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Abstract. In [16], V.D. Sedykh has shown that there is a relation between La-
grangian and Legendrian singularities by stereographic projection into sphere in the Eu-
clidean space. We show that the theorems of [16] hold for any stereographic projection
ρ of a hyperplane R

n × {b} ⊂ R
n × R into a quasi-revolution quadric Q (defined below)

in R
n × R, where R

n denotes a Euclidean space. We show that this relation between
Lagrangian and Legendrian singularities is the most natural one and that the calcula-
tions and formulas are simpler when the quadric is a paraboloid of revolution. Using the
classical theory of poles, polars and polar duality, we give an explicit construction of the
(Lagrangian) Normal map of a submanifold Γ in R

n × {b} as the composition of 3 maps,
namely: 1.– the (Legendrian) Tangential map of the manifold ρ(Γ), 2.– the polar duality
map and 3.– the ‘vertical’ projection of R

n+1 = R
n × R to R

n × {b} from the pole of the
stereographic projection. We apply our result to give a formula to calculate the vertices of
a curve in the Euclidean space R

n. This can be applied to calculate and to study umbilic
points of surfaces in the Euclidean space R

3.

Introduction

Here, the symbol R
n denotes always an n−dimensional Euclidean space.

In particular, when we consider the product R
n×R we assume that R

n has a
Euclidean structure but that the product R

n ×R = R
n+1 has not necessarily

a Euclidean structure.
A vertex of a curve in the Euclidean plane is a point where the curvature

is critical. Equivalently a vertex is a point where the osculating circle has at
least 4−point contact with the curve (at ordinary points it is 3). The classical
four–vertex theorem [10] states that: Any convex curve in the Euclidean plane
has at least four vertices (counted geometrically). For example, the points of
intersection of an ellipse with its principal axes are the vertices of this curve.

A flattening of a curve in the affine space R
3 (or in the projective space

RP 3) is a point where the osculating plane is stationary. Equivalently a
flattening is a point where the osculating plane has at least 4−point contact
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with the curve (at ordinary points it is 3). The four–vertex theorem was
generalized by Adolf Kneser [7] for curves on the two–dimensional sphere:
Every closed embedded curve on the two–dimensional sphere has at least four
flattenings (counted geometrically). Kneser’s proof is based on the fact that
the stereographic projection sends the vertices of a plane curve onto the
flattenings of its image, which is a spatial curve lying on a sphere.

Among other results, we establish the correspondence between Euclidean
geometry of submanifolds in R

n and projective geometry of submanifolds in
R

n+1 under the stereographic projection to revolution quadrics.
In [16], V.D. Sedykh showed that the Lagrange singularities of the normal

map associated with a submanifold in the Euclidean space correspond to the
Legendre singularities of the tangential map associated with its image under
the stereographic projection to the sphere. In this chapter Sedykh’s theorem
is generalized in several directions:

In our main theorem (Theorem 3, below) we show that the correspon-
dence between Lagrange and Legendre singularities can be formulated more
explicitly. Namely, the construction of the natural isomorphism is given be-
tween the front of the Lagrange submanifold of the normal map (considered
as a subvariety in J0(Rn) = R

n × R) and the front of the normal map (con-
sidered as a subvariety in the space R

(n+1)∨ of affine n-dimensional subspaces
in R

n+1). This isomorphism is given by the polar duality map or polar re-
ciprocal map (defined below) with respect to the sphere. As a consequence,
we show that the (Lagrangian) Normal map of a submanifold Γ in R

n × {b}
can be constructed as the composition of the (Legendrian) Tangential map
of the manifold ρ(Γ), the polar duality map and the ‘vertical’ projection of
R

n+1 = R
n × R into R

n × {b} from the pole N of the stereographic projec-
tion. In particular, the projection from N of the “cuspidal edge” of the polar
dual front of ρ(Γ) into R

n × {b} is the caustic of Γ by the normal map (see
Theorem 4 below).

It is also shown that similar correspondence extends to the case when the
sphere used in the definition of the stereographic projection and of the polar
duality is replaced by any quadric of revolution being ellipsoid, paraboloid
or even a two sheeted hyperboloid in R

n ×R. Moreover, the correspondence
is most natural and the formulas are the most simple in the case when the
quadric of revolution is a paraboloid. In particular, the stereographic pro-
jection of the hyperplane R

n × {0} ⊂ R
n × R into the revolution paraboloid

given by the equation

z =
1

2
(x2

1 + · · · + x2
n)
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is just the vertical projection

ρ : (x1, . . . , xn, 0) �→ (x1, . . . , xn,
1

2
(x2

1 + · · ·+ x2
n)).

As a consequence of our theorems, we obtain the

Corollary – The vertices of a curve

γ : R → R
n × {0}, g(t) = (γ1(t), . . . , γn(t), 0),

are sent under the projection ρ onto the flattenings of the curve

γ̃(t) = (γ1(t), . . . , γn(t),
1

2
[γ2

1(t) + · · ·+ γ2
n(t)]).

From this result, we obtain directly a formula to calculate the vertices of a
curve in R

n as the zeroes of a determinant:

Theorem – The vertices of any curve γ : S
1 → R

n (or γ : R → R
n),

γ : t �→ (ϕ1(t), . . . , ϕn(t)) are given by the solutions t ∈ S
1 (or t ∈ R) of the

equation
det(R1, . . . , Rn, G) = 0,

where Ri (G) is the column vector defined by the first n + 1 derivatives of ϕi

(of g = γ2

2
, respectively).

In [20] and [21], we give another proof of this theorem in which Sturm
theory is applied to the generating family of the normal map associated to
the curve.

In a similar way this projection to revolution paraboloids can be used to
study umbilic points of surfaces in the Euclidean space R

3, or more generally
to study the contact of sumanifolds in the Euclidean space R

n with k-spheres
in terms of the contact of sumanifolds in R

n+1 with (k + 1)-planes. The
ordinary stereographic projection to the sphere is used in some recent works
(for instance [13]) to study umbilics. With the stereographic projection to
paraboloids of revolution all calculations and all formulae become simpler.

We remark that it is possible to obtain additional geometric information
when stereographic projection is replaced by an inversion (see Theorem 2
and the proof of Theorem 4 below).

Theorem 1 and Theorem 4 below are consequences of Theorem 3. How-
ever, we will give some ideas about a geometric proof of these theorems.
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§1. Basics on Singularities in Symplectic and Contact Geometry

We begin recalling some basic facts from the theory of Lagrangian and
Legendrian singularities (see [1] or [2]) for the (particular case of) Normal
map and Tangetial map, respectively. The reader knowing these theories can
go directly to §2.

1.1 Simplectic Singularities
A symplectic structure on a manifold M is a closed differentiable 2–form

ω, nondegenerate on M , also called symplectic form. A manifold equipped
with a symplectic structure is called a symplectic manifold.

Example – The total space of the cotangent bundle π : T ∗
R

n → R
n of

R
n is a symplectic manifold.

A submanifold of a symplectic manifold (M2n, ω) is called Lagrangian if
it has dimension n and the restriction to it of the symplectic form ω is equal
to 0.

Example – Let N be any submanifold in the Euclidean space R
n and let

L be the n–dimensional manifold formed by the covectors (v, ·) at the end–
points of the normal vectors v to N . Then L is a Lagrangian submanifold of
the symplectic space T ∗

R
n.

A fibration of a symplectic manifold is called Lagrangian fibration if all
the fibers are Lagrangian submanifolds.

Example – The cotangent bundle T ∗V → V of any manifold V is a
Lagrangian fibration. The standard 1–form λ = pdq vanishes along the
fibers. Thus its differential ω = dλ also vanishes.

Consider the inclusion i : L → E of an immersed Lagrangian submanifold
L in the total space of a Lagrangian fibration π : E → B. The restriction
of the projection π to L, that is π ◦ i : L → B is called a Lagrangian map.
Thus, a Lagrangian map is a triple L → E → B, where the left arrow is a
Lagrangian immersion and the right arrow a Lagrangian fibration.

Normal map – Consider the set of all vectors normal to a submanifold
N in the Euclidean space R

n. Associate to each vector its end point. To the
vector v based at the point q associate the point q +v. This Lagrangian map
of the n–dimensional manifold of normal vectors to N into the n–dimensional
Euclidean space R

n is called normal map. The Lagrangian submanifold L in
T ∗

R
n is formed by the covectors (v, ·) at the end points of the normal vectors

v.
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The set of critical values of a Lagrangian map is called its caustic.
Example – The set of centers of curvature of a hypersurface N in the

Euclidean space R
n is called the focal set or evolute of the hypersurface. The

caustic of the normal map of the hypersurface N is its focal set.
Remark – The focal set of a submanifold in the Euclidean space R

n of
codimension greater than 1 (for instance, of a curve in R

3) is defined as the
envelope of the family of normals to the submanifold. It is the caustic of the
normal map associated to that submanifold.

A Lagrangian equivalence of two Lagrangian maps is a symplectomor-
phism of the total space transforming the first Lagrangian fibration to the
second, and the first Lagrangian immersion to the second. Caustics of equiv-
alent Lagrangian maps are diffeomorphic.

There is a very important example of Lagrangian manifold. Consider the
total space of the standard Lagrangian fibration R

2n → R
n, (p, q) �→ q with

the form dp ∧ dq. Let F (x, q) be the germ, at the point (x0, q0), of a family
of smooth functions of k variables x = (x1, . . . , xk) which depends smoothly
on the parameters q. Suppose

a) ∂F
∂x

(x0, q0) = 0 and
b) the map (x, q) �→ ∂F

∂x
has rank k at (x0, q0).

Then the germ at the point (∂F
∂q

(x0, q0), q0) of the set

LF =

{
(p, q) : ∃x :

∂F

∂x
= 0, p =

∂F

∂q

}
,

is the germ of a smoothly immersed Lagrangian submanifold of R
2n. The

family germ F is said to be a generating family of LF and of its Lagrangian
map πF : (q, p) �→ q.

It turns out that the germ of each Lagrangian map is equivalent to the
germ of the Lagrangian map πF for a suitable family F .

The equivalence classes of germes of Lagrangian maps are called La-
grangian singularities. A classification of singularities of Lagrangian maps of
manifolds in general position of dimension n ≤ 10 is given in [1].

1.1 Contact Singularities
A contact structure on an odd-dimensional manifold is a field of tangent

hyperplanes called contact hyperplanes satisfying the following condition of
maximal non–integrability: given a 1-form α locally defining the field of hy-
perplanes (as the field of its zero subspaces) then the 2–form dα is nondegen-
erate on the hyperplanes on which α vanishes. Every 1–form locally defining
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a field of contact hyperplanes is called a contact form. The contact form is
defined locally and up to multiplication by a non–vanishing function.

Example – A contact element on a given manifold is a hyperplane in a
tangent space. The set of all contact elements on a given n–dimensional man-
ifold B is fibered over B, and the fiber over a point of B is the projectivized
cotangent space of B at that point, called the point of contact. The set of
all contact elements of B is called the space of the projectivized cotangent
bundle PT ∗B. This manifold has dimension 2n−1 and has a natural contact
structure defined by the following rule. The velocity vector of a motion of a
contact element belongs to the hyperplane of the contact field if the velocity
of the point of contact belongs to the contact element.

Remark – If in example 3 the contact elements of B are replaced by the
co–oriented contact elements of the manifold B, then one obtains another
contact manifold: the spherized cotangent bundle ST ∗B of B.

A submanifold of a contact manifold is said to be integral if its tangent
plane at every point belongs to the contact hyperplane. A Legendre subman-
ifold of a contact manifold is an integral submanifold of maximal dimension;
i.e. equal to n for a (2n + 1)–dimensional manifold.

Example – The set of contact elements, tangent to a submanifold (of
arbitrary positive codimension) of a manifold B, is a Legendre submanifold
of PT ∗B. For instance, the set of contact elements tangent to a point forms
a Legendre manifold which is the fiber of the bundle PT ∗B → B.

A fibration of a contact manifold is called Legendrian fibration if all the
fibers are Legendrian submanifolds.

Example – The projective cotangent fibration PT ∗B → B associating
to a contact element its point of contact is a Legendrian fibration.

Consider the inclusion i : L → E of an immersed Legendrian submanifold
L in the total space of a Legendrian fibration π : E → B. The restriction
of the projection π to L, that is π ◦ i : L → B is called a Legendrian map.
Thus, a Legendrian map is a triple L → E → B, where the left arrow is a
Legendrian immersion and the right arrow a Legendrian fibration.

Tangential map – The space of contact elements of the projective space
RP n is naturally isomorphic to the space of contact elements of the dual
projective space RP n∗: PT ∗(RP n) ≈ PT ∗(RP n∗). A point of the first space
can be considered as a pair formed by a point of RP n and a hyperplane con-
taining this point. The isomorphism associates this pair to the pair formed
by the hyperplane and the point. The isomorphism sends the natural contact
structure of PT ∗(RP n) to the natural contact structure of PT ∗(RP n∗). The
Legendrian submanifolds of PT ∗(RP n) and PT ∗(RP n∗) coincide.
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The tangential map is the projection of a Legendrian submanifold L of
PT ∗(RP n), formed by the contact elements tangent to a sumanifold N of
RP n, to the base of the second Legendrian fibration PT ∗(RP n∗) → RP n∗.
Thus the tangential map of a smooth submanifold N is Legendrian.

The image of a Legendrian map is called its front.
Example – The front in RP n∗ of a generic hypersurface by the tangential

map is called the dual hypersurface.

A Legendrian equivalence of two Legendrian maps is a contactomorphism
of the total space sending the first Legendrian fibration to the second, and
the first Legendrian immersion to the second.

There is a very important example of Legendrian manifold. Consider the
total space of the standard Legendrian fibration R

n×R
n×R → R

n+1, (q, p, z) �→
(q, z) with the form dz − pdq. Let F (x, q, z) be the germ, at the point
(x0, q0, z0), of a family of smooth functions of k variables x = (x1, . . . , xk)
which depends smoothly on the parameters q and z. Suppose

a) F (x0, q0, z0) = 0;
b) ∂F

∂x
(x0, q0, z0) = 0 and

c) the map (x, q, z) �→ (F, ∂F
∂x

) has rank k + 1 at (x0, q0, z0).

Then the germ at the point (∂F
∂q

(x0, q0, z0), q0, z0) of the set

LF =

{
(p, q, z) : ∃x : F = 0,

∂F

∂x
= 0, p =

∂F

∂q

}
,

is the germ of a smooth Legendrian submanifold of R
2n+1. The family germ

F is said to be a generating family of LF and of its Legendrian map πF :
(q, p, z) �→ (q, z).

It turns out that the germ of each Legendrian map is equivalent to the
germ of the Legendrian map πF for a suitable family F .

The equivalence classes of germes of Legendrian maps are called Legen-
drian singularities. A classification of singularities of Legendrian maps of
manifols in general position of dimension n ≤ 10 is given in [1].

The germ of each Lagrangian (Legendrian) map is Lagrange (Legendre)
equivalent to the germ of the Lagrangian (Legendrian) map πF for a suit-
able Lagrangian (Legendrian) generating family F . Such Lagrangian (Leg-
endrian) generating family is said to be a Lagrangian (Legendrian) represen-
tative family of the corresponding germ of Lagrangian (Legendrian) map.

We also recall that to each germ of Lagrangian generating family F (x, q) it
corresponds a germ of Legendrian generating family F̃ (x, q, z) = F (x, q)− z.
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§2. Formulation of Results

Sedykh’s results and notations: The singularities of Lagrangian and Leg-
endrian maps are said to be of a single class if they have Lagrangian (Legen-
drian, respectively) representative families admitting such a correspondence.
For example for each μ the Lagrangian singularities Aμ and the Legendrian
singularities Aμ are singularities of a single class.

The set of points at which a Lagrangian (Legendrian) map has singu-
larities of single class Ξ is called the Ξ–submanifold of the corresponding
Lagrangian (Legendrian) manifold. The image of the Ξ–submanifold of the
Lagrangian (Legendrian) manifold by the corresponding Lagrangian (Leg-
endrian) map is called the variety of singularities of class Ξ of the caustic
(front).

The manifolds of singularities of the caustic and front of one and the same
class Ξ are said to be isomorphic if there exists a diffeomorphism of neigh-
bourhoods of the Ξ–submanifolds of the corresponding Lagrangian (Legen-
drian) manifolds carrying the Ξ–submanifold of one into the Ξ–submanifold
of the other.

Sedykh’s Theorem– The manifold of singularities of any single class
for the focal set of a smooth submanifold N of R

n is isomorphic to the man-
ifold of singularities of the same class for the front of hyperplanes of R

n+1

that are tangent to the image of N by stereographic projection and do not
pass through the pole of this projection.

Corollary– The focal set of a smooth closed generic submanifold in R
n

and the front of its stereographic image in R
n+1 have the same number of

isolated singularities of the same simgle class.

2.1 Sedykh’s Theorem for quasi-revolution quadrics. In this sub-
section we introduce quasi-revolution quadrics and stereographic projection
to them. Then we formulate a version of Sedykh’s Theorem for quasi-
revolution quadrics.

Definition – By a quasi-revolution quadric Q in R
n+1 = R

n × R we
mean a quadratic hypersurface such that each hyperplane section (Rn ×
{b})∩Q, b ∈ R, is either a (n−1)–dimensional sphere, a point or the empty
set, and such that after projectivization of R

n+1 = R
n × R, (by adding a

hyperplane at infinity) the corresponding projectivized quadric Q̃ must be
projectively equivalent to a sphere S

n.

Remark – We have thus three kinds of quasi-revolution quadrics: ellip-
soid (hypersphere is included), paraboloid and two–sheeted hyperboloid. Of
course, any quadric of revolution is a quasi-revolution quadric.
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Notation – In the sequel we will only write qr-quadric.

Example 0 – The surface given by the equation x2 + y2 + z2/4 = 1 in
R

2 × R = R
3 is an ordinary ellipsoid of revolution. Consider the linear map

(x, y, z) �→ (x + kz, y, z), 0 = k ∈ R. The image of the ellipsoid of revolution
under this map is the qr-ellipsoid (x−kz)2 +y2 +z2/4 = 1 which is not more
an ellipsoid of revolution.

Example 1 – The hypersurface given by the equation z = 1
2
‖x‖2, where

(x, z) ∈ R
n × R, is a qr-paraboloid of R

n+1 = R
n × R.

Example 2 – The hypersurface given by the equation z2 − ‖x‖2 = 1,
where (x, z) ∈ R

n × R, is a qr-hyperboloid of R
n+1 = R

n × R.

The centres of the non–empty hyperplane sections (Rn ×{b})∩Q, b ∈ R

of a qr-quadric Q determine a line l that we call its axis of revolution. The
projectivization l̃ of the axis of revolution of a revolution quadric Q ⊂ R

n+1 =
R

n ×R intersects the projectivized quadric Q̃ at two points which we call its
North and South poles and denote them by N and S, respectively. See Fig.1.
If Q is either an ellipsoid or a hyperboloid, then the poles N and S are in
the affine part of l̃ and Q̃: N, S ∈ l ∩Q. If Q is a paraboloid, then one pole
lies at infinity; we call it the North pole: N ∈ Q̃ ∩ l̃, in fact N = Q̃ \ Q.

N

S

N

S

N

S

Ellipsoid Paraboloid Hyperboloid

l l l

Q

Q

Q

Q
~

Figure 1: qr-quadrics and their North and South poles.

Definition – Let Q ⊂ R
n × R be a qr-quadric, N its North pole and

H = R
n × {b} a hyperplane not containing N . The stereographic projection

π : H → Q \ N associates to a point P ∈ R
n × {b} the point of intersection

of the line PN with Q \ N . In the case of a qr-paraboloid the line PN is
just the vertical line through P .
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Remark – Suppose that Q is a hyperboloid and write I for the intersection
of the hyperplane H = R

n × {b} with the asymptotic cone of Q. Strictly
speaking, the stereographic projection π : H → Q \ N is defined not on
the whole hyperplane H but only on H \ I. Note also that stereographic
projection to qr-paraboloids is defined on any hyperplane H = R

n × {b},
because in this case the North pole is “at infinity”.

We generalize Sedykh’s theorem for stereographic projections to qr-quadrics.
Let π : R

n → Q\N be a stereographic projection to a qr-quadric Q of R
n+1.

Theorem 1– The manifold of singularities of any single class for the
focal set of a smooth submanifold Γ of R

n is isomorphic to the manifold of
singularities of the same class for the front of hyperplanes of R

n+1 that are
tangent to the image of Γ by the stereographic projection π and do not pass
through the North pole of this projection.

Remark – Of course the corollary of Sedykh’s Theorem also holds for the
stereographic projection to quadrics.

Remark – In [9], Montaldi defined the local notion of contact type between
two submanifolds in the following way: Given two pairs of submanifold–
germs at the origin in R

n, then the pairs have the same contact type if there
is a diffeomorphism germ of (Rn, 0) taking one pair to the other. In [13],
Romero-Fuster studied the relation under ordinary stereographic projection
of the types of contact of submanifolds in the Euclidean space R

n with hy-
perspheres and the types of contact of submanifolds of S

n ⊂ R
n+1 with

hyperplanes in the Euclidean space R
n+1. In fact, the results of [13] follow

from Sedykh’s Theorem: the singularities of the generating family associ-
ated to the normal map (tangential map) of a submanifold of R

n (of R
n+1,

respectively) can be viewed as types of contact of the submanifold with hy-
perspheres (hyperplanes, respectively) in the Euclidean space R

n (the affine
(n + 1)-dimensional space, respectively). These results generalize to stereo-
graphic projections into qr-quadrics and can be proved without the machin-
ery of symplectic and contact geometry (see Parabolic Projection Theorem,
below).

