
C
onference

“M
odular

F
orm

s
and

F
unction

F
ield

A
rithm

etic”
in

honor
of

P
rofessorJing

Y
u’s

60th
birthday.

T
aida

Institute
for

M
athem

atical
S
ciences

(T
IM

S
)

N
ational

T
aiw

an
U

niversity,
T
aip

ei,
T
aiw

an.
http://www.tims.ntu.edu.tw/

M
ay

19–22,
2009

S
ch

an
u
el’s

C
o
n
jectu

re
an

d
C
riteria

for
A
lg

ebraic
In

d
ep

en
d
en

ce

M
ichel

W
aldschm

idt

Institut
de

M
athém

atiques
de

Jussieu
&

P
aris

V
I

http://www.math.jussieu.fr/∼
miw/

L
ecture

given
on

M
ay

22,
2009;

up
dated:

M
ay

24,
2009

1
/
55

A
bstract

O
ne

of
the

m
ain

open
problem

s
in

transcendental
num

ber
theory

is
S
chanuel’s

C
onjecture

w
hich

w
as

stated
in

the
1960’s

:
If

x
1 ,...,x

n
are

Q
–linearly

independent
com

plex
num

bers,
then

am
ong

the
2n

num
bers

x
1 ,...,x

n ,
e

x
1,...,e

x
n,

at
least

n
are

algebraically
independent.

W
e

first
consider

som
e

of
the

consequences
of

this
conjecture

;
next

w
e

describe
the

transcendental
approach

w
hich

w
as

initiated
by

A
.O

.
G

el’fond
in

the
40’s,

and
developed

by
a

num
ber

of
m

athem
aticians

including
W

.D
.
B
row

naw
ell,

G
.V

.
C
hudnovsky,

P
.
P
hilippon,

Y
u.

N
esterenko

and
m

ore
recently

D
.
R
oy.
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D
ale

B
row

naw
ell

and
Stephen

Schanuel
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Schanuel’s
C
onjecture

Let
x

1 ,...,x
n

be
Q

-linearly
independent

com
plex

num
bers.

T
hen

at
least

n
of

the
2n

num
bers

x
1 ,...,x

n ,
e

x
1,...,e

x
n

are
algebraically

independent.

In
other

term
s,

the
conclusion

is

tr
d
eg

Q
Q

(x
1 ,...,x

n ,
e

x
1,...,e

x
n )
≥

n
.

R
e
m
a
r
k

:
For

alm
ost

all
tuples

(w
ith

respect
to

the
Lebesgue

m
easure)

the
transcendence

degree
is

2n
.
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O
rigin

of
Schanuel’s

C
onjecture

C
ourse

given
by

S
erge

Lang
(1927–2005)

at
C
olum

bia
in

the
60’sS

.
L
a
n
g

–
Introduction

to
transcendental

num
bers,

A
ddison-W

esley
1966.

also
attended

by
M

.
N

agata
(1927–2008)

(14th
P
roblem

of
H

ilbert).

N
agata’s

C
onjecture

solved
by

E
.
B
om

bieri.
5
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A
.O

.
G

el’fond
C
R
A
S

1934
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Statem
ent

by
G

el’fond
(1934)

Let
β

1 ,...,β
n

be
Q

-linearly
independent

algebraic
num

bers
and

let
log

α
1 ,...,log

α
m

be
Q

-linearly
independent

logarithm
s

of
algebraic

num
bers.

T
hen

the
num

bers

e
β
1,...,e

β
n,

log
α

1 ,...,log
α

m

are
algebraically

independent
over

Q
.
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Further
statem

ent
by

G
el’fond

Let
β

1 ,...,β
n

be
algebraic

num
bers

w
ith

β
1 #=

0
and

let
α

1 ,...,α
m

be
algebraic

num
bers

w
ith

α
1 #=

0,1,
α

2 #=
0,1,

α
i #=

0.
T

hen
the

num
bers

e
β
1 e

β
2

e . . .
β

n
−

1
e
β

n

and
α

α . . .
α

m

2
1

are
transcendental,

and
there

is
no

nontrivial
algebraic

relation
betw

een
such

num
bers.

Remark
:
T

he
condition

on
α

2
should

b
e

that
it

is
irrational.
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E
asy

consequence
of

Schanuel’s
C
onjecture

A
ccording

to
S
chanuel’s

C
onjecture,

the
follow

ing
num

bers
are

algebraically
independent

:

e
+

π
,

eπ
,

π
e,

e
e,e

e
2,...,

e
e
e,...,

π
π,π

π
2,...

π
π

π
...

log
π
,

log(log
2),

π
log

2,
(log

2)(log
3),

2
log

2,
(log

2)
log

3
...

