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Abstract

Extending material from the theory of D-modules to Lie algebroids (see also
[C3]), we introduce an inverse image functor and show that it preserves co-
herence under appropriate circumstances. As in the case of D-modules, a
suitable non characteristicity notion enables us to give a sufficient condition
in order for the duality functor and the inverse image functor to commute.
This generalizes a result for D-modules due to Kashiwara-Kawai-Sato but,
even in the case of D-modules, our proof is different from theirs. In par-
ticular, we obtain a new duality formula for complexes of modules over an
ordinary Lie algebra and, as a special case, we get a new adjunction formula
for modules over Lie algebras. Moreover, our result will shed some light on
the behaviour of Poisson cohomology (a notion introduced by Lichnerowitz)
under a Poisson map (in the analytic case).

1 Introduction

We will follow the notation of [K-S-1] for sheaf theory. Let X be a complex
manifold, Ox the sheaf of holomorphic functions on X, ©x the sheaf of
holomorphic vector fields and Dy the sheaf of rings of differential operators
on X. A complex Lie algebroid over X is a pair (Lx,wr, ) where

e Lx is endowed with the structure of a sheaf of C- Lie algebras and with
that of a locally free Ox-module of constant finite rank.

e wis an Ox-linear morphism of sheaves of C-Lie algebras from Lx to ©x
(called the anchor map) such that the following compatibility relation



holds
€, f¢] =w(Q(f)C+ fI€. (]
for any (£,() € Lx and any f € Oy.

The Lie algebroid Ly gives rise to the sheaf of algebras of generalized
differential operators generated by Ox and Lx, D(Lx). If Lx = Ox and
w = id then D(Ly) is the sheaf of rings of differential operators over X. If X
is a point, Lx is a Lie algebra and D(Lx) is its enveloping algebra. But there
are many more Lie algebroids. In particular, Poisson manifolds give rise to
Lie algebroids (if X is a Poisson manifold, then (X, Q) is a Lie algebroid)
and actions of groups over manifolds give rise to Lie algebroids. Denote by
RHomp(cyy (Ox, —) the right derived functor of Hompsy) (Ox,—). It is
interesting to notice that RHomp, ) (Ox, Ox) computes Lie algebra coho-
mology with values in Oy = C if X is a point, De Rham cohomology if
Lx = Ox and Poisson cohomology if X is a Poisson manifold and Lx = Q%
([Li], [Hul).

The construction of D(Lx) is analogous to the construction of Dx. This
remark gave us the idea (see [C2], [C3]) of extending material from the theory
of D-modules to Lie algebroids. Recall that basic concepts in the theory of
D-modules are due to Bernstein and Kashiwara. We refer the reader to [Bj],
[Bo], [Ho] and [S2] for an introduction to D-modules theory.

Let d., be the rank of Lx. Asin the D-modules case, D(EX)gb A%x Ly is

X

endowed with a D(Lx) ® D(Lx)-module structure and we have the following
duality functor in the derived category of bounded complexes of left D(Lx)-
modules with coherent cohomology D, (D(Lx)) (see [C3]) :

coh
QLX (N.) = R'Homp(l;x) <N', D(,Cx)(;@ AdEX CX) [dﬁx]

which is defined for any N'* € D%, (D(Lx)). A Lie algebroid morphism

coh
([A-K], [C2], [C3]) @ from (Lx,wry) to (Ly,we,) is a pair (f, F)) where
f is an analytic map from X to Y and F' is an Ox-module morphism

from Lx to f*Ly = Ox ® f~1Ly with some requirements (see section
f~toy
2.3 for details). One of the requirements gives the existence of a transfer

(D(Lx) @ f~'D(Ly)P) -bimodule

IDEXHl:Y - OXf—(lg(’) f_lD(ﬁy)
Y



(extending the transfer bimodule in the D-modules case, see [C3]). Denote

L
by ® the derived functor of the tensor product. We define ([C3]), as in the
D-modules case an inverse image functor @' : D’ (D(Ly)) — D*(D(Lx))
as follows. .
@_1(}?’.) = ’DEX*’EY @ f_ln.'
f'D(Ly)

In this article, we will study this inverse image functor. Generalizing the
D-modules case (see [S2] for an exposition), we introduce the notion of non
characteristicity and we prove the theorem (due to Kashiwara in the case of
D-modules):

Theorem 3.4.4 Let (X, Lx) and (Y, Ly) be Lie algebroids over the com-
plex manifolds X and Y respectively. Let ® = (f, F) be a Lie algebroid
morphism from (X,Lx) to (Y,Ly). Let R® be an object of D’ , (D(Ly)).
Assume that R® is non characteristic with respect to ®. Then @ '(R*) is in

Deon(D(Lx))-

Then we establish the following duality theorem which generalizes a re-
sult of D-modules due to Sato, Kawai and Kashiwara ([SKK]). We do not
know whether the proof of [SKK] can be generalized to Lie algebroids and,
even in the D-modules case, our proof is different from theirs.

Theorem 4.1.1 Let & = (f, F') be a Lie algebroid morphism from (X, Lx)
to (Y, Ly). Let R® be an object of Db, (D(Ly)) which is supposed to be non
characteristic with respect to ®. Then there is a functorial isomorphism from

D 0@ (R*) to @ 0D (R®).

As a particular case, we get a duality formula for complexes of modules
over Lie algebras.

Combining Theorem 4.1.1 with the results of [C3] concerning the direct
image, we obtain adjunction formulas in the Lie algebroids setting (see [K-S
2] for the D-modules case). In particular, we get a new adjunction formula for
modules over Lie algebras. Moreover, our result will shed some light on the
behaviour of Poisson cohomology under a Poisson map (in the analytic case).
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Notation

If A is a sheaf of rings on X, one denotes by D? (A) (respectively D° , (A))
the derived category of bounded complexes of left A-modules (respectively of
left A-modules with coherent cohomology). In the sequel, we will take A =
D(Lx) or A=D(Lx)@D(Lx). If M* and M’* are objects of D’ (D(Lx)),

one puts
5xt§)(ﬁx) (M, M) =H' (RHomD(EX) (M°, M")) '

For the theory of filtered sheaves of rings, we refer the reader to [S2]. Let
F A be a filtered sheaf of rings. One writes GrF.A for the associated graded
sheaf of rings. If FM is a filtered F.A-module, one denotes by GrF M the
associated graded GrF A-module. Let FM and FN be two F.A-modules.
A morphism of filtered F.A-modules from FM to FN, Fu, is a morphism
Fu: M — N of the underlying A-modules such that

