
M
ahidol

U
niversity,

B
angkok

O
ctob

er
29-31,

2009
F
ranco-T

hai
S
em

inar
in

P
ure

and
A

pplied
M

athem
atics,

http://www.sc.mahidol.ac.th/cem/franco
−
thai/

C
riteria

for
lin

ear
in

d
ep

en
d
en

ce
an

d
tran

scen
d
en

ce,
fo

llow
in

g
Y
u
ri

N
esteren

ko
,
S
tép

h
an

e
F
isch

ler,
W

ad
im

Z
u
d
ilin

an
d

A
m

arisa
C
h
an

tan
asiri

M
ichel

W
aldschm

idt

Institut
de

M
athém

atiques
de

Jussieu
&

P
aris

V
I

http://www.math.jussieu.fr/∼
miw/

L
ecture

given
on

O
ctob

er
31,

2009.
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A
bstract

M
ost

irrationality
proofs

rest
on

the
follow

ing
criterion

:

A
real

num
ber

x
is

irrational
if

and
only

if,
for

any
ε

>
0,

there
exist

tw
o

rational
integers

p
and

q
w

ith
q

>
0,

such
that

0
<

|qx
−

p|
<

ε.

W
e

survey
generalisations

of
this

criterion
to

linear
independence,

transcendence
and

algebraic
independence.
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T
able

of
contents

Irrationality
results

:
E
uler,

Fourier,
Liouville,

S
iegel,...

Irrationality
criteria

:
D

irichlet,
M

inkow
ski,

H
urw

itz

Linear
independence

:
H

erm
ite,

S
iegel,

N
esterenko

A
lgebraic

independence
:
Lang,

P
hilippon,

C
hudnovsky,

N
esterenko,

S
chanuel,

R
oy,

C
hantanasiri,...
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N
um

bers
:
algebraic,

transcendental

A
lgebraic

num
ber

:
a

com
plex

num
ber

w
hich

is
root

of
a

non-zero
polynom

ial
w

ith
rational

coeffi
cients.

E
xam

ples
:

rational
num

bers
:
a/b,

root
of

bX
−

a.
√

2,
root

of
X

2−
2.

i,
root

of
X

2
+

1.

T
he

sum
and

the
product

of
algebraic

num
bers

are
algebraic

num
bers.

T
he

set
of

com
plex

algebraic
num

bers
is

a
field,

the
algebraic

closure
of

Q
in

C
.

A
transcendental

num
ber

is
a

com
plex

num
ber

w
hich

is
not

algebraic.
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Irrationality
of √

2

P
ythagoreas

school

H
ippasus

of
M

etapontum
(around

500
B
C
).

S
ulba

S
utras,

V
edic

civilization
in

India,∼
800-500

B
C
.

5
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Irrationality
criteria

A
real

num
ber

is
rational

if
and

only
if

its
binary

(or
decim

al,
or

in
any

basis
b
≥

2)
expansion

is
ultim

ately
periodic.

A
lso

a
real

num
ber

is
rational

if
and

only
if

its
continued

fraction
expansion

is
finite.

C
onsequence

:
it

should
not

be
so

diffi
cult

to
decide

w
hether

a
given

num
ber

is
rational

or
not.

T
o

prove
that

certain
num

bers
(occurring

as
constants

in
analysis)

are
irrational

is
m

ost
often

an
im

possible
challenge.

H
ow

ever
to

construct
irrational

(even
transcendental)

num
bers

is
easy.

