([49], [69])

Definition 2.4.1. — Let H be a one dimensional formal p-divisible group
over Fq equipped with an action of OE such that the action of OE on Lie H is
the canonical one. We note

LT
for the deformation space of H as a Spf (OĔ)-formal scheme.

This is a formal scheme (non-canonically) isomorphic to

Spf(OĔJx1, . . . , xn−1K).

We note

LT η ≃ B̊n−1

Ĕ

for its generic fiber as a locally of finite type adic space over Spa(Ĕ).
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On this open ball the Tate module of the universal deformation is an OE-étale local
system of rank n. The moduli of its trivializations defines a tower of rigid analytic
spaces with finite étale transition morphisms

(LT η,K)K⊂GLn(OE) −→ LT η

equipped with an action of GLn(E)1 = {g ∈ GLn(E) | det(g) ∈ O×
E} at the limit.

There is another group that shows up: the group of automorphisms by quasi-isogenies
of H, End(H)×Q , that is identified with

D×

whereD is a division algebra with invariant 1
n over E. At the end the tower (LT η,K)K

has a commuting action of (D× × GLn(E))1, the subgroup of D × GLn(E) formed
by elements (d, g) such that v(Nrd(d))+v(det(g)) = 0 where Nrd is the reduced norm.

In fact we prefer to work with

MK = LT η,K

O×
D

× D×

that is a
∐

Z of copies of the Lubin-Tate space. This is a particular case of Rapoport-
Zink space. The tower (MK)K has an action of D× × GLn(E) and a (non-effective
since this shifts everything by +1 in the components

∐
Z) descent datum

M(σ)
K

∼−−→MK

from Ĕ to E ([117, Section 3.48] in general). We now define

RΓ(MK⊗̂Ĕ
“E,Qℓ) :=

⊕
α∈π0(MK)

RΓ(Mα
K⊗̂Ĕ

“E,Qℓ).

This has an action of D× ×WE where the action of D× is smooth (using [10, The-
orem 4.1], see [72, Lemma II.2.8]) and a commuting action of the Hecke algebra
HQℓ

(K\GLn(E)/K).

Remark 2.4.2. — As for Harris-Taylor Shimura varieties, the notion of Drin-
feld level structure allows us to define some regular integral models of LT η,K when
K = Id+πmMn(OE), a principal congruence subgroup. Those are formal spectrum
of complete regular Noetherian rings that are finite free over OĔJx1, . . . , xn−1K, see
[40]. Nevertheless, we don’t need them to define the cohomology of the Lubin-Tate
tower. This is one of the main ideas of [50]: there’s no need of any integral models
anywhere, we can do everything “in generic fiber” directly. At the end this has been
reflected in [58] where we look at vector bundles on the curve and its moduli as an
“analytic stack” instead of the moduli of F -isocrystals on perfect schemes. The first
one is a “nice” Artin v-stack, the second one is not a classical Artin stack in any
sense we can imagine.
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2.4.1. The basic locus as a zero dimensional locally symmetric space. —
Let I be the algebraic reductive group over Q that is the endomorphism by quasi-
isogenies of an abelian variety over Fq equipped with its additional structures defining

an Fq-point of S
(0)

Kp . This satisfies

1. I(R) is compact modulo its center,

2. I(Qp) = D××Z×
p via the action of an automorphism on the Dieudonné module,

3. I(Ap
f ) = G(Ap

f ) via the action of an automorphism on the étale cohomology
outside p.

In fact I is an inner form of G that is isomorphic to G outside p∞. We refer to
[117, Chapter 6] for this and more generally to [88] and even more generally to [93]
and [105].

The fact is, like for modular curves, that all basic points are in an unique isogeny
class. From this we deduce that, after fixing a base point,

I(Q)\(I(Qp)/O×
D × I(A

p
f )/K

p)
∼−−→ S

(0)

Kp(Fq)

(to be correct we should add in fact a
∐

ker1(Q,G) to the left hand term).

Remark 2.4.3. — This last formula is a particular case of Rapoport-Zink uni-
formization of the basic locus ([117, Chapter 6]),

Iφ(Q)
∖Ñ

M︸︷︷︸
R.Z. space

×G(A(p)
f )/Kp

é
∼−−→

formal completon of Shimura variety
with hyperspecial level at p

along the basic locus of the special fiber

with I an inner form of G satisfying
• IA(p)

f

≃ GA(p)
f

,

• IQb
≃ Gb, [b] ∈ B(G,µ) basic,

• IR is the compact mod center inner form of GR.
We can also see this as a particular case of the fact that basic Igusa varieties ([72,
Chapter IV], [102]) are zero dimensional locally symmetric spaces attached to I. All
of this is the starting point of [50].

2.4.2. Harris-Taylor theorem. — From the preceding we obtain that

lim−→
K

RΓ(ShK ⊗LL,Qℓ)|WE ,cusp at p︸ ︷︷ ︸
expressed in terms of automorphic

representations of G

∼−−→ A(I)︸ ︷︷ ︸
expressed in
terms of

automorphic
representations

of I

⊗L
HQℓ

(D×) lim−→
K

RΓ(MK⊗̂Ĕ
“E,Qℓ)cusp at p

Via a comparison between automorphic representations on the two inner forms I
and G (global Jacquet-Langlands) obtained via a comparison of Arthur trace formulas
Harris and Taylor prove the following result. This result is obtained via global meth-
ods using the fact that any supercuspdial representation globalizes to an automorphic
representation that is a discrete series at ∞.



44 Harris-Taylor work

Theorem 2.4.4 (Harris-Taylor ([72])). — The cuspidal part of the middle
degree cohomology

lim−→
K

Hn−1(MK⊗̂Ĕ
“E,Qℓ)

is, up to a Tate twist, of the form⊕
π

supercuspidal

JL−1(π)⊗ π ⊗ φπ

where φπ is an n-dimensional Qℓ-representation of WE. The correspondence
π 7→ φπ defines a local Langlands correspondence for GLn/E.

Here the term ”local Langlands correspondence“ refers to the formulation due to
Henniart that characterize it in terms of ε-factors of pairs ([75]), see [25] for more
details about Harris-Taylor work.

Remark 2.4.5. — Henniart gave another proof of the local Langlands correspon-
dence in [76]. Moreover, Scholze gave another proof in [129]. This last proof is
relevant to [58] in terms of some kind of philosophy of “character sheaves” on the
moduli of p-divisible groups.

2.5. Final thoughts

One of the main ideas of [50] is to “do everything in generic fiber” after remarking
that in the work of Harris-Taylor the use of integral models is a tool to prove results
but at the end we can define everything in generic fiber and integral models are just
a tool for the proofs. Since we did not speak so much about them: the Igusa varieties
([72, Chapter IV], [102]) played an important role for [58] via [24] and some expected
local/global compatibility properties.

Finally, [129] has been an important motivation via the “character sheaf” property
that appears there linked to the stack of p-divisible groups.



LECTURE 3

p-ADIC PERIOD MORPHISMS

In this chapter we discuss period morphisms for p-divisible groups. Historically,
the first appearance of de Rham period morphisms goes back to Katz ([82]) for
deformation spaces of ordinary p-divisible groups like Qp/Zp ⊕ lµ.. p∞ where the (de

Rham) period morphism is then identified with the p-adic logarithm. This was later
defined and studied by Gross and Hopkins in [69] for Lubin-Tate spaces. Rapoport
and Zink extended this to all Rapoport-Zink spaces in [117].

The Hodge-Tate period morphism first appeared in [47] and [51]. It later appeared
for global Shimura varieties in [52] at the level of Berkovich topological spaces. It
finally appeared at the level of perfectoid spaces for Shimura varieties with infinite
level in [130].

3.1. Some general thoughts on period morphisms

For p = ∞ there is only on period morphism and this is a G(R)-equivariant em-
bedding

X Fµh
G(R)

open
G(C)

where G is a reductive group over R, X is an hermitian symmetric space defined
by the G(R)-conjugacy class of h : S → G, and Fµh

is the complex analytic flag
manifold defined by µh. This embedding is nothing else than the map that sends a
Hodge structure to the Hodge filtration.

Moreover, the image of this embedding is easy to describe. In fact, the complex
conjugate of µh is µc

h = wh.µ
−1
h with wh : Gm → G central and thus complex

conjugation defines (−) : Fµh

∼−−→ Fµ−1
h
, and
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X ⊂
open/closed

{z ∈ Fµh
| z and z are opposite parabolic subgroups}

= {z ∈ Fµh
| inv(z, z) = 1}︸ ︷︷ ︸

Deligne-Luztig variety at ∞

where here Pµ−1
h

is opposite to Pµh
and

inv : GC/Pµh
×GC/Pµ−1

h
−→ Pµ−1

h
\GC/Pµh

(gPµh
, g′Pµ−1

h
) 7−→ Pµ−1

h
g′−1gPµh

Here the open/closed condition defining X is that for z satisfying inv(x, z) = 1, one
has an associated hz : Gm → G and we ask this is G(R)-conjugated to h.

Example 3.1.1. — 1. Consider G = Gsp2n. Then, Fµh
is the variety of La-

grangians in C2n equipped with the standard symplectic structure. Moreover,
for a Lagrangian subspace L ⊂ C2n, the condition defining our open subset is
that L ∩ L = (0). It is clear that if L ∩

(
Cn ⊕ (0)

)
̸= (0) then L is not in

our open subset. The subset of Fµh
formed by Lagrangian subspace L satisfying

L ∩
(
Cn ⊕ (0)

)
= ∅ is identified with the affine space of symmetric matrices

A ∈Mn(C), tA = A. To such a matrix A one associated the image of Cn ⊕ (0)

by

Å
I 0
A I

ã
. Now, the associated Lagrangian subspace L satisfies L ∩ L = (0)

iff Im(A) (imaginary part) is invertible. Our open subset has thus n connected
components given by the signature of the symmetric non-singular matrix Im(A).

The open/closed subspace X is the union of the two connected components
that correspond to the signatures (n, 0) and (0, n) that is to say Im(A) or
− Im(A) is positive definite. This is ±Hn where Hn is Siegel upper half space.

2. Let G = GU(1, n − 1) with h(z) = diag(z, z, . . . , z). One has Fµh
= Pn−1(C)

and our open subset is

{
[z1 : . . . : zn] | |z1|2 −

n∑
i=2

|zi|2 ̸= 0
}
.

This has two connected components: the first one is an open ball

{[1 : z2 : . . . : zn] |
n∑

i=2

|zi|2 < 1} ⊂ Cn−1

and the other one is {[1 : z2 : . . . : zn] |
∑n

i=2 |zi|2 > 1} ∪ {[0 : z2 : . . . : zn] ∈
Pn−2(C)}. The space X is the first connected component identified with an open
ball.
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For p ̸=∞ the story is different:

1. There are two period maps and two groups acting

2. Those are linked to the two cohomology theories: crystalline cohomology
and p-adic étale cohomology. For p =∞ we only have Betti cohomology.

3. Those two period maps correspond to the two spectral sequences: the
Hodge to de Rham spectral sequence and the Hodge-Tate spectral se-
quence (see [13, Theorem 1.7])

4. The period maps aren’t embeddings in general.

3.2. The case of Lubin-Tate spaces

3.2.1. The Lubin-Tate tower (see section 2.4). — Take E = Qp to simplify.
Let

H

be a one dimensional 1-dimensional formal p-divisible group over Fp (such an H is
unique up to a non-unique isomorphism). This can be seen, after fixing a coordinate

Spf(FpJT K) ∼−−→ H as a one dimensional formal group law F ∈ FpJX,Y K that gives the
addition: X +

F
Y = F(X,Y ).

Let n be the height of H that is to say [p]F = aT pn

+ . . . with a ̸= 0.

Definition 3.2.1. — The moduli space of deformations of H over complete
local W (Fp)-algebras is the Lubin-Tate space

LT

Spf(W (Fp)).

This is non-canonically isomorphic to

Spf
(
W (Fp)Jx1, . . . , xn−1K

)
.

Let D be a division algebra with invariant 1
n over Qp, D = Qpn [Π] where Qpn is the

degree n unramified extension of Qp, Π
n = p and if σ is the Frobenius of Qpn |Qp then

ΠxΠ−1 = xσ. One has an identification

OD = End(H)

where OD is the maximal order in D, OD = Zpn [Π].
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There is an evident action of O×
D on LT

LT

O×
D

Definition 3.2.2. — Let LT η be the generic fiber of LT as a locally of finite

type adic space over Spa(Q̆p).

After fixing some formal coordinates

LT η ≃ B̊n−1

Q̆p

that is again equipped with an action of O×
D. The Tate module of the universal

deformation defines an étale Zp-local system T of rank n on LT η.

Definition 3.2.3. — For K ⊂ GLn(Zp) we note

LT η,K

the moduli space of trivializations mod K of the Zp-local system T .

This means

LT η,K = (K/ Id+pmMn(Zp))\Isom
Ä
(Z/pmZ)n, T/pmT

ä
for m≫ 0.

We obtain a tower of rigid analytic spaces

(
LT η,K

)
K

GLn(Qp)
1

O×
D

where
— the action of O×

D is horizontal,

— the action of GLn(Qp)
1 is vertical: for g ∈ GLn(Qp)

1, g : LT η,K
∼−−→

LT η,g−1Kg,
— both actions commute.

Here the action of GLn(Zp) is the evident one. To extend it to an action of
GLn(Qp)

1 we have to go back to some integral models of LT η,K for K a principal
congruence subgroup, K = Id+pmMn(Zp), m ≥ 1. This is given by the notion of
Drinfeld level structure ([72, Chapter II.2]) that defines an integral model Spf(Rm)
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where Rm is a complete regular W (Fp)-algebra. We then use the following two ele-
mentary results:

1. if S is a formal scheme over Spf(Zp) and H a one dimensional height n formal
p-divisible group over S equipped with a level m Drinfeld structure

η : (Z/pm)
n −→ H[pm]

then any subgroup M of (Z/pmZ)n defines a finite flat closed subgroup scheme
G ⊂ H[pm] such that η|M :M → G.

2. if S is a reduced Fp-scheme and f : H → H ′ is a height 0 quasi-isogeny between
one dimensional formal p-divisible groups then f is an isomorphism.

At the end we obtain an action of (GLn(Qp)×D×)1 on our tower.

3.2.2. The de Rham period morphism. — Let

D = D(H)

be the covariant rational Dieudonné module of H. This is an n-dimensional Q̆p-vector
space equipped with a crystalline Frobenius φ,

D φ .

The matrix of the associated Verschiebung pφ−1 is given in a suitable basis by

pφ−1 =

â
0 0 · · · 0 p
1 0 · · · 0 0
0 1 · · · 0 0

. . .

0 0 · · · 1 0

ì
σ−1

We now use the following property. Recall that a quasi-isogeny between p-divisible
groups H and H ′ over a quasi-compact scheme S is an element of f ∈ Hom(H,H ′)

[
1
p

]
such that there exists g ∈ Hom(H ′, H)

[
1
p

]
satisfying g ◦ f = Id and f ◦ g = Id.

Lemma 3.2.4 (rigidity of quasi-isogenies). — Let S0 ↪→ S be a nilpotent closed
immersion of schemes and H,H ′ be p-divisible groups over S. Then, reduction to S0

induces an isomorphism

Qisog(H,H ′)
∼−−→ Qisog(H ×S S0, H

′ ×S S0).

We now use the crystalline nature of the Dieudonné crystal of a p-divisible group.
Let R be a p-adic ring, H a p-divisible group over Spf(R) and H0 be a p-divisible
group over Spec(R/pR). Suppose given a quasi-isogeny

ρ : H0 → H ⊗R R/pR.

Let E be the covariant Dieudonné crystal of H on (Spec(R)/Spec(Zp))crys and E0 be
the one of H0 on (Spec(R/pR)/Spec(Zp))crys. This gives rise to an isomorphism

ρ∗ : E0,R↠R/pR

[
1
p

] ∼−−→ ER↠R

[
1
p

]
.

From this and the rigidity of quasi-isogenies we deduce the following result.
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Proposition 3.2.5. — Let (E ,∇) be the convergent isorcystal on LT η associ-
ated to the universal deformation as an O×

D-equivariant vector bundle equipped

with an integrable connection. There is a canonical O×
D-equivariant isomor-

phism (
D ⊗Q̆p

OLT η , Id⊗d
) ∼−−→

(
E ,∇

)
and thus (E ,∇) is generated by its horizontal sections that are identified with
D,

D
∼−−→ E ∇=0.

The rank n vector bundle E can be though of as being the (H1
dR)

∨ of the universal
deformation. There is an Hodge filtration

FilE ⊂ E

that is identified with ωHD

[
1
p

]
where H is the universal deformation and fits into the

Hodge exact sequence

0 −→ ωHD

[
1
p

]︸ ︷︷ ︸
rk. n−1

−→ E −→ ωH

[
1
p

]︸ ︷︷ ︸
rk. 1

−→ 0

Definition 3.2.6 (de Rham period morphism for Lubin-Tate spaces)
We note

πdR : LT η −→ P(D) ≃ Pn−1

for the O×
D-equivariant morphism defined by the Hodge filtration and Proposi-

tion 3.2.5.

Grothendieck-Messing theory says that to deform a p-divisible group is the same
as to deform its Hodge filtration. From this the following basic result is elementary.

Proposition 3.2.7. — The de Rham period morphism πdR satisfies the fol-
lowing:

1. It is (partially proper) étale,

2. Its geometric fibers are the Hecke orbits

The following result is quite deep and will be later reinterpreted in terms of the
curve.
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Theorem 3.2.8 (Gross-Hopkins ([69])). — The de Rham period mor-
phism

πdR : LT η −→ Pn−1

Q̆p

is surjective.

At the end we thus have an étale cover

B̊n−1

Q̆p
−→ Pn−1

Q̆p

with infinite discrete fibers.

The following result can be verified in an elementary way. We note Qcyc
p :=¤�∪n≥1Qp(ζn).

Proposition 3.2.9. — The projective limit

LT η,∞ := lim←−
K

LT η,K

makes sense as a Qcyc
p -perfectoid space.

At the end we obtain the following picture.

LT η,∞

LT η

Pn−1

Q̆p

GLn(Qp)
1

GLn(Zp)

πdR

where the torsors are pro-étale torsors.

3.2.3. The Hodge-Tate period morphism. — We now come to the other period
morphism in the game. This first appeared in [47] and [51] where this is defined
using integral models and flatification by blowups ([118]). This later appeared at the
level of the Berkovich topological space for infinite level Shimura varieties in [52].
The next main step was its construction for infinite level perfectoid Shimura varieties
in [130].

Recall that if G is a (commutative) finite locally free group scheme over a scheme
there is a morphism of fppf sheaves

G = H om(GD,Gm) −→ ωGD

f 7−→ f∗
dT

T
.
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from G toward the fppf sheaf associated to the coherent sheaf ωGD .

Let now H be a p-divisible group over Spec(R) where R is a p-torsion free p-
adic ring. Suppose moreover that R is integrally closed in R

[
1
p

]
. The preceding

construction applied to the collection (H[pn])h≥1 defines a Zp-linear morphism

αH : Hom(Qp/Zp, Hη)︸ ︷︷ ︸
Zp-module

=︸︷︷︸
R int. closed

in R
[
1
p

] Hom(Qp/Zp, H) −→ ωHD︸︷︷︸
projective of
finite type
R-module

of rk. ht(H)−dim(H)

where Hη is the étale p-divisible group H ⊗R R
[
1
p

]
. We note αH ⊗ 1 for its

linearization

αH ⊗ 1 : Hom(Qp/Zp, Hη)⊗Zp R −→ ωHD .

The key result is now the following.

Proposition 3.2.10 (Faltings, F. ([51]) ). — If R = OC with C|Qp a com-
plete algebraically closed extension of Qp then the preceding induces a complex

0 −→ ω∨
H(1)

(αHD⊗1)∨(1)
−−−−−−−−−−→ Tp(H)⊗Zp OC

αH⊗1−−−−−→ ωHD −→ 0

whose cohomology is killed by p
1

p−1 if p ̸= 2 and 4 if p = 2.

In particular one has an Hodge-Tate exact sequence

0 −→ ω∨
H(1)

[
1
p

] (αHD⊗1)∨(1)
−−−−−−−−−−→ Vp(H)⊗Qp

C
αH⊗1−−−−−→ ωHD

[
1
p

]
−→ 0.

Let us remark that 1
p−1 = vp(2iπ) in the preceding proposition (the appearance of

this is well explained in [13] via the functor Lη). Using this result we can construct
a morphism

πHT : LT η,∞ −→ P̌n−1

Q̆p

that is GLn(Qp)
1-equivariant and O×

D-invariant. Here P̌n−1

Q̆p
is the dual projective

space classifying rank n−1 quotients ofOn. Let us fix the isomorphism P̌n−1

Q̆p

∼−−→ Pn−1

Q̆p

given by the identification of (On)∨ and On deduced from the dual of the canonical
basis. This commutes with the action of GLn(Qp) twisted by g 7→ tg−1.
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Theorem 3.2.11 (Faltings, F.). — The image of

πHT : LT η,∞ −→ P̌n−1

Q̆p

∼−−→ Pn−1

Q̆p

is Drinfeld’s space Ω. Moreover, LT η,∞ → Ω is a pro-étale OD
×-torsor that

is identified with Drinfeld-tower.

At the end we obtain the following diagram.

LT η,∞

Pn−1

Q̆p
ΩQ̆p

[ GLn(Qp)×D×]1

πdR

GLn(Qp)
1

πHT

OD
×

O×
D

GLn(Qp)
1

3.3. Rapoport-Zink spaces ([117])

3.3.1. Integral models in hyperspecial level. — Rapoport-Zink spaces are
generalizations of Lubin-Tate and Drinfeld spaces. We only explain the G = GLn-
case.

Let H be a p-divisible group over Fp of dimension n and dimension d. Let (D,φ)
be its covariant rational Dieudonné isocrystal. We note:

1. G = GLn,

2. Gb the reductive algebraic group over Qp whose R-points are Aut(D⊗Qp
R,φ⊗

Id).

Here the b ∈ G(Q̆p) refers to the matrix of Frobenius in a basis of D, in which case

φ can be identified with bσ ∈ G(Q̆p)⋊ σ, see [86] where Gb is notes Jb. Then, Gb is
identified with the twisted centralizer of b,

Gb(R) = {g ∈ G(R⊗Qp Q̆p) | gbσ = bσg}

that is to say

gbg−σ = b.
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If (λ1, . . . , λr) are the slopes of (D,φ) with respective multiplicities (m1, . . . ,mr),
then

Gb ≃
r∏

i=1

GLmi(D−λi)

where Dλ is the division algebra with invariant λ over Qp.

Definition 3.3.1. — We note M for the functor on W (Fp)-schemes on
which p is locally nilpotent such that

M(S) = {(H, ρ)}/ ∼
where

— H is a p-divisible group over Fp,
— ρ : H×Fp

(Smod p) −→ H ×S (Smod p) is quasi-isogeny.

The Fp-points of this moduli are identified via Dieudonné theory with

M(Fp) = {M ⊂ D a lattice s.t. pM ⊂ φ(M) ⊂M}.

This can be rewritten in the following way. Let µ : Gm → G be the Hodge cocharacter

µ(z) = (z, . . . , z︸ ︷︷ ︸
d times

, 1, . . . , 1︸ ︷︷ ︸
n−d times

).

Then, we have

M(Fp) =
{
g ∈ G

Ä
W (Fp)

[
1
p

]ä
/G
(
W (Fp)

) ∣∣ inv(bgσ, g) = {µ}
}

where

G
Ä
W (Fp)

[
1
p

]ä
/G
(
W (Fp)

)
×G

Ä
W (Fp)

[
1
p

]ä
/G
(
W (Fp)

)
([g1], [g2])

G
(
W (Fp)

)
\G
Ä
W (Fp)

[
1
p

]ä
/G
(
W (Fp)

)
[g−1

1 g2]

inv

that is identified with Hom(Gm, G)/G-conjugacy via µ 7→ [µ(p)].

Thus, the Fp-points of M can be identified with an affine Deligne-Lusztig set. We
refer to [144] and [15] for a more precise point of view on this where one can prove
that such a set has a natural structure of perfect scheme locally of perfect finite type.

Further more, for any x ∈ M(Fp) if Hx is the associated p-divisible group, there
is an identification
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M̂/x = Def(Hx)

that is representable by a formal scheme isomorphic to

Spf(W (Fp)Jx1, . . . , xd(n−d)K).

The moduli spaceM is a much subtler version on the naive formal scheme∐
x∈M(Fp)

Def(Hx).

We have in fact the following theorem.

Theorem 3.3.2 (Rapoport-Zink). — The functor M is a representable
by a Spf(W (Fp))-formal scheme locally formally of finite type that is to say
locally isomorphic to

Spf
(
W (Fp)JX1, . . . , XsK⟨Y1, . . . , Yt⟩/ Ideal

)
.

Moreover the irreducible components ofMred are projective algebraic varieties
over Fp.

The action of Gb(Qp) on the quasi-isogeny ρ defines a continuous action of Gb(Qp)
onM,

M Gb(Qp)

Example 3.3.3. — From the fact that any degree 0 quasi-isogeny between 1-
dimensional formal p-divisible groups over Fp we deduce that in the Lubin-Tate
case

M = LT
O×

D

× D×

that is (non-canonically) isomorphic to
∐

Z LT where the action of O×
D on the factor

LT associated to k ∈ Z is the canonical one twisted by d 7→ ΠkdΠ−k.

Remark 3.3.4. — AlthoughM is formally smooth, in generalMred is not smooth.
The study of the geometry ofMred is an ongoing subject of research, see for example
[60] following [141]. Their geometry when one adds ramified additional structures at
parahoric levels, the search for a “nice” integral model has been thoroughly studied via
the theory of local models (see for example [46] for some recent work) that began in
[117]. They have been involved in many subjects related to the geometry of Shimura
varieties.
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3.3.2. The tower. — Let

Mη Gb(Qp)

be the generic fiber ofM as a locally of finite type adic space over Spa(Q̆p). As before
with the Lubin-Tate tower one obtains a tower

(
Mη,K

)
K

G(Qp)

Gb(Qp)

where K goes through the set of compact open subgroups of G(Qp) and both
actions commute. The definition of the action of G(Qp) is more subtle than in the
Lubin-Tate case since there is no “good notion” of integral level structures like this
is the case for one dimensional p-divisible groups according to Drinfeld.

This relies on Raynaud’s flatification by blow-ups ([118]): if S is a quasi-compact
quasi-separated scheme, G→ S is a finite locally free group scheme, U ⊂ S is an open
subset and H ⊂ G ×S U is a closed finite locally free sub-group scheme then after a
blow-up supported on S ∖ U we can suppose that H extends to a closed subgroup
scheme of G finite locally free over S. We refer fo this to [117, Section 5.34].

Example 3.3.5. — For the Lubin-Tate tower, the associated RZ tower is

(Mη,K)K = (LT η,K)K

(
GLn(Qp)×D×

)1
× GLn(Qp)×D×.

3.3.3. Period morphisms. — As for Lubin-Tate spaces, if (E ,∇) is the convergent
isocrystal associated to the universal deformationH onM, the universal quasi-isogeny
ρ induces an isomorphism

(D ⊗Q̆p
OMη

, Id⊗d) ∼−−→ (E ,∇).

The Hodge filtration then defines a Gb(Qp)-equivariant morphism

πdR :Mη −→ Fµ

where Fµ is the rigid analytic flag manifold associated to µ. This satisfies:
— This is étale and thus in particular its image is open,
— Its geometric fibers are the Hecke orbits.

The image of the étale morphism πdR,

F a
µ := Im(πdR),

is the so-called admissible open subset of Fµ. This is a partially proper open subset
inside the flag manifold Fµ. Little is known in general about it outside of the fact
that
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— there is an inclusion

F a
µ ⊂ Fwa

µ

where Fwa
µ is the so-called weakly admissible open subset, a very concrete open

subset that is of the form

Fµ ∖
⋃

profinite

Schubert varities,

see [117].

— For [K : Q̆p] < +∞,

F a
µ (K) = Fwa

µ (K)

that is to say F a
µ and Fwa

µ have the same Tate classical points.
— There is a complete characterization of when F a

µ = Fwa
µ , see [73] and [28].

The picture at this point for the Hodge-Tate period morphism is more difficult to
describe since we first need to give a meaning to

Mη,∞ := lim←−
K

Mη,K .

The fact is that this is a perfectoid space (if H is not étale) but we can make a sense
out of it using integral models and blow-ups as in the Lubin-Tate case. At the end
there is picture

Mη,∞

F a
µ Im(πHT ) Fµ−1

G(Qp)×Gb(Qp)

πdR

G(Qp)

πHT

Gb(Qp)

Gb(Qp)
G(Qp)

locally
closed

open if
[b] basic

where Im(φHT ) ⊂ Fµ−1 is not an open subset in general and is well defined in
general only as a locally spatial diamond. When b is basic i.e. the isocrystal (D,φ)
is isoclinic then Im(πHT ) is open inside the dual flag manifold Fµ−1 and this is a
classical rigid analytic open subset.

3.3.4. Cohomology. — As for Lubin-Tate spaces one can use the cohomology
spaces

H•
c (MK⊗̂Q̆p

Cp,Qℓ)
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as representations of HQℓ
(K\G(Qp)/K) and Gb(Qp)×WQp

to define a kernel for the

local Langlands correspondence. More precisely, we look at the correspondence

(1) π︸︷︷︸
smooth rep.of Gb(Qp)

7−→ lim−→
K

Ext•Gb(Qp)(H
•
c (MK⊗̂Q̆p

Cp,Qℓ), π)︸ ︷︷ ︸
smooth×continuous representation of G(Qp)×WQp

.

This was first studied in [50] and [102] and later in [134].

3.4. Final thoughts

Diagram (1) has been a great motivation for the geometrization conjecture of the
local Langlands correspondence with relation with the correspondence given by the
Hecke stack

Hecke

BunG BunG

The “cohomological kernel” of equation (1) given by the cohomology of Rapoport-
Zink spaces is even a reminder that the preceding correspondence should be upgraded
to a cohomological one.

Little is known right now in general about the image of period morphisms for
Rapoport-Zink spaces and more generally local Shimura varieties, the so-called ad-
missible locus. The most general result is [28] that characterizes when the weakly
admissible and admissible loci coincide. This gives for example explicit formulas for
the admissible locus in the U(1, n − 1) or SO(2, n − 2) cases. The works [128] and
[58] can be used to compute the connected components of the admissible locus ([65]).
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In this chapter we expose some of the main results of [57]. The appearance of the
curve in p-adic Hodge theory has changed the domain as it is exposed in [59].

4.1. Holomorphic functions of the variable p ([57, Chapter 1])

Let E be a finite degree extension of Q with residue field Fq. Contrary to the
“classical case”, the curve “X” does not exists absolutely over Fq, it exists only after
pull-back to an Fq-perfectoid field F i.e. “X” makes no sense but XF makes sense
for each such F . Let us thus fix an Fq-perfectoid field F . This is nothing else than
a perfect, complete with respect to a non-trivial rank 1 valuation, non-archimedean

field. One may, for example, want to consider F = Fq((T
1/p∞

)) or F =
÷Fq((T )).

Definition 4.1.1. — We note Ainf =WOE
(OF ) equipped with its Frobenius

φ lifting Frobq modulo π.

One has

Ainf =︸︷︷︸
unique
writting

{∑
n≥0

[an]π
n
∣∣ an ∈ OF

}
and

φ
(∑

n≥0

[an]π
n
)
=
∑
n≥0

[aqn]π
n.

We think of Ainf as being a ring of holomorphic functions where π is the variable
and the coefficients are in OF . In fact, we want to define an open punctured disk of
the variable π over F . This is the space YF that will come. For this space YF , the ring
Ainf is the subring of O(YF ) formed by holomorphic functions that are holomorphic
at π = 0 and bounded by 1. We fix a pseudo-uniformizer ϖ of F .

Definition 4.1.2. — We note YF = Spa(Ainf , Ainf)\V (π.[ϖ]) equipped with
its Frobenius φ.

Let us begin by saying the following to remove any doubt.
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Theorem 4.1.3. — The following is satisfied:

1. YF is sous-perfectoid in the sense that for any K|E perfectoid, YF ⊗̂EK
is a K-perfectoid space with tilting Spa(F ) ×Spa(Fq) Spa(K

♭) where φ is
identified with Frobq × Id ([53]).

2. YF is strongly Noetherian ([85]).

In particular, via point (1) or (2), Huber’s presheaf of holomorphic functions
on |YF | is a sheaf.

Remark 4.1.4. — We will define later YS for any Fq-perfectoid space S. Property
(1) is still valid in this context but property (2) does not hold anymore in general.

There is a radius continuous function

ρ : |YF | −→ ]0, 1[

y 7−→ q−
v(π(ymax))

v([ϖ](ymax))

where ymax is the maximal generalization of y seen as a Berkovich point that is to
say a valuation with values in R. This extends to a continuous function

|Spa(Ainf , Ainf)| −→ [0, 1].

where ρ = 0 corresponds to the Cartier divisor π = 0 and ρ = 1 to [ϖ] = 0. Those
two divisors are fixed by φ and one has the formula

ρ(φ(y)) = ρ(y)1/q.

In particular, φ acts properly discontinuously without fixed points on |YF |.
For any compact interval I ⊂]0, 1[ of the form [a, b] with a, b ∈ pQ, the annulus

YF,I = {y | ρ(y) ∈ I}
is a rational domain and in particular affinoid (even affinoid sous-perfectoid). One
has

YF =
⋃

0<a≤b<1

a,b∈qQ

YF,[a,b]︸ ︷︷ ︸
affinoid
annulus

.

The main difficulty (and this is one of the main reasons why “p-adic Hodge theory
is difficult”) is that O(YF ) is defined as a (Frechet) completion of Ainf [

1
π ,

1
[ϖ] ] and

there is no explicit formula, typically as a power series expansion, for elements in
this ring.

Nevertheless, functions that are holomorphic at π = 0 have an explicit description.
One can in fact introduce

YF = Spa (WOE
(OF ),WOE

(OF ))∖ V ([ϖ]).

This is an adic space equipped with a radius function

ρ : |YF | −→ [0, 1[
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with YF = {ρ ̸= 0} = YF ∖ V (π). For any a ∈ pQ∩]0, 1[,
YF,[0,a] = {y ∈ YF | ρ(y) ∈ [0, a]}

is affinoid and
O(YF,[0,a]) ⊂WOE

(F )

explicit.

Remark 4.1.5. — Although we are mainly interested in the unequal characteristic
case, we can consider the so-called equal characteristic case too, E = Fq((π)). In this
case, one has WOE

(R+) = R+JπK and YF = D∗
F , an open punctured disk over Spa(F )

where the variable is π, and YF = DF the non-punctured disk. This is the case studied
in [74] “before the curve”.

4.2. Newton polygons and Weierstrass factorization

A Key definition is the following.

Definition 4.2.1. — An element ξ =
∑

n≥0[an]π
n ∈ Ainf is distinguished of

degree d ≥ 1 if
— a0, . . . , ad−1 ∈ mF ,
— a0 ̸= 0,
— ad ∈ O×

F .

The product of a degree d and degree d′ distinguished elements is a degree d+ d′

distinguished element. If ξ is distinguished of degree d and u ∈ A×
inf then uξ is

distinguished of degree d.

Another key property if the following. Let us normalize the valuation v on F such
that v(ϖ) = 1. For any r > 0 and f =

∑
n≥0[an]π

n ∈ Ainf , the formula

vr(f) = infn≥0 v(an) + rn

defines a Gauss valuation Gaussr ∈ |YF | with ρ(Gaussr) = q−r. The function r 7→
vr(f) is a concave polygon and using a process of (inverse) Legendre transform we
can deduce from it a Newton polygon. More precisely:

For any interval I ⊂]0, 1[ with extremities in qQ and any f ∈ O(YF,I)∖{0}, one
can define naturally a Newton polygon NewtI(f) with breakpoints at integral
x-coordinates and whose slopes are in − logq I in such a way that

1. For f =
∑

n≫−∞[an]π
n ∈ Ainf [

1
π ,

1
[ϖ] ], Newt]0,1[(f) is the convex enve-

lope of (v(an), n)n∈Z,

2. NewtI(fg) is obtained by concatenation from NewtI(f) and NewtI(g).

Here is the main factorization result we obtained with Fontaine.
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Theorem 4.2.2 ([57, Chapter 2 and 3]). — The following is satisfied:

1. For ξ ∈ Ainf distinguished irreducible of degree d, Kξ = Ainf [
1
π ]/ξ is a

perfectoid field and the map x 7→
(
[x1/p

n

] mod ξ)n≥0 induces an embed-

ding F ↪→ K♭
ξ such that

[K♭
ξ : F ] = d.

2. If F is algebraically closed then any irreducible distinguished element ξ
is of degree 1. We thus has

K♭
ξ = F.

Moreover ξ = u.(π − [a]) with a ∈ mF ∖ {0} and u ∈ A×
inf .

3. For any I ⊂]0, 1[ with extremities in qQ, for any f ∈ O(YF,I)∖ {0}, and
any slope λ of NewtI(f), there exists a factorization

f = g.ξ

where g ∈ O(YF,I), ξ is distinguished irreducible with Newt]0,1[(ξ) a line
with slope λ between 0 and deg(ξ).

Example 4.2.3 (Weierstrass factorization). — If F is algebraically closed and
ξ is distinguished of degree d one can write

ξ = u(π − [a1])× · · · × (π − [ad])

where u is a unit and v(a1), . . . , v(ad) are the slopes of Newt]0,1[(ξ).

Definition 4.2.4. — A point y ∈ |YF | of the form V (ξ) with ξ distinguished
irreducible is called a classical point of YF . By definition, deg(y) := deg(ξ).

Thus, for y ∈ |YF |cl, K(y) is a perfectoid field with

[K(y)♭ : F ] = deg(y).

This is a form of the point of view that one may think of YF as a moduli of untilts of
the perfectoid field F .

4.3. The adic curve

We finally arrive to the curve.
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Definition 4.3.1. — We note

XF = YF /φ
Z

as a quasi-compact quasi-separated E-adic space.

This is thus strongly Noetherian sous-perfectoid with

(XF ⊗̂FK)♭ = (Spa(F )×Spa(Fq) Spa(K
♭))/φZ × Id .

This is a curve because of the following. This uses heavily the preceding factoriza-
tion results.

Theorem 4.3.2. — For any compact interval I ⊂]0, 1[ with extremities in
pQ, the Banach E-algebra O(YF,I) is a P.I.D. with an identification

Spm(O(YF,I)) = |YF,I |cl.

One deduces from this result that for any U ⊂ YF an affinoid open subset, O(U)
is a P.I.D. and thus XF is a curve. In particular one has the following: for any
x ∈ |XF |cl,

— OX,x is an Henselian D.V.R. such that if y 7→ x with y ∈ |YF |cl, y = V (ξ),

OXF ,x
∼−−→ OYF ,y,

— in particular the residue field at x, K(x), is perfectoid,
— and one has “OXF ,x

∼−−→ B+
dR(K(x))

as complete D.V.R..

4.3.1. The schematical curve. — The adic curve XF does not come alone. It is
in fact equipped with an “ample” line bundle.

Definition 4.3.3. — We note OXF
(1) for the line bundle on XF associated

to the automorphy factor φ 7→ π−1 on YF equipped with its action of φZ.

This means that the pullback of OXF
(1) to YF is trivialized and the descent datum

along the cover YF → XF is given by φ 7→ π−1.

Let us define

B(F ) := O(YF )



4.3. THE ADIC CURVE 67

as a Frechet E-algebra equipped with the continuous automorphism φ. One has for
any d ∈ Z,

H0(XF ,O(d)) = B(F )φ=πd︸ ︷︷ ︸
{f∈B(F ) | φ(f)=πdf}

that is
— 0 if d < 0,
— E if d = 0,
— an infinite dimension E-Banach space if d > 0.

Remark 4.3.4. — Suppose E = Qp. If y ∈ |YF |cl there is an inclusion⋂
n≥0

φn
(
B+

cris(OK(y)/p)
)
⊂ B(F )

that induces for all d ∈ Z an identification

B+
cris(OK(y)/p)

φ=pd ∼−−→ B(F )φ=pd

.

This makes the link between the “classical” Fontaine’s period rings ([59]) and the ring
B(F ).

We now declare that O(1) is ample.

Definition 4.3.5. — We define

PF =
⊕
d≥0

H0(XF ,OXF
(d))

as a graded E-algebra and
XF = Proj(PF )

as an E-scheme.

One of the main structure results for the graded algebra PF is the following.

Theorem 4.3.6. — Suppose that F is algebraically closed. The graded E-
algebra PF is graded factorial in the sense that the commutative monoid∐

n≥0

PF,n ∖ {0}/E×

is commutative free on degree 1 non-zero elements up to E×.

In other terms, for any f ∈ PF,d ∖ {0}, one can write

f = t1 . . . td

where t1, . . . td ∈ PF,1 ∖ {0} are uniquely determined up to multiplication by an
element of E×. The proof of this theorem relies on two facts:
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1. Using the preceding results on the factorization of elements and Newton poly-
gons one defines

Div+(YF ) =
{ ∑

y∈|YF |cl
ay[y]

∣∣ ay ∈ N, {y | ay ̸= 0} is locally finite
}

and an injection of monoids

div : O(YF )∖ {0}/E× ↪→ Div+(YF )

given by “the divisor of an holomorphic function”. In particular, this defines an
injection ∐

n≥0

PF,n ∖ {0}/E× ↪→ Div+(YF )
φ=Id

where the right hand side is the free commutative monoid on {
∑

n∈Z[φ
n(y)] ∈

Div+(YF ) y ∈ |YF |cl mod φZ}.
2. For any y ∈ |YF |cl one can construct (this is where the hypothesis F alg. closed

shows up) some t ∈ PF,1 ∖ {0} such that div(t) =
∑

n∈Z[φ
n(y)]. In fact, when

E = Qp, it suffices to take t = Fontaine’s 2iπ associated to the algebraically
closed field K(y)|Qp.

Theorem 4.3.7. — The scheme XF is a Dedekind scheme.

One can go further into the structure of XF using GAGA. More precisely, for any
t ∈ PF,1 ∖ {0}, one has D+(t) = Spec(Be,t) with

Be,t = B(F )[ 1t ]
φ=Id

that is identified with PF [
1
t ]0. The morphism

Be,t ↪→ B(F )[ 1t ]→ O(YF ∖ V (t))

induces a morphism of ringed spaces (YF ∖ V (t))/φZ → D+(t). When t varies this
defines a GAGA morphism of ringed spaces

XF −→ XF .

One then has the following result.

Theorem 4.3.8. — Consider the GAGA morphism XF → XF .

1. It induces a bijection |XF |cl
∼−−→ |XF |closed (closed points).

2. For any x ∈ |XF |cl, if x 7→ x′ ∈ |XF |, the morphism of D.V.R. OXF ,x′ →
OXF ,x induces an isomorphism“OXF ,x′

∼−−→ “OXF ,x = B+
dR(K(x)).

In particular the residue fields at closed points of XF are perfectoid fields.
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Let us note for x a closed point of XF

deg(x) = [K(x)♭ : F ].

We can now dig a little bit deeper into the structure of XF .

Theorem 4.3.9. — 1. The curve is complete: for any f ∈ E(XF )
×,

deg(div(f)) = 0.

2. If F is algebraically closed then for any t ∈ PF,1 ∖ {0}, V +(t) is one
closed point ∞t and XF ∖ {∞t} = Spec(Be,t) with Be,t a P.I.D.. In
other words,

Pic0(XF ) = 0.

3. If F is algebraically closed one has

H1(XF ,O) = 0

and
H1(XF ,O(−1)) ̸= 0.

Said in another way, for the stathme degt := − ord∞t
: Be,t → N ∪

{−∞}, the couple (Be,t,degt) is not euclidean but almost euclidean: for
any a, b ∈ Be,t with b ̸= 0 we can write a = bx+y with degt(y) ≤ degt(b)
but not degt(y) < degt(b) in general.

4.4. GAGA

The following GAGA result is satisfied.

Theorem 4.4.1 ([58, Chapter II]). — The GAGA morphism XF → XF

induces an equivalence of categories{
vector bundles on XF

} ∼−−→
{
vector bundles on XF

}
.

At the heart of the preceding theorem is the following result due to Kedlaya: for
any vector bundle E on XF , for n≫ 0 one has

— H1(XF ,E (n)) = 0,
— E (n) is generated by its global sections.

We refer to [58, Chapter II] for this. Let us remark that the preceding result
extends when we replace F by any Fp-perfectöıd ring. More precisely, if (R,R+) is
an Fp-affinoid perfectoid ring one can define a schematical curve XR,R+ as before by
declaring O(1) ample. Although this is not a Noetherian scheme in general, GAGA
theorem still holds in this context:
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{
vector bundles on XR,R+

} ∼−−→
{
vector bundles on XR,R+

}
.

4.5. Recovering classical p-adic Hodge theoretic objects geometrically

Let Rcl be the “classical non-perfectoid” Robba ring, if B1
Qp

= {|T | ≤ 1} is the

adic closed ball with radius 1 over Qp with coordinate T , S = {|T | = 1} ⊂ B1
Qp

, one

has

B̊1
Qp

= B1
Qp

∖ S

and

Rcl = lim−→
S⊂⊂U

O
(
U ∖ S

)
with U open and where S ⊂⊂ U means S ⊂ U in the adic space. Let F = Qcyc,♭

p with
pseudo-uniformizer ϖ = ϵ − 1 where ε is a generator of Zp(1). We note RF for the
“perfectoid Robba ring”

RF = lim−→
U⊂YF

V (π)⊂U

O (U ∖ V (π)) .

The ring W (OF ) is (p, [ϖ])-adically complete and there is a morphism

Qp⟨T ⟩ −→ W (OF )
[
1
p

]
T 7−→ [ϖ]

This induces a morphism of Robba rings

Rcl −→ RF .

One then one has the following result.

Theorem 4.5.1 ([8]). — Scalar extension from Rcl to RF induces an equivalence
between

1. the category of (φ,Γ)-modules over Rcl,

2. the category of Γ-equivariant vector bundles on XF ,

3. the category of Gal(Qp|Qp)-equivariant vector bundles on XC♭
p
.

We won’t go further in this arithmetic direction. Let us just say that this result
gives an arithmetic description of the groupoid of morphisms

Spa(Qp)
⋄ −→ Bunn.
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4.6. Étale covers and the starting point of a geometric Langlands program
on the curve

We have the following theorem that is worth stating since this was a motivation
for developing a geometric Langlands programm on the curve.

Theorem 4.6.1 ([57]). — Suppose the perfectoid field F |Fq is algebraically
closed. Then,

π1(XF ) = Gal(E|E)

in the sense that there is an equivalence of categories via pullback by XF →
Spec(E)

{finite étale covers of Spec(E)} ∼−−→ {finite étale covers of XF } .

The starting point of the geometric Langlands program of Drinfeld ([41]) and
Laumon ([95]) is, in fact, a geometrically irreducible rank n local system E on a
curve over a finite field X. Starting from this datum the purpose is to construct a
perverse sheaf F on Bunn the Artin stack of rank n vector bundles on X satisfying:

1. This is an Hecke eigensheaf with eigenvalue E in the following sense. Let

Hecken,i

Bunn Bunn ×X

p1 p2

be the stack of quadruples (E1,E2, u, f) where f : S → X with associated degree
1 relative Cartier divisor i = f × Id : S ↪→ X × S, E1 and E2 are rank n vector
bundles on X × S and

u : E1 ↪→ E2

is a monomorphism of vector bundles with cokernel isomorphic to i∗G with G a
rank i vector bundle on S. Then one asks that

Rp2∗p
1∗F ≃ F ⊠ ∧iE

up to a shift and a Tate twist.

2. The trace of Frobenius function of F is, up to a scalar, the everywhere un-
ramified automorphic function associated to E via the “classical” everywhere
unramified Langlands correspondence for GLn ([90]).

This result has been established for GLn ([61], [63], [96]).

One of the starting points of the geometrization conjecture for “the curve” was
the preceding result: a Qℓ étale local system on the curve is nothing else than an
irreducible continuous representation of Gal(E|E) with values in a rank n Qℓ-vector
space; the classical local Langlands program for GLn ([72]) seeks to attach to this
type of datum an irreducible supercuspidal representation of GLn(E) with values in
a Qℓ-vector space. The temptation to upgrade this to a “perverse sheaf on the stack
of rank n vector bundles is then quite tempting”.
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At the end, this is not the Galois group Gal(E|E) and the curve that shows up
but rather the Weil group WE and the object Div1 (see section 9.1) that looks like
the curve but isn’t the curve (see remark 9.1.3).

4.7. Final thoughts

The curve has been used in [57] to give new simpler and more conceptual proofs
of “weakly admissible implies admissible” and “the p-adic monodromy theorem” by
upgrading a galois representation V of Gal(K|K) to a Galois equivariant vector bundle

V ⊗Qp
OX

K̂

and looking at its Galois equivariant modifications at ∞ ∈ |X
K̂

♭ | corresponding to

the untilt “K of “K♭

. The theorem ([57]) that says that slope 0 semi-stable vector
bundles on XF are the same as Galois representations of Gal(F |F ) is very reminiscent
of Narasimhan-Seshadri’w work ([111]).

This is now a standard object in p-adic Hodge theory, see for example [114] for a use
in Iwasawa theory. Its similarities with ”classical curves” has been a great motivation
for the development of a geometric Langlands program on it. Some of the results of
[57] are still at the heart of the geometrization of the local Langlands correspondence.
For example, the fact that, when F is algebraically closed, the factorization result that

says that any f ∈ B(F )φ=πd

non zero one can write

f = t1 . . . td

with t1, . . . , td ∈ B(F )φ=π ∖ {0} well defined up to multiplication by a scalar, is at
the heart of [56].



LECTURE 5

G-BUNDLES ON THE CURVE

Vector bundles on the curve were first introduced and classified in [57] were they are
used to give a new more conceptual proof of “weakly admissible implies admissible”
and the p-adic monodromy theorem, see [57, Chapter 10]. Here the main tool is to
see a Galois representation V of Gal(K|K), K|Qp discrete with perfect residue field,
as a Galois equivariant vector bundle V ⊗Qp

OX
K̂

♭
and look at its Galois equivariant

modifications.
It later appeared in [55] that the classification of G-bundles for any reductive p-

adic group G was very rich and interesting, forgetting any arithmetic structure like
a Galois action. The results of [55], in particular the appearance of Kottwitz set
B(G) has been a key point for the author. Harisch-Chandra/Langlands philosophy
says that we have to work with any reductive group G, not just only GLn, in the
Langlands program, and this is an application of this mindset.

5.1. Vector bundles on the curve

5.1.1. Isocrystals. — Let Fq be an algebraic closure of Fq. We note Ĕ = ‘Eun with
its Frobenius σ lifting Frobq. Recall the following definition.

Definition 5.1.1. — An isocrystal is a pair (D,φ) where D is a finite di-

mensional Ĕ-vector space and φ a σ-linear automorphism of D.

Those are classified by Dieudonné-Manin in terms of slopes: the category of isocrys-
tals is semi-simple with a unique isoclinic of slope λ object for each λ ∈ Q. If λ = d

h

with h ≥ 1 and (d, h) = 1 then the associated simple object has dimension h over Ĕ
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and in a suitable basis φ is given byâ
0 0 · · · 0 πd

1 0 · · · 0 0
0 1 · · · 0 0

. . .

0 0 · · · 1 0

ì
σ.

More precisely, one has an orthogonal decomposition

Isoc =

⊥⊕
λ∈Q

Isocλ︸ ︷︷ ︸
Slope λ

isoclinic isocrystals

where Isocλ has a unique simple object as described before. We refer to [148] for
a proof of the Dieudonné-Manin decomposition.

5.1.2. A simple construction. — Let F |Fq be a perfectoid field. We have a
morphism

YF

Spa(Ĕ)

φ

σ

By pullback this induces a functor from σ-equivariant vector bundles on Spa(Ĕ), i.e.
isocrystals, to φ-equivariant vector bundles on YF , i.e. vector bundles on XF .

Definition 5.1.2. — 1. We note E (D,φ) the vector bundle

YF
φZ

× D

on XF associated to the isocrystal (D,φ).

2. For λ ∈ Q we note
OXF

(λ)

for (D,φ) = (Ĕh, φ) where λ = d
h with h ≥ 1, (d, h) = 1, and

φ =

â
0 0 · · · 0 π−d

1 0 · · · 0 0
0 1 · · · 0 0

. . .

0 0 · · · 1 0

ì
σ.

The global sections of (E , φ) are given by
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H0(XF ,E (D,φ)) =
(
D ⊗Ĕ B(F )

)φ=Id

where “φ” here means φ⊗ φ acting on D ⊗Ĕ B(F ). In particular

H0(XF ,O(λ)) = B(F )φ
h=πd

.

We use the same notations for the associated vector bundle on XF via GAGA
(Theorem 4.4.1). In fact we have the following formula: if

M(D,φ) =
⊕
d≥0

(
D ⊗Ĕ B(F )

)φ=πd

as a graded PF -module then

E (D,φ) = ‚�M(D,φ)

on XF = Proj(PF ).

At the end there is a ⊗-exact functor between monoidal categories

(2) E (−) : Isoc ⊗−−→ {vector bundles on XF }.

Remark 5.1.3. — The upgrade of an isocrystal to a vector bundle on the curve is a
key point, see remark 2.4.2. In fact, “ Spa(Ĕ)/σZ” has no “nice” geometric structure
contrary to YF /φ

Z.

5.1.3. Cohomology. — For n ≥ 1 let En|E be the degree n unramified extension

of E inside Ĕ. There is an identification

XF,E ⊗E En = XF,En

XF,E ⊗E En = XF,En

where XF,En
and XF,En

are defined using YF,En
= YF,E but where the Frobenius has

been replace by φn. At the end the finite Galois cover

YF /φ
nZ

YF /φ
Z

Z/nZ
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is identified with

XF,En
XF,E ⊗E En

XF,E .

Gal(En|E)

Let us note πn this finite étale morphism. One easily verifies that if λ = d
h as before

then

OXF,E
(λ) = πh∗OXF,Eh

(d).

Using this, up to replacing E by a finite unramified extension, one deduces using
Theorem 4.3.9 the following for λ ∈ Q and F algebraically closed:

• H0(XF ,O(λ)) =


0 if λ < 0

E if λ = 0

an infinite dim. E-Banach space if λ > 0

• H1(XF ,O(λ)) =
®
an infinite dim. E-Banach space if λ < 0

0 if λ ≥ 0

5.1.4. Upgrade of the construction. — Let G be a reductive group over E. By
definition, an isocrystal with a G-structure is a ⊗-functor

Rep(G)
⊗−−→ Isoc .

