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Abstract We give a link - through the affine Schur algebra - between the representations of the p-affine
Schur algebra of GL(n) over R, and the smooth R-representations of the p-adic group GL(n,Qp) over any
algebraically closed field R of characteristic /=p.
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Introduction

There are relations between the representations of the following “groups”: the p-adic linear groups, the
p-adic Galois groups, the p-affine Schur algebras, the linear p-affine quantum groups. We insist to consider
representations on any algebraically closed field R of characteristic /=p, called R-representations or modular
representations. The case where the characteristic of R is p, remains mysterious.

The R-representations of the p-affine Schur algebras are the rational representations of the linear
p-affine quantum groups over R. They appear as the nilpotent part of the Jordan decomposition of
the R-representations of the p-adic linear groups. The semi-simple part is given by the semi-simple R-
representations of the p-adic Galois groups. The complete local Langlands R-correspondence gives a parametriza-
tion of the irreducible R-representations for the linear p-adic groups [Vig5], but here we consider the category
of all R-representations, not only the irreducible ones. The main new result is the theorem 3, extending to R
a theorem of Borel-Casselman in the complex case. The main tool is the parahoric induction and restriction
for a general reductive p-adic group and for the corresponding Iwahori Hecke algebra.

1 Let
F a local non archimedean field of residual characteristic p, q is the order of the residual field,
F an algebraic separable closure of F ,
R an algebraically closed field of characteristic 0 or 
 /=p,
n an integer ≥ 1,
ModR G the category of smooth R-representations of G := GL(n, F ), equivalent to the category of right

modules of the global Hecke R-algebra HR(G) of G isomorphic to its opposite algebra [Vig1 I.4.4],

ModR G � ModHR(G).

The following theorem is a formulation of the local Langlands R-correspondence.

Theorem a) The category ModR G = ΠτBR,τ is a direct sum of blocks.
b) The blocks BR,τ are parametrized by the semi-simple R-representations τ of dimension n of the

inertia subgroup of the Galois group of F/F , stable by the Frobenius of Gal(Fq/Fq).
c) The irreducible R-representations of the unipotent block BR,1 are parametrized by the pairs (s,N)

where s ∈ GL(n,R) is semi-simple, N ∈M(n,R) is nilpotent, and sN = Nsq, modulo isomorphism.
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d) For any τ , the irreducible R-representations of the block BR,τ are parametrized by the irreducible
R-representations of the unipotent block of a product of linear p-adic groups

Gτ =
∏

σ

GL(mτ,σ, Fn(σ))

for all orbits σ of the Frobenius in the irreducible R-representations of IF occurring in τ , where
mτ,σ is the multiplicity of σ in τ ,
Fn(σ) ⊂ F is the unramified extension of F of degree the number n(σ) of elements of σ.

The block BR,1 containing the trivial representation and the representations of BR,1 will be called
unipotent. This is coherent with the terminology of Lusztig in the complex case.

Example: We deduce from c) the number m(s) of irreducible unipotent R-representations with a given
semi-simple s ∈ GL(n,R).

a) If s = 1n is the identity, we haver m(1n) = 1 corresponding to N = 0, when q /=1 in R. But if q = 1
in R, that is the characteristic of R is 
 /=p and q = 1 mod 
, then m(1n) is the number p(n) of partitions of
n.

b) If s is the diagonal (1, q, q2, q3), the number m(s) depends on the multiplicative order e of q in R.
When e = 1, 2, 3, 4, > 4 we have respectively m(s) = 5, 10, 9, 15, 8 [Vig2].

2 Let I be an Iwahori subgroup of G, let JR be the annihilator in HR(G) of the R-representation of
G

R[I\G].

The category B′R,1 of R-representations of G annihilated by JR is an abelian subcategory of the unipotent
block BR,1.

Main Theorem There exists an integer N such that JN
R annihilates the unipotent block. The

category B′R,1 is equivalent to the category of modules of the affine Schur algebra SR of G.

One can give an explicit value for N . One can replace the ideal JR by its component JR,1 in the
unipotent part of the global Hecke algebra HR(G). The ideal JR,1 is nilpotent, JN

R,1 = {0}. We define the
affine Schur algebra SR of G in the paragraph 3.

The Iwahori-Hecke algebra HR of G is the ring of endomorphisms of R[I\G]

HR := EndR R[I\G].

It would be a natural candidate for the affine Schur algebra, modulo Morita equivalence. But it does
not work, already there are not enough simple HR-modules. The irreducible quotients of R[I\G] are in
bijection with the simple HR-modules. But a subquotient is not always a quotient. Example: GL(2,Q5)
when the characteristic of R is 3. The irreducible subquotients of R[I\G] are the irreducible unipotent
R-representations of G [Vig3 II.11.2], they are also the irreducible R-representations of G annihilated by JR,
they are in bijection with the simple SR-modules.

3 Definition The Schur algebra SR of G is the ring of endomorphisms of the right HR-module V I
R

(1) SR := EndHR V I
R

where VR is the R-representation of G

(2) VR := ⊕PR[P\G]

for all parahoric subgroups P of G containing I (called standard).
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We have a natural inclusion R[P\G] ⊂ R[I\G] in ModR G, hence the annihilator of VR is JR, the
irreducible subquotients of VR are the irreducible unipotent representations of G. We have

(3) HomHR(R[I\G/I], R[P\G/I]) � R[P\G/I]

hence

4 Proposition The SR-module V I
R is cyclic generated by the projector e : V I

R → R[I\G/I]

(4) V I
R � SRe = HomHR(R[I\G/I], V I

R),

and the SR −HR-module V I
R satisfies the double centralizer property (see (1))

(5) eSRe = HR = EndSR V I .

The simple HR-modules are in bijection with the simple SR-modules W such that eW /=0.

There is another property which is not so evident : the Schur algebra is isomorphic to the ring of
RG-endomorphisms of VR (theorem A.4.3 proved in C.2.14)

(6) EndRG VR � EndHR V I
R.

This is valid when GL(n, F ) is replaced by any reductive connected group over F (the group of F -points),
and R is replaced by any commutative ring.

The Iwahori-Hecke R-algebra and the Schur R-algebra are naturally defined over Z. They are free
Z-modules with natural basis and SR = SZ ⊗Z R, and the same is well known for HR.

5 The theorem is interesting because it creates a bridge between the p-adic groups and the affine
quantum groups. Indeed, in [Green R.M.] is introduced an affine quantum group UC(n, q) for gl(n) over C
(an Hopf algebra) and a natural UC(n, q)-module W of infinite countable dimension such that the natural
action of UC(n, q) on the tensor space W⊗n, has the properties

- the image SC(n, q) of UC(n, q) in EndR W⊗n is isomorphic to the Schur algebra SC.
- the centralizer of the action of UC(n, q) on W⊗n is isomorphic to the Iwahori-Hecke algebra HC.
- the tensor space W⊗n is isomorphic to V I as an SC −HC-module.

One hopes that there are natural integral structures over A = Z[v, v−1], such that the image of UA(n, q) in
EndA W⊗n is isomorphic to SA. When the characteristic of R is > 0 and q /=1 in R, if ζ is a root of 1 in
C∗ of the same order than q in R∗, one hopes to understand better problems as decomposition numbers or
cohomology of modular representations of G with the help of the complex affine quantum group UC(n, ζ).

There are similar theorems and applications for finite linear groups GL(n,Fq) by Dipper and James
[DJ1] [DJ2], Takeuchi [T], Cline, Parshall and Scott [CPS]. The proof of the main theorem does not rely on
the theorem in the finite case.

6 The proof of the main theorem is a generalization of the proof of Takeuchi [T] for GL(n,Fq) and
is given in the chapter D. It is more “conceptual” and gives a new proof also in the finite case. The idea is
the following. As in Takeuchi, one considers the group U∗(Fq) of (aij) ∈ GL(n,Fq) with aij = 0 if i > j or
j = i + 1 and aii = 1 for all i, j such that this has a sense. Let U∗ be the inverse image of U∗(Fq) by the
reduction modulo p

GL(n,OF )→ GL(n,Fq)

where OF is the ring of integers of F . Set G := GL(n, F ). One considers the right HR-module R[U∗\G/I].
Its ring of endomorphisms is Morita equivalent to the Schur algebra (D.5)

EndHR R[U∗\G/I] �Morita SR,
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and R[U∗\G/I] is the I-invariants of the R-representation of G

R[U∗\G] = e∗HR(G)

which is cyclic and projective, generated by the idempotent e∗ defined by the pro-p-group U∗. One shows
that the algebra homomorphism of I-invariants

EndRG e∗HR(G)→ EndHR e∗HR(G)I

is surjective in D.6, from which one deduces in D.8 that

e∗(HR(G)/JR)e∗ �Morita SoR.

It remains to prove that the functor

Hom(e∗HR(G)/JR,−) : ModHR(G)/JR → ModSR

defines an equivalence of categories (D.10).
At this point, the property that we are working with a linear group is crucial. The theory of the

Whittaker model for GL(n,Fq) shows that any irreducible R-representation of G annihilated by JR has a
non zero vector invariant by U∗. This implies the equivalence of categories, and also that the unipotent part
e∗HR(G)1 of e∗HR(G) is a progenerator of the unipotent block.

The composition of the parabolic induction functor in the finite group GL(n,Fq) with the inflation
to GL(n,OF ) and the compact induction to G = GL(n, F ) is a functor called parahoric induction. The
parahoric induction commutes with the functor “unipotent part” (D.14). From this one deduces in D.13
that

e∗HR(G)1 � ⊕J i
G
MJ

ΓR,J,1

is a direct sum of representations parahorically induced from the standard Levi subgroups MJ of GL(n,Fq),
where ΓR,J,1 is the unipotent part of the Gelfand-Graev representation of MJ (with some multiplicity).
When MJ is the diagonal torus T (Fq)

R[I\G] = iGT (Fq)
1R.

The transitivity the parahoric induction shows that e∗HR(G)1, hence any unipotent representation of G,
has a finite filtration with quotients isomorphic to subquotients of R[G/I]. The length N of the filtration is
bounded by the maximum of the analogous filtrations of ΓR,J,1 with I replaced by a Borel subgroup of MJ ,
for all standard Levi subgroups MJ of GL(n,Fq).

7 One can compare JR with the intersection JR in HR(G) of the annihilators of the irreducible
unipotent R-representations of G. The unipotent part JR,1 of JR is the Jacobson radical of the unipotent
part of HR(G). The representation R[I\G] is isomorphic to

R[I\G] � iGT R[T (OF )\T ]

where T = T (F ) is the diagonal group with the universal action on R[T (OF )\T ] and iGT is the nonnormalized
parabolic induction from T to G [Dat]. The theory of R-types for GL(n, F ) shows that the lengths of the
induced representations iGT χ for all R-characters χ of T trivial on T (OF ) is bounded by the length of iGT 1R
[V3]. This properties and the main theorem imply:

Proposition Let M be the length of iGT (F )1R. Then

JM
R ⊂ JR ⊂ JR.

A finite power of the Jacobson radical of the unipotent part of HR(G) is zero.
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8 Although the main theorem concerns only p-adic general linear groups, and algebraically closed
fields of characteristic different from p, we develop a theory for a general reductive p-adic group G and for
any commutative ring R (p can be 0 in R).

The main theorem is proved for a general reductive p-adic group G in the “linear case”, when the
finite reductive quotients of the parahoric subgroups of G are product of linear groups. In particular, when
G = GL(n,D) where D/F is a division algebra over F .

The chapter A presents the classical Schur algebra and introduces the Schur algebra of a reductive p-adic
group, the chapter B recalls some properties of the functor HomA(Q,−) when Q is a quasi-projective module
over an algebra A, no finiteness is required. In the chapter C one studies R-representations induced from the
finite reductive quotient of a parahoric subgroup and their endomorphism rings. The Mackey decomposition
of the parahoric restriction-induction plays a fundamental role. It is given in C.1.4 for the group and in C.2.1
for the Iwahori-Hecke algebra. One deduces a basis and relations for the Schur algebra of a reductive p-adic
group in C.2.15 with some restrictions on R. A systematic use of the parahoric induction allows us to reduce
problems concerning representations of a reductive p-adic group G to problems concerning representations
of the finite reductive quotients of the parahoric subgroups. It is particularly useful to study the functor of
I-invariants, linking R-representations of G and right modules for the Iwahori-Hecke R-algebra, as in C.3.

9 The main theorem can be generalized to other blocks using the theory of Bushnell-Kutzko types. One
can also show that it is compatible with the reduction modulo 
. In more concrete terms, the decomposition
numbers of GL(n, F ) are decomposition numbers for the affine Schur algebras, and conversely. This will be
explained in the part II.

This work is an answer to a question raised by Frenkel, and was done during my stay at the Mathematical
Sciences Research Institute in the fall 2000, thanks to a delegation at CNRS. I thank the CNRS and the
MSRI for their generous support, and Rogawski, Blasius, Ramakrishnan, Boltje and Baruch, Bowmik, Mazur
and Taylor for their invitations to give a talk on these results at UCLA, CalTech, Santa Cruz, Lille, Harvard.
Special thanks to Edward Frenkel for introducing me to the subject and to Raphael Rouquier for indicating
me the reference to Takeuchi and for interesting discussions. The final draft of this paper was done at the
Institute for Advanced Study at Princeton in the first term of 2001, I am thankful for this invitation.
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A The Schur algebra and its deformations

A.1 The classical Schur algebra

Schur invented many important objects in his thesis (Berlin, 27 November 1901) and his later paper
of 1927 [Schur]. Their natural generalizations are used all the time in the to-day representation theory of
algebraic or finite or p-adic reductive groups (see the excellent book [Green J.A]). They are

1) the Schur algebra, the tensor space, the double centralizer theorem,
2) the Hecke algebra, the functor HomA(Ae,−) for an idempotent e of an algebra A.

A.1.1 Let R be a commutative ring and let N,n be two integers ≥ 1. We denote by VN a free
R-module of rank N , by Sn the symmetric group on n elements and by R[Sn] the group algebra of Sn over
R. The classical Schur R-algebra

SR(N,n) := EndRSn VR(N,n)

is the endomorphism ring of the tensor space

VR(N,n) := V ⊗nN

for the natural right action of the symmetric group Sn:

(v1 ⊗ . . .⊗ vn)σ = vσ(1) ⊗ . . .⊗ vσ(n), σ ∈ Sn, v1, . . . , vn ∈ Vn.

The natural left action of the general linear group GL(N,R) on the tensor space VR(N,n)

g(v1 ⊗ . . .⊗ vn) = gv1 ⊗ . . .⊗ gvn

commutes with the action of the symmetric group Sn. It is polynomial and homogeneous of degree n. The
image of R[GL(N,R)] in EndR VR(N,n) is SR(N,n) when R is an infinite field [Green J.A. 2.6.c]. One can
also describe SR(N,n) as the dual of the ring of polynomial functions on GL(N,R) which are homogeneous
of degree n.

A.1.2 Let R be a commutative ring and let H ⊂ G be two finite groups (or an open compact subgroup
H of a locally profinite group G). The Hecke R-algebra HR(G,H) is the endomorphism algebra of the
“regular” module R[H\G] (with the left action of G by right translation)

HR(G,H) := EndRG R[H\G].

The value at the trivial class H of H\G gives an R-module isomorphism with the free R-module generated
by the double (H,H) cosets of G

HR(G,H) �R R[H\G/H]

(the index R recalls that this is only an R-module isomorphism). When R = Z one omits R.

A.1.3 Let A be a ring of finite dimension over a field and let e = e2 be an idempotent of A. Denote
by ModA the category of left A-modules V . Then the functor

V → V e : ModA→ Mod eAe

induces a bijection between the simple A-modules V with V e/=0 (that is V is a quotient of eA), and the simple
eAe-modules. Moreover if e/=0 for any simple V ∈ ModA, then V → V e is an equivalence of categories, see
B.5.

A.1.4 We deduce from the three paragraphs A.1.1, A.1.2 and A.1.3 that the R-representations of the
symmetric groups Sn are related with the representations of the Schur algebras SR(N,n).
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Suppose that R is an infinite field. The theory of the polynomial representations of general linear groups
is equivalent to the theory of representations of Schur algebras (see [Green J.A]), and does not depend on
R. This contrasts with the classification of the irreducible R-representations of the symmetric groups, which
depends on R.

The SR(N,n)-modules identify with the polynomial representations of GL(N,R) which are homogeneous
of degree n. The theory of weights and characters shows that the simple SR(N,n)-modules are classified by
the set Λ+(N,n) of partitions of n of length t ≤ N ,

λ1 ≥ λ2 ≥ . . . λt > 0,
∑

i

λi = n.

When n ≤ N , Λ+(N,n) is the set of all partitions of n.

A.1.5 The tensor space VR(N,n) = V ⊗nN as an R[Sn]-module is described as follows.

Let
(εi)1≤i≤N a basis of VN .
I(N,n) := {1, 2, . . . , N}n
Λ(N,n) the set of α = (α1, . . . , αN ) ∈ {0, 1, . . . , n}N with sum α1 + . . . + αN = n.

A basis of VR(N,n) is (εi := εi1 ⊗ . . . εin) for i = (i1, . . . , in) ∈ I(N,n). The action of Sn on VR(N,n)
comes from a natural action of Sn on I(N,n). The orbits of Sn in I(N,n) are parametrized by Λ(N,n).
Each orbit contains a unique element i(α) := (1α1 , 2α2 , . . . , nαn) with α ∈ Λ(N,n) (am means that a appears
with multiplicity m). Denote by Sα

n the stabilizer of i(α) in Sn. The group Sα
n is isomorphic to a product

of symmetric groups Sα1 × . . .× Sαn with the convention S0 = {1}.

VR(N,n) is a direct sum of representations of Sn

VR(N,n) �R[Sn] ⊕α∈Λ(N,n)R[Sα
n\Sn].

Note the formula for the dimensions

Nn =
∑

α1+...+αN=n

n!
α1! . . . αN !

A.1.6 For α ∈ Λ(N,n), the projection

eα : VR(N,n)→ R[Sα
n\Sn]

is an idempotent in the Schur algebra SR(N,n). The idempotents eα for α ∈ Λ(N,n) are orthogonal with
sum 1. For α, β ∈ Λ(N,n), we have

eβSR(N,n)eα �R HomRSn(R[Sα
n\Sn], R[Sβ

n\Sn]).

When α = β this is an isomorphism of algebra :

eαSR(N,n)eα � HR(Sn, S
α
n ).

The group Sα
n is trivial and eαSR(N,n)eα � R[Sn] if αi are 0 or 1 for all 1 ≤ i ≤ N . As

∑
i αi = n this is

possible if and only if n ≤ N .

A.1.7 Suppose n ≤ N . Choose any α with Sα
n trivial, for instance α = (1, . . . , 1, 0, . . . , 0) and set

e := eα. Then
eβSR(N,n)e �R HomRSn(R[Sn], R[Sβ

n\Sn]) �R R[Sβ
n\Sn]
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and the tensor space VR(N,n) is a cyclic SR(N,n)-module generated by e

VR(N,n) � SR(N,n)e.

An SR(N,n)-endomorphism of SR(N,n)e is defined by the image of e which belongs to eSR(N,n)e � R[Sn].
This is the double centralizer theorem

EndSR(N,n) VR(N,n) � R[Sn].

A.1.8 Suppose that R is an infinite field and n ≤ N . The functor

V → V e : ModSR(N,n)→ ModR[Sn]

induces a bijection between the irreducible polynomial R-representations of GL(N,R) which are quotients
of VR(N,n) and the irreducible R-representations of Sn.

If the characteristic of R is 0 or p > n, the algebra SR(N,n) is semi-simple because R[Sn] is semi-simple,
and the endomorphism algebra of a semi-simple module is semi-simple. As VR(N,n) is a faithful SR(N,n)-
module, any simple SR(N,n)-module is isomorphic to a quotient of VR(N,n). Hence by A.1.3, the functor
V → V e is an equivalence of categories.

If the characteristic of R is p < n, by reduction modulo p, any simple SR(N,n)-module is isomorphic
to a subquotient of VR(N,n). The simple quotients of VR(N,n) correspond only to the partitions λ1 ≥
λ2 . . . ≥ λt > 0 of n which are column p-regular [Green J.A (6.4b) page 94], i.e. for which all the integers
λ1 − λ2, . . . , λt lie between 0 and p− 1.

A.1.9 Suppose that R is an infinite field and M ≤ N (so that we treat also the case M ≤ n). Naturally
Λ(M,n) ⊂ Λ(N,n) and eM =

∑
α∈Λ(M,n) eα is an idempotent of SR(M,n) such that

eMSR(N,n)eM � SR(M,n).

Again by A.1.3, the functor

V → V eM : ModSR(N,n)→ ModSR(M,n)

induces a bijection between the irreducible R-representations of GL(N,R) which are polynomial homoge-
neous of degree n and such that eMV /=0 and the irreducible R-representations of GL(M,R) which are
polynomial homogeneous of degree n. It is an equivalence of categories when SR(N,n) and SR(M,n) have
the same number of simple modules. In particular the Schur algebra SR(N,n) is Morita equivalent to the
Schur algebra SR(n, n) when n ≤ N .

A.2 q-deformation

Suppose that R is a commutative ring. Dipper and James [DJ1] [DJ2] constructed q-deformations of
the group algebra R[Sn], of the tensor space VR(N,n), and of the Schur algebra SR(N,n) and generalized
the theory given in A.1 to the q-deformations.

Let Fq be a finite field with q elements and let G := GL(n,Fq).

A.2.1 The q-deformation of R[Sn] is based on the natural bijection [Carter 2.8.1 (iii)]

B\G/B � Sn

where B is the upper triangular subgroup of G.

8



A q-deformation Rq[Sn] of R[Sn] is the Hecke R-algebra (A.1.2)

Rq[Sn] := H(G,B).

isomorphic to R[Sn] as an R-module, but with a different product. When q = 1 one recovers the algebra
R[Sn].

One deforms the tensor space VR(N,n) using the the more general bijection (loc. cit.)

Pα\G/P β � Sα
n\Sn/S

β
n

where α, β ∈ Λ(N,n), Pα is the upper parabolic subgroup of GL(n, F ) with blocs of size (αi × αj) for the
αi which are not zero.

A q-deformation Vq,R(N,n) of the tensor space V ⊗nN is

Vq,R(N,n) := ⊕α∈Λ(N,n)R[Pα\G/B].

This is the space of B-invariants of a R-representation of G

⊕α∈Λ(N,n)R[Pα\G].

The natural right action of HR(G,B) on Vq,R(N,n) is a deformation of the action of R[Sn] on VR(N,n).

A q-deformation Sq,R(N,n) of the Schur R-algebra SR(N,n) is the endomorphism ring

Sq,R(N,n) := EndRq [Sn] Vq,R(N,n).

When “q = 1” one recovers the classical Schur algebra SR(N,n).

Suppose N ≥ n. The argument given in the classical case A.1.7 shows that the Sq,R(N,n)-module
Vq,R(N,n) is cyclic

Vq,R(N,n) = Sq,R(N,n)e

where e is the projection on the α := (1, . . . , 1, 0, . . . , 0)-component (
∑

1 = n) equal to Rq[Sn] = HR(G,B)
and that the Sq,R(N,n)−Rq[Sn]-module Vq,R(N,n) satisfies the double centralizer property [DJ2 6.6]

Rq[Sn] = EndSq,R(N,n) Vq,R(N,n).

A.2.2 Suppose that R is an algebraically closed field. Dipper and James [DJ1] [DJ2], Dipper [D]
and Dipper and Donkin [DD] explained how representations of quantum linear groups and finite general
linear groups in the non-describing case are related, via the q-Schur algebras. Dipper and James [DJ1]
explained how the decomposition numbers of GL(n,Fq) are determined by the decomposition numbers of
various qk-Schur algebras. Some part of the theory of Dipper and James has been simplified by Takeuchi
[T].

It is remarkable that the simple modules of the Schur algebra Sq,R(N,n) do not depend on (q,R) as
long as q ∈ R non zero [D 4.7] [DJ2 8.8].

A.3 q-affine deformation

There is a big jump from finite dimension to infinite dimension when one considers the affine case, as
there is a big jump from a finite field to a p-adic field. The q-affine deformations of R[Sn], VR(N,n), SR(N,n)
are the q-deformations of the corresponding objects for the affine symmetric group Sn,aff .

Let F be a local non archimedean field with residual field Fq and ring of integers OF . Let G := GL(n, F ).
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The group Sn is isomorphic to the quotient N/T where N is the normalizer in G of the diagonal torus
T of G. The affine symmetric group is the quotient

Sn,aff := N/T (OF ) � Zn.Sn

where T (OF ) is the maximal compact subgroup of T and Zn.Sn is the naive semi-direct product. The
“affine parabolic” or parahoric subgroups Pα of G are the inverse images of the parabolic subgroups Pα of
GL(n,Fq) by the reduction modulo p

GL(n,OF )→ GL(n,Fq).

The inverse image of the standard minimal parabolic subgroup B of GL(n,Fq) is the standard Iwahori
subgroup I. The q-affine deformations are based on the natural bijections for α, β ∈ Λ(N,n)

Pα\G/Pβ � Sα
n\Sn,aff/S

β
n

The Hecke algebra H(G, I) is called the Iwahori-Hecke algebra of G.

The q-affine deformation R̂q[Sn] of the group R-algebra R[Sn] is the Iwahori-Hecke R-algebra

R̂q[Sn] := HR(G, I).

The q-affine deformation of the tensor space V ⊗nN is

V̂q,R(N,n) := ⊕α∈Λ(N,n)R[Pα\G/I]

The q-affine deformation of the Schur R-algebra SR(N,n) is the endomorphism ring of V̂q,R(N,n)

Ŝq,R(N,n) := EndR̂q [Sn] V̂q,R(N,n).

R̂q[Sn] is a q-deformation of R[Sr,aff ] : they are isomorphic as R-modules and when “q = 1′′ one
recovers R̂q[Sn] � R[Sr,aff ]. The R-module V̂q,R(N,n) is the module of I-invariants of a direct sum of
regular representations of G

⊕α∈Λ(N,n)R[Pα\G],

and has a natural right action of HR(G, I). The action of R̂q[Sn] on V̂q,R(N,n) is an affine deformation of
the action of R[Sn] on the tensor space VR(N,n).

Suppose N ≥ n. Then the argument in the classical case A.1.7 shows that the Ŝq,R(N,n)-module
V̂q,R(N,n) is cyclic

V̂q,R(N,n) = Ŝq,R(N,n)e

where e is the projector on the (1, . . . , 1, 0, . . . , 0)-component R[I\G/I] (
∑

1 = n) and that the Ŝq,R(N,n)−
HR(G, I)-module V̂q,R(N,n) satisfies the double centralizer property

EndŜq,R(N,n) V̂q,R(N,n) = HR(G, I).

A.4 The Schur algebra of a reductive p-adic group

The q-affine deformations of R[Sn], VR(n, n),SR(n, n) admit obvious analogues for a reductive connected
p-adic (or finite) group G. We consider the p-adic case. The finite case can be treated in the same way, by
exchanging the words parabolic and parahoric.
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A.4.1 Let
F a local non archimedean field, with residual field Fq with q = pf .
G the group of F points of a connected reductive group G over F .
T the group of F points of a maximal F -split torus T of G
Z the group of F points of the centralizer of T in G
N the group of F points of the normalizer N of T in G
W := N/Z � N/Z the Weyl group of (G,T )
Π a basis of the affine simple roots defined by (G,T )
To any proper subset J ⊂ Π and different from Π, Bruhat and Tits attached a “standard” parahoric

subgroup PJ , which is an Iwahori subgroup P∅ = I when J is the emptyset. A parahoric subgroup is
conjugate to a standard parahoric subgroup, but we will consider only standard parahoric subgroup, and we
will omit “standard”. The description of PJ [BTII 5.2.4] shows that J ⊂ J ′ implies PJ ⊂ PJ′ . The parahoric
subgroup PJ has a pro-p-radical UJ of quotient MJ := PJ/UJ the group of Fq points of a connected reductive
group MJ over Fq, a torus when J = ∅.

Waff (G) = N/(I ∩N) the generalized affine Weyl group of G, and I ∩N = I ∩Z is contained in Z. The
group Waff (G) is the semi-direct product of W and of Z/(I∩Z). The map n→ InI induces a bijection from
Waff (G) and the double (I, I)-cosets of G [M 3.22]. One denotes also by IwI := InI the coset associated
to w ∈Waff (G) image of n ∈ N .

si, i ∈ Π, the element of order 2 in Waff (G) such that the Pi := I ∪ IsiI.
WJ the subgroup of Waff (G) generated by the affine reflections sj , j ∈ J . The subgroup of W given

by the “vector parts” of WJ is isomorphic to WJ and to the Weyl group of MJ . We will identify them. The
group W∅ is trivial. We have PJ = IWJI. For J,K two proper subsets of Π, the map n→ PJnPK induces
a bijection [M 3.22]

WJ\Waff (G)/WK � PJ\G/PK .

R a commutative ring, ModR G the category of smooth R-representations of G, IrrR G the irreducible
ones.

A.4.2 We consider the R-representation of G

VR(G) := ⊕J VR,J , VR,J := R[PJ\G].

The q-deformation of R[Waff (G)] is the Iwahori-Hecke R-algebra of G

HR(G, I) := EndRG R[I\G].

The tensor R-space of G is the right HR(G, I)-module

VR(G)I �R ⊕JR[PJ\G/I].

The Schur R-algebra SR(G) of G is the endomorphism algebra of the tensor R-space

SR(G) := EndHR(G,I) VR(G)I .

The HR(G, I)-module VR(G)I is a deformation of the R[Waff (G)]-module ⊕JR[WJ\Waff (G)]. The
argument of the classical case A.1.7 shows that the SR(G, I)-module VR(G)I is cyclic

VR(G)I � SR(G, I)e

where e is the projector of R[I\G/I] �R HR(G, I), and that the SR(G, I)−HR(G, I)-module VR(G)I satisfies
the double centralizer property

HR(G, I) = EndSR(G,I) VR(G)I .

11



We will show in C.2.14 that the “Schur algebra” associated to VR(G)I is isomorphic to the “Schur
algebra” associated to VR(G).

A.4.3 Theorem For any commutative ring R, and any reductive connected p-adic group G, the
functor of I-invariants induces an algebra isomorphism

EndRG VR(G) � EndHR(G,I) VR(G)I .

The proof consists in exhibiting two natural basis of EndRG VR(G) and of EndHR(G,I) VR(G)I in corre-
spondence by the functor of I-invariants.

It is clear that the Iwahori-Hecke algebra, the tensor space, the Schur algebra, and their various defor-
mations are defined over Z. For any of these objects XR one has

XR = XZ ⊗Z R.

12



B Morita Equivalences

The properties of the functor Hom(Ae,−) for an idempotent e of a finite dimensional algebra A described
in A.1.3 can be generalized to algebras which are infinite dimensional and without unit. One can also replace
Ae by a quasi-projective finitely generated left A module Q, although this will not be used for the proof of
the main theorem. From Arabia [A], we know the conditions on Q which ensure that the functor Hom(Q,−)
induces an equivalence of categories between the category of left A modules annihilated by the annihilator
J of Q in A i.e. of left A/J -modules, and the category of right EndA Q modules.

B.1 Let A be an algebra. We change the notation from A.1.3. We denote now by ModA the category
of non degenerate right A-modules M = MA (we do not suppose that A contains a unit) and by A Mod the
non degenerate left A-modules, i.e. the non degenerate left modules for the opposite algebra Ao.

Let B be another algebra. One says that A,B are Morita right equivalent if the categories ModA
and ModB are equivalent, Morita left equivalent if the categories A Mod and B Mod are equivalent and
Morita equivalent if A,B are both left and right Morita equivalent.

Q ∈ ModA is called quasi-projective when for each pair of homomorphisms in ModA

f, π : Q→ V

with π surjective, there exists φ ∈ EndA Q with f = φ ◦ π.

Q ∈ ModA is called almost projective when there exists a surjective homomorphism in ModA

π : P → Q

with P projective and finitely generated, and kernel Kerπ stable by EndA P . Almost projective implies
quasi-projective.

Q ∈ ModA is called a progenerator when it is projective, finitely generated and any A-module is the
quotient of a direct sum of representations isomorphic to Q.

The same definitions can be given for Q ∈ A Mod.

B.2 Example : G is a reductive p-adic group, R is a commutative ring where p isninvertible, A is the
global Hecke algebra HR(G). Then the cyclic R-representation of G

Q = R[I\G]

where I is an Iwahori subgroup is almost projective [Vig3 I.3 proposition]. This is false in general when I is
replaced by another parahoric subgroup P , for instance for G = GL(n,Qp) and P = GL(n,Zp).

The R-representation Q of G is projective when the pro-order of I is not 0 in R.

B.3 Theorem Let Q ∈ A Mod quasi-projective and finitely generated. The functor

HomA(Q,−) : A Mod→ Mod EndA Q

induces
1) a bijection between the simple quotients of Q and the simple right EndA Q-modules,
2) an equivalence of categories of inverse the functor −⊗A Q, when Q is projective and HomA(Q,V )/=0

for any simple V ∈ A Mod. Then Q is a progenerator of A Mod.

See [A] Th.4 2) (b-2). For the property 2), one uses the following lemma.
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B.4 Lemma When Q ∈ A Mod is projective and finitely generated and HomA(Q,V )/=0 for any simple
V ∈ A Mod, then any V ∈ A Mod is the sum

∑
f f(Q) for all f ∈ HomR(Q,V ).

Proof a) Let X ∈ A Mod non zero. Let W be a non zero finitely generated subrepresentation of X, let
W1 be an irreducible quotient of W . By hypothesis HomA(Q,W1)/=0. By hypothesis Q is projective, hence
HomA(Q,W )/=0. Hence HomA(Q,X)/=0.

b) Let V ∈ A Mod non zero. Let V ′ :=
∑

f f(Q) for all f ∈ HomR(Q,V ). We have HomA(Q,V ) =
HomA(Q,V ′). The functor HomA(Q,−) is exact hence HomA(Q,X) = 0 for X = V/V ′. By a) V = V ′. �

B.5 Example Suppose Q = Ae generated by an idempotent e = e2 of A. The “value at e” gives an
isomorphism of abelian groups

HomA(Ae, V ) � eV

for all V ∈ A Mod. In the case where V = Ae the “value at e” is an isomorphism of algebra

(EndA Ae)o � eAe.

The functor V → eV : A Mod → eAe Mod is an equivalence of categories if eV /=0 for any non zero simple
V ∈ A Mod. This is A.1.3 (the notation has been changed).

Let M1, . . . ,Mn ∈ A Mod, there can be redundancy. We suppose that M1, . . .Mk are not isomorphic
and that for each 1 ≤ i ≤ n, there is some 1 ≤ j ≤ k such that Mi is isomorphic to Mj . We set

B := EndA M, M := M1 ⊕ . . .⊕Mn.

C := EndA N, N := M1 ⊕ . . .⊕Mk.

The natural projection e : M → N is an idempotent in B and eBe = C.

B.6 Corollary The functor V → eV : B Mod→ C Mod and the functor V → V e : ModB → ModC
are equivalences of categories.

Hence the algebra B and C are Morita equivalent.

Proof The proofs are symmetrical. Let us consider the functor V → eV . By B.5 it is enough to prove
that eV /=0 for any non zero V ∈ B Mod. The projections ei : M → Mi for 1 ≤ i ≤ n, are orthogonal
idempotents in B with sum the unit 1 of B, and e1 + . . .+ ek = e. There exists some 1 ≤ i ≤ n with eiV /=0.
We will prove that ejV /=0 for all j such that Mj �Mi. This implies eV /=0.

One reduces easily to the case where all Mi are isomorphic i.e. k = 1. Then B � M(n,C) and
the idempotent ei identifies to a diagonal matrix with the single non zero entry equal to 1 at (i, i). The
idempotents are permuted by the symmetric group naturally embedded in the group B∗ of invertible elements
of B, hence for any 1 ≤ i ≤ n there exist a unit b ∈ B∗ such that e1 = beib

−1. If V is a non zero B-module
then eiV /=0 for some i and e1V = beib

−1V /=0. �

Application. We may get rid of the redundancies in the tensor spaces defining the Schur algebra and
its deformations in A.4.2.

B.7 Corollary Let Q ∈ ModA with annihilator J in A. When Q is projective in ModA/J and
HomA(Q,V )/=0 for any simple V ∈ ModA/J , the functor

HomA(Q,−) : ModA/J � Mod(EndA Q)o

is an equivalence of categories, Q is a progenerator of ModA/J . The inverse of the functor is the functor
−⊗A/J Q.
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C Decomposition of the parahoric restriction-induction functor

We suppose that R is any commutative ring. We do not suppose that p is invertible in R, in view of
future applications to the case where the characteristic of R is p. The parahoric restriction and induction
functors for groups (C.1) are defined in [Vig6] where they play a fundamental role in the classification of
the irreducible R-representations of G of level 0 when R is algebraically closed. They appear naturally with
the Schur algebra. The decomposition of the restriction-induction functor is very useful to study the functor
I-invariants or to get a natural basis for the affine Schur algebra. The analogue for the Hecke algebras will
be given in (C.2), and the comparison via the invariant functors will be done in (C.3).

C.1 Groups

Notation. We need even more than in A.4. The situation is complicated by the fact that the generalized
affine Weil group Waff (G) is not a Coxeter group (and we insist for working on a general reductive p-adic
group).

Let
G′ the normal subgroup of G generated by the parahoric subgroups PJ for all proper subsets J ⊂ Π.
N ′ := G′ ∩N , the double (I, I)-cosets of G contained in G′ are In′I for n′ ∈ N ′,
Waff := N ′/(I ∩ N ′) the affine Weyl group of affine BN -pair (G′, I,N ′). It is a Coxeter group for

(si)i∈Π.
Ω ∈ Waff (G) the subgroup such that the double (I, I)-cosets of G contained in the normalizer of I in

G are IwI, w ∈ Ω. The group Ω is abelian, isomorphic to N/N ′ � G/G′, normalizes I and (si)i∈Π. The
generalized affine Weyl group Waff (G) is a semi direct product of the normal subgroup Waff and of Ω.


 the length on Waff extended to a length on Waff (G) such that the set of elements of Waff (G) of
length 0 is equal to Ω.

A set of representatives nw, w ∈ Waff (G) in N of Waff (G) can be chosen such that nw1w2 = nw1nw2

when 
(w1w2) = 
(w1) + 
(w2) and nw ∈ N ′ if w ∈ Waff [M 5.2]. We fix such a set, and we often identify
nw with w.

C.1.1 Distinguished elements
We will always denote by J or K a proper subset of Π. Any double (WK ,WJ) coset in WK\Waff (G)/WJ

contains a unique element of minimal length, called distinguished by (K,J). The set of these elements is
denoted by DK,J(G). It is identified with its representatives in N . Clearly DJ,K(G) (in Waff (G)) is the
set DK,J(G)−1 of inverse elements of DK,J(G). The same of true for the representatives of DJ,K(G) in N .
When L is another proper subset of Π which contains K ∪ J , it is clear that DK,J(G) ∩WL is the set of
(K,J)-distinguished elements of WL. It will be denoted by DL

K,J .

Let d ∈ DK,J(G). We denote by Int(d) the conjugation by d, when it has a sense. The important
properties of d are :

a) For all w ∈WJ and d′ ∈ DJ,∅ we have [M 3.9]


(wJd
′) = 
(wJ) + 
(d′).

For wK ∈ WK , wJ ∈ WJ , the relation 
(wKdwJ) = 
(wK) + 
(d) + 
(wJ) is not always true (there is no
“addition on the lengths in WKdWJ”), but one has (there is no reference in Morris, but the proof is as in
[Carter 2.7.5]) using [M 3.16, 3.17])

WKdWJ = DK
∅,K∩dJdWJ

with unique decomposition w = adwJ , a ∈ DK
∅,K∩dJ , wJ ∈ WJ , w ∈ WKdWJ , and there is “addition of the

lengths in DK
∅,K∩dJdWJ” 
(adwJ) = 
(a) + 
(d) + 
(wJ), i.e. ad ∈ D∅,J .

b) [Carter 2.7.4] [M 3.17]
WK ∩ dWJd

−1 = WK∩dJ
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The map v → dvd−1 : Wd−1K∩J →WK∩dJ is an isomorphism.

c) [Carter 2.8.7] [M 3.19, 3.20, 3.21] The group PK ∩ Int(d)PJ modulo UK , is a standard parabolic
subgroup PK

K∩dJ of MK with unipotent radical UK
K∩dJ equal to PK ∩ Int(d)UJ modulo UK . The finite

reductive quotient of PK
K∩dJ is denoted MK

K∩dJ .

d) Suppose K ⊂ J . In the Bruhat-Tits semi-simple building, the facet FJ associated to J is contained
in the closure of the facet FK associated to K. This implies that J → PJ respects the inclusions and that
J → UJ reverses the inclusions [BTII 5.2.4, BTI 6.4.9, 7.1.1] and [SS I.2.11],

UJ ⊂ UK ⊂ PK ⊂ PJ .

The groups PK , UK are the inverse images of P J
K , UJ

K in PJ by the reduction modulo UJ , and we have a
canonical isomorphism

MK = PK/UK � (PK/UJ)/(UK/UJ) = P J
K/UJ

K = MJ
K .

In particular MK
K∩dJ �MK∩dJ will be identified.

e) The conjugation by d gives an isomorphism Int(d) : Int(d−1)PJ → PJ respecting the pro-p-radicals
and by quotient an isomorphism between the reductive quotients

Int(d) : Md−1J →MJ .

f) The group BJ := P J
∅ is a minimal parabolic subgroup of MJ with unipotent radical UJ

∅ .

C.1.2 Parahoric induction and restriction
Let R be any commutative ring and let ModR G be the category of representations of G. We consider

the functors :

a) Inflation Representations of the finite reductive group MJ identify with representations of the
parahoric group PJ trivial on UJ by inflation

inflPJMJ
: ModR MJ → ModR PJ .

b) The right adjoint of the inflation is the UJ -invariant functor

invPJMJ
: ModR PJ → ModR MJ .

c) The compact induction from representations of the parahoric group PJ to representations of the
p-adic reductive group G

indGJ : ModR PJ → ModR G

d) The right adjoint of the compact induction is the restriction

resGJ : ModR G→ ModR PJ .

e) The parahoric induction iGJ and its right adjoint the parahoric restriction rGJ are:

iGJ := indGPJ ◦ inflPJMJ
: ModR MJ → ModR PJ → ModR G,

rGJ := invPJMJ
◦ resGPJ : ModR G→ ModR PJ → ModR MJ .
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f) Suppose K ⊂ J . Then MK is the Levi subgroup of the parabolic subgroup P J
K of MJ . We have

the functors of parabolic induction and its right adjoint the parabolic restriction between the finite
reductive groups

iJK := indMJ

PJ
K

◦ inflP
J
K

MK
: ModR MK → ModR P J

K → ModR MJ

rJK := invP
J
K

MK
◦ resMJ

PJ
K

: ModR MJ → ModR P J
K → ModR MK .

