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Abstract

Interpreting Lie algebroid theory in terms of D-modules, we de�ne a duality

functor for a Lie algebroid as well as a direct image functor for a morphism

of Lie algebroids. Generalizing the work of Schneiders (see also the work of

Schapira-Schneiders) and making assumptions analog to his, we show that

the duality functor and the direct image functor commute. As an application,

we extend to Lie algebroids some duality properties already known for Lie

algebras.

1 Introduction

Let X be a complex analytic manifold of complex dimension x, O

X

the sheaf

of holomorphic functions onX, �

X

the sheaf of holomorphic vector �elds and

D

X

the sheaf of ring of di�erential operators on X. A complex Lie algebroid

over X is a pair (L

X

; !

X

) where

� L

X

is a sheaf of Lie algebras and a locally free O

X

-module of �nite

rank.
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� ! is a map from L

X

to �

X

(called the anchor map)

� The following compatibility relation holds

8(�; �) 2 L

2

X

; 8f 2 O

X

; [�; f�] = !(�)(f)� + f [�; �]:

It is easy to see that Lie algebroids generalize at the same time Lie algebras

and tangent bundles. The Lie algebroid L

X

gives rise to a sheaf of rings of

di�erential operators D(L

X

). Hence the idea of applying D-module theory to

Lie algebroids (as it was already done in [C2] for the a�ne case). If L

X

= �

X

and ! = id then D(L

X

) is the sheaf of rings of di�erential operators on X.

If X is a point, L

X

is a Lie algebra and D(L

X

) is its enveloping algebra.

Set 


X

= �

x

�

�

X

where �

�

X

= Hom

O

X

(�

X

;O

X

). It is well known that




X

is endowed with a right D

X

-module structure. Through the anchor map,

we can equip 


X

with a right D(L

X

)-module structure. This allows to con-

struct an equivalence of categories between complexes of left D(L

X

)-modules

and complexes of right D(L

X

)-modules. Thus 


X




O

X

D(L

X

) is endowed with

a right D(L

X

)-bimodule structure. Moreover, we de�ne the following dual-

ity functor in the derived category of bounded complexes of right D(L

X

)-

modules with coherent cohomology:

8M

�

2 D

b

coh

(D(L

X

)

op

) ; �

L

X

(M

�

) = RHom

D(L

X

)

 

M

�

;


X

[x]


O

X

D(L

X

)

!

:

A Lie algebroid morphism � from (L

X

; !

X

) to (L

Y

; !

Y

) is the data of a

pair (f; F ) where f is an analytic map from X to Y and F is a O

X

-module

map from L

X

to f

�

L

Y

with some requirements (see section 2.4 for details).

As in D-module theory, one may de�ne a transfer (D(L

X

)� f

�1

D(L

Y

)

op

)

-bimodule D

L

X

!L

Y

. Hence the existence of the direct image functor :

�

!

(M

�

) = Rf

!

 

M

�

L




D(L

X

)

D

L

X

!L

Y

!

:

Schneiders showed ([S1], [S2]) that, under some appropriate hypotheses, the

duality functor and the direct image functor commute in the case of D-

modules (and even for modules over rings of relative di�erential operators).

The case of algebraic smooth varieties had already been treated by Bernstein

for a proper morphism ([Be], [Bo], [Ho]). Moreover Mebkhout had already
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treated the absolute case (i.e Y consists in a point) in [Me1], [Me2]. Schnei-

ders' work was generalized to elliptic pairs by Schapira and Schneiders ([S-S]).

The aim of this article is to generalize Schneiders' result to Lie algebroids.

As in D-module theory ([S-S]), we introduce the notion of "good" modules

(due to Kashiwara) which is a re�nement of the property of having a good

�ltration in a neighborhood of any compact. Denote by D

b

good

(D(L

X

)

op

) the

derived category of bounded complexes with "good" cohomology. The inter-

est of such a notion being that if f is proper on the support of an element

M

�

of D

b

good

(D(L

X

)

op

), then �

!

(M

�

) is in D

b

good

(D(L

Y

)

op

). We prove :

Theorem 4.3.1 Let X and Y be two complex manifolds of complex di-

mension respectively x and y. Let � = (f; F ) be a Lie algebroid morphism

from (L

X

; !

X

) to (L

Y

; !

Y

). Let M

�

be an element of D

b

good

(D(L

X

)

op

) such

that f is proper on the support of M

�

. There is a functorial isomorphism

from �

!

�

L

X

(M

�

) to �

L

Y

�

!

(M

�

) in D

b

good

(D(L

Y

)

op

). As a particular case

of this theorem, we get :

Proposition 4.3.5 Let X and Y be two complex manifolds of complex

dimension respectively x and y. Assume that L

X

is a rank d

L

X

Lie algebroid.

Let � = (f; F ) be a Lie algebroid morphism from (L

X

; !

X

) to (L

Y

; !

Y

)

such that f is proper. Let E be a right D(L

X

)-module which is a locally

free O

X

-module of �nite rank. Then we have the following isomorphism in

D

b

good

(D(L

Y

)

op

)

�

!

 

Hom

O

X

(E;


X

[x]) 


O

X

�

d

X

L

�

X

[�d

L

X

]

!

' �

L

Y

�

!

(E):

As a corollary of this proposition, we obtain :

Corollary 4.3.6 Let X be a compact analytic manifold and let L

X

be a

rank d

L

X

Lie algebroid. Let N be a left D(L

X

)-module which a is locally free

O

X

-module of �nite rank. Then, for any i in ZZ, Ext

i

D(L

X

)

(O

X

;N ) is �nite

dimensional and

Ext

d

L

X

+x�i

D(L

X

)

 

O

X

;N

�




O

X

Hom

O

X

�

�

d

L

X

L

�

X

=;


X

�

!

'

�

Ext

i

D(L

X

)

(O

X

;N )

�

�

:
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Hence, the corollary 4.3.6 generalizes at the same time Serre duality (case

when L

X

= 0) for compact complex analytic manifolds and Poincar�e duality

for Lie algebras (case when X is a point).

