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prove a transfer-of-measure formula for GL(n).

Keywords: Plancherel measure, product formula, Langlands-
Shahidi formula, Bernstein decomposition

AMS 2000 Mathematics subject classification: Primary 22E50,
secondary 11F70, 11S40

1. Introduction

In this article we provide an explicit Plancherel formula for the p-adic
group GL(n).

In fact, we achieve more than this. Plancherel measure admits a
canonical decomposition, the Bernstein decomposition: we determine
explicitly the Bernstein decomposition of Plancherel measure, including
all numerical constants.

Harish-Chandra, in his search for the Plancherel measure on a reduc-
tive p-adic group, had a clear conception of the support of the Plancherel
measure [15]. The support is

⋃
E2(M)/W (M) where E2(M) is the set

of equivalence classes of the discrete series of M , W (M) is the Weyl
group of M (i.e., the quotient by M of the normalizer of the maximal
split torus in the center of M) and one M is chosen in each conjugacy
class. The space E2(M) is the disjoint union of compact tori of dimen-
sion equal to the parabolic rank ofM . So the support is a disjoint union
of countably many compact orbifolds, each the quotient of a compact
torus by a finite group (product of symmetric groups). Each orbifold is
the product of symmetric products of circles and is of dimension d with
1 ≤ d ≤ n. At one extreme, the supercuspidal representations arrange
themselves into circles; at the other extreme we have the unramified
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unitary principal series which, as a subspace of the tempered dual, is
the symmetric product of n circles.

We depend on the Harish-Chandra product formula, see [15, p. 92–
93], [15, Theorem 5, p.359]. This formula was published posthumously
in 1984 and without proof [15]. The detailed proof has recently been
given by Waldspurger [32].

We also depend on a formula of Shahidi [27] which resolves a conjec-
ture of Langlands. The Langlands-Shahidi formula gives the Plancherel
density as a ratio of certain local L-functions and root numbers [27].
In [28] Shahidi applies this formula to the special case of a maximal
parabolic subgroup of GL(n). The resulting formula contains some
very confusing typos [28, p. 292 –293]: we give a new derivation of the
correct formula. One part of the Plancherel formula refers to the spher-
ical part of the tempered dual: in this context we extend the classical
formula of Macdonald [20], [21, Theorem 5.1.2] from SL(n) to GL(n)
and then from the spherical component to the whole of the tempered
dual.

Let F be a nonarchimedean local field, let G = GL(n) = GL(n, F ),
and let A be the reduced C∗-algebra of G. Let Ω be a component in
the Bernstein variety Ω(G) (each point in Ω(G) is a conjugacy class of
cuspidal pairs (M,σ), where M is a Levi subgroup of G, and σ is an
irreducible supercuspidal representation of M), see [2]. The Bernstein
decomposition

A =
⊕

A(Ω)

is a canonical decomposition of A into C∗-ideals A(Ω), see [24].
Let Irrt(G) denote the tempered dual of G and let Irrt(G)Ω denote

the subset of those tempered representations whose infinitesimal char-
acters belong to Ω. The Bernstein decomposition of A determines the
following partition of Irrt(G):

Irrt(G) =
⊔

Irrt(G)Ω.

This determines the Bernstein decomposition of Plancherel measure:

ν =
∑

νΩ.

We can think of a component Ω in the Bernstein variety Ω(G) as a vec-
tor (σ1, . . . , σk) of irreducible supercuspidal representations of smaller
general linear groups: the entries of this vector are determined up to
tensoring with unramified quasicharacters and permutation. If the vec-
tor is (σ1, . . . , σ1, . . . , σt, . . . , σt) with σj repeated ej times, 1 ≤ j ≤ t,
and σ1, . . . , σt pairwise distinct (after unramified twist) then we say
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that Ω has exponents e1, . . . , et. Let

d(Ω) = e1 + · · ·+ et

and let

W (Ω) = Se1 × · · · × Set

a product of symmetric groups. Let Td denote the standard compact
torus of dimension d. Let σj be an irreducible supercuspidal represen-
tation of the smaller general linear group GL(mj). Each representation
σj of GL(mj) has a torsion number: the order of the cyclic group of
all those unramified characters η for which σj ⊗ η ∼= σj. The torsion
number of σj will be denoted rj = Tor(σj).

Let ρ be a representation of the Weil group WF , and let J be an open
normal subgroup of the inertia group I = IF . We now follow Deligne
[14, (4.5.4),p. 538]. Denoting AI/J , SwI/J the Artin representation and
the Swan representation, respectively, of I/J , the Artin conductor a(ρ)
is defined as

a(ρ) = dim HomI/J(AI/J , ρ) = sw(ρ) + dim(ρ− ρI),

where ρI denotes the subspace of I-invariant vectors, and sw(ρ) is the
Swan conductor

sw(ρ) = dim HomI/J(SwI/J , ρ).

The above definitions do not depend on the choice of J (see [14, (4.5.2)])
and show that a(ρ) and sw(ρ) are natural numbers.

Let Cusp(G) denote the set of isomorphism classes of irreducible
supercuspidal representations of G and let Irrn(WF ) denote the set of
isomorphism classes of n-dimensional irreducible representations of the
Weil group WF of F . Let

recF : Cusp(G) −→ Irrn(WF )

denote the local Langlands correspondence as in [16, p. 2–3]. We will
write

aj = a(ρ∨j ⊗ ρj)

where

ρj = recF (σj).

In this way, the Bernstein component Ω creates the following natural
number invariants:

• the sizes m1, m2, . . . , mt of the smaller general linear groups,
• the exponents e1, e2, . . . , et,
• the torsion numbers r1, r2, . . . , rt,
• the Artin conductors a1, a2, . . . , at.
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We have to refine these invariants by taking partitions of e1, . . . , et.
It is precisely these invariants, along with the formal degree, which
enter into the Plancherel formula.

According to [24], the support of Plancherel measure is a disjoint
union of extended quotients:

Irrt(G) =
⊔

Ω

T̃d(Ω)/W (Ω).

We prove an explicit formula for Plancherel density on Irrt(G) in terms
of the above invariants. We know in advance that Plancherel measure
is rotation-invariant [24]. This implies that Plancherel density is a
constant on each circle in the discrete series of GL(n).

In section 2, we give a précis of the Harish-Chandra Plancherel The-
orem, including the Harish-Chandra product formula, following Wald-
spurger [32].

In section 3, we compute the Plancherel density µ by using the
Langlands-Shahidi formula.

In section 4, we write the formula for the density µ in terms of the
p-adic gamma function, and recover, as a special case, the classical
formula of Macdonald [20, 21].

In section 5, we compute the constants qn( ) in terms of Artin con-
ductors.

In section 6, we compute the constants γ(GL(n)/GL(n1)×GL(n2))
as explicit rational functions in q.

In section 7, we give a new formula for the density µ.
In section 8, we give the explicit Bernstein decomposition of Plancherel

measure.
So far, our results are completely independent of the theory of types.

In section 9, we discuss the connection with the theory of types and
prove the transfer-of-measure formula for GL(n). In this, we have been
much influenced by the preprint of Bushnell–Henniart–Kutzko [9].

2. The Plancherel theorem after Harish-Chandra

Let A be the diagonal split torus, with F -points

A(F ) =








x1

x2

. . .
xn


 : xi ∈ F×




.

We denote a typical element of A(F ) by diag(x1, . . . , xn). The root
system Σ(G) for G = GL(n) with respect to A is of type An−1, with
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roots αi,j, i, j ∈ {1, 2, . . . , n}, where

αi,j (diag(x1, . . . , xn)) :=
xi
xj
.(1)

The positive roots are the αi,j with i < j, i, j ∈ {1, . . . , n}, and their
set will be denoted by Σ(G)+. The number of positive roots |Σ(G)+|

is n(n−1)
2

. The simple roots are the αi,i+1 for i = 1, 2, . . . , n− 1.
We will denote by GL(n1, . . . , nk) the block diagonal Levi subgroup

GL(n1)×GL(n2)×· · ·×GL(nk) of G. Let P be the upper block triangu-
lar parabolic subgroup of G with Levi subgroup M = GL(n1, . . . , nk)
and unipotent radical denoted by N . The root system Σ(M) of M is of
type An1−1 ×· · ·×Ank−1, with positive roots αn1+···+ni−1+h,n1+···+ni−1+l,
where 1 ≤ i ≤ k, 1 ≤ h ≤ ni− 1, 2 ≤ l ≤ ni, and h < l. Let AM be the
split component of M , that is, the maximal split torus in the center of
M :

AM =








λ1Idn1

λ2Idn2

. . .
λkIdnk


 : λi ∈ F×




.(2)

Let Σ(AM ) be the set of roots of AM in G, that is,

Σ(AM ) =
{
ai,j := αn1+···+ni,n1+···+nj

: (i, j) ∈ {1, . . . , k}, i 6= j
}
.