Another way to phrase it is to consider the Dieudonné gerbe

D

Spec(E)

of fiber functors on Isoc seen as a stack over Spec(E) that is a cofiltered limit of
algebraic stacks. More precisely, if D is the slope pro-torus with X∗(D) = Q then Isoc
is banded by D via the equivalence

Isoc⊗EE
un ∼−−→ {Q-graded Eun-vector spaces}

given by the functor

(D,φ) 7−→
⊕
λ∈Q

⋃
n≫1

Dφn=πnλ

.
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One has Isoc = ∪n≥1 Isocn where Isocn is the Tannakian category of isocrystals with
slopes in 1

nZ. Then,
D = 2− lim←−

n≥1

Dn︸︷︷︸
algebraic stack,

gerbe banded by Gm
neutral over En

There is then an identification

{Isocrystals with a G-structure} ∼−−→ {étale G-torsors on D}.

Definition 5.1.4 (Kottwitz [88]). — We note B(G) for the set of isomor-
phism classes of isocrystals equipped with a G-structure.

One thus has

B(G) = H1
ét(D, G).

According to Steinberg, H1(Ĕ,G) is trivial. From this one deduces that

B(G) = G(Ĕ)/ ∼
where ∼ is the σ-conjugacy relation,

b ∼ gbg−σ.

To b ∈ G(Ĕ) one associates the G-isocrystal that sends (V, ρ) ∈ Rep(G) to the

isocrystal (V ⊗E Ĕ, ρ(b)σ).

The functor (2) from isocrystals to vector bundles on the curve E (−) defines a
morphism of stacks

XF

D

Spec(E)

stru
c
tu

ra
l
m
o
rp

h
ism

induced
by

E
(−

)

and thus by pullback a map

{G-isocrystals} −→ {étale G-torsors on XF }
inducing

B(G) −→ H1
ét(XF , G).
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The following definition is introduced in [55].

Definition 5.1.5. — For b ∈ G(Ĕ) we note Eb the associated G-bundle on
XF .

5.2. Semi-stability

5.2.1. Vector bundles. — Since ”XF is complete”, there is a “nice” degree func-
tion

deg : Pic(XF ) −→ Z
simply defined by the formula deg(L ) = deg(div(s)) where s is any rational section

of L , s : E(XF )
∼−−→ Lη. This allows us to define the degree of a vector bundle E

via the formula

deg(E ) := deg(det(E )).

Its main property is that if u : E → E ′ is a morphism between vector bundles that
is generically an isomorphism then deg(E ) ≤ deg(E ′) with equality if and only if u
is an isomorphism. This property implies the existence and uniqueness of Harder-
Narasimhan filtrations for the slope function

µ =
deg

rk
.

Example 5.2.1. — For any λ ∈ Q the vector bundle O(λ) is semi-stable with
slope λ. In fact O(λ) is the pushforward via a finite étale morphism of a semi-
stable vector bundle: the direct sum of line bundles of the same degree (the
direct sum of two semi-stable vector bundles with same slope is semi-stable).

5.2.2. Principal G-bundles. — Here we suppose G is quasi-split to simplify (in
fact XF × G is a quasi-split reductive group scheme over XF for any G). If E is an
étale G-torsor recall that E is semi-stable if for any parabolic subgroup P of G, for
any reduction EP of E to P ,

deg(s∗TP\E ) ≥ 0

(tangent bundle of P\E → XF ) where s is the section

P\E

XF

s

corresponding to the reduction EP i.e. the P -torsor EP is the pullback by s of the
étale P -torsor E → P\E .
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One can then prove that for any E there exists (up to G(E)-conjugacy) a unique
parabolic subgroup P and a reduction EP of E to E satisfying:

1. EP

P
× P/RuP︸ ︷︷ ︸

Levi quotient

is semi-stable,

2. for any χ ∈ X∗(P/ZG)∖ {0} ∩ N.∆ we have degχ∗E > 0 where ∆ is the set of
simple roots.

This is the so-called canonical reduction of E .

5.3. Vector and numerical invariants

5.3.1. The case of tori. — Let T be a torus over E. Recall the following key
elementary result in the theory ([88]).

Proposition 5.3.1. — There is a canonical in T identification

B(T )
∼−−→ X∗(T )ΓE

such that for Gm this is given by the π-adic valuation of an element of Ĕ×.

The associated element via X∗(T )ΓE
⊗ Q = [X∗(T )Q]

ΓE is called the generalized
Newton polygon of an element of B(T ).

5.3.2. B(G) ([88]). — There is an exact sequence of pointed sets

1→ H1(E,G)︸ ︷︷ ︸
unit root

G-isocrystal

−→ B(G) −→
[
Hom(DE , GE) /︸︷︷︸

action by
conjugation

G(E)
]ΓE

that is identified with a low degree Hochschild-Serre spectral sequence

1→ H1(E,G) −→ H1
ét(D, G) −→ H0

(
ΓE , H

1
ét(DE , G)

)
.

Here by “unit root” we mean slope 0. For [b] ∈ B(G) we note [νb] for the class of the

associated morphism DE

νb−−→ GE .

Let us suppose, to simplify, that G is quasi-split. Let A ⊂ T ⊂ B be the inclusion
of a maximal split torus inside a maximal torus inside a Borel subgroup. Then,

[νb] ∈ X∗(A)
+
Q

is the generalized Newton polygon of [b].

There is a second invariant associated to [b],
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κ(b) ∈ π1(G)︸ ︷︷ ︸
Borovoi

fund. group

Γ.

that is the generalization of the endpoint of the Newton polygon of an isocrystal.
In fact, the images of [νb] and κ(b) in π1(G)Γ ⊗Q are equal.

The abelian group π1(G) is Borovoi’s fundamental group,

π1(G) = X∗(T )/⟨Φ̌⟩

where Φ̌ is the set of coroots ([20], [21]). Its profinite completion is identified with
Grothendieck’s étale fundamental group:÷π1(G) =

ΓE

πét
1 (GE).

When Gder is simply connected one has

π1(G) = X∗(G/Gder)

and the map κ is given by the projection

B(G) −→ B(G/Gder)

coupled with proposition 5.3.1.

In general, this is defined via an abelianization map

B(G) = H1(σZ, G(Ĕ)) −→ H1
(
σZ, [Gsc(Ĕ)→ G(Ĕ)]︸ ︷︷ ︸

crossed module

)
︸ ︷︷ ︸

group coho. with coeff.
in a crossed module

.

Here Gsc is the universal cover of the derived subgroup Gder and G acts on Gsc via
the morphism

G −→ Gad
conj. action−−−−−−−−−→ Aut(Gsc).

If Tsc is the pullback of T ∩Gder to Gsc the morphism of crossed modules

[Tsc → T ] −→ [Gsc → G]

is a quasi-isomorphism and thus induces a bijection

H1(σZ, Tsc(Ĕ)→ T (Ĕ))
∼−−→ H1

(
σZ, [Gsc(Ĕ)→ G(Ĕ)]).

We deduce an exact sequence

B(Tsc) −→ B(T ) −→ H1(σZ, Tsc(Ĕ)→ T (Ĕ)) −→ 0.

We deduce our κ map from proposition 5.3.1,

κ : B(G) −→ π1(G)Γ.
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5.3.3. Principal G-bundles. — Suppose again that G is quasi-split. Let E be an
étale G-torsor on XF and let EP be its canonical reduction where P is a standard
parabolic subgroup with respect to the choice of B as before. The morphism

X∗(P ) −→ Z
χ 7−→ deg(χ∗EP )

can be seen as an element of X∗(A)Q. Moreover the second condition in the definition
of the canonical reduction of E implies this is an element of X∗(A)

+
Q . We note it

[νE ] ∈ X∗(A)
+
Q

and we think about it as a generalized Harder-Narasimhan polygon.

As before there is an abelianization map

H1
ét(XF , G) −→ H1

ét,ab(XF , G) := H1
ét(XF , [Gsc → G]︸ ︷︷ ︸

crossed module
on XF,ét

).

One can prove that when F is algebraically closed then for a torus S over E

B(S) = H1
ét(D, S)

∼−−→ H1
ét(XF , S)

(the proof is reduced to the Gm-case where one of the key ingredients is to prove that
Br(XF ) = 0; we will later see that this isomorphism is true for any reductive group
G but one can give a simpler proof for a torus) and thus

H1
ét,ab(D, G)

∼−−→ H1
ét,ab(XF , G).

At the end this allows us to define

c1(E ) ∈ π1(G)Γ

the first Chern class of E .

5.4. Classification of G-isocrystals

Recall the following definition due to Kottwitz that generalizes the definition of an
isoclinic isocrystal.

Definition 5.4.1. — The element [b] ∈ B(G) is basic if νb is central.

One of the first basic results in the domain is the following.
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Proposition 5.4.2. — Kottwitz κ map induces a bijection

κ|B(G)bsc : B(G)bsc
∼−−→ π1(G)Γ.

Remark 5.4.3. — This result that seems mysterious at first will be fully understood
later: any connected component of BunG contains a unique semi-stable point. For
any [b], the basic element associated to κ(b) in B(G) will correspond to the maximal
generalization of the point of BunG associated to [b].

We still suppose that G is quasi-split and we fix A ⊂ T ⊂ B. Then, if Mb is is the
Standard Levi subgroup that is the centralizer of the slope morphism [νb] ∈ X∗(A)

+
Q ,

[b] has a canonical basic reduction [bMb
] ∈ B(Mb)basic.

Finally, one can prove that the map [b] 7→ ([νb], κ(b)) is an injection

B(G) ↪→ π1(G)Γ ×X∗(A)
+
Q .

One can describe its image but this is not useful for what we do. Let us just remark
that the injectivity of this map will later be reinterpreted as saying that on any
connected component C of BunG, the map given by [b] 7→ [νb] induces an injection
|C| ↪→ X∗(A)

+
Q .

5.5. Automorphisms of G-isocrystals

Recall the following definition due to Kottwitz.

Definition 5.5.1. — For [b] ∈ B(G) we note Gb for the algebraic group of
automorphisms of the associated G-isocrystals.

Concretely, for R an E-algebra, one has

Gb(R) =
¶
g ∈ G(R⊗E Ĕ | gbσ = bσg

©
.

Less concretely, if Tb → D is the associated étale G-torsor over the Dieudonné gerbe,

Gb(R) = AutD×Spec(E)Spec(R)

(
Tb ×Spec(E) Spec(R)

)
(automorphisms of torsors). The Dieudonné gerbe splits over Eun and we obtain an
isomorphism

Gb ⊗E E
un ≃ CG(νb).

In particular, Gb is an inner form of the centralizer of νb (which is a Levi subgroup
of the quasi-split inner form of G), and

[b] is basic ⇔ Gb is an inner form of G.
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Those are the so-called extended pure inner forms of Kottwitz that generalize
Vogan’s pure inner forms ([140]) via the embedding

H1(E,G)︸ ︷︷ ︸
unit root

G-isocrystals

= {[b] | νb = 0} ⊂ B(G).

5.6. Classification of principal G-bundles

5.6.1. Vector bundles. — The following classification result is a difficult very im-
portant result in the domain, see [57].

Theorem 5.6.1. — Suppose F is algebraically closed. There is a bijection{
λ1 ≥ · · · ≥ λr | r ∈ N, λi ∈ Q

} ∼−−→
{
v.b. on XF

}
/ ∼

(λ1, . . . , λr) 7−→
[ r⊕

i=1

O(λi)
]
.

In terms of reduction theory, this can be split in two parts:

1. Slope λ semi-stable vector bundles are isomorphic to directs sums of O(λ),

2. The Harder-Narasimhan filtration of a vector bundle is (non-canonically) split.

Point (2) is an immediate consequence of point (1) since

Ext1(O(λ),O(µ)) = H1(XF ,O(−λ)⊗O(µ)︸ ︷︷ ︸
finite direct

sum of O(µ−λ)

)

is zero if λ ≤ µ when F is algebraically closed.

5.6.2. Principal G-bundles. — Here is the main result.

Theorem 5.6.2. — When F is algebraically closed there is a bijection of
pointed sets

B(G)
∼−−→ H1

ét(XF , G)

[b] 7−→ [Eb].

Via this theorem we have the following dictionary between arithmetic and geometry:
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1. [b] is basic︸ ︷︷ ︸
arithmetic condition

on the p-adic
valuations of the eigenvalues

of Frob

⇔ Eb is semi-stable︸ ︷︷ ︸
geometric semi-stability

condition

2. [νb]︸︷︷︸
Newton polygon

= w.(− [νEb
]︸︷︷︸

HN polygon

) where w is the longest element in the

Weyl group.

3. κ(b)︸︷︷︸
terminal point

of Newton

= − c1(Eb)︸ ︷︷ ︸
first Chern class

.

5.7. On the proof of the classification theorem

5.7.1. Background on Beauville-Laszlo. — Let ∞ ∈ |XF | be a degree 1 closed
point with residue field K. We suppose that F is algebraically closed. We note

B+
dR := B+

dR(K) = “OXF ,∞ with uniformizer t.

A modification of a G-bundle E at ∞ is the data given by a a G-bundle E ′

together with an isomorphism

E|XF∖{∞}
∼−−→ E ′

|XF∖{∞}.

When G = GLn, Beauville-Laszlo ([6]) tells us that such a modification is the

same as the datum of a B+
dR-lattice in Ê∞[ 1t ] where here we see E as a vector bundle.

In general, this is the same as an étale G-torsor F on Spec(B+
dR) together with an

isomorphism

E ×XF
Spec(BdR)

∼−−→ F ×Spec(B+
dR) Spec(BdR).

Since B+
dR is complete with algebraically closed residue field any étale G-torsor on

Spec(B+
dR) is trivial. We deduce that this is the same as an element of

E (BdR)/G(B
+
dR).

where E (BdR) is the set of sections

E

Spec(BdR) XF

se
ct
io
n



5.7. ON THE PROOF OF THE CLASSIFICATION THEOREM 85

5.7.2. Some piece of the Hecke groupoid. —

Let us now remark that for any b ∈ G(Ĕ) there is a canonical trivialization of

Eb ×XF
Spec(B+

dR).

Suppose now that E = Eb and E ′ = Eb′ . Then, modifications

M : Eb 99K Eb′

at ∞ are given by an element of

p1(M) ∈ G(BdR)/G(B
+
dR)

and its inverse

p2(M) := p1(M
−1) ∈ G(BdR)/G(B

+
dR).

The images of p1(M) and of p2(M)−1 ∈ G(B+
dR)\G(BdR) in

G(B+
dR)\G(BdR)/G(B

+
dR)

are equal. We call this the type of the modification.

Suppose that G is split to simplify. There is then a bijection

X∗(T )
+ ∼−−→ G(B+

dR)\G(BdR)/G(B
+
dR)

µ 7−→ G(B+
dR)µ(t)G(B

+
dR).

We equip X∗(T )
+ with the order µ ≤ µ′ if µ′ − µ ∈ N.∆∨, ∆∨ being the simple

coroots.

Definition 5.7.1. — For G split over E and {µ} a conjugacy class of
cocharaters of G we define for F |Fq a perfectoid field

1.
Sh(G, b, b′, µ)(F )

as the set of a degree 1 point ∞ ∈ |XF | and a modification at ∞
Eb 99K Eb′

of type ⩽ µ.

2.
GrBdR

G,⩽µ(F )

as the set of a degree 1 closed point ∞ on XF with residue field K and
an element of G(BdR(K))/G(B+

dR(K)) whose image in

G(B+
dR(K))\G(BdR(K))/G(B+

dR(K))

is ⩽ µ.
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We thus have two maps

Sh(G, b, b′, µ)(F )

GrBdR

G,⩽µ(F ) GrBdR

G,⩽µ−1(F )

p1 p2

Those local Shimura varieties are generalizations of Rapoport-Zink spaces.

5.7.3. Modifications of vector bundles associated to p-divisible groups ([57],
[131]). — The following is the starting point of the link between Rapoport-Zink
spaces and modification of vector bundles on the curve.

Proposition 5.7.2. — Let M be the deformation space by quasi-isogenies
of the p-divisible group H over Fp as defined by Rapoport-Zink. Let C|Q̆p be
algebraically closed and consider an element x ∈M(OC). Let
• V be the rational Tate module of the universal deformation specialized
at x,
• (D,φ) be covariant isocrystal of H,
• FilDC be the Hodge filtration.

There is a canonical exact sequence of coherent sheaves on XC♭

0 −→ V ⊗OX
C♭
−→ E (D, p−1φ) −→ i∞∗DC/FilDC −→ 0

where ∞ ∈ |XC♭ | is the closed point associated to the untilt C of C♭.

This is a rewriting in terms of the curve of Fontaine/Faltings comparison theorems:

V ⊗Qp
B(C♭)[ 1t ]

∼−−→ D ⊗Q̆p
B(C♭)[ 1t ].

where
Id⊗φ↔ p−1φ⊗ φ.

Define now for F |Fp algebraically closed

M⋄
η,∞/φ

Z(F )

as the set of
• an untilt C of F over E up to a power of Frobenius (i.e. the identification
between F and C♭ is taken up to a power of Frobenius),

• an object ofM(OC),
• an infinite level structure on this object i.e. a base of the associated rational
Tate module.

Let d be the dimension of H and set µ(z) = diag(z, . . . , z︸ ︷︷ ︸
d-times

, 1, . . . , 1) for G = GLn

over Qp. Set G = GLn where n is the height of H. The preceding proposition defines
a map for F algebraically closed
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M⋄
η,∞/φ

Z(F )

Sh(G, b, 1, µ)(F )

GrBdR

G,⩽µ(F ) GrBdR

G,⩽µ−1(F )

πdR πHT

p1 p2

where here there is an identification between GrBdR

G,⩽µ(F ) and F ⋄
µ/φ

Z(F ) since µ is
minuscule.

5.7.4. Application to the classification. — As a consequence of the study of de
Rham and Hodge-Tate periods of Lubin-Tate spaces one deduces the following from
the preceding construction

{
p-divisible groups/OC

}
−→

{
modifications of vector bundles /XC♭

}
For F algebraically closed:

• (Surjectivity of the de Rham period morphism for L.T. spaces) For any exact
sequence of coherent sheaves on XF

0 −→ E −→ O( 1n ) −→ F −→ 0,

where F is a torsion coherent sheaf of degree 1, one has

E ≃ On.

• (Computation of the image of πHT for L.T. spaces) For any exact sequence of
coherent sheaves on XF

0 −→ On −→ E −→ F −→ 0

where F is a torsion coherent sheaf of degree 1, one has

E ≃ On−r ⊕O( 1r )

for some integer 1 ≤ r ≤ n.

Using those two results about degree 1 modifications of vector bundles on the XF

one can obtain by elementary manipulations the classification theorem 5.6.1.
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5.7.5. Equivalence. — Reciprocally one can prove the following result (using the
classification of vector bundles on the curve).

Theorem 5.7.3 ([54], [131]). — The following is satisfied:

1. For F algebraically closed the map

M⋄
η,∞/φ

Z(F ) −→ Sh(G, b, 1, µ)(F )

is a bijection.

2. The functor that sends a p-divisible group over OC to the corresponding
modification of vector bundles on XC♭

E 99K E ′,

with E a trivial vector bundle, together with a lattice in H0(XC♭ ,E ), is
an equivalence of categories.

Using this result together with some arguments about Banach-Colmez spaces and
[57, Section 11.1] one can prove that in infinite level Rapoport-Zink spaces are per-
fectoid and are moduli of modifications of vector bundles on the curve.

Remark 5.7.4. — Using this point of view one can define local Shimura varieties
for any triple (G, b, µ) as diamonds and even rigid analytic spaces if µ is minuscule,
see [132, Section 23]. Those are generalizations of Rapoport-Zink spaces. Contrary
to Rapoport-Zink spaces, that exist only for classical groups G, they are constructed
directly in generic fiber without the use of an integral model. Reciprocally, the question
to construct “natural” integral models of those general local Shimura varieties is still
unsolved. Nevertheless, the work of Zhu ([144]) and Bhatt-Scholze ([15]) allows us
to define the perfection of their special fiber as a perfect scheme for G unramified.

5.8. p-adic Hodge structures and local Shtukas

The following result says that a (geometric) p-adic Hodge structure is the same as
a local Shtukas.
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Theorem 5.8.1 ([53], [132, Theorem 11.4.5] ). — Let F |Fq be algebraically

closed. Let (F ♯
i )i∈I be a finite collection of untilts of F over E associated to

(ξi)i∈I a finite collection of degree 1 primitive elements in WOE
(OF ). There

is an equivalence of categories between

• local Shtukas i.e. couples (M,φ) where M is a free Ainf-module of finite
type and φ an isomorphism

φ :M
[

1∏
i∈I φ−1(ξi)

]
∼−−→M

[
1∏

i∈I ξi

]
• modifications of vector bundles

E 99K E ′

at
∑

i∈I∞i where E is a trivial vector bundle and ∞i ∈ |XF |cl corre-
sponds to the untilt F ♯

i .

Remark 5.8.2. — This last result is the starting point of Ainf-cohomology ([13]).
In fact if X is a proper smooth algebraic variety over K where [K : Qp] < +∞ and

C = “K, the “classical” comparison theorems (Fontaine, Fontaine-Messing, Tsuji,
Faltings) associates to any cohomologycal degree i ∈ N a modification of vector bundles
E 99K E ′ on XC♭ where
• E = Hi

ét(XK ,Qp)⊗Qp
O

• E ′ = E (D,φ) where D = Hi
cris(XkK

,W )
[
1
p

]
with its crystalline Frobenius.

The lattice

Hi
ét(XK ,Zp)/torsion

then gives rise by application of the preceding theorem to a φ-module over Ainf . One
of the starting point of Ainf-cohomology is to refine this construction by construction
a cohomology complex in the derived category of Ainf-modules to take into account
torsion.

5.9. Understanding the twin towers isomorphism

The isomorphism of [47] and [51] was mysterious during some time. This is now
understood in the following way via the following remark.

Lemma 5.9.1. — If [b] ∈ B(G) is basic then the group-scheme Gb ×Spec(E) XF is
the inner twisting of G×Spec(E) XF by the étale torsor Eb,

Gb ×Spec(E) XF = Aut (Eb/XF ) .

As a corollary one deduces an identification between G-torsors on XF and Gb-
torsors. This fact extends to the relative curve XR,R+ for any Fq-affinoid perfectoid
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ring (R,R+) and induces an isomorphism of Artin v-stacks

BunG
∼−−→ BunGb

E −→ E
G
× Eb.

This induces Kottwitz’s identification B(G)
∼−−→ B(Gb) (see [86]). This isomorphism

is compatible with modifications and this induces and identification of the associated
Hecke stacks. This allows us to recover [47], [51], and [48] in a very elegant way, see
[28].

5.10. Some final thoughts

Theorem 5.7.3 has been a great motivation for the introduction of the geometriza-
tion conjecture. Already in [57], in the proof we gave of weakly admissible implies
admissible, modification of vector bundles and B+

dR-lattices showed up in an essential
way. The appearance of Kottwitz set already, strongly linked to the mod p geometry
of Shimura varieties, is a great sign.

Theorem 5.8.1 has been very important in relation with Drinfeld’s work on Shtukas
and more recently V. Lafforgue’s work ([91]). The appearance of Shutkas, as defined
by Drinfeld, is quite stunning.

Finally let us note that the upgrade of isocrystal to vector bundles on the curve
is part of the philosophy to upgrade everything analytically as in [50] where we
considered the tube over the Newton strata as analytic spaces. As a matter of fact,
the analytic world is more natural than the algebraic one in this situation. For
example, one can do this in family and consider the fpqc stack of G-isocrystals

IsocG

on perfect schemes that associates to a perfect ring R the groupoid of étale G-torsors
on Spec

(
WOE

(R)[ 1π ]
)
. This stack is not algebraic in any sense. In the equal charac-

teristic case, the case E = Fq((π)), this is

LG/φ LG

where LG is the loop group of G over Spec(Fq) and the quotient is for the twisted
φ-conjugation. This is not a “good” algebraic object although (Dieudonné-Manin)

B(G) = | IsocG |.
The stack BunG is much better: this is an Artin v-stack. This fact was an important
motivation for the work [58]. We refer to remark 8.1.4 for more details.
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DIAMONDS

Diamonds are the basic geometric objects that show up in the geometry of BunG.
They appeared in [132] and are everywhere in the domain.

6.1. What is a diamond ?

• Schemes are obtained by gluing affine schemes for the Zariski topology.
• Algebraic spaces are obtained by gluing affine schemes for the étale topology.
• Usually one adds a coherence condition in the definition of an algebraic space,
one typically assumes that they are quasi-separated to remove pathological
objects like Ga,C/Z (action by translations) that is not quasi-separated since
the étale topology is not coarse enough contrary to the analytic topology where
C/Z is a nice good object as a complex analytic space.

• There is an Artin criterion for algebraic spaces.

The theory of diamonds follows the same path by replacing schemes by Fp-
perfectoid spaces and the étale topology by the pro-étale topology. The nice
coherence condition that one adds to make them look like analytic adic spaces is
called the spatialness condition. There is even an analog of Artin’s criterion.

Historically there has been different sources of diamonds:

1. The first one comes from he theory of finite dimensional Banach spaces in the
sense of Colmez ([32], [97] for the interpretation in terms of the curve). The
first, from the historical point of view, typical question being to describe geo-
metrically

Bφ=p2

that, contrary to Bφ=p that is a 1-dimensional open ball, is a quotient of a 2-
dimensional ball by a pro-étale pro-p equivalence relation but is not represented
by a perfectoid space.
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2. The second one is the remark that points of the curve correspond to untilts up
to Frobenius, this has lead to the introduction of

Spa(Qp)
⋄.

3. The third one is the remark due to Faltings and Colmez that pro-étale locally an-
alytic adic spaces are perfectoid; this is typically the remark due to Faltings that
“the Frobenius of R/pR is surjective”. This has lead later to the construction
of

X⋄

where X is an analytic adic space.

4. The fourth one come from the desire to put a geometric structure on the set of
B+

dR-lattices in B
n
dR, a construction that already showed up in the curve proof of

weakly admissible implies admissible in [57] and has been put in form in [132]
as the so-called BdR-affine Grassmanian.

6.2. Background on the pro-étale and the v-topology ([132], [128])

Let

Perf

be the category of all perfectoid spaces.

Here, and this is essential for our work, see Remark 6.2.2, we consider affinoid per-
fectoid algebras that may not contain a field. They are classified as triples ((R,R+, I)
where:

1. (R,R+) is an Fp-affinoid perfectoid algebra,

2. I ⊂ W (R+) is an ideal generated by a degree 1 distinguished element i.e. an

element of the form
∑
n≥0

[an]p
n where a0 ∈ R◦◦ and a1 ∈ (R+)× (such elements

are regular and such an ideal I is a Cartier divisor).

This correspondence is given by the following rules:

1. To (A,A+) affinoid perfectoid we associate(
A♭, A♭,+, ker θ

)
where θ :W (A♭,+)→ A+.

2. In the other direction, to ((R,R+, I) we associate(
W (R+)/I[ 1

[ϖ] ],W (R+)/I
)
.

If (A,A+) contains a field and corresponds to ((R,R+, (ξ)) with ξ =
∑

n≥0[an]p
n

then either a0 = 0 i.e. A contains Fp, either a0 ∈ R× i.e. A contains Qp.



Background on the pro-étale and the v-topology 93

Example 6.2.1. — If we take

(R,R+) = (K⟨T 1/p∞
⟩,OK⟨T 1/p∞

⟩)

with K a characteristic p perfectoid field and

I = ([T ] + p)

then the corresponding perfectoid space S = Spa(A,A+) satisfies |S| = |B1
K | that

is connected. The open subset |B1
K ∖ {0}| is a Qp-perfectoid space and the origin

{0} ⊂ |B1
K | is Spa(K) that is an Fp-perfectoid space.

Remark 6.2.2. — From this example we deduce a quotient map

|B1
K | → |Spa(Zp)

⋄|︸ ︷︷ ︸
top. space
associated
to a small
v-sheaf

(see later)

=︸︷︷︸
as a
set

{s, η}

where the image of |B1
K ∖ {0}| is η and the one of {0} is s. This implies that η ⩾ s

and thus |Spa(Zp)
⋄| = {s, η} with η ⩾ s as a topological space. This fact is crucial

for the proof of the geometric Satake correspondence where we use a degeneration of
the BdR-affine Grassmanian from Spa(Qp)

⋄ to Spa(Fp)
⋄ via Spa(Zp)

⋄ to the usual
Witt vector affine Grassmanian where we can apply some classical arguments using
the decomposition theorem.

The category Perf is equipped with three natural Grothendieck topologies.

6.2.1. The étale topology ([128, Section 6]. — This is the usual étale topology
on perfectoid spaces. One of its main properties is that it is compatible with the
tilting equivalence: if S is a perfectoid space, via the equivalence

(−)♭ : PerfS
∼−−→ PerfS♭ ,

T → S is étale if and only if T ♭ → S♭ is étale. This is part of the so-called purity
theorem. Among its elementary properties is the fact that any étale morphism is open.

In general the étale site of a perfectoid space is considered as a small site.

6.2.2. The pro-étale topology ([128, Section 8]). —
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6.2.2.1. Definition. — One of the great features of perfectoid spaces, compared to
“classical Noetherian analytic adic spaces” is that some operations that do not exist
in the Noetherian world make a sense for perfectoid spaces. Typically, if (Si)i is a
cofiltered projective system of affinoid perfectoid spaces, Si = Spa(Ri, R

+
i ), then

lim←−
i

Si

is well defined, and affinoid perfectoid, as Spa(R+
∞[ 1ϖ ], R+

∞) where R+
∞ is the ϖ-adic

completion of lim−→i
R+

i and ϖ is the image of some pseudo-uniformizer in Ri for some

index i.

Recall the following definition.

Definition 6.2.3. — A morphism T → S of perfectoid spaces is pro-étale if
it can be written locally on T and S as

T = lim←−
i≥i0

Si −→ Si0 = S

where (Si)i is a cofiltered projective system of affinoid perfectoid spaces with
étale transition morphisms.

The pro-étale topology has to be manipulated carefully for the following reason:
contrary to étale morphisms of perfectoid spaces, in general pro-étale morphisms are
not open. This is for example the case for any s ∈ S where

Spa(K(s),K(s)+) = lim←−
U∋s

U ↪→ S

is pro-étale not open. This may still be the case for surjective morphisms of affinoid
perfectoid spaces, typically S

∐
Spa(K(s),K(s)+)→ S.

One thus has to add the following condition in the definition of a pro-étale cover:

Definition 6.2.4. — A family of morphisms of perfectoid spaces (Ti → S)i∈I

is a pro-étale cover if for any quasi-compact open subset U in S there exists
I ′ ⊂ I finite and for each i ∈ I ′ a quasi-compact open subset Vi ⊂ Ti such that

U =
⋃
i∈I′

Im(Vi → T ).

If for all indices i ∈ I, Ti → S is open this “strong surjectivity condition” is
equivalent to “the weak one” saying that

∐
i∈I |Ti| → |S| is surjective. But as we

said before this is not true in general. The pro-étale site is seen as a big site.
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6.2.2.2. Pro-étale local structure of perfectoid spaces. — One of the most important
results is the following structure of perfectoid spaces pro-étale locally. In fact, recall
the following definition. We use the fact that for any qc qs perfectoid space X there
is a morphism

X −→ π0(X)

whose fibers are the connected components of X (that are perfectoid spaces). Here

π0(X) =

profinite︷ ︸︸ ︷
π0( |X|︸︷︷︸

spectral
space

) .

Remark 6.2.5. — Here we use the following construction. If T is a topological
space then we define T as a functor on Perf via the formula

T (S) = C (|S|, T ).

This defines a pro-étale (and even a v)-sheaf on Perf.

Definition 6.2.6. — A perfectoid qc qs space X is strictly totally discontin-
uous if it satisfies the following equivalent properties:

1. Every connected components of X contains a unique closed point i.e. is
of the form Spa(K,K+) with (K,K+) an affinoid perfectoid field. We
moreover ask that all residue fields are algebraically closed i.e. any con-
nected component is of the form Spa(C,C+) with C algebraically closed.

2. Any étale cover of X splits i.e. admits a section.

Strictly totally disconnected perfectoid spaces can be though of as a “amalgama-
tions” of collections Spec(C(x), C(x)+) with C(x) algebraically closed when x goes
along a profinite set.

The following says that pro-étale locally any perfectoid space if a disjoint union of
strictly totally disconnected perfectoid spaces, see [128].

Proposition 6.2.7 (Pro-étale local structure of perfectoid spaces)
For any qc qs perfectoid space X there exists an open pro-étale surjective

morphism ‹X −→ X

with ‹X strictly totally discontinuous.
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Example 6.2.8. — For any perfectoid space X, if X• → X is an hypercover
by
∐

strictly totally disconnected perfectoid spaces then

{étale sheaves on X} ∼−−→ {cartesian sheaves on |X•|}.
From this point of view étale cohomology of perfectoid spaces is simpler than
étale cohomology of schemes: everything is reduced to cartesian sheaves on
simplicial topological spaces.

6.2.2.3. A geometric fiberwise criterion to be pro-étale pro-étale locally. — Pro-étale
morphisms do not satisfy descent for the pro-étale topology. This problems has lead
to the following.

Proposition 6.2.9. — A morphism of perfectoid spaces X → S is pro-
étale pro-étale locally on S if and only if for all its geometric fibers, X ×S

Spa(C,C+) for Spa(C,C+)→ S, are locally profinite, i.e. locally of the form
P × Spa(C,C+) for a profinite set P .

This has lead to the definition of quasi-pro-étale morphisms and his a very useful
criterion for application to morphisms of moduli spaces for which computing the
geometric fibers is usually easy.

Example 6.2.10. — Let T → S be a morphism of qc qs perfectoid spaces such that
|T | → |S| is surjective (i.e. this is a v-cover) and such that for all s : Spa(C,C+)→ S,
Ts ≃ P × Spa(C,C+) with P a profinite set. Then, up to replacing S by a pro-étale
cover, T → S is a pro-étale cover. From this we deduce that T → S is a surjective
morphism of pro-étale sheaves. This is for example the case for the Kummer map

B1,1/p∞

K︸ ︷︷ ︸
perfectoid

ball

z 7→zn

−−−−−→ B1,1/p∞

K when K is a perfectoid field.

6.2.3. The v-topology ([132, Chapter 17], [128, Section 8]. — The v-topology is
an analog of the fpqc topology for schemes. This is a big site on perfectoid spaces
where we take the same definition for covers as for the pro-étale topology but by
taking any morphism of perfectoid spaces instead of the pro-étale one. This is the
most general topology we use. It is subcanonical: the functor defined by a perfectoid
space is a v-sheaf. It moreover satisfies some nice descent properties. For example:

1. Vector bundles satisfy descent for the v-topology ([132, Lemma 17.1.8]).

2. Separated étale morphisms satisfy descent for the v-topology ([128,
Proposition 9.7]).
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This last (difficult) result is used all the times.

Example 6.2.11. — Let G be a locally profinite group and T → S be a G
torsor for the v-topology where S is a perfectoid space. One has, as v-sheaves,

T
∼−−→ lim←−

K

K\T

where K goes through the set of compact open subgroups of G. Since v-locally
K\T → S is separated étale, one deduces that K\T → S is representable by
a separated étale morphism of perfectoid spaces. In particular, T → S is a
pro-étale morphism of perfectoid spaces,

T = lim←−
K′⊂K

K ′\T −→︸︷︷︸
pro-

étale finite

K\T −→︸︷︷︸
étale

separated

S,

and thus a pro-étale torsor and we have

H1
pro-ét (S,G)

∼−−→ H1
v (S,G).

Example 6.2.12. — Let Qcyc
p = ∪n≥1Qp(ζn). Then, ‘Qcyc

p is a perfectoid field. The
morphism

Spa(Cp) −→ Spa(‘Qcyc
p )

is a v (and even pro-étale) cover. Let H = Gal(Qp|Qcyc
p ). The preceding morphism

is an H-torsor. The fact that vector bundles descend along this morphisms is then
equivalent to (Sen)

Vect’Qcyc
p︸ ︷︷ ︸

finite dim.’Qcyc
p -v.s.

∼−−→ RepCp
(H)︸ ︷︷ ︸

semi-linear
rep. of H

on finite dim.
Cp-v.s.

Faltings’ Simpson correspondence has been retaken in this context, peoples looking at
vector bundles on PerfX equipped wit the pro-étale topology when X is a Qp-rigid
analytic space, see for example [77]. This has allowed peoples to rethink the theory of
de Rham Qp-local systems on a rigid analytic space X, using the functor

Pro-étale Qp-local systems on X −→ Vector bundles on Xproét

F 7−→ F ⊗Qp
OXproét

.

6.3. Diamonds ([128, Section 11])

6.3.1. Definition and elementary results. — As we said, diamonds are algebraic
spaces for the pro-étale topology. One of the ides of the theory is to push everything
in characteristic p.
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Definition 6.3.1. — A diamond is a pro-étale sheaf X on PerfFp such that

there exists an Fp-perfectoid space ‹X and an equivalence relation R ⊂ ‹X × ‹X
• that is representable by a perfectoid space,

• such that both maps R ‹X are pro-étale,
• and we have

X ≃ ‹X/R
(quotient as pro-étale sheaves).

As is well known (Gabber), any algebraic space is an fppf sheaf. The same holds
for diamonds: one can prove that any diamond is a v-sheaf ([128, Proposition 11.9]).

The category of diamonds is very behaved: it has fibered products and finite
products.

6.3.2. Spatial diamonds. — Let X be a v-sheaf on PerfFp
. Suppose it is small in

the sense that there exists a perfectoid space S and a surjection S → X. One can
then define

|X| =
{
Spa(K,K+)→ X | (K,K+) affinoid perf. field

}
/ ∼

where two morphisms Spa(K1,K
+
1 ) → X and Spa(K2,K

+
2 ) → X are equivalent if

there exists a diagram

Spa(K1,K
+
1 )

Spa(K3,K
+
3 ) X

Spa(K2,K
+
2 )

where Spa(K3,K
+
3 ) → Spa(K1,K

+
1 ) and Spa(K3,K

+
3 ) → Spa(K2,K

+
2 ) sends the

closed point to the closed point. This is equipped with the structure of a topological
space where the open subsets are the subsets

|U | ⊂ |X|

where U ↪→ X is a morphisms of v-sheaves representable by an open immersion. One
can verify that if

S1 S0 X

is a 1-v-hypercover by perfectoid spaces then

coeq︸︷︷︸
coeq in

the cat. of
top. spaces

(
|S1| |S0|

) ∼−−→︸︷︷︸
homeomorphism

|X|.
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Here is the “good notion” of diamonds we use.

Definition 6.3.2. — A diamond X is spatial if X is qc qs and each point
of |X| has a basis of neighborhoods formed of qc open subsets.

One can verify that in fact the topological condition is equivalent to saying that
|X| is a spectral space. This makes spatial diamonds look like qc qs analytic adic
spaces. This throws out some pathological objects that are not related to rigid analytic
geometry like

T × Spa(K)

where T is a compact Hausdorff space and K is a perfectoid field. In fact, this
last object is a diamond with topological space T . More precisely, if βTdisc is the
Stone-Chech compactification of Tdisc there is a surjective quotient map

βTdisc︸ ︷︷ ︸
profinite

−→ T

sending an ultrafilter to its limit. This shows that T × Spa(K) is a diamond with
topological space T .

This spatialness notion is extremely flexible, giving rise to a new geometry. For
example, if (Xi)i is a cofiltered projective system of spatial diamonds then lim←−i

Xi is

a spatial diamond with | lim←−i
Xi| = lim←−i

|Xi| as spectral spaces.

Maybe one of the greatest features of the geometry of spatial diamonds is the
following. If X is a v-sheaf and Z ⊂ |X| a subset then Z defines a sub-v-sheaf of X
via the formula

Z(S) = {S → X | Im(|S| → |X|) ⊂ Z}.

We have the following result that is a consequence of the fact that if X is a strictly
totally disconnected perfectoid space then any pro-constructible generalizing subset of
|X| is representable by a perfectoid space.

Proposition 6.3.3. — Let X be a spatial diamond and let Z ⊂ |X| be pro-
constructible generalizing subset. Then Z defines a spatial diamond with topo-
logical space Z equipped with a qc injection inside X.

The geometry of (locally) spatial diamonds is much more flexible than the geometry
of classical rigid spaces à la Tate.
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6.3.3. Some abstract construction: tilting anything. — Let X be a v-sheaf
on Perf.

Definition 6.3.4 (Tilting anything). — We note X⋄ for the v-sheaf on
PerfFp

whose value on S is given by the datum (S♯, ι, s) where

• S♯ is a perfectoid space,
• ι : S ∼−−→ (S♯)♭,
• s is an element of X(S♯).

Of course, if X is a perfectoid space then

X⋄ = X♭.

This abstract construction allows us to tilt anything in characteristic p. If S is any
v-sheaf then

(−)⋄ : Perf /S
∼−−→ PerfFp

/S⋄

that is a generalized form of the tilting equivalence. This extends to equivalences
of topöı (étale, pro-étale or v) fiPerf/S ∼−−→‡PerfFp

/S⋄

For example, Qp-perfectoid spaces are the same as Fp-perfectoid spaces sitting over
Spa(Qp)

⋄:

PerfQp

∼−−→ PerfFp/Spa(Qp)
⋄.

6.3.4. First example: Spa(Qp)
⋄. — The v-sheaf Spa(Qp)

⋄ is a spatial diamond.
This is the moduli of untilts of a characteristic p perfectoid space in characteristic 0.
In fact,

Spa(Qp)
⋄ = Spa(C♭

p)/Gal(Qp|Qp).

We refer to [132, Section 8.4] for a detailed discussion. If E|Qp is a finite degree
extension and E∞ the completion of the extension generated by the π-torsion points
of a Lubin-Tate group then

Spa(E)⋄ = Spa(C♭
p)/Gal(E|E)

= Spa(E♭
∞)/O×

E .

Remark 6.3.5. — One has to be careful that Spa(Zp)
⋄ is not a diamond. In fact,

one can prove that any sub-v-sheaf of a diamond is a diamond, but Spa(Fp)
⋄ is not a

diamond. Nevertheless, one can wrok with such type of objects, this is typically needed
in [58, Chapter VI] for the geometric Satake correspondence.
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6.3.5. X⋄ for X an analytic adic space. — The starting point of this is the
following due to Colmez: If R is a uniform complete Tate Huber ring then there
exists a filtered inductive system (Ri)i≥i0 of complete uniform Tate Huber rings with
Ri0 = R such that all transition morphisms are finite étale and÷lim−→

i

Ri

is perfectoid. From this one deduces the following.

Proposition 6.3.6. — If X is an analytic adic space then X⋄ is a locally
spatial diamond with |X⋄| = |X|.

Example 6.3.7. — If X is characteristic p then X⋄ is a perfectoid space equal to
X1/p∞

. In fact, a complete Fp-Tate affinoid ring (A,A+) is perfectoid if and only if
A is a perfect Fp-algebra. As a consequence, if (A,A+) is any Fp-Tate affinoid ring

with pseudo-uniformizer ϖ then ÿ�A+,1/p∞ [ 1ϖ ] is perfectoid.

Example 6.3.8 (Faltings). — Let R be a p-torsion free p-adic integral normal
domain. Let K = Frac(R) and K an algebraic closure of K. Let R be the integral
closure of R in the maximal extension of K inside K that is étale over R

[
1
p

]
i.e.

AutR(R) = π1(Spec(R
[
1
p

]
, x) with x given by the choice of K. Then R̂̂R̂R is perfectoid.

In fact, if x ∈ R then the polynomial P (T ) = T p + pT − x is separable over R
[
1
p

]
. A

zero of this polynomial in K is then an element of R whose p-power is congruent to
x modulo p.

Here is how to explicitly construct some perfectoid charts on X⋄. Let‹X → X

be a pro-étale cover with ‹X perfectoid. Let‹X ×X
‹X

be the categorical product in the category of X-perfectoid spaces. This product

exists since (locally on X and ‹X that we can suppose affinoid) if ‹X = lim←−i≥i0
Xi with

Xi0 = X and finite étale transition morphisms then the purity theorem says that for
all indices i, ‹X ×X Xi

is perfectoid. On can then take‹X ×X
‹X = lim←−

i

‹X ×X Xi.

Then one has
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X⋄ = coeq
(
(‹X ×X

‹X)♭ ‹X♭
)
.

Remark 6.3.9. — One has to be careful that the product ‹X ×X
‹X should not be

taken in the category of adic spaces but in the category of perfectoid spaces sitting over
X. For example, Cp⊗̂Qp

Cp is not perfectoid contrary to C (Gal(Qp|Qp),Cp). In fact,

Zp ⊗Zp
Zp ⊂ Zp ⊗Zp

Zp

Qp⊗QpQp

are not commensurable lattices inside Qp ⊗Qp
Qp.

Example 6.3.10. — One has

Spa
(
Qp⟨T, T−1⟩,Zp⟨T, T−1⟩

)⋄
= Spa

(
C♭

p⟨T±1/p∞
⟩,OC♭

p
⟨T±1/p∞

⟩
)
/Zp(1)⋊Gal(Qp|Qp).

Taking a product of this situation and using the purity theorem one deduces that for
any smooth Qp-adic space locally of finite type X, locally on X, there is a diagram‹X

X □ T̃d

Td

étale

pr
o-
ét
al
e-
fin
it
e

Zp
(d
)⋊
G
al
(Q p

|Qp
)

étale
pr
o-
ét
al
e-
fin
it
e

Zp
(d
)⋊
G
al
(Q

p
|Qp

)

where Td = Spa(Qp⟨T±1
1 , . . . , T±1

d ⟩,Zp⟨T±1
1 , . . . , T±1

d ⟩) and ‹X is perfectoid since T̃d

is perfectoid thanks to the purity theorem.

In the next example we use quasi-pro-étale morphisms. More precisely, if a mor-
phism of small v-sheaves

f : X → Y

is quasicompact, satisfies |f | : |X| → |Y | is surjective and has profinite geometric
fibers then f is an epimorphism of pro-étale sheaves; see section 6.2.2.3.

Example 6.3.11. — Let’s compute (Bd
Qp

)⋄. One has a quasi-pro-étale cover

Bd,1/p∞

C♭
p

=
Ä
Bd,1/p∞

Cp

ä♭
−→ (Bd

Qp
)⋄.
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One has moreover a quasi-pro-étale surjectionÄ
Bd,1/p∞

Cp

ä♭
×Spa(C♭

p)
Zp(1)

d ⋊Gal(Qp|Qp) −→
Ä
Bd,1/p∞

Cp

ä♭
×(Bd

Qp
)⋄

Ä
Bd,1/p∞

Cp

ä♭
.

One deduces that Ä
Bd
Qp

ä⋄
≃ Bd,1/p∞

C♭
p

/Zp(1)
d ⋊Gal(Qp|Qp)

(pro-étale quotient) where the action of Zp(1)
d ⋊Gal(Qp|Qp) is free outside the origin

but not on the entire object.

Let us conclude with the following (see [128, Section 15]).

Theorem 6.3.12. — The functor X 7→ X⋄ satisfies the following:

1. It is fully faithful from the category of Noetherian normal analytic adic
spaces to the category of locally spatial diamonds,

2. For X a Noetherian analytic adic space one has an equivalence of topöı›X⋄
ét

∼−−→ ‹Xét

and in particular one can compute the étale cohomology of X in terms
of the one of X⋄.

6.4. An example: the twin towers isomorphism

After collapsing the towers on their base, the isomorphism of [51] can be rewritten

as an isomorphism of pro-étale stacks over Spa(Ĕ)⋄î
Pn−1,⋄
Ĕ

/D×
ó
≃
î
Ω⋄

n−1,Ĕ
/GLn(E)

ó
where D is the division algebra with invariant 1

n and Ωn−1 the n− 1-dimensional
Drinfeld’s space over E.

This type of isomorphism has been generalized to any reductive group and any
basic [b] ∈ B(G), see section 5.9 and [28].

6.5. Some final thoughts

The theory of diamonds gives access to some new geometry. For example, if X is
an analytic adic space and Z ⊂ |X| a subset that is locally on X pro-constructible
generalizing then Z defines a sub-locally spatial diamond of X⋄ that is not attached
to a classical analytic adic space in general. For example, the étale cohomology of
diamonds allows us to define the étale cohomology of such a Z.
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The key points that make the theory work are the associated descent results; typi-
cally the fact that separated étale morphismes descend for the v-topology. The theory
is very flexible, typically of (Xi)i is a filtered projective system of spatial diamonds
then lim←−i

Xi is a spatial diamonds. This makes the theory of locally spatial dia-

monds the natural one for the study of étale cohmology in a non-archimedean setting.

The first appearance of the use of diamonds with an arithmetic application is [24]
where the authors define a stratification of a p-adic flag manifold whose strata are
not classical rigid spaces in general using [55]; see remark 8.6.6. An example of the
use of diamonds outside of the work [58] is [66].

Finally let us note that the theory of diamonds is the one that lead to the theory of
condensed sets, a condensed set being nothing else than a pro-étale sheaf on Spa(C), C
an algebraically closed perfectoid field. If X is a perfectoid space there is a continuous
morphism of sites

λ : Xv −→ Xproét

where Xv is the big v site of X and Xproét its small pro-étale site. If F is a pro-étale
sheaf of abelian groups on X that comes from an étale sheaf of abelian groups on Xét

by pullback via Xproét → Xét then

F
∼−−→ Rλ∗λ

∗F ,

but in general this may be false for any pro-étale sheaf of abelian groups. The functor

λ∗ : D(Xproét,Λ) −→ D(Xv,Λ),

where Λ is any ring, may not be fully faithful. Nevertheless, the functor λ∗ commutes
with all small limits ([128, Lemma 14.4]) and thus if U = lim←−i

Ui︸︷︷︸
finite set

is a cofiltered

limit of affinoid perfectoid spaces étale over X, with U = lim←−i
Ui that is pro-étale over

X,

Λ[U ]■ := lim←−
i

Λ[Ui]

as a pro-étale sheaf on X, one has

λ∗Λ[U ]■ = lim←−
i

Λ[Ui]︸ ︷︷ ︸
v-sheaf that
comes from
an étale sheaf

and thus, since Rλ∗ commutes with limits,

Λ[U ]■
∼−−→ Rλ∗λ

∗Λ[U ]■

which may be false if we replace Λ[U ]■ by the standard generator Λ[U ] of the category
of pro-étale sheaves of Λ-modules onX. This remark may be one of the starting points
of solid condensed Λ-modules; we have fully faithful embeddings

Dét(X,Λ)
ν∗

↪−→ Dproét,■(X,Λ)
λ∗

↪−→ Dv(X,Λ).
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We refer to [58, Chapter VII] for the development of solid quasi-pro-étale sheaves on
small v-stacks.





LECTURE 7

EXAMPLES OF DIAMONDS

7.1. The linear objects of the category of diamonds: BC spaces

7.1.1. The relative curve ([58, Section II.1]). — For S an Fq-perfectoid space we
can define

XS = YS/φ
Z

the relative curve associated to S as an E-adic space. This is defined the same way
as when S is the spectrum of a perfectoid field. More precisely, if S = Spa(R,R+) is
affinoid perfectoid then we can define

YS = Spa(WOE
(R+),WOE

(R+))∖ V (π[ϖ])

with its Frobenius φ. This construction glues and lead to the definition of YS for
any S. The preceding constructions when S = Spa(F ) extends:

1. For S affinoid perfectoid YS is sous-perfectoid and thus Huber’s structural pre-
sheaf of holomorphic functions is in fact a sheaf. That being said, in general
this is not a Noetherian adic space.

2. If S = Spa(R,R+) is affinoid perfectoid we can define the associated schematical
curve XR,R+ as before and GAGA theorem extends:

{vector bundles on XR,R+} ∼−−→ {vector bundles on XR,R+}.

Remark 7.1.1. — In fact, YS extends naturally to an analytic adic space YS over
Spa(OE) where YS = YS ∖ V (π). When S = Spa(R,R+) is affinoid perfectoid,

YS = Spa
(
WOE

(R+),WOE
(R+)

)
∖ V ([ϖ]).
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The construction S 7→ XS is functorial in S and one can thought of XS as being
“X × S” although “X” does not exist.

Here is a computation.

Proposition 7.1.2. — One has

X⋄
S = (S × Spa(E)⋄) /φZ × Id

as a locally spatial diamond over Spa(E)⋄.

This result is reduced to the computation of Y ⋄
S together with its Frobenius action.

One has to compute morphisms Spa(A,A+)→ YS for (A,A+) an affinoid perfectoid
E-algebra. Suppose that S = Spa(R,R+). Such a morphism is given by a morphism

(3) WOE
(R+) −→ A+

such that the image of [ϖ] is a pseudo-uniformizer of A.
We now use the adjunction

Perfect Fq-algebras p-adically separated complete OE-algebras
WOE

(−)

(−)♭

where the adjunction maps are given by x 7→ ([x1/p
n

])n≥0 and Fontaine’s θ map.
From this adjunction we deduce that to give oneself a morphism as in Equation (3)
is the same as a morphism

R+ −→ A♭,+

sending ϖ to a pseudo-uniformizer in A. The result is easily deduced.

Remark 7.1.3. — In the equal characteristic case, the case E = Fq((π)), one has
YS = D∗

S and XS = D∗
S/φ

Z where φ is the Frobenius of S that act trivially on the
coordinate π of the punctured disk.

7.1.2. BC spaces and their families ([132, Section 15.2], [58, Section II.2 and
II.3]). — Affine spaces and their twisted versions (vector bundles) are the natural
linear objects showing up in the “classical case” as the relative cohomology of vector
bundles. The linear objects of the category of diamonds are the Banach-Colmez
spaces.

Before beginning let us recall that there is a good notion of vector bundles on
analytic adic spaces like XS . More precisely we have the following. Let (A,A+) be
stably uniform complete Tate Huber ring (for example (A,A+) is sous-perfectoid).
Then

(−)adification :
{
vector bundles on Spec(A)︸ ︷︷ ︸

projective finite type
A-modules

} ∼−−→
{
vector bundles on Spa(A,A+)︸ ︷︷ ︸

locally free
O-modules

}
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This sends a projective finite type A-module P to P ⊗A OSpa(A,A+). Moreover for

any such vector bundle E on Spa(A,A+) one has

Hi(Spa(A,A+),E ) = 0 for i > 0.

Proposition 7.1.4 (Relative cohomology of vector bundles)
If S is an Fq-perfectoid space and E a vector bundle on XS then the functors
on S-perfectoid spaces

1. T 7→ H0(XT ,E|XT
),

2. the pro-étale sheaf associated to the presheaf T 7→ H1(XT ,E|XT
)

are locally spatial diamonds.

If S = Spa(R,R+) is affinoid perfectoid and E is a vector bundle on XS with
pull-back F to YS , since “YS is Stein”,

RΓ(XS ,E ) =
[
Γ(YS ,F )

Id−φ−−−−−→ Γ(YS ,F )
]

and there is thus only H0 and H1 like any “classical curve”.

Example 7.1.5. — Here are some examples of Banach-Colmez spaces

1. The relative cohomology of the structural sheaf O is E,

2. Let us note B for the v-sheaf of E-algebras S 7→ O(YS). Then if λ =
d
h ≥ 0 with (d, h) = 1 then H1(XS ,O(λ)) = 0 if S is affinoid perfectoid,

and the H0 is the v-sheaf

Bφh=πd

.