6
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First
decim

als
of √

2
http://w

im
s.unice.fr/w

im
s/w

im
s.cgi

1.41421356237309504880168872420969807856967187537694807317667973
799073247846210703885038753432764157273501384623091229702492483
605585073721264412149709993583141322266592750559275579995050115
278206057147010955997160597027453459686201472851741864088919860
955232923048430871432145083976260362799525140798968725339654633
180882964062061525835239505474575028775996172983557522033753185
701135437460340849884716038689997069900481503054402779031645424
782306849293691862158057846311159666871301301561856898723723528
850926486124949771542183342042856860601468247207714358548741556
570696776537202264854470158588016207584749226572260020855844665
214583988939443709265918003113882464681570826301005948587040031
864803421948972782906410450726368813137398552561173220402450912
277002269411275736272804957381089675040183698683684507257993647
290607629969413804756548237289971803268024744206292691248590521
810044598421505911202494413417285314781058036033710773091828693
1471017111168391658172688941975871658215212822951848847

...
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First
binary

digits
of √

2
http://w

im
s.unice.fr/w

im
s/w

im
s.cgi

1.011010100000100111100110011001111111001110111100110010010000...
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E
uler–M

ascheroni
constant

E
uler’s

C
onstant

is

γ
=

lim
n→
∞

(
1

+
12

+
13

+
···+

1n
−

log
n )

=
0.577

215
664

901
532

860
606

512
090

082
...

Is–it
a

rational
num

ber?

γ
=

∞∑k
=

1 (
1k
−

log (
1

+
1k )

)
=

∫
∞1

(
1[x
] −

1x )
dx

=
−

∫
1

0

∫
1

0

(1
−

x
)dx

dy

(1
−

x
y)

log(x
y) ·

9
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R
iem

ann
zeta

function
T

he
function

ζ(s)
=

∑n≥
1

1n
s

w
as

studied
by

E
uler

(1707–
1783)

for
integer

values
of

s
and

by
R
iem

ann
(1859)

for
com

plex
values

of
s.

E
uler

:
for

any
even

integer
value

of
s
≥

2,
the

num
ber

ζ(s)
is

a
rational

m
ultiple

of
π

s.

E
xam

ples
:
ζ(2)

=
π

2/6,
ζ(4)

=
π

4/90,
ζ(6)

=
π

6/945,
ζ(8)

=
π

8/9450···

C
oeffi

cients
:
B
ernoulli

num
bers.

10
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R
iem

ann
zeta

function

T
he

num
ber

ζ(3)
=

∑n≥
1

1n
3

=
1,202

056
903

159
594

285
399

738
161

511
...

is
irrational

(A
péry

1978).

R
ecall

that
ζ(s)/π

s
is

rational
for

any
even

value
of

s
≥

2.

O
pen

question
:

Is
the

num
ber

ζ(3)/π
3

irrational?

11
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R
iem

ann
zeta

function

Is
the

num
ber

ζ(5)
=

∑n≥
1

1n
5

=
1.036

927
755

143
369

926
331

365
486

457
...

irrational?

T
.
R
ivoal

(2000)
:
infinitely

m
any

ζ(2n
+

1)
are

irrational.
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M
otivations

•
S
quaring

the
circle

•
D

ynam
ical

system
s

•
S
olving

D
iophantine

equations

•
T

heoretical
com

puter
sciences

:
rounding

values

•
M

ain
goal

:
to

understand
the

underlying
theory.
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K
now

n
results

Irrationality
of

the
num

ber
π

:

Ā
ryabhat. a,

b.
476

A
D

:
π
∼

3.1416.

N̄
ılakan. t. ha

S
om

ayāj̄ı,
b.

1444
A
D

:
W

hy
then

has
an

approxim
ate

value
been

m
entioned

here
leaving

behind
the

actual
value

?
B
ecause

it
(exact

value)
cannot

be
expressed.

K
.
R
am

asubram
anian,

T
he

N
otion

of
P
roof

in
Indian

S
cience,

13th
W

orld
S
anskrit

C
onference,

2006.
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Irrationality
of

π

Johann
H

einrich
Lam

bert
(1728

-
1777)

M
ém

oire
sur

quelques
propriétés

rem
arquables

des
quantités

transcendantes
circulaires

et
logarithm

iques,
M

ém
oires

de
l’A

cadém
ie

des
S
ciences

de
B
erlin,

1
7

(1761),
p.

265-322
;

read
in

1767
;
M

ath.
W

erke,
t.

