COHERENT SHEAVES ON PRIMITIVE MULTIPLE SCHEMES

JEAN–MARC DRÉZET

Resume. A primitive multiple scheme is a Cohen-Macaulay scheme Y such that the associated reduced scheme X = Y_{red} is smooth, irreducible, and that Y can be locally embedded in a smooth variety of dimension dim(X) + 1. If n is the multiplicity of Y , there is a canonical filtration X = X_1 ⊂ X_2 ⊂ · · · ⊂ X_n = Y , such that X_i is a primitive multiple scheme of multiplicity i. The ideal sheaf I_X of X is a line bundle on X_{n−1} and L = I_X /I^2_X is a line bundle on X, called the associated line bundle of Y .

Even if X is projective, Y needs not to be quasi projective. We define in every case the reduced Hilbert polynomial P_{red,OX (1)}(E) of a coherent sheaf E on Y , depending on the choice of an ample line bundle O_X (1) on X. If E is a flat family of sheaves on Y parameterized by a smooth curve C, then P_{red,OX (1)}(E_c) does not depend on c ∈ C. We study flat families of sheaves in two important cases: the families of quasi locally free sheaves, and if n = 2 those of balanced sheaves. Balanced sheaves are generalizations of vector bundles on Y , and could be used to expand already known moduli spaces of vector bundles on Y .

When X is a smooth projective surface, and Y is of multiplicity 2 we study the simplest examples of balanced sheaves: the sheaves E such that there is an exact sequence 0 −→ I_P ⊗ L −→ E −→ I_P = E_{|X} −→ 0 , where I_P ⊂ O_X is the ideal sheaf of a point P ∈ X. They can also be described as the ideal sheaves E of subschemes of Y concentrated on P , and such that E_P is generated by two elements whose images in O_{X,P} generate the maximal ideal. There is a moduli space for such sheaves, which is an affine bundle on X with associated vector bundle T_X ⊗ L (where T_X is the tangent bundle of X). The associated class in H^1(X, T_X ⊗ L) can be determined.

Summary

1. Introduction 2 2. Preliminaries 6 3. Primitive multiple rings 10 4. Primitive multiple schemes 17 5. Reduced Chern classes and reduced Hilbert polynomials 25 6. Balanced sheaves on primitive multiple schemes 27 7. Extensions of ideal sheaves on primitive double surfaces 31 References 40

Mathematics Subject Classification : 14D20, 14B20

1

1. Introduction

A primitive multiple scheme is a Cohen-Macaulay scheme Y over C such that:

– Y_{red} = X is a smooth connected variety, – for every closed point x ∈ X, there exists a neighborhood U of x in Y , and a smooth variety S of dimension dim(X) + 1 such that U is isomorphic to a closed subscheme of S. We call X the support of Y . It may happen that Y is quasi-projective, and in this case it is projective if X is.

For every closed subscheme Z ⊂ Y , let I_Z (or I_{Z,Y} ) denote the ideal sheaf of Z in Y . For every positive integer i, let X_i be the closed subscheme of Y corresponding to the ideal sheaf I^i_X . The smallest integer n such that X_n = Y is called the multiplicity of Y . For 1 ≤ i ≤ n, X_i is a primitive multiple scheme of multiplicity i, L = I_X /I_{X2} is a line bundle on X, and we have I_{Xi} /I_{Xi+1} = L^i. We call L the line bundle on X associated to Y . The ideal sheaf I_X can be viewed as a line bundle on X_{n−1}. If n = 2, Y is called a primitive double scheme. The simplest case is when Y is contained in a smooth variety S of dimension dim(X) + 1. Suppose that Y has multiplicity n. Let P ∈ X and f ∈ O_{S,P} a local equation of X. Then we have I_{Xi,P} = (f^i) for 1 < j ≤ n in S, in particular I_{Y,P} = (f^n) (where I_{Xi} , I_Y are the ideal sheaves of X_i ∩ S and Y ∩ S in S respectively), and L = O_X (−X) .

For any L ∈ Pic(X), the trivial primitive scheme of multiplicity n, with induced smooth variety X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded by the zero section in the dual bundle L^∗, seen as a smooth variety.

The primitive multiple curves where defined in [17], [2]. Primitive double curves were parameterized and studied in [3] and [16]. More results on primitive multiple curves can be found in [5], [6], [7], [8], [9], [10], [11], [12], [4], [22], [23], [24]. Some primitive double schemes are studied in [1], [18] and [19]. The case of varieties of any dimension is studied in [14], where the following subjects were treated:

– construction and parameterization of primitive multiple schemes, – obstructions to the extension of a vector bundle on X_m to X_{m+1}, – obstructions to the extension of a primitive multiple scheme of multiplicity n to one of multiplicity n + 1.

In [15], the construction and properties of fine moduli spaces of vector bundles on primitive multiple schemes are described. Suppose that Y = X_n is of multiplicity n, and can be extended to X_{n+1} of multiplicity n + 1, and let M_n be a fine moduli space of vector bundles on X_n. With suitable hypotheses, a fine moduli space M_{n+1} for the vector bundles on X_{n+1} whose restriction to X_n belongs to M_n can be constructed. This applies in particular to Picard groups. The subject of this paper is the study of more general coherent sheaves on primitive multiple schemes. More precisely:

– We will define an invariant of coherent sheaves on Y depending on the choice of an ample line bundle on X, the reduced Hilbert polynomial, which is the same as the usual Hilbert polynomial when Y is projective. But it is defined even when Y is not quasi-projective.

– We define and study primitive multiple rings. Among them are the local rings of closed points in a primitive multiple scheme. They make the presentations more readable.

– We give some properties of quasi locally free sheaves already studied on primitive multiple curves, and of balanced sheaves, which are natural generalizations of vector bundles. The main subjects are flat families of such sheaves.

– We study the simplest balanced sheaves on X_2 which are not locally free, i.e. sheaves whose restriction to X is the ideal sheaf of a point.

1.1. Reduced Hilbert polynomials

It may happen that Y is not quasi-projective. For example, there are exactly two non trivial primitive multiple schemes such that X is a projective space of dimension ≥ 2: the two with X = P_2, one of multiplicity 2, the other of multiplicity 4 (cf. [14]). On these two schemes the only line bundle is the trivial one, so they are not quasi-projective, and there is no notion of Hilbert polynomial for sheaves on such schemes.

If Z is a projective scheme, O_Z (1) an ample line bundle and E a coherent sheaf on Z, let P_{OZ (1)}(E) be the Hilbert polynomial of E with respect to O_Z (1).

Let Y = X_n be a primitive multiple scheme of multiplicity n and associated smooth scheme X. Suppose that X is projective. Let O_X (1) be an ample line bundle on X. Let E be a coherent sheaf on Y and (1) F_m = 0 ⊂ F_{m−1} ⊂ · · · ⊂ F_1 ⊂ F_0 = E a filtration such that, for 0 ≤ i < m, F_i/F_{i+1} is concentrated on X. We will see (proposition 5.1.2) that

P_{red,OX (1)}(E) = m−1∑ i=0 P_{OX (1)}(F_i/F_{i+1})

does not depend on the filtration (1). It is called the reduced Hilbert polynomial of E with respect to O_X (1). This expands to higher dimensions the notions of generalized rank and degree defined in [5], [7] on primitive multiple curves. A similar definition can be made for reduced Chern classes. These invariants behave correctly with exact sequences of sheaves.

If O_X (1) can be extended to a line bundle O_Y (1) on Y , then O_Y (1) is ample and P_{red,OX (1)} = P_{OY (1)}.

The reduced Hilbert polynomial of a coherent sheaf is invariant by flat deformations of the sheaf: let C be an irreducible smooth curve, and E a coherent sheaf on X_n × C, flat on C. Then the map C � Q[T ]

c � � P_{red,OX (1)}(E_c)

is constant (corollary 5.2.2). To prove this we need a preliminary result that was pointed out by János Kollár, which has its own interest: suppose that we have a filtration 0 = G_m ⊂ G_{m−1} ⊂ · · · ⊂ G_1 ⊂ G_0 = E such that for 0 ≤ i < m, G_i/G_{i+1} is concentrated on X × C. Then there exists a filtration 0 = F_m ⊂ F_{m−1} ⊂ · · · ⊂ F_1 ⊂ F_0 = E such that the F_i are flat on C, as well as the quotients F_i/F_{i+1}, which are concentrated on X × C, and that there is a finite subset Σ ⊂ C such that the two filtrations coincide on X_n × (C\Σ) (theorem 5.2.1).

1.2. Quasi locally free sheaves

1.2.1. Canonical filtrations – Let E be a coherent sheaf on Y . The first canonical filtration of E is E_n = 0 ⊂ E_{n−1} ⊂ · · · ⊂ E_1 ⊂ E_0 = E , where for 0 ≤ i < n, E_{i+1} is the kernel of the canonical surjective morphism E_i → E_{i|X} . For 0 ≤ i < n, let G_i(E) = E_i/E_{i+1} = E_{i|X} . The second canonical filtration of E is

E^{(0)} = {0} ⊂ E^{(1)} ⊂ · · · ⊂ E^{(n−1)} ⊂ E^{(n)} = E , where for 1 ≤ i ≤ n − 1, E^{(i)} is the maximal subsheaf annihilated by I^i_X . For 0 < i ≤ n, let G^{(i)}(E) = E^{(i)}/E^{(i−1)} . The sheaves G^{(i)}(F) and G_i(F) are concentrated on X.

Let E be a coherent sheaf on Y and x ∈ X a closed point. We say that E is quasi locally free at x if there exist integers m_i ≥ 0, 1 ≤ i ≤ n, such that

E_x ≃ ⨁ 1≤i≤n

m_iO_{Xi,x} .

The set U of such points x is nonempty and open, the integers m_i are uniquely determined and do not depend on x. If U = X, E is called quasi locally free. The sequence (m_1, . . . , m_n) is called the type of E. If F is a coherent sheaf on Y , F is torsion free (resp. quasi locally free) if and only if all the G^{(i)}(F) (resp. G_i(F)) are torsion free (resp. locally free). We will see (in theorem 4.5.1) that if we have a flat family of quasi locally free sheaves E on Y , all of the same type, then the E_i and E^{(i)} form flat families of sheaves. Flat families of such sheaves having this property were called good families in [13], 3.2.

1.3. Balanced sheaves

Let E be a vector bundle on Y = X_n and E = E_{|X} . Then for 0 ≤ i ≤ n, E_i is locally free on X_{n−i}, E_i = E^{(n−i)} and G_i(E) = G^{(n−i)}(E) = E ⊗ L^i.

Let E be a coherent sheaf on X_n. We say that E is balanced if E_i = E^{(n−i)} for 1 ≤ i ≤ n (see 6.1 for an equivalent definition). Here also G_i(E) = G^{(n−i)}(E) = E_{|X} ⊗ L^i. Balanced sheaves are the most natural sheaves that could be extensions of torsion free sheaves on X to X_n. To build moduli spaces of these sheaves, the work of [15] on vector bundles should be extended to torsion free sheaves.

1.3.1. The case of primitive double schemes – Suppose that n = 2, i.e. Y is a primitive double scheme. We prove that the fact that a sheaf is balanced is an open property: let C be a smooth curve and E a family of coherent sheaves on Y , parameterized by C, flat on C. Suppose that for some closed point c_0 ∈ C, E_{c0} is balanced. Then there exists an open neighborhood U of c_0 such that for every c ∈ U, E_c is balanced (cf. theorem 6.2.1).

Let E a flat family of balanced sheaves on X_2 parameterized by a smooth connected curve C. We prove that the restrictions E_{c|X} form a flat family of sheaves on X parameterized cy C (corollary 6.2.2).

1.3.2. Extension of sheaves on a smooth surface to multiplicity 2 – Suppose that n = 2 and dim(X) = 2. Let S be a smooth variety and F a coherent sheaf on X × S such that

– F is flat on S.

– For every s ∈ S, F_s is torsion free and simple. – dim(Ext^1_{OX} (F_s, F_s ⊗ L)) is independent of s ∈ S.

We prove in 6.3 that the set of points s ∈ S such that F_s can be extended to a balanced sheaf on X_2 is closed in S. This could allow to extend some results on moduli spaces of vector bundles on X_2 (cf. [15]) to moduli spaces of balanced sheaves.

1.4. Ideal sheaves

Let I be the ideal sheaf of a zero dimensional subscheme Z of X_n. Suppose that for every closed point x of Z, the O_{Xn,x}-module I_x is generated by a regular sequence. This is equivalent to the fact that the image of I_x in O_{X,x} is generated by a regular sequence. Then I is balanced (cf. propositions 3.7.1 and 3.7.2).

1.4.1. Ideal sheaves on primitive double surfaces – We suppose now that dim(X) = 2 and n = 2. Let P ∈ X and I an ideal sheaf on X_2 of a subscheme whose support is {P }. Suppose that I_P is generated by two elements x, y whose images in O_{X,P} are generators of the maximal ideal. We show that

– The set of such ideal sheaves, with fixed P , has a natural structure of affine space with associated vector space T_{X,P} ⊗ L_P , where T_X is the tangent bundle of X (cf. proposition 7.3.1).

– The set I of all these sheaves, for all P , has a natural structure of an affine bundle on X, with associated vector bundle T_X ⊗ L.

– We build in 7.5 a universal family of ideal sheaves J parameterized by I, such that for every ideal sheaf I ∈ I, J_I ≃ I.

We have a canonical exact sequence of vector bundles on X: 0 −→ L = I_X −→ Ω_{X2|X} −→ Ω_X −→ 0 ,

associated with σ ∈ Ext^1_{OX} (Ω_X , L) = H^1(X, T_X ⊗ L). To the affine bundle I is also associated η ∈ H^1(X, T_X ⊗ L). We prove that Cσ = Cη.

To obtain a moduli space of sheaves we consider the set I(X_2) = I × Pic(X_2) of sheaves of the form I ⊗ D, where I ∈ I and D ∈ Pic(X_2). Let p_1 : I(X_2) → I, p_1 : I(X_2) → Pic(X_2) be the projections. The exists an open cover (P_i)_{i∈I} of Pic(X_2) such that for every i ∈ I, there is a Poincaré bundle D_i on X_2 × P_i. This defines Pic(X_2) as a fine moduli space of vector bundles (cf. [15], 2.6, 4.6).

Let H_i = p^♯_1(J) ⊗ p^♯_2(D_i), which is a sheaf on I × P_i. For every ideal I in I and D ∈ P_i, H_{I,D} = I ⊗ D_{i,D} ≃ I ⊗ D . Then I(X_2), with the open cover (I × P_i)_{i∈I} and the sheaves H_i is a fine moduli space in the sense of 2.6 (proposition 7.5.3).

1.5. Outline of the paper In Chapter 2, we give several preliminary definitions and technical results that will be used in the next chapters.

In Chapter 3, we define and study the primitive multiple rings. Some results obtained here are used in the next chapters.

In Chapter 4 we recall the definitions and properties of primitive multiple schemes, and we prove the results obtained on quasi locally free sheaves.

In Chapter 5 we define and give some properties of reduced Hilbert polynomials of coherent sheaves on primitive multiple schemes.

The Chapter 6 is devoted to balanced sheaves on primitive multiple schemes. In Chapter 7 we study the balanced sheaves on a primitive double surface X_2, whose restriction to X are ideal sheaves of a point.