The group of morphisms of F.A-modules from FM to FN will be denoted
by Homz (FM,FN). With this notion of morphism, the category of F.A-
modules is an additive category. Let k € Z. One denotes by FM(k) the
sheaf of F. A-modules endowed with the filtration F,, M. One defines also
the sheaf of filtered groups FHomza (FM,FN) by setting

kaomfA (fM,f./\/) = HomfA (fM,fN(k‘))

To an element Fu of Homga (FM,FN), one associates a morphism GrFu
from GrFM to GrFN. One defines also the sheaf of groups
Homgra (GrFM,GrFN) and the sheaf of graded groups
GHomgra (GrFM,GrFN) (see [S2]). In the category of F.A-modules, the
notion of strict morphism is defined. Let Fu be an element of



Homga (FM, FN). Denote by KerFu the sheaf kernel of Fu filtered with
the family KerFu (N F,M. Similarly, one defines the sheaf of graded GrF A-
modules KerGrFu. Recall that Fu is strict if and only if GrKerFu =
KerGrFu.

An exact sequence of F.A-modules is a sequence
FM IS FN 2 FP

such that erF,v = ImFu.
A finite free FA-module is a F.A-module of the form EB]:A(T’Z) If

FM is a finite free FA-module, then the underlying sheaf of modules of
FHomzs (FM,FN)is Homa (M, N). A finite free resolution of the F.A-
module F M is an exact sequence (of F.A-modules) of the form

g éi%f/l(ri,l) — éiglfA(TLQ) e fM — 0.

2 Lie algebroids

2.1 Definitions

Let X be a complex analytic manifold and let Ox be the sheaf of holomorphic
functions on X. Let ©x be the Ox-module of holomorphic vector fields on
X.

Definition 2.1.1 A sheaf in Lie algebras Lx is a sheaf of C-vector spaces
such that for any open subset U, Lx(U) is equipped with the structure of a
Lie algebra and the restriction morphisms are Lie algebra homomorphisms.

A morphism between two sheaves of Lie algebras £y and M x is a Cx-module
morphism which is a Lie algebra morphism on each open subset.

Definition 2.1.2 A complex Lie algebroid over X is a pair (Lx,w) where
o Lx is a locally free Ox-module of finite constant rank,

o Lx is a sheaf of C-Lie algebras,



o w: Lx — Ox is an Ox-linear morphism of sheaves of C-Lie algebras
such that the following compatibility relation holds :

(&, Q) € LY, YfeOx, [§ ] =w@)(f)¢+ fE ]
for any (§,¢) in Lx and for any f in Ox.

One calls w the anchor map. When there is no ambiguity, we will drop the
anchor map in the notation of the Lie algebroid. If (Lx,w) is a Lie algebroid

over X, then (/3 XU w‘U) is a Lie algebroid over U which will be denoted by
Ly.

A Lie algebroid (Lx,w) gives rise to the sheaf of generalized differential
operators generated by Ox and Lx which is denoted by D(Lx).

Definition 2.1.3 D(Lx) is the sheaf associated with the presheaf:
U~ T¢ (Ox(U) @ Lx(U)) [ Ju

where Jy 1s the two sided ideal generated by the relations

Y(f,9) € Ox(U), V(¢ C) € Lx(U)?

1)

2)

3)E@C— C®€ £, C]
DR f - fO&=w(@)(f)

D(Lx) is endowed with the filtration (F,D(Lx)),en = (P(Lx)n),en defined

as follows:
D(Lx) = Ox
D(Lx)n =D(Lx)n-1-Lx +D(Lx)n1
The anchor map w,, : Lx — ©x induces a sheaf of rings morphism from
D(£X> to Dx.
As Lx is a locally free Ox-module of finite rank, we have the following
theorem due to Rinehart [R].

Theorem 2.1.4 The sheaves of Ox-algebras So, (Lx) and GrFD(Lx) are
1somorphic.



Proof of theorem 2.1.4:
The proof of this theorem is done in the affine case (that is to say the
case of a Lie-Rinehart algebra) in [R]. The case of Lie algebroids follows.

Proposition 2.1.5 The sheaf D(Lx) is coherent, noetherian and has finite
global homological dimension. Moreover, there exists an integer p such that,
locally, every coherent D(Lx)-module M has a free resolution of less than p
or equal to p. In other words, any point x has an open neighborhood V' such
that there exists a resolution of the type

0— D(Ly)r — ... =5 D(Ly)* — M)y — 0.

The proof of proposition 2.1.5 in the D-modules case extends to the set-
ting of Lie algebroids ([S2] p.14).

A sheaf of rings (respectively graded rings) is syzygic if it is coherent,
has finite global homological dimension and syzygic fibers (i.e any finite type
S(Lx . )-module has a finitely free resolution of finite length).

Proposition 2.1.6 The sheaf S(Lx) is syzygic. Hence, locally, any coherent
FD(Lx)-module FM has a finite free resolution. In other words, any point
x has an open neighborhood V' such that there exists a resolution of the type

= SFD(Lv)(ri0) = BFDLy)(rio) — FMyy = 0.
See [S2] for details.

Proposition 2.1.7 Let M*® be a complex of FD(Lx)-modules. If
H7 (GrM?®) is a coherent S(Lx)-module, then H?(M?®) is a coherent D(Lx)-
module.

Proof of proposition 2.1.7:

We put
M':OHMOAMl—L..

For each i, endow Kerd; and Zmd;_; with the induced filtration. We have
the following strict short exact sequence (i.e the arrows are strict morphisms)

0 — Zmd;_, — Kerd; — H'(M®) — 0.
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Consequently, we get the short exact sequence
0 — GrImd;_, — GrKerd; — GrH' (M®) — 0.

And, as GrKerd; C KerGrd; and ZmGrd; C GrZImd;, we have the following
inclusion A A
GrH'(M*®) C H'(GrM?®)

from which the proposition follows.

2.2 Resolution of Ox as a left D (Lx)-module.

Let (Lx,wx) be a Lie algebroid over X. Set L% = Homo, (Lx,Ox). Con-
sider the graded left D(Lx)-module D(EX)gE) N (Lx) = GBD(EX)(;@ A" Lx
X n X
where D(Lx) acts by left multiplication. It is known ([R] p 200) that the en-
domorphism of degree -1, d, defined below is a differential on D(Lx) g@ A*(Lx).
X
Yv € D(Ex), V¢ € Ly,
du@E N ANE) =D (1) ERE A LAGA LA,
i—1 N R
D)@ (G G ANG A AN L AEN NG,
k<i
dv® 1) =wx(v)(1)

where the notation Z means that x is omitted.

