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Abstract

Interpreting Lie algebroid theory in terms of D-modules, we define a duality
functor for a Lie algebroid as well as a direct image functor for a morphism
of Lie algebroids. Generalizing the work of Schneiders (see also the work of
Schapira-Schneiders) and making assumptions analog to his, we show that
the duality functor and the direct image functor commute. As an application,
we extend to Lie algebroids some duality properties already known for Lie
algebras.

1 Introduction

Let X be a complex analytic manifold of complex dimension x, Oy the sheaf
of holomorphic functions on X, ©x the sheaf of holomorphic vector fields and
Dx the sheaf of ring of differential operators on X. A complex Lie algebroid
over X is a pair (Ly,wyx) where

o Lx is a sheaf of Lie algebras and a locally free Ox-module of finite
rank.



e wis a map from Lx to Ox (called the anchor map)

e The following compatibility relation holds
V(& () € Ly, VfeOx, [&f(]=w(E(f)C+ fIE

It is easy to see that Lie algebroids generalize at the same time Lie algebras
and tangent bundles. The Lie algebroid Lx gives rise to a sheaf of rings of
differential operators D(Ly ). Hence the idea of applying D-module theory to
Lie algebroids (as it was already done in [C2] for the affine case). If Lx = Ox
and w = id then D(Lx) is the sheaf of rings of differential operators on X.
If X is a point, Lx is a Lie algebra and D(Lx) is its enveloping algebra.
Set Qx = A"O% where 0% = Homo, (Ox,Ox). It is well known that
Qx is endowed with a right Dx-module structure. Through the anchor map,
we can equip x with a right D(Lyx )-module structure. This allows to con-
struct an equivalence of categories between complexes of left D(L x )-modules

and complexes of right D(Lx )-modules. Thus QXgQ D(Lx) is endowed with
X

a right D(Lyx )-bimodule structure. Moreover, we define the following dual-
ity functor in the derived category of bounded complexes of right D(Lx)-
modules with coherent cohomology:

YM® € D', (D(Lx)™), Acy(M®) = RHompc, ) (M', Oxle] @ D(L‘X)) .

A Lie algebroid morphism @ from (Lx,wx) to (Ly,wy) is the data of a
pair (f, ') where f is an analytic map from X to ¥ and F is a Ox-module
map from Lx to f*Ly with some requirements (see section 2.4 for details).
As in D-module theory, one may define a transfer (D(Lx) — f~'D(Ly )?)

-bimodule D, _.., . Hence the existence of the direct image functor :
O(M*) = Rf (M* & D

Schneiders showed ([S1], [S2]) that, under some appropriate hypotheses, the
duality functor and the direct image functor commute in the case of D-
modules (and even for modules over rings of relative differential operators).
The case of algebraic smooth varieties had already been treated by Bernstein
for a proper morphism ([Be], [Bo], [Ho]). Moreover Mebkhout had already
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treated the absolute case (i.e Y consists in a point) in [Mel], [Me2]. Schnei-
ders” work was generalized to elliptic pairs by Schapira and Schneiders ([S-5]).
The aim of this article is to generalize Schneiders’ result to Lie algebroids.
As in D-module theory ([S-S]), we introduce the notion of "good” modules
(due to Kashiwara) which is a refinement of the property of having a good
filtration in a neighborhood of any compact. Denote by Dzood (D(Lx)") the
derived category of bounded complexes with "good” cohomology. The inter-
est of such a notion being that if f is proper on the support of an element
Me of D) (D(Lx)?), then &,(M?*)is in D!, (D(Ly)"). We prove :

Theorem 4.3.1 Let X and Y be two complex manifolds of complex di-

mension respectively x and y. Let & = (f, F) be a Lie algebroid morphism
from (Lx,wx) to (Ly,wy). Let M* be an element of Dzood (D(Lx)?) such

that f is proper on the support of M*. There is a functorial isomorphism
from &, Az, (M*) to Az, @, (M*) in D° _,(D(Ly)). As a particular case

=! good

of this theorem, we get :

Proposition 4.3.5 Let X and Y be two complex manifolds of complex
dimension respectively x and y. Assume that Lx is a rank d,, Lie algebroid.
Let ® = (f,F) be a Lie algebroid morphism from (Lx,wx) to (Ly,wy)
such that f is proper. Let € be a right D(Lx)-module which is a locally
free Ox-module of finite rank. Then we have the following isomorphism in

Dijooa (D(Ly ))

good

P, (Homox (E,QX[:I;])gQAdX,C}[—d,CX]) ~ Ap, 9(E).

As a corollary of this proposition, we obtain :

Corollary 4.3.6 Let X be a compact analytic manifold and let Lx be a
rank dg,, Lie algebroid. Let N be a left D(Lx)-module which a is locally free
Ox-module of finite rank. Then, for any in Z, Ext%(ﬁx) (Ox,N) is finite
dimensional and

d r—1 . *
Extp s ((’)X,N* & Homo (Adex £y :,QX)) ~ (Bxthe,, (Ox,N)) .



Hence, the corollary 4.3.6 generalizes at the same time Serre duality (case
when Lx = 0) for compact complex analytic manifolds and Poincaré duality
for Lie algebras (case when X is a point).

Applying theorem 4.3.1, we get what we might call a generalized Zucker-
man duality ([B-C])

Corollary 4.3.7 Let X, Y, Z be three analytic manifolds of dimension
respectively x, y and z. Let Lx (respectively Ly, Lz) be a Lie algebroid over
X (respectively Y, 7 ) of rank d.,. (respectively d¢,., dz,). Let ® = (f, F)
(respectively W = (g, () ) be a Lie algebroid morphism from Lx (respectively
Lz) to Ly. We assume that f and g are proper. Let M (respectively N') be
a D(Lx) (respectively D(Lz)) -right module which is a locally free Ox (re-

spectively Oz )-module of finite rank. Introduce the right D(Lx) (respectively
D(Lz))-modules M (respectively N)

M = Homo, (M, Qx) @ A%ex L
N = Homoz(./\/l,ﬂz)gg Nz L.

For all n in Z, we have the following isomorphism

n—dpy. +2z o~ —~ n—d +z
Eatpie, T (2AM), W(N)) = Extpe 3™ (BN, 24(M))
Corollary 4.3.7 was proved in [C1] in the case where Ly = g is a Lie algebra
and Lx = b, Lz = t are Lie subalgebras of g. The proof of [C1] is different
from the one in this paper. It is inspired by a method used by M. Duflo
([D]). See also [B-C], [G], [C-S] and [D] for particular cases of this duality in

the Lie algebra context.

I am grateful to A. D’Agnolo, M. Duflo, P. Schapira and J-P. Schneiders

for helpful discussions.

Notations :

We will follow the notations of [K-S] for sheaf theory.

Let (Lx,w) be a Lie algebroid over X and let D(Lx ) be the sheaf of rings
it defines. We will denote by D® , (D(Lx)P) the derived category of bounded

complexes of right D(Lx )-modules with coherent cohomology. We will write



DY (D(Lx)? — D(Lx)) for the bounded derived category of right D(Lx)-
bimodules. If M and M’ are two right D(Lx )-modules, we put

Extpzyy (M, M) = H' (RHomp(c,) (M, M) .

If V is a C-vector space, we will write Tq(V') for the tensor algebra of V.

2 Lie algebroids

2.1 Definitions and examples

Let X be a complex analytic manifold and let Ox be the sheaf of holomorphic
functions on X. Let ©®x be the Ox-module of holomorphic vector fields on
X.

Definition 2.1.1 A sheaf in Lie algebras , Lx is a sheaf of C-vector spaces
such that for any open subset U, Lx(U) is equipped with a Lie bracket com-
patible with restrictions.

A morphism between two sheaves of Lie algebras Lx and M x is a Cx-module
morphism which is a Lie algebra morphism on each open subset.

Definition 2.1.2 A complex Lie algebroid over X is a pair (Lx,w) where
o Ly is alocally free Ox-module of finite rank.
o Lx is a sheaf of Lie algebras.

o w is a Ox-module morphism and a sheaf of Lie algebras morphism from
Lx to Ox such that the following compatibility relation holds

V(£.Q) € Ly, V€ Ox, [& [ =w()())¢+ [E.¢l.

One calls w the anchor map. When there is no ambiguity, we will drop the
anchor map in the notation of the Lie algebroid. If (Lx,w) is a Lie algebroid

over X, then (,CX|U, w|U) is a Lie algebroid over U which will be denoted Ly.

A Lie algebroid (Lx,w) gives rise to a sheaf of differential operators. We
will denote by D(Lx) the sheaf associated to the presheaf:

U Te(Ox(U) & Lx(U)) [ Ju
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where Ji; is the two sided ideal generated by the relations

v(fvg) S OX(U)7 v(f?C) S 'CX(U)z

Note that D(Lx) is a filtered sheaf of rings, the filtration (F,D(Lx)),en =
(D(Lx )n),en being defined as follows:

D(Lx)o = Ox
D(Lx)n =D(Lx)n-1 - Lx

Examples of Lie algebroids

1) The Lie algebroid (©x,ud) gives rise to the usual ring of differential
operators.

2) Let g be a finite dimensional Lie algebra. It is a Lie algebroid over a
point with trivial anchor map. The ring of differential operators defined by
this case is the enveloping algebra of g.

3) Let S be an analytic manifold. A relative analytic manifold over S
is an analytic manifold X endowed with a surjective analytic submersion
ex : X — S. For short a relative manifold over X will be denoted X|S. The
differential Tex : TX — X x5 715 1s onto. Its kernel is thus a subbundle
of TX. We denote it T(X|9) and call it the relative tangent bundle of X
with respect to S. Its holomorphic sections form the sheaf ©y s of vertical
holomorphic vector fields on X|S. It is a Lie algebroid with anchor map the
natural inclusion O xg — ©Ox. This Lie algebroid gives rise to the so called
ring of relative differential operators on X5 ([S1], [S-9]).

4) Let g be a Lie algebra. Assume that there is a Lie algebra morphism
o:g— Ox. Then Ox @ g has a natural Lie algebroid structure with anchor
map w defined by

Vf€Ox, VEeg, w(f©) = fo(l)
The Lie algebra bracket on Ox @ g is given

[f&, gn] = fo(§)(g)n — go(n)(f) + fglé n].
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5) Let X be a Poisson analytic manifold. We will denote by { , } the
Poisson bracket on Ox. The Ox-module of differential forms of degree 1,
04, is endowed with a natural Lie algebroid structure with anchor map

Q}( — ®X
fdg — f{g,e}.
Recall that the Lie bracket on QY is given by

[fda,gdb] = fgd{a,b} + f{a,g}db— g{b, f}da.
6) Let (Lx,wx) (respectively (Ly,wy)) be a Lie algebroid over an analytic
manifold X (respectively Y'). Let p; (respectively py) be the projection from
X x Y over X (respectively Y'). The Oxyy-module

Lxxy =Oxxy @ piLx ®Oxxy @ p;'Ly
POy p; 1Oy
is endowed with a natural Lie algebroid structure over X x Y. The anchor
map of Lxyy 1s wxxy = Lxxy — Oxxy determined by

‘v’(f,g) € Ox x Oy, V(f,C) €Ly x Ly
wxxy (O(f @ g) =wx (§)(f)g
wxxy (Of @ g) = fwy(()(9).

On Lx«y, we put the Lie bracket extending that of Lx and Ly and satistying
the following relations [py'Lx, py ' Ly] = 0.

Similarly introduce
Pxxy =Oxxy @ pi'Ox dO0xxy @ p;'Ly.
POy Pyl Oy
Then Px«y has a natural Lie algebroid structure over X x Y with anchor

map Dxxy -

Remark :

Let Lx be a Lie algebroid. As it is a locally free Ox-module of finite
rank, D(Lx) has finite global homological dimension. Moreover, there exists
an integer p such that every coherent D(Lyx )-module M has locally a free
resolution of length inferior or equal to p

0— D(,Cv)lp — ... D(,Cv)lo — M|V

The proof of this statement in the D-module case extends to Lie algebroids

([S3] p.14).



2.2 Left and right-modules

The following proposition is classical for D-modules and is easy to generalize
to Lie algebroids.

Proposition 2.2.1 a) if M (respectively N') is a right (respectively a left)
D(Lx)-module, then M @ N endowed with the two following operations :
Ox

Vaec Ox, Vme M,Vnec N.VD c Ly
(m@n)-a=ma-n=m-a@n

(m@n)-D=m-D@n—me@D - -n

is a right D(Lx)-module.
b) If M and M’ are two right D(Lx )-modules, then Home, (M, M)

endowed with the two following operations

Yo € Homo, (M, M), ¥m € M,Ya € Ox,¥D € Lx
(¢-a)(m)=o(m)-a
(¢ D) (m) = ¢(m)-D —¢(m- D)

is a left D(Lx)-module.
The following theorem is now a consequence of the previous proposition.

Theorem 2.2.2 Let € be right D(Lx)-module which is a locally free Ox -
module of rank one. The functor N'* — & @ N'® establishes an equivalence of
Ox

categories between complexes of left and complexes of right D(Lx )-modules.
Its inverse functor is given by M — Homo, (€, M).

It is a well known fact due to Bernstein that Qx is endowed with a right
Dx-module structure (see [S3] p.9, [Bo] p. 226 or [Sc]). Hence theorem 2.2.2
applies in particular if £ = Q%. Put

Ly = Homo, (Lx,0x)

and let dg, be the rank of Lx. Then one may take & = A%x (L%). Indeed,
Lx acts on A(L%) by the adjoint action. The action of an element D of Lx



on A(L%) is called the Lie derivative of D and is denoted Lp. A%%x(L%),

endowed with the following two operations,

Vo € Aex (L), VD € Lx,Ya € Ox
g-a=4a-0

o-D=—Lp(o)
is a right D(Lx)-module (see [C1]).

2.3 Resolution of Oy as a left D (Lx)-module.
Let (Lx,wx) be a Lie algebroid over X. Set L% = Homo, (Lx,Ox). Con-
sider the graded left D(Ly )-module D(,CX)(;EQ A (Lx) = @D(/:X)gQ /\,CX

where D(Lx) acts by left multiplication. One can prove ([R] p 200) that
there exists an endomorphism of degree -1 on this module such that: for all
vin D(Lx) and all & in Lx, we have

o @6 A A ) = D106 D A AEA G
FS (D)0 @ (G EJ NG A NG A NEA A

k<

where the notation & means that x is omitted. Moreover, we have
Vo e D(Lx), dlv@l)=wx(v)(l).

Theorem 2.3.1 Let (Lx,wx) be Lie algebroid. The complex P* defined by
Yned, P = D(,CX)(%A”(L‘X)

and the differential above is a resolution of Ox by locally free left D(Lx)-
modules.