Notations and terminology: – Let x_0, . . . , x_k ∈ C, not all zero. We will also denote by (x_0, . . . , x_k) the element C.(x_0, . . . , x_k) of P_k. – A scheme is a noetherian separated scheme over C.

– If X is a scheme and Y ⊂ X a subscheme, I_{Y,X} (or I_Y ) denotes the ideal sheaf of Y in X. – Let X, Y , Z be schemes, E a coherent sheaf on X × Z, and f : Y → Z a morphism. Then f^♯(E) = (I_X × f)^∗(E).

2. Preliminaries

2.1. Canonical class of a line bundle Let Z be a scheme over C and L a line bundle on Z. To L one associates an element ∇_0(L) of H^1(Z, Ω_Z ), called the canonical class of L. If Z is smooth and projective, and L = O_Z (Y ), where Y ⊂ Z is a smooth hypersurface, then ∇_0(L) is the cohomology class of Y . Let (Z_i)_{i∈I} be an open cover of Z such that L is defined by a cocycle (θ_{ij} ), θ_{ij} ∈ O_Z (Z_{ij} )^∗. Then (dθ_{ij}

θ_{ij} ) is a cocycle which represents ∇_0(L).

2.2. Extensions of modules Let R be a commutative ring and M a R-module. Suppose that we have a free resolution · · · F_2^{ϕ2} � F_1^{ϕ1} � F_0 � � M .

Let N be a R-module. We have exact sequences Hom(F_0, N) −→ Hom(im(ϕ_1), N)^γ−−−−→ Ext^1_R(M, N) −→ 0 , 0 −→ Hom(im(ϕ_1), N)^β−−−−→ Hom(F_1, N) −→ Hom(F_2, N) .

Let 0 → N → P → M → 0 be an exact sequence, corresponding to σ ∈ Ext^1_R(M, N). Suppose that σ = γ(f), f : im(ϕ_1) → N, and f_1 = β(f). Then P is constructed as follows: let η = f_1 ⊕ ϕ_1 : F_1 → N ⊕ F_0. Then P = coker(η). The inclusion N → P is induced by N → N ⊕ F_0, and P ↠ M by F_0 ↠ M.

2.3. Refinements of filtrations Let Z be a scheme, E a sheaf of O_Z -modules, and two filtrations of E D : D_n = 0 ⊂ D_{n−1} ⊂ · · · ⊂ D_1 ⊂ D_0 = E , F : F_m = 0 ⊂ E_{m−1} ⊂ · · · ⊂ F_1 ⊂ F_0 = E .

We say that D is a refinement of F if for every j, 0 ≤ j ≤ m, there exists i, 0 ≤ i ≤ n, such that E_i = F_j. In this case we write E → F.

Two filtrations (E_i)_{0≤i≤n}, (F_j)_{0≤j≤m} of E are called similar if m = n, and if there exists a permutation σ of {0, . . . , n} such that for every i ∈ {0, . . . , n} we have E_i/E_{i+1} ≃ F_{σ(i)}/F_{σ(i)+1}. In this case we write E ≃ F.

2.3.1. Proposition: Let D : D_n = 0 ⊂ D_{n−1} ⊂ · · · ⊂ D_1 ⊂ D_0 = E , F : F_m = 0 ⊂ E_{m−1} ⊂ · · · ⊂ F_1 ⊂ F_0 = E be two filtrations of E. Then there exist refinements D^′ of D, F^′ of F, which are similar. Proof. Step 1 – We first suppose that n = 2. For (D^′_k)_{0≤k≤p} we take 0 = D_1 ∩ F_m ⊂ D_1 ∩ F_{m−1} ⊂ · · · D_1 ∩ F_1 ⊂ D_1 ⊂ D_1 + F_{m−1} ⊂ · · · ⊂ D_1 + F_1 ⊂ D_1 + F_0 = E , and we build (F^′_k)_{0≤k≤p} by inserting F_{j+1} + D_1 ∩ F_j between F_{j+1} and F_j . We have (F_{j+1} + D_1 ∩ F_j)/F_{j+1} ≃ (D_1 ∩ F_j)/(D_1 ∩ F_{j+1}) , F_j /(F_{j+1} + D_1 ∩ F_j) ≃ (D_1 + F_j)/(D_1 + F_{j+1}) .

Step 2 – Now suppose that we have two similar filtrations of E G : G_p = 0 ⊂ G_{p−1} ⊂ · · · ⊂ G_1 ⊂ G_0 = E , H : H_p = 0 ⊂ H_{p−1} ⊂ · · · ⊂ H_1 ⊂ H_0 = E , and that we have a refinement G^′ of G. Then there exists a refinement H^′ of H which is similar to G^′: let σ be a permutation of {0, . . . , p} such that G_i/G_{i+1} ≃ H_{σ(i)}/H_{σ(i)+1}. Then to each

G^′_k such that G_{i+1} ⊂ G^′_k ⊂ G_i corresponds a sheaf K such that H_{σ(i)+1} ⊂ K ⊂ H_{σ(i)}. All these sheaves make the filtration H^′.

Step 3 – Now we prove proposition 2.3.1 by induction on n. It is already proved for n = 2. Suppose that it is true for n − 1 ≥ 2. Then we consider the filtrations D^0 : D^0_{n−1} = 0 ⊂ D^0_{n−2} = D_{n−2} ⊂ · · · ⊂ D^0_1 = D_1 ⊂ D^0 = E and F. There are refinements D^{′′} = (D^{′′}_k)_{0≤k≤p} of D^0 and F^{′′} of F which are similar. There exists an integer q such that D^{′′}_q = D_{n−2}. We have filtrations of D_{n−2} 0 ⊂ D_{n−1} ⊂ D_{n−2} , 0 = D^{′′}_p ⊂ D^{′′}_{p−1} ⊂ · · · ⊂ D^{′′}_q = D_{n−2} .

From step 1, we can find refinements (D^1_k)_{0≤k≤r} of the first, (D^2_k)_{0≤k≤r} of the second, which are similar. Now we build two refinements D^3, D^4, of D^0, the first by replacing in D^{′′}, (D^{′′}_p, . . . , D^{′′}_q ) with (D^1_r, . . . , D^1_0), and the second by replacing in D^{′′}, (D^{′′}_p, . . . , D^{′′}_q ) with (D^2_r, . . . , D^2_0). We have D^3 ≃ D^4, D^3 → D, D^4 → D^{′′} and D^{′′} ≃ F^{′′}.

From step 2 we can find a refinement F^4 of F^{′′} such that F^4 ≃ D^4. So we can take D^′ = D^3, F^′ = F^4. □

2.4. Affine bundles Let f : A → S be a morphism of schemes, and r ≥ 0 an integer. We say that f (or A) is an affine bundle of rank r over S if there exists an open cover (S_i)_{i∈I} of S such that for every i ∈ I there is an isomorphism τ_i : f^{−1}(S_i) → S_i × C^r over S_i such that for every distinct i, j ∈ I, f_j ∘ f^{−1}_i : S_{ij} × C^r → S_{ij} × C^r is of the form (x, u) −→ (x, A_{ij}(x)u + b_{ij} (x)) , where A_{ij} is an r × r-matrix of elements of O_S (S_{ij}) and b_{ij} is a morphism from S_{ij} to C^r. We have then the cocycle relations A_{ij}A_{jk} = A_{ik} , b_{ik} = A_{ij}b_{jk} + b_{ij} .

The first relation shows that the family (A_{ij} ) defines a vector bundle A on S, and the second that (b_{ij} ) defines λ ∈ H^1(S, A) (according to [14], 2.1.1). The vector bundle A is uniquely defined, as well as η(A) = Cλ ∈ ( P(H^1(S, A)) ∪ {0} ) / Aut(A).

We say that A is a vector bundle if f has a section. This is the case if and only λ = 0, and then a section of f induces an isomorphism A ≃ A over S.

For every closed point s ∈ S there is a canonical action of the additive group A_s on A_s A_s × A_s � A_s (u, a) � � a + u such that for every a ∈ A_s, u → a + u is an isomorphism A_s ≃ A_s.

2.5. Locally free resolutions Let X, S be smooth algebraic varieties, with X projective. Let E be a flat family of torsion free sheaves on X parameterized by S, and · · · E_m^{fm}−−−−→ E_{m−1}^{fm−1}−−−−→ · · · −→ E_0^{f0}−−−−→ E −→ 0 an exact sequence, where the E_i are flat families of torsion free sheaves on X parameterized by S. 2.5.1. Lemma: The sheaf E is torsion free.

Proof. Let (x, s) ∈ X × S, e ∈ E_{(x,s)}, α ∈ O_{X×S,(x,s)} be such that αe = 0. Let U be an open neighborhood of (x, s) such that e ∈ E(U), α ∈ O_{X×S} (U). Suppose that α ≠ 0. If (x^′, s^′) ∈ U, and E_s′_{,x}′ is a free O_{X×{s}′_{},x}′ -module , then E_{(x}′_{,s}′_) is a free O_{X×S,(x}′_{,s}′_)-module. Hence e = 0 on a neighborhood of (x^′, s^′). If s^′ ∈ S is such that U_s′ = U ∩ (X × {s^′}) ≠ ∅, then E_{|Us′} is locally free on a nonempty open subset of U_s′ . Hence e_{|Us′} = 0. Since this is true for every such s^′, we have e = 0. □

2.5.2. Lemma: Let H ⊂ S be a hypersurface, and F a torsion free sheaf on X × S. Then we have Tor^1_{OX×S} (F, O_{X×H} ) = 0 .

Proof. We have a locally free resolution 0 −→ O_{X×S} (−(X × H))^γ−−−−→ O_{X×S} −→ O_{X×H} −→ 0 that we use to compute Tor^1_{OX×S} (E, O_{X×H} ). It is the kernel of I_F ⊗ γ : F(−(X × H)) −→ F , which is injective since F is torsion free. □

2.5.3. Proposition: For every closed point s ∈ S, the sequence · · · E_{m,s}^{fm,s}−−−−→ E_{m−1,s}^{fm−1,s}−−−−→ · · · −→ E_{0,s}^{f0,s}−−−−→ E_s −→ 0 is exact.

Proof. For 0 ≤ i < m, let N_i = ker(f_i), so that we have exact sequences 0 −→ N_i −→ E_i −→ N_{i−1} −→ 0 if i > 0 , 0 −→ N_0 −→ E_0 −→ E −→ 0 .

Let d = dim(S), and S_1, . . . , S_d hypersurfaces containing s, smooth at s and that intersect transversally at s. By replacing S with an open neighborhood of s we can assume the S_1 ∩ · · · ∩ S_d = {s}.

From lemma 2.5.2, since the N_i are torsion free, we have exact sequences 0 −→ N_{i|X×S1} −→ E_{i|X×S1} −→ N_{i−1|X×S1} −→ 0 if i > 0 , 0 −→ N_{0|X×S1} −→ E_{0|X×S1} −→ E_{|X×S1} −→ 0 , i.e. we have a locally free resolution of E_{|X×S1}

· · · E_{m|X×S1}^{fm}−−−−→ E_{m−1|X×S1}^{fm−1}−−−−→ · · · −→ E_{0|X×S1}^{f0}−−−−→ E_{|X×S1} −→ 0 , and by lemma 2.5.1, E_{|X×S1} and the N_{i|X×S1} are torsion free. So we can continue this process, and by induction on d we finally arrive at the resolution of proposition 2.5.3. □

2.6. Fine moduli spaces of sheaves

Let χ be a set of isomorphism classes of coherent sheaves on a scheme Z. Suppose that χ is open, i.e. for every scheme V and coherent sheaf E on Z × V , flat on V , if v ∈ V is a closed point such that E_v ∈ χ, then there exists an open neighborhood U of v such that E_u ∈ χ for every closed point u ∈ U. A fine moduli space for χ is the data of a scheme M and of

– a bijection M^0 � χ

m � � E_m (where M^0 denotes the set of closed points of M), – an open cover (M_i)_{i∈I} of M, and for every i ∈ I, a coherent sheaf E_i on Z × M_i such that for every m ∈ M_i, E_{i,m} ≃ E_m,

such that: for any scheme S, any coherent sheaf F on Z × S, flat on S, such that for any closed point s ∈ S, F_s ∈ χ, there is a morphism f_F : S → M such that for every s ∈ S, if m = f_F(s) then F_s ≃ E_m, and if m ∈ M_i, then there exists an open neighborhood U of s such that f_F(U) ⊂ M_i and (I_X × f_{F|U} )^∗(E_i) ≃ F_{|Z×U} .

3. Primitive multiple rings

Let R be an entire noetherian ring and K its fraction field.

Let n be a positive integer and R[n] = R[t]/(t^n), which we call the primitive multiple ring of multiplicity n associated to R.

We will also consider rings A, A_n isomorphic to R, R[n] respectively, with the ideal I ⊂ A_n corresponding to (t), and A = A_n/I. Sometimes it is useful not to specify a generator of I, in particular when considering families of rings. An element u of R[n] can be written in an unique way as u = n−1∑ i=0 u_it^i ,

with u_i ∈ R for 0 ≤ i ≤ n. Then u is a zero divisor if and only if u_0 = 0, i.e. if u is a multiple of t. Let S_n be the multiplicative system of non zero divisors of R[n], i.e. S_n = {u ∈ R[n]; u_0 ≠ 0}. It is easy to see that S^{−1}_n R[n] = K[t]/(t^n) = K[n] (the primitive multiple ring of multiplicity n associated to K).

3.1. Canonical filtrations Let M be a R[n]-module. Then it is easy to see that we have a canonical isomorphism S^{−1}_n M ≃ M ⊗_{R[n]} K[n], and a natural morphism of R[n]-modules i_M : M → M ⊗_{R[n]} K[n]. For 0 ≤ i ≤ n, let M_i = t^iM, which is a submodule of M. The filtration 0 = M_n ⊂ M_{n−1} ⊂ · · · ⊂ M_1 ⊂ M_0 = M is called the first canonical filtration of M. For 0 ≤ i < n, let G_i(M) = M_i/M_{i+1} ≃ M_i ⊗_{R[n]} R .

For 0 ≤ i ≤ n, let M^{(i)} = {m ∈ M; t^im = 0}, which is a submodule of M that contains M_{n−i}. The filtration M^{(0)} = {0} ⊂ M^{(1)} ⊂ · · · ⊂ M^{(n−1)} ⊂ M^{(n)} = M is called the second canonical filtration of M. For 0 < i ≤ n, let G^{(i)}(M) = M^{(i)}/M^{(i−1)} , which is a R-module.

For example we have, for M = R[n]^p and 0 ≤ i < n, (2) M_i = M^{(n−i)} ≃ (R[n − i])^p , G_i(M) ≃ R^p . For 1 ≤ i ≤ n − 1, the multiplication by t, M → M, induces an injective morphism of Rmodules λ_i : G^{(i+1)}(M) −→ G^{(i)}(M) (for a A-module M : λ_i : G^{(i+1)}(M) ⊗_A I → G^{(i)}(M)). Let Γ^{(i−1)}(M) = coker(λ_i). Similarly we have for 0 ≤ i ≤ n − 2 a surjective morphism of R-modules μ_i : G_i(M) −→ G_{i+1}(M) (resp. μ_i : G_i(M) ⊗_A I −→ G_{i+1}(M)). Let Γ_i(M) = ker(μ_i).

We have then a canonical isomorphism Γ_i(M) ≃ Γ^{(i)}(M) (resp. Γ_i(M) ≃ Γ^{(i)}(M) ⊗_A I^{i+1}, cf. prop. 4.3.4).

3.2. Some canonical extensions We can view R[i], 0 ≤ i < n, as a R[n]-module. We have an exact sequence 0 −→ R[i] = tR[i + 1] → R[i + 1] −→ R −→ 0 (resp. 0 → IA_{i+1} ≃ A_i → A_{i+1} → A → 0).

3.2.1. Lemma: We have Ext^1_{R[n]}(R, R[i]) ≃ R, and given an extension 0 → R[i] → P → R → 0 of R[n]-modules, corresponding to σ ∈ R, then P ≃ R[i + 1] if and only if σ is invertible.

Proof. We use 2.2 and the following free resolution of R as a R[n]-module:

· · · R[n]^{Xtn−1} � R[n]^{Xt} � R[n] � � R .

Let ι : R[n − 1] = tR[n] → R[n] be the inclusion, and η = σ ⊕ ι : R[n − 1] → R[i] ⊕ R[n]. Then P = coker(η). Lemma 3.2.1 follows easily from this description. □

3.3. Quasi free modules

For 1 ≤ i ≤ n, R[i] is a R[n]-module. Let M be a R[n]-module. We say that M is quasi free if there exist integers n_i ≥ 0, 1 ≤ i ≤ n, such that M ≃

⨁_n

i=1 R[i]^{ni} .

The proof of the following result is similar to that of [5], théorème 5.1.3.

3.3.1. Theorem: Let M be a R[n]-module of finite type. Then M is quasi free if and only G_i(M) is a free R-module for 0 < i ≤ n.

If R is a field then the G_i(M) are R-vector spaces, hence they are free. It follows that

3.3.2. Corollary: Every finitely generated K[n]-module is quasi locally free (as a K[n]- module).

3.4. Torsion

Let M be a R[n]-module of finite type. The set of elements m ∈ M such that there exists α ∈ S_n such that αm = 0 is a submodule T (M) of M, called the torsion submodule of M. We say that M is a torsion module if M = T (M), and that M is torsion free if T (M) = 0, or equivalently if for every non zero m ∈ M and u ∈ R[n], we have um ≠ 0. The module M/T (M) is torsion free. It is easy to see that T (M) = ker(i_M ) (cf. 3.1). Hence M is torsion free if and only if i_M is injective.

3.4.1. Proposition: M is torsion free if and only if it is isomorphic to a submodule of a free R[n]-module.

Proof. A free module is torsion free, so is M if it is a submodule of a free module. Conversely, suppose that M is torsion free. Then i_M : M → M ⊗_{R[n]} K[n] is injective. By corollary 3.3.2, M ⊗_{R[n]} K[n] is quasi locally free as a K[n]-module, i.e. there are integers n_i ≥ 0, 1 ≤ i ≤ n, such that we have an isomorphism

M ⊗_{R[n]} K[n] ≃ n⨁ i=1 K[i]^{ni} .

Let m_1, . . . , m_q be generators of M. We can write i_M (m_j ) = n∑ i=1 λ_{j,i} , with λ_{j,i} ∈ K[i]^{ni} .

There exists μ ∈ R[n], such that μ_0 ≠ 0, and μλ_{j,i} ∈ R[i]^{ni} for 1 ≤ j ≤ q, 1 ≤ i ≤ n. We have then i_M (M) ⊂ n⨁ i=1 ( 1 μ R[i]

)_{ni} , and since ( 1 μ R[i]

)_{ni} ≃ R[i]^{ni} , we obtain an inclusion M ⊂

⨁_n

i=1 R[i]^{ni} . But

R[i] ≃ (t^{n−i}) ⊂ R[n], and finally M ⊂ R[n]^m, with m = n∑ i=1 n_i. □

3.4.2. Proposition: Ext^1_{R[n]}(M, R[n]) is a torsion module.

Proof. Using the exact sequence 0 → T (M) → M → M/T (M) → 0, it suffices to treat the cases of torsion modules, and of torsion free modules.

Suppose that M = T (M). Since T (M) is finitely generated, there exists x = n−1∑ i=0 u_it^i ∈ R[n]

with u_0 ≠ 0, such that xT (M) = {0}. The morphism Ext^1_{R[n]}(M, R[n]) → Ext^1_{R[n]}(M, R[n]) induced by the multiplication by x : M → M, is also the multiplication by x, and it is zero, i.e. x Ext^1_{R[n]}(M, R[n]) = {0}.

Suppose that M is torsion free. Let σ ∈ Ext^1_{R[n]}(M, R[n]), corresponding to an extension

0 � R[n]^α � N^p � M � 0 .

The module N is finitely generated and torsion free, hence by proposition 3.4.1, it is a submodule of a free module: N ⊂ R[n]^m. Let α(1) = (r_1, . . . , r_m) ∈ R[n]^m. Since α is injective, some r_i is not a multiple of t. Let p_i : N → R[n] be the restriction to N of the ith projection R[n]^m → R[n], so that p_i ∘ α : R[n] → R[n] is the multiplication by r_i. We have then a commutative diagram 0 � R[n]^α �

×r_i � N � p_i⊕p � M � 0

0 � R[n] � R[n] ⊕ M � M � 0 where the lower sequence is the trivial exact sequence. It is associated to r_iσ, hence r_iσ = 0. □

3.4.3. Proposition: M is torsion free if and only M^{(1)} is. In this case G^{(i)}(M) and M/M^{(i)} are torsion free for 1 ≤ i ≤ n.

Proof. If M is torsion free then so is M^{(1)} ⊂ M. It M is not torsion free, let m ∈ M, m ≠ 0, be such that there exists α ∈ R[n], not a zero divisor, such that αm = 0. Let k be the biggest integer such that z^km ≠ 0. Then z^km ∈ M^{(1)} and αz^km = 0. Hence M^{(1)} is not torsion free. Suppose that M is torsion free. Let m ∈ M/M^{(1)}, α a non zero divisor in R[n], be such that αm = 0. If m ∈ M is over m, we have αm ∈ M^{(1)}, i.e. zαm = 0. Since M is torsion free, we have zm = 0, m ∈ M^{(1)} and m = 0. This proves that M/M^{(1)} is torsion free.

The fact that G^{(i)}(M) and M/M^{(i)} are torsion free for 1 ≤ i ≤ n is easily proved by induction on i. □

3.5. Duality Let M be a R[n]-module of finite type, and M^∨ = Hom(M, R[n]) the dual of M. If 1 ≤ i ≤ n and M is a R[i]-module, we have M^∨ = Hom(M, (t^{n−i})) = Hom(M, R[i]) , So the dual of M as a R[i]-module is also M^∨. In particular (R[i])^∨ ≃ R[i]. The dual of a R[n]-module is torsion free. If M is a torsion module, then M^∨ = {0}. The following is immediate

3.5.1. Lemma: For 1 ≤ i < n, we have (M^∨)^{(i)} ≃ (M/M_i)^∨.

Let t_M : M → M^{∨∨} be the canonical morphism. If m ∈ M, t_M (m) is the linear form M^∨ � R[n] ϕ � � ϕ(m) .

If M is a free module, t_M is an isomorphism.

3.5.2. Proposition: We have ker(t_M ) = T (M).

Proof. First we prove that t_M is injective if M is torsion free. By proposition 3.4.1, M is then a submodule of a free module E. Let m ∈ M, m ≠ 0. Then there exists a linear form ψ : E → R[n] such that ψ(m) ≠ 0. If ϕ ∈ M^∨ is the restriction of ψ, we have ϕ(m) ≠ 0. Now for a general M, the exact sequence 0 → T (M) → M → M/T (M) → 0 implies that (M/T (M))^∨ ≃ M^∨. We have a commutative diagram 0 � T (M) � M �

t_M � M/T (M) �

t_{M/T (M)} � 0

M^{∨∨ ≃} � (M/T (M))^{∨∨} and the result follows from the injectivity of t_{M/T (M)}. □

3.5.3. Proposition: coker(t_M ) is a torsion module.

Proof. We first prove the following result: suppose that we have an exact sequence 0 → K → M^π−−−−→ Q → 0 of R[n]-modules, and that coker(t_K ) and coker(t_Q) are torsion modules. Then coker(t_M ) is a torsion module. We have an exact sequence 0 → Q^{∨ tπ}−−−−→ M^∨ → K^{∨ δ}−−−−→ Ext^1_{R[n]}(Q, R[n]) .

By proposition 3.4.2, Ext^1_{R[n]}(Q, R[n]) is a torsion module. Let U = ker(δ), T = im(δ). We have exact sequences 0 → Q^{∨ tπ}−−−−→ M^∨ → U → 0 , 0 → U → K^∨ → T → 0 , whence exact sequences

0 → U^∨ → M^{∨∨ ttπ}−−−−→ Q^{∨∨} → T_2 → 0 , 0 → K^{∨∨ μ}−−−−→ U^∨ → T_3 → 0 , for some torsion modules T_2, T_3. Let V = im(^{tt}π). Then we have a commutative diagram with exact rows: 0 � K α � � M t_M � � Q β � � 0

0 � U^∨ � M^{∨∨} � V � 0 hence an exact sequence coker(α) −→ coker(t_M ) −→ coker(β) −→ 0 .

Now α is the composition K^{tK}−−−−→ K^{∨∨ μ}−−−−→ U^∨, so coker(α) is a torsion module. and the composition Q^β−−−−→ V ⊂ Q^{∨∨} is t_Q, so coker(β) is a torsion module. It follows that coker(t_M ) is also a torsion module.

Proposition 3.5.3 is then easily proved by induction on the minimal number of generators of M (or on n, using the canonical filtrations of M). □

3.6. Balanced modules

Let M be a R[n]-module of finite type. Let λ(M) = λ_1 ∘ · · · ∘ λ_{n−1} : G^{(n)}(M) −→ G^{(1)}(M) , μ(M) = μ_{n−2} ∘ · · · ∘ μ_0 : G_0(M) −→ G_{n−1}(M) (resp.

λ(M) = λ_1 ∘ · · · ∘ λ_{n−1} : G^{(n)}(M) ⊗_{An} I^{n−1} −→ G^{(1)}(M) , μ(M) = μ_{n−2} ∘ · · · ∘ μ_0 : G_0(M) ⊗_{An} I^{n−1} −→ G_{n−1}(M) ) .

(cf. 3.1).

3.6.1. Definition: We say that M is balanced if λ(M) is surjective.

3.6.2. Proposition: The following properties are equivalent

(i) M is balanced.

(ii) λ_1, . . . , λ_{n−1} are surjective. (iii) Γ_1(M) = · · · = Γ_{n−1}(M) = 0 . (iv) Γ^{(1)}(M) = · · · = Γ^{(n−1)}(M) = 0 . (v) μ_0, . . . , μ_{n−2} are injective. (vi) μ(M) is injective.

(cf. prop. 6.1.3).

3.6.3. Proposition: The R[n]-module M is balanced if and only if M_i = M^{(n−i)} for 1 ≤ i ≤ n.

(cf. prop. 6.1.4).

In particular a R[2]-module is balanced if and only if M^{(1)} = M_1.

3.6.4. Proposition: Let M be a balanced R[n]-module. 1– Let 0 = N_n ⊂ N_{n−1} ⊂ · · · ⊂ N_1 ⊂ N_0 = N be a filtration such that, for 0 ≤ i < n, N_i/N_{i+1} ≠ {0} and t.(N_i/N_{i+1}) = {0}. Then we have N_i = M_i for 1 ≤ i < n.

2– Let M^′ ⊂ M be a submodule. Suppose that t^{n−1}.M^′ = {0} and t.(M/M^′) = {0}. Then we have M^′ = M_1.

Proof. We first prove 1. Let u ∈ N_1. Let p : N_1 → N_1/N_2 be the projection. Then p(tu) = tp(u) = 0, hence tu ∈ N_2, and similarly t^{i−1}u ∈ N_i for 2 ≤ i < n. It follows that N_1 ⊂ M^{(n−1)}. Since M_1 ⊂ N_1 and M_1 = M^{(n−1)}, we have N_1 = M_1. Then 1 is easily proved by induction on n.

2 is a consequence of 1 (take the first canonical filtration of M^′). □

3.7. Balanced ideals and regular sequences

3.7.1. Proposition: Let p be a positive integer, and for 1 ≤ i ≤ p, x_i = n−1∑ j=0 x_{i,j} t^j ∈ R[n],

with x_{i,j} ∈ R for 0 ≤ j < n. Let I (resp. I_0) be the ideal of R[n] (resp. R) generated by x_1, . . . , x_p (resp. x_{1,0}, . . . , x_{p,0}). Then

(i) (x_1, . . . , x_p) is a regular sequence in R[n] if and only if (x_{1,0}, . . . , x_{p,0}) is a regular sequence in R.

(ii) If (x_1, . . . , x_p) is a regular sequence in R[n], then for every y ∈ R, t^{n−1}y ∈ I if and only if y ∈ I_0.

Proof. By induction on n. The case n = 1 is obvious. Suppose that the theorem is true for n − 1 ≥ 1. We will prove that it is true for n by induction on p, the case p = 1 being obvious. Suppose that it is true for p − 1 ≥ 1.

Suppose that (x_1, . . . , x_p) is a regular sequence in R[n]. We will prove that (x_{1,0}, . . . , x_{p,0}) is a regular sequence in R. By the induction hypothesis, (x_{1,0}, . . . , x_{p−1,0}) is a regular sequence in R, and we have to show that x_{p,0} is not a zero divisor in R/(x_{1,0}, . . . , x_{p−1,0}). Let a ∈ R be such that ax_{p,0} ∈ (x_{1,0}, . . . , x_{p−1,0}). Hence t^{n−1}ax_p ∈ (x_1, . . . , x_{p−1}). By (ii) and the induction hypothesis, we have a ∈ (x_{1,0}, . . . , x_{p−1,0}), i.e. a = 0 in R/(x_{1,0}, . . . , x_{p−1,0}). Hence (x_{1,0}, . . . , x_{p,0}) is a regular sequence in R.

Suppose now that (x_{1,0}, . . . , x_{p,0}) is a regular sequence in R. We will prove that (x_1, . . . , x_p) is a regular sequence in R[n]. By the induction hypothesis, (x_1, . . . , x_{p−1}) is a regular sequence in

R[n], and we must show that x_p is not a zero divisor in R[n]/(x_1, . . . , x_{p−1}). Let a ∈ R[n] be such that ax_p ∈ (x_1, . . . , x_{p−1}). By the induction hypothesis (the result is true for n − 1), we can write a = b + t^{n−1}c, with b ∈ (x_1, . . . , x_{p−1}) and c ∈ R. We have then t^{n−1}cx_p ∈ (x_1, . . . , x_{p−1}). By (ii) and the induction hypothesis, we have cx_{p,0} ∈ (x_{1,0}, . . . , x_{p−1,0}). Since (x_{1,0}, . . . , x_{p−1,0}) is a regular sequence, we have c ∈ (x_{1,0}, . . . , x_{p−1,0}). It follows that a ∈ (x_1, . . . , x_{p−1}), hence (x_1, . . . , x_p) is a regular sequence in R[n].