Theorem 2.2.1 Let (Lx,wx) be a Lie algebroid. The complex K} defined

by
VneZ, K;!= D(/:X)gg A"(Lx)

and the differential above is a resolution of Ox by locally free left D(Lx)-
modules. Filter K. by FrK} = ]:;CD(,CX)(%Z) AN Lx. Then
X

0= Ko = Ko (1) = o= KL (dey = 1) = K2, (dey) — Ox =0
is a resolution of Ox by locally free left FD(Lx)-modules.
Proof of theorem 2.2.1 : See [R] p 202.

We call K7 the Koszul resolution of the left D(Lx)-module Ox.



2.3 Lie algebroid morphisms

Definition 2.3.1 Let (Lx,wx) and (Ly,wy) be Lie algebroids over X and
Y respectively. A morphism ® from (Lx,wx) to (Ly,wy) is a pair (f,F)
such that

o [ : X =Y isaholomorphic map

o ' : Lx — f*Ly =0x ® ['Ly is an Ox-module morphism such
f~10y
that the two following conditions are satisfied:
1) The diagram

Ly —LE v pory

wx [rwy

Ox —f’ Oy

commutes (where T f is the differential of f).

2) Let & and 1 be two sections of Lx. Put F(§) = > a; ® & and

=Y b; ®n; with a;,b; € Ox and &,m; € f~'Ly. Then

j=1

]) = ZWX(S ® n; — ZWX az & gz + Zazb & gzanj]
j=1

2

The condition 2) is equivalent to the following property : Ox ® [f~!D(Ly)
[0y
endowed with the two operations below is a left D(Lx)-module.

V(a,b) € O%, V¢ € Lx, Yv € f'Dy

a-(b®v)=ab®v
£ (0®v) =wx(§)(0) ® v+ ¥ ba; @ &

(where F(£) =) a; ® & with a; € Ox and & € f~'Ly).



Our definition ([C2], [C3]) coincides with that of Almeida and Kumpera
([A-K]).

Notation :

Ox ® J7'D(Ly) considered as a D(Lx) ® f~'D(Ly)P-module will be de-
f~10y
noted Dr,,.r, (as in [C3]).

Remark :
Let (Lx,wc, ) be a Lie algebroid. Then Kerw,, endowed with the operations
below is a D(Lx)-module which is coherent as an Ox-module: for any f €
Ox, any D € Lx and any A € Kerw,,,

D-A=[D,A]
A=A

The composition of two Lie algebroid morphisms is a Lie algebroid mor-
phism.

2.4 Examples

1) The Lie algebroid (X,©x,id) gives rise to the usual ring of differential
operators. Moreover, if f: X — Y is a morphism between complex analytic

manifolds, then its differential Tf : Ox — Ox ® f~1Oy defines a Lie
J~10y

algebroid morphism (f,7f) from (X,0x) to (Y, Oy).

2) Let g be a finite dimensional Lie algebra. It is a Lie algebroid over a
point with trivial anchor map. The ring of differential operators in this case
is the universal enveloping algebra of g. Lie algebroid morphisms generalize
Lie algebra morphisms.

3) Let g be a Lie algebra. Assume that there is a Lie algebra morphism
0:g— Ox. Then Ox ® g has a natural Lie algebroid structure with anchor
map w defined by

VfeOx, VEeg, w(fRE) = [fo(f).

The Lie algebra bracket on Ox ® g is given

f@&gen = fo&)lg)@n—gan)(f)@E+ fg@ (€ ).
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Let G and G’ be two complex Lie groups with Lie algebras g and g’ and let
X : G — G’ be a Lie group morphism. We will denote by dy the differential
of x at the unity. Let X (respectively X’) be an analytic manifold with
action of G (respectively G'). Let f : X — X’ be an equivariant map in
the sense that

Vge G, Ve e X, flg-x)=x(g)- f(z)

Let us define ' : Ox ® g — Ox <1® 1 Ox @4¢) by
f~1O0x/

F(f®f&=foledx()

Then (f, F) is a Lie algebroid morphism from Ox ® g to Ox' ® ¢'.

4) Take the same notation as in the example 5. Assume that X =V is
a finite dimensional vector space and that G is a connected algebraic group
actingon V. Put LieG = g and Ly = w(Oy®g). f maz,cydimG-v = dimG,
then Ly is a locally free Oy-module ([P] p. 186) and (V, Ly/) (with the natural
embedding as an anchor) is a Lie algebroid.

5) Let X be an analytic Poisson manifold. The Poisson bracket on Ox
is denoted by { , }. The Ox-module of differential forms of degree 1, Q% is
endowed with a natural Lie algebroid structure (see [Hu]) with anchor map

Qk — @X
fdg — f{g,e}.
Recall that the Lie bracket on Q is given by
[f ®da,g®db] = fg ® d{a,b} + f{a,g} ® db— g{b, f} ® da.

Let Y be another Poisson analytic manifold and let f : X — Y be a Pois-

son map. We endow the Ox-module Ox ® [~ with a Lie algebroid
f~'O0y
structure as follows : We define the Lie algebra bracket by

Y(a,a") € Ox, V(b ,v,v) € Oy
l[a®@dv,d @ dv'] = a{vo f,d}@dv —d'{v' o f a} ®dv
+ ad @ d{v,v'}

and the anchor map by
Ox ® [0, — Oy
=10y
a®dv — afvof, .}

11



The couple (f,id) is a Lie algebroid morphism from (X, Ox ® fIQ%/) to
f~'0y
(Y, Q5).

We construct the following correspondence :

OX & fﬁlQ%/
10y

(X, Q) (Y, Qy),

where F' is defined as follows : for all & in Ox and all 3 in Oy,

Oxf_(lg)o f_lﬂ%/ — Qk
a®pdg — a(fo fld(go f).

6) Let (X, Lx) be a Lie algebroid. We associate to it the abelian Lie
algebroid (X, £%) defined by

L] ng = ,CX
e The Lie bracket on £ is zero

e The anchor map on £ is 0.

Let & = (f, F) be a Lie algebroid morphism from (X, Lx) to (Y, Ly). It
induces a Lie algebroid morphism &% = (f, F®) from (X, £%L) to (Y, LL).

For other examples of Lie algebroids, see [M] and [C3].

2.5 The characteristic variety

Let (X,Lx) be a Lie algebroid over X. Let Lx be the vector bundle as-
sociated with L£x and let m be the projection from L% to X. As in the
D-modules case ([S2]), one can define the notion of good filtration for a
coherent D(Lx)-module (see [Bj] p. 24). Locally, each coherent D(Lx)-
module admits a good filtration. Let A be a coherent D(Lx)-module and

12



let U be an open subset on which Ny admits a good filtration. The subset

71'715(,6[])
characteristic variety, char(N), is the closed conic subset of L% defined by

Supp (OL*U ® WIGTMU> does not depend on the good filtration. The

Supp (OLZ} ® 7r_1G7’J\/'> = char(N) () Ly

m=1S(Ly)
If N'* is an element of D (D(Lx)), set

char(NV*) = | JcharH' (NV*).

j€z

Then charN® = charN*[1]. As in the D-modules case, one can show the
following property: If N7* — AN — N”* 1 is a distinguished triangle in
Db, (D(Lx)), then charA/* C charA® U charN™".

3 Some operations for modules on Lie alge-
broids

In this section, we generalize some basic notions of D-modules theory due to
Bernstein and Kashiwara. We refer the reader to [Bj|, [Bo], [Ho] and [S2] for
an exposition.

3.1 Left and right-modules

The following proposition is classical for D-modules and is easy to generalize
to Lie algebroids ([C2], [C3]).

Proposition 3.1.1 a) If N and N are left D(Lx)-modules, then N(;@N’
X

endowed with the two following operations :

Va € Ox, Vn e N',¥n' e N'.VD € Lx
a-(n@n)=a-n®@n =n®a-n
D-(nen)=D-n@n +n® D -n

is a left D(Lx)-module.

13



b) If M (respectively N') is a right (respectively a left) D(Lx)-module,
then M(;@/\/’ endowed with the two following operations :
X

Va € Ox, Vm € M,Yn e N,VD € Lx
(m®n)-a=m®a-n=m-a®@n
(m@n)-D=m-D®n—m®D-n

is a right D(Lx)-module.
c) If M and M’ are two right D(Lx)-modules, then Homeo, (M, M’)

endowed with the two following operations

Vo € Home, (M, M), Ym € M,Va € Ox,VD € Ly

(a-¢)(m) = ¢(m)-a
(D-¢)(m) = —¢(m) - D+ ¢(m - D)

is a left D(Lx)-module.
d) If N and N are two left D(Lx)-modules, then Homo, (N,N') en-

dowed with the two following operations

Vo € Home, (N,N'), Vm € M,Va € Ox,VD € Ly
(a-¢)(m)=a-d(m
(D-¢)(m)=D-¢(m)—¢(D-m)

is a left D(Lx)-module.
The following theorem is now a consequence of the previous proposition.

Theorem 3.1.2 Let £ be a right D(Lx)-module which is a locally free Ox-

module of rank one. The functor N'® 58@ N® establishes an equivalence of
X

categories between complexes of left and complexes of right D(Lx)-modules.
Its inverse functor is given by M® — Homo, (€, M?*).

It is a well known fact that Q4m™X (the sheaf of differential forms of maximal
degree) is endowed with a right Dx-module structure (see [S2] p.9, [Bo] p.
226 ). By the morphism D(Lx) — Dx, Q4™ has a structure of right
D(Lx)-module. Hence theorem 3.1.2 applies in particular if £ = Q&mX. Put

ﬁ} == HOTTl(')X (EX, Ox)

14



and let d., be the rank of £x. Then one may take & = A%x (L%). Indeed,
Lx acts on L% as follows :

< D,A-X>=<[D,A],A > 4+A(< D, )\ >)

for any (D, A) € £% and any A € L%. Hence Lx acts on A(L%). The action
of an element D of Ly on A(L%) is called the Lie derivative of D and is
denoted Lp. Put det(L*) = A%x(L%). Then det(L%), endowed with the

following two operations,

Vo € det(/l}), VD € Lx,Va € Ox
g-a=a-0
o-D=—Lp(o)

is a right D(Lx)-module (see [C1]).

Consider
Hex = Homoy (A%x(Ly), D(Lx))
= D(,CX)S?A%X(,CX)
and _
Hey = Homoy (Qx,D(Lx))
= D(ﬁx)g?Q)_(l

They are endowed with a natural D(Lx) ® D(Lx)-left module structure (the
first left D(Lx)-module structure is given by left multiplication, the second
one is obtained by proposition 3.1.1 ¢) .

3.2 Duality functor
If N'* is an element of D%, (D(Lx)), we set

QLX (N.) = RHomD(ﬁx) (N.7 Hﬁx) [dﬁx]'

Since the natural arrow N +— D, (QLX (N ')) is an isomorphism (see
[C3]), one calls D, a duality functor. Similarly, one sets

Ap, (N®) = RHomp(cy) (N*, ey ) [dimX].

15



A, is a duality functor.

Let N and N’ be two D(L x)-modules. We endow RHome,, (N, N’) with
a left D(Lx)-module structure as follows. Let Z* be an injective resolution
of N in the category of left D(Lx)-modules. Then, as D(Lx) is a flat Ox-
module, Z* is an injective resolution of N in the category of Ox-modules.
Hence, one has

RHomo, (N,N') ~Homo, (N,I°).

As, by proposition 3.1.1, the right-hand side is endowed with a left D(Lx)-
module structure, so is the left-hand side. In other words, deriving the
functor Home, (N, e) in the category of left D(Lx)-modules is the same as
deriving it in the category of Ox-modules.

Lemma 3.2.1 Let N and N’ be two left D(Lx)-modules. The objects
RHompzy (N,N') and RHompz ) (Ox, RHomo (N, N)) are isomorphic
m Db(qjx)

Proof of lemma 3.2.1 :

Let K} be the Koszul resolution of Ox and let N' — Z* be an injec-
tive resolution of the D(Lx)-module N’. One has the following sequence of
isomorphisms :

RHompzy) (Ox, RHomo (N, N')) =~ Homp,) (KZX, Homoy (N, I’))
= HomD(ﬁx) <K2X(S®N7Z.)
RHome(LX) (N, ./\/’,)

12

Proposition 3.2.2 IfN is a left D(Lx)-module which is coherent as an Ox -
module, then D, (N) and RHomo, (N, Ox) are isomorphic in D*(Ox).

This proposition is well known for D-modules (see [Ho| p. 93). Note that in
the D-module case, the O x-module N is necessarily locally free of finite rank.

Proof of proposition 3.2.2 :

If V is a locally free Ox-module of finite rank, the proposition was already
proved in [C3].
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Assume now that N is only a coherent Ox-module, then one has the
following sequence of left D(Lx)-modules.

D, .(N) ~ RHompy) (Ox, RHomo, (N, Hey)) [dey]
~ RHOMD(LX) <Ox, RHOTH(')X (N, Ox) (;®H£X> [dﬁx]

L
~ QLX((’)X)(SZ) RHomo, (N, Ox)
X
x>~ RHom@X (N, Ox) .
The first isomorphism follows from lemma 3.2.1, the second one follows from
the fact that A is a coherent Ox-module, the third one follows from the fact

that Ox is a coherent D(Lx)-module and the last isomorphism follows from

D, (Ox) ~ Ox.

Corollary 3.2.3 Let M* and N°* be two elements of D%, (D(Lx)).

coh

There  is  an  isomorphism  from  RHompy (M*,N®)  to
L

RHomop(cy) <Ox, D, (M')C()X) N')
X

Proof of corollary 3.2.3 :

Let K7 the Koszul resolution of Ox and let P* — M3, be a bounded lo-
cally free resolution of M},. The morphism we are looking for, xc, (P*,N'*)
or xr, for short, can be made explicite as follows : It is a morphism from

Hom;)(llx) (P.7N.> to Hom.D(EX) <KZX’H0m;)(£X) (P.7 Hﬁx) (?N.> [dﬁx]v
and if ¢, is in Homip ) (P*, N*) then x(¢,) is defined by

Vo€ D(Lx)© Ab,(Lx), X(@)(0) = 0if ¢ # de
Vo € AGX (Lx), x(dp) (1@ w)(ery) = (10 w) ® yles,)

where (em)ie[1 n""f] is a basis of the free module P". It is easy to check that y
complexes

is a morphism o
Remark :

Note that if M* and A/* are bounded complexes of filtered FD(L x)-modules,
we could take a resolution P* of M}, by finite free FD(Ly)-modules.
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Then  FHom%p ) <K2X,]—"H0m'ﬂ)(ﬁx) (P',ng)gi))(/\/"> [dry] and
FHom%p ) (P, N'*) are complexes of filtered FD(Ly)-modules. The mor-
phism x., (P*,N*) is a morphism of filtered complexes and

(#)  Grxey (P*,N®) = xza (GrP®, GrN®).

Corollary 3.2.4 Let M* and N*® be two elements of Db, (D(Lx)). The

coh
L
groups Hompypzy) (M®,N*®) and Hompypz ) <(9X,QLX (M')(;@ N') are
X

isomorphic.

3.3 Direct images

In this paragraph we recall results of [C3].

Let ® = (f, F') be a Lie algebroid morphism from (Lx,wx) to (Ly,wy).
Let M* be an object of D®(D(Lx)). In [C3], the direct image functor is
defined by

L
@ (M*) = Rf; <M' ® DZ;XHEY> :
D(£x)
Then ®,(M?®) is in D*(D(Ly)?). If & = (f,Tf), we recover the D-module
construction (see [S2] for example). Then Dg, e, is denoted by Dy _.y and
®, is denoted by f,.

Proposition 3.3.1 Let ® and V be Lie algebroids morphism from (Lx,wx)
to (Ly,wy) and from (Ly,wy) to (Lz,wyz) respectively, then

Vy0o® = (Vo).

The proof of proposition 3.3.1 is similar to the D-modules case (see [Bo] p.
251).

We recall here a definition due to Kashiwara (see [S-S]).

Definition 3.3.2 A right coherent D(Lx)-module is good if, for any compact
subset K of X, there exists an open neighborhood U of K such that My has
a filtration (Mk)ke[l,n] by coherent right D(Ly)-submodules such that each
quotient My /M ._1 is generated by a coherent Oy -module.

18



Note that if X is a smooth algebraic variety, all the coherent D(Lx)-
modules are good. Good D(Ly)-modules form a thick subcategory of the
category of coherent D(Ly)-modules. The associated full subcategory of
D (D(Lx)?) consisting of objects with good cohomology is denoted by
Dgood (D(‘CY)OP)

Theorem 3.3.3 Assume that M® is in D}, (D(Lx)) and that [ is proper
on Supp(M), then ®,(M) is in D, (D(Ly)%).

good

The proof of Schneiders ([S2] p. 38) in the case of D-modules extends without
any change to our situation. The particular case where f is projective and
M has a global good filtration was treated in [Kal.

Theorem 3.3.4 Let X and Y be two complex manifolds. Let (Lx,wx)
and (Ly,wy) be Lie algebroids over X and Y respectively. Let ® = (f,F)
be a Lie algebroid morphism from (Lx,wx) to (Ly,wy). Let M*® be an
element of Dgwd (D(Lx)) such that f is proper on the support of M?®.

Then there is a functorial isomorphism from ®,Ar, (M®) to Ap, @, (M?®) in
Dgood (D(‘CY)OP) :

Theorem 3.3.4 generalizes a result in Schneiders’ thesis [S1] (see also the
work of Schapira-Schneiders [S-S]) where the case of relative differential op-
erators is treated. The algebraic smooth case had been previously treated by
Bernstein ([Be], [Bo], [Ho|]) (in the D-modules context ) for a proper mor-
phism. Moreover Mebkhout had treated the absolute case (i.e Y consists of
a single point, see corollary 4.3.6 in [Mel], [Me2]).

3.4 Inverse image
Let ® = (f, F') be a Lie algebroid morphism from (Lx,wx) to (Ly,wy). Let
R*® be an object of Db (D(Ly)). Set
-1 . L —1pe
@ (R):Dﬁxﬂﬁyi(g f R°.

f=1D(Ly)

Then & '(R*) is in D® (D(Lx)). We call it the inverse image of R® by ®. If
® = (f,Tf), we recover the D-module construction (see [S2] for example).
Then Do e, is denoted by Dx_y and @' is denoted by f~.
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Remark :
If X =Y and f = id, then ®°'(R*®) is nothing but R* considered as an
element of D’ (D(Lx)). We will write ~1(R*) = RS, .
To define the inverse image of an object of D°(D(Ly)%), as in the D-
modules case, one uses the (f~'D(Ly)® D(Lx))-bimodule D, . r, de-
fined by

,Dﬁy%llx = AdLX <£§()(g8;’DLXHLYf_(I®O f*lAdﬁY (EY)
Y

Proposition 3.4.1 Let ® and ¥ be Lie algebroids morphisms from (Lx,wx)
to (Ly,wy) and from (Ly,wy) to (Lz,wz) respectively . Then

ol = (Tod)

The proof of proposition 3.4.1 is analogous to the D-modules case (see [Bo]
p. 251).

Proposition 3.4.2 Let ® be a Lie algebroid morphism from (Lx,wx) to

L
(Ly,wy). There is an isomorphism between ®* M.5®N. and
Y

1 (M*) § DL (N*) for any M*,N'* in D* (D(Ly))

The proof of proposition 3.4.2 is analogous to the D-modules case. We refer
the reader to [Bj].

Proposition 3.4.3 Let ® = (f, F) be a Lie algebroid morphism from (X, Lx)
to (Y,Ly) and let ®® = (f, F®) be the Lie algebroid morphism it induces
between the abelian Lie algebroids (X, L) and (Y, L%). Let R be a filtered
FD(Ly)-module and let
L= SFD(Ly)(ria) = & FD(Ly)(rig) = R — 0
be a filtered resolution of R. Then ®~'(R) is isomorphic to O -1y, ® fice
f~tOv
and we filter it by the image of the complexr Os-1y ® f~YF.L®. One has
f~1ov

an isomorphism
Gro~Y(R) ~ d*" ' (GrR).
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Proof of proposition 3.4.3 :

The image of the complex Oy-1y @ f1FLIn Op1y @ fLFLC IS
f~10v [0y
isomorphic to the complex Oy ® fLFLLe itself because the compo-
f~tOv

nents of £* are of the type FD(Ly)(r). As GrFL" is a free Oy-module,

the complexes Gr (Of—lv ® f~YFL*) and <Of—lv ® f‘lGr]:,C‘) are
f~10vy =10y
isomorphic. This finishes the proof of the proposition.

The following question arises naturally: Let R*® be an element of
Db, (D(Ly)). Give a sufficient condition so that @' (R*®) is in D%, (D(Lx)).

To do so, we introduce, as in the D-modules case, the notion of non
characteristicity.

Let Lx (respectively Ly) be the vector bundle associated to Lx (respec-
tively Ly). We have the following diagram

Ly <& X xy Ly I 1y
where, for x € X and \ € L’Ji(x), one has

F(x, f(x),A) = (z," F(A))
Fr (2, (), A) = (f(2), A).-
Denote by NS(X XyLj) the null section of X xyLj. Let R® be in

Db, (D(Ly)). We will say that R® is non characteristic with respect to
® if the following inclusion holds.

F " (char(R®) ({(z, f(2),\) € X xy L}, | Ao F, =0} C NS(X xyL}).

Kashiwara has shown that, in the D-modules case, the non characteristicity
condition ensures that @ *(R*®) is in D, (D(Lx)) (see [S2]). We will now
generalize this result to Lie algebroids.

Theorem 3.4.4 Let (X, Lx) and (Y, Ly) be Lie algebroids over the complex
manifolds X and Y respectively. Let ® = (f, F') be a Lie algebroid morphism
from (X, Lx) to (Y,Ly). Let R® be an element of D, (D(Ly)) which is
supposed to be non characteristic with respect to ®. Then ®1(R®) is in

D¢, (D(Lx)) and
Char(® '(R*)) C' FE,(CharR®).
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Proof of theorem 3.4.4
Let R* be an element of D’ , (D(Ly)) which is supposed to be non char-
acteristic for ®. By a standard induction argument on the number of non
zero cohomology groups of R®, one sees that it is enough to prove the theo-
rem for a module which we will denote by R. The question being local, we
may assume
EX:(’)XQ@...@OXGT
Ey = Oyer_H D...D Oyem.

One may shrink Y so that R is endowed with a good filtration. The module
GrR is then a graded coherent S(Ly)-module non characteristic for the
morphism ®* (the morphism induced by ® on the abelian Lie algebroids £%
and L¥).

Hence propositions 2.1.7 and 3.4.3 show that it is enough to prove the
theorem in the case of ®% ( that is to say the abelian case) for a graded
coherent S(Ly)-module non characteristic for ®*. Introduce the following
maps :

t: X — XxY

z = (2, f(z))
¢ XxY — Y
(z,y) = f(x)

T:Lx — Lx® (Oxf@o f_1£Y>
D — D+ F(D)

and the following abelian Lie algebroids :

XxY,P%y =0xxy ® pl—lT(/:g}’))

;' Ox

(X XY, Q% v = Oxyy 2 q_lll?}’) :
Y

q

(¢d,T) is a Lie algebroid isomorphism from (X, E%’) to (X,T(E‘;?)).
The pair (¢,id) defines a Lie algebroid morphism from (X,T(EX)“I’) to
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(X XY, PXXY) Let 1 be the map

73Xxy - QXXY

bR (D+> a;@0;) — b(Zai@)Ai)-

The pair ¥ = (id, 1) is a Lie algebroid morphism from P%  to Q% ..
Lastly the pair (g, id) is a Lie algebroid morphism from (X XY, QXXY) to
(Y,£8). Then we have (f, F*) = (q,id) o (id,) o (t,id) o (id,T). This
factorization shows that it is enough to prove our proposition in the cases
where (f, F'%) = (id, F%) and (f, F®) = (f,id).

a) Case where ®% = (f.id).

Necessarily £% = Ox ® f~1L£%. In this case any module is non char-
[0y

acteristic with respect to ®® and ®® ' (Soy(ﬁayb)) = So, (£L%). Thus the
coherence is established.

b) Case where ®% = (id, F'®).

We introduce the abelian Lie algebroid over Z = X XY, (Z yaz =PYL @ Q‘}b)
and we factorize (id, F%) = (id, 11%) o (id, I*°*) where

[abi P%b — agz
D — D+ F®(D)

Habi ay; — Q%b
D+A — A

The case of (id, I1%) is easy. Let us now treat the case of (id, I%°). Put
Pt = 1%(Pg). Introduce the following abelian Lie algebroids with zero

anchor (over Z):
= 7DZab D OZ€T+1 ... OZ€T+j-

We have the following sequence of Lie algebroids embeddings :

!
Vo=PHl—=Vi—...—=V, ,=ay.
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So we may assume that m —r = 1 and we are in the following situation
[ P s PP @ Ogeryy.

Let 7 be the element of a7 such that np, = 0 and n(e,41) = 1.
Restricting Z, we can take (o1,...,0,) to be a generating system of the
S(az)-module R. For each j, denote by Z; the annihilating (graded) ideal of

S
o; in S(az). The module (az) is non characteristic for ®.
J
. . N . S(az)
Let z bein Z. If t # 0, the pair (2, te’, ) is not in char( 7 ). So there
J
exists an homogeneous element s; in I; such that s;(z,te,41) # 0. Put

pPj
_ !
S5 = Zal,j €ri1
1=0

with oy ; € SP7(P}). Shrinking Z, we may assume that ,, ; is an invertible
element of Oz. We have a natural epimorphism

& Soz(az)
j=1 < §; >
S
So it is enough to prove that M
<s; >
this is obvious because Euclidean division in Sp,(az) provides an isomor-
S
phism of Se,(P,)-modules x : % — So, (P%)Pi. This finishes the
S .

J

— GrR — 0.

is a coherent Sp,, (P#°)-module. And

proof of the proposition.

4 A duality theorem

This section is devoted to the generalization of a duality theorem due to
Kashiwara, Kawai and Sato in the D-modules case (see [SKK]).

4.1 Statement

We will construct a functorial arrow D, @_1(73‘) — @_1Q£y (R*) for any
element R* in D*(D(Ly)) such that & '(R*) is in D%, (D(Lx)). Our con-

coh
struction will be in particular valid if R® is non characteristic for ®.
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Using corollary 3.2.4 , the element 1 of Homps(p(,, ) (R®, R®) provides an
arrow

L
Oy — QEY (R.) QR
Oy
in D’ (D(Ly)). Hence an arrow
L
700 = 0x — &7 (D, (RIGR)
Y
~ F—1 . L -1 .
~ &' (Dg, (R7) 927 (R?)
Using the fact that D7 (®'(R*)) ~ @ '(R*) and corollary 3.2.4 again, we

get an arrow

D, @ (R) =@ 'D, (R
Theorem 4.1.1 Let ® be a Lie algebroid morphism from (X, Lx) to (Y, Ly).
Let R® be in D°, (D(Ly)) which is supposed to be non characteristic with

coh

respect to ®. The functorial morphism from Qﬁxi_l(R‘) to @_1Q£y (R*)
constructed above is an isomorphism.

4.2 Proof of theorem 4.1.1

As the proof of theorem 3.4.4, the proof of theorem 4.1.1 is into two steps.
First, we will reduce to the abelian case, then we will prove the theorem in
the abelian case.

a) Reduction to the abelian case.

Preliminary remark :
Let Q°® be a bounded complex of locally free D(Lx)-modules and N'® be a
bounded complex of D(Lx)-modules. Let Cy -5 &* be a resolution of Cyx
by c-soft sheaves. One has an isomorphism (see [K-S 3] exercise 4.7)

HOme('D(ﬁx))<Q.,N.) ~ HO (X, 'Hom'D(LX)(Q',./\/")GS@ 8.> .

There is a morphism

H° (Hom{)(ﬁx)(QﬂN')) —  Homprp(z ) (Q°,N*)
[¢] — [p@a(l)].
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If [¢] is an isomorphism, so is [¢ ® a(1)]. We will say that the morphism
[¢ @ a(1)] is induced by ¢.

To show that the morphism we have constructed is an isomorphism, we
may assume that R*® is a module (denoted R) which is non characteristic
with respect to the morphism & and endowed with a good filtration. Then
GrR is a coherent S(Ly)-module non characteristic for ®®. As we may
reason locally, we may take P* to be a resolution of R by finite free D(Ly)-
modules. With the notation of corollary 3.2.3, we see that the arrow Oy —

D, (R) GLZ)R in D°(D(Ly)) is induced by the arrow I' (X, x ., (P*, P*)) (id)
from KZ "o Hompzy) (P*, Hey) ®73 [dey ]

The arrow Ox — &~ (QLY(R)) G%(I) (R) in D*(D(Lx)) is induced

by the morphism idp, ® I' (X, ng(P° P‘))( d) from Ox ® f'K} to
f~10y

Ox @ f! <H0mp(gy) (P',Hgﬁé@?') [dzy,]. One sees that the arrow
[0y %

D, o P IR) - @ to D, (R) is also induced by a morphism and we
want to see that this morphism is an isomorphism.

We have
GIT (X, Xz, (P*,P*)) (id) = T (X, X (GrP*, GrP®)) (id)

Gr (id(’)x ® f_lr <X7 XLy (P.v P.)) (Zd>> =
idoy® 7T (X, xzq(GrP®, GrP®)) (id).

Using the last remark of section 3.2 (equality #), one sees that it is enough
to show the theorem 4.1.1 for the case of ®%.

b) Proof of theorem 4.1.1 in the abelian case.

From now on, we assume that ® = ®® and that R is a graded S(Ly)-
module non characteristic for ®®. As in the proof of theorem 3.4.4, we intro-
duce the maps t,q, T as well as the abelian Lie algebroids P%, , and Q%
and we factorize (f, F%) into

(f, F®) = (q,id) o (id, ) o (t,id) o (id, T).
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This factorization shows that it is enough to prove the theorem in the case

where (f, F°) = (id, F®) and (f, F) = (f,id).

Let us first treat the case where ®® = (f,id).  Necessarily
Lx =0x ?9 f~1Ly. In this case any module is non characteristic with re-
f~tO0y

spect to ®% so that we can assume that R = S(Ly). Then &% (SOY (E‘{/b)) =

So (£%) and the morphism of functor D, o (®*)~! — (@*)~LoD, is the
identity as easily checked for R = S(Ly). So the theorem is proved in the
case where ®% = (f, Id).

Let us now treat the case where ®® = (id, F'). As in the proof of
theorem 3.4.4, we introduce the abelian Lie algebroid over 7 = X x Y,
(Z, az =PPad Q%b) and we factorize (id, F*°) into

(id, F*) = (id, 11%) o (id, I™®).

We can treat the cases where (id, F°) = (id,11%) and (id, F®) = (id, I*)
independently.

Assume that (id, F**) = (id,11"°). Recall that D, <%) is iso-
ay A

morphic to S(Q%) g@AdQ%b(Q%b)[dQ%b] in D" (S(Q%) @ S(Q%)) ([C2)).

These remarks allow us to write the following sequence of isomorphisms in

DS (Q9)) :

2% = L (5750,

RHomg(g,) (R.’Q“Z (%))
~ Do, (R*).

