ON p-ADIC COMPARISON THEOREMS FOR RIGID ANALYTIC VARIETIES, I

PIERRE COLMEZ AND WIESLAWA NIZIOL

ABSTRACT. We compute, in a stable range, the arithmetic p-adic étale cohomology of smooth rigid
analytic and dagger varieties (without any assumption on the existence of a nice integral model) in
terms of differential forms using syntomic methods. The main technical input is a construction of a
Hyodo-Kato cohomology and a Hyodo-Kato isomorphism with de Rham cohomology.
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1. INTRODUCTION
Let p be a prime. Let Ok be a complete discrete valuation ring of mixed characteristic (0,p) with

perfect residue field k£ and fraction field K. Let F be the fraction field of the ring of Witt vectors
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Or = W(k) of k. Let K be an algebraic closure of K and let C = K be its p-adic completion; let
4y = Gal(K/K). Let F™ be the maximal unramified extension of F in K.

In a joint work with Gabriel Dospinescu [8], [9] we have computed the p-adic (pro-)étale cohomology
of certain p-adic symmetric spaces. A key ingredient of these computations was a one-way (de Rham
to étale) comparison theorem for rigid analytic varieties over K with a semistable formal model over
Ok that allowed us to pass from (pro-)étale cohomology to syntomic cohomology and then to a filtered
Frobenius eigenspace associated to de Rham cohomology.

The main goal of this paper is to define all the cohomologies that will be necessary for extending
such comparison quasi-isomorphisms to all smooth rigid analytic varieties over K or C' (without any
assumption on the existence of a nice integral model). We will focus on the arithmetic case and leave the
geometric case for the sequel of this paper [12].

1.1. Main results. We are mainly interested in partially proper rigid analytic varieties. Since these
varieties have a canonical overconvergent (or dagger) structure we are led to study dagger varieties'.
This is advantageous: for example, a dagger affinoid has de Rham cohomology that is a finite rank vector
space with its natural Hausdorff topology while the de Rham cohomology of rigid analytic affinoids is, in
general, infinite dimensional and not Hausdorff.

Our first main result is the following theorem:

Theorem 1.1. To any smooth dagger variety X over L = K,C there are naturally associated?:

(1) A pro-étale cohomology RT proet (X, Qp(1)), r € Z. If X s partially proper this agrees with the
pro-étale cohomology of X considered as a rigid analytic variety.
(2) For L =C, a K-valued rigid cohomology RI';, 7(X) and a natural strict quasi-isomorphism?

~R
RFrig,f(X)(@?C >~ RFdR(X).

This defines a natural K -structure on the de Rham cohomology®.

(3) A Hyodo-Kato cohomology RTuk (X). This is a dg F-algebra if L = K, and a dg F™ -algebra if
L=C, equipped with a Frobenius ¢ and a monodromy operator N. For L = C, we have natural
Hyodo-Kato strict quasi-isomorphisms

ik RUk (X)@pm K 5 R, 2(X), i ROk (X) e C 5 RTqr(X).
(4) For L = K, a syntomic cohomology RT'syn (X, Qp (7)), 7 € N, that fits into a distinguished triangle
(1.2) RTgyn (X, Qp(r) —— [RTak (X)) V=0¢=P RO (X) /FT,
and a natural period morphism
ar : Rgyn (X, Qp(r)) = R prost (X, Qp(r))
that is a strict quasi-isomorphism after truncation T<,.

We also prove an analogous theorem for smooth rigid analytic varieties.
The second main result of this paper is the following corollary of Theorem 1.1.

Theorem 1.3. Let X be a smooth dagger variety over K and let r > 0.
(1) For1<i<r—1, the boundary map induced by the distinguished triangle (1.2)

Oy Hig' (X) = Hprot (X, Qp(r))

P

IRecall that a dagger variety is a rigid analytic variety equipped with an overconvergent structure sheaf. See [20] for
the basic definitions and properties.

2A1 cohomology complexes live in the bounded below derived oco-category of locally convex topological vector spaces
over Qp. Quasi-isomorphisms in this category we call strict quasi-isomorphisms.

3See Proposition 5.20 for the definition of the tensor product.

4By the same procedure one can define a F™-valued rigid cohomology RI'g pnr(X) and a natural strict quasi-

isomorphism RTyig, e (X)® ponr € ~ REgp (X).
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s an tsomorphism. In particular, the cohomology f[limét
K -structure.

(2) We have long exact sequences
0= H™ " (RTar (X)/F") =" Hjpoe0 (X, Qp(r)) = H' ([RT i (X)[N=0¢=") 2 H™ (RTn (X) /")

0~ Hig (X)»="™" = HP ([P (XY =00=7") — Hiye (X)N=0=" 0

(X, Qy(r)) is classical and it has a natural

Moreover, the cohomology Hiyy (X) is classical.

Here H refers to cohomology taken in the derived category of locally convex topological vector spaces
over Q, and “classical” means that the cohomology H is isomorphic to the algebraic cohomology H
equipped with its natural quotient topology (very often this is equivalent to the natural topology on H
being separated). If X is proper, we have the isomorphisms

Hig (X) 5 H ' RTar(X)/F),  Hip(X)/Q(X) S H" (RTar(X)/F").
If X is Stein, we get the isomorphisms
H™ ' (RTar(X)/F") ~ Q" Y(X)/imd,_1, H'(RTqr(X)/F")~0,i>r.

Hence the cohomology H™ L (RTqr(X)/F") is classical.
We prove an analogous result in the case of smooth rigid analytic varieties over K and this generalizes
the computations [10, Cor. 3.16] done for smooth affinoids with semistable reduction.

Remark 1.4. For a smooth proper scheme X over K, the analog of the map 0, : ﬁéﬁl (X) — ﬁéroét (X, Qp(r))
is a geometric incarnation of the Bloch-Kato exponential. See [31, Remark 2.14], [13, Prop. 3.8], [32, Th.
3.1] for a detailed discussion.

1.2. Proof of Theorem 1.1. We will now sketch how Theorem 1.1 is proved. The pro-étale cohomology
in (1) is defined in the most naive way: if X is a smooth dagger affinoid with a presentation {Xp}nen
by a pro-affinoid rigid analytic variety® we set RT proet (X, Qp (1)) := hocolimy, R proet (X, Qp(7)); then we
globalize. From this description it is clear that we have a natural map RI'pro¢ (X, Qp(7)) = RI'prost ()? ,Qp(1)),
where X is the completion of X (a rigid analytic variety).

For the rest of Theorem 1.1, first we show that, using the rigid analytic étale local alterations of Hartl
and Temkin [22], [39], the étale topology on X, has a base consisting of semistable weak formal schemes
(always assumed to be of finite type) over finite extensions of k. This allows us to define sheaves by
specifying them on such integral models and then sheafifying for the n-étale topology®. For example, for
(2), we define RI',;, %(X) := Rl'« (X, ,;, %), for a sheaf @7, % induced from a presheaf assigning to a
semistable model % over O¢ coming by base change from a semistable model %5, over O, [E : K] < oo,
the complex” hocolim RTvig(%64,0), Pow,0 is the special fiber of %5, , where the homotopy colimit is
taken over such models %g,. In an analogous way we define, for (3), the Hyodo-Kato cohomology
using the overconvergent Hyodo-Kato cohomology of Grosse-Klonne that for a semistable model % over
Ok is defined as RT'uk (%) := RIvig(%/0%); the Hyodo-Kato quasi-isomorphism is induced from the
one defined by Grosse-Klonne ik : Ryig(%/0%) = Rlyig(%/ 0} ). Here 055, 09 denote the (weak
formal) scheme associated to Ok with the canonical and the induced by N — O, 1+ 0, log-structure,
respectively.

We define the syntomic cohomology in (4) in two different, but (non obviously) equivalent, ways. One
definition is just as a homotopy fiber that yields the distinguished triangle (1.2). The other, for dag-
ger affinoids with a presentation {Xp}hen, sets RIsyn (X, Qp(7)) := hocolimy, RTsyn(Xn, Qp(r)). Here
the syntomic cohomology RI'syn (X5, Qp(r)) of a rigid analytic variety X}, is defined by n-étale descent,

5See Section 3.2.1 for the definition of presentations.

6This construction mimics that of Beilinson in [2] done for algebraic varieties; here n-étale means topology induced from
the étale topology of the generic fiber.

TWe give here a rough definition; see Section 5.3 for a precise definition.
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using the fact that semistable formal models form a base for the étale topology of X, from the crys-
talline syntomic cohomology of Fontaine-Messing. Recall that the latter is defined as the homotopy fiber
ROuyn (2, Qp(r) := [F'RT(2) Z=25RT . (2)], where the crystalline cohomology is absolute (i.e., over
Z,). The second definition works also for smooth dagger varieties over C.

It is quite nontrivial to show that these two definitions agree. Along the way, we prove the main
technical result of this paper:

Theorem 1.5. Letr > 0. Let X be a smooth dagger variety over K. There is a natural morphism

RFsyn (X7 QP(T)) - Rrsyn (X7 Qp(r))

It is a strict quasi-isomorphism if X is partially proper.

This theorem is proved by representing both sides of the morphism by means of the crystalline and
the overconvergent Hyodo-Kato cohomology, respectively, then passing via Galois descent to X¢, and
finally passing through the crystalline and overconvergent Hyodo-Kato quasi-isomorphisms (that need to
be shown to be compatible) to the de Rham cohomology, where the result is known.

To define the period map in (4), for L = K,C, we first define it for rigid analytic varieties by the
n-étale descent of the Fontaine-Messing period map a, : Rlgyn (%2, Qp(1)) = RI¢ (2L, Qp(r)), for a
semistable formal scheme 2" over 0. Then we use the second definition of syntomic cohomology and
the period maps a;, : Rgyn(Xp, Qp(r)) — RI¢t(Xn, Qp(r)) to get the period map «, in Theorem 1.1.
The fact that it is a strict quasi-isomorphism in a stable range follows from the computations of p-adic
nearby cycles via syntomic complexes done in [40] in the geometric case and in [10] in the arithmetic
case.

Remark 1.6. For an algebraic variety X over L = K, C, a well behaved syntomic cohomology RIsyn (X, Q,(r)),
r > 0, was defined in [31]. A more conceptual definition was given in [13] but the approach in [31] is more
concrete and this is the one we mimic in this paper. For L = K and smooth X, there exists a natural
map RTgyn (X, Qp(1)) — RIgyn(X?, Qp(r)), where X" denotes the analytification of X. This should

be a strict quasi-isomorphism if X is proper although we do not prove this in this paper.

Remark 1.7. Let 2 be a proper semistable scheme over Ok (we allow a horizontal divisor at infinity).
Ertl-Yamada [15] have extended Grosse-Klonne’s definition of the Hyodo-Kato morphism to this setting
and defined the corresponding rigid syntomic cohomology by the defining property (1.2). See [43] for a
more conceptual definition in the case when there is no horizontal divisor at infinity.

Acknowledgments. W.N. would like to thank MSRI, Berkeley, for hospitality during Spring 2019 semester
when parts of this paper were written. We would like to thank Benjamin Antieau, Antoine Chambert-
Loir, Antoine Ducros, Veronika Ertl, and Luc lusie for helpful discussions concerning the content of this
paper. We thank the referees for a careful reading of the paper and helpful comments.

1.2.1. Notation and conventions. All formal schemes are p-adic. For a (weak formal or formal) scheme
A over Ok, we will denote by %, its reduction modulo p™, n > 1, and by % its special fiber.

We will denote by O, 0}, and 09, depending on the context, the scheme Spec(€k) or the formal
scheme Spf(0k) with the trivial, the canonical (i.e., associated to the closed point), and the induced by
N — Ok, 1 0, log-structure, respectively.

Definition 1.8. Let N € N. For a morphism f : M — M’ of Z,-modules, we say that f is p"-
injective (resp. p" -surjective) if its kernel (resp. its cokernel) is annihilated by p" and we say that f
is a p™N-isomorphism if it is p™-injective and p™-surjective. We define in the same way the notion of
p -distinguished triangle or p" -acyclic compler (a complex whose cohomology groups are annihilated
by pV) as well as the notion of p -quasi-isomorphism (map in the derived category that induces a

pN-isomorphism on cohomology).

Unless otherwise stated, we work in the derived (stable) oo-category Z(A) of left-bounded complexes
of a quasi-abelian category A (the latter will be clear from the context). Many of our constructions will
involve (pre)sheaves of objects from Z(A). The reader may consult the notes of Illusie [25] and Zheng [44]
for a brief introduction to how to work with such (pre)sheaves and [29], [30] for a thorough treatment.
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We will use a shorthand for certain homotopy limits. Namely, if f : C — C’ is a map in the derived
oo-category of a quasi-abelian category, we set

[C—L> '] = holim(C — O’ « 0).
And we set

o —1-0,

J/ \L =[[Ch EN Cy) — [C3 2 Cy]),
Cg $' C4

for a commutative diagram (the one inside the large bracket) in the derived co-category of a quasi-abelian
category.

2. AN EQUIVALENCE OF TOPOI

Let X be a smooth rigid analytic variety over K, resp. C. In this section, we will show that the étale
site of X has a base (in the sense of Verdier, see [41]) built from semistable formal schemes over finite
extensions of O, resp. over Oc. We will show the same for smooth dagger spaces over K and C.

2.1. A general criterium. In [1, 2.1] Beilinson generalized a well-known criterium of Verdier [41, 4.1]
stating conditions under which one can change sites while preserving their topoi. While Verdier assumed
the functor F' below to be fully faithful, Beilinson allows it to be just faithful.

We will briefly summarize [1, 2.1]. Let ¥ be an essentially small site and let Sh(¥') be the corresponding
topos. A base for ¥ is a pair (%, F), where % is an essentially small category and F : B — ¥ is a
faithful functor, which satisfies the following property:

(%) For V € ¥ and a finite family of pairs (Bq, fo), Ba € %, fo : V — F(B,), there exists a set of objects
Bj € # and a covering family {F(Bj) — V} such that each composition F(Bj) — V — F(B,) lies in
Hom(Bj, B,) C Hom(F(Bj), F(B,)).

Remark 2.1. (1) For the empty set of (Bg, fo)’s the above means that every V' € ¥ has a covering
by objects F(B), B € . If F is fully faithful, then (%) is equivalent to this assertion.
(2) If £ admits finite products and F' commutes with finite products, then it suffices to check (%)
for families (By, fo) having < 1 elements.
(3) In the general case, it suffices to check () for families (B, f,) having < 2 elements.

Let (%, F) be a base for #. Define a covering sieve in & as a sieve whose F-image is a covering sieve
in ¥. The following proposition is proved by Beilinson [1, 2.1].

Proposition 2.2. (1) Covering sieves in B form a Grothendieck topology on A.
(2) The functor F : BB — ¥ is continuous.
(3) F induces an equivalence of topoi Sh(%) = Sh(¥).
We call the above topology on A the F-induced topology.

Remark 2.3. (1) If F is fully faithful, the above proposition is [41, 4.1].

(2) Let (F*,Fy):Sh(#)==Sh(¥) be the usual adjoint functors. For a presheaf # on ¥, we
have F,(F?) = Fp(&)%, where F), is the pushforward of presheaves and the subscript a means
“associated sheaf”.

(3) If (B, F) is a base for ¥ and (%', F’) is a base for the F-induced topology on % then (%', FF’)
is a base for 7.

2.2. Categories of formal models. We will show now that the étale site of smooth rigid analytic
varieties over K, resp. over C', admits a base built from semistable formal schemes over finite extensions
of O, resp. over O¢.
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2.2.1. Models. Let L = K,C. A morphism of &'-schemes f : Y — X is called n-étale, an n-isomorphism,
etc., if its generic fiber fr, is étale, an isomorphism, etc.. An &p-scheme is admissible if it is flat and of
finite type over 0. A formal &' -scheme 2 is admissible if it is flat and of finite type over Spf(&). For
an admissible formal €p-scheme 27, we denote by 27, (or ;) its rigid analytic generic fiber. We say
that a morphism % — 2" between admissible formal €-schemes is n-étale if its generic fiber fr, (or f)
is étale. Similarly, we define 1-smooth morphisms®.

Let Smj be the category of smooth L-rigid varieties. We will consider categories .# formed by
semistable formal models of such varieties.
(a) K-setting: A model over K (a K-model) is an admissible formal &x-scheme 2. A formal scheme
over O is called semistable if, locally for the Zariski topology, it admits an étale morphism to a formal
scheme of the form

Spf(Or{X1,.... X1}/ (X1 X —w)), 0<m <,

for a uniformizer w of Ok (we allow m = 0 just to get formal affine space — when the formal scheme is
smooth). A K-model 2 is called semistable if it is semistable over O for a finite field extension E of
K. In that case, assume that Z% is connected (which is equivalent to 2" being connected) and let K g
be the algebraic closure of K in I'(Zk, O, ) (note that E C Kg ). Then Ok, is the integral closure of
Ok mT'(Z,0%) and 2 is semistable over Ok, . We will say that 2 is split over K o .

Let .# K denote the category of K-models (morphisms are morphisms of formal schemes over 0k ) and
let . be its full subcategory of semistable K-models.

(b) C-setting: A model over C' (a C-model) is an admissible formal Oc-scheme Z2°. It is called
semistable, if locally for the Zariski topology, it admits an étale morphism to a formal scheme of the form

Spf(Oc{Xy,.... X1}/ (X1 X —w)), 0<m<I,

for 0 #£ w € O¢. Tt is called basic semistable if there exists a semistable model 2/ over O, F a finite
extension of K, and a C-point a : B — C such that 2" is isomorphic to the base change 27 . Let .Zc
denote the category of C-models and let .ZF, ///gs’b be its full subcategories of semistable and basic
semistable C-models, respectively.

We note that, if we equip the formal schemes in .Z}?, gs’b, and .# with the log-structure associated
to the special fiber over the ring over which they split, every map in these categories is a map of log-
schemes. Warning: the maps in the category ///gs’b do not have to come from finite levels.

The K- and C-settings are connected by the base change functors

(24) %g&b — Sm¢

T T

M — Smg,

where the right vertical arrow is the base change (—)®xC and the left arrow assigns to a K-model %
semistable over 0, L a finite extension of K, the disjoint union of semistable models % ®¢, o Oc over
C-points a: L — C.

2.2.2. Semistable reduction. We say that an admissible formal &p-scheme 2" is algebraizable if it is
isomorphic to the p-adic completion of an admissible &7 -scheme X. The well-known algebraization
theorem of Elkik [14] yields the following theorem.

Theorem 2.5. (Temkin, [39, Th. 3.1.3]) Any affine n-smooth admissible formal Or-scheme Z~ is alge-
braizable. Moreover, we can find an affine n-smooth admissible O -scheme X such that Z ~ X.

We quote two results of Temkin which generalize results of Hartl [22, Th. 1.4] (which works for
complete discretely-valued fields) and Faltings [17, 111.2] (see [39, Th. 2.5.2] for an algebraic analog and
[4] for a refined algebraic analog).

8In a more traditional language we would call such morphisms “rig-étale”, etc. However, since it is becoming standard
to use 1 to denote the rigid generic fiber, we have elected to use n-étale in this paper.
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Theorem 2.6. (Temkin, [39, Th. 3.3.1]) Let 2" be an n-smooth admissible formal scheme over Of,.
Then there exists a finite field extension E/L and a n-étale covering ' — 2 ®¢, Or such that 2 is
semistable over Of.

Corollary 2.7. (Temkin, [39, Cor. 3.3.2]) Let X a smooth qcgs rigid space over L. Then there exists a
finite extension E/L and an étale covering X' — X ®rp E such that X' is affinoid and has a semistable
affine formal model.

Proof. Take an admissible formal model 2" of X (such a model exists by a theorem of Raynaud [5, Th.
4.1]). Take E/L and 2" — £ ®g¢, OF as in Theorem 2.6. We can refine Z” to make it affine. Then its
generic fiber 27 is affinoid and has 2" for a semistable model. O

2.2.3. An equivalence of topoi. Let .# be any category from Section 2.2 and let F;, be the forgetful functor
Z — Z5. The main result of this section is the following

Proposition 2.8. If .4 is the category My or M3 then (M, F,) is a base for Smy ¢. If H is Mc,
///gs’b, or M then (M, Fy) is a base for Sme g.

Proof. Consider first the K-setting. We need to show that .#j satisfies condition (x) from Section 2.1.
For that, assume that X is a rigid analytic variety over K and take a finite family® of K-models %,
together with maps f, : X — %, k. We need to find an étale covering 7 : X’ — X and a K-model Z"
of X’ such that every map f,m extends to a map 27/ — %,.

Replacing X by an affinoid admissible covering, we may assume that X is a disjoint union of affinoids.
By a theorem of Raynaud [5, Th. 4.1], we can find a K-model of X. By [6, Lemma 5.6], this model can
be modified by an admissible blow-up to a K-model 2" of X such that there exists a dotted arrow that
makes the following diagram commute

Z<-—---X

»
\
Ha %04 =~ JHO& %(X,K

This is the model we wanted.

Now, to show that (.Z;?, F},) is a base it suffices, by Remark 2.3, to show that (.Z}?,¢), for the natural
functor ¢ : AP — Mk, is a base of Ak . Since ¢ is fully faithful, by Remark 2.1, it suffices to check
that, for every K-model % € .#, there exists a map of K-models %’ — % such that %}, — % is
étale and %' is semistable. But this follows from Theorem 2.6.

For the C-setting the argument is analogous in the case of .#Z¢ and .ZZ°. For ///gs’b7 since %gs’b — M
is fully faithful, by Remark 2.1, it suffices to check that, for every C-model % € ., there exists a map
of C-models %' — % such that %} — ¢ is étale and %’ is basic semistable. But this can be achieved
by taking for %’ a log-blow-up of % (see [35, Lemma 1.11]). O

We call the topology induced by F;, on the categories .# the n-étale topology. The functors in (2.4)
are continuous for the respective étale topologies. By Section 2.1 and Proposition 2.8, F;, identifies étale

sheaves on Smp, resp. Sme, with n-étale sheaves on Ak, 4}, resp. M ¢, ///gs’b, M. We obtain the
étale localization functors

Psh(.#};) — Sh(Smg¢), Psh(.#}) — Sh(Sme ),

which assign to any presheaf .# on models the corresponding étale sheaf #~ viewed as an étale sheaf on
varieties.

Remark 2.9. For any presheaf on .#x or ¢, its n-étale sheafification is the same as the n-étale sheafi-
fication of its restriction to resp. 45 or AME", ME.

Remark 2.10. In this paper we will use over and over again the following procedure to define an étale
sheaf .# on, say, Smg.

9By Remark 2.1, we may assume that this family consists of one element.
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(1) (Local definition): We define a functorial #(Y), Y € 432.

(2) (Globalization): We sheafify the so defined presheaf in n-étale topology. This yields an étale
sheaf % on Smy (this notation is slightly abusive but hopefully will not cause problems in
understanding).

(3) (Local-global compatibility): We will often need to know that we have n-étale descent, i.e., that,
for Y € 3, the natural map .Z (Y) — Rl«(Yk, %) is a quasi-isomorphism.

2.3. Categories of weak formal models. In this section, we will show that the étale site of smooth
dagger varieties!? over K, resp. over C, admits a base built from semistable weak formal schemes over
finite extensions of O, resp. over O¢.

2.3.1. Models. Let L = K,C. A weak formal &p-scheme 2 is admissible if it is flat and of finite type
over Op,. For an admissible weak formal &7 -scheme 27, we denote by 27, (or 2) its dagger generic
fiber. We say that a morphism f: % — 2 between admissible weak formal &' -schemes is n-étale if its
generic fiber fr, (or f,) is étale. Similarly, we define n-smooth morphisms.

Let sz be the category of smooth L-dagger varieties. We define the categories //lz, ///g’ss’b, and .4}
formed by weak formal models, basic semistable, and semistable weak formal models'!, respectively, of
such varieties in a similar way as in the rigid analytic case above. If we equip the weak formal schemes
in A }:’SS with the log-structure associated to the special fiber over the ring over which they split, every
map in these categories is a map of log-schemes. The functors .2, — ], //lé’ss’b — ///(T/JSS are fully
faithful embeddings. The K- and C-settings are connected by the base change functors.

2.3.2. Semistable reduction. We say that an admissible weak formal &p-scheme 2~ is algebraizable if it
is isomorphic to the weak completion of an admissible Spec(&,)-scheme X. The algebraization theorem,
Theorem 2.5, combined with the fact that, up to an isomorphism, there is a unique dagger structure on
every rigid analytic affinoid [18, Cor. 7.5.10], yields the following

Corollary 2.11. Any affine n-smooth admissible weak formal O -scheme Z is algebraizable. Moreover,
we can find an affine n-smooth admissible Or,-scheme X such that 2 ~ X1,

This corollary allows us to prove the following

Corollary 2.12. (1) Let & be a n-smooth admissible weak formal scheme over €. Then there
exists a finite field extension E/L and a n-étale covering ' — Z ®¢, O such that £ is
semistable over OF.

(2) Let X a smooth qcgs dagger space over L. Then there exists a finite extension E/L and an étale
covering X' — X ®p E such that X' is a dagger affinoid and has a semistable affine weak formal
model.

Proof. For (1), having Corollary 2.11, Temkin’s proof of Theorem 2.6 goes through. For (2), we modify
the proof of Corollary 2.7 using the algebraization result from Theorem 2.5. g

2.3.3. An equivalence of topoi. Let .#% be any category from Section 2.3.1 and let F, be the forgetful
functor £ +— Z7. The main result of this section is the following

Proposition 2.13. If .1 is the category ///IT( or //IIT{’SS then (AT, F) is a base for Smk o If WARE
///g, //lgv’ss’b, or ML then (M1, F,) is a base for Smg’ét.

Proof. Consider first the K-setting. Recall the following dagger version of Raynaud’s theory of formal
models of rigid analytic varieties:

Theorem 2.14. (Langer-Muralidharan, [27]) There is an equivalence of categories between

(1) the category of quasi-paracompact admissible weak formal schemes over Ok localized by the class
of weak formal blow-ups,

10For basics on dagger (or overconvergent) varieties we refer the reader to [20].
HSemistable weak formal schemes are defined by the same formulas as semistable formal schemes with the ring of
convergent power series 07, {X1,- -, X;} replaced by the ring of overconvergent power series 0 [X1,--- , X;] .
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(2) the category of quasi-separated quasi-paracompact K -dagger spaces.

It is now easy to see that the proof of Proposition 2.8 goes through in our case with Raynaud’s theory
replaced by this dagger analog.
For the C-setting the argument is analogous to the one used in the proof of Proposition 2.8. O

We call the topology induced by Fj, on the categories .# t the n-¢étale topology. The base-change
functors are continuous for the respective étale topologies. By Section 2.3 and Proposition 2.13, F),
identifies étale sheaves on Sm;{7 resp. SmTC, with n-étale sheaves on //{}L(, ///IT{’SS, resp. ///(1:, ///g,’ss’b7
AL We obtain the étale localization functors

Psh(.#};) — Sh(Sml ..), Psh(.#%) — Sh(Smf ),

which assign to any presheaf .# on weak formal models the corresponding étale sheaf 7~ viewed as an
étale sheaf on dagger varieties. Moreover, for any presheaf on .# ;( or //lct, its n-étale sheafification is the
same as the 7-étale sheafification of its restriction to resp. . IT{’SS, //lg’ss’b, or ///g’ss.

3. PRO-ETALE COHOMOLOGY OF DAGGER VARIETIES

Let the base field L be K or C. Fix a pseudo-uniformizer w € L, i.e., an invertible, topologically
nilpotent element. All the rigid analytic varieties considered are over L; we assume that they are separated
and taut!'?.

The purpose of this section is to define the pro-étale cohomology of dagger varieties. We will do it in
the most naive way: for a dagger affinoid we will use its presentation of the dagger structure to define
the pro-étale cohomology of the dagger affinoid as the homotopy colimit of pro-étale cohomologies of the
(rigid) affinoids in the presentation; for a general dagger variety we will globalize the construction for
dagger affinoids via Cech coverings.

3.1. Topology. Our cohomology groups will be equipped with a canonical topology. To talk about it in
a systematic way, we will work rationally in the category of locally convex K-vector spaces and integrally
in the category of pro-discrete Ox-modules. We review here briefly the relevant basic definitions and
facts. For details and further reading and references the reader may consult [9, Sec. 2.1, 2.3].

3.1.1. Derived category of locally convex K -vector spaces. A topological K-vector space'? is called locally
convez (convez for short) if there exists a neighbourhood basis of the origin consisting of &x-modules. We
denote by C'x the category of convex K-vector spaces. It is a quasi-abelian category. Kernels, cokernels,
images, and coimages are taken in the category of vector spaces and equipped with the induced topology.
A morphism f: E — F' is strict if and only if it is relatively open, i.e., for any neighbourhood V of 0 in
E there is a neighbourhood V' of 0 in F such that f(V) D V' N f(E).

The category C'x has a natural exact category structure: the admissible monomorphisms are embed-
dings, the admissible epimorphisms are open surjections. A complex E € C(Ck) is called strict if its
differentials are strict. There are truncation functors on C(Ck):

TenE = = E"? 5 E" ' S ker(d,) = 0 — -
TonE =+ =0 — coim(d,_1) = E" — E"T! — ...
with cohomology objects
H"(E) := T<n5n(E) = (coim(dy,—1) — ker(dy,)).

We note that here coim(d,,—1) and ker(d,,) are equipped naturally with the quotient and subspace topol-
ogy, respectively. The cohomology H*(F) taken in the category of K-vector spaces we will call algebraic
and, if necessary, we will always equip it with the sub-quotient topology.

125¢e [23, Def. 5.6.6] for the definition of ”taut”.
BFor us, a K -topological vector space is a K-vector space with a linear topology.
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We will denote the left-bounded derived oo-category of Cx by 2(Ck). A morphism of complexes that
is a quasi-isomorphism in 2(Ck), i.e., its cone is strictly exact, will be called a strict quasi-isomorphism.
We will denote by D(Ck) the homotopy category of Z(Ck).

For n € Z, let D<, (Ck) (resp. D>,(Ck)) denote the full subcategory of D(Ck) of complexes that
are strictly exact in degrees k > n (resp. k£ < n). The above truncation functors extend to truncations
functors T<n @ D(CK) — Dgn(CK) and T>n ! D(CK) — DZn(CK) The pair (Dgn(CK)aDZn(CK))
defines a t-structure on D(Cg ). The (left) heart LH (Cf) is an abelian category: every object of LH (C)
is represented (up to equivalence) by a monomorphism f : E — F, where F is in degree 0, i.e., it is
isomorphic to a complex 0 — FE i> F — 0; if f is strict this object is also represented by the cokernel of
f (the whole point of this construction is to keep track of the two possibly different topologies on E: the
given one and the one inherited by the inclusion into F').

We have an embedding I : Cx < LH(Ckg), E — (0 — E), that induces an equivalence D(Cr) —
D(LH(Ck)) that is compatible with t-structures. These t-structures pull back to t-structures on the
derived dg categories 2(Ck), 2(LH(Ck)) and so does the above equivalence. There is a functor (the
classical part) C : LH(Ck) — Ck that sends the monomorphism f : E — F to coker f. We have
CI ~Id¢, and a natural epimorphism e : Idp (o) — IC.

We will denote by H" : 2(Cx) — 2(LH(Ck)) the associated cohomological functors. Note that
CH™ = H™ and we have a natural epimorphism H™ — ITH". If, evaluated on FE, this epimorphism is

an isomorphism we will say that the cohomology H "(E) is classical (in most cases this is equivalent to
H™(E) being separated).

3.1.2. The category of pro-discrete O -modules. Objects in the category P Dy of pro-discrete Ox-modules
are topological Ok -modules that are countable inverse limits, as topological &'kx-modules, of discrete Ok -
modules M?, i € N. It is a quasi-abelian category. It has countable filtered projective limits. Countable
products are exact functors.
Inside PDy we distinguish the category PCk of pseudocompact O -modules, i.e., pro-discrete mod-
ules M ~ @Mz such that each M; is of finite length (we note that if K is a finite extension of Q, this
(2

is equivalent to M being profinite). It is an abelian category. It has countable exact products as well as
exact countable filtered projective limits.

There is a functor from the category of pro-discrete &x-modules to convex K-vector spaces. Since
K~ liﬂ(ﬁK Z O —Z 5O —= --+), the algebraic tensor product M ®¢, K is an inductive limit:

M @y K ~lim(M—">M "M~ ).
We equip it with the induced inductive limit topology. This defines a tensor product functor
(*)@K:PDK*)CK, MHM@@K K.

Since Cx admits filtered inductive limits, the functor (—)®K extends to a functor (—)®K : Ind(PDg) —
Ck.

The functor (—)®K is right exact but not, in general, left exact'*. For example, the short strict exact
sequence

0= [[r'z,—==]]2 =[] Zs/p' — 0

>0 >0 >0

after tensoring with Q,, is not costrict exact on the left (note that ([],~, Z,/p")®Q, is not Hausdorff).
We will consider its (compatible) left derived functors

(-)®"K : 97 (PDg) — Pro(2™ (Ck)), (—)®*K : 2~ (Ind(PDg)) — Pro(2~(Ck)).

The following fact will greatly simplify our computations.

We will call a functor F right exact if it transfers strict exact sequences 0 - A — B — C — 0 to costrict exact
sequences F'(A) — F(B) — F(C) — 0.
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Proposition 3.1. ([9, Prop. 2.6]) If E is a complex of torsion free and p-adically complete (i.e., E ~
l'&ln E/p"™) modules from PDy then the natural map

E®'K — E®K
18 a strict quasi-isomorphism.

3.2. Pro-étale cohomology of dagger varieties. In this section we will define pro-étale cohomology
of dagger varieties and study its basic properties.

3.2.1. Dagger varieties and pro-systems of rigid analytic varieties. We will briefly review here the content
of [42, Appendix]. Recall the following definition [42, Def. A.19]:

Definition 3.2. Let X be a rigid analytic affinoid. A presentation of a dagger structure on X is a
pro-affinoid rigid variety {Xp}, h € N, where X and all X}, are rational subvarieties of X7, such that
X € Xp41 € Xj, and the pro-system is coinitial among rational subvarieties of X; containing X in their
interiors'®. A morphism of presentations between {X,} and {Y3} is a morphism of pro-objects, i.e., an
element of lim lim Hom (X}, Y%).

QT " (%X Yi)

Ezample 3.3. Let X = X;(f/g) be a rational subvariety of an affinoid variety X;. The pro-system
{Xn = X1(wfh/g")} of rational subvarieties of X is a presentation of a dagger structure on X.

More generally, consider the rational inclusion X = X1(f1/¢g, -+, fm/g) € X1 of affinoid rigid varieties.
We can write

0(X1) = L{wn, - ,wm}/I,
ﬁ(X) = L{Th Ty ULyt 7UM}/((vig - fz) + I)
Let X}, be the rational subvariety of X; with
O0(Xp) = {@"/ "1, @', @ Moy oY (vig = i) + 1)
The pro-system {Xp} of rational subvarieties of X is a presentation of a dagger structure on X. We
have
lim 0(Xp) 2 L1, Ty 01, o]/ ((0ig = fi) + 1),

which is a dagger algebra.

The following proposition clarifies the relationship between presentations of dagger structures and
dagger algebras.

Proposition 3.4. ([42, Prop. A.22]) Let X = Sp R be a rigid affinoid and let {Xnr} be a presentation of
a dagger structure on X. We have
(1) R =lim&(Xy) is a dagger algebra dense in R;
(2) the functor {Xp} — SpT R induces an equivalence of categories between dagger affinoid varieties
and their presentations.

In fact, it is not hard to see that we have a functor pres : X — {X,} from dagger algebras to
presentations of dagger structures (up to a unique isomorphism) that is the right inverse (on the nose)
of the functor in the above proposition.

I5Recall that, for an open immersion X C Y of adic spaces over L, we write X € Y if the inclusion factors over the adic
compactification of X over L (see [23, Th. 5.1.5]).
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3.2.2. Etale topology of dagger varieties. For basic properties of dagger algebras and varieties and mor-
phisms between them see [20]. For basic properties of étale and smooth morphisms of dagger varieties
see [16]. We quote the following result.

Proposition 3.5. ([16, Th. 2.3]) Let X be a dagger affinoid with completion X. We have a natural
equivalence of étale topoi
Sh(Xg) = Sh(Xg).

One can promote the equivalence of categories between dagger spaces and their presentations in Propo-
sition 3.4 to an equivalence of topoi.

Definition 3.6. ([42, Def. A.24]) (i) Let P be a property of morphisms of rigid analytic varieties. We
say that a morphisms of pro-rigid varieties ¢ : X — Y has the property P if X ~ {X}},Y ~ {YV;} and
© = {en} with ¢ : X, — Y}, having property P.

(ii) We say that a collection of morphisms of pro-rigid spaces {¢; : {Uin} — {Xn}}icr is a cover if
X e U, im(Usy) for all h.

In particular, one can define open immersions, smooth, and étale morphisms of presentations of dagger
affinoids which agree with the corresponding notions for dagger affinoids. Since the morphisms XcX 3
are open immersions (hence étale), we deduce that, if a morphism X — Y is an open immersion (resp.
smooth, resp. étale), then so is the associated morphism X Y.

(o) From now on we will use the following convention: if X is a smooth dagger affinoid, the presentation
X ~ {X},} will be assumed to have all X}, smooth as well.

Corollary 3.7. ([42, Cor. A.28]) Let X be a dagger affinoid with a presentation {Xp}. We have a
natural equivalence of étale topoi
Sh(X¢) = Sh({ X7 }et)-

3.2.3. Definition of pro-étale cohomology.

(i) Local definition. If {Xp} is a pro-rigid analytic variety, we set

R prost ({Xn}, Z/p" (r)) := hocolimp, RT proet (Xn, Z/p™ (1)) <~ hocolimp, Rl (X, Z/p" (1)), r € Z.
Let X be a dagger affinoid. We define its pro-étale cohomology as
(3.8) RTproct (X, Z/p" (1)) := Rl progt (pres(X), Z/p"(r)), € Z.
If the dagger affinoid X has a dagger presentation { X}, } then RT'¢ (X, Z/p™(r)) <~ hocolimy, RT ¢ (Xp, Z/p" (1))
and we have a natural quasi-isomorphism
(3.9) Rl (X, Z/p" (1)) = RT proct (X, Z/p"(1)).
We make similar definitions for Z, and Q,, coefficients. We have the natural maps (note the direction of
the second map)
(3.10) RTproet (X, Zp(r)) = Rl pross (X, Qp(7)),  RIprost(X, Zyp(r)) = RIe (X, Zp(1)).

The first map is a rational quasi-isomorphism. If the dagger affinoid X has dagger presentation {Xp,}
then we define the second map in the following way

(3.11)  RTproet (X, Zy(r)) = hocolimy, RT prost (Xn, Zy(r)) < hocolimy, RT et (Xp, Zy(7))
= hocolimy, holim,, Rl (Xp, Z/p" (r)) — holim,, hocolimp, RT ¢ (Xp, Z/p" (1))
= holim,, RT¢t (X, Z/p" (1)) < Rle (X, Zp(r)).
Here the second quasi-isomorphism holds because X}, is quasi-compact (cover X, with a finite number
of affionoids and use the quasi-isomorphism (3.9)).
(ii) Topological issues. We need to discuss topology. Let, for a moment, X be a rigid analytic

variety over L. We equip the pro-étale and étale cohomologies R 06t (X, Qp(r)), and Rl (X, Qp(r))
with a natural topology by proceeding as in [9, Sec. 3.3.2] by using as local data compatible Z/p™-free
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complexes'S. If X is quasi-compact, we obtain in this way complexes of Banach spaces over Q,. In that
case the natural continuous map RT¢ (X, Q, (7)) — RI proct (X, Qp(r)) is a strict quasi-isomorphism.
More precisely, we have

RT prost (X, Qp(r)) := hocolim RT¢, (U,, Q,(1)),

where the homotopy colimit is over étale quasi-compact hypercoverings!” of X. Since all the com-
plexes RTg(U., Q,(r)) are complexes of Fréchet spaces, all the arrows in the colimit are strict quasi-
isomorphisms. Hence we can compute with any particular hypercovering.

Remark 3.12. We will often use the following simple observation. If X is a smooth rigid analytic variety
then we can find an increasing quasi-compact admissible covering {Up, }nen of X such that U; is contained
in the relative interior of U; ;. If X is moreover partially proper we can assume that U; € U;+1. We
have analogous statements for dagger varieties.

It follows that, for a general smooth rigid analytic variety X we have an increasing quasi-compact
admissible covering {Up }nen of X, such that we have (in 2(Cq,))

RT proct (X, Qp(1)) =~ holim,, RT g (U, Qp(r)).
Hence we have the short exact sequence
0 — H'holim,, Hi (U, Qp(r)) = H'RT prost (X, Qp(r)) — HO holim,, H (Uy, Qp(r)) — 0.

If X is a dagger affionoid, its pro-étale cohomology acquires now natural topology by taking the
homotopy colimit in (3.8) in Z(Cq,)-

(iii) Globalization. For a general smooth dagger variety X, we have the natural equivalence of analytic
topoi

Sh((SmAF] /X1)er) = Sh((Smf/X1)er),

where SmTL /X1, is the category of smooth morphisms of dagger varieties to X, and SmAPETL /X1 is its full
subcategory of affinoid objects. Using this equivalence, we define the sheaf “py06t(r), 7 € Z, on X4 as

the sheaf associated to the presheaf defined by: U — RI'pst (U, Qp(r)), U € SmAﬂ.ﬂLL, U — X an étale
map. We define the pro-étale cohomology of X as
RIprost (X, Qp(7)) := Rle (X, Hproce (1)), T € Z.
We equip it with topology by proceeding as in the case of pro-étale cohomology of rigid analytic varieties
starting with the case of dagger affinoids that was described above.
(iv) Local-global compatibility. This definition is consistent with the previous definition:

Lemma 3.13. Let X be a dagger affinoid with the presentation {X}. Then the natural map
RFproét({Xh}a Qp(r)) — RFét (X7 r5Mproét (’I")), re Z7
s a strict quasi-isomorphism.

Proof. Set RI* . (X,Q,(r)) := Rlprost({Xn}, Qu(r)). It suffices to show that, for any étale affinoid

proét

hypercovering U, of X, the natural map
RI} ot (X, Qp(r) = RT 0 (Us, Qp(1))

proét proét
is a strict quasi-isomorphism (modulo taking a refinement of U,). For that, it suffices to show that, for
any k € N, the map

(3.14) TekRTE (X, Qu(r)) = 7<kRTE 4 (T, Qp (1),

where T' = U,, is a strict quasi-isomorphism. Since, for that, it is enough to work with the truncation
T<k+11 we will assume that T is a finite hypercovering and has a finite number of affinoids in every
degree.

165uch complexes can be found, for example, by taking the system of étale hypercovers.
"Here and below, we use “colimit over hypercoverings” as a shorthand for “colimit over the filtered category of hyper-
coverings up to simplicial homotopy”.
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Take the dagger presentation X ~ {X,}, h € N. We can represent T by a pro-system of hypercoverings
{Ty, = Vi }, Vi C Xp, h € N, forming a dagger presentation of T' degree-wise'®. We note that then
Vi1 € Vi,. From the universal property of {X;} and the quasi-compactness of V},, we get that the
two pro-rigid varieties {Xp,} and {V4} are equivalent. It follows that we have a natural strict quasi-
isomorphism

hocolimy, RTet (X, Q, (7)) =5 hocolimy, RT s (Vi, Qp(r)).

Hence the map (3.14) is represented by a composition

T<kRTY, o (X, Qu(r)) € m<k(hocolimy RTe Vi, Qp(r)))
5 1<k (hocolimy, RT ¢t (Th, Qp(r))) =~ TSkRFimét(T, Q,(r),

where the middle strict quasi-isomorphism follows from étale descent for rigid analytic varieties. This
finishes our proof of the lemma. O

Remark 3.15. For a smooth dagger variety X, we can define similarly the integral pro-étale cohomology
RIprost (X, Zy (7)), 7 € Z. We have the natural maps

1{I‘proét (X, Zp(T)) — Rrproét (X7 Qp(T))v
R proct (X, Zp(r)) — RTs(X, Zp (1)) =5 RTey (X, Zip (1)) =5 RT proet (X, Zy (7).

For X quasi-compact, the first map becomes a strict quasi-isomorphism after tensoring with Q,; this is
not the case for general X. The second map is a globalization of maps for dagger affinoids defined in
(3.11).

3.2.4. Comparison isomorphisms. Let L = K,C. For X € Sm}, we have a natural map

(316) Lproét * RFproét (Xv QP(T)) - RFPFOét ()?’ QP(T))

It is obtained by the globalization of such maps for dagger affinoids: if the dagger affionoid X has a
dagger presentation {X}} then we set

can

lproét - RFproét(Xa Qp(r)) = hocolimy, RFproét (th Qp( ))—>Rrproet(X Qp( ))
Proposition 3.17. Let X be partially proper. Then the map (3.16) is a strict quasi-isomorphism.

Proof. Since a partially proper smooth dagger variety is locally Stein, we can assume X to be Stein.
Choose an admissible covering of X by an increasing sequence of dagger affinoids {U, }, n € N, strictly
contained in each other. Then the map tprost, from (3.16) can be written as the composition

Rrproét (X, Qp(r)) :) hOhmn Rrproét(Una Qp(r)) - hOhmn Rrproét(ﬁnv Qp (T)) <: Rrproét ()?a Qp(r))

and we need to show that the middle - map is a strict quasi- isomorphism. But, for every n > 1, the map
Un — U _1 factorizes canonically as Un — pres(U,) — Un 1 yielding the factorization

RFproét(ﬁn—la Qp(r)) — RFproét (preS(Un)a Qp(r)) — RFproét(ﬁru QP(T))

It follows that the prosystems

{R progt (Uns Qp(r))},  {Rprost(pres(Un), Qp(r)) }
are equivalent. Since, RTprost(Un, Qp(r)) ¢~ Rl prost (pres(Uy ), Qp(r)) we are done. O

18This uses the simple observation that if a collection of morphisms of pro-rigid spaces {pi : {Vin} = {Xn}}ier is an
étale cover then we can choose a subsequence { Xk, } of {Xp} such that the pro-rigid spaces {V; , := Vin Xx,, X, } form
an étale cover of {X}} and moreover all the maps {@; : {Vi k), } = {Xk), }}ics are étale covers (to see this use the ”initial”
part of the definition of presentations).
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4. RIGID ANALYTIC SYNTOMIC COHOMOLOGY

In this section we define syntomic cohomology for smooth rigid analytic varieties over K or C by
n-étale descent of the classical definition due to Fontaine-Messing. We show that the computations of
syntomic cohomology from [10] done for rigid analytic varieties with semistable reduction generalize to
all smooth rigid varieties. We also introduce Hyodo-Kato cohomology for such varieties, prove that it
satisfies Galois descent, and define the Hyodo-Kato morphism (that is a quasi-isomorphism over C).
Finally, over K, we define Bloch-Kato rigid analytic syntomic cohomology (built from Hyodo-Kato and
de Rham cohomologies) and show that it is quasi-isomorphic to the rigid analytic syntomic cohomology.

4.1. Definition of rigid analytic syntomic cohomology. We define the syntomic cohomology of
smooth rigid analytic varieties by étale descent of crystalline syntomic cohomology of semistable models.

Let % € .#}2. We consider it as a log-formal scheme with the log-structure associated to the special
fiber. For r > 0, we have the mod p”, completed, and rational absolute (i.e., over Z,) filtered crystalline
cohomology

RCe (%, #), RUo(%, #)) := holim, RUe,(%,, 7 ),
Rla(%, f")q, =Rla(%, /") ey Q,.

Here 7 [l denotes the r’th Hodge filtration sheaf. The corresponding n-étale sheafifications on .4 v we
will denote by F" .y, " ey, and F" o7y q,. We make analogous definitions for crystalline cohomology
of basic semistable models over O¢ (see [2] for details).

For r > 0, define the mod p™, completed, and rational crystalline syntomic cohomology

RFSYn(%’ Z/pn(r)) = [RFCT(%"“ /[T])N—_L@R‘FCT(%’”)] - [[chr(%n)]sa:pr ﬂ>R/]-—‘cr(gZ/n)/]-:{]-—‘cr(02/71a /[T])]a
Rgyn (% ,Zy (7)) := holim, RT'syn (%, Z/p" (1)),

RUsyn (% , Zy(r))q, := RUayn(% , Zyy(r)) @7 Qp ~ RTex(% I, PRI (% )q, .

The corresponding 7-étale sheafifications on .3 we will denote by “iyn n(r), Feyn(r), and Hyn(r)q, -

We make analogous definitions for crystalline syntomic cohomology of basic semistable models over O¢.
We have the distinguished triangles

p =@
JZ{syn,n(T) — FTJZ%cr,n—ﬂZ{cr,n7

ognn (1) = AETY = Ay | FT,

cr,n

where we set @/ ¢=P" = [f%r,nwmr,n]. Similarly for the completed and rational cohomology.

cr,n

For X € Smy, L = K,C, we define two rational (rigid analytic) syntomic cohomologies:
REsyn (X, Zp(r))q, = Rlet (X, yn(r)) ®ép Qp, Ry (X, Qp(r)) := Rlet (X, Fyn(r)q,)-

From now on, to simplify the notation, we will write (—)q, for (—) ®ép Q,; similarly for coeflicients other
than Q. There is a canonical map

(4.1) Rleyn (X, Zp(r))Q, = RTsyn(X, Qp(r))-

It follows immediately from the definitions that, for X quasi-compact, this is a quasi-isomorphism (but
it is not so in general). By proceeding just as in [9, Sec. 3.3.1] (using crystalline embedding systems) we
can equip both complexes in (4.1) with a natural topology for which they become complexes of Banach
spaces over Q, in the case X is quasi-compact'? (and in that case the quasi-isomorphism (4.1) is strict).
We do the same for the crystalline complexes involved in the definition of syntomic cohomology. We have
distinguished triangles in 2(Cq,)

(4.2) Rlgyn (X, Zp(r))q, = RLa(X, 57" )q, = Rla(X, %/ F")q,
Rl (X, Q,(r)) = Rl (X, %fgf) — Rle(X, Ferq, /| F7).

19%e note that @ being syntomic over O, all the integral complexes in sight are in fact p-torsion free.



16 PIERRE COLMEZ AND WIESLAWA NIZIOL

We will show later (see Corollary 4.36) that if X = 2%, for an admissible semistable formal scheme 2~
over O, then the canonical map

Rrsyn(%v QP(T)) - RFSYH(X’ QP(T))

is a strict quasi-isomorphism.

4.1.1. Rigid analytic de Rham cohomology. Let L = K,C. Consider the presheaf X — RI'4g(X) of
filtered dg L-algebras on Smy. Let «/jr be its étale sheafification on Smy. It is a sheaf of filtered
L-algebras on Smyp ¢. For X € Smy, we have the natural filtered quasi-isomorphism: RIggr(X) =
RT¢ (X, #qr). We equip RIgr(X) with the topology induced by the canonical topology on affinoid
algebras; we equip RIg (X, /i) with topology using étale descent as we did before. Then the above
quasi-isomorphism is strict: sheaves of differential forms satisfy étale descent in the strict sense.

Let X € Smy. We will need to understand the cohomology groups in degrees » — 1 and r of

RI4r(X)/F" ~RI(X,0x — Q% — -+ = Q).
To do that consider the distinguished triangle (in 2(Cpr))
(4.3) 0 = kerd,[-7] = 7, Q% — QF ' =0,
where d, : Q% — QTXH is the de Rham differential. It yields the long exact sequence
0 — HizY(X) = H Y (RT4r(X)/F") = H"(X, ker d,[—r]) = Hig(X).
Or, since H" (X, ker d,[—r]) = Q"(X)%=0, the short exact sequence
0 — HiZY(X) = H  H(RT4r(X)/F") = kerm — 0,

where 7 is the natural map Q" (X)4=% — H’(X). We have a monomorphism im d,_;(X) < ker .
The distinguished triangle (4.3) yields also the long exact sequence
0 — cokerm — H"(RTgr(X)/F") = HY (X, kerd,) — H™ (X, 7<,.Q%).

Remark 4.4. (a) If X is proper, all the Hodge and de Rham cohomology groups are classical (finite
dimensional vector spaces over K), the Hodge-de Rham spectral sequence degenerates at E; [37, Cor.
1.8], and we get the isomorphisms

Hig ' (X) 5 B (ROar(X)/F7), - Hig(X)/2(X) 5 H(RDar(X)/F7).
(b) If X is Stein, we have H'(X, QJX) =0, i # 0, and all the de Rham cohomology groups are classical
(Fréchet spaces). We have
RI4r(X)/F" ~ (0(X) = Q(X) = - — QX))
with strict differentials. Hence we get the isomorphisms
H™ Y RTar(X)/F") ~ Q" Y(X)/imdy_1, H'(RTqr(X)/F")~0,i>r.
Hence the cohomology H™1(RI4r(X)/F") is classical.

Proposition 4.5. Let X € Smg. Let r > 0. We have a canonical strict quasi-isomorphism

¥ RLar(X)/F" = RTe(X, Horq, /F").-
Proof. Let 2" be a quasi-compact semistable formal scheme over &g, [E : K] < co. Recall that [31, Cor.
2.4] there exists a functorial and compatible with base-change quasi-isomorphism

Yr - RFdR(uﬁbVK)/FT :> RFcr(%a ﬁ//[r])QP

This quasi-isomorphism is in fact strict: this is not completely evident because the integral version of
the morphism is only a pV-quasi-isomorphism for some constant N but can be seen by an argument
identical to the one used at the end of the proof of [9, Prop. 6.1]. By n-étale descent we get the strict
quasi-isomorphism in the proposition. |
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4.1.2. Some computations. Recall that, in a stable range and up to some universal constants, crystalline
syntomic cohomology has a simple relation to de Rham cohomology. Let 2 be an affine semistable
formal scheme over Ok. Let r > 0. We note that 7<,_1(RT:(27)/F") = RI(27)/F" and that the
natural map 7<,1([R0e(2)]?=P") = [RT(2)]¥=P" is a p?>"-quasi-isomorphism (since 1 — pp,s > 1,
is invertible on differentials in degree r + s).
Proposition 4.6. (Colmez-Niziol, [10, Prop. 3.12]) (i) The natural map

T<r+1RCsyn (2, Zp(r)) = Rlsyn (2, Zp(r))

is a p*"-quasi-isomorphism and H”lRFSyn(% Z,(r)) = H Y[R (2)]977).
(ii) The complex TST_l([RFcr(,%”)]“’:Pr) is p™¥ -acyclic, for a constant N = N(e,d,p,r), where e = [K :
F),d = dim 2/ Ok . Hence the natural map RUe(2)/F" — T<,—1(Rlsyn (2, Zp(1))[1]) is a p™ -quasi-
isomorphism.
(iii) The above statements are valid also modulo p"™. Moreover, H™ 1 ([RT o (2;,)]#=P") is, étale locally
on Xy, pN -trivial, for a constant N = N(r).

Let X € Smg, r > 0. The distinguished triangle (4.2) and Lemma 4.5 yield a natural map
Or : RTGr(X)/F")[—1] = Rlgyn (X, Qp(r)).
Corollary 4.7. (1) Fori<r—1, the map
O+ Hig(X) = Hipy (X, Qy(r)

syn

r

is an isomorphism.
(2) We have the exact sequence
0 — H™'(RTar (X)/F") -2 Hly (X, Qp(r) — HE (X, S @) = H'(RCar(X)/F")
Proof. To prove the first claim, note that we have the long exact sequence

H X, o8 ) = H7H(REar(X)/F7) = H'RTayn (X, Qp(r) — Hi (X, 53 )

If i <r—1then H'Rl4r(X) = H'(R[4r(X )/F") and (1) follows from Proposition 4.6 (which
implies that Hj, (X, & ) =0 and H (X, 753 ) =0).

By a similar argument we get that the map 8, : H™ 1 (RTaqr(X)/F") — Hsryn(X, Q,(r)) is injective
which yields the second claim of the corollary. ]

4.2. Arithmetic rigid analytic Hyodo-Kato cohomology. We define here Hyodo-Kato cohomology

of smooth rigid analytic varieties over K as well as a Hyodo-Kato morphism. We do it by n-étale descent
of crystalline Hyodo-Kato cohomology and the Hyodo-Kato morphism for semistable models.

4.2.1. Hyodo-Kato cohomology. Let @k be the n-étale sheafification of the presheaf 2" — RI'gk (Z0) :=
RL(20/0%, )q, on A Here 2 is a semistable formal model over &, [L : K| < 0o, L = K4, and
F}, is the maximal absolutely unramified subfield of L. The sheaf @k is a sheaf of dg F-algebras
on Smpg ¢ equipped with a op-action and a derivation N such that N¢ = ppN. For X € Smg, set
RIuk(X) := Rl (X, ouk). Equip it with a topology in the usual way, via n-étale descent, from the
natural topology on RI'uk (%2p).

4.2.2. Convergent cohomology. Let eony be the n-étale sheafification of the presheaf 2° 2" + R cony (21/07),
L = Kg, on M54 For X € Smp, we set Rl cony(X) := Rlg (X, Heony). It is a dg K-algebra. We

equip it with the topology induced by 7-étale descent from the topology of the RTcony (21/07)’s. We
have natural (strict) quasi-isomorphisms

b‘zjconv = ,!Zde, RFCOHV(X) = RFdR(X>

induced by the quasi-isomorphisms RTcony (21/07) ~ RTqr(27) that hold because 2" is log-smooth
over 0.

2OHere RTconv(21/67) (and later R4 (21/07)) are defined following the construction of Grosse-Klénne [21, 1.1-1.4]
by taking rigid analytic tubes (resp. dagger tubes).
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4.2.3. Hyodo-Kato morphism. To define the Hyodo-Kato quasi-isomorphism we will use the original
Hyodo-Kato quasi-isomorphism defined for quasi-compact formal schemes in [24] (see also [34]). We
will describe it now in some detail. Denote by 7} the algebra Op[[T]] with the log-structure associated to
T. Sending T to p induces a surjective morphism r; — O . We denote by rEP the p-adic divided power
envelope of 7';2 with respect to the kernel of this morphism. Frobenius is defined by 7' — TP, monodromy
is a Op-linear derivation given by T +— T. We will skip the subscript F' if there is no danger of confusion.

(i) Local definition. Assume that we have an admissible semistable formal scheme 2" over k. We
will work in the classical derived category. Recall that the Frobenius

TPD ®£§D chr(%/rgD) - chr(%/rgD)a ﬁF,n,cp ®é’p,n RFCF(%/ﬁ%,n) - chr(%/ﬁlo?,n)

n,p
has a pM-inverse, for N = N(d), d = dim 2. This is proved in [24, 2.24]. Recall also that the projection
po : Rl (Z0/rPP) — Rl (Z0/ ﬁ%m), T +— 0, has a functorial (for maps between formal schemes and a
change of n) and Frobenius-equivariant p™+-section, N, = N(d),

tn : Rla:(20/O,,) = Rl (Z0/1,°),

i.e., potn, = p™¢. This follows easily from the proof of Proposition 4.13 in [24]; the key point being that

the Frobenius on Rle(20/07Y,,,) is close to a quasi-isomorphism and the Frobenius on the PD-ideal of

rPD is close to zero. Moreover, the resulting map

(4.8) in: RO (Z0/0%,) ®(LﬁF," PP Rl (20 /rEP)
is a pV-quasi-isomorphism, N = N(d), [24, Lemma 5.2] and so is the composite
Pptn : RUer(20/O%.,,) = Rla(20/OF,),

where the projection p, : RTe;(Z0o/rEP) — RU(20/07,) is defined by T + p. Taking holim,, of the
last map we obtain a map
Dpt: RFcr(%/ﬁ%) - RFcr(%/ﬁ})«j)
that is a p’V-quasi-isomorphism, N = N(d).
We define the Hyodo-Kato map as the composition

~

N, ,
(4.9)  n : R0 (20/0%) p2—"5R0e (20 O3 p — RUet( 20/ 03) ik & R conv (20/ 05%)

(: R]-—‘conv(t%/-l/ﬁ;é) <: RFdR(%K)
The fourth map is actually a natural isomorphism by the invariance under infinitesimal thickenings of

convergent cohomology [33, 0.6.1]. The induced map tuk : Rle;(20/0%)r ®r K — RT4r(2k) is a
strict quasi-isomorphism.

(ii) Globalization. Let now X be a smooth rigid analytic variety over K. Since the computation,
leading to the existence of the section ¢, in Proposition 4.13 in [24] can be done on the big topos as long
as we can control the dimension of the schemes involved, the above Hyodo-Kato map can be lifted to a
Hyodo-Kato map

LHK © 9HK — 4R
in the classical derived category of étale sheaves on X. It induces the Hyodo-Kato map

Proposition 4.11. (Local-global compatibility) For a semistable formal scheme 2~ over Ok, the canon-
ical map

(4.12) RI'uk (20) — RTuk(2x)
18 a strict quasi-isomorphism.

Proof. The proof of Proposition 3.18 in [31] goes through practically verbatim. Key points: the de Rham
analog of (4.12) holds plus we have Galois descent for both sides of (4.12) that allows us to deal with the
field extensions appearing in the construction of local semistable models. O
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Remark 4.13. The above definition of the Hyodo-Kato quasi-isomorphism was normalized (at p) so that
it is functorial. A more customary definition depends on the uniformizer w (one basically proceeds as
above but using the PD-envelope of the map Or{T} — Ok, T + w, instead of r£P) and hence it is not
functorial.

4.2.4. Arithmetic r*P-cohomology. We define the r"P-cohomology of smooth rigid analytic varieties over
K by n-étale descent of the r"P-cohomology of semistable models.

Let @pp be the n-étale sheafification of the presheaf 2" — Rfcr(%/rED)Qp on A;°. Here & is an

admissible semistable formal scheme over 0, L = K. We wrote rtP for the rFP-ring corresponding

to Fr. Let Z°P be the n-étale sheafification of the presheaf 2" TLP%p on A;°. The sheaf obpp is a
sheaf of dg %’g]p)—algebras on Smp ¢ equipped with a (-action and a derivation N, compatible with the
derivation on %ZFP | such that Ny = ppN. For X € Smp, set R[pp(X) := Rl (X, o%p). Equip it with

)

a topology in the usual way, via n-étale descent, from the natural topology on the Rlc:(20/71")q,’s.

Proposition 4.14. (Local-global compatibility) For a semistable formal model 2 over Ok, the canonical
map
RTe:(20/7%")q, — Rlpp(Zk)

18 a strict quasi-isomorphism.

Proof. It suffices to show that, for any n-étale hypercovering %, of £ from ;¢ (we may assume that
in every degree of the hypercovering we have a quasi-compact formal scheme), the natural map

RFcr(%/TPD)Qp - RFcr(%-,O/TE?)QP
is a strict quasi-isomorphism (modulo taking a refinement of %,). Recall that the p"-quasi-isomorphism ¢

from (4.8) yields a strict quasi-isomorphism (@R denotes the right derived functor of the tensor product)

_ ~R ~
(4.15) s=p Ney RFHK(‘%O)Q@FTE{]?QP — chr(%o/riD)Q

.
Using it we get the following commutative diagram
chr(%/r;}D)QP RFCY(%O,O/TE?)QZJ
¢ T s 1§ T Se

~R ~R
RFHK(‘%))®FT§PQP — RIl'nxk (%'70)®FL. TE?QP

Since RFHK(%nO)@?LTE%p o~ RPHK(%o,O)(é?T;I?QP and since, by Proposition 4.11, the natural map
RTuk (Z20) — Rl'uk (%, ) is a strict quasi-isomorphism so is the bottom map in the above diagram. It
follows that the top map is also a strict-quasi-isomorphism, as wanted. O

4.3. Geometric rigid analytic Hyodo-Kato cohomology. We will now define the Hyodo-Kato co-
homology of smooth rigid analytic varieties over C. We will do it by n-étale descent of crystalline
Hyodo-Kato cohomology of basic semistable models.

4.3.1. Definition and basic properties. Let f : Z — Spf(0c)* be a semistable formal model. Suppose
that f is the base change of a semistable formal model fr : Zg, — Spf(OL)* by 6 : Spf(Oc)* —
Spf(&r)*, for a finite extension L/K. That is, we have a map 01, : 2" — %y, such that the square
(f, fr,0,0r) is Cartesian. In the algebraic setting (algebraic schemes and K in place of C) such data
(L, Zg,,01) clearly form a filtered set. In our analytic case this is also the case for the system

S={(L, Zo,,,00)}

corresponding to the reduction modulo p of such data®l, i.e., a system in which objects are reductions
(L, Zo, ,,0r) modulo p of the tuples (L, Z¢,,0r) as above but morphisms are morphisms between the
reduced objects.

21This is because the schemes Ze,,1 from above are algebraic.
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(i) Hyodo-Kato cohomology. For a morphism of tuples (L', 2 , ,,07,) — (L, Z5, 1,0r) from X, we
L’
have a canonical base change identification compatible with @-action (crystalline unramified base change)

Rluk(Z6,.0) @, Fro = RTuax (25, 0)-

We set??
RFHK(%) = hOCOlimg RFHK(%ﬁL,O)~

Rk (271) is a dg F™-algebra®® equipped with a ¢-action and a derivation N such that Ny = ppN.
It is functorial with respect to 2: note that the restriction of a morphism 2~ — % to a morphism
Z1 — %4 is defined over a finite extension of K. Let @ik be the n-étale sheafification of the presheaf
Z — RI'pk(Z21) on //lgs’b. For X € Sm¢, we set Ry (X) := Rl (X, k). It is a dg F™ -algebra
equipped with a Frobenius, monodromy action, and a continuous action of ¥k if X is defined over K (this
action is smooth, i.e., the stabilizer of every element is an open subgroup of ¥, if X is quasi-compact;
in general, it is only “pro-smooth”). We equip it with the topology induced by n-étale descent from the
topology of the RT'uk (Ze,.,0)’s.

(ii) Convergent cohomology. Let eony be the n-étale sheafification of the presheaf 2" +— R cony (21/05)
on //ésg’t. For X € Sme, we set Rlcony (X) := Rlg (X, Peony). It is a dg C-algebra equipped with a
continuous action of Y. We equip it with the topology induced by n-étale descent from the topology of
the Rl cony (21/0%)’s. We have natural (strict) quasi-isomorphisms

'Q{conv ~ %dRa RFconv(X) = RFdR(X)

Let &7+ be the étale sheafification of the presheaf 2" — RI’ w=(21) on ///gbebt, where we set

conv, K conv, K

RT #(21) := hocolimy, Rl conv (26, 1/07)

conv, K

in the notation from above. For X € Smc, we set RI' | % (X) = Rl«(X, 7, 7)- It is a dg K-
algebra equipped with a continuous action of ¥k if X is defined over K (this action is smooth if X
is quasi-compact). We equip it with the topology induced by n-étale descent from the topology of the
Rl conv (26, 1/07)’s. There are natural continuous morphisms

o, K — M:onvv RT

conv,

(X) = Rl cony (X).

conv,K

Remark 4.16. Instead of RT'____ +(27) above we could have used

conv, K
R cony, ur (21) := hocolimy Rl cony(26,1/OF, )-

This would give a natural F™-structure on de Rham cohomology (see Proposition 4.23 below).

(iii) rPP-cohomology. Let o%p be the n-étale sheafification of the presheaf 2” — RI'pp(.27) on ///gs;;i,
where we set

RFPD(QH) = hOCOlimg RFC!‘(%ﬁL,O/TED)QP'

in the notation from above. For X € Sm¢, we set RI'pp(X) := R (X, opp). Set T%D =1rtP ®4,

Opnr = hﬂ(rfp ®e6r Or,), [L : K] < co. RI'pp(X) is a dg T%DQ -algebra equipped with a continuous
L L

action of ¥ if X is defined over K (this action is smooth if X is quasi-compact). We equip it with the

topology induced by 7-étale descent from the topology of the Rlc:(Ze, 0/r1°)q, s

22Everything here and below is done in the derived co-category @(CQP).
23The field F™ is equipped with the inductive limit topology. Later on we will use the same type of topology for K.
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4.3.2. Hyodo-Kato quasi-isomorphisms. We keep the set-up from Section 4.3.1. The Hyodo-Kato mor-
phism from (4.9):

(4.17) wuk : RCuk(26,,0) = Rlcony (26, 1/07),  tnk : RTux (26, 0) ®F, L = Rlconv(Z6,,1/07)
is compatible with morphisms in ¥ and taking its homotopy colimit yields the first of the following two

natural strict quasi-isomorphisms (called again the Hyodo-Kato quasi-isomorphisms)

(418) LHK - RFHK(%l) X pnr F :> RI' *(3{1) = hOCOlimz chonv(%ﬁhl/ﬁ;)a

conv, K
~R ~
LHK RFHK(%l)@Fan — RFdR(%C)~
By definition, RT'pk(271) ®pnr K := hocolimy, (R[gk (27) ®par L), the homotopy colimit taken over

fields L,[L : F™] < co. We have RI'yk(21) @ pnr K =~ hocolimy,(RT'ax (26, 0) @F, L). In the second
Hyodo-Kato morphism in (4.18), by definition®*,
~R . ~R
Rk (21)@Fa:C := hocolims (RT'uk (Z6, ,0) @5, C).
We note that all the maps in the homotopy colimits are strict quasi-isomorphisms. The Hyodo-Kato
morphism itself is induced from the Hyodo-Kato strict quasi-isomorphism (4.17):
hocolimy: (R (27, .0)@ 1, C) = hocolims (R cony (2o, 1/07 )81 C)

and the strict quasi-isomorphisms
hocolims; (Rl cony (2,.1/ 07 ) @1 C) =5 Rl cone (21/65) ~ RTar(2¢).

The first quasi-isomorphism is given by base change. We note here that, since RTcony (26, 1/07) is a
complex of Banach spaces, the completed tensor product with C' is exact.

Similarly, for 2" as at the beginning of Section 4.3.1, the strict quasi-isomorphism (4.15) yields a strict
quasi-isomorphism

(4.19) S RFHK(%)@)?NTPD = RFPD(%l),

K,Qp
where we set R
RFHK(%1)®FmT

' ~R
%]?QP = hocohmz(RFHK(%@@)@FLTE%P)'
We also get (T +— 0)

RTpp(27) ®T%DQ F™ ~ Rk (Z27),

where we set

RPPD(%l) &,PD F™ := hocolimy (chr(%ﬁL,O/rgD)QP @fEDQ FL)
K.Qp Qp
Varying 2 in the above constructions we obtain the (Hyodo-Kato) maps

LHK JZfHK — o

conv, K

LHK © PHK — YR, S HK — 2pD

of sheaves on Smc ;. We claim that, for X € Sm¢, they induce the natural (Hyodo-Kato) strict quasi-
isomorphisms

(4.20)

vk : ROk (X)®pw K 5 RE 2 (X), ik - RTuk (X)®pu C = RLar (X)), RFHK(X)®FM7‘%]?QP 5 RIpp(X).
Here we set??

(4.21) Rk (X)&pn K := hocolim((RT'yk @ pnr K ) (% 1)),

RTpk (X) @ hnr € = hocolim((RT 1k ® e C) (% 1)),

RFHK (X)@?nr T-

_ ~R
%,DQP := hocolim( (RFHK®Fnr7”E?Qp N%..1)),

K

245ee [9, Sec. 2.1] for a quick review of basic facts concerning tensor products in the category Cq,-
25The notation is ad hoc and rather awful here but we hope that it is self-explanatory.
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where the homotopy colimit is taken over n-étale hypercoverings %, from %gs’b. We note that we have

(4.22) RT’ (X) ~hocolimRT',  %(%.,1), RI'pp(X) = hocolim RI'pp (% 1).

conv, K

Indeed, by Proposition 4.23 below (there is no circular reasoning here) we have

hocolim RT" (%, 1) = hocolim R‘Fconv,F(%‘yC>7 hocolim RI'pp (%, 1) — hocolim RI'pp (%, ¢)-

conv, K

Hence (4.22) follows from the fact that RI'_ , %(X) and RI'pp (X) satisfy 7-étale descent. Having (4.22),
the first strict quasi-isomorphism in (4.20) follows from the first Hyodo-Kato strict quasi-isomorphism
in (4.18). The second Hyodo-Kato strict quasi-isomorphism in (4.18) implies easily the second strict
quasi-isomorphism we wanted. The third strict quasi-isomorphism follows from (4.19).

4.3.3. Local-global compatibility and comparison results. Having the quasi-isomorphisms (4.20) we can
prove the following comparison result (where the tensor products in (2) and (3) are defined as in (4.21):

Proposition 4.23. (1) Let & € ///gs’b. The natural maps

RFHK(%) — RFHK(%C), RT *(%1) — RFconv,?(%C)7

conv, K

chonv(%) — RFCOHV(%C)7 RFPD(%) — RFPD(%C)

are strict quasi-isomorphisms.
(2) For X € Smc, we have natural strict quasi-isomorphisms

RT,,,. 5(X)B%C 5 RTeony (X) =~ RT4r(X).
(3) For X € Smpg, we have a natural strict quasi-isomorphism

RT4r(X)®k K ~ R, z(Xc).
Proof. For the first claim, it suffices to show that, for any n-étale hypercovering %, of Z" from ///gs’b,
the natural maps

(4.24) RI»(21) — RI%(%.1), ?=HK,{conv,K},conv,PD,

are strict quasi-isomorphisms (modulo taking a refinement of %,). We may assume that in every degree
of the hypercovering we have a finite number of formal models. For the Hyodo-Kato case, it suffices to
show the strict quasi-isomorphism after we tensor both sides with K over F™". But then we can use the
Hyodo-Kato quasi-isomorphism (4.18) to reduce to the case of {conv, K} in (4.24).

For that case, note that our map is strictly quasi-isomorphic to a map

Rl4r(21) @1 K — (Rlar ®1, K)(Z. 1,)-

The rather ugly notation for the hypercovering just underscores the fact that the field over which the par-
ticular formal schemes split varies. Passing to cohomology (PNI (—)-cohomology) and then to a truncated
hypercovering we can assume that all the rigid spaces and maps involved are defined over a common field
K, a finite extension of L. We get a strict quasi-isomorphism by étale descent for de Rham cohomology.

The cases of PD- and conv-cohomology, can be reduced to that of Hyodo-Kato and de Rham cohomolo-

gies via the strict quasi-isomorphisms RI'pp(X) ~ RFHK(X)®§an and RTcony(X) =~ RT4r(X),

PD
K7Qp
respectively.

For the second claim of the proposition, it suffices to show that for an n-étale hypercovering %, of X

b . o .
from .Z7", we have a strict quasi-isomorphism

(RT,,. %O %C) (%) ~ RTar(Z.0).
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It suffices to argue degree-wise. Hence it suffices to show that, for a semistable formal model % over O,
[E : L] < oo, the first top horizontal arrow in the following diagram is a strict quasi-isomorphism:

R’Fconv K(%ﬁCH )®Kc COHV(%ﬁC 1 RFdR(%C)

ZT / /

RFconv(%ﬁE,l)@)EC — RFdR(%PD)®EC~

Since this diagram clearly commutes and the other arrows are strict quasi-isomorphisms, this is evident.
For the third claim of the proposition, it suffices to show that, for any n-étale hypercovering %, of X¢
from 47> ® the natural map

(4.25) RTar(X)®x K — RT,,, % (%1)

is a strict quasi-isomorphism (modulo taking a refinement of %,). We can assume tgat %, has formal
models in every degree. Then both sides of (4.25) can be computed by (RT'4r @1, K)(%. L,) proving
what we wanted. O

4.3.4. Galois descent. The following proposition shows that Hyodo-Kato cohomology satisfies Galois
descent.

Proposition 4.26. Let X € Smg. The natural projection € : Xc e — Xes defines pullback strict
quasi-isomorphisms

(4.27)

*:Rluk (X) = Rlux(Xo)?, € Rleonv(X) 5 RE,, %(X0) 7%, € : RTpp(X) = RIpp(Xo) ™

Remark 4.28. Here, we denoted by RT'nk(X¢)¥%, etc., the complex obtained by taking the %x-fixed
points of a representative of RI'gk (X ). This definition makes sense, i.e., two strictly quasi-isomorphic
complexes representing RT'iyk (X¢) give two strictly quasi-isomorphic complexes representing RI'gx (X ¢ )%
Or, otherwise speaking, taking a cone of the given quasi-isomorphism, for a complex T := T° — T —
T? — ... such that each T? is a direct sum of products of LB-spaces with a smooth action of %, the
complex TY% is strictly exact. Indeed, since the complex T is strictly exact, for all i, we have the strictly
exact sequence

(4.29) 0— kerd; = T" = kerd; ;1 — 0,
and we need to show that the induced sequence
(4.30) 0 — (kerd;)¥s — (TH)% — (kerd;11)% — 0

is exact. We note that there exists a normalized trace function

, . 1
tr: 70 — (TV)9x, am—>1_n>1[ TR > o).

LCK oc€Gal(L/K)

This is well-defined because T* is a finite direct sum of products of smooth ¥x-modules and on a smooth
“-module the limit in the formula stabilizes. Let now = € (kerd;,;)?%. Since the sequence (4.29) is
exact, there exists y € 7% mapping to x. But then tr(y) maps to tr(x) = 2. Since tr(y) € (%)~ this
means that the sequence (4.30) is exact, as wanted.

Proof. (of Proposition 4.26) By n-étale descent, we may assume that X = £k for & € ;5. Recall
that the action of ¥x on RI'yk(X¢), Rl conv(X¢), and RI'pp(X¢) is then smooth. We will prove only
the first quasi-isomorphism - the proof of the others being analogous.

Passing to a finite extension of the splitting field L of 27, if necessary, we may assume that 2 is
semistable over a finite Galois extension L of K. Consider the following commutative diagram (we added
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the base K and L in the definition of the arithmetic Hyodo-Kato cohomology to stress that we are working
with the category .7 and .Z}°, respectively):

RI'pk(X/L) ——= Rlpx (X @1, C)%

1 T

RIuk (X/K) ——> Rk (X @k C)%x

By Proposition 4.11 and Proposition 4.23, the top horizontal map is quasi-isomorphic to the map

(4.31) e* : Rluk (20) — (RTuk(20) @, F™)%:,

which clearly is a quasi-isomorphism. Since X ®x C ~ (X ®1, C) x H for H = Gal(L/K), we have
Ry (X @k C) ~ Rl (X @1 C) x H.

Hence the right vertical map in the above diagram is a quasi-isomorphism as well. It follows that so is

the bottom horizontal map, as wanted. O

4.4. Passage to Bloch-Kato arithmetic rigid analytic syntomic cohomology. Let X € Smg.
Let r > 0. In this section, we define the Bloch-Kato rigid analytic syntomic cohomology:

RIBX (X, Qy(r)) = [[RTsc (X)) V=09 0 RE g () /F7),

syn
where the map ¢}y is defined below, and we show that it is strictly quasi-isomorphic to the rigid analytic
syntomic cohomology of X:

Proposition 4.32. There is a natural strict quasi-isomorphism
o RIDE(X,Qu(r)) ~ RIgyn (X, Qp(r)).

Proof.
(i) Local definition. Let 2 be an admissible semistable formal scheme over Ok . We define a functorial
strict quasi-isomorphism
(4.33) Lo : nylfl(% Q,(r)) = [RTer(20/602) p]V=¢="" “MSRTar (25)/ F']
Z [[RPer(21/OF)p]P 77 =Rl (21/ 051 /F'] = Rlsyu( 2, Zp(r))q,
by the following diagram

(4.34) RUe(21/0 )k <o— RIT4r(ZK)

can
2 /

[chr(%/ﬁF)F]gazpr <: [chonv(%l/ﬁFﬂ(p:pT B RFconv(f%l/ﬁ;é)

€1

Zli* lli* N

[RFcr (J/ﬁF conv L%-O/ﬁF' cp ' — chonv %O/ﬁx)

[chr(%/r N Op=p" gRFcr %/ﬁ F%chonv %/ﬁx)

Po

~

[chr(%/ﬁ?«“)F]N:O’w:pT

The vertical left bottom map is a quasi-isomorphism by [26, Lemma 4.2]. The map ¢}y is defined by the
zigzag in the diagram. The map pg is a quasi-isomorphism because Frobenius is highly nilpotent on T
The slanted map from the convergent to crystalline cohomology is a strict quasi-isomorphism because the
log-scheme 27 is log-smooth over ﬁ}x(,l. The two right maps ¢* are strict quasi-isomorphisms (actually,
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natural isomorphisms) by the invariance of convergent cohomology under infinitesimal thickenings; the
left map i* is a quasi-isomorphism by a standard Frobenius argument (see [10, proof of Lemma 5.9]). We
claim that the maps €1,¢q are strict quasi-isomorphisms. Indeed, it suffices to check this for the second
of the two maps and then it follows from the commutative diagram

[chr(%/ﬁF)F]‘p:pr = [chonv(e%fo/ﬁF)]‘/’:PT

b b

[RTee (20/750)@, |V =" < [RTconv (Zo/Fr) N =297

PO\LZ pn\Ll

[RTer( 20/ 0%) ]V =077 <5 [RTcone (Z0/ O3)| V=007

since the map & is a strict quasi-isomorphism by the log-smoothness of the log-scheme 2 over k°. Here
7p := Op{T} and the right vertical maps are strict quasi-isomorphisms by the same arguments as the
left vertical maps.

(ii) Globalization. Let «/2K be the n-étale sheafification of the presheaf 2 — RTEE (27, Qp(r)) on
M s We have

RT¢ (X, #5K) = [RTé (X, o) V=0~ S RT (X, ar)/F"]
~ [RTpx (X)N=09=#" SR (X) /FT] ~ RIBE (X, Qu(r)).

syn

Since Rlgyn (X, Qp(r)) = RL¢t (X, Hyn ), by n-étale descent, the strict quasi-isomorphisms ¢o from (4.33)
can be lifted to a strict quasi-isomorphism

2 Rgn(X,Qy(r) = RIGR(X, Qy(r)),

as wanted. |
Remark 4.35. Let us state the following corollary of the above computations.

Corollary 4.36. (Local-global compatibility) Let r > 0. For a semistable formal scheme 2 over Ok,
the canonical map
Rl (27, Qp(r)) = Rlsyn( 2k, Qp(r))

s a strict quasi-isomorphism.

Proof. By construction and Proposition 4.32, we have compatible strict quasi-isomorphisms
2 RTu(2,Qp(r) = (R (20)] V=0 MR (25)/F],
2+ RTuu(Zic, Qplr) = [RTuc (25| V=097 R (25)/F].

It suffice now to note that, by Proposition 4.11, the natural map RT'ux(2p) = Rluk(Zk) is a strict
quasi-isomorphism. O

5. OVERCONVERGENT SYNTOMIC COHOMOLOGY

In this section we define syntomic cohomology for smooth dagger varieties over K or C' in two ways
(vielding strictly quasi-isomorphic theories). Recall that in [9] syntomic cohomology of semistable weak
formal schemes is defined as a homotopy fiber of a map from Frobenius eigenspaces of Hyodo-Kato
cohomology to a filtered quotients of de Rham cohomology. By n-étale descent this yields the first
definition of syntomic cohomology for smooth dagger varieties. For the second definition we take, for
smooth dagger affinoids, the homotopy colimits of syntomic cohomologies of the rigid analytic affinoids
forming a presentation of the dagger structure, and then we globalize. The second definition will allow
us to define period maps to pro-étale cohomology.

To carry out the above, we introduce Hyodo-Kato cohomology for smooth dagger varieties, prove
that it satisfies Galois descent, and define the Hyodo-Kato morphism (that is a strict quasi-isomorphism
over ().
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5.1. Overconvergent de Rham cohomology. Let L = K,C. Consider the presheaf X — RI'qr(X)
of filtered dg L-algebras on SmTL. Let o7gr be its étale sheafification. It is a sheaf of filtered L-algebras
on SmTLm. For X € SmTL, we have the filtered quasi-isomorphism: RTqr(X) = R (X, 4r). We equip
RT4r (X) with the topology induced by the canonical topology on dagger algebras; we equip RT¢ (X, “4Rr)
with topology using étale descent as we did before. Then the above quasi-isomorphism is strict: dagger
differentials satisfy étale descent in the strict sense. The de Rham cohomology H flR(X ) is classical: it is a
finite dimensional K-vector space with its natural Hausdorff topology for X quasi-compact and a Fréchet
space (a surjective limit of finite dimensional K-vector spaces) for a general smooth X (use Remark 3.12).
See the proof of Proposition 5.6 below for how this can be shown.

5.1.1. Complex RTqr(X)/F". Let X € sz. The cohomology groups of RT'yr(X)/F" have the same
description as their rigid analytic counterparts in Section 4.1.1. That is, the distinguished triangle (in

7(C1))
(5.1) 0 = kerd,[—r] = 7<, Q% = Q5 ' =0
yields the strict short exact sequence

0— Hig'(X) = fIT_l(RFdR(X)/FT) — kerm — 0,

where 7 is the natural map Q" (X)?=% — H’; (X). We have a strict monomorphism im d,_1(X) < ker 7.

We note that the cohomology H"~!(RTgg(X)/F") is classical (as an extension of classical objects).
The distinguished triangle (5.1) yields also the strict long exact sequence

0 — cokerm — H"(RTgr(X)/F") — HY (X, kerd,) — H"™ (X, 7<,.Q%).

5.2. Arithmetic overconvergent Hyodo-Kato cohomology. We define the Hyodo-Kato cohomol-
ogy of smooth dagger varieties over K by n-étale descent of overconvergent Hyodo-Kato cohomology of
semistable models.

5.2.1. Local definition. Let X be a log-smooth scheme over k°. The overconvergent Hyodo-Kato coho-
mology of X is defined (by Grosse-Klonne in [21]) as R['gk(X) := Rlux(X/OF) := RLig(X/0%). Tt
is a dg F-algebra, equipped with a ¢-action and a monodromy operator N such that Ny = ppN. We
equip it with a topology as in [9, Sec. 3.1].

Let X be a semistable scheme over k. Recall that we have the Hyodo-Kato morphism

(5.2) taK ¢ RDyig(X/O0%) — RIyig(X/OF)

that is actually a strict quasi-isomorphism [9, Section 3.1.3]. We have chosen here the functorial version
of this morphism as defined by Ertl-Yamada [15, Prop. 2.5]: a combinatorial modification of the original
morphism of Grosse-Klonne yields easy functoriality on most of the data; full functoriality is obtained by
a coherent zigzag construction [15, Lemma 2.6].

Remark 5.3. For the convenience of the reader we will describe in more detail the constructions of Grosse-
Klonne (see for details [9, Section 3.1.3]) and Ertl-Yamada. Let {X;};cr be the irreducible components of
X with the induced log-structure. Denote by M, the nerve of the covering []..; X; — X. By [9, Lemma
3.8], the natural map

i€l

RIyig(X/0) — RLyig(M,/0), € = 0%, 0F,
is a strict quasi-isomorphism.
Let X be the log-scheme with boundary attached to X in [21]. It comes equipped with a natural map

M! < X, where M! is a slight combinatorial modification®® of M,: there is a natural map M, — M!
that induces a strict quasi-isomorphism

RTyig(M./0) — RTyix(M, ] 0).

26We take the definition of Ertl-Yamada, which allows multiplicities in the index set, rather than the original definition
of Grosse-Klonne, which does not allow them.
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We have the following commutative diagram, where €(0) = 6%, &(p) = Of,a=0,p, and p, is the map
induced by T +— a:

rlg(X/ﬁ( )) — RFrlg M//ﬁ < ang X/?"F

RF“g M /O(
Pa
Ran M /rF
RFrig(X/TF) Luig (M] /TF
We wrote here r; := Op[T)" with the log-structure associated to T’; Frobenius is defined by T + TP,

monodromy is the Op-linear derivation given by T' — T'. The Hyodo-Kato morphism (5.2) is now defined
as the following composition

ik RD4ig(X/6%) 5 RO (ML) 6%) & R4 (X /1) S ROy (M /03) & RLie(X/OF).
For another semistable scheme Y over k° and a map of log-schemes g : Y — X, Ertl-Yamada define in

15, Lemma 2.6] a pullback morphism g¢* : RTyie (X /75) — Ry (Y /rh) that makes ik functorial.
[ ) g F g F
In what follows, to simplify the notation, we will write

Pa:  RIug(X/rh) 5 RTug(M]/0(a)) & Rlyie(X/0(a)),
fio ROug(X/rh) = RUug (ML /r]) & RTue(X/rh).

The above commutative diagram yields the functorial commutative diagram

RTyig (X/0/(a) <5 — Rl (X/r})

RTsig (X/r})
If 2 is a semistable weak formal scheme over O, we define the Hyodo-Kato map
tak : Rlak(Z20) = RTar(Z£k)
as the following composition
(5.4) RIuk (20) = RTyig( 20/ 0%) SR g (20/0F) — RIyig(20/07) ~ RTar (X k).

Note that this definition works also for base changes (with respect to €k) of semistable weak formal
schemes over 0. Since the natural morphism RT,ig(20/05) @ K — RIyig( 20/ 05 ) is a strict quasi-
isomorphism so is the induced morphism

LHK RFHK(%O) R K 5 RFdR(ﬂK).

5.2.2. Globalization. Let ok be the n-étale sheafification of the presheaf 2 +— RI'uk(Zo/CF,), L =
Ko, on # }T(’Ss; this is an étale sheaf of dg F-algebras on SmTK equipped with a y-action and a derivation
N such that Ny = ppN. For X € Sm];{, set RTuk (X) := R4 (X, #k). Equip it with a topology in
the usual way, via n-étale descent, from the topology on the RT'uk(%Zo/CF, )’s.

Proposition 5.5. (Local-global compatibility) Let & be a semistable weak formal scheme over O . Then
the natural map
RFHK(%) — RFHK(%K)

18 a strict quasi-isomorphism.

Proof. Same as the proof of Proposition 4.11. O
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For X € Sm}(, we define natural F-linear maps (the overconvergent Hyodo-Kato morphisms)
LHK eﬁMHK — %dp” gk : Rk (X)—)RFdR(X)

by the n-étale sheafification of the Hyodo-Kato map tpk : RI'uk (Z£0)—RT4r (Z£k) and its globalization,
respectively.

5.2.3. Topology. We will now discuss topology in more detail.

Proposition 5.6. Let X be a smooth dagger variety over K.

(1) If X is quasi-compact then PNII’EIK(X) is classical. It is a finite dimensional F-vector space with
its unique locally convex Hausdorff topology.

(2) For a general X, the cohomology Hy (X) is classical. It is a Fréchet space, a limit of finite
dimensional F-vector spaces.

(3) The endomorphism ¢ on Hjjx(X) is a homeomorphism.

(4) If k is finite and X is quasi-compact then Hjj(X) is a mized F-isocrystal, i.e., the eigenval-
ues®” of ¢ are Weil numbers (if X is not quasi-compact then H}jix(X) is a product of mized
F-isocrystals).

Proof. In the case X = Z, for a semistable weak formal model 2 over O, and for ﬁﬂ}((%) this is
[9, Prop. 3.2]. All algebraic statements concerning cohomology in the proposition follow from that by
using 7-étale descent and the quasi-isomorphism from Proposition 5.5.

We treat now the topological claims. For (1), we first use the n-étale descent and the fact that claim (1)
holds in the case X has a semistable model over Ok to construct a filtration on the classical cohomology
Hi(X) with graded pieces finite rank vector spaces over F' with their canonical Hausdorff topology.
This implies that the natural topology on Hij, (X) is also Hausdorff. It remains to show that Hij (X)
is classical. Take an n-étale hypercovering %, of X built from objects of .#Z };SS. Assume that in every
degree we have a finite number of affine weak formal schemes (recall that X is quasi-compact). Then the
complex RT'yk (%. o) is built from inductive limits of Banach spaces with injective and compact transition
maps. Using the fact that these are strong duals of reflexive Fréchet spaces we know that the kernels
of the differentials and their coimages have the same property. In particular, they are LB-spaces. The
cohomology ﬁﬁK(X) is represented by the pair coimd;_; — kerd; and Hiy(X) = kerd;/imd,;_ with
the induced topology. Let W be a subspace of ker d; that maps onto HﬁK(X ) and has the same rank as
the latter. Then the map coimd;_; ® W — kerd; is a continuous map of LB-spaces that is an algebraic
isomorphism hence, by the Open Mapping Theorem, it is a topological isomorphism. Hence the map
coimd;_1 — kerd; is strict and the cohomology I;TI’{K (X) is classical.

A similar argument, using strong duals of reflexive Fréchet spaces, implies that a map between two
Hyodo-Kato complexes associated to two (different) n-étale affine hypercoverings of X as above is a strict
quasi-isomorphism. This implies that, for X quasi-compact, the cohomology of RI'yk(X) is strictly
quasi-isomorphic to the cohomology of RI'nk(%. o) for any n-étale affine hypercovering %, as above.

To see that ¢ is a homeomorphism in (3), note that this is clear for quasi-compact X by the above
remarks. For a general X, as in the case of pro-étale cohomology, cover it with an admissible increasing
quasi-compact covering {Up, }nen. We obtain the exact sequence

0 — H'holim,, Hizl (U,) = Hiy (X) — H® holim,, Hiy (U,) — 0

But, by (1), the cohomologies ﬁIZ-IK(Un) are classical and finite dimensional over F. Hence, the cohomology
Hi; (X) is classical and we have

Higg(X) 5 lim Hig (U

Hence it is Fréchet, as wanted. We have proved (2), and (4) follows now trivially from (1). O

27We define the eigenvalues of ¢ in Q® F™* to be the s’th roots of the eigenvalues of ¢*, where s is any non-zero multiple
of f for |k| = p/. We note that this definition is stable under base change from F to F', [F': F] < co.
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5.2.4. (¢, N)-cohomology. Let X € Sm}{, r > 0. We will need to understand the cohomology of
[RIuk (X)]V=0%=P", We have

RIpic(X) 2% Ry (X)
[RDpg (X))V=0¢=" = \LN \LN

Rk (X) 222 Ry (X)
This gives rise to a spectral sequence
(57) B = I ([Hige(X))Y=02=") = H (REye () V=027,

where fI*([HﬁIK (X)]N=0.¢=p") is the cohomology of the complex

Hipy (X) =% H (X)

| |

j e A
Hiyy (X) —= Hypg (X)
That is, we can compute it by the sequence

H (X) - b (X)) @ Hg (X) 2N g (),

The cohomology H z([HI{IK(X )|V=0.9=P") is classical and a Fréchet space. This is because we can write
naturally Hij(X) ~ @mHﬁK(Un)7 for an admissible increasing quasi-compact covering {U, }nen of X,
n

and all the cohomologies Hyjy (U,,) are finite dimensional over F.
Hence, in the spectral sequence (5.7), the terms are classical and Fréchet spaces. Arguing by limits as
above, we conclude that so is the abutment.

Remark 5.8. In the case when Hl (X)is a finite (¢, V')-module (for example when X is quasi-compact),
then H*([H{y (X)|N=0¢=P") ~ Ext}, y(F, H{j(X){r}), the Ext-groups in the category of finite (¢, N)-
modules [2].

Proposition 5.9. Let X € Sm}(, r>0.

(1) We have H'([RT'uk (X)|N=0¢=P") =0 fori <r —1.
(2) There is a strict short exact sequence

(5.10) 0= Hip (X)#=""" — H' ([RDuk (X)]N=077") = Hyye (X0)N=0¢77" 0

Proof. To see that, we note that the slopes of Frobenius on Hj (X) are < i: it is enough to show this for
X with a semistable reduction where we can use the weight spectral sequence to reduce to showing that,
for a smooth scheme Y over k, the slopes of Frobenius on the (classical) rigid cohomology Hfig(Y/ F) are
< 4; but this is well-known [7, Th. 3.1.2]. It follows that the morphism ¢ — p’ is an isomorphism on
Hix(X) for i < j. Knowing that, we obtain both claims of the proposition from the spectral sequence
(5.7). |

5.3. Geometric overconvergent Hyodo-Kato cohomology. We define the Hyodo-Kato cohomol-
ogy of smooth dagger varieties over C' by n-étale descent of overconvergent Hyodo-Kato cohomology of
semistable models.

5.3.1. Definition and basic properties. Let f : Z — Spwf(0¢)* be a semistable weak formal model.
Suppose that f is the base change of a semistable weak formal model f;, : £, — Spwf(0)* over O,
by 0 : Spwf(Oc)* — Spwf(Or)*, for a finite extension L/K. That is, we have a map 0, : " — Z¢,
such that the square (f, f1,0,0r) is Cartesian. Such data {(L, 2",01)} reduced modulo p form a filtered
set ¥ (cf. Section 4.3.1).
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(i) Hyodo-Kato cohomology. For a morphism of tuples (L, Grr ) = (L, Ze, ,,0r) from ¥, we have
a canonical base change identification compatible with ¢-action (unramified base change)

(5.11) RTux(Ze,.0) @r, Fro = RUuk (25, 0)-

We set
Rk (27) := hocolimy Rk (2, 0)-

It is a dg F™"-algebra?® equipped with a p-action and a derivation N such that Ny = ppN. It is functorial
with respect to 2": note that the restriction of a morphism 2 — # to a morphism 27 — % is defined
over a finite extension of K.

Let o1k be the n-étale sheafification of the presheaf 2" — RI'pk(27) on //lg’ss’b. For X € SmTC, we
set RCuk(X) := RT¢ (X, k). It is a dg F™'-algebra equipped with a Frobenius, monodromy action,
and a continuous action of ¥k if X is defined over K (this action is smooth if X is quasi-compact). We
equip it with the topology induced, by n-étale descent, from the topology on the RI'yk (2w, 0)’s-

Proposition 5.12. Let X be a smooth dagger variety over C.

(1) If X is quasi-compact then E[ﬂK(X) is classical. It is a finite dimensional F™" -vector space with
its natural topology.

(2) The cohomology Hi (X) is classical. It is a limit (in Cr) of finite dimensional F™ -vector spaces.

(3) The endomorphism ¢ on H{jx(X) is a homeomorphism.

(4) If k is finite and X is quasi-compact then Hi (X) is a mized F-isocrystal, i.e., the eigenval-
ues®® of p are Weil numbers (if X is not quasi-compact then Hij(X) is a product of mized
F-isocrystals).

Proof. For claim (1), it suffices to show that, for every n-étale hypercovering %, of X from (///g’ss’b, the
cohomology Hjy (%..c), i > 0, is classical and of finite rank over F™. Since we can assume that the
weak formal schemes in every degree of the hypercovering are admissible, this follows immediately from
Proposition 5.6 and the quasi-isomorphism (5.11).

Claim (2) follows easily from claim (1). Claim (3) and (4) follow by the same argument as claim (1). O

(i) Rigid cohomology. Let ;s be the n-étale sheafification of the presheaf 2" +— RIig(21/0%)
on ///é’ss’b. For X € SmTC, we set RIyig(X) 1= Rl (X, #ig). It is a dg C-algebra equipped with a
continuous action of ¥k if X is defined over K. We equip it with the topology induced, by n-étale
descent, from the topology on the RI'yiy(27/0%)’s. We have natural (strict) quasi-isomorphisms

Ghig = Dar, Rlyig(X) = ROgr(X).
Let o/, 7 be the n-étale sheafification of the presheaf 2 +— RI';, %(Z1) on ///é’ss’b, where we set

RFrig,f(‘%l) = hOCOhmE ang(%/ﬁ; )
For X € SmTC, we set RI ;. 7#(X) := Rl (X, A ). It is a dg K-algebra equipped with a continuous
action of ¥k if X is defined over K (this action is smooth if X is quasi-compact). We equip it with
the topology induced, by n-étale descent, from the topology on the RI'yiz(Z¢, 0)’s. There are natural
continuous morphisms

¥4

rig, K - "Q{rig7 R’Frig,?(X) - Rrrig(X)'

28The field F™ is equipped here with the inductive limit topology in Cr. In particular, a sequence (Zy)neN, of elements
of F™* converges if and only if there exists a finite extension L of F such that all ,, € L and the sequence (zn)neN converges
inside L.

29The cohomology Hjj (X) together with its Frobenius, a priori an F""-vector space of finite rank, is obtained by a
base change from a finite rank F’-vector space V, where [F’ : F] < oo, equipped with a semilinear Frobenius so we can use
the definition of eigenvalues of Frobenius from the footnote to Proposition 5.6.
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5.3.2. Galois descent. Again we have a Galois descent.

Proposition 5.13. Let X € Sm;(. The natural projection € : Xc g, — Xeo defines pullback quasi-
isomorphisms

(514) e’ RFHK(X) :) RFHK(Xc)gK, e’ RFdR(X) :) Rrrig’?(Xc)gK.
Proof. We can use the proof of Proposition 4.26 almost verbatim?C. O

5.3.3. Hyodo-Kato quasi-isomorphisms.
(i) Local definition. Let 2" — Spwf(0¢)* be as above. The Hyodo-Kato morphism from (5.4):

(5.15) LHK RFHK(%@’L,O) — Rrrig(%ﬁbo/ﬁf), LHK RFHK(%@’L,O) QFy, LS RFrig(%ﬁbo/ﬁf)

is compatible with the morphisms in ¥ and taking its homotopy colimit yields the first of the following
two natural strict quasi-isomorphisms (called again the Hyodo-Kato quasi-isomorphisms)

(5.16)

LHK - RFHK(%)(@FmF >~ hOCOlimg (RFHK(%ﬁL,O) ®FL L) :> hOCOlimg Rl“rig(%m’o/ﬁ;) = Rl—‘rig7f(f%1),
~R ~

LUK - RFHK(%1)®Fan — Rrrig(%l/ﬁé> ~ RFdR<%‘C)-

In the second Hyodo-Kato morphism, we set

RFHK (:%1)@?;” C = hocolimg (RFHK ( %ﬁL ,(])®§L C) y

where all the maps in the homotopy limit are strict quasi-isomorphisms. This morphism is then defined
as the composition

hocolimg(Rl"HK(%@bo)@?L )% hocolims (R yig (26, 0/ O )5@50)
5 RIyig(271/0F) = RTar(Z0),

where we have used the Hyodo-Kato quasi-isomorphism from (5.15), the second map is a strict quasi-
isomorphism by base change. So defined morphism is clearly a strict quasi-isomorphism.
(ii) Globalization. Varying 2" in the above constructions we obtain the Hyodo-Kato maps

LHK : 9HK — Phig, LHK @ DHK — YdR

of sheaves on SmTaét. For X € SmTC, they induce the natural Hyodo-Kato strict quasi-isomorphisms

~ — ~ ~R ~
(517) tuk : RI'gk (X)®Fan — RFrig,f(X>7 tuk : RI'gk (X)@Fnrc — RFdR(X).
Here we set
(5.18) Rl uk (X)@pn K := hocolim((RTuk® pur K ) (% 0)),
R 15 (X)® e €' 1= hocolim((RT g ® pur C) (Za o)),

where the homotopy colimit is taken over n-étale hypercoverings from ///CT,’SS’Z’. We note that
(5.19) RI;, %(X) ~ hocolim RT' ;, (%, 1)

This is because hocolim RI';, 7 (%,1) ~ hocolimRI';, (% c) by Proposition 5.20 below (there is no
circular reasoning here) and we have 7-étale descent for RI';;, 7(X). Having (5.19), the first strict quasi-
isomorphism in (5.17) follows from the strict Hyodo-Kato quasi-isomorphism in (5.16). The latter also
imply easily the second strict quasi-isomorphism we wanted.

(iii) Local-global compatibility and comparison results. The Hyodo-Kato quasi-isomorphisms allow us
now to prove the following comparison result (where the tensor products in (2) and (3) are defined as in
(5.18).

30Note that Remark 4.28 applies to this setting.
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Proposition 5.20. (1) Let 2 € #4155 . Then the natural maps
RFHK(%l) — RFHK(efLVc'), RFrig(%) — Rrrig(%c), RFrig,f(%) — RFrig,f(‘%/C)

are strict quasi-isomorphisms.
(2) For X € SmTC, we have a natural strict quasi-isomorphism

~R ., ~
Rrrig’?(X)(@fC — RFrig(X) ~ RFdR(X)
(3) For X € Sm}, we have a natural strict quasi-isomorphism
RI4r(X)&x K ~ RL,;, 7(Xc).

Proof. The proof is almost verbatim the same as the proof of Proposition 4.23 (which contains analogous
claims in the case of rigid analytic varieties) we just need to replace RI'cony used there with RI'ys. O

Remark 5.21. Much of what we have described above in Section 5.3 goes through, with minimal changes,
for X € Sm¢. Hence, working with formal schemes instead of weak formal schemes, we have the geometric
Hyodo-Kato cohomology RFLK(X ). We wrote T to distinguished this cohomology from the geometric
Hyodo-Kato cohomology RT'gk(X) defined in Section 4.3. It is a dg F™-algebra equipped with a ¢-
action, derivation N such that Ny = ppN, and a continuous action of ¥, (which is smooth when X
is quasi-compact). It has an arithmetic analogue that satisfies Galois descent of the type described in
Proposition 5.13. We also have the Hyodo-Kato quasi-isomorphism

wik : RO (X)®pn K 5 R, 2(X),

where the rigid cohomology is defined like its analog for dagger varieties.
If X is quasi-compact, the underlying isocrystal of H 7:RFLK(X ) should be the one defined by Le Bras
in [28].

5.4. Arithmetic overconvergent syntomic cohomology. We define now arithmetic overconvergent
syntomic cohomology of smooth dagger varieties over K by n-étale descent of overconvergent syntomic
cohomology of semistable weak formal models.

Let 2 be an admissible semistable weak formal scheme over 0p, [L : K| < oo. For r > 0, we define
the overconvergent syntomic cohomology as

(5.22) ROy (27, Qp(r)) := [[RTuk (20)]N =0~ 2SR 4 (21)/F7).

For a smooth dagger space X over K we define the syntomic cohomology %y, (1) as the n-étale sheafifi-
cation of the above complexes on .Z} . and we define the syntomic cohomology of X as

Rrsyn (Xa QP(T)) = R'Fét (Xv 'Q{syn(r))'
We have the distinguished triangle
(5.23) ROy (X, Q,(r)) = [RTk (X)]N=0¢=P" SR g (X)) /F7

Proposition 5.24. (Local-global compatibility) Let r > 0. Let 2" be a semistable weak formal scheme
over Ok . Then the natural map

RIsyn (27, Qp(r)) = Rlgyn(2k, Qp(r))
18 a strict quasi-isomorphism.

Proof. Using the presentations of syntomic cohomology from (5.22) and (5.23) we reduce to proving that
the natural map RI'gyk(20) — Rluk(Zk) is a strict quasi-isomorphism. But this we know to be true
by Proposition 5.5. O
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5.4.1. Ezamples. We will discuss a couple of examples.
(i) The closed ball. Let L = K,C. Let X := B%(p) be the overconvergent closed ball over L of

dimension d > 0 and radius p € /[L*|. Since H9z(Xz) ~ L and Hiz(Xz) = 0, i > 0, and we
have the Hyodo-Kato isomorphism Hjj, (Xc)®pnrC ~ Hip(Xc) and the Galois descent Hiy (Xx) =
Hiw(Xco)?x, we get

Fp  ifi=0,

HE o (BY ~
fx ( L(P)) {0 ifi>1,

where Fo = F™ and Fx = F.
From the exact sequence (5.10), we get
HP(RPuk (X)) V=271 5 Hig (Xr) V=097,
Hjk (X )V=29=1 5 HY (RTuk (X )]V=097P).

Hence, by the above,

Q, ifi=0,1,

H(RE i (B ()Y =0)) = {0 ioo

Let r > 0. By the triviality, in nonzero degrees, of the cohomology of coherent sheaves on IEB% (p), we
have

RFdR(XK)/FT o~ ﬁ(XK) — Q(XK) — s = Qril(XK).

Hence H (R 4r(Xx)/F") =0, fori > r, and H" Y (RT4r(Xg)/F") < Q'Y (Xk)/imd,_o ~ Q" (Xx)?=0.
From the definition of syntomic cohomology and the above computations, we get the long exact sequence

H™ (R uk (X5 )|V=09=P") = Q"1 (X k) /imdy—y — HL,, (Xi, Qp(r)) = H([RLuk (Xx)[V=09=") = 0

Hence

Qp if r =0,

HsTyn(B(Ii((p)v QP(T)) = {Qr_l(BC[l((p))/lmCh_Q lf r Z 27

and, for r = 1, we get an extension
0 — O(B% () = Hiyu((Bk(p), Qp(1)) » Q, — 0

(ii) The open ball. Let L = K,C. Let B‘zd(p) be the overconvergent open ball over L of dimension
d > 0 and radius p. Cover ]BOL’d(p) with an increasing union of overconvergent closed balls {U, }n,en. By

the above example, we have Hiy (BY(p)) ~ @HQK(Un) Hence

Fr  ifi=0,

Hirg (B (p)) =~ {0 Fie o

The rest of the computations is exactly the same as for the closed ball in the first example (note that
B%%(p) is Stein) yielding the same final formulas for HZ, ((B%%(p), Q,(r)) (with B%:%(p) in the place of

B (p)).

6. COMPARISON OF OVERCONVERGENT AND RIGID ANALYTIC ARITHMETIC SYNTOMIC COHOMOLOGY

We define a map from syntomic cohomology of a smooth dagger variety to syntomic cohomology of its
completion. We show that it is a strict quasi-isomorphism when the variety is partially proper.
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6.1. Construction of the comparison morphism. Let X be a smooth dagger space over K. We will
now construct a functorial map

L RFSyH(X, Qp(r)) — Rrsyn()?a QP(T))

from the syntomic cohomology of X to the syntomic cohomology of its completion X. This will be done
by first constructing a map ¢; to the Bloch-Kato syntomic cohomology from Section 4.4:

1 Rlgn(X,Q,(r) = RTEX(X, Q,(r)

syn

and then setting ¢ := 1a¢9, for the map g : RFE},IE()?,QP(T)) o~ RI‘Syn()?,Qp(r)) that was defined in
Proposition 4.32.

(1) Local definition. Let 2" be a semistable weak formal scheme of finite type over 0. First, we
define a functorial morphism

(6.1) 11t RUgyn (27, Qp(r)) = [[Rluig(20/O%)]# 7 —"" S RT4r (2 )/F"]
— [[RDer( 20/ 0%) p)N =09~ S RT g (2 ) [ F7).

We use for that the following diagram (we note that that all the terms in the first two columns carry a
monodromy operator and that all the maps between these terms are compatible with the monodromy
action)

(6.2) [RTyig(20/0%)]9=P" LHK

Po |

[RTuig(Z 0 /r})]# =" —Z RTuig(20/05) — Rlig(20/05) <o RTar(Z)

w2 | i

[RTi(20/75)]#=*"

—~

chonv(f%/ﬁ;) — R]-—‘conv(*%)/ﬁ;é) << RFdR(‘%—K)

|

[RTer(20/75P)q, 17" > RTer(20/OF)

Po |

[chr(%/ﬁ%)FV:pr

The maps po, pp, are defined by sending 7" to 0, p, respectively. The top triangle defines the overconvergent
Hyodo-Kato morphism tpx as explained in Remark 5.3, where it is also shown that the maps pg, p, from
2 o commute with the ones from 2y. The strict quasi-isomorphism between crystalline and convergent
cohomology holds because 2 is log-smooth over k. The morphism between de Rham cohomologies is
compatible with Hodge filtrations.

(ii) Globalization. We define the functorial map ¢1 : Rlsyn (X, Qp(r)) — RF%IE()A(,QP(T)) by lifting
the map (6.1) via n-étale descent.

6.2. A comparison result. We are now ready to prove our main comparison theorem:
Theorem 6.3. Let X be a partially proper dagger space over K. The map

v Rlgyn (X, Qp(r)) = Rlgyn (X, Qp(r))
18 a strict quasi-isomorphism.

Proof. By the construction of the maps ¢1, 1o, it suffices to show that the following canonical maps

~

(6.4) RIgr(X) — Rl4r(X), [RFHK(X)]WP” - [RFHKO?)](‘,ZPT
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are (filtered) strict quasi-isomorphisms. The first map is an isomorphism induced by the canonical
identification of coherent cohomology of a partially proper dagger variety and its rigid analytic avatar
[20, Th. 2.26]. For the second map, we will show that already the canonical map

is a strict quasi-isomorphism. Our strategy is to pass to the geometric situation, where we can use the
Hyodo-Kato isomorphisms to reduce to the de Rham cohomology. The main difficulty in this approach
lies in showing the compatibility of the overconvergent and rigid analytic Hyodo-Kato isomorphisms.

(i) Passage to de Rham cohomology.
We start with the passage to the geometric cohomologies. Since we have compatible strict quasi-
isomorphisms (see Proposition 4.26 and Proposition 5.13)

Rk (X) 5 Rlux (Xo)9%, RPpk(X) S RTuak(Xe)9%,
to show that the map (6.5) is a strict quasi-isomorphism, it suffices to show that so is the canonical map
(6.6) Rluk(X¢) — RTux (Xo).

Remark 6.7. Now, if we were to argue in analogy with the algebraic situation, we would use the following
approach:
(1) we would prove the commutativity of the diagram:

~R S R
RFHK(XC)®Fan — RFHK(XC)®FMC

liLHK li/LHK

Rl 4r(X¢) —— RT4r(Xc).

This is not an easy task since the constructions of the rigid and the crystalline Hyodo-Kato maps are
very different.

(2) The vertical arrows are the Hyodo-Kato quasi-isomorphisms (4.20) and (5.17) and the bottom
arrow is a strict quasi-isomorphism because X is partially proper. Hence the top arrow is a strict
quasi-isomorphism. The problem is that we do not know how to show that this implies the same for the
map (6.6). So, below, we use instead the K-Hyodo-Kato quasi-isomorphisms.

Consider the diagram

(6.8) Rk (X¢) ——— RTuk (X))
1 J, K i
« \ can IB 6% \A can
RFHK (XC')®F‘“K e RFHK (XC>®F‘“K

Z\LLHK IinK

B S
Rrrig,f(Xc) - < chonv,f(Xc>
1 1
RIgr (X)®x K ——> RL4r(X)®x K.

The maps «, & are the normalized trace maps, natural left inverses of the canonical vertical maps. The
top squares, the dotted and the non-dotted one, commute. The bottom square clearly commutes. Its
vertical maps are strict quasi-isomorrphisms by Proposition 4.23 and Proposition 5.20. The bottom map
Is a strict quasi-isomorphism because X is partially proper. It follows that the map B’ is a strict quasi-
isomorphism. We will show below that the middle square commutes on the level of (H-)cohomology. This
will imply that the map [ is a cohomological isomorphism. This in turn will imply immediately that

the map (6.6) is injective on cohomology level; we get its cohomological surjectivity by using the maps «, é&.
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(ii) Comparison of Hyodo-Kato quasi-isomorphisms.
Hence, it remains to show that the middle square in the above diagram commutes on cohomology
level, or that the following diagram commutes

(6.9) Hi(RTuk (Xo)@pn K) —> H{(RMpk (X))@ pn K)
Zl/LHK Z\LLHK
ﬁzig,? (XC) = fIZonv,?()?C)'

We claim that we can assume that X is quasi-compact and argue just on the level of classical cohomology.
Indeed, write X as an increasing union of quasi-compact open sets {U,, }, n > 0. Then we have

RT'gk (Xc)(/épmf ~ holim,, (RFHK(Un,C)(@FmF)
This yields the exact sequence
0 — H' holim,, (Higl (Up.c)@pmw K) = H (RTuk (Xo)@pn K) — H holim,, (Hiyg (Up.c)@pnr K) — 0

By Proposition 5.12, the cohomology ﬁf{K(UnC) is classical and finite rank over F™*. This implies that
the cohomology H*(RT'uk (X¢)®pn K) is classical as well and

H' (RTux (X¢o)@pw K) S HO holim, (Hiyx (Un.c) @ K).

Similarly, we can show that the cohomology ﬁzonv ?()A(c) is classical and we have

~

Hi 7()’50) :> HO holimn ]{Z nvf(Un,C)'

conv, K co

Indeed, arguing as above we get the exact sequence

(6.10) 0 — H*'holim,, Hggnlvf(Un,c) — Héonv,?(Xc) — Hholim,, H  Unc)—0
We note that the prosystems {ﬁcionvf(ﬁ"vc)}"eN and {ﬁ:igf(Un,C)}neN are equivalent. This follows
from the commutative diagram of prosystems

{]TP (ﬁn,C)}nGN — {ﬁion\,_’f(Ug,C)}neN

conv, K c

T 1
{H, 2(Un.c)tnen — = {H] 2Ur5)} nen
Here U°T denotes the rigid analytic space U°, the interior of U, equipped with its canonical overconvergent
structure. The horizontal equivalences are clear. The right vertical map is an isomorphism degree by
degree because U is partially proper. This implies that the left vertical map is a an equivalence, as
wanted. _
Now, the cohomology Hr’

to Hig (U,)®k K by Proposition 5.20). Hence the term H holim,, in the exact sequence (6.10) vanishes
and we get our claim.

So, from now on, X is quasi-compact and we will show that the diagram (6.9) commutes on the level
of classical cohomology. We have

H'(RTuk (X0)@pm K) ~ Hig (X))@ K, H'(RTuk(Xe)@pwK) ~ Hip (Xo)@pn K.

g,?(Un’c) is classical and finite rank over K (it is strictly quasi-isomorphic

Hence, we are reduced to showing that, for a quasi-compact X € Smg, the following diagram commutes
(6.11) HIi{K(XC) 4>H£IK(XC>

\LLHK J/ LHK

Hfig,f(XC) - Hcionv,f()?c) ’
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Assume first that X has an admissible semistable weak formal model 2" over 0y, [L : K| < oo, and
consider the diagram

(6.12) RTyig (20/07,)
po 2 K
po  ROug(Zo/r]) —=— RTuig(25/07,)
Pp
f1 / \L
RFrig(f%]/rz) chonv(%)/ﬁ;L)
/\ J/Z

Pp

chr(%o/ﬁloﬁ)Qp P RFCY(%O/TED>QP - RFCT(’%’/@;L)QP

LHK
If we remove the section s (and hence also the bottom map tyk) the above diagram commutes. For a
general quasi-compact and smooth X, take first a homotopy colimit of the above diagram (over L) and

then glue by n-étale descent. We obtain the following diagram
(6.13) Rk (Xc)

LHK
Po

Po RTyig (X o /rt) —> RTyip (X0 /OF)

i / i
R (Xc/rT) R cony (Xc /O
P iz
RI'uk (X¢) <—— RIpp(Xc) — P RT(Xc/OF)

LHK

The notation should be mostly self-explanatory: the cohomology complexes are defined by the homotopy
colimit and the étale descent from the corresponding complexes in the diagram (6.12) following the
procedure used in Section 5.3.1. The groups in the right column are F™-modules.

If we remove the section s the above diagram commutes. To prove that the diagram (6.11) commutes,
by the diagram (6.2), it suffices to show that so does, on the level of classical cohomology, the large round
triangle®!, in the diagram (6.13). For that we note that we have the isomorphism

(6.14) st Hiyc(Xo)@prily 5 Hip(Xe):

If X has a quasi-compact semistable formal model 2 over €y, this arises from the p”-quasi-isomorphism,
N = N(d), (see (4.8))

s: RTer(20/ 0%, )@ 0p, 11°—Rler( 20 /5P)
and the fact that R, (20/ 09, )@)ﬁFL riP is p-adically derived complete and r}") is free over Op, . For a

general quasi-compact and smooth X over K , the above argument goes through yielding the isomorphism
(6.14), as wanted.
Now, to show that the round triangle in the diagram (6.13) commutes, consider the ideal

I, :— { > T lim a; :0}.

i>p"

31That is, the round triangle with vertices RI'uk (X¢), RFHK()?C), and RFPD()?C).
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We have the exact sequence

PD nr
0—>IO—>rKQp — F"" — 0.

The F™-linear and Frobenius equivariant section s : Hiy (X¢) — Hip, (X¢) of the projection py satisfies

s(a) = ¢"p~"(a) mod Hii(Xc)®porln, a € Hipc(X),n >0,
where E, for b € HﬁK()?c), is a lifting of b via pg. This is because, for any a € HﬁK()/(\'c), we have
s(a) = ¢"s(¢~"(a)) and s(a) = " p~"(a) mod HﬁK()/fC)@FmIO. And we also have ¢ (ly) C I,.
Hence, to show that the large round triangle in the diagram (6.13) commutes, it suffices to show that
the intersection of the submodules HﬁK (XC)QA@FmIn7 n > 0, is trivial. But this is clear. O

6.3. Overconvergent syntomic cohomology via presentations of dagger structures. In this
section we introduce a definition of overconvergent syntomic cohomology using presentations of dagger
structures (see [42, Appendix], Section 3.2.1). We show that so defined syntomic cohomology, a priori
different from the one defined in Section 5.4, is strictly quasi-isomorphic to it.

(i) Local definition. Let X be a dagger affinoid over L = K, C. Let pres(X) = {X,}. Define

RIT (X, Q,(r)) := hocolimy, RTgyn(Xn, Qp(r)), 7€ N.

syn

Let L = K. We have a natural map

(615) l’lyn: RFZyH(X’ QP(T)) - RFSYH (X7 QI)(T))
defined as the composition
(6.16) RFlyn(X, Q,(r)) = hocolimy, RTsyn (X4, Qp(r)) = hocolimy, RFSyn(X;?7 Q,(r))

& hocolimp, Rl (X2, Q,(r) = RTgyu (X, Qu(r)).

The third quasi-isomorphism holds by Theorem 6.3 because X} is partially proper.
(ii) Globalization. For a general smooth dagger variety X over L, using the natural equivalence of
analytic topoi
Sh(SmAff} ) = Sh(Sm] ),
we define the sheaf ;szTyn(r), r € N, on Xg as the sheaf associated to the presheaf defined by: U

RFlyn(U, Q,(r), U € SmAffE, U — X an étale map. We define?
RIT L (X,Q,(r)) := R« (X, (1), re€N.

syn syn
Globalizing the map LZyn from (6.15) we obtain a natural map
Llyn : Rl—‘lyn(X7 QP(T)) - RFSYH(X7 QP(T))
(iii) A comparison quasi-isomorphism.

Proposition 6.17. The above map il is a strict quasi-isomorphism.

syn

Proof. By étale descent, we may assume that X is a smooth dagger affinoid. Looking at the composition
(6.16) defining the map ¢, we see that it suffices to show that the natural map

syn
hocolimy, RTgyu (X", Q, (1)) = Rlgyn(X, Q, (7))
is a strict quasi-isomorphism. Or, from the definitions of both sides, that we have strict quasi-isomorphisms
RIuk (X) & hocolimy, Rk (X),  RTar(X) & hocolimy, RTqr (X 21).
This is clear in the case of the second map since this map factors as
(6.18) hocolimy, RT4r (X1) 5 hocolimy, RCar (Xpt1) 5 ROgr(X).

32We will show below (see Remark 6.19) that this definition of Rl"lyn(X, Qp(r)), for a smooth dagger affinoid X, gives
an object naturally strictly quasi-isomorphic to the one defined above.
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For the first map consider the commutative diagram

R gk (X) hocolimy, R g (X 1)

V !

Rk (Xc)g’( <— hocolimy, RT'gk (XZ:TC)(?K s (hocolimh RFHK(XZ:TC))%K .

Here the vertical maps are strict quasi-isomorphisms by Proposition 5.13. The horizontal map is a strict
quasi-isomorphism because the prosystems {RFHK(X;:Z*)} and {RT'uk(X,c)} are equivalent and the
action of ¥k on the terms of the last one is smooth. It suffices thus to show that the natural map

Rl (Xc¢) < hocolim, RUyk (XL

is a strict quasi-isomorphism. For that consider the following diagram

RIjk (X)) ——— hocolimy, RTk (Xjr°F)

] —1

Rl (X )@ K L2 hocolimy, R (XpL)Bpm K

LHKl/Z LHKl/Z

F . o
RI,;, %(X¢) <———— hocolim, RT';, 7(X;F)
zTﬂ ZThocolimh Br
RI4r(X)®x K LS hocolimy, RCqr (X1)& x K <~— hocolimy, Rgr (Xp)®x K

= ZT’Y

(hOCOlimh RFdR(Xh))(@KF

The maps «, ay, are left inverses of the canonical vertical maps (used already in the diagram (6.8)). The
Hyodo-Kato morphisms are the ones from (5.17); they are strict quasi-isomorphisms. The maps 3, 5, are
those from Proposition 5.20; they are strict quasi-isomorphisms as well. The diagram clearly commutes.
The strict quasi-isomorphism v uses the fact that X} is quasi-compact. It follows that the map f3 is
a quasi-isomorphism and then that so is the map f; and, finally, that so is the top horizontal map, as
wanted. ]

Remark 6.19. The above proof shows that, for a smooth dagger affinoid X over K with a dagger presen-
tation {X}}, the natural map

hocolimy, RTgyn (Xn, Qp (7)) — RIs (X, 1 (7))

syn

is a strict quasi-isomorphism. Hence the two definitions of RI‘;fyn(X ,Qp(r)) that we gave above coincide.

7. ARITHMETIC p-ADIC PRO-ETALE COHOMOLOGY

We pass now to the computation of arithmetic p-adic pro-étale cohomology of smooth dagger and rigid
analytic varieties.

7.1. Syntomic period isomorphisms. First, we will use the comparison theorem between syntomic
complexes and p-adic nearby cycles from [10] to define period maps for smooth rigid analytic and dagger
varieties.
Let 2 be a semistable formal model over k. Recall that Fontaine-Messing [19] and Kato [26] have
constructed period morphisms (i : 2y — 27,5 : Zx — Z)
™M () — iR Z/p"(r) 'y, T >0,

rn
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from syntomic cohomology to p-adic nearby cycles taken as complexes of sheaves on the étale site of Zj.
Here we set Zy,(r) = ﬁzp(r), for r = (p— 1)a(r) + b(r), 0 < b(r) < p— 1. The syntomic sheaf .7, (r)
is associated to the presheaf % +— RIgyn(%,Z/p™(r)), for formally étale % — Z'.

Recall the following comparison result.
Theorem 7.1. (Colmez-Niziol, [10, Th. 1.1]) For 0 <i <r, consider the period map

(7.2) afM AN I (r) ) = T RGZ P (r) gy, -

r,n

(i) If K has enough roots of unity>® then the kernel and cokernel of this map are annihilated by p™"+¢r

for a universal constant N (not depending on p, 2", K, n or r) and a constant ¢, depending only on p
(and d if p=2).

(ii) In general, the kernel and cokernel of this map are annihilated by pN for an integer N = N(e,p,7),
which depends on e, r, but not on Z or n.

7.1.1. Rigid analytic varieties. The above comparison quasi-isomorphism globalizes easily to smooth rigid
analytic varieties:

Corollary 7.3. For X € Smy, L = K,C, the period maps
a, : Rlgyn(X,Zy(7))q, — Rlet(X, Qp(r)), ar: Rlgyn(X, Qp(r)) = Rl prost (X, Qp(r))
are strict quasi-isomorphisms after truncation T<,.
Proof. Since both the domain and the target of the period maps satisfy n-étale descent we may assume

that X has a semistable model over 0. But in that case this follows from Theorem 7.1 as in analogous
claims in the geometric setting in [9, Prop. 6.1, Cor. 3.46]. O

7.1.2. Dagger varieties. The comparison quasi-isomorphism (7.2) can also be extended to smooth dagger
varieties. Let X € SmTK, r > 0. Define the period map

(7.4) ay : Rlgyn (X, Qp(1)) = R proet (X, Qp(r))
as the composition
ot
REn (X, Qp(r)) & RTL, (X, Qp(r)——RTprost (X, Qp(r)),

syn
where the first map is the map L;fyn from Proposition 6.17 and the second map is defined by globalizing

the following map defined for X a dagger affinoid with presentation {X},}:
RFlyn(X7 Q,(r)) = hocolimy, RTgyn (X7, Qp(r))L hocolimy, RT proet (Xp, Qp(1)) = RT proct (X, Qp(T)).
Corollary 7.3 implies immediately the following result:
Corollary 7.5. For X € Sm;(, the period map
ar : Rlsyn (X, Qp(7)) = R prost (X, Qp(r))
is a strict quasi-isomorphism after truncation T<,.

Remark 7.6. Let X be a smooth partially proper dagger variety over K. We claim that the following
diagram commutes:

Rlsyn (X, Qp (7)) — RI'brost (X, Qp(r»

L \L? Lproét \L?
RE ey (X, Qp(r)) — "= Rl proas (X, Qp(r))
The map ¢ is the strict quasi-isomorphism from Theorem 6.3; the map tpro¢t is the strict quasi-isomorphism
from Proposition 3.17. The period maps @, «, are the ones defined above (we put hat above the rigid
analytic period map to distinguish it from the dagger period map).
It suffices to show that this diagram naturally commutes étale locally. So we may assume that X is a
smooth dagger affinoid. Then checking commutativity is straightforward from the definitions (if tedious).

335ee [10, Sec. 2.2.1] for what it means for a field to contain enough roots of unity. For any K, the field K({pn), for
n > c¢(K) + 3, where ¢(K) is the conductor of K, contains enough roots of unity.
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7.2. Applications and Examples. We are now ready to list some applications of our computations
and to discuss some examples of computations of p-adic pro-étale cohomology.

7.2.1. Rigid analytic varieties. We start with the rigid analytic case. Let X € Smpg, r > 0. The
distinguished triangle (4.2), Lemma 4.5, and the period map «,. above yield a natural map

Or + (RT4r(X)/F")[—1] = RI proet (X, Qp(T)).
Theorem 7.7. Let X € Smg, r > 1.
(1) For1<i<r—1, the map

ar : ﬁéﬁl(X) — ‘Er}i)roét(Xu QP(T))

s an isomorphism. In particular, the cohomology Hi (X, Qp(r)) is not, in general, classical.

proét
(2) We have the short exact sequence
(7.8)

0 = H"H(RTan(X)/F")~2 Hpo0 (X, Qu(r)) = H (R (X0)]¥=#7") — A" (RTan (X)/F”)

Proof. Corollary 7.3 allows us to pass (by the period map) to syntomic cohomology for which, by Corollary

4.7, we have an analogous claim with HY, (X, szcffg’:) in place of H" ([RTux (X)]V=2¢=F"). That the latter
two are isomorphic follows from diagram (4.34). O

7.2.2. Dagger varieties. Now we pass to the overconvergent case. Let X € Smk7 r > 0. The distinguished
triangle (5.23) and the period map «, from (7.4) yield a natural map

8T : (RFdR(X>/F7)[_” — RFprOét(X7 Q;D(T))

Theorem 7.9. Let X € Sm}(, r>1.
(1) For 1 <i<r—1, the map

6r : ﬁéf{1<X) - Eriroét(X7 QP(T))

P
s an isomorphism. In particular, the cohomology H? (X,Qp(r)) is classical.

proét
(2) We have the long exact sequence

0 H" M (RTan(X)/F") =2 HY o (X, Qu(r)) = H' ([RTyage (X)] V=09 ) 1 F7 (RT g (X) /F)

p
Proof. For i < r, from the definition of syntomic cohomology and Corollary 7.5 we get the long exact
sequence

oo = H"Y(ROgr(X)/F") — H},

proét

(X, Qy(r)) = H'([RTug (X)|N=0¢=*") — H'(RTag(X)/F") — -
For the first claim of the theorem, it suffices to show that, for i < r — 1, H'([RTuk(X)|V=0=r") = 0
and Hiz'(X) 5 H"'(RT4r(X)/F"). The second isomorphism is clear and the first one follows from
Proposition 5.9.

For the second claim of the theorem, we note that the injectivity on the left is implied by the fact that
H™ Y ([RTk (X)]N=0¢=F") = 0 (see Proposition 5.9).
([l

7.2.3. Owverconvergent balls. Let X be the overconvergent open or closed ball over K of dimension d > 0
and radius p € y/|K*|. Using Corollary 7.5 and Example 5.4.1 we get

Qp if’l":(),

T os (X ~
proct (X Qp(r) {er(X)/ker dr_1 = Q" (X)) ifr > 2,

and, for r = 1, we get a strict exact sequence

0= O(X) = Hpoet (X, Qp(1) = Qp — 0.

For comparison, recall that, for the geometric pro-étale cohomology, we have a topological isomor-
phism [11]
Qr_l(Xc)/ker dr1 > Hgmét(Xc, Q,(r), r>1.
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7.2.4. Proper smooth rigid analytic varieties. Let X be a proper smooth dagger variety over K (recall
that every smooth proper rigid analytic variety over K has a canonical dagger structure). For r > 1,
Theorem 7.9 and Section 4.1.1 imply that the cohomology H] 4 (X, Qp(r)) is classical, we have

Hiyp'(X) = Hiy(X,Qp(r), 1<i<r—1,
and we have a strict exact sequence (we note that Hp, (X, Qp(r)) =~ Hg (X, Qp(r)))
0= Hig' (X) = Hi (X, Qp(r)) — E(r) — 0,
where E(r) is an extension
0 — Hip(X)9="" = B(r) = Hj (X)V=0=" 0 Q" (X) = 0
7.2.5. The Drinfeld half-space. Let d > 1 and let H% be the Drinfeld half-space of dimension d, i.e.,

HY =Pk \ |J H,
Hes

where S denotes the set of K-rational hyperplanes. We set G := GL441(K). For 1 <r < d, denote by
Sp,(Qyp) the generalized locally constant Steinberg Q,-representation of G equipped with a trivial action
of Yk (for a definition see [9, Sect. 5.2.1]).

Corollary 7.10. (1) For 0 <4<, the cohomology ﬁ;roét(H?{, Q,(r)) is classical.
(2) Fori <r—1, there is a natural G-equivariant topological isomorphism
Hpoe(Hc, Qp(r)) = Sp; 1 (K)*™.
(3) We have a G-equivariant diagram of strict exact sequences
0
Sprfl(QP)*

|
0— Q" 1(HE)/ imd, g — Hf oo (Hy, Qy(r) —>E(Q,) —0
l

SpT(QP)*
v
0
Proof. Point (2) follows from Theorem 7.9 and the computations of Schneider-Stuhler [36] of the de Rham
cohomology of the Drinfeld half-space: H, ir(HE) ~ Sp,(K)*.
For point (3), since H% is Stein, by Section 4.1.1, we have

H™ Y (RT4r(H%)/F") = Q" (H%)/imd,—2, H"(RTqr(HE)/F") = 0.
On the other hand, from (5.10) we get an exact sequence
(7.11) 0= Hi (H)*="" = H'([RTux (HE)] V=09 =") — Hiy (HE)N == — 0,

where all the cohomologies are classical. But, by [9, Lemma 5.11], we have a G-equivariant isomorphism
Hiy (HE)#=P" ~ Sp,(Q,)*. Since the monodromy is trivial (see [9, Sect. 5.5]), (7.11) then yields an
exact sequence
0 = Sp,_1(Qp)* = H" (R (HE )]V =977")) — Sp,(Q,)* — 0
Plugging the above computations into Theorem 7.9 and setting £(Q,) := H"([R['uk (H4)N=0:9=P")) we
get point (2).
Point (1) follows now trivially from points (2) and (3). O
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Remark 7.12. (1) We note that we have the strict exact sequence
: . dr—1 _ .
0 — Hiz'(Hf) — Q' (HE)/ im dr_o—5Q" (H%)*=" — Hip (H%) — 0

and that the two de Rham cohomology terms are topologically isomorphic to Sp,_;(K)* and
Sp,.(K)*, respectively.
(2) Tt would be interesting to understand the computations in this example better. In particular, to
describe the extensions of Steinberg representations that appear.
Remark 7.13. Tt is interesting to link the computation of the arithmetic cohomology Hf)roét(H?(, Q,(r))
presented here to the computation of the geometric cohomology HI’)mét(HdC, Q,(r)) done in [9, Th. 5.15].
The following argument would need to be made more precise but it shows that the two computations,
the arithmetic and the geometric one, are compatible.
We have the Hochschild-Serre spectral sequence
(7.14) H™ (G, Hi gty (HE, Q1)) = Hioey (i, Q(r)).
(Only n = 0,1,2 can possibly give a nonzero contribution.) Now, the exact sequence from [9, Th. 5.15]
twisted by (j — k), yields an exact sequence of ¥x x G-modules

0= C(j — k)@ (7 (H )/ ker dy 1) = Hyro (FIG, Qp(5)) = SPr(Qp)* (7 — k) = 0.
Hence the computation of H™(¥9x, Hé;oZt(HC7 Q,(r))) will involve the groups H™(¥9k, Qp(r —i+n)) and
H"(%k,C(r —i+mn)).
Recall the following results of Tate and Bloch-Kato:

, Q, ifj=0, . KpQ, ifj=1,
7.15 H (%, ~ P HY(% ~ P
(7.15) (Y, Qp(4)) {o > (Y, Qp(4)) {K >,
H*(Yx, Qp(j)) = 0, if j > 2,
, K ifj=0 ‘ K ifj=0
H (Y, C(5)) =~ T H' Yk, C())) ~ ’
(“k,C(j)) {o > 1 (“k,C(j)) {0 .

H*(%x,C(j)) = 0if j > 0.

Using them, we see that the nonzero terms of the spectral sequence (7.14) contributing to Hémét (HE, Q, (1)),
i < r, are the following:

0 — Q7 NHE)/ kerdi—y = H® (G, H oo (HE, Qp(r)) = Spy(Qp)* — 0, if i =r;
Hl(gKv H}i;olét(HCv Qy(r))) ~ (K & Qp) ®Q, Sp;_1(Qp)*, ifi=r;
HY Yk H' . (He, Qp(r))) ~ K ®q, Sp;_1(Qp)* ~ Sp; 1 (K)*, ifi<r—1.

proét
Here the top sequence is exact though (7.15) is not enough to ensure the surjectivity of the map

H (G5, HY oo (HE, Qp (7)) — Spi(Q,)*. Tt yields however the exact sequence

HO (G, HYy o (HE, Qp (1)) — Spy(Qp)* —2— Q7 (HY )/ ker d;

Now the boundary map 0 is trivial by a representation theory argument: the map 0 is continuous and
G-equivariant, the G-smooth vectors are dense in Sp;(Qp)*, but Qi -1(H%)/ kerd;—1 does not have any
nonzero G-smooth elements since it injects into Q(H% ).



44

PIERRE COLMEZ AND WIESLAWA NIZIOL

Hence, for 0 < i < r— 1, we get H® .. (H%,Q,(r)) ~ Sp,_;(K)* as in Corollary 7.10. For i = r, we
get the diagram of exact sequences

p
0
|
)
/
0 —Sp, 1 (K)* @ Sp, 1 (Qp)" — Hj, e (Hic, Qp(r) — H" (G, Hy o (HE, Qp(r))) — 0
|

Spr(QP)*
y

0

Q" —L(HL)/ ker d,

To compare this with Corollary 7.10, note that we have an exact sequence

0— HZ'(HY) — Q7N HE) /imd;—o — Q7 (HE)/ kerd;—y — 0

and the Schneider-Stuhler isomorphism

Hence

Hé; (H?() = Spi—1<K)*'

Corollary 7.10 and the above computation via Galois descent give us the same Jordan-Hoélder

components of HJ (H%, Q,(r)) but they are put together in two different ways.
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