Now we prove (ii). If y ∈ I_0, it is clear that t^{n−1}y ∈ I. Conversely, suppose that t^{n−1}y ∈ I.

We can write t^{n−1}y = t^k p∑ i=1 α_ix_i, with k ∈ {0, . . . , n − 1} maximal, and α_1, . . . , α_p ∈ R[n]. We

must show that k = n − 1. Suppose that k < n − 1. We can write t^{n−1−k}y = p∑ i=1 α_ix_i + t^{n−k}z,

for some z ∈ R[n], i.e. t^{n−1−k}(y − tz) = p∑ i=1 α_ix_i. By the induction hypothesis (the result is

true for n − k), the term of degree 0 of y − tz belongs to I_0, i.e y ∈ I_0. □

3.7.2. Proposition: Let (x_1, . . . , x_p) be a regular sequence in R[n], and I the ideal of R[n] generated by x_1, . . . , x_p. Then I is a balanced R[n]-module.

Proof. Let I^′ ⊂ R[n − 1] be the ideal generated by the images x^′_1, . . . , x^′_p of x_1, . . . , x_p in R[n − 1]. By proposition 3.7.1 (i), (x^′_1, . . . , x^′_p) is a regular sequence in R[n − 1]. Let ϕ : I → I^′ be the restriction of the canonical morphism R[n] → R[n − 1]. Then we have ker(ϕ) = I ∩ (t^{n−1}), and by proposition 3.7.1 (ii), I ∩ (t^{n−1}) = t^{n−1}I. It follows that ϕ induces an isomorphism I/t^{n−1}I ≃ I^′. Hence, using an induction on n, we see that for 1 ≤< n, I_k is canonically isomorphic to the ideal of R[k] generated by the images of x_1, . . . , x_p. Proposition 3.7.2 follows easily. □

3.7.3. Other examples – Suppose that R = C[X, Y ], and let I = (X^2, Y^2, XY ), J = (X^2, Y^2 + t, XY ) in R[2]. Then we have I_1 = I^{(1)} = t.(X^2, Y^2, XY ), so I is balanced. But J_1 = t.(X^2, Y^2, XY ), and tX ∈ J^{(1)}\J_1 (because tX = X(Y^2 + t) − Y.XY ). Hence J is not balanced.

4. Primitive multiple schemes

4.1. Definition and construction

Let X be a smooth connected variety, and d = dim(X). A multiple scheme with support X is a Cohen-Macaulay scheme Y such that Y_{red} = X. If Y is quasi-projective we say that it is a multiple variety with support X. In this case Y is projective if X is.

Let n be the smallest integer such that Y = X^{(n−1)}, X^{(k−1)} being the k-th infinitesimal neighborhood of X, i.e. I_X(k−1) = I^k_X . We have a filtration X = X_1 ⊂ X_2 ⊂ · · · ⊂ X_n = Y where

X_i is the biggest Cohen-Macaulay subscheme contained in Y ∩ X^{(i−1)}. We call n the multiplicity of Y .

We say that Y is primitive if, for every closed point x of X, there exists a smooth variety S of dimension d + 1, containing a neighborhood of x in Y as a locally closed subvariety. In this case, L = I_X /I_{X2} is a line bundle on X, X_j is a primitive multiple scheme of multiplicity j and we have I_{Xj} = I^j_X , I_{Xj} /I_{Xj+1} = L^j for 1 ≤ j < n. We call L the line bundle on X associated to Y . The ideal sheaf I_{X,Y} can be viewed as a line bundle on X_{n−1}.

Let P ∈ X. Then there exist elements y_1, . . . , y_d, t of m_{S,P} whose images in m_{S,P} /m^2_{S,P} form a basis, and such that for 1 ≤ i < n we have I_{Xi,P} = (t^i). In this case the images of y_1, . . . , y_d in m_{X,P} /m^2_{X,P} form a basis of this vector space.

Even if X is projective, we do not assume that Y is projective.

The simplest case is when Y is contained in a smooth variety S of dimension d + 1. Suppose that Y has multiplicity n. Let P ∈ X and f ∈ O_{S,P} a local equation of X. Then we have I_{Xi,P} = (f^i) for 1 < i ≤ n in S, in particular I_{Y,P} = (f^n), and L = O_X (−X) . For any L ∈ Pic(X), the trivial primitive variety of multiplicity n, with induced smooth variety X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded by the zero section in the dual bundle L^∗, seen as a smooth variety.

4.1.1. Construction of primitive multiple schemes – Let Y be a primitive multiple scheme of multiplicity n, X = Y_{red}. Let Z_n = spec(C[t]/(t^n)). Then for every closed point P ∈ X, there exists an open neighborhood U of P in X, and an open neighborhood U^{(n)} of P in Y such that

– U^{(n)} ∩ X = U , – There exists a section O_X (U) → O_Y (U^{(n)}) of the restriction map O_Y (U^{(n)}) → O_X (U), – L_{|U} is trivial,

and there exists a commutative diagram U� � � � � � � � � � � U^{(n) ≃} � U × Z_n i.e. Y is locally trivial ([6], théorème 5.2.1, corollaire 5.2.2). For every open subset V of X, V^{(n)} will denote the corresponding open subset of Y .

It follows that we can construct a primitive multiple scheme of multiplicity n by taking an open cover (U_i)_{i∈I} of X and gluing the varieties U_i × Z_n (with automorphisms of the U_{ij} × Z_n leaving U_{ij} invariant).

Let (U_i)_{i∈I} be an affine open cover of X such that we have trivializations

δ_i : U^{(n)}_i^≃ � U_i × Z_n,

and δ^∗_i : O_{Ui×Zn} → O_U (n)_i the corresponding isomorphisms. Let

δ_{ij} = δ_j δ^{−1}_i : U_{ij} × Z_n^≃ � U_{ij} × Z_n .

Then δ^∗_{ij} = δ^{∗−1}_i δ^∗_j is an automorphism of O_{Ui×Zn} = O_X (U_{ij})[t]/(t^n), such that for every ϕ ∈ O_X (U_{ij} ), seen as a polynomial in t with coefficients in O_X (U_{ij} ), the term of degree zero of δ^∗_{ij} (ϕ) is the same as the term of degree zero of ϕ.

4.1.2. The ideal sheaf of X – There exists α_{ij} ∈ O_X (U_{ij} ) ⊗_C C[t]/(t^{n−1}) such that δ^∗_{ij}(t) = α_{ij}t. Let α^{(0)}_{ij} = α_{ij|X} ∈ O_X (U_i). For every i ∈ I, δ^∗_i (t) is a generator of I_{X,Y |U} (n) . So we have local trivializations λ_i : I_{X,Y |U} (n−1)_i � O_U (n−1)_i

δ^∗_i (t) � � 1 Hence λ_{ij} = λ_iλ^{−1}_j : O_U (n−1)_{ij} → O_U (n−1)_{ij} is the multiplication by δ^∗_j (α_{ij}). It follows that (δ^∗_j (α_{ij} )) (resp. (α^{(0)}_{ij} )) is a cocycle representing the line bundle I_{X,Y} (resp. L) on X_{n−1} (resp. X).

4.2. The case of double schemes We suppose that n = 2. Let α_i : L_{|Ui} → O_{Ui} be isomorphisms such that α_{ij} = α_i ∘ α^{−1}_j on U_{ij} . Then we have the following description of δ^∗_{ij} :

– There are derivations D_{ij} of O_X (U_{ij} ) such that δ^∗_{ij} (β) = β + D_{ij}(β)t for every β ∈ O_X (U_{ij}).

– δ^∗_{ij} (t) = α_{ij} t .

The relation δ^∗_{ij}δ^∗_{jk} = δ^∗_{ik} is equivalent to D_{ij} + α_{ij}D_{jk} = D_{ik}. We can view D_{ij} as section of T_{X|Uij} , the family (α^{−1}_i ⊗ D_{ij}) represents an element λ of H^1(X, T_X ⊗ L), and Cλ is independent of the choice of the δ^∗_{ij} and α_i. We will note Cλ = ζ(X_2).

According to [14] (and [3] for curves), two primitive double schemes X_2, X^′_2, with underlying smooth variety X and associated line bundle L are isomorphic (over X) if and only if ζ(X_2) = ζ(X^′_2). And X_2 is the trivial primitive double scheme if and only ζ(X_2) = 0.

4.3. Canonical filtrations, quasi locally free sheaves

Let X be a smooth and irreducible variety. Let Y = X_n be a primitive multiple scheme of multiplicity n, with underlying smooth variety X, and associated line bundle L on X. Let P ∈ X be a closed point.

The two canonical filtrations are useful tools to study the coherent sheaves on primitive multiple schemes. They have been defined for O_{Xn,P} -modules in 3.1.

4.3.1. The first canonical filtration of E is E_n = 0 ⊂ E_{n−1} ⊂ · · · ⊂ E_1 ⊂ E_0 = E where for 0 ≤ i < n, E_{i+1} is the kernel of the canonical surjective morphism E_i → E_{i|X} . For 0 ≤ i < n, let G_i(E) = E_i/E_{i+1} = E_{i|X} .

We have E/E_i = E_{|Xi} .

4.3.2. One defines similarly the second canonical filtration of E: E^{(0)} = {0} ⊂ E^{(1)} ⊂ · · · ⊂ E^{(n−1)} ⊂ E^{(n)} = E, where, for 1 ≤ i ≤ n − 1, E^{(i)} is the maximal subsheaf F of E such that I^i_{X,Xn} F = 0. For 0 < i ≤ n, let G^{(i)}(E) = E^{(i)}/E^{(i−1)} .

4.3.3. Relationship between the two filtrations – Let E be a coherent sheaf on X_n. For 1 ≤ i ≤ n − 1, the canonical morphism E ⊗ I_{X,Xn} → E induces an injective morphism of sheaves on X λ_i : G^{(i+1)}(E) ⊗ L −→ G^{(i)}(E) .

Let Γ^{(i−1)}(E) = coker(λ_i). Similarly we have for 0 ≤ i ≤ n − 2 a surjective morphism of sheaves on X μ_i : G_i(E) ⊗ L −→ G_{i+1}(E) .

Let Γ_i(E) = ker(μ_i).

4.3.4. Proposition: For 0 ≤ i < n we have Γ_i(E) ≃ Γ^{(i)}(E) ⊗ L^{i+1}.

Proof. We suppose that I_{X,Xn} , which is a line bundle on X_{n−1}, can be extended to a line bundle L on X_n. Let ϕ_i : E_i ⊗ L → E_{i+1} be the canonical surjective morphism. Then we have a commutative diagram with exact rows 0 � E^{(i)} � � � � E � E_i ⊗ L^{−i} �

ϕ_i⊗I_{L−i−1} � 0

0 � E^{(i+1)} � E � E_{i+1} ⊗ L^{−i−1} � 0

It follows that ker(ϕ_i) ≃ G^{(i+1)}(E) ⊗ L^{i+1}.

The result follows from the commutative diagram with exact rows and columns 0 � 0 � 0 � G^{(i+2)}(E) ⊗ L^{i+2} � � � λ_{i+1}⊗I_{Li+1} � E_{i+1} ⊗ L � � E_{i+2} � � 0

0 � G^{(i+1)}(E) ⊗ L^{i+1} � E_i ⊗ L � � E_{i+1} � � 0

G_i(E) ⊗ L^{μi} � � � G_{i+1}(E) � 0 0 In the general case, X can be covered by open subsets U such that, if U_n is the open subset of X_n corresponding to U, then I_{X,Xn|Un} can be extended to a line bundle on U_n. We obtain isomorphisms Γ_i(E_{|Un} ) ≃ Γ^{(i)}(E_{|Un} ) ⊗ L^{i+1}, and it is easy to see that they coincide on the intersections of any two of these open subsets U, and thus define the global isomorphism of proposition 4.3.4. □

4.3.5. Quasi locally free sheaves – Let P be a closed point of X. Let M be a O_{Xn,P} -module of finite type. Then M is called quasi free if there exist non negative integers m_1, . . . , m_n and an isomorphism M ≃ ⊕^n_{i=1}m_iO_{Xi,P} . The integers m_1, . . . , m_n are uniquely determined: it is easy to recover them from the first canonical filtration of M. We say that (m_1, . . . , m_n) is the type of M.

Let E be a coherent sheaf on X_n. We say that E is quasi free at P if E_P is quasi free, and that E is quasi locally free on a nonempty open subset U ⊂ X if it is quasi free at every point of U. If U = X we say that E is quasi locally free. In this case the types of the modules E_x, x ∈ X, are the same (the type of E), and for every x ∈ X there exists a neighborhood V ⊂ X_n of x and an isomorphism

(3) E_{|V} ≃ n⨁ n=1 m_iO_{Xi∩V} .

For every coherent sheaf E on X_n there exists a nonempty open subset U ⊂ X such that E is quasi locally free on U (cf. [15], 4.7).

4.3.6. Proposition: Let E be a quasi locally free sheaf on X_n. Then (i) E is reflexive.

(ii) For every positive integer i we have Ext^i_{OXn} (E, O_{Xn} ) = 0.

(iii) For every vector bundle F on X_n and every integer i we have Ext^i_{OXn} (E, F) ≃ H^i(X_n, E^∨ ⊗ F) .

(iv) Let Y ⊂ X be a closed subvariety of codimension ≥ 2, U = X\Y . Let E be a coherent sheaf on X_n, such that E_P is quasi free for every P ∈ Y . Then the restriction map H^0(X_n, E) → H^0(U^{(n)}, E) is an isomorphism.

Proof. The assertion (iii) follows easily from (i), with the Ext spectral sequence, and (iv) is immediate. Assertions (i) and (ii) are local, so we can replace X_n with U × Z_n, where U is an open subset of X_n. Let U_i = U × Z_i, for 1 ≤ i ≤ n. The results follow from (3) and the free resolutions .... � O_{Un}^{×ti} � O_{Un}^{×tn−i} � O_{Un}^{×ti} � O_{Ui} □

4.4. Morphisms of quasi locally free sheaves

Let r, r_1, . . . , r_n be integers, with r_i ≥ 0 and r ≥

∑_n i−1 r_i. Let E = ⨁ 1≤i≤n(OXi ⊗ C r_i ) and

ϕ : O_{Xn} ⊗ C^r → E a morphism. Let k = (

∑_n i−1 r_i) − r. Chose a direct sum decomposition C^r = C^k ⊕ ( ⨁ 1≤i≤n C r_i ). The

canonical morphism ϕ_0 : O_{Xn} ⊗ C^r → E is defined as follows: ϕ_0 = 0 on O_{Xn} ⊗ C^k, and on O_{Xn} ⊗ C^{ri} , ϕ = p_i ⊗ I_Cri , where p_i : O_{Xn} → O_{Xi} is the restriction.

4.4.1. Lemma: 1 – Let x ∈ X be a closed point. If ϕ is surjective at x then there exists an open neighborhood U of x, and automorphisms α of O_U (n) ⊗ C^r, β of E_{|U} (n) such that ϕ_{|U} (n) = β ∘ ϕ_{0|U} (n) ∘ α.

2 – ϕ is surjective if and only of ϕ_{|X} is. In this case ker(ϕ) is quasi locally free.