Remark 7.1.6. — We use the “period ring” B over Spa(Fp)
⋄ but we could use some

“more classical one”. As a matter of fact, if E = Qp, there is a v-sheaf in rings

B× Spa(Qp)
⋄ B+

cris

Spa(Qp)
⋄

where for (R,R+) affinoid perfectoid with untilt (R♯, R♯,+) over Qp

B+
cris(R

♯, R♯,+) = H0
cris(Spec(R

+/pR+)/Spec(Zp),O).

This induces equalities

B× Spa(Qp)
⋄ =

⋂
n≥0

φn
(
B+
cris

)
,
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and thus

(B× Spa(Qp)
⋄)

φh=pd ∼−−→
(
B+
cris

)φh=pd

.

Example 7.1.7. — Let E1 and E2 be two vector bundles on XS. Then the
v-sheaf on PerfS

T 7−→ Isom(E1|XT
,E2|XT

)

is representable by a locally spatial diamond as an open sub-diamond of T 7→
H0(XT ,E ∨

1|XT
⊗E2|XT

). This means that the diagonal of the stack Bun of vector

bundles on the curve (see later) is representable in locally spatial diamonds.

Remark 7.1.8 (Kedlaya Liu’s point of view ([84]))
Let S = Spa(R,R+) be affinoid perfectoid. We define the associated Robba

ring as a ring of germs of holomorphic functions around π = 0,

RR,R+ = lim−→
U⊂YR,R+

open
V (π)⊂U

O (U ∖ V (π)) .

According to Kelaya and Liu ([84]), the restriction functor from φ-equivariant
vector bundles on YY,Y + to “germs of φ-equivariant vector bundles around
π = 0” induces an equivalence

{vector bundles on XS}
∼−−→

{
(M,φ)

∣∣∣ M is a projective of finite type
module over RR,R+

and φ :M
∼−−→M semi-linear

}
.

The content of this equivalence is the fact that for a φ-equivariant vector bundle
F on YR,R+ and U ⊂ YR,R+ a quasicompact open subset, Γ(U ∖ V (π),F ) is
a projective module of finite type. One this is verified the equivalence follows
easily since for such a U , YY,Y + =

⋃
n≥0 φ

n (U ∖ V (π)).
From this point of view, the cohomology complex of the vector bundle associated
to (M,φ) is [

M
φ−Id−−−−−→M

]
.
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Theorem 7.1.9 ([97]). — When S = Spa(C♭) with C|E algebraically closed
the relative cohomology construction gives an equivalence between

1. objects E ∈ D[−1,0](OX
C♭
) satisfying the perversity conditions

• H−1(E ) is a vector bundle with < 0 H.N. slopes,
• H0(E ) is a coherent sheaf with ⩾ 0 H.N slopes,

2. the sub-abelian category of the category of pro-étale sheaves on Spa(C)
of E-vector spaces that is the smallest one that
• contains E
• contains Ga,
• is stable under extensions.

Let us remark that the only case when those Banach-Colmez spaces are repre-
sentable by perfectoid spaces is when E is a vector bundle with slopes in [0, 1], in
which case it representable by the universal cover of a p-divisible group ([131]) .
Typically, if the slopes are in ]0, 1] this is representable by an open perfectoid ball
over Spa(C♭). More precisely, we have the following result.

Proposition 7.1.10. — Let (R,R+) be an Fq-affinoid perfectoid algebra and S =
Spa(R,R+). Let G be a formal π-divisible OE-module over Spf(R+) with associated
covariant crystal (M,φ) where M is projective of finite type WOE

(R+)-module and
φ :M →M is semi-linear with πM ⊂ φM ⊂M . There is then a period isomorphism


lim←−
×π

G︸ ︷︷ ︸
universal cover of G

≃Spf(R+Jx1/p∞
1 ,...,x

1/p∞
d K)

loc. on Spf(R+)



⋄

︸ ︷︷ ︸
loc. isom. to

B̊d,1/p∞
S

∼−−→ BC
(
M [ 1π ], π

−1φ
)︸ ︷︷ ︸

sheaf of global sections
of the v.b. associated toÅ

M⊗WOE
(R+)OY

R,R+
,π−1φ

ã
.
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Example 7.1.11. — Suppose F is algebraically closed. Let t1, t2 ∈ B(F )φ=π

be linearly independant. Note ∞1,∞2 ∈ |XF |cl the associated vanishing loci.
There is associated an exact sequence of vector bundles on XF

0 −→ OXF

a7→(at1,at2)−−−−−−−−→ OXF
(1)⊕OXF

(1)
(a,b)7→at2−bt1−−−−−−−−−−−→ OXF

(2) −→ 0.

Applying the relative cohomology functor in the curve one obtains an exact
sequence of Banach-Colmez spaces

0 −→ E −→ Bφ=π ⊕ Bφ=π −→ Bφ=π2

−→ 0

that proves that Bφ=π2

, the Banach-Colmez spaces associated to O(2), is a
pro-étale quotient of a 2-dimensional ball by a free action of E,

Bφ=π2

F ≃ B2,1/p∞

F /E.

Example 7.1.12. — Suppose F is algebraically closed as before. Chose t ∈
B(F )φ=π non-zero. Note {∞} = V +(t) with residue field C, C♭ ≃ F . There
is an exact sequence of vector bundles on XF

0 −→ OXF
(−1) ×t−−−→ OXF

−→ i∞∗C −→ 0.

Taking relative cohomology we deduce an isomorphism of Banach-Colmez
spaces

BC(O(−1)[1])︸ ︷︷ ︸
relative H1

of O(−1)

≃ (Ga/C)
⋄/E.

7.2. Artin criterion

To go further and give new examples of diamonds we will need the following.

Theorem 7.2.1 (Artin criterion for spatial diamonds, [128, Proposition
12.20])
Let X be v-sheaf on PerfFp

. This is a spatial diamond if and only if

1. it is small,

2. it is spatial i.e. X is qc qs and |X| is spectral,

3. for any x ∈ |X|, Xx := lim←−U∋x
U is a diamond that is to say isomorphic

to Spa(C,C+)/G where G ⊂ Aut(C,C+) is a profinite subgroup.

Like the classical Artin criterion:
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Diamonds Algebraic spaces

Global hypothesis spatial v-sheaf finite presentation fppf sheaf

Local hypothesis ∀x ∈ |X|, Xx is a diamond the formal completion at each point
is representable by a formal scheme

The way we are going to apply the preceding result is the following. We will first
prove that X is spatial using the following elementary result.

Lemma 7.2.2 ([128, Lemma 2.9]). — Let X be a spectral space and R ⊂ X × X
be a pro-constructible equivalence relation such that both maps R X are open.
Then, X/R is a spectral space.

Here is the corollary we will use. We use the notion of ℓ-cohomological smoothness
(to be seen later): the only thing to know is that

ℓ-cohomologically smooth =⇒ open.

Proposition 7.2.3. — Let X be a spatial diamond and R ⊂ X × X be an
equivalence relation such that R is a spatial diamond. Suppose both maps

R X are ℓ-cohomologically smooth for some ℓ ̸= p. Then, X/R is a
spatial v-sheaf.

Example 7.2.4. — Let X → S be a morphism of spatial diamonds and G a spatial
diamond that is group over S action on X. Suppose that G→ S is ℓ-cohomologically
smooth for some ℓ ̸= p. Then X/G is a spatial v-sheaf.

The second step is the following one we know that X is a spatial v-sheaf. We will
exhibit a finite stratification

|X| =
⋃
i

Zi,

where Zi is locally closed generalizing, such that for all indices i, Zi is a diamond.
This will prove that X is a spatial diamond.

Let’s put this in a corollary.
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Corollary 7.2.5. — Let X be a qc qs v-sheaf that is ℓ-cohomologically smooth
locally a spatial diamond and such that |X| =

⋃
i Zi with Zi ⊂ |X| locally closed

generalizing that is a diamond. Then X is a spatial diamond.

7.3. Schubert cells in the BdR-affine Grassmanian ([132, Section 19])

7.3.1. The BdR-affine Grassmanian. — Let G be our reductive group over E.
We can consider the v-sheaf or filtered E-algebras

B+
dR

Spa(E)⋄.

This sends (R,R+) an Fp-perfectoid algebra to
• an untilt (R♯, R♯,+) over E,
• an element of the completion of WOE

(R+)
[
1
p

]
for the ker θ-adic topology where

θ :WOE
(R+)

[
1
p

]
−→ R♯,+

[
1
p

]
.

We note BdR for the localization of B+
dR obtained after inverting a generator of ker θ.

Definition 7.3.1. — We note

GrBdR

G

Spa(E)⋄

for G(BdR)/G(B+
dR) (étale quotient).

Remark 7.3.2. — This BdR-affine Grassmanian can be thought of as a Beilinson-
Drinfeld type affine Grassmanian i.e. a relative one (see [146] for basic facts about
affine Grassmanian in diverse contexts). In fact, for any S → Spa(E)⋄ with S a
characteristic p perfectoid space, the associated untilt S♯ of S over E defines a “relative
degree 1 Cartier divisor” (one can give a precise meaning to this)

S♯ ↪−→ XS .

If E is a G-bundle on XS, its pullback to S♯ ↪→ XS is étale locally on S trivial.
It is thus still the case for the pullback of E to the formal completion along this
Cartier divisor. Then, Beauville-Laszlo gluing ([6]) implies that GrBdR

G (S) is the set
of modifications supported on the Cartier divisor S♯ between the trivial G-bundle and
another G-bundle.
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7.3.2. Schubert cells. — Suppose G is split to simplify. Fix T ⊂ B a maximal
torus inside a Borel subgroup. For each µ ∈ X∗(T )

+ there is defined an open Schubert
cell inside a closed one

GrBdR

G,µ ⊂︸︷︷︸
open

GrBdR

G,⩽µ .

This is defined via a pointwise condition for each morphism Spa(C,C+)→ GrBdR

G .
The fact that the inclusion is an open immersion is not completely evident. Nev-
ertheless, as soon as one can write µ as a sum of minuscule cocharacters there is a
Bialynicki-Birula morphism

BLµ : GrBdR

G,µ −→ F ⋄
µ

where Fµ is the flag variety associated to µ. This morphism is an iterated étale
fibration in (A1)⋄ and we deduce that the open Schubert cell is a locally spatial
diamond. This proves that the open Schubert cell is an ℓ-cohomologically smooth
locally spatial diamond over Spa(E)⋄.

In general, it happens that one can not write such a µ as a sum of minuscule
cocharacters (for example for E8 since there does not exist any minuscule cocharacter
in this situation). In this situation one can always write µ as a sum of minuscule
cohcarcters plus, eventually, a quasi-minuscule one. Nevertheless, one can look at the
associated affine flag dR manifold

G(BdR)/IdR = F ℓBdR

G −→ GrBdR

G

where IdR ⊂ G(B+
dR) is the reciprocal image of a Borel subgroup via θ : G(B+

dR) −→
G⋄,

IdR = θ−1B⋄.

This affine version of GrBdR

G is stratified by the affine Weyl group

W̃ = X∗(T )⋊W.

Any element of W̃ can be written as a product of minimal elements in the affine Weyl

groups, giving rise to a Bialynicki-Birula morphism in this context. Now, if w ∈ W̃
maps to µ in X∗(T )

+ and is of longest length among those we have a diagram

F ℓBdR

G,w GrBdR

G,µ

F ℓ⋄G,µ

BLwℓ-coho. sm.

ℓ-coho. sm.

As an application of Artin’s criterion, using the stratification by open Schubert
cells, one can prove the following.
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Theorem 7.3.3 ([132, 19.2.4]). — For all µ, the closed Schubert cell GrBdR

G,⩽µ

is a spatial diamond proper over Spa(E)⋄. The open Schubert cell GrBdR

G,µ is

ℓ-cohomologically smooth over Spa(E)⋄.

The same goes on with the factorization BdR-affine Grassmanians of section 10: if
G is split, for any (µi)i∈I ∈ (X∗(T )

+)I ,

GrBdR

G,I,⩽(µi)i
−→ (Spa(E)⋄)I

is a spatial diamond proper over (Spa(E)⋄)I .

7.4. Punctured absolute Banach-Colmez spaces

This case is new compared to [132]. It first appeared in [56]. Let

∗ = Spa(Fq)

be the final object of the v-topos on Fq-perfectoid spaces (that is not representable

since Spa(Fq) is not perfectoid). For each λ ∈ Q>0 let us note

BC(O(λ)) −→ ∗

for the v-sheaf

S 7→ H0(XS ,O(λ)).
We call this an absolute Banach-Colmez space. Here the terminology “absolute”
refers to the fact that we don’t fix a perfectoid base as in Theorem 7.1.9.

When λ ∈]0, 1], this is represented by the adic space associated to a formal scheme
isomorphic to

Spf(FqJx
1/p∞

1 , . . . , x
1/p∞

d K)

where λ = d
h with (d, h) = 1. More precisely, this is the universal cover of a dimension

d and height h π-divisible OE-module. More precisely, if G is a formal π-divisible OE-
module over Fq with covariant relative isocrystal (D,φ) then

BC(E (D,π−1φ)) ≃ lim←−
F

G = lim←−
×π

G.

This is clearly not represented by a perfectoid space or even a diamond (this is
represented by a perfect adic space that is not analytic and thus not perfectoid).
Nevertheless,

BC(O(λ))∖ {0} = Spa
(
FqJx

1/p∞

1 , . . . , x
1/p∞

d K,FqJx
1/p∞

1 , . . . , x
1/p∞

d K
)
∖ V (x1, . . . , xd)

that is a qc qs perfectoid space.

For λ < 0 we can consider similarly

BC(O(λ)[1]) −→ ∗
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that is the sheaf whose value on S affinoid perfectoid is

H1(XS ,O(λ)).
On then has the following result.

Theorem 7.4.1 ([58, Section II.3.3]). — For all λ ∈ Q>0, the punctured
absolute Banach-Colmez spaces

BC(O(λ))∖ {0}
and

BC(O(−λ)[1])∖ {0}
are spatial diamonds.

Those last spatial diamonds are not associated to any classical usual objects like
Noetherian analytic adic spaces or formal schemes. They are among the most “orig-
inal” and new objects showing up in [58] and are completely unrelated to any usual
classical object like formal schemes.

7.5. Some final thoughts

Those last objects, the negative punctured absolute Banach-Colmez spaces, are a
key ingredient in our joint work with Scholze. They allow use to construct some very
particular charts of the stack of G-bundles on the curve, the so-called “Mb” ([58,
Section 5.3]). The spatialness of BC(O(−λ)[1]) ∖ {0} is one of the reason why we
consider

BunG

∗
absolutely and not by replacing ∗ by Spa(C) where C is an algebraically closed
Fp-perfectoid field. Working absolutely over Spa(Fq) is an essential point.

The geometry of locally spatial diamonds is much more flexible than the usual one
of Noetherian analytic adic spaces; typically the fact that any locally pro-constructible
generalizing subset of |X|, X locally spatial, defines a sub-locally spatial diamond is
extremely useful.

As a final remark: for any small v-sheaf (and even any small v-stack) X and Λ a
torsion ring we can define

Dét(X,Λ)

via a descent procedure: this is

Ho︸︷︷︸
homotopy
category

lim←−
S→X

D(|S|,Λ)︸ ︷︷ ︸
stable ∞-category
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where S is a strictly totally disconnected perfectoid space. More concretely, if

S• −→ X

is a v-hypercover by
∐

of strictly totally disconnected perfectoid spaces then
Dét(X,Λ) is identified with the derived category of cartesian sheaves of Λ-modules
on |S•|. This makes the category Dét(X,Λ) quite abstract, in particular the functor
Rf∗, when f is a morphism of small v-sheaves, is not explicit: if we have a diagram

S′
• S•

X ′ X

g

f

then Rf∗ is computed as

Dcart(|S′
•|,Λ)

R|g|∗−−−−→ D(|S•|,Λ)
cartesianification

functor−−−−−−−−−−−−→ Dcart(|S•|,Λ)
where the cartesianification functor is not explicit.

Nevertheless, if X is a locally spatial diamond, it has a nice étale site Xét of locally
separated étale morphisms; this is a consequence of the fact that separated étale
morphisms descend for the v-topology and one has

D+(Xét,Λ)︸ ︷︷ ︸
concrete usual

derived category of
sheaves on Xét

∼−−→ D+
ét(X,Λ)︸ ︷︷ ︸

abstractly defined via descent

with
Rfét∗︸ ︷︷ ︸
concrete

usual derived functor
of étale pushfoward

= Rf∗︸︷︷︸
not explicit
in general

when f is a morphism of locally spatial diamonds. We refer to [128, Section 17] for
the cohomological formalism.



LECTURE 8

BunG

We discuss here one of the main objects of [58], the moduli space of G-bundles on
the curve, see [58, Chapter III]. This object is completely new compared to [131].

8.1. The moduli stack of G-bundles on the curve

Recall the following. We have E|Qp with OE/π = Fq. We let

∗ = Spa(Fq)
⋄

be the final object of (PerfFq
)‹v , the v-topos. For each S ∈ PerfFq

we have, functorially

in S,
XS

an E-adic sous-perfectoid space that can be thought of as “X × S” allthought X
does not exist. Being sous-perfectoid, there is a good notion of vector bundles on it.

Definition 8.1.1. — For any S as before, a G-bundle on XS is a faithful
tensor functor

RepG
⊗−−→ {vector bundles on XS}.

When S = Spa(R,R+) is affinoid perfectoid, if XR,R+ is the schematical curve as
an E-scheme, there is a GAGA equivalence

{
G-bundles on XR,R+

} ∼−−→
{
étale G-torsors on XR,R+

}
.

It is sometimes easier to work with the schematical curve, typically if E is an étale
G-torsor on XR,R+ and P a parabolic closed subgroup of G one can form P\E →
XR,R+ that is representable by a proper scheme over XR,R+ .

Here is the main object of our study.
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Definition 8.1.2. — We note BunG the fibered groupoid over PerfFq

S 7−→ {G-bundles on XS }︸ ︷︷ ︸
groupoid

.

The first basic result is the following.

Proposition 8.1.3. — The fibered groupoid BunG is a stack for the v-
topology on PerfFq

.

This is easily derived from the fact that the fibered groupoid on Perf

T 7−→ { vector bundles on T }

is a v-stack i.e. vector bundles satisfy descent for the v-topology, see [131, Lemma
17.1.8].

Remark 8.1.4. — With the notations of section 5.10, there is a morphism of v-
stacks

Isoc⋄G −→ BunG

where Isoc⋄G is the v-stack associated to the pre-stack (R,R+) 7→ IsocG(R
+). This is

given by sending a couple (D,φ), where
• D is a WOE

(R+)[ 1π ]-module that is projective of finite type,

• φ : D
∼−−→ D is a semi-linear isomorphism.

to
Ä
D ⊗W (R+)[ 1π ] OYR,R+ , φ⊗ φ

ä
.

Nevertheless the Artin v-stack BunG is more suited to our needs, its geometry being
more natural. This is an occurrence of the principle that says that the analytic world
is more suited to our needs than the algebraic one. For example, in [58, Section
II.2.4] we use the local constancy of c1 : |BunG| → π1(G)ΓE

to give a new and simpler
proof of one of the results in [121] about families of G-isocrystals, using the preceding
morphism of v-stacks.

8.2. Six operations ([128])

We discuss here the formalism of 6 operations for small v-stacks as developed in
[128].

8.2.1. Small v-stacks. — We need a definition to start with.



Six operations 121

Definition 8.2.1. — 1. A small v-stack is a v-stack X on PerfFp such
that there exists a v-surjective morphism

S︸︷︷︸
perf. space

−→ X

and
T︸︷︷︸

perf. space

−→ S ×X S︸ ︷︷ ︸
v-sheaf

.

2. A morphism X → Y of small v-stacks is 0-truncated if for any

S︸︷︷︸
perf. space

−→ Y

the stacky fibered product

X ×Y S

is a v-sheaf i.e. X ×Y S
∼−−→ π0(X ×Y S)︸ ︷︷ ︸

coarse moduli

.

The point is that for any small v-stack X there is a v-hypercovering

S•︸︷︷︸
simplicial
perf. space

−→ X.

8.2.2. Dét(X,Λ) for X a small v-stack. — Let Λ be a prime to p torsion ring.
We now would like to define

Dét(X,Λ)

for any small v-stack X. The way we define it is via descent: we want, functorially
in X,

Dét(X,Λ) = Ho︸︷︷︸
homotopy
category

Dét(X,Λ)︸ ︷︷ ︸
v-hypersheaf

of presentable stable ∞-cat.

where the v-hypersheaf condition means that if

S• −→ X

is a v-hypercover of X by perfectoid spaces then

Dét(X,Λ)
∼−−→ lim←−

[n]∈∆

Dét(Sn,Λ)

where the limit is taken in the ∞-category of presentable stable ∞-categories. The
key remark is now the following.

Lemma 8.2.2. — The correspondence S 7→ D(S,Λ) from the category of
spectral spaces equipped with qc generalizing morphisms is an hypersheaf.
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This is a consequence of the fact that if T → S is a qc generalizing map between
spectral spaces then it is a quotient map. Let us now recall that if S is a strictly
totally disconnected perfectoid space then étale sheaves on S are the same as sheaves
on |S|. Coupled with the preceding lemma we can thus define the following.

Definition 8.2.3. — For X a small v-stack we set

1.
Dét(X,Λ) = lim←−

S→X

D(|S|,Λ)

where S is a strictly totally disconnected perfectoid space.

2.
Dét(X,Λ) = HoDét(X,Λ).

One can compute the following that does not require any ∞-categories: there are
morphisms of sites for X a locally spatial diamond

PerfX,v
λ−−→ PerfX,pro-ét

ν−−→ PerfX,ét .

Then on can prove that for X a locally spatial diamond

Dét(X,Λ)
ν∗

↪→ Dpro-ét,■(X,Λ)︸ ︷︷ ︸
solid pro-étale

sheaves

λ∗

↪→ Dv(X,Λ).

As a consequence one can check that for X a small v-stack

1. Dét(X,Λ) = {A ∈ Dv(X,Λ) | ∀S → X,S s.t.d. perf. space, A|S ∈
D(|S|,Λ)}.

2. If S• → X is a v-hypercover by s.t.d. perfectoid spaces then

Dét(X,Λ)
∼−−→ Dcart(|S•|,Λ).

8.2.3. 4 operations. — It is now easy to define a formalism of 4 operations for
Dét(−,Λ)

(f∗, Rf∗, RH omΛ(−,−),⊗L
Λ)

where here f is a 0-truncated morphism of small v-stacks. Here f∗ and ⊗L
Λ are

explicit but Rf∗ and RH om(−,−) are not explicit in general, they are constructed
as adjoints of explicit functors.

Since separated étale morphisms descend for the v-topology and thus the pro-étale
one, for any locally spatial diamond X there is a “good” small étale site Xét whose
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objects are locally separated étale morphisms of locally spatial diamonds X ′ → X.
One then has “D(Xét,Λ)︸ ︷︷ ︸

left completion of D(Xét,Λ)

=Ho lim←−n≥0
D≥−n(Xét,Λ)

∼−−→ Dét(X,Λ)

where he the process of left completion corresponds to the fact that, in general without
any finite cohomological assumption, Postnikov towers of an object may not converge
to the original object (see [101, Section 5.5.6] for convergence of Postnikov towers).
Then, for f : X → Y a morphism of locally spatial diamonds the preceding operations
are explicit and are the usual one, for example

Rf∗ = Rfét∗︸ ︷︷ ︸
usual derived

functor extended
via left completion

.

8.2.4. 6 operations. — It remains to define the two other operations (Rf!, Rf
!).

For this we need to upgrade our assumptions and add some technical hypothesis: f
is not only 0-truncated but representable in locally spatial diamonds, compactifiable
of finite geometric transcendance degree. We don’t enter into the details, let’s just
say that those hypothesis are satisfied for all the morphisms we consider. One the
obtains a formalism of 6 operations

(f∗, Rf∗, Rf!, Rf
!, RH om(−,−),⊗L

Λ)

where Rf ! is formally defined as a right adjoint to Rf!.

8.3. Cohomological smoothness ([128, Section 23])

By definition, a morphism is cohomologically smooth if a version of relative
Poincaré duality, in the sense of Verdier, is satisfied. More precisely, let

f : X −→ Y

be a morphism of small v-stacks that is representable in locally spatial diamonds,
compactifiable of finite dim. trg.. By formal adjunction properties there is always a
natural transformation

Rf !(Λ)⊗L
Λ f

∗(−) −→ Rf !(−)

between functors Dét(Y,Λ)→ Dét(X,Λ).
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Definition 8.3.1. — The morphism f is cohomologically smooth if for any
ℓ ̸= p, for any S → Y with S a strictly totally disconnected perfectoid space, if

fS : X ×Y S −→ S

then

1. Rf !S(Fℓ)⊗L
Λf

∗
S(−)

∼−−→ Rf !S(−) as a natural transformation between func-
tors from Dét(Y,Fℓ) to Dét(X,Fℓ),

2. Rf !S(Fℓ) is invertible i.e. étale locally isomorphic to Fℓ[2d] for some
d ∈ 1

2Z.

One has to be careful that this has to be checked after any base change i.e. we force
the cohomological smoothness property to be stable under base change. Reciprocally,
if f is cohomologically smooth then

Rf !(Λ)⊗L
Λ f

∗(−) ∼−−→ Rf !(−)

and Rf !(Λ) is invertible.

8.4. Smooth charts on BunG

We now have a setup in which we can speak about smooth charts on BunG.

Theorem 8.4.1. — The v-stack BunG is an Artin v-stack in the sense that

1. Its diagonal is representable in locally spatial diamonds,

2. There exists a locally spatial diamond U together with an ℓ-
cohomologically smooth surjective morphism U −→ BunG.

It is moreover cohomologically smooth of dimension 0 in the sense that one
can choose such a U → BunG satisfying: U → ∗ is cohomologically smooth of
dimension the dimension of U → BunG.

Moreover one can prove that the dualizing complex of BunG is (non-canonically)
isomorphic to Λ[0].

One way to construct such charts is to use the following result that is an analog of
a result by Drinfeld and Simpson ([42]).

Theorem 8.4.2 ([55]). — Let F be an algebraically closed Fq-perfectoid field,
∞ ∈ |XF | a closed point and E a G-bundle on XF . Then

E|XF∖{∞}

is trivial.
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Using this and Beaville-Laszlo gluing one constructs a v-surjective morphism ([58,
Section III.3])

GrBdR

G −→ BunG

that allows us to prove that BunG is an Artin v-stack. We refer for this to [58, Section
IV.1.2.1]).

Remark 8.4.3. — One has to be careful that, contrary to the usual stack of
vector bundle on a ”usual” curve, the stack BunG is not quasi-separated.
For example, the sheaf of automorphisms of the trivial G-bundle is G(E) that
is no quasicompact contrary to the algebraic group G. With notations to follow,
if [b] ∈ B(G), the locally closed inclusion

ib : [∗/‹Gb] ↪→ BunG

of the associated HN strata is not quasicompact. In particular R(ib)∗ does
not commute with arbitrary direct sums and thus, à priori, (ib)∗ does not
send compact objects to compact objects...although this is the case, see theorem
8.10.1.

Remark 8.4.4. — Concerning the smooth Artin v-stacks that show up in [58], things
happen differently for our classifying stacks than in the “usual” case. For example,
the v-stack î

∗/G(E)
ó

is a smooth Artin v-stack of dimension 0. A presentation is given by

G⋄/K

î
∗/G(E)

óℓ-coho. smooth

where K ⊂ G(E) is compact open pro-p and G⋄ → Spa(E)⋄ being ℓ-cohomologically
smooth, G⋄ → ∗ is too by composition with Spa(E)⋄ → ∗ ℓ-cohomologically smooth,
and thus G⋄/K → ∗ is ℓ-cohomologically smooth (see [128, Section 24]).

In the “classical seting”, the Artin algebraic stack

BG = [Spec(E)/G]

is smooth over Spec(E) with a smooth presentation given by Spec(E)→ [Spec(E)/G].
In our situation, the morphism ∗ → [∗/G(E)] is not smooth in any sense.

Remark 8.4.5. — We could use the v-chart GrBdR

G → BunG to analyse étale com-
plexes on BunG i.e. the category Dét(BunG,Λ). This is not what we do in [58]. As a

matter of fact, if A ∈ Dét(BunG,Λ) then its pullback as an element of Dét(GrBdR

G ,Λ)
is very different from the “simple” étale complexes showing up in the geometric Satake
correspondence: in general they do not have quasi-compact support and they are not
locally constant along the stratification given by the affine Schubert cells.
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8.5. Points of BunG

For any small v-stack X we can define

|X|

as a topological space (see [128, Section 12]). The open subsets of |X| are in bijection
with the open sub-stacks. As a consequence of the classification of G-bundles on XF

when F is an algebraically closed perfectoid field one obtains the following.

Theorem 8.5.1. — We have an identification

B(G)
∼−−→ |BunG|

as sets.

8.6. The topology on |BunG| ([58, Section III.2])

8.6.1. Connected components. — The following theorem says, for example, that
for G = GLn the degree of a vector bundle is a locally constant function and the corre-
sponding open/closed sub-stack Bundn of degree d rank n vector bundles is connected.
We refer to [58, Section IV.1.2.2] for the following result.

Theorem 8.6.1. — The function

c1 : |BunG| −→ π1(G)Γ

is locally constant with connected fibers.

When Gder is simply connected the proof of the local constancy of c1 is re-
duced to the case of tori by using the factorization c1 : |BunG| → |BunG/Gder

| →
X∗(G/Gder)Γ → π1(G)Γ. This case is easy. For any G the proof is more subtle.

We thus have a decomposition in connected open/closed substacks

BunG =
∐

c∈π1(G)Γ

BuncG.

8.6.2. HN stratification. — Suppose G is quasi-split to simplify. Let A ⊂ T ⊂ B
be as usual. The HN polygon defines a map

HN : |BunG| −→ X∗(A)
+
Q .

We refer to [58, Section III.2.5] for the following result.
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Theorem 8.6.2. — 1. The map

HN : |BunG| −→ X∗(A)
+
Q

is semi-continuous in the sense that if X∗(A)
+
Q is equipped with the order

ν1 ≤ ν2 ⇔ ν2 − ν1 ∈ Q+.Φ̌ then {[b] | [νb] ≥ ν} is open.

2. In fact the embedding B(G) ↪→ π1(G)Γ ×X∗(A)
+
Q defines the topology of

|BunG| in the sense that for [b1], [b2] ∈ B(G), [b1] ≤ [b2] in |BunG| if and
only if ®

κ(b1) = κ(b2),

νb1 ≤ νb2 .

The proof of the semi-continuity of the HN polygon is a nice argument base on
the theory of Banach-Colmez spaces and spatial diamonds that allows us to give new
more conceptual proofs of the results of [84]. More precisely, if E is a vector bundle
on XS with S qc qs, the morphism

BC(E )∖ {0}/πZ

S

is a proper morphism of spatial diamonds. Its image is thus closed. From this we
deduce that ¶

s ∈ S | H0(XK(s),K(s)+ ,E|XK(s),K(s)+
) ̸= 0

©
is closed in |S|. Applying this to ∧iE (d) for all i ≥ 1 and d ∈ Z we obtain the
semi-continuity result.

The description of the topology on B(G) coming from the one on |BunG| is done
in [16] for GLn. For any group G this uses a result of Viehmann ([139]).

Recall ([88]) that

κ|B(G)bsc : B(G)bsc︸ ︷︷ ︸
basic

elements

∼−−→ π1(G)Γ.

This is translated geometrically in the following statement: any connected component
of BunG has a unique semi-stable point that is thus open.

Example 8.6.3. — Consider G = GL2.

1. The unique semi-stable point of Bun02 is O2. There is then a chain of special-
izations in Bun02

O2 ⩾ O(1)⊕O(−1) ⩾ O(2)⊕O(−2) ⩾ . . .
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2. The unique semi-stable point of Bun12 is O( 12 ). There is then a chain of special-

izations of Bun12

O( 12 ) ⩾ O(2)⊕O(−1) ⩾ O(3)⊕O(−2) ⩾ . . . .

Example 8.6.4. — Consider G = GL3 and let us look at Bun03 the connected com-
ponent of degree 0 vector bundles. Here is a map of specialization relations:

O(2)⊕O(−1)2

O(1)⊕O(− 1
2 )

O3 O(1)⊕O ⊕O(−1) O(2)⊕O ⊕O(−2)

O( 12 )⊕O(−1)

O(1)2 ⊕O(−2)

Remark 8.6.5. — One has B(G) = G(Ĕ)/ ∼ where ∼ is the σ-conjugacy relation.

The induced quotient topology on B(G) deduced from the usual one on G(Ĕ) is the

discrete topology and not the one coming from |BunG|. In fact, for b ∈ G(Ĕ), there
exist a neighborhood U of b such that for all b′ ∈ U , b′ is σ-conjugated to b.
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Remark 8.6.6 (BunG and Shimura varieties). — Suppose G is quasi-
split. For any cocharater µ, Kottwitz set B(G,µ) ([86]) is an open subset of
|BunG|:
B(G,µ) = {generalizations of the µ-ordinary element in B(G,µ)} ⊂

open
|BunG|.

Here if T is a maximally split torus in G, one can suppose µ ∈ X∗(T ) whose
image in B(G) via

X∗(T ) −→ X∗(T )ΓE
= B(T ) −→ B(G)

is the so-called µ-ordinary element.
This means at the end that the Newton strata of mod p Shimura varieties are
parametrized by a finite open subset of |BunG|.
One can go further. If SKp is a smooth integral model of a PEL type Shimura
variety with hyperspecial level at p ([88]) and level Kp outside p, with mod p
reduction SKp , there is a morphism

πcris : S
1/p∞

Kp︸ ︷︷ ︸
perfect scheme

−→ IsocGQp

with the notations of section 5.10, where G is the global reductive group asso-
ciated with the Shimura variety. The morphism πcris is the cristalline period
morphism given by the crystal of the universal p-divisible group. This induces
a morphism of v-stacks

πcris :

Ö
S
1/p∞

Kp︸ ︷︷ ︸
perfect scheme

è⋄

−→ Isoc⋄GQp
−→ BunG

and the non-vacuity of Newton strata ([98]) is equivalent to

Imπcris = B(G,µ) ⊂ |BunG|.

Example 8.6.7. — The simplest example if of course the case of the Picard stack
BunGm

. In this case,

BunGm =
[
∗/E× ]× Z.

In general, for a torus T one has an exact sequence of Picard v-stacks

0 −→
î
∗/T (E)

ó
−→ BunT −→ X∗(T )ΓE

−→ 0.

8.7. Some “nice charts” on BunG ([58, Section V.3])

Let us consider the case of GL2 and more precisely the connected component of
degree 0 rank 2 vector bundles, Bun02. For d ≥ 0 let

Md
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be the moduli stack that sends S to extensions

0 −→ L −→ E −→ L ′ −→ 0

where

1. E is a rank 2 vector bundle on XS ,

2. L is a degree −d line bundle on XS ,

3. L is a degree d line bundle on XS .

We thus consider “anti-Harder-Narasimhan filtrations” of a given rank 2 vector
bundle E . The evident morphism

Md −→ Bun02

is ℓ-cohomologically smooth. Moreover, its image (that is open as it is ℓ-coho.
smooth) is the set of generalizations of O(d) ⊕ O(−d) i.e. the O(d′) ⊕ O(−d′) with
0 ≤ d′ ≤ d.

The Picard stack, Bund1 is isomorphic to [∗/E×] by sending L to the pro-étale
torsor of isomorphisms between O(d) and L . Let

M̃d = BC(O(−2d)[1])

be the absolute Banach-Colmez space that is the moduli of extensions of O(d) by
O(−d). One has

Md =
[
BC(O(−2d)[1])/E× × E×].

We have the more general following theorem for any G that uses the so-called Jacobian
criterion of smoothness ([58, Section IV.4]).
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Theorem 8.7.1. — For any [b] ∈ B(G) one can define a diagram

Mb BunG

[ ∗ /Gb(E) ]

ℓ-coho.
smooth

πb

where Gb is the σ-centralizer of b and such that if M̃b is defined via the carte-
sian diagram

M̃b Mb

∗ [ ∗ /Gb(E) ]

then
M̃b ∖ {∗}

is a spatial diamond. Moreover the image ofMb → BunG is the set of gener-
alizations of [b].

One of the main point of the preceding result is the spatialness of M̃b ∖ {∗}. This
is the main reason why we consider BunG “absolutely” over ∗ and not its pullback
to Spa(C) for some algebraically closed Fq-perfectoid field C since the pullback to

Spa(C) of M̃b ∖ {∗} is only locally spatial non quasi-compact.

The ℓ-cohomological smoothness of πb is deduced from the so-called Jacobian
criterion of smoothness ([58, Chapter IV.4]).

For K ⊂ Gb(E) compact open pro-p we can consider

f bK : [M̃b/K] −→ BunG

that is thus ℓ-cohomologically smooth and set

Ab
K := Rf bK!Rf

b!
KΛ ∈ Dét(BunG,Λ).

The collection of objects (Ab
K)[b],K is a generalization of the “classical set of compact

generators” Ä
c-Ind

G(E)
K Λ

ä
K

of the category of smooth representations of G(E) with coefficients in Λ.
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Theorem 8.7.2. — The category Dét(BunG,Λ) is compactly generated with
(Ab

K)[b],K a set of compact generators.

Those compact generators are a key tool in [58]. As a matter of fact, the construc-
tion of the spectral action goes first through its construction on the compact objects
of Dét(BunG,Λ).

8.8. Semi-orthogonal decomposition

For S an Fq-perfectoid space there is an equivalence of categories®
pro-étale sheaves of Qp-vector spaces

locally isomorphic to Qn
p

´
≃
{

vector bundles E on XS
fiberwise on S semi-stable of slope 0

}
.

This equivalence extends for all G to an isomorphism for [b] ∈ B(G) basic to an
isomorphism of v-stacks ([58, Section III.2.3])î

∗/Gb(E)
ó

︸ ︷︷ ︸
stack of pro-étale
Gb(E)-torsors

≃ BunbG = Bun
−κ(b),ss
G︸ ︷︷ ︸

semi-stable locus
in connected component
defined by c1=−κ(b)

↪−→
open

BunG

The semi-stable locus of BunG, an open substack, is thus isomorphic to a disjoint
union of pro-étale classifying stacks of locally profinite groups:

BunssG =
∐

[b] basic

î
∗/Gb(E)

ó
.

It is easily verified ([58, Section V.1]) that there is an equivalence of categories

D(Gb(E),Λ)︸ ︷︷ ︸
derived category

of smooth representations

∼−−→ Dét

Äî
∗/Gb(E)

ó
,Λ
ä
.

One can go further. In fact, if E is a vector bundle on XS with constant Harder-
Narasimhan polygon fiberwise on S then ([58, Section II.2.5]) E is equipped with a
filtration by vector bundles (E ⩾λ)λ∈Q whose graded pieces are vector bundles, and
inducing the Harder-Narasimhan filtration of E fiberwise on S. After replacing S by
a pro-étale cover one can even split this filtration. For any |b] ∈ B(G), not necessarily
basic, we deduce that the corresponding Harder-Narasimhan strata associated to [b]
is a classifying stack

BunbG ≃
î
∗/‹Gb

ó
where BunbG is the locally closed sub-stack defined by

BunbG(S) =
¶
E ∈ BunG(S) | ∀Spa(C,C+)→ S, E|XC,C+

≃ Eb

©
,
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and ‹Gb is the v-sheaf of automorphisms of Eb that can be written as‹Gb ≃ Gb(E)⋊ ‹G◦
b︸︷︷︸

unipotent diamond
succesive extension of

>0 BC spaces

.

Example 8.8.1. — If G = GLn and Eb =
⊕d

i=1O(λi)mi then

Gb =

d∏
i=1

GLmi
(Dλi

),

with Dλ the division algebra with invariant λ. Moreover, if λ1 < · · · < λd,

there is a decreasing filtration Fil•‹Gb with Fil0 = ‹Gb, Fil
1 = ‹G◦

b , Fil
d = {1},

and for 1 ≤ k ≤ d− 1,

Filk/Filk+1 = BC

á
d−k⊕
i=1

O(−λi)⊗O(λi+k)︸ ︷︷ ︸
a finite direct sum of

O(λi+k−λi)

ë
.

One can then prove ([58, Section V.2])

D(Gb(E),Λ) = Dét

Äî
∗/Gb(E)

ó
,Λ
ä ∼−−→ Dét

Äî
∗/‹Gb

ó
,Λ
ä
.

This is where the fact that Λ is prime to p-torsion shows up (this fact would be
false for Fp-coefficients). In fact, the morphismî

∗/Gb(E)
ó
−→

î
∗/‹Gb

ó
is a ‹G◦

b -torsor and it thus suffices to prove that for f : T → S a torsor under a > 0
Banach-Colmez space then

f∗ : Dét(S,Λ) −→ Dét(T,Λ)

is fully faithfull. By a devissage this is reduced to prove the same thing for T an open
perfectoid ball over S, in which case

“the ℓ-contractibility of the open ball” for ℓ ̸= p

implies the result. More precisely, one has to verify that for an integer d ≥ 1, if

f : Bd,1/p∞

S −→ S

is the projection of a perectoid ball to its base then

f∗ : Dét(S,Λ) −→ Dét(Bd,1/p∞

S ,Λ)
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is fully faithful. Since f is ℓ-cohomologically smooth this is reduced to the same
statement for Rf !. One then has to proving that

Rf!Rf
! ∼−−→ Id .

Using proper base change this is reduced to the case when S = Spa(C,C+) with
C algebraically closed. Since both functors commute with filtered colimits we can
suppose that we work with a constructible sheaf of Λ-modules on Spa(C,C+). Then
an easy dévissage argument reduces the statement to the fact that

Rf!Rf
!Λ

∼−−→ Λ.

We deduce the following result.

Theorem 8.8.2. — The triangulated category Dét(BunG,Λ) has a semi-
orthogonal decomposition by the collection of triangulated categories

D(Gb(E),Λ)

when [b] goes through Kottwitz set B(G).

This reflects the fact that BunG is in some sense obtained by gluing the classifying

stacks [∗/‹Gb] when [b] varies in B(G). The semi-orthogonal decomposition is given
by the locally-closed immersion

ib : BunbG ↪−→ BunG

and the associated couple of adjoint functors

D(Gb(E),Λ) D(BunG,Λ).
(ib)!

(ib)∗

8.9. Dlis(BunG,Λ) ([58, Chapter VII])

In those notes, to simplify, we only deal with torsion (prime to p) coefficients Λ.
Nevertheless in [58, Chapter VII] we define a triangulated category

Dlis(BunG,Λ)

for any Zℓ-algebra Λ. This category is the preceding Dét(BunG,Λ) when Λ is killed
by a power of ℓ.

Let Λ be any Zℓ-algebra. We see it as a condensed ring via the formula Λ :=
Λdisc ⊗Zdics

ℓ
Zℓ. This defines a pro-étale sheaf on PerfFp

, for any Fp-perfectoid space

S
Λ(S) = lim−→

M⊂Λ

C (|S|,M)︸ ︷︷ ︸
continuous functions
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where M goes through the set of finite type sub-Zℓ-modules of Λ. The point now is
the following. There is a good notion of solid pro-étale sheaves on any small v-stack
X,

Dproét,■(X,Λ) ⊂ Dv(X,Λ).

This is equipped wqith a formalism of 5 operations

(f∗, Rf∗, f♮,−
■
⊗

L

Λ −, RHomΛ(−,−))
for f a 0-truncated morphism of small v-stacks. Here f♮ is the relative homology
functor, a left adjoint to f∗. One has to be careful that there does not exist functors
Rf! or Rf

! in this context. Here is a little bit more details.

Definition 8.9.1. — 1. A pro-étale sheave of Λ-modules F on the per-
fectoid space X is solid if for any U = lim←−i

Ui → X a cofiltered limit of

étale affinoid X-perfectoid spaces, if

Λ[U ]■ = lim←−
i

Λ[Ui]

as a pro-étale sheaf, then the morphism Λ[U ] → Λ[U ]■ induces an iso-
morphism

HomΛ(Λ[U ]■,F )
∼−−→ F (U).

2. If X is a small v-stack and A ∈ Dv(X,Λ), A is a solid quasi-pro-étale
sheaf if for any S → X with S a strictly totally disconnected perfectoid
space and any i ∈ Z, A|S ∈ Dv(S,Λ) is of the form λ∗B with B ∈
D(Sproét,Λ) such that for all i ∈ Z, Hi(B) is solid.

In the preceding definition λ : Sv → Sproét is the morphism from the big v-site to
the small pro-étale one; see section 6.5. Using this one obtains for any small v-sheaf
X a triangulated category

Dproét,■(X,Λ) ⊂ Dv(X,Λ).

On of the main points now is that if f : X → Y is a 0-truncated morphism of small
v-stacks then f∗ : Dqproét,■(Y,Λ) → Dqproét,■(X,Λ) commutes with all limits since
we can compute it as a pullback functor between big v-sites where this is evident. It
thus admits a left adjoint

Rf♮︸︷︷︸
relative homology

: Dproét,■(X,Λ) −→ Dproét,■(Y,Λ),

typically, with the notations of definition 8.9.1, if f : U → X,

Rf♮Λ = Λ[U ]■.

This extends more generally to any cofiltered limit of étale sheaves of Λ-modules,

Rf♮ lim←−
i

Fi︸︷︷︸
étale
sheaf

= lim←−
i

Rf♮Fi.
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Using some projection formula ([58, Section VI.3]) one obtains for example that

Rf♮Λ = Rf♮Zℓ︸ ︷︷ ︸
lim←−k≥1

Rf♮Z/ℓkZ

■
⊗

L

Zℓ
Λ.

If we work with Dproét,■(BunG,Λ) we may fall on a semi-orthogonal decomposition
by categories

D(Gb(E),Λ■)︸ ︷︷ ︸
derived category of representations
of Gb(E) as a condensed group

in solid Λ-modules

.

When Λ = Qℓ this typically contains continuous representations of the topological
group Gb(E) in Qℓ-Banach spaces. We’re only interested in smooth representations.
To deal with this we need to cut out a sub-triangulated category.

Definition 8.9.2. — For X a small v-stack, Dlis(X,Λ) is the smallest sub-
triangulated category of Dproét,■(X,Λ) stable under all direct sums and that
contains f♮Λ for any f : Y → X that is separated, representable in locally
spatial diamonds and ℓ-cohomologically smooth.

This definition works well for us because of the following.

Proposition 8.9.3. — 1. For any [b] ∈ B(G),

Dlis([∗/Gb(E)],Λ) = D(Gb(E),Λ)

the derived category of smooth representations with coefficients in Λ.

2. The triangulated category Dlis(BunG,Λ) has a semi-orthogonal decompo-
sition by the collection of categories

(D(Gb(E),Λ))[b]∈B(G) .

This is in fact deduced from one of the main results of [58, Chapter VII] that is
the following, see [58, Section VII.6].

Proposition 8.9.4. — If f is a separated ℓ-cohomologically smooth mor-
phism of spatial diamonds then for any k ≥ 1,

Rf♮Z/ℓkZ = Rf!Rf
!Z/ℓkZ︸ ︷︷ ︸

perfect constructible
étale complex

.

This result allows us to proves that
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Dlis(∗,Λ) = Dlis(Spa(C),Λ) = D(Λ)︸ ︷︷ ︸
classical derived
cat. of discrete

Λ-modules

and using this one can prove proposition 8.9.3.

Everything we do in [58] works for any coefficients Λ that are Zℓ-algebras but we
advise the reader to restrict itself to torsion coefficients Λ first since it is technically
easier to deal with Dét than Dlis.

8.10. Final thoughts

Kottwitz philosophy (following Vogan’s one for pure inner forms ([140])) that one
should not only consider the local Langlands correspondence for a quasi-split group G
but for all its extended pure inner forms together, the (Gb)[b], basic, has been extremely
important. One can find traces of this philosophy in [116] (the conjecture in [116]
about the cohomology of Rapoport-Zink spaces was already an important motivation
for [50] as some kind of analog at p of Schmid realization of discrete series in the L2-
cohomology of symmetric spaces). The main reference now is [81]. More precisely,
one has the following refinement of the local Langlands correspondence as presented
in Chapter 1.

For G quasi-split and φ :WE → LG(Qℓ) a cuspidal parameter, via the identifi-

cation between X∗(Z(“G)ΓE ) and the basic elements in B(G), if [b] corresponds
to χ then there is a bijection between elements in the supercuspidal packet of
Gb(E) associated to φ and¶

ρ ∈ Irr(Sφ)
∣∣ ρ

Z(“G)ΓE
= χ

©
.

Finally, it has become more and more clear that the objects ofDét(BunG,Λ) are the
natural objects of the local Langlands program and not the smooth representations
of G(E) with Λ-coefficients. Let us cite for example the following result deduced from
the results of section 8.7 ([58, Chapter V]).
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Theorem 8.10.1. — The following is satisfied for A ∈ Dét(BunG,Λ):

1. A is compact if and only if it is supported on a quasi-compact open subset
and for any [b] ∈ B(G) the object

(ib)∗A ∈ D(Gb(E),Λ)

(the restriction of A to the associated HN strata) is compact i.e.
in the thick triangulated sub-category generated by the collection

(c -Ind
Gb(E)
K Λ)K where K is open pro-p in Gb(E).

2. A is ULA if and only if for any [b] and any K ⊂ Gb(E) open pro-p,

[(ib)∗A]K ∈ D(Λ)

is a perfect complex.

This means that the usual notions of finite type and admissible smooth represen-
tations of p-adic groups, that are at the heart of the classical work of Bernstein on
smooth representations of p-adic groups ([12]), have natural geometric interpretations
in our context.



LECTURE 9

HECKE CORRESPONDENCES

The stack BunG does not come alone but equipped with cohomological correspon-
dences. In [132] their “ghost” appears under the form of local Shtuka moduli spaces
together with their de-Rham and Hodge-Tate period maps.

9.1. The moduli of degree 1 effective divisors on the curve

The moduli of degree 1 effective divisors on the curve first appeared in [56]. Let

Spa(Ĕ)⋄ −→ ∗.

If S is an Fq-perfectoid space then any untilt of S over Ĕ, S♯, defines a Cartier divisor

S♯ ↪→ YS .

In fact, if S = Spa(R,R+), an untilt over Ĕ is given by an ideal I ⊂ WOE
(R+)

generated by a degree 1 distinguished element ξ (that is automatically a regular
element) i.e.

ξ =
∑
n≥0

[an]π
n

with a0 ∈ R◦◦ ∩R× and a1 ∈ (R+)×. This defines our Cartier divisor

V (ξ) ⊂ YS

via the embedding of WOE
(R+) inside O(YR,R+) (one has WOE

(R+) = O(YR,R+)+).
One verifies that composing with the projection defines a degree 1 Cartier divisor

S♯ ↪→ XS .

This defines a morphism

Spa(Ĕ)⋄ −→ Div1

where we take the following definition of a relative Cartier divisor.
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Definition 9.1.1. — We note Div1(S) the set of equivalence classes of cou-
ples (L , u) where L is a degree 1 line bundle on XS and u ∈ H0(XS ,L )
satisfies

∀s ∈ S, u|XK(s),K(s)+
̸= 0

as an element of H0
(
XK(s),K(s)+ ,L|XK(s),K(s)+

)
.

This morphism is φZ-invariant and induces an isomorphism.

Proposition 9.1.2. — The preceding morphism induces an isomorphism

Spa(Ĕ)/φZ ∼−−→ Div1.

Thus, contrary to the “classical case”, Div1 is note the curve itself. Nevertheless
we have the following remark.

Remark 9.1.3. — We thus have for any S ∈ PerfFq
,

X⋄
S = (S ×Spa(Fq)

Spa(Ĕ)⋄)/φZ × Id

and

Div1S = (S ×Spa(Fq)
Spa(Ĕ)⋄)/ Id×φZ

and thus

|XS | = |Div1S |
and even equivalences of étale sites (X⋄

S)ét ≃ (Div1S)ét. For example, although XS

sits over Spa(E) and but not over S, there is still a continuous generalizing map of
locally spectral spaces

|XS | = |Div1S | −→ |S|
“as if XS were sitting over S”.

Remark 9.1.4. — One has to be careful that although Div1 is a qc diamond it is
not spatial since not qs. Nevertheless Div1 → ∗ is representable in locally spatial
diamonds proper ℓ-cohomologically smooth.

Remark 9.1.5. — One can have a look at [56] for Divd when d ≥ 1 where it

is proven that Divd = (Div1)d/Sd as a pro-étale quotient and the symmetrization

morphism (Div1)d → Divd is quasi-pro-étale surjective.

Another way to understand Div1 is to use the Abel-Jacobi morphism

AJ1 : Div1 −→ Bun1Gm
= [∗/E×]

D 7−→ O(D)
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where O(D) is the line bundle L of definition 9.1.1. The pullback along AJ1 of
∗ → [∗/E×] is the E×-torsor of isomorphisms between O(1) and O(D). This is
identified with

Bφ=π ∖ {0} ≃ Spa
Ä
Fq((T

1/p∞
))
ä
,

a punctured absolute Banach-Colmez space. Here, if G is a Lubin-Tate group associ-
ated to E over Fq, after fixing a coordinate T on G, i.e. a formal group law,

Spa
Ä
FqJT 1/p∞

K
ä
= lim←−

×π

G︸ ︷︷ ︸
universal cover

of G

and the E× action on Fq((T
1/p∞

)) is deduced from the one on G. For exam-

ple, if E = Qp, using G = “Gm, the action of Z×
p is the usual action given by

T a = (1 + T )a − 1 =
∑

k≥1

(
a
k

)
T k for a ∈ Z×

p . The action of p ∈ Q×
p is given by the

Frobenius T 7→ T p.

At the end we obtain

Div1 = Bφ=π ∖ {0}/E×

= Spa
Ä
Fq((T

1/p∞
))
ä
/E×

= Spa(Ĕ♭
∞)/E×

where Ĕ∞ is the completion of the extension of Ĕ obtained by adding the torsion
points of a Lubin-Tate group over OE . Here the variable T ∈ Ĕ♭

∞ can be taken
to be the mod π reduction of a generator of Tπ(G). In fact, [π]G is congruent to
the q-Frobenius modulo π and thus any element in Tπ(G) defines an element of
lim←−Frobq

OĔ∞
/π = OĔ♭

∞
.

9.2. Drinfeld Lemma

The following is our verion of Drinfeld lemma whose proof is simpler than the
classical one. Let us note there is a natural morphism

Div1 −→ [∗/WE ]

defined by the WE-torsor

Spa( “E♭

)

Spa(Ĕ)⋄

Div1 = Spa(Ĕ)⋄/φZ.

WE

IE
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Proposition 9.2.1 (‘’Drinfeld lemma”). — For any finite set I there is
fully faithful functor

Dét(BunG × [∗/WE ]
I ,Λ) ↪−→ Dét(BunG × (Div1)I ,Λ)

that is an equivalence if I = {∗} has one element.

There is moreover an equivalence

Dét(BunG,Λ)︸ ︷︷ ︸
stable ∞-cat.
upgraded to a
condensed

stable ∞-cat.

condensed
∞-groupoid︷ ︸︸ ︷
BW I

E ∼−−→ Dét(BunG × [∗/WE ]
I ,Λ).

Here the condensation is to take into account the topology of WE that is seen as a
condensed group and the classifying stack BW I

E as a condensed ∞-groupoid that is
to say an (∞, 0)-category in the topos of condensed sets. More precisely, the functor

{profinite sets} −→ stable ∞-categories

P −→ Dét(BunG × P ,Λ)

is an hypersheaf of stable ∞-categories on profinite sets. This is what we call the
“condensed upgrade” of the usual stable∞-category Dét(BunG,Λ). It is a condensed
infinite sub-category of the evident condensed infinite category

Dpro-ét,■(BunG,Λ).

The condensed ∞-groupoid BW I
E is the hypersheaf of ∞-groupoids

{profinite sets} −→ stable ∞-categories

P −→ B
(
W I

E(P )︸ ︷︷ ︸
C (P,W I

E)

).

Remark 9.2.2. — Here we use the notation D C for the infinite category of ∞-
functors from C to D, and more generally for the hypersheaf of ∞-categories of ∞-
functors between hypersheaves of ∞-categories whose value on an object of our topos
U is the limit of the diagram of ∞-categories

∏
V→U

D(V )C(V )
∏

W→V→U

D(W )C(V )
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where the two ∞-functors are given by C(V )→ C(W )→ D(W ) and C(V )→ D(V )→
D(W ). When X is a topos, Λ a ring in X and G a group in X, one has an identifi-
cation

D(X,Λ)︸ ︷︷ ︸
hypersheaf of
∞-categories
X∋U 7→D(U,Λ)

hypersheaf of
∞-cat.

X∋U 7→BG(U)︷︸︸︷
BG

= D(

classifying
stack
in X︷︸︸︷
BG ,Λ)︸ ︷︷ ︸

hypersheaf
of ∞-cat.

X∋U 7→D(BG×U,Λ)

.

as hypersheaves of stable ∞-categories on X.

Example 9.2.3. — If C is an ∞-category and G a group then CBG has as objects
the objects of C equipped with an action of G.

Example 9.2.4. — If C is a condensed ∞-category, for all x, y two objects of C,
the mapping space Hom(x, y) is a condensed anima. In particular π0Hom(x, y) =
HomHo C(x, y) is a condensed set. If G a topological group then the objects of CBG are
the objects x of C together with a morphism of condensed groups

G→ AutHo C(x).

The following example is a warm-up for proposition 9.7.2.

Example 9.2.5 (Compactness and discretness of G-actions: a simple
example)
The ∞-category

D(Λ) = Dét(∗)
is naturally upgraded to a condensed∞-category that associated to the profinite
set P ,

D(C(P,Λ)) = Dét(P ,Λ),

where C(P,Λ) means the locally constant functions on P with values in Λ. For
A,B ∈ D(Λ), the condensed anima

Hom(A,B)

is identified with
Hom(Adisc, Bdisc)

in D(Λdisc) the derived ∞-category of condensed Λdisc-modules. If A is a
compact object of D(Λ) then for any B, the condensed anima Hom(A,B) is
discrete. But for example if A = Λ(N) and B = Λ this is (Λdisc)

N that is not
discrete.
If G is a profinite group then

(D(Λ)ω)BG
= colimK (D(Λ)ω)B(G/K)

where K is open distinguished in G: the action on compact objects is “dis-
crete”.



144 LECTURE 9. HECKE CORRESPONDENCES

Remark 9.2.6. — For p = ∞ the analog of the preceding is the following. Let us
consider the Twister projective line

P̃1
R = P1

C/z ∼ − 1
z .

This can be described as

P̃1
R = A2

C ∖ {(0, 0)}/WR

where WR is the Weil group. The corresponding torsor A2
C ∖ {(0, 0)} → P̃1

R defines a
morphism of analytic stacks

P̃1
R −→ [∗/WR].

9.3. What we want to do

For each finite set I we equip the ∞-category of ∞-functors

Dét(BunG,Λ) −→ Dét(BunG,Λ)
BW I

E

with a monoidal structure by setting

u⊗ v := u(−)⊗L
Λ v(−).

The purpose now is to define a monoidal functor between monoidal stable ∞-
categories

FI :
(
RepΛ(

LG)I ,⊗
)
−→

(
H om

(
Dét(BunG,Λ),Dét(BunG,Λ)

BW I
E
)︸ ︷︷ ︸

∞-cat. of ∞-functors

,⊗
)

where

RepΛ(
LG)I

is the category of representations of (LG)I on finite type projective Λ-modules that

are algebraic when restricted to “GI and discrete when restricted to W I
E .

We ask moreover that
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• (Factorization property) This is functorial in the finite set I in the
sense that if I → I ′ is a map of finite sets then

RepΛ(
LG)I H om

(
Dét(BunG,Λ),Dét(BunG,Λ)

BW I
E

)

RepΛ(
LG)I

′
H om

(
Dét(BunG,Λ),Dét(BunG,Λ)

BW I′
E

)

FI

FI′

commutes where the left vertical map is induced by the morphism
(LG)I

′ → (LG)I and the right vertical one by W I′

E →W I
E .

• (Linearity) This is linear over RepΛW
I
E in the sense that if W ∈

RepΛW
I
E then

FI(W ) = −⊗L
Λ W.

Example 9.3.1. — If I = {1, 2} and I ′ = {1} the preceding factorization
property is the following “fusion property”. Let W ∈ RepΛ(

LG)2. We note
∆∗W its restriction to the diagonal, for example

∆∗(W1 ⊠W2) =W1 ⊗W2.

Then, Res
W 2

E

WE
F1,2(W ) = F1(∆

∗W ) via the restriction of the W 2
E-action to WE

embedded diagonally inside W 2
E.

Remark 9.3.2. — The factorization property implies that after forgetting the action
of W I

E the functor

RepΛ(
LG)I −→H om

(
Dét(BunG,Λ),Dét(BunG,Λ))

factorizes through the restriction to the diagonal RepΛ(
LG)I −→ RepΛ

LG.

•

p p

p
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The fusion of two copies of the prime number p

9.4. From local to global

To construct our functor FI we consider the global Hecke stack

HeckeI

BunG BunG × (Div1)I

p1 p2

where for S ∈ PerfFq
, HeckeI(S) is the groupoid of quadruples (E1,E2, (Di)i∈I , u)

where
• E1 and E2 are G-bundles on XS ,
• (Di)i∈I is a collection of degree 1 effective Cartier divisors on XS ,
• and

u : E1|XS∖∪i∈IDi

∼−−→ E2|XS∖∪i∈IDi

that is meromorphic along the Cartier divisor
∑

i∈I Di.

Here the meromorphy condition means that after pushing forward by any repre-
sentation of G, the associated modification of vector bundles F1 99K F2 comes from
a morphism F1 → F2(k

∑
iDi) for k ≫ 0.

Remark 9.4.1. — (Schematical descrition of the global Hecke stack)
Suppose S = Spa(R,R+) is affinoid perfectoid. Let XR,R+ be the schematical
curve

XR,R+ = Proj

Ñ⊕
d≥0

O(YR,R+)φ=πd

é
.

Then, using GAGA, HeckeI(S) is the groupoid of quadruples where E1 and
E2 are étale G-torsors on XR,R+ , (Di)i∈I is a collection of effective Cartier
divisors on XR,R+ that give rise to degree 1 effective Cartier divisors when
pulled-back to XK(s),K(s)+ for any s ∈ S, and

u : E1|XR,R+∖∪i∈IDi

∼−−→ E2|XR,R+∖∪i∈IDi
.

We want to upgrade this correspondence to a cohomological one. This is done in
the following way. Let

HeckeI −→ (Div1)I

be the so-called local Hecke stack. This is obtained in the same way as the global
Hecke stack but by replacing XS by its formal completion along the divisor

∑
i∈I Di.

Here is a formal definition.
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Definition 9.4.2. — The local Hecke stack is the functor on affinoid perfec-
toid Fq-algebras that sends (R,R+) to quadruples

(E1,E2, (Di)i∈I , u)

where

1. (Di)i∈I is as before a collection of degree 1 effective “relative” Cartier
divisors on XR,R+ ,

2. E1 and E2 are étale G-torsors on the formal completion of XR,R+ along∑
i∈I Di,

3. u is a meromorphic isomorphism between E1 and E2 outside the special
fiber of the formal completion.

There is thus a morphism from global to local

HeckeI HeckeI

BunG BunG × (Div1)I (Div1)I

loc

p1 p2

proj

The advantage of the local Hecke stack is that it has an interpretation in terms of
loop groups.

Definition 9.4.3. — 1. We note

B+
dR,I , resp. BdR,I ,

for the v-sheaf of E-algebras over (Div1)I that sends (R,R+) to the
algebra of formal functions on the formal completion of the curve along∑

i∈I Di, resp. the algebra of formal meromorphic functions.

2. We note
L+
I G, resp. LIG

for the v-sheaves of groups over (Div1)I equal to

L+
I (G) = G(B+

dR,I), resp. LIG = G(BdR,I).

3. We note
GrG,I = LIG/L

+
I G.
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This generalized BdR-affine Grassmanian are the so-called factorization BdR-affine
Grassmanians.

One thus has for f : S → (Div1)I given by (Di)i∈I ,

B+
dR,I(S)×(Div1)I(S) {f} = Γ

(
XS , lim←−

k≥0

OXS

/∏
i∈I

I k
Di

)
(4)

and

BdR,I(S)×(Div1)I(S) {f} = Γ
(
XS , lim−→

l≥0

lim←−
k≥0

∏
i∈I

I −l
Di

/∏
i∈I

I k
Di

)
.(5)

More concretely, locally on S affinoid perfectoid the morphism S is given by a collec-
tion of untilts S♯,i, i ∈ I, of S over E. Write S = Spa(R,R+). For i ∈ I, the untilt
S♯,i is given by some degree one distinguished element

ξi ∈WOE
(R+).

Then,
• (4) is the

∏
i∈I ξi-adic completion of WOE

(R+)[ 1π ],¤�WOE
(R+)[ 1π ]

∏
i∈I ξi

• (5) is the localization¤�WOE
(R+)[ 1π ]

∏
i∈I ξi

ñ
1∏

i∈I ξi

ô
.

The following result is easy.

Lemma 9.4.4. — One has an equality of small v-stacks

HeckeI =
[
L+
I G\LIG/L

+
I G

]
.

Remark 9.4.5. — Take I = {1} the set with one element. Compared to [132] we

don’t work over Spa(Ĕ)⋄ (or even Spa(C♭), see [131, Definition 19.1.1]) but over the

more natural geometric object Div1 = Spa(Ĕ)⋄/φZ. This means that the BdR-affine
Grassmanian of [131] that sits over Spa(E)⋄ is the pullback via Spa(E)⋄ → Div1 of
GrG := LG/L+G.

Finally let us remark the following that is a consequence of Beauville-Laszlo gluing
([6]). Let

T

BunG × (Div1)I

L+
I G
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be the étale L+IG-torsor of trivializations of E ∈ BunG along the formal completion
of the curve along

∑
i∈I Di where (Di)i∈I ∈ (Div1)I . One then has

(Beauville-Laszlo gluing) HeckeI = T
L+

I G

× (Div1)I GrG,I .

The following remark is a follow-up to remark 8.6.6.
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Remark 9.4.6 (Hecke and Shimura varieties). — We keep the notations
of remark 8.6.6. Let Sh∞Kp be the perfectoid Shimura variety with infinite
level at p and

πHT : Sh∞Kp −→ F (GQp , µ
−1)︸ ︷︷ ︸

adic flag
manifold

be the associated Hodge-Tate period morphism, see [130]). Here µ is the so-
called Hodge cocharacter. Let G(Zp) be our fixed compact hyperspecial subgroup
of G(Qp). For any p-adic formal scheme S over Spf (Zp) with generic fiber Sη
and special fiber S, there is specialization map

sp : S⋄η −→ S
1/p∞,⋄ × Spa(Qp)

⋄.

Let Heckeµ be the closed substack of the Hecke stack defined by modifications
“of type µ”. We note K for the p-adic completion of the reflex field of our
Shimura datum associated to our choice of an embedding of Q inside Qp (and
thus our p-adic flag manifold leaves over K). We note

Heckeµ

BunG BunG × Spa(K)⋄.

p1,µ p2,µ

We have an identification

p−1
1,µ

(
Bun1G

)
=
î
G(Qp)\F (G,µ−1)⋄

ó
.

The following diagram is then commutative

Sh♭∞Kp F (GQp , µ
−1)⋄

(SKp)⋄η
î
G(Zp)\F (GQp , µ

−1)⋄
ó

î
G(Qp)\F (GQp

, µ−1)⋄
ó
= Heckeµ

(
S
1/p∞

Kp

)⋄
× Spa(K)⋄ BunG × Spa(K)⋄.

πHT

G(Zp) G(Zp)

sp

p2,µ

πcris×Id

The stratification of |F (GQp , µ
−1)| by B(G,µ) defined in [24] is the pull-back

of the HN stratification of |BunG| via the morphism

F (GQp
, µ−1)⋄ −→ BunG × Spa(K)⋄

proj−−−→ BunG.
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9.5. The Satake correspondence

We now want to use the local Hecke stack to define our functor

FI(W ) : Dét(BunG,Λ) −→ Dét(BunG × (Div1)I ,Λ)

via the formula

FI(W ) = Rp2∗
(
p∗1(−)⊗L

Λ loc
∗SW

)
for W ∈ RepΛ(

LG)I and where

SW ∈ Dét(HeckeI ,Λ)b

is the so-called Satake sheaf associated to W (where the upperscript “b” means
bounded i.e. with quasi-compact support on the BdR-affine Grassmanian, that is to
say supported on a finite union of closed Schubert cells).

More precisely, we want to define a monoidal functor

(RepΛ(
LG)I ,⊗) ⊗−−→ (Dét(HeckeI ,Λ)b, ∗)

where the monoidal structure on the right is the one given by the composition of
cohomological correspondences that is to say the convolutions product

A ∗B = Rb∗(a
∗A⊠L

Λ B)

where

[
L+
I G\LIG

L+
I G

× LIG/L
+
I G

]

[
L+
I G\LIG/L

+
I G

]
×
[
L+
I G\LIG/L

+
I G

] [
L+
I G\LIG/L

+
I G

]
a b

is the convolution diagram. Here the upper object in this diagram is the moduli of
(Di)i∈I ∈ (Div1)I together with three G-bundles (E1,E2,E3) on the formal completion
of the curve along

∑
i∈I Di, and meromorphic isomorphism outside

∑
i∈I Di (i.e.

formal modifications)

E1 99K E2 99K E3.
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The left hand map a sends this datum to (E1 99K E2,E2 99K E3), and the right hand
one b to the composite modification E1 99K E3:

E1 99K E2 99K E3

(E1 99K E2,E2 99K E3) E1 99K E3.

This is given by the following theorem. Here we suppose that Λ is a Zℓ[q
1/2]-

algebra. We can now state the geometric Satake equivalence in our context. We will
explain later the meaning of all the terms.

Theorem 9.5.1 (Geometric Satake equivalence)
Let SatI(G,Λ) be the category of bounded perverse flat ULA sheaves on
HeckeI .

1. This is stable under the convolution product ∗ and functorial in I.

2. There is an equivalence of monoidal categories

(SatI(G,Λ), ∗)
∼−−→
(
RepΛ(

LG)I ,⊗
)
.

3. This equivalence is functorial in I, and linear over RepΛW
I
E via the

identification between RepΛW
I
E and the category of étale local systems

of Λ-modules on (Div1)I .

4. IF I = {∗}, for any µ ∈ X∗(T ) = X∗(T̂ ), if µ̄ is the ΓE-orbit of µ
and Wµ̄ is the associated highest weight irreducible representation of LG,
then Wµ̄ corresponds to

jµ̄!∗Λ
[
⟨µ, 2ρ⟩

]
︸ ︷︷ ︸

intersection cohomology
complex of the Schubert cell

where jµ̄ is the inclusion of the open Schubert cell defined by µ̄ inside the
closed one.

9.6. About the action of the Hecke correspondences and Drinfeld lemma

À priori we only obtain a functor

FI(W ) : Dét(BunG,Λ) −→ Dét(BunG × (Div1)I ,Λ).

We now use proposition 9.2.1.
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Proposition 9.6.1. — ForW ∈ RepΛ(
LG)I , the functor FI(W ) takes values

in
Dét(BunG × [∗/WE ]

I ,Λ)

via the embedding of proposition 9.2.1.

The proof is done by reduction to the case I = {∗} that is done in proposition
9.2.1, see [58, Section IX.2]. In fact, the case when W = ⊠i∈IWi is reduced to the
case when I has one element and one then proceeds by taking a resolution of any W
by such representations that are external tensor products.

9.7. Where we use the compact generation of Dét(BunG,Λ)

We need the following that follows formally from an adjunction argument, see [58,
Section IX.2].

Proposition 9.7.1. — The action of the Hecke correspondences preserves
compact objects.

We need in fact more than that. The following is proven in [58, Section IX.5]. This
point is necessary to define the spectral action: we first define it on compact objects
and then extend it. Let us note that this uses the local chartsMb → BunG and the
associated compact generators, see section 8.7.

Proposition 9.7.2 (Discretness of the Weil action on compact ob-
jects)
For any A ∈ Dét(BunG,Λ) that is a compact object there is an open subgroup
K distinguished in WE such that for any finite set I and any W ∈ RepΛ(

LG)I ,

FI(W )(A) ∈ Dét(BunG,Λ)
B(WE/K)I ⊂ Dét(BunG,Λ)

BW I
E .

If C is an ∞-category it gives rise to a category enriched in anima

∞-category category enriched in anima

where here the ∞-category of anima is the homotopy coherent nerve of the simplicial
category of Kan complexes. This is sometimes called the ∞-category of spaces or the
∞-category of ∞-groupoids. Its homotopy category is the one of topological spaces
up to weak equivalences that is equivalent to the category of CW complexes up to
homotopy. For x, y two objects of an ∞-category we note

Hom(x, y)

for the anima of morphisms between x and y. For example, if we take D(A) the
derived ∞-category of an abelian category A admitting enough injectives objects, for
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A,B ∈ D(A)

Hom(A,B) 7−→ τ≤0RHom(A,B)

via the Dold-Kan correspondence

Ani (Ab)︸ ︷︷ ︸
animated
ab. groups

∼−−→ D⩽0(Z)︸ ︷︷ ︸
derived
∞-cat.

of ab. gp.

.

For example, for i ∈ N,

πiHom(A,B) ≃ Ext−i(A,B).

The same goes on with condensed ∞-categories:

condensed ∞-category category enriched in condensed anima

which means that for x, y two objects of a condensed ∞-category, their hom space

Hom(x, y)

is a condensed anima. In particular, π0(Hom(x, y)) is a condensed set and for i > 0,
πi(Hom(x, y)) is a condensed group.

Recall that we see Dét(BunG,Λ) as a condensed∞-category. The proof of proposi-
tion 9.7.2 uses the following result whose proof uses the local charts πb :Mb → BunG.

Proposition 9.7.3. — If A,B ∈ Dét(BunG,Λ) seen as a condensed ∞-
category with A compact in the usual triangulated category Dét(BunG,Λ) then
the condensed anima Hom(A,B) is in fact a discrete anima.

The following remark is an analog of this result for the HN strata of BunG whose
proof is elementary.
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Remark 9.7.4. — As for BunG, the ∞-category

D(G(E),Λ)

is naturally a condensed ∞-category. It associated to the profinite set P the
∞-category

D(G(E), C(P,Λ)) = Dét([∗/G(E)]× P ,Λ)
where C(P,Λ) is the set of locally constant functions on P with values in Λ.
One can already verify by elementary means that for A ∈ D(G(E),Λ)ω and
B ∈ D(G(E),Λ), the condensed anima

Hom(A,B)

is discrete.
In fact, πiHom(A,B) is the animated group

P 7→ ExtiC(P,Λ)(A⊗L
Λ C(P,Λ), B ⊗L

Λ C(P,Λ)) = ExtiΛ(A,B ⊗L
Λ C(P,Λ)).

The triangulated category D(G(E),Λ)ω is the thick triangulated category gen-

erated by the c-Ind
G(E)
K Λ where K is open pro-p. Taking A = c-Ind

G(E)
K Λ in

the preceding formula one finds 0 if i > 0 and

BK ⊗L
Λ C(P,Λ)

if i = 0. This last expression is nothing else than

(BK)disc(P ).

From this point of view, the construction of the spectral action relies on the compact
generation of Dét(BunG,Λ).

Remark 9.7.5. — There is another construction of the semi-simple Lang-
lands parameters via the cohomology of local Shtuka moduli spaces in [58, Sec-
tion IX.3]. It seems simpler and not using BunG. This is misleading since in
fact it relies on a finiteness property of the cohomology of such spaces general-
izing the same fact for Rapoport-Zink spaces in [50] that uses integral models
of Rapoport-Zink spaces. The proof of this finiteness result relies on BunG and
the properties of its compact objects. More precisely, we need that

(i1)∗ : Dét(BunG,Λ)
ω −→ D(G(E),Λ)ω.

Finally, let us note that the preceding results extend in the context of any Zℓ-
algebra Λ that may not be torsion.

Remark 9.7.6. — Let Λ be any Zℓ-algebra. In the context of Dlis(BunG,Λ) (see
section 8.9) the analog of propositions 9.7.2 and 9.7.3 holds:

1. For A an object of Dlis(BunG,Λ) compact there is open subgroup K ⊂ PE, the

wild inertia, distinguished in WE such that for all I and any W ∈ RepΛ
(
LG
)I
,

FI(W )(A) ∈ Dét(BunG,Λ)
B(WE/K)I ⊂ Dét(BunG,Λ)

BW I
E .
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2. For A,B two objects of Dlis(BunG,Λ) with A compact the condensed anima
Hom(A,B) is relatively discrete over Zℓ.

In the preceding remark a condensed set X over Zℓ is relatively discrete if it comes
by pullback from a sheaf on the topological space |Zℓ| = Zℓ(∗). Suppose that we have
a morphism of condensed groups

P −→ G

where G is relatively discrete over Zℓ. One verifies that such a morphism has to
factorize through an open subgroup of P .

9.8. Final thoughts

One of the main motivations for [58] was the so-called Hecke eigensheaf property.
This is a bridge between the local Shtuka moduli spaces from [132] and the Hecke
correspondences. More precisely, let φ : WE → LG(Qℓ) be a cuspdial Langlands
parameter with G split (to simplify) and suppose we have an Sφ-equivariant object

Fφ ∈ Dlis(BunG,Qℓ)

that satisfies:

1. the restriction of the Sφ-action to Z(“G)ΓE is given −α ∈ X∗(Z(“G)ΓE ) for
Fφ|Bunα

G
.

2. for any basic [b] ∈ B(G),

(ib)∗Fφ =
⊕

ρ∈Irr(Sφ)
ρ|Z(Ĝ)ΓE

ρ⊗ πφ,ρ

where φφ,ρ is irreducible cuspidal and φ 7→ (φφ,ρ) is a local Langlands corre-
spondence for all extended pure inner forms of G

3. Fφ is an Hecke eigensheaf in the following sense. For µ a minuscule cocharacter
of G let us note Heckeµ ⊂ Hecke the moduli of modifications of type µ and

Tµ : Dét(BunG,Λ) −→ Dét(BunG × [∗/WE ],Λ)

the associated Hecke transform. The Hecke eigensheaf property for Fφ is an
Sφ-equivariant isomorphism for all minuscule µ

Tµ(Fφ) ≃ Fµ ⊠ rµ ◦ φ.

This eigensheaf property is inspired by the usual Hecke eigensheaf property in the
“classical” geometric Langlands program (see [61] for example).

Then, Kottwitz conjecture on the cohomology of minuscule local Shimura varieties
(this contains the case of Rapoport-Zink spaces, see [116]) is satisfied. Thus, this type
of Hecke eigensheaf property is an enhancement of statements about the cohomology
of Rapoport-Zink spaces.
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Finally, let us note that the ability to give a meaning to two copies of the prime
number p, by forming

Spa(Qp)
⋄ × Spa(Qp)

⋄

has been a great succes of the theory of diamonds. If E is equal characteristic,
E = Fq((π)), one has

Spa(E)×Spa(Fq) Spa(E) = Spa (FqJX,Y K,FqJX,Y K)∖ V (XY )

i.e. we dno’t need the theory of diamonds and can double the variable π as X and
Y . But in the unequal characteristic case we can not do this and the fact that we can
write (Div1)I for any finite set I has been a great success of the theory.





LECTURE 10

THE GEOMETRIC SATAKE EQUIVALENCE

Here are the tools used for the geometric Satake equivalence:

1. The notion of ULA complexes,

2. Hyperbolic localization,

3. Fusion,

4. Degeneration of the BdR-affine Grassmanian to a “classical” Witt vectors affine
Grassmanian.

Here, as before, the coefficients Λ are torsion to simplify.

10.1. ULA complexes ([58, Section IV.2])

10.1.1. The classical case. — Classically, if f : X → S is a finite presentation
morphism of schemes, we have a good notion of f -ULA complexes in Dét(X,Λ) where
here Λ is a Noetherian ring killed by a power of ℓ invertible on S. More precisely,
those are the étale complexes “universally without vanishing cycles” i.e. the

A ∈ Db
ét,c(X,Λ)︸ ︷︷ ︸

bounded with constructible
cohomology sheaves

such that

∀ Spec(V ) −→ S

where V is a rank 1 valuation ring, one has

RΦη̄

(
A|X×SSpec(V )

)
= 0

where η̄ is a geometric point over the generic point of Spec(V ).

Remark 10.1.1. — Said roughly this means that for any morphism

C︸︷︷︸
a “curve”

−→ S
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the étale complex A|X×SC is without vanishing cycles relatively to X×S C → C. Thus,
the condition is tested universally for all “curves” mapping to the target S.

One can prove, following Gaitsgory, that this is equivalent to A behaving well with
respect to Verdier duality: A is f -ULA if and only if universally over S,

∀B ∈ Dét(S,Λ), DX/S(A)⊗L
Λ f

∗B
∼−−→ RH omΛ(A,Rf

!B).

One can moreover prove that if A is f -ULA then it is bidual with respect to Verdier
duality:

A
∼−−→ DX/S(DX/S(A)).

10.1.2. The diamond case. — Let f : X −→ Y be a morphism of locally spatial
diamonds (compactifiable of finite dim. trg.). Let A ∈ Dét(X,Λ). We define a good
notion of A to be f -ULA.

Definition 10.1.2. — A ∈ Dét(X,Λ) is f -ULA if f -ULA if for any j : U →
X (separated) étale with composite U → X → Y quasicompact then R(f ◦ j)!A
is a perfect constructible complex when restricted to each quasicompact open
subset of Y .

Here, when Y is a spatial diamond the constructibility condition has to be
though of differently from the usual case of algebraic varieties. Perfect constructible
complexes are étale complexes of Λ-modules that differ from local systems only via
non-overconvergence i.e. a perfect constructible étale complex of Λ-modules is étale
locally constant if and only if it is overconvergent.

One can prove that all properties of “classical” algebraic étale local systems adapt
in this situation, typically the nice behavior with respect to Verdier duality.

10.1.3. Perverse ULA sheaves on GrG,I . — Suppose G is split to simplify and
let T ⊂ B be a maximal torus inside a Borel subgroup. We note

GrG,I = LIG/L
+
I G

(Div1)I .

One thus has with those notations

HeckeI =
[
L+
I G \GrG,I

]
.

There is a stratification of the local Hecke stack indexed by (X∗(T )
+)I .
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Definition 10.1.3. — For (µi)i∈I ∈ (X∗(T )
+)I we note

GrG,I,(µi)i∈I

the associated open Schubert cell and

H eckeG,I,(µi)i∈I
= [ L+

I G \GrG,I,(µi)i∈I
].

the associated stratum.

Concretely, given a point

x : Spa(C,C+) −→ GrG,I

there is associated a collection of classical points on the curve XC,C+ . This defines a
map

u : I −→ |XC,C+ |cl.

For each element in the image of u there is associated a relative position, an element
of X∗(T )

+. We say that our point x is in the stratum defined by (µi)i∈I if for any

z ∈ Im(u), this relative position is given by
∑
i∈I

u(i)=z

µi.

One has (for whatever definition of the dimension: Krull or cohomological):

dimGrG,I,(µi)i∈I
/(Div1)I =

∑
i∈I

⟨µi, 2ρ⟩

(relative dimension).

Example 10.1.4. — For I = {1, 2}, if ∆ : Div1 ↪→ (Div1)2 is the diagonal,

(
GrG,µ1 ×GrG,µ2

)
×(Div1)2 (Div1)2 ∖∆ GrG,I,(µ1,µ2) GrG,µ1+µ2

(Div1)2 ∖∆ (Div1)2 Div1.∆

with cartesian squares.
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Definition 10.1.5. — Let

D := DULA
ét (H eckeI ,Λ)

b

be the category of A ∈ Dét(H eckeI ,Λ) with qc support that are ULA relative
to the morphism H eckeI → (Div1)I .

We define
pD≤0 = {A ∈ D | ∀x : Spa(C,C+)→H eckeI , x

∗A ∈ D≤−
∑

i∈I⟨µi(x),2ρ⟩(Λ)}
where µi(x) ∈ X∗(T )

+, i ∈ I, gives the relative position at x, and
pD≥0 = {A ∈ D | D(A) ∈ pD≤0}.

One verifies that this defines a t-structure with heart the abelian category

PervULA(H eckeI ,Λ),

see [58, section VI.7].

Definition 10.1.6. — The Satake category

SatI(G,Λ)

is the category of A ∈ PervULA(H eckeI ,Λ) that are flat perverse in the sense
that for all finite presentation Λ-module M , A⊗L

Λ M is perverse.

There is an “easy piece” of this Satake category. In fact, there is an equivalence

RepΛW
I
E

∼−−→ Dét,lcp((Div1)I ,Λ)

where the left hand side is the category of complexes of discrete representations ofW I
E

with values in Λ-modules that are perfect complex of Λ-modules after forgetting the
W I

E-action. The right hand side is the category of étale complexes that are locally
constant with perfect fibers. This is a version of Drinfeld lemma, see [58, Section
IV.7]. By pullback to the Hecke stack we deduce an inclusion

RepΛ(W
I
E)︸ ︷︷ ︸

discrete rep. with values in
finite type projective modules

↪−→ SatI(G,Λ).

10.2. Mirkovic Vilonen cycles, the constant term functor, and hyperbolic
localization

Suppose G is split to simplify. Let B be a Borel subgroup of G with maximal torus
T . We can look at

GrB,I = LB,I/L
+
B,I .
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One has a decomposition

GrB,I =
∐

λ∈X∗(T )

GrλI,B

given by the projection

GrB,I −→ GrT,I

and the locally constant function

|GrT,I | −→ X∗(T )

whose value on the open Schubert cell |Gr
(µi)i
T,I |, for (µi)i∈I ∈ X∗(T )

I , is∑
i∈I

µi.

The morphism

GrB,I −→ GrG,I

is a bijection at the level of points and induces a locally closed immersion

GrλB,I ↪−→ GrG,I

for each λ ∈ X∗(T ). We note

Sλ ⊂ GrG,I

the image of this locally closed immersion, a so-called Mirkovic-Vilonen cycle (see
[109]). We have now the following semi-continuity property: for any µ ∈ X∗(T ),⋃

λ≤µ

Sλ

is closed.

Remark 10.2.1. — One has to be careful that the Schubert cells are parametrized
by (X∗(T )

+)I but the Mirkovic-Vilonen cycles by X∗(T ).

We can now define the constant term functor via the diagram

GrB,I GrG,I

GrT,I

p

q

Definition 10.2.2. — The constant term functor is

CTB = Rp!q
∗ : Dét(GrG,I ,Λ) −→ Dét(GrT,I ,Λ).

If I = {1} one has GrT,I = X∗(T )×Div1. If for λ ∈ X∗(T ) if one notes pλ : Sλ →
Div1 one has

CTB(A)|{λ}×Div1 = Rpλ!(A|Sλ
)
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and this is thus given by the relative compactly supported cohomology of Mirkovic-
Vilonen cycles.

Remark 10.2.3. — The constant term map already appears in the ”classical” ge-
ometric Satake isomorphism (see [70]). Here, in the geometric Satake context, this
corresponds at the end (up to a shift) to restricting a representation of (LG)I to (LT )I .

One of the main features is the following hyperbolic localization result ([58, Section
IV.6]). This is an adaptation of results that can be found in [124] for schemes.

Theorem 10.2.4 (Hyperbolic localization). — Let S → (Div1)I be a
morphism with S a small v-stack. If we denote p±S , q±S the preceding maps
associated to B+ = B and B− its opposite Borel subgroup, pulled back to S,
one has an isomorphism

CTB,S := R(p+S )!(q
+
S )

∗A ≃ R(p−S )∗R(q
−
S )

!A

for A a monodromic complex in Dét(GrG,I ×(Div1)IS,Λ)
b. Moreover,

1. CTB,S commutes with base change with respect to any T → S,

2. it sends ULA complexes relatively to S to ULA complexes i.e. perfect
constructible complexes in Dét(S,Λ),

3. it commutes with Verdier duality.

Here the concept of monodromic complex refers to a Gm-action ([138]). The only
thing to know is that any complex that comes from a complex in Dét(H eckeI ,Λ)

b

is monodromic.

One of the main results is the following ([58, Section VI.7.1]) that gives a char-
acterization of the Satake category in terms of the constant term functor. This uses
heavily the preceding hyperbolic localization results.

Theorem 10.2.5. — Let S → (Div1)I with S a small v-stack. A complex
A ∈ Dét(H eckeI ×(Div1)I S,Λ) with bounded support is

1. ULA over S if and only if

RπT,S∗ CTB(A)[deg] ∈ Dét(S,Λ)

is locally constant with perfect fibers.

2. flat perverse if and only if

RπT,S∗ CTB(A)[deg] ∈ Dét(S,Λ)

is étale locally on S isomorphic to a finite projective Λ-module in degree
0 where

πT,S : GrT,I ×(Div1)IS −→ S.
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Here

deg : |GrT,I | −→ Z
is given by the preceding function |GrT,I | → X∗(T ) composed with ⟨−, 2ρ⟩.

Remark 10.2.6. — When |I| > 1 the ULA condition is difficult to express inde-
pendently of the constant term functor. Nevertheless when I = {∗} and G is split, for
S → Div1, one has for A ∈ Dét(GrG×Div1S,Λ)

A ULA over S ⇐⇒ ∀µ ∈ X∗(T )
+, [µ]∗A ∈ Dét(S,Λ)

is locally constant with perfect fiber; where [µ] is given by the inclusion of the asso-
ciated Schubert cell. When S = Div1 this means it is given by a complex of discrete
representations of Λ-modules that is a perfect complex of Λ-modules after forgetting
the WE-action.

As a corollary of this theorem one deduces that the Satake category is stable under
the involution given by Verdier duality and, if I = {∗} has one element and G is split,
then it contains

pH0(jµ!Λ) and pH0(Rjµ∗Λ)

for jµ the inclusion of the Schubert cell given by µ ∈ X∗(T )
+.

We moreover prove the following.

Proposition 10.2.7. — The functor

RπG∗ : SatI(G,Λ) −→ Dét((Div1)I ,Λ)

given by the pullback to Dét(GrG,I ,Λ) composed with the pushforward along

GrG,I → (Div1)I , takes values in complexes A such that for all i ∈ Z, Hi(A)
is a local system of projective Λ-modules.

The corresponding functor⊕
i∈Z
Hi(RπG∗) : SatI(G,Λ) −→ RepΛW

I
E︸ ︷︷ ︸

representations with values
in projective finite type

Λ-modules

is exact, faithful and conservative.

Another part of this result is that this functor satisfies the hypothesis to apply Barr-
Beck. We refer to [58, Section VI.7.1]. This is the starting point of the reconstruction
theorem.

10.3. Fusion ([58, Section VI.9])

The stability of the Satake category under the convolution product is verified in
[58, Section VI.8]. The problem of the commutativity constraint of the convolution
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product, the canonical isomorphism

A ∗B ≃ B ∗A,

is solved using the interpretation of the convolution product as a fusion product as
in [122], see [5] too.

This is the following. Suppose I = I1
∐
· · ·
∐
Ir and let

(Div1)I;I1,...,Ir ⊂ (Div1)I

be the open subset where for two divisors Di, Dj , i, j ∈ I, on the curve are disjoint if
i ∈ Ik and j ∈ Il with k ̸= l. Let

SatI;I1,...,Ir (G,Λ)

be defined as SatI(G,Λ) by replacing H eckeI by

H eckeI ×(Div1)I (Div1)I;I1,...,Ir .

The main point is now the following.

Proposition 10.3.1. — The restriction functor

SatI(G,Λ) −→ SatI;I1,...,Ir (G,Λ)

is fully faithful.

In fact, there is an identification

H eckeI ×(Div1)I (Div1)I;I1,...,Ir =

r∏
j=1

H eckeIj ×(Div1)Ij (Div1)I;I1,...,Ir .

External tensor product thus defines a morphism

SatI1(G,Λ)× · · · × SatIr (G,Λ) −→ SatI;I1,...,Ir (G,Λ).

The key result now is the following.

Proposition 10.3.2. — The image of the external tensor product map

SatI1(G,Λ)× · · · × SatIr (G,Λ) −→ SatI;I1,...,Ir (G,Λ)

lies in
SatI(G,Λ) ⊂ SatI;I1,...,Ir (G,Λ).

The proof relies on the construction of an ad-hoc convolution local Hecke stack

HeckeI;I1,...,Ir −→ (Div1)I

that, given (Di)i∈I ∈ (Div1)I , parametrizes G-bundles E0, . . . ,Er on the formal com-
pletion of the curve along

∑
i∈I Di together with meromorphic modifications

E0 99K E1 99K · · · 99K Er
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where the modification Ei−1 99K Ei is supported on
∑

k∈Ii
Dk. There are evident

morphisms for 1 ≤ j ≤ r,

pj : HeckeI;I1,...,Ir −→ HeckeIj

that sends the preceding datum to the restriction of Ej−1 99K Ej to the formal com-
pletion along

∑
k∈Ij

Dk. There is moreover a morphism

m : HeckeI;I1,...,Ir −→ HeckeI

that sends the preceding datum to the composite E0 99K Er. One can then define

Rm∗
(
p∗1A1 ⊗L

Λ · · · ⊗L
Λ p

∗
rAr

)
.

One verifies this is in SatI(G,Λ) as soon as A1, . . . , Ar are in the Satake category,
and that this restricts to the preceding external tensor product.

We thus have constructed a fusion product

Fusion : SatI1(G,Λ)× · · · × SatIr (G,Λ) −→ SatI(G,Λ).

This defines a map

SatI(G,Λ)× SatI(G,Λ) −→ SatI
∐

I(G,Λ)

that we compose with the pullback via the diagonal map ∆ : I → I
∐
I giving rise to

SatI
∐

I(G,Λ) −→ SatI(G,Λ).

At the end this defines the fusion product

∗ : SatI(G,Λ)× SatI(G,Λ) −→ SatI(G,Λ).

This evidently satisfies the commutativity constraint. By some formal arguments
this coincides with the convolution product that thus satisfies the commutativity
constraint.

10.4. Degeneration of the BdR-affine Grassmanian to a “classical” Witt
vectors affine Grassmanian

We use the diagram

Spa(Fq)
⋄ Spa(OĔ)

⋄ Spa(Ĕ)⋄(6)

Let us look at the following picture.
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xét

xdR

xcris

In this picture, if S = Spa(R,R+) is an Fq-perfectoid space with untilt S♯ given
by the degree 1 distinguished element ξ ∈ O(YS)+:
• the open disk represents

YS = Spa
(
WOE

(R+),WOE
(R+)

)
∖ V ([ϖ]),

an OE-analytic adic space with diamond S ×Spd(Fq)
Spa(OĔ)

⋄ (if E = Fq((π))

then YS = D∗
S a “true” open disk with associated variable π),

• the boundary of the open disk is the crystalline divisor xcris = V ([ϖ]),
• the de Rham divisor xdR = V (ξ) is given by the untilt,
• the étale divisor xét = V (π) is the origin of the disk,
• YS = YS ∖ V (π) is the open punctured disk.

The preceding degeneration diagram (6) then consists in making xdR degenerate to
the origin of the disk xét,

xdR xét.

The left hand side and middle terms are not diamonds but only v-sheaves. This is
one of the reasons why we deal with ”any small v-stack S“ in [58, Chapter VI] as
a base for the local Hecke stack and not a locally spatial diamond. The preceding
induces a diagram of small v-sheaves

Spa(Fq)
⋄/φZ Spa(OĔ)

⋄/φZ Div1

Suppose G is split as before. We chose a reductive integral model over OE . For
any S → (Spa(OĔ)

⋄/φZ)I with S a small v-stack, one can define a local Hecke stack
HeckeI,S that sits over S. All the preceding results are still valid in this context with
such an S as a base. One has
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GrG,Spa(OĔ)⋄ ×Spa(OĔ)Spa(Fq)
⋄ = GrWitt,⋄

G,Fq

where GrWitt
G is the Witt vector affine Grassmanian of Zhu ([145] and [15]), an

Fq-perfect scheme that is a, increasing union of perfection of projective varieties over
Fq. Now, we can use the results of [128, Section 27] to relate étale cohomology of

schemes over Fq and the one of their diamonds.

One can then exploit the results of [144] and use classical technics from classical
algebraic geometry/geometric representation theory. Here are two typical examples.
The first one is used in the proof of proposition 10.2.7 to obtain some cohomological
bounds for CTB(A).

Proposition 10.4.1. — For any λ ∈ X∗(T ) and µ ∈ X∗(T )
+, the scheme Sλ ∩

GrWitt
G,≤µ is affine equidimensional of dimension ⟨ρ, µ+ λ⟩.

The second one is used to prove the following result ([58, Section VI.7]) that is
used in the reconstruction theorem.

Proposition 10.4.2. — For any µ ∈ X∗(T )
+, if jµ is the inclusion of the associated

open Schubert cell inside the closed one, there exists an integer a(µ) such that for any
Λ a torsion Zℓ-algebra, the kernel and cokernel of

pH0(jµ!Λ) −→ pH0(Rjµ∗Λ)

are killed by ℓa(µ).

In fact, this is reduced to the same type of statement for GrWitt
G,⩽µ where this is

deduced from the isomorphism
pH0(jµ!Qℓ)

∼−−→ pH0(Rjµ∗Qℓ).

The proof of this statement is “classical” (see for example [144, Lemma 2.1]) but uses
as a key point the decomposition theorem applied to a Demazure resolution. There
is thus no known proof that could be given purely in the analytic world without
reduction to the case of algebraic varieties.

10.5. Final thoughts

The “classical” geometric Satake isomorphism is due to Mirkovic and Vilonen
([109]). Many works have been undertaken to generalize it/find more natural proofs
in different directions. A good introduction to the subject is [147]. The work of
Richartz ([123]) has been determinant, introducing the concept of ULA complexes
and fusion in the domain, making the proof of the commutativity constraint of the
convolution product more natural. Zhu is the one that first introduced the geometric
Satake isomorphism in an arithmetic context ([144]) via his work on the Witt vectors
affine Grassmanian ([145] completed by Bhatt and Scholze in [15] who proves that
the algebraic spaces showing up in Zhu’s work are in fact schemes).





LECTURE 11

THE SPECTRAL ACTION

The spectral action is one of the main results of [58]. Here we explain how to build
it out of the collection of monoidal ∞-functors

FI : RepΛ(
LG)I −→ Hom

Ä
D,DBW I

E

ä
where D = Dét(BunG,Λ) as a condensed stable ∞-category. One of the key point
is to use the animated point of view and see the ∞-groupoid BΓ for Γ a group as a
sifted homotopy colimit of finite sets.

11.1. Background on infinite categories

We fix a “sufficiently large” regular cardinal κ. All our categories and sets are
κ-small. Here:
• an∞-category means an (∞, 1)-category i.e. a quasi-category, which is nothing

else than a particular type of simplicial set: the weak Kan simplicial sets.
• an ∞-groupoid or (∞, 0)-category means a Kan simplicial set. The basic ex-
ample of an ∞-groupoid is

BG

where G is a group. This is the nerve of the category with one object with
automorphisms G, (BG)n = Gn.

Example 11.1.1. — If C is a “usual” 1-category then its nerve NC with (NC)n =
Hom([n], C) is an ∞-category.

If C is an ∞-category we note

Ho(C)︸ ︷︷ ︸
homotopy category

for the category whose objects are C0 and if C0 C1

d0

d1

then

HomHo(C)(x, y) = {f ∈ C1 | d0(f) = x, d1(f) = y}/ ∼
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where ∼ is the equivalence relation

f ∼ g ⇔ ∃z ∈ C2


d2(z) = s0(x)

d1(z) = f

d0(z) = g.

The ∞-category C is an ∞-groupoid if and only if Ho(C) is a groupoid.

If C is an ∞-category:
• we call the elements of C0 the objects of C
• if x, y ∈ C0 the maps from x to y are by definition the f ∈ C1 satisfying d0f = x,
d1f = y.

By definition:
• an∞-functor between to infinity categories C and D is a morphism of simplicial
sets from C to D

• a natural transformation between ∞-functors F,G : C → D is a diagram

C ×∆0 C ×∆1 C ×∆0

D

Id×δ0

F

Id×δ1

G

• If C and D are infinity categories then the simplicial set

Hom(C,D)︸ ︷︷ ︸
internal maps

in the category of simplicial sets

is a weak Kan complex that we call the ∞-category of functors from F to D.
Its objects are ∞-functors as defined earlier and the morphisms are natural
transformations as defined before. We call it the ∞-category of ∞-functors
from C to D and note it sometimes DC .

• if x, y are two objects of the ∞-category C then

Hom(x, y)

is the sub-simplicial complex

Hom(x, y)n = {c ∈ Cn+1 | v0c = · · · = vnc = x, vn+1c = y}

where vi : Cn → C0 is the i-th vertex corresponding to the inclusion [0] ↪→ [n+1]
sending 0 to i. This is in fact a Kan complex, the ∞-groupoid of morphisms
from x to y sometimes called the mapping space from x to y when we see it
as a Kan complex up to (weak) homotopy. Let us note that there exists other
versions of this Kan complex but they are all homotopy equivalent. Moreover,
the composition

Hom(x, y)×Hom(y, z) −→ Hom(x, z)
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as a morphism of Kan simplicial sets is only well defined up to homotopy. This
point of view leads to the one of ∞-categories as categories enriched in the
category of spaces (i.e. the category of Kan simplical sets up to homotopy) but
this is not the one we use. Let us finally note that

HomHo(C)(x, y) = π0Hom(x, y).

By definition, an ∞-functor between ∞-categories F : C → D

1. is an equivalence if there exists an ∞-functor G : D → C such that F ◦ G is
isomorphic to IdD and G ◦ F is isomorphic to IdC ,

2. is fully faithful if for x, y two objects of C, the map of Kan simplicial sets
Hom(x, y)→ Hom(F (x), F (y)) is an homotopy equivalence.

The following is satisfied (see [101, Remark 1.2.11.1]):
• F is an equivalence if and only if the induced functor HoC → HoD is an

equivalence,
• F is fully faithful if and only if the induced functor HoC → HoD is fully

faithful.

11.1.1. Homotopy coherent nerve. — There is a construction ([101, Definition
1.1.5.5], [126]) called homotopy coherent nerve

Nhc : sSet -Cat︸ ︷︷ ︸
categories enriched
in simplicial sets

−→ sSet︸︷︷︸
simplicial

sets

where a category enriched in simplicial sets is such that for any objects x, y, Hom(x, y)
has a structure of simplicial set and the composition

Hom(x, y)×Hom(y, z)→ Hom(x, z)

is a morphism of simplicial sets. Here we recall that if S and T are simplicial sets,
S×T is such that (S×T )n = Sn×Tn i.e. S×T is defined using the diagonal functor
∆ → ∆ ×∆, ∆ being the simplex category. For basic facts about simplicial objects
we advise to look at [67].

This construction is such that if for all x, y ∈ Ob C, the simplicial set Hom(x, y) is
a Kan simplicial set then Nhc C is a weak Kan complex. We thus have a construction

Nhc : Kan-sSet-Cat︸ ︷︷ ︸
categories enriched in
Kan simplicial sets

−→ (∞, 1)-categories.

If C is a category enriched in Kan simplicial sets then for x, y ∈ Ob(C), the Kan
simplicial sets

HomC(x, y) and HomNhc(C)(x, y)
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are homotopy equivalent.

The construction of the homotopy coherent nerve is done via a functor

P : ∆︸︷︷︸
simplex
category

−→ sSet-Cat

called the path category. Then,

Nhc(C)n = HomsSet-Cat(P([n]), C).

It satisfies:

1. Nhc(C)0 = ObC,

2. For x, y ∈ C0,

HomNhc(C)(x, y)0 = HomC(x, y)0

and there is a natural homotopy equivalence between

HomNhc(C)(x, y) and HomC(x, y)

i.e. a canonical isomorphism betwwen those two Kan simplicial sets in the
∞-category of Kan simplicial sets up to homotopy.

3. The homotopy category of Nhc(C) is identified with the category whose objects
are the objects of C and morphisms between x and y are given by π0Hom(x, y).

Example 11.1.2. — 1. The category of simplicial sets is enriched in simplicial
sets: if S and T are simplicial sets, Hom(S, T ) is the simplical set [n] 7→
HomsSet(X ×∆n, Y ).

2. The category of topological spaces is enriched in simplicial sets by setting, for
X and Y two topological spaces,

Hom(X,Y )n = Hom(X × |∆n|, Y ).

3. If C is a dg-category then this gives rise the the following category enriched in
simplicial sets. Recall the Dold-Kan correspondence given by the simplicializa-
tion functor

Γ : CoCh≤0(Ab)
∼−−→ sAb

We can then set for X,Y ∈ Ob(C),

Hom(X,Y ) = Γ τ≤0HomC(X,Y ).

This defines a morphism of 2-categories

dg-Cat −→ sSet-Cat.

Composed with the preceding homotopy coherent nerve construction we obtain a
construction

dg-Cat −→∞ -Cat .
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4. If A is an abelian category then the category of cochain complexes of elements
of A is naturally a dg-category. The associated ∞-category is the one of cochain
complexes i.e. its objects are cochain complexes and its morphisms are mor-
phisms of cochain complexes with

π0Hom(A•, B•) = Hom(A•, B•)/ homotopy .

5. If S and T are weak Kan simplicial sets then Hom(S, T ) is a weak Kan simplicial
set. Thus, à priori

N(the simplicially enriched cat. of weak Kan complexes) = “an (∞, 2)-category”.
Nevertheless, there is a construction

Core :∞ -categories −→∞ -groupoids

that sends a weak Kan complex to the biggest sub-Kan complex (i.e. we only
keep the 1-morphisms that are isomorphisms). Then, if we take the simplicial
category whose objects are the weak Kan complexes with morphisms between S
and T

CoreHom(S, T ),

its homotopy coherent nerve is what we call the ∞-category of ∞-categories.

11.1.2. Dwyer-Kan/Lurie localization. — There is another construction. If C
is an∞-category and S ⊂ C1 a set of maps one can define its localization in the sense
of Lurie

S−1C = an ∞-category,

see [100, Section 1.3.4]. One has

Ho( S−1C︸ ︷︷ ︸
Lurie

localization

) = S−1 Ho(C)︸ ︷︷ ︸
Gabriel-Zisman
localization

.

There is another construction due to Dwyer-Kan ([43]) that produces form a category
C and a set of maps S in C a simplicial category L(C, S) whose objects are the same
as the one of C and such that the associated category whose objects are the one of
L(C, S) with morphisms between x and y, π0Hom(x, y) is S−1C. This means that
the usual Gabriel-Zisman localization has an upgrade that constructs a simplicial
category. When applied to model categories in the sense of Quillen together with their
weak equivalences, this can be used to produce some localizations of ∞-categories
by applying the homotopy coherent nerve construction but we prefer to use Lurie’s
point of view.

Here is a use of this process. Let A be an abelian category. Let K(A) be the
∞-category of cochain complexes of objects of A, see 11.1.2 point 4. Let S be the set
of quasi-isomorphism. One can then define

D(A) = S−1K(A)
the derived ∞-category of A. Its homotopy category is the usual derived category of
A.
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11.1.3. The ∞-category of spaces. — If C and D are Kan simplicial sets then
the simplicial set Hom(C,D) is again a Kan simplicial set. We note

Ani

for the associated∞-category by applying the homotopy coherent nerve construction
to the simplistically enriched category of Kan simplicial sets. This is the ∞-category
of animated sets. This ∞-category has some other names, typically this is the ∞-
category of ∞-groupoids,

Ani︸︷︷︸
∞-categories C
s.t. Ho C is a

groupoid

⊂ ∞-category of ∞-categories.

Via the geometric realization functor this is equivalent to the ∞-category of spaces
(an inverse to the geometric realization functor being given by the singular set functor
from spaces to simplicial sets).

11.1.4. Homotopy limits and colimits. — Let p : K → C be a map of simplicial
sets. One can define ([101, Section 1.2.9]) two simplicial sets

C/p and Cp/

that generalizes the notion overcategory/undercategory. When C is an ∞-category,
C/p and Cp/ are again ∞-categories ([101, Proposition 1.2.9.3]).

If C is a usual category, an object x of C is said to be final if for any y in C,
Hom(y, x) is a set with one element. The same goes on for the notion of initial object;
x is initial i for any y, Hom(x, y) is a set with one element.

If C is an infinity category, by definition, an object x of C is final, resp. initial, if for
any object y of C, the Kan complex Hom(y, x), resp. Hom(x, y), is contractible. One
of the basic results of the domain is that ([101, Proposition 1.2.12.9]), if non-empty,
the sub-category of C spanned by the final, resp. initial, objects is a contractible Kan
complex. As a corollary, if x and y are final, resp. initial, objects of C then they are
canonically isomorphic in HoC.

By definition, a homotopy limit, resp. colimit, of p : K → C is a final, resp. initial,
object of C/p, resp. Cp/.

Let us give som examples:
• If f is a map in the ∞-category C between x and y then it corresponds to a
morphism p : ∆0 → C. A limit of p is a homotopical fiber of [f ] in HoC. A
colimit of p is a homotopical cofiber of [f ] in HoC. Thus, limits and colim-
its in ∞-categories allows us to give a canonical (up to a contractible set of
isomorphisms) sense to homotopical fibers and cofibers.

• For example, if A is an abelian category, f a morphism in the ∞-category
D(A), then a colimit of f is a cone of f . Thus, ∞-categories make cone of
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morphisms canonical (up to a contractible set of isomorphisms) contrary to
usual triangulated categories.

• If X is a Kan simplicial set then

colim
[n]∈∆

Xn
∼−−→ X

in Ani. This means that in the category of spaces up to homotopy, any space
is a homotopical colimit of discrete sets, and thus of finite sets.

• If I is any small category and we are given a functor F : I → HoC, a lift of F

to a morphism of simplicial set ‹F : N(I) → C, N(I) being the nerve of I, let
us give a meaning to a homotopical limit, resp. colimit, of F .