Proof of the theorem 2.3.1 : See [R] p 202.

Using this resolution, one gets the theorem ([C1])

Theorem 2.3.2 Let (Lx,wx) be a rank dg, Lie algebroid. Let N°* be a
complex of left D(Lx )-modules. Then

L
RHompz) (Ox,N) =~ (Ng@ Adﬁxﬁ}[d,cx]) DQEQ Ox.

x)



2.4  Lie algebroid morphisms

Definition 2.4.1 Let (Lx,wx) (respectively (Ly,wy)) be a Lie algebroid
over X (respectively Y ). A morphism ® from (Lx,wx) to (Ly,wy) is a pair
(f, F') such that

o f : X =Y isaholomorphic map

o I' : Lx — [*Ly = Ox@s-10,f 'Ly such that the two following

conditions are satisfied:

1) The diagram
Lx ¥ I Ly

wx Jrwy

Ox Oy

E—
f*
commutes.

2) Ox@¢-10, (f7'Dy) endowed with the two following operations
V(a,b) € O%, VE€ Lx, Vv e f~'Dy

a-(b@v)=ab@v

£ (0@ v) =wx(§)(b) @ v+ bai @ &iv
(where Y(£) = Zai ®@ & with a; in Ox and & in [~'Ly ) is a left
D(Lx)-module. Z

Note that condition 2) is equivalent to the following more explicit con-

dition. Let & and 5 be two elements of £%. Put F(§) = > a; @ & and
i=1

F(n) =Y _b; @1, then

i=1

n

F([&,n]) = Y _wx(§)(b;) @nj — in(n)(ai) @&+ _aib; © [&, 5]

J=1 ]

10



Our definition coincides with that of Almeida and Kumpera ([A-K]) and
generalizes the point of view of [C2].

Example of Lie algebroid morphisms

1) Our definition generalizes at the same time Lie algebra morphisms and
morphisms between complex analytic manifolds.

2) Let X|S and Y|S be two relative analytic manifolds over S. A mor-
phism f : X|S — Y|S of relative analytic manifolds is an analytic map
f + X — Y such that ey o f = ex. One can check easily that a mor-
phism of relative analytic manifolds gives rise to a Lie algebroid morphism
®X|S - ®Y|s-

3) Let X be a Poisson analytic manifold and let (Q2%,wx) be the Lie
algebroid it defines. Let Y be an analytic manifold and let f : X — Y be
an analytic map. The composition

Q% 2% 0y -5 oy

defines a Lie algebroid morphism from (Q2%,wx) to (Oy,id).

4) Let G and G’ be two complex Lie groups with Lie algebras g and ¢’
and let y : G — G’ be a Lie group morphism. We will also denote by y the
differential of y at the unity. Let X (respectively X’) be an analytic manifold
with action of ¢ (respectively G'). Let f : X — X’ be an equivariant map
in the sense that

Vge G, Vee X, flg-z)=x(g) flz)

Let
F:Ox®g — Ox@p0,, [ (Ox @g)
fel — falax()

Then (f, F) is a Lie algebroid morphism from Ox @ g to Ox: @ ¢'.

11



3 Some operations for modules on Lie alge-

broids

3.1 Direct images

Let ® = (f, F') be a Lie algebroid morphism from (Lx,wx) to (Ly,wy ). Then
Ox @ [™'D(Ly) has a (D(Lx)— f~'D(Ly)°)- bimodule structure. It is
1o

Y
called the transfer module of ® and is denoted D, wy)—(cy wy) OF Drx—cy
if there is no ambiguity on the anchor maps.

Let M*® be an object of D° (D(Lx)?). Set
L
®(M*) = Rfy (M° ® D,cx_hcy) :
D(£x)

Then ®,(M?*) is in D° (D(Ly)). It is called the direct image of M*® by .
If & = (f,Tf), we recover the D-module construction (see [S3] for example).
Then Dg, o, is denoted Dx_y and @, is denoted L.

Proposition 3.1.1 Let ® (respectively V) be a Lie algebroid morphism from
(Lx,wx) to (Ly,wy) (respectively from (Ly,wy) to (Lz,wz)), then

E!OQ!:\I}O@!.

The proof of proposition 3.1.1 is analog to the D-module case (see [Bo] p.
251).

A right coherent D(Lx )-module M is generated by a coherent O x-module
if M has a coherent Ox-submodule C for which the natural morphism
C®D(Lx)— M is an epimorphism.
Ox
We recall here a definition due to Kashiwara (see [S-5]).
Definition 3.1.2 A right coherent D(Lx )-module is good if, for any compact
subset K of X, there exvists an open neighborhood U of K such that My has

a filtration (Mk)ke[l,n] by coherent right D(Ly)-submodules such that each
quotient My [ My_q is generated by a coherent Op-module.

Note that if X is a smooth algebraic variety, all the coherent D(Lx )-
modules are good. Good D(Lx)-modules form a thick subcategory of the
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category of coherent D(Lx)-modules. The associated full subcategory of
D' (D(Lx)°P) consisting in objects with good cohomology is denoted by
Diooq (D(Ly)7)

good

Theorem 3.1.3 Assume that M?® is in Dz
on Supp(M), then ®,(M) is in D’

good

vod (D(Lx)?) and that f is proper
(D(Ly)").

The proof of Schneiders ([S3] p. 38) in the case of D-modules extends without
any change to our situation. The particular case where f is projective and
M has a global good filtration was treated in [Ka).

To any right D(Lyx)-module, one can associate canonically the right
(D(Lx) — D(Lx))-bimodule Mg@ D(Lx) (the first right D(Lx )-module struc-
X

ture is given by right multiplication, the second one is obtained by proposition
2.2.1) . As particular cases, we define the two following complexes of right

(D(Lx) — D(Lx))-bimodules

IC/;X = QX ®D(£X)[$]
Ox
and if Lx is of rank d,

Hey = Aox (L%) @ D(Lx )dey]-

Ox
Define

2 _
DL‘X =Ly — D'CX —Ly %Dﬁx—h’iy

as a left D(Lx) — D(Lx) bimodule.

Let A* be an element of D® (D(Lx ) — D(Lx )?), the bounded derived
category of complexes of right (D(Lx) — D(Lx)) -bimodules. We define its
direct image by ®:

o, (N*) = Rf (N'D 8 sz%y).

(Lx)eDP(Lx)
@, (NV*) is in D" (D(Ly )" — D(Ly)).
Proposition 3.1.4 Let M be a right D(Lx)-module and let Mg@ D(Lx)
X

be the (D(Lx) — D(Lx))-bimodule which is canonically associated to it. Let
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¢ = (f, F) be a Lie algebroid morphism from (Lx,wx) to (Ly,wy). One has
a canonical isomorphism in DP (D(Ly ) —D(Ly)P)

®, (M(%D(L‘X)) — &, (M) 9 D(Ly).

For the proof of this proposition, we refer to [S-S] p. 33.

3.2 Duality functor
Let M* be an element of D’ , (D(Lx)"), then we set

Dy (M) = Romoqeyy (M*, Hey)
and if the rank of Lx is d,,,
A, (M®) = RHomp g, (M* Key) -

There is an involution exchanging the two right module structures of K.,
and Hg, (see [S-S] lemma 2.3) so that it does not matter which one we use

for the RHom. The natural arrow M*® — D, (QEX (M')) (respectively
M= A (Aﬁx (M'))) is an isomorphism. That is why D, and A,

are called duality functors.

Proposition 3.2.1 Assume that Lx is of rank dz,.. If M is a right D(Lx)-
module which ts locally free of finite rank as Ox-module, then

Dy, (M) = Hom (M, Nex (L)) @ Aex (L)

Ox

Ap, (M) =Hom (M, Qx) @ Aex (Ly)[x — dry]

Ox

This proposition is well known for D-modules (see [Ho] p. 93).

Proof of the proposition 3.2.1
Put V' = Homo, (Adﬁx (L£%), ./\/l) We know from theorem 2.2.2 that NV

is a left D(Lx )-module. We have the following isomorphism of right D(Lx )-
modules

RHOmD(/;X) (M, AdﬁX (,C})(g@ D(/:,X)) ~ RHOmD(/;X) (N, D(,CX))

14



where the first RHom is taken over right D(Lx )- modules and the second one

is taken over left D(Lx ). We need to show that RHompz,) (N, D(Lx)) and

N* @ A%x (L% )[—de,] are quasi-isomorphic as complexes of right D(Lx)-
Ox

modules.

Lemma 3.2.2 Let N be a left D(Lx)-module which is a locally free Ox-
module of finite rank, then D(,CX)(;EQN is a locally free D(Lx )-module of
X

finite rank.

Proof of the lemma 3.2.2:
Let U be an open subset of X such that Ay is a free Op-module with
basis (vy,...,v,). Let us denote by ID(,CU)®./\/|U the left D(Ly)-module
Oy

given by left multiplication. Let us consider the D(Ly)-module morphism y
"D(Ly)@Ny — D(Ly)@Np
OU OU

D(,CU)g?]MU is filtered as follows:

7 (Plenip Aie) =Dte, g A

n

It is a filtration over IN and Gry = 2d. So y is an isomorphism. This finishes
the proot of the lemma. As a consequence, we get the following corollary :

Corollary 3.2.3 The complex P'g@./\/ is a resolution of N by locally free
X
D(Lx )-modules.

Hence, the complex RHomp(c, ) (N, D(Lx)) is quasi isomorphic to the com-
plex (HomoX (/\' /QX(;EQ N, D(,CX)) ,5) where ¢ is given by
X

p
Vo € Homo,, (/\/:Xg@./\/,’p(/:x)) ,V(fl,...,fp) € Lx,Vv enN

15



§p(&a A AG@Y) = Y (=) (G GIA . AGN. L AGA..E)
i<y

+ )T (G A NG AE D)

7

- YT (G A NG AL NG @)

K3

For the study of the complex | Homo, (/\' /QX(;EQ N, D(,CX)) ,5) and the
X
end of the proof, we refer the reader to [C1] (theorem 5.4.1).

4 The Trace morphism

Let & = (f, F') be a Lie algebroid morphism from (Lx,wx) to (Ly,wy). We

will factorize it as follows ® = Il o T3 o T; where

e Ty = (uy,U;)is the Lie algebroid morphism from (Lx,wx) to (Lxxy,wxxy)
defined by
u + X — X xY
v = (z, f(2))
Uy 1Ly — Ox @ pi'Lxxy =O0x Q0 [TLy & Lx

-1
p; Oxxy

D — F(D)+D
e T, = (id,Us,) is the Lie algebroid morphism from (Lxxy,wxxy) to
(Pxxy,wxxy) defined by
VD e pi'Ly, VA€ py Ly, Ux(10D) = wxyy (10D), Us(10A) = 10A
o Il = (py,7) is the Lie algebroid morphism from (Pxyy,@wxxy) to
(Ly,wy) defined by the natural projections.

Let X and Y be two complex analytic manifolds of dimension x and y
respectively and f : X — Y an analytic map. Schneiders constructed a
canonical arrow in D° (DyF)

[, (Qx[z]) = Qy[y].
We refer the reader to [S1], [S3] or [S-S] for details.

In the next two paragraphs we will define a trace morphism for the Lie
algebroid morphisms T4 and II.
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4.1 A trace morphism for T,

Assume that we are in the case of Ty = (uq,U;). Then we will construct an
arrow from Yy, (Qx[z]) to Qxyy[r + y] using the two following lemmas.

Lemma 4.1.1 Let & = (f, F) be a Lie algebroid map from (Lx,wx) to
(Ly,wy). There exists a natural right f~' (D (Ly)) -linear morphism from

Q Deor. to ) Dx_y.
X[:I?]D(@gx) Lx—Ly LO X[l’]% X—v

Proof of the lemma 4.1.1
It is not hard to see, using the definition of a Lie algebroid morphism,
that the map

Q De. Q Dx_
X[:I?]D(@gx) Lx—Ly — X[:If]gi X—v

c@(l®v) — o@(l®wy(v))
is well defined. Moreover, it is clearly a right f~'D (Ly ) -module morphism.
Lemma 4.1.2 D;, .., , is a locally free left D(Lx)-module.

Proof of the lemma 4.1.2 :

Let us first remark the following isomorphism
Ox

D'CX_*'CXXY = D('CX) &) (OXf—@O f_lp(/:Y))

where the tensor product concerns the left Ox-module structure of D(Lx).
It is a left D(Lx)-module isomorphism if an element & of Lx such that
F(€) = a; @& acts on the right hand side as follows.

Yu € D(Lx),Yv € f7'D(Ly),
f-(u@l@v):§u®1®v+zaiu®1®fiv-

Let now V' be an open subset of Y such that Ly is an Oy free module with
basis (01,...,0,). Let W be an open subset of X such that f(W) C V.
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.....

that the following left D(Ly )-module morphism y

@a D Lw)®@ ot ...00 — Dyt pyyw
Y Ve @O =N v e (1@ D).

is an isomorphism. Filter these two sheaves of algebras as follows:

FuDey—txwyw = D(Lw )n @ (Oxf_® f_ID(/JY))
W

Ow

]—"n( 3 D(,cw)@afl...agn) = Y DLw).® ...,

Y 1s a filtered morphism over IN. Its graded associated morphism is identity.
So x is an isomorphism.

Proposition 4.1.3 There is a natural morphism in D°, (D(Lxxy )°?) from
Ta, (Qx[e]) to Dy [z +y]

Proof of the proposition 4.1.3:
Consider the chain of morphisms

L
L! (Qx[l‘]) = Ru QX[:E]D((%X)DL‘X_*L‘XXY

[

Ruy | Qx [x]D((%X)Dﬁx—%XxY

—  Ruy | Qx[2z] @ Dx_xxy

Dx
L

~ Ru [ Qx[z] @ Dx_xxy
Dx

— Qxyv[z +y]

where the second isomorphism is due to the fact that Dy, .., , is a flat
D(Lx )-left module and the first arrow is due to the previous lemma. In the
last isomorphism, we used the fact that v is a closed immersion and the last
arrow 1s the classical trace morphism.
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Corollary 4.1.4 There is a natural morphism in D (D(Lxxy )°? — D(Lxxy)%)-
bimodules from @, (Kcy) to Ky, y

Proof of the corollary 4.1.4

The following sequence of morphisms provides the morphism we are look-

ing for:
B(ke) = o (0l Diey))
— &(Qx[z]) @ D(Lxxr)
—  Qxyxyvlr+y] @ D(Lxxy).

Note that the first arrow is due to 3.1.4 and the last one is the previous
proposition.

4.2 The case of the projection II

Proposition 4.2.1 There is a natural morphism in D*(D(Ly )P) from 1L, (Qx «v [z + ¥])
to Qyly].

Proof of the proposition 4.2.1:
Let p; be the projection of X x Y onto the first factor.

I (Qxxyv [z +y])
= Rpa QXXY[*T + y] é (OXXY (1@ pz_lp(/:Y))) [l‘ + y]

D(Pxxy) ps Oy

L
o XN () (NEI T R )

p=lOx@p; 'O

L
= Rpar | Qxxyv[r+y] @ (OXXY ® pz_le)) [z +y]

-1
XxY Pa Oy

where the arrow is the classical trace morphism.

Corollary 4.2.2 There is a natural morphism in D* (D (Ly )™ — D (Ly)™)
Jrom 11, (ICPny) to Kry
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The proof of the corollary 4.2.2 is the same as the proof of the corollary 4.1.4.

Remark : In the case of a relative analytic map, we recover the trace
morphism constructed in [S1] (see also in [S-S]).

4.3 A duality morphism

Theorem 4.3.1 Let X and Y be two complex manifolds of dimension x and
y respectively. Let (Lx,wx) (respectively (Ly,wy)) be a Lie algebroid over X
(respectively Y'). Let ® = (f, F') be a Lie algebroid morphism from (Lx,wx)
to (Ly,wy). Let M?* be an element of Dzood (D(Lx)) such that f is proper

on the support of M*. There is a functorial isomorphism from ®,A., (M?*)
to A/;Y(I)x (M.) mn Db (D(,Cy)Op)

=1 good

Proof of the theorem 4.3.1:
We will make use of the three following lemmas. In the lemmas 4.3.2 and
4.3.3, the notations are the same as in the previous section.

Lemma 4.3.2 Let M* be an object of D°, (D(Lx)%). There is a canonical
isomorphism from X1\ Az,, (M®) to Mgy Xy (M®) in D2, (D(Lxxy)%)

Proof of the lemma 4.3.2
We start by constructing a morphism from Y{,Az, (M®*)to Az, Ty (M®).
Our construction will be analog to [S-S].

IIIAEX (M.)
L
= Ruy (RHO?TLD(/;X) (M. Kzy) @ D.Cx—>£X><y)
D(Lx)

N L
E— Ru; (RHOmD(L‘X) (M',ICL‘XD((% )D/Jx—h’lXxY))
X

L L
Ruy | RHom M* & Deyry o K DL
— u( om D(L‘XXY)( D((%X) Lx—Lxxy EXD(L‘)()%D(/L}() Lx 'CXXY))

— RHomp(zy ) (T0(M), X, (Key))
— RHomp sy .v) (IH(M.)JCEmy)

where the first arrow is due to the coherence of M?* and the last arrow comes
from 4.1.4. To show that this morphism is an isomorphism, we proceed as in

[S-S] (p. 36).

20



Lemma 4.3.3 Let Z be an analytic complex manifold. Let Lz and Py be two
Lie algebroids over Z. Let Yo = (id,Usy) be a Lie algebroid morphism from Lz
to Py. Let M*® be an element of D*, (D(L7)°). The compleres Yo Ar,(M?®)
and Ap, Xy (M®) are functorially isomorphic in D°, (D(Pz)°P).

Proof of the lemma 4.3.3:

On one hand, we have the following chain of isomorphisms:

L
YoAg, (M) = RHompc,) (M* Kc,) (@g )9(7’2)

D(Lz

L
~ RHomp(c,) (M',/C,cz ® D(Pz))

D(Lz)

~ RHomp(c,) (M', QZg@ D(Pz))

where the first isomorphism is due to the fact that M?* is with coherent
cohomology. On another hand, it is easy to see that

A’PZTQ(M.) ~ RHOmD(pZ) (M.,QZ(;® D(,PZ)) .

This finishes the proof of the lemma 4.3.3.

Lemma 4.3.4 Let M* be an element of Dzood (D(Pxx«y)) such that py is

proper on the support of M*. There is a canonical isomorphism from ILAp, . (M?*)
to A,Cyﬂ! (M.) in Dzood (D(’C’Y))

Proof of the lemma 4.3./

To construct our morphism, we proceed as in the previous lemma. To
show that the morphism constructed is an isomorphism, we adopt the method
of [S-S]. By a “devissage” argument, it is enough to treat the case where
M is a D(Pxxy) which admits a good filtration in a neighborhood of any
compact. It is easy to show that, in a neighborhood of a compact K, such
a module M has a resolution by modules of the type Ny @ D(Pxxy)

XxY|Y
where N is a Dy y|y-module admitting a good filtration and such that

Supp(No) C Supp(M) (see [S-S] lemma 2.10). For a module of the type

N © D(Px«y), the morphism is an isomorphism because we know from
Dxxy|y
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[S1] (see also [S-S]) that the duality functor and the direct image commute
for the Dx «y|y-module Ny ( see [S-S] p 40 for details).

The theorem is now a consequence of the previous lemmas.

Remarks :

1) The theorem 4.3.1 generalizes Schneiders’ thesis ([S1], [S2]) where the
case of relative differential operators is treated. The algebraic smooth case
had been previously treated by Bernstein ([Be], [Bo], [Ho]) (in the D-modules
context ) for a proper morphism. Moreover Mebkhout had treated the abso-
lute case (i.e Y consists in one point, see corollary 4.3.6) in [Mel], [Me2].

2) In [C2], the theorem 4.3.1 was proved in the case of a closed embedding
between Lie Rinehart algebras (that is to say for affine algebraic varieties).

3) If Lx = Ly = {0}, we recover the Ramis-Ruget-Verdier duality in
the special case of analytic manifolds ([R-R], [R-R-V]): Let G be a coherent
Ox-module and let f: X — Y be an analytic map proper on Supp(G), we
have

Rf;RHOmOX (g, QX[J}]) ~ RHomoY (Rfvg, Qy[y]) .

4) If h and g are two finite dimensional Lie algebras, F' is a Lie algebra
morphism from b to g and V' a finite dimensional p-module, then we have
the following isomorphism in D*(U(g))

L - * Tmly % L
RHomy g (VU%)U(Q),U(Q)) [—dimg] ~ (V @ Admhy )U%)U(g).

In the particular case where b is a subalgebra of g, we get
w“®Mm%w§y@)ﬂ¢:&mb
U(h

(b) 0 if i  dimb.

Extys(g) (VU® U(g)aU(g)) = {
It is easy to remove the hypothesis that g is finite dimensional. We recover a
duality result proved independently by Brown and Levasseur ([B-L]) and by
Kempf ([K]) when g is semi-simple and V' is a Verma module. This duality
result was extended to general Lie algebras in [C1].

Proposition 4.3.5 Let X and Y be two complex manifolds of complex di-
mension respectively x and y. Assume that Lx is a rank dz,, Lie algebroid.

Let ® = (f,F) be a Lie algebroid morphism from (Lx,wx) to (Ly,wy)
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such that f is proper. Let € be a right D(Lx)-module which is a locally
free Ox-module of finite rank. Then we have the following tsomorphic in
Djo0a (D(Ly))

good

, (HomoX (£, 2x[a]) @ A”ex ,c;([—dﬁx]) ~ Ap, B,(E).

the proposition follows from the theorem 4.3.1 by applying proposition 3.2.1.

Corollary 4.3.6 Let X be a compact analytic manifold of complex dimen-
sion x. Let (Lx,wx) be a Lie algebroid of rank dz,.. Let N be a left D(Lx)-
module which is a locally free Ox-module of finite rank. Then, for any t in
Z, Ext%(ﬁx) (Ox,N) is finite dimensional and

d =1 * * 7 *

Proof of the corollary 4.3.6
Apply the previous proposition to the following Lie algebroid morphism

Lx =% Ox = Opy

where {pt} denotes the variety consisting in one point. The corollary follows
then by using propositions 2.3.2 and 3.2.1.

Remarks :
1) If X is a point, we recover Poincaré duality for Lie algebras.
2) If Lx = 0, we recover Serre duality (see remark after proposition 3.2.1).
3) Our duality morphism is different than the one obtained for C* Lie alge-
broids in [E-L-W] (see also [Hu]).

Applying theorem 4.3.1, we get

Corollary 4.3.7 Let X, Y, Z be three analytic manifolds of dimension re-
spectively @, y and z. Let Lx (respectively Ly, Lz) be a Lie algebroid over
X (respectively Y, 7 ) of rank d.,. (respectively d¢,., dz,). Let ® = (f, F)
(respectively W = (g, () ) be a Lie algebroid morphism from Lx (respectively
Lz) to Ly. We assume that f and g are proper. Let M (respectively N') be
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a D(Lx) (respectively D(Lz)) -right module which is a locally free Ox (re-
spectively Oz )-module of finite rank. Introduce the right D(Lx) (respectively
D(Lz))-modules M (respectively N)

M = Homo, (M, Qx) @ Abex L3
N = Homoz(./\/l,ﬂz)gg Nz L.

For all n in Z, we have the following isomorphism

Extppd ™ (@AM, W(N)) = Eatp i3 ™ (W(N), B(M)).

Proof of the corollary 4.3.7

RHompcy) (2(M), (V)

RHomp(cy) (21820 (M)[dey — 2], WAL, (N)]de, — 2])

=~ RHO?TLD(/;Y) (AEY (M)v YLI} (N)) [d/v'z - d/v'x —Z+ x]
~ RHompzyy (Wy(N), @y M) [dg, — dey — 2+ 2]

Corollary 4.3.7 was proved in [C1] in the case where Ly = g is a Lie algebra
and Lx = b, Lz = t are Lie subalgebras of g. The proof of [C1] is different
from the one in this paper. It is inspired by a method used by M. Duflo

([D]). See also [B-C], [G], [C-S] and [D] for particular cases of this duality in
the Lie algebra context.
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