We denote by Σ(P ) the subset of roots in Σ(AM ) which are positive
with respect to P , that is, the roots in Σ(AM) which occur in the
action of AM on the Lie algebra of N . Let Σnd(P ) denote the subset
of non-divisible roots in Σ(P ).

For α in Σnd(P ), let Aα be the connected component of A ∩ ker(α).
Let Mα be the centraliser of Aα in G and let Nα := Mα∩N . Then MNα

is a (maximal) parabolic subgroup of Mα: Mai,j
⊃ GL(n1, . . . , nk) is

the set of matrices


GL(n1, . . . , ni−1)
x y

GL(ni+1, . . . , nj−1)
z t

GL(nj+1, . . . , nk)



,

such that x ∈ GL(ni), t ∈ GL(nj) and

(
x y
z t

)
∈ GL(ni+nj), and M =

GL(n1, . . . , nk) is a Levi subgroup of a maximal parabolic subgroup of
Mai,j

' GL(ni + nj) × GL(n1, . . . , n̂i, . . . , n̂j, . . . , nk).
For every g in G, we choose nP (g) ∈ N , mP (g) ∈ M , kP (g) ∈

GL(n, oF ) such that g = uP (g)mP (g)kP (g), where oF denote the ring
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of integers of F . Let P be the opposite parabolic subgroup of P and let
N be its unipotent radical. We denote by n the Lie algebra of N . Let
dn be the Haar measure on N assigning volume 1 to N ∩ GL(n, oF ).
We set

γ(G/P ) :=

∫

N

δP (mP (n)) dn.(3)

Note that γ(G/P ) does not depend on the choice of the parabolic P (see
for instance [32, I.1.(3)]). Hence from now we will write γ(G/M) for
γ(G/P ). It is clear that γ(M−α/M) = γ(Mα/M), for each α ∈ Σnd(P ).
Then we set

c(G/P ) = c(G/M) := γ(G/M)−1
∏

α∈Σnd(P )

γ(Mα/M),

that is,

c(G/M) = γ(G/M)−1
∏

i<j

γ(Mai,j
/M).(4)

Remark 2.1. Let JG be an open compact subgroup of G which admits
an Iwahori decomposition J = (JG∩N) ·(JG∩M) ·(JG∩N ). We equip
each closed algebraic subgroup H of GL(n) with the Haar measure such
that v(H ∩ GL(n, oF )) = 1. By the definition 3 of γ(G/M), we have

∫

G

f(g)dg = γ(G/M)−1

∫

N×M×N

δP (m)−1 f(nmn) dn dmdn.

Applying the above identity to the characteristic function of JG (as in
[32][preuve de (3)]), we obtain

γ(G/M) =
v(JG ∩N) · v(JG ∩M) · v(JG ∩N)

v(JG)
.(5)

The formula (5) shows that the gamma function satisfy the following
product formula

γ(G/M) = γ(G/M ′) · γ(M ′/M),(6)

for any Levi subgroup M ′ ⊃M .

Let iGM,P denote the normalized parabolic induction functor, i.e., if

(πM , VM) is a smooth representation of M , then iGM,P (VM) will be the
space of smooth (i.e., locally constant and biinvariant with respect to
some open subgroup of G) functions f : G→ V such that

f(mng) = δP (m)
1
2 π(m) f(g), m ∈M , n ∈ N , g ∈ G;

the action of G on iGM,P (VM) via iGL,P (πM) is that of right translation.
Here, δP denotes the module of P , that is the character of P defined
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by δ(p) := | detAd(p)|n|. Note that, when P = B is the upper Borel
subgroup of GL(n), we have

δB (diag(x1, . . . , xn)) =

n∏

i=1

|xi|
n+1−2i = |x1|

n−1|x2|
n−3 · · · |xn|

1−n.(7)

Let Q be a parabolic subgroup of G with Levi subgroup M , and unipo-
tent radical denoted by NQ. We assume that, for every f ∈ iGM,P (VM)
and every g ∈ G, there exists a ξ ∈ VM such that for any ξ∨ in the
contragredient V ∨

M of VM , the integral
∫
N∩NQ\NQ

〈f(nQg)ξ, ξ
∨〉dnQ is

absolutely convergent, and equal to 〈ξ, ξ∨〉. Then we set
∫

N∩NQ\NQ

f(nQg)dnQ := ξ,

and we define a homomorphism JQ|P (πM) : iGM,P (VM) → iGM,Q(VM) as

JQ|P (πM ) :=

∫

N∩NQ\NQ

f(nQg) dnQ,

for f ∈ iGM,P (VM) (see [32, IV.1]). The operator JQ|P (πM) isG-invariant.

Note that in the special case where Q = P, we get the following simpler
expressions:

JP |P(πM ) =

∫

N

f(n)dn and JP|P (πM) =

∫

N

f(n)dn.(8)

Let X(AG) denote the set of F -rational characters of AG. We set
a∗
G := X(AG) ⊗Z R and a∗

G,C := X(AG) ⊗R C. Let Ψ(G) be the set
of unramified characters of G. Then, the map a∗

G,C → Ψ(G) which

sends χ⊗ s to g 7→ |χ(g)|s is surjective, with kernel of the form 2πi
log(q)

Λ,

for some lattice Λ in Ψ(G) ⊗Z Q. Note that Λ is the kernel of the
homomorphism HG : G→ aG defined by

q−〈χ,HG(g)〉 = |χ(g)|.

All the elements in the fibre of χ ∈ Ψ(G) under this map have the same
real part that we denote by Re(χ). We denote by Ψt(G) the group of
unitary unramified characters:

Ψt(G) = {χ ∈ Ψ(G) | Re(χ) = 0} .(9)

The restriction map Ψt(G) → Ψt(AG) is surjective with finite kernel.
We put on Ψt(AG) the Haar measure with total mass 1, and on Ψt(G)
the measure such that the restriction map preserves the measures lo-
cally. We set OC(πM ) := {πM ⊗ χ | χ ∈ Ψ(M)}. Assume that πM is
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irreducible. Then the set of π′ ∈ OC(πM ) such that iGM,P (π′
M) is irre-

ducible is a dense Zariski open set of OC(πM) (see [32, IV.3]), and for
such π′

M the operator

JP |P (π′
M ) ◦ JP |P (π′

M) ∈ EndG(iGM,P (VM))(10)

is a homothety. Hence there is a rational function jP on OC such
that this operator is a homothety of ratio jP (πM). The term jP (πM)
does not depend on the choice of the parabolic subgroup P with Levi
subgroup M (see [32, IV.3]). We will write it simply j(π). Note that
j(π∨

M) = j(πM).

Attach discrete series representations ω1, . . . , ωk to the blocks in M
and form the discrete series representation

ω = ω1 ⊗ · · · ⊗ ωk.

We denote by E2(M) the set of equivalence classes of discrete series in
M and by O(ω0) ⊂ E2(M) an orbit under the action of Ψt(M), that is,

O(ω0) :=
{
ω0 ⊗ χ | χ ∈ Ψt(M)

}
, where ω0 ∈ E2(M).

For every ω ∈ O(ω0), we define

µ(ω) = µG(ω) := j(ω)−1
∏

α∈Σnd(AM )(up to sign)

γ(Mα|M)2.(11)

Remark 2.2. In the case where the parabolic P is maximal, it gives

µ(ω) = j(ω)−1 · γ(G/M)2.

Now GL(ni) × GL(nj) is a standard Levi factor in a maximal para-
bolic subgroup of GL(ni+nj), and there is a Plancherel density µMai,j

/M

attached to Mai,j
.

µMai,j
/M (ω) = µGL(ni+nj)/GL(ni)×GL(nj)(ωi ⊗ ωj),(12)

The Harish-Chandra product formula is used in the following way. The
formula for the Plancherel density is (see [32, V 2.1])

µG/M(ω) =
∏

1≤j<i≤k

µMai,j
/M(ω).

In other words, we have:

Theorem 2.3. (Harish-Chandra)

µG/M(ω) =
∏

1≤j<i≤k

µGL(ni+nj)/GL(ni)×GL(nj)(ωi ⊗ ωj).
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For ω ∈ E2(M), we denote by d(ω) its formal degree and by θGM(ω)
the character of iGM,P (ω). Let r(g) be the right translation by g, and
let W (M) := NG(AM)/M . Let dω be the canonical measure on E2(M)
defined by Harish-Chandra in [15, §2]. For f in the Schwartz space on
G and g ∈ G, we define fM(g) as

c(G/M)−2 γ(G/M)−1 |W (M)|−1

∫

E2(M)

µG/M(ω) d(ω) θGω (r(g)f) dω.

(13)

Then Harish-Chandra’s Plancherel Theorem [15, p.367], [32, VIII] states
that

f =
∑

M

fM ,(14)

where M runs over the Levi subgroups M ⊃ A of G up to conjugacy.