• Let I be a small category and (Xi)i∈I be a fibered topos over I. Let Λ be a ring.
Then, working in the ∞-category of ∞-categories, lim

i∈I
D(Xi,Λ) is equivalent

to D(A) where A is the abelian category of cartesian sheaves of Λ-modules on
(Xi)i∈I .

11.2. The animation slogan

11.2.1. Sifted colimits. — Recall that if I is a small category then I is said to
be filtered if colimits (with values in usual 1-categories) indexed by I commute with
finite limits. This is well known to be equivalent to:

1. for any i, j ∈ I there exists k ∈ I with Hom(i, k) ̸= ∅ and Hom(j, k) ̸= ∅,

2. for two morphisms i j
v

u
in I there exist a morphism f : j → k in I such

that f ◦ u = f ◦ v.

By definition, a small category is 1-sifted if colimits (with values in usual 1-
categories) indexed by I commute with finite products. This is of course the case if I
is filtered. Another example is the case of reflexive co-equalizers which correspond to
the diagram τ≤1∆

i j
v

u

s

where s is a joint section of u and v i.e. u◦s = Id = v◦s. In fact, for a finite collection

of morphisms
(
Xα Yα

)
α
, the morphism

coeq
( ∏

αXα

∏
α Yα

)
−→

∏
α

coeq
(
Xα Yα

)
has an explicit inverse induced by

∏
α sα if sα : Yα → Xα is a joint section of

Xα Yα .
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11.2.2. Animation ([137, Section 5.1.4]). — Let C be a cocomplete category. By
definition an object x of C is
• compact if Hom(x,−) commutes with filtered colimits,
• projective compact if Hom(x,−) commutes with sifted colimits.

We note Cfp, resp. Csfp, for the category of compact, resp. compact projective,
objects of C.

Animation slogan: If C is a category

1. admitting small colimits,

2. generated under small colimits by its compact projective objects,

its animation
Ani(C)

is the ∞-category freely generated under sifted colimits by its compact pro-
jective objects.

Let us begin with one remark first. If C is generated under (small) colimits by its
compact projective objects then it is generated under sifted colimits by its compact
projective objects. There is then an equivalence

sInd(Csfp) ∼−−→ C

where the left hand term is defined analogously as the Ind-category but by replacing
filtered colimits by sifted one.

Here is how is defined the ∞-category freely generated under sifted colimits. Look
at the ∞-category of functors

Hom(N(Csfp)op,Ani)

where N(Csfp)op is the nerve of Csfp. There is a Yoneda fully faithful embedding ([101,
Lemma 5.1.3])

N(Csfp) ↪−→ Hom
(
N(Csfp)op,Ani

)
.

The ∞-category Hom(N(Csfp)op,Ani) is cocomplete and one can add all sifted
colimits to this embedding to obtain sInd(Csfp).

Fundamentally, the idea of animation is to reconstruct some usual ∞-categories
from some basic pieces that is a category of compact projective objects. Let us give
some examples:
• If C = Ab, the category of abelian groups, Ani(Ab) is identified via the Dold-
Kan correspondence with D≤0(Z).

• If C is the category of rings one finds back the usual ∞-category of rings asso-
ciated to the simplicial model category of simplicial rings defined and studied
by Quillen ([115]).
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• If X is a topological space then, in the∞-category of spaces (that is equivalent
to Ani),

X ≃ colim
[n]∈∆

E⊂Singn(X)
finite

E.

In the usual category of sets this colimit would be π0(X). The animation of this
colimit, seen as a homotopy colimit, allows us to recover the higher homotopy
invariants of X, the πi(X) for i > 0.

11.3. The moduli of Langlands parameters

11.3.1. Definition. — Let Λ be any Zℓ-algebra. We see it as a condensed ring via
the formula Λ := Λ ⊗Zdisc

ℓ
Zℓ that maps a profinite set P to functions from P to Λ

whose image is contained in a finite type sub-Zℓ-module and are continuous.

Definition 11.3.1. — We note Z1(WE , “G) for the functor on Zℓ-algebras

that sends Λ to condensed 1-cocycles WE → “G(Λ) where the topological group

WE is seen as a condensed group and “G(Λ) is a condensed group.

This means that if we fix an embedding “G ↪→ GLn then we have a 1-cocycle

WE → “G(Λ) such that the associated map WE → GLn(Λ) is given coordinate-wise
by maps WE → Λ whose image are contained in a finite type sub-Zℓ-module and are
continuous.

11.3.2. Representability theorem ([58, Chapter VIII], [33]). — Such a con-
densed cocycle has to factorize through some quotient W ′

E of WE by some open

subgroup of PE distinguished in WE that acts trivially on “G. One can then prove
that there is a dense subgroup W ⊂W ′

E such that

W/PE = Z
[
1
p

]
⋊ σZ ⊂ Ẑ(p) ⋊ Z =WE/PE

where σ acts as multiplication by p on Z
[
1
p

]
, and satisfying

Z1(W ′
E , “GZp

) = Z1(W, “GZℓ
)

where in the definition of Z1(W, “GZℓ
) there is no topological condition on the cocycle.

It is easy to verify that Z1(W, “GZ[ 1p ]
) is represented by an affine scheme of finite type

over Spec(Z
[
1
p

]
). From this it is easy to verify that Z1(WE , “G) is representable by a

disjoint union of finite type affine schemes. We can go further.
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Theorem 11.3.2. — The stack of Langlands parameters

LocSys“G =
î
Z1(WE , “G)/“G ó

is locally complete intersection of relative dimension 0 over Spec(Z
[
1
p

]
).

We refer to [33] for a detailed study of the geometry of this stack.

Example 11.3.3 (Principal block). — Suppose G is split. Consider the

moderate quotient WE/PE ≃ Ẑ(p)(1)⋊ σZ. There is associatedî
Hom

Ä
Z
[
1
p

]
⋊ Z, “GZ[ 1p ]

ä
/“GZ[ 1p ]

ó
⊂︸︷︷︸

open/closed

LocSys“G .
Here one has

Hom
Ä
Z
[
1
p

]
⋊ Z, “GZ[ 1p ]

ä
=
{
(g1, g2) ∈ “GZ[ 1p ]

× “GZ[ 1p ]

∣∣∣ g1g2g−1
1 = gp2

}
and the theorem says that this is locally complete intersection of relative di-
mension dimG over Spec(Z

[
1
p

]
).

Over Q the structure of the stack becomes much more simple: it is isomorphic to
a moduli space of Weil-Deligne representations and is in particular fibered over the

nilpotent cone of “G.
11.3.3. Coarse moduli space and semi-simple Langlands parameters ([58,
Section VIII.3]). — As a consequence of Mumford’s numerical criterion coupled with
some results of Richardson ([120]) one obtains the following result.

Proposition 11.3.4. — The Fℓ, resp. Qℓ, points of the coarse moduli space

Spec

Å
O
Ä
Z1(WE , “G)ä“Gã are in bijection with the conjugacy classes of semi-

simple Langlands parameters WE → L(G(Fℓ)), resp. WE → LG(Qℓ).

For Qℓ, semi-simple Langlands parameters correspond to representations (ρ,N) of
the Weil Deligne group satisfying N = 0. Over Fℓ their definition is a slightly more
complicated.

Remark 11.3.5. — Of course, as usual, Spec

Å
O
Ä
Z1(WE , “G)ä“Gã can be inter-

preted as a moduli of pseudo-parameters i.e. pseudo-representations when G = GLn.

11.3.4. The moduli as an infinite derived stack. —



11.3. THE MODULI OF LANGLANDS PARAMETERS 181

Definition 11.3.6. — An infinite derived stack X is an ∞-functor

X : Ani(Ring) −→∞−Gpd︸ ︷︷ ︸
Ani

that safisfies descent in the sense that if R → R′ is a faithfully flat morphism of
animated rings ([137]) with associated cosimplicial animated ring (Rn)[n]∈∆, Rn =

R′ ⊗L
R · · · ⊗L

R R
′︸ ︷︷ ︸

n-times

then

X(R) −→ lim
[n]∈∆

X(Rn)

is an equvialence.

Definition 11.3.7. — We note LocSysder“G/Zℓ
for the infinite derived stack that

is the stack associated to the prestack that sends a Zℓ-animated ring R to

HomBWE
( BWE︸ ︷︷ ︸
Condensed

anima

,

Condensed anima︷ ︸︸ ︷
B LG(R⊗Zdisc

ℓ
Zℓ)︸ ︷︷ ︸

Condensed animated
group

).

One then has the following.

Proposition 11.3.8. — The infinite derived stack of Langlands parameters
is underived: for any animated Zℓ-algebra R,

LocSysder“G/Zℓ
(R)

∼−−→ N LocSys“G/Zℓ
(π0(R)).

This result is a consequence of theorem 11.3.2. Take for example the open/closed

substack of parameters Z
[
1
p

]
⋊Z −→ “GZ[ 1p ]

(the so-called tame parameters). Suppose

G is split to simplify. This is given by the fiber over e ∈ G(Z
[
1
p

]
) of the morphism“GZ[ 1p ]

× “GZ[ 1p ]
−→ “GZ[ 1p ]

(g1, g2) 7−→ g2g1g
−1
2 g−p

1 .

According to theorem 11.3.2 the fibers of this morphism at any point of the section

Spec(Z
[
1
p

]
) → “G have dimension dimG. Since the source and the target of this

morphism are regular schemes we deduce that this morphism is flat in a neighborhood
of this section. The pullback of e thus coincides with the derived pullback.

Remark 11.3.9. — In a non-arithmetic context, see for example [62], the moduli of
Langlands parameters is not a locally complete intersection of the good dimension and
proposition 11.3.8 fails. In those non-arithmetic situations the good geometric object
is the derived stack which makes the geometry more complicated. Proposition 11.3.8
is one instance where things simplify in [58] compared to the geometric Langlands
program over a compact Riemann surface for example ([1]).
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Another instance where things simplify is that the singular support condition of
Arinkin-Gaitsgory ([1], the fact that the singular support of our coherent complexes
have to be contained in the nilpotent cone) disappears over Qℓ, see [58, Chapter
VIII.2.2].

11.4. The spectral action ([58, Chapter X])

11.4.1. A sifted category related to excursion operators. — Let us define
the following category.

Definition 11.4.1. — For W a group we note CW for the category of couples
(I, F (I)→W ) where

1. I is a finite set,

2. F (I) is the free group on I and F (I)→W is a morphism of groups,

3. morphisms between (I, F (I) → W ) and (I ′, F (I ′) → W ) are given by
morphisms of groups F (I)→ F (I ′) such that the diagram

F (I)

W

F (I ′)

commutes.

Lemma 11.4.2. — The category CW is sifted.

In fact, for two objects F (I)
u−−→W and v : F (I ′)

v−−→W of CW there is a diagram

F (I)

F (I
∐
I ′) W

F (I ′)

u

u∗v

v

Thus, for x, y ∈ Ob CW one can find z ∈ Ob CW such that Hom(x, z) ̸= ∅ and
Hom(y, z) ̸= ∅.
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If we have two morphisms

F (I)

W

F (I ′)

the image of F (I) in F (I ′) ×W F (I ′) is a finite type subgroup of the free group
F (I) × F (I). It is thus isomorphic to F (J) for a finite set J . From this we deduce
that for two morphisms x y in CW , there is a factorization of those two

morphisms

x z y

where z y is a reflexive coequalizer.

Those two properties prove that CW is sifted.

For a finite set I we note ΣI = ∨i∈IS
1 (a “bouquet de cercles”) that is identified

with BF (I) as an ∞-groupoid.

Corollary 11.4.3. — We have

colim
(I,F (I)→W )∈CW

ΣI
∼−−→ BW

in the ∞-category of ∞-groupoids i.e. the ∞-groupoid BW is a sifted colimit
of ΣI for finite sets I.

Remark 11.4.4. — We used the animation slogan here already: the free groups on
a finite set are the compact projective objects of the category of groups and any group
is a sifted colimit of such groups.

11.4.2. The moduli space of Langlands parameters as a sifted limit of de-
rived stacks. — We take the notations at the beginning of section 11.3.2. Let us

fix Q a finite quotient of W that acts on “G. One can write [Z1(W, “G)/“G] as an Hom
stack in the ∞-derived sense:î

Z1(W, “G)/“Gó = HomBQ

Ä
BW,B(“G⋊Q)

ä
.

As an application of corollary 11.4.3 one obtains the following.
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Proposition 11.4.5. — There is an isomorphism of derived stacks over
Spec(Z

[
1
p

]
), î

Z1(W, “G)/“G ó ∼−−→ lim←−
(I,F (I)→W )∈CW

[ “GI / “G ]

where if τ : I →W , the action of “G on “GI is given by g.(hi)i∈I = (ghig
−τi)i∈I .

Corollary 11.4.6. — One has an isomorphism of Z
[
1
p

]
-algebras

O
Ä
Z1(W, “G)ä = lim−→

(I,F (I)→W )∈CW

O
Ä“GI

ä
where the right and colimit is sifted.

11.4.3. Excursion operators. — We can now make the link with V. Lafforgue’s
point of view ([92]).

Definition 11.4.7. — The algebra of excursion operators is

Exc := lim−→
(I,F (I)→W )∈CW

O
Ä“GI

ä“G
.

Geometric invariant theory then gives the following. Sifted colimits do not com-

mute with applying H0(“G,−) unless we work rationally since then the category of

algebraic representations of “G is semi-simple.

Proposition 11.4.8. — There is a morphism of Z
[
1
p

]
-algebras

Exc −→ O
Ä
Z1(W, “G) � “Gä

that is a homeomorphism and an isomorphism after tensoring with Q.

Thus, after inverting some integer N ≫ 1 with N , this becomes an isomorphism.
In fact, in [58, Section VIII.5], we give an explicit N depending on the root datum
for G. Typically, we can take N = 1 for GLn, i.e. this is an isomorphism integrally
for the linear group, and N = 2 for classical groups.

11.4.4. The spectral action. — We no come to one of the main results of [58]:
the spectral action. This is the following. We use the same notations as before.
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Theorem 11.4.9. — Let Λ be a Q-algebra. Let C be a stable Λ-linear ∞-
category that is idempotent complete. The following datum are equivalent:

1. A functorial in the finite set I monoidal ∞-functor

FI : RepΛ(“G⋊Q)I −→ End(C)BW I

that is linear over RepΛQ
I .

2. A monoidal action of the monoidal stable ∞-category

Perf
Äî

Z1(W, “G)/“G óä on C.

The proof makes use of the animation slogan: we replace BW by a sifted homotopy
colimit of finite sets. More precisely, if X is an animated set sitting over BQ both
objects in the points (1) and (2) make sense for X:

1. A functorial in the finite set I monoidal ∞-functor

FI : RepΛ(“G⋊Q)I −→ End(C)X
I

that is linear over RepΛQ
I .

2. A monoidal action of the monoidal stable ∞-category

Perf
Äî

HomBQ

Ä
X,B(“G⋊Q)

äóä
on C.

There is an evident construction that attaches to an object of point (2) one of
point (1), functorially for X over BQ. One verifies moreover that both constructions
commute with sifted colimits of animated sets (here we have to use that Λ is a Q-
algebra). The result is then reduced to the case when X is a finite set. In this case
the map X → BQ is trivial:
• The first construction is equivalent to a functorial in I monoidal functor

RepΛ(“G)I → End(C)XI

.

• The second one is equivalent to a monoidal action of Perf(B“GX).
The equivalence of the two constructions in this case is then a consequence of

Yoneda lemma.

As in section 11.4.3 one can extend the result integrally over Z[ 1
pN ] for some explicit

integer N depending on G, see [58, Section X.3].

11.5. Recollection

At the end we obtain a monoidal action of Perf(SysLoc“G/Qℓ
) on Dlis(BunG,Qℓ)

or Perf(SysLoc“G/Zℓ
) on Dlis(BunG,Zℓ) for l ∤ N with N an explicit integer. This

produces a morphism of rings
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O
Ä
Z1(W, “G) � “Gä −→ Z︸︷︷︸

Bernstein
center

(
Dlis(BunG,Qℓ)

)
.

Let π be a smooth Qℓ-irreducible representation of G(E). Let i1 : [∗/G(E)] ↪→
BunG be the inclusion of the semi-stable locus in Bun0G. Let Fπ be the local system
on [∗/G(E)] associated to π. The preceding morphism of rings applied to (i1)!Fπ

produces a Qℓ-valued character of the ring of functions on the coarse moduli space of
Langlands parameters. Using proposition 11.3.4 we find the semi-simple parameter
φss
π .
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11.6. En résumé

BunG

Hecke

BunG BunG × (Div1)I

Hecke Hecke

BunG BunG × (Div1)I (Div1)I

(Hecke, loc∗SW )W∈Rep(LG)I
geo. Satake

RepΛ(
LG)I

∼−−→ SatI(G,Λ)

BunG BunG × (Div1)I

FI : RepΛ(
LG)I → End

(
Dét(BunG,Λ)× (Div1)I

)

FI : RepΛ(
LG)I → End (Dét(BunG,Λ))

BW I
E

Hecke corr. upgrade

Local Hecke stack shows up

loc

geometric Satake input: upgrade to a coho. corr.

proj

action of coho. corr.

Drinfeld lemma
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FI : Rep(“G⋊Q)I −→ End(C)BW I

Jacobian criterion
local charts

πb:Mb→BunG
spectral action on C of Perf

(
HomBQ(BW, “G⋊Q)︸ ︷︷ ︸

∞-derived-stack

)

spectral action on C of Perf([Z1(W, “G)/“G])
spectral action on Dét(BunG,Λ) of Perf([Z1(WE , “G)/“G])

morphism O
Ä
Z1(WE , “G) � “Gä→ Z (Dét(BunG,Λ))

Semi-orthogonal
decomposition

of Dét(BunG,Λ) by(
D(Gb(E),Λ)

)
[b]∈B(G)

morphism O
Ä
Z1(WE , “G) � “Gä→ Z(D(Gb(E),Λ))

semi-simple Langlands parameters

continuity action on compact objects
+Dét(BunG,Λ)ω stable under Hecke

BW=animated colim of finite sets

derived stack is underived

Dét(BunG,Λ) compactly generated

geometric invariant theory
Mumford numerical criterion

+Richardson
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11.7. Final thoughts

The first appearance in the domain of factorization objects, i.e. the finite set I, is
due to Beilinson and Drinfeld in the context of D-modules ([7]). V. Lafforgue was the
one to realize that their use in an étale context could be used to define semi-simple
global Langlands parameters for function fields ([91]). The idea that one could build
a spectral action is due to Gaitsgory. The ∞-categorical construction of this spectral
action is in [58].

11.8. Some more final thoughts

The stack of Langlands parameters is locally complete intersection over Spec(Z[ 1p ]).
In the p-adic Langalands program another stack of parameters shows up: the
Emerton-Gee stack ([45]) as a formal scheme over Spf(Zp). Some pieces of the

Emerton-Gee stack are linked to LocSys“G, typically X
ss,λ
d that is p-adic for any

sequence of Hodge-Tate weights λ via the classification of semi-stable p-adic Galois
representations in terms of filtered (φ,N)-modules.

On the other side, recent work ([125]) has shown that, using motivic objects, one
can make the geometric Satake equivalence integral independent of ℓ.

One can hope to obtain a motivic version

Dmot(BunG,Z)
that allows us to glue the different ℓ ̸= p and even goes into the p-adic Langlands
direction.

Finally, one can hope that the ideas of [58] adapted in a non-perfect context, that
is to say working with non-perfect prisms, may lead to some new interesting results.
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Preface

This are the notes of the course given by the author at the Hausdorff center at the
occasion of the special program “the arithmetic of the Langlands program” in 2023.
The author would like to thank all of the participants. The idea of this course is to
take some part of [58] and explain it in details, together with some parts of [128] as
an example of the techniques used by the authors.





LECTURE 1

THE JACOBIAN CRITERION OF SMOOTHNESS:
PRESENTATION OF THE RESULT

The Jacobian criterion of smoothness is a key tool in our joint work with Scholze
on the geometrization of the local Langlands correspondence.

This allows us to construct ”nice charts“ on BunG the stack of G-bundles on the
curve. Here the charts are for the “smooth topology“ (we will precise later what this
means).

1.1. Algebraic classical analog

Let X be a smooth projective curve over the field k. The datum is the following:

Z

X

quasi-projective smooth morphism of schemes

From this we define a moduli space.

Definition 1.1.1. — MZ −→ Spec(k) represents the functor

S 7−→

sections s

Z

X ×k S X

s


It is easily verified thatMZ is representable by a quasi-projective k-scheme.

Example 1.1.2. — • Let E be a vector bundle on X and Z = V(E ) be its geo-
metric realization. Then,MZ is representable by the affine space V(H0(X,E )).
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• E = v.b. on X and d ≥ 1 an integer. Let Z = Grd(E ) be the Grassmianian of
quotients of E that are locally free of rank d. Then

MZ(S) =
{
quotients of E|X×kS︸ ︷︷ ︸

pullback of E via X×kS→X

that are locally free of rank d
}
.

One has an open immersion

MZ ⊂
open

QuotE/X/k

where

QuotE/X/k(S) =
{
coherent quotients of E|X×kS that are flat over S

}
.

We now define what we call the smooth part ofMZ .

Definition 1.1.3. — We noteMsm
Z ⊂MZ the open sub-functor defined by

Msm
Z (S) =

{
sections s satisfying: ∀t ∈ S, H1

(
X⊗kk(t), (s

∗TZ/X)|X⊗kk(t)

)
= 0
}

where
— TZ/X is the relative tangent bundle (that is well defined as a vector

bundle on Z since Z → X is smooth)
— s∗TZ/X is a vector bundle on X ×k S
— (s∗TZ/X)|X⊗kk(t) is the pullback of this vector bundle via X ⊗k k(t) →

X × S via Spec(k(t))→ S.

The Jacobian criterion of smoothness in this context is the following proposition.

Proposition 1.1.4 (Jacobian criterion of smoothness, classical case)
The morphism

Msm
Z −→ Spec(k)

is smooth.

Proof. — Let

Z

X ×k S X

s

lie inMsm
Z (S). Note

π : X ×k S −→ S

the projection. Using

• Rπ∗(s∗TZ/X) ∈ Perf [0,1](OS) (perfect complex with amplitude in [0, 1]) since π
is proper and flat,

• coupled with the vanishing condition fiberwise,
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• coupled with the proper base change in coherent cohomology (aka Zariski formal

function theorem: if S is noetherian then for t ∈ S, Rπ∗(s∗TZ/X)t⊗L
OS ,t

“OS,t =

Rπ̂t∗◊�s∗TZ/X where π̂t : X⊗̂k
“OS,t → Spf(“OS,t))

one deduces that R1π∗(s
∗TZ/X) = 0 and thus if S is affine then

H1(X ×k S, s
∗TZ/X) = 0.

Now, if S ↪→ S′ is a nilpotent immersion of affine schemes defined by I with
I2 = (0) and we are looking for s′ as in the following diagram

X ×k S
′ Z

X ×k S X

s′

s

the sheaf on (X ×k S)Zar of liftings of s to s′ is a s∗TZ/X ⊗OX×kS
π∗I-torsor. Using

the projection formula, Rπ∗(s
∗TZ/X ⊗OX×kS

π∗I) = Rπ∗(s
∗TZ/X)⊗L I, one has

H1(X ×k S, s
∗TZ/X ⊗OX×kS

π∗I) = 0

and we conclude.

Remark 1.1.5. — We used the infinitesimal criterion for formal smoothness of
Grothendieck. This is not available in the perfectoid world since there are no in-
finitesimals. This is why the proof of our Jacobian criterion of smoothness is much
more difficult in the perfectoid world.

1.2. Example of application of the classical Jacobian criterion

Let X/k be a smooth projective curve as before, n ≥ 1, and

Bunn

the stack of rank n vector bundles on X,

Bunn(S) =
{
rank n vector bundles on X ×k S

}
where the notation {. . . } here means ”the groupoid of“ and not the set. Let O(1) be
an ample line bundle on X and r ≥ 1, N ≥ 0 integers. Let

Ur,N −→ Spec(k)

be the moduli whose values on S is a morphism

u : OX×kS(−N)r ↠ E ,

with E locally free of rank n s.t. fiberwise on S, H om(keru,E )︸ ︷︷ ︸
vector bundle

has no H1. Then,

(
Ur,N −→ Bunn

)
r,N

is a set of smooth charts of Bunn.
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1.3. The Jacobian criterion of smoothness

1.3.1. Background on the curve ([57], [58, Chapter II]). — Let E be a local
field and Fq = OE/π its residue field. We have either:

1. [E : Qp] < +∞,

2. or E = Fq((π)).

Let (R,R+) be an Fq-affinoid perfectoid algebra and

XR,R+︸ ︷︷ ︸
E-analytic adic space

= adic curve over Spa(E) attached to (R,R+).

Recall that the adic curve is

XR,R+ = YR,R+︸ ︷︷ ︸
Stein E-analytic

adic space

/φZ

where
• the quotient YR,R+ −→ YR,R+/φZ is for the analytic topology i.e. this is a local
isomorphism,

• the group of deck transformations is φZ.

One has

YR,R+ = Spa(WOE
(R+),WOE

(R+))∖ V (π [ ϖ︸︷︷︸
pseudo

-uniformizer

])

→ remove two divisors stable under φ to YR,R+ , (π) and ([ϖ]), after removing

those two fixed divisors the action of φZ is without fixed points totally discontinuous
— (π) = étale divisor,
— ([ϖ]) = crystalline divisor.

Here

WOE
(R+) = ramified Witt vectors

that is to say R+⊗̂Fq
OE = R+JπK if E = Fq((π)) (in equal characteristic the Te-

ichmüller is additive, [−] : R+ ↪→ WOE
(R+)), and the usual ramified Witt vectors if

E|Qp. Moreover,

φ

Ñ∑
n≥0

[an]π
n

é
=
∑
n≥0

[aqn]π
n.
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There is an ”ample” line bundle OXR,R+ (1) on XR,R+ that is trivial when pulled

back to YR,R+ . It corresponds to the φ-equivariant line bundle(
OYR,R+ , π−1φ︸ ︷︷ ︸

Frobenius
structure

)
on YR,R+ . Set

B(R,R+)︸ ︷︷ ︸
Fontaine’s
period ring

= O
(
YR,R+︸ ︷︷ ︸
Stein

)
.

Ampleness of O(1): Kedlaya and Liu have proven that ∀E a vector bundle on
XR,R+ , for n≫ 0, E (n) is generated by its global sections and H1(XR,R+ ,E (n)) = 0.
See [58, Section II.2.6] for example where we retake Kedlaya-Liu’s arguments.

If
P︸︷︷︸

graded alg.
of periods

=
⊕
d≥0

H0
(
XR,R+ ,O(d)

)︸ ︷︷ ︸
B(R,R+)φ=πd={f | φ(f)=πdf}

set
XR,R+ = Proj(P ) = “algebraic curve”.

Fact: there is a canonical morphism of ringed spaces

XR,R+ −→ XR,R+

that induces a GAGA equivalence by pullback

{
vector bundles on XR,R+

} ∼−−→
{
vector bundles on XR,R+

}
This morphism of ringed spaces is constructed in the following way: for t ∈

B(R,R+)φ=π

YR,R+ ∖ V (t) −→ Spec
(
B(R,R+)[ 1t ]

φ=Id
)
↪→︸︷︷︸

affine
open

XR,R+

is induced by

B(R,R+)[ 1t ]
φ=Id ↪→ B(R,R+)[ 1t ] −→ O

(
YR,R+ ∖ V (t)

)
.

When t varies
YR,R+ =

⋃
t

YR,R+ ∖ V (t)

and this glues to a morphism of ringed spaces

YR,R+ −→ XR,R+

that is φ-invariant. This defines our morphism of ringed spaces.
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Remark 1.3.1. — When we say that B(R,R+) is a Fontaine’s period ring we can
give a more precise content to this sentence. Suppose E = Qp. Let (R♯, R♯,+) be an
untilt of (R,R+). There is then a natural morphism

B(R,R+) −→ B+
cris(R

♯,+) := H0(Spec(R♯,+/p)/Spec(Zp),Ocris)
[
1
p

]
.

inducing an isomorphism B(R,R+)φ=πd ∼−−→ B+
cris(R

♯,+)φ=πd

for all d ≥ 0.

1.4. The Jacobian criterion

Let us now come to the main result we’re interested in. Consider a diagram

Z Pn
XR,R+

analytically open
inside Zariski closed

XR,R+
quasi-projectivity

assumption

smooth morphism
of sous-perfectoid spaces

∃

In fact there is a good notion of smooth morphisms of sous-perfectoid spaces ([58,
Sectiob IV.4.1]). Recall in fact that XR,R+ is not perfectoid but

XR,R+⊗̂E
“E

is perfectoid. More generally, by definition, (A,A+) is sous-perfectoid if there exists
a morphism (A,A+) → (B,B+) with (B,B+) affinoid perfectoid and an A-linear

continuous section A B . Sous-perfectoid implies sheafy and they are heavily
used in the theory.

Remark 1.4.1. — The sous-perfectoid space XR,R+ has a nice formula for its dia-
mond. Namely,

X⋄
S = (XS⊗̂E

“E)♭/Gal(E|E)

is canonically identified with

S ×Spa(Fq)
Spd(E)︸ ︷︷ ︸

Y ⋄
S

/φZ
S × Id

Here is now the main object of our study.
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Definition 1.4.2. — Define

MZ : PerfR,R+ −→ Sets

S 7−→

sections s

Z

XS XR,R+

s



Remark 1.4.3. — If Z is Zariski closed inside some Pn
XR,R+

it is of the form Zad

for some Zariski closed Z → XR,R+ (GAGA). Then, GAGA applies to give for S =
Spa(A,A+) affinoid perfectoid with a morphism S → Spa(R,R+)sections s

Z

XA,A+ XR,R+

s


∼−−→

sections s

Z

XS XR,R+

s


This means that in this case we can compute MZ using the adic or the algebraic
curve.

The first basic result is the following.

Proposition 1.4.4. — MZ is representable by a locally spatial diamond with

MZ −→ Spa(R,R+)

compactifiable of finite dim trg.

The ”compactifiable of finite dim trg.” property will be explained later. We now
define, by analogy with the “classical case”, the smooth locus.

Definition 1.4.5. — Msm
Z ⊂MZ is the open sub-diamond such that

Msm
Z (S) =


sections s s.t. ∀t ∈ S,

(
s∗

v.b. on Z︷ ︸︸ ︷
TZ/XR,R+︸ ︷︷ ︸

v.b. on XS

)
|XK(t),K(t)+

has > 0 H.N. slopes

 .

Here we use the fact that for a smooth morphism of sous-perfectoid spaces one can
define its relative tangent bundle as a vector bundle.

The fact thatMsm
Z is open insideMZ is a consequence of the semi-continuity of

the H.N. polygon of a vector bundle on the curve, see [58, Section II.2].
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Remark 1.4.6 (link with the classical Jacobian criterion of smoothness)
For (K,K+) an Fq-affinoid perfectoid field and E a vector bundle on XK,K+ ,

one has

E has > 0 H.N. slopes ⇔ ∀(L,L+)|(K,K+), H1(XL,L+ ,E|XL,L+
) = 0

where (L,L+) is an affinoid perfectoid field.

The purpose of those lectures is then to prove the following.

Theorem 1.4.7 (Jacobian criterion of smoothness)
The morphism

Msm
Z −→ Spa(R,R+)

is ℓ-cohomologically smooth of dimension deg(s∗TZ/XR,R+
) at a section s.

We will explain later what ℓ-cohomologically smooth means. This roughly means
that some form of relative Poincaré duality is satisfied for ℓ-torsion étale cohomology.

Example 1.4.8. — 1. Let E be a vector bundle on XR,R+ and Z = V(E ). Then

MZ = BC(E )

and

Msm
Z = BC(E )×Spa(R,R+) U

where U ⊂ Spa(R,R+) is the open subset where E has > 0 H.N. slopes.

2. Let E = be a vector bundle on XR,R+ and Z = P(E ). One has a decomposition

MZ =
∐
d∈Z
Md

Z

whereMd
Z is the open/closed subset where s∗OP(E )(1) has degree d (s =section).

One has moreover

Picard stack
of deg. d line bundles︷︸︸︷

Picd ∼−−→

classifying stack
of pro-étale E×-torsors︷ ︸︸ ︷

[∗/E×]

L 7−→ Isom(O(d),L ).

From this we deduce that

Md
Z ≃ U/E

× ⊂

punctured
BC- space︷ ︸︸ ︷

BC
(
E ∨(d)

)
∖ {0} /E×︸ ︷︷ ︸

”projective space“
associated to a BC space
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where U ⊂ BC
(
E ∨(d)

)
∖ {0} is the open sub-diamond defined by

U(S)

{
u : E|XS

→ OXS
(d)

∣∣ ∀t ∈ S, u|XK(t),K(t)+
: E|XK(t),K(t)+

→ OXK(t),K(t)+
(d) is surjective

}
{
u : E|XS

→ OXS
(d)

∣∣ ∀t ∈ S, u|XK(t),K(t)+
: E|XK(t),K(t)+

→ OXK(t),K(t)+
(d) is non-zero

}
(
BC

(
E ∨(d)

)
∖ {0}

)
(S)

3. Let

Z = XR,R+ ×Spa(E) W

where W ⊂ Pn
E is smooth equal to V (fi)i∈I , fi = homogeneous polynomial in

n+ 1-variables with coefficients in E. Then,

MZ =
∐
d∈N
Md

Z

where

Md
Z =

{
(x0, . . . , xn) ∈ U ⊂

(
Bφ=πd)n+1∖{(0, . . . , 0)} | ∀i ∈ I, fi(x0, . . . , xn) = 0︸ ︷︷ ︸

alg. equation in a BC space

}
/E×

where U is the open subset of
(
Bφ=πd)n+1∖{(0, . . . , 0)} defined as before: U(S)

is the set of

(x0, . . . , xn) ∈
(
B(S)φ=πd)n+1

satisfying

∀aff. perf. field (K,K+)|E, ∀Spa(K♭,K♭,+)→ S,

(θK(x0), . . . , θK(xn)) ∈ Kn+1 ∖ {(0, . . . , 0)}
where θK : B(K♭,K♭,+)→ K is Fontaine’s θ map.

Thus:
• The Banach-Colmez spaces are the linear objects of the category of diamonds,
the analogs of affine spaces. For Z = V(E ) the Jacobian criterion of smoothness
is ”easy“, established first much before the Jacobian criterion ([58, Section
II.3]).

• Here we look more generally at solutions of algebraic equations inside Banach-
Colmez spaces.

• This is already needed if we take Z = Grd(E ) with d > 1 since the Plücker
embedding of Grd(E ) inside P(∧dE ) is defined by quadratic equations.
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1.5. The application to BunG

Here is how we use the Jacobian criterion in our work ([58, Section V.3]). Let G
be a reductive group over E and P a parabolic subgroup of G.

Let E be a G-bundle on XR,R+ (one can give a meaning to this as an étale Gad-
torsor over XR,R+ , at the end this is the same as an étale G-torsor over the scheme
XR,R+ , the ”algebraic curve“). Take

Z = P\E −→ XR,R+ .

Then,
MZ = moduli of reductions of E to P

i.e.

MZ(S) =
{
EP a P -torsor + iso. EP

P
×G ∼−−→ E

}
.

One then has

Msm
Z (S) =

{
EP | EP

P
× g/p︸ ︷︷ ︸
v.b.

has > 0 H.N. slopes fiberwise/S
}

where g = Lie(G) and p = Lie(P) and P → GL(g/p) is given by the adjoint represen-
tation.

The Jacobian criterion implies the following: the morphism

BunsmP −→ BunG

EP 7−→ EP

P
×G

is ℓ-coho. smooth where BunsmP is the open substack of BunP formed by

P -bundles EP such that EP

P
× g/p has > 0 H.N. slopes fiberwise.

This is the result we use to construct the local charts πb : Mb → BunG in [58,
Section V.3]. Let us finish with a remark.

Remark 1.5.1. — One can imagine that ”XS = X × S“ although this formula has
no meaning: the curve exists only after pullback to any Fq-perfectoid space S but
not absolutely over Spa(Fq). Still, this is a good way to think about the situation by
analogy with the classical case of usual algebraic curves.



LECTURE 2

ÉTALE/PRO-ÉTALE/v-SHEAVES

We now discuss the Grothendieck topologies showing up in the domain and the
associated cohomological formalism.

2.1. We lied to you

We explain here that, in general, the usual unbounded derived categories of
sheaves are not the good objects to consider bu rather their left completion.

Let us explain what this ”left completeness means”. For this left X be a
(Grothendieck) topos and Λ a ring. We can consider the following triangulated
categories

D+(X,Λ)︸ ︷︷ ︸
good object

⊂

usual derived category
of complexes of Λ-modules on X︷ ︸︸ ︷

D(X,Λ)︸ ︷︷ ︸
not good object in general, does

not satisfy hyperdescent in general, not left complete

Let

XN

be the topos of projective systems of objects of X i.e. functors (N,≤) → X. For
each integer n ≥ 0 there is a ”stage n“ morphism of topoi in : X → XN with
i−1
n (Uk)k≥0 = Un where · · · → Uk → · · ·U1 → U0 is a projective system. We now
take the following definition.
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Definition 2.1.1. — We note“D(X,Λ) ⊂ D(XN,Λ)

for the sub-category of A ∈ D(XN,Λ) satisfying

1. ∀n ≥ 0, An︸︷︷︸
i−1
n A

∈ D≥−n(X,Λ),

2. ∀n ≥ 0, τ≥−nAn+1
∼−−→︸︷︷︸

in D+(X,Λ)
i.e. quasi-iso.

An

There are two adjoint functors“D(X,Λ) D(X,Λ)

R lim←−
τ

where
• R lim←− is the derived functor of projective limits from Λ-modules in XN to Λ-
modules in X,

• τ sends A to the projective system of truncations (τ≥−nA)n≥0.

We now have the following definition.

Definition 2.1.2. — 1. The category D(X,Λ) is left complete if those
two adjoint functors are equivalences i.e.

∀A ∈ D(X,Λ), A
∼−−→ R lim←−

n≥0

τ≥−nA

2. The category “D(X,Λ) is called the left completion of D(X,Λ).

Remark 2.1.3. — Although canonically defined as a composite of two functors ap-
plied to A, R lim←−n≥0

τ≥−nA can be though of as a homotopy limit

h lim←−
n≥0

τ≥−nA

where by definition a homotopy limit of a projective system (Bn)n≥0 in a triangu-
lated category admitting countable products is C(f)[−1] where C(f) is a cone of f :∏

n≥0Bn →
∏

n≥0Bn sending (xn)n≥0 to (un+1(xn+1)−xn)n≥0, un+1 : Bn+1 → Bn.
One can thus give a meaning to the notion of a left complete triangulated category
equipped with a t-structure and admitting countable products.

For the next proposition recall that the topos X is replete if for any projective
system (Fn)n≥0 ∈ XN such that for all n, Fn+1 → Fn is surjective,

lim←−
n≥0

Fn −→ F0
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is surjective (where we use the word surjective in the topos X as an abuse of terminol-

ogy for epimorphism). For example, if k is a field with [ks : k] = +∞ then ·�Spec(k)ét
is not replete. In fact, if (ki)i≥0 is a sequence of finite degree separable extensions of
k with ki+1|ki then

∅ = lim←−
i≥0

Spec(ki) −→ Spec(k)

is not surjective in ·�Spec(k)ét. The topos of sets is replete. The following proposition is
well known, this is particular case of some standard convergence results of Postnikov
towers (see [101, Proposition 7.2.1.10] for example).

Proposition 2.1.4. — 1. ( finite coho. dim. ⇒ left complete) If X = S̃
with S a site and ∀F ∈ X a Λ-module, ∃d ≥ 0 s.t. ∀U ∈ S ∃(Vi → U)i∈I

a cover in S s.t.

∀i ∈ I, Hq(Vi,F ) = 0 for q > d

then D(X,Λ) is complete.

2. (replete implies left complete) If X is replete then D(X,Λ) is left com-
plete.

Example 2.1.5. — If X is a finite type k-scheme, Λ = Z/ℓnZ, ℓ any prime number,
and cdℓ(k) < +∞ then D(Xét,Λ) is left complete. This is for example the case when
k is algebraically closed or when k is a finite field.

Finally, left completeness has the following advantage. Let f : X → Y be a
morphism of topoi. Then the usual derived functor Rf∗ : D+(X,Λ) → D+(Y,Λ)
extends to a functor “D(X,Λ)

Rf∗−−−→ “D(Y,Λ)
R lim←−−−−−→ D(Y,Λ)

and thus if D(X,Λ) is left complete we obtain a functor

Rf∗ : D(X,Λ)→ D(Y,Λ)

that is right adjoint to f∗.

Finally, left completness is evidently interpreted in terms of ∞-categories. In fact,
if D(X,Λ) is the stable ∞-category with homotopy category D(X,Λ) one has“D(X,Λ) = Ho︸︷︷︸

homotopy cat.

lim
n≥0︸︷︷︸

limit in
the ∞-cat.

of stable ∞-cat.

D≥−n(X,Λ).

One of the advantages of left completed derived categories that explains why they are
the good objects is the following.
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Proposition 2.1.6. — The correspondence ObX ∋ U 7→ “D(U,Λ) is an hypersheaf
of stable ∞-categories.

This means that if U• → V is an hypercover in the topos X then“D(V,Λ) ∼−−→ lim
[n]∈∆

“D(Un,Λ)

is an equivalence.

2.2. Étale/pro-étale/v-topology for perfectoid spaces

2.2.1. The étale topology on perfectoid spaces. —

2.2.1.1. Finite étale morphisms of perfectoid spaces. — Recall: there is a good no-
tion of vector bundles on perfectoid spaces. Let X be a perfectoid space. By def-
inition a vector bundle on X is a locally free of finite rank OX -module. Then, if
X = Spa(A,A+) is affinoid perfectoid

Γ(X,−) : {v.b. on X} ∼−−→ {A-modules that are projective of finite type}

with inverse given by P 7→ P⊗AOX . This property is what we call ”a good notion“.

From this and the purity theorem we deduce that there is a good notion of finite
étale morphisms of perfectoid spaces such that for X perfectoid,

{
finite étale perf. spaces/X

} ∼−−→

{
finite locally free OX -algebras A s.t.

the quad. form trA/OX
: A×A → OX

is perfect

}

where here by perfect we mean A ∼−−→ A∨. Moreover, with this definition GAGA
applies: for (A,A+) affinoid perfectoid

{
finite étale/Spec(A)

} ∼−−→
{
finite étale/Spa(A,A+)}.

2.2.1.2. A result by Huber. — The following result by Huber about étale morphisms
of noetherian analytic adic spaces is a key point for the definition of an étale morphism
of perfectoid spaces. For morphisms of analytic noetherian adic spaces there is a
”good” notion of étale and smooth morphisms analogous to the one for morphisms
of schemes using the infinitesimal criterion for formal smoothness couples with some
locally (topologically) of finite type hypothesis ([78, Chapter 1]).
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Proposition 2.2.1 (Huber, see [78, Lemma 2.2.8])
Let f : X → Y be a morphism between adic spectra of strongly noetherian

Tate rings. Then, for any y ∈ Y there exists a nbd. V of y and a factorization
in the category of Noetherian analytic adic spaces

f−1(V ) W

V

f

open immersion

finite étale

sketch of proof. — Write X = Spa(B,B+) and Y = Spa(A,A+). General results
about étale morphisms of analytic noetherian adic spaces show that one can write

B = A⟨X1, . . . , Xn⟩/(f1, . . . , fn)
with

det

Å
∂fi
∂Xj

ã
1≤i,j≤n

mod (f1, . . . , fn) ∈ B×

(and B+ is the integral closure of the image of A+⟨X1, . . . , Xn⟩). An approximation
result “à la Elkik” ([44]) shows that if we “modify slightly” the equations f1, . . . , fn
then the obtained topological A-algebra B′ is isomorphic to B. We can thus suppose
that

f1, . . . , fn ∈ A[X1, . . . , Xn]

(this is a typical algebraization result). Up to replacing A[X1, . . . , Xn]/(f1, . . . , fn)
by its localization with respect to the image of an element of 1 +A◦◦[X1, . . . , Xn] we
can suppose that the Jacobian becomes invertible and thus that we have a finite type
étale A-algebra C with a finite set of elements g1, . . . , gn ∈ C such that

X =
{
x ∈ Spec(C)ad | |g1(x)| ≤ 1, . . . , |gn(x)| ≤ 1

}
.

where (−)ad is the analytification functor

(−)ad :
{

finite type
Spec(A)-schemes

}
−→

ß
loc. of finite type

Spa(A,A+)-adic spaces

™
that sends An

Spec(A) to An,ad
Spa(A,A+) (affine schematical space to affine adic space).

Since OY,y is Henselian, the étale Spec(OY,y)-scheme

Spec(C)×Spec(A) Spec(OY,y)

splits as a disjoint union of a finite étale scheme together with an étale scheme over
Spec(OY,y) with image in Spec(OY,y) not containing the closed point. Since OY,y =
lim−→V ∋y

O(V ) with V a rational neighborhood of y, a finite presentation argument

shows that up to replacing (A,A+) by a rational localization (A′, A′+) such that
y ∈ Spa(A′, A′+), and C by C ⊗A A

′, we can suppose that

Spec(C) = Spec(C1)
∐

Spec(C2)
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with

1. Spec(C2)→ Spec(A) finite étale,

2. and supp(y) /∈ Im
(
Spec(C2)→ Spec(A)).

Now, the image of Spec(C2)
ad ∩

{
|g1| ≤ 1, . . . , |gn| ≤ 1

}
in Spa(A,A+) is a quasi-

compact open subset and thus, since pro-constructible, its closure is its set of spe-
cializations in the analytic adic space Spa(A,A+). Since in an analytic affinoid adic
space z1 ≥ z2 ⇒ supp(z1) = supp(z2), y does not lie in this closure. Up to another
rational localization we can thus suppose that

Spec(C2)
ad ∩ {|g1| ≤ 1, . . . , |gn| ≤ 1} = ∅.

The morphism f then factorizes as

Spec(C1)
ad ∩ {|g1| ≤ 1, . . . , |gn| ≤ 1} Spec(C1)

ad

Spa(A,A+).

open immersion

finite étale

Thus, the fact that such a result is true for noetherian analytic adic spaces but not
for schemes is, at the end, a consequence of the fact that the local rings are Henselian.
For schemes, Zariski’s main theorem says that we can only find a compactification of
a spearated étale morphism that is finite but no étale in general.

2.2.1.3. Étale morphisms of perfectoid spaces. — Motivated by Huber’s definition
we take the following.

Definition 2.2.2. — A morphism of perfectoid spaces X → Y is étale if
locally on X and Y it can be written as a composite

X X

X

open immersion

finite étale morphism of perf. spaces

This is a good definition. Typically:
• étale morphisms are open
• a morphism between étale X-perfectoid spaces, X perfectoid, is étale.
This type of result is reduced via the tilting equivalence to characteristic p. For X

affinoid perfectoid space of char.p, if X = lim←−i
Xi with Xi affinoid top. of finite type

over Spa(Fp((ϖ))), and the limit is cofiltered, then

2− lim−→
i

{qc qs, étale/Xi}
∼−−→ {qc qs, étale/X}.
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2.2.1.4. The étale site of a perfectoid space. — The following definition is now evi-
dent.

Definition 2.2.3. — X perfectoid space

Xét := {small étale site of étale perf. spaces over X}.
Coverings: families (Ui → V )i such that V = ∪i Im(Ui → V ).

We now set the following. Here Λ = is a torsion ring.

Definition 2.2.4. —

D+
ét(X,Λ) := D+(Xét,Λ)

Dét(X,Λ) := “D(Xét,Λ) (left completion of D(Xét,Λ))

We will give later a “geometric incarnation of Dét(X,Λ)”, i.e. not using the ab-
stract left completion process, using the pro-étale topology on X.

2.2.2. The pro-étale topology on perfectoid spaces ([128, Section 8]). —

2.2.2.1. Pro-étale morphisms. —

Recall: The category Aff.Perf.︸ ︷︷ ︸
affinoid perfetoid spaces

admits cofiltered limits:

lim←−
i

Spa(Ai, A
+
i ) = Spa(A∞, A

+
∞)

where if ϖ = image of a p.u. of some Ai,

A+
∞ = ÷lim−→

i

A+
i , A∞ = A+

∞[ 1ϖ ]

(ϖ-adic completion).

Of course this not true for “classical” Noetherian analytic adic spaces that don’t
admit such limits; perfectoid spaces are much more flexible. This is one of the advan-
tages of perfectoid spaces.
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Definition 2.2.5. — 1. A morphism of affinoid perfectoid spaces is affi-
noid pro-étale if it can be written as

lim←−
i≥i0

Xi −→ Xi0

where

(a) the limit is cofiltered with smallest index i0,

(b) each Xi is affinoid perfectoid,

(c) the transition morphisms in the projective system are étale.

2. A morphism X → Y is pro-étale if locally on X and Y it is affinoid
pro-étale.

Example 2.2.6. — For X perfectoid and x ∈ X, the loalization of X at x,

Spa(K(x),K(x)+) = lim←−
U∋x

U ↪→ X

is pro-étale. In particular, in general, pro-étale morphisms, even the surjective one,
are not open. For example, ∐

x∈X

Spa(K(x),K(x)+) −→ X

is pro-étale surjective but not open in general.

Example 2.2.7. — For X = Spa(A,A+) aff. perf. and I ⊂ A an ideal, V (I) ⊂ |X|
is represented by an aff. perf. space pro-étale inside X,

V (I) = lim←−
n≥1

f1,...,fn∈I

{|f1| ≤ 1, . . . , |fn| ≤ 1}

Those are the so-called Zaiski closed subsets.

2.2.2.2. The pro-étale site of a perfectoid space. — Here X is a perfectoid space.

Definition 2.2.8. — We note Xpro-ét for the small site whose objects are
perfectoid spaces that are pro-étale over X.
The coverings families are the families (Ui → V )i∈I of X-morphisms satisfying
the strong surjectivity property

∀W ⊂
qc open

V, ∃ J︸︷︷︸
finite

⊂ I and ∀j ∈ J, Zj ⊂
qc open

Uj s.t. W =
⋃
j∈J

Im(Zj → V ).
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Remark 2.2.9. — The definition of a covering is subtle, like for the fpqc topology for
schemes, since pro-étale morphisms are not open in general. In fact, if (Ui → V )i∈I

is a family of morphisms of perfectoid spaces such that ∀i, Ui → V is open then

∀W ⊂
qc open

V, ∃ J︸︷︷︸
finite

⊂ I and ∀j ∈ J, Zj ⊂
qc open

Uj s.t. W =
⋃

j∈J Im(Zj → V )

V =
⋃

i∈I Im(Ui −→ V ) i.e.
∐

i∈I Ui −→ V is surjective

i.e. for families of open morphisms strongly surjective ⇔ surjective in the usual
”naive“ sense.

For example, if B1/1/p∞

K,K+ is the one dimensional perfectoid closed ball over the

affinoid perfectoid field (K,K+) then

Spa(K,K+)
∐

B1,1/p∞

K,K+ ∖ {0} −→ B1,1/p∞

K,K+ ,

where Spa(K,K+) → B1,1/p∞

K,K+ is given by the inclusion of the origin of the ball, is

pro-étale surjective but not a pro-étale cover.

Definition 2.2.10. — We note

D+
pro-ét(X,Λ) := D+(Xpro-ét,Λ)

Dpro-ét(X,Λ) := D(Xpro-ét,Λ)

Since ‹Xpro-ét is replete, D(Xpro-ét,Λ) is left complete.

Here is the verification that ‹Xpro-ét is replete (see [14]). Let (Fn)n≥0 be a projec-
tive system of pro-étale sheaves on X with surjective transition morphisms. Let U be
an object of Xpro-ét and s ∈ F0(U). Up to replacing U by an affinoid perfectoid cover
and s by its restriction to this cover we can suppose that U is affinoid perfectoid.
Set U0 = 0 and s0 = s. Suppose by induction that we have constructed Un → U an
affinoid pro-étale cover and sn ∈ Fn(Un) such that sn 7→ s|Un

. Any pro-étale cover
of Un is dominated by an affinoid pro-étale cover formed by one element. We can
thus find Un+1 → Un an affinoid pro-étale cover and sn+1 ∈ Fn+1(Un+1) such that
sn+1 7→ sn|Un+1

. Let now U∞ = lim←−n≥0
Un that is an affinoid pro-étale cover of U .

The collection (sn|U∞)n≥0 lies in lim←−n≥0
Fn(U∞) and is mapped to s|U∞ . This proves

the result.

2.2.3. The v-topology on perfectoid spaces. — The v-topology is an analog of
the fpqc topology for schemes.
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Definition 2.2.11. — Let X be a perfectoid space. We note Xv the big site
whose objects are PerfX and coverings are families of morphisms (Ui → V )i∈I

of X-perfectoid spaces that are strongly surjective as in Definition 2.2.8.

As for the pro-étale site, ‹Xv is replete and we set.

Definition 2.2.12. — Define

D+
v (X,Λ) = D+(Xv,Λ)

Dv(X,Λ) = D(Xv,Λ)

Remark 2.2.13. — Xét and Xpro-ét are equivalent to small sites. This is not the
case for Xv and to do cohomology one needs to fix some set-theoretical bounds by fixing
a ”sufficiently large regular cardinal“ κ and consider only κ-small perfectoid spaces in
the sense that the cardinal of |X| and A for any Spa(A,A+) ⊂ X affinoid perfectoid
is less than κ. Doing this the v-site of κ-small perfectoid spaces is equivalent to a
small site, and if κ is taken sufficiently large then all results and constructions do not
depend on κ. We refer to [128, Section 4].

2.2.4. Comparison of étale/pro-étale/v for perfectoid spaces ([128, Section
14]). — Let X be a perfectoid space. There are evident continuous morphisms of
sites

Xv
λ−−→ Xpro-ét

ν−−→ Xét

Proposition 2.2.14. — The functors

Dét(X,Λ)
ν∗

−−−→ Dpro-ét(X,Λ)
λ∗

−−−→ Dv(X,Λ)

satisfy:

1. ν∗ is fully faithful and Id
∼−−→ Rν∗ν

∗

2. λ∗ is fully faithful and Id
∼−−→ Rλ∗λ

∗.

Using left completness this is reduced to proving that for F an étale sheaf of
Λ-modules on X and G a pro-étale sheaf of Λ-modules on X, ∀q ∈ N,

Hq(Xét,F )
∼−−→ Hq(Xpro-ét, ν

∗F )

Hq(Xpro-ét,G )
∼−−→ Hq(Xv, λ

∗G )
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This is analogous to the following ”classical“ result for schemes: let X be a scheme
and consider

Xfpqc
λ−−→ Xpro-ét︸ ︷︷ ︸

Bhatt-Scholze pro-étale site

ν−−→ Xét.

Then one can compute the étale cohomology of an étale torsion sheaf using the pro-
étale or even the fpqc site: for F an étale sheaf of Λ-modules on X one has

Hq(Xét,F )
∼−−→ Hq(Xpro-ét, ν

∗F )
∼−−→ Hq(Xfpqc, λ

∗ν∗F ).

This type of results itself is an abelian generalization of well known results about
the non-abelian H1. Typically, if G is a smooth X-group scheme then any fpqc G-
torsor on X is representable by a smooth X-scheme (smooth morphisms satisfy fpqc
descent). It has thus a section over an étale cover of X and is thus an étale G-torsor.
From this one can deduce that

H1
ét(X,G)

∼−−→ H1
fpqc(X,G).

Here is the key point in the proof of H•
ét(X,F )

∼−−→ H•
pro-ét(X, ν

∗F ). This is the

following result ([128, Section 8]).

Proposition 2.2.15. — Let X be affinoid perfectoid.

1. The functor lim←− induces an equivalence

Pro category (affinoid perfectoid, étale/X)
∼−−→ {affinoid pro-étale/X}

2. If U = lim←−i
Ui with Ui affinoid perfectoid étale over X then

ν∗F (U) = lim−→
i

F (Ui).

Point (2) is an easy consequence of point (1) that reduces the problem to an ”alge-
braic statement“ like in Bhatt-Scholze ([14]). Point (1) is a ” decompletion argument“
that is obtained by dévissage from the following using a ”graph of a morphism“ ar-
gument.

Proposition 2.2.16. — If (Ai, A
+
i )i∈I is a filtered inductive system of affi-

noid complete Tate rings and A+
∞ = Ÿ�lim−→i∈I

A+
i , A∞ = A+

∞[ 1ϖ ] then

2− lim−→
i∈I

{finite étale Ai-alg.}
∼−−→ {finite étale A∞-alg.}

This result can either be deduced from [44] applied to the henselian pair
(lim−→i

A+
i , (ϖ)) or using the purity theorem about almost finite étale algebras.

2.2.5. Description of the essential image of ν∗ : Dét ↪→ Dpro-ét. —
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2.2.5.1. Strictly totally disconnected perfectoid spaces. — Let us recall the following
([128]).

Definition 2.2.17. — A perfectoid space is strictly totally disconnected if
it is quasi-compact quasi-separated and any étale cover has a section.

It is immediately checked that any s.t.d. perfectoid space is affinoid perfectoid
(a section of

∐
i Ui → X with (Ui)i an aff. perf. covering gives a decomposition

X =
∐

i Vi with Vi open/closed in Ui and thus aff. perf.).

Proposition 2.2.18. — Let X be a qc qs perfectoid space. The following are
equivalent:

1. X is strictly totally disconnected

2. ∀F étale sheaf of abelian groups on X and q > 0, Hq
ét(X,F ) = 0

3. for all x ∈ X, K(x) is algebraically closed and the connected components
of |X| have a unique closed point i.e. are of the form Spa(K(x),K(x)+)
for some x ∈ X.

If X is a qc qs perfectoid space there is a continuous surjective map

|X|︸︷︷︸
spectral space

−→ π0(|X|)︸ ︷︷ ︸
profinite space

and thus a surjective morphism of v-sheaves

X −→ π0(X)

where for P a profinite set P = v-sheaf on Perf s.t.

P (S) = C (|S|, P ).

If P = lim←−i
Pi︸︷︷︸

finite set

then P = lim←−i
Pi︸︷︷︸

constant sheaf wt. value Pi

.

Thus, any qc qs perfectoid space X is fibered naturally over a profinite set with
connected fibers.

Then,

X strictly totally disconnected

the fibers of X → π0(X) are of the form Spa(C,C+) wt. C alg.closed
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Remark 2.2.19. — There is a stronger notion than s.t.d. perf. spaces: strictly
w-local perf. spaces. For this one adds the condition that X → π0(X) has a section

X π0(X).

In this case one can really think about strictly w-local perf. spaces as “amalgamations”
of Spa(C(x), C(x)+), x ∈ P , along a profinite set P with C(x) alg. closed.

Proposition 2.2.20. — Any perfectoid space X admits a pro-étale cover
(Ui → X)i such that for all i, Ui → X is open and Ui is strictly totally
disconnected.

The proof consist in giving a meaning to

“ lim←−
U→X

étale cover
U aff. perf.

U”→ has no sense from the set theoretical point of view

This is done via an induction process that stops at some point; we don’t even need
any transfinite induction!

Remark 2.2.21. — There is no explicit formula for such a strictly totally discon-

nected pro-étale cover in general, typically for the ball B1,1/p∞

K,K+ over the affinoid perfec-

toid field (K,K+). The only ”most general case“ where one can give such an explicit
forumla is for Spa(K,K+) × P = Spa(C (P,K),C (P,K+)) where P is a profinite

set. For such a space one can take Spa(“K, “K+

) × P → Spa(K,K+) × P as a s.t.d.
pro-étale cover.

2.2.5.2. Description of the image. —

The functor ν∗ : Dét(X,Λ) ↪→ Dpro-ét(X,Λ) is far from being essentially surjective
in general.

For example, if X = Spa(C,OC) with C alg. closed this is the embedding

ν∗ : D(Λ) ↪→ D(condensed Λdisc-modules).
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More generally, if X = Spa(K,K+) is the spectrum of an affinoid perfectoid field
this is the embedding

D(Λ-modules + discrete Gal(K|K) linear action)

D(condensed Λdisc-modules + linear action of Gal(K|K)︸ ︷︷ ︸
condensed group

)

ν∗

The starting point is the following remark.

Proposition 2.2.22. — If X is a s.t.d. perf. space then

1. any qc open subset is strictly totally disconnected

2. the projection Xét → |X| induces an equivalence of topoi ‹Xét
∼−−→ |X|˜

3. ν∗ : Dét(X,Λ)
∼−−→ D(|X|,Λ)

4. for any étale sheaf of ab. gp. F on X and U → X étale with U perfectoid
qc qs, Hq

ét(U,F ) = 0 for q > 0.

The proof is easy using Prop. 2.2.18. The vanishing of cohomlogy (point (4))
implies that D(Xét,Λ) is left complete, see point (1) of Prop. 2.1.4.

Remark 2.2.23. — In the scheme context, see [14], any scheme X admits a pro-étale cover
(Ui → X)i∈I with Ui strictly totally disconnected schemes (which means in this context
that Ui is affine with connected components spectra of strictly Henselian local rings). In
this context Prop. 2.2.22 is false: a qc open subset of a s.t.d. scheme may not be s.t.d..
For example, if K is a complete non-archimedean field for a rank 1 valuation with residue
field kK separably closed then Spec(OK) is strictly totally disconnected but the open subset
Spec(K) ↪→ Spec(OK) may not be s.t.d. i.e. K may not be separably closed. One of the points
is that spectral spaces associated to analytic adic spaces satisfy: for any x ∈ this space, the
set of generalizations of x is a chain. This is not true for schemes in general. What is true
for X a s.t.d. scheme is that if F an étale sheaf of abelian groups on X then Hq

ét(X,F ) = 0
when q > 0.

We now have the following result that describes the image of ν∗ and even λ∗ν∗.
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Proposition 2.2.24. — For X a perfectoid space

1. There are equivalences

Dét(X,Λ)

{
A ∈ Dpro-ét(X,Λ) | ∀S → X, S s.t.d. , A|S ∈ Dét(S,Λ) = D(|S|,Λ)

}

{
A ∈ Dv(X,Λ) | ∀S → X, S s.t.d. , A|S ∈ Dét(S,Λ) = D(|S|,Λ)

}
∼

ν∗

∼

λ∗

2. If (Ui → X)i∈I is a pro-étale cover with ∀i, Ui is s.t.d. then this reduces
to

Dét(X,Λ)

{
A ∈ Dpro-ét(X,Λ) | ∀i ∈ I, A|Ui

∈ Dét(Ui,Λ) = D(|Ui|,Λ)
}

{
A ∈ Dv(X,Λ) | ∀i ∈ I, A|Ui

∈ Dét(Ui,Λ) = D(|Ui|,Λ)
}

∼

ν∗

∼

λ∗

The fact that ν∗ is fully faithful on D+
ét coupled with the fact that ‹Xpro-ét is replete

and thus D(Xpro-ét,Λ) is left complete, coupled with the fact that for all S perfectoid
strictly totally disconnected D(Sét,Λ)) is complete implies that we get a ”geometric

concrete incarnation“ of the abstractly defined left completion “D(Xét,Λ).

2.3. Étale/quasi-pro-étale/v-topology for locally spatial diamonds

After having investigated the case of perfectoid spaces, we investigate the case of
locally spatial diamonds.

2.3.1. A Key descent result. — The following result is one of the most difficult
in [128].
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Proposition 2.3.1. — Separated étale morphisms of perfectoid spaces satisfy
descent for the v-topology.

This means the following: if (Ui → X)i is a v-cover of perf. spaces then{
separated étale perf. spaces /X

}
{separated étale perf. spaces /

∐
i Ui + descent datum w.r.t.

∐
i Ui → X} .

∼
By a descent datum we mean cartesian separated étale perfectoid spaces over the
diagram ∐

i,j,k Ui ×X Uj ×X Uk

∐
i,j Ui ×X Uj

∐
i Ui

For finite étale morphism of perfectoid spaces this result is “easy” since vector
bundles on perfectoid spaces satisfy v-descent:

Proposition 2.3.2 ([132, Lemma 17.1.8]). — If (Ui → X)i∈I is a v-cover
of perfectoid spaces,

vector bundles on X

vector bundles on
∐

i Ui + descent datum

∼

One of the key tools of the descent results for the v-topology on perf. spaces is
that after a pro-étale covering one can suppose that our perfectoid spaces are s.t.d.
and the use of the following key remark:

Let X = Spa(A,A+) be s.t.d. and let Y → X be a morphism with Y =
Spa(B,B+) affinoid perfectoid then:

1. Spec(B+/ϖ) −→ Spec(A+/ϖ) is flat

2. if Y → X is surjective i.e. a v-cover then

Spec(B+/ϖ) −→ Spec(A+/ϖ) is faithfully flat

Example 2.3.3. — Here is an application of Proposition 2.3.1 that we use all the
time. Let X be a perf. space.

1. Let G be a finite group and T → X be a G-torsor for the v-topology. Then
T is represented by an étale separated perf. space over X and is thus an étale
G-torsor;
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H1
ét(X,G)

∼−−→ H1
v (X,G).

2. Suppose now that G is locally profinite. If T → X is a G-torsor for the v-topology
then T

∼−−→ lim←−
K⊂G

compact open subgp.

K\T and K\T is represented by a separated étale

X-perfectoid space. Thus, T → X is represented by a pro-étale perfectoid space
and is thus a pro-étale G-torsor,

H1
pro-ét(X,G)

∼−−→ H1
v (X,G).

2.3.2. Locally spatial diamonds ([132]). —

Recall the following: A diamond is a pro-étale sheaf X on PerfFp (i.e. on the big
pro-étale site) satisfying:

∃‹X perf. space and R ⊂ ‹X × ‹X an eq. relation representable by a perf. space s.t.

1. ‹X X are pro-étale

2. X ≃ ‹X/R as pro-étale sheaves on the big pro-étale site (PerfFp
)pro-ét.

Thus, a diamond is an ”algebraic space for the pro-étale topology“ on PerfFp
.

One can verify that a diamond is in fact a v-sheaf (analogous result to : any algebraic
space in the sense of Artin is in fact an fpqc sheaf (Gabber)).

The category of diamonds is ”too large“ to work with. For Artin ”classical“
algebraic spaces it is for example usual to assume that our algebraic spaces are
quasi-separated to remove pathological objects like Ga,k/Z, k a field of char. 0.

Definition 2.3.4. — A spatial diamond is a diamond X satisfying

1. X is qc qs as a v-sheaf

2. each point of |X| has a basis of qc open nbd.

For X a spatial diamond the first basic result is that in fact

|X| is spectral.
The typical example of a locally spatial diamond is X⋄ for X a locally Noetherian
analytic adic space where

|X| = |X⋄|.
But those are not the only one locally spatial diamonds we deal with: we deal with
”more exotic ones“ like punctured absolute BC’s.

Spatial diamonds share a lot of properties with analytic adic spaces, typically:
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• in the spectral space |X| the set of generalizations of a point form a
chain,
• for f : X → Y a morphism of spatial diamonds, |f | : |X| → |Y | is
generalizing.
• Any morphism between spatial diamonds is qc qs.

One has to be careful still: any morphism between perfectoid spaces is locally
separated (since any morphism of affinoid perfectoid spaces is separated) but this is
not the case for morphisms of locally spatial diamonds: they are only locally quasi-
separated in general.

Finally let us cite the following.

Proposition 2.3.5. — Let X be a spatial diamond, Z ⊂ |X| be a pro-
constructible generalizing subset. The v-sheaf

PerfFp
∋ S 7−→ {S → X | Im(|S| → |X|) ⊂ Z}

is represented by a spatial diamond Y with Y ↪→ X quasi-compact quasi-pro-
étale and |Y | = Z.

Thus, if if X is a qs finite type adic space over Spa(K), K a non-archimedean field,
any Z ⊂ |X| = |X⋄| defines a sub spatial diamond of X⋄. We can thus speak about
the étale cohomology of such a subset even if this is not a rigid analytic space: this
has a nice geometric structure in the world of diamonds.

2.3.3. The étale site of a locally spatial diamond. — Let X be a locally spatial
diamond. Since separated étale morphisms of perfectoid spaces descend for the v-
topology and thus the pro-étale one, there is a good notion of a locally separated
étale morphism of locally spatial diamond. As for perfectoid spaces, those are open
morphisms, and we thus have a “good” notion of étale coverings.

Definition 2.3.6. — For X a loc. spatial diamond we note

Xét

for the small site of locally separated étale loc. spatial diamonds over X. A
family of morphisms (Ui → V )i in Xét is a cover if

∐
i |Ui| → |V | is surjective.

If X is a perfectoid space one recovers the preceding étale site of a perfectoid space;
the definition is thus coherent.
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Definition 2.3.7. — For X a loc. spatial diamond we note

D+
ét(X,Λ) = D+(Xét,Λ)

Dét(X,Λ) = “D(Xét,Λ) (left completion)

Finally let us cite.

Proposition 2.3.8. — If X is an adic space locally of finite type over
Spa(K,K+), K a complete non-archimedean field, the continuous morphism
of sites

(X⋄)ét −→ Xét︸︷︷︸
étale site

as defined by Huber

induces an equivalence of topoi

(X⋄)˜́et ∼−−→ ‹Xét.

In particular one can compute étale cohomology of rigid analytic spaces using
diamonds.

2.3.4. Quasi-pro-étale morphisms. — Contrary to (separated) étale morphisms
that satisfy descent wrt v-covers, pro-étale morphisms do not even descend along pro-
étale morphisms and we need to take care of this. This is for example the case for
the Kummer morphism z 7→ z2 from the perfectoid closed ball to itself that is not
pro-étale but becomes pro-étale after a pro-étale localization of the target.

Definition 2.3.9. — A morphism X → Y of perfectoid spaces is quasi-pro-

étale if there exists a pro-étale cover ‹Y → Y s.t. X ×Y
‹Y → ‹Y is pro-étale.

This definition is a little bit abstract and hopefully we have this geometric carac-
terization.
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Proposition 2.3.10. — For f : X → Y a morphism of perfectoid spaces the
following are equivalent:

1. f is quasi-pro-étale.

2. If ‹Y → Y is a pro-étale cover with ‹Y a disjoint union of s.t.d. perf.

spaces then X ×Y
‹Y → ‹Y is pro-étale.

3. If (Ui)i is a cover of X by qc qs open subsets s.t. f|Ui
: Ui → Y is

separated,

f|Ui
: Ui → Y has profinite geometric fibers

which means: ∀Spa(C,C+) → Y , ∀i, Ui ×Y Spa(C,C+) is isomorphic
to Spa(C,C+)× P with P a profinite set.

Thus, quasi-pro-étale morphisms are the morphisms with locally on the source
profinite geometric fibers This characterization of quasi-pro-étale morphisms is very
well adapted to the study of moduli spaces.

2.3.5. The quasi-pro-étale site. — Let us take the following definition.

Definition 2.3.11. — 1. A morphism X → Y of locally spatial diamonds
is quasi-pro-étale if ∀S s.t.d. perfectoid space and S → Y , X ×Y S → S
is a pro-étale morphism of perfectoid spaces.

2. For X a loc. spatial diamond

Xq-pro-ét = small site of quasi-pro-étale loc. spatial diamonds /X

where the covers are defined as for the pro-étale site of a perf. space
using the ”strong surjectivity condition“.

3. For X a loc. spatial diamond

D+
pro-ét(X,Λ) = D+(Xq-pro-ét,Λ)

Dpro-ét(X,Λ) = D(Xq-pro-ét,Λ).

If X is a perf. space then the continuous morphism of sites Xq-pro-ét → Xpro-ét

induces an equivalence of topoi ‹Xq-pro-ét
∼−−→ ‹Xpro-ét

and thus our definition of Dpro-ét is coherent.
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Proposition 2.3.12. — Propositions 2.2.14 and 2.2.24 remain valid by re-
placing the perfectoid space X by a locally spatial diamond:

Dét(X,Λ) Dpro-ét(X,Λ)

Dv(X,Λ)

ν∗

λ∗

where here Dv(X,Λ) = D(Xv,Λ) where Xv is the big site Perf/X equipped
with the localized v-topology on Perf. And the essential image of λ∗ ◦ ν∗ is
given by{

A ∈ Dv(X,Λ) | ∀S s.t.d. perf. space , ∀S → X, A|S ∈ D(|S|,Λ)
}
.

Remark 2.3.13. — The functor λ∗ : Dpro-ét(X,Λ) → Dv(X,Λ) is in general not

fully-faithful and does not satisfy Id
∼−−→ Rλ∗λ

∗. That being said, this is the case
when restricted to

Dpro-ét,■(X,Λ) ⊂ Dpro-ét(X,Λ)

and we have a diagram

Dét(X,Λ) Dpro-ét,■(X,Λ)

Dv(X,Λ)

ν∗

λ∗





LECTURE 3

SMALL v-STACKS

3.1. Dét(X,Λ) for X a small v-sheaf

3.1.1. Small v-sheaves. — Let X be a v-sheaf of sets on the big site (PerfFp)v.

Definition 3.1.1. — The v-sheaf X is small if there exists a perfectoid space
U and an epimorphism of v-sheaves U → X.

One has to be careful that there exists non-small v-sheaves. For example, {s, η} is
non-small where {s, η}(S) = {open subsets of S}.

For example, diamonds are small v-sheaves since if X is a diamond, X ≃ ‹X/R
with ‹X perfectoid and R ⊂ ‹X × ‹X a pro-étale equivalence relation and thus ‹X → X
is a v-cover.

Finally, in [58], at some points we need to work with more general objects than
locally spatial diamonds.

Here is a slogan that is used in [128] and [58].

The good category of geometric objects we work with is the category of small
v-sheaves equipped with morphisms that are relatively representable in loc.
spatial diamonds

Example 3.1.2. — 1. If k is a characteristic p discrete field then Spa(k) is a
small v-sheaf, not representable by a loc. spatial diamond
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2. ( Locally profinite sets) If P is a locally profinite set then P is a small v-sheaf
not representable by a loc. spatial diamond although

P not a loc. spatial diamond

Spa(Fp)

rel. rep. in perf. spaces

3. (Formal schemes) If X is an Fp-formal scheme we can associated to it a small
v-sheaf X⋄ by taking the analytic sheaf associated to the presheaf

(R,R+) 7→ X(Spf(R+))

This small v-sheaf is not representable by a locally spatial diamond. For
example, if X = Spf(FpJx1, . . . , xdK), X⋄(S) = (Γ(S,OS)

◦◦)d,

X⋄ ×Spa(Fp) S ≃ B̊d,1/p∞

S︸ ︷︷ ︸
open perf. ball/S

but X⋄ is not a locally spatial diamond. The small v-sheaf

X⋄ ∖ (Xred)
⋄ ⊂︸︷︷︸

represented by
an open immersion

X⋄

is always representable by a perfectoid space for any X, for example

Spf(FpJx1, . . . , xdK)⋄ ∖ Spec(Fp)
⋄

= Spa
(
FpJx

1/p∞

1 K, . . . , x1/p
∞

d ,FpJx
1/p∞

1 , . . . , x
1/p∞

d K
)
∖ V (x1, . . . , xd)︸ ︷︷ ︸

qc qs perfectoid space

qc qs perf. space X⋄ ∖ (Xred)
⋄ X⋄ not a loc. spatial diamond

Spa(Fp)

rel. rep. in perf. spaces

4. (Absolute positive BC spaces). For (D,φ) an Fq-isocrystal relative to E, i.e.

D = Ĕ︸︷︷︸’Eun

-vector space and φ is a σ︸︷︷︸
Frob of Eun|E

-linear automorphism, with ≤ 0

slopes the functor

BC(D,φ) : PerfFq
−→ Sets

S 7−→ H0(XS ,E (D,φ))

is
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(a) representable by a formal scheme (G⋄, G a formal p-divisible group /Fq)
when the slopes ∈

[
− [E : Qp], 0[.

(b) representable by a formal scheme × a locally profinite set when the slopes
∈ [−[E : Qp], 0],

(c) only a small v-sheaf for any slopes.

If ∗ = Spa(Fq) there is a ”zero section“ ∗ ↪→ BC(D,φ). In general, for any
slope, one has the picture for any (D,φ)

spatial diamond BC(D,φ)∖ {0} BC(D,φ) not a loc. spatial diamond

∗

rel. rep. in loc. spatial diamonds

5. ( Absolute negative BC spaces) (D,φ) has > 0 slopes,

BC((D,φ)[1]) : PerfFq
−→ Sets

S 7−→ H1(XS ,E (D,φ))

is a small v-sheaf and we have the same picture

spatial diamond BC((D,φ)[1])∖ {0} BC((D,φ)[1]) not a loc.
spatial diamond

∗

rel. rep. in loc. spatial diamonds

For example,

BC(O(−1)[1])︸ ︷︷ ︸
small v-sheaf
not a diamond

×Spa(Fq)Spa(E)⋄ ≃ (Ga/E)
⋄/E︸ ︷︷ ︸

loc. spatial diamond

and the spatial diamond BC(O(−1)[1])∖ {0} is an absolute version of

Ω⋄/Å1 E
0 1

ã
.

Proposition 3.1.3. — If X is a small v-sheaf there exists a v-hypercover

U• −→ X

such that for all n ≥ 0, Un is a disjoint union of strictly totally disconnected
perfectoid spaces.
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Thus, any U as in the definition of a small v-sheaf can be replaced, up to a pro-étale
cover, by a disjoint union of strictly totally disconnected perfectoid spaces. Now,

U ×X U ⊂︸︷︷︸
sub v-sheaf

U × U︸ ︷︷ ︸
perf. space

We use the following:

Any sub-v-sheaf of a diamond is a diamond and in particular a small v-sheaf.

That is deduced from the following:

If X is a strictly totally disconnected perfectoid space then any pro-
constructible generalizing subset of |X| is representable by a perfectoid space
pro-étale inside X.

Here is how to use the preceding. Let F ⊂ X be a sub-v-sheaf of X a strictly
totally disconnected perfectoid space. For each S affinoid perfectoid and each element
of F (S) there is an associated morphism S → X to which is associated Im(|S| → |X|)
that is pro-constructible generalizing. Thus, applying the preceding result, for each
element of F (S), S affinoid perfectoid, is associated an affinoid perfectoid Z ⊂ X that
is pro-étale inside X. When S and the element of F (S) vary this forms a subset of
the set Σ of such Z ⊂ X. Then, using the v-sheaf property, there is a quasi-pro-étale
surjection

∐
Z∈Σ Z → F .

3.1.2. Dét(X,Λ). — Let X be a small v-sheaf. Let Xv = (Perf)v/X be the v-site
of X whose underlying category is the one of perfectoid spaces over X.

Definition 3.1.4. — Set

Dét(X,Λ) =

ß
A ∈ D(Xv,Λ) | ∀S → X S perf. s.t.d.

A|S ∈ Dét(S,Λ) = D(|S|,Λ)

™
.

One recovers the preceding category Dét(X,Λ) for X a locally spatial diamond.
Since D(Xv,Λ) and Dét(S,Λ) for S perfectoid strictly totally disconnected are left

complete, Dét(X,Λ) is left complete.

The main remark is now the following. Let

S• −→ X

be a v-hypercover such that for all n ≥ 0, Sn is a disjoint union of strictly totally

disconnected perfectoid spaces. Then, pull back from the topos ‹Xv to the topos of
cartesian sheaves on S•,v induces
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Dét(X,Λ)
∼−−→ Dcart(|S•|,Λ)︸ ︷︷ ︸

derived cat. of cartesian
sheaves of Λ-mod. on

the simplicial top. space |S•|

Moreover if A ∈ Dét(X,Λ) corresponds to F• then

RΓ(X,A)
∼−−→ Γ(|S•|,F•).

→ étale cohomology of perfectoid spaces / locally spatial diamonds / small
v-sheaves is simpler than étale cohomology of schemes: everything is reduced to
simplicial cartesian sheaves on top. spaces !

We have in fact the ore general formula for S• → X a v-hypercover by perfectoid
space

Dét(X,Λ)
∼−−→ “Dcart(S•,ét,Λ)︸ ︷︷ ︸

left completion of
derived cat. of cartesian étale sheaves

on S•

We will need the following Lemma.

Lemma 3.1.5. — The inclusion Dét(X,Λ) ⊂ Dv(X,Λ) admits a right ad-
joint RXét

: Dv(X,Λ)→ Dét(X,Λ).

Proof. — One can apply Freyd’s adjunction theorem (or its upgrade to presentable
∞-categories by Lurie ([101, Corollary 5.5.2.9])) and the result is then a consequence
of the fact that Dét(X,Λ) is stable under colimits. A slightly more constructive proof
consists in replacingX by a v-hypercover S• with Sn a disjoint union of strictly totally
disconnected perfectoid spaces for all n ≥ 0. Then,

RXét
= RCartR(νS• ◦ λS•)∗

where (
(νS• ◦ λS•)

∗, (νS• ◦ λS•)∗
)
: S̃•,v −→ |S•|‹

is a morphism of simplicial topoi and Cart is the cartesianification functor that is the
right adjoint of the inclusion of cartesian sheaves on |S•| inside all sheaves on |S•|
(that exists again thanks to Frey’s adjunction).

There is no explicit formula in general for the Cartesianification functor and the
preceding coontruction is, in general, an abstract construction.

Example 3.1.6. — If ∗ = Spa(Fq) as a small v-sheaf then one has D(Λ)︸ ︷︷ ︸
usual derived cat.

of Λ-modules

∼−−→

Dét(∗,Λ). This is a consequence of the fact that if C =
◊�Fp((T )) then Spa(C)×Spa(Fp)

Spa(C) is a connected perfectoid space isomorphic to a projective limit with finite
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étale transition morphisms of open punctured disks over C (write C = ◊�∪r≥0Kr with

Kr ⊂ Kr+1 and Kr|Fp((T )) separable of finite degree, Kr ≃ Fp((T ))).

3.2. Dét(X,Λ) for X a small v-stack

3.2.1. Small v-stacks. — We lied: the category of small v-sheaves is not enough
for [58].

The good category of geometric objects we work with is the category of small
v-stacks equipped with morphisms that are 0-truncated representable in loc.
spatial diamonds (compactifiable loc. of finite dim trg.)

We now have the following definition.

Definition 3.2.1. — A stack X on PerfFp
equipped with the v-top. is small

if ∃S → X and T → S ×X S that are v-surjective with S and T perfectoid
spaces.

Thus, X is a rule that sends S an Fp-perfectoid space to a groupoid X(S) such that
S 7→ X(S) is a fibered category over PerfFp

satisfying: if T → S is a v-cover of aff.
perf. spaces then

X(S) −→ 2− lim←−︸ ︷︷ ︸
objects of X(T )
+ descent datum

[
X(T ) X(T ×S T ) X(T ×S T ×S T )

]

is an equivalence of categories.
To say that S → X, S a perfectoid space, is v-surjective means that for all T a

perfectoid space, ∀T → X, ∃T̃ → T a v-cover and a morphism T̃ → S such that

T̃ → T → X and T̃ → S → X are isomorphic as elements of the groupoid X(T̃ )

T̃

T T̃ X

S X.

∃ v-cover
∃

∃

Example 3.2.2. — 1. If S is a small v-sheaf and H → S is v-sheaf in groups
that is small we can consider the classifying stack

X =
[
S/H

]
−→ S.
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This is the small v-stack over S such that for a perfectoid space T over S, X(T )
is the groupoid of H ×S T -v-torsors over T .

2. If X is a small v-stack, S an Fp-perfectoid space and x ∈ X(S) we can consider
the small v-sheaf in groups Aut(x) → S. The morphism x : S → X then
factorizes canonically as a morphism of small v-stacks[

S/Aut(x)
]
−→ X.

3. The stack BunG of G-bundles on the curve is small.

As for small v-sheaves we have the following.

Proposition 3.2.3. — If X is a small v-stack then ∃ a v-hypercover

S• −→ X

such that for all n ≥ 0, Sn is a disjoint union of strictly totally disconnected
perfectoid spaces.

3.2.2. Dét(X,Λ). — Let X be a small v-stack. We note

X̃v = 2− lim←−
S→X

perf. space

S̃v

for the topos of cartesian v-sheaves on X. This is the topos whose objects are small
v-sheaves F together with a morphism F → X. A morphism between F → X and
F ′ → X is given by a morphism F → F ′ of v-sheaves together with an isomorphism
between the associated objects of the groupoid X(F ).

Definition 3.2.4. — We note for X a small v-stack

Dét(X,Λ) =

ß
A ∈ D(X̃v,Λ)

∣∣∣ ∀S → X, S s.t.d. perf. space,
A|S ∈ Dét(S,Λ) = D(|S|,Λ)

™
This is left complete by construction since S̃v is replete and Dét(S,Λ) is left com-

plete for S a strictly totally disconnected perfectoid space.

As before for small v-sheaves, if

S• −→ X

is a v-hypercover by strictly totally disconnected perfectoid spaces then

Dét(X,Λ)
∼−−→ Dcart(|S•|,Λ).
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More generally for a v-hypercover by locally spatial diamonds S• one has

Dét(X,Λ)
∼−−→ “Dcart(S•,ét,Λ)︸ ︷︷ ︸

left completion of
derived cat. of cartesian étale sheaves

on S•

Let now H be a locally pro-p topological group, typically G(E) where G is an affine
algebraic group over E. We consider the small v-stack[

∗ /H
]

where ∗ = Spa(Fp) is the final object of the v-topos. If M is a Λ-module it defines a
v-sheaf by setting for S ∈ PerfFp

M(S) = {f : |S| →M | f is locally constant}.

Recall that we set

H(S) = C (|S|, H).

Suppose now that M is equipped with a smooth action of H. Then, M is equipped
with an action of H. In fact, if S is qc, f : |S| → M is locally constant, g : |S| → H
is continuous: there exists K ⊂ H compact open such that f : |S[→MK . Then, the

composite |S| g−−→ H → H/K is loc. constant and thus

|S| −→ M

s 7−→ g(s).f(s)

is locally constant. This defines an action of the v-sheaf H on the v-sheafM and thus
a v-sheaf on [∗/H]. This v-sheaf is étale since isomorphic to M after pull-back to ∗
via the v-cover ∗ → [∗/H]. This defines an exact functor

{smooth rep. of H on Λ-modules} −→ {étales sheaves of Λ-modules on [∗/H]}

and thus an exact functor

D(H,Λ)︸ ︷︷ ︸
derived cat. of
smooth rep. of

H wt. coeff. in Λ

−→ Dét([∗/H],Λ).

We prove the following theorem.

Theorem 3.2.5. — If Λ is killed by a power of prime number different from
p then the preceding functor

D(H,Λ) −→ Dét([∗/H],Λ)

is an equivalence.
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Proof. — One uses the v-hypercover

S• −→ [∗/H]

where if C =
◊�Fp((T )) for n ≥ 0

Sn = Spa(C)×Spd(Fp)
· · · ×Spd(Fp)

Spa(C)︸ ︷︷ ︸
(n+1)-times, connected

×Hn.

One obtains an identification

Dét([∗/H],Λ) = “D(H,Λ).

Now, the category of Λ-modules with a linear smooth H action is the category of Λ-
modules in the topos of discrete H-sets (i.e. sets equipped with an action of H such
that the stabilizer of a point is open). Any object in this topos has a cover formed of
discrete H-sets of the form H/K for K compact open. Now, the cohoology of H/K

with values in the smooth module M is H•(K,M) := lim−→K′⊂K
H•(K/K ′,MK′

) that

is zero in > 0 degrees.

Remark 3.2.6. — The proof gives that we always have an equivalence “D(H,Λ)
∼−−→

Dét([∗/H],Λ) and that if H has a basis of compact open subgroups K such that
cdΛ(K) < +∞ (cohomological dimension of the category Λ-modules equipped with
a smooth action of K) then D(H,Λ) is left complete.

3.2.3. ∞-categorical point of view. — At the end we can apply the ∞-
categorical point of view in the preceding although this is not strictly necessary.

Proposition 3.2.7. — There exists a unique v-hypersheaf of presentable sta-
ble ∞-categories on PerfFp ,

S 7→ Dét(S,Λ)

such that if S is a strictly totally disconnected perfectoid space then Dét(S,Λ) =
D(|S|,Λ). One has for X a small v-stack

Dét(X,Λ) = lim←−
S→X

Dét(S,Λ)

with HoDét(X,Λ) = Dét(X,Λ).
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COHOMOLOGICAL OPERATIONS

4.1. The four operations (f∗, Rf∗, RH om,⊗L
Λ)

4.1.1. (Rf∗, f
∗) in general. —

4.1.1.1. Morphisms of small v-sheaves. — Let

f : X −→ Y

be a morphism of small v-stacks. There is an evident continuous morphism of topoi

(f∗v , fv∗) : ‹Xv −→ ‹Yv
that is a particular case of the following: if T is a topos and g : U → V is a morphism
in T there is a morphism of localized topos

(g∗, g∗) : T /U −→ T /V.
This induces a couples of adjoint functors (use the left complete property to see that
Rfv∗ extends to the whole derived category and not only the D+)

D(Xv,Λ) D(Yv,Λ)
Rfv∗

f∗
v

Now the point is the following.

Proposition 4.1.1. — 1. f∗v sends Dét(X,Λ) to Dét(Y,Λ) and induces a
functor

f∗ : Dét(Y,Λ) −→ Dét(X,Λ)

2. f∗ admits a right adjoint Rf∗

Dét(X,Λ) Dét(Y,Λ)
Rf∗

f∗
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Proof. — Point (1) is evident since we work ”in a big topos“ and f∗v is just a restriction
functor. More precisely, if S is a strictly totally disconnected perfectoid space with
a morphism S → X, and B ∈ D(Yv,Λ) then (f∗vB)|S = B|S via the composite
S → X → Y . For point (2) one can take

Rf∗ = RYét
◦ (Rfv∗)|Dét(X,Λ).

where RYét
is defined in lemma 3.1.5.

Thus, there is no explicit formula in general for Rf∗ : Dét(X,Λ)→ Dét(Y,Λ).

There is an evident case when there is an explicit formula for Rf∗.

If X and Y are represented by locally spatial diamonds, via the identifications

Dét(X,Λ) = “D(Xét,Λ), Dét(Y,Λ) = “D(Yét,Λ) (left completion), one has

Rf∗ = Rfét∗ and f∗ = f∗ét

where fét : Xét → Yét is the continuous morphism of étale sites.

In fact, it suffices to verify that f∗ = f∗ét that is evident, the equality Rf∗ = Rfét∗
follows by adjunction.

Example 4.1.2. — If f : X → Y is a morphism of locally of finite type K-
adic spaces, K a non-archimedean field, then via the identifications Dét(X

⋄,Λ) =
D(Xét,Λ), (f⋄∗, Rf⋄∗ ) is the usual couple of adjoint functors (f∗ét, Rfét∗) defined by
Huber ([78]).

4.1.1.2. 0-truncated morphisms of small v-stacks. — Let

f : X −→ Y

be a morphism of small v-stacks. Suppose it is 0-truncated; this means that if F is
a v-sheaf together with a morphism F → Y then the v-stack

X×Y F

is a v-sheaf in the sense that it is a fibered category in “discrete groupoids” i.e.
groupoids where objects have no automorphisms, that is to say a set. Another way
to say it is that it is relatively representable in v-sheaves. This is for example the
case if X is itself is a small v-sheaf.

There is associated a morphism of topoi of cartesian sheaves

(f∗v , fv∗) : X̃v −→ ‹Yv



4.1. THE FOUR OPERATIONS (f∗, Rf∗, RH om,⊗L
Λ) 239

This morphism of topoi exists even when f is not 0-truncated but there is a simpler
expression for fv∗ when f is 0-truncated (and this is the only case we use in [58]).
More precisely, the category of perfectoid spaces over X, Perf/X, whose objects are
perfectoid spaces S → X together with morphisms given by

Hom
(
S

x−→ X, S′ x′

−→ X
)
= {(f, u) | f : S → S′, u : f∗x′

∼−−→ x}

S

X

S′

x

f f∗x′
u

x′

is equiped with an evident functor by composing with f

Perf/X −→ Perf/Y

that induces

f∗v : 2− lim←−
T→Y

T̃v︸ ︷︷ ︸‹Xv

−→ 2− lim←−
S→X

S̃v︸ ︷︷ ︸‹Yv

i.e. the value (as an element of S̃v) of the cartesian sheaf f∗vF on S → X is given by

the value of F on S → X
f−→ Y i.e.

(f∗vF )|S = F|S

via S → X→ Y.

The functor fv∗ sends the cartesian sheaf F to the cartesian sheaf whose value on

T → Y is the pushforward via fiPerfv/X ×Y S → S of the value (as a v-sheaf sitting
over the v-sheaf X ×Y S) of F restricted to X ×Y S (this defines a cartesian sheaf
since we are working with big topoi and pullback is nothing else than restriction) i.e.

(fv∗F )|S = fS,v∗(F|X×YS)

where fS : X×Y S −→ S.

We thus obtain a couple of adjoint functors

Dv(X,Λ) Dv(Y,Λ)
Rfv∗

f∗
v

It is immediately checked that f∗v sends Dét(Y,Λ) to Dét(X,Λ). This is not the case
for Rfv∗ in general. We set

Rf∗ = RYét
◦Rfv∗|Dét(X,Λ)
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This defines a couple of adjoint functors

Dét(X,Λ) Dét(Y,Λ)
Rf∗

f∗

As before, there is in general no explicit formula for Rf∗.

Example 4.1.3. — If H ′ ⊂ H is a closed subgroup of H that is locally pro-p, then
f : [∗/H ′] → [∗/H]. Then, f∗ = ResHH′ (exact functor, extends immediately to the

derived category) and Rf∗ = IndHH′ (smooth induction, exact functor).

4.1.2. The case of a qc qs morphism representable in locally spatial dia-
monds. —

There is a particular case when on can compute Rf∗. This is the following.

Proposition 4.1.4 ( Quasi-compact base change)
Let f : X→ Y be a qc qs morphism of small v-stacks representable in locally
spatial diamonds i.e. ∀S → Y with S a locally spatial diamonds X ×Y S is a
locally spatial diamond. Suppose that Λ is killed by a power of a prime to p
integer. Let A ∈ D+

ét(X,Λ):

1. Rfv∗A ∈ Dét(Y,Λ) and is equal to Rf∗A.

2. If S is a loc. spatial diamond, S → Y and

fS : X×Y S −→ S,

inducing
(fS)ét : (X×Y S)ét −→ Sét

one has for A ∈ D+
ét(X,Λ)

R(fS)ét∗
(
A|X×YS)

∼−−→ (Rf∗A)|S

via the identifications D((X ×Y S)ét,Λ) = Dét(X ×Y S,Λ) and
D(Sét,Λ) = Dét(S,Λ).

The proof uses Huber’s quasi-compact base change ([78, Theorem 4.3.1]). The
hypothesis that Λ is killed by a power of ℓ with ℓ ̸= p is essential. In fact, already
the étale cohomology of the one dimensional ball over C|Qp algebraically closed,
H•

ét(B1
C ,Fp), depends on C and thus qc base change does not hold in this situation.

Here is a strinking application.
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Corollary 4.1.5. — Let j : U ↪→ X be an open immersion of small v-stacks.
Suppose that j is qc qs. Then for A an étale v-sheaf of Λ-modules︸ ︷︷ ︸

an object of Dét(U,Λ)
concentrated in deg. 0

on U with

Λ killed by a power of ℓ ̸= p,

Rij∗A = 0 for i > 0.

Proof. — The proof consist in computing the pullback of Rij∗A via Spa(C,C+)→ X
using the qc base change theorem. If U is a qc open subset of Spa(C,C+), j′ : U ↪→
Spa(C,C+), since any qc open subset of Spa(C,C+) is strictly totally disconnected
one has Rij′∗ = 0 for i > 0.

The quasi-compactness assertion is essential. For example, if j : B1,⋄
K,K+ ∖ {0} ↪→

B1,⋄
K,K+ is the inclusion of the punctured closed ball over the affioid field (K,K+)

inside the ball then R1j∗Fℓ ̸= 0 if ℓ is invertible in K.

Remark 4.1.6. — The stack BunG is not quasi-separated and thus Corollary
4.1.5 does not apply to open subs-tacks of BunG. For example, j : [∗/G(E)] ↪→
BunG and to any π a smooth rep. of G(E) one can associate Fπ an étale v-
sheaf on [∗/G(E)]. Then in general Rij∗Fπ ̸= 0 for i > 0.

4.1.3. ⊗L
Λ and RH om(−,−). — Let X be a small v-stack. It is easy to verify that

−⊗L
Λ − on Dv(X,Λ)×Dv(X,Λ) sends Dét(X,Λ)×Dét(X,Λ) to Dét(X,Λ).

Now, for A ∈ Dét(X,Λ) we can look at the functor

Dét(X,Λ) −→ Dét(X,Λ)

B 7−→ A⊗L
Λ B

This commutes with colimits and thus has a right adjoint (Freyd’s adjunction theo-
rem)

C 7−→ RH omΛ(A,C).

Once again, like Rf∗, there is no explicit formula in general for this functor.

If S• → X is a v-hypercover by a disjoint union of strictly totally disconnected
perfectoid spaces then via

Dét(X,Λ)
∼−−→ Dcart(|S•|,Λ),
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one has

RH omΛ(A,B) = R Cart︸︷︷︸
Cartesianification

functor

RH omΛ(A,B)︸ ︷︷ ︸
usual RH om
in D(|S•|,Λ)

As for Rf∗, if X = X is a locally spatial diamond then RH omΛ(A,B) is the usual

derived functor computed in “D(Xét,Λ).

4.2. The two operations (Rf!, Rf
!)

4.2.1. Huber’s canonical compactification. —

4.2.1.1. Classical context. — Recall: Let

f : X → Y

be a morphism of adic spaces locally of finite type over Spa(K,K+), an affinoid
analytic field. We say that f is proper if it is qc separated and universally closed.
This is equivalent to saying that f is qc qs and ∀(R,R+) topologically of finite type
over (K,K+),

Spa(R,R◦) X

Spa(R,R+) Y

f
∃ !

This last property is called partially proper. Thus,

proper ⇐⇒ quasi-compact quasi-separated and partially proper.

Separated partially proper morphisms are exactly the good one for which the de-
rived functor of fét! is the good notion for relatic cohomology with proper support.
More precisely, if F is an étale sheaf on X and U → Y is étale then

Γ(U, fét!F ) = {s ∈ Γ(X ×Y U,F ) | supp(s)
f| supp(s)−−−−−−−→ U is proper}.

Then,

Rfét! : D(Xét,Λ) −→ D(Yét,Λ)

is “the good relative cohomology with proper support” functor.

Example 4.2.1. — Let f : X→ Y be a morphism of formal schemes locally
formally of finite type over Spf(OK). Let Xη, resp. Yη, be their generic fiber
as adic spaces locally of finite type over Spa(K,OK). Then if fη : Xη −→ Yη,

∀Z irred. comp. of Xred, fred|Z proper ⇐⇒ fη partially proper.
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For f : X → Y as before Huber says that f is taut if ∀V ⊂ Y open qc qs and
U ⊂ f−1(V ) qc then U is qc. Let f be separated and taut. Then Huber defines a
canonical compactification

X X
/Y

Y

f

j

f̄

where j is an open immersion and f̄ is separated partially proper. Then he defines

Rfét! = Rf̄ét! ◦ j!

and proves Poincarré duality in this context when f is moreover smooth; this last
point proves that this is the good definition for relative cohomology with proper
support.

When X = Spa(B,B+) and Y = Spa(A,A+) define

(B+)′ = integrale closure of f∗(A+) +B◦◦.

Then,

X = Spa(B,B+) X
/Y

= Spa(B, (B+)′)
open immersion

is an open immersion.

In fact, since f is of finite type, by definition, there exists an open surjective
morphism A⟨T1, . . . , Tn⟩ → B such that B+ is the integral closure of the image of
A+⟨T1, . . . , Tn⟩. Thus A+/A◦◦ → B+/B◦◦ is integral over a finite type A+/A◦◦-
algebra. Now, if g1, . . . , gn ∈ B+ is a lift of a set of elements ḡ1, . . . , ḡn ∈ B+/B◦◦

such that B+/B◦◦ is integral over A+/A◦◦[ḡ1, . . . , ḡn] then

X = {|g1| ≤ 1, . . . , |gn| ≤ 1} ⊂ X/Y

Remark 4.2.2. — Of course, |X/Y |∖ |X| is made of rank > 1 valuations only.
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Example 4.2.3. — Take X = B1
K = Spa(K⟨T ⟩,OK⟨T ⟩) → Spa(K,OK) =

Y . Then,

X
/Y

= Spa(K⟨T ⟩,OK +K◦◦⟨T ⟩).

One has |X/Y | = |X| ∪ {x} where

v
(∑

n≥0

anT
n(x)

)
= inf

{
(v(an),−n) ∈ ΓK × Z︸ ︷︷ ︸

+lexicographic
order

| n ≥ 0
}

with x a specialization of the Gauss norm.

X = adic space associated to a classical rigid space i.e. Sp(R) 7→ Spa(R,R◦)

X
/Y

= adic space not associated to a classical rigid space i.e. Spa(R,R+)
with R+ ̸= R◦.

For Berkovich spaces one considers only rank 1 valuations and |B1
K | is compact.

Thus, for Berkovich spaces, the cohomology with compact support equals the coho-
mology, and this is thus not the good definition of cohomology with compact support:

∂B1,an
K ̸= ∅ ⇔ B1,ad

K → Spa(K,OK) not partially proper. We need to consider non-
overconvergent étale sheaves like ix∗Λ to define the cohomology with compact support.
This is why we can not define cohomology with compact support in general for K-
Berkovich spaces X such that ∂(X/K) ̸= ∅, typically for affinoid Berkovixh spaces X
where |X| is compact and thus Γc(X,−) = Γ(X,−). In fact if XBerk =M(A) and
Xad = Spa(A,A◦) then there is an equivalence of topoi„�(XBerk)ét

∼−−→ {overconvergent étale sheaves on Xad}

where overconvergent means that for x ∈ X, if x : Spa(C,C+)→ X, C alg. closed,

x∗F

is a constant sheaf on |Spa(C,C+)| with value its stalk at the generic point
Spa(C,OC); equivalently, if U is a qc open subset of Xad then

lim−→
U⊂⊂V

Γ(V,F )
∼−−→ Γ(U,F )

where U ⊂⊂ V means U ⊂ V . Morale of the story: even to define compactly
supported cohomology for overconvergent sheaves like Λ we need to go through non-
overconvergent sheaves when f is not partially proper.

4.2.2. Compactifiable morphisms of small v-stacks. — Let

f : X −→ Y
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be a 0-trunncated morphism of small v-stacks. Define

X︸︷︷︸
absolute compactification

of X→∗

= v-stack

such that X(R,R+) = X(R,R◦). This is the “absolute compactification of X over ∗”.
Then, one verifies that

X

smallv-stack︷︸︸︷
X

Y Y︸︷︷︸
smallv-stack

f f̄=0-truncated

And define

X
/Y︸︷︷︸

relative
compactification

= X×Y Y

There is a diagram

X X
/Y

Y.

j

f
f
/Y

We now take the result that says that for separated taut morphisms of adic spaces
locally of finite type over Spa(K,K+), j is an open immersion as definition.

Definition 4.2.4. — The morphism f is compactifiable if it is separated and

j : X ↪→ X
/Y

is representable by an open immersion.

One has f qc compactifiable ⇒ f
/Y

is proper ⇒ we really have a canonical com-

pactification. In general, if f is not qc then f
/Y

is only partially proper.

Remark 4.2.5. — One has to be careful that f representable in loc. spatial di-

amonds compactifiable does only imply that f
/Y

is representable in diamonds but à
priori non locally spatial one..although in all cases when we apply this compactification
construction this is the case.

Example 4.2.6. — If f : X → Y is a separated taut morphism of adic spaces locally
of finite type over Spa(K,K+) then f⋄ : X⋄ → Y ⋄ is compactifiable.
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4.2.3. Geometric transcendance degree. — We need to bound some cohomo-
logical dimension to have a “good” Rf!.

Let C ′|C be an extension of complete algebraically closed non-archimedean fields.
Define the topological transcendance degree

tr. c(C ′/C) ∈ N ∪ {+∞}

as the minimum of the cardinal of I where there exists (xi)i∈I ∈ C ′I such that the

sub-field C(xi)i∈I (algebraic closure) of C ′ is dense in C ′.

This number is “well behaved” when finite ([136]): if C ⊂ C ′ ⊂ C ′′ and
tr. c(C ′/C) < +∞ then tr. c(C ′/C) ≤ tr. c(C ′′/C). But it may happen (the answer
to this is not known) that tr. c(C ′/C) = +∞ and tr. c(C ′′/C) < +∞. Since we don’t
know we set fitr. c(C ′/C)︸ ︷︷ ︸

topological
transcendance degree

= infC′′/C′ tr. c(C ′′/C).

Then C ′|C 7→fitr. c(C ′/C) is monotonic sub-additive: for C ′′|C ′|Cfitr. c(C ′/C) ≤ fitr. c(C ′′/C)fitr. c(C ′′/C) ≤ fitr. c(C ′′/C ′) +fitr. c(C ′/C).

We now take the following definition for the geometric transcendence degree.

Definition 4.2.7. — 1. Let f : X → Y be a morphism of diamonds. Set

dim. trg︸ ︷︷ ︸
geometric

transcendance degree

f = sup
x∈X

fitr. c(C(x)|C(f(x))
where Spa(C(x), C(x)+) → X and Spa(C(f(x), C(f(x))+) → Y are
quasi-pro-étale with x and f(x) in their image and we have an exten-
sion

Spa(C(x), C(x)+) X

Spa(C(f(x), C(f(x)+) Y.

f

2. if f : X→ Y is representable in diamonds set

dim. trg(f) = sup
S→Y

S diamond

dim .trg(X ×Y S → S).
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Example 4.2.8. — Let (D,φ) be an isocrystal with ≤ 0 slopes. Then

f : BC(D,φ) −→ ∗
is of finite geometric transcendence degree. As a matter of fact, there exists d ≥ 0,
V a finite dimensional E-vector space, such that for any S there exists a pro-étale
surjection

B̊d,1/p∞

S × V −→ BC(D,φ)×Spa(Fq)
S

and dim .trg(f) ≤ d.

Proposition 4.2.9 ( Key cohomological bound)
Let f : X → Spa(C,C+) be a spatial diamond:

1. For all maximal point x ∈ X,

Xx ≃ Spa(C ′,OC′)/Gx

for a profinite group Gx ⊂ Aut(C ′) satisfying

cdℓ(Gx) ≤ dim. trg.(f).

2. One has
dim |X| ≤ dim. trg.(f)

3. For all F étale sheaf of Λ-modules on X with Λ killed by a power of
ℓ ̸= p one has

Hi
ét(X,F ) = 0 for i > 2dim. trg.(f).

4. If f is compactifiable then

Hi
ét,c(X,F ) = 0 for i > 3 dim .trg.(f).

(in fact 2 dim .trg.(f) if X
/Spa(C,C+

, that is à priori only a diamond, is
moreover spatial).

Here dim |X| is the usual dimension of a spectral space: the maximal length of a
chain of specializations.

The proof is identical to the one for schemes: if X is a finite type k-scheme, k alg.
closed, and F an étale torsion sheaf on X then Hi

ét(X,F ) = 0 for i > 2 dimX:

1. One has first that (Tsen’s theorem: k alg. closed implies k(T ) is (C1) and thus
cd(Gk(T )) ≤ 1; and thus if K|k is finite type then cd(GK) ≤ tr.deg(K/k)) for
all x ∈ X, cd(Spec(k(x))) ≤ dim(X)

2. We use the projection µ : Xét → XZar

3. We use (Grothendieck: Noetherian induction on open subsets of |X|) that if S
is a Noetherian topological space then cd(S) ≤ dim(S).





LECTURE 5

COHOMOLOGICALLY SMOOTH MORPHISMS AND
ARTIN v-STACKS

5.1. The two operations (Rf!, Rf
!)

5.1.1. Rf! for f representable in spatial diamonds. — We are seeking to define
(Rf!, Rf

!) for f representable in locally spatial diamonds compactifiable of finite dim.
trg.. Let us begin first with the case when f is qc i.e.f is representable in spatial
diamonds.

From now on Λ is killed by a power of ℓ ̸= p. This is used to bound the cohomologi-

cal dimensions of Rf! by 3dim. trg.(f) (and even 2dim. trg.(f) if f
/Y

is representable
in loc. spatial diamonds), see proposition 4.2.9.

Definition 5.1.1. — Let f : X → Y be a morphism of small v-sheaves
representable in spatial diamonds︸ ︷︷ ︸

and thus qc

compactifiable of finite dim. trg. We define

Rf! = R( f
/Y︸︷︷︸

proper morphism
representable in qc qs diamonds

)∗ ◦ j! : Dét(X,Λ) −→ Dét(Y,Λ).

where j : X ↪→ X
/Y

.

The finite dim. trg. implies that Rf! commutes with direct sums and has fi-
nite cohomological dimension. As a matter of fact, Rf! is first defined as a functor
D+

ét(X,Λ) → D+
ét(Y,Λ) and then extended by left completion. Thanks to the finite

cohomological dimension hypothesis, for any i ∈ Z there exists n ∈ Z such that for
any A ∈ D+

ét(X,Λ), Hi(Rf!A) depends only on τ≥nA. This implies that to verify that
Rf ! : Dét(X,Λ) −→ Dét(Y,Λ) commutes with direct sums it suffices to do it for the
functor D⩾0 → D⩾0 which is clear.
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5.1.2. Rf! for f a morphism of loc. spatial diamonds. — f : X → Y a
morphism of locally spatial diamonds, compactifiable of finite dim. trg..

Definition 5.1.2. — We define

Rf! : D
+
ét(X,Λ) −→ D+

ét(Y,Λ)

as R(f
/Y

)ét! ◦ j! where (f
/Y

)ét! is the functor from sheaves of Λ-modules on

(X
/Y

)ét︸ ︷︷ ︸
small site of
loc. separated

étale morphisms

to sheaves of Λ-modules on Yét that is the subfunctor fét∗ of section

with relative proper support.

The extension to the full derived category Dét(X,Λ) is delicate. For Rf∗, the
extension from D+

ét to Dét is straightforward since Rf∗ commutes with cofiltered
limits and we can use the formula Rf∗A = lim←−n≥0

Rf∗τ≥−nA that makes sense since

our target category is left complete. This is not the case of Rf! that commutes with
filtered colimits but not with cofiltered limit.

We have to use a process of left Kan extension to solve this, this can only be done
in the ∞-categorical setting → since Rf! has to commute with colimits this has to
commute with left Kan extensions: this property forces the definition of Rf! as a left
Kan extension.

Definition 5.1.3. — Let Dét,prop/Y(X,Λ) be the presentable stable ∞-
category of A ∈ Dét(X,Λ) such that there exists U ⊂ X such that U → Y

is qc. and j!j
∗A

∼−−→ A. The funtor Rf! is the left Kan extension of

R(f
/Y

)∗ ◦ j! : Dét,prop/Y(X,Λ) −→ Dét(Y,Λ)

to Dét(X,Λ).

Thus, for A ∈ Dét(X,Λ), since X → Y is taut since compactifiable, one can

write A = lim−→i
Ai (filtered colimit as a complex of v-sheaves) with ki!k

∗
iAi

∼−−→
Ai with ki : Ui ↪→ X and Ui → Y qc.. Take simply Ai = ki!k

∗
iA.

Then,

Rf!A = lim−→
i

R(f|Ui

/Y
)∗ji!Ai︸ ︷︷ ︸

homotopy colimit

where ji : Ui ↪→ Ui
/Y

and f|Ui

/Y
: Ui

/Y → Y is proper. Here the homotopy limit
is only defined up to a non-canonical isomorphism in the usual triangulated category
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Dét(Y,Λ). This defines Rf!A only up to a non-canonical isomorphism as a cone. To
have a definition of Rf! as a functor we need to upgrade to ∞-categories where this
limit, the so-called process of Kan extension, is defined canonically.

5.1.3. Rf! for f representable in locally spatial diamonds. — Let f : X −→ Y
be a morphism of small v-stacks representable in locally spatial diamonds compacti-
fiable of finite dim. trg..

We use the preceding with the proper base change theorem to construct Rf!. Let

T• −→ Y

be a v-hypercover with Tn a locally spatial diamond for all n. We note

S• = X×Y T•.

One has (S 7→ Dét(S,Λ) is a v-hypersheaf on locally spatial diamonds)

Dét(X,Λ)
∼−−→ lim←−

[n]∈∆

Dét(Sn,Λ)

Dét(Y,Λ)
∼−−→ lim←−

[n]∈∆

Dét(Tn,Λ).

For each n ≥ 0, we have the ∞-functor

Rfn! : Dét(Sn,Λ) −→ Dét(Tn,Λ).

Proper base change (that is an immediate application of quasi-compact base change)
implies this extends to an ∞-functor

Rf! : lim←−
[n]∈∆

Dét(Sn,Λ) −→ lim←−
[n]∈∆

Dét(Tn,Λ).

All of this being done, proper base change applies.

Theorem 5.1.4 (proper base change). — f : X −→ Y morphism of
small v-stacks representable in loc. spatial diamonds compactifiable of finite
dim. trg., Λ killed by a power of ℓ ̸= p. Consider a cartesian diagram of small
v-stacks

X′ Y′

X Y

g′

f ′

g

f

The, for all A ∈ Dét(X,Λ) one has

g∗Rf!A
∼−−→ Rf ′! g

′∗A.
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5.1.4. Rf !. —

Since Rf! commutes with direct sums (see the after definition 5.1.1) there exists a
right adjoint Rf ! by an application of Freyd’s adjunction theorem. We can thus take
the following definition.

Definition 5.1.5. — For f : X −→ Y a morphism of small v-stacks repre-
sentable in locally spatial diamonds, compactifiable of finite dim. trg.

Rf ! : Dét(Y,Λ) −→ Dét(X,Λ)

is the right adjoint of Rf!.

5.2. Annexe: the catalog of operations

Consider a cartesian diagram

X′ Y′

X Y

g′

f ′

g

f

where all morphisms are compactifiable representable in locally spatial diamonds of
finite dim. trg. and Λ is killed by a power of ℓ ̸= p.
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Relative tautological adjunction RH om(A,Rf∗B)
∼−−→ Rf∗RH om(f∗A,B)

Tautological base change map
(iso. if g qc qs: qc base change) f∗Rg∗ −→ Rg′∗f

′∗

Relative proper adjunction RH om(Rf!A,B)
∼−−→ Rf∗RH om(A,Rf !B)

Proper base change f∗Rg!
∼−−→ Rg′!f

′∗

Dual proper base change Rg′∗Rf
′! ∼−−→ Rf !Rg∗

Projection formula Rf!(f
∗A⊗L

Λ B)
∼−−→ A⊗L

Λ Rf!B

Expectational pull-back of Hom RH om(f∗A,Rf !B)
∼−−→ Rf !RH om(A,B)

Those formulas are deduced from the proper base change and the projection for-
mula. For example, for the “dual proper base change”,

Hom(A,Rf !Rg∗B) =︸︷︷︸
adjunction

Hom(g∗Rf!A,B) =︸︷︷︸
proper BC

Hom(Rf ′! g
′∗A,B)

=︸︷︷︸
adjunction

Hom(A,Rg′∗Rf
′
!B)

and thus Yoneda lemma implies the result. The same goes on for the exceptional
pullback of Hom.

5.3. Cohomologically smooth morphisms

5.3.1. Definition. — The definition of cohomologically smooth morphisms is more
subtle than what one may think: we have to force the property to be stable under
base change. Here ℓ ̸= p.
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Definition 5.3.1. — Let f : X −→ Y be a separated morphism of small
v-stacks representable in locally spatial diamonds. Then, f is ℓ-coho. smooth
if

1. It is compactifiable of finite dim. trg.,

2. For any S → Y with S strictly totally disconnected, if

fS : X×Y S −→ S

then there exists D ∈ Dét(X×Y S,Fℓ) invertible and an isomorphism of
functors from Dét(S,Fℓ) to Dét(X×Y S, ,Fℓ),

Rf !S(−) ≃ D ⊗Fℓ
f∗S(−).

Now, let us remark that for any f as before there is a natural morphism obtained
by playing with the different adjunctions

Rf !(Λ)⊗L
Λ f

∗(−) −→ Rf !(−)

Then f is ℓ-cohomologically smooth iff for all S → Y with S a strictly totally
disconnected perfectoid space,

1. Rf !S(Fℓ)⊗ f∗S(−) −→ Rf !S(−) is an iso.

2. Rf !SFℓ is invertible.

Here invertible means invertible with respect to the monoidal structure ⊗L
Λ. This

is in fact equivalent to be étale locally isomorphic to Fℓ[2d] for some d ∈ 1
2Z that we

call the dimension of f as a locally constant function on |S|.

We can descend the preceding and prove ([128, Section 23]):

Theorem 5.3.2. — Let f : X → Y be separated ℓ-cohomologically smooth.
Then, if Λ is killed by a power of ℓ,

Rf !(Λ)⊗L
Λ f

∗(−) ∼−−→ Rf !(−)
as functors from Dét(Y,Λ) to Dét(X,Λ), and Rf

!Λ is invertible in Dét(X,Λ).
Moreover, the formation of Rf !(Λ) is compatible with base change.

Now, the function ”dimension of f” is a locally constant function |X| → 1
2Z.

5.3.2. Examples. —
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5.3.2.1. First easy examples. — Here are some evident examples.

Example 5.3.3. — 1. Any separated étale morphism of locally spatial di-
amonds is separated ℓ-cohomologically smooth.

2. Any perfectoid ball Bd → ∗ is separated ℓ-cohomologically smooth.

3. If f : X → Y is a separated smooth morphism of noetherian adic spaces
then f⋄ : X⋄ → Y ⋄ is separated ℓ-cohomologically smooth ([78, Section
7]).

4. Let k be a discrete field, Spd(k(T )) → Spd(k) is separated ℓ-
cohomologically smooth.

5.3.2.2. Open BdR-Schubert cells. — The following case is used in the geometric
Satake correspondence.

Example 5.3.4. — Let G be a split reductive group over E. For a dominant
coweight µ let

GrG,µ −→ Spa(E)⋄

be the open Schubert cell of the associated BdR-affine Grassmanian. This is
an ℓ-coho. smooth morphism.

This is proven using a Bialynicki-Birula morphism. More precisely, if µ can be
written as a sum of dominant minuscule cocharacters there is associated to such a
writing a Bialynicki-Birula morphism

GrG,µ −→︸︷︷︸
iterated loc. trivial
fibration in A1,⋄

( G/Pµ︸ ︷︷ ︸
flag variety
smooth/E

)⋄ −→ Spa(E)⋄.

In general, one can consider the BdR-affine flag manifold

FℓG = G(BdR)/IdR

where IdR ⊂ G(B+
dR) is the reciprocal image of B⋄ via θ : G(B+

dR) → G⋄. Here B+
dR

is the sheaf of ring on Spa(E)⋄ that associates to (R,R+) affinoid perfectoid over Fq

an untilt (R♯, R♯,+) and an element of the completion of WOE
(R+)

[
1
p

]
along ker θ,

θ : WOE
(R+) → R♯,+. Let W̃ be the affine Weyl group. If w ∈ W̃ maps to µ and is

of maximal length among those mapping to µ then there is a diagram

FℓG,w GrG,µ

Fℓµ

BLℓ-coho.sm.

ℓ-coho.sm.
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where the Bialynicki-Birula morphism is associated to a writing of w as a product of
minimal elements in the affine Weyl group. The property of being ℓ-cohomologically
smooth is ℓ-cohomologically smooth local on the source and thus we deduce that
GrG,µ → Spa(E)⋄ is ℓ-cohomologically smooth.

5.3.2.3. Quotient by a pro-p group. —

Here is a new example where we leave the “usual world” of rigid spaces even further.

Proposition 5.3.5. — Let f : X −→ Y representable in loc. spatial dia-
monds. K = pro-p group such that K acts on X over Y and K×X→ X×YX
is qc. 0-truncated.
Then,

X→ Y ℓ-coho. smooth =⇒ X/K → Y ℓ-coho. smooth.

One has to be careful that X→ X/K is not ℓ-coho. smooth in general (unless K
is finite in which case this is finite étale).

Let P be a profinite set. Then P −→ ∗ = Spa(Fp) is not ℓ-coho. smooth
unless P is finite.

Here is how to verify this last fact. For S a perfectoid space one has

Dét(P × S,Λ) = Dét(S, C (P,Λ)︸ ︷︷ ︸
loc. constant
functions

)

and
Dét(P ,Λ) = D(C (P,Λ)).

Let us note f : P −→ ∗.
• The functor Rf∗ : D(C (P,Λ)) → D(Λ) is the evident one given by the mor-
phism of rings Λ→ C (P,Λ).

• The functor f∗ is −⊗L
Λ C (P,Λ).

• f is proper and thus Rf∗ = Rf!
• One has Rf !(−) = RHomΛ(C (P,Λ),−).
In particular, Rf !Λ = D(P,Λ) = distributions on P with values in Λ as a C (P,Λ)-

module. This is a projective of finite type module iff P is finite.

Example 5.3.6. — ∗ = Spa(Fq). Then Spa(Ĕ)⋄ → ∗ is ℓ-coho. smooth and

Div1︸︷︷︸
moduli of deg. 1

eff. divisors
on the curve

= Spa(Ĕ)⋄/φZ −→ ∗

is proper ℓ-coho. smooth.
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In fact, let Ĕ∞ be the completion of the extension generated by torsion points of
a Lubin-Tate group, a perfectoid field with Ĕ♭

∞ = Fq((T
1/p∞

)). Then, Spa(Ĕ♭
∞) → ∗

is ℓ-cohomologically smooth since representable in perfectoid open punctured disks.
We thus have a diagram

Spa(Ĕ♭
∞) Spa(Ĕ)⋄ Spa(E♭

∞)/O×
E Spa(Ĕ♭

∞)/1 + πOE

∗

ℓ-coho. sm. as a composite

not ℓ-coho.
sm.

ℓ−coho. sm.

finite étale

ℓ-coho. sm.
by Prop. 5.3.5

that proves that Spa(Ĕ)⋄ → ∗ is ℓ-cohomologically smooth and thus Div1 → ∗ too

since Spa(Ĕ)→ Spa(Ĕ)⋄/φZ is representable in local isomorphisms.
As an application one finds back Tate-Nakayama duality for discrete finite

Gal(E|E)-modules killed by a power of ℓ.

Example 5.3.7 ([80]). — Let X ≃ B̊d−1

Ĕ
be the generic fiber of the Lubin-Tate

space associated to GLd and (XK)K⊂GLd(OE) → X be the Lubin-Tate tower. Let

X∞ = lim←−K
XK , a perfectoid space over Spa(Ĕ∞). Then, for each K, X⋄

K → Spa(Ĕ)⋄

is ℓ-cohomologically smooth as the diamond of a smooth morphism of rigid spaces. But
going to the limit, X♭

∞ → Spa(Ĕ♭
∞) is not ℓ-cohomologically smooth. In fact, as an

application of the Jacobian criterin of smoothness Ivanov and Weinstein prove that
the (partially proper) open subset U ⊂ X∞ where there is no complex multiplication

is such that U ♭ → Spa(Ĕ♭
∞) is ℓ-cohomologically smooth.

5.3.2.4. Banach-Colmez spaces. — We speak here about the linear case of the Ja-
cobian criterion of smoothness.

Theorem 5.3.8 (Linear case of the Jacobian criterion)
Let E be a vector bundle on XS.

1. If ∀s ∈ S, E|XK(s),K(s)+
has > 0 H.N. slopes then

BC(E ) −→ S

is ℓ-cohomologically smooth of dimension deg(E ).

2. If ∀s ∈ S, E|XK(s),K(s)+
has < 0 H.N. slopes then

BC(E [1]) −→ S

is ℓ-cohomologically smooth of dimension −deg(E ).
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For point (1), we prove that up to replacing S by an étale cover, one can find an
exact sequence 0 → E ′ → E ′′ → E → 0 where E ′′ is ≃ to ⊕iO(λi) with 0 < λi ≤ 1
and E ′ is fiberwise s.s. of slope 0. This implies that after replacing S by a strictly
totally disconnected perfectoid space BC(E ) is a quotient of an open perfectoid ball
by the action of En for some n ≥ 0.

B̊1/p∞,d
S B̊1/p∞,d

S /On
E B̊1/p∞,d

S /En BC(E )

S

ℓ-coho.sm.

ℓ-cohomologicallysm.
by Prop. 5.3.5

étale

ℓ-coho.sm.

5.3.3. Openness of smooth morphisms. —

The following result is quite important.

If f : X→ Y is a morphism of small v-sheaves representable in locally spatial
diamonds, separated ℓ-cohomologically smooth morphism then Im(f) ⊂ Y is
represented by an open sub-stack.

We will give the proof later using constructible sheaves. It is important for the
following reason.

Corollary 5.3.9. — Let X be a small v-stack and consider a family (Ui →
X)i∈I of morphisms toward X where each Ui is a locally spatial diamond,
Ui → X is representable in locally spatial diamonds separated ℓ-cohomologically
smooth. Then, the family (Ui → X)i∈I is a v-cover if and only if and only if
it is “in the näıve sense” that is to say

∐
i∈I |Ui| → |X| is surjective.

5.4. Smooth base change

Start with

f : X −→ Y

a 0-truncated morphism of small v-stacks and let A ∈ Dét(X,Λ). As we said before,
it is difficult to compute

Rf∗A ∈ Dét(Y,Λ)

in general unless f is qc qs (quasi-compact base change). There is another case that
is very useful and allows us to compute this in terms of ”smooth charts“.
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Proposition 5.4.1 (Smooth base change). — Consider a cartesian dia-
gram

X′ Y′

X Y

g′

f ′

g

f

where
— f is a 0-truncated morphism of small v-stacks,
— g is representable in locally spatial diamonds separated ℓ-cohomologically

smooth
Then, for any A ∈ Dét(X,Λ),

g∗Rf∗A
∼−−→ Rf ′∗g

′∗A.

Proof. — Use the “dual proper base change formula”

Rf ′∗Rg
′!A

∼−−→ Rg!Rf∗A

coupled with g and g′ separated ℓ-cohomologically smooth and Dg′
∼−−→ f ′∗Dg (the

formation of the dualizing complex is compatible with base change).

In the same vein, we have the smooth base change of Hom’ using the exceptional
pull-back of Hom’s.

Proposition 5.4.2 (Smooth base change of Hom)
For f : X → Y a separated ℓ-cohomologically smooth morphism of small
v-stacks and A,B ∈ Dét(Y,Λ) one has

f∗RH omΛ(A,B)
∼−−→ RH omΛ(f

∗A, f∗B).

We can thus compute smooth locally those operations that were non explicit before.

5.5. Artin v-stacks

5.5.1. The example of classifying stacks. — Recall that by definition ∗ =
Spa(Fq).
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Proposition 5.5.1. — Let G be an affine algebraic group over E and X =
[∗/G(E)] seen as a small v-stack. Its diagonal is representable in locally spatial
diamonds and there exists f : U → X with

1. U a locally spatial diamonds

2. f v-surjective

3. f separated ℓ-cohomologically smooth.

4. U → ∗ separated ℓ-cohomologically smooth.

In fact, take U = Gad,⋄/K → [∗/G(E)] for K ⊂ G(E) a compact open pro-p
subgroup. There is a diagram

Gad,⋄/K [Spa(E)⋄/K] [∗/K]

∗ [ ∗ /G(E)]

ℓ-coho.sm.
since Gad→Spa(E)

sm.⇒Gad,⋄→Spa(E)⋄

ℓ-coho.sm.

ℓ−coho.sm.
since Gad,⋄→∗
is ℓ-coho.sm.
+Prop. 5.3.5

ℓ-coho.sm. since
Spa(E)⋄→∗ is
ℓ-coho.sm.

separated
étale

This proves the assertions of the proposition and gives our first example of an Artin
v-stack.

5.5.2. Artin v-stacks. —

5.5.2.1. Definition. —

The preceding leads to the following definition.

Definition 5.5.2. — An artin v-stack is a small v-stack X such that

1. Its diagonal is representable in locally spatial diamonds.

2. There exists a locally spatial diamond U and a separated surjective ℓ-
cohomologically smooth morphism U → X.

If one can take U → ∗ separated ℓ-cohomologically smooth we say that X is ℓ-
cohomologically smooth. If this is the case then this is true for any U → X that is
separated ℓ-cohomologically sm.. One can then define its dualizing complex DX as
an invertible object in Dét(X,Λ) canonically.
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Theorem 5.5.3. — The small v-stack BunG of G-bundles on the curve is
an Artin v-stack ℓ-cohomologically smooth with DBunG

≃ Λ.

We give two proofs in [58] of this result. The first one uses Beauville-Laszlo
uniformization ([58, IV.1.2]). The second one uses the charts πb :Mb → BunG that
we build using the Jacobian criterion of smoothness, see [58, Section V.3].

5.5.2.2. Cohomological operations on Artin v-stacks using smooth charts. —

For a 0-truncated morphism of Artin v-stacks

f : X→ Y

and A ∈ Dét(X,Λ), Rf∗A is computable using the smooth base change theorem
and smooth charts. More precisely, if V is a locally spatial diamond and V → Y is
separated ℓ-cohomologically smooth then if

fV : U := X×Y V −→ V

one has

(Rf∗A)|V = R(fV )ét∗
(

A|U︸︷︷︸
∈“D(Uét,Λ)

)

and
(fV )ét : Uét −→ Vét

is the morphism of small étale sites induced by fV . One can even go further:

In the same vein, if X is an Artin v-stack one can compute smooth locally
RH om(A,B) for A,B ∈ Dét(X,Λ). In fact, if U → X is separated ℓ-cohomologically
smooth with U a locally spatial diamonds then

RH omΛ︸ ︷︷ ︸
abstract RH omΛ

defined for any small
v-stack

(A,B)|U = RH omΛ︸ ︷︷ ︸
usual concrete

RH omΛ in D(Uét,Λ)

(A|U , B|U ).





LECTURE 6

ÉTALE CONSTRUCTIBLE SHEAVES

6.1. Constructible sheaves on spectral spaces

Let X be a spectral space and Λ = a Noetherian ring.

Recall the following:

constructible sets in X

Boolean algebra generated by quasi-compact open subsets

∐
finite locally closed constructible sets︸ ︷︷ ︸

U∖V with U and V open qc.

Then, if Xcons is the topology generated by constructible subsets, i.e. the topology
whose closed subsets are the pro-constructible subsets, Xcons is compact totally
disconnected space i.e. profinite space whose closed/open subsets are exactly the
constructible subsets of X.

Definition 6.1.1. — A sheaf of Λ-module F on the spectral space X is
constructible if there exists a finite partition of X, X =

⋃
i Zi, in locally closed

constructible subsets such that for all i, F|Zi
is a constant sheaf with value a

Λ-module of finite type.

The category of constructible sheaves is a sub-abelian category of the category
of sheaves of Λ-modules on X. There are other characterizations of constructible
sheaves:
• F is constructible iff it is a successive extension of j!M where j : Z ↪→ X
with Z locally closed constructible and M of finite type. Thus, the category of
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constructible sheaves of Λ-modules is the thick sub-category generated by the
j!M as before.

• F is constructible iff its pullback to Xcons is locally constant, locally isomor-
phism to a finite type Λ-module

Remark 6.1.2. — If X is a spectral space and Z ⊂ X is constructible then Z is
a neighborhood of any maximal point of X lying in Z. In fact, if x is such a point,
{x} = Xx and thus ∩U∋x(U ∩X ∖ Z) = ∅ where U is a qc open neighborhood of x.
Since U ∩ X ∖ Z is constructible, the compacity of Xcons then implies that a finite
sub-intersection is empty.

For example, if X = |Spa(A,A+)| where A is topologically of finite type over a
non-archimedean field K then any Tate classical point of X that is contained in Z
has a neighborhood contained in Z. For example, if Z ⊂ |Bd

K | containing the origin 0
then Bd(0, ε) ⊂ Z for some ε > 0.

Proposition 6.1.3. —

1. The constructible sheaves are exactly the compact objects of the category
ShvΛ(X)

2. Any sheaf of Λ-modules is a filtered colimit of constructible sheaves and

lim−→ : Ind
(
ShvΛ(X)cons︸ ︷︷ ︸

Ind-category

) ∼−−→ ShvΛ(X).

One of the great properties of constructible sheaves is the following.

Proposition 6.1.4. — If X = lim←−i
Xi with Xi spectral and the transition

morphisms are qc qs then

2− lim−→
i

ShvΛ(Xi)cons
∼−−→ ShvΛ(X)cons.

At the end for any X spectral one can write X = lim←−i
Xi with Xi a finite (T0)

space. Then,

Ind
(
2− lim−→

i

ShvΛ(Xi)︸ ︷︷ ︸
sheaves on a finite ordered set

)
∼−−→ ShvΛ(X)

This gives a combinatorial description of sheaves of Λ-modules on X.
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6.2. Overconvergent étale sheaves

Let X be a spatial diamond.

Definition 6.2.1. — An étale sheaf F on X is overconvergent if ∀x̄ a geo-
metric point of X and ∀ȳ a generalization of x̄,

Fx̄
∼−−→ Fȳ.

This is equivalent to saying that

∀x̄ : Spa(C,C+) −→ X,

with C algebraically closed as usual, the sheaf

x∗F

on |Spa(C,C+)| is constant.

Recall that if S is a spectral space such that for all s ∈ S, Ss is a chain then S has
a biggest Hausdorff quotient

SB︸︷︷︸
Berkovich quotient

=compact
Hausdorff

= S/ ∼

where ∼ is the equivalence relation generated by the specialization order. Equiva-
lently,

s ∼ t⇐⇒ smax = tmax

where smax is the maximal generalization of s (if S is the top. space of an ana-
lytic adic space and Ss = |Spa(K(s),K(s)+)| then smax is the maximal point of
Spa(K(s),K(s)+) given by the rank 1 valuation Spa(K(s),OK(s))). The quotient
map

β : S −→ SB

induces identifications

{sheaves on SB} {overconvergent sheaves on S}

{
sheaves F on S s.t. ∀U ⊂︸︷︷︸

q.c.
open

X, lim−→
V⊂X open

U⊂V

F (V )
∼−−→ F (U)

}
β∗

∼

Here the relation U ⊂ V is sometimes denoted U ⊂⊂ V .

Example 6.2.2. — If S = |Spa(A,A+)| with (A,A+) an affinoid Tate ring, a sheaf
F on S is overconvergent iff ∀f1, . . . , fn ∈ A that generate the unit ideal, ∀g ∈ A,
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lim−→
k≥1

Γ
(
S
〈ϖfk1 , . . . , ϖfkn

gk

〉
︸ ︷︷ ︸

basis of nbd. of

S⟨ f1,...,fn
g ⟩

S

when k varies

,F
)

∼−−→ Γ
(
S
〈f1, . . . , fn

g

〉
︸ ︷︷ ︸

rational open subset

,F
)

If

S︸︷︷︸
s.t.d.

perf. space

quasi-pro-étale
surjective−−−−−−−−−−→ X

then the overconvergent étale sheaves on X are identified with the sheaves F on Xét

such that F|S comes from a sheaf on |S|B .

There is a partially proper étale site together with a continuous morphism of sites

π : Xét −→ Xp.p.ét

that induces an equivalence of topoi‹Xp.p.ét
∼−−→
{
overconvergent sheaves on Xét

}
.

Thus, we have the following equivalent description of overconvergent étale sheaves.

Étale sheaves F on X satisfying Fx̄
∼−−→ Fȳ if x̄ ≤ ȳ

Étale sheaves F on X satisfying: F|S comes from a sheaf on the
Berkovich spectrum
|M(R)| = SB

if Spa(R,R+) = S −→ X is a quasi-pro-étale cover
with S a strictly totally disconnected perf. spaces

Sheaves on the partially proper étale site of X

6.3. Étale constructible sheaves on spatial diamonds

Let X be a spatial diamond and Λ a Noetherian ring.
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Definition 6.3.1. — A sheaf F of Λ-modules on Xét is constructible if
∀S → X with S a strictly totally disconnected perfectoid space, F|S is con-
structible as a sheaf on |S|.

The following result is elementary.

Proposition 6.3.2. — Let F be a sheaf of Λ-modules on Xét.

1. F constructible ⇔ ∃ finite partition |X| =
⋃

i Zi with Zi locally closed
constructible and ∀f : S → X with S a strictly totally disconnected
perfectoid space, ∀i, F|f−1(Zi) is isomorphic to M with M a finite type
Λ-module

2. F constructible ⇔ F is a compact object of ShvΛ(Xét)

3. ShvΛ(Xét) is compactly generated and

lim−→ : Ind (ShvΛ(Xét)cons)
∼−−→ ShvΛ(Xét).

4. If X = lim←−i
Xi, a cofiltered limit with qc transition morphisms of spatial

diamonds,

2− lim−→
i

ShvΛ(Xi,ét)cons
∼−−→ ShvΛ(Xét)cons.

Example 6.3.3. — Consider X = B1,⋄
K the 1-dim. closed ball over the non-archi.

field K and j : (B1
K ∖ {0})⋄ ↪→ B1,⋄

K the inclusion of the punctured ball. For a radius

ρ ∈]0, 1[∩|K| let jρ : {ρ ≤ |z| ≤ 1}⋄ ↪→ B1,⋄
K be the inclusion of the qc annulus with

radii {ρ, 1}. Then

j!Λ = lim−→
ρ→

>
0

jρ!Λ

is a writing of j!Λ as an ind-constructible étale sheaf on B1,⋄
K .

Here is a key remark/application.

Lemma 6.3.4 ( loc. systems=overconvergent constructible sheaves)
Let F ∈ ShvΛ(Xét). The following are equivalent:

1. F is constructible and overconvergent

2. F is étale locally isomorphic to M with M a finitely generated Λ-module
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In fact, we can suppose that X is a strictly totally disconnected perfectoid space.
Now for x ∈ X one has

Spa(K(x),K(x)+) = lim←−
U∋x

open aff. perf.
nbd. of x

U

and thus

2− lim−→
U∋x

open aff. perf.
nbd. of x

ShvΛ(Uét)cons
∼−−→ ShvΛ(Spa(K(x),K(x)+)ét)cons.

Now, F overconvergent exactly means that for all x ∈ X, if x : Spa(K(x),K(x)+)→
X, then x∗F is étale locally constant.

Here is another example.

Example 6.3.5. — Let F be constructible on Xét. Then, F is locally con-
stant in any nbd. of a maximal point of |X|. For example, if X = Y ⋄ where
Y is a qc qs rigid analytic analytic space then any étale constructible sheaf on
Y is locally constant on an open subset U of Y containing all maximal points
and in particular all classical Tate points of Y .

This is exactly where Berkovich theory breaks down from the cohomological point
of view: it does not see the difference between constructible sheaves and local systems

6.3.1. Étale perfect-constructible complexes on spatial diamonds. — Let
X be a spatial diamond. Here Λ is any ring.

Definition 6.3.6. — An object A ∈ Dét(X,Λ) is perfect constructible if
∀S → X with S a strictly totally disconnected perfectoid space there exists a
finite partition |S| =

⋃
i Zi in locally closed constructible subsets such that for

all i, ( A|S︸︷︷︸
∈D(|S|,Λ)

)|Zi
is constant with value a perfect complex of Λ-modules via

D(Λ)→ D(Zi,Λ).

One can characterize them in sheafy/fiberwise terms and descend the stratification
along which they are locally constant. This is the following result.
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Proposition 6.3.7. — The following is satisfied.

1. The object A ∈ Dét(X,Λ) is perfect constructible iff

(a) it is bounded,

(b) ∀i ∈ Z, Hi(A) is a constructible étale sheaf on X,

(c) ∀x : Spa(C,C+)→ X, x∗A ∈ D(Λ) is a perfect complex.

2. The object A ∈ Dét(X,Λ) is perfect constructible iff there exists a finite
stratification |X| =

⋃
i Zi by locally closed constructible subsets such that

∀f : S → X with S a strictly totally disconnected perfectoid space such
that ∀i,

(
A|S︸︷︷︸

∈D(|S|,Λ)

)
|f−1(Zi)

is constant with value a perfect complex of

Λ-modules.

Remark 6.3.8. — One has to be careful that for Z ⊂ |X| locally closed constructible,
Z does not define a ”sub-spatial diamond” of X (unless it is open) and the expres-
sion ”A|Z“does not make any sense. The only sub-spaces of |X| defining sub-spatial
diamonds are the pro-constructible generalizing subsets.

Let us come to the main point why we are interested in perfect constructible
complexes and the way they will be related to our cohomological operations. We first
have the following compactness characterization.

Proposition 6.3.9. — Let X be a spatial diamond satisfying: ∃N ∈ N s.t.
∀U → X separated étale qc, ∀F ∈ ShvΛ(Xét), H

i
ét(U,F ) = 0 for i > N .

Then,
Dét(X,Λ) = D(Xét,Λ)

i.e. D(Xét,Λ) is left complete and Dét(X,Λ) is compactly generated with
compact objects the perfect constructible étale complexes.

The finite cohomological dimension hypothesis is satisfied if for example there
exists f : X → S qc. of finite dim. trg. with S a strictly totally disconnected
perfectoid space.

Finally the triangulated category of étale perfect constructible complexes has a
description as successive extensions of some “simple” perfect constructible objects.
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Proposition 6.3.10. — For X a spatial diamond, the triangulated category

Dét(X,Λ)p.c.

is the thick triangulated sub-category generated by the objects

j!L

where j is the inclusion of a locally closed constructible subset Z of |X| and
L an object of Dét(U,Λ), U an open nbd. of Z, étale locally isomorphic to a
perfect complex of Λ-modules.

One has to be careful in the preceding statement: such a Z has no structure of a
spatial diamond, unless it is open, and j!L is a notation for j′! i∗i

∗L where Z ⊂ U ,
j′ : U ↪→ X, i : Z ↪→ X and i∗i

∗L is a notation for an object sitting in an exact
triangle

i∗i
∗L → L → k!k

∗L
+1−−→

where k : U \ Z ↪→ U .



LECTURE 7

TOWARD f-ULA ÉTALE COMPLEXES

7.1. First applications of étale perfect constructible complexes

7.1.1. Toward f-ULA complexes. — A first result toward the definition of f -
ULA complexes is the following.

Proposition 7.1.1. — Let f : X → Y be a separated ℓ-cohomologically
smooth morphism of spatial diamonds. Then, for A ∈ Dét(X,Λ) perfect con-
structible, Rf!A is perfect constructible.

Proof. — We use proposition 6.3.9. Using the proper base change theorem we can
base change and suppose that Y is a strictly totally disconnected perfectoid space. It
then suffices to prove that Rf!A is compact. But this follows from the fact that since f
is ℓ-cohomologically smooth, Rf! has a right adjoint that commutes with direct sums
and the fact that A is compact and thus Hom(A,−) commutes with direct sums.

We used the following elementary but essential lemma.

Lemma 7.1.2. — Let F be an additive functor between additive categories
admitting arbitrary direct sums. If F as a right adjoint that commutes with
arbitrary direct sums then F sends compact objects to compact objects.

From the preceding we deduce the following result.

Proposition 7.1.3. — Let f : X −→ Y be a proper ℓ-cohomologically smooth
morphism of spatial diamonds and F ∈ Dét(X,Λ) be étale locally isomorphic
to M where M is a perfect complex of Λ-modules. Then, Rf∗F is étale lo-
cally isomorphic to the constant complex associated to a perfect complex of
Λ-modules.
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In fact, it remains to see that Rf∗F is overconvergent. This is a consequence of
the following lemma and Poincaré duality.

Lemma 7.1.4. — Let X be a spatial diamond and A ∈ Dét(X,Λ) be perfect con-
structible. Then, RHomΛ(A,Λ) is overconvergent.

Remark 7.1.5. — Proposition 7.1.3 remains true under the weaker assumption that
F is perfect constructible and “overconvergent along f” in the sense that ∀y, y′ ∈ Y
with y ≥ y′, if j : Xy ↪→ Xy′ then F|Xy′

∼−−→ j∗(F|Xy
). Using qc base change this is

equivalent to

∀x̄, ∀s̄ ≥ f(x̄), Fx̄
∼−−→ Γ(Xx̄ ×Sf(x̄)

Ss̄,F ).

7.1.2. Openness of cohomologically smooth morphisms. — The following re-
sult was announced before. We can now explain its proof.

Proposition 7.1.6. — Separated ℓ-cohomologically smooth morphisms are open.

In fact, let f : X → S be a separated ℓ-cohomologically smooth morphism of spatial
diamonds. Since the image of f is generalizing it suffices to prove it is constructible.
since f is qc separated ℓ-cohomologically smooth,

A = Rf!Rf
!Fℓ

is perfect constructible. Let us prove that

Im(|f |) = {s ∈ S | As̄ ̸= 0}
where s̄ is a geo. point over s. The formation of A is compatible with base change
on S and thus we can suppose that S = Spa(C,C+). Then, As̄ is RΓ(S,Rf!Rf

!Fℓ).
Suppose that the closed point s of S is not in the image of f . Then, f factorizes as
j ◦ g where j : S \ {s} ↪→ S. Thus, Rf! = j!Rg!. But since any non-empty closed
subset of S contains s, Γ(S,−) ◦ j! = 0. We thus have As̄ = 0.

Suppose now that s is in the image of f . One computes, using the cohomological
smoothness of f ,

Rf!Rf
!j!Fℓ = j!j

∗Rf!Rf
!Fℓ.

In particular, if one has a distinguished triangle

j!j
∗A→ A→ B

+1−−−→

then B is concentrated on {s} with stalk As̄ at s. But now,

Hom(B,Fℓ) = Hom(Rf !i∗Fℓ, Rf
!i∗Fℓ)

where i∗Fℓ is a notation for a cone of j!Fℓ → Fℓ. This is identified with endomorphisms
of the étale local system Rf !Fℓ restricted to f−1(s). Since f−1(s) ̸= ∅ the identity is
such a non-zero endomorphism and B ̸= 0.
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7.2. f-ULA complexes: the classical scheme case

Motivation: If S is a base scheme and f : X → S is a finite presentation
morphism of schemes, the question is “What is a family of coherent sheaves
parametrized by X/S?” The answer given by Grothendieck is: this is a coher-
ent sheaf on X that is flat over S.
Another question is “What is an étale complex of Λ-modules parametrized by
X/S ?” The answer is “this an f -ULA étale complex on X”.

Here Λ is a Noehterian ring killed by a power of ℓ invertible on our schemes. All
our schemes are qc qs. If X is a scheme we note

Dét(X,Λ)

for the left completion of D(Xét,Λ), that is equal to D(Xét,Λ) if for example X is of
finite type over a field k satisfying cdℓ(k) < +∞.

Recall the following definition. For a scheme S and a geometric point s̄ of S we
note

Ss̄ = Spec
(

OS,s̄︸︷︷︸
strict henselization

at s̄

)
.

If s̄ : Spec(K)→ S with K separably closed,

Ss̄ = lim←−
U

Spec(K) S

étale

s̄

U

the étale localization of S at s̄.

Recall that a specialization s̄′ of s̄ is the datum of a geometric point s̄′ of S together
with a factorization of s̄ : Spec(K) → S via Ss̄′ → S. This is possible if and only if
s ≥ s′ as points of S. There is then induced a canonical pro-étale morphism

Ss̄ −→ Ss̄′ .

For any étale sheaf F on S, its stalk at s̄ is

Fs̄ = Γ(Ss̄,F|Ss̄
).

Since Ss̄ is the spectrum of a strictly Henselian ring, Γ(Ss̄,−) is exact and for A ∈
Dét(X,Λ), Γ(Ss̄, ASs̄) = RΓ(Ss̄, A|Ss̄

) is the complex of stalks of A at s̄, As̄. There is
a specialization map

Fs̄′ −→ Fs̄.
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Recall that a complex A ∈ Db
ét(X,Λ) with constructible cohomology is étale lo-

cally constant on X if and only if for all geometric point x̄ of X together with a
specialization x̄′,

Ax̄′
∼−−→ Ax̄

i.e. all specialization maps are isomorphisms.

We now use the following notation

Dét(X,Λ)p.c.︸ ︷︷ ︸
perfect constructible

complexes

for the subcategory of Dét(X,Λ) formed by complexes that are bounded with con-
structible cohomology sheaves and whose stalks at geometric points are perfect com-
plexes of Λ-modules. When Dét(X,Λ) = D(Xét,Λ) those are exactly the compact
objects of Dét(X,Λ).

Definition 7.2.1 (Classical defintion of ULA complexes)
Let f : X → S be a finite presentation morphism of schemes.

1. A complex A ∈ Dét(X,Λ) is f -locally acyclic if it is perfect constructible
and ∀x̄ a geometric point of X, ∀s̄ a generalization of f(x̄) there is an
isomorphism

Ax̄ = RΓ(Xx̄, A)
∼−−→ RΓ(Xx̄ ×S ¯f(x)

s̄, A).

2. A is f -universally locally acyclic if it is locally acyclic after any base
change S′ → S.

Remark 7.2.2. — We wrote Xx̄ ×S ¯f(x)
s̄ for the pullback via s̄ : Spec(L) → Sf(x̄)

of Xx̄ → Sf(x̄). Thus, RΓ(Xx̄ ×S ¯f(x)
s̄, A) is the étale cohomology of the L-scheme

Xx̄ ×S ¯f(x)
s̄ with coefficients in (the pullback of) A.

Remark 7.2.3. — When S is a curve this is equivalent to ∀s̄ a geometric
closed point of S, if Xs̄ = X ×S Ss̄, for a choice η̄ of a geometric point over
the generic point of Ss̄

RΦη̄(A|Xs̄
) = 0 in Dét(X ×S Spec(k(s̄)))

where RΦ is the vanishing cycle functor

RΦη̄ : Dét(Xs̄,Λ) −→ Dét(X ×S Spec(k(s̄)),Λ).
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Thus, locally acyclic complexes are a generalization of complexes without vanishing
cycles when the base is a curve. The terminology locally acyclic means “without any
vanishing cycles”.

In fact one can verify the following.

Proposition 7.2.4. — A perfect constructible is f -ULA if and only if for
every morphism g : Spec(V ) → S with V a Henselian rank 1 valuation ring
and a choice of a separable closure of Frac(V ),

RΦη̄

(
A|X×SSpec(V )

)
= 0.

Example 7.2.5. — A complex A ∈ Db
c(Xét,Λ) is f -ULA for f = Id if and only if

A is étale locally constant.

Thus, ULA complexes are some kind of relative notion for locally constant. Here
is the diagram associated to the preceding proposition.

Spec(K) X ×S s̄ X ×S Spec(V ) Xη̄

s̄ Spec(V ) η̄

x̄

closed
géà. point

ī j̄

The local acyclicity condition asks that Ax̄ is identified with the cohomology of the
Milnor fiber (schematical or rigid analytic, see [9], [10] and [78])

Ax̄
∼−−→
(
ī∗Rj̄∗(A|Xη̄

)
)
x̄

= RΓ
((
X ×S Spec(V )

)
x̄
[ 1t ], A

)
︸ ︷︷ ︸

cohomology of the schematical
Milnor fiber over x̄

= RΓ
(

sp−1(x̄)︸ ︷︷ ︸
rigid analytic
Milnor fiber
as a tube

,
(
A|X ˆ̄η

)ad)

Recall now the following classical theorem. The first part implies the smooth base
change theorem.
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Theorem 7.2.6. — Let f : X → S be a smooth morphism of schemes.

1. If A is an étale local system i.e. is étale locally isomorphic to M with M
a free Λ-module of finite type then A is f -ULA.

2. Being ULA is smooth local on the source and on the target.

Remark 7.2.7. — The fact that being ULA is smooth local implies ther is a “good
notion” of f -ULA complexes in Dét(X,Λ) where f : X → Y is a representable finite
type morphism of Artin stacks. We will use the same fact for Artin v-stacks later.

Let us note the following now. Proper base change implies that if we have a
sequence

X
g−−→ Y

f−−→ S

and A ∈ Dét(X,Λ) that is f ◦ g-ULA then g proper ⇒ Rg∗A is f -ULA.

Example 7.2.8. — If A is f -ULA and f is proper then Rf∗A is étale locally
constant, étale locally isomorphic to M• where M• is a perfect complex of
Λ-modules.

We refer to [99] for the following.

Theorem 7.2.9 (Gabber). — Locally acyclic implies universally locally
acyclic for finite type morphisms of Noetherian schemes.
In particular, if A ∈ Dét(X,Λ)pc where X is a finite type k-schemes, k a
field, A is ULA with respect to X → Spec(k) and thus for any k-scheme S,
A|X×Spec(k)S is locally acyclic relatively to X ×Spec(k) S → S.

Gaitsgory realized that ULA complexes behave well with respect to Verdier duality
([?]).
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Theorem 7.2.10 (ULA complexes behave well with respect to
Verdier duality)
Let A be f -ULA where f : X → S is of finite presentation. Then,

1. The formation of the Verdier dual DX/S(A) behaves well with respect to
base change: for S′ → S,

DX/S(A)|X×SS′ = DX×SS′/S′(A|X×SS′)

and A|X×SS′ is ULA relatively to X ×S S
′ → S′

2. For B ∈ Db
c(Xét,Λ) one has

DX/S(A)⊗L
Λ f

∗B
∼−−→ RH omΛ(f

∗A,Rf !B).

This has lead at the end to a new “Verdier duality point of view” on ULA com-
plexes.

Theorem 7.2.11 (Verdier duality characterization of ULA complexes,
Lu-Zheng)
For A ∈ Dét(X,Λ) one has if p1 and p2 are the two projections from X×SX
to X

A is f -ULA ⇐⇒
[
DX/S(A)⊠

L
Λ A

∼−−→ RH omΛ(p
∗
1A,Rp

!
2A)

]
⇐⇒ X

A−−→ S is a left adjoint in the 2-cat.of correspondences

The second categorical condition will be explained later
This definition is compact since it does not involve something like “for any S′ →

S...“ or ”∀Spec(V )→ S”, we just have to test that one morphism is an isomorphism.
Let us cite as an example an immediate corollary of this point of view that is

difficult to obtain without it.

Corollary 7.2.12. — If A is f -ULA then it is dualizable, A
∼−−→

DX/S(DX/S(A)).

The following 3 definitions are then equivalent:
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Classical definition (Grothendieck):

Complexes without vanishing cycles ∀ Spec( V︸︷︷︸
rank one

valuation ring

)→ S,

RΦη̄

(
A|X×SSpec(V )

)
= 0

Modern definition (Gaitsgory):
DX/S(A)|X×SS′ = DX×SS′/S′(A|X×SS′)

Complexes that behave nicely

with respect to Verdier duality DX/S(A)⊗L
Λ f

∗B
∼−−→ RH omΛ(f

∗A,Rf !B)
universally /S

Ultra modern 2-categorical The 1-morphism X
A−→ S

super chic definition (Lu-Zheng) is a left adjoint in the
2-category of correspondences

Let us cite another example of application of this ULA formalism.

Corollary 7.2.13. — Let f : X → S and g : Y → S be two morphisms of
finite presentation and A ∈ Dét(X,Λ), B ∈ Dét(Y,Λ) be ULA over S. Then,

1. The complex A⊠L
Λ B is ULA over S and there is an isomorphism

DX/S(A)⊠
L
Λ DY/S(B)

∼−−→ DX×SY/S(A⊠L
Λ B).

2. One has the Künneth formula: if h : X ×S Y → S,

Rf∗A⊗L
Λ Rg∗B

∼−−→ Rh∗
(
A⊠L

Λ B
)
.

Point (2) is immediately deduced from point (1) by applying Künneth formula
with compact support (that is a formal consequence of the projection formula and is
always true without any ULA hypothesis) that implies

Rf!DX/S(A)⊗L
Λ Rg!DY/S(B)

∼−−→ Rh!
(
DX/S(A)⊠

L
Λ DY/S(B)

)
and an application of RH om(−,Λ) coupled with point (1) and the biduality of ULA
complexes.
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f-ULA ÉTALE COMPLEXES ON SPATIAL DIAMONDS

8.1. ULA complexes on locally spatial diamonds: the “classical” definition

8.1.1. First step of finding the classical definition: mimicking the classical
definition. — Let X be a locally spatial diamond.

For x̄ : Spa(C,C+)→ X a geometric point we define

Xx̄

as for a scheme,

Xx̄ = lim←−
U

Spa(C,C+) S

separated étale

x̄

U

where U is a spatial diamond. If Y → X is quasi-pro-étale where Y is a perfectoid
space then we can lift x̄ to a geometric point ȳ : Spa(C,C+)→ Y . Then, Yȳ

∼−−→ Xx̄

where Yȳ = Spa
(’
K(y),

’
K(y)

+)
with y ∈ |Y | the image of the closed point of

Spa(C,C+) and K(y) the algebraic closure of K(y) inside C.

Suppose

f : X → S

is a morphism of locally spatial diamonds and

A ∈ Dét(X,Λ).
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For such a x̄ let s̄ be a generalization of f(x̄) i.e. s̄ is a geometric point of Sf(s̄).
There is a diagram of strictly local perfectoid spaces

Xx̄

Spa(C,C+) Ss̄ Sf(x̄)

s̄

qc open
subset

Since Λ is killed by a power of ℓ ̸= p, qc base change applies and there are maps

Ax̄ −→ RΓ(Xx̄ ×Sf(x̄)
Ss̄︸ ︷︷ ︸

qc open
subset of Xx̄
thus s.t.d.

, A) = Γ(Xx̄ ×Sf(x̄)
Ss̄, A)

∼−−→ RΓ(Xx̄ ×Sf(x̄)
Spa(C,C+), A)

The classical definition in terms of the cohomology of Milnor fibers translates here in
an overconvergence like statement:

Ax̄
∼−−→ Γ(Xx̄ ×Sf(x̄)

Ss̄, A).

This involves no “higher degree cohomology classes” since, contrary to schemes,
any qc open subset of a strictly local perfectoid spaces is strictly local.

In fact, if R is a strictly Henselian local ring then, F an étale sheaf of abelian
groups on Spec(R), in general, there exists qc open subsets U of Spec(R) such that
Hi

ét(U,F ) ̸= 0 for some i > 0.

The set of open subsets of Xx̄ is totally ordered ⇒ a sheaf on Xx̄ is the same as a
contravariant functor

F : {qc non-empty open subsets of Xx̄} → Sets

Then the preceding condition is that if U ⊂ V ⊂ Xx̄ are pullback of qc non-empty
open subsets of Sf(x̄) then

F (V )
∼−−→ F (U)

that is thus identified with F (Xx̄).

We now have the following lemma whose proof consists in taking the base change
along Xx̄ → S.

Lemma 8.1.1. — The complex A ∈ Dét(X,Λ) is overconvergent along f after any
base change/S iff A is overconvergent.

We thus put the condition to be overconvergent in our definition of ULA complexes.
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8.1.2. Second step of finding the classical definition: putting Verdier
duality in the machine. — Contrary to schemes the preceding condition is not
enough to define ULA complexes: it involves only degree 0 cohomology classes.

Before going further let us remark the following: let

f : X → S

be a (compactifiable of finite dim. trg.) morphism of locally spatial diamonds, and

A ∈ Dét(X,Λ)

satisfy the “overconvergence along f” condition of the preceding section. Let
j : U → X be a separated étale morphism of locally spatial diamonds such that
f ◦ j : U → X is qc qs. Moreover, A|U is “overconvergent along f ◦ j”.

Lemma 8.1.2. — For such a j : U → X, R(f ◦ j)∗(A|U ) ∈ Dét(S,Λ) is overconver-
gent.

Proof. — We can use the qc base change Theorem to compute
(
R(f ◦j)∗(A|U )

)
s̄
.

We can now come to the main point.

Lemma 8.1.3. — Suppose that after any base change over S to a strictly totally
disconnected perfectoid space, for any B ∈ Dét(S,Λ) one has

DX/S(A)⊗L
Λ f

∗B
∼−−→ RH om(A,Rf !B).

Then for any j : U → X separated étale such that f ◦ j is qc,

R(f ◦ j)!(A|U ) ∈ Dét(S,Λ)

is perfect constructible.

Proof. — Using the proper base change theorem we can suppose that S is a strictly
totally disconnected perfectoid space. Replacing f by f ◦ j and A by A|U we can
suppose that j = Id and f is qc and thus X is qc. We then have for any B,

Hom(Rf!A,B) = H0(X,DX/S(A)⊗L
Λ f

∗B).

Since X is qc we deduce that Rf!A is a compact object of Dét(S,Λ) and thus perfect
constructible.

Let us now remark that this “perfect constructible” property is compatible with
the following Lemma that will play an important role later.
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Lemma 8.1.4 ( Key ULA Lemma). — Let X be a spatial diamond and
A ∈ Dét(X,Λ) perfect constructible. Then RH omΛ(A,Λ) is overconvergent
and its formation is compatible with base change: for f : X ′ → X a morphism
of spatial diamonds,

f∗RH omΛ(A,Λ)
∼−−→ RH omΛ(f

∗A,Λ).

In fact, the complex A has a finite filtration whose graded pieces are of the form

j!L

where j : Z ↪→ X is locally closed constructible and L , defined in a neighborhood of
Z, is étale locally constant associated to a perfect complex of Λ-modules. Then,

RH om(j!L ,Λ) = Rj∗L
∨

where L ∨ is étale locally constant associated to a perfect complex of Λ-modules. The
result is then a consequence of the qc base change Theorem that says this is j∗L ∨.

8.1.3. The classical definition of ULA. — Let f : X −→ S is a morphism
of locally spatial diamonds, compactifiable locally of finite dim.trg.. Lead by the
preceding facts we take the following definition.

Definition 8.1.5 ( Classical definition of ULA)
A complex A ∈ Dét(X,Λ) is ULA if

1. It is overconvergent.

2. After any base change over S, for any j : U → X a separated étale
morphism of loc. spatial diamonds such that f ◦ j is qc,

R(f ◦ j)!(A|U ) ∈ Dét(S,Λ)p.c.

in the sense that is is perfect constructible when restricted to any spatial
open subsets.

Let us remark the following:
• contrary to the scheme case we don’t ask that A itself is perfect constructible
and as a matter of fact, in the cases we will consider this will almost never be
the case. In fact since we ask that A is overconvergent this would imply that
A is étale locally constant and we don’t want to put such a restriction.

• there is a definition of LA complexes where we ask that A is only overconvergent
along f and property (2) is satisfied only over S, not necessarily after any base
change, but we don’t need it.

• it is enough to check property (2) after base change to any strictly totally
disconnected perfectoid space.
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8.1.4. Basic properties. — The following is evident and shows that ULA com-
plexes are a natural generalization of local systems.

Proposition 8.1.6. — The following is statisfied.

1. If f is separated ℓ-cohomologically smooth then any complex étale locally
constant with value a perfect complex of Λ-modules is ULA.

2. Being ULA is ℓ-cohomologically smooth local on the source and the target.

The second point will allow us to define a notion of ULA complexes for Artin
v-stacks.

Proposition 8.1.7. — Let

X
g−−→ Y

f−−→ S.

If A ∈ Dét(X,Λ) is f ◦ g-ULA and g is proper then Rg∗A is f -ULA.

Finally let us remark the following.

Proposition 8.1.8. — Let A be f -ULA, f : X → S, and B ∈ Dét(X,Λ)pc.
Then for any j : U → X separated étale such that f ◦ j is quasicompact then

R(f ◦ j)!((A⊗L
Λ B)|U )

is perfect constructible.

With the notations of proposition 6.3.10 it is sufficient to do it for j!L , and this
is an easy reduction.

Definition 8.1.9. — Let X ba an Artin v-stack and A ∈ Dét(X,Λ). We say
that A is ULA (relatively to X→ ∗) if for one (and thus all) morphism

f : U −→ X

separated ℓ-cohomologically smooth surjective with U a locally spatial diamond,
for all S a locally spatial diamond,

(f∗A)|U×S ∈ Dét(U × S,Λ)
if ULA relatively to U × S → S.

8.1.5. An example. — Let us prove the following as an exercise.
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Theorem 8.1.10 (ULA ⇔ admissible for classifying stacks of locally
pro-p groups)
Let G be an affine algebraic group over E. Let X = [∗/G(E)]. Then, via the

equivalence
D(G(E),Λ)

∼−−→ Dét(X,Λ),

a complex π• is ULA iff for all compact open pro-p subgroup K of G(E), (π•)K

is a perfect complex of Λ-modules.

Proof. — Let Fπ• ∈ Dét(X,Λ) be associated to π•. Chose K ⊂ G(E) com-
pact open pro-p. Since [∗/K] → [∗/G(E)] is étale surjective, Fπ• is ULA iff

Fπ•
|K
∈ Dét([∗/K],Λ) is ULA.

