PRIMITIVE MULTIPLE CURVES: CLASSIFICATION, DEFORMATIONS AND MODULI SPACES OF SHEAVES

JEAN–MARC DRÉZET

1. Introduction

A primitive multiple curve is an algebraic variety Y over C wich is Cohen-Macaulay, such that the induced reduced variety C = Y_{red} is a smooth irreducible curve, and that every closed point of Y has a neighbourhood that can be embedded in a smooth surface. These curves have been defined and studied by C. Bănică and O. Forster in [1]. The simplest examples are infinitesimal neighbourhoods of smooth curves embedded in a smooth surface (but most primitive multiple curves cannot be globally embedded in smooth surfaces, cf. [2], theorem 7.1).

Let Y be a primitive multiple curve with associated reduced curve C, and suppose that Y ≠ C. Let I_C be the ideal sheaf of C in Y . The multiplicity of Y is the smallest integer n such that I^n_C = 0. We have then a filtration

(1) C = C_1 ⊂ C_2 ⊂ · · · ⊂ C_n = Y

where C_i is the subscheme corresponding to the ideal sheaf I^i_C and is a primitive multiple curve of multiplicity i. The sheaf L = I_C /I^2_C is a line bundle on C, called the line bundle on C associated to Y .

Let P be a closed point of C and S a smooth surface containing a neighbourhood of P in Y as a locally closed subvariety. There exists elements y, t of m_{S,P} (the maximal ideal of O_{S,P} ) whose images in m_{S,P} /m^2_{S,P} form a basis, and such that for 1 ≤ i < n we have I_{Ci,P} = (y^i) (I_{Ci,P} beeing the ideal sheaf of C_i in Y ).

This paper is a survey of the theory of projective primitive multiple curves.

In chapter 1 we describe a parametrization of primitive multiple curves. The case of double curves has been treated in [2], and the case of multiplicities > 2 in [6].

In chapter 2, we give a description of the local structure of coherent sheaves on primitive multiple curves, and a few results on the moduli spaces of semi-stable sheaves on them. Most results come from [5], [7] and [8].

In chapter 3, we study the deformations of primitive multiple curves. In the case of multiplicity 2, the deformations in smooth curves has been treated in [15]. Some results on deformations in reduced reducible curves with the maximal number of components have been obtained in [10].

1

2. Classification of primitive multiple curves

(See [6])

2.1. Parametrization

Let C be a smooth irreducible curve over C. Let L ∈ Pic(C). We can view C as embedded in the dual L^∗, seen as a smooth surface, using the zero section. Then the n-th infinitesimal neighbourhood of C in L^∗ is a primitive multiple curve of multiplicity n with associated line bundle L. We call it the trivial primitive curve with associated line bundle L. The primitive double (i.e. of multiplicity 2) curves are usually called ribbons. D. Bayer and D. Eisenbud have obtained in [2] the following classification: if Y is of multiplicity 2, then we have an exact sequence of vector bundles on C (2) 0 −→ L −→ Ω_{Y |C} −→ ω_C −→ 0 which splits if and only if Y is the trivial curve. In particular, if C is not projective, then Y is trivial. If C is projective and Y non trivial, then Y is completely determined by the line of Ext^1_{OC} (ω_C , L) induced by the exact sequence (2). The non trivial primitive double curves with associated line bundle L are thus parametrized by the projective space P(Ext^1_{OC} (ω_C , L)).

To parametrize the primitive multiple curves of multiplicity n ≥ 2, we first need to study their local structure. Let Y be a primitive multiple curve of multiplicity n, C its underlying smooth curve, Z_n = spec(C[t]/(t^n)) and ∗ its unique closed point. For every open subset U ⊂ C, let Y (U) be the corresponding open subset of Y . The local structure of Y is given by

2.1.1. Proposition: Let P ∈ C be a closed point. Then there exists an open subset U ⊂ C containing P and an isomorphism Y (U) ≃ U × Z_n leaving U × {∗} invariant.

The primitive multiple curves are then obtained by taking an open cover (U_i)_{i∈I} of C, and automorphisms τ_{ij} of U_{ij} × Z_n (leaving U_{ij} × {∗} invariant) satisfying obvious cocycle conditions. So it is natural to consider the following sheaf G_n of non abelian groups on C: for every open subset U ⊂ C, G_n(U) is the group of automorphisms of U × Z_n leaving U × {∗} invariant. We can also view G_n(U) as the group of automorphisms ϕ of the C-algebra O_C (U)[t]/(t^n) such that for every α ∈ O_C (U)[t]/(t^n), the terms of degree 0 of α and ϕ(α) are the same.

We say that two primitive multiple curves Y , Y^′ of multiplicity n, with the same underlying smooth curve C, are isomorphic if there exists an isomorphism Y → Y^′ inducing the identity on C. The set of isomorphism classes of such curves can be identified with the cohomology set H^1(C, G_n) (cf. [13]).

Let U be an open subset of C, such that ω_{C|U} is trivial, generated by dx, for some x ∈ O_C (U). Let μ, ν ∈ O_C (U)[t]/(t^{n−1}), with ν invertible. Then we can define an automorphism ϕ_{μ,ν} of O_C (U)[t]/(t^n) by

ϕ_{μ,ν} (α) = n−1∑ k=0 1 k! (μt)^k d^kα dx^k for every α ∈ O_C (U)

(formally we could write ϕ_{μ,ν} (α) = α(x + μt)), and ϕ_{μ,ν} (t) = νt .

It can be proved that

2.1.2. Proposition: For every automorphism σ of O_C (U)[t]/(t^n) there exists unique μ, ν ∈ O_C (U)[t]/(t^{n−1}), with ν invertible, such that σ = ϕ_{μ,ν} .

The product in G_n is given by ϕ_μ′_ν′ ∘ ϕ_{μν} = ϕ_{μ”ν”}, with μ” = μ^′ + ν^′ϕ_μ′_{,ν}′ (μ), ν” = ν^′ϕ_μ′_{,ν}′ (ν), and we have ϕ^{−1}_{μν} = ϕ_μ′_{,ν}′ , with

μ^′ = −ϕ^{−1}_{μν} ( μ ν ), ν^′ = ϕ^{−1}_{μν} ( 1 ν ).

By associating ν_{|C} to ϕ_{μ,ν} we define a surjective morphism ξ_n : G_n → O^∗_C . The induced map H^1(ξ_n) : H^1(C, G_n) −→ H^1(C, O^∗_C ) = Pic(C) associates to a primitive multiple curve Y its associated line bundle L on C. Suppose that n > 2. Then we have an obvious surjective morphism ρ_n : G_n → G_{n−1}, which on U sends ϕ_{μ,ν} to ϕ_{μ,ν} , where μ, ν are the images of μ, ν respectively in O_C (U)[t]/(t^{n−2}). Let T_C denote the tangent vector bundle of C. Using proposition 2.1.2 it is easy to see that

2.1.3. Proposition: We have ker(ρ_n) ≃ T_C ⊕ O_C .

Hence we have an exact sequence of sheaves of groups on C

0 � T_C ⊕ O_C � G_n^{ρn} � G_{n−1} � 0 .

Now the map H^1(ρ_n) : H^1(C, G_n) −→ H^1(C, G_{n−1}) sends a point representing the primitive multiple curve C_n to the point representing C_{n−1}. If g = g_n ∈ H^1(C, G_n), we will denote by g_{n−1}, . . . , g_2 its images in H^1(C, G_{n−1}), . . . , H^1(C, G_2). If g_n corresponds to the primitive curve Y = C_n, g_{n−1}, . . . , g_2 correspond to the primitive curves C_{n−1}, . . . , C_2 of the filtration (1).

Let g = g_n ∈ H^1(C, G_n) and (g_{ij}) a cocycle representing g (with respect to an open cover (U_i) of C). Then we can define new sheaves of groups (G_n)^g, (G_{n−1})^g and (T_C ⊕ O_C )^g on C, obtained by glueing the restrictions of the sheaves on the U_{ij} using the automorphisms g_{ij} (acting by conjugation). The sheaf (G_n)^g is naturally isomorphic to the sheaf Aut_C (C_n) of automorphisms of C_n leaving C invariant.

Let C_n be the primitive multiple curve corresponding to g. Let E(g_2) = (Ω_{C2|C} )^∗ (i.e. the dual of the vector bundle Ω_{C2 |C} on C). Then from equation (2) we deduce that

2.1.4. Proposition: We have (T_C ⊕ O_C )^g ≃ E(g_2) ⊗ L^{n−1} .

Now we can examine the fibers of H^1(ρ_n). The theory of cohomology of sheaves of non abelian groups implies that if g = g_n ∈ H^1(C, G_n) and g_{n−1} = H^1(ρ_n)(g_n), there exists a canonical surjective map λ_g : H^1(C, E(g_2) ⊗ L^{n−1}) −→ H^1(ρ_n)^{−1}(g_{n−1}) which sends 0 to g, whose fibers are the orbits of an action of Aut_C (C_{n−1}) on H^1(C, E(g_2) ⊗ L^{n−1}). The proof of the surjectivity of λ_g uses the fact that (T_C ⊕ O_C )^g is a sheaf of abelian groups, whose second cohomology group vanishes. It follows that

2.1.5. Proposition: Every primitive multiple curve of multiplicity n − 1 can be extended to a primitive multiple curve of multiplicity n.

Let Y be a primitive multiple curve of multiplicity n − 1 with associated smooth curve C. Two extensions Z,Z^′ of Y in primitive multiple curves of multiplicity n are called (n − 1)-isomorphic if there exists an isomorphism Z ≃ Z^′ inducing the identity on C_{n−1}. Let H_Y be the set of such extensions, and Z ∈ H_Y . Then there exists a canonical bjection Λ_Z : H^1(C, E(g_2) ⊗ L^{n−1}) −→ H_Y sending 0 to Z. If Z^′ is another extension of Y , then the composition

H^1(C, E(g_2) ⊗ L^{n−1})^{ΛZ} � H_Y^Λ −1 Z′ � H^1(C, E(g_2) ⊗ L^{n−1})

is a translation. It follows that H_Y has a canonical structure of affine space, with associated vector space H^1(C, E(g_2) ⊗ L^{n−1}). This means that to a pair (C_n, C^′_n) of extensions of C_{n−1} to a primitive multiple curve of multiplicity n, we can associate a well defined c(C_n, C^′_n) ∈ H^1(E(g_2) ⊗ L^{n−1}) (the vector from C_n to C^′_n).

2.2. Canonical sheaves

(cf. [9], [6], 6-)

Let Y = C_n be a primitive multiple curve of multiplicity n ≥ 2 with underlying smooth curve C and associated line bundle L on C. The canonical sheaf Ω_{Cn} is locally isomorphic to O_{Cn} ⊕ O_{Cn−1} . Let P ∈ C be a closed point, t ∈ O_{Cn,P} over a generator of the maximal ideal of O_{C,P} and z ∈ O_{Cn,P} an equation of C. Then dt, dz generate Ω_{Cn,P} : dt generates the factor O_{Cn,P} and dz the factor O_{Cn−1,P} (because z^{n−1}dz = 0). It follows that Ω_{Cn |Cn−1} is a rank 2 vector bundle on C_{n−1}. It is then easy to see that

2.2.1. Lemma: The kernel of the canonical morphism Ω_{Cn|Cn−1} → Ω_{Cn−1} is isomorphic to L^{n−1}.

It follows that we have an exact sequence of coherent sheaves on C_{n−1} (3) 0 −→ L^{n−1} −→ Ω_{Cn|Cn−1} −→ Ω_{Cn−1} −→ 0.

The sheaves on the left and on the right are fixed, only the middle depends on C_n. So it is interesting to find which element of Ext^1_{OCn−1} (Ω_{Cn−1} , L^{n−1}) corresponds to (3). We use the exact sequence

H^1(Hom(Ω_{Cn−1} , L^{n−1}))� � � Ext^1_{OCn−1} (Ω_{Cn−1} , L^{n−1})^π � � H^0(Ext^1_{OCn−1} (Ω_{Cn−1} , L^{n−1})) (cf. [14], 7.3). There exists a line bundle L on C_{n−1} such that L_{|C} = L. We have then a locally free resolution of L^{n−1} on C_{n−1}: · · · L^n −→ L^{n−1} −→ L^{n−1}, which gives with (3) a locally free resolution of Ω_{Cn−1} on C_{n−1} · · · L^n −→ L^{n−1} −→ Ω_{Cn|Cn−1} −→ Ω_{Cn−1} .

Using this resolution it is easy to see that Ext^1_{OCn−1} (Ω_{Cn−1} , L^{n−1}) ≃ O_C . We have Hom(Ω_{Cn−1} , L^{n−1}) ≃ Hom(Ω_{Cn−1 |C} , L^{n−1}) ≃ Hom(Ω_{C2|C} , L^{n−1}) = E(g_2) ⊗ L^{n−1} .

Hence we have an exact sequence 0 � H^1(E(g_2) ⊗ L^{n−1}) � Ext^1_{OCn−1} (Ω_{Cn−1} , L^{n−1})^π � C � 0 .

Now let 0 −→ L^{n−1} −→ E −→ Ω_{Cn−1} −→ 0 be an exact sequence, associated to θ ∈ Ext^1_{OCn−1} (Ω_{Cn−1} , L^{n−1}). A local study gives

2.2.2. Lemma: The sheaf E is locally free on C_{n−1} if and only if π(θ) ≠ 0.

Let σ(C_n) ∈ Ext^1_{OCn−1} (Ω_{Cn−1} , L^{n−1}) the element corresponding to the exact sequence (3). By correctly choosing the isomorphism of lemma 2.2.1 we can assume that π(σ(C_n)) = 1. Hence, if C^′_n is another extension of C_{n−1} to a primitive multiple curve of multiplicity n − 1, we have π(C_n) − π(C^′_n) ∈ H^1(E(g_2) ⊗ L^{n−1}) .

Using the representation of primitive multiple curves with cocycles, it is then possible to prove (cf. [9])

2.2.3. Theorem: Let C_n, C^′_n two extensions of C_{n−1} in a primitive multiple curve of multiplicity n. Then we have π(C^′_n) − π(C_n) = (n − 1)c(C_n, C^′_n) .

3. Coherent sheaves on primitive multiple curves, and moduli spaces of sheaves

Let Y = C_n a primitive multiple curve of multiplicity n ≥ 2, underlying smooth curve C projective, irreducible, of genus g and associated line bundle L on C. Let P ∈ C be a closed point, z ∈ O_{Y,P} an equation of C and M a O_{Cn,P} -module of finite type. Let E be a coherent sheaf on C_n.

3.1. Canonical filtrations, generalized rank and degree and the Riemann-Roch theorem The two canonical filtrations are useful tools to study the coherent sheaves on primitive multiple curves.

3.1.1. First canonical filtration – The fitst canonical filtration of M is M_n = {0} ⊂ M_{n−1} ⊂ · · · ⊂ M_1 ⊂ M_0 = M where for 0 ≤ i < n, M_{i+1} is the kernel of the surjective canonical morphism M_i → M_i ⊗_{On,P} O_{C,P} . So we have

M_i/M_{i+1} = M_i ⊗_{On,P} O_{C,P} , M/M_i ≃ M ⊗_{On,P} O_{Ci,P} , M_i = z^iM. If i > 0, let G_i(M) = M_i/M_{i+1} . The graduate

Gr(M) = n−1⨁ i=0 G_i(M) = n−1⨁ i=0 z^iM/z^{i+1}M

is an O_{C,P} -module. If 1 < i ≤ n, then

– M_i = {0} if and only if M is an O_{Ci,P} -module.

– M_i is a O_{Cn−i,P} -module, and its first canonical filtration is {0} ⊂ M_n ⊂ · · · ⊂ M_{i+1} ⊂ M_i.

– Every morphism of O_{Cn,P} -modules is compatible with the first canonical filtrations of the modules.

One defines similarly the first canonical filtration of E: it is the filtration E_n = 0 ⊂ E_{n−1} ⊂ · · · ⊂ E_1 ⊂ E_0 = E such that for 0 ≤ i < n, E_{i+1} is the kernel of the canonical surjective morphism E_i → E_{i|C} . So we have E_i/E_{i+1} = E_{i|C} , E/E_i = E_{|Ci} . If i ≥ 0, let G_i(E) = E_i/E_{i+1}. the graduate

Gr(E) = n−1⨁ i=0 G_i(E)

is a O_C -module. If 1 < i ≤ n we have

– E_i = I^i_C E.

– E_i = 0 if and only if E is a sheaf on C_i.

– E_i is a sheaf on C_{n−i}, and its first canonical filtration is 0 ⊂ E_n ⊂ · · · ⊂ E_{i+1} ⊂ E_i . – Every morphism of coherent sheaves on C_n sends the first canonical filtration of the first sheaf to that of the second.

3.1.2. Complete type of a coherent sheaf – The pair (( rg(G_0(E)), . . . , rg(G_{n−1}(E)) ) , ( deg(G_0(E)), . . . , deg(G_{n−1}(E) )) is called the complete type of E.

3.1.3. Second canonical filtration – One defines similarly the second canonical filtration of M: it is the filtration M^{(0)} = {0} ⊂ M^{(1)} ⊂ · · · ⊂ M^{(n−1)} ⊂ M^{(n)} = M with M^{(i)} = { u ∈ M; z^iu = 0 } . If M_n = {0} ⊂ M_{n−1} ⊂ · · · ⊂ M_1 ⊂ M_0 = M is the first canonical filtration of M, we have M_i ⊂ M^{(n−i)} for 0 ≤ i ≤ n. If i > 0, let G^{(i)}(M) = M^{(i)}/M^{(i−1)} . The graduate

Gr_2(M) = n⨁ i=1 G^{(i)}(M)

is a O_{C,P} -module. If 1 < i ≤ n, then

– M^{(i)} is a O_{Ci,P} -module, and its second canonical filtration is {0} ⊂ M^{(1)} ⊂ · · · ⊂ M^{(i−1)} ⊂ M^{(i)}.

– Every morphism of O_{n,P} -modules sends the second canonical filtration of ther first sheaf to that of the second.

One defines in the same way the second canonical filtration of E: E^{(0)} = {0} ⊂ E^{(1)} ⊂ · · · ⊂ E^{(n−1)} ⊂ E^{(n)} = E.

If i > 0, let G^{(i)}(E) = E^{(i)}/E^{(i−1)}. The graduate

Gr_2(E) = n⨁ i=1 G^{(i)}(E)

is a O_C -module. If 0 < i ≤ n, then

– E^{(i)} is a sheaf on C_i, and its second canonical filtration is 0 ⊂ E^{(1)} ⊂ · · · ⊂ E^{(i−1)} ⊂ E^{(i)}. – Every morphism of coherent sheaves on C_n sends the second canonical filtration of the first sheaf to that of the second.

3.1.4. Invariants and the Riemann-Roch theorem – The integer R(M) = rk(Gr(M)) is called the generalized rank of M.

The integer R(E) = rk(Gr(E)) is called the generalized rank of E. The integer Deg(E) = deg(Gr(E)) is called the generalized degree of E. Let O(1) be a very ample line bundle on C_n and O_C (1) = O(1)_{|C} . From Riemann-Roch theorem on C we deduce easily

3.1.5. Proposition: We have χ(E) = Deg(E) + R(E)(1 − g). The Hilbert polynomial of E is P_E (m) = Deg(E) + R(E)(1 − g) + R(E) deg(O_C (1)).m .

which implies that the canonical rank and degree of E can be computed by using any filtration of E whose graduates are sheaves of O_C -modules, and that

3.1.6. Proposition: The generalized rank and degree are invariant by deformation of the sheaves, and additive, i.e. for every exact sequence 0 −→ E^′ −→ E −→ E^{′′} −→ 0 of coherent sheaves on C_n we have R(E) = R(E^′) + R(E”) and Deg(E) = Deg(E^′) + Deg(E”).

3.1.7. Examples: 1 – Let E be a locally free sheaf on C_n and E = E_{|C} . Then the two canonical filtrations of E are the same (i.e we have E^{(i)} = E_{n−i} for 1 ≤ i ≤ n), and G_i(E) = E ⊗ L^i for 0 ≤ i < n.

2 – Let F = I_P be the ideal sheaf of P on C_n. Then we have F_i/F_{i+1} = (O_C (−P ) ⊗ L^i) ⊕ C_P for 0 ≤ i < n − 1, F_{n−1} = O_C (−P ) ⊗ L^{n−1}, F^{(i)}/F^{(i−1)} = L^{n−i} for 1 ≤ i ≤ n − 1 and F^{(n)}/F^{(n−1)} = O_C (−P ).

3.2. Torsion free sheaves

(cf. [7]) Let E be a coherent sheaf on C_n. We say that E is torsion free if it is pure of dimension 1, i.e if it is non zero and has no proper subsheaf with finite support.

We denote by E^∨ the dual sheaf of E, i.e E^∨ = Hom(E, O_{Cn} ). This definition depends on n, i.e if E is a sheaf on C_i, 1 ≤ i < n, its dual on C_i is not the same as its dual on C_n. For example, if E is a vector bundle on C, then E^∨ = E^∗ ⊗ L^{n−1} (E^∗ beeing the ordinary dual of E on C). We say that E is reflexive if the canonical morphism E → E^{∨∨} is an isomorphism.

3.2.1. Theorem: Let E be a coherent sheaf on C_n. Then the following assertions are equivalent:

(i) E is torsion free. (ii) E is reflexive.

(iii) E^{(1)} is locally free on C. (iv) Ext^1_{OCn} (E, O_{Cn} ) = 0 .

If E is torsion free, then all the sheaves G^{(i)}(E) are locally free. From theorem 3.2.1 it is easy to deduce that if E is any coherent sheaf on C_n (even not torsion free) then we have Ext^i_{OCn} (E, O_{Cn} ) = 0 for i ≥ 2.

3.2.2. Serre duality for reflexive sheaves – Since C_n is locally a complete intersection, it has a dualizing sheaf ω_{Cn} , which is a line bundle on C_n. We have ω_{Cn|C} = ω_C ⊗ L^{1−n}, and

3.2.3. Theorem: Let E be a reflexive coherent sheaf on C_n. Then there exists functorial isomorphisms H^i(C_n, E) ≃ H^{1−i}(C_n, E^∨ ⊗ ω_{Cn} )^∗ for i = 0, 1.

3.3. Quasi locally free sheaves

(cf. [5], [7])

Let M be a O_{Cn,P} -module of finite type. Then M is called quasi free if there exist non negative integers m_1, . . . , m_n and an isomorphism M ≃ ⊕^n_{i=1}m_iO_{Ci,P} . The integers m_1, . . . , m_n are uniquely determined: it is easy to recover them from the first canonical filtration of M. We say that (m_1, . . . , m_n) is the type of M.

Let E be a coherent sheaf on C_n. We say that E is quasi free at P if E_P is quasi free, and that E is quasi locally free if it is quasi free at every point of C.

3.3.1. Theorem: The following two assertions are equivalent:

(i) The O_{n,P} -module M is quasi free.

(ii) Gr(M) is a free O_{C,P} -module, i.e all the M_i/M_{i+1} are free O_{C,P} -modules.

We have of course a corresponding theorem for sheaves on C_n, i.e. E is quasi locally free if and only if Gr(E) is a vector bundle on C, if and only if all the E_i/E_{i+1} are vector bundles on C.

It follows from theorem 3.3.1 that for any sheaf E, the set of points Q ∈ C such that E is quasi free at Q is open and nonempty. Moreover the sequence of integers m_1, . . . , m_n does not depend on the point of C where E is quasi free. It is called the type of E.

The complete type of a coherent sheaf on C_n has been defined in 3.1.2. The type of E can be deduced from the complete type: if ((r_i), (d_i)) is the complete type of E and (m_i) its type, then we have r_i = m_{i+1} + · · · + m_n for 0 ≤ i < n.

For families of quasi locally free sheaves of fixed type, the complete type is invariant by deformation. More precisely

3.3.2. Proposition: Let Z be an irreducible algebraic variety and E a coherent sheaf on Z × C_n, flat on Z, such that for every closed point z ∈ Z, E_z is quasi locally free and of fixed type (m_1, . . . , m_n). Then the complete type of E_z is independent of z.

This means that not only the ranks of the G_i(E_z) are fixed, but also their degrees.

3.3.3. Irreducible families – Let Y be a nonempty set of isomorphism classes of coherent sheaves on C_n. We say that Y is irreducible if for any E_0, E_1 ∈ Y there exists an irreducible algebraic variety Z and a coherent sheaf E on Z × C_n, flat on Z, such that for every closed point z of Z we have E_z ∈ Y, and such that there exists two closed points z_0, z_1 ∈ Z such that E_{z0} = E_0 and E_{z1} = E_1.

It is well known that the vector bundles of fixed rank and degree on C form an irreducible family. We have an analogous result on primitive multiple curves:

3.3.4. Theorem: The family of isomorphism classes of quasi locally free sheaves on C_n of fixed complete type is irreducible.

(The proof is by induction on n.)

3.3.5. Open families – Let Y be a nonempty set of isomorphism classes of coherent sheaves on C_n. We say that Y is open if for any algebraic variety Z and any coherent sheaf E on Z × C_n, flat on Z, if z_0 ∈ Z is a closed point such that E_{z0} ∈ Y, there exists an open neighbourhood U of z_0 in Z such that E_z ∈ Y for every closed point z ∈ U.

3.3.6. Quasi locally free sheaves of rigid type – In general, the family of all quasi locally free sheaves on C_n with fixed given complete type is not open. For example, all quasi locally free sheaves degenerate to vector bundles on C, hence in general the family of quasi locally free sheaves of complete type ((r, 0, . . . , 0), (d, 0, . . . , 0) (i.e vector bundles on C of rank r and degree d) is not open.

A quasi locally free sheaf E on C_n is called of rigid type if it is locally free, or locally isomorphic to aO_{Cn} ⊕ O_{Ck} , with a ≥ 0 and 1 ≤ k < n. So E, of type (m_i), is of rigid type if and only there is at most one integer i such that 1 ≤ i < n and m_i > 0, and in this case m_i = 1. It is easy to see, using proposition 3.3.2 and theorem 3.3.4, that

3.3.7. Proposition: The family of isomorphism classes of quasi locally free sheaves of rigid type and fixed complete type is irreducible and open.

3.3.8. Deformations of quasi locally free sheaves of rigid type – Let E be a coherent sheaf on C_n. Let ( ~E, S, s_0, ϵ) be a semi-universal deformation of E: ~E is a flat family of sheaves on C_n parametrized by S, s_0 ∈ S is a closed point and ϵ : ~E_{s0} ≃ E (cf. [22]). The Kodaïra-Spencer map of ~E at s_0 ω_{~E,s0} : T_{s0} S −→ Ext^1_{OCn} (E, E) is an isomorphism.

We say that E is smooth if S is smooth at s_0. This is true if Ext^2_{OCn} (E, E) = {0}, for example if E is locally free.

We say that E is smooth for reduced deformations if S_{red} is smooth at s_0. Let D_{red}(E) ⊂ Ext^1_{OCn} (E, E) be the linear subspace corresponding to deformations of E parametrized by reduced algebraic varieties: D_{red}(E) = ω_{~E,s0} (T_{s0} (S_{red})). It is the smallest linear subspace H ⊂ Ext^1_{OCn} (E, E) having the following property: let Z be a reduced variety, F a coherent sheaf on Z × C_n, flat on Z, z ∈ Z a closed point such that F_z ≃ E, and ω_{F,z} : T_zZ −→ Ext^1_{OCn} (E, E) the Kodaïra-Spencer map of F at z. Then im(ω_{F,z}) ⊂ H.

We have a canonical exact sequence 0 −→ H^1(End(E)) −→ Ext^1_{OCn} (E, E) −→ H^0(Ext^1_{OCn} (E, E)) −→ 0.

Now we have

3.3.9. Theorem: If E is a generic quasi locally free sheaf of rigid type, then D_{red}(E) = H^1(End(E)).

from which we deduce

3.3.10. Corollary: If E is a quasi locally free sheaf of rigid type such that dim_C(H^1(End(E))) is minimal (i.e is such that for every quasi locally free sheaf F having the same complete type as E, we have dim_C(H^1(End(F))) ≥ dim_C(H^1(End(E)))), then we have D_{red}(E) = H^1(End(E)) and E is smooth for reduced deformations.

3.4. Moduli spaces of semi-stable sheaves

(See [7], [8]) It follows from proposition 3.1.5 that the definition of a (semi-)stable sheaf on C_n does not depend on the choice of a very ample line bundle on C_n: a pure coherent sheaf of dimension 1 on C_n is semi-stable (resp. stable) if and only if for every proper subsheaf F ⊂ E we have Deg(F) R(F) ≤ Deg(E) R(E)

(resp. < ).

From now on, we suppose that deg(L) < 0 (otherwise the only stable sheaves on C_n are the stable vector bundles on C).

Let R, D be integers, with R ≥ 1. Let M(R, D) denote the moduli space of stable sheaves on C_n of generalized rank R and generalized degree D.

Let E be a quasi locally free coherent sheaf of rigid type on C_n, and supose that E is not locally free. Then E is locally isomorphic to aO_{Cn} ⊕ O_{Ck} , for some integers a, k such that a ≥ 0 and 1 ≤ k < n. Let E = E_{|C} , F = G_k(E) ⊗ L^{−k}.

Then we have rg(E) = a + 1 , rg(F ) = a, and

(G_0(E), G_1(E), . . . , G_{n−1}(E)) = (E, E ⊗ L, . . . , E ⊗ L^{k−1}, F ⊗ L^k, . . . , F ⊗ L^{n−1}) . Hence

Deg(E) = k deg(E) + (n − k) deg(F ) + ( n(n − 1)a + k(k − 1) ) deg(L)/2 .

Let δ = δ(E) = deg(F ), ϵ = ϵ(E) = deg(E) . According to proposition 3.3.7 the deformations of E are quasi locally free sheaves of rigid type, and a(E), k(E), δ(E), ϵ(E) are also invariant by deformation. Let

R = an + k , D = kϵ + (n − k)δ + ( n(n − 1)a + k(k − 1) ) deg(L)/2 .

The stable quasi locally free sheaves of rigid type F such that a(F) = a, k(F) = k, δ(F) = δ, ϵ(F) = ϵ correspond to an open subset of M(R, D), denoted by N (a, k, δ, ϵ).

Using corollary 3.3.10 one can then prove

3.4.1. Proposition: The variety N (a, k, δ, ϵ) is irreductible, and the underlying reduced subvariety N (a, k, δ, ϵ)_{red} is smooth. If it is nonempty, then we have

dim(N (a, k, δ, ϵ)) = 1 −

(n(n − 1) 2 a^2 + k(n − 1)a + k(k − 1) 2 ) deg(L) + (g − 1)(na^2 + k(2a + 1))

For every sheaf F of N (a, k, δ, ϵ)_{red}, the tangent space of N (a, k, δ, ϵ)_{red} at F is canonically isomorphic to H^1(End(F)) .

It should be noted that if R and D are fixed, then a and k are uniquely determined, but not δ and ϵ. So M(R, D) can have several irreducible components.

We now give some results on the existence of (semi-)stable sheaves on C_n. For locally free sheaves we have

3.4.2. Theorem: Let E be a vector bundle on C_n. If E_{|C} is semi-stable (resp. stable), then so is E.

If there exists a semi-stable vector bundle E of rank R and degree D, then we can write

R = rn, D = nd + n(n − 1) 2 r deg(L)

(with r = rk(E_{|C} ), d = deg(E_{|C} )). So this is only possible if R and D −^{n(n−1)}_2 r deg(L) are multiples of n. In this case the open subset of M(R, D) corresponding to stable vector bundles is nonempty, irreducible and smooth, of dimension 1 + nr^2(g − 1) −^{n(n−1)}_2 r^2 deg(L) .

Now we consider the moduli spaces of proposition 3.4.1. We have

3.4.3. Theorem: If ϵ a + 1 < δ a < ϵ − (n − k) deg(L) a + 1 then N (a, k, δ, ϵ) is nonempty.

4. Deformations of primitive multiple curves

4.1. Deformations in smooth curves

Only deformations of multiplicity 2 primitive multiple curves in smooth curves have been studied, by M. González in [15]. He obtained the

4.1.1. Theorem: Let Y be a smooth irreducible projective curve and let E be a line bundle on Y . Assume that there is a smooth irreducible double cover π : X → Y with π_∗O_X /O_Y = E. Then every ribbon ~Y with underlying smooth curve Y , with conormal bundle E and arithmetic genus p_a(~Y ) is smoothable.

Note that the conormal bundle E of Y in ~Y is our line bundle L (cf. (2)).

4.1.2. Inadequacy of deformations in smooth curves – Let C_n a primitive multiple curve of multiplicity n ≥ 2, underlying smooth curve C of genus g and associated line bundle L on C. If one wants to study the deformations of moduli spaces of semi-stable sheaves together with the deformations of C_n, deformations of C_n in smooth curves are inapropriate, because one would need to consider only sheaves E such that R(E) is a multiple of n. To see this, consider a flat family of projective curves π : C → S, parametrized by a neighbourhood of 0 in C, such that π^{−1}(0) = C_n and that π^{−1}(z) is a smooth irreducible curve if z ∈ S\{0}. Let O(1) be a very ample line bundle on C. Let z ∈ S\{0}, and γ the genus of C_z. From the equality χ(O_{Cz} ) = χ(O_{Cn} ) we deduce that 1 − γ =^{n(n−1)}_2 deg(L) + n(1 − g), and using this and the equality χ(O_{Cn} (1)) = χ(O_{Cz} (1)), we obtain deg(O_{Cz} (1)) = n. deg(O_C (1)). Now let E be a coherent sheaf on C, flat on S. The Hilbert polynomials of E_0 and E_e are the same, and so are their leading coefficients, and we obtain rk(E_z) deg(O_{Cz} (1)) = R(E_0) deg(O_C (1)), whence R(E_0) = n.rk(E_z).

4.2. Primitive multiple curves coming from deformations of smooth curves

(See [9]) Let C be a smooth projective irreducible curve. Let T be a smooth curve and t_0 ∈ T a closed point. Let D → T be a flat family of projective smooth irreducible curves such that C = D_{t0} . Then the n-th infinitesimal neighbourhood of C in D is a primitive multiple curve C_n of multiplicity n, embedded in the smooth surface D. We say that such a primitive multiple curve comes from a family of smooth curves. In this case I_C , the ideal sheaf of C in C_n, is the trivial line bundle on C_{n−1} (so the associated line bundle on C is O_C ). In fact we have

4.2.1. Theorem: Let C_n be a primitive multiple curve of multiplicity n, with underlying smooth curve C. Then C_n comes from a family of smooth curves if and only if the ideal sheaf of C in C_n is trivial on C_{n−1}.

The proof uses the parametrization of multiple curves given in 2.1 and theorem 2.2.3.

4.3. Deformations in reduced reducible curves

(See [10])

Let Y = C_n be a projective primitive multiple curve of multiplicity n ≥ 2, underlying smooth curve C and associated line bundle L on C.

Let (S, P ) be a germ of smooth curve. Let k a positive integer. Let π : C → S be a flat morphism, where C is a reduced algebraic variety, such that

– For every closed point s ∈ S such that s ≠ P , the fiber C_s has k irreducible components, which are smooth and transverse, and any three of these components have no common point.

– The fiber C_P is isomorphic to Y .

4.3.1. Proposition: 1 – There exists a germ of smooth curve (S^′, P^′) and a non constant morphism τ : S^′ → S such that, if π^′ : C^′ = π^∗C → S^′, C^′ has exactly k irreducible components, inducing on every fiber C^′_s′ , s^′ ≠ P^′ the k irreducible components of C^′_s′ .

2 – We have k ≤ n.

We call π^′ a reducible deformation of Y of length k. We say that π (or C) is a maximal reducible deformation of Y if k = n.

We have then

4.3.2. Theorem: Suppose that π is a maximal reducible deformation of C_n. Then

1 – If C^{′′} is the union of i > 0 irreducible components of C, and π^{′′} : C^{′′} → S is the restriction of π, then π^{′′−1}(P ) ≃ C_i, and π^{′′} is a maximal reducible deformation of C_i.

2 – Let s ∈ S\{P }. Then the irreducible components of C_s have the same genus as C. Moreover, if D_1, D_2 are distinct irreducible components of C_s, then D_1 ∩ D_2 consists of − deg(L) points.

In particular, the n components C_1, . . . , C_n of C are smooth surfaces, and the restrictions of π, C_i → S, are flat families of smooth curves with the same fiber C over P .

4.4. fragmented deformations

(See [10])

We keep the notations of 4.3. Let π : C → S a maximal reducible deformation of Y . We call it a fragmented deformation of Y if deg(L) = 0, i.e. if for every s ∈ S\{P }, C_s is the disjoint union of n smooth curves (cf. theorem 4.3.2). The variety C appears as a particular case of a glueing of C_1, . . . , C_n along C:

4.4.1. Definition: For 1 ≤ i ≤ n, let π_i : C_i → S be a flat family of smooth projective irreducible curves, with a fixed isomorphism π^{−1}_i (P ) ≃ C. A glueing of C_1, · · · , C_n along C is an algebraic variety D such that

- for 1 ≤ i ≤ n, C_i is isomorphic to a closed subvariety of D, also denoted by C_i, and D is the union of these subvarieties. - ∐ 1≤i≤n(Ci\C) is an open subset of D.

- There exists a morphism π : D → S inducing π_i on C_i, for 1 ≤ i ≤ n. - The subvarieties C = π^{−1}_i (P ) of C_i coincide in D.

All the glueings of C_1, · · · , C_n along C have the same underlying Zariski topological space.

Let A the initial glueing of the C_i along C. It is an algebraic variety whose points are the same as those of C, i.e. ( n∐ i=1 C_i)/ ∼ ,

where ∼ is the equivalence relation: if x ∈ C_i and y ∈ C_j , x ∼ y if and only if x = y, or if x ∈ C_{iP} ≃ C, y ∈ C_{jP} ≃ C and x = y in C. The structural sheaf is defined by: for every open subset U of A

O_A(U) = {(α_1, . . . , α_n) ∈ O_{C1} (U ∩ C_1) × · · · O_{Cn} (U ∩ C_n); α_{1|C} = · · · = α_{n|C} }. For every glueing D of C_1, · · · , C_n, we have an obvious dominant morphism A → D. If follows that the sheaf of rings O_D can be seen as a subsheaf of O_A.

The fiber D = A_0 is not a primitive multiple curve (if n > 2): if I_{C,D} denotes the ideal sheaf of C in D we have I^2_{C,D} = 0, and I_{C,D} ≃ O_C ⊗ C^{n−1} . In fact we have

4.4.2. Proposition: Let D be a glueing of C_1, · · · , C_n. Then π^{−1}(P ) is a primitive multiple curve if and only if for every closed point x of C, there exists a neighbourhood of x in D that can be embedded in a smooth variety of dimension 3.

The situation is analogous to the following simpler situation: Consider n copies of C glued at 0. Two extreme examples appear: the trivial glueing A_0 (the set of coordinate lines in C^n), and a set C_0 of n lines in C^2. We can easily construct a bijective morphism Ψ : A_0 → C_0 sending each coordinate line to a line in the plane

But the two schemes are of course not isomorphic: the maximal ideal of 0 in A_0 needs n generators, but 2 are enough for the maximal ideal of 0 in C_0. Let π_{C0} : C_0 → C be a morphism sending each component linearly onto C, and π_{A0} = π_{C0} ∘ Ψ : A_0 → C. The difference of A_0 and C_0 can be also seen by using the fibers of 0: we have

π^{−1}_{C0} (0) ≃ spec(C[t]/(t^n)) and π^{−1}_{A0} (0) ≃ spec(C[t_1, . . . , t_n]/(t_1, . . . , t_n)^2) . Let D a general glueing of n copies of C at 0, such that there exists a morphism π : D → C inducing the identity on each copy of C. It is easy to see that we have π^{−1}(0) ≃ spec(C[t]/(t^n)) if and only if some neighbourhood of 0 in D can be embedded in a smooth surface.

4.4.3. Properties of fragmented deformations – Let π : C → S be a fragmented deformation of Y = C_n. Let I ⊂ {1, . . . , n} be a proper subset, I^c its complement, and C_I ⊂ C the subscheme union of the C_i, i ∈ I. then we have

4.4.4. Theorem: The ideal sheaf I_{CI} of C_I is isomorphic to O_{CIc} .

In particular, the ideal sheaf I_{Ci} of C_i is generated by a single regular function on C. It is possible to find such a generator such that for 1 ≤ j ≤ n, j ≠ i, its j-th coordinate can be written as απ^p_j , with p > 0 and α ∈ H^0(O_S ) such that α(P ) ≠ 0. We can then suppose that α = 1, and the generator can be written as u_{ij} = (u_1, . . . , u_m), with u_i = 0, u_m = α^{(m)}_{ij} π^{pim}_m for m ≠ i, α^{(j)}_{ij} = 1.

Let p_{ii} = 0 for 1 ≤ i ≤ n. The symmetric matrix (p_{ij})_{1≤i,j≤n} is called the spectrum of π (or C). It follows also from the fact that I_{Ci} = (u_{ij} ) that the ideal sheaf of C in Y = C_n is isomorphic to O_{Cn−1} . Conversely we prove using theorem 4.2.1

4.4.5. Theorem: If Y = C_n is a primitive multiple curve with underlying smooth curve C such that the ideal sheaf I_C of C in Y is trivial on C_{n−1}, then there exists a fragmented deformation of Y .

4.4.6. n-stars and structure of fragmented deformations – A n-star of (S, P ) is a glueing S of n copies of S at P , together with a morphism π : S → S which is an identity on each copy of S. All the n-stars have the same underlying Zariski topological space S(n).

A n-star is called oblate if some neighbourhood of P can be embedded in a smooth surface. This is the case if and only π^{−1}(0) ≃ spec(C[t])/(t^n). Oblate n-stars are analogous to fragmented deformations and simpler.

Let π : C → S be a fragmented deformation of Y = C_n. We associate to it an oblate n-star S of S: for every open subset U of S(n), O_S (U) is the set of (α_1, . . . , α_n) ∈ O_C (U) such that α_i ∈ O_S (π_i(U ∩ C_i)) for 1 ≤ i ≤ n. We obtain also a canonical morphism Π : C −→ S.

We can then prove, by using processes of contruction of fragmented deformations and oblate stars by induction on n the

4.4.7. Theorem: The morphism Π is flat.

Hence Π is a flat family of smooth curves, with Π^{−1}(P ) = C. The converse is also true, i.e. starting from an oblate n-star of S and a flat family of smooth curves parametrized by it, we obtain a fragmented deformation of a multiple primitive curve of multiplicity n.

References

[1] Bănică, C., Forster, O. Multiple structures on space curves. In Contemporary Mathematics 58, Proc. of Lefschetz Centennial Conf. (1986), AMS, 47-64.

[2] Bayer, D., Eisenbud, D. Ribbons and their canonical embeddings. Trans. of the Amer. Math. Soc. 347, 3 (1995), 719-756.

[3] Bhosle Usha N. Generalized parabolic bundles and applications to torsion free sheaves on nodal curves.

Arkiv for Matematik 30 (1992), 187-215.

[4] Bhosle Usha N. Picard groups of the moduli spaces of vector bundles. Math. Ann. 314 (1999) 245-263. [5] Drézet, J.-M. Faisceaux cohérents sur les courbes multiples . Collect. Math. 57, 2 (2006), 121-171. [6] Drézet, J.-M. Paramétrisation des courbes multiples primitives Adv. in Geom. 7 (2007), 559-612. [7] Drézet, J.-M. Faisceaux sans torsion et faisceaux quasi localement libres sur les courbes multiples primitives.

Mathematische Nachrichten 282, No.7 (2009), 919-952.

[8] Drézet, J.-M. Sur les conditions d’existence des faisceaux semi-stables sur les courbes multiples primitives.

Pacific Journ. of Math. 249, No. 2 (2011), 291-319.

[9] Drézet, J.-M. Courbes multiples primitives et déformations de courbes lisses. To appear in Annales de la Faculté des Sciences de Toulouse.

[10] Drézet, J.-M. Fragmented deformations of primitive multiple curves. Preprint (2012). [11] Eisenbud, D. Commutative Algebra with a View Toward Algebraic Geometry. GTM 150, Springer-Verlag (1995) [12] Eisenbud, D., Green, M. Clifford indices of ribbons. Trans. of the Amer. Math. Soc. 347, 3 (1995), 757-765. [13] Frenkel, J. Cohomologie non abélienne et espaces fibrés. Bull. de la Soc. Math. de France 85 (1957),135-220. [14] Godement, R. Théorie des faisceaux. Actualités scientifiques et industrielles 1252, Hermann, Paris (1964). [15] González, M. Smoothing of ribbons over curves. Journ. für die reine und angew. Math. 591 (2006), 201-235. [16] Hartshorne, R. Algebraic geometry. (Grad. Texts in Math., Vol. 52). Berlin-Heidelberg-New York: Springer 1977.

[17] Inaba, M.-A. On the moduli of stable sheaves on some nonreduced projective schemes. Journ. of Alg. Geom.

13 (2004), 1-27.

[18] Inaba, M.-A. On the moduli of stable sheaves on a reducible projective scheme and examples on a reducible quadric surface. Nagoya Math. J. (2002), 135-181.

[19] Samuel, P., Zariski, O. Commutative Algebra (vol. I, II). GTM 28,29 Springer-Verlag (1975) [20] Seshadri, C.S. Fibrés vectoriels sur les courbes algebriques. Astérisque 96 (1982). [21] Simpson, C.T. Moduli of representations of the fundamental group of a smooth projective variety I. Publ.

Math. IHES 79 (1994), 47-129.

[22] Siu Y., Trautmann, G. Deformations of coherent analytic sheaves with compact supports. Memoirs of the Amer. Math. Soc., Vol. 29, N. 238 (1981).

[23] Sun, X. Degeneration of moduli spaces and generalized theta functions. Journ. of Alg. Geom. 9 (2000), 459-527.

[24] Sun X., Degeneration of SL(n)-bundles we have reducible curve. Proc. of Algebraic Geometry in East Asia (Japan, 2001) and math.AG/0112072.

[25] Teixidor i Bigas, M. Moduli spaces of (semi-)stable vector bundles on tree-like curves. Math. Ann. 290 (1191), 341-348.

[26] Teixidor i Bigas, M. Moduli spaces of vector bundles on reducible curves. Amer. J. of Math. 117 (1995), 125-139.

[27] Teixidor i Bigas, M. Compactifications of moduli spaces of (semi)stable bundles on singular curves: two points of view. Dedicated to the memory of Fernando Serrano. Collect. Math. 49 (1998), 527-548.

Institut de Mathématiques de Jussieu, Case 247, 4 place Jussieu, F-75252 Paris, France

E-mail address: drezet@math.jussieu.fr