Applying theorem 4.3.1, we get what we might call a generalized Zucker-

man duality ([B-C])

Corollary 4.3.7 Let X, Y , Z be three analytic manifolds of dimension

respectively x, y and z. Let L

X

(respectively L

Y

, L

Z

) be a Lie algebroid over

X (respectively Y , Z) of rank d

L

X

(respectively d

L

Y

, d

L

Z

). Let � = (f; F )

(respectively 	 = (g;G) ) be a Lie algebroid morphism from L

X

(respectively

L

Z

) to L

Y

. We assume that f and g are proper. Let M (respectively N ) be

a D(L

X

) (respectively D(L

Z

)) -right module which is a locally free O

X

(re-

spectively O

Z

)-module of �nite rank. Introduce the right D(L

X

) (respectively

D(L

Z

))-modules

f

M (respectively

f

N )

f

M = Hom

O

X

(M;


X

)


O

X

V

d

L

X

L

�

X

f

N = Hom

O

Z

(M;


Z

)


O

Z

V

d

L

Z

L

�

Z

:

For all n in ZZ, we have the following isomorphism

Ext

n�d

L

Z

+z

D(L

Y

)

�

�

!

(

f

M);	

!

(

f

N )

�

' Ext

n�d

L

X

+x

D(L

Y

)

(	

!

(N );�

!

(M)) :

Corollary 4.3.7 was proved in [C1] in the case where L

Y

= g is a Lie algebra

and L

X

= h, L

Z

= t are Lie subalgebras of g. The proof of [C1] is di�erent

from the one in this paper. It is inspired by a method used by M. Duo

([D]). See also [B-C], [G], [C-S] and [D] for particular cases of this duality in

the Lie algebra context.

I am grateful to A. D'Agnolo, M. Duo, P. Schapira and J-P. Schneiders

for helpful discussions.

Notations :

We will follow the notations of [K-S] for sheaf theory.

Let (L

X

; !) be a Lie algebroid overX and let D(L

X

) be the sheaf of rings

it de�nes. We will denote byD

b

coh

(D(L

X

)

op

) the derived category of bounded

complexes of right D(L

X

)-modules with coherent cohomology. We will write
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D

b

(D(L

X

)

op

�D(L

X

)

op

) for the bounded derived category of right D(L

X

)-

bimodules. If M and M

0

are two right D(L

X

)-modules, we put

Ext

i

D(L

X

)

(M;M

0

) = H

i

�

RHom

D(L

X

)

(M;M

0

)

�

:

If V is a C-vector space, we will write T

C

(V ) for the tensor algebra of V .

2 Lie algebroids

2.1 De�nitions and examples

LetX be a complex analytic manifold and letO

X

be the sheaf of holomorphic

functions on X. Let �

X

be the O

X

-module of holomorphic vector �elds on

X.

De�nition 2.1.1 A sheaf in Lie algebras , L

X

is a sheaf of C-vector spaces

such that for any open subset U , L

X

(U) is equipped with a Lie bracket com-

patible with restrictions.

Amorphism between two sheaves of Lie algebras L

X

andM

X

is a C

X

-module

morphism which is a Lie algebra morphism on each open subset.

De�nition 2.1.2 A complex Lie algebroid over X is a pair (L

X

; !) where

� L

X

is a locally free O

X

-module of �nite rank.

� L

X

is a sheaf of Lie algebras.

� ! is a O

X

-module morphism and a sheaf of Lie algebras morphism from

L

X

to �

X

such that the following compatibility relation holds

8(�; �) 2 L

2

X

; 8f 2 O

X

; [�; f�] = !(�)(f)� + f [�; �]:

One calls ! the anchor map. When there is no ambiguity, we will drop the

anchor map in the notation of the Lie algebroid. If (L

X

; !) is a Lie algebroid

over X, then

�

L

X jU

; !

jU

�

is a Lie algebroid over U which will be denoted L

U

.

A Lie algebroid (L

X

; !) gives rise to a sheaf of di�erential operators. We

will denote by D(L

X

) the sheaf associated to the presheaf:

U 7! T

C

(O

X

(U)� L

X

(U)) =J

U
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where J

U

is the two sided ideal generated by the relations

8(f; g) 2 O

X

(U); 8(�; �) 2 L

X

(U)

2

1)f � g = (fg)

2)f �D = (fD)

3)� � � � � � � = [�; �]

4)� � f � f � � = !(�)(f)

Note that D(L

X

) is a �ltered sheaf of rings, the �ltration (F

n

D(L

X

))

n2IN

=

(D(L

X

)

n

)

n2IN

being de�ned as follows:

D(L

X

)

0

= O

X

D(L

X

)

n

= D(L

X

)

n�1

� L

X

Examples of Lie algebroids

1) The Lie algebroid (�

X

; id) gives rise to the usual ring of di�erential

operators.

2) Let g be a �nite dimensional Lie algebra. It is a Lie algebroid over a

point with trivial anchor map. The ring of di�erential operators de�ned by

this case is the enveloping algebra of g.

3) Let S be an analytic manifold. A relative analytic manifold over S

is an analytic manifold X endowed with a surjective analytic submersion

�

X

: X ! S. For short a relative manifold over X will be denoted XjS. The

di�erential T�

X

: TX ! X �

S

TS is onto. Its kernel is thus a subbundle

of TX. We denote it T (XjS) and call it the relative tangent bundle of X

with respect to S. Its holomorphic sections form the sheaf �

X jS

of vertical

holomorphic vector �elds on XjS. It is a Lie algebroid with anchor map the

natural inclusion �

X jS

! �

X

. This Lie algebroid gives rise to the so called

ring of relative di�erential operators on XjS ([S1], [S-S]).

4) Let g be a Lie algebra. Assume that there is a Lie algebra morphism

� : g! �

X

. Then O

X


 g has a natural Lie algebroid structure with anchor

map ! de�ned by

8f 2 O

X

; 8� 2 g; !(f 
 �) = f�(�):

The Lie algebra bracket on O

X


 g is given

[f�; g�] = f�(�)(g)� � g�(�)(f) + fg[�; �]:
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5) Let X be a Poisson analytic manifold. We will denote by f ; g the

Poisson bracket on O

X

. The O

X

-module of di�erential forms of degree 1,




1

X

, is endowed with a natural Lie algebroid structure with anchor map




1

X

! �

X

fdg 7! ffg; �g:

Recall that the Lie bracket on 


1

X

is given by

[fda; gdb] = fgdfa; bg+ ffa; ggdb� gfb; fgda:

6) Let (L

X

; !

X

) (respectively (L

Y

; !

Y

)) be a Lie algebroid over an analytic

manifold X (respectively Y ). Let p

1

(respectively p

2

) be the projection from

X � Y over X (respectively Y ). The O

X�Y

-module

L

X�Y

= O

X�Y




p

�1

1

O

X

p

�1

1

L

X

�O

X�Y




p

�1

2

O

Y

p

�1

2

L

Y

is endowed with a natural Lie algebroid structure over X � Y: The anchor

map of L

X�Y

is !

X�Y

= L

X�Y

! �

X�Y

determined by

8(f; g) 2 O

X

�O

Y

; 8(�; �) 2 L

X

� L

Y

!

X�Y

(�)(f 
 g) = !

X

(�)(f)g

!

X�Y

(�)(f 
 g) = f!

Y

(�)(g):

On L

X�Y

, we put the Lie bracket extending that of L

X

and L

Y

and satisfying

the following relations [p

�1

1

L

X

; p

�1

2

L

Y

] = 0.

Similarly introduce

P

X�Y

= O

X�Y




p

�1

1

O

X

p

�1

1

�

X

�O

X�Y




p

�1

2

O

Y

p

�1

2

L

Y

:

Then P

X�Y

has a natural Lie algebroid structure over X � Y with anchor

map !

X�Y

.

Remark :

Let L

X

be a Lie algebroid. As it is a locally free O

X

-module of �nite

rank, D(L

X

) has �nite global homological dimension. Moreover, there exists

an integer p such that every coherent D(L

X

)-module M has locally a free

resolution of length inferior or equal to p

0! D(L

V

)

l

p

! : : :!D(L

V

)

l

0

!M

jV

:

The proof of this statement in the D-module case extends to Lie algebroids

([S3] p.14).
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2.2 Left and right-modules

The following proposition is classical for D-modules and is easy to generalize

to Lie algebroids.

Proposition 2.2.1 a) if M (respectively N ) is a right (respectively a left)

D(L

X

)-module, then M


O

X

N endowed with the two following operations :

8a 2 O

X

; 8m 2 M;8n 2 N ;8D 2 L

X

(m
 n) � a = m
 a � n = m � a
 n

(m
 n) �D = m �D 
 n�m
D � n

is a right D(L

X

)-module.

b) If M and M

0

are two right D(L

X

)-modules, then Hom

O

X

(M;M

0

)

endowed with the two following operations

8� 2 Hom

O

X

(M;M

0

) ; 8m 2 M;8a 2 O

X

;8D 2 L

X

(� � a) (m) = �(m) � a

(� �D) (m) = �(m) �D � �(m �D)

is a left D(L

X

)-module.

The following theorem is now a consequence of the previous proposition.

Theorem 2.2.2 Let E be right D(L

X

)-module which is a locally free O

X

-

module of rank one. The functor N

�

7! E 


O

X

N

�

establishes an equivalence of

categories between complexes of left and complexes of right D(L

X

)-modules.

Its inverse functor is given by M 7! Hom

O

X

(E;M).

It is a well known fact due to Bernstein that 


X

is endowed with a right

D

X

-module structure (see [S3] p.9, [Bo] p. 226 or [Sc]). Hence theorem 2.2.2

applies in particular if E = 


x

X

. Put

L

�

X

= Hom

O

X

(L

X

;O

X

)

and let d

L

X

be the rank of L

X

. Then one may take E = �

d

L

X

(L

�

X

). Indeed,

L

X

acts on �(L

�

X

) by the adjoint action. The action of an element D of L

X

8



on �(L

�

X

) is called the Lie derivative of D and is denoted L

D

. �

d

L

X

(L

�

X

),

endowed with the following two operations,

8� 2 �

d

L

X

(L

�

X

); 8D 2 L

X

;8a 2 O

X

� � a = a � �

� �D = �L

D

(�)

is a right D(L

X

)-module (see [C1]).

2.3 Resolution of O

X

as a left D (L

X

)-module.

Let (L

X

; !

X

) be a Lie algebroid over X. Set L

�

X

= Hom

O

X

(L

X

;O

X

). Con-

sider the graded left D(L

X

)-module D(L

X

)


O

X

V

�

(L

X

) = �

n

D(L

X

)


O

X

n

^

L

X

where D(L

X

) acts by left multiplication. One can prove ([R] p 200) that

there exists an endomorphism of degree -1 on this module such that: for all

v in D(L

X

) and all �

i

in L

X

, we have

d(v 
 �

1

^ ::: ^ �

n

) =

n

X

i=1

(�1)

i�1

v�

i


 �

1

^ ::: ^

b

�

i

^ :::^ �

n

+

X

k<i

(�1)

i+k

v 
 [�

k

; �

i

] ^ �

1

^ ::: ^

c

�

k

^ ::: ^

b

�

i

^ ::: ^ �

n

where the notation x̂ means that x is omitted. Moreover, we have

8v 2 D(L

X

); d(v 
 1) = !

X

(v)(1):

Theorem 2.3.1 Let (L

X

; !

X

) be Lie algebroid. The complex P

�

de�ned by

8n 2 ZZ; P

�n

= D(L

X

)


O

X

�

n

(L

X

)

and the di�erential above is a resolution of O

X

by locally free left D(L

X

)-

modules.

Proof of the theorem 2.3.1 : See [R] p 202.

Using this resolution, one gets the theorem ([C1])

Theorem 2.3.2 Let (L

X

; !

X

) be a rank d

L

X

Lie algebroid. Let N

�

be a

complex of left D(L

X

)-modules. Then

RHom

D(L

X

)

(O

X

;N ) '

 

N 


O

X

�

d

L

X

L

�

X

[d

L

X

]

!

L




D(L

X

)

O

X

:
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2.4 Lie algebroid morphisms

De�nition 2.4.1 Let (L

X

; !

X

) (respectively (L

Y

; !

Y

)) be a Lie algebroid

over X (respectively Y ). A morphism � from (L

X

; !

X

) to (L

Y

; !

Y

) is a pair

(f; F ) such that

� f : X ! Y is a holomorphic map

� F : L

X

! f

�

L

Y

= O

X




f

�1

O

Y

f

�1

L

Y

such that the two following

conditions are satis�ed:

1) The diagram

�

X

�

Y

-

f

�

L

X

f

�

L

Y

-

 

?

!

X

?

f

�

!

Y

commutes.

2) O

X




f

�1

O

Y

(f

�1

D

Y

) endowed with the two following operations

8(a; b) 2 O

2

X

; 8� 2 L

X

; 8v 2 f

�1

D

Y

a � (b
 v) = ab
 v

� � (b
 v) = !

X

(�)(b)
 v +

P

i

ba

i


 �

i

v

(where  (�) =

X

i

a

i


 �

i

with a

i

in O

X

and �

i

in f

�1

L

Y

) is a left

D(L

X

)-module.

Note that condition 2) is equivalent to the following more explicit con-

dition. Let � and � be two elements of L

2

X

. Put F (�) =

m

X

i=1

a

i


 �

i

and

F (�) =

m

X

j=1

b

j


 �

j

, then

F ([�; �]) =

n

X

j=1

!

X

(�)(b

j

)
 �

j

�

n

X

i=1

!

X

(�)(a

i

)
 �

i

+

X

i;j

a

i

b

j


 [�

i

; �

j

]:
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Our de�nition coincides with that of Almeida and Kumpera ([A-K]) and

generalizes the point of view of [C2].

Example of Lie algebroid morphisms

1) Our de�nition generalizes at the same time Lie algebra morphisms and

morphisms between complex analytic manifolds.

2) Let XjS and Y jS be two relative analytic manifolds over S. A mor-

phism f : XjS ! Y jS of relative analytic manifolds is an analytic map

f : X ! Y such that �

Y

� f = �

X

. One can check easily that a mor-

phism of relative analytic manifolds gives rise to a Lie algebroid morphism

�

X jS

! �

Y jS

.

3) Let X be a Poisson analytic manifold and let (


1

X

; !

X

) be the Lie

algebroid it de�nes. Let Y be an analytic manifold and let f : X ! Y be

an analytic map. The composition




1

X

!

X

�! �

X

Tf

�! f

�

�

Y

de�nes a Lie algebroid morphism from (


1

X

; !

X

) to (�

Y

; id).

4) Let G and G

0

be two complex Lie groups with Lie algebras g and g

0

and let � : G! G

0

be a Lie group morphism. We will also denote by � the

di�erential of � at the unity. Let X (respectivelyX

0

) be an analytic manifold

with action of G (respectively G

0

). Let f : X ! X

0

be an equivariant map

in the sense that

8g 2 G; 8x 2 X; f(g � x) = �(g) � f(x):

Let

F : O

X


 g ! O

X




f

�1

O

X

0

f

�1

(O

X

0


 g)

f 
 � 7! f 
 1
 �(�)

Then (f; F ) is a Lie algebroid morphism from O

X


 g to O

X

0


 g

0

.
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3 Some operations for modules on Lie alge-

broids

3.1 Direct images

Let � = (f; F ) be a Lie algebroid morphism from (L

X

; !

X

) to (L

Y

; !

Y

). Then

O

X




f

�1

O

Y

f

�1

D(L

Y

) has a (D(L

X

)� f

�1

D(L

Y

)

op

)- bimodule structure. It is

called the transfer module of � and is denoted D

(L

X

;!

X

)!(L

Y

;!

Y

)

or D

L

X

!L

Y

if there is no ambiguity on the anchor maps.

Let M

�

be an object of D

b

(D(L

X

)

op

). Set

�

!

(M

�

) = Rf

!

 

M

�

L




D(L

X

)

D

L

X

!L

Y

!

:

Then �

!

(M

�

) is in D

b

(D(L

Y

)

op

). It is called the direct image of M

�

by �.

If � = (f; Tf), we recover the D-module construction (see [S3] for example).

Then D

�

X

!�

Y

is denoted D

X!Y

and �

!

is denoted f

!

.

Proposition 3.1.1 Let � (respectively 	) be a Lie algebroid morphism from

(L

X

; !

X

) to (L

Y

; !

Y

) (respectively from (L

Y

; !

Y

) to (L

Z

; !

Z

)), then

	

!

� �

!

= 	 � �

!

:

The proof of proposition 3.1.1 is analog to the D-module case (see [Bo] p.

251).

A right coherentD(L

X

)-moduleM is generated by a coherentO

X

-module

if M has a coherent O

X

-submodule C for which the natural morphism

C 


O

X

D(L

X

)!M is an epimorphism.

We recall here a de�nition due to Kashiwara (see [S-S]).

De�nition 3.1.2 A right coherent D(L

X

)-module is good if, for any compact

subset K of X, there exists an open neighborhood U of K such that M

jU

has

a �ltration (M

k

)

k2[1;n]

by coherent right D(L

U

)-submodules such that each

quotient M

k

=M

k�1

is generated by a coherent O

U

-module.

Note that if X is a smooth algebraic variety, all the coherent D(L

X

)-

modules are good. Good D(L

X

)-modules form a thick subcategory of the

12



category of coherent D(L

X

)-modules. The associated full subcategory of

D

b

(D(L

X

)

op

) consisting in objects with good cohomology is denoted by

D

b

good

(D(L

Y

)

op

)

Theorem 3.1.3 Assume thatM

�

is in D

b

good

(D(L

X

)

op

) and that f is proper

on Supp(M), then �

!

(M) is in D

b

good

(D(L

Y

)

op

).

The proof of Schneiders ([S3] p. 38) in the case of D-modules extends without

any change to our situation. The particular case where f is projective and

M has a global good �ltration was treated in [Ka].

To any right D(L

X

)-module, one can associate canonically the right

(D(L

X

)�D(L

X

))-bimoduleM


O

X

D(L

X

) (the �rst rightD(L

X

)-module struc-

ture is given by right multiplication, the second one is obtained by proposition

2.2.1) . As particular cases, we de�ne the two following complexes of right

(D(L

X

)�D(L

X

))-bimodules

K

L

X

= 


X




O

X

D(L

X

)[x]

and if L

X

is of rank d

L

X

H

L

X

= �

d

L

X

(L

�

X

)


O

X

D(L

X

)[d

L

X

]:

De�ne

D

2

L

X

!L

Y

= D

L

X

!L

Y




C

D

L

X

!L

Y

as a left D(L

X

)�D(L

X

) bimodule.

Let N

�

be an element of D

b

(D(L

X

)

op

�D(L

X

)

op

), the bounded derived

category of complexes of right (D(L

X

)�D(L

X

)) -bimodules. We de�ne its

direct image by �:

�

!

(N

�

) = Rf

!

 

N

�

L




D(L

X

)
D(L

X

)

D

2

L

X

!L

Y

!

:

�

!

(N

�

) is in D

b

(D(L

Y

)

op

�D(L

Y

)

op

).

Proposition 3.1.4 Let M be a right D(L

X

)-module and let M


O

X

D(L

X

)

be the (D(L

X

)�D(L

X

))-bimodule which is canonically associated to it. Let
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� = (f; F ) be a Lie algebroid morphism from (L

X

; !

X

) to (L

Y

; !

Y

). One has

a canonical isomorphism in D

b

(D(L

Y

)

op

�D(L

Y

)

op

)

�

!

 

M


O

X

D(L

X

)

!

! �

!

(M) 


O

Y

D(L

Y

):

For the proof of this proposition, we refer to [S-S] p. 33.

3.2 Duality functor

Let M

�

be an element of D

b

coh

(D(L

X

)

op

), then we set

D

L

X

(M

�

) = RHom

D(L

X

)

(M

�

;H

L

X

)

and if the rank of L

X

is d

L

X

,

�

L

X

(M

�

) = RHom

D(L

X

)

(M

�

;K

L

X

) :

There is an involution exchanging the two right module structures of K

L

X

and H

L

X

(see [S-S] lemma 2.3) so that it does not matter which one we use

for the RHom. The natural arrow M

�

7! D

L

X

�

D

L

X

(M

�

)

�

(respectively

M

�

7! �

L

X

�

�

L

X

(M

�

)

�

) is an isomorphism. That is why D

L

X

and �

L

X

are called duality functors.

Proposition 3.2.1 Assume that L

X

is of rank d

L

X

. IfM is a right D(L

X

)-

module which is locally free of �nite rank as O

X

-module, then

D

L

X

(M) = Hom

�

M;�

d

L

X

(L

�

X

)

�




O

X

�

d

L

X

(L

�

X

)

�

L

X

(M) = Hom (M;


X

) 


O

X

�

d

L

X

(L

�

X

)[x� d

L

X

]

This proposition is well known for D-modules (see [Ho] p. 93).

Proof of the proposition 3.2.1

Put N = Hom

O

X

�

�

d

L

X

(L

�

X

);M

�

. We know from theorem 2.2.2 that N

is a left D(L

X

)-module. We have the following isomorphism of right D(L

X

)-

modules

RHom

D(L

X

)

 

M;�

d

L

X

(L

�

X

)


O

X

D(L

X

)

!

' RHom

D(L

X

)

(N ;D(L

X

))
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where the �rst RHom is taken over right D(L

X

)- modules and the second one

is taken over left D(L

X

). We need to show that RHom

D(L

X

)

(N ;D(L

X

)) and

N

�




O

X

�

d

L

X

(L

�

X

)[�d

L

X

] are quasi-isomorphic as complexes of right D(L

X

)-

modules.

Lemma 3.2.2 Let N be a left D(L

X

)-module which is a locally free O

X

-

module of �nite rank, then D(L

X

)


O

X

N is a locally free D(L

X

)-module of

�nite rank.

Proof of the lemma 3.2.2:

Let U be an open subset of X such that N

jU

is a free O

U

-module with

basis (v

1

; : : : ; v

n

). Let us denote by

l

D(L

U

)


O

U

N

jU

the left D(L

U

)-module

given by left multiplication. Let us consider the D(L

U

)-module morphism �

l

D(L

U

)


O

U

N

jU

! D(L

U

)


O

U

N

jU

X

i

P

i


 v

i

7!

X

i

P

i

� (1
 v

i

):

D(L

U

)


O

U

N

jU

is �ltered as follows:

F

n

 

D(L

U

)


O

U

N

jU

!

n

= D(L

U

)

n




O

U

N

jU

:

It is a �ltration over IN and Gr� = id. So � is an isomorphism. This �nishes

the proof of the lemma. As a consequence, we get the following corollary :

Corollary 3.2.3 The complex P

�




O

X

N is a resolution of N by locally free

D(L

X

)-modules.

Hence, the complexRHom

D(L

X

)

(N ;D(L

X

)) is quasi isomorphic to the com-

plex

 

Hom

O

X

 

V

�

L

X




O

X

N ;D(L

X

)

!

; �

!

where � is given by

8� 2 Hom

O

X

 

p

^

L

X




O

X

N ;D(L

X

)

!

;8 (�

1

; : : : ; �

p

) 2 L

X

;8v 2 N
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�� (�

1

^ : : : ^ �

p


 v) =

X

i<j

(�1)

i+j

�

�

[�

i

; �

j

] ^ : : : ^

b

�

i

^ : : : ^

b

�

j

^ : : : �

p

�

+

X

i

(�1)

i�1

�

i

�

�

�

1

^ : : : ^

b

�

i

^ : : : ^ �

p


 v

�

�

X

i

(�1)

i�1

�

�

�

1

^ : : : ^

b

�

i

^ : : : ^ �

p


 �

i

v

�

For the study of the complex

 

Hom

O

X

 

V

�

L

X




O

X

N ;D(L

X

)

!

; �

!

and the

end of the proof, we refer the reader to [C1] (theorem 5.4.1).

4 The Trace morphism

Let � = (f; F ) be a Lie algebroid morphism from (L

X

; !

X

) to (L

Y

; !

Y

). We

will factorize it as follows � = � ��

2

��

1

where

� �

1

= (u

1

; U

1

) is the Lie algebroid morphism from (L

X

; !

X

) to (L

X�Y

; !

X�Y

)

de�ned by

u

1

: X ! X � Y

x 7! (x; f(x))

U

1

: L

X

! O

X




p

�1

1

O

X�Y

p

�1

1

L

X�Y

' O

X




f

�1

O

Y

f

�1

L

Y

� L

X

D 7! F (D) +D

� �

2

= (id; U

2

) is the Lie algebroid morphism from (L

X�Y

; !

X�Y

) to

(P

X�Y

; !

X�Y

) de�ned by

8D 2 p

�1

1

L

X

; 8� 2 p

�1

2

L

Y

; U

2

(1
D) = !

X�Y

(1
D); U

2

(1
�) = 1
�

� � = (p

2

; �) is the Lie algebroid morphism from (P

X�Y

; !

X�Y

) to

(L

Y

; !

Y

) de�ned by the natural projections.

Let X and Y be two complex analytic manifolds of dimension x and y

respectively and f : X ! Y an analytic map. Schneiders constructed a

canonical arrow in D

b

(D

op

Y

)

f

!

(


X

[x])! 


Y

[y]:

We refer the reader to [S1], [S3] or [S-S] for details.

In the next two paragraphs we will de�ne a trace morphism for the Lie

algebroid morphisms �

1

and �.
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4.1 A trace morphism for �

1

Assume that we are in the case of �

1

= (u

1

; U

1

). Then we will construct an

arrow from �

1!

(


X

[x]) to 


X�Y

[x+ y] using the two following lemmas.

Lemma 4.1.1 Let � = (f; F ) be a Lie algebroid map from (L

X

; !

X

) to

(L

Y

; !

Y

). There exists a natural right f

�1

(D (L

Y

)) -linear morphism from




X

[x] 


D(L

X

)

D

L

X

!L

Y

to 


X

[x]


D

X

D

X!Y

.

Proof of the lemma 4.1.1

It is not hard to see, using the de�nition of a Lie algebroid morphism,

that the map




X

[x] 


D(L

X

)

D

L

X

!L

Y

! 


X

[x]


D

X

D

X!Y

� 
 (1
 v) 7! � 
 (1
 !

Y

(v))

is well de�ned. Moreover, it is clearly a right f

�1

D (L

Y

) -module morphism.

Lemma 4.1.2 D

L

X

!L

X�Y

is a locally free left D(L

X

)-module.

Proof of the lemma 4.1.2 :

Let us �rst remark the following isomorphism

D

L

X

!L

X�Y

' D(L

X

)


O

X

 

O

X




f

�1

O

Y

f

�1

D(L

Y

)

!

where the tensor product concerns the left O

X

-module structure of D(L

X

).

It is a left D(L

X

)-module isomorphism if an element � of L

X

such that

F (�) =

X

i

a

i


 �

i

acts on the right hand side as follows.

8u 2 D(L

X

);8v 2 f

�1

D(L

Y

);

� � (u
 1
 v) = �u 
 1
 v +

X

i

a

i

u
 1
 �

i

v:

Let now V be an open subset of Y such that L

V

is an O

V

free module with

basis (@

1

; : : : ; @

n

). Let W be an open subset of X such that f(W ) � V .
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Endow �

�

1

;:::;�

n

D(L

W

)
 @

�

1

1

: : : @

�

n

n

with left multiplication. Then let us show

that the following left D(L

W

)-module morphism �

�

�

1

;:::;�

n

D(L

W

)
 @

�

1

1

: : : @

�

n

n

! D

L

X

!L

X�Y jW

X

�

1

;:::;�

n

v

�

1

;:::;�

n


 @

�

1

1

: : : @

�

n

n

!

X

�

1

;:::;�

n

v

�

1

;:::;�

n

� (1 
 @

�

1

1

: : : @

�

n

n

):

is an isomorphism. Filter these two sheaves of algebras as follows:

F

n

D

L

X

!L

X�Y jW

= D(L

W

)

n




O

W

 

O

X




f

�1

O

Y

f

�1

D(L

Y

)

!

jW

F

n

 

X

�

1

;:::;�

n

D(L

W

)
 @

�

1

1

: : : @

�

n

n

!

=

X

�

1

;:::;�

n

D(L

W

)

n


 @

�

1

1

: : : @

�

n

n

:

� is a �ltered morphism over IN. Its graded associated morphism is identity.

So � is an isomorphism.

Proposition 4.1.3 There is a natural morphism in D

b

coh

(D(L

X�Y

)

op

) from

�

1

!

(


X

[x]) to 


X�Y

[x+ y]

Proof of the proposition 4.1.3:

Consider the chain of morphisms

�

1

!

(


X

[x]) = Ru

!

 




X

[x]

L




D(L

X

)

D

L

X

!L

X�Y

!

' Ru

!

 




X

[x] 


D(L

X

)

D

L

X

!L

X�Y

!

! Ru

!

 




X

[x]


D

X

D

X!X�Y

!

' Ru

!

 




X

[x]

L




D

X

D

X!X�Y

!

! 


X�Y

[x+ y]

where the second isomorphism is due to the fact that D

L

X

!L

X�Y

is a at

D(L

X

)-left module and the �rst arrow is due to the previous lemma. In the

last isomorphism, we used the fact that u is a closed immersion and the last

arrow is the classical trace morphism.
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Corollary 4.1.4 There is a natural morphism in D

b

(D(L

X�Y

)

op

�D(L

X�Y

)

op

)-

bimodules from �

!

(K

L

X

) to K

L

X�Y

Proof of the corollary 4.1.4

The following sequence of morphisms provides the morphism we are look-

ing for:

�

!

(K

L

X

) = �

!

 




X

[x]


O

X

D(L

X

)

!

�

�! �

!

(


X

[x]) 


O

X�Y

D(L

X�Y

)

! 


X�Y

[x+ y] 


O

X�Y

D(L

X�Y

):

Note that the �rst arrow is due to 3.1.4 and the last one is the previous

proposition.

4.2 The case of the projection �

Proposition 4.2.1 There is a natural morphism in D

b

(D(L

Y

)

op

) from �

!

(


X�Y

[x+ y])

to 


Y

[y]:

Proof of the proposition 4.2.1:

Let p

1

be the projection of X � Y onto the �rst factor.

�

!

(


X�Y

[x+ y])

= Rp

2!

0

@




X�Y

[x+ y]

L




D(P

X�Y

)

0

@

O

X�Y




p

�1

2

O

Y

p

�1

2

D(L

Y

)

1

A

1

A

[x+ y]

= Rp

2!

0

@

O

X�Y




p

�1

O

X


p

�1

2

O

Y

 

p

�1

1

 




X

[x]

L




D

X

O

X

!


 p

�1

2




Y

[y]

!

1

A

= Rp

2!

0

@




X�Y

[x+ y]

L




D

X�Y

0

@

O

X�Y




p

�1

2

O

Y

p

�1

2

D

Y

1

A

1

A

[x+ y]

! 


Y

[y]:

where the arrow is the classical trace morphism.

Corollary 4.2.2 There is a natural morphism in D

b

(D (L

Y

)

op

�D (L

Y

)

op

)

from �

!

�

K

P

X�Y

�

to K

L

Y
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The proof of the corollary 4.2.2 is the same as the proof of the corollary 4.1.4.

Remark : In the case of a relative analytic map, we recover the trace

morphism constructed in [S1] (see also in [S-S]).

4.3 A duality morphism

Theorem 4.3.1 Let X and Y be two complex manifolds of dimension x and

y respectively. Let (L

X

; !

X

) (respectively (L

Y

; !

Y

)) be a Lie algebroid over X

(respectively Y ). Let � = (f; F ) be a Lie algebroid morphism from (L

X

; !

X

)

to (L

Y

; !

Y

). Let M

�

be an element of D

b

good

(D(L

X

)

op

) such that f is proper

on the support of M

�

. There is a functorial isomorphism from �

!

�

L

X

(M

�

)

to �

L

Y

�

!

(M

�

) in D

b

good

(D(L

Y

)

op

)

Proof of the theorem 4.3.1:

We will make use of the three following lemmas. In the lemmas 4.3.2 and

4.3.3, the notations are the same as in the previous section.

Lemma 4.3.2 Let M

�

be an object of D

b

coh

(D(L

X

)

op

). There is a canonical

isomorphism from �

1!

�

L

X

(M

�

) to �

L

X�Y

�

1!

(M

�

) in D

b

coh

(D(L

X�Y

)

op

)

Proof of the lemma 4.3.2

We start by constructing a morphism from�

1!

�

L

X

(M

�

) to �

L

X�Y

�

1!

(M

�

).

Our construction will be analog to [S-S].

�

1!

�

L

X

(M

�

)

= Ru

!

 

RHom

D(L

X

)

(M

�

;K

L

X

)

L




D(L

X

)

D

L

X

!L

X�Y

!

�

�! Ru

!

 

RHom

D(L

X

)

 

M

�

;K

L

X

L




D(L

X

)

D

L

X

!L

X�Y

!!

! Ru

!

 

RHom

u

�1

D(L

X�Y

)

 

M

�

L




D(L

X

)

D

L

X

!L

X�Y

;K

L

X

L




D(L

X

)
D(L

X

)

D

2

L

X

!L

X�Y

!!

! RHom

D(L

X�Y

)

�

�

1!

(M

�

);�

1!

(K

L

X

)

�

! RHom

D(L

X�Y

)

�

�

1!

(M

�

);K

L

X�Y

�

where the �rst arrow is due to the coherence ofM

�

and the last arrow comes

from 4.1.4. To show that this morphism is an isomorphism, we proceed as in

[S-S] (p. 36).
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Lemma 4.3.3 Let Z be an analytic complex manifold. Let L

Z

and P

Z

be two

Lie algebroids over Z. Let �

2

= (id; U

2

) be a Lie algebroid morphism from L

Z

to P

Z

. LetM

�

be an element of D

b

coh

(D(L

Z

)

op

). The complexes �

2!

�

L

Z

(M

�

)

and �

P

Z

�

2!

(M

�

) are functorially isomorphic in D

b

coh

(D(P

Z

)

op

).

Proof of the lemma 4.3.3:

On one hand, we have the following chain of isomorphisms:

�

2!

�

L

Z

(M

�

) = RHom

D(L

Z

)

(M

�

;K

L

Z

)

L




D(L

Z

)

D(P

Z

)

' RHom

D(L

Z

)

 

M

�

;K

L

Z

L




D(L

Z

)

D(P

Z

)

!

' RHom

D(L

Z

)

 

M

�

;


Z




O

Z

D(P

Z

)

!

where the �rst isomorphism is due to the fact that M

�

is with coherent

cohomology. On another hand, it is easy to see that

�

P

Z

�

2

(M

�

) ' RHom

D(P

Z

)

 

M

�

;


Z




O

Z

D(P

Z

)

!

:

This �nishes the proof of the lemma 4.3.3.

Lemma 4.3.4 Let M

�

be an element of D

b

good

(D(P

X�Y

)) such that p

2

is

proper on the support ofM

�

. There is a canonical isomorphism from�

!

�

P

X�Y

(M

�

)

to �

L

Y

�

!

(M

�

) in D

b

good

(D(L

Y

)).

Proof of the lemma 4.3.4

To construct our morphism, we proceed as in the previous lemma. To

show that the morphism constructed is an isomorphism, we adopt the method

of [S-S]. By a \devissage" argument, it is enough to treat the case where

M is a D(P

X�Y

) which admits a good �ltration in a neighborhood of any

compact. It is easy to show that, in a neighborhood of a compact K, such

a module M has a resolution by modules of the type N

0




D

X�Y jY

D(P

X�Y

)

where N

0

is a D

X�Y jY

-module admitting a good �ltration and such that

Supp(N

0

) � Supp(M) (see [S-S] lemma 2.10). For a module of the type

N

0




D

X�Y jY

D(P

X�Y

), the morphism is an isomorphism because we know from
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[S1] (see also [S-S]) that the duality functor and the direct image commute

for the D

X�Y jY

-module N

0

( see [S-S] p 40 for details).

The theorem is now a consequence of the previous lemmas.

Remarks :

1) The theorem 4.3.1 generalizes Schneiders' thesis ([S1], [S2]) where the

case of relative di�erential operators is treated. The algebraic smooth case

had been previously treated by Bernstein ([Be], [Bo], [Ho]) (in the D-modules

context ) for a proper morphism. Moreover Mebkhout had treated the abso-

lute case (i.e Y consists in one point, see corollary 4.3.6) in [Me1], [Me2].

2) In [C2], the theorem 4.3.1 was proved in the case of a closed embedding

between Lie Rinehart algebras (that is to say for a�ne algebraic varieties).

3) If L

X

= L

Y

= f0g, we recover the Ramis-Ruget-Verdier duality in

the special case of analytic manifolds ([R-R], [R-R-V]): Let G be a coherent

O

X

-module and let f : X ! Y be an analytic map proper on Supp(G), we

have

Rf

!

RHom

O

X

(G;


X

[x]) ' RHom

O

Y

(Rf

!

G;


Y

[y]) :

4) If h and g are two �nite dimensional Lie algebras, F is a Lie algebra

morphism from h to g and V a �nite dimensional h-module, then we have

the following isomorphism in D

b

(U(g)

op

)

RHom

U(g)

 

V

L




U(h)

U(g); U(g)

!

[�dimg] '

�

V

�


 �

dimh

h

�

�

L




U(h)

U(g):

In the particular case where h is a subalgebra of g, we get

Ext

i

U(g)

 

V 


U(h)

U(g); U(g)

!

=

8

<

:

(V

�




V

dimh

h

�

) 


U(h)

U(g) if i = dimh

0 if i 6= dimh.

It is easy to remove the hypothesis that g is �nite dimensional. We recover a

duality result proved independently by Brown and Levasseur ([B-L]) and by

Kempf ([K]) when g is semi-simple and V is a Verma module. This duality

result was extended to general Lie algebras in [C1].

Proposition 4.3.5 Let X and Y be two complex manifolds of complex di-

mension respectively x and y. Assume that L

X

is a rank d

L

X

Lie algebroid.

Let � = (f; F ) be a Lie algebroid morphism from (L

X

; !

X

) to (L

Y

; !

Y

)
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such that f is proper. Let E be a right D(L

X

)-module which is a locally

free O

X

-module of �nite rank. Then we have the following isomorphic in

D

b

good

(D(L

Y

)

op

)

�

!

 

Hom

O

X

(E;


X

[x]) 


O

X

�

d

L

X

L

�

X

[�d

L

X

]

!

' �

L

Y

�

!

(E):

the proposition follows from the theorem 4.3.1 by applying proposition 3.2.1.

Corollary 4.3.6 Let X be a compact analytic manifold of complex dimen-

sion x. Let (L

X

; !

X

) be a Lie algebroid of rank d

L

X

. Let N be a left D(L

X

)-

module which is a locally free O

X

-module of �nite rank. Then, for any i in

ZZ, Ext

i

D(L

X

)

(O

X

;N ) is �nite dimensional and

Ext

d

L

X

+x�i

D(L

X

)

 

O

X

;N

�




O

X

Hom

O

X

�

�

d

X

L

�

X

;


X

�

!

' Ext

i

D(L

X

)

(O

X

;N )

�

:

Proof of the corollary 4.3.6

Apply the previous proposition to the following Lie algebroid morphism

L

X

!

X

�! �

X

! �

fptg

where fptg denotes the variety consisting in one point. The corollary follows

then by using propositions 2.3.2 and 3.2.1.

Remarks :

1) If X is a point, we recover Poincar�e duality for Lie algebras.

2) If L

X

= 0, we recover Serre duality (see remark after proposition 3.2.1).

3) Our duality morphism is di�erent than the one obtained for C

1

Lie alge-

broids in [E-L-W] (see also [Hu]).

Applying theorem 4.3.1, we get

Corollary 4.3.7 Let X, Y , Z be three analytic manifolds of dimension re-

spectively x, y and z. Let L

X

(respectively L

Y

, L

Z

) be a Lie algebroid over

X (respectively Y , Z) of rank d

L

X

(respectively d

L

Y

, d

L

Z

). Let � = (f; F )

(respectively 	 = (g;G) ) be a Lie algebroid morphism from L

X

(respectively

L

Z

) to L

Y

. We assume that f and g are proper. Let M (respectively N ) be
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a D(L

X

) (respectively D(L

Z

)) -right module which is a locally free O

X

(re-

spectively O

Z

)-module of �nite rank. Introduce the right D(L

X

) (respectively

D(L

Z

))-modules

f

M (respectively

f

N )

f

M = Hom

O

X

(M;


X

)


O

X

V

d

L

X

L

�

X

f

N = Hom

O

Z

(M;


Z

)


O

Z

V

d

L

Z

L

�

Z

:

For all n in ZZ, we have the following isomorphism

Ext

n�d

L

Z

+z

D(L

Y

)

�

�

!

(

f

M);	

!

(

f

N )

�

' Ext

n�d

L

X

+x

D(L

Y

)

(	

!

(N );�

!

(M)) :

Proof of the corollary 4.3.7

RHom

D(L

Y

)

�

�

!

(

f

M);	

!

(

f

N )

�

RHom

D(L

Y

)

(�

!

�

L

X

(M)[d

L

X

� x];	

!

�

L

Z

(N )[d

L

Z

� z])

' RHom

D(L

Y

)

(�

L

Y

�

!

(M);�

L

Y

	

!

(N )) [d

L

Z

� d

L

X

� z + x]

' RHom

D(L

Y

)

(	

!

(N );�

!

(M)) [d

L

Z

� d

L

X

� z + x]

Corollary 4.3.7 was proved in [C1] in the case where L

Y

= g is a Lie algebra

and L

X

= h, L

Z

= t are Lie subalgebras of g. The proof of [C1] is di�erent

from the one in this paper. It is inspired by a method used by M. Duo

([D]). See also [B-C], [G], [C-S] and [D] for particular cases of this duality in

the Lie algebra context.
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