P
roof

:
U

se
S
chanuel’’s

C
onjecture

several
tim

es.
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Lang’s
exercise

D
efine

E
0

=
Q

.
Inductively,

for
n
≥

1,
define

E
n

as
the

algebraic
closure

of
the

field
generated

over
E

n−
1

by
the

num
bers

exp
(x

)
=

e
x,

w
here

x
ranges

over
E

n−
1 .

Let
E

be
the

union
of

E
n ,

n
≥

0.
T

hen
S
chanuel’s

C
onjecture

im
plies

that
the

num
ber

π
does

not
belong

to
E

.

M
ore

precisely
:
S
chanuel’s

C
onjecture

im
plies

that
the

num
bers

π
,log

π
,log

log
π
,log

log
log

π
,...

are
algebraically

independent
over

E
.
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A
variant

of
Lang’s

exercise

D
efine

L
0

=
Q

.
Inductively,

for
n
≥

1,
define

L
n

as
the

algebraic
closure

of
the

field
generated

over
L

n−
1

by
the

num
bers

y,
w

here
y

ranges
over

the
set

of
com

plex
num

bers
such

that
e

y
∈

L
n−

1 .
Let

L
be

the
union

of
L

n ,
n
≥

0.
T

hen
S
chanuel’s

C
onjecture

im
plies

that
the

num
ber

e
does

not
belong

to
L

.

M
ore

precisely
:
S
chanuel’s

C
onjecture

im
plies

that
the

num
bers

e,e
e,e

e
e,e

e
e
e

...
are

algebraically
independent

over
L

.
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A
rizona

W
inter

School
AW

S2008,
T
ucson

T
h
eorem

[Jonathan
B
ober,

C
huangxun

C
heng,

B
rian

D
ietel,

M
athilde

H
erblot,

Jingjing
H

uang,
H

olly
K

rieger,
D

iego
M

arques,
Jonathan

M
ason,

M
artin

M
ereb

and
R
obert

W
ilson.]

S
chanuel’s

C
onjecture

im
plies

that
the

fields
E

and
L

are
linearly

disjoint
over

Q
.

D
efi

n
itio

n
G

iven
a

field
extension

F
/K

and
tw

o
subextensions

F
1 ,F

2 ⊆
F

,
w
e

say
F

1 ,F
2

are
linearly

disjoint
over

K
w

hen
the

follow
ing

holds
:
any

set{x
1 ,...,x

n }
⊆

F
1

of
K

–
linearly

independent
elem

ents
is

linearly
independent

over
F

2 .

R
eference

:
arX

iv.0804.3550
[m

ath.N
T

]
2008.
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Form
al

analogs

W
.D

.
B
row

naw
ell

(w
as

a
student

of
S
chanuel)

J.
A
x’s

T
heorem

(1968)
:

V
ersion

of
S
chanuel’s

C
onjecture

for
pow

er
series

over
C

(and
R
.
C
olem

an
for

pow
er

series
over

Q
)

W
ork

by
W

.D
.
B
row

naw
ell

and
K

.
K

ubota
on

the
elliptic

analog
of

A
x’s

T
heorem

.
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C
onjectures

by
A
.
G

rothendieck
and

Y
.
A
ndré

G
eneralized

C
onjecture

on
P
eriods

by
G

rothendieck
:

D
im

ension
of

the
M

um
ford–T

ate
group

of
a

sm
ooth

projective
variety.

G
eneralization

by
Y
.
A
ndré

to
m

otives.

C
ase

of
1–m

otives
:

E
lliptico-T

oric
C
onjecture

of
C
.
B
ertolin.
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U
biquity

of
Schanuel’s

C
onjecture

O
ther

contexts
:
p–adic

num
bers,

Leopoldt’s
C
onjecture

on
the

p–adic
rank

of
the

units
of

an
algebraic

num
ber

field
N

on-vanishing
of

R
egulators

N
on–degenerescence

of
heights

C
onjecture

of
B
.
M

azur
on

rational
points

D
iophantine

approxim
ation

on
tori

D
ipendra

P
rasad

G
opal

P
rasad

15
/
55

P
reda

M
ihăilescu

a
r
X
i
v:0905.1274

D
ate

:
Fri,

8
M

ay
2009

14
:52

:57
G

M
T

(16kb)

T
itle

:
O

n
Leopoldt’s

conjecture
and

som
e

consequences

A
uthors

:
P
reda

M
ihăilescu
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http
://arxiv.org/abs/0905.1274

T
he

conjecture
of

Leopoldt
states

that
the

p
-
adic

regulator
of

a
num

ber
field

does
not

vanish.
It

w
as

proved
for

the
abelian

case
in

1967
by

B
rum

er,
using

B
aker

theory.
If

the
Leopoldt

conjecture
is

false
for

a
galois

field
K

,
there

is
a

phantom
Z

p
-
extension

of
K
∞

arising.
W

e
show

that
this

is
strictly

correlated
to

som
e

infinite
H

ilbert
class

fields
over

K
∞

,
w

hich
are

generated
at

interm
ediate

levels
by

roots
from

units
from

the
base

fields.
It

turns
out

that
the

extensions
of

this
type

have
bounded

degree.
T

his
im

plies
the

Leopoldt
conjecture

for
arbitrary

finite
num

ber
fields.