It is well known that the parabolic induction and restriction functors in the finite or p-adic case are
transitive. The parahoric functors relate p-adic groups and finite groups. We consider the composition of a
parahoric functor with a parabolic functor between finite reductive subgroups.

C.1.3 Transitivity When K ⊂ J , then

iGK = iGJ ◦ iJK , rGK = rJK ◦ rGJ .

Proof By adjunction, it is enough to prove one of the two equalities. They are true because we have
an exact sequence

1→ UJ → UK → UJ
K → 1.

C.1.4 Theorem [Vig6] For any commutative ring R, the parahoric restriction-induction functor

TG
K,J = rGK ◦ iGJ : ModR MJ → ModR G→ ModR MK

is a direct sum
TG
K,J = ⊕d∈DK,J (G) F d

K,J

of functors F d
K,J isomorphic to

iKK∩dJ ◦ Int(d) ◦ rJJ∩d−1K : ModR MJ → ModR MJ∩d−1K → ModR MK∩dJ → ModR MK .

The decomposition is given by the restriction to the UK-invariant functions with support PJd
−1PK .

The isomorphism for F d
K,J is obtained via the map f → φ(m) = f(d−1m) modulo UJ

J∩d−1K for m ∈MK .

The sum is infinite, but only finite reductive groups appear in the definition of the functors F d
K,J .

The are three basic cases :
a) The parabolic restriction rJK � F 1

K,J when K ⊂ J

b) The parabolic induction iJK � F 1
J,K when K ⊂ J

c) The conjugation Int(d) � F d
dJ,J when dJ ⊂ Π.

C.1.5 Basic Example (for K = J = ∅). For any R-representation V of the Iwahori subgroup I = P∅
trivial on its pro-p-radical Ip = U∅, we have an isomorphism of I/Ip-modules

(indGI V )Ip = ⊕w∈WG
aff

Intw V.

As rGK is the right adjoint of iGK , we have HomRG(R[PK\G], R[PJ\G]) �R HomRPK (1, TG
K,J1), and the

theorem gives a basis of this R-module.

C.1.6 Basis
HomRG(R[PJ\G], R[PK\G]) �R ⊕d∈DK,J (G)Rψd

K,J
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where ψd
K,J sends the characteristic function of PJ to the characteristic function of PKdPJ .

C.2 Hecke algebras

Let R be any commutative ring. The affine Iwahori-Hecke algebra HR(G, I) is denoted by HR. The
double (I, I) coset of w ∈ Waff (G) considered in HR is denoted by Tw. The product is the “convolution
product for the Haar measure normalized by I”. This “non sense” valid when R = Q is the field of rational
numbers allows to compute the product when R = Z and by scalar extension for any R. As in C.1, J,K
denote always proper subsets of Π.

The Hecke algebra HR(PJ , I) is denoted by HR,J . It is a subalgebra of HR

HR,J = ⊕w∈WJ
RTw

and is naturally isomorphic to the Hecke algebra HR(MJ , BJ). For K ⊂ J , we have HR,K ⊂ HR,J .

Notations as in Chapter B for modules. We consider the functors:

a) The induction
iHJ : ModHR,J → ModHR, V → V ⊗HR,J HR.

b) The right adjoint1 of the induction is the restriction

rHJ : ModHR → ModHR,J .

C.2.1 Theorem For any commutative ring R, the parahoric restriction-induction functor

THK,J := rHK ◦ iHJ : ModHR,J → ModHR → ModHR,K

is a direct sum
THK,J = ⊕d∈DK,JFd

K,J

of functors Fd
K,J isomorphic to

iH,K
K∩dJ ◦ Int(d) ◦ rH,J

J∩d−1K : ModHR,J → ModHR,J∩d−1K → ModHR,dJ∩K → ModHR,K .

The three basic functors are
a) the restriction rH,J

K : ModHR,J → ModHR,K when K ⊂ J

b) the induction iH,J
K : ModHR,K → ModHR,J when K ⊂ J

c) the conjugation Int(d) : Tw �→ Tdwd−1 ,ModHR,J → ModHR,dJ when dJ ⊂ Π.

We need some preparation for the proof of the theorem given in C.2.12.

C.2.2 Relations in Iwahori-Hecke algebras

Let G as in A.4 and C.1. Change of notation: we identify the simple affine roots in Π with the associated
reflexions. The Iwahori-Hecke algebras are described when G is a Chevalley group by Iwahori-Matsumoto

1 the right adjoint of the restriction is HomHM (HM ,−).
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[IM] and when G is semi-simple in Borel [B]. The Iwahori-Hecke algebra HR(G′, I) of G′ is the algebra
associated to the Coxeter system (Waff ,Π), and the constants

qs := [IsI/I] = qds

for all s ∈ Π [Bki GAL Ch.4, Ex.23, 24], where ds is the integer attached to s as in [Tits 1.8.1, 2.4, 3.5.4].
When s, s′ are conjugate in Waff (G) the constants are equal qs = qs′ . When the torus I/Ip = M∅ is split,
i.e. G is residually split, all the integers ds are equal to 1. The order of a maximal unipotent subgroup of
Ms is qs. For w ∈Waff (G) we set

qw := [IwI : I] = qd.

If w = σs1 . . . sr where σ ∈ Ω, and s1 . . . sr is a reduced word in Waff then d =
∑r

t=1 dst . When w,w′ ∈
Waff (G) are conjugate then qw = qw′ . In particular qw = qw−1 .

The relations between the Tw for w ∈Waff are

(C.2.3) Tww′ = TwTw′ if 
(ww′) = 
(w) + 
(w′) for all w,w′ ∈Waff

(C.2.4) T 2
s = (qs − 1)Ts + qsT1. for all s ∈ Π

The Iwahori-Hecke algebra HR = HR(G, I) of G is a generalized affine Hecke algebra. As Ω normalizes
I, the R-submodule ⊕σ∈ΩRTσ is a subalgebra isomorphic to the group algebra R[Ω], and it is known that
for all w ∈Waff (G) and σ ∈ Ω

(C.2.5) Twσ = TwTσ, Tσw = TσTw.

Hence we have
HR � R[Ω].HR(G′, I)

The definition of the length on Waff (G) and the relation (C.2.5) show that the relation (C.2.3) is valid for
all w,w′ ∈Waff (G). We have Tww′ = TwTw′ if there is “addition of the lengths in ww′”.

When p is invertible in R, Ts is invertible in HR by C.2.4

T−1
s = (1− q−1

s )T1 + q−1
s Ts

and by C.2.3 and C.2.5, Tw is invertible in HR for all w ∈Waff (G).

6.2.6 Characters The map w → qw extends to a character of HR called the “index” or “trivial”
character. The map w → (−1))(w) extends to a character of HR called the “sign” character. Same for the
finite Hecke algebra HR,J . Set

xJ =
∑

w∈WJ

Tw, yJ =
∑

w∈WJ

(−1)−)(woJw)qwoJwTw

where woJ is the longest element of WJ [Carter 2.211]. When J = ∅, then x∅ = y∅ = T1.

Note that by additivity of the lengths qwoJ = qwoJwqw−1 = qwqwoJw and by symmetry qwoJ = qwqwwoJ .
If p is invertible in R we have

yJ = (−1)−)(woJ )qwoJ
∑

w∈WJ

(−1)−)(w)q−1
w Tw.
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C.2.7 Lemma Modulo multiplication by an element of R, xJ and yJ are the unique elements in
HR,J which satisfy the relations

xJTs = TsxJ = qsxJ , yJTs = TsyJ = −yJ

for all s ∈ J .

Proof Let aw ∈ R for w ∈WJ . Let s ∈ J . Then

(
∑

w∈WJ

awTw)Ts =
∑

w∈WJ ,)(w)<)(ws)

(awTw + awsTws)Ts.

We have for w ∈WJ , 
(w) < 
(ws)

(awTw + awsTws)Ts = awTws + awsTw(qsT1 + (qs − 1)Ts) = qsawsTw + (qsaws + aw − aws)Tws.

The equations
qsaw = qsaws, qsaws = qsaws + (aw − aws)

are equivalent to aw = aws. They are satisfied for all s ∈ J if and only if aw is constant for w ∈ WJ . The
equations

−aw = qsaws, −aws = qsaws + (aw − aws)

are equivalent to aw = −qsaws. They are satisfied for all s ∈ J if and only if aw = (−1))(w
−1woJ )qw−1woJawoJ

for all w ∈WJ . We can replace w−1woJ by its inverse woJw in the term before awoJ .

Same proof for the other side.

C.2.8 Lemma
a) When K ⊂ J we have

xKxJ = xJxK = PK(q)xJ , where PK(q) :=
∑

w∈WK

qw.

b) For d ∈ DK,J(G) we have Pd−1K∩J(q) = PK∩dJ(q).
c) For d ∈ DK,J(G) we have

xKTdxJ = PK∩dJ(q)
∑

w∈WKdWJ

Tw.

Proof a) results from C.2.7.
b) results from C.1.1 b), and qw = qw′ when w,w′ ∈Waff (G) are conjugate.
We prove c). We have WKdWJ = DK

∅,K∩dJdWJ with addition of the lengths on the right side from C.1.1
a), hence ∑

w∈WKdWJ

Tw =
∑

w∈DK∅,K∩dJ

TwTdxJ

We have WK = DK
∅,K∩dJWK∩dJ with addition of the lengths from C.1.1 a). Hence

xK =
∑

w∈DK∅,K∩dJ

Tw xK∩dJ .

We have WK∩dJd = dWd−1K∩J with addition of the lengths, hence

xKTd =
∑

w∈DK∅,K∩dJ

Tw xK∩dJTd =
∑

w∈DK∅,K∩dJ

Tw Tdxd−1K∩J .
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By right multiplication by xJ using a) and b) we get the formula. �

C.2.9 Iwahori-Matsumoto automorphism Suppose p invertible in R.
a) There is an automorphism j of order 2 of the Iwahori-Hecke algebra HR

j(Ts) = −qsT
−1
s = (qs − 1)T1 − Ts

for all s ∈ Π and j(Tσ) = Tσ for all σ ∈ Ω.
b) This automorphism exchanges xJ and yJ modulo a unit

j(xJ) = cJyJ

where cJ ∈ R is invertible, for J ⊂ Π.

Proof a) j(Ts) satisfies the equation (X + 1)(X − q) = 0. We admit that j is an automorphism [IM
3.2], [DJ1 §2].

b) [DJ1 page 25]. �.

C.2.10 Lemma HR is a free left (resp. right) HR,J module with basis (Td)d∈DJ,∅(G) (resp.
(Td)d∈D∅,J (G)).

Proof We have Waff (G) = WJDJ,∅(G) = D∅,J(G)WJ with addition of the lengths by C.1.1.a). �

C.2.11 Lemma Let d ∈ DJ,K(G). The R-submodule R(I\PJdPK/I) � ⊕w∈WJdWK
RTw of HR is a

free right HR,J -module (resp. left HR,K-module)

⊕w∈WJdWK
RTw = ⊕a∈DJ∅,K∩dJ

TaTdHR,K = ⊕b∈DK
d−1K∩J,∅

HR,JTdTb

with basis TaTd for a ∈ DJ
∅,K∩dJ (resp. TdTb for b ∈ DK

d−1K∩J,∅).

Proof We have I\PJdPK/I �WJdWK = DJ
∅,K∩dJdWK = WJdD

K
d−1K∩J,∅ with addition of the lengths

for the last two expressions by C.1.1 a). �

C.2.12 Proof of the theorem C.2.1 Let V ∈ ModHR,J . We want to describe V ⊗HR,J HR as a right
HR,K-module. We have a decomposition of (HR,K ,HR,J)-module

HR � ⊕d∈DJ,K(G)R[I\PJdPK/I].

For d ∈ DJ,K(G) we want to understand the HR,K-module

V ⊗HR,J R[I\PJdPK/I].

We apply C.2.11.

V ⊗HR,J R[I\PJdPK/I] �R V ⊗HR,J (⊕a∈DJ∅,dK∩J
TaTdHR,K).

We have
∑

a V Ta = V because 1 ∈ DJ
∅,dK∩J and we can forget the “a” in the right side. We have an

isomorphism of HR,K-module

Fd
K,J(V ) � (V ⊗ Td)⊗HR,K∩d−1J

HR,K .

C.2.13 We deduce from the theorem C.2.1 a basis for HomHR(xJHR, xKHR). The right module
xJHR is induced from the “trivial” or “index” character of HR,J ,

xJHR � xJHR,J ⊗HR,J HR = {h ∈ HR | Twh = qwh for all w ∈WJ}.
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Same proof as in C.2.7 using C.2.10. The restriction is the right adjoint of the induction and with the
theorem C.2.1 we get

HomHR(xJHR, xKHR) = ⊕d∈DK,J (G) HomHR,J (xJHR,J , R[PK\PKdPJ/I]).

Let aw ∈ R for w ∈WKdWJ then

Tv(
∑

w∈WKdWJ

awTw)Tu = qwqu(
∑

w∈WKdWJ

awTw)

for all v ∈ WK , u ∈ WJ is equivalent to aw constant for all w ∈ WKdWJ (same proof as in C.2.7). We
deduce:

Basis HomHR(xJHR, xKHR) has a basis (Φd
K,J) parametrized by DK,J(G),

Φd
K,JxJ =

∑

w∈WKdWJ

Tw.

In particular
Φ1
∅,J : xJHR → HR is the inclusion

Φ1
J,∅ : HR → xJHR is the left multiplication by xJ

Φw
∅,∅ = Tw for all w ∈Waff (G).

C.2.14 Proof of the theorem A.3.4 As a right HR-module,

R[PJ\G/I] = xJHR.

From C.1.6 and C.2.13 the functor of I-invariants gives an isomorphism

HomRG(R[PJ\G], R[PK\G]) � HomHR(xJHR, xKHR)

sending Ψd
K,J on Φd

K,J for all d ∈ DK,J(G).
Hence the Schur algebra SR of G is also the ring of endomorphisms of a R-representation of G

SR = EndHR ⊕JxJHR � EndRG⊕JR[PJ\G].

C.2.15 The Schur algebra, basis, relations, generators From C.2.13, a basis of the Schur
algebra SR is (Φd

K,J) where K,J are proper subsets of Π and d ∈ DK,J(G),

Φd
K,JxJ′ = δJ,J ′

∑

w∈WKdWJ

Tw

and δJ,J ′ = 1 if J = J ′ and 0 otherwise. The product

(0) Φd
K,JΦd′

K′,J ′ = 0

of two elements of the basis is 0 when J /=K ′. The product Φd
K,LΦd′

L,J is a finite sum
∑

ad′′Φd′′

K,J .
The basis elements Φ1

∅,J ,Φ
1
J,∅, Tw satisfy the relations:

(a) TsΦ1
∅,J = qsΦ1

∅,J for s ∈ J

(b) Φ1
J,∅Ts = qsΦ1

J,∅ for s ∈ J
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(c) Φ1
∅,JΦ1

J,∅ = xJ

(d) Φ1
K,∅TdΦ1

∅,J = PdJ∩K(q)Φd
K,J

They are all evident, the last one (d) is equivalent to the basic formula C.2.8

xKTdxJ = PK∩dJ(q)xJ .

We get a presentation of the Schur algebra SR by generators Φ1
∅,J ,Φ

1
J,∅, Ts, Tσ for J proper subset of Π

s ∈ Π, σ ∈ Ω and relations (0), (a), (b), (c), (d), and the relations in HR when PJ(q) is invertible in R for
all J ⊂ Π.

C.3 Going between groups and Hecke algebras

Let R be any commutative ring. The functor of invariants by the Iwahori subgroup I, or the Borel
subgroup BJ ,

invI : ModR G→ ModHR, invBJ : ModR MJ → ModHR,J

relates the R-representations of G, or MJ , with the right modules for the Iwahori-Hecke algebra HR, or the
finite Hecke algebra HR,J .

We will show that the parahoric induction or restriction on the group side correspond via invI , invBJ
to the analogous functors on the Hecke algebra side.

C.3.1 Theorem The functors

iHJ ◦ invBJ : ModR MJ → ModHR,J → ModHR

invI ◦ iGJ : ModR MJ → ModR G→ ModHR

are equal.

Proof Let V ∈ ModR MJ . By C.1.4, invI ◦ iGJ (V ) is

(C.3.2) (iGJ V )I = ⊕d∈DJ,∅(G)V
I
d

where V I
d is the R-module of functions of iGJ (V ) with support PJdI and right invariant by I, and the value

at d gives an isomorphism
V I
d �R V BJ .

We denote by fv,d the function in V I
d with value v ∈ V BJ at d. As HR is a free left HR,J -module of basis

(Td) for d ∈ DJ,∅(G) by C.2.10, iHJ ◦ invBJ (V ) is

(C.3.3) V BJ ⊗HJ HR = ⊕d∈DJ,∅(G)V
BJ ⊗ Td.

We compare now the right actions of HR on (C.3.2) and (C.3.3). Let w ∈Waff (G) and let f = fv,1 : PJ → R
be a right I-invariant function. By definition

fTw(−) =
∑

g

f(−g−1) if IwI = ∪gIg (disjoint union).

The support of fTw is PJdI. When w ∈WJ then Tw ∈ HR,J = HR(PJ , I). We have f(1) ∈ V BJ , and

fTw(1) = f(1)Tw.

When d ∈ DJ,∅(G) we have
fTd(d) = f(1).

because the terms in
∑

g f(dg−1), IdI = ∪gIg vanish if Ig /=Id. Indeed g = dx, x ∈ I and dx−1d−1 = y ∈ PJ

implies Td = TyTd by “additivity of the lengths” (C.1.1 a), hence y ∈ I.
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Let φ ∈ HR. We write φ = hTd for h ∈ HR,J and d ∈ DJ,∅(G). We have clearly (v ⊗ T1)hTd = vh⊗ Td

and by the above computation fv,1hTd = fvh,1Td = fvh,d. We deduce that the map

v ⊗ Td → fvTd : V BJ ⊗ Td → V I
d

is an isomorphism of right HR-modules. �

C.3.4 Theorem The functors

invBJ ◦rGJ : ModR G→ ModR PJ → ModHR,J

and
rHJ ◦ invI : ModR G→ ModHR → ModHR,J

are equal.

Proof UJ is a normal subgroup of I with quotient I/UJ = BJ . �

C.3.5 Corollary Let d ∈ DK,J(G). Then the functors

Fd
K,J ◦ invBJ : ModR MJ → ModHR,J → ModHR,K

and
invBK ◦ F d

K,J : ModR MJ → ModR MK → ModHR,K

are equal. The functors

THK,J ◦ invBJ : ModR MJ → ModHR,J → ModHR,K

invBK ◦ TG
K,J : ModR MJ → ModR MK → ModHR,K

are equal.

Our motivation is to study the homomorphism of I-invariants, when we restrict to parahorically induced
representations. The above results allows to reduce from the p-adic case to the finite case. Let VJ ∈
ModR MJ , VK ∈ ModR MK for two proper subsets J,K of Π.

C.3.6 Proposition The homomorphism of the I-invariants

HomRG(iGKVK , iGJ VJ)→ HomHR((iHKVK)I , (iHJ VJ)I)

is injective (resp. surjective, bijective) if and only if the homomorphisms of BK-invariants

HomRMK
(VK , F d

K,JVJ)→ HomHR,K (V BK
K , (F d

K,JVJ)BK ) � HomHR,K (V BK
K ,Fd

K,J(V BJ
J ))

are injective (resp. surjective, bijective) for all d ∈ DK,J(G).

Proof We have by adjunction and decomposition of TG
K,J

(a) HomRG(iGKVK , iGJ VJ) � ⊕d∈DK,J (G) HomRMK
(VK , F d

K,JVJ)

Using that the parahoric induction commutes with the invariants, adjunction, decomposition of THK,J , and
finally that the parahoric restriction-induction commutes with the invariants, one gets

(b) HomHR((iGKVK)I , (iGJ VJ)I) � ⊕d∈DK,J (G) HomHR,K (V BK
K , (F d

K,JVJ)BK ).

It is easily seen that the homomorphism of the I-invariants from (a) to (b) on the left side respects the
decomposition, and corresponds to the homomorphism of the BK-invariants on each term of the right side.
We apply (C.3.5) to replace (F d

K,JVJ)BK by Fd
K,J(V BJ

J ). �

C.3.7 Remark When VK is generated by its BK-invariants, iGKVK is generated by its I-invariants
and the homomorphism of I-invariants in C.3.6 is injective. If moreover R is a field of characteristic /=p,
VK , VJ are finite dimensional, the equality of the dimensions

dim HomRMK
(VK , F d

K,JVJ) = dim HomHR,K (V BK
K ,Fd

K,J(V BJ
J ))

for all d ∈ DK,J(G) is equivalent to the bijectivity of the homomorphisms of I-invariants in C.3.6.
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D Proof of the main theorem

We will prove the main theorem of the introduction. As most of the arguments are valid for a general
reductive group, we restrict to GL(n, F ) only at the end.

D.1 Let G be a general reductive p-adic group as in A.4 and C.1. The group of Fq-points of the
maximal split torus T of G is a maximal split torus of MJ and the set ΦJ of roots of MJ with respect to
this torus are described in [Tits 3.5.1]. We denote by Φ+

J ,∆J � J the set of positive, simple roots of ΦJ

with respect to the Borel subgroup BJ of MJ . The order of the unipotent subgroup Uα of MJ attached to
α ∈ ∆J is qds where s is the reflexion associated to a simple affine root in J identified with α. One considers
the following subset U∗,J∅ of the unipotent radical UJ

∅ of BJ

(1) U∗,J∅ :=
∏

α∈Φ+
J
−∆J

Uα

The commutator relations show that U∗,J∅ is a normal subgroup of UJ
∅ and that the quotient UJ

∅ /U
∗,J
∅ is

abelian. When K ⊂ J , we have the exact sequence (C.1.1)

(2)K⊂J 1→ UJ → UK → UK
J → 1

and
UK
J =

∏

α∈Φ+
J
−Φ+

K

Uα

(2)′K⊂J U∗,J∅ ⊂ U∗,K∅ UK
J =

∏

α∈Φ+
J
−∆K

Uα.

We have UJ
∅ = UK

∅ UK
J . The group U∅ is the pro-p-radical of the Iwahori subgroup I = P∅. The group U∗,J∅

lifts to an open compact subgroup V ∗,J∅ of U∅ using the exact sequence (2)∅⊂J .

Lemma Suppose K ⊂ J . Then V ∗,J∅ ⊂ V ∗,K∅ .

Proof The inverse image by (2)∅,J of the inclusion (2)′K⊂J is the inclusion of the lemma. �

D.2 Let G be the group of rational points of a reductive connected group over the finite field Fq. We
use the same notations as above (with G = MJ), T a maximal split torus, W the Weyl group, B(= BJ) = ZU
a minimal parabolic subgroup with unipotent radical U(= UJ

∅ ) and Levi subgroup a torus Z, Φ the roots of
(G,T ), ∆ the simple roots, U∗(= U∗,J∅ ). A parabolic subgroup P = MV with unipotent radical V and Levi
M is standard if B ⊂ P,Z ⊂M .

Definition Let R be any commutative ring. A R-character χ : U → R∗ of U is called non degenerate
if χ is not trivial on Uα for any simple root α ∈ ∆, and generic if χ is non degenerate and trivial on U∗ .
The R-representation of G

ΓR,χ := indGU χ

induced by a generic R-character χ of U is called a Gelfand-Graev R-representation of G.

When the generic characters are conjugate in G there is a unique Gelfand-Graev R-representation of G
modulo isomorphism. When G is a torus Z, then U = {1} and the (unique) Gelfand Graev representation
of Z is the regular representation

ΓR = iZ1 1 � R[Z].

Note that 0 is the only element G-invariant of ΓR,χ when G is not a torus. If G = Z is a torus then ΓZ
R � R.
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Let 
 be a prime number different from p. We decompose Z = Z)Z
) where Z) is of order a power of 


and Z) of order prime to 
. Set B = Z)B
) with B) = Z)U (the prime-to-
 part of B). When 
 does not

divide |Z| we have Z) = {1} and B = B).

We collect facts on a Gelfand-Graev representation which will be used later. We insist on keeping a
commutative ring R as general as possible and a general reductive connected finite group G.

D.3 Lemma Let R be a commutative ring such that U has a generic R-character χ. Then the
Gelfand-Graev R-representation ΓR,χ has the following properties:

1) The U -invariants of ΓR,χ is
ΓU
R,χ � R[Z].

2) HomRG(indGB� 1,ΓR,χ) � R[Z)].
3) The B-invariants of ΓR,χ is isomorphic to the sign character as a right HR(G,B)-module

ΓB
R,χ � sign .

4) Let P = MV be a standard parabolic subgroup of G. The V -invariants of ΓR,χ is a Gelfand-Graev
representation of M

ΓV
R,χ � ΓR,wMowo(χ)|M

where wo, resp. wMo is the longest element of W , resp. WM and wMowo(χ)|M : U ∩M → R∗ is the generic
character u �→ χ(wowMouwMowo). The P -invariants of ΓR,χ is 0 if P /=B.

Proof Note that 1) is a particular case of 4). We prove 4). The objects relative to M are denoted with
an index M . By the Mackey decomposition C.1.4, ΓV

R,χ is a direct sum indexed by W/WM . Let w ∈W/WM

distinguished. We have
wV w−1 ∩ U =

∏

α∈Φ+−Φ+
M
,w(α)∈Φ+

Uw(α).

This group contains no Uβ with β ∈ ∆ if and only if w−1(β) ∈ Φ+
M or w−1(β) < 0 for any β ∈ ∆. This

is equivalent to [Carter page 262] w ∈ wowMo. One deduces by C.1.4 that ΓV
R,χ is the set of functions

f : UwowMoMV → R such that f(uwowMomv) = χ(u)f(wowMom) for all u ∈ U,m ∈ M, v ∈ V with the
natural action of M . By restriction to M we deduce the first part of 4). The second part of 4) comes from
the fact that ΓM

R,wMowo(χ)|M = 0 if M is not a torus.

We prove 2) using adjunction and 1). We get HomRG(indGB� 1, indMU χ) � R[Z)Z
)]Z

� � R[Z)].
We prove 3). From 1) ΓB

R,χ is a free R-module of rank 1, the set of functions f : UwoB → R such that
f(uwob) = χ(u)f(wo) for all u ∈ U, b ∈ B. Let s ∈ W be a reflexion associated to a simple root α ∈ ∆.
Then B ∪BsB is a standard parabolic subgroup and ΓB∪BsB

R,χ = 0 by 4). Hence f [B] + f [BsB] = 0 for any
f ∈ ΓB

R,χ. Hence ΓB
R,χ is the sign representation. �

When R is a field of characteristic /=p, the representation indGB 1 is quasi-projective [Vig3, I.3 proposition]
and the B-invariant functor

V → V B : ModR(G)→ ModRHR(G,B)

induces a bijection between the irreducible representations of G generated by their B-invariant vectors and
the simple modules for HR(G,B).

D.4 Definition When R is a field of characteristic /=p, we denote by StR the unique irreducible
representation of G corresponding to the character sign of HR(G,B) by the B-invariant functor.

By D.1 (1), we have an isomorphism of locally profinite groups

U/U∗ �
∏

α∈∆

Uα.
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A R-character χ of U trivial on U∗ defines a subset of ∆, the simple roots α such that χ is not trivial on
Uα, hence a standard parabolic subgroup P = MV containing B such that χ is the character of U obtained
by inflation of a generic character of UM = U ∩M . In this way, the R-characters of U which are trivial on
U∗ are in bijection with the disjoint union of the generic characters of UM for all standard M .

We go back to the p-adic case. We use the notations introduced in D.1, D.2, D.3 introducing an index J
for objects associated to the finite reductive group MJ . Let R be any commutative ring where p is invertible
and such that the characteristic function of the finite group Uα is the sum of the R-characters of Uα, for all
simple roots α ∈ Π. We introduce the R-representation of G:

(3) ΓR := ⊕i∈Π R[U∗Π−i\G] = ⊕i∈Π eiHR(G)

where U∗Π−i := V ∗,Π−i∅ , and ei is the idempotent of HR(G) associated to U∗Π−i for all i ∈ Π. The represen-
tation ΓR ∈ ModR G is projective and finitely generated.

Recall that J denotes always a proper subset of Π.

D.5 Proposition 1) The R-representation ΓR of G is isomorphic to

ΓR � ⊕J ⊕|Π|−|J| ⊕χ∈YJ i
G
J ΓR,χ,J

where YJ is the set of generic R-characters of the unipotent radical of BJ and ΓR,χ,J is the Gelfand-Graev
R-representation of MJ associated to χ ∈ YJ .

2) The I-invariants of ΓR is an HR-module isomorphic to

ΓI
R � ⊕J ⊕|YJ |(|Π|−|J|) yJHR

where HR,JyJ = signJ is the sign character of HR,J (C.2.4).
3) The ring of HR-endomorphisms of ΓI

R is Morita equivalent to the Schur algebra SR

EndHR(ΓI
R) �Morita SR.

Proof We prove the property 1) of the proposition. Let us fix i ∈ Π. Our hypothesis on R allows to
write ei as an orthogonal sum of idempotents eχ for all R-characters χ of UΠ−i

∅ trivial on UΠ−i,∗
∅ . Such a

character χ is the inflation of a generic character of the unipotent radical UJ
∅ of BJ for some J ⊂ Π − i.

We identify the characters of the unipotent radical UJ
∅ of BJ to characters of U∅ trivial on UJ via the exact

sequence (2)∅⊂J in D.1. The idempotent eχ identifies with an idempotent of the group R-algebra of MJ

R[MJ ] = HR(PJ , UJ) ⊂ HR(G).

We have

(4) ei = ⊕J⊂Π−i ⊕χ∈YJ eχ

(4)′ eχR[MJ ] � ΓR,χ,J

hence

(4)′′ eχHR(G) = iGJ ΓR,χ,J

from which we deduce the proposition 1.
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We prove the property 2) of the proposition. By the lemma D.3 we have in ModHR,J

ΓBJ
R,χ,J � yJHR,J � signJ .

Hence by C.3.1 we have in ModHR

(5) (iGJ ΓR,χ,J)I � yJHR.

We prove the property 3) of the proposition. The algebra of HR-endomorphisms of ⊕J⊂Π ⊕mJ yJHR

is Morita equivalent to the algebra of HR-endomorphisms of ⊕J⊂Π ⊕ yJHR because all the mJ are ≥ 1 and
we can replace them by 1 by B.6. The algebra of HR-endomorphisms of ⊕J⊂Π ⊕ yJHR is isomorphic to the
Schur algebra

SR := EndHR ⊕J ⊕ xJHR

because HR has an automorphism of order 2 permuting xJ , yJ modulo a unit in R for all J by C.2.9.

We introduce the following property Ho for the Gelfand-Graev representations.

Property Ho The BJ -invariants homomorphism

(6)J HomRMJ
(ΓR,χ,J ,ΓR,χ′,J)→ EndHR,J signJ

is surjective for all generic characters χ, χ′ ∈ YJ for all J .

The surjectivity (6)J is clearly satisfied in the usual case where the Gelfand-Graev representations of
MJ are isomorphic.

D.6 Lemma The I-invariants algebra homomorphism

(6) EndRG ΓR → EndHR(ΓI
R)

is surjective, when the property Ho is true.

In particular (6) is surjective when GL(n,D) when D is a division algebra over F .

Proof By (4) and (5), we have to prove that the homomorphism of I-invariants

HomHR(G)(eχHR(G), eµHR(G))→ HomHR(yKHR, yJHR)

is surjective for any pair of characters (χ, µ) ∈ YK × YJ and for all proper subsets K,J of Π. By C.3.6 we
have to prove that

HomRMK
(ΓR,χ,K , F d

K,JΓR,µ,J)→ HomHR,K (signK ,Fd
K,J signJ)

is surjective for all d ∈ DK,J(G).
By definition F d

K,J = iKK∩dJ ◦ Int(d) ◦ rJd−1K∩J with a similar formula for Fd
K,J . The image of a Gelfand-

Graev representation by parahoric restriction is a Gelfand-Graev representation by D.3 4), the same is true
for the conjugate by Int(d), and on the Hecke algebra side for the sign. The surjectivity is reduced to the
surjectivity of (6)J for all J . �

D.7 Let JR be the annihilator of R[I\G] in the global Hecke algebra HR(G). Set J ∗R := {f∗ | f ∈ JR}
where f∗(g) := f(g−1) for all g ∈ G. A RG-endomorphism of ΓR = ⊕i∈Π eiHR(G) is given by left
multiplication by a matrix (aji) where aji ∈ ejHR(G)ei,

(7) ⊕i∈Πeixi → ⊕j∈Π

∑

i∈Π

ajieixi = ⊕j∈Π

∑

i∈Π

ajixi,
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for xi ∈ HR(G).

Lemma The kernel of the I-invariants algebra homomorphism

EndRG ΓR → EndHR(ΓI
R)

is the set of matrices (aji) with aji ∈ ejJ ∗Rei for all i, j ∈ Π.

Proof The RG-endomorphism of ΓR given by (aji) has a zero restriction to ΓI
R = ⊕i∈Π eiR[G/I] if

and only if ajiR[G/I] = 0 for all i, j ∈ Π. The map f → f∗ is an isomorphism from HR(G) to its opposite
algebra HR(G)o and sends R[G/I] to R[I\G]. Hence ajiR[G/I] = 0 is equivalent to aji ∈ J ∗R. We have
J ∗R ∩ ejHR(G)ei = ejJ ∗Rei. �

We deduce from D.6 that EndHR(ΓI
R) is isomorphic to the algebra of matrices (aji) with aji ∈

ej(HR(G)/J ∗R)ei for all i, j ∈ Π. It is clear that ei is not zero in the quotient HR(G)/J ∗R because eiR[G/I]/=0
and we do not change the notation for its image.

D.8 We introduce the R-representation of G

(8) QR := ΓR/ΓRJR = ⊕i∈Π ei(HR(G)/JR).

It is clear that QR is finitely generated and projective in ModHR(G)/JR. We have

(9) EndRG QR � EndRG ΓR/HomRG(ΓR,ΓRJR)

because the kernel ΓRJR of the surjective homomorphism ΓR → QR is stable by EndRG ΓR. Hence the ring
EndRG QR is isomorphic to the algebra of matrices (aji) with aji ∈ ej(HR(G)/JR)ei for all i, j ∈ Π. We
deduce from D.5, D.6 and D.7 :

Proposition When the property Ho is true, we have a Morita isomorphism

(EndRG QR)o �Morita SR.

D.9 From B.7, the functor

(10) HomHR(G)(QR,−) : ModHR(G)/JR → Mod(EndRG QR)o

is an equivalence of categories, QR is a progenerator of ModHR(G)/JR, if and only if HomRG(QR, V )/=0
for any V ∈ IrrR G annihilated by JR. From by (3) and (8) HomRG(QR, V )/=0 if and only if V has a non
zero vector invariant by U∗Π−i for some i ∈ Π.

D.10 We suppose now, until the end of this chapter, that R is an algebraically closed field of charac-
teristic /=p, in order to have references for the following properties:

- a) The R-representations of level 0 of G form a sum of blocks and indGI 1R is of level 0 [Vig1]. Hence
the R-representations of G annihilated by JR are of level 0.

- b) For GL(n, F ) the irreducible R-representations annihilated by JR are the irreducible unipotent
representations (subquotients of indGI 1R) [Vig3].

- c) For each irreducible R-representation V of level 0 of G, there exists a proper subset J of Π and an
irreducible cuspidal R-representation σJ of MJ such that V is a quotient of

(11) iGJ σJ

i.e. the inflation to PJ of σJ is contained in the restriction to PJ of V [Vig6].
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We say that σJ is G-relevant when iGJ σJ has an irreducible quotient annihilated by JR.
- d) For GL(n, F ) the irreducible cuspidal G-relevant R-representations of MJ are the irreducible cus-

pidal subquotients of indMJ

BJ
1R.

We consider the following property (true when G = GL(n, F )):

Property H1: For any proper subset J ⊂ Π, any irreducible cuspidal G-relevant R-representation σJ of
MJ has a non zero vector invariant by U∗,J∅ (C.1.1).

H1 is trivially true, when there are no irreducible cuspidal G-relevant R-representation σJ of MJ for all
proper subsets J of Π.

Proposition ModHR(G)/JR � ModSR and QR is a progenerator of ModHR(G)/JR, if the proper-
ties Ho, H1 are true.

Proof Let V ∈ IrrR G annihilated by JR. Then V is of level 0 and contains a relevant type σJ . There
exists i ∈ Π such that J ⊂ Π − i. By H1, V has a non zero vector invariant by V ∗,J∅ and by D.1, V ∗,J∅
contains V ∗,Π−i∅ . By definition (3), U∗Π−i = V ∗,Π−i∅ hence HomRG(QR, V )/=0. We apply D.9. �

D.11 Remarks on the property H1

a) H1 is not true in general. The property H1 means that a cuspidal irreducible G-relevant representation
σJ is generic, i.e. contains a generic character of UJ

∅ (the unipotent radical of BJ). Let G = GU3(Fq), Over
Q), by [G] the group G has three irreducible unipotent (in the sense of Lusztig) representations, trivial 1,
Steinberg St, cuspidal π. Let 
 /=2, 3, p and 
 divides q + 1. Then r)π is irreducible, and

(12) r) St = 1 + αr)π + ρ

where ρ ∈ IrrF� G, 2 ≤ α ≤ (
d + 1)/3 and 
d is the highest power of 
 dividing q + 1. The representation ρ
is irreducible cuspidal and generic and r)π is irreducible cuspidal and not generic. But r)π is relevant.

b) The irreducible cuspidal R-representations of a finite linear group are generic [Vig1]. We say that we
are in the linear case when the groups MJ are isomorphic to product of finite linear groups

∏
i GL(ni,Fq).

In the linear case, the properties Ho, H1 are true. In particular when G = GL(n,D) where D/F is a division
algebra of finite dimension (D = F in particular).

D.12 The abelian subcategory of ModR G generated by V ∈ ModR G is the full subcategory of
R-representations of G with irreducible subquotients isomorphic to subquotients of V .

We introduce the abelian subcategory BR,1(G) of ModR G generated by R[I\G]. It is the unipotent
block when G = GL(n, F ) for all R, or for G general when R = C. We call the representations of BR,1(G)
“unipotent”. When G is replaced by a finite reductive group, we give the same definition with a Borel
subgroup B instead of I. A type of level 0 in an irreducible unipotent R-representation is relevant (D.9).

We consider the following properties H2 and H3 (true when G = GL(n, F )).

Property H2 : BR,1(G) is a direct factor of ModR(G). Then we can define the unipotent part V1 of
V ∈ ModR G, for instance ΓR,1.

Property H2,J : BR,1(MJ) is a direct factor of ModR(MJ) for all J . Then we can define the unipotent
part V1 of V ∈ ModR MJ , for instance ΓR,χJ ,1 for χ ∈ YJ .

Let N be the integer equal to the maximum length of ΓR,χJ ,1 for all J all χ ∈ YJ . Recall that JR is the
annihilator of R[I\G] in the global Hecke algebra HR(G).

D.13 Theorem 1) When H1, H2 are true, the unipotent part ΓR,1 of ΓR is a progenerator of BR,1(G).
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2) When H2, H2,J are true ,

(13) ΓR,1 = ⊕J⊂Π ⊕|Π|−|J| ⊕χJ i
G
J ΓR,χJ ,1.

3) When H1, H2, H2,J are true, JN
R annihilates the unipotent block BR,1(G).

Proof The proof of the property 1) is as in D.10. The unipotent representation ΓR,1 is finitely generated
and projective, by (3). Any simple unipotent R-representation V of G contains a relevant type of level 0,
and H1 implies HomRG(ΓR,1, V )/=0. We apply B.7.

The property 2) results from D.14 below.
We prove the property 3) admitting 2). Each iGJ ΓR,χJ ,1 has a finite filtration of length ≤ N with

quotients of the form iGJ ρ where ρ is an irreducible subquotient of R[BJ\MJ ]. Hence iGJ ρ is isomorphic to
a subquotient of iG∅ 1 = R[I\G] and is annihilated by JR. We deduce that JN

R annihilates iGJ ΓR,χJ ,1 for all
J, χJ . By the property 2) JN

R annihilates ΓR,1. By the property 1) JN
R annihilates BR,1(G). �

D.14 We show that the property of being unipotent is compatible with the functors of parahoric
induction or restriction. Once this is proved, we get the part 2) of D.13. The strong compatibility is related to
a weak form H3 of the conjecture of the unicity of the supercuspidal support, known for G = GL(n, F ) [Vig3].
A representation π ∈ IrrR G is called supercuspidal when it is not a subquotient of a proper parabolically
induced representation. Same definition in the finite case.

Conjecture H3 : For any irreducible supercuspidal σ ∈ IrrR MJ with (J, σ) different from (∅, 1), the
representations iGJ σ and R[I\G] have no isomorphic irreducible subquotients.

Lemma Let π ∈ IrrR MJ . Then
a1) iGJ π is unipotent if π is unipotent.
a2) If π is not unipotent, no subquotient of iGJ π is unipotent if H3 is true.

Let π ∈ IrrR G. Then
b1) rGJ π is unipotent if π is unipotent.
b2) If π is not unipotent, no non zero subquotient of rGJ π is unipotent if H3 is true.

As usual, the proof for the p-adic case is valid for the finite case.

Proof a1) Let π ∈ IrrR MJ . If π is a subquotient of indMJ

BJ
1 = iJ∅1, then iGJ π is a subquotient of

(14) iGJ iJ∅1 = iG∅ 1.

b1) Let π ∈ IrrR G. If π is a subquotient of R[I\G] = iG∅ 1, then rGJ π is a subquotient of (C.1.4)

(15) rGJ iJ∅1 = ⊕w∈Waff (G)/WJ
iJ∅1.

a2) Let π ∈ IrrR MJ not isomorphic to a subquotient of iJ∅1. There exists K ⊂ J and σ ∈ IrrR MK

supercuspidal with (K,σ)/=(∅, 1) such that π is isomorphic to a subquotient of iJKσ. Any subquotient of iGJ π
is a subquotient of iGKσ by transitivity of the induction. If H3 is true for σ, then iGJ π and R[I\G] have no
isomorphic irreducible subquotients.

b2) Let π ∈ IrrR G not isomorphic to a subquotient of iG∅ 1, and let J a proper subset of Π such that
rGJ π /=0. If π is not of level 0 then rGJ π has no subquotient of level 0 hence no unipotent subquotient. We
may suppose π of level 0. There exists K ⊂ J and σ ∈ IrrR MK supercuspidal with (K,σ)/=(∅, 1) such that
π is isomorphic to a subquotient of iGKσ. Hence rGJ π is a subquotient of (C.1.4)

(16) rGJ iGKσ = ⊕w∈WK\Waff (G)/WJ ,wK=K iJK Intw.σ.

σ is not a subquotient of iK∅ 1 because π is isomorphic to a subquotient of iGKσ but not of iG∅ 1 and (14). The
same is true for Intwσ because Intw permutes the subquotients of iK∅ 1. We apply a2) to MJ instead of G
to finish the proof. �

This ends the proof of the main theorem.
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