Let G be a flat model of G that is of finite type over OE , Ĝ be its π-adic completion

and Ĝη be its generic fiber as a finite type adic space over Spa(E). We can suppose

that K ⊂ G(OE). Let X =
(
Ĝη
)⋄
, a spatial diamond separated ℓ-cohomologically

smooth over ∗. Then,
X/K −→ [∗/K]

is a surjective ℓ-cohomologically smooth morphism. Let G ∈ Dét(X/K,Λ) be the
pull-back of Fπ•

|K
.

Let S be a strictly totally disconnected perfectoid space and

j : U −→ X/K × S
be a separated étale morphism such that the composite

U −→ X/K × S −→ S

is quasi-compact. We can form the cartesian diagram

T X × S

U X/K × S

S

K

qc qs smooth

Let f : X/K × S → S be the projection. We have to compute

R(f ◦ j)!(G|U ) ∈ Dét(S,Λ).

Let us note g : T −→ S that is a qc. ℓ-cohomologically smooth morphism invariant
under the action of K on T . Let us note

f̃ : X/K × S −→ [S/K].
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We have

R(f ◦ j)!(G|U ) =
[
(Rf̃!Λ)⊗L

Λ π
•]K .

After forgetting the action ofK, the image of Rf̃!Λ underDét([S/K],Λ) −→ Dét(S,Λ)
is Rg!Λ equipped with its action of K. Since g is qc smooth, Rg!Λ is perfect con-
structible and thus the action of K on Rg!Λ is smooth. Let K ′ ⊂ K be compact open
such that K ′ acts trivially on Rg!Λ. Then,[

(Rf̃!Λ)⊗L
Λ π

•]K ⊂ Rg!Λ⊗L
Λ (π•)K

′

that is a direct factor. Thus, (π•)K
′
is a perfect complex of Λ-modules⇒ R(f◦j)!(G|U )

is perfect constructible.

The reciprocal is obtained in the following way. If h : X/K → ∗ then

Rh!Λ =
[
RΓc(X,Λ)⊗L

Λ π
•]K

with RΓc(X,Λ) ∈ D(Λ) a perfect complex equipped with a smoth action of K. The
result then follows, after taking K smaller so that it acts trivially on RΓc(X,Λ), from
the fact that if M is a non-zero perfect complex of Λ-modules with Hi(M) ≃ Λ for
some i ∈ Z and N ∈ D(Λ) then N is perfect iff M ⊗L

Λ N is perfect.

Remark 8.1.11. — We will give another more conceptual proof later using the 2-
categorical characterization of ULA complexes.

8.2. Behavior with respect to Verdier duality

Let

f : X → S

be a morphism of locally spatial diamonds, compactifiable locally of finite dim.trg..

Theorem 8.2.1. — Let A be f -ULA.

1. The formation of the dualizing complex DX/S(A) is compatible with base
change: for any S′ → S,

DX/S(A)|X×SS′ = DX×SS′/S′
(
A|XX×SS′

)
.

2. For any B ∈ Dét(S,Λ)

DX/S(A)⊗L
Λ f

∗B
∼−−→ RH om(A,Rf !B).

Let us give a full proof of point (1). Let us start with a Lemma. Here by Bd
S

we mean the spatial diamond that sends (R,R+) to morphisms Spa(R,R+) → S
together with an element of (R+)d. Let us moreover recall that cofiltered limits of
spatial diamonds as v-sheaves are again spatial diamonds.
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Lemma 8.2.2. — Let X → S be a morphism where X is affinoid perfectoid and S
is a spatial diamond. Then one caw write

X = lim←−
i

Ui,

a colfiltered limit where Ui is a quasi-compact open subset inside a ball Bdi

S for some
integer di.

Proof. — For I a set we note

BI
S

for the spatial diamond over S such that BI
S(R,R

+) is the set of morphisms
Spa(R,R+) → S together with an element of (R+)I . When S is perfectoid
this is representable by a perfectoid space, if S = Spa(A,A+) then BI

S =
Spa(A⟨Xi⟩i∈I , A

+⟨Xi⟩) where A+⟨Xi⟩i∈I is the ϖ-adic completion of A+[Xi]i∈I

and A⟨Xi⟩i∈I is A+⟨Xi⟩i∈I [
1
ϖ ].

Take I = O(X). Then there is an evident monomorphism of v-sheaves over S

X ↪→ BI
S .

We have

BI
S = lim←−

J⊂I
finite

BJ
S .

For any J ⊂ I finite, the image ZJ ⊂ |BJ
S | of X ↪→ BI

S ↠ BJ
S is pro-constructible

generalizing and thus an intersection of quasi-compact open subsets of BJ
S . We thus

have

X = lim←−
J⊂I
finite

lim←−
U⊃ZJ
qc open

U.

This proves the result.

Let us go with another Lemma.

Lemma 8.2.3. — Let X be a spatial diamond satisfying: ∃N such that for any U →
X separated étale qc and any F an étale sheaf of Λ-modules on X, Hi

ét(U,F ) = 0
for i > N . A morphism A → B in Dét(X,Λ) is an isomorphism if and only if for

any U → X separated étale qc, RΓ(U,A)
∼−−→ RΓ(U,B).

Proof. — We have Dét(X,Λ) = D(Xét,Λ). Now, for any geometric point
x̄ : Spa(C,C+)→ X and any D ∈ D(Xét,Λ),

lim−→
U

Spa(C,C+) X

sep. étale. qc.

RΓ(U,D) = Dx̄

and the result follows.
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Proof of point (1) of Theorem 8.2.1. — The assertion is local on X and S and we
may assume that X and S are spatial diamonds. There exists a v-cover S′′ → S′ that
is a strictly totally disconnected perfectoid space. Now, a morphism D1 → D2 in
Dét(X×S S

′,Λ) is an isomorphism if and only if it is an isomorphism after restriction
to X ×S S

′′. This is a consequence of the fact that Dét ⊂ Dv. The result for S′′ → S
and S′′ → S′ thus implies the result for S′ → S. We can thus suppose that S′ is a
strictly totally disconnected perfectoid space.

Since S′ is strictly totally disconnected and X×S S
′ → S′ is quasicompact of finite

dim.trg., X×SS
′ satisfies the hypothesis of Lemma 8.2.3 and thus, if g : X×SS

′ → X,
we have to prove that for any U → X ×S S

′ separated étale qc,

RΓ(U, g∗DX/S(A))
∼−−→ RΓ(U,DX×SS′/S′(g∗A)).

We can now apply Lemma 8.2.2 to write

S′ = lim←−
i

S′
i

(cofiltered limit) where S′
i is quasi-compact open inside a finite dimension ball over

S. Since

2− lim−→
i

{separated étale qc}/S′
i

∼−−→ {separated étale qc}/S′,

we can find an index i and some separated étale qc morphism V → S′
i such that

U → S′ is a pullback of V → S′
i. We have a diagram

U V

X ×S S
′ X ×S S

′
i X

S′ S′
i S

The result we want to prove is immediate when S′ → S is ℓ-cohomologically smooth.
This is in particular the case for S′

i → S. We are thus reduce, up to replacing S by
S′
i and X by V , to proving that for any cartesian diagram of spatial diamonds

X ′ X

S′ S

f ′

g′

f

g

with X → S compactifiable of finite dim.trg., and any A ∈ Dét(X,Λ) that is ULA
over S,

RΓ(X ′, g′∗DX/S(A))
∼−−→ RΓ(X ′,DX′/S′(g′∗A)).
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For this is suffices to prove the result after applying Rf ′∗. We have

Rf ′∗g
′∗RH omΛ(A,Rf

!Λ) =︸︷︷︸
qc BC

g∗Rf∗RH omΛ(A,Rf
!Λ)

= g∗RH omΛ(Rf!A,Λ).

We have moreover,

Rf ′∗RH omΛ(g
′∗A,Rf ′!Λ) = RH omΛ(Rf

′
! g

′∗A,Λ)

= RH omΛ(g
∗Rf!A,Λ).

The result is thus a consequence of the fact that Rf!A is perfect constructible and
Lemma 8.1.4.



LECTURE 9

2-CATEGORICAL CHARACTERIZATION OF f-ULA
ÉTALE COMPLEXES

9.1. The 2-category of correspondences

Let S be a locally spatial diamond.

Definition 9.1.1. — Define CS for the 2-category whose objects are mor-
phisms X → S that are compacitfiable of finite dim. trg. and

1. for X → S and Y → S, the 1-morphisms between X/S and Y/S are
given by an object of Dét(X ×S Y,Λ),

2. the 2-morphisms from A to B elements of Dét(X ×S Y,Λ)

X Y

A

B

are given by usual morphisms from A to B in Dét(X ×S Y,Λ)

The composition of one morphisms is given by ”convolution“ in the sense that

for a sequence X
A−−→ Y

B−−→ Z, in the diagram

X ×S Z

X ×S Y ×S Z

X ×S Y Y ×S Z

X Y Z

π13

π12 π23

we set
B ◦A := π13!

(
π∗
12A⊗L

Λ π
∗
23B

)
: X −→ Z.



290 LECTURE 9. 2-CATEGORICAL CHARACTERIZATION OF f-ULA ÉTALE COMPLEXES

Here the identity 1-morphism fromX toX is given by ∆!Λ where ∆ : X ↪→ X×SX.

Remark 9.1.2. — Any correspondence of locally spatial diamonds

C

X Y

over S (where both morphisms are compactifiable of finite dim.trg.) together with
A ∈ Dét(C,Λ) give rise to a morphism from X to Y in CS: if π : C → X×S Y this is

X
Rπ!A−−−−−→ Y.

We could have defined the 2-category CS by fixing a support like C for our correspon-
dences but this is unnecessary and up to replacing (C,A) by (X×S Y,Rπ!A) this does
not change anything.

Remark 9.1.3. — Given A ∈ Dét(X,Λ), B ∈ Dét(Y,Λ) and π : C → X ×S Y as
before, a cohomological correspondence from A to B with support in C is nothing else
than a 2-morphism

X Y

S

A

Rπ!Λ

B◦Rπ!Λ

B

B ◦Rπ!Λ =⇒ A︸ ︷︷ ︸
cohomologically corr. from B to A

supported on C

There is a morphism of 2-categories

CS −→ {2-category of triangulated categories}(7)

X/S 7−→ Dét(X,Λ)(8)

that sends X/S to Dét(X,Λ), the 1-morphism X
A−−→ Y to the 1-morphism, i.e.

the functor, given by the kernel A

Dét(X,Λ) −→ Dét(Y,Λ)

F 7−→ p2!(A⊗L
Λ p

∗
1F )
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where p1 : X ×S Y → X and p2 : X ×S Y → Y .

In a 2-category like CS there is a notion for a 1-morphism to be a left adjoint (or

if you want to have a right adjoint). More precisely, a 1-morphism X
A−−→ Y is a left

adjoint if there exists Y
B−−→ X and 2-morphisms®

η : Id⇒ BA

ε : AB ⇒ Id

satisfying ®
Bε ◦ ηB = IdB

εA ◦Aη = IdA .

When this is the case such a B is unique up to a 2-isomorphism. In fact, suppose

that Y
B′

−−−→ X is equipped with 2-morphisms®
η′ : Id⇒ B′A

ε′ : AB′ ⇒ Id

satisfying ®
B′ε′ ◦ η′B′ = IdB′

ε′A ◦Aη′ = IdA .

Consider

u = B′ε ◦ η′B : B ⇒ B′

and

v = Bε′ ◦ ηB′ : B′ ⇒ B.

One then has

v ◦ u = Bε′ ◦ ηB′ ◦B′ε︸ ︷︷ ︸
BAB′ε ◦ ηB′AB

◦ η′B

= Bε′ ◦BAB′ε︸ ︷︷ ︸
Bε ◦Bε′AB

◦ ηB′AB ◦ η′B︸ ︷︷ ︸
BAη′B ◦ ηB

= Bε ◦Bε′AB ◦BAη′B ◦ ηB
= Bε′AB ◦ BAη′B
= Id
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9.2. Relation to the ULA condition

Theorem 9.2.1. — The following are equivalent:

1. A is f -ULA,

2. The natural morphism

DX/S(A)⊠
L
Λ A −→ RH omΛ(p

∗
1A,Rp

!
2A)

is an isomorphism in Dét(X ×S X,Λ),

3. The 1-morphism X
A−−→ S is a left adjoint in CS, in which case its right

adjoint is given by S
DX/S(A)
−−−−−−−→ X.

Proof. — (1)⇒(2) is a consequence of Theorem 8.2.1.

(2)⇒(3): One computes

DX/S(A) ◦A = A⊠L
Λ DX/S(A)

A ◦ DX/S(A) = Rf!(DX/S(A)⊗L
Λ A)

Then to give oneself η is the same a morphism

η : ∆!Λ −→ A⊠L
Λ DX/S(A)

∼−−→ RH omΛ(p
∗
1A,Rp

!
2A)

By adjunction this is the same a morphism

Λ −→ R∆!RH omΛ(p
∗
1A,Rp

!
2A) = RH omΛ(A,A)

and we can take the Identity of A.
For ε, this is a morphism

ε : Rf!(DX/S(A)⊗L
Λ A) −→ Λ

that is to say by adjunction a morphism

DX/S(A)⊗L
Λ A −→ Rf !Λ

and we can take the evident morphism.
One verifies easily those satisfy the adjunction properties.

(3)⇒(1) We use the morphism of 2-categories (7). If S
B−−→ X is a right adjoint

of X
A−−→ S then by a application of our morphism of 2-categories, then the functor

Rf!(A⊗L
Λ −) : Dét(X,Λ) −→ Dét(S,Λ)

has
f∗(−)⊗L

Λ B : Dét(S,Λ) −→ Dét(X,Λ)

as a right adjoint. To prove that A is f -ULA we can suppose that S is a strictly
totally disconnected perfectoid space. But since the right adjoint commutes with all
colimits, it sends compact objects to compact objects and we can conclude that for
any A′ ∈ Dét(X,Λ)p.c., Rf!(A⊗L

Λ A
′) is perfect constructible.

It remains to prove the overconvergence of A, see the article.
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Let us look at two applications of this that may be very difficult without this
2-categorical point of view.

Proposition 9.2.2. — 1. Any A ∈ Dét(X,Λ) that is f -ULA is bidual
with respect to the Verdier duality,

A
∼−−→ DX/S(DX/S(A)).

2. For X
f−−→ S and Y

g−−→ S, and A ∈ Dét(X,Λ) that is f -ULA, and
B ∈ Dét(Y,Λ) that is g-ULA, A⊠L

Λ B is ULA relatively to X ×S Y → S
and

DX/S(A)⊠
L
Λ DY/S(B)

∼−−→ DX×SY/S(A⊠L
Λ B).

Proof. — Point (1) is a consequence of the isomorphism of 2-categories

CS ≃ CopS .

In fact, the 1-morphisms between X and Y are exactly the same as the 1-morphisms
between Y and X. Thus, if A is f -ULA then DX/S(A) is a right adjoint of A and
thus A is a right adjoint of DX/S(A) that is thus f -ULA. From this we deduce point
(1) via the identification of the right adjoint of DX/S(A) with DX/S(DX/S(A)).

Point (2) is a consequence of the fact that B ◦ A is a left adjoint and its right
adjoint is the composite of the right adjoint of A with the one of B and is thus
DX/S(A) ◦ DX/S(B).

9.3. An application

Theorem 9.3.1. — Let X = [∗/H] with H a locally pro-p group. Suppose
that X is ℓ-cohomologically smooth of dimension 0, for example H is a closed
sub-group of G(E) where G is an affine algebraic group over E. Then, via the
identification

D(H,Λ)
∼−−→ D(X)

we have π corresponds to an ULA complex iff for all K ⊂ H compact open
pro-p, πK is a perfect complex of Λ-modules.

Proof. — We use the identification

D(H ×H,Λ) ∼−−→ D(X× X).

If π corresponds to an ULA complex then for any π′,

π̃ ⊠L
Λ π

′ ∼−−→ RH omΛ(π ⊠ 1, 1⊠ π′)

in D(H × H,Λ) (derived smooth dual and derived smooth Hom’s). In particular,
taking for π′ a complex of Λ-modules with trivial H-action, M

π̃ ⊗L
Λ M

∼−−→ RH omΛ(π,M).
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(smooth duals and hom’s) Taking the K-invariants with K open pro-p we obtain

RHomΛ(π
K ,Λ)⊗L

Λ M
∼−−→ RHomΛ(π

K ,M).

It is then immediate that πK is a perfect complex of Λ-modules.
In the other direction, let π be such that for all K open pro-p, πK is perfect. We

have to verify that
π̃ ⊠L

Λ π
∼−−→ RH omΛ(π, π).

It suffices to prove this is the case after applying D(H × H,Λ) → D(Λ). Then the
morphism is written as

lim−→
K

RHomΛ(π
K ,Λ)⊗L

Λ π
K −→ lim−→

K

RHomΛ(π
K , πK)

and the result follows.

9.4. A criterion of smoothness

Proposition 9.4.1. — Let f : X → S be a compactifiable of finite dim.trg.
morphism of locally spatial diamonds. Then, f is ℓ-cohomologically smooth if
and only if Fℓ is f -ULA and Rf !Fℓ is invertible.



LECTURE 10

FIRST STEP IN THE PROOF OF THE JACOBIAN
CRITERION: FORMAL SMOOTHNESS

→ the ULA property is used at two places in the article:
— for the geometric Satake correspondence, in fact the BdR-affine Grassmanian

that shows up in the geometric Satake correspondence should be though of
as being a Beilinson-Drinfeld type affine Grassmanian i.e. something relative
”sitting over the curve“ (more precisely over Div1 = Spa(Ĕ)⋄/φZ), and we thus
need to speak about ”families of perverse sheaves“ i.e. ULA perverse sheaves,

— for the proof of the Jacobian criterion via Proposition 9.4.1.
We deal here with the proof of the Jacobian criterion.

10.1. A key remark: stability under retracts of the ULA property

Let us begin with a lemma whose proof is a simple computation.

Lemma 10.1.1. — 1. Let

X Y

S
f

h

g

be a diagram of compactifiable of finite dim. trg. morphisms of locally spatial
diamonds. Let Γh : X → X ×S Y be the graph of h. Let A ∈ Dét(Y,Λ). The
following diagram in CS

X Y

S
h∗A

(Γh)!Λ

A

commutes i.e. there is a canonical (in A) isomorphism

A ◦ (Γh)!Λ
∼
=⇒ h∗A.



296LECTURE 10. FIRST STEP IN THE PROOF OF THE JACOBIAN CRITERION: FORMAL SMOOTHNESS

2. Let DS be the category of locally spatial diamonds compactifiable of finite dim.
trg. over S. We upgrade it to a 2-category by setting 2 − Hom(f, g) = {Id} if
f = g and ∅ if f ̸= g. Then the correspondence

DS −→ CS

that sends X/S to X/S and f : X → Y an S-morphism to X
R(Γf )!Λ−−−−−−→ Y is a

morphism of 2-categories.

Proposition 10.1.2. — Let f : X → S and g : Y → S be morphisms of
locally spatial diamonds that are compactifiable of finite dim. trg.. Suppose
that f is a retract of g i.e. there exists morphisms

X Y

S
f

i

g

r

satisfying
r ◦ i = IdX .

Then, if A ∈ Dét(Y,Λ) is g-ULA, i
∗A is f -ULA.

Proof. — Point (1) of the preceding lemma says that is suffices to verify that

X
Γi,!Γ−−−−→ Y is a left adjoint. Point (2) shows that the composite X

Γi,!Γ−−−−→
Y

R(Γr)!Λ−−−−−−→ X is canonically isomorphic to IdX . This gives us a unit

η : IdX
∼
=⇒ R(Γr)!Λ ◦ Γi,!Λ.

We moreover have

R(Γr)!Λ ◦ Γi,!Λ = R(Γr◦i)!Λ.

Since f is separated, IdX = ∆X/S!Λ = ∆X/S∗Λ. To give a 2-morphism

R(Γr◦i)!Λ =⇒ IdX

is thus the same as a morphism in Dét(X,Λ)

∆∗
X/SR(Γr◦i)! −→ Λ.

Proper base change says that the left term is Λ. We thus have a counit

ε : R(Γr)!Λ ◦ Γi,!Λ =⇒ IdX .

One verifies that η and ε define an adjunction.

Here is the corollary that we will use.
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Corollary 10.1.3. — Let f : X → S and g : Y → S be morphisms of locally
spatial diamonds that are compactifiable of finite dim. trg.. Suppose that f is
a retract of g i.e. there exists morphisms

X Y

S
f

i

g

r

satisfying
r ◦ i = IdX .

Then if g is ℓ-cohomologically smooth, Fℓ is f -ULA.

→ contrary to the cohomological smoothness condition, the ULA property is stable
under retracts.

10.2. Formal smoothness

The notion of formal smoothness we introduce is a tool we use to prove that Fℓ

is ULA for Msm
Z → Z in the proof of the Jacobian criterion of smoothness. It is

complementary to the notion of ℓ-cohomologically sm.. All ”natural” morphisms
that show up that are ℓ-cohomologically sm. are formally smooth too. If there exists
a ”good” notion of smooth morphisms in our context it has to imply ℓ-cohomologically
sm. for all ℓ ̸= p and formally smooth.

10.2.1. Background on Zariski closed immersions. — Recall the following ba-
sic result.

Proposition 10.2.1. — Let S = Spa(A,A+) be affinoid perfectoid and I an ideal
of A. The closed subset V (I) = {s ∈ S | ∀f ∈ I, |f(s)| = 0} ⊂ |S| is representable by
an affinoid perfectoid space pro-étale inside S.

→ V (I) = lim←−
n≥1

f1,...,fn∈I

{|f1| ≤ 1, . . . , |fn| ≤ 1} that is thus a cofiltered limit of affinoid

perfectoid spaces.

Definition 10.2.2. — For S affinoid perfectoid the immersion S0 ↪→ S de-
fined by an ideal I of O(S) as before is called a Zariski closed immersion.

→ one has to be careful that, contrary to the case of schemes, this is not a local
condition: if S = ∪iUi is a finite rational cover of S and a closed subset Z ⊂ |S| is
such that for all i, Z ∩ Ui is Zariski closed in Ui then Z may not be Zariski closed in
S in general).
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Recall moreover the following basic result that is easy for Fp-perfectoid spaces but
more difficult in general.

Theorem 10.2.3. — Let S0 ⊂ S be a Zariksi closed immersion of affinoid
perfectoid spaces.

1. S0 ⊂ S is strongly Zariski closed in the sense that the morphism

O(S)+ → O(S0)
+

is almost surjective.

2. S♭
0 → S♭ is a Zariksi closed immersion and thus if Z ⊂ |S| is Zariski

closed then it is Zariski closed in |S♭| via the equality |S| = |S♭|.

10.2.2. Formally smooth morphisms. — We can now come to our definition.
This is related to the topological notion of retracts in the sense of Borsuk.

Definition 10.2.4. — A morphism f : X→ Y of v-stacks is formally smooth
if for all diagrams

S0 X

S Y

f

where S0 ↪→ S is a Zariski closed immersion of affinoid perfectoid spaces, up
to replacing S0 ↪→ S by S′×S S0 ↪→ S′ where S′ → S is an étale neighborhood
of S0, we can complete the diagram with the dashed arrow:

S′ ×S S0 S0 X

S′ S Y

f

étale nbd.
of S0

commutes up to a 2-isomorphism i.e. the composite S′ → X
f−−→ Y is isomor-

phic to S′ → S → Y in the groupoid Y(S′).

→ some evident examples

Example 10.2.5. — 1. Any separated étale morphism of v-stacks is formally
smooth.

2. The composite of two f.s. morphisms is f.s..

3. The base change of a f.s. morphism is f.s..

4. The f.s. property is étale local on the source
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Let us give more non-trivial examples.

Lemma 10.2.6. — Let B → Spd(Zp) be the diamond of the morphism sending a
Zp-perfectoid space S to O(S)+. This is formally smooth.

Proof. — Let S0 ↪→ S be a Zariski closed immersion of affinoid perfectoid spaces and
f ∈ O(S0)

+. Since O(S)→ O(S0) is surjective we can lift it to some f̃ ∈ O(S). Now,
if U = {|f | ≤ 1} then f|U ∈ O(U)+ and U is a nbd. of S0.

Lemma 10.2.7. — The morphism Spd(Zp)→ Spd(Fp) is formally smooth.

Proof. — Let ξ =
∑

n≥0[an]p
n be a degree one primitive element in W (R+), (R,R+)

a Fp-affinoid perfectoid algebra. Up to multiplying ξ by a unit in W (R+)× we can
suppose that ξ ∈ p+[ϖ]W (R+) where ϖ is a p.u. in R. Now, if (A,A+)→ (R,R+) is
a morphism of affinoid rings such that A+ → R+ is almost surjective then A◦◦ → R◦◦

is surjective. We deduce that, up to multiplying ξ by a unit it lifts to a degree one
primitive element in W (A+).

Corollary 10.2.8. — If f : X → Y is a smooth morphism of Noetherian
analytic adic spaces over Zp then f⋄ : X⋄ → Y ⋄ is formally smooth.

Proof. — Since the notion of f.s. is local for the analytic topology on the source we are
reduce to proving that if f is the composite of an étale morphism toward Bd

Y , a ball/Y ,
with the projection to Y then f⋄ is f.s.. Since the diamond of an étale morphism is
étale we are reduced to proving that (Bd

Y → Y )⋄ is f.s.. But (Bd
Y )

⋄ = Bd ×Spd(Zp) Y
⋄

and the result is deduced from lemma 10.2.6.

10.3. Formal smoothness and the ULA property

→ the following says that, up to some technical ”finiteness property of f“,

f formally smooth =⇒ Fℓ is f -ULA.

Proposition 10.3.1. — Let f : X → S be a (compactifiable of finite dim.
trg.) morphism of locally spatial diamonds satisfying: there exists a v-cover
(Ti → X)i such that for all i

1. Ti is affinoid perfectoid Zariski closed in an ℓ-cohomologically smooth
affinoid perfectoid S-space

2. Ti → X is formally smooth and ℓ-cohomologically smooth

Then, if f is formally smooth, Fℓ is f -ULA.
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Proof. — Since Ti → X is ℓ-cohomologically smooth, the ULA notion being ℓ-
cohomologically smooth local, it is enough to prove that Fℓ is ULA relatively to
Ti → S. This morphism is formally smooth as a composite of two formally smooth
morphisms and thus, up to replacing Ti by an étale cover, Ti → S is a retract of
an ℓ-cohomologically smooth affinoid perfectoid space. We can now apply Corollary
10.1.3.

10.4. The main result about formal smoothness

Theorem 10.4.1. — The morphismMsm
Z → S is formally smooth.

→ we refer to the article; the proof is technical but natural.

10.5. Application of the formal smoothness: first step in the proof of the
Jacobian criterion

Proposition 10.5.1. — There exists a v-cover (Ti →MZ)i where for all i,

1. Ti is affinoid perfectoid and Ti → S is Zariski closed in an affinoid

perfectoid space that is étale over a perfectoid ball Bdi,1/p
∞

S ,

2. Ti →MZ is ℓ-cohomologically sm. and f.s..

→ using the ”quasi-projectivity assumption” for Z → XS this is reduced to
proving the result for Z = Pn

XS
in which case this is an exercise about BC spaces

using the explicit formula forMPn
XS

.

We can now prove our Theorem.

Theorem 10.5.2 (First step in the proof of the Jacobian criterion)
The étale sheaf Fℓ onMsm

Z is ULA relatively to the morphismMsm
Z → S.

→ Apply Propositions 10.3.1 and 10.5.1 together with, of course, Theorem 10.4.1.



LECTURE 11

SECOND STEP IN THE PROOF OF THE JACOBIAN
CRITERION: DEFORMATION TO THE NORMAL CONE

We now switch to the deformation to the normal cone argument to finish the proof
of the Jacobian criterion.

11.1. Background on the deformation to the normal cone (see Fulton’s
book)

11.1.1. Normal cones. — Let

i : Y ↪→ X

be a closed immersion of schemes defined by the ideal I. Recall that the normal cone
to i is

CYX = Spec
(⊕

k≥0

Ik/Ik+1
)
−→ Y.

When i is a regular immersion the associated normal bundle is associated to the vector
bundle (I/I2)∨ on Y and one has

CYX = V
(
(I/I2)∨

)
the geometric realization of this vector bundle.

→ the notion of normal cone generalized thus the notion of the normal vector
bundle associated to a regular embedding.

→ it is called a cone because it is the spectrum of a graded quasi-coherent algebra
and is thus equipped with a Gm-action

CYX

Y

Gm

0
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where 0 is the zero section of this cone given by (CYX)Gm
∼−−→ Y .

→ thus although in general, when i is not a regular immersion, CYX → Y is not
(the geometric realization of) a vector bundle, it is still a cone like any vector bundle.

We will use later the following construction. Let S be a scheme and

C = Spec
(
A
)
−→ S

be a cone, that is to say A is a graded quasi-coherent OS-algebra, A =
⊕

k≥0Ak with
A0 = OS . We define its projective completion as

C = Proj
(
A• ⊗OS︸︷︷︸

graded
tensor product

OS [T ]
)
−→ S

= (C × A1)∖ {0}/Gm

where the action of Gm is the diagonal one and {0} = (C × A1)Gm is the origin of
the cone C × A1.

There is then a diagram

C C C ∖ C = (C ∖ {0})/Gm

S

open

that is to say C is Gm-equivariant a compactification of C obtained by adding

(C ∖ {0})/Gm = Proj(A•)

at ∞ where {0} ↪→ C is the origin of the cone, Spec(A0) ↪→ Spec(A).

If our cone is the geometric realization of a vector bundle E ,

C = V(E ),

then

C = P(E ⊕OS) ⊃ C ∖ C = P(E ).

Example 11.1.1. — When we have a closed immersion of smooth S-schemes

Y X

S

i
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there is an exact sequence of vector bundles on Y

0 −→ TY/S −→ i∗TX/S −→ (I/I2)∨ −→ 0.

Remark 11.1.2. — The terminology normal bundle comes from the fact that if
(M, g) is a Riemannian manifold and i : N ↪→ M a closed submanifold then the
metric g allows us to identify the normal bundle with the orthogonal of TN inside
i∗TM with respect to the metric g, giving a splitting of the sequence of C∞-vector
bundles 0→ TN → i∗TN → NN/M → 0. At the end, for n ∈ N , the normal bundle at
n is the set of tangents vectors in (TM)n that are orthogonal to (TN)n.

Remark 11.1.3. — In the context of the preceding remark, let

exp : TM −→M

(that is well defined only in a nbd. of the zero section in general if (M, g) is not
complete) be the map that sends the tangent vector X ∈ (TM)m to γ(1) where γ is
the unique geodesic satisfying γ(0) = m and γ′(0) = X.

One can find a neighborhood U of the zero section of NN/M = (TN)⊥ ⊂ i∗TM
such that the map

exp|U : U −→M

is an isomorphism onto an open neighborhood of N inside M . This is what’s called
a tubular neighborhood of N inside M . The deformation to the normal cone is an
algebraic analog of this construction.

11.1.2. The deformation to the normal cone. —

11.1.2.1. What we want. — The deformation to the normal cone is aGm-equivariant
family of closed immersions parametrized by A1

Y × A1 W

X × A1

A1

Gm Gm

Gm

Gm

satisfying:
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1. The following diagram

Y × A1 W

X × A1

i×IdA1

commutes.

2. The morphism

W

A1

is flat i.e. we have a flat family parametrized by A1.

3. Its restriction to Gm = A1 ∖ {0} is identified with

Y ×Gm W|Gm

X ×Gm

≃

and thus the family of immersions Y ↪→Wt for t ∈ A1∖{0} is the trivial family
associated to i : Y ↪→ X.

4. Its fiber at 0 ∈ A1 is identified with

Y W0 = CYX

X

zero section
of the normal cone

projection to Y
composed wt. i

and thus the immersion Y ↪→ W0 is identified with the inclusion of the zero
section of the normal cone.

11.1.2.2. The construction. — This is defined in the following way. Let Z be the
blow-up of Y × {0} inside X × A1,

Z

Y × {0} X × A1.

blow-up
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We have

Z = Proj
(⊕

k≥0

k∑
i=0

Ik−iT iOX [T ]
)
.

The closed immersion Y × A1 ↪→ Z is defined by the universal property of the
blow-up: via the morphism Y ×A1 → X ×A1 the pull-back of Y ×{0} inside X ×A1

is a Cartier divisor.

It is evident that over Gm, the immersion Y × A1 ↪→ Z is identified with
Y ×Gm ↪→ X ×Gm.

The fiber over {0} is

Proj
(
OX

⊕(
I⊕OX/I.t

)⊕
· · ·
⊕(

Ik⊕Ik−1/Ik.t⊕· · ·⊕I/I2.tk−1⊕OX/I.t
k
)⊕

· · ·
)
.

Here we use the bigraded ring

A =
⊕
k,l∈N

Ak,l

where
• A0,l = Il,
• Ak,l = Il/Il+1 if k > 0.

Then, if TotA is the graded ring such that

(TotA)d =
⊕

k+l=d

Ak,l,

the fiber over {0} is
Proj

(
TotA

)
.

There are two graded ideals in TotA,

a =
⊕

k>0,l≥0

Ak,l

and
b =

⊕
l≥0

IA0,0

contained in the augmentation ideal (TotA)+. One has

ab = (0)

and thus
Proj

(
TotA

)
= V +(a) ∪ V +(b).

From this formula we see that the fiber of Z over {0} is a union of BYX the
blow-up of Y inside X and CYX the projective completion of the normal cone CYX.
There is an identification

CYX ∖ CYX = (CYX ∖ {0})/Gm.

This is identified with the exceptional Cartier divisor EYX ⊂ BYX of the blow-up
of Y inside X and our fiber at {0} is then
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Z0 = BYX
∐

EY X=CY X∖CY X

CYX.

One then sets

W = Z ∖ BYX︸ ︷︷ ︸
closed subset

of the fiber at {0}

.

as an open subscheme of Z.

11.1.2.3. An explicit formula. — One can show the following.

Proposition 11.1.4. — Let

A =
⊕
n<0

I−ntn
⊕
OX [t] = OX

[
I
t , t
]
⊂ OX [t, t−1]

as a quasi-coherent OX-algebra. The morphism OX [t]→ A identifies

Spec(A) −→ X × A1

with
W −→ X × A1.

In particular, the morphism W → X × A1 is affine.

11.1.3. Some classical applications. —

11.1.3.1. Verdier’s specialization to the normal cone. — Let k be an algebraically
closed field and

i : Y ↪→ X

be a closed immersion of finite type k-schemes. Let Λ be a finite ring killed by a
power of ℓ invertible in k. Recall that an étale constructible sheaf F of Λ-modules on
the cone CYX is said to be monodromic if for all λ ∈ Gm(k), if mλ : CYX → XYX
is the action of λ, then

m∗
λF ≃ F .

This is equivalent to say that for all x ∈ CYX, if wx : Gm → CYX is the morphism
λ 7→ λ.x then w∗

xF is a moderate étale local system of Λ-modules.

Let
Db

c(CYX,Λ)
mon

be the category of bounded étale complexes of Λ-modules on CYX with constructible
monodromic cohomology.
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Verdier defines a factorization

Db
c(X,Λ) Db

c(Y,Λ)

Db
c(CYX,Λ)

mon

i∗

SpY X 0∗

where 0 : Y ↪→ CYX is the zero section of the cone. This is called the specialization
to the normal cone.

This is defined in the following way. If pr : X×Gm −→ X is the projection we use
the diagram

CYX W X ×Gm

{0} A1
k Gm,k

Then, for A ∈ Db
c(X,Λ),

SpY X(A) := RΨη̄

(
pr∗A

)
where η̄ is any geometric point over the generic point of A1

k.

The fact that 0∗ SpY X(A) = i∗A and that SpY X(A) is monodromic is a theorem
of Verdier.

11.1.3.2. Microlocalization. — When i : Y ↪→ X is a regular immersion, the cone
CYX is a vector bundle

NYX = V
(
(I/I2)∨

)
−→ Y,

the normal bundle. We can look at the dual vector bundle

N∗
YX = V

(
I/I2

)
−→ Y.

There is then a microlocalization functor

µ = F︸︷︷︸
Fourier

transform

◦ SpY X : Db
c(X,Λ) −→ Db

c(N
∗
YX,Λ).

For example, if X is smooth over Spec(k), applying this to Y the diagonal of X ×X,
we can define

µH om(A,B) = µ(RH om(p∗1A, p
!
2B)) ∈ Db

c(T
∗X,Λ).

11.1.3.3. Gysin maps. — See Fulton’s book.
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11.2. Proof of the Jacobian criterion of smoothness

Recall: we have proven that if

Msm
Z

S

f

then Fℓ is f -ULA. It remains to prove that

Rf !Fℓ

is invertible.

11.2.1. First reduction. — It suffices to prove that for any morphism

g : S′ −→Msm
Z

with S′ a strictly totally disconnected perfectoid space,

g∗Rf !Fℓ

is invertible. For this, recall that Fℓ f -ULA implies that the formation of Rf !Fℓ is
compatible with base change/S. In particular, in the diagram

Msm
Z×XS

XS′ Msm
Z ×S S

′ Msm
Z

S′ S,

f ′ fs

f◦g

where the section s is (g, IdS′), we have

g∗Rf !Fℓ = s∗Rf ′!Fℓ.

We thus have to prove that

s∗Rf ′!Fℓ

is invertible. Up to replacing S by S′ we are thus reduced to proving that for any
section s of f :Msm

Z → S,

s∗Rf !Fℓ

is invertible when S is a strictly totally disconnected perfectoid space.

11.2.2. Construction of the deformation: 1st step. — The section s corre-
sponds to a section

Z

XS
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Let us suppose, to simplify (and this case is sufficient for the application in the article
where Z = (G/P )ad × XS), that, if S = Spa(R,R+), via the GAGA morphism of
ringed spaces

XS −→ XR,R+

one has

Z = Zad

where Z → XR,R+ is quasi-projective and smooth as a morphism of schemes. The
section XS ↪→ Z then corresponds to a section of Z → XR,R+ and we can perform a
deformation to the normal cone for this schematical section and then adify it.

At the end we obtain a Gm-equivariant embedding

XS × A1 W

Z × A1

where

1. when restricted to Z ×Gm this is

XS ×Gm Z ×Gm

Z ×Gm

Id

2. The fiber at {0} is
XS CXS

Z

Z

Recall that

MA1×XS
= ES

and we have the formula MZ1×Z2
=MZ1

×SMZ2
.

We can now consider the associated diagram

MW

S × E

g σ

This is equivariant with respect to the action of E×.

At the end one has an E×-equivariant diagram with cartesian squares
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BC(s∗TZ/XS
) Msm

W Msm
Z × E ∖ {0}

S S × E S × E ∖ {0}

g f

IdS ×{0}

zero section σ s×IdE∖{0}

11.2.3. Construction of the deformation: 2nd step. — Up to replacing W by
a quasi-compact open nbd. of the section XS × B1 ↪→W we can suppose we have an
OE ∖ {0}-equivariant diagram

U MW ∆

S S ×OE S ×OE ∖ {0}

g f

IdS ×{0}

zero section σ s×IdOE∖{0}

with MW = Msm
W that is quasi-compact and U an open nbd. of the zero section

of BC(s∗TZ/XS
). Pulling-back the situation to πN∪{+∞} ⊂ OE we obtain a πN-

equivariant diagram

U MW ∆

S S × πN∪{+∞} S × πN

g f

IdS ×{0}

zero section σ
s×Id

πN

11.2.4. Proof of the Jacobian criterion. — Let

A = Rg!Fℓ ∈ Dét(MW ,Fℓ)

that is πN-equivariant. If i : U ↪→Msm
W , since Fℓ is g-ULA,

i∗A ∈ Dét(U,Fℓ)

is étale locally on S isomorphic to Fℓ[2d] with the trivial πN-equivariant structure,
where d = deg(s∗TZ/XS

). Since S is strictly totally disconnected we can fix an E×-
equivariant isomorphism

Fℓ[2d]
∼−−→ i∗A.

Now, we have

lim−→
N≥0

H−2d(g−1(S × πN≥N∪{+∞})︸ ︷︷ ︸
M≥N

W

, A)
∼−−→ H−2d(U, i∗A).
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We can thus find an integer N ≥ 0 and a πN-equivariant morphism

Fℓ[2d] −→ A|M≥N
W

inducing the given equivariant isomorphism Fℓ[2d]
∼−−→ i∗A. Let

B ∈ Dét(M≥N
W ,Fℓ)

be a cone of this morphism ans an πN-equivariant object

Fℓ[2d] −→ A|M≥N
W
−→ B

+1−−−→ .

Since Fℓ[2d] and A (as the Verdier dual of Fℓ, see the stability property of the ULA
property under Verdier duality) are g-ULA, B is g-ULA. In particular its Verdier dual
is g-ULA and

Rg!D(B)

is constructible, where D = DM≥N
W /S×π

N≥N∪{+∞} . Since its fiber at S = S × π+∞ is

zero we deduce that, up to replacing N by a bigger integer, we can suppose that

Rg!D(B) = 0.

Applying Verdier duality and using the biduality of B we obtain

Rg∗B = 0.

We not note ∆(n) for n ∈ N≥N the fiber of g over S × πn. The πN-equivariance
property implies that we have

∆(n+1) ⊂ ∆(n)

with ⋂
n≥N

∆(n) = s(S).

We thus have if f (n) : ∆(n) → S, and C is the fiber of B at S × πN: for all n ≥ N

Rf
(n)
∗ C|M(n)

Z

= 0.

We deduce that
s∗C = lim−→

n≥N

Rf
(n)
∗ C = 0

and thus
Fℓ[2d]

∼−−→ s∗Rf !Fℓ.

This finishes the proof.





LECTURE 12

AN APPLICATION OF THE JACOBIAN CRITERION:
COMPACT GENERATION AND FINITENESS OF THE
COHOMOLOGY OF LOCAL SHIMURA VARIETIES

12.1. Local Shimura varieties

12.1.1. Definition. —

12.1.1.1. The tower over the reflex field. — Let G over E be as before. Let [b] ∈
B(G) and {µ} be a conjugacy class cocharacters of GE where we have fixed E an

algebraic closure of E. Let Eµ|E be the field of definition of {µ}, Eµ ⊂ E, and Ĕµ

the completion of the maximal unramified extension of Eµ. For K ⊂ G(Qp) compact
open let

MK(G, b, µ) −→ Spa(Ĕµ)
⋄

be the associated local Shimura variety. If

M(G, b, µ) = lim←−
K

MK(G, b, µ),

The v-sheaf M(G, b, µ) sends S an Fq-perf. space to an untilt S♯ over Ĕµ and an
isomorphism

E1|XS∖S♯
∼−−→ Eb|XS∖S♯

that is meromorphic along the Cartier divisor S♯ ↪→ XS and is of type ≤ µ geometri-
cally fiberwise over S.

This is representable by a locally spatial diamond compactifiable of finite dim. trg.
over Spa(Ĕµ). There are two morphisms
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M(G, b, µ)

Gr≤µ,a
G Gr≤µ−1,a

G

G(E)×‹Gb

πdR πHT

G(E) ‹Gb

where

1. MK(G, b, µ) = K\M(G, b, µ),

2. GrG is the BdR-affine Grassmanian and Gr≤µ the closed Schubert cell defined
by µ, a spatial diamond proper over Spa(Ĕµ)

⋄,

3. ‹Gb → ∗ is the group of automorphisms of Eb that sends S → ∗ to Aut(Eb|XS
),

this is a semi-direct product‹Gb = Gb(E)⋉ ‹G◦
b ,

4. πdR is ‹Gb-equivariant and a G(E)-torsor onto its image, an open subset, the
so-called admissible open subset

5. πHT is G(E)-equivariant and a ‹Gb-torsor over its image, the sub-locally spatial

diamond of Gr≤µ−1

G defined by a locally closed generalizing subset of |Gr≤µ−1

G |.
We still call it the admissible subset.

12.1.1.2. The Frobenius action. — The preceding picture descends from Spa(Ĕµ) to

Div1Eµ
= Spa(Ĕµ)

⋄/φZ
Eµ
.

In fact, given any degree 1 effective divisor D on XS,Eµ its norm D′ = NEµ/E is a
degree 1 Cartier divisor on XS := XS,E and we can speak about modifications

E1|XS∖D′
∼−−→ Eb|XS∖D′ .

The moduli space MK(G, b, µ) thus descends via Spa(Ĕµ)
⋄ → Div1Eµ

to a moduli
space

ShtK(G, b, µ) −→ Div1Eµ

and more generally
Sht(G, b, µ) −→ Div1Eµ

.
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12.1.1.3. Coefficients. — The composite

M(G, b, µ)
πdR−−−−→ Gr≤µ

G −→ [L+G\Gr≤µ
G ] ↪→ [L+G\Gr≤µ

G ] = [L+G\LG/L+G]

and

M(G, b, µ) Gr≤µ−1

G [L+G\Gr≤µ−1

G ] [L+G\GrG ]

[L+G\LG/L+G]

[L+G\LG/L+G]

πHT

g 7→g−1≃

coincide. This descends to a morphism over Div1Eµ

Sht(G, b, µ) −→ Hck≤µ
G

where Hck≤µ
G → Div1Eµ

is the closed Schubert strata in the local Hecke stack. This
descends to a morphism[

G(E)× ‹Gb\ Sht(G, b, µ)
]
−→ Hck≤µ

G .

The geometric Satake correspondence allows us to define a perverse ULA (relative
to the morphism toward Div1Eµ

) sheaf

j!∗Λ ∈ Dét(Hck
≤µ,Λ)

where j is the inclusion of the open Schubert cell. This corresponds to the represen-

tation of “G⋊WEµ
with weight µ.

By pull-back we obtain a on object

Sµ ∈ Dét

([
G(E)× ‹Gb\ Sht(G, b, µ)

]
,Λ
)

12.1.2. Cohomology. —

12.1.2.1. The equivariant cohomology complex. — One has

Div1Eµ
= Spa(Ĕµ)

⋄/φZ
Eµ

= [Spa(C♭
p)/WEµ ].

There is thus a morphism

Div1Eµ
−→ [∗/WEµ

].
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Lemma 12.1.1 (Drinfeld lemma; particular case)
Pull-back induces an equivalence

D(Gb(E)×WEµ
,Λ)

∼−−→ Dét([∗/‹Gb]×[∗/WEµ
],Λ)

∼−−→ Dét([∗/‹Gb]×Div1Eµ
],Λ).

12.1.2.2. The theorem. — Here is the theorem we want to prove. Let

fK :
[‹Gb\ ShtK(G, b, µ)

]
−→ [∗/‹Gb]×Div1Eµ

Theorem 12.1.2. — For all compact open subset K of G(E)

RfK!Sµ ∈ D(Gb(E),Λ)BWEµ

is a compact object in D
(
Gb(E),Λ

)
i.e. an object in the thick triangulated sub-

category of D
(
Gb(E),Λ

)
generated by the c -Ind

Gb(E)
K′ Λ when K ′ goes through

the set of compact open pro-p subgroups of Gb(E).

12.2. Local charts using the Jacobian criterion

12.2.1. Construction of the local charts. — Let [b] ∈ B(G). Suppose, to
simplify that G is quasi-split (if not everytuing works since G × XS is a quasi-split
group scheme over XS). Let [νb] ∈ X∗(A)

+
Q , Mb its centralizer, a standard Levi,

and Pb the standard parabolic subgroup associated. We note bMb
for the canonical

reduction of b to Mb.

Definition 12.2.1. — We noteMb the small v-stack associating to S a Pb-

bundle E on XS such that geometrically fiberwise on S, E
Pb

×Mb is isomorphic
to EbMb

.

There is a cartesian square

Mb BunPb

[ ∗ /Gb(E)] BunMb

where the right down map sends a Pb-torsor E on XS to E
Pb

×Mb. Let

Bun◦Pb
⊂ BunPb



12.2. LOCAL CHARTS USING THE JACOBIAN CRITERION 317

be the open sub-stack such that Bun◦Pb
(S) is the groupoid of Pb-bundles E on XS

such that the vector bundle E
Pb,Ad
× LieG/LiePb has geometrically fiberwise on S > 0

HN slopes. The weights of [νb] ∈ X∗a(A)
+
Q on Lie gG/LiePb are < 0. FRom this we

deduce that

Mb ⊂ Bun◦Pb
.

Now, the Jacobian criterion of smoothness implies that the morphism

Bun◦Pb
−→ BunG

is cohomologically smooth. We deduce a diagram

M̃b Mb BunG

∗
[
∗ /Gb(E)]

Gb(E)

ℓ-cohomologically
smooth

where the square is cartesian and defines M̃b. The left vertical section if given
by the inclusion Mp ⊂ Pb. Let K ⊂ Gb(E) be compact open pro-p. We obtain an
ℓ-cohomologically sm. morphism

f bK : K\M̃b Mb BunG

separated
étale

ℓ-cohomologically
smooth

12.2.2. Properties of M̃b. — The following are two key points of the local charts
constructed.

Theorem 12.2.2. — The v-sheaf M̃b satisfies

1. M̃b ∖ {∗} is a spatial diamond

2. If i : {∗} ↪→ M̃b, for any A ∈ Dét(M̃b,Λ) one has

RΓ(M̃b, A)
∼−−→ i∗A.
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12.3. Some compact generators of Dét(BunG,Λ)

Definition 12.3.1. — For [b] ∈ B(G) and K a compact open pro-p subgroup
of Gb(E) define

Ab
K = Rf bK!Rf

b!
K Λ ∈ Dét(BunG,Λ).

Example 12.3.2. — If b is basic then

Ab
K = ib!

(
c− Ind

Gb(E)
K Λ

)
and thus Ab

K corresponds in this case to the standard generator c − Ind
Gb(E)
K Λ of

D(Gb(E),Λ).

Proposition 12.3.3. — The following is satisfied

1. For any B ∈ Dét(BunG,Λ) one has

Hom(Ab
K , B) = (ib)∗B.

2. The collection
(
Ab

K

)
[b],K

is a set of compact generators of Dét(BunG,Λ).

→ In particular,

Dét(BunG,Λ)
ω = thick triangulated sub-cat. generated by

(
Ab

K

)
[b],K

.

12.4. The compactness criterion

Here is the main theorem.

Theorem 12.4.1 ( Compacity criterion). — An object A ∈ Dét(BunG,Λ)
is compact iff {|b] | (ib)∗A ̸= 0} is finite (i.e. A is supported on a qc. open
subset of BunG) and for all [b] ∈ B(G),

(ib)∗A ∈ D(Gb(E),Λ)

is compact (i.e. lies in the thick triangulated sub-category generated by the

collection
(
c− Ind

Gb(E)
K Λ

)
K⊂Gb(E)
open pro-p

).
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Proof. — Its is evident that A compact implies it is supported on a qc open subset.
Let U ⊂ BunG be such a qc open subset and A ∈ Dét(U,Λ). Choose [b] ∈ |U | a closed
point. Let j : U ∖ {[b]} ↪→ U . There is an exact triangle

ib∗i
b∗A −→ A −→ j!j

∗A
+1−−−→ .

The functors ib∗ and j! have right adjoints that commute with arbitrary direct sums (in

fact R(ib)! is isomorphic to a shift of (ib)∗ since U and [∗/‹Gb] are ℓ-cohomologically
smooth). Thus, at the end we just need to prove, by induction on the cardinality of
|U |, that if A is compact then j∗A is compact in Dét(U ∖ {[b]},Λ). Since Dét(U,Λ)

ω

is the thick triangulated sub-category generated by the Ab′

K′ with [b′] ∈ |U | is suffices
to prove that for [b′] ∈ |U | and K ′ ⊂ Gb′(E) open pro-p,

j∗Ab′

K′

is compact. If [b′] ̸= [b] one has j∗A
[b′]
K′ = A

[b′]
K′ and the result is evident. If [b′] = [b]

one has

j∗A
[b]
K = Rf b,◦K! R(f

b,◦
K )!Λ

that is compact since M̃◦
b := M̃b ∖ {∗} is spatial and thus quasi-compact.

→ the key point of this proof is to prove that j∗ sends compact objects to compact
objects. This is absolutely not evident since Rj∗ does not commute with arbitrary
direct sums in general since, as said before, BunG being not quasi-separated, j is not
quasi-compact in general.

12.5. Stability of compact objects under the action of Hecke correspon-
dences

12.5.1. Hecke correspondences. — Let us consider the 2-category with one ob-

ject whose 1-morphisms are RepΛ(“G) with composition given by ⊗Λ and whose 2-

morphisms are the usual morphisms in RepΛ(“G). There is a morphism of 2-categories
from this 2-category to C∗ the category of correspondences over ∗. This is given by
the geometric Satake correspondence.

12.5.2. Stability of compact objects. — The following result is formal.

Proposition 12.5.1. — For any W ∈ Rep(“G), TW ∈ End(Dét(BunG,Λ))
sends compact objects to compact objects;

TW : Dét(BunG,Λ)
ω −→ Dét(BunG,Λ)

ω.

Proof. — This is a consequence of the fact that

T : Rep(“G) −→ End(Dét(BunG,Λ))
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is a monoidal functor, TW1⊗W2
= TW1

◦TW2
. Thus, by application of T to 1→ W̌⊗W

and W̌ ⊗W → 1 on obtains that TW̌ is a right adjoint to TW . Since TW̌ commutes
with arbitrary direct sums we deduce the result.

12.6. Proof of the finitess result

It suffices to verify that

RfK!Sµ ∈ D(Gb(E),Λ)

is identified with

(ib)∗Tµ

(
i1! c -Ind

G(E)
K Λ

)
.
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[64] A. Genestier & B. C. Ngô – “Lectures on Shimura varieties”, in Shimura
varieties, London Math. Soc. Lecture Note Ser., vol. 457, Cambridge Univ.
Press, Cambridge, 2020, p. 22–71.

[65] I. Gleason – “On the connectedness of p-adic period domains”, https://
arxiv.org/abs/2210.08625.

https://arxiv.org/abs/2102.13459
https://arxiv.org/abs/2308.03816
https://arxiv.org/abs/2010.01906
https://arxiv.org/abs/2010.01906
https://arxiv.org/abs/2210.08625
https://arxiv.org/abs/2210.08625


326 BIBLIOGRAPHY

[66] I. Gleason & J. Lourenço – “Tubular neighborhoods of local models”,
https://arxiv.org/abs/2204.05526.

[67] P. G. Goerss & J. F. Jardine – Simplicial homotopy theory, Progress in
Mathematics, vol. 174, Birkhäuser Verlag, Basel, 1999.
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41 (2008), no. 5, p. 671–716.

[104] J. S. Milne – “Canonical models of (mixed) Shimura varieties and auto-
morphic vector bundles”, in Automorphic forms, Shimura varieties, and L-
functions, Vol. I (Ann Arbor, MI, 1988), Perspect. Math., vol. 10, Academic
Press, Boston, MA, 1990, p. 283–414.

[105] , “The points on a Shimura variety modulo a prime of good reduction”,
in The zeta functions of Picard modular surfaces, Univ. Montréal, Montreal,
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