P
reda

M
ihăilescu

17
/
55

M
ethods

from
logic

E
hud

H
rushovski

B
oris

Z
ilber

Jonathan
K

irby

C
alculus

of
”predim

ension
functions”

(E
.
H

rushovski)

Z
ilber’s

construction
of

a
”pseudoexponentiation”

A
lso

:
A
.
M

acintyre,
D

.E
.
M

arker,
G

.
T
erzo,

A
.J.

W
ilkie,

D
.
B
ertrand...
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M
ethods

from
logic

:
M

odel
theory

E
xponential

algebraicity
in

exponential
fields

by
Jonathan

K
irby

T
he

dim
ension

of
the

exponential
algebraic

closure
operator

in
an

exponential
field

satisfies
a

w
eak

S
chanuel

property.

A
corollary

is
that

there
are

at
m

ost
countably

m
any

essential
counterexam

ples
to

S
chanuel’s

C
onjecture.

a
r
X
i
v
:
0
8
1
0
.
4
2
8
5
v
2
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D
aniel

B
ertrand

D
aniel

B
ertrand,

S
chanuel’s

conjecture
for

non-isoconstant
elliptic

curves
over

function
fields.

M
odel

theory
w

ith
applications

to
algebra

and
analysis.

V
ol.

1,
41–62,

London
M

ath.
S
oc.

Lecture
N

ote
S
er.,

3
4
9
,
C
am

bridge
U

niv.
P
ress,

C
am

bridge,
2008.
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Schanuel’s
C
onjecture

for
n

=
1

For
n

=
1,

S
chanuel’s

C
onjecture

is
the

H
erm

ite–Lindem
ann

T
heorem

:
If

x
is

a
non–zero

com
plex

num
bers,

then
one

at
least

of
the

2
num

bers
x
,
e

x
is

transcendental.

E
quivalently,

if
x

is
a

non–zero
algebraic

num
ber,

then
e

x
is

a
transcendental

num
ber.

A
nother

equivalent
statem

ent
is

that
if

α
is

a
non–zero

algebraic
num

ber
and

log
α

any
non–zero

logarithm
of

α
,
then

log
α

is
a

transcendental
num

ber.

C
onsequence

:
transcendence

of
num

bers
like

e,
π
,

log
2,

e √
2.

21
/
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N
ot

know
n

For
n

=
2

S
chanuel’s

C
onjecture

is
not

yet
know

n
:

?
If

x
1 ,x

2
are

Q
–linearly

independent
com

plex
num

bers,
then

am
ong

the
4

num
bers

x
1 ,x

2 ,
e

x
1,e

x
2,

at
least

2
are

algebraically
independent.

A
few

consequences
:

W
ith

x
1

=
1,

x
2

=
iπ

:
algebraic

independence
of

e
and

π
.

W
ith

x
1

=
1,

x
2

=
e

:
algebraic

independence
of

e
and

e
e.

W
ith

x
1

=
log

2,
x

2
=

(log
2)

2
:
algebraic

independence
of

log
2

and
2

log
2.

W
ith

x
1

=
log

2,
x

2
=

log
3

:
algebraic

independence
of

log
2

and
log

3.

22
/
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N
ot

know
n

It
is

not
know

n
that

there
exist

tw
o

logarithm
s

of
algebraic

num
bers

w
hich

are
algebraically

independent.

E
ven

the
non–existence

of
non–trivial

quadratic
relations

am
ong

logarithm
s

of
algebraic

num
bers

is
not

yet
established.

A
ccording

to
the

four
exponentials

C
onjecture,

any
quadratic

relation
(log

α
1 )(log

α
4 )

=
(log

α
2 )(log

α
3 )

is
trivial

:
either

log
α

1
and

log
α

2
are

linearly
dependent,

or
else

log
α

1
and

log
α

3
are

linearly
dependent.

23
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K
now

n

Lindem
ann–W

eierstraß
T

heorem
=

case
w

here
x

1 ,...,x
n

are
algebraic.

Let
β

1 ,...,β
n

be
algebraic

num
bers

w
hich

are
linearly

independent
over

Q
.
T

hen
the

num
bers

e
β
1,...,e

β
n

are
algebraically

independent
over

Q
.

24
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H
ilbert’s

seventh
problem

A
.O

.
G

el’fond
and

T
h.

S
chneider

(1934).
S
olution

of
H

ilbert’s
seventh

problem
:

transcendence
of

α
β

and
of

(log
α

1 )/(log
α

2 )
for

algebraic
α
,
β
,
α

2
and

α
2 .

A
.
B
aker,

1968.
Let

log
α

1 ,...,log
α

n
be

Q
–linearly

independent
logarithm

s
of

algebraic
num

bers.
T

hen
the

num
bers

1,log
α

1 ,...,log
α

n
are

linearly
independent

over
the

field
Q

.
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P
roblem

of
G

el’fond
and

Schneider
R
aised

by
A
.O

.
G

el’fond
in

1948
and

T
h.

S
chneider

in
1952.

C
o
n
jectu

re
:
If

α
is

an
algebraic

num
ber,

α
#=

0,
α
#=

1
and

if
β

is
an

irrational
algebraic

num
ber

of
degree

d,
then

the
d
−

1
num

bers
α

β,
α

β
2,

...
,α

β
d−

1

are
algebraically

independent.

S
pecial

case
of

S
chanuel’s

C
onjecture

:
T
ake

x
i
=

β
i−

1
log

α
,

n
=

d,
so

that {
x

1 ,...,x
n ,

e
x
1,...,e

x
n }

is

{
log

α
,

β
log

α
,

...,
β

d−
1
log

α
,

α
,

α
β,

...,
α

β
d−

1 }
.

T
he

conclusion
of

S
chanuel’s

C
onjecture

is

tr
d
eg

Q
Q

(log
α
,α

β,
α

β
2,

...
,α

β
d−

1 )
=

d.
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A
lgebraic

independence
m

ethod
of

G
el’fond

A
.O

.
G

el’fond
(1948)

T
he

tw
o

num
bers

2
3 √

2
and

2
3 √

4
are

algebraically
independent.
M

ore
generally,

if
α

is
an

algebraic
num

ber,
α
#=

0,
α
#=

1
and

if
β

is
a

algebraic
num

ber
of

degree
d
≥

3,
then

tw
o

at
least

of
the

num
bers

α
β,

α
β

2,
...

,α
β

d−
1

are
algebraically

independent.
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T
ools

T
ranscendence

criterion
:
R
eplaces

Liouville’s
inequality

in
transcendence

proofs.
Liouville

:
A

non–zero
rational

integer
n
∈

Z
satisfies

|n|≥
1.

G
el’fond

:
N

eeds
to

give
a

low
er

bound
for|P

(θ)|
w

ith
P
∈

Z
[X

]\
{0}

w
hen

θ
is

transcendental.

Z
ero

estim
ate

for
exponential

polynom
ials

:
C
.
H

erm
ite,

P
.
T
uran,

K
.
M

ahler,
R
.
T

ijdem
an,...

S
m

all
transcendence

degree
:

A
.O

.
G

el’fond,
A
.A

.
S
m

elev,
R
.
T

ijdem
an,

W
.D

.
B
row

naw
ell...
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A
nalytic

zero
estim

ates
for

exponentialpolynom
ials

C
.
H

erm
ite,

P
.
T
uran,

K
.
M

ahler
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Sketch
of

proof
A
ssum

e
the

transcendence
degree

over
k

:=
Q

(α
,β

)
of

the
field

L
=

k (α
β,

α
β

2,
...

,α
β

d−
1 )

is
≤

1.
B
y

the
T

heorem
of

G
el’fond

and
S
chneider

(solution
to

H
ilbert’s

seventh
problem

)
w
e

know
that

the
transcendence

degree
is

1.
(A

s
a

m
atter

of
fact,

the
proof

of
algebraic

indep
endence

w
ill

reprove
it).

C
onsider

the
exponential

functions

e
z,e

β
z,...,e

β
d−

1z

w
hich

are
algebraically

independent
and

satisfy
diff

erential
equations

w
ith

coeffi
cients

in
Q

(β
)⊂

k
⊂

L
.

T
hese

functions
take

values
in

L
w

hen
the

variable
z

is
in

Γ
=

(Z
+

Z
β
···+

Z
β

d−
1 )

log
α
.
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G
el’fond–Schneider

M
ethod

Follow
ing

the
approach

of
G

el’fond
and

S
chneider,

one
constructs

a
non–zero

polynom
ial

P
∈

L
[X

0 ,...,X
d−

1 ]
such

that
the

exponential
polynom

ial

F
(z)

=
P

(e
z,e

β
z,...,e

β
d−

1z )

vanishes
w

ith
som

e
m

ultiplicity
at

m
any

points
in

Γ
,
say

(
ddz )

tF
(m

0
log

α
+

m
1 β

log
α

+
···+

m
d−

1 β
d−

1
log

α )
=

0

for
t,

m
0 ,...,m

d−
1

non–negative
integers

in
a

certain
range.

T
his

is
achieved

by
m

eans
of

D
irichlet’s

B
ox

P
rinciple,

hence
one

cannot
get

m
ore

such
equations

than
there

are
unknow

ns
(w

here
unknow

ns
are

the
coeffi

cients
of

the
auxiliary

polynom
ial).
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P
igeonhole

principle
(D

irichlet),
T

hue–Siegel
Lem

m
a

Lejeune-D
irichlet,

C
.L.

S
iegel
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E
xtrapolation

:
C
auchy

Schw
arz

From
S
chw

arz’s
Lem

m
a

w
e

get
a

sharp
upper

bound
for

the
m

axim
um

m
odulus

of
the

auxiliary
function

F
on

som
e

disc.
U

sing
C
auchy’s

inequalities,
w
e

deduce
that

m
any

m
ore

values
(

ddz )
tF

(m
0
log

α
+

m
1 β

log
α

+
···+

m
d−

1 β
d−

1
log

α )

have
a

sm
all

m
odulus.

A
zero

estim
ate

show
s

that
these

num
bers

cannot
all

vanish.
W

e
endup

w
ith

a
non–zero

num
ber

γ
in

L
w

ith
a

very
sm

all
absolute

value,
for

w
hich

w
e

can
also

bound
the

size.
33

/
55

SizeA
ssum

e
for

sim
plicity

that
there

is
a

transcendental
num

ber
θ

such
that

all
the

num
bers

β
and

α
β

j
for

0
≤

j
≤

d
−

1
belong

to
Z

[θ].
T

hen
the

num
ber

γ
w

hich
is

produced
is

just
in

Z
[θ],

and
the

size
of

γ
m

easures
the

degree
and

the
height

of
this

polynom
ial.

For
a

transcendence
proof,

one
reaches

the
conclusion

by
m

eans
of

Liouville’s
inequality.

H
ere

another
argum

ent
is

required.
T

his
is

the
transcendence

criterion.
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T
ranscendence

criterion

S
im

ple
form

:
G

iven
a

com
plex

num
ber

ϑ
,
if

there
exists

a
sequence

(P
n )

n≥
1

of
non–zero

polynom
ials

in
Z

[X
],

w
ith

P
n

of
degree

≤
n

and
height≤

e
n,

such
that

|P
n (ϑ

)|≤
e −

6
n

2

for
all

n
≥

1,
then

ϑ
is

algebraic
and

P
n (ϑ

)
=

0
for

all
n
≥

1.

S
im

plification
due

to
R
.
T

ijdem
an,

W
.D

.
B
row

naw
ell,...in

the
70’s

and
m

ore
recently

M
.
Laurent

and
D

.
R
oy.
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R
ob

T
ijdem

an

http
://www.wiskundemeisjes.nl/20080830/ridder-tijdeman/

O
n

the
algebraic

independence
of

certain
num

bers.
N

ederl.
A
kad.

W
etensch.

P
roc.

S
er.

A
7
4
=

Indag.
M

ath.
3
3

(1971),
146–162.
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G
el’fond’s

transcendence
criterion

F
irst

extension
:
R
eplace

the
upper

bound
for

the
degree

by
d

n ,
the

upper
bound

for
the

height
by

e
h

n,
and

the
upper

bound
for|P

n (ϑ
)|

by
e −

ν
n.

A
ssum

ptions
on

the
sequences

(d
n )

n≥
1 ,

(h
n )

n≥
1

and
(ν

n )
n≥

1
:

d
n
≤

d
n
+

1 ≤
κ
d

n ,
d

n
≤

h
n
≤

h
n
+

1 ≤
κ
h

n ,

w
ith

som
e

constant
κ

>
0

independent
of

n
,
and

ν
n /d

n h
n
→
∞

.
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A
n

equivalent
statem

ent
Let

m
≥

1
and

(ϑ
1 ,...,ϑ

m
)∈

C
m

.
Let

(d
n )

n≥
1 ,

(h
n )

n≥
1

and
(ν

n )
n≥

1
satisfy

:

d
n
≤

d
n
+

1 ≤
κ
d

n ,
d

n
≤

h
n
≤

h
n
+

1 ≤
κ
h

n ,

w
ith

som
e

constant
κ

>
0

independent
of

n
,
and

ν
n /d

n h
n
→
∞

.

A
ssum

e
that

there
exists

a
sequence

(P
n )

n≥
1

of
non–zero

polynom
ials

in
Z

[X
1 ,...,X

m
],

w
ith

P
n

of
degree

≤
d

n
and

height≤
e

h
n,

such
that

0
<

|P
n (ϑ

1 ,...,ϑ
m

)|≤
e −

ν
n

for
all

n
≥

1,
T

hen
tw

o
at

least
of

the
num

bers
ϑ

1 ,...,ϑ
m

are
algebraically

independent.
T

he
conclusion

is
that

the
transcendence

degree
of

the
field

Q
(ϑ

1 ,...,ϑ
m

)
is

at
least

2.
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C
riterion

for
large

transcendence
degree

It
m

ight
seem

natural
to

expect
that

the
sam

e
statem

ent
w

ith
the

stronger
assum

ption
ν

n /d
tn h

n
→
∞

in
place

of
ν

n /d
n h

n
→
∞

w
ould

yield
the

conclusion
that

the
transcendence

degree
of

the
field

Q
(ϑ

1 ,...,ϑ
m

)
is

at
least

t.

A
counterexam

ple
due

to
K

hinchine
(a

reference
is

in
C
assel’s

book
on

D
iophantine

A
pproxim

ation)
rules

this
out.

S
om

e
further

assum
ption

is
necessary.
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Lang’s
transcendence

type

A
n

inductive
process

has
been

suggested
by

S
.
Lang

:
at

each
step

one
produces

a
quantitative

estim
ate

(transcendence
m

easure
to

start
w

ith,
next

m
easures

of
algebraic

independence)
w

hich
replace

Liouville’s
inequality

at
the

next
stage.

R
esults

produced
by

the
m

ethod
are

rather
w
eak

and
do

not
go

further
than

sm
all

transcendence
degree.
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Large
transcendence

degreeG
.V

.
C
hudnovsky

(1976)
A
m

ong
the

num
bers

α
β,

α
β

2,
...

,α
β

d−
1

at
least

[log
2
d]

are
algebraically

independent.

G
.V

.
C

h
u
d
n
o
v
sk

y
–

O
n

the
path

to
S
chanuel’s

C
onjecture.

A
lgebraic

curves
close

to
a

point.
I.

G
eneral

theory
of

colored
sequences.

II.
F
ields

of
finite

transcendence
type

and
colored

sequences.
R
esultants.

S
tudia

S
ci.

M
ath.

H
ungar.

1
2

(1977),
125–157

(1980).
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P
artial

result
on

the
problem

of
G

el’fond
and

Schneider

A
.O

.
G

el’fond,
G

.V
.
C
hudnovskii,

P
.
P
hilipp

on,
Y
u.V

.
N

esterenko.

G
.
D

iaz
(1989)

:
If

α
is

an
algebraic

num
ber,

α
#=

0,
α
#=

1
and

if
β

is
an

irrational
algebraic

num
ber

of
degree

d,
then

tr
d
eg

Q
Q

(α
β,

α
β

2,
...

,α
β

d−
1 )
≥

[
d

+
1

2

]
.
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H
ow

could
w
e

attack
Schanuel’s

C
onjecture

?

Let
x

1 ,...,x
n

be
Q

–linearly
independent

com
plex

num
bers.

Follow
ing

the
transcendence

m
ethods

of
H

erm
ite,

G
el’fond,

S
chneider...,

one
m

ay
start

by
introducing

an
auxiliary

function
F

(z)
=

P
(z,e

z)

w
here

P
∈

Z
[X

0 ,X
1 ]

is
a

non–zero
polynom

ial.
O

ne
considers

the
derivatives

of
F

F
(k

)
=

(
ddz )

k

F

at
the

points
m

1 x
1
+

···+
m

n x
n

for
various

values
of

(m
1 ,...,m

n )∈
Z

n.
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T
he

derivation

LetD
denote

the
derivation

D
=

∂

∂
X

0
+

X
1

∂

∂
X

1

over
the

ring
C

[X
0 ,X

1 ],
so

that
for

P
∈

C
[X

0 ,X
1 ]

the
derivatives

of
the

function

F
(z)

=
P

(z,e
z)

are
given

by
(

ddz )
k

F
=

(D
kP

)(z,e
z).
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A
uxiliary

function

R
ecall

that
x

1 ,...,x
n

are
Q

–linearly
independent

com
plex

num
bers.

Let
α

1 ,...,α
n

be
non–zero

com
plex

num
bers.

T
he

transcendence
m

achinery
produces

a
sequence

(P
N

)
N
≥

0

of
polynom

ials
w

ith
integer

coeffi
cients

satisfying
∣∣∣∣∣ (D

kP
N ) (

n
∑j=

1

m
j x

j ,
n

∏j=
1

α
m

j

j

) ∣∣∣∣∣ ≤
exp

(−
N

u)

for
any

non-negative
integers

k
,
m

1 ,...,m
n

w
ith

k
≤

N
s
0

and
m

ax{m
1 ,...,m

n }
≤

N
s
1.

45
/
55

R
oy’s

approach
to

Schanuel’s
C
onjecture

(1999)

If
the

num
ber

of
equations

w
e

produce
is

too
sm

all,
such

a
set

of
relations

does
not

contain
any

inform
ation

:
the

existence
of

a
sequence

of
non–trivial

polynom
ials

(P
N

)
N
≥

0
follow

s
from

linear
algebra.

O
n

the
other

hand,
follow

ing
D

.
R
oy,

one
m

ay
expect

that
the

existence
of

a
sequence

(P
N

)
N
≥

0
producing

suffi
ciently

m
any

such
equations

w
ill

yield
the

conclusion
:

tr
d
eg

Q
Q

(x
1 ,...,x

n ,α
1 ,...,α

n )
≥

n
.

A
rem

arquable
result

of
D

.
R
oy

is
that

such
equations

im
ply

α
dj

=
e

d
x

j
for

som
e

positive
integer

d,
and

this
enables

him
to

show
that

S
chanuel’s

C
onjecture

is
equivalent

to
the

existence
of

suffi
ciently

m
any

sm
all

values.
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R
oy’s

C
onjecture

(1999)
Let

s
0 ,s

1 ,t0 ,t1 ,u
positive

real
num

bers
satisfying

m
ax{1,t0 ,2t1 }

<
m

in{s
0 ,2s

1 }
and

m
ax{s

0 ,s
1
+

t1 }
<

u
<

12
(1

+
t0

+
t1 ).

A
ssum

e
that,

for
any

suffi
ciently

large
positive

integer
N

,
there

exists
a

non–zero
polynom

ial
P

N
∈

Z
[X

0 ,X
1 ]

w
ith

partial
degree

≤
N

t0
in

X
0 ,

partial
degree

≤
N

t1
in

X
1

and
height≤

e
N

w
hich

satisfies
∣∣∣∣∣ (D

kP
N ) (

n
∑j=

1

m
j x

j ,
n

∏j=
1

α
m

j

j

) ∣∣∣∣∣ ≤
exp

(−
N

u)

for
any

non-negative
integers

k
,
m

1 ,...,m
n

w
ith

k
≤

N
s
0

and
m

ax{m
1 ,...,m

n }
≤

N
s
1.

T
hen

tr
d
eg

Q
Q

(x
1 ,...,x

n ,α
1 ,...,α

n )≥
n
.
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R
oy’s

T
heorem

(1999)

R
oy’s

C
o
n
jectu

re
is

eq
u
ivalen

t
to

S
ch

an
u
el’s

C
o
n
jectu

re.

M
ore

precisely,
if

S
chanuel’s

C
onjecture

is
true,

then
R
oy’s

C
onjecture

holds
for

any
set

of
param

eters
s
0 ,s

1 ,t0 ,t1 ,u
satisfying

m
ax{1,t0 ,2t1 }

<
m

in{s
0 ,2s

1 }

and

m
ax{s

0 ,s
1
+

t1 }
<

u
<

12
(1

+
t0

+
t1 ).

C
onversely,

if
R
oy’s

C
onjecture

holds
for

one
set

of
param

eters
s
0 ,s

1 ,t0 ,t1 ,u
satisfying

these
conditions,

then
S
chanuel’s

C
onjecture

is
true.
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E
xtending

the
range

R
ecently

N
guyen

N
goc

A
i
V
an

succeeded
to

extend
slightly

the
range

of
the

adm
issible

values
of

the
param

eters
s
0 ,s

1 ,t0 ,t1 ,u
.

S
uch

an
extension

is
interesting

for
both

im
plications

of
the

equivalence
betw

een
S
chanuel’s

C
onjecture

and
R
oy’s

C
onjecture.
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E
quivalence

betw
een

Schanuel
and

R
oy

Let
(x

,α
)∈

C
×

C
×
,
and

let
s
0 ,s

1 ,t0 ,t1 ,u
be

positive
real

num
bers

satisfying
the

inequalities
of

R
oy’s

C
onjecture.

T
hen

the
follow

ing
conditions

are
equivalent

:
(a)

T
he

num
ber

α
e −

x
is

a
root

of
unity.

(b)
For

any
suffi

ciently
large

positive
integer

N
,
there

exists
a

non–zero
polynom

ial
Q

N
∈

Z
[X

0 ,X
1 ]

w
ith

partial
degree

≤
N

t0
in

X
0 ,

partial
degree

≤
N

t1
in

X
1

and
height

H
(Q

N
)≤

e
N

such
that

∣∣(D
kQ

N
)(m

x
,α

m
) ∣∣≤

exp
(−

N
u).

for
any

k
,m
∈

N
w

ith
k
≤

N
s
0

and
m
≤

N
s
1.
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R
oy’s

program
tow

ards
Schanuel’s

C
onjecture

In
G

el’fond’s
transcendence

criterion,

•
replace

a
single

variable
by

tw
o

variables
X

,
Y

•
introduce

several
points

(m
1 x

1
+

···+
m

% x
% ,α

m
1

1
···

,α
m

$
%

)

•
introduce

m
ultiplicity

involving
the

derivative

D
=

(∂
/∂

X
)
+

Y
(∂

/∂
Y

),

•
get

large
transcendence

degree.
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T
ranscendence

criterion
w

ith
m

ultiplicities
W

ith
derivatives

:
G

iven
a

com
plex

num
ber

ϑ
,
assum

e
that

there
exists

a
sequence

(P
n )

n≥
1

of
non–zero

polynom
ials

in
Z

[X
],

w
ith

P
n

of
degree

≤
d

n
and

height≤
e

h
n,

such
that

m
ax { ∣∣P

(j)
n

(ϑ
) ∣∣

;
0
≤

j
<

tn }
≤

e −
ν

n

for
all

n
≥

1.
A
ssum

e
ν

n tn /d
n h

n
→
∞

.
T

hen
ϑ

is
algebraic.

D
ue

to
M

.
Laurent

and
D

.
R
oy,

applications
to

algebraic
independence

w
ith

interpolation
determ

inants.
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C
riterion

w
ith

several
points

G
oal

:
G

iven
a

sequence
of

com
plex

num
bers

(ϑ
i )

i≥
1 ,

assum
e

that
there

exists
a

sequence
(P

n )
n≥

1
of

non–zero
polynom

ials
in

Z
[X

],
w

ith
P

n
of

degree
≤

d
n

and
height≤

e
h

n,
such

that

m
ax { ∣∣P

(j)
n

(ϑ
i ) ∣∣

;
0
≤

j
<

tn ,
1
≤

i≤
s

n }
≤

e −
ν

n

for
all

n
≥

1.
A
ssum

e
ν

n tn s
n /d

n h
n
→
∞

.
W

e
w

ish
to

deduce
that

the
num

bers
ϑ

i
are

algebraic.

D
.
R
oy

:
N

ot
true

in
general,

but
true

in
som

e
special

cases
w

ith
a

structure
on

the
sequence

(ϑ
i )

i≥
1 .

C
om

bines
the

elim
ination

argum
ents

used
for

criteria
of

algebraic
independence

and
for

zero
estim

ates.
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Sm
all

value
estim

ates
for

the
additive

group

D
.
R
oy.

S
m

all
value

estim
ates

for
the

additive
group.

Intern.
J.

N
um

ber
T

heory,
to

appear.

Let
ξ

be
a

transcendental
com

plex
num

ber,
let

h
,
σ
,
τ

and
ν

be
non-negative

real
num

bers,
let

n
0

be
a

positive
integer,

and
let

(P
n )

n≥
n

0
be

a
sequence

of
non–zero

polynom
ials

in
Z

[X
]

satisfying
d
eg(P

n )≤
n

and
H

(P
n )≤

exp
(n

h)
for

each
n
≥

n
0 .

S
uppose

that
h

>
1,

(3/4)σ
+

τ
<

1
and

ν
>

1
+

h
−

(3/4)σ
−

τ
.

T
hen

for
infinitely

m
any

n
,
w
e

have

m
ax {|P

(j)
n

(iξ)|
;

0
≤

i≤
n

σ,
0
≤

j
≤

n
τ }

>
exp

(−
n

ν).
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Sm
all

value
estim

ates
for

the
m

ultiplicative
group

D
.
R
oy.

S
m

all
value

estim
ates

for
the

m
ultiplicative

group.
A
cta

A
rith.,

to
appear.

Let
ξ
1 ,...,ξ

m
be

m
ultiplicatively

independent
com

plex
num

bers
in

a
field

of
transcendence

degree
1.

U
nder

suitable
assum

ptions
on

the
param

eters
h
,σ

,τ,ν
,
for

infinitely
m

any
positive

integers
n
,
there

exists
no

non–zero
polynom

ial
P
∈

Z
[Y

]
satisfying

d
eg(P

)≤
n
,
H

(P
)≤

exp
(n

h)
and

m
ax {|P

(j)(ξ
i11
···ξ

imm
)|

;
0
≤

i1 ,...,im
≤

n
σ,

0
≤

j
≤

n
τ }

>
exp

(−
n

ν).
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T
he

end

H
appy

B
irthday,

Jing
Y
u,

H
eureux

A
nniversaire,

A
nd

lot
of

thanks
to

all
those

w
ho

contributed
to

the
organization

of
this

exceedingly
interesting

conference
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