2.2 Inversion and Sedykh’s Theorem. Consider the Euclidean space
R

n+1. An inversion σ in R
n+1 sends a hyperplane R

n ⊂ R
n+1 not containing

the centre C of the inversion into a hypersphere S
n through C. The restriction

of σ to the hyperplane R
n is a stereographic projection R

n → S
n \ {C}. Any

stereographic projection R
n → S

n ⊂ R
n+1 may be obtained in this way by a

suitable inversion in the space R
n+1.

10



Example – The inversion in the Euclidean space R
n ×R with respect to

the sphere of radius
√

2 with centre at (0, 1) is given by

σ : (x, z) �→
(

2x

x2 + (z − 1)2
,

x2 + z2 − 1

x2 + (z − 1)2

)
,

where (x, z) ∈ R
n ×R. The restriction of σ to the hyperplane R

n ×{0} gives
the ordinary stereographic projection used by Sedykh in [16]:

σ : (x, 0) �→
(

2x

x2 + 1
,
x2 − 1

x2 + 1

)
.

Various higher dimensional generalizations of four-vertex theorem are
given in [17], [18], [19], in which the following lemma ([17]) concerning inver-
sions is used:

Lemma 1 – Let σ be an inversion with respect to a hypersphere in the
Euclidean space R

n+1 and let Hn be a hyperplane not passing through its
centre. Then σ sends the vertices of any hyperplane curve γ ⊂ H onto the
flattenings of the space curve σ(γ).

Remark 1 – We noticed that Sedykh’s theorem, its applications and its
proof become geometrically more evident if the stereographic projection is
replaced by an inversion. For instance, it is known ([5], [15], [8]) that the
surface obtained as the union of lines tangent to a curve in R

3 or in RP 3 (its
tangent developable) is diffeomorphic to the standard folded umbrella in the
neighbourhood of a flattening of the curve. The standard folded umbrella is
the germ at the origin of the surface defined by the equation y2z3 − x2 = 0,
for z ≥ 0 (see Fig.2). Reading [16] and replacing the stereographic projection
by an inversion, the author discovered the following theorem (which can not
be deduced from the stereographic projection):

x
y

z

Figure 2: Folded Umbrella.
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Theorem 2– Let P be a plane in the Euclidean space R
3, O ∈ R

3 a point
exterior to P and α ⊂ P a plane curve. The surface obtained as the union
of the circles tangent to α and containing O is diffeomorphic to a folded
umbrella in the neighbourhood of each simple vertex of α.

Proof – An inversion σ with respect to a sphere centred at O sends the
circles containing O that are tangent to α onto the lines tangent to the curve
σ(α). By Lemma 1, the inversion σ sends the vertices of α onto the flattenings
of σ(α). The tangent developable of a curve in R

3 is a folded umbrella in the
neighbourhood of each simple flattening. The inversion is a diffeomorphism
of R

3 \ {O}. �
2.3 Polar duality and inversion with respect to quadrics in R

m.
The constructions and definitions of this subsection depend only on the affine
structure of R

m and they are valid for any non-degenerated quadric Q ⊂ R
m.

We will apply these constructions and definitions to the case in which Q ⊂
R

n×R is a qr-quadric and R
n is Euclidean. So in this subsection R

m denotes
the affine m−dimensional space. To introduce the inversion and the polar
duality in R

m with respect to quadrics we need the basic definitions of the
theory of poles and polars.

Consider a quadric Q ⊂ R
m and a point P of R

m. Through this point,
move a variable line which meets the quadric Q at points A and B (may
be at infinity). Take the point M , harmonic conjugate to the point P with
respect to the points A, B. It is easy to prove, and classically known (c.f.
[14], [11]), that the geometric locus of the point M is a hyperplane. This
hyperplane H = H(P ) is called the polar hyperplane or simply the polar of
the point P , with respect to Q. Even when the variable line does not meet
Q at real points (i.e. A and B are complex conjugate) the point M is real
and lies in H . When it is clear that the quadric Q is fixed, we will omit to
write “with respect to Q”.

The pole of a hyperplane is a point which admits this hyperplane as its
polar.

For a quadric Q ⊂ R
m with centre C there is a one–to–one correspon-

dence between the points of R
m \ {C} and the hyperplanes not containing

C. This correspondence establishes a duality that we call polar duality. In
particular, given a point P = C, the poles of all hyperplanes through P and
not containing C form the polar hyperplane of P . If we projectivize R

m into
RP m by adding a hyperplane “at infinity”, H∞, then the polar duality is an
isomorphism

ΨQ : (RP m)∨ �−→ RP m.

In that case, the polar of C is H∞ and the polars of the points of H∞ are
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the hyperplanes through C.

Remark 1 – For a paraboloid, its centre and its North pole coincide and
lye in the hyperplane at infinity: C = N ∈ H∞. So, for the case of a
paraboloid, the polar duality establishes a correspondence between all points
of R

m and all non–vertical hyperplanes.

Remark 2 – From the algebraic point of view, the polar duality is de-
scribed by Klein, [6], as follows. Consider the following linear equation in x
and y as well as in x′ and y′:

Axx′ + B(xy′ + yx′) + Cyy′ + D(x + x′) + E(y + y′) + F = 0.

Every such “bilinear” equation in x, y and x′, y′ represents a dual transfor-
mation between the planes E and E ′. For, if we assume that one pair of
coordinates is constant, i.e., if we think of a fixed point in one of the planes,
the equation is linear in the other two coordinates and represents a line in
the other plane, corresponding to that fixed point. Since the equation does
not change under permutation of the pair (x, y) with the pair (x′, y′), the two
planes E and E ′ must play the same role in our relation. It makes no differ-
ence when the two planes coincide. According to Klein, this dulity espresses
the correspondence of pole and polar with respect to the conic whose equation
is

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

The tangential map T : LΓ → (RP m)∨ of a front Γ ⊂ RP m associates to
each point of the Legendrian manifold LΓ (of contact elements tangent to Γ)
the hyperplane of the corresponding contact element (the contact element is
a point of LΓ and the hyperplane is a point of (RP m)∨).

Definition 1 – The polar map Π is the composition of the tangential
map and the polar–duality isomorphism Ψ,

Π = Ψ◦T : LΓ
T−→ (RP m)∨ Ψ−→ RP m.

Definition 2 – The polar–dual front of a front Γ ⊂ RP m is the image of
the Legendrian manifold LΓ under the polar map Π = Ψ◦T : LΓ → RP m, i.e.
the polar–dual front of a front Γ ⊂ RP m consists of the poles of all contact
elements tangent to Γ.

Definition – Let Q be a quadric of R
m, with centre C. We will define in

R
m \C an inversion with respect to Q, that we denote by σ, in the following

way: To a point P of R
m\C the inversion associates the intersection point of

its polar with the straight line joining P to the centre C of Q. The point C
is called the centre of inversion. The inverse of a point P can also be defined
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as the point P̃ , harmonic conjugate to the point P with respect to the points
of intersection of the line PC with Q.

Remark – As in the case of stereographic projection into spheres, any
stereographic projection into a qr-quadric Q may be obtained from an in-
version with respect to a revolution quadric of the same type as Q, in fact
homothetic to Q. Thus Sedykh’s Theorem is also true for inversions with
respect to qr-quadrics. Standard formulas for such inversions with respect to
revolution paraboloids and hyperboloids will be given later.

Remark – In the geometry of this inversion the hyperplanes and the
quadrics of R

m, homothetic to Q, play the same rôle as hyperplanes and hy-
perspheres do for the ordinary inversion. A quadric homothetic to Q passes
through the centre of Q if and only if its image by the inversion is a hyper-
plane.

Remark – Strictly speaking, when Q is a paraboloid (affine equivalent
to a qr-paraboloid) the inversion with respect to Q is defined on the whole
space R

m. If Q is a hyperboloid, the inversion is defined in the complement
of the asymptotic cone of Q in R

m.

Example 1 – We will show how to construct the polar and the inverse
of a point with respect to a hypersphere S

n−1 in the Euclidean space R
n (see

Fig.3):
Case 1) Let P be a point in the exterior of S

n−1. The lines through P
tangent to S

n−1 form a cone which is tangent to S
n−1 along an (n − 2)–

sphere. Of course, this (n − 2)–sphere lies in a hyperplane H . This is the
polar hyperplane of P . Conversely, each hyperplane H of R

n intersecting
S

n−1 transversally and not containing its centre C determines a cone tangent
to S

n−1 along S
n−1 ∩ H . The vertex of this cone is the pole of H .

Case 2) Let P be a point in the interior of S
n−1. Denote by H̃ the

hyperplane through P orthogonal to the line CP . Write P̃ for the pole of
H̃ . The polar of P is the hyperplane through P̃ orthogonal to the line CP .
Conversely, on each hyperplane H ⊂ R

n not intersecting S
n−1, we can chose

the point P̃ closest to C. Write H̃ for the polar of P̃ . Of course H̃ intersects
S

n−1 transversally. The point P of intersection of H̃ with the line CP̃ is the
pole of H .

Let P = C be a point of R
n and H its polar. The point P̃ of intersection

of H with the line PC is the inverse of P and vice versa. End of example 1.

Example 2 – Let P ⊂ R
n×R be a revolution paraboloid. In this case the

inverse of a point P is the point P̃ in the vertical line through P , such that
the middle point of the segment P P̃ is its intersection with the paraboloid
P. (see Fig.4).
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Figure 3: Inversion, poles and polars with respect to a hypersphere. Here,
H and P̃ denote the polar and the inverse of the point P , respectively.
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Figure 4: Inversion, Poles and Polars with respect to a revolution paraboloid.
Here, H and P̃ denote the polar and the inverse of the point P , respectively.

§3. The Lagrangian and Legendrian Formulation

We give a more general version of Sedykh’s theorem (more general even
for the case of the ordinary stereographic projection to the sphere).

Let M = R
n be the Euclidean n–dimensional space. In what follows,

when we consider the product M × R we need the Euclidean structure only
in M .

We compare Euclidean geometry of a submanifold Γ ⊂ M and projective
geometry of the submanifold Γ̃ ⊂ RP n+1 given as the image of Γ under the
map Φ : M → RP n+1 given in some affine coordinate system by

y1 = q1; y2 = q2; . . . ; yn = qn; yn+1 =
1

2
(q2

1 + · · · + q2
n).

Remark – The map Φ is the stereographic projection of M to the quadric
Q ⊂ RP n+1 given by the equation yn+1 = 1

2
(y2

1 + · · · + y2
n). This quadric

is a revolution paraboloid. Sedykh considered the case when Q is a sphere.
Our main observation here is that our choice of affine coordinates in RP n+1

is more convenient. In other terms, the stereographic projection of M to a
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qr-paraboloid is more convenient than ordinary stereographic projection of
M to the sphere.

Contactization

Consider a Lagrangian manifold L in the space of the cotangent bundle
(p, q) �→ q of M .

It can be lifted to a Legendre submanifold L of the manifold of 1−jets of
functions on M : it is the manifold of 1−jets of the (multivalued) function

∫ q

q0

pdq,

the integrals are taken along curves in L.
The Legendre submanifold L projects to the initial Lagrangian subman-

ifold L by the natural projection J1(M, R) → T ∗M . Thus, the generating
family F (x, q) of a Lagrangian submanifold defines a Legendre generating
family

F̃ (x, q; u) = F (x, q) − u

and a Legendre submanifold in the space of 1−jets of functions of the variable
q:

L = {(p, q; u) : ∃x : Fx = 0, p = Fq, u = F (x, q)}.
The projection π1 : J1M → J0M , (p, q; u) �→ (q; u) is the standard Legendre
fibration, the contact structure being du = pdq.

We recall that the image of a Legendrian map is called its front and the
critical values of such a Legendrian map form the cuspidal edge of the front.

We obtain thus a Legendre map of the Legendre submanifold L onto its
front π1(L).

Definition – The front of the Lagrangian manifold L is the front of its
Legendre lifting L. It is the graph of the (multivalued) function

∫ q

q0
pdq on

M (the integrals are taken along curves in L).

The projection M ×R → M maps the cuspidal edge of the front onto the
caustic of L. The following diagram represents the preceding constructions.

L ↪→ J1M = R × T ∗M → J0M = M × R

↓ ↓ ↓
L ↪→ T ∗M → M .

Remark 1 – The contact manifold J1M can be identified with the open
domain in PT ∗(M × R) consisting of “non–vertical” contact elements (i.e.
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transversal to the lines of the projection M × R → M). Indeed, every such
contact element can be considered as a graph of a linear function T•M →
T•R = R, i.e. as a 1–jet of a function.

Remark 2 – Let L ⊂ T ∗M be given by a generating family of functions
F (x, q), where (x, q) ∈ Γ×M and Γ×M → M is an auxiliary bundle. Then
the Legendre lifting of L is given by the generating hypersurface F̃ (x, q, u) =
0, where F̃ (x, q, u) = F (x, q) − u. In this remark we consider M × R as
the base of the Legendre bundle PT ∗(M × R) → M × R according to the
previous remark.

Reformulation and Generalization of Sedykh’s Theorem

Define the polar–duality map Ψ as the inverse of the map

Ψ−1 : M × R → (RP n+1)∨

which associates to a point (q1, . . . , qn, u) ∈ M × R the “non–vertical” hy-
perplane

yn+1 = q1y1 + · · ·+ qnyn + u − 1

2
q2. (1)

in RP n+1. The map Ψ−1 is a diffeomorphism onto the open domain of
(RP n+1)∨ consisting of “non–vertical” hyperplanes.

Theorem 3 (a reformulation and generalization of Sedykh’s Theorem)
– The polar–duality map Ψ identifies the front of the Lagrangian manifold
corresponding to the (Lagrangian) normal map for an immersed submanifold
Γ of M with the front of the (Legendrian) tangential map for the immersed
submanifold Γ̃ of RP n+1. Respectively, the induced contactomorphism

J1M ⊂ PT ∗(M × R)
Ψ∗−→ PT ∗((RP n+1)∨)

sends the Legendre lifting of the Lagrange submanifold of the normal map for
Γ to the Legendre manifold of the tangential map for Γ̃.

Proof (after Sedykh). – The Lagrange manifold of the normal map of the
immersed submanifold Γ of M is given by the generating family F : Γ×M →
R,

F (x, q) =
1

2
(q − Γ(x))2.

By remark 2, the contactization of this Lagrange manifold is given by the
generating hypersurface F̃ (x, q, u) = 0, where

F̃ (x, q, u) = F (x, q) − u = −q1Γ̃1(x) − · · · − qnΓ̃n(x) + Γ̃n+1(x) − u +
1

2
q2.
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By equation (1), the image of the hypersurface F̃ (x, q, u) = 0 under the
diffeomorphism id × Ψ : Γ × (M × R) → Γ × (RP n+1)∨ is the hypersurface
consisting of those pairs (x, h) ∈ Γ × (RP n+1)∨ which satisfy the condition
Γ̃(x) ∈ h. This hypersurface is generating for the tangential map. �

Remark 3 – One can identify the coordinate space R
n+1 ⊂ RP n+1 with

coordinates (y1, y2, . . . , yn+1) and the space J0M = R
n+1 = M × R with

coordinates (q1, . . . , qn, u). But this identification is not natural when the qr-
quadric is not a paraboloid. On the contrary, for any qr-quadric, it seems to
be very useful to identify M = R

n with the affine part of the plane yn+1 = 0
in RP n+1.

Remark 4 – In fact, it is possible to give a natural identification of the
space R

n+1 ⊂ RP n+1 with the space J0M = M × R in the following way:
On one hand, one must not identify the “coordinate space” R

n+1 ⊂
RP n+1, but simply the space R

n+1 ⊂ RP n+1 obtained from RP n+1 by elim-
inating the projective hyperplane H tangent to the quadric Q at the North
pole N of the stereographic projection (see Fig.5). This hyperplane H con-
sists of the poles, with respect to Q, of the “vertical” hyperplanes.

��
��
��
��

Q

M

H

Λ

q

q

N

Figure 5: Natural identification RP n+1 \ H � J0M = M × R.

On the other hand, one can consider the space J0M = R
n+1 as the

product M × R in the following way: For fixed q ∈ M , the straight line
q × R, denoted by Λq, consists of the points of the projective line joining q
with N , excepted the point N (see Fig.5). In the case that the quadric Q is
a qr-paraboloid, the hyperplane H is the hyperplane at infinity H∞.

Remark – In fact, for any qr-quadric Q we can always choose an affine
chart in the projectivization of R

n+1 in such a way that the hyperplane
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H , tangent to Q at the North pole of the stereographic projection, be the
hyperplane at infinity: H = H∞.

Remark – Our definition of the polar–duality isomorphism Ψ is coordinate–
free. It can be applied to any choice of affine coordinates in RP n+1, the
quadric Q being a sphere, an ellipsoid of revolution, a two–sheet hyperboloid
of revolution or a paraboloid of revolution, i.e. quadric of revolution projec-
tively equivalent to the sphere. Under the natural identification (of remark
4) of the space R

n+1 = RP n+1 \ H and the space J0M = R
n+1 = M × R

the map Ψ−1 associates to each point p of J0M = R
n+1 = M × R the polar

hyperplane of p with respect to the quadric Q ⊂ RP n+1. The hyperplanes
through the North pole of the stereographic projection are automatically
eliminated.

3.1 The lifted front and the caustic of a submanifold of R
n ×{b}.

Let H = R
n × {b} a hyperplane of R

n × R. Let σ be a stereographic
projection of H to a qr-quadric Q. Let U ⊂ (Rn+1)∨ be the set of affine
hyperplanes of R

n+1 not containing the centre C of Q. We identify U ⊂
(Rn+1)∨ with R

n+1 \ {C} by means of the polar duality with respect to Q.

Let Γ ⊂ H ⊂ R
n+1 be a submanifold of the hyperplane H = R

n × {b} ⊂
R

n+1. Denote by Γ̃ ⊂ Q the image of Γ under σ.

Theorem 4– 1) For each point p̃ ∈ Γ̃ the set of poles of all hyperplanes
in U tangent to Γ̃ at p̃ is an affine subspace A(p̃) whose dimension is equal
to the codimension of Γ in H = R

n × {b}.
2) The image of the affine subspace A(p̃) under the projection from N ,

into the hyperplane H, is equal to the affine subspace formed by the end points
of all vectors normal to N at the point p = σ(p̃) (i.e. the normal bundle of
N at p).

3) The polar-dual front Γ̃∨ = Π(L) is a hypersurface generated by the
affine subspaces A(p̃) of point 1).

4) The image of the cuspidal edge of the polar–dual front Γ̃∨ = Π(L) under
the central projection R

n+1 → H, into the hyperplane H = R
n coincides with

the caustic of Γ by the normal map.

Example – Consider a qr-paraboloid P ⊂ R
3 and a curve γ lying in a

plane H , orthogonal to the axis of revolution of the paraboloid. So the image
of H by the inversion σ with respect to P is also a qr-paraboloid σ(P). The
image of the curve σ(γ) may be obtained just by vertical projection of γ into
the paraboloid σ(P), i.e. by stereographic projection into the paraboloid
σ(P). In Fig.6, we have an ellipse γ, its image σ(γ) on the paraboloid σ(P)
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and the polar–dual front of the curve σ(γ). The four vertices of the ellipse
γ, correspond to the flattenings of the spatial curve σ(γ). The curve (σ(γ))∨

dual to σ(γ) consists of the osculating planes of σ(γ). The image of the
dual curve (σ(γ))∨ under the polar duality map is the cuspidal edge of the
the polar–dual front of σ(γ). The four swallowtails of the polar–dual front
correspond to the osculating hyperplanes of σ(γ) at its flattenings.

Figure 6: An ellipse, its image by stereographic projection to a paraboloid
and the polar–dual front of its image.

§4. On the proofs of Theorem 4 and Theorem 1

In order to prove Theorem 4, we will give some properties of the polar–
dual front of a front lying in a quadric.

The polar–dual front of a front in a quadric

Let Q be a quadric in RP n+1 projectively equivalent to a sphere. Let
Γ̃ ⊂ Q be a front of codimension at least 1 in Q.

Let L be the Legendrian submanifold of PT ∗
RP n+1 consisting of the

contact elements of RP n+1 tangent to Γ̃. Thus the polar map Π : L → RP n+1

is a Legendrian map which associates to each contact element tangent to Γ̃
the pole with respect to Q of the hyperplane of the tangent element. The
front Γ̃∨ = Π(L) of this Legendrian map is the polar-dual front of Γ̃.

Remark – The fact that all hyperplanes tangent to Γ̃ ⊂ Q intersect Q
implies that the polar-dual front Γ̃∨ = Π(L) has no point in the “convex”
component of RP n+1 \ Q.
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Proposition 1 –
1) For each point p̃ ∈ Γ̃ the set of poles of all hyperplanes tangent to Γ̃ at

p̃ is a projective subspace A(p̃) whose dimension is equal to the codimension
of Γ̃ in Q.

2) The polar-dual front Γ̃∨ = Π(L) is a “ruled” hypersurface generated by
the projective subspaces A(p̃) of item 1.

Proof – The tangent space of Tp̃Γ̃ of Γ̃ at a point p̃ is well defined and has
codimension at least 2 in RP n+1. The set of all hyperplanes of RP n+1 con-
taining this tangent space is a projective subspace of (RP n+1)∨ of dimension
equal to the codimension of Tp̃Γ minus 1. This proves item 1. Item 2 follows
from item 1.

On the Proof of Theorem 4:
Items 1 and 3 of Theorem 4 follow directly from Proposition 1 above.

Although item 2 can be deduced from item 1 and Theorem 3, we will give a
geometric proof of item 2 for the case of stereographic projection to a sphere
S

n (thus we assume that R
n+1 has a Euclidean structure). The proof for

the other cases is similar. We will consider the stereographic projection σ as
the restriction of an inversion I to the hyperplane H = R

n × {b} ⊂ R
n+1,

σ = I|H . Let N be the North pole of the stereographic projection (that is
the centre of the inversion) and π : R

n+1 \N → H the linear projection from
N . To each hypersphere Sn−1 ⊂ H tangent to Γ it corresponds, under the
inversion, a hyperplane H1 of R

n+1 tangent to Γ̃ which is the image under
I of the hypersphere through N containing Sn−1. The polar–dual front of Γ̃
with respect to S

n consists of the poles of all hyperplanes tangent to Γ̃. So,
to prove item 2, we will show that the image of the pole of H1 under the
projection π is the centre of the hypersphere Sn−1.

Consider the two dimensional plane R
2 ⊂ R

n+1 determined by the line
through N orthogonal to H and the pole X of the hyperplane H1. We
suppose that H1 does not contain the centre of S

n. By symmetry reasons,
the plane R

2 also contains the centre of Sn−1.
The intersection of the plane R

2 with:
0) The hypersphere S

n consists of a circle S
1) The hyperplane H consists of a line h.
2) The sphere Sn−1 ⊂ H consists of two points Q1 and Q2 in the line h.
3) The cone formed by the lines through X tangent to S

n, consists of two
lines lQ1 and lQ2 whose point of intersection is X.

4) The hyperplane H1 consists of a line h1. (See Fig. 7 a).
Let C be the point of intersection of the line NX with the line h. To

prove that the point of intersection C of the hyperplane H with the line NX
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Figure 7: The line NX bisects the segment Q1Q2.

is the centre of the sphere Sn−1, we must only prove that C is the middle
point of the segment Q1Q2.

The plane R
2 is invariant under the inversion I. We can thus consider

the restriction of I to R
2. The images of the lines lQ1 and lQ2 under I are two

circles SQ1 and SQ2 through N and tangent to h at Q1 and Q2, respectively
(See Fig. 7 b). Besides N , the circles SQ1 and SQ2 intersect at a second point
X̃ which is the image of X under I. Of course, X̃ belongs to the line NX.
The power of C with respect to the circle SQ1 (SQ2) is CX̃ ·CN = CQ1 ·CQ1

(respect. CX̃ · CN = CQ2 · CQ2). This implies that C is the middle point
of the segment Q1Q2. This proves item 2. Item 4 follows from Theorem 3.
�

On the proof of Theorem 1:
Although Therem 1 is a consequence of Theorem 3, we remark that it can

be proved following the proof of Sedykh, in [16], for the ordinary stereographic
projection. Consider the following lemma related to inversions with respect
to spheres (consequently, it is valid for stereographic projection):

Basic Lemma – The image of a k–sphere S
k ⊂ R

n×{b} by an inversion
is a k–manifold lying in a (k + 1)–plane.

This basic lemma was used in [17], [18], [19], to relate the contact of a
submanifold Γ ⊂ R

n ×{b} with k–spheres in R
n ×{b} and the contact of its

image by an inversion Γ̃ ⊂ S
n ⊂ R

n ×R with k–planes. In a similar way, the
analog Basic Lemma for stereographic projection was used in [12] and [13].

This basic lemma is the main step in Sedykh’s proof for the ordinary
stereographic projection: It permits to give a correspondence between the
“normal covectors” of a submanifold Γ ⊂ R

n×{0} with the contact elements
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of R
n × R tangent to its stereographic image Γ̃ ⊂ S

n ⊂ R
n × R. This means

that there is a correspondence between the points of the Lagrangian manifold
of the Normal map associated to Γ ⊂ R

n ×{0} and the Legendrian manifold
of the Tangential map associated to its stereographic image Γ̃ ⊂ S

n ⊂ R
n×R.

So, in the following remarks we will only show that the corresponding Basic
Lemma also holds for the inversion with respect to qr-quadrics (and thus for
stereographic projection to qr-quadrics).

Remark – Basic Lemma is also valid for inversions with respect to rev-
olution ellipsoids: A qr-ellipsoid E may be obtained from a sphere S

n by a
dilation D in the direction of the axis of revolution of E : E = D(Sn). Such
a dilation sends k–spheres of horizontal hyperplanes into k–spheres of hori-
zontal hyperplanes and sends k–planes into k–planes. The inversion σ with
respect to E is obtained as a composition D◦σ̃◦D−1 where σ̃ is an inversion
with respect to the sphere D−1(E) = S

n. This proves that the previous basic
Lemma also holds for inversions with respect to revolution ellipsoids.

Remark – It is also easy to prove that Basic Lemma is also true for
inversions with respect to qr-hyperboloids. This fact is contained implicitly
in the following classic description of three different models of Lobachevski
spaces. We consider the two dimensional case (in higher dimensions, the
arguments are the same):

N

Poincaré’s model

Hyperboloid model

N

Hyperboloid model

Klein’s model
C

Figure 8: Poincaré’s and Klein’s models of Lobachevski space obtained as
projections of the hyperboloid model.

Consider a two–sheeted qr-hyperboloid H in R
3 = R

2 × R, with centre
C. It is known, and easy to prove, that the upper sheet H+ of the hyper-
boloid is a model of Lobachevski plane where the geodesics are the curves on
H+ obtained as sections of H+ by planes through the centre C. Moreover,
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Poincare’s model of Lobachevski plane is obtained as the image of H+ by the
projection from the North pole N to any horizontal plane not containing N .
Klein’s model of Lobachevski plane is obtained as the image of H+ by the
projection from C to any horizontal plane not containing C. See Fig.8.

From the relation of Poincare’s model of Lobachevski plane and the model
of the upper sheet H+ one can deduce that: To each circle lying in a plane
orthogonal to the axis of revolution of H corresponds a plane section of H.

This facts generalize to higher dimensions and can be used to prove higher
dimensional generalizations of the four–vertex theorem in Lobachevski spaces
(see French part of [18]).

Example – The formula for the inversion with respect to the standard
qr-hyperboloid H defined by the equation z2 −x2 = 1, where (x, z) ∈ R

n ×R

is given by

η(x, z) = (
x

z2 − x2
,

z

z2 − x2
).

Given a vector P = (p1, . . . , pn) ∈ R
n, and real number q, you can verify

directly that: the image under η of the hyperplane defined by the equation

z = P · x + q

is the qr-hyperboloid defined by the equation

(z − 1

2q
)2 − (x − P

2q
)2 = (

1

2q
)2(1 − P 2), (∗)

which is a qr-hyperboloid. Conversely, the image under η of any qr-hyperboloid
given by an equation of the type (∗) is a hyperplane.

The case of paraboloids of revolution

Besides our statement that Sedykh’s Theorem is also valid for stereo-
graphic projections to any qr-quadric, we observe that there are some quadrics
for which calculations, formulas and proofs are simpler. It turns out that it is
much more convenient to work with stereographic projections to paraboloids
of revolution and/or inversions with respect to paraboloids of revolution.

In the following example we see how simple the calculations and formulas
are.

Example – The inversion with respect to the paraboloid of revolution P
defined by the equation z = kx2, where (x, z) ∈ R

n × R and k ∈ R \ {0}, is
given by

ρ(x, z) = (x, 2kx2 − z).

You can verify directly that:
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0 – The map ρ is a diffeomorphism of the whole space R
n+1;

1 – The map ρ is an involution, i.e. ρ2 = Id;

2 – The image of P is P, i.e. ρ(x, kx2) = (x, kx2);

3 – The image of a paraboloid of revolution is a paraboloid of revolution,
i.e.

ρ(x, αx2) = (x, (2k − α)x2), α = 2k;

4 – The images of all non vertical hyperplanes are revolution paraboloids
congruent to 1

2
P and vice versa, i.e. for (a, b) ∈ R

n × R,

ρ(x, a · x + b) = (x, 2k[x − 1

4k
a]2 + [b/2k − (

1

4k
a)2]);

5 – The map ρ acts on each vertical line as a central symmetry around
its intersection point with the paraboloid, i.e. ρ(x0, z) = (x0, 2kx2

0 − z);

6 – The restriction of ρ to the hyperplane R
n × {b} is a stereographic

projection to a paraboloid of revolution: ρ(x, b) = (x, 2kx2 − b).

Remark – As in point 6 above, any stereographic projection to a qr-
paraboloid may be obtained by an inversion with respect to a suitable qr-
paraboloid.

The following theorem concerning qr-paraboloids is also true for the other
qr-quadrics (see last remark of section 1.1): Let ρ be a stereographic projec-
tion from R

n × {a} into a qr-paraboloid of R
n × R.

Parabolic Projection Theorem – Let Γ be a submanifold of R
n ×

{b} ⊂ R
n ×R and let Sk be a k–sphere of R

n ×{b}, having a certain type of
contact with Γ at a point p ∈ Γ. Then there exists a (k + 1)–plane of R

n+1

having the same type of contact at ρ(p) with ρ(Γ).

On the proof of Parabolic Projection Theorem

Although Parabolic projection theorem is a corollary of Theorem 3, it
can also be proved directly using one of the following lemmas:

Lemma– The image of any k–sphere in R
n×{b} under any stereographic

parabolic projection is contained in a (k + 1)–plane. Conversely, the vertical
projection into a hyperplane R

n × {b}, of the non–empty intersection of a
non–vertical (k + 1)–plane with a paraboloid of revolution, is a k–sphere.

Proof of lemma – Any paraboloid of revolution is obtained by a homothety
and a translation of the hypersurface P given by the equation

z = x2
1 + . . . + x2

n.
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The intersection of P with a non–vertical hyperplane

z = 2a1x1 + . . . + 2anxn + b

is given by the equation

(x1 − a1)
2 + . . . + (xn − an)2 = a2

1 + . . . + a2
n + b.

This proves the lemma for hyperplanes in R
n+1 = R

n × R and hyperspheres
in R

n × {b}. Any (k + 1)–plane is the intersection of hyperplanes and any
(k)–sphere is the intersection of hyperspheres. This prove the lemma for the
other cases.

The preceding lemma is also a consequence of the following one:

Lemma– Let ρ be an inversion with respect to a paraboloid of revolution
P. The image of any k–sphere in the hyperplane H = R

n × {b} under ρ is
contained in a (k + 1)–plane. Conversely, the image by ρ of the non–empty
intersection of the paraboloid revolution ρ(H) with a non–vertical (k + 1)–
plane is a k–sphere in H.

Proof of lemma – Any hypersphere Sn−1 in the hyperplane H = R
n ×{b}

is the intersection of H with a revolution paraboloid P̃ congruent to P. The
image of Sn−1 ⊂ P̃ by ρ is contained in the image of P̃ which is a hyperplane
(see point 4 of example 1). The same arguments prove the converse. This
proves the lemma for hyperplanes in R

n+1 = R
n × R and hyperspheres in

R
n ×{b}. Any (k + 1)–plane is the intersection of hyperplanes and any (k)–

sphere is the intersection of hyperspheres. This proves the lemma for the
other cases.

§5. The Curve of Normals to an Ellipse and the Anti-Circle

Consider the normals to a (non–circular) ellipse in the Euclidean plane
R

2 ⊂ RP 2. They form a curve in the dual projective plane (RP 2)∨.

Theorem [3] – This curve is the anti-circle, given in some affine coor-
dinates by the equation

1

x2
+

1

y2
= 1.

Question([4]): Is this theorem contained in the studies of this article?

Answer:

Suppose that the ellipse is given by the equation

x2

a2
+

y2

b2
= 1. (E)
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Let C be the conic, given (in the same system of coordinates as the ellipse
(E)) by the equation

C :

(
a

a2 − b2

)
x2 +

( ±b

a2 − b2

)
y2 = 1.

Consider the polar duality map ΨC : (RP 2)∨ → RP 2 associated to the conic
C.

Proposition – The image under ΨC of the curve of normals to the ellipse
(E) is the curve given (in the same system of coordinates as the ellipse (E))
by the equation

1

x2
+

1

y2
= 1.

Proof – Write l⊥(x0,y0)
for the normal to the ellipse (E) at a point with

coordinates (x0, y0).
On one hand, the equation of the line l⊥(x0,y0)

is given by

(
a2

a2 − b2

)
x

x0

−
(

b2

a2 − b2

)
y

y0

= 1.

On the other hand, the polar duality map ΨC is represented (see Remark
2 in subsection 1.3) by the bilinear equation in x, y and x′, y′ given by

(
a

a2 − b2

)
x′x +

( ±b

a2 − b2

)
y′y = 1.

So, the polar duality map ΨC sends the normal l⊥(x0,y0)
to the point with

coordinates (x, y) = (a/x0,∓b/y0). Obviously,

1

x2
+

1

y2
=

x2
0

a2
+

y2
0

b2
= 1. �
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geschlossenen Kurven und über verwandte Fragen in einer nicht–euklidischen Geome-
trie, Festschrift Heinrich Weber zu Seinem Siebzigsten Geburstag, Teubner, Leipzig,
1912, pp.170–180.

[8] Mond D., On the tangent developable of a space curve, Math. Proc. Camb. Phil.
Soc. 91 (1982), pp.351–355.

[9] Montaldi J., On contact between submanifolds, Michigan Math. J. 33 (1986) pp.195–
199.

[10] Mukhopadhyaya S., New Methods in the Geometry of a Plane Arc I, Bull. Calcutta
Math. Soc. 1, 1909, p.31–37.
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