12

Let us now treat the case where ®* = (id, I®?). Put P, = ["°(P).
Reasoning as in the proof of theorem 3.4.4 and keeping the notation , we may
assume that Qy is a one dimensional free Oy-module and put Qy = Oye,;;.
We have then the following Lie algebroids embedding

/ /
PZ — az = PZ D Ozer+1.
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R is a graded coherent S(az)-module non characteristic for the morphism
P = (id, I).
We know from the proof of theorem 3.4.4 that there exists an epimorphism

1 So,(az)
i=1 < u; >

— R —=0

with u; of the form
pj
_ Ll
Uj = ZalderJrl
1=0

with oy ; € SPi7H(Py) and ay, ; invertible in Oy.
SOZ(uZ)
<u; >

Consequently, it is enough to show the theorem for R = and in

this case it is easy to make the arrow
Dy, o (@")(R) — (&™)~ 0 D, (R)

explicit, and to see that it is an isomorphism. This finishes the proof of
theorem 4.1.1.

Corollary 4.2.1 Let WV be a Lie algebroid morphism from (X, Lx) to (Y, Ly).

Let R be a left D(Ly)-module which is coherent as an Oy-module.

For short, put N* = RHomo, (N,Oy) with its D(Ly)-module structure

defined in section 3.2. There s a functorial isomorphism of
ey +i

L
right D(Lx)-modules from Extp . ) <D£XH£Y ®£y)f—1j\/',1)(£x)> to

f=1D(
TOT{_ID(EY) (f_l (N* ® AdﬁY (E*Y)) 7’D£y<—ﬁx) .

5 Adjunction formulas and applications

5.1 Adjunction formulas

Generalizing the results of [K-S 2] ( chapter 7), we obtain the following
adjunction formulas.

Theorem 5.1.1 Let (X, Lx) and (Y, Ly) be two Lie algebroids over X and
Y respectively. Set dp, = rank(Lx) and dg, = rank(Ly). Let & = (f, F) be
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a Lie algebroid morphism from (X, Lx) to (Y, Ly).

a) Let M € D*(D(Ly)) and N' € D*(D(Lx)?). Then ®,(N) (@% )M and
D(Ly
L
Rfi (N ® @%M)) are isomorphic in D°(Cy).
b) Assume that M is in Db, (D(Ly)) and that ® is non characteristic for
M. The objects RfiRHomp,) (@_1(/\/1),./\[) dey — dgy] and
RHompcy) (M, ®(N)) are isomorphic in D*(Cy)

¢) Assume that N is in D!, (D(Lx)) and that f is proper
on  SuppN. Then Rf.RHomp.) (/\/’,@*IM) [dimX — dimY]

and RHomp(r,) (CD'(QX(SZ) N), Qyé@ M) are isomorphic in D°(Cy)
X Y

Proof of theorem 5.1.1 : a) is straightforward , b) follows from theorem
4.1.1 and c) follows from theorem 3.3.4.

5.2 Applications
Application 1
Note that the proof of theorem 4.1.1 holds in the case of Lie algebras over

any field k. As a corollary of Theorem 5.1.1, we get the result below where
we adopt the following notation : Let V' be an n dimensional vector space,

and let det(V) = A™(V).

Corollary 5.2.1 Let b and g be two finite dimensional Lie algebras over a
field and let ¢ be a Lie algebra morphism from b to g. Let M be a finitely
generated U(g)-module. Assume that

char(M) N{X € g" | Ny =0} = {0}.

Let N be a w-module. Then, for all i in Z, we have an isomorphism

Batyf &m (Myy, N) = Batif® (M @ det(g"), (N © det(b* 5 U
U(p) iy, V)~ Bt ® det(g"), (N @ det (b ))U% ()] -
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Application 2

Let X be an analytic Poisson manifold. We consider the Lie algebroid
(X, QL) (see section 2.4). Let R® be an element of D°(D(Q%)). The co-
homology of the complex RHompqa1 ) (Ox,R*) is called the canonical coho-
mology of X with values in R* ([Li],[Hu]). We set

C.

can

(R*) = RHOmD(Qﬁ() (Ox,R%).

Let (Y, €},) be another holomorphic manifold endowed with a complex struc-
ture and let f: X — Y be a Poisson map. Consider the correspondence

Ox ® f_lﬂ%/
10y

(X, Q%) (Y, ),
where F'is defined as follows : for all & in Ox and all 3 in Oy,
Ox ® f_lﬂ%/ — Qﬁ(

=10y
a®fdg — a(fo f)d(goe f).

Let N be a left D Ox ® f_lﬁ%/)-module. Taking M = Oy, the

f~loy
adjunction formula tells us that we have the following isomorphisms
RHom (Ox, N) [dimY — dimX] =~ RHompg)(Ox, &N)
DlOox ® f10l
1oy
RfiIRHom (Ox,N) =~ RHompg) (Oy, ¥,\N)
”D<(’)X & le%,)
=10y

Noticing that ¥,(A) is nothing but A considered as a left D (£2,)-module,
we deduce the isomorphism

Sy N) = RACL, x(2N)[dimX — dimY].

can,Y can,X

Application 3
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Let (X, Lx) be a Lie algebroid over X. Let xy be a point of X. Define
the sheat M, of ideals of Ox by :

Mo (U) ={f € Ox(U) | f(z0) = 0}

for any open subset U of X. Define the (not necessarily locally free) Lie
algebroid £(M,,) by

£<M:L“0) = {D € Lx ‘ D<Mro> - Ml“o}'
Let L(zo) be the Lie algebra

Ox
L z) =L :
M, x(May) = Lx(x0)
Let us consider the Lie algebroid morphism Z = (e, 1) : ({pt}, Lx(z0)) —
(X, Lx) where ¢({pt}) = zo and I is defined by tensoring the canonical
embedding £x(M,,) — Lx. For any D(Lx)-module R supposed to be non
characteristic with respect to Z, the adjunction formula gives

i+dimLx (x itrkl
EfL‘tU(ﬁx(xf)()() K (M;pOR’ W) x>~ E{L’tD-i_(EX)X (R,Z|(W)) .

In particular,
JitdimLx (xo) (Lx(xg), W) =~ E:ctgr&kf)x (Ox, Z,(W)).

Example :

Assume that X = V is a finite dimensional vector space on which a
connected algebraic group G acts locally freely (that is maz,cydimG - v =
dim@). Put LieG = g. If Ly = Oy ®g (as in example 5 ) and 2y = Oy, then
L(0y) = g. Consider the Lie algebroid My = (V, wy(Oy ® g)). We have the

isomorphism
[ itdimg (g’ W) ~ E.TtZDJr(%/‘\/A)V (OV7M'<W)) ’

But dimg = rkMy ([P] p. 186). Assume that g is semi-simple. Then W
can be written as a direct sum of irreducible representations. Let p be the
multiplicity of £ in W. Then

Extiy ) (Ov.wy o (W) = (A'(g))".
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