REDUCIBLE DEFORMATIONS AND SMOOTHING OF PRIMITIVE MULTIPLE CURVES

JEAN–MARC DRÉZET

Resume. A primitive multiple curve is a Cohen-Macaulay irreducible projective curve Y that can be locally embedded in a smooth surface, and such that C = Y_{red} is smooth. In this case, L = I_C /I^2_C is a line bundle on C.

This paper continues the study of deformations of Y to curves with smooth irreducible components, when the number of components is maximal (it is then the multiplicity n of Y ). If a primitive double curve Y can be deformed to reduced curves with smooth components intersecting transversally, then h^0(L^{−1}) ≠ 0. We prove that conversely, if L is the ideal sheaf of a divisor with no multiple points, then Y can be deformed to reduced curves with smooth components intersecting transversally. We give also some properties of reducible deformations in the case of multiplicity n > 2.

Summary

1. Introduction 1 2. Preliminaries 4 3. Maximal reducible deformations of primitive double curves 9 4. Maximal reducible deformations in the general case 16 References 21

Mathematics Subject Classification: 14M05, 14B20

1. Introduction

A primitive multiple curve is an algebraic variety Y over C which is Cohen-Macaulay, such that the induced reduced variety C = Y_{red} is a smooth projective irreducible curve, and that every closed point of Y has a neighborhood that can be embedded in a smooth surface. These curves have been defined and studied by C. Bănică and O. Forster in [2]. The simplest examples are infinitesimal neighborhoods of projective smooth curves embedded in a smooth surface (but most primitive multiple curves cannot be globally embedded in smooth surfaces). Primitive multiple curves of multiplicity 2 (called ribbons) have been parametrized in [3]. Primitive multiple curves of any multiplicity and the coherent sheaves on them have been studied in [5], [4], [6] and [7].

1

Let Y be a primitive multiple curve with associated reduced curve C, and suppose that Y ≠ C. Let I_C be the ideal sheaf of C in Y . The multiplicity of Y is the smallest integer n such that I^n_C = 0. We have then a filtration

C = C_1 ⊂ C_2 ⊂ · · · ⊂ C_n = Y

where C_i is the subscheme corresponding to the ideal sheaf I^i_C and is a primitive multiple curve of multiplicity i. The sheaf L = I_C /I^2_C is a line bundle on C, called the line bundle on C associated to Y .

1.1. Deformations to reduced reducible curves

Deformations of primitive multiple curves Y = C_n of any multiplicity n ≥ 2 to reduced curves having multiple components which are smooth, intersecting transversally, have been studied in [9]: n is the maximal number of components of such deformations of Y , and in this case we say that the deformation is maximal, and the number of intersection points of two components is exactly − deg(L) (these deformations are called maximal reducible deformations). In [9] the case deg(L) = 0 has been completely treated: a primitive multiple curve of multiplicity n can be deformed in disjoint unions of n smooth curves if and only if I_C is isomorphic to the trivial bundle on C_{n−1}. In [8] it has been proved that this last condition is equivalent to the following: there exists a flat family of smooth curves C → S, parametrized by a smooth curve S, s_0 ∈ S such that C_{s0} = C, such that Y is isomorphic to the n-th infinitesimal neighborhood of C in C. The problem of determining which primitive multiple curves of multiplicity n can be deformed to reduced curves having exactly n components, allowing intersections of the components, is more difficult. A necessary condition is h^0(L^∗) > 0.

We treat mainly the case of primitive double curves. We introduce the notion of local reducible deformation (that can be obtained for example from a global deformation by restricting it to a suitable infinitesimal neighbourhood of C). We prove that if Y = C_2 is such that h^0(L^∗) > 0, then it admits a local reducible deformation (theorem 3.2.6 (i)). We conjecture that any local reducible deformation can be extended to a global one. We prove this in the following case: there exist distinct points P_1, . . . , P_p ∈ C such that L = O_C (−P_1 − · · · − P_p) (theorem 3.2.6 (ii)). So in this case Y admits a global maximal reducible deformation. The simplest primitive double curve (with associated smooth curve C and associated line bundle L on C) is the trivial curve : to obtain it we embed C in L^∗ (a smooth surface) using the zero section, and take for Y the second infinitesimal neigbourhood of C in L^∗. But there is no similar easy way to construct a general primitive double curve. Most of them cannot be embedded in a smooth surface: in the case C = P_1, D. Bayer and D. Eisenbud have proved in [3], theorem 7.1, that the only primitive double curves that can be embedded in a smooth surface are the trivial ones, and the conic in P_2. But the non trivial primitive double curves (corresponding to P_1 and L) are parametrized by the projective space P(H^1(L(2)), so there are many non embeddable primitive double curves when deg(L) ≤ 5. So to treat the general case we have to use a more abstract construction of primitive double curves. We use the parametrization of primitive double curves: it was obtained for the first time in [3], and in another way in [5], using Čech cohomology : primitive double curves are constructed by gluing smaller pieces of the form U × spec(C[t]/(t^2)), where U is an open subset of C. This construction can also be used to construct local reducible deformations (at least when there exist distinct points P_1, . . . , P_p ∈ C such that L = O_C (−P_1 − · · · − P_p)). This is done in chapter 3.

In chapter 4, the properties of reducible deformations of double curves used in chapter 3 are extended to the case of multiplicity n > 2. This could be useful to determine which primitive multiple curves of multiplicity n can be deformed to reducible curves with n smooth components, using the parametrization of primitive multiple curves given in [5].

1.2. Smoothing of primitive multiple curves

Since curves with smooth components intersecting transversally are smoothable (cf. 2.5), any primitive multiple curve having a maximal reducible deformation is smoothable.

The deformations of primitive double (i.e. of multiplicity 2) curves (also called ribbons) to smooth projective curves have been studied by M. González in [13]: he proved that such a curve Y , with associated smooth curve C and associated line bundle L on C is smoothable if h^0(L^{−2}) ≠ 0. Here we prove that Y can be deformed to curves with 2 components intersecting transversally only if h^0(L^{−1}) ≠ 0. So there exist smoothable primitive double curves that cannot be deformed to curves with 2 components intersecting transversally.

1.3. Deformations of coherent sheaves

Another motivation for the study of the deformations of primitive multiple curves in reducible ones is the understanding of the moduli spaces of semi-stable coherent sheaves on primitive multiple curves. A coherent sheaf E on Y = C_n is not in general locally free on some nonempty open subset of C. It has been proved in [4] that on some nonempty open subset of C, there exist uniquely determined integers m_i ≥ 0, 1 ≤ i ≤ n, such that E is locally isomorphic to a sheaf of the form m_1O_C ⊕ m_2O_{C2} ⊕ · · · ⊕ m_nO_{Cn} .

In some cases, nonempty components of moduli spaces of semi-stable sheaves on Y contain no generically locally free sheaves (cf. [4], [6], [7]). I conjecture that if C_n has a maximal reducible deformation π : C → S, then this kind of sheaf can be deformed to sheaves F on the fibers C_s such that the ranks of the restrictions of F to the components of C_s are not the same, and determined by the integers m_i. Semi-stable vector bundles on curves with many components have already been studied in [20], [21], [22].

I am grateful to the anonymous referee for pointing some incomplete proofs in 3.2 and for example 3.2.8.

Notations : If X is an algebraic variety and Y ⊂ X a subvariety, I_{Y,X} (or I_Y if there is no risk of confusion) denotes the ideal sheaf of Y in X.

2. Preliminaries

2.1. Primitive multiple curves

(cf. [2], [3], [4], [5], [6], [7], [8], [11]).

Let C be a smooth connected projective curve. A multiple curve with support C is a Cohen- Macaulay scheme Y such that Y_{red} = C.

Let n be the smallest integer such that Y = C^{(n−1)}, C^{(k−1)} being the k-th infinitesimal neighborhood of C, i.e. I_C(k−1) = I^k_C . We have a filtration C = C_1 ⊂ C_2 ⊂ · · · ⊂ C_n = Y where C_i is the biggest Cohen-Macaulay subscheme contained in Y ∩ C^{(i−1)}. We call n the multiplicity of Y .

We say that Y is primitive if, for every closed point x of C, there exists a smooth surface S, containing a neighborhood of x in Y as a locally closed subvariety. In this case, L = I_C /I_{C2} is a line bundle on C and we have I_{Cj} = I^j_C , I_{Cj} /I_{Cj+1} = L^j for 1 ≤ j < n. We call L the line bundle on C associated to Y . Let P ∈ C. Then there exist elements y, t of m_{S,P} (the maximal ideal of O_{S,P} ) whose images in m_{S,P} /m^2_{S,P} form a basis, and such that for 1 ≤ i < n we have I_{Ci,P} = (y^i) .

The simplest case is when Y is contained in a smooth surface S. Suppose that Y has multiplicity n. Let P ∈ C and f ∈ O_{S,P} a local equation of C. Then we have I_{Ci,P} = (f^i) for 1 < j ≤ n, in particular I_{Y,P} = (f^n), and L = O_C (−C) .

For any L ∈ Pic(C), the trivial primitive curve of multiplicity n, with induced smooth curve C and associated line bundle L on C is the n-th infinitesimal neighborhood of C, embedded by the zero section in the dual bundle L^∗, seen as a surface.

2.2. Construction of primitive multiple curves

(cf. [5]).

Let (U_i)_{i∈I} be an affine open cover of C. Let n be a positive integer and Z_n = spec(C[t]/(t^n)). For i, j ∈ I, i ≠ j, let Ψ_{ij} : U_{ij} × Z_n −→ U_{ij} × Z_n be an automorphism leaving U_{ij} invariant. Suppose that these automorphisms verify the cochain condition Ψ_{ik} = Ψ_{jk} ∘ Ψ_{ij} . Then by gluing the U_i × Z_n using the Ψ_{ij} we obtain a primitive multiple curve C_n of multiplicity n whose associated reduced curve is C. Every primitive multiple curve can be obtained in this way.

Let U ⊂ C be a proper open subset. Suppose that ω_C is trivial on U. Let x ∈ O_C (U) such that dx is a generator of ω_C (U). Then the automorphisms of U × Z_n leaving U invariant are the same as the automorphisms ϕ of the C-algebra O_C (U)[t]/(t^n) such that for every γ ∈ O_C (U)[t]/(t^n), ϕ(γ)_{|C} = γ_{|C} . Such automorphisms are of the form ϕ_{μ,ν} , with μ, ν ∈ O_C (U)[t]/(t^{n−1}), ν invertible, defined by: for every α ∈ O_C (U)

ϕ_{μ,ν} (α) = n−1∑ i=0 (μt)^i

∂^iα ∂^ix , and ϕ_{μ,ν} (t) = νt .

Suppose that ω_C is trivial on each U_{ij} and that we have fixed a generator dx = dx_{ij} ∈ ω_C (U_{ij} ). Then we can write Ψ_{ij} = ϕ_{μij ,νij} , with μ_{ij} , ν_{ij} ∈ O_C (U_{ij} )[t]/(t^{n−1}), ν_{ij} invertible. The family (ν_{ij|C} ) is a cocycle defining the line bundle L associated to C_n. If the ideal sheaf I_{C,Cn} of C in C_n is isomorphic to the trivial line bundle on C_{n−1} then we can assume that ν_{ij} = 1 for all i, j.

2.2.1. The case of double curves – Now we suppose that n = 2. In this case we have

μ, ν ∈ O_C (U), ν is invertible, and ϕ_{μ,ν} can also been represented by a matrix ( 1 0 μ^∂_{∂x} ν ) in such a way that the composition of morphisms is equivalent to the multiplication of matrices, i.e we have ϕ_μ′_{,ν}′ ∘ ϕ_{μ,ν} = ϕ_μ′′_{,ν}′′ , with μ^{′′} = μ^′ + ν^′μ, ν^{′′} = νν^′.

We can see ϕ_{μij ,νij} as a matrix ( 1 0 μ_{ij}^∂_{∂xij} ν_{ij} ) . Here (ν_{ij} ) is a cocycle representing L (the line bundle on C associated to C_2), and (μ_{ij}^∂_{∂xij} ) is a cocycle representing an element η of H^1(T_C ⊗ L) = Ext^1(ω_C , L), associated to the canonical exact sequence 0 −→ L −→ Ω_{Y |C} −→ ω_C −→ 0 .

Moreover, C_2 is trivial if and only if η = 0.

According to [3] and [5], Cη defines completely C_2. More precisely, we say two primitive double curves C_2, C^′_2, with the same induced smooth curve C, are isomorphic if there exists an isomorphism C_2 ≃ C^′_2 inducing the identity on C. Of course in this case the associated line bundles on C are also the same. By associating Cη to C_2, we define a bijection from the set of isomorphism classes of non trivial primitive double curves with induced smooth curve C and associated line bundle L and P(H^1(T_C ⊗ L)).

Let S be a smooth curve and P ∈ C. Let π : C → S be a flat family of projective irreducible smooth curves parametrized by S, and suppose that C = π^{−1}(P ). Let C_2 be the second infinitesimal neighbourhood of C in C, which is a primitive double curve with associated line bundle O_C . To this double curve we have associated η ∈ H^1(T_C ). Then the image of the Kodaïra-Spencer map of the deformation C of C T_P S −→ H^1(T_C ) is Cη.

2.3. Maximal reducible deformations

We recall here some definitions and results of [9].

2.3.1. Let C be a projective irreducible smooth curve, n ≥ 2 an integer and C_n a primitive multiple curve of multiplicity n, with underlying smooth curve C. Let S be a smooth curve, P ∈ S and π : C → S a maximal reducible deformation of C_n (cf. [9]). This means that

(i) C is a reduced algebraic variety with n irreducible components C_1, . . . , C_n. (ii) We have π^{−1}(P ) = C_n. So we can view C as a curve in C.

(iii) For i = 1, . . . , n, let π_i : C_i → S be the restriction of π. Then π^{−1}_i (P ) = C and π_i is a flat family of smooth irreducible projective curves.

(iv) For every z ∈ S\{P }, the components C_{1,z} , . . . , C_{n,z} of C_z meet transversally and any three components don’t have a common point.

In this case we say also that C is a maximal reducible deformation of C_n. Let L be the line bundle on C associated to C_n. Then for every z ∈ S\{P }, any two components C_{i,z}, C_{j,z} of C_z meet in exactly − deg(L) points.

2.3.2. Let Z ⊂ C be the closure in C of the locus of the intersection points of the components of π^{−1}(z), z ≠ P . It is a curve in C.

2.3.3. Let I ⊂ {1, . . . , n} be a proper subset with m elements, and C_I ⊂ C the union of the components C_i, i ∈ I. Then the restriction of π, π_I : C_I → S is a maximal reducible deformation of C_m, the inclusion C_I ⊂ C inducing the inclusion C_m ⊂ C_n.

2.3.4. Let π : C → S be a morphism of algebraic varieties satisfying (i), (iii) and (iv) above, in such a way that the subvarieties C ⊂ C_i are identified in C and C is the underlying reduced subscheme of π^{−1}(P ). Then C_n = π^{−1}(P ) is a primitive multiple curve of multiplicity n if and only if for every closed point x of C there exists an open neighborhood of x in C that can be embedded in a smooth variety of dimension 3 (the proof is the same as that of proposition 4.1.6 of [9]). In this case of course π is a maximal reducible deformation of C_n.

2.3.5. Gluings and fragmented deformations – For 1 ≤ i ≤ n, let

π_i : C_i → S be a flat family of smooth projective irreducible curves, with a fixed isomorphism π^{−1}_i (P ) ≃ C. A gluing of C_1, · · · , C_n along C is an algebraic variety D such that

- for 1 ≤ i ≤ n, C_i is isomorphic to a closed subvariety of D, also denoted by C_i, and D is the union of these subvarieties. - ∐ 1≤i≤n(Ci\C) is an open subset of D.

- There exists a morphism π : D → S inducing π_i on C_i, for 1 ≤ i ≤ n. - The subvarieties C = π^{−1}_i (P ) of C_i coincide in D.

For example, if deg(L) = 0 in 2.3.1, i.e. if the irreducible components of the fibers π^{−1}(z), z ≠ P , are disjoint, then a maximal reducible deformation C of C_n (which is called a fragmented deformation in this case) is a gluing of C_1, · · · , C_n along C.

All the gluings of C_1, · · · , C_n along C have the same underlying Zariski topological space.

Let A be the initial gluing of the C_i along C. It is an algebraic variety whose underlying Zarisky topological space is the same as that of any fragmented deformation with the same components, in particular the closed points are ( n∐ i=1 C_i)/ ∼ ,

where ∼ is the equivalence relation: if x ∈ C_i and y ∈ C_j , x ∼ y if and only if x = y, or if x ∈ C_{i,P} ≃ C, y ∈ C_{j,P} ≃ C and x = y in C. The structural sheaf is defined by: for every open subset U of A O_A(U) = {(α_1, . . . , α_n) ∈ O_{C1} (U ∩ C_1) × · · · × O_{Cn} (U ∩ Cη ∈ H 1(T_C )n); α_{1|C} = · · · = α_{n|C} }.

For every gluing D of C_1, · · · , C_n, we have an obvious dominant morphism A → D. If follows that the sheaf of rings O_D can be seen as a subsheaf of O_A.

If we consider the maximal reducible deformation C of 2.3.1 the situation is slightly more complicated. We still have a dominant morphism A → C. For every x ∈ C, O_{C,x} can be seen a subalgebra of O_{A,x}. It contains elements (α_1, . . . , α_n) with the additional property that if 1 ≤ i < j ≤ n then α_i and α_j coincide on C_i ∩ C_j , which is larger than C if deg(L) ≠ 0. We will see in 4.1.11 that it is not true that there always exists a fragmented deformation above a reducible one.

2.4. Gluings of families of curves

Let S be a smooth affine irreducible curve, and P ∈ S a closed point. By a family of curves parametrized by S we mean a flat projective morphism π : C → S such that the fibers of π are smooth projective irreducible curves. The scheme C is then a smooth irreducible surface.

2.4.1. Lemma: For every finite subset Δ of C there exists an affine open subset U ⊂ C such that Δ ⊂ U.

Proof. Since π is a projective morphism, there exists a projective space P_N and a closed immersion C ⊂ P_N × S such that π is the restriction of the projection p_S : P_N × S → S. Let p_N : P_N × S → P_N be the other projection and Δ^′ = p_N (Δ). There exists an integer k > 0 and σ ∈ O_{PN} (k) such that s does not vanish at any point of Δ^′. By [14], prop. 5.5.7 and corr. 1.3.4, the open subset C^σ = {x ∈ C; s(p_N (x)) ≠ 0} is affine, and it contains Δ. □

2.4.2. Existence of families of curves with prescribed sections – Let C be a smooth projective irreducible curve, and x_1, . . . , x_p distinct points of C.

2.4.3. Lemma: For any η ∈ H^1(T_C ), there exists a smooth curve S, P ∈ S, and a family of curves π : C → S such that

– we have π^{−1}(P ) = C, and the image of the Kodaïra-Spencer map T_P S → H^1(T_C ) is Cη. – for 1 ≤ i ≤ p, there exists a section of π, r_i : S → C, such that r_i(P ) = x_i.

Proof. If η = 0 then we can take C = C × S with the obvious sections. Suppose that η ≠ 0. There exists a flat family of smooth projective curves θ : B → B parametrized by a smooth variety B, such that θ is a projective morphism, and b_0 ∈ B with

B_{b0} = θ^{−1}(b_0) = C, such that the Kodaïra-Spencer map ω_{b0} : T B_{b0} → H^1(T_C ) is surjective. To obtain θ one can use an embedding of C in a projective space C → P_N such that the degree of C is sufficiently high, take for B a suitable open subset of the Hilbert scheme of curves in P_N with the same genus and degree as C, and for B the universal curve (cf. [8], prop. 4.3.1). Let B_p = {(β_1, . . . , β_p) ∈ B^p ; θ(β_1) = · · · = θ(β_p)} .

It is a smooth variety and we have

T (B_p)_{b0} = {(u_1, . . . , u_p) ∈ T B_{b0} × · · · T B_{b0} ; T θ_{b0} (u_1) = · · · = T θ_{b0} (u_p)} . Moreover, the projection B_d → B is a submersion. Let x = (x_1, . . . , x_p) ∈ (B)_{b0} .

Let S ⊂ B_p be a smooth curve such that x ∈ S. Let f : S → B be the inclusion S ⊂ B_p, followed by the projection B_p → B. Let C = f^∗(B). It is a family of curves parametrized by S. It is possible to choose S such that, if u ∈ T S_x is a generator, the image in H^1(T_C ) (by the Kodaïra-Spencer map of C) of the projection of u on T B_{b0} is η. The family of curves C has all the required properties. □

2.4.4. Gluing of families of curves – Let C be a smooth projective irreducible curve, and π_1 : C_1 → S, π_2 : C_1 → S, families of smooth curves such that π^{−1}_1 (P ) = π^{−1}_2 (P ) = C. Let p be a positive integer, and x_1, . . . , x_p distinct points of C. Let r^i_1 : S → C_1 (resp. r^i_2 : S → C_2), 1 ≤ i ≤ p, be sections of π_1 (resp. π_2), such that r^i_1(P ) = r^i_2(P ) = x_i. Let

Γ = C ∪ r^1(S) ∪ · · · ∪ r^p_1 (S) ⊂ C_1 , which is a closed subvariety of C_1. It is canonically isomorphic to the corresponding closed subvariety of C_2:

C ∪ r^1_2(S) ∪ · · · ∪ r^p_2 (S) .

It is the unique scheme obtained by gluing C and p copies of S by identifying x_i and P in each copy of S, in such a way that all the curves S and C are transverse at the intersection points. According to [12], 4-, 5- théorème 5.4, and lemma 2.4.1, there exists a scheme D, obtained by gluing C_1 and C_2 along Γ, in such a way that we have a cocartesian diagram Γ� � � � �

�

C_1� �

� C_2 � � � D = C_1 ⊔_Γ C_2

If x ∈ Γ, O_{D,x} is the ring of pairs (ϕ_1, ϕ_2) ∈ O_{C1,x} × O_{C2,x} such that ϕ_{1|Γ} = ϕ_{2|Γ}. Moreover the morphisms π_1, π_2 can be extended to a morphism π : D → S.

Let O_{Ci} (1), i = 1, 2, be ample line bundles on C_i, such that O_{C1} (1)_{|C} ≃ O_{C2} (1)_{|C} , and that O_{Ci} (1)_rj_{i (S)} is trivial for 1 ≤ j ≤ p. Then we have O_{C1} (1)_{|Γ} ≃ O_{C2} (1)_{|Γ}. By the same argument as in [12], 6.3, we can define a line bundle O_D(1) on D extending O_{C1} (1) and O_{C2} (1). By [15], 2.6.2, applied to π : D → S and (π_1, π_2) : C_1 ⊔ C_2 → S, O_D(1) is ample. Hence D is a quasiprojective variety. According to [9] (cf. 2.3), π^{−1}(P ) is a primitive double curve with associated smooth curve S, and D is a maximal reducible deformation of π^{−1}(P ).

2.5. Smoothing of reducible deformations of primitive multiple curves

Let X be an algebraic variety. We say that X is smoothable if there exists a flat morphism ψ : X → T , where X and T are algebraic varieties, such that T is integral, there exists t_0 ∈ T such that ψ^{−1}(t_0) ≃ X, and if s ≠ t ∈ T , then ψ^{−1}(s) is smooth.

2.5.1. Proposition : Let D be a projective primitive multiple curve. If there exists a maximal reducible deformation of D, then D is smoothable.

Proof. Let π : C → S be a maximal reducible deformation of D, and s_0 ∈ S such that D = C_{s0} . Let i : C → P_N be an embedding of C in a projective space. We may assume that for every s ∈ S we have h^1(O_{Cs} (1)) = 0, and the exact sequence

0 −→ O_{PN} −→ O_{PN} (1) ⊗ H^0(O_{PN} (1))^∗ −→ T P_N −→ 0 implies that we have also h^1(T P_{N|Cs} ) = 0. Let Z be the component of the Hilbert scheme of curves in P_N containing D. Then by the local structure of D there is a canonical surjective morphism T P_N � � Hom(I_D, O_D)

(where I_D denotes the ideal sheaf of D in P_N ). It follows that H^1(Hom(I_D, O_D)) = {0}. The same holds if we replace D with C_s, for every s ∈ S. It follows that Z is smooth at all the fibers of π. Let Z^0 ⊂ Z be the open subset of smooth points. We have thus C_s ∈ Z^0 for every s ∈ S. It is clear that all the singularities of the fibers C_s, s ∈ S\{s_0}, are smoothable. It follows from proposition 29.9 of [17] that the fibers C_s, s ∈ S\{s_0}, are smoothable in P_N . In particular some points in Z^0 are smooth curves. It follows that D = C_{s0} is smoothable. □

3. Maximal reducible deformations of primitive double curves

In this chapter S denotes a smooth curve, and P ∈ S. Let t ∈ O_{S,P} be a generator of the maximal ideal of P . We can suppose that t is defined on the whole of S, and that the ideal sheaf of P in S is generated by t.

3.1. Properties of maximal reducible deformations of primitive double curves

Let C_2 be a primitive double curve, with underlying projective smooth curve C and associated line bundle L on C. Let π : C → S be a maximal reducible deformation of C_2, and P ∈ S such that π^{−1}(P ) = C_2. Then C has two irreducible components C_1, C_2 which are flat families of smooth irreducible curves parametrized by S. If z ∈ S\{P }, the two components C_{1,z} and C_{2,z} of C_z intersect transversally in − deg(L) points. We suppose that deg(L) < 0. Let Z ⊂ C be the closure in C of the locus of the intersection points of the components of π^{−1}(z), z ≠ P . Since S is a curve, Z is a curve of C_1 and C_2. It intersects C in a finite number of points. If x is one of these points, let r_x be the number of branches of Z at x and s_x the sum of the multiplicities of the intersections of these branches with C, so that we have r_x ≤ s_x, with equality if and only if all the branches intersect transversally with C. Moreover, since for every z ∈ S\{P }, C_{1z} ∩ C_{2z} consists of − deg(L) distinct points, we have ∑ x∈Z∩C

r_x = − deg(L).

For i = 1, 2, let π_i : C_i → S be the restriction of π. We will also denote π^∗t by π, and π^∗_i t by π_i. So we have π = (π_1, π_2) ∈ O_C (−C).

3.1.1. Theorem: 1 – Let x ∈ C. Then there exists an unique integer p > 0 such that I_{C,x}/⟨(π_1, π_2)⟩ is generated by the image of (π^p_1 λ, 0), for some λ ∈ O_{C1 ,x} not divisible by π_1. This integer does not depend on x.

2 – λ is unique up to multiplication by an invertible element of O_{C1,x}, and (π^p_1 λ, 0) is a generator of the ideal I_{C1 ,C,x} of C_1 in C.

3 – There are only a finite number of points x ∈ C such that λ is not invertible. 4 – Let m_x be the multiplicity of λ_{|C} ∈ O_{C,x}. Then we have m_x > 0 if and only if x ∈ Z ∩ C, and in this case we have m_x = r_x = s_x, and the branches of Z at x intersect transversally with C. Moreover L ≃ O_C (− ∑ x∈Z∩C

r_xx) ≃ I_{Z∩C,C} .

Proof. the proof of 1- is similar to the proof of proposition 4.2.1, 1- of [9]. Let x ∈ C and u = (π_1α, π_2β) whose image is a generator of I_C /⟨(π_1, π_2)⟩ at x (I_C /⟨(π_1, π_2)⟩ is a locally free sheaf of rank 1 of O_C -modules). Let β_0 ∈ O_{C1,x} be such that (β_0, β) ∈ O_{C,x}. Then the image of u − (π_1, π_2)(β_0, β) = (π_1(α − β_0), 0) is also a generator of I_C /⟨(π_1, π_2)⟩ at x. We can write it (π^p_1 λ, 0), where λ is not a multiple of π_1.

As in proposition 4.2.1 of [9] it is easy to see that if (π^q_1μ, 0) ∈ O_{C,x}, with μ not divisible by π_1 and q > 0, and if k is a positive integer, then we can write (π^q_1μ, 0) = γ.(π^p_1 λ, 0) + δ.(π^k_1 , π^k_2 ) , with γ, δ ∈ O_{C,x}. From this it follows that q ≥ p, so p is unique. Since the image of (π^p_1 λ, 0) is also a generator of I_C /⟨(π_1, π_2)⟩ in a neigborhood of x, p does not depend on x and 1- is proved, as well as 3-.

Suppose that the image of (π^p_1 λ^′, 0) is also a generator of I_C /⟨(π_1, π_2)⟩ at x. Then for every positive integer k we can write (π^p_1 λ^′, 0) = (γ_1, γ_2)(π^p_1 λ, 0) + (δ_1, 0).(π^{p+k}_1 , π^{p+k}_2 ) , with (γ_1, γ_2), (δ_1, 0) ∈ O_{C,x}, whence λ^′ = γ_1λ + π^k_1 δ_1. We have then

λ^′ ∈ ⋂ k>0 ((λ) + (π_1)^{p+k}

in O_{C1,x}, and the latter is equal to (λ) according to [19], vol. II, chap. VIII, theorem 9. So we can write λ^′ = βλ with β ∈ O_{C1,x}. In the same way, λ = β^′λ^′ with β^′ ∈ O_{C1,x}. So ββ^′ = 1 and β is invertible, which proves the first assertion 2-. The proof of the second assertion is similar. Suppose that x ∈ Z ∩ C. Since (π^p_1 λ, 0) ∈ O_{C,x}, we have λ_{|Z∩C} = 0, hence m_x ≥ s_x .

It follows from 1-, 2-, 3- that I_C /⟨(π_1, π_2)⟩ (which is isomorphic to L) can be viewed as a subsheaf of (π^p_1 )/(π^{p+1}_1 ) ≃ O_C , and this subsheaf is exactly O_C (− ∑ x∈Z∩C

m_xx). Hence

− deg(L) = ∑ x∈C m_x. So

− deg(L) = ∑ x∈C m_x ≥ ∑ x∈Z∩C

s_x ≥ ∑ x∈Z∩C

r_x = − deg(L) ,

hence all the preceding inequalities are equalities and 4- follows. □

Similarly there exists an unique integer q > 0 such that for every x ∈ C, I_{C,x}/⟨(π_1, π_2)⟩ is generated by the image of (0, π^q_2μ), for some μ ∈ O_{C2,x} not divisible by π_2 and unique up to multiplication by an invertible element of O_{C2,x}.

3.1.2. Corollary: Let x ∈ C and (π^p_1 λ, 0) ∈ O_{C,x} (resp. (0, π^p_2 μ) ∈ O_{C,x}) be such that its image is a generator of I_{C,x}/⟨(π_1, π_2)⟩. Let θ ∈ O_{C2,x} such that (λ, θ) ∈ O_{C,x}. Then 1 – There exists γ ∈ O_{C2,x} invertible such that θ = γμ. 2 – The ideal of Z in C_{1,x} (resp. C_{2,x}) id generated by λ (resp. μ).

Proof. Since the image of π^p(λ, θ) − (π^p_1 λ, 0) = (0, −π^p_2 θ) is also a generator of I_{C,x}/⟨(π_1, π_2)⟩, 1- follows from theorem 3.1.1, 2- (for the other coordinate). The second assertion follows from theorem 3.1.1, 4-. □

3.1.3. Proposition: 1 – There exists a canonical isomorphism Φ : O_{C1} /(π^p_1 I_{Z,C1} ) −→ O_{C2} /(π^q_2I_{Z,C2} ) such that for every x ∈ C and (α_1, α_2) ∈ O_{C1,x} × O_{C2,x}, if [α_1], [α_2] denote the images of α_1, α_2 in O_{C1,x}/(π^p_1 I_{Z,C1,x}), O_{C2,x}/(π^p_1 I_{Z,C2,x}) respectively, we have (α_1, α_2) ∈ O_{C,x} if and only if Φ([α_1]) = [α_2]. For every α ∈ O_{C,x}, we have Φ([α])_{|C} = [α]_{|C} , and Φ([π_1]) = [π_2]. 2 – We have q = p.

Proof. The first assertion is an easy consequence of the second statement of the preceding theorem. To prove 2-, let x ∈ C\Z ∩ C. Then (π^p_1 λ, 0) ∈ O_{C,x} for some λ ∈ O_{C1,x} such that λ_{|C} ≠ 0. There exists μ ∈ O_{C2,x} such that (λ, μ) ∈ O_{C,x}, and μ_{|C} = λ_{|C} ≠ 0. We have (0, μπ^p_2 ) = π^p(λ, μ) − (π^p_1 λ, 0) ∈ O_{C,x}, so q ≤ p by theorem 3.1.1, 2-. Similarly p ≤ q, hence p = q. □

3.1.4. Proposition: Let J_p ⊂ O_C be the ideal sheaf consisting of pairs (u_1, u_2) such that u_1 is a multiple of π^{p+1}_1 and u_2 a multiple of π^{p+1}_2 . Then we have J_p ⊂ (π).

Proof. Let a_1 ∈ O_{C1,x}, a_2 ∈ C_{2,x} be such that Φ([a_1π^{p+1}_1 ]) = [a_2π^{p+1}_2 ]. We must prove that Φ([a_1π^p_1 ]) = [a_2π^p_2 ]. Let b ∈ O_{C2,x} be such that Φ([a_1]) = [b]. Then we have Φ([a_1π^{p+1}_1 ]) = [bπ^{p+1}_2 ], hence a_2π^{p+1}_2 − bπ^{p+1}_2 is a multiple of μπ^p_2 : a_2π^{p+1}_2 − bπ^{p+1}_2 = βμπ^p_2 for some β ∈ O_{C2,x} . It follows that β is a multiple of π_2 : β = απ_2, and a_2 − b = αμ. Hence Φ([a_1π^p_1 ]) = [bπ^p_2 ] = [a_2π^p_2 − αμπ^p_2 ] = [a_2π^p_2 ] . □

It follows that for the associated primitive multiple curve C_2 we have O_{C2} = O_C /(π) = ( O_C /J_p ) /(π) .

3.1.5. Localization – Let Φ : O_{C1} / ( (π^p_1 I_{Z,C1} ) + (π^{p+1}_1 ) ) −→ O_{C2} / ( π^q_2I_{Z,C2} ) + (π^{p+1}_1 ) ) be the isomorphism induced by Φ. Let x ∈ C. For i = 1 or 2, and α_i ∈ O_{Ci,x}/(π^{p+1}_i ), let ϵ(α_i) denote the image of α_i in [ O_{Ci} / ( (π^p_i I_{Z,Ci} ) + (π^{p+1}_1 ) )] x. Let A_x = {(α_1, α_2) ∈ O_{C1,x}/(π^{p+1}_1 ) × O_{C2 ,x}/(π^{p+1}_2 ); Φ(ϵ(α_1)) = ϵ(α_2)} .

3.1.6. Proposition: The natural projection O_{C,x} → A_x induces an isomorphism O_{C,x}/(π) ≃ A_x/(π) .

Proof. Let θ : O_{C,x}/(π) → A_x/(π) be the natural morphism.

First we prove that θ is surjective. Let (α_1, α_2) ∈ A_x. Let a_i ∈ O_{Ci,x} be over α_i. Then, since Φ(ϵ(a_1)) = ϵ(a_2), we can write Φ([a_1]) = [a_2] + [β_2]π^{p+1}_2 , for some β_2 ∈ O_{C2,x}. Let a^′_2 = a_2 + π^{p+1}_2 β_2. Then the image of (a_1, a^′_2) in A_x is (α_1, α_2), and clearly (a_1, a^′_2) ∈ O_{Cx} and its image in A_x is (α_1, α_2).

Now we prove that θ is injective. Let u = (u_1, u_2) ∈ O_{C,x}, u its image in O_{C,x}/(π), and suppose that θ(u) = 0. Let v be the image of u in A_x. Then we can write v = πw, for some w ∈ A_x. Since θ is surjective, we can find w^′ ∈ O_{C,x} over w. Then u^′ = u − πw^′ is of the form (π^{p+1}_1 α_1, π^{p+1}_2 α_2), for some α_i ∈ O_{Ci,x}. From proposition 3.1.4, u^′ is a multiple of π. Hence u is a multiple of π and u = 0. □

3.2. Construction of maximal reducible deformations of primitive double curves

We keep the notations of 3.1 and we suppose that p = 1 (we don’t need to study the case p > 1 to prove theorem 3.2.7, (ii)).

3.2.1. Maximal reducible deformations of primitive double curves and gluings of families of curves – We consider the maximal reducible deformation π : C → S of 3.1 (with p = 1). It follows from the description of the local rings of the closed points of C given in 3.1 that C is a gluing of C_1 and C_2 along the closed subvariety Γ = Z ∪ C. This means that we have a cocartesian diagram Γ� � � � �

�

C_1� �

� C_2 � � � C = C_1 ⊔_Γ C_2 and that for every closed point x ∈ Γ, O_{C,x} is the ring of pairs (ϕ_1, ϕ_2) ∈ O_{C1,x} × O_{C2,x} such that ϕ_{1|Y} = ϕ_{2|Y} . This comes also from the fact that Γ = C_1 ∩ C_2 as schemes (of course this is not true if p > 1).

3.2.2. The cocycles defining C_2 – For i = 1, 2, let C^{(2)}_i denote the infinitesimal neighborhood of order 2 of C in C_i (i.e. O_C(2)_i = O_{Ci} /(π^2_i )). It is a primitive double curve. Let (U_j )_{j∈J} be a finite open affine cover of C. Then for every j ∈ J, the restriction U^{(2)}_j of C^{(2)}_i to U_j is trivial, i.e. there is an isomorphism U^{(2)}_j ≃ U_j × Z_2 (where Z_2 = spec(C[t])/(t^2)) inducing the identity on U_j . We can suppose that U_j contains at most one point of Z ∩ C, and that each point in Z ∩ C is contained in only one U_j . We suppose also that for every distinct j, k ∈ J, ω_{C|Ujk} is trivial, generated by dx_{jk}. Then C^{(2)}_i can be constructed by a cocycle (μ^{(i)}_{jk} )_{j,k∈J} , μ^{(i)}_{jk} ∈ O_C (U_{jk}), as in 2.2.1: C^{(2)}_i is obtained by gluing the U^{(2)}_j ≃ U_j × Z_2 with the automorphisms of U_{jk} × Z_2

defined by the matrices ( 1 0 μ^{(i)}_{jk}^∂_{∂xjk} 1 ) . If U_j does not contain any point of Z ∩ C, let r^{(i)}_j = 1. If U_j contains a point of Z ∩ C, this point x is unique, and in this case let r^{(i)}_j ∈ O_C (U_j)[t]/(t^2) be an equation of Z ∩ C in the open subset U_j × Z_2 of C^{(i)}_2 . If τ ∈ O_C (U_j ) is an equation of x, we can write (by theorem 3.1.1) r^{(i)}_j = τ^{rx} + t.h^{(i)}_j , where h^{(i)}_j vanishes to order ≥ r_x − 1 at x. It follows that we can suppose that r^{(1)}_j = r^{(2)}_j . More precisely, there exists an automorphism σ of O_C (U_j )[t]/(t^2) such that the induced automorphism of O_C (U_j ) is the identity, and sending r^{(1)}_j to r^{(2)}_j (this comes from the description of these automorphisms in 2.2). Let r_j = r^{(1)}_j = r^{(2)}_j . Note that by theorem 3.1.1 we can assume that r_j is a product

r_j =

r_x∏

m=1 (τ + λ_mt) ,

where λ_m ∈ C for 1 ≤ m ≤ r_x, and the λ_m are distinct. Let ρ_j = r_{j|C} .

Let C^{(2)} be the scheme corresponding to the sheaf of algebras A (cf. 3.1.5). We have (C^{(2)})_{red} = C. For every j ∈ J, we can view A(U_j) as the algebra of pairs (a + bt, a + (b + ρ_j β)t), with a, b, β ∈ O_C (U_j ) and the rule t^2 = 0. These sets must then be glued to build A, using the automorphisms, for distinct j, k ∈ J (1) A(U_{jk}) � A(U_{jk})

(a + bt, a + (b + ρ_jβ)t) � � ( a + (μ^{(1)}_{jk}^{∂a}_{∂xjk} + b)t, a + (μ^{(2)}_{jk}^{∂a}_{∂xjk} + b + ρ_j β)t ) (note that ρ_j and ρ_k are invertible on U_{jk}).

Now we can also describe the double primitive curve C_2 with a cocycle, unsing the fact that O_{C2} = O_C /(π) = A/(π) (cf. prop. 3.1.6). If u ∈ A(U_j), let [u] denote its image in A(U_j)/(π). In A(U_j) we have π = (t, t), hence we have an isomorphism

(A/(π))(U_j) � O_C (U_j )[z]/(z^2)

(a + bt, a + (b + ρ_j β)t) � � a + βz .

Hence the automorphism of O_C (U_{jk})[z]/(z^2) defining C_2 is given by

a + bz −→ a +

(μ^{(2)}_{jk} − μ^{(1)}_{jk} ρ_k ∂a ∂x_{jk} + ρ_j ρ_k ) z .

It follows that C_2 is defined by the cocycles ( ρ_j ρ_k ) and ( μ^{(2)}_{jk} − μ^{(1)}_{jk} ρ_k ) . It is easy to verify that

the first one defines L = O_C (− ∑ x∈Z∩C

r_xx).

3.2.3. Local reducible deformations – Let D_1, D_2 be primitive double curves with associated smooth curve C and associated line bundle O_C . Suppose that D_i, i = 1, 2, is defined by the cocycle (ρ^{(i)}_{jk}^∂_{∂xjk} ) (it is not necessary to use another cocycle since L = O_C ). For every j ∈ J let r_j ∈ O_C (U_j)[t]/(t^2) such that

– r_j vanishes in at most one point in U_j , and not on U_j ∩ U_k if k ∈ J\{j}. – if r_j vanishes at x_j ∈ U_j and τ is a generator of the ideal of x in O_C (U_j), then r_j = ∏_{pjm=1}

(τ + λ_mt), for some integer p_j ≥ 1, where the λ_m are distinct scalars.

Let J^′ ⊂ J be the set of points j such that r_j vanishes at some point of U_j , and Z be the divisor ∑ j∈J^′

p_j x_j.

Then we can define from these data, using a sheaf of algebras A as in 3.2.2, a scheme D such that D_{red} = C, and a global section π of O_D. We simply define A(U_j ) as the algebra of pairs (a + bt, a + (b + r_jβ)t), with a, b, β ∈ O_C (U_j ) and the rule t^2 = 0. We then glue the schemes spec(A(U_j)) using automorphisms similar to (1). Now the sheaf A/(π) if the structure sheaf of a double primitive curve C_2 with associated smooth curve C and associated line bundle L = O_C (−Z).

We call the scheme D a local reducible deformation of the primitive double curve C_2. The reducible deformations C defined previously can also be called global reducible deformations. It is clear from 3.2.2 that a global reducible deformation of C_2 induces a local one.

3.2.4. Remark: It is possible to define local reducible deformations in the case p > 1. But in this case we would need to use schemes of the form U_i × Z_{p+1} instead of U_i × Z_2.

3.2.5. Proposition: Let D be a primitive double curve with associated smooth curve C and associated line bundle L^′ on C. Suppose that h^0(L^{′∗}) ≠ 0. Then there exists a local reducible deformation of D.

Proof. The hypothesis h^0(L^{′∗}) ≠ 0 means that L^′ is an ideal sheaf, so we can write

L^′ = O_C (− p∑ i=1 n_ix_i), where x_1, . . . , x_p are distinct points of C and n_1, . . . , n_p positive integers.

We can choose an open affine cover (U_i)_{i∈I} of C such that any U_i contains at most one of the points x_j, and that every point x_j is contained in only one U_i. We take now r_j ∈ O_C (U_j )[t]/(t^2) such that

– r_j is invertible if U_j contains no point x_i.

– If x_i ∈ U_j, and τ ∈ O_C (U_j ) a generator of the ideal of x_i, then r_j is of the form r_j = ∏ 1≤m≤n_i (τ + λmt), where λ1, . . . , λm ∈ C ∗. For 1 ≤ i ≤ p, let ρ = r_{i|C} . Then ( ρ_j ρ_k

) is a cocycle of invertible functions (with respect to (U_{jk}))

which defines L^′. Suppose that D comes from σ ∈ H^1(T_C ⊗ L^′), defined by the cocycle (ν_{jk}). Now we define two primitive double curves with associated smooth curve C and associated line bundle O_C :

– The first one in the trivial primitive double curve, defined by the cocycle (0). – The second one is defined by the cocycle (ρ_kν_{jk}).

It is clear from 3.2.2 that these data define a local reducible deformation of D. □

We have seen that a reducible deformation of C_2 induces a local reducible deformation of it. The converse is true (for suitable L):

3.2.6. Proposition: Let D be a primitive double curve, with associated smooth curve C and associated line bundle L. Suppose that there exist distinct points P_1, . . . , P_mof C, such that L ≃ O_C (−P_1 − · · · − P_m) .

Then there exists a global maximal reducible deformation of D.

Proof. We begin as in 3.2.5 with a local reducible deformation of D. We have to show that it can be extended to a global reducible deformation of D. This is an immediate consequence of lemma 2.4.3 (for the construction of adequate C_1 and C_2) and 2.4.4 (to glue them and make C). □

The preceeding results can then be summarized in

3.2.7. Theorem: Let D be a primitive double curve with associated smooth curve C and associated line bundle L on C. Then (i) There exists a local maximal reducible deformation of D if and only if h^0(L^∗) ≠ 0. (ii) If there exists a divisor Δ = P_1 + · · · + P_m of C, with distinct points P_1, . . . , P_m of C, such that L ≃ O_C (−Δ). Then there exists a global maximal reducible deformation of D.

3.2.8. Example : Let Δ be a divisor as in theorem 3.2.7, and L = O_C (−Δ). Let C_1 = C_2 = C × C and Γ = C ∪ ({P_1} × C) ∪ · · · ∪ ({P_m} × C) .

This curve is a closed subvariety of C_1 and C_2. We can glue C_1 and C_2 along Γ (using 2.4.4), and we obtain a maximal reducible deformation C of the trivial double curve associated to C and L.

Another way to obtain C is as follows: let s_0 be the zero section of L^∗, and s_1 ∈ H^0(L^∗) vanishing at P_1, . . . , P_m. We can view C as embedded in the surface L^∗ via s_0. Then we can realize C_1 and C_2 as closed subvarieties of L^∗ × C in the following way : C_1 = C × C, and C_2 is over t ∈ C the image of the section s_0 + ts_1. Then we have C = C_1 ∪ C_2.

3.3. Smoothing of primitive double curves

The following result follows immediately from proposition 2.5.1 and theorem 3.2.7: let D be a primitive double curve with associated smooth curve C and associated line bundle L on C. If there exists a divisor P_1 + · · · + P_m of C, with distinct points P_1, . . . , P_m of C, such that L ≃ O_C (−P_1 − · · · − P_m), then D is smoothable. Of course this is also a consequence of [13] (cf. the Introduction), since we have also h^0(L^{−2}) ≠ 0.

4. Maximal reducible deformations in the general case

4.1. Properties of maximal reducible deformations of primitive multiple curves

Let C be a projective irreducible smooth curve, n ≥ 2 an integer and C_n a primitive multiple curve of multiplicity n, with underlying smooth curve C and associated line bundle L on C. Let S be a smooth curve, P ∈ C and π : C → S a maximal reducible deformation of C_n, with π^{−1}(P ) = C_n (cf. 2.3). Let C_1, . . . , C_n be the irreducible components of C and d = − deg(L). We suppose that d > 0, i.e. π is not a fragmented deformation, so for every s ∈ S\{P } and i, j distinct integers in {1, . . . , n}, the two components C_{i,s}, C_{j,s} of C_s intersect transversally in d distinct points. As in 3, we denote also t ∘ π_i by π_i.

4.1.1. Intersections of components (notations) – Let Z ⊂ C be the closure in C of the locus of the intersection points of the components of C_z = π^{−1}(z), z ≠ P . Since S is a curve, Z is a curve. It intersects C in a finite number of points.

For every proper subset I ⊂ {1, . . . , n}, let I^c denote the complement of I. If J ⊂ {1, . . . , n} is such that I ⊂ J, let Z^J_I denote the subvariety of Z which is the closure in C of the locus of intersection points of the components C_{i,z} and C_{j,z} of C_z, where i ∈ I and j ∈ J\I. Of course Z^J_I is a union of components of C_I ∩ C_{J\I} (the only other component being a curve with associated reduced curve C). If i, j ∈ {1, . . . , n} are distinct, we will note more simply Z^{{i,j}}_{{i}} = Z_{ij} . Similarly we will note Z_I = Z^{{1,...,n}}_I .

If ∅ ≠ I ⊊ J ⊂ {1, . . . , n}, let I(I, J) denote the ideal sheaf of Z^J_I in O_{CI} . If J = {1, . . . , n}, we note I(I) = I(I, {1, . . . , n}).

4.1.2. Spectrum – Let i, j be distinct integers such that 1 ≤ i, j ≤ n, and I = {i, j}. According to 3 there exists a unique integer p > 0 such that I_{C,CI} /(π) is generated at any point x ∈ C by the image of an element of the form (π^p_i α, 0), where α ∈ O_{Ci,x} is such that α_{|C} ≠ 0 (and also by the image of an element (0, π^p_j β), where β ∈ O_{Cj ,x} is such that β_{|C} ≠ 0). Recall that p is the smallest integer q such that I_{C,CI} contains a non zero element of the form (π^q_i λ, 0) (or (0, π^q_j μ)), with λ_{|C} ≠ 0 (resp. μ_{|C} ≠ 0). Let p_{ij} = p_{ji} = p, and p_{ii} = 0 for 1 ≤ i ≤ n. The symmetric matrix (p_{ij})_{1≤i,j≤n} is called the spectrum of C.

4.1.3. Generators of (I^p_C + (π))/(I^{p+1}_C + (π)) - Let i, j ∈ {1, . . . , n} be such that i ≠ j and x ∈ C. Since C_{{i,j}} ⊂ C there exists an element u_i = (v_m)_{1≤m≤n} of O_{C,x} such that v_i = 0 and that the image of (0, v_j) generates I_{C,C{i,j},x}/(I^2_{C,C{i,j},x} + (π)). According to 2.3.3, the image of u_i generates I_C /(I^2_C + (π)) at x, and for any k ∈ {1, . . . , n} such that k ≠ i, the image of (0, v_k) generates I_{C,C{i,k},x}/(I^2_{C,C{i,k},x} + (π)). Hence from theorem 3.1.1 there exists α_{ik} ∈ O_{Ck,x} such that v_k = α_{ik}π^{pik}_k , and (α_{ik}) = I_{Zik ,Ck,x} .

Let I be a proper subset of {1, . . . , n}, p its number of elements, and

u_I = ∏ i∈I u_i .

Then the image of u_I is a generator of (I^p_{C,x} + (π))/(I^{p+1}_{C,x} + (π)).

4.1.4. Proposition: 1 – The ideal sheaf I_{CI ,C} of C_I in C at x is generated by u_I . In particular the ideal sheaf of C_i in C at x is generated by u_i. 2 – I_{CI ,C} is a line bundle on C_Ic .

Of course 2- is a consequence of 1-. The proof of 1- is similar to that of proposition 4.3.3 in [9].

In particular, for every i ∈ {1, . . . , n}, let J_i = {1, . . . , n}\{i}. Then the ideal sheaf of C_{Ji} ⊂ C at x is generated by u_{Ji} = (0, . . . , 0, A_iπ^{qi}_i , 0, . . . , 0) , with A_i = ∏ 1≤k≤n,k≠i

α_{ki}, q_i = ∑ 1≤k≤n

p_{ik} .

4.1.5. Proposition: Let u_I = (w_i)_{1≤i≤n}. For every j ∈ {1, . . . , n}\I, let w_j = v_j π^{mj}_j , with v_{j|C} ≠ 0. Then v_j is a generator of the ideal of Z^{I∪{j}}_{{j}} at x.

Proof. This follows from corollary 3.1.2, 2-. □

4.1.6. Proposition: 1 – Let i, j, k be distinct integers such that 1 ≤ i, j, k ≤ n. Then if p_{ij} < p_{jk}, we have p_{ik} = p_{ij}.

2 – Let i ∈ {1, . . . , n}. Then we have I_{C,x} = (u_i) + (π).

3 – Let i ∈ {1, . . . , n} and v = (v_m)_{1≤m≤n} ∈ I_{C,x} such that v_i is a multiple of π^p_i , with p > 0. Then we have v ∈ (u_i) + (π^p)

The proof is similar to that of propositions 4.3.4 and 4.3.5 in [9].

4.1.7. Construction by induction on n – Let i be an integer such that 1 ≤ i ≤ n. Let B_i be the image of O_{CJi} in the sheaf of C-algebras on C which at any point x is ∏ 1≤j≤n,j≠i OCj /(Aj π q_j

j );

it is also a sheaf of C-algebras on C. For every point x of C and every α = (α_m)_{1≤m≤n} in ∏ 1≤j≤n OCj ,x, we denote by bi,x(α) its image in ∏ 1≤j≤n,j≠i OCj ,x/(Ajπ q_j

j ) (obtained by forgetting the i-th coordinate of α).

We denote by A_i the sheaf of C-algebras on C which at any point x is O_{Ci} /(A_iπ^{qi}_i ). If 1 ≤ k ≤ n, x ∈ C and α ∈ O_{Ck,x}, let [α] denote the image of α in O_{Ck ,x}/(A_kπ^{qk}_k ).

4.1.8. Proposition: There exists a morphism of sheaves of C-algebras on C Φ_i : B_i −→ A_i such that for every point x of C and all (α_m)_{1≤m≤n,m≠i} ∈ O_{CJi ,x}, α_i ∈ O_{Ci,x}, we have α = (α_m)_{1≤m≤n} ∈ O_{C,x} if and only if Φ_{i,x}(b_{i,x}(α)) = [α_i].

The proof is similar to that of proposition 4.4.1 of [9].

For 1 < i ≤ n, let A^{[i]} = ∏ 1≤k<i

α_{ki} .

The following result is a generalization of corollary 4.4.3 of [9]:

4.1.9. Corollary: Let N be an integer such that N ≥ max_{1≤i≤n}(q_i). Let x ∈ C, β ∈ O_{C1 ,x} × · · · O_{Cn,x} and u = (u_i)_{1≤i≤n} ∈ O_{C,x} such that u_i and A^{[i]} are relatively prime in O_{Ci,x}, for 1 < i ≤ n. Suppose that [βu] ∈ O_{C,x}/(π^N ). Then we have [β] ∈ O_{C,x}/(π^N ). Proof. By induction on n. It is obvious if n = 1. Suppose that the lemma is true for n − 1. Let I = {1, . . . , n − 1}. So we have [β_{|C1×···Cn−1} ] ∈ O_{CI ,x}/(π_1, . . . , π_{n−1})^N by the induction hypothesis. Let γ (resp. v) be the image of β (resp. u) in B_n. To show that [β] ∈ O_{C,x}/(π^N ) it is enough to verify that Φ_n(γ) = [β_n].

We have Φ_n(γv) = [β_nu_n] because [βu] ∈ O_{C,x}/(π^N ), and Φ_n(v) = [u_n] because u ∈ O_{C,x}. So we have Φ_n(γ)[u_n] = Φ_n(γ)Φ_n(v) = Φ_n(γv) = [β_nu_n] = [β_n][u_n].

Since u_{|C} ≠ 0, [u_n] is not a zero divisor in O_{Cn,x}/(A_nπ^{qn}_n ), so we have Φ_n(γ) = [β_n]. □

The following result is a generalization of proposition 4.4.7 of [9]:

4.1.10. Proposition: Let (α_1π^{m1}_1 , . . . , α_nπ^{mn}_n ) ∈ O_{C,x} be such that for 1 < i ≤ n, α_{i|C} ≠ 0 and that α_i and A^{[i]} are relatively prime. Let β = (β_1, . . . , β_n) ∈ O_{C,x} be such that for 1 ≤ i ≤ n, β_i is a multiple of α_i in O_{Ci,x}. Let M = m_1 + · · · m_n. Then ( β_1 α_1 π^{M−m1}

1 , . . . , β_n α_n π^{M−mn} n ) ∈ O_{C,x} .

Proof. By induction on n. It is obvious for n = 1. Suppose that it is true for n − 1 ≥ 1. Let I = {1, . . . , n − 1}. Then (α_1π^{m1}_1 , . . . , α_{n−1}π^{mn−1}_{n−1} ) ∈ O_{CI,x} . Hence, by the induction hypothesis, we have ( β_1 α_1 π^{M−m1−mn}

1 , . . . , β_{n−1} α_{n−1} π^{M−mn−1−mn} n−1 ) ∈ O_{CI,x} .

So there exists γ ∈ O_{Cn,x} such that u = ( β_1 α_1 π^{M−m1−mn}

1 , . . . , β_{n−1} α_{n−1} π^{M−mn−1−mn} n−1 , γ ) ∈ O_{C,x} .

Multiplying by (α_1π^{m1}_1 , . . . , α_nπ^{mn}_n ) we see that (β_1π^{M−mn}_1 , . . . , β_{n−1}π^{M−mn}_{n−1} , γα_nπ^{mn}_n ) ∈ O_{C,x}. Subtracting βπ^{M−mn} , we find that (0, . . . , 0, γα_nπ^{mn}_n − β_nπ^{M−mn}_n ) ∈ O_{C,x}. By proposition 4.1.4, the ideal of C_I ⊂ C at x is generated by (0, . . . , 0, A_nπ^{qn} ). Hence we can write γα_nπ^{mn}_n − β_nπ^{M−mn}_n = λA_nπ^{qn}_n for some λ ∈ O_{Cn,x}. Since α_n divides β_n, it divides also λA_n, and since α_n and A_n are relatively prime, α_n divides λ, and we have γπ^{mn}_n − β_n α_n π^{M−mn} n = μA_n for some μ ∈ O_{Cn,x} . We have v = (0, . . . , 0, μA_nπ^{qn}_n ) ∈ O_{C,x}. Now we have

π^{mn} u − v = ( β_1 α_1 π^{M−m1}

1 , . . . , β_n α_n π^{M−mn} n ) ∈ O_{C,x} . □ 4.1.11. Reducible deformations and fragmented deformations – We show here that it is not true that there always exists a fragmented deformation above a reducible one (one could think that a reducible deformation could be obtained simply by gluing some curves together in a fragmented one).

Let C be a smooth curve of degree d > 0 in P_2, and f ∈ H^0(O_{P2} (d)) an equation of C. Let h ∈ H^0(O_{P2} (d)), C(h) = {(x, t) ∈ P_2 × C; (f + th)(x) = 0} and π_h : C(h) → C the projection. Now let h_1, . . . , h_n ∈ H^0(O_{P2} (d)). Let D = C(h_1) ∪ · · · ∪ C(h_n) ⊂ P_2 × C and π = (π_1, . . . , π_n) : D → C. If h_1, . . . , h_n are sufficiently general, there exists a suitable neighborhood U of 0 in C such that C = π^{−1}(U) is a reducible deformation of C. Of course π^{−1}(0) is the multiple curve in P_2 defined by f^n. Now we have p_{ij} = 1 for 1 ≤ i < j ≤ n, and u_1 = (0, (h_2 − h_1)t, . . . , (h_n − h_1)t) .

Let x ∈ C and suppose that h_2 − h_1 vanishes at x, but not h_3 − h_1. We will show that there is no fragmented deformation above C, i.e. there is no fragmented deformation C^′ of C with components C(h_1)_{|U} ,. . ., C(h_n)_{|U} such that O_C ⊂ O_C′ . If such a fragmented deformation exists, its spectrum is the same as that of C, and the ideal of C(h_1)_{|U} in C^′ is generated at x by an element u^′ = (0, t, a_2t, . . . , a_nt) with a_i invertible in O_{C(hi),x} for 2 ≤ i ≤ n. Then u^′ is a multiple of u, i.e there exists α ∈ O_{C,x} of the form α = (α_1, h_2 − h_1, 1 a_3

(h_3 − h_1), . . . , 1 a_n

(h_n − h_1)) .

But this is impossible because (h_2 − h_1)_{|C} ≠ 1 a_3

(h_3 − h_1)_{|C} .

4.2. Localization and construction of maximal reducible deformations

We keep the notations of 4.1. The following result generalizes proposition 3.1.4:

4.2.1. Proposition: Let u = (α_1π^{m1}_1 , . . . , α_nπ^{mn}_n ) ∈ O_{C,x} , with m_i > q_i for 1 ≤ i ≤ n. Then u is a multiple of π in O_{C,x} , i.e. (α_1π^{m1−1}_1 , . . . , α_nπ^{mn−1}_n ) ∈ O_{C,x}.

Proof. By induction on n. The result is true for n = 1. Suppose that n > 1 and that it is true for n − 1. Let I = {0, . . . , n − 1}. Then u^′ = (α_1π^{m1−1}_1 , . . . , α_{n−1}π^{mn−1−1}_{n−1} ) ∈ O_{CI ,x} (by the induction hypothesis). Let v ∈ O_{C,x} be such that its image in O_{CI ,x} is u^′, i.e v = (v_i)_{1≤i≤n} and v_i = α_iπ^{mi−1}_1 for 1 ≤ i ≤ n − 1. Then u − πv ∈ I_{CI ,C,x}, hence there exists λ ∈ O_{Cn,x} such that u − πv = (0, . . . , 0, λA_nπ^{qn}_n ) .

We have only to show that λ is divisible by π_n. We have v_n = μπ^{qn−1}_n , with μ = π^{mn−qn} n a_n − λA_n, so we have to show that μ is divisible by π_n. Let τ = (τ_i)_{1≤i≤n} ∈ I_{Z,x}, such that τ_{|C} ≠ 0. Then we have

τv = (π^{m1−1}_1 a_1τ_1, . . . , π^{mn−1−1}_{n−1} a_{n−1}τ_{n−1}, π^{qn−1}_n μτ_n) . Since m_i − 1 ≥ q_i and A_i divides τ_i for 1 ≤ i ≤ n − 1, we have (π^{m1−1}_1 a_1τ_1, . . . , π^{mn−1−1}_{n−1} a_{n−1}τ_{n−1}, 0) ∈ O_{C,x} .

Hence w = (0, . . . , 0, π^{qn−1}_n μτ_n) ∈ O_{C,x}. Hence w is a multiple of (0, . . . , 0, π^{qn}_n A_n). Since τ_n is not divisible by π_n, μ is divisible by π_n. □

Let I = {1, . . . , n − 1} and x ∈ C. Let B_n be the image of O_{CI,x} in ∏_{n−1}

i=1 O_{Ci,x}/ ( (A_iπ^{qi}_i ) + (π^{qi+1}_i ) ) × . . . × O_{Cn−1,x}/ ( (A_{n−1}π^{qn−1}_{n−1} ) + (π^{qn−1+1}_{n−1} ) ) . As in 3.1.5, we can deduce from the morphism Φ_{n−1} of proposition 4.1.8 the morphism Φ_{n−1} : B_n −→ O_{Cn,x}/ ( (A_nπ^{qn}_n ) + (π^{qn+1}_n ) ) . We can then define a new sheaf of algebras A on C by A_x = {(u, v) ∈ B_n × O_{Cn,x}/ ( (A_nπ^{qn}_n ) + (π^{qn+1}_n ) ) ; Φ_{n−1}(u) = v} .

The proof of the following result is similar to that of proposition 3.1.6:

4.2.2. Proposition: The natural projection O_{C,x} → A_x induces an isomorphism O_{C,x}/(π) ≃ A_x/(π) .

It is then possible to define as for double primitive curves in 3.2.3 the notion of a local reducible deformation of a primitive multiple curve of multiplicity n. By proposition 4.2.2, a global reducible deformation induces a local one. And as for double curves, if a primitive multiple curve of multiplicity n has a local reducible deformation, it has also a global one.

References

[1] Arbarello, E., Cornalba, M., Griffiths, P. A. Geometry of algebraic curves. Volume II. With a contribution by Joseph Daniel Harris. Grund. der Math. Wiss 268. Springer, Heidelberg (2011).

[2] Bănică, C., Forster, O. Multiple structures on space curves. In: Sundararaman , D. (Ed.) Proc. of Lefschetz Centennial Conf. (10-14 Dec. Mexico), Contemporary Mathematics 58, AMS, 1986, 47-64.

[3] Bayer, D., Eisenbud, D. Ribbons and their canonical embeddings. Trans. of the Amer. Math. Soc., 1995, 347-3, 719-756.

[4] Drézet, J.-M. Faisceaux cohérents sur les courbes multiples . Collect. Math. 2006, 57-2, 121-171. [5] Drézet, J.-M. Paramétrisation des courbes multiples primitives Adv. in Geom. 2007, 7, 559-612. [6] Drézet, J.-M. Faisceaux sans torsion et faisceaux quasi localement libres sur les courbes multiples primitives.

Mathematische Nachrichten, 2009, 282-7, 919-952.

[7] Drézet, J.-M. Sur les conditions d’existence des faisceaux semi-stables sur les courbes multiples primitives.

Pacific Journ. of Math. 2011, 249-2, 291-319.

[8] Drézet, J.-M. Courbes multiples primitives et déformations de courbes lisses. Annales de la Faculté des Sciences de Toulouse 22, 1 (2013), 133-154.

[9] Drézet, J.-M. Fragmented deformations of primitive multiple curves. Central European Journal of Mathematics 11, n^o 12 (2013), 2106-2137.

[10] Eisenbud, D. Commutative Algebra with a View Toward Algebraic Geometry. Grad. Texts in Math., Vol.

150, Springer, Berlin-Heidelberg-New York, 1995.

[11] Eisenbud, D., Green, M. Clifford indices of ribbons. Trans. of the Amer. Math. Soc., 1995, 347-3, 757-765. [12] Ferrand, D. Conducteur, descente et pincement. Bull. Soc. math. France 131,4 (2003), 553-585. [13] González, M. Smoothing of ribbons over curves. Journ. für die reine und angew. Math., 2006, 591, 201-235. [14] Grothendieck, A. Éléments de géométrie algébrique. II. Étude globale élémentaire de quelques classes de morphismes. Inst. Hautes Études Sci. Publ. Math. No. 8 (1961).

[15] Grothendieck, A. Éléments de géométrie algébrique. III. Étude cohomologique des faisceaux cohérents. I.

Inst. Hautes Études Sci. Publ. Math. No. 11 (1961).

[16] Hartshorne, R. Algebraic geometry. Grad. Texts in Math., Vol. 52, Springer (1977). [17] Hartshorne, R. Deformation theory. Grad. Texts in Math., Vol. 257, Springer (2010).

[18] Inaba, M.-A. On the moduli of stable sheaves on a reducible projective scheme and examples on a reducible quadric surface. Nagoya Math. J. 2002, 166, 135-181.

[19] Samuel, P., Zariski, O. Commutative Algebra (vol. I, II). GTM 28,29 Springer, Berlin-Heidelberg-New York, 1975.

[20] Teixidor i Bigas, M. Moduli spaces of (semi-)stable vector bundles on tree-like curves. Math. Ann., 1991, 290, 341-348.

[21] Teixidor i Bigas, M. Moduli spaces of vector bundles on reducible curves. Amer. J. of Math., 1995, 117, 125-139.

[22] Teixidor i Bigas, M. Compactifications of moduli spaces of (semi)stable bundles on singular curves: two points of view. Dedicated to the memory of Fernando Serrano. Collect. Math., 1998, 49, 527-548.

Institut de Mathématiques de Jussieu, Case 247, 4 place Jussieu, F-75252 Paris, France

E-mail address: jean-marc.drezet@imj-prg.fr