Remark 2.4. We observe that

c(G/M)−2 γ(G/M)−1 µG/M(ω) = γ(G/M) j(ω)−1.

3. Calculation of the Plancherel density

From (2.3) of the previous section, it is enough to consider maximal
parabolic subgroups of GL(n). A standard Levi subgroup M of a max-
imal parabolic subgroup is of the form GL(n1) × GL(n2). Attach the
discrete series representation ω1 ⊗ ω2 to this Levi subgroup. We have
the Langlands-Shahidi formula for the Plancherel constant associated
to a maximal parabolic subgroup of GL(n), see [28, §7] or [29, §6]:

µ(
s

2
, ω1 ⊗ ω2) = const. ·

L(1 + s, ω1 × ω∨
2 )L(1 − s, ω∨

1 × ω2)

L(s, ω1 × ω∨
2 )L(−s, ω∨

1 × ω2)
,(15)

where

const. = γ(G/M)2 · qn(ω∨
1 ×ω2),(16)

where the exponent n( ) is defined by formula (42).

Now we start the calculations. We shall make use of the identity

1 − xr =
r−1∏

j=0

(1 − ζjx)

where ζ = e2πi/r is a primitive rth root of unity in C.
For any smooth representation π of G and any quasicharacter χ, we

denote by π(χ) the twist of π by χ

π(χ)(g) := χ(det(g)) π(g).
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If σ1 (resp. σ2) is an irreducible supercuspidal representation of GL(m1)
(resp. GL(m2)), then we have L(s, σ1×σ

∨
2 ) = 1 unless σ1

∼= σ2(ψ) with
ψ an unramified character of F× in which case we have

L(s, σ1 × σ∨
2 ) =

∏

ψ

L(s, ψ)(17)

the product taken over all unramified characters ψ of F× such that
σ1

∼= σ2(ψ) (see [18, Prop. 8.1], [7, p.27, first paragraph]). Note that
this formula is more precise than [19, (3.2.5)].

Let $ denote a fixed uniformizer parameter, and let q denote the
order of the residue field of F . We quote the standard formula for the
L-function L(s, ψ), see [31, 3.1.3]:

L(s, ψ) = (1 − ψ($)q−s)−1(18)

if ψ is an unramified quasicharacter, and

L(s, ψ) = 1(19)

if ψ is ramified.
In the next lemma we recover a formula of Shahidi [28, p.269].

Lemma 3.1. Let σ2 have torsion number r and let σ1
∼= σ2(χ) with χ

an unramified quasicharacter such that χ($) = α. Then we have

L(s, σ1 × σ∨
2 ) = (1 − αrq−rs)−1.(20)

Proof. We assume that σ2
∼= σ2(η), where η is unramified. Then ηn2 =

1. Since each η is determined by η($) and since finite subgroups of C×

are cyclic, the set of all unramified η such that σ2
∼= σ2(η) is a cyclic

group of order r, where r divides n2. We will write ζ = η($). We
have σ1

∼= σ2(ψ) where the possibilities for ψ are χ, χη, χη2, χη3, . . . ,
χηr−1. Then we have

L(s, σ1 × σ∨
2 ) =

r−1∏

j=0

L(s, χηj)(21)

=
r−1∏

j=0

(1 − (χηj)($)q−s)−1(22)

=

r−1∏

j=o

(1 − ζjαq−s)−1(23)

= (1 − αrq−rs)−1,(24)
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LetM = GL(n1)×GL(n2) be the Levi subgroup of a maximal parabolic
of G = GL(n1 + n2) and let ω1, ω2 be discrete series representations
of GL(n1), GL(n2). Let χ1, χ2 be unramified (unitary) characters of
GL(n1), GL(n2) with χ1($) = α1, χ2($) = α2. Then the group of
unramified (unitary) characters Ψt(M) of M has, via the map

(χ1, χ2) 7→ (α1, α2),

the structure of the compact torus T2.
Consider now the orbit Ψt(M) · (ω1 ⊗ ω2) in the Harish-Chandra

parameter space Ωt(G). The action of Ψt(M) creates a short exact
sequence

1 → G → T2 → T2 → 1

with

T2 → T2, (α1, α2) 7→ (αr2, α
r
2).

The finite group G is precisely the group in [2, Section 3.1] and is the
product of cyclic groups:

G = Z/rZ × Z/rZ.

We will write z1 = αr1, z2 = αr2 so that z1, z2 are precisely the coordi-
nates of a point in the orbit.

Remark 3.2. We recall the following facts about the discrete series of
GL(n). Let ω1 and ω2 are two discrete series representations of GL(n1)
and GL(n2), respectively. By [33] (see [19, Prop. 1.2.3]), there exist
two pairs of integers (m1, 2g1 +1) and (m2, 2g2 +1) and two irreducible
supercuspidal representations σ1 and σ2 of GL(m1) and GL(m2) re-
spectively such that, for i = 1, 2, we have mi(2gi + 1) = ni and the
representation ωi is the Langlands quotient Q(∆i) associated to the
segment ∆i = {| |−giσi, | |

−gi+1σi, . . . , | |
gi−1σi, | |

giσi} (that is, ωi is the
unique irreducible quotient of the parabolically induced representation
of | |−giσi ⊗ · · · ⊗ | |giσi).

Theorem 3.3. Let σ be an irreducible pre-unitary supercuspidal rep-
resentation of GL(m) with torsion number r. Let π1, π2 be discrete
series representations of GL(n1), GL(n2) such that πi is the Langlands
quotient associated to the segment

{| |−giσ, . . . , | |giσ}.

Let χ1, χ2 be unramified characters with χ1($) = α1, χ2($) = α2. Let
z1 = αr1, z2 = αr2. Then, as a function on the compact torus T2 with
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co-ordinates (z1, z2) we have

µ(χ1π1 ⊗ χ2π2) = const. ·

g1+g2∏

g=|g1−g2|

∣∣∣∣
1 − z1z

−1
2 /qgK

1 − z1z
−1
2 /qg+1

K

∣∣∣∣
2

where

const. = γ(G/M)2 · qn(ω∨
1 ×ω2)

and

qK = qr.

Proof. We will fix notation as follows. Let

ωi = χiπi = Q(χi · ∆i), χi∆i = {| |−giχiσ, . . . , | |
giχiσ}, σi = χiσ.

We note that

σ1
∼= χ1σ ∼= χ1χ

−1
2 σ2

∼= σ2(χ1/χ2)

χ($) = (χ1/χ2)($) = α1/α2 = α.

Remark 3.4. We also note that ω∨
2 is the quotient Q(∆∨

2 ) where

∆∨
2 = {| |−g2σ∨

2 , . . . , | |
g2σ∨

2 }.

We can see this via Langlands parameters. If ω2 has Langlands param-
eter ρ2 ⊗ | |−g2 ⊗ sp(2g2 + 1) then ω∨

2 has Langlands parameter

ρ∨2 ⊗ | |g2 ⊗ sp(2g2 + 1) ⊗ | |−2g2 = ρ∨2 ⊗ | |−g2 ⊗ sp(2g2 + 1),

see [16, p. 252].

It follows from [18, Th. 8.2] (see [19, (3.2.3)]) that

L(s, ω1 × ω∨
2 ) =

2 max(g1,g2)+1∏

i=1

L(s + 2g1 + 2g2 − i + 1, | |−g1σ1 × | |−g2σ∨
2 ),

that is,

L(s, ω1 × ω∨
2 ) =

2 max(g1,g2)+1∏

i=1

L(s+ g1 + g2 − i+ 1, σ1 × σ∨
2 ).

Finally we obtain

L(s, ω1 × ω∨
2 ) =

g1+g2∏

g=|g1−g2|

L(s+ g, σ1 × σ∨
2 )(25)

=

g1+g2∏

g=|g1−g2|

(1 − αrq−r(s+g))−1,(26)
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by using (20).
Since L(s, ω∨

1 × ω2) = L(s, ω2 × ω∨
1 ), it follows

L(s, ω∨
1 × ω2) =

g1+g2∏

g=|g1−g2|

(1 − α−rq−r(s+g))−1.(27)

The we have

L(1 + s, ω1 × ω∨
2 )L(1 − s, ω∨

1 × ω2)

L(s, ω1 × ω∨
2 )L(−s, ω∨

1 × ω2)
(28)

=

g1+g2∏

g=|g1−g2|

(1 − αrq−r(s+g))(1 − α−rqr(s−g))

(1 − αrq−r(s+1+g))(1 − α−rqr(s−1−g))
(29)

=

g1+g2∏

g=|g1−g2|

(1 − αrq−rg · q−rs)(1 − α−rq−rg · qrs)

(1 − αrq−rg−r · q−rs)(1 − α−rq−rg−r · qrs)
.(30)

At the point s = 0 we obtain

L(1, ω1 × ω∨
2 )L(1, ω∨

1 × ω2)

L(0, ω1 × ω∨
2 )L(0, ω∨

1 × ω2)
(31)

=

g1+g2∏

g=|g1−g2|

(1 − αrq−rg)(1 − α−rq−rg)

(1 − αrq−rg−r)(1 − α−rq−rg−r)
.(32)

Since α is a complex number of modulus 1 and αr = z1/z2 , this
becomes

L(1, ω1 × ω∨
2 )L(1, ω∨

1 × ω2)

L(0, ω1 × ω∨
2 )L(0, ω∨

1 × ω2)
(33)

=

g1+g2∏

g=|g1−g2|

∣∣∣∣
1 − z1z

−1
2 q−rg

1 − z1z
−1
2 q−rg−r

∣∣∣∣
2

.(34)

Now let qK = qr. Then this equation becomes

L(1, ω1 × ω∨
2 )L(1, ω∨

1 × ω2)

L(0, ω1 × ω∨
2 )L(0, ω∨

1 × ω2)
(35)

=

g1+g2∏

g=|g1−g2|

∣∣∣∣
1 − z1z

−1
2 /qgK

1 − z1z
−1
2 /qg+1

K

∣∣∣∣
2

.(36)

In section 9 we shall interpret qK as the cardinality of the residue
field of a canonical extension field K/F .



14 ANNE-MARIE AUBERT AND ROGER PLYMEN

4. The gamma function

Let K be a nonarchimedean field such that the cardinality of its
residue field is qK = qrF . Now let Γ1(x) be the p-adic gamma function
[30, p. 51] associated to the local field K. The p-adic gamma function
attached to the local field K is the following meromorphic function of
a single complex variable:

Γ1(α) =
1 − qαK/qK
1 − q−αK

.

We will change the variable via s = qαK and write

ΓK(s) =
1 − s/qK
1 − s−1

.

Let α ∈ iR so that s has modulus 1. Then we have

1/|ΓK(s)|2 =

∣∣∣∣
1 − s

1 − q−1
K s

∣∣∣∣
2

.

This leads immediately to the next result.

Theorem 4.1. We have

µ(χ1π1 ⊗ χ2π2) = const./

g1+g2∏

g=|g1−g2|

|ΓK(q−gK z1/z2)|
2,

where

const. = γ(G/M)2 · qn(ω∨
1 ×ω2).

This function is invariant under the rotation (z1, z2) 7→ (λz1, λz2)
with λ a complex number of modulus 1, and under the Z/2Z-action on
the torus T2 which is generated by the map (z1, z2) 7→ (z2, z1).

Theorem 4.2. If π1, π2 are supercuspidal then g = g1 = g2 = 0 and
we have

µ(χ1π1 ⊗ χ2π2) = const./ |ΓK(z1/z2)|
2 .(37)

If the torsion number is 1 then this formula further simplifies to

µ(χ1π1 ⊗ χ2π2) = const.

∣∣∣∣
1 − z1/z2

1 − q−1
F z1/z2

∣∣∣∣
2

.

This formula brings us close to the classical formula of Macdonald
[20].

Note that the irreducible supercuspidal representation ω has torsion
number 1 if ω is wildly ramified and n is a power of p = char(kF ), see
[7, p.1].



EXPLICIT PLANCHEREL FORMULA FOR THE p-ADIC GROUP GL(n) 15

Compare the classical formula for the Plancherel density attached to
the unitary principal series of GL(2) in [1, §2.2 (1)].

Let T be the maximal torus in GL(n) and let T̂ denote the uni-

tary dual of T . Then T̂ has the structure of a compact torus Tn

(the space of Satake parameters) and the unramified unitary princi-
pal series of GL(n) is parametrized by the quotient Tn/Sn. Let now
t = (z1, . . . , zn) ∈ Tn. Applying the above formulas the Plancherel
density µG/T is given by

µG/T = γ(G/T )n(n−1) ·
∏

i<j

∣∣∣∣∣
1 − ziz

−1
j

1 − ziz
−1
j /q

∣∣∣∣∣

2

(38)

= γ(G/T )n(n−1) ·
∏

0<α

∣∣∣∣
1 − α(t)

1 − α(t)/q

∣∣∣∣
2

(39)

= γ(G/T )n(n−1) ·
∏

α

1/Γ1(α(t))(40)

where α is a root of the Langlands dual group GL(n,C) so that αij(t) =
zi/zj. Note that this formula is invariant under the rotation t 7→ λt
where λ is a complex number of modulus 1, as predicted in [24].

For GL(n), one connected component in the tempered dual is the
compact orbifold Tn/Sn, the symmetric product of n circles. On this
component we have the Macdonald formula [20]:

dµ(ωλ) = const. · dλ/
∏

α

Γ(iλ(α∨))

the product over all roots α where α∨ is the coroot. This formula is a
very special case of our formula for GL(n).

5. The Artin conductor

We shall need the ε-factor ε(r, s,Ψ), see [16, p.243]. In the notation
of Tate [31] we have

ε(r, s,Ψ) = ε(rωs,Ψ, µΨ) = ε(rωs,Ψ, dx)

where µΨ is the additive Haar measure on F which is self-dual with
respect to Ψ. We will choose Ψ such that Ψ(O) = 1,Ψ($−1O) 6= 1.
(Note that Shahidi uses precisely this normalization in [29].) Then
n(Ψ) = 0 and δ(Ψ) = 1 in Tate’s notation [31, 3.2.6, 3.4.5].

Let f(V ) denote the absolute norm of the Artin conductor of V .
This f can be characterized as the unique function inductive in degree

0 such that f(χ) = q
a(χ)
F for quasicharacters χ. The integer a(χ) is the

(exponent of the) conductor of χ. So a(χ) = 0 if χ is unramified, and
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is the smallest integer m such that χ is trivial on units ≡ 1 mod $m if
χ is ramified.

We then have the following crucial formulas [31, 3.4.5]:

• ε(V, s,Ψ) = ε(V | |s, 0,Ψ) = ε(V, 0,Ψ)f(V )−s

• f(V ) = ε(V, 0,Ψ)/ε(V | |, 0,Ψ)

Lemma 5.1. Let W be an unramified quasicharacter of the Weil group
WF . Then we have

f(V χ) = f(V ).

Proof. Let χ = | |α, then we have

f(V χ) =
ε(V χ, 0,Ψ)

ε(V χ · | |, 0,Ψ)
=

ε(V, 0,Ψ)f(V )−α

ε(V, 0,Ψ)f(V )−α−1
= f(V ).

Lemma 5.2. Let W be an unramified Fr-semisimple representation of
WF , i.e. a direct sum of unramified quasicharacters. Then we have

f(V ⊗W ) = f(V )dim W .

Proof. We write W =
∑
χj and use Lemma 5.1 and the fact that f is

additive. We have

f(V ⊗W ) = f(V (⊕χj)) = f(⊕V χj) =
∏

f(V χj) = f(V )dim W .

Let

recF : Irr(GL(n, F )) −→ WDRepn(WF )

denote the local Langlands correspondence as in [16, p.2] and let ω1,
ω2 be in the discrete series of GL(n1), GL(n2). We keep the notation
of remarks 3.2, 3.4, and set li := 2gi + 1, i = 1, 2. We have

recF (ω1) = ρ1 ⊗ sp(l1), recF (ω2) = ρ2 ⊗ sp(l2)

where sp(l) = (ρ,N) as in [16, p.251] is the l-dimensional Weil-Deligne
representation on a complex vector space with basis e0, . . . , el−1 where

• ρ(w) = ||w||iei for all w ∈ WF and all i = 0, . . . , l − 1
• Nei = ei+1, Nel−1 = 0.

We note that sp(l)∨ = sp(l) ⊗ | |1−l by [16, p.252] and we will write

sp(l1) = (ρ1, N1), sp(l2) = (ρ2, N2).
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We now use properties (2) and (5) in [16, p.2] of the local Langlands cor-
respondence recF (i.e.,preservation of local L-functions and ε-factors
for pairs, and compatibility with taking the contragredient). We have

ε(ω∨
1 × ω2, s,Ψ) = ε((ρ1 ⊗ sp(l1))

∨ ⊗ ρ2 ⊗ sp(l2), s.Ψ)

= ε(ρ∨1 ⊗ sp(l1) ⊗ | |1−l1 ⊗ ρ2 ⊗ sp(l2), s,Ψ)

= ε(ρ′, s,Ψ)

= ε(ρ, s,Ψ) · det(−Fr|V IF /V IF
N )

(41)

by [31, 4.1.6] where ρ′ = (ρ,N) ∈ WDRepn(WF ). To determine ρ we
use the crucial formula in Tate [31, 4.1.5] and we obtain

ρ = V ⊗ λ

where V = ρ∨1 ⊗ ρ2 and λ is a direct sum of l1l2 unramified quasichar-
acters of F×:

λ(x) = |x|1−l1 ⊗ ρ1(x) ⊗ ρ2(x) =
∑

k

|x|k

with k = i + j + 1 − l1, 0 ≤ i ≤ l1 − 1, 0 ≤ j ≤ l2 − 1, x ∈ F×.

The exponent n( ) is determined by the formula in Shahidi [29]:

qn(ω∨
1 ×ω2) =

ε(0, ω∨
1 × ω2,ΨF )

ε(1, ω∨
1 × ω2,ΨF )

.(42)

Theorem 5.3. We have the following formula for the exponent n:

qn(ω∨
1 ×ω2) = f(ρ∨1 ⊗ ρ2)

l1l2

where recF (ω1) = ρ1 ⊗ sp(l1), recF (ω2) = ρ2 ⊗ sp(l2) and f(ρ∨1 ⊗ ρ2)
is the Artin conductor of the representation ρ∨1 ⊗ ρ2. If ρ1, ρ2 are both
unramified then we have

qn(ω∨
1 ×ω2) = 1.

Proof. We have

qn(ω∨
1 ×ω2) =

ε(0, ω∨
1 × ω2,ΨF )

ε(1, ω∨
1 × ω2,ΨF )

=
ε(ρ, 0,Ψ)

ε(ρ, 1,Ψ)
= f(ρ) = f(V )l1l2

by Lemma 5.2.

We observe that when π1, π2 are supercuspidal, we have

qn(π∨
1 ×π2) = f(ρ∨1 ⊗ ρ2)

where recF (ω1) = π1, recF (π2) = ρ2.
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We also note, since l1, l2 are the segment-lengths of ∆1, ∆2 respec-
tively, the first equality in the statement of Theorem 5.3, can be rewrit-
ten as

n(ω∨
1 × ω2)

n1n2
=

a(ρ∨1 ⊗ ρ2)

deg ρ1 deg ρ2
,(43)

for each discrete series representations ω1, ω2 of GL(n1), GL(n2) such
that recF (ω1) = ρ1 ⊗ sp(l1), recF (ω2) = ρ2 ⊗ sp(l2).

Let sw(ρ) denote the Swan conductor of ρ, and define s̃w by s̃w(ρ) =
sw(ρ) if ρ has no unramified indecomposable component and s̃w(ρ) =
−∞ otherwise. Heiermann has proved in [17] that the map

(ρ1, ρ2) 7→ q
s̃w(ρ∨1 ⊗ρ2)

deg ρ1 deg ρ2

defines, by passing to the quotient, an ultrametric distance on the
set of equivalence classes of irreducible representations of WF , modulo
unramified twist. This implies, thanks to the local Langlands corre-
spondence, that one defines in the same way a distance on the set of
essentially square integrable irreductible representations of the group
G, modulo unramified twist. Note that if there is no unramified char-
acter χ such that ρ1 ' χρ2, then

a(ρ∨1 ⊗ ρ2) − deg(ρ1) deg(ρ2) = sw(ρ∨1 ⊗ ρ2).

6. Calculation of the γ factors

The longest element in the Weyl group of GL(n1, . . . , nk) is

wGL(n1,... ,nk) =




wGL(n1)

wGL(n2)

. . .
wGL(nk)


 ,(44)

where

wGL(n) =




1
·

·
1

1




(45)

denote the longest element in the Weyl group of GL(nl). We put w :=
wn1,n2,... ,nk

:= wGL(n1,... ,nk)wGL(n). We observe that, the element wn1,n2

(for k = 2) is the same as the one defined in [29]. We put qw := q`(w),
where `(w) denotes the length of w.



EXPLICIT PLANCHEREL FORMULA FOR THE p-ADIC GROUP GL(n) 19

We put Mw := w−1Mw and Pw := Mw · (w
−1Nw). Note that Pw is a

standard parabolic subgroup ofG and thatMw = GL(nk, nk−1, · · · , n1).
It follows from the definition (3) of the γ factor, that

γ(G/Mw) =

∫

w−1Nw

δP (mP (ẇ−1nẇ)) d(w−1nw),(46)

where ẇ denotes any representative of w chosen in GL(n, oF ). The
above expression has been computed by Reeder in [26, proof of Propo-
sition 11.1]. Using his result, we get

γ(G/Mw) = q−1
w ζ(δ

1/2
B ),(47)

where

ζ :=
∏

αi,j∈Σ(G)+−Σ(M)+

q − q cαi,j

1 − q cαi,j

,(48)

with cα is the usual c-function (see [13]). We have cαi,j
(δ

1
2
B) = qi−j.

Since wGL(n) =




wGL(n1)

·
·

wGL(nk)


, we have

wGL(n1,... ,nk) =




Idn1

·
·

Idnk−1

Idnk



.(49)

Setting

w̃nh,nh+1+···+nk
:=

(
wnh,nh+1+···+nk

0
0 Idn1+···+nh−1

)
,

we get

w = wn1,n2+···+nk
· w̃n2,n3+···+nk

· · · w̃nh,nh+1+···+nk
· · · w̃nk−1,nk

.(50)

Using (50), we have

`(w) =

k∑

i=1

`(wni,ni+1+···+nk
) =

k−1∑

i=1

ni(ni+1 + . . .+ nk)

=
∑

i,j∈{1,... ,k},
i<j

ninj = |Σ(G)+ − Σ(M)+|.(51)

Note that if n1 = n2 = . . . = nk = m then we obtain `(wm,m,...m) =
m2k(k−1)

2
.
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It then follows from (46) that

γ(G/Mw) =
∏

αi,j∈Σ(G)+−Σ(M)+

1 − qi−j−1

1 − qi−j
,

that is,

γ(G/Mw) =
∏

i<j
1≤h≤ni,1≤l≤nj

1 − qh−l−(ni+···+nj−1)−1

1 − qh−l−(ni+···+nj−1)
.(52)

The Poincaré polynomial PW of a Coxeter group W is defined as

PW (t) :=
∑

w∈WL

t`(w),

where `(w) is the lenght of w. Using [22, Corollary 2.5], we have

PWL
(t) :=

∏

α∈Σ(L)+

1 − t1+ht(α)

1 − tht(α)
,(53)

where ht(α) is the height of α. Since the height of αi,j is j − i (for
i < j), we obtain

PWL
(q−1) =

∏

αi,j∈Σ(L)+

1 − qi−j−1

1 − qi−j
.(54)

From (52), we obtain

γ(G/M) = γ(G/Mw) =
PSn

(q−1)

PSn1×···×Snk
(q−1)

=
PSn

(q−1)

PSn1
(q−1) × · · · × PSnk

(q−1)
.

(55)

It gives the following expression for the c-function defined in (4):

c(G/M) =

∏

1≤i<j≤k

PSni+nj
(q−1)

PSn
(q−1) ·

k∏

i=1

(PSni
(q−1))k−2

.(56)

Since PW is also the Poincaré polynomial P (G/B) of the complex
manifold G/B with cellular structure given by the Bruhat decompo-
sition (the cell BwB has dimension q`(w)), and using the fibration
P/B → G/B → G/P , we get PW = PWM

P (G/P ), where P (G/P )
denotes the Poincaré polynomial of the flag manifold G/P . It follows
that γ(G/M) is equal to P (G/P )(q−1), as noticed in [26, §11].
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The Poincaré polynomial PW of any finite Coxeter group W admits
the following expression (see [22][(2.6)]):

PW (q) =
l∏

j=1

1 − qmj+1

1 − q
,

where m1, . . . , ml are the exponents of W (as defined in [5][p. 118]).
For W = Sn, the exponents are 1, 2, . . . , n− 1, that is, l = n− 1 and
mj = j. Hence we get:

PSn
(q) =

n−1∏

j=1

1 − qj+1

1 − q
=

n−1∏

j=1

(1 + q + q2 + · · ·+ qj).(57)

Using the formula (55), we obtain

γ(G/M) =

n−1∏

j=1

(1 + q−1 + q−2 + · · · + q−j)

k∏

i=1

ni−1∏

ji=1

(1 + q−1 + q−2 + · · · + q−ji)

.(58)

Example: Take G = GL(4) and M = GL(2) × GL(2) (that is, n = 4,
k = 2, n1 = n2 = 2). Then

γ(G/M) =
(1 + q−1 + q−2)(1 + q−1 + q−2 + q−3)

1 + q−1
.

When the parabolic P is maximal, we obtain from (55), the following
result.

Theorem 6.1. We have

γ(GL(n)/GL(n1) × GL(n2)) =

n−1∏

i=n1

(1 + q−1 + q−2 + · · ·+ q−i)

n2−1∏

j=1

(1 + q−1 + q−2 + · · · + q−j)

.

7. Local γ-factor

Let the local γ-factor be as defined in [16, p.243]:

γ(r, s, ψ) =
L(r∨, 1 − s)ε(r, s, ψ)

L(r, s)
.

Then we have the following formula for the Plancherel density. This
appears to be a new formula.
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Theorem 7.1. Let π1, π2 be irreducible supercuspidal representations
of GL(n1), GL(n2). Then we have

µ(π1 ⊗ π2) = γ(G/M)2 ·
γ(ρ∨, 0, ψ)

γ(ρ∨, 1, ψ)

where

ρ = recF (π1) ⊗ recF (π2)
∨.

Proof. This proof depends on a brief computation, starting with the
Langlands-Shahidi formula. We have

µ(π1 ⊗ π2) = γ(G/M)2 ·
ε(0, ρ∨, ψ)

ε(1, ρ∨, ψ)
·
L(1, ρ)L(1, ρ∨)

L(0, ρ)L(0, ρ∨)

= γ(G/M)2 ·
L(ρ, 1) ε(ρ∨, 0, ψ)

L(ρ∨, 0)
·

L(ρ∨, 1)

L(ρ, 0) ε(1, ρ∨, ψ)

= γ(G/M)2 ·
γ(ρ∨, 0, ψ)

γ(ρ∨, 1, ψ)
.

8. The Bernstein decomposition of Plancherel measure

Let X be a space on which the finite group Γ acts. The extended
quotient associated to this action is the quotient space X̃/Γ where

X̃ = {(γ, x) ∈ Γ ×X : γx = x}.

The group action on X̃ is g.(γ, x) = (gγg−1, gx). Let Xγ = {x ∈ X :
γx = x} and let Z(γ) be the Γ-centralizer of γ. Then the extended
quotient is given by:

X̃/Γ =
⊔

γ

Xγ/Z(γ)

where one γ is chosen in each Γ-conjugacy class. If γ = 1 then
Xγ/Z(γ) = X/Γ so the extended quotient always contains the ordinary
quotient:

X̃/Γ = X/Γ t . . .

We shall need only the special case in which X is the compact torus
Tn of dimension n and Γ is the symmetric group Sn acting on Tn by
permuting co-ordinates.

Let α be a partition of n, and let γ have cycle type α. Each cycle
provides us with one circle, and cycles of equal length provide us with
a symmetric product of circles. For example, the extended quotient
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T̃5/S5 is the following disjoint union of compact orbifolds (one for each
partition of 5):

T t T2 t T2 t (T × Sym2T) t (T × Sym2T) t (T × Sym3T) t Sym5T

where SymnT is the n-fold symmetric product of the circle T. This
extended quotient is a model of the arithmetically unramified tempered
dual of GL(5).

Let Ω ⊂ ΩGL(n) have one exponent e. Then we have e|n and so
em = n.

There exists an irreducible unitary supercuspidal representation σ of
GL(m) such that the conjugacy class of the cuspidal pair (GL(m) ×
· · ·×GL(m), σ⊗· · ·⊗σ) is an element in Ω. We have Ω ∼= Syme C× as
complex affine algebraic varieties. Consider now a partition of e into k
parts:

l1 + · · ·+ lk = e

and write 2g1 + 1 = l1, . . . , 2gk + 1 = lk. Let

πi = Q(∆i), ∆i = {| |−giσ, . . . , | |giσ}

as in Theorem 3.2. Then π1 ∈ E2(GL(ml1)), . . . , πk ∈ E2(GL(mlk)).
Note that ml1 + . . . + mlk = n so that GL(ml1) × . . . × GL(mlk) is a
standard Levi subgroup M of GL(n). Now consider

π = χ1π1 ⊗ . . .⊗ χkπk

with χ1, . . . , χk unramified (unitary) characters. Then π ∈ E2(M). We
have

ω = Ind
GL(n)
MN (π ⊗ 1) ∈ Irrt GL(n)

and each element ω ∈ Irrt GL(n) for which inf.ch.ω ∈ Ω is accounted
for on this way. As explained in detail in [24], we have

X̃/Γ ∼= Irrt GL(n)Ω

where X = Te, Γ = Se, i.e.,
⊔

γ

Xγ/Z(γ) ∼= Irrt GL(n)Ω.

The partition l1 + · · ·+ lk = e determines a permutation γ of the set
{1, 2, . . . , e}: γ is the product of the cycles (1, . . . , l1) · · · (1, . . . , lk).
Then the fixed set Xγ is

{(z1, . . . , z1, . . . , zk, . . . , zk) ∈ Te : z1, . . . , zk ∈ T}

and so Xγ ∼= Tk.
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Explicitly, we have

Xγ −→ Irrt GL(n)Ω

(z1, . . . , zk) 7→ Ind
GL(n)
MN (χ1π1 ⊗ · · · ⊗ χkπk)

with χ1($) = α1, . . . , χk($) = αk, z1 = αr1, . . . , zk = αrk exactly as in
Theorem 3.2. This map is constant on each Z(γ)-orbit and descends
to an injective map

Xγ/Z(γ) → Irrt GL(n)Ω.

Taking one γ in each Γ-conjugacy class we have the bijective map
⊔

γ

Xγ/Z(γ) ∼= IrrGL(n)Ω.

This bijection, by transport of structure, equips Irrt GL(n)Ω with the
structure of disjoint union of finitely many compact orbifolds.

We now describe the restriction µΩ of Plancherel density to the com-
pact orbifold Xγ/Z(γ).

Theorem 8.1. Let σ be an irreducible pre-unitary supercuspidal rep-
resentation of GL(m) with torsion number r. For i = 1, . . . , k, let πi
be the Langlands quotient associated to the segment

{| |−giσ, . . . , | |giσ},

let χi be an unramified character with χi($) = αi, and let zi = αri .
Then, as a function on the compact torus Tk with co-ordinates (z1, . . . , zk)

we have

µ(χ1π1 ⊗ · · · ⊗ χkπk) = const./
∏

|ΓK(q−gK zi/zj)|
2,

where the product is taken over those i, j, g for which the following
inequalities hold: 1 ≤ i < j ≤ k, |gi − gj| ≤ g ≤ gi + gj, 2gi + 1 = li.

Proof. Apply Theorem 4.1 and the Harish-Chandra product formula,
Theorem 2.3. Note that the function

(z1, . . . , zk) 7→ const./
∏

|ΓK(q−gK zi/zj)|
2

is a Z(γ)-invariant function on the γ-fixed set Xγ = Tk, and descends
to a non-negative function on the orbifold Xγ/Z(γ):

Xγ/Z(γ) −→ R+.

Theorem 8.2. We have the following numerical formula for const.

const. = q
∑

1≤i<j≤k lilja(ρ
∨⊗ρ) · γ(G/M)2 · c(G/M)2,

where recF (ρ) = σ.
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Proof. The numerical constant is determined by Theorem 4.1, Theo-
rem 5.3, and Theorem 2.3. Explicitly, for i, j ∈ {1, . . . , k}, setting

γi,j := γ(GL(ni + nj)/GL(ni) × GL(nj)),

for the γ-factor of the Levi subgroup GL(ni)×GL(nj) of the maximal
standard parabolic subgroup in GL(ni + nj),

const. = q
∑

1≤i<j≤k n(ω∨
i ×ωj) ·

∏
1≤i<j≤k γ

2
i,j

= q
∑

1≤i<j≤k lilja(ρ
∨⊗ρ) · γ(G/M)2 · c(G/M)2.

The following result is an immediate consequence of Theorems 8.1,
8.2 and Remark (2.4).

Corollary 8.3. We have

j(ω) = q−
∑

1≤i<j≤k lilja(ρ
∨×ρ) ·

∏
|ΓK(q−gK zi/zj)|

2.

Given G = GL(n) = GL(n, F ) choose e|n and let m = n/e. Let Ω be
a Bernstein component in Ω(GL(n)) with one exponent e. The compact
extended quotient attached to Ω has finitely many components, each
component is a compact orbifold. We now have enough results to write
down explicitly the component µΩ. Let l1 + · · ·+ lk = e be a partition
of e, let γ = (1, . . . , l1) · · · (1, . . . , lk) ∈ Se = Γ, g1 = (l1 − 1)/2, . . . ,
gk = (lk − 1)/2. Then we have the fixed set Xγ = Tk.

Let σ be an irreducible unitary supercuspidal representation of GL(m)
and let the conjugacy class of the cuspidal pair (GL(m)e, σ⊗e) be a point
in the Bernstein component Ω. Let r = Tor(σ) (the torsion number of
σ) and choose a field K such that qK = qrF . Let ρ ∈ Irr(WF ) such that
recF (ρ) = σ.

We have [24]

IrrtGL(n, F )Ω
∼= X̃/Γ.

This compact Hausdorff space admits the Harish-Chandra canonical
measure dω: on each connected component in the extended quotient

X̃/Γ, dω restricts to the quotient by the centralizer Z(γ) of the nor-
malized Haar measure on the compact torus Xγ.

Let dν denote Plancherel measure on the tempered dual of GL(n, F ).

Theorem 8.4. On each connected component of the extended quotient

of X̃/Γ we have:

dν(ω) = q
∑

1≤i<j≤k lilja(ρ
∨⊗ρ) · γ(G/M) ·

d(ω)∏
|ΓK(q−gK zi/zj)|2

· dω.
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Proof. By (13), (14), the Plancherel measure on IrrtGL(n, F )Ω is given
by

dν(ω) = c(G/M)−2 γ(G/M)−1 µ(ω) d(ω) dω

Then, the result follows from Theorem 8.1 and Theorem 8.2.

We now pass to the general case of a component Ω ∈ ΩGL(n) with
exponents e1, . . . , et. We first note that each component Ω ⊂ ΩGL(n)
creates several natural-number invariants:

1. mj, the sizes of the small general linear groups,
2. ej, the exponents,
3. rj, the torsion numbers,
4. aj, the Artin conductors a(ρ∨j ⊗ ρj),

with 1 ≤ j ≤ t.
The Plancherel density µΩ depends on these invariants, and on no

others. In other words, we have:

Theorem 8.5. If Ω1 and Ω2 share the same invariants (1) – (4) then

µΩ1 = µΩ2.

In order to express our next result in a conceptual way, we will
construct the disjoint union

E = ΩGL(∞) = {
⊔

ΩGL(n) : n = 0, 1, 2, 3, . . .}

with the convention that ΩGL(0) = C.
We will say that two components Ω1,Ω2 ∈ E are disjoint if the follow-

ing is true: none of the irreducible unitary supercuspidals which occur
in Ω1 is equivalent (after unramified twist) to any of the supercuspidals
which occur in Ω2.

We now define a law of composition on disjoint components in E.
With the cuspidal pair (M1, σ1) ∈ Ω1 and the cuspidal pair (M2, σ2) ∈
Ω2 we define Ω1 × Ω2 as the unique component determined by

(M1 ×M2, σ1 ⊗ σ2).

In the terminology of Bourbaki [4, 1.1] the set E admits a law of
composition not everywhere defined on E. In Bourbaki terminology
[4, 1.1 – 1.2], E is a commutative associative unital magma in which
all elements are cancellable. In geology, the term magma refers to
molten rock beneath the earth’s crust: in mathematics, it refers, by
elegant transfer of meaning, to a set with minimal structure. Rather
surprisingly, this magma admits prime elements: the prime elements
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are precisely the components with a single exponent. Each element in
E admits a unique factorization into prime elements:

Ω = Ω1 × · · · × Ωt.

Plancherel measure respects the unique factorization into prime ele-
ments, modulo constants. Quite specifically, we have

Theorem 8.6. Let Ω have the unique factorization

Ω = Ω1 × · · · × Ωt

so that Ω has exponents e1, . . . , et and Ω1, . . . , Ωt are pairwise disjoint
prime elements with the individual exponents e1, . . . , et. Let

ν =
∑

νΩ

denote the Bernstein decomposition of Plancherel measure. Then we
have

νΩ = const. νΩ1 · · · νΩt

where νΩ1 , . . . , νΩt
are given by Theorem 8.1 and the constant is given

by Theorem 8.2. Plancherel measure respects the law of composition in
E, modulo computable constants.

Proof. In the Harish-Chandra product formula, all the cross-terms are
constant, by Shahidi [28, Prop. 7.1, 1st assertion]. This depends
precisely on the following fact: all the L-functions which occur in cross-
terms are equal to 1:

L(s, ω1 × ω∨
2 ) = 1 = L(s, ω∨

1 × ω2).

Our theorem that Plancherel measure respects the law of composi-
tion in E, modulo computable constants, blends the Harish-Chandra
product formula with the Bernstein decomposition. This would appear
to be the conceptual version of the Harish-Chandra product formula.

It is tempting to conjecture that a version of Theorem 8.6 will hold
for reductive p-adic groups in general, certainly the classical groups:
but we do not at present have a precise formulation of this conjecture.

9. Transfer-of-measure formula

The beginning of this section is completely general: here G denotes
the group of F -rational points of some connected reductive algebraic
group defined over F . We fix a Levi subgroup M of G and a pair (P, P )
of mutually opposite parabolic subgroups of G with Levi component
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M . We write N , N , respectively, for their unipotents radicals and fix
Haar measures v(N), v(N), respectively.

Let rGM,P denote the normalized Jacquet restriction functor, which

is the left adjoint functor of iGM,P , i.e., given smooth representations
(π, V ), (πM , VM) of G and M respectively, we have an isomorphism

HomG(V, iGM,P (VM)) ' HomM(rGM,P (V ), VM),(59)

which is natural in both V and VM (see [3]).
Let Ω be a Bernstein component in G which admits an Ω-type

(JG, λG) in the terminology of [11, Definition 4.1], i.e., the full sub-
category of the category R(G) of smooth representations of G whose
objects are the representations which are generated by their λG-isotypic
components is the subcategory R(G)Ω defined by Ω. In particular JG
is a compact open subgroup of G and (λG, U) is an irreducible smooth
representation of JG. Let H(G, λG) denote the convolution algebra of
EndC(U∨)-valued functions f on G which are compactly supported and
which satisfy

f(j1gj2) = λ∨G(j1)f(g)λ∨
G(j2), j1, j2 ∈ JG, g ∈ G.

Let ΩM be a Bernstein component in M which admits an ΩM -type
(JM , λM). We assume that (JG, λG) is a G-cover of (JM , λM), as defined
in [11, Definition 8.1]. It implies, [11, Corollary 8.4], that there is a
canonical algebra homomorphism

tP : H(M,λM) → H(G, λG)

which realizes the parabolic induction and the Jacquet restriction func-
tors iGM,P , rGM,P , i.e., such that the diagrams

R(M)ΩM

∼
−−−→ H(M,λM)−Mod

iGM,P

y
y(tP )∗

R(G)Ω −−−→
∼

H(G, λG)−Mod

(60)

and

R(G)Ω
∼

−−−→ H(G, λG)−Mod

rG
M,P

y
yt∗P

R(M)ΩM
−−−→

∼
H(M,λM)−Mod

(61)

commute, where t∗P denotes the restriction along tP and (tP )∗ denote
the adjoint of t∗P .
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We will consider the following situation. Let K be a nonarchimedean
field and let G0 be the group of K-rational points of some connected
reductive algebraic group defined over K. As for G, we fix a Levi
subgroup M0 of G0 and a pair (P0, P 0) of mutually opposite parabolic
subgroups of G with Levi component M0. We write N0, N0, respec-
tively, for their unipotents radicals and fix Haar measures v(N0), v(N0),
respectively. Let ΩM0 , Ω0 be two Bernstein components in M0, G0 re-
spectively, such that ΩM0 admits an ΩM0-type (JM0, λM0) in M0 and let
(J0, λ0) be a G0-cover of (JM0, λM0). We will be especially interested
in the case where JM0 , J0 are Iwahori subgroups and λM0, λ0 are the
trivial representation.

We assume that the following assumption holds and proceed as in
[8, §4-5].

Transfer assumption 9.1. There exist two algebra isomorphisms

ΦM : H(M0, λM0) → H(M,λM) and Φ: H(G0, λ0) → H(G, λG),

which preserve support of functions (in the following sense: for ex-
ample, take f ∈ H(G0, λ0), then the function Φ(f) then has support
JG · supp(f) · JG), such that the diagram

H(M0, λM0)
ΦM−−−→ H(M,λM)

tP0

y
ytP

H(G0, λ0) −−−→
Φ

H(G, λG)

(62)

commutes.

The above commutative diagram joint with the commutative dia-
grams (60) and (61) give natural isomorphisms

iG0
M0,P0

(Φ∗
M(πM )) ' Φ∗(iGM,P (πM )) and rG0

M0,P0
(Φ∗(π)) ' Φ∗

M (rGM,P (π)),

for any πM ∈ R(M)ΩM
and any π ∈ R(G)Ω, where Φ∗ denote the

equivalence R(G)Ω ' R(G0)Ω0 induced by Φ.

On the other hand, by [2] or [6], the functor rGM,P has a co-adjoint,

namely the induction functor iG
M,P

. A co-adjoint is uniquely determined

up to natural equivalence, so the second isomorphism above induces a
natural isomorphism

iG
M,P

(Φ∗
M (πM)) ' Φ∗(iG

M,P
(πM )).(63)
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Lemma 9.2. The diagram

H(M0, λM0)
ΦM−−−→ H(M,λM)

tP0

y
ytP

H(G0, λ0) −−−→
Φ

H(G, λG)

commutes.

Proof. The algebra H(M,λM) has a sub-algebra H−(M,λM) of func-
tions supported on elements m of M which are JG ∩ N-positive, in the
sense of [11, Definition 6.5], i.e.,which satisfy

m(JG ∩ N)m−1 ⊂ JG ∩ N and m−1(JG ∩N)m ⊂ JG ∩N.

For f ∈ H−(M,λM), the map tP(f) has support JG · supp(f) · JG.
Thus, if we take f ∈ H−(M0, λM0), the functions (tP ◦ ΦM)(f) and
(Φ ◦ tP0)(f) both have support JG · supp(f) · JG. A (JG, JG)-double
coset in G supports at most a one-dimensional space of functions in
H(G, λG) (see [10, 4.1.2]) and the three other algebras in the picture
share also this property. Hence, if a function f is supported on, say
m(M0 ∩ J0), we have a non-zero scalar φ(m) such that

(tP ◦ ΦM )(f) = φ(m)(Φ ◦ tP0)(f).

The quantity φ(m) depends only on m(M0 ∩ J0); by [11, Proposi-
tion 7.1], φ is multiplicative in the positive element m: in other words,
φ extends uniquely to an unramified quasicharacter of M0. Given an
unramified quasicharacter χ of M0 and f ∈ H−(M0, λM0), define fχ by
fχ : m 7→ f(m)χ(m). We have just shown that

(tP ◦ ΦM )(f) = (Φ ◦ tP0)(fφ).(64)

The relation (63) then forces φ = 1.

Let (πM , VM) denote a smooth representation of M . We have a
natural map

η(πM) : (rG
M,P

◦ iG
M,P

)(VM) → VM ,

defined by sending rG
M,P

(f) to f(1), for any f ∈ iG
M,P

(VM). By taking

contragredients, we obtain a map

η(πM)∨ : V ∨
M → ((rG

M,P
◦ iG

M,P
)(VM))∨.

By using the natural M -isomorphisms

rG
M,P

(π∨, V ∨) ' rGM,P (π, V )∨,
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([8, (3.3.2)] for admissible representations, [6, Theorem 5.1] or [2] for
smooth representations), and

iG
M,P

(π∨
M , V

∨
M) ' iG

M,P
(πM , V

∨
M)∨,

we get a map

η(πM , v(N))∨ : V ∨
M → (rGM,P ◦ iG

M,P
)(V ∨

M).

On the other hand, we choose a compact open subgroup KN of N ,
and for v ∈ VM , we define a function fv,KN

: G → VM as follows: the
support of fv,KN

is to be PKN , and

fv,KN
(pk) = v(KN)−1 δP(p)

1
2 πM (p) v, p ∈ P, k ∈ KN .

Then fv,KN
∈ iG

M,P
(πM). Let prN denote the canonical map

iG
M,P

(VM) → (rGM,P ◦ iG
M,P

)(VM).

By [8, Proposition 1.2], the process v 7→ prN(fv,KN
) gives an injective

M -homorphism

ι = ι(πM , v(N)) : πM → (rGM,P ◦ iG
M,P

)(πM),

which is independent of the choice of KN , but depends on the choice
of Haar measure on N in the following way:

ι(πM , c v(N)) = c−1ι(πM , v(N)).

Theorem 9.3. We have

v(JG ∩N) · JP0|P0
(Φ∗

M(πMχ)) = v(J0 ∩N0) · Φ
∗(JP |P(πMχ)),

v(JG ∩ N) · JP0|P0
(Φ∗

M(πMχ)) = v(J0 ∩ N0) · Φ
∗(JP|P (πMχ)),

for any πM ∈ Irr(M) and for any χ ∈ Ψ(M).

Proof. There is a non-empty Zariski-open set Ψ(M,πM) of Ψ(M), on
which JP |P(πM) is defined and iGM,P (χπM) and iG

M,P
(χπM) are irre-

ducible. Let fM ∈ HomM((rGM,P ◦ iG
M,P

)(χπM), χπM)) denote the im-

age by the isomorphism (59) of f ∈ HomG(iG
M,P

(χπM), iGM,P (χπM)).

We have the following characterization of the intertwining operator
JP |P(πM): if χ ∈ Ψ(M,πM) and f ∈ HomG(iG

M,P
(χπM), iGM,P (χπM ))

satisfies

fM ◦ ι(πM , v(N)) = 1VM
,

then f = JP|P (πM) (see [8, Proposition 1.3]).

This characterization of JP |P(πM) and the analogous characterization

for JP0|P0
(Φ∗

M (πMχ)), joint with the fact that

ι(πM , v(N)) = η(πM , v(N))∨
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(see [8, Proposition 3.5]), imply, in the same way as in the proof of [8,
Theorem 4.2], the first assertion of the Theorem. By Lemma (9.2), we
can interchange the roles of P and P without changing Φ. The second
assertion follows.

The following result is then an immediate consequence of the defini-
tion of the j-function. It extends [8, Theorem 4.2].

Corollary 9.4. For any χ ∈ Ψ(M) and any πM ∈ Irr(M), we have

v(JG ∩N) v(JG ∩ N) j0(Φ
∗
M(πMχ)) = v(J0 ∩N0) v(J0 ∩ N0) j(πMχ),

where j0 denote the j-function for the group G0.

We keep the notation of the end of the previous section (right before
Theorem 8.4). Then, the conjugacy class of γ determines a partition
of e. This partition determines the standard Levi subgroup

M = GL(ml1) × · · · × GL(mlk) ⊂ GL(n, F )(65)

and, at the same time, the standard Levi subgroup

M0 = GL(l1) × · · · × GL(lk) ⊂ GL(e,K) = G0.(66)

Let T be the diagonal subgroup of G0 and let Ω0 be the Bernstein
component in Ω(G0) which contains the cuspidal pair (T, 1). The com-
ponent Ω0 has (as Ω) the single exponent e and parametrizes those
irreducible smooth representations of GL(e,K) which admit nonzero
Iwahori fixed vectors. We have [24]

IrrtGL(n, F )Ω
∼= X̃/Γ ∼= IrrtGL(e,K)Ω0 .

The theory of types of [10] produces a canonical extension K of F
such that qK = qr. Indeed, let (J, λ) be a maximal simple type in
GL(m) contained in σ, and let A and E = F [β] respectively denote the
corresponding hereditary order in A = M(m,F ) and the corresponding
field extension of F (see [10, Definition 5.5.10 (iii)]). It is proved in
[10, Lemma 6.2.5] that

r =
m

e(E|F )
,(67)

where e(E|F ) denotes the ramification index of E with respect to F .
Let B denote the centraliser of E in A. We set B := A ∩ B. Then
B is a maximal hereditary order in B, see [10, Theorem 6.2.1]. Let K
be an unramified extension of E which normalises B and is maximal
with respect to that property, as in [10, Proposition 5.5.14]. Then
[K : F ] = m, and (67) gives that r is equal to the residue index
f(K|F ) of K with respect to F . Thus Q = qr is equal to the order qK
of the residue field of K.
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Also the number Q is the one which occurs for the Hecke algebra
H(GL(m), λ) associated to (J, λ), see [10, Theorem 5.6.6]. Indeed,
since the order of the residue field of E is equal to qf(E|F ), that number
is (qf(E|F ))f , with

f =
m

[E : F ] e(B)
,

where e(B) denotes the period of a lattice chain attached to B as in [10,
(1.1)]. Since σ is supercuspidal, e(B) = 1, see [10, Corollary 6.2.3]). It
follows that

f · f(E|F ) =
m · f(E|F )

[E : F ]
=

m

e(E|F )
= r.

For each i ∈ {1, . . . , k}, the pair (J li , λ⊗li) is a type in GL(m)li

which is contained in σ⊗li. By [10, (7.2.17)] and [12, prop. 1.4], it
admits a GL(lim)-cover (Ji, λi), which is contained in a simple type,
say (J s

i , λ
s
i). The type (Ji, λi) is defined as follows. Let Ai denote

an hereditary oF -order in M(lim,F ) and βi ∈ M(lim,F ) such that
J s
i = J(βi,Ai) in notation [10, (3.1.4)], then Ji = (J s

i ∩Pi)H
1(βi,Ai), in

notation [10, (3.1.4)], where Pi denotes the upper-triangular parabolic
subgroup of GL(lmi) with Levi component GL(m)li , and unipotent
radical denoted Ni. Let λi be the natural representation of Ji on the
space of (J1(βi,Ai) ∩ Ni)-fixed vectors in λs

i. The representation λi is

irreducible and λi ' c−Ind
Js

i

Ji
(λs

i).
Let Ti denote the diagonal torus in GL(li, K) and let Bi ⊃ Ti denote

the Borel subgroup of upper-triangukar matrices in GL(li, K). We set
IM0 = I1 × · · · × Ik, where, for each i, Ii is the Iwahori subgroup of
GL(li, K) attached to the Bernstein component in Ω(GL(li, K)) which
contains the cuspidal pair (Ti, 1). Then IM0 is an Iwