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Abstract. We discuss three classes of closed curves in the Euclidean space R
3 which

have non–vanishing curvature and at least 4 flattenings (points at which the torsion van-
ishes). Calling these classes (defined below) Barner, Segre and Charatheodory, we prove
that Barner⊂(Segre∩Charatheodory). We also prove that (Segre)\(Segre∩Charatheodory)
and (Charatheodory)\(Segre∩Charatheodory) are open sets in the space of closed smooth
curves with the C∞–topology. Finally, we define a class of closed curves containing the
class of Segre curves, and we establish the conjecture that any curve of our class has at
least 4 flattenings. 1

1. Introduction and Main Results.

By a closed curve in the Euclidean space R
n (projective space RP n) we

mean a C∞ immersion γ : S
1 → R

n (γ : S
1 → RP n, respectively). We

consider the space of all closed curves in the Euclidean space (or in the
projective space) equipped with the C∞–topology.

We recall that a closed curve embedded in R
n (in RP n) is called convex

if it intersects no hyperplane at more than n points, counting multiplicities.

Definition – A flattening of a curve γ : R → R
n is a point where the

derivatives of γ of order 1, . . . , (n− 1), are linearly independent and those of
order 1, . . . , n, are linearly dependent. For curves in RP n it is possible to take
an affine chart. The linear independence (or dependence) of the derivatives
does not depend on the choise of the chart.

If a closed curve γ in RP n (in R
n) can be projected, from a point exterior

to it, onto a convex curve of RP n−1 (of R
n−1) then γ has at least n + 1

flattenings [4].

Finally, we recall that a closed curve in R
n (in RP n) is called Barner

curve if for every (n − 1)–tuple of (not necesarily geometrically different)
points of the curve there exists a hyperplane through these points that does
not intersect the curve elsewhere. More precisely:

1Zentralblatt MATH Subject Classification (2000) : 51L15, 53A04, 53A15, 53C99,
53D10.
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Definition – A curve embedded in the Euclidean space R
n (or in RP n)

is called a Barner curve if it is closed and if for each k–tuple of points of the
curve, k ≤ n−1, with positive multiplicities satisfying m1 + · · ·+mk = n−1,
there exists at least one hyperplane of R

n (of RP n) intersecting the curve at
these points, with corresponding multiplicities, that does not intersect the
curve elsewhere.

In the Euclidean case, Barner curves exist only in odd dimensions, while
in the projective case there exist convex curves for any positive dimension.
Any Barner curve in R

n (in RP n) has at least n + 1 flattenings [6].
A closed curve γ in RP n (Rn) which can be projected, from a point exte-

rior to it, into a convex curve of RP n−1 (Rn−1) is a Barner curve. Answering
the question about the relation between these two classes of curves (V.I.
Arnol’d 1996) V.D. Sedykh ([13]) proved: There is a non–empty open set of
embedded closed curves in RP n which are Barner curves and have no convex
projection into any hyperplane.

The conditions defining classes of closed curves in R
n that guarantee the

number of flattenings (or vertices) on each curve of that class is greater or
equal to some positive lower bound c(n) has been a classical object of study.
The interest on this subject was revived by the recent progres in simplectic
and contact geometries and by the relations of these problems with Sturm
theory (see [4], [2], [3], [5], [9], [1], [13], [15], [17], [18]). We consider three
classes of closed curves in the three–dimensional Euclidean space R

3 all whose
elements have at least four flattenings. In particular, any Barner curve of R

3

has at least 4 flattenings.
We call Charatheodory curve any C3–smooth closed curve in R

3 with
non–vanishing curvature and lying on the boundary of its convex hull.

C. Romero–Fuster proved that a generic Charatheodory curve has at
least 4 flattenings ([10]); in [7], Blaschke attributes an equivalent result to
Charatheodory.

Sedykh’s Theorem: Any Charatheodory curve (without genericity con-
ditions) has at least 4 flattenings ([12]).

We call Segre curve any closed curve in R
3 with non–vanishing curvature

and no parallel tangents with the same orientation ([17]).

Segre’s Theorem: Any Segre curve has at least 4 flattenings ([14]).

The natural problems arises:

a) Are there Charatheodory curves which are not Segre curves? (C.
Romero–Fuster [11]).

b) Are there Segre curves which are not Charatheodory curves?
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c) How are the Barner curves in R
3 related to Charatheodory curves and

to Segre curves?

The answer to these questions is given by the following three theorems:

Theorem A– There is a non–empty open set of Charatheodory curves
in R

3 which are not Segre curves.

Theorem B– There is a non–empty open set of Segre curves in R
3 which

are not Charatheodory curves.

Theorem C– Any Barner curve in R
3 is a Charatheodory curve and is

also a Segre curve.

Sedykh’s Theorem is considered, in most part of the concerned litera-
ture, as the more general 4−flattening theorem for curves in R

3. However,
Theorem B shows that this is not true.

To prove theorems A and B we give methods to construct generic exam-
ples.

A Four–Flattening Conjecture. When the unit tangent vector t of
a curve γ in the Euclidean Space R

3 is translated to a fixed point O, the
end points of the translated vectors describe a curve T on the unit sphere
S

2, called the tangent indicatrix of γ. The points of γ at which the curva-
ture vanishes correspond to the cusps of the tangent indicatrix. So Segre’s
Theorem can be reformulated in the following way:

Any closed curve in R
3 whose tangent indicatrix is embedded in S

2 has at
least four flattenings.

We say that a curve on S
2 has direct self–tangency if it has self–tangency

and the tangent branches have the same orientation at the point of tangency.
Let γt : S

1 → R
3, 0 ≤ t ≤ 1, be a one–parameter family of immersed curves.

Suppose that γ0 is a Segre curve (for instance a plane convex curve in R
3)

and that for all t ∈ [0, 1] the tangent indicatrix Tt of γt is an immersed curve
of S

2 having no direct self–tangencies.

Conjecture 1.– The curve γ1 (and each curve γt) has at least 4 flat-
tenings.

We stated conjecture 1 in terms of the curves γt : S
1 → R

3 and its tangent
indicatrices in S

2, but it comes from a conjecture about some class of Leg-
endrian knots in ST ∗

S
2 and the number of spherical inflections of the fronts

in S
2 of these Legendrian knots (see [3] and [19] for more information about

the Legendrian knots associated to curves in S
2). More precisely, to each

smoothly immersed co–oriented curve α : S
1 → S

2 a (may be singular) Leg-
endrian knot Lα ⊂ ST ∗

S
2 is associated, consisting of the co–oriented contact

3



elements of S
2 tangent to α with corresponding co-orientation. Conversely,

to each closed Legendrian knot in ST ∗
S

2 there corresponds a co–oriented
curve in S

2 which is not necessarily smooth and is called the front of the
Legendrian knot. We recall (see [8]) that a curve α : S

1 → S
2 is the tangent

indicatrix of some smoothly immersed curve γ : S
1 → R

3 if and only if it
intersects each great circle of S

2. So we formulate the

Conjecture 1’.– Let L0 be the Legendrian knot associated to a co–
oriented great circle of S

2. Let L1 be any Legendrian knot which can be joined
to L0 by a Legendrian isotopy Lt (i.e. a homotopy of Legendrian knots for
which the knot type does not change) satisfying the following condition: The
front αt of each Legendrian knot Lt is a smooth immersed curve of S

2 which
intersects every great circle of S

2. Then the front γ1 (and each front γt,
0 ≤ t ≤ 1) has at least four spherical inflections (counted geometrically).

The relation between both conjectures comes from the fact that the spher-
ical inflections of the tangent indicatrix of a curve in R

3 correspond to the
flattenings of the original curve in R

3. Moreover, for any Legendrian iso-
topy Lt of the Legendrian knots associated to the tangent indicatrices of a
family of closed curves γt : S

1 → R
3, the corresponding curves cannot have

points with zero curvature. More precisely, if for a parameter value t0 of a
generic family of smooth closed curves γt : S

1 → R
3 the curve γt0 has one

point of curvature zero then the corresponding Legendrian knot changes its
knot type at t = t0. It is known (see [3]) that ST ∗

S
2 � RP 3. In particular,

the Legendrian knot Lt0 ⊂ RP 3 is reducible, one of its components being a
projective line. If for t < t0 the Legendrian knot Lt is contractible (or not
contractible) then for t > t0 the Legendrian knot Lt is not contractible (resp.
contractible). The pictures showing the bifurcation of the legendrian knot
can be found in [17], citeUribetdv and citeUriberm.

In [5], V. Arnol’d gave the first step towards a Legendrian Sturm theory
of space curves. He imposed some conditions on the curves in terms of the 2–
dimensional Legendrian knot, of the space PT ∗

R
3 of contact elements of R

3,
associated to each curve in R

3 (or in RP 3). This Legendrian 2–dimensional
knot consists of the contact elements of R

3 (or in RP 3) tangent to the curve.
However, even considering curves only inside the class of Barner curves,

it is easy to go outside the class of curves considered in [5], (in [5] there is one
example). With our conjecture we try to work in the same spirit of Arnol’d
and Chekanov. But instead of considering the 2–dimensional Legendrian
knot in PT ∗

R
3 (or in PT ∗

RP 3) associated to a curve in R
3 (or in RP 3),

we consider the 1–dimensional Legendrian knot in ST ∗
S

2 associated to the
tangent indicatrix of a curve in R

3. The class of curves considered in our
conjecture contains the whole class of Segre curves which, by Theorem C,
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contains the whole classe of Barner curves.

Acknowledgements. The author is grateful to V.I. Arnold and V.D. Sedykh
for careful reading the first version of the paper and useful remarks, to M.
Kazarian for helpful discussions and to Carmen Romero–Fuster for setting
up problem a).

2. Proof of theorem C:

A Barner Curve is a Charatheodory Curve. The Barner curve
have no points with vanishing curvature. Let γ be a Barner curve in R

3. The
definition of Barner curves implies that for any point p ∈ γ there is a plane
tangent to the curve at p not intersecting the curve elsewhere. This plane
determines a closed half–space Hp containing the curve. The convex hull of
γ is contained in Hp and the point p lies on the boundary of the convex set
Hp. A point lying on the convex hull of γ which lies on the the baudary of
Hp must also lie on the boundary of the convex hull of γ. So p lies on the
boundary of the convex hull of γ. Thus γ is a Charatheodory curve. �

A Barner Curve is a Segre Curve. We will prove that any curve which
is not a Segre curve cannot be a Barner curve. Let γ be a closed curve with
non–vanishing curvature. Suppose that γ has two parallel tangents with the
same orientation at the points p1 and p2 of γ. We will prove that any plane
containing the points p1 and p2 must intersect the curve at least at 4 points,
taking multiplicities into account. Consider the projection π : R

3 → R
2

parallel to the line p1p2. The projection π sends the curve γ onto a plane
curve γ̂ = π(γ). The point p = π(p1) = π(p2) is a point of self–tangency
with the same orientation as the curve γ̂. So the curve γ̂ can be decomposed
into two closed curves having a tangency at the point p. Any line of R

2

containing p intersects each one of these curves at least at two points, taking
multiplicities into account. Each line of R

2 containing p is the image (by the
projection π) of a plane of R

3 containing the points p1 and p2. So any plane
containing p1 and p2 intersects γ at least at 4 points, taking multiplicities
into account. �

3. Proof of theorem A:

Charatheodory Curves which are not Segre Curves. Consider a
smooth, closed and strictly convex smooth surface S (for instance an ellip-
soid) in the Euclidean space R

3. Consider a bundle of parallel lines of R
3.

Let Γ denote the set of points of S at which a line of the bundle is tangent
to S. The set Γ is a closed curve of S, which separates S in two parts S1 and
S2. Any embedded curve of S is a Charatheodory curve.
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Proposition 1– Let γ : θ 	→ γ(θ) be a closed embedded curve of S
crossing the curve Γ transversally at 2k > 2 points θ1, . . . , θ2k. If the tangent
lines of γ at two crossings θi and θj with the same parity (i = j (mod 2)) are
lines of the bundle then γ is not a Segre curve.

Proof – The tangents of the curve γ at θi and θj are parallel. We must only
prove that the tangents at these points have the same orientation. Suppose
that at θ1 the curve γ traverses from S1 to S2. Then, at the odd (even)
crossings the curve γ traverses from S1 to S2 (from S2 to S1). So if both i
and j are odd (even) then the crossing from S1 to S2 (from S2 to S1) gives
to the tangents at the points θi and θj the same orientation (See Fig. 1). �

s

s 1

2

Γ

γ

θ θ1 2

Figure 1: A Charatheodory curve which is not a Segre curve.

A closed curve in R
3 is a Segre curve if and only if its tangent indicatrix

on S
2 has no double points (self–intersections). If the tangent indicatrix of

a closed curve γ has transversal self–intersections, then any small enough
perturbation of γ (taking the derivatives into account) is not a Segre curve:
transversality is an open condition. The tangent indicatrix T : S

1 → S
2 of

a closed curve γ : S
1 → R

3 has a transversal self–intersection at the point
T(θ1) = T(θ2) if the tangents to γ at θ1 and at θ2 are parallel with the same
orientation, but the osculating planes at these points are not parallel.

The curves of Proposition 1 can be constructed in such a way that the
osculating planes at the points θi and θj are not parallel. This proves theorem
A.

4. Proof of theorem B:

Segre Curves which are not Charatheodory Curves. We give a
method of constructing Segre curves. Let γ be an oriented convex curve,
with two orthogonal axes of symmetry l1, l2, in the Euclidean plane R

2 ⊂ R
3
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(for instance an ellipse). Deform the plane R
2 in R

3 on a right cylinder C
with the following conditions:

a) The base of the cylinder C can be any smooth immersed plane curve.
b) The lines of R

2 parallel to one of the axes of symmetry of γ, say l1,
must become the generatrices of C.

c) The image, under the deformation, of the lines of R
2 parallel to the

axes of symmetry l2 must be orthogonal to the generatrices of C.
Write γ̃ for the image of γ by this deformation, and p̃ ∈ γ̃ for the image

of p ∈ γ by this deformation.

Proposition 2– The deformed curve γ̃ is a Segre curve.

Proof – We will use the fact that two unit tangent vectors are parallel
and have the same orientation if and only if for any orthogonal projection
on a plane (or on a line) their images are parallel with the same orientation
and the same length. Let t(p̃) be the unit tangent vector of γ̃ (given by
the orientation of γ̃) at the point p̃ ∈ γ̃. Let P2 be the plane orthogonal to
the generatrices of C and containing the image of the axis of symmetry l2
of γ. By construction, the curve γ̃ is symmetric with respect to the plane
P2. Let π1 (or π2) be the orthogonal projection of the unit tangent vectors
of γ̃ on a plane orthogonal to the generatrices (respectively on a line parallel
to the generatrices). The projections by π1 (respectively by π2) of two unit
tangent vectors of γ̃ have the same length if and only if the corresponding
points of the plane curve γ are symmetric with respect to any one of the
axes of symmetry l1, l2 of γ. If two points p and q of γ are symmetric with
respect to l1 or l2 and lie on one of these axis of symmetry of γ, then t(p̃)
and t(q̃) have opposite orientation. Let p̃1, p̃2, p̃3, p̃4 be four points of γ̃, such
that the corresponding points p1, p2, p3, p4 of γ are symmetric and don’t lie
in the axes of symmetry of γ. We will prove that t(p̃1) 
= t(p̃i), i = 2, 3, 4.
Suppose that p̃1 and p̃2 (and consequently p̃3 and p̃4) are symmetric with
respect to P2. The projections π1(t(p̃1)) and π1(t(p̃2)) have the same length
but different orientation. So t(p̃1) 
= t(p̃2). The projections π2(t(p̃3)) and
π2(t(p̃4)) are oriented in opposite direction with respect to π2(t(p̃1)), Thus
t(p̃3) 
= t(p̃1) 
= t(p̃4). This proves proposition 2.

The curves of proposition 2 can be constructed in such a way that the
curve γ̃ does not lie on the boundary of its convex hull. This proves theorem
B.

Realizations of this construction are given by the families of curves of the
following examples.

Example 1 – The curves of the family γ̃ε : S
1 → R

3 given by the
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Figure 2: A Segre curve which is not a Charatheodory curve.

parametrization

γ̃ε(θ) = ((2 cos θ + ε)3 − (2 cos θ + ε), sin θ, (2 cos θ + ε)2)

are Segre curves for any value of ε but are not Charatheodory curves for
any small enough ε. The curve γ̃0 is not embedded (it has two points of
self–intersection), so it is not a Charatheodory curve. For any small enough
ε 
= 0, the curve γ̃ε is embedded and does not lie in the boundary of its
convex hull. This family of curves lies on the cylinder given by the following
parametrization: (s, t) 	→ (t3 − t, s, t2 − 1). In Figure 2 we have considered
the plane curve γ as the boundary of a disc, and the spatial curve γ̃ as the
image of γ by the deformation of the disc.

Figure 3: A Segre curve which is not a Charatheodory curve.

Example 2 – The curves of the family γ̃λ : S
1 → R

3 given by the
parametrization

γ̃λ(θ) = (ecos θ sin(λπ cos θ), sin θ, −ecos θ cos(λπ cos θ))

are Segre curves and for any λ ≥ 0.7 they are not Charatheodory curves.
In Fig.3 we have the curve γ̃λ for λ = 10. The curve γ̃λ of this family
lies on the cylinder Cλ given by the following parametrization: (s, t) 	→
(e2t/λ sin(2πt), s, −e2t/λ cos(2πt)).
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