Proof. We will prove 1 by induction on n, and 2 is an easy consequence of 1. The result is obvious if n = 1. Suppose that n > 1 and that the lemma is true on X_{n−1}. The component of ϕ, ϕ_n : O_{Xn} ⊗ C^r → O_{Xn} ⊗ C^{rn} , is surjective, so we have a direct sum decomposition C^r = C^{rn} ⊕ C^{r−rn} such that there exist U, α, β such that ϕ^′ = β^{−1} ∘ ϕ_{|U} (n) ∘ α^{−1} is the identity on O_U (n) ⊗ C^{rn} and zero on O_U (n) ⊗ C^{r−rn} . We can even choose α, β such that ϕ^′(O_U (n) ⊗ C^{rn} ) is the summand O_U (n) ⊗ C^{rn} of E_{|U} (n) . On the summand O_U (n) ⊗ C^{r−rn} of O_{Xn} ⊗ C^r, ϕ^′ is a morphism O_U (n) ⊗ C^{r−rn} → ⨁ 1≤i≤n−1(OXi ⊗ C r_i ), which vanish on Ln−1 ⊗ Cr−r_n , so that ϕ′ is

a surjective morphism O_U (n−1) ⊗ C^{r−rn} → ⨁ 1≤i≤n−1(OXi ⊗ C r_i ). The result is easily obtained

by applying the induction hypothesis on ϕ^′. □

4.4.2. Corollary: Let N, E coherent sheaves on X_n, with N quasi locally free. Let 0 −→ N^ψ−−−−→ O_{Xn} ⊗ C^r −→ E −→ 0 an exact sequence. The E is quasi locally free if and only if tψ : O_{Xn} ⊗ C^r −→ N^∗ is surjective.

Proof. If E is quasi locally free, then Ext^1_{OXn} (E, O_{Xn} ) = 0 by proposition 4.3.6, hence^tψ is surjective.

Conversely, suppose that^tψ is surjective. We have then an exact sequence 0 −→ E^∗ −→ O_{Xn} ⊗ C^{r tψ}−−−−→ N^∗ −→ 0 , hence E^∗ is quasi locally free by lemma 4.4.1. Since Ext^1_{OXn} (N^∗, O_{Xn} ) = 0 by proposition 4.3.6, we have an exact sequence 0 −→ N^{∗∗} = N^ψ−−−−→ O_{Xn} ⊗ C^r −→ E^{∗∗} −→ 0 .

It follows that E^{∗∗} = E, and E is quasi locally free. □

4.5. Flat families of quasi locally free sheaves Let C be an irreducible smooth curve.

4.5.1. Theorem: Let E be a coherent sheaf on X_n × C, flat on C. Suppose that for every closed point c ∈ C, E_c is quasi locally free, and that the type of E_c is independent of c. Then 1 – E is quasi locally free.

2 – For 1 ≤ i ≤ n − 1, E_i and E_{i−1}/E_i are flat on C, and for every c ∈ C, the morphism (E_i)_c → (E_{i−1})_c induced by E_i ⊂ E_{i−1} is injective, and (E_i)_c = (E_c)_i , (E_{i−1}/E_i)_c = (E_{i−1})_c/(E_i)_c .

3 – For 1 ≤ i ≤ n − 1, E^{(i)} and E^{(i+1)}/E^{(i)} are flat on C, and for every c ∈ C,the morphism (E^{(i)})_c → (E^{(i+1)})_c induced by E^{(i)} ⊂ E^{(i+1)} is injective, and (E^{(i)})_c = (E_c)^{(i)} , (E^{(i+1)}/E^{(i)})_c = (E^{(i+1)})_c/(E^{(i)})_c .

Proof. We will prove the same statement with a nonempty subset of X × C instead of X × C. The proof is by induction on n. The result is obvious if n = 1. Suppose that n > 1 and that it is true for n − 1.

Let x ∈ X, c_0 ∈ C be closed points. Since E_{c0} is quasi locally free, there exists an open neighborhood V ⊂ X of x such that E_{c0|V} is free: E_{c0|V} ≃ O_V ⊗ C^r. It follows that there exists an open neighborhood U ⊂ X × C of (x, c_0) and a surjective morphism ϕ : O_U (n) ⊗ C^r −→ E_U (n) .

Let N = ker(ϕ). From the exact sequence 0 −→ N^ψ−−−−→ O_U (n) ⊗ C^{r ϕ}−−−−→ E_{|U} (n) −→ 0 and [20], Exposé IV, proposition 1.1, N is flat on C. For every c ∈ C we have an exact sequence 0 −→ N_c −→ O_U (n)_c ⊗ C^{r ϕc}−−−−→ E_{c|U} (n)_c −→ 0 (with U_c = (X × {c}) ∩ U). Since the type of E_c is constant, ϕ_c induces an isomorphism O_{Uc} ⊗ C^r ≃ E_{c|Uc} . It follows that N_c is a quasi locally free sheaf on U^{(n−1)}c , and its type is independent of c (if U_c is non empty).

For every c ∈ C such that U_c is non empty, let I_c be the ideal sheaf of X × {c} ⊂ X × C. For every infinite subset Σ ⊂ C, we have ⋂ c∈Σ I_c.(O_U (n) ⊗ C^r) = 0 .

We have, if U_c ≠ ∅, L^{n−1}.N ⊂ I_c.N ⊂ I_c.(O_U (n) ⊗ C^r) (recall that L^{n−1} is the ideal sheaf of X_{n−1} in X_n). It follows that L^{n−1}.N = 0, i.e. N is a sheaf on U^{(n−1)}. Hence from the induction hypothesis, N is quasi locally free. For every (x, c) ∈ U, tψ_{c,x} : C^r −→ N^∗_{c,x} is surjective. It follows from corollary 4.4.2 that E_{|U} (n) is quasi locally free. This proves 1, and 2, 3 are immediate consequences of 1. □

There is an easy converse of theorem 4.5.1:

4.5.2. Proposition: Let E be a coherent sheaf on X_n × C, c ∈ C, x ∈ X closed points, and U a neighborhood of (x, c) in X_n × C such that E_{|U} is quasi locally free. Then E_{|U} is flat on C.

4.6. The Picard group of a primitive double scheme

(cf. [15], 7.)

Let P ⊂ Pic(X) be an irreducible component, such that some line bundle in P can be extended to X_2. Let Pic^P (X_2) be the set of line bundles on X_2 whose restriction to X belongs to P . If P = Pic^0(X) we will note Pic^P (X_2) = Pic^0(X_2). Let Γ^0(X_2) ⊂ Pic^0(X) (resp. Γ^P (X_2) ⊂ Pic^P (X)) be the set of line bundles that can be extended to X_2. Then Γ^P (X_2) is a smooth variety, isomorphic to Γ^0(X_2) ⊂ Pic^0(X), and Γ^0(X_2) is a subgroup of Pic^0(X). The variety Pic^0(X_2) is an algebraic group, the Pic^P (X_2) have a natural structure of smooth varieties, and the choice of an element Pic^P (X_2) defines in an obvious way an isomorphism Pic^0(X_2) ≃ Pic^P (X_2). The Pic^P (X_2) are the irreducible components of Pic(X_2). Each Pic^P (X_2) has a natural structure of affine bundle on Γ^P (X_2), with associated vector bundle O_X ⊗ H^1(X, L). In general this affine bundle is not banal (cf. [15], theorem 9.2.1 when X is a curve).

There is an open cover (P_i)_{i∈I} of Pic^P (X_2), and for every i ∈ I, a Poincaré bundle L_i on X_2 × P_i such that, with these data, Pic^P (X_2) is a fine moduli space in the sense of 2.6.

5. Reduced Chern classes and reduced Hilbert polynomials

5.1. Definitions If Z is a projective scheme, O_Z (1) an ample line bundle and E a coherent sheaf on Z, let P_{OZ (1)}(E) be the Hilbert polynomial of E with respect to O_Z (1).

Let X be a smooth, projective and irreducible variety. Let X_n be a primitive multiple scheme of multiplicity n, with underlying smooth variety X, and associated line bundle L on X. Let O_X (1) be an ample line bundle on X. For every coherent sheaf E on X, let c(E) ∈ A^∗(X) (or H^∗(X, Z)) be the total Chern class of E. Let E be a coherent sheaf on X_n, and E_n = 0 ⊂ E_{n−1} ⊂ · · · ⊂ E_1 ⊂ E_0 = E the first canonical filtration of E. Let

c_{red}(E) = n−1∏ i=0 c(E_i/E_{i+1}) ∈ A^∗(X) (or H^∗(X, Z)) , P_{red,OX (1)}(E) = n−1∑ i=0 P_{OX (1)}(E_i/E_{i+1}) .

We call c_{red}(E) the total reduced Chern class of E, and P_{red,OX (1)}(E) the reduced Hilbert polynomial of E (with respect to O_X (1)).

5.1.1. Relations with the usual Hilbert polynomial – If O_X (1) can be extended to a line bundle O_{Xn} (1) on Y , then O_{Xn} (1) is ample (prop. 4.6.1 of [14]), and P_{red,OX (1)}(E) = P_{OXn (1)}(E).

5.1.2. Proposition: 1 – Let F_m = 0 ⊂ F_{m−1} ⊂ · · · ⊂ F_1 ⊂ F_0 = E be a filtration such that, for 0 ≤ i < m, F_i/F_{i+1} is concentrated on X. Then we have

c_{red}(E) = m−1∏ i=0 c(F_i/F_{i+1}) , P_{red,OX (1)}(E) = m−1∑ i=0 P_{OX (1)}(F_i/F_{i+1}) .

2 – Let 0 → E^′ → E → E^{′′} → 0 be an exact sequence of coherent sheaves on X_n. Then we have

c(E) = c(E^′)c(E^{′′}) and P_{red,OX (1)}(E) = P_{red,OX (1)}(E^′) + P_{red,OX (1)}(E^{′′}) . Proof. 1- is an immediate consequence of proposition 2.3.1. We now prove 2-. According to proposition 2.3.1 there exist similar refinements (E^′_j)_{0≤j≤p} of the filtration E^′ ⊂ E and (F^′_j )_{0≤j≤p} of the first canonical filtration of E. There exists an integer j_0 such that 0 ≤ j_0 ≤ p and F^′_{j0} = E^′. We have c_{red}(E) = p−1∏ j=0 c(F^′_j/F^′_{j+1}) ,

and from 2-

c_{red}(E^′) = p−1∏

j=j_0

c(F^′_j/F^′_{j+1}) , c_{red}(E^{′′}) =

j_0−1∏

j=0 c(F^′_j/F^′_{j+1}) .

Hence c_{red}(E) = c_{red}(E^′)c_{red}(E), and similarly P_{red,OX (1)}(E) = P_{red,OX (1)}(E^′) + P_{red,OX (1)}(E^{′′}). □

5.2. Invariance by deformation Let C be an irreducible smooth curve and E a coherent sheaf on X_n × C, flat on C. The following result was pointed out by János Kollár:

5.2.1. Theorem: Suppose that we have a filtration 0 = G_m ⊂ G_{m−1} ⊂ · · · ⊂ G_1 ⊂ G_0 = E such that for 0 ≤ i < m, G_i/G_{i+1} is concentrated on X × C. Then there exists a filtration (4) 0 = F_m ⊂ F_{m−1} ⊂ · · · ⊂ F_1 ⊂ F_0 = E such that

– F_1, . . . , F_{m−1} and F_0/F_1, . . . , F_{m−2}/F_{m−1} are flat on C. – F_0/F_1, . . . , F_{m−1}/F_m are concentrated on X × C.

– There exists a finite subset Σ ⊂ C such that the two preceding filtrations restricted to X_n × (C\Σ) are the same.

Proof. Let c_0 ∈ C and I_{c0} its ideal sheaf. Let z be a generator of the maximal ideal of O_{C,c0} . Let F = G_0/G_1, and G ⊂ F be the subsheaf union of the subsheaves annihilated by the powers of I_{c0} .

Then for every x ∈ X, (F/G)_{(x,c0)} is a flat O_{C,c0} -module: Let u ∈ (F/G)_{(x,c0)} and suppose that zu = 0. Let u ∈ F_{(x,c0)} be over u. Then zu ∈ G_{(x,c0)}, so there exists an integer k ≥ 0 such that z^k.zu = z^{k+1}u = 0. Hence u ∈ G_{(x,c0)} and u = 0.

Let H ⊂ E be the inverse image of G. From [20], Exposé IV, proposition 1.1, H_{(x,c0)} is a flat O_{C,c0} -module.

Since X is projective, there is a neighborhood C_0 of c_0 such that (F/G)_{|X×C0} and H_{|Xn×C0} are flat on C_0. Note that H coincide with G_1 on X_n × (C\{c_0}). By taking othen c_0 we can cover C with a finite number of such open subsets C_0 and finally obtain a subsheaf G^′_1 ⊂ E such that:

– G_1 ⊂ G^′_1 and G^′_1 is flat on C.

– E/G^′_1 is flat on C and concentrated on X × C.

– There is an open subset Σ_1 ⊂ C such that G^′_{1|Xn×(C\Σ1)} = G_{1|Xn×(C\Σ1)}. We can continue this process with G^′_1 instead of E, with the filtration 0 = G_m ⊂ G_{m−1} ⊂ · · · ⊂ G_2 ⊂ G^′_1, and so on. We finally obtain the filtration 0 ⊂ F_m ⊂ F_{m−1} ⊂ · · · ⊂ F_1 ⊂ F_0 = E by subsheaves flat on C, as well as the quotients F_i/F_{i+1}, which are concentrated on X × C, and this filtration coincide with the original one on X_n × (C\Σ), where Σ ⊂ C is finite. But we have F_m = 0, since it is flat on C and 0 on X_n × (C\Σ). □

5.2.2. Corollary: The map C � Q[T ] c � � P_{red,OX (1)}(E_c) is constant.

Proof. We can view X_n × C as a primitive multiple scheme, and (X_n × C)_{red} = X × C. Now, in theorem 5.2.1, for the first filtration we take the first canonical filtration of E. We obtain the filtration (4). For every c ∈ C, we get a filtration of E_c 0 = F_{m,c} ⊂ F_{m−1,c} ⊂ · · · ⊂ F_{1,c} ⊂ F_{0,c} = E_c , such that for 0 ≤ i < m, F_{i,c}/F_{i−1,c} is concentrated on X × C and isomorphic to (F_i/F_{i−1})_c. Hence we have P_{red,OX (1)}(E_c) = m−1∑ i=0 P_{OX (1)} ( (F_i/F_{i−1})_c ) . Since F_i/F_{i−1} is flat on C, c → P_{OX (1)} ( (F_i/F_{i−1})_c ) is constant, and so is c → P_{red,OX (1)}(E_c). □

6. Balanced sheaves on primitive multiple schemes

6.1. Balanced sheaves Let X be a smooth and irreducible variety. Let X_n be a primitive multiple scheme of multiplicity n, with underlying smooth variety X, and associated line bundle L on X.Let E be a coherent sheaf on X_n. From 4.3.3 we have canonical morphisms λ_{i−1} ⊗ I_Li−2 : G^{(i)}(E) ⊗ L^{i−1} −→ G^{(i−1)}(E) ⊗ L^{i−2} for 2 ≤ i ≤ n , which is injective, and

μ_i ⊗ I_Ln−2−i : G_i(E) ⊗ L^{n−1−i} −→ G_{i+1}(E) ⊗ L^{n−2−i} for 0 ≤ i ≤ n − 2 , which is surjective. Let

λ(E) = λ_1 ∘ (λ_2 ⊗ I_L) ∘ · · · ∘ (λ_{n−1} ⊗ I_Ln−2 ) : G^{(n)}(E) ⊗ L^{n−1} −→ G^{(1)}(E) , μ(E) = μ_{n−2} ∘ (μ_{n−3} ⊗ I_L) ∘ · · · ∘ (μ_0 ⊗ I_Ln−2 ) : G_0(E) ⊗ L^{n−1} −→ G_{n−1}(E) .

We will use the easy following lemma:

6.1.1. Lemma: Let A be a commutative ring, k ≥ 3 an integer, M_1, . . . , M_k A-modules, and f_i : M_i → M_{i+1}, 1 ≤ i < k, injective (resp. surjective) morphisms. Then f_{k−1} ∘ · · · f_1 : M_1 → M_k is surjective (resp. injective) if and only f_1, . . . , f_k are surjective (resp. injective).

6.1.2. Definition: We say that E is balanced if λ(E) is surjective.

From lemma 6.1.1 and proposition 4.3.4, we have

6.1.3. Proposition: The following properties are equivalent

(i) E is balanced.

(ii) λ_1, . . . , λ_{n−1} are surjective

(iii) Γ_1(E) = · · · = Γ_{n−1}(E) = 0 . (iv) Γ^{(1)}(E) = · · · = Γ^{(n−1)}(E) = 0 . (v) μ_0, . . . , μ_{n−2} are injective. (vi) μ(E) is injective.

If E is balanced, then λ_1, . . . , λ_{n−1}, μ_0, . . . , μ_{n−2}, λ and μ are isomorphisms.

6.1.4. Proposition: Let E be a coherent sheaf on X_n. Then E is balanced if and only if E_i = E^{(n−i)} for 1 ≤ i ≤ n.

Proof. If E_i = E^{(n−i)} for 1 ≤ i ≤ n, we have λ_i = μ_{n−i}, hence λ_i and μ_{n−i} are isomorphisms, and E is balanced.

Conversely, suppose that E is balanced. For 1 ≤ j ≤ n, let β_j : E_{n−j}/E_{n−j+1} → E^{(j)}/E^{(j−1)} be the morphism induced by the inclusion E_{n−j} ⊂ E^{(j)}. We have a commutative diagram

E/E_1 ⊗ L^{n−1 μ} � α� E_{n−1}� �

β_1 � E/E^{(n−1) λ} � E^{(1)}

where the surjective morphism α is induced by the inclusion E_1 ⊂ E^{(n−1)} and β is the inclusion. Since λ and μ are isomorphisms, so are α and β_1. For 2 ≤ i ≤ n − 2 we have a commutative diagram (E_{n−i}/E_{n−i+1}) ⊗ L^{μn−i} �

β_i � E_{n−i+1}/E_{n−i+2}

β_{i−1} � (E^{(i)}/E^{(i−1)}) ⊗ L^{λi−1} � E^{(i−1)}/E^{(i−2)} Using the fact that λ_{i−1}, μ_{n−i}, β_1 are isomorphisms we see by induction on i that β_i is an isomorphism. Again by induction on i it is then easy to see that E_i = E^{(n−i)}. □

6.1.5. Examples: – Vector bundles on X_n are balanced sheaves.

– Recall the a sheaf of ideals I on X_n is called regular if for every closed point x ∈ X_n, I_x is generated by the elements of a regular sequence in O_{Xn,x}. It follows from proposition 3.7.2 that a regular ideal is a balanced sheaf.

6.1.6. The case of double schemes – We suppose that n = 2. Let E be a coherent sheaf of X_2. Then we have E_1 ⊂ E^{(1)}. Let F ⊂ E be a subsheaf and E = E/F . Then F is concentrated on X if and only if F ⊂ E^{(1)}, and in this case E is concentrated on X if and only if E_1 ⊂ F .

Suppose that E_1 ⊂ F ⊂ E^{(1)}. The canonical morphism E ⊗ L → E induces ϕ_F : E ⊗ L → F , and ϕ_F is injective (resp. surjective) if and only if F = E^{(1)} (resp. F = E_1). The sheaf E is concentrated on X if and only if ϕ_F = 0.

If E is balanced then E ⊗ L → E induces a canonical isomorphism E_1 ≃ E_{|X} ⊗ L.

Let F ⊂ E be a subsheaf concentrated on X. If ϕ_F is an isomorphism, then E is balanced, and F = E_1. It follows that

6.1.7. Lemma: Let E, E be coherent sheaves on X, X_2 respectively. Suppose that E is simple, and that we have an exact sequence 0 → E ⊗ L → E → E → 0. If E is not concentrated on X, then E is a balanced sheaf and E_{|X} = E.

6.2. Flat families of balanced sheaves on primitive double schemes

We suppose that n = 2 and that X is projective. Let C be an irreducible smooth curve. We can view X_2 × C as a primitive double scheme.

Let Z be a scheme over C. We can extend the definitions of 4.3 and of balanced sheaves to X_2 × Z.

6.2.1. Theorem: 1 – Let E be a coherent sheaf on X_2 × Z, flat on Z. Suppose that for some closed point z ∈ Z, E_z is balanced. Then there exists a neighborhood V of z such that E_{|X2×V} is balanced, E_{1|X2×V} , E_{|X×V} are flat on V and E_{1,v} = E_{v,1}, (E_{|X×V} )_v = E_{v|X} for every closed point v ∈ V .

2 – Let E be a coherent sheaf on X_2 × C, flat on C. Suppose that E is balanced. Then for every c ∈ C, E_c is balanced.

Proof. We first prove 1. Let x_0 ∈ X, and U a neighborhood of x_0 such L_{|U} can be extended to a line bundle L on U^{(2)}. Let p : U^{(2)} × Z → U^{(2)} be the projection. We have canonical exact sequences

0 −→ (E^{(1)})_{|U} (2)_{×Z} ⊗ p^∗(L) −→ E_{|U} (2)_{×Z} ⊗ p^∗(L) −→ E_{1|U} (2)_{×Z} −→ 0 ,

0 −→ E_1 −→ E −→ E_{|X×Z} −→ 0 .

From the first one we deduce the exact sequence

0 −→ Tor^1_{OX2×Z} (E_1, O_{X2×{z}}) −→ (E^{(1)})_z ⊗ L −→ E_z ⊗ L −→ E_{1,z} −→ 0 .

It follows from proposition 3.6.4 that E_{1,z} = E_{z,1} on U. In particular the morphism E_{1,z} → E_z induced by the inclusion E_1 ⊂ E is injective on U^{(2)}. From the second canonical exact sequence and[20], Exposé IV, corollaire 5.7, (E_{|X×Z} )_{(x,z)} is a flat O_{Z,z}-module, for every x ∈ U. By [20], Exposé IV, Theorem 6.10, there is an open neighborhood W_0 of z such that E_{|U×W0} is flat on W_0, and from [20], Exposé IV, proposition 1.1, E_{1|U×W0} is flat on W_0. We can then take a finite number of points x_0 ∈ X such that the union of corresponding open subsets U ⊂ X is X. Taking the intersection W of the corresponding open subsets W_0 ⊂ Z, we see that E_{1|X×W} E_{|X×W} are flat on W .

From proposition 3.6.4 we have (E_{|X×Z} )_z = E_{z|X} . Hence the canonical surjective morphism Φ : E_{|X×Z} → E_1 ⊗ L^∗ is an isomorphism on X × {z}. Let N = ker(Φ). Then N_{|X×W} is flat on W . Let m_z ⊂ O_{Z,z} be the maximal ideal, and x ∈ X. Then since N_z = 0, we have N_{(x,z)} = m_zN_{(x,z)}, and N_{(x,z)} = 0. To prove 1 we take V ⊂ W such that X × V does not meet the support of N.

Now we prove 2. Let c ∈ C, x ∈ X, t a local section of L, defined at x and that generates L around x, and z a generator of m_c. We must prove that (E_c)_{1,x} = (E_c)^{(1)}x . Let e_c ∈ (E_c)^{(1)}x , i.e. te_c = 0. Let e ∈ E_{(x,c)} over e_c. Then there exists u ∈ E_{(x,c)} such that te = zu. We have z.tu = t.zu = t^2e = 0, hence, since E_{(x,c)} is a flat O_{C,c}-module, tu = 0. Since E is balanced, we can write u = tv, with v ∈ E_{(x,c)}. We have t(e − zv) = 0, and since E is balanced, there exists f ∈ E_{(x,c)} such that e − zv = tf. If f_c is the image of f in E_{c,x}, we have e_c = tf_c, and e_c ∈ (E_c)_{1,x}. Hence (E_c)^{(1)}x ⊂ (E_c)_{1,x}. This proves 2. □

6.2.2. Corollary: Let E be a coherent sheaf on X_2 × C, flat on C. Suppose that for some c ∈ C, E_c is balanced. Then there exists a neighborhood V of c such that for every v ∈ V , E_v is balanced, E_{1|X2×V} , E_{|X×V} are flat on V and E_{1,v} = E_{v,1}, (E_{|X×V} )_v = E_{v|X} for every v ∈ V .

6.3. Flat families of balanced sheaves on primitive double surfaces

We suppose that n = 2, X is projective, and dim(X) = 2. Let S be a smooth variety and E, F families of torsion free sheaves on X, parameterized by S and flat on S. Let f_0 : F_0 −→ F be a surjective morphism, where F_0 is a vector bundle on X × S such that for every s ∈ S and positive integer i we have h^i(X, F^∗_{0s} ⊗ E_s) = 0. Let X_0 = ker(f_0). By 2.5, X_0 is a flat family of torsion free sheaves, and by [21], prop. 1.1, for every s ∈ S, X_{0,s} is a reflexive sheaf, and since dim(X) = 2, X_{0,s} is locally free. Hence X_0 is locally free.

Let s ∈ S. From the exact sequence 0 → X_{0,s} → F_{0,s} → F_s → 0, we have an exact sequences 0 → Hom(F_s, E_s) −→ Hom(F_{0,s}, E_s) −→ Hom(X_{0,s}, E_s) −→ Ext^1_{OX} (F_s, E_s) −→ Ext^1_{OX} (F_{0,s}, E_s) = {0}, and 0 → Hom(F_s, E_s) −→ Hom(F_{0,s}, E_s) −→ Hom(X_{0,s}, E_s) −→ Ext^1_{OX2} (F_s, E_s)^{δs}−−−−→ Ext^1_{OX2} (F_{0,s}, E_s)^θ−−−−→ Ext^1_{OX2} (X_{0,s}, E_s) .

Hence we have an exact sequence 0 −→ Ext^1_{OX} (F_s, E_s) −→ Ext^1_{OX2} (F_s, E_s)^{δs}−−−−→ Ext^1_{OX2} (F_{0,s}, E_s)^θ−−−−→ Ext^1_{OX2} (X_{0,s}, E_s) .

6.3.1. Lemma: Let A (resp. B) be a vector bundle (resp. a coherent sheaf) on X. Then there is a canonical functorial isomorphism Ext^1_{OX2} (A, B) ≃ Hom(A ⊗ L, B) .

The proof is similar to that of lemma 4.6.2 of [15].

By the Ext spectral sequence and the fact that H^i(X, F^∗_{0,s} ⊗ E_s) = {0} for i = 1, 2, the canonical map Ext^1_{OX2} (F_{0,s}, E_s) −→ H^0(Ext^1_{OX2} (F_{0,s}, E_s)) = Hom(F_{0,s} ⊗ L, E_s) is an isomorphism.

Hence we have a commutative diagram Ext^1_{OX2} (F_{0,s}, E_s)^θ � Ext^1_{OX2} (X_{0,s}, E_s) � Hom(F_{0,s} ⊗ L, E_s)^α � Hom(X_{0,s} ⊗ L, E_s) (where α is induced by X_{0s} ⊂ F_{0s}). We have ker(α) ≃ Hom(F_s ⊗ L, E_s), hence im(δ_s) = ker(θ) ⊂ Hom(F_s ⊗ L, E_s), and we have an exact sequence 0 −→ Ext^1_{OX} (F_s, E_s) −→ Ext^1_{OX2} (F_s, E_s)^{δs}−−−−→ Hom(F_s ⊗ L, E_s) .

We suppose now that

– E = F ⊗ p^∗_X (L), where p_X : X × S → X is the projection. – For every s ∈ S, F_s is simple.

– dim(Ext^1_{OX} (F_s, F_s ⊗ L)) is independent of s ∈ S. It follows that we have an exact sequence 0 −→ Ext^1_{OX} (F_s, F_s ⊗ L) −→ Ext^1_{OX2} (F_s, F_s ⊗ L)^{δs}−−−−→ C .

6.3.2. Proposition: Let s ∈ S, σ ∈ Ext^1_{OX2} (F_s, F_s ⊗ L), and 0 → F_s ⊗ L → E → F_s → 0 the corresponding extension. Then E is a balanced sheaf if and only if δ_s(σ) ≠ 0. Proof. If δ_s(σ) = 0 then σ ∈ Ext^1_{OX} (F_s, F_s ⊗ L), hence E is concentrated on X and cannot be balanced. Conversely assume that δ_s(σ) ≠ 0. By lemma 6.1.7 it suffices to prove that E is not concentrated on X, which is obvious since otherwise we would have σ ∈ Ext^1_{OX} (F_s, F_s ⊗ L) and δ_s(σ) = 0. □

Let n = dim(Ext^1_{OX} (F_s, F_s ⊗ L)). It follows that F_s can be extended to a balanced sheaf on X_2 if and only if dim(Ext^1_{OX2} (F_s, F_s ⊗ L)) = n + 1.

6.3.3. Corollary: The set {s ∈ S; F_s can be extended to a balanced sheaf} is closed is S. Proof. This follows from the upper semicontinuity of the map s → dim(Ext^1_{OX2} (F_s, F_s ⊗ L)) . □

7. Extensions of ideal sheaves on primitive double surfaces

Let X be a complex smooth projective surface, L a line bundle on X and X_2 a primitive double scheme, with underlying smooth variety X and associated line bundle L. Let P ∈ X be a closed point.

Notations – Let O_1 = O_{X,P} , O_2 = O_{X2,P} , I = I_{X,X2,P} , and m the maximal ideal of O_1. We have I ≃ O_1 and m ⊗_{O1} I ≃ mI . Let t be a generator of I.

– If R is a ring and n is a positive integer, nR will denote the direct sum of n copies of R. – elements of O_1 will be denoted by greek letters: α, β, γ, . . . – elements of O_2 will be denoted by latin letters: a, b, c, . . . – for the restrictions to X we will use the index_0: a_0, b_0, c_0, . . . – elements of the ideal I will be denoted by overscored letters: a, α, . . .

7.1. Ideals of O_2 Let J_P the set of ideals J of O_2 such that there exist generators x, y of J such that m = (x_0, y_0). Let x, y ∈ O_2 be such that x_0, y_0 are generators of m. Then the elements of J_P are the ideals of the form J = (x + A, y + B), with A, B ∈ I.

7.1.1. Proposition: Let A, B, A^′, B^′ ∈ I, and τ (resp. τ^′) the image of −y_0A + x_0B (resp. −y_0A^′ + x_0B^′) in (m/m^2) ⊗_{O1} I. The following properties are equivalent:

(i) (x + A, y + B) = (x + A^′, y + B^′) . (ii) τ = τ^′ .

(iii) A^′ − A ∈ mI and B^′ − B ∈ mI .

(iv) the O_2-modules (x + A, y + B) and (x + A^′, y + B^′) are isomorphic. Proof. Suppose that (iii) is true. Then (5) y_0(A^′ − A) = x_0(B^′ − B) = 0 (mod. m^2I) , hence τ = τ^′ and (ii) is true. Conversely, if (ii) is true, we have y_0(A^′ − A) = x_0(B^′ − B) (mod. m^2I). Hence we can write y_0(A^′ − A) = x_0(B^′ − B) + tϕ , with ϕ ∈ m^2. Suppose that A^′ − A = a + α, B^′ − B = b + β, with a, b ∈ C, α, β ∈ m. We have ( y_0a − x_0b + [y_0α − x_0β − ϕ] ) t = 0 , hence y_0a − x_0b + [y_0α − x_0β − ϕ] = 0. Since y_0α − x_0β − ϕ ∈ m^2, we have a = b = 0, and (iii) is true.

Now we prove that (i) implies (ii). Suppose that (i) is true. There exist λ, μ, ϵ, ρ ∈ O_2 such that (6) x + A^′ = λ(x + A) + μ(y + B) , y + B^′ = ϵ(x + A) + ρ(y + B) . We have λ_0x_0 + μ_0y_0 = x_0, hence there is some Ψ ∈ O_2 such that λ_0 = 1 − Ψy_0 and μ_0 = Ψx_0. Similarly there exists θ ∈ O_2 such that ϵ_0 = θy_0 and ρ_0 = 1 − θx_0. Hence we can write λ = 1 − ψy + w , μ = ψx + z , ϵ = θy + u , ρ = 1 − θx + v , with w, z, u, v ∈ I. It follows that, with τ = −y_0A + x_0B, τ^′ = −y_0A^′ + x_0B^′, τ^′ − τ = −x_0y_0w − y^2_0 z − y_0ψ_0τ + x^2_0u + x_0y_0v − x_0θ_0τ , hence τ = τ^′ and (ii) is true.

Now we prove that (iii) implies (i). Suppose that A^′ − A ∈ mI and B^′ − B ∈ mI. So we can write A^′ = A + x_0u + y_0v, with u, v ∈ I. Hence x + A^′ = x + A + x_0u + y_0v = (1 + u)(x + A) + (y + B)v , (since Au = Bv = 0) so x + A^′ ∈ (x + A, y + B). Similarly y + B^′ ∈ (x + A, y + B). Hence (x + A^′, y + B^′) ⊂ (x + A, y + B). In the same way (x + A, y + B) ⊂ (x + A^′, y + B^′) and (i) is true.

Suppose now that (iii) is true. Then we have proved that (i) is true, and so is (iv). Conversely, suppose that (iv) is true. Let σ : (x + A, y + B) → (x + A^′, y + B^′) be an isomorphism. It induces an automorphism of the O_1-module (x_0, y_0), which is the multiplication by some invertible element of O_1. Hence with respect to the generators x + A, y + B of (x + A, y + B), and x + A^′, y + B^′ of (x + A^′, y + B^′), σ is represented by a matrix ( α + u v w α + z ) , with α ∈ O_2 invertible, u, v, w, z ∈ I. Replacing σ with α^{−1}σ, we can assume that α = 1. The equation (y + B^′)σ(x + A^′) = (x + A^′)σ(y + B^′) gives x_0[y_0(u − z) + B^′ − B + x_0w] = y_0[y_0v + A^′ − A] in I. It follows that A^′ − A ∈ mI, and similarly B^′ − B ∈ mI. So (iii) is true. □

7.2. Extensions of ideals of O_{X,P}

7.2.1. Theorem: The balanced O_2-modules M such that M ⊗_{O2} O_1 ≃ m are the ideals of J_P .

Proof. The ideals of J_P are balanced modules by proposition 3.7.2, and if J ∈ J_P , then J ⊗_{O2} O_1 ≃ m. Conversely we will study the extensions of O_2-modules 0 −→ m ⊗_{O1} I → M −→ m −→ 0 , and prove that when M is balanced, then it is an ideal of J_P . We have the following free resolution of m as a O_2-module:

(7) 3O_2^{ϕ2} � 3O_2^{ϕ1} � 2O_2^{ϕ0} � m � 0 , where ϕ_0, ϕ_1, ϕ_2 are represented by the matrices ( x y ) , ( y t 0 −x 0 t ) , t 0 0 −y t 0 x 0 t respectively. We have K = ker(ϕ_0) = {(ey + γ, −ex + δ); e ∈ O_2, γ, δ ∈ I} .

Step 1. Morphisms from K to m ⊗_{O1} I = mI – Recall that I is isomorphic to O_1, so m ⊗_{O1} I ≃ m. These morphisms are the Θ_{τ ,ρ}, τ ∈ m ⊗_{O1} I, ρ ∈ O_1, with Θ_{τ ,ρ}(ey + γ, −ex + δ) = e_0τ + ρ(x_0γ + y_0δ) .

Step 2. Description of Ext^1_{O2} (m, m ⊗_{O1} I) – From (7) follows the complex

2(m ⊗_{O1} I)^{Ψ1} � 3(m ⊗_{O1} I)^{Ψ2} � 3(m ⊗_{O1} I)

Hom(2O_2, m ⊗_{O1} I) Hom(3O_2, m ⊗_{O1} I) Hom(3O_2, m ⊗_{O1} I) , (whence Ext^1_{O2} (m, m ⊗_{O1} I) ≃ ker(Ψ_2)/ im(Ψ_1)) where Ψ_1, Ψ_2 are represented by the matrices y_0 −x_0 0 0 0 0 , 0 y_0 −x_0 0 0 0 0 0 0 respectively. It follows easily that we have ker(Ψ_2) = {(α, x_0 ⊗ ϵ, y_0 ⊗ ϵ); α ∈ m, ϵ ∈ I} = (m ⊗_{O1} I) ⊕ W , with W = (x_0, y_0) ⊗ I ⊂ 2(m ⊗_{O1} I), im(Ψ_1) = m^2 ⊗_{O1} I ⊂ m ⊗_{O1} I (the first factor in 3(m ⊗_{O1} I)) .

Hence Ext^1_{O2} (m, m ⊗ I_X ) ≃ ( (m/m^2) ⊗_{O1} I ) ⊕ O_1 .

Step 3. Description of the extensions – The morphisms f : 3O_2 → m ⊗_{O1} I such that f(im(ϕ_2)) = {0} (i.e. the elements of ker(Ψ_2)) are the f_{τ ,ρ}, with τ ∈ m ⊗_{O1} I, ρ ∈ O_1 and f_{τ ,ρ}(a, b, c) = a_0τ + ρ(x_0b_0t + y_0c_0t) , inducing Θ_{τ ,ρ} : K → m ⊗_{O1} I. Let τ ∈ (m/m^2) ⊗_{O1} I be the image of τ. Then the element of Ext^1_{O2} (m, m ⊗ I_X ) corresponding to f_{τ ,ρ} is (τ, ρ). Let (8) 0 −→ m ⊗_{O1} I^i−−−−→ M^p−−−−→ m −→ 0 be the extension associated to the image of f_{τ ,ρ} in Ext^1_{O2} (m, m ⊗_{O1} I). We have an exact sequence

(9) 0 � K^{g=(ι,Θτ,ρ)} � 2O_2 ⊕ (m ⊗_{O1} I)^q � M � 0 , where ι is the inclusion. Hence we have (10) im(g) = {(ey + γ, −ex + δ, e_0τ + ρ(x_0γ + y_0δ)); e ∈ O_2, γ, δ ∈ I} . In the exact sequence 8, i : m ⊗_{O1} I → M comes from the inclusion m ⊗_{O1} I → 2O_2 ⊕ (m ⊗_{O1} I), and q : M → m from ϕ_0.

It follows easily from (9) that M is a O_1-module (i.e. IM = {0}) if and only if ρ = 0.

Step 4. Properties of the extensions – We will describe the morphism h : m ⊗_{O1} I → m ⊗_{O1} I induced by the canonical morphism M ⊗_{O2} I → M and (8) (M is balanced if and only if h is an isomorphism). Let α ∈ m, that we can write as α = ϕ_0(a, b) = a_0x_0 + b_0y_0, with a, b ∈ O_2. Then from step 3, h(α ⊗ t) is the unique β ⊗ t ∈ m ⊗_{O1} I such that (0, 0, β ⊗ t) − (ta, tb, 0) ∈ g(K). Using (9), we see that β = −ρα, so that h is the multiplication by −ρ.

Now suppose that ρ ≠ 0. Then is is easy to see that M^{(1)} = im(i) = m ⊗_{O1} I, and that M^{(1)}/M_1 ≃ m/ρm. It follows that M is balanced if and only if ρ is invertible, and that (8) is the canonical exact sequence 0 → M^{(1)} → M → M^{(0)} → 0 if and only id ρ = −1. Step 5. Description of the morphisms M → O_2 – We suppose that ρ = −1. Such a morphism comes from ψ : 2O_2 ⊕ mI → O_2 such that ψ ∘ g = 0. There exist a, b ∈ O_2, α ∈ O_1, such that ψ(u, v, w) = au + bv + αw for every u, v ∈ O_2, w ∈ mI. Using (10), we see that ψ ∘ g = 0 is equivalent to ax − by + ατ = 0 , a_0 = αx_0 and b_0 = αy_0 .

Suppose that α = 1. We have then ay − bx = −τ , a − 0 = x_0 , b_0 = y_0 .

So we can write a = x + A, b = y + B, with A, B ∈ I, and τ = −y_0A + x_0B. Now we show that ψ is injective. Let (u, v, λ) ∈ 2O_2 ⊕ mI be such that ψ(u, v, λ) = 0, i.e. u(x + A) + v(y + B) + λ = 0. Then we have u_0x_0 + v_0y_0 = 0, hence we can write u = ey + γ, v = −ex + δ, with e ∈ O_2, γ, δ ∈ I, and we obtain −e_0τ + xγ + yδ + λ = 0, whence (u, v, λ) = g(ey + γ, −ex + δ), and ψ is injective.

Since ψ is injective, M is isomorphic to im(ψ) ⊂ O_2, and im(ψ) = (x + A, y + B). This proves theorem 7.2.1. □

7.3. Parameterization of J_P

Let x, y ∈ O_2 be such that x_0, y_0 are generators of m. If A, B ∈ I, let τ_{x,y}(A, B) be the image of −y_0A + x_0B in mI/m^2I. By proposition 7.1.1, J_P � mI/m^2I

(x + A, y + B) � � τ_{x,y}(A, B) is a bijection.

Let x^′, y^′ ∈ O_2 be such that x^′_0, y^′_0 are generators of m. Then there exist u, v ∈ mI such that (x^′, y^′) = (x + u, y + v). There exists an invertible matrix ( α β γ δ ) with coefficients in O_2, such that ( x^′ y^′ ) = ( α β γ δ ) ( x + u y + v ) . Let Δ = αδ − βγ. If A^′, B^′ ∈ I, then (x^′ + A^′, y + B^′) = (x + A, y + B) with A = δ_0 Δ_0

A^′ − β_0 Δ_0

B^′ + u , B = − γ_0 Δ_0

A^′ + α_0 Δ_0

B^′ + v .

It follows that τ_{x,y}(A, B) = 1 Δ_0 τ_x′_{,y}′ (A^′, B^′) − y_0u + x_0v ,

We have mI/m^2I ≃ Ω_{X,P} ⊗ L_P . Let Δ(x, y) be the image of x_0 ∧ y_0 in ω_{X,P} , and denote by Δ(x, y)^{−1} the corresponding element of ω^∗_{X,P} . For A, B ∈ I and J = (x + A, y + B), let λ_{P,x,y}(J) = Δ(x, y)^{−1} ⊗ τ_{x,y}(A, B) ∈ ω^∗_{X,P} ⊗ Ω_{X,P} ⊗ L_P ≃ T_{X,P} ⊗ L .

Then λ_{P,x,y} : J_P → T_{X,P} ⊗ L is a bijection. We have

(11) λ_{P,x}′_{,y}′ (J) = λ_{P,x,y}(J) + Δ(x, y)^{−1} ⊗ (−y_0u + x_0v) . Hence for every J_1, J_2 ∈ J we have λ_{P,x,y}(J_1) − λ_{P,x,y}(J_2) = λ_{P,x}′_{,y}′ (J_1) − λ_{P,x}′_{,y}′ (J_2) .

It follows that

7.3.1. Proposition: J_P has a natural structure of affine space, with underlying C-vector space T_{X,P} ⊗ L.

7.4. Ideal sheaves on X_2

7.4.1. Extension of ideals – Let J ∈ J. Then J extends naturally to an ideal sheaf J_2 on X_2, P being the unique point Q ∈ X such that J_{2,Q} ≠ O_{X2,Q}. More generally, let Z be a smooth variety, U an open subset of X_2, and U_0 = U ∩ X. Let α : Z → U_0 be a morphism. Then Z_α = {(z, α(z)); z ∈ Z} is a closed subvariety of Z × X. Let I be a sheaf of ideals on Z × U such that the support of O_{Z×U} /I (i.e. the set of points where I ≠ O_{Z×U} ) is Z_α. The I extends naturally to a sheaf of ideals on Z × X_2, such that the support of O_{Z×X2} /I^′ is Z_α.

7.4.2. Families of ideals – Suppose that

– The open subset U_0 is affine.

– There exists a section σ : O_X (U_0) → O_{X2} (U) of the restriction O_{X2} (U) → O_X (U_0), so we can view O_X (U_0) as a subring of O_{X2} (U).

– there exist x, y ∈ O_X (U_0) such that for every Q ∈ U_0, m_Q = (x − x(Q), y − y(Q)) (where m_Q is the maximal ideal of O_{X,Q}), hence Ω_X (U_0) is generated by dx and dy.

– L_{|U} = I_{X|U} is trivial. Let t be a generator of L_{|U} .

So we have a local description of Ω_{X|U0} :

– with differentials: Ω_X (U_0) is generated by dx and dy.

– for every Q ∈ U_0, Ω_{X,Q} ≃ m_Q/m^2_Q, and for every α, β ∈ O_{X,Q}, αdx + βdy corresponds to the image of α(Q)(x_0 − x_0(Q)) + β(Q)(y_0 − y_0(Q)) in m_Q/m^2_Q.

Let Y = U × (U_0 × C^2), p : Y → U, p_0 : Y → U_0, q_1, q_2 : Y → C be the projections. Then (p^∗(σ(x)) − p^∗_0(x_0) + q_1t, p^∗(σ(y)) − p^∗_0(y_0) + q_2t) is a regular sequence at each point of Y . Let I = (p^∗(σ(x)) − p^∗_0(x_0) + q_1t, p^∗(σ(y)) − p^∗_0(y_0) + q_2t) , which is an ideal sheaf on Y , of a subscheme Z ⊂ Y . One of the irreducible and connected components of Z, Z_0, contains the points (P, P, u), P ∈ U_0, u ∈ C^2. Let I^{σ,t,x,y} = I_{Z0} , which by 7.4.1 can be seen as a family of ideal sheaves on X_2 parameterized by U_0 × C_2 and flat on it. For every (P, a, b) ∈ U_0 × C^2, we have ( I^{σ,t,x,y} ) P,a,b = (σ(x) − x(P ) + at, σ(y) − y(P ) + bt) .

