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G
auss

fields

A
field

w
ith

finitely
m

any
elem

ents
is

also
called

a
G

auss
F
ield.

For
instance,

given
a

prim
e

num
ber

p,
the

quotient
Z

/pZ
is

a
G

auss
field.

G
iven

tw
o

fields
F

and
F
′
w

ith
p

elem
ents,

p
prim

e,
there

is
a

unique
isom

orphism
F
→

F
′.

H
ence,

w
e

denote
by

F
p

the
unique

field
w

ith
p

elem
ents.

T
he

characteristic
of

finite
field

F
is

a
prim

e
num

ber
p,

hence,
its

prim
e

field
is

F
p .

M
oreover,

F
is

a
finite

vector
space

over
F

p ;
if

the
dim

ension
of

this
space

is
s,

w
hich

m
eans

that
F

is
a

finite
extension

of
F

p
of

degree
[F

:
F

p ]
=

s,
then

F
has

p
s

elem
ents.

T
herefore,

the
num

ber
of

elem
ents

of
a

finite
field

is
alw

ays
a

pow
er

of
a

prim
e

num
ber

p,
and

this
prim

e
num

ber
is

the
characteristic

of
F

.
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G
auss

fields

T
he

m
ultiplicative

group
F
×

of
a

field
w

ith
q

elem
ents

has
order

q
−

1,
hence,

x
q−

1
=

1
for

all
x

in
F
×
,
and

x
q

=
x

for
all

x
in

F
.

T
herefore,

F
×

is
the

set
of

roots
of

the
polynom

ial
X

q−
1−

1,
w

hile
F

is
the

set
of

roots
of

the
polynom

ial
X

q−
X

:

(1)
X

q−
1−

1
=

∏x∈
F
× (X

−
x
),

X
q−

X
=

∏x∈
F

(X
−

x
).

E
xercise

2
.

P
rove

th
at

if
F

is
a

fi
n
ite

fi
eld

w
ith

q
elem

ents,
th

en
th

e
p
olyn

om
ial

X
q−

X
+

1
h
as

n
o

root
in

F
.

D
ed

u
ce

th
at

F
is

n
ot

algeb
raically

closed
.
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Subgroups
of

the
m

ultiplicative
group

of
a

field

P
ro

p
o
sitio

n
3
.

A
ny

finite
subgroup

of
the

m
ultiplicative

group
of

a
field

K
is

cyclic.
If

n
is

the
order

of
G

,
then

G
is

the
set

of
roots

of
the

polynom
ial

X
n
−

1
in

K
.

P
roof.

Let
K

be
a

field
and

G
a

finite
subgroup

of
K
×

of
order

n
and

exponent
e.

B
y

Lagrange’s
theorem

,
e

divides
n
.

A
ny

x
in

G
is

a
root

of
the

polynom
ial

X
e−

1.
S
ince

G
has

order
n
,
w
e

get
n

roots
in

the
field

K
of

this
polynom

ial
X

e−
1

of
degree

e
≤

n
.

H
ence

e
=

n
.

W
e

conclude
by

using
the

fact
that

there
exists

in
G

an
elem

ent
of

order
e,

hence,
G

is
cyclic

and
is

the
set

of
roots

of
the

polynom
ial

X
n
−

1
in

K
.
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Lem
m

a
4

L
em

m
a

4
.

Let
K

be
a

field
of

characteristic
p.

For
x

and
y

in
K

,
w
e

have
(x

+
y)

p
=

x
p
+

y
p.

P
roof.

W
hen

p
is

a
prim

e
num

ber
and

n
an

integer
in

the
range

1
≤

n
<

p,
the

binom
ial

coeffi
cient

(
pn )

=
p!

n
!(p
−

n
)!

is
divisible

by
p.

5
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Lem
m

a
5:

f
∈

F
q [X

]⇐
⇒

f
(X

q)
=

f
(X

) q

W
e

shall
use

repeatedly
the

follow
ing

fact:

L
em

m
a

5
.

Let
F

q
be

a
finite

field
w

ith
q

elem
ents,

F
an

extension
of

F
q

and
f
∈

F
[X

]
a

polynom
ial

w
ith

coeffi
cients

in
F

.
T

hen
f

belongs
to

F
q [X

]
if

and
only

if
f
(X

q)
=

f
(X

)
q.
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P
roof

of
f
∈

F
q [X

]⇐
⇒

f
(X

q)
=

f
(X

) q

P
roof

of
Lem

m
a

5.
A
ccording

to
(1),

for
a
∈

F
,
the

relation
a

q
=

a
holds

if
and

only
if

a
∈

F
q .

S
ince

q
is

a
pow

er
of

the
characteristic

p
of

F
,

if
w
e

w
rite

f
(X

)
=

a
0
+

a
1 X

+
···+

a
n X

n,

then,
by

Lem
m

a
4,

f
(X

)
p

=
a

p0
+

a
p1 X

p
+

···+
a

pn X
n
p

and
by

induction

f
(X

)
q

=
a

q0
+

a
q1 X

q
+

···+
a

qn X
n
q.

T
herefore,

f
(X

)
q

=
f
(X

q)
if

and
only

if
a

qi
=

a
i
for

all
i
=

0,1,...,n
.
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P
roposition

6

From
Lem

m
a

4,
w
e

deduce:

P
ro

p
o
sitio

n
6
.

If
F

be
a

finite
field

of
characteristic

p,
then

F
rob

p
:

F
→

F
x
'→

x
p

is
an

autom
orphism

of
F

.

8
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T
he

Frobenius
autom

orphism

P
roof

of
proposition

6.
Indeed,

this
m

ap
is

a
m

orphism
of

fields
since,

by
Lem

m
a

4,
for

x
and

y
in

F
,

F
rob

p (x
+

y)
=

F
rob

p (x
)
+

F
rob

p (y)

and
F
rob

p (x
y)

=
F
rob

p (x
)F

rob
p (y).

It
is

injective
since

x
p

=
0

im
plies

x
=

0.
It

is
surjective

because
it

is
injective

and
F

is
finite.

9
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Frobenius

T
his

autom
orphism

of
F

is
called

the
Frobenius

of
F

over
F

p .
It

extends
to

an
autom

orphism
of

the
algebraic

closure
of

F
.

If
s

is
a

non–negative
integer,

w
e

denote
by

F
rob

sp
or

by
F
rob

p
s

the
iterated

autom
orphism

F
rob

0p
=

1,
F
rob

p
s

=
F
rob

p
s−

1◦
F
rob

p
(s
≥

1),

so
that,

for
x
∈

F
,

F
rob

0p (x
)

=
x
,

F
rob

p (x
)

=
x

p,
F
rob

p
2(x

)
=

x
p
2,...,

F
rob

p
s(x

)
=

x
p

s
(s
≥

0).
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Frobenius

If
F

has
p

s
elem

ents,
then

the
autom

orphism
F
rob

sp
=

F
rob

p
s

of
F

is
the

identity.

If
F

is
a

finite
field

w
ith

q
elem

ents
and

K
a

finite
extension

of
F

,
then

F
rob

q
is

a
F

–autom
orphism

of
K

called
the

Frobenius
of

K
over

F
.
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Frobenius

Let
F

be
a

finite
field

of
characteristic

p
w

ith
q

elem
ents.

A
ccording

to
P
roposition

3,
the

m
ultiplicative

group
F
×

of
F

is
cyclic

of
order

q
−

1.
Let

α
be

a
generator

of
F
×
,
that

m
eans

an
elem

ent
of

order
q
−

1.
For

1
≤

"
<

s,
w
e

have
1
≤

p
!−

1
<

p
s−

1
=

q
−

1,
hence,

α
p

!−
1*=

1
and

F
rob

!p (α
)*=

α
.

T
herefore,

F
rob

p
has

order
s

in
the

group
of

autom
orphism

s
of

F
.

It
follow

s
that

the
extension

F
/F

p
is

G
alois,

w
ith

G
alois

group
the

cyclic
group

of
order

s
generated

by
F
rob

p .

A
s

a
consequence,

if
F

is
a

field
w

ith
q

elem
ents

and
K

a
finite

extension
of

F
,
then

the
extension

K
/F

is
G

alois
w

ith
G

alois
group

the
cyclic

group
generated

by
the

Frobenius
F
rob

q
of

K
over

F
.
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G
alois

theory
for

finite
fields

T
h
eorem

7
.

Let
F

be
a

finite
field

w
ith

q
elem

ents
and

K
a

finite
extension

of
F

of
degree

s.
T

hen
there

is
a

bijection
betw

een
the

subfields
E

of
K

containing
F

and
the

divisors
d

of
s.

K

s/d
(

|E

d
(

|F

)
s

•
If

E
is

a
subfield

of
K

containing
F

,
then

the
num

ber
of

elem
ents

in
E

is
of

the
form

q
d

w
here

d
divides

s.
•

C
onversely,

if
d

divides
s,

then
K

has
a

unique
subfield

E
w

ith
q

d
elem

ents,
w

hich
is

the
fixed

field
by

F
rob

p
d

and
this

field
E

contains
F

:

E
=

{α
∈

K
;

F
rob

q
d (α

)
=

α}.
13
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W
hen

does
X

n−
1

divides
X

m
−

1?

E
xercise

8
.

L
et

F
b
e

a
fi
eld

,
m

an
d

n
tw

o
p
ositive

integers,
a

an
d

b
tw

o
integers

≥
2.

P
rove

th
at

th
e

follow
in

g
con

d
ition

s
are

equ
ivalent.

(i)
n

d
ivid

es
m

.
(ii)

In
F

[X
],

th
e

p
olyn

om
ial

X
n
−

1
d
ivid

es
X

m
−

1.
(iii)

a
n
−

1
d
ivid

es
a

m
−

1.
(ii’)

In
F

[X
],

th
e

p
olyn

om
ial

X
a

n
−

X
d
ivid

es
X

a
m
−

X
.

(iii’)
b
a

n
−

b
d
ivid

es
b
a

m
−

b.
H
i
n
t

D
enote

r
the

rem
ainder

of
the

E
uclidean

division
of

m
by

n
.

P
rove

that
a

r−
1

is
the

rem
ainder

of
the

E
uclidean

division
of

a
m
−

1
by

a
n
−

1.
S
ee

also
[3],

T
h
eorem

s
19.2,

19.3,
19.4.
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E
xistence

of
finite

fields
w

ith
p

s
elem

ents

W
e

now
prove

that
for

any
prim

e
num

ber
p

and
any

integer
s
≥

1,
there

exists
a

finite
field

w
ith

p
s

elem
ents.

T
h
eorem

9
.

Let
p

be
a

prim
e

num
ber

and
s

a
positive

integer.
S
et

q
=

p
s.

T
hen

there
exists

a
field

w
ith

q
elem

ents.
T

w
o

finite
fields

w
ith

the
sam

e
num

ber
of

elem
ents

are
isom

orphic.
If

Ω
is

an
algebraically

closed
field

of
characteristic

p,
then

Ω
contains

one
and

only
one

subfield
w

ith
q

elem
ents.

15
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P
roof

of
T

heorem
9

P
roof.

Let
F

be
a

splitting
field

over
F

p
of

the
polynom

ial
X

q−
X

.
T

hen
F

is
the

set
of

roots
of

this
polynom

ial,
hence,

has
q

elem
ents.

If
F
′
is

a
field

w
ith

q
elem

ents,
then

F
′
is

the
set

of
roots

of
the

polynom
ial

X
q−

X
,
hence,

F
′
is

the
splitting

field
of

this
polynom

ial
over

its
prim

e
field,

and,
therefore,

is
isom

orphic
to

F
.

If
Ω

is
an

algebraically
closed

field
of

characteristic
p,

then
the

unique
subfield

of
Ω

w
ith

q
elem

ents
is

the
set

of
roots

of
the

polynom
ial

X
q−

X
.

16
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F
inite

subfields
of

F
p

F
ix

an
algebraic

closure
F

p
of

F
p .

For
each

s
≥

1,
denote

by
F

p
s

the
unique

subfield
of

Ω
w

ith
p

s
elem

ents.
For

n
and

m
positive

integers,
w
e

have
the

follow
ing

equivalence:

(10)
F

p
n
⊂

F
p

m
⇐
⇒

n
divides

m
.

If
these

conditions
are

satisfied,
then

F
p

m
/F

p
n

is
cyclic,

w
ith

G
alois

group
of

order
m

/n
generated

by
F
rob

p
n.
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F
inite

subfields
of

F
p

(continued)

Let
F
⊂

F
p

be
a

finite
field

of
characteristic

p
w

ith
q

elem
ents,

and
let

x
be

an
elem

ent
in

F
p .

T
he

conjugates
of

x
over

F
are

the
roots

in
F

p
of

the
irreducible

polynom
ial

of
x

over
F

,
and

these
are

exactly
the

im
ages

of
x

by
the

iterated
Frobenius

F
rob

q
i,

i≥
0.

T
w
o

fields
w

ith
p

s
elem

ents
are

isom
orphic

(cf.
T

heorem
9),

but
if

s
≥

2,
there

is
no

unicity
of

such
an

isom
orphic,

because
the

set
of

autom
orphism

s
of

F
p

s
has

m
ore

than
one

elem
ent

(indeed,
it

has
s

elem
ents).
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R
em

arks

•
T

h
e

ad
d
itive

grou
p

(F
,+

)
of

a
fi
n
ite

fi
eld

F
w

ith
q

elem
ents

is
cyclic,

gen
erated

by
1,

h
en

ce,
is

isom
orp

h
ic

to
Z

/qZ
.

•
T

h
e

m
u
ltip

licative
grou

p
(F

×
,×

)
of

a
fi
n
ite

fi
eld

F
w

ith
q

elem
ents

is
cyclic,

h
en

ce,
is

isom
orp

h
ic

to
th

e
ad

d
itive

grou
p

Z
/(q
−

1)Z
.

•
A

fi
n
ite

fi
eld

F
w

ith
q

elem
ents

is
isom

orp
h
ic

to
th

e
rin

g
Z

/qZ
if

an
d

on
ly

if
q

is
a

p
rim

e
nu

m
b
er

(w
h
ich

is
equ

ivalent
to

sayin
g

th
at

Z
/qZ

h
as

n
o

zero
d
ivisor).
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Sim
plest

exam
ple

of
a

finite
field

*=
F

p

A
field

F
w

ith
4

elem
ents

has
tw

o
elem

ents
besides

0
and

1.
T

hese
tw

o
elem

ents
play

exactly
the

sam
e

role:
the

m
ap

w
hich

perm
utes

them
and

sends
0

to
0

and
1

to
1

is
an

autom
orphism

of
F

:
this

is
nothing

else
than

F
rob

2 .
S
elect

one
of

these
tw

o
elem

ents,
call

it
α
.

T
hen

α
is

a
generator

of
the

m
ultiplicative

group
F
×
,
w

hich
m

eans
that

F
×

=
{1,α

,α
2}

and
F

=
{0,1,α

,α
2}.

H
ere

is
the

addition
table

of
this

field
F

:

(F
,+

)
0

1
α

α
2

0
0

1
α

α
2

1
1

0
α

2
α

α
α

α
2

0
1

α
2

α
2

α
1

0

20
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T
heorem

of
the

prim
itive

elem
ent

R
ecall

(T
heorem

7)
that

any
finite

extension
of

a
finite

field
is

G
alois.

H
ence,

in
a

finite
field

F
,
any

irreducible
polynom

ial
is

separable:
finite

fields
are

perfect.

P
ro

p
o
sitio

n
1
1
.

Let
F

be
a

finite
field

and
K

a
finite

extension
of

F
.

T
hen

there
exist

α
∈

K
such

that
K

=
F

(α
).

P
roof.

L
et

q
=

p
s

b
e

the
num

b
er

of
elem

ents
in

K
,
w

here
p

is
the

characteristic
of

F
and

K
;
the

m
ultiplicative

group
K
×

is
cyclic

(P
rop

osition
3);

let
α

b
e

a
generator.

T
hen

K
=

{0,1,α
,α

2,...,α
q−

2 }
=

F
p (α

),

and,
therefore,

K
=

F
(α

).
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E
xercises

E
xercise

1
2
.

P
rove

th
e

norm
al

basis
T

heorem
:

given
a

fi
n
ite

exten
sion

F
1 ⊂

F
2

of
fi
n
ite

fi
eld

s,
th

ere
exists

an
elem

ent
β

in
F
×2

su
ch

th
at

th
e

con
ju

gates
of

β
over

F
1

form
a

b
asis

of
th

e
vector

sp
ace

F
2

over
F

1 .
P

rove
th

at,
w

ith
su

ch
a

b
asis,

th
e

F
rob

en
iu

s
m

ap
F
rob

q
1

(w
h
ere

q
1

is
th

e
nu

m
b
er

of
elem

ents
in

F
1 )

b
ecom

es
a

sh
ift

op
erator

on
th

e
coord

in
ates.

E
xercise

1
3
.

L
et

F
b
e

a
fi
n
ite

fi
eld

,
E

an
exten

sion
of

F
an

d
α
,
β

tw
o

elem
ents

in
E

w
h
ich

are
algeb

raic
over

F
of

d
egree

resp
ectively

a
an

d
b.

A
ssu

m
e

a
an

d
b

are
relatively

p
rim

e.
P

rove
th

at
F

(α
,β

)
=

F
(α

+
β
).
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Fundam
ental

result
O

ne
of

the
m

ain
results

of
the

theory
of

finite
fields

is
the

follow
ing

:

T
h
eorem

1
4
.

Let
F

be
a

finite
field

w
ith

q
elem

ents,
α

an
elem

ent
in

an
algebraic

closure
of

F
.

T
here

exist
integers

"≥
1

such
that

α
q

!
=

α
.

D
enote

by
n

the
sm

allest:

n
=

m
in{"≥

1
;

F
rob

!q (α
)

=
α}.

T
hen

the
field

F
(α

)
has

q
n

elem
ents,

w
hich

m
eans

that
the

degree
of

α
over

F
is

n
,
and

the
m

inim
al

polynom
ial

of
α

over
F

is

(15)
n−

1
∏!=

0 (X
−

F
rob

!q (α
) )

=
n−

1
∏!=

0 (
X
−

α
q

! )
.
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G
alois

theory

P
roof

of
T

heorem
14.

D
efine

s
=

[F
(α

)
:
F

].
B
y

T
heorem

7,
the

extension
F

(α
)/F

is
G

alois
w

ith
G

alois
group

the
cyclic

group
of

order
s

generated
by

F
rob

q .
T

he
conjugates

of
α
over

F
are

the
elem

ents
F
rob

iq (α
),

0
≤

i≤
s−

1.
H

ence
s

=
n
.
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