II.

tan
(v)

is
irrational

for
any

rational
value

of
v
%=

0
and

tan
(π

/4)
=

1.
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Lam
bert

and
Frederick

II,
K

ing
of

P
russia

—
Q

ue
savez

vous,
Lam

bert?
—

T
out,

S
ire.

—
E
t

de
qui

le
tenez–vous

?
—

D
e

m
oi-m

êm
e
!

16
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Leonhard
E
uler

(1707
–

1783)

1748
:
Irrationality

of
the

num
ber

e
=

2.718
281

828
459

0
...

T
he

num
ber

e
=

∑n≥
0

1n
!

is
irrational

C
ontinued

fractions
expansion.

http://www-history.mcs.st-andrews.ac.uk/
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Joseph
Fourier

(1768
–

1830)

P
roof

of
E
uler’s

1748
result

on
the

irrationality
of

the
num

ber
e

by
truncating

the
series

e
=

∑n≥
0

1n
! ·

C
ourse

of
analysis

at
the

É
cole

P
olytechnique

P
aris,

1815.

18
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Irrationality
of

e,
follow

ing
J.

Fourier

e
=

N
∑n

=
0

1n
!
+

∑m
≥

N
+

1

1m
! ·

M
ultiply

by
N

!
:

N
!e

=
N

∑n
=

0

N
!

n
!

+
∑m
≥

N
+

1

N
!

m
! ·

S
et

B
N

=
N

!,
A

N
=

N
∑n

=
0

N
!

n
! ,

R
N

=
∑m
≥

N
+

1

N
!

m
! ,

so
that

B
N

e
=

A
N

+
R

N
.

19
/
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Irrationality
of

e,
follow

ing
J.

Fourier

T
hen

A
N

and
B

N
are

in
Z

and

0
<

R
N

=
1

N
+

1
+

1

(N
+

1)(N
+

2)
+

···
<

e

N
+

1 ·

In
the

form
ula

B
N

e−
A

N
=

R
N

,

the
num

bers
A

N
and

B
N

=
N

!
are

integers,
w

hile
the

right
hand

side
is

>
0

and
tends

to
0

w
hen

N
tends

to
infinity.

H
ence

N
!
e

is
not

an
integer,

therefore
e

is
irrational.

20
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C
.L

Siegel
(1949)

:
irrationality

of
e −

1

N
!e −

1
=

N
∑n

=
0

(−
1)

nN
!

n
!

+
∑m
≥

N
+

1

(−
1)

m
N

!

m
!

·

C
.L.

S
iegel

(1896
–

1981)

T
ake

for
N

a
large

odd
integer

and
set

A
N

=
N

∑n
=

0

(−
1)

nN
!

n
!

·

T
hen

A
N
∈

Z
and

A
N

<
N

!e −
1

<
A

N
+

1

N
+

1 ·

H
ence

e −
1

is
irrational.

21
/
50

e
is

not
a

quadratic
irrationality

(Liouville,
1840)

W
rite

the
quadratic

equation
as

ae
+

b
+

ce −
1

=
0.

bN
!+

N
∑n

=
0 (a

+
(−

1)
nc )

N
!

n
!

=
−

∑k≥
0 (a

+
(−

1)
N

+
1+

kc )·

·
N

!

(N
+

1
+

k
)! ·

U
sing

Fourier’s
argum

ent,
w
e

deduce
that

the
LH

S
and

R
H

S
are

0
for

any
suffi

ciently
large

N
.

22
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Irrationality
proof

Let
ϑ
∈

Q
,
say

ϑ
=

a/b.
T

hen
for

any
p/q

∈
Q

w
ith

p/q
%=

ϑ
w
e

have

|qϑ
−

p|≥
1b ·

P
r
o
o
f
:
|qa
−

pb|≥
1.

C
onsequence.

Let
ϑ
∈

R
.
A
ssum

e
that

for
any

ε
>

0,
there

exists
p/q

∈
Q

w
ith

0
<

|qϑ
−

p|
<

ε.

T
hen

ϑ
is

irrational.

23
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C
riterion

:
necessary

and
suffi

cient
condition

W
e

saw
that

any
ϑ
∈

R
for

w
hich

there
exists

a
sequence

(p
n /q

n )
n≥

0
of

rational
num

bers
w

ith

0
<

|q
n ϑ
−

p
n |

<
ε
n

w
ith

ε
n
→

0

is
irrational.

C
onversely,

given
ϑ
∈

R
\
Q

,
there

exists
a

sequence
(p

n /q
n )

n≥
0

w
ith

0
<

|q
n ϑ
−

p
n |

<
ε
n

and
ε
n
→

0.

M
ore

precisely,
given

ϑ
∈

R
,
for

each
real

num
ber

Q
>

1,
there

exists
p/q

∈
Q

w
ith

|qϑ
−

p|≤
1Q

and
0

<
q

<
Q

.

H
ence,

for
ϑ
%∈

Q
,
there

exists
a

sequence
(p

n /q
n )

n≥
0

w
ith

0
<

|q
n ϑ
−

p
n |

<
1q
n

and
q
n
→
∞

.

24
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G
ustave

Lejeune–D
irichlet

(1805
–

1859)

G
.
D

irichlet

1842
:
B
ox

(pigeonhole)
principle
A

m
ap

f
:
E
→

F
w

ith
C

ard
E

>
C

ard
F

is
not

injective.
A

m
ap

f
:
E
→

F
w

ith
C

ard
E

<
C

ard
F

is
not

surjective.

25
/
50

P
igeonhole

P
rinciple

M
ore

holes
than

pigeons
M

ore
pigeons

than
holes

26
/
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E
xistence

of
rational

approxim
ations

For
any

ϑ
∈

R
and

any
real

num
ber

Q
>

1,
there

exists
p/q

∈
Q

w
ith

|qϑ
−

p|≤
1Q

and
0

<
q

<
Q

.

P
roof.

For
sim

plicity
assum

e
Q
∈

Z
.
T
ake

E
=

{
0,{ϑ},{2ϑ},...,{(Q

−
1)ϑ},

1 }
⊂

[0,1],

w
here

{x}
denotes

the
fractional

part
of

x
,
F

is
the

partition
[0,

1Q

)
, [

1Q
, 2Q

)
,
..., [

Q
−

2

Q
, Q
−

1

Q

)
, [

Q
−

1

Q
,1 ]

,

of
[0,1],

so
thatC

ard
E

=
Q

+
1

>
Q

=
C

ard
F
,

and
f

:
E
→

F
m

aps
x
∈

E
to

I
∈

F
w

ith
I
+

x
.
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H
erm

ann
M

inkow
ski

(1864
–

1909)

H
.
M

inkow
ski

1896
:
G

eom
etry

of
num

bers.
T

he
set

C
=

{(u
,v)∈

R
2

;|v|≤
Q

,
|vϑ
−

u|≤
1/Q

}
is

convex,
sym

m
etric,

com
pact,

w
ith

volum
e

4.
H

ence
C
∩

Z
2%=

{(0,0)}.
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A
dolf

H
urw

itz
(1859

–
1919)

A
.
H

urw
itz

1891
For

any
ϑ
∈

R
\
Q

,
there

exists
a

sequence
(p

n /q
n )

n≥
0

of
rational

num
bers

w
ith

0
<

|q
n ϑ
−

p
n |

<
1

√
5q

n

and
q
n
→
∞

.
M

ethods
:
C
ontinued

fractions,
Farey

sections.

B
est

possible
for

the
G

olden
ratio

1
+
√

5

2
=

1.618
033

988
749

9
...
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Irrationality
criterion

Let
ϑ

be
a

real
num

ber.
T

he
follow

ing
conditions

are
equivalent.
(i)

ϑ
is

irrational.
(ii)

For
any

ε
>

0,
there

exists
p/q

∈
Q

such
that

0
<

∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

εq ·

(iii)
For

any
real

num
ber

Q
>

1,
there

exists
an

integer
q

in
the

interval
1
≤

q
<

Q
and

there
exists

an
integer

p
such

that

0
<

∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

1qQ
·

(iv)
T

here
exist

infinitely
m

any
p/q

∈
Q

satisfying
∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

1
√

5q
2 ·
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Irrationality
criterion

(continued)

Let
ϑ

be
a

real
num

ber.
T

he
follow

ing
conditions

are
equivalent.
(i)

ϑ
is

irrational.
(ii)’

For
any

ε
>

0,
there

exist
tw

o
linearly

independent
linear

form
s

L
0 (X

0 ,X
1 )

=
a

0 X
0
+

b
0 X

1
and

L
1 (X

0 ,X
1 )

=
a

1 X
0
+

b
1 X

1 ,

w
ith

rational
integer

coeffi
cients,

such
that

m
ax {|L

0 (1,ϑ
)|

,
|L

1 (1,ϑ
)| }

<
ε.
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P
roof

of
(ii)⇐

⇒
(ii)’

(ii)
For

any
ε

>
0,

there
exists

p/q
∈

Q
such

that

0
<

∣∣∣∣ ϑ
−

pq ∣∣∣∣
<

εq ·

(ii)’
For

any
ε

>
0,

there
exist

tw
o

linearly
independent

linear
form

s
L

0 ,
L

1
in

Z
X

0
+

Z
X

1
such

that

m
ax {|L

0 (1,ϑ
)|

,
|L

1 (1,ϑ
)| }

<
ε.

P
roof

of
(ii)’

=⇒
(ii)

S
ince

L
0 ,

L
1

are
linearly

independent,
one

at
least

of
them

does
not

vanish
at

(1,ϑ
).

W
rite

it
pX

0 −
qX

1 .
P
roof

of
(ii)

=⇒
(ii’)

U
sing

(ii),
set

L
0 (X

0 ,X
1 )

=
pX

0 −
qX

1 ,
and

use
(ii)

again
w

ith
ε

replaced
by

|qϑ
−

p|.
32
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Irrationality
of

at
least

one
num

ber
Let

ϑ
1 ,...,ϑ

m
be

real
num

bers.
T

he
follow

ing
conditions

are
equivalent
(i)

O
ne

at
least

of
ϑ

1 ,...,ϑ
m

is
irrational.

(ii)
For

any
ε

>
0,

there
exist

p
1 ,...,p

m
,q

in
Z

w
ith

q
>

0
such

that

0
<

m
ax

1≤
i≤

m

∣∣∣∣ ϑ
i −

p
iq

∣∣∣∣
<

εq ·

(iii)
For

any
ε

>
0,

there
exist

m
+

1
linearly

independent
linear

form
s

L
0 ,...,L

m
w

ith
coeffi

cients
in

Z
in

m
+

1
variables

X
0 ,...,X

m
,
such

that

m
ax

0≤
k≤

m
|L

k (1,ϑ
1 ,...,ϑ

m
)|

<
ε.

(iv)
For

any
real

num
ber

Q
>

1,
there

exists
(p

1 ,...,p
m

,q)
in

Z
m

+
1

such
that

1
≤

q
≤

Q
and

0
<

m
ax

1≤
i≤

m

∣∣∣∣ ϑ
i −

p
iq

∣∣∣∣ ≤
1

qQ
1
/m

·

(v)
T

here
is

an
infinite

set
of

q
∈

Z
,
q

>
0,

for
w

hich
there

there
exist

p
1 ,...,p

m
in

Z
satisfying

0
<

m
ax

1≤
i≤

m

∣∣∣∣ ϑ
i −

p
iq

∣∣∣∣
<

1

q
1+

1
/m

·
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Linear
independence

Irrationality
of

ϑ
:
m

eans
that

1,ϑ
are

linearly
independent

over
Q

.

Irrationality
of

at
least

one
of

ϑ
1 ,...,ϑ

m
:
m

eans
(ϑ

1 ,...,ϑ
m

)%∈
Q

m
.
A
lso

:
m

eans
that

the
dim

ension
of

the
Q

–vector
space

spanned
by

1,ϑ
1 ,...,ϑ

m
is
≥

2.

Linear
independence

of
1,ϑ

1 ,...,ϑ
m

over
Q

:
m

eans
that

for
any

hyperplane
H

:
a

0 z
0
+

···+
a

m
z

m
=

0
of

R
m

+
1

rational
over

Q
(i.e.

a
i ∈

Q
),

the
point

(1,ϑ
1 ,...,ϑ

m
)

does
not

belong
to

H
.

T
ranscendence

of
ϑ

:
m

eans
that

1,ϑ
,ϑ

2,...,ϑ
n
...

are
linearly

independent
over

Q
.
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C
harles

H
erm

ite
(1822

–
1901)

C
harles

H
erm

ite

1873
:
H

erm
ite’s

m
ethod

for
proving

linear
independence.

Let
ϑ

1 ,...,ϑ
m

be
real

num
bers

and
a

0 ,
a

1 ,...,
a

m

rational
integers,

not
all

of
w

hich
are

0.
T

he
goal

is
to

prove
that

the
num

ber

L
=

a
0
+

a
1 ϑ

1
+

···+
a

m
ϑ

m

is
not

0.

H
erm

ite’s
idea

is
to

approxim
ate

sim
ultaneously

ϑ
1 ,...,ϑ

m
by

rational
num

bers
p

1 /q,...,p
m

/q
w

ith
the

sam
e

denom
inator

q
>

0.
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L
=

a
0
+

a
1 ϑ

1
+

···+
a

m
ϑ

m

Let
q,p

1 ,...,p
m

be
rational

integers
w

ith
q

>
0.

For
1
≤

k
≤

m
,
set

ε
k

=
qϑ

k −
p

k .

T
hen

qL
=

M
+

R
w

ith

M
=

a
0 q

+
a

1 p
1
+

···+
a

m
p

m
∈

Z

and
R

=
a

1 ε
1
+

···+
a

m
ε
m
∈

R
.

If
M
%=

0
and

|R
|
<

1
w
e

deduce
L
%=

0.
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Z
ero

estim
ate

M
ain

diffi
culty

:
to

check
M
%=

0.

W
e

w
ish

to
find

a
sim

ultaneous
rational

approxim
ation

(q,p
1 ,...,p

m
)

to
(ϑ

1 ,...,ϑ
m

)
outside

the
hyperplane

a
0 z

0
+

a
1 z

1
+

···+
a

m
z

m
=

0
of

Q
m

+
1.

T
his

needs
to

be
checked

for
all

hyperplanes.

S
olution

:
to

construct
not

only
one

tuple
u

=
(q,p

1 ,...,p
m

)
in

Z
m

+
1\

{0},
but

m
+

1
such

tuples
w

hich
are

linearly
independent.

T
his

yields
m

+
1

pairs
(M

k ,R
k ),

k
=

0,...,m
in

place
of

a
single

pair
(M

,R
),

and
from

(a
0 ,...,a

m
)%=

0
one

deduces
that

one
at

least
of

M
0 ,...,M

m
is

not
0.
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R
ational

approxim
ations

(follow
ing

M
ichel

Laurent)

Let
(ϑ

1 ,...,ϑ
m

)∈
R

m
.

T
hen

the
follow

ing
conditions

are
equivalent.

(i)
T

he
num

bers
1,ϑ

1 ,...,ϑ
m

are
linearly

independent
over

Q
.

(ii)
For

any
ε

>
0,

there
exist

m
+

1
linearly

independent
elem

ents
u

0 ,u
1 ,...,u

m
in

Z
m

+
1,

say

u
i
=

(q
i ,p

1
i ,...,p

m
i )

(0
≤

i≤
m

)

w
ith

q
i
>

0,
such

that

m
ax

1≤
k≤

m

∣∣∣∣ ϑ
k −

p
k
i

q
i ∣∣∣∣ ≤

εq
i

(0
≤

i≤
m

).
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H
erm

ite
–

Lindem
ann

T
heorem

H
erm

ite
(1873)

:
transcendence

of
e.

Lindem
ann

(1882)
:

transcendence
of

π
.

H
erm

ite
–

L
in

d
em

an
n

T
h
eorem

For
any

non–zero
com

plex
num

ber
z,

at
least

one
of

the
tw

o
num

bers
z,

e
z

is
transcendental.

C
orollaries

:
transcendence

of
log

α
and

e
β

for
α

and
β

non–zero
algebraic

num
bers

w
ith

log
α
%=

0.
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Lindem
ann

–
W

eierstraß
T

heorem
(1888)

Let
β

1 ,...,β
n

be
algebraic

num
bers

w
hich

are
linearly

independent
over

Q
.
T

hen
the

num
bers

e
β
1,...,e

β
n

are
algebraically

independent
over

Q
.

E
quivalent

to
:

Let
α

1 ,...,α
m

be
distinct

algebraic
num

bers.
T

hen
the

num
bers

e
α

1,...,e
α

m
are

linearly
independent

over
Q

.
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C
arl

Ludw
ig

Siegel
(1896

–
1981)

S
iegel’s

m
ethod

for
proving

linear
independence.

Let
ϑ

1 ,...,ϑ
m

be
com

plex
num

bers.

C
.L.

S
iegel

1929
:

A
ssum

e
that,

for
any

ε
>

0,
there

exists
m

+
1

linearly
independent

linear
form

s
L

0 ,...,L
m

,
w

ith
coeffi

cients
in

Z
,
such

that

m
ax

0≤
k≤

m
|L

k (1,ϑ
1 ,...,ϑ

m
)|

<
ε

H
m
−

1

w
here

H
=

m
ax

0≤
k≤

m
H

(L
k ).

T
hen

1,ϑ
1 ,...,ϑ

m
are

linearly
independent

over
Q

.
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Linear
independence,

follow
ing

Siegel
(1929)

H
eight

of
a

linear
form

:
H

(L
)

=
m

ax|coeffi
cients

of
L|.

E
xam

ple
:
m

=
1

(irrationality
criterion).

A
real

num
ber

ϑ
is

irrational
if

and
only,

for
any

ε
>

0,
if

there
exists

tw
o

linearly
independent

linear
form

s
L

0 (X
0 ,X

1 )
and

L
1 (X

0 ,X
1 )

in
Z

X
0
+

Z
X

1
such

that|L
i (1,ϑ

)|
<

ε.

S
ketch

of
proof

of
S
iegel’s

criterion.
A
ssum

e
1,ϑ

1 ,...,ϑ
m

are
linearly

dependent
over

Q
.
Let

L
∈

Z
X

0
+

···+
Z

X
m

be
a

non–zero
linear

form
vanishing

at
(1,ϑ

1 ,...,ϑ
m

).
A
m

ong
L

0 ,...,L
m

,
select

m
linear

form
s,

say
L

1 ,...,L
m

,
w

hich
constitute

w
ith

L
a

com
plete

system
of

linearly
independent

form
s

in
m

+
1

variables.
T

he
determ

inant
∆

of
L
,L

1 ,...,L
m

is
a

non–zero
integer,

hence
its

absolute
value

is≥
1.

Inverting
the

m
atrix,

w
rite

∆
as

a
linear

com
bination

w
ith

integer
coeffi

cients
of

the
L

i (1,ϑ
1 ,...,ϑ

m
)

(1
≤

i≤
m

)
and

estim
ate

the
coeffi

cients.
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C
riterion

of
Y
u.

V
.
N

esterenko
Let

ϑ
1 ,...,ϑ

m
be

com
plex

num
bers.

Y
u.V

.N
esterenko

(1985)

Let
m

be
a

positive
integer

and
α

a
positive

real
num

ber
satisfying

α
>

m
−

1.
A
ssum

e
there

is
a

sequence
(L

n )
n≥

0
of

linear
form

s
in

Z
X

0
+

Z
X

1
+

...+
Z

X
m

of
height≤

e
n

such
that

|L
n (1,ϑ

1 ,...,ϑ
m

)|
=

e −
α

n
+

o(n
).

T
hen

1,ϑ
1 ,...,ϑ

m
are

linearly
independent

over
Q

.

E
xam

ple
:
m

=
1

–
irrationality

criterion.
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Sim
plified

proof
of

N
esterenko’s

T
heorem

Francesco
A
m

oroso
P
ierre

C
olm

ez

R
efinem

ents
:

R
aff

aele
M

arcovecchio,
P
ierre

B
el

(2008).
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Irrationality
m

easure
for

log
2

:
history

∣∣∣∣ log
2
−

pq ∣∣∣∣
>

1q
µ

H
erm

ite–Lindem
ann,

M
ahler,

B
aker,

G
el’fond,

Feldm
an,...

:
transcendence

m
easures

G
.
R
hin

1987
µ
(log

2)
<

4.07
E
.A

.
R
ukhadze

1987
µ
(log

2)
<

3.89
R
.
M

arcovecchio
2008

µ
(log

2)
<

3.57
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R
ecent

developm
ents

S
téphane

F
ischler

and
W

adim
Z
udilin,

A
refinem

ent
of

N
esterenko’s

linear
independence

criterion
w

ith
applications

to
zeta

values.
M

ath.
A
nnalen,

to
appear.

P
reprint

M
P
IM

2009-35.
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C
riteria

for
transcendence

and
algebraic

independence

A
com

plex
num

ber
ϑ

is
transcendental

if
and

only
if

1,ϑ
,ϑ

2,...,ϑ
n
...

are
linearly

independent
(over

Q
).

C
om

plex
num

bers
ϑ

1 ,...,ϑ
m

are
algebraically

independent
if

and
only

if
the

num
bers

ϑ
i11
···ϑ

imm
,
((i1 ,...,im

)∈
Z

m≥
0

are
linearly

independent.

H
ence,

criteria
for

linear
independence

yield
criteria

for
transcendence

and
for

algebraic
independence.

Furtherm
ore,

criteria
for

transcendence
are

special
case

(m
=

1)
of

criteria
for

algebraic
independence.
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A
m

arisa
C
hantanasiri

C
riteria

for
linear

independence,
transcendence

and
algebraic

independence

U
niversité

P
.
et

M
.
C
urie

(P
aris

V
I),

P
h.D

.
2011

?
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N
ew

criterion
for

algebraic
independence

Let
ϑ

1 ,...,ϑ
m

be
real

num
bers

and
(τ

d )
d≥

1 ,
(η

d )
d≥

1
tw

o
sequences

of
positive

real
num

bers
satisfying

τ
d

d
m
−

1(1
+

η
d )
−→

+
∞

.

A
ssum

e
that

for
all

suffi
ciently

large
d,

there
is

a
sequence

(P
n )

n≥
n

0 (d
)
of

polynom
ials

in
Z

[X
1 ,...,X

m
],

w
here

P
n

has
degree

≤
d

and
height≤

e
n,

such
that

e −
(τ

d
+

η
d
)n
≤

|P
n (ϑ

1 ,...,ϑ
m

)|≤
e −

τ
d
n.

T
hen

ϑ
1 ,...,ϑ

m
are

algebraically
independent.
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M
ahidol

U
niversity,

B
angkok

O
ctob

er
29-31,

2009
F
ranco-T

hai
S
em

inar
in

P
ure

and
A

pplied
M

athem
atics,

http://www.sc.mahidol.ac.th/cem/franco
−
thai/

C
riteria

for
lin

ear
in

d
ep

en
d
en

ce
an

d
tran

scen
d
en

ce,
fo

llow
in

g
Y
u
ri

N
esteren

ko
,
S
tép

h
an

e
F
isch

ler,
W

ad
im

Z
u
d
ilin

an
d

A
m

arisa
C
h
an

tan
asiri

M
ichel

W
aldschm

idt

Institut
de

M
athém

atiques
de

Jussieu
&

P
aris

V
I

http://www.math.jussieu.fr/∼
miw/

L
ecture

given
on

O
ctob

er
31,

2009.
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