We have an isomorphism

Θ^{x,y,t} : O_{U0} ⊗ C^2 −→ ( Ω_X ⊗ ω^∗_X ⊗ L ) |U_0 = (TX ⊗ L)|U^0 ,

defined by Θ^{x,y,t}(a, b) = (−a.dy + b.dx) ⊗ (dx ∧ dy)^{−1} ⊗ t , for every a, b ∈ O_X (U_0). Let J^{σ,t,x,y} = ((Θ^{x,y,t})^{−1})^♯(I^{σ,t,x,y}) , so that ( J^{σ,t,x,y} ) P,Θ^{x,y,t}(a,b) = ( I^{σ,t,x,y} ) P,a,b .

7.4.3. Proposition: J^{σ,t,x,y} is independent of x,y and t.

Proof. For every Q ∈ U_0 we have ( Θ^{x,y,t}(a, b) ) Q = λ_{Q,σ(x),σ(y)} ( (J^{σ,t,x,y})_{Q,Θ}x,y,t_{(a,b)} ) . In other words, for every η ∈ ( Ω_X ⊗ ω^∗_X ⊗ L ) Q, λ_{Q,σ(x),σ(y)} ( (J^{σ,t,x,y})_{Q,η} ) = η .

If x, y are replaced with x^′, y^′ ∈ O_X (U_0), we have, for every P ∈ U_0 (σ(x) − x(P ), σ(y) − y(P )) = (σ(x^′) − x^′(P ), σ(y^′) − y^′(P )) (it is the ideal of O_{X2,P} generated by σ(m_Q)). Hence, by formula (11), the maps λ_{Q,σ(x),σ(y)} and λ_{Q,σ(x}′_{),σ(y}′_) are the same, and since they are isomorphisms, J^{σ,t,x,y} is independent of the choice of x, y and t. □

We will note J^σ = J^{σ,t,x,y}. It is a flat family of ideal sheaves on X_2, parameterized by (T_X ⊗ L)_{|U0} . The map f_Q : T_{X,Q} ⊗ L_Q = ( Ω_X ⊗ ω^∗_X ⊗ L ) Q � J_Q

η � � (J^σ)_{Q,η} is a bijection, i.e. ( Ω_X ⊗ ω^∗_X ⊗ L ) Q parameterizes the set of ideal sheaves of O_{X2} , which are balanced and whose restriction to X is the ideal sheaf of Q. Let J_{U0} = ⋃ Q∈U_0 JQ. Then JU0 parameterizes the set of ideal sheaves of OX2 , which are balanced

and whose restriction to X is the ideal sheaf of a point of U_0. We have a bijection μ_σ : (T_X ⊗ L)_{|U0} −→ J_{U0} over U_0 defined by the maps f_Q.

7.4.4. – Change of parameters – Suppose that we have another section σ^′ : O_X (U_0) → O_{X2} (U) of the restriction O_{X2} (U) → O_X (U_0). Then there is a derivation D of O_X (U_0)such that σ^′(λ) = σ(λ) + D(λ)t , for every λ ∈ O_X (U_0). Let x^′ = σ^′(x) = σ(x) + D(x)t , y^′ = σ^′(y) = σ(y) + D(y)t .

We can view D ⊗ t as a section of (T_X ⊗ L)_{|U0} .

7.4.5. Proposition: For every Q ∈ U_0, u ∈ T_{X,Q} ⊗ L_Q,

μ_σ′ (u) = μ_σ ( u + (D ⊗ t)(Q) ) . Proof. From the definitions, using x^′, y^′ instead of x, y, we have ( J^{σ′} ) P,Θ^{x′,y′,t}(a,b) = (σ(x) − x(P ) + (a + D(P )(x))t, σ(y) − y(P ) + (b + D(P )(y))t) , = ( J^σ ) P,Θ^{x,y,t}(a+D(P )(x),b+D(P )(y)) ,

which is equivalent to μ_σ′_{,t}((−a.dy + b.dx) ⊗ (dx ∧ dy)^{−1} ⊗ t) =

μ_{σ,t} ( − (a + D(x))dy + (b + D(y))dx ) ⊗ (dx ∧ dy)^{−1} ⊗ t .

Using the canonical isomorphism ω^∗_{X,P} ⊗ Ω_{X,P} ≃ T_{X,P} , one obtains proposition 7.4.5. □

7.5. Moduli spaces of ideals and universal sheaves

7.5.1. Ideal sheaves on X – Let Δ ⊂ X × X be the diagonal. Then I_Δ can be seen as a family of ideal sheaves on X, parameterized by X. For every x ∈ X

I_{Δ,x} = I_{Δ|X×{x}} = I_x .

7.5.2. Construction of the moduli space and the universal sheaf – Let (V_i)_{1≤i≤k} be an open affine cover of X such that for each V_i the conditions of 7.4.2 are satisfied: we have a section σ_i : O_X (V_i) → O_{X2} (V_i) of the restriction O_{X2} (V_i) → O_X (V_i), and t_i is a generator of L_{|Vi} . We obtain the family J^{σi} of ideal sheaves on X_2 parameterized by (T_X ⊗ L)_{|Vi} . If 1 ≤ i < j ≤ k we have σ_{j|Vij} = σ_{i|Vij} + D_{ij} .t_i , where D_{ij} is a derivation of O_X (V_{ij} ). With the notations of 4, (α^{−1}_i ⊗ D_{ij} )_{1≤i<j≤k} represents an element λ of H^1(X, T_X ⊗ L). From 4.2, P(H^1(X, T_X ⊗ L)) ∪ {0} parameterizes the set of primitive double schemes Y such that Y_{red} = X and associated line bundle L, and Cλ = ζ(X_2) is the element corresponding to X_2.

We have an affine isomorphism

ρ_{ij} : (T_X ⊗ L)_{|Vij} � (T_X ⊗ L)_{|Vij}

u � � u + D_{ij}(u) ⊗ t_i and ρ^♯_{ij} (J^{σi} ) ≃ J^{σj} .

The ρ_{ij} define an affine bundle I on X, with associated vector bundle T_X ⊗ L. According to 2.4 we have

7.5.3. Proposition: The element η(I) of ( P(H^1(X, T_X ⊗ L)) ∪ {0} ) / Aut(T_X ⊗ L) associated to I is the image of ζ(X_2).

The closed points of I are the ideal sheaves I on X_2 of subschemes Z such that

– Z contains only one closed point P of X.

– there exist x, y ∈ O_{X2,P} such that their images in O_{X,P} generate the maximal ideal, and I_P = (x, y).

The sheaves J^{σi} can be glued, using 7.4.4, to obtain a flat family of ideal sheaves J parameterized by I. It is a balanced sheaf on X_2 × I. If p_X : I → X is the projection, we have

J_{|X×I} ≃ p^♯_X (I_Δ) .

7.6. Moduli spaces of sheaves

The ideal sheaves I ∈ I can also be deformed by tensoring with a line bundle. This is why, to obtain a moduli space of sheaves, one must consider the sheaves I ⊗ D, I ∈ I, D ∈ Pic(X_2).

7.6.1. Moduli spaces on rank 1 sheaves on X – Let D be a Poincaré bundle on Pic(X) and M_X = X × Pic(X). Let p_1 : M_X → X, p_2 : M_X → Pic(X) be the projections, and

D = p^♯_1(I_Δ) ⊗ p^♯_2(D) .

It is a flat family of sheaves on X parameterized by M_X . For every (x, D) ∈ M_X , D_{(x,D)} = I_x ⊗ D.

The following properties are well known:

– Let (x, D), (x^′, D^′) ∈ M_X . Suppose that D_{(x,D)} ≃ D_{(x}′_{,D}′_). Then (x, D) = (x^′, D^′). So we can see M_X as the family of sheaves D_{(x,D)}.

– Let F be a flat family of sheaves on X parameterized by a scheme Y . Let y ∈ Y be a closed point such that F_y ∈ M_X . Then there exists an open neighborhood V of y such that for every closed point v ∈ V , F_v ∈ M_X .

– Let F be a flat family of sheaves on X parameterized by a scheme Y . Suppose that for every closed point y ∈ Y , F_y ∈ M_X . Then there exists a unique morphism f_F : Y → M_X , and a line bundle Γ on Y such that F ≃ f^♯(D) ⊗ p^∗_Y (Γ) (where p_Y = X × Y → Y is the projection).

Thus M_X is a moduli space of rank 1 sheaves on X (cf. 2.6).

7.6.2. Moduli spaces on rank 1 sheaves on X_2 – We can do the same work on X_2, using I and Pic(X_2).

7.6.3. Lemma: Let I, I^′ be ideals in I, and D a line bundle on X_2. If I^′ ≃ I ⊗ D then D = O_{X2} and I^′ = I.

Proof. This follows easily from the fact that I^∗ = I^{′∗} = O_{X2} . □

Let I(X_2) = I × Pic(X_2). Let q_1 : I(X_2) → I, q_2 : I(X_2) → Pic(X_2) be the projections. Let (P_i)_{i∈I} be an open cover of Pic(X_2) such that for every i ∈ I, there is a Poincaré bundle D_i on X_2 × P_i, which define Pic(X_2) as a fine moduli space of sheaves (cf. 2.6, 4.6).

Let H_i = q^♯_1(J) ⊗ q^♯_2(D_i), which is a sheaf on I × P_i. For every ideal I in I and D ∈ P_i, H_{I,D} = I ⊗ D_{i,D} .

7.6.4. Proposition: Let Y be a scheme and E a coherent sheaf on X_2 × Y , flat over Y . Let y ∈ Y be a closed point such that E_y ∈ I(X_2). Then there exists an neighborhood V ⊂ Y of y such that

– E_{1|X×V} and E_{|X×V} are flat on V .

– For every closed point v ∈ V , E_v ∈ I(X_2), and (E_1)_v = (E_v)_1, (E_{|X×V} )_v = (E_v)_{|X} .

Proof. This follows from theorem 6.2.1, 1-. □

The proof of the following result is similar of that of theorem 1.1.3 of [15], and shows that I(X_2) is a moduli space of sheaves in the sense of 2.6.

7.6.5. Theorem: Let Y be a scheme and E a coherent sheaf on X_2 × Y , flat over Y , such that for every closed point y ∈ Y , E_y ∈ I(X_2). Then there exists a unique morphism f_E : Y → I(X_2) and an open cover (Y_i)_{i∈I} such that for every i ∈ I, f^♯_E(H)_{|X2×Yi} ≃ E_{|X2×Yi} .

Let Γ(X_2) ⊂ Pic(X) be the algebraic subgroup of vector bundles that can be extended to X_2. According to 4.6, Pic(X_2) is an affine bundle on Γ(X_2) with associated vector bundle O_{Γ(X2 )} ⊗ H^1(X, L). Let p_X : X × Γ(X_2) → X, be the projection. Then I(X_2) is an affine bundle on X × Γ(X_2), with associated vector bundle (O_{X×Γ(X2)} ⊗ H^1(X, L)) ⊕ p^∗_X (T_X ⊗ L).

References

[1] Bangere, P., Mukherjee, J., Raychaudhry, D. K3 carpets on minimal rational surfaces and their smoothing.

Internat. J. Math. 32 (2021), no. 6, Paper No. 2150032 [2] Bănică, C., Forster, O. Multiple structures on space curves. In: Sundararaman , D. (Ed.) Proc. of Lefschetz Centennial Conf. (10-14 Dec. Mexico), Contemporary Mathematics 58, AMS, 1986, 47-64.

[3] Bayer, D., Eisenbud, D. Ribbons and their canonical embeddings. Trans. of the Amer. Math. Soc., 1995, 347-3, 719-756.

[4] Chen, D., Kass, J. L. Moduli of generalized line bundles on a ribbon. J. of Pure and Applied Algebra 220 (2016), 822-844.

[5] Drézet, J.-M. Faisceaux cohérents sur les courbes multiples . Collect. Math. 2006, 57-2, 121-171. [6] Drézet, J.-M. Paramétrisation des courbes multiples primitives Adv. in Geom. 2007, 7, 559-612. [7] Drézet, J.-M. Faisceaux sans torsion et faisceaux quasi localement libres sur les courbes multiples primitives.

Mathematische Nachrichten, 2009, 282-7, 919-952.

[8] Drézet, J.-M. Sur les conditions d’existence des faisceaux semi-stables sur les courbes multiples primitives.

Pacific Journ. of Math. 2011, 249-2, 291-319.

[9] Drézet, J.-M. Courbes multiples primitives et déformations de courbes lisses. Annales de la Faculté des Sciences de Toulouse 22, 1 (2013), 133-154.

[10] Drézet, J.-M. Fragmented deformations of primitive multiple curves. Central European Journal of Mathematics 11, n^o 12 (2013), 2106-2137.

[11] Drézet, J.-M. Reducible deformations and smoothing of primitive multiple curves. Manuscripta Mathematica 148 (2015), 447-469.

[12] Drézet, J.-M. Reachable sheaves on ribbons and deformations of moduli spaces of sheaves. Intern. J. of Math. 28,12 (2017), 1750086.

[13] Drézet, J.-M. Non-reduced moduli spaces of sheaves on multiple curves. Advances in Geometry 20, 2 (2020), 285-296.

[14] Drézet, J.-M. Primitive multiple schemes. European J. of Math. 7 (2021), 985-1045. [15] Drézet, J.-M. Moduli of vector bundles on primitive multiple schemes. International Journal of Mathematics, Vol. 34, No. 7 (2023) 2350035.

[16] Eisenbud, D., Green, M. Clifford indices of ribbons. Trans. of the Amer. Math. Soc., 1995, 347-3, 757-765. [17] Ferrand, D. Courbes gauches et fibrés de rang 2. C.R. Acad. Sci. Paris, 281 (1977), 345-347. [18] Gallego, F.J., González, M., Purnaprajna, B.P. K3 double structures on Enriques surfaces and their smoothings. J. of Pure and Applied Algebra 212 (2008), 981-993.

[19] González, M. Smoothing of ribbons over curves. J. reine angew. Math. 591 (2006), 201-235. [20] Grothendieck, A. et al. SGA1. Revêtements Etales et Groupe Fondamental. SGA1. Lect. Notes in Math.

224. Springer-Verlag (1971).

[21] Hartshorne, R. Stable reflexive sheaves. Math. Ann. 254 (1980), 121-176. [22] Savarese, M. On the irreducible components of the compactified Jacobian of a ribbon.

https://arxiv.org/abs/1803.05360 .

[23] Savarese, M. Coherent Sheaves on Ribbons and their Moduli. https://arxiv.org/abs/1902.08510 . [24] Savarese, M. Generalized line bundles on primitive multiple curves and their moduli.

https://arxiv.org/abs/1902.09463 .

Institut de Mathématiques de Jussieu - Paris Rive Gauche, Case 247, 4 place Jussieu, F-75252 Paris, France

Email address: jean-marc.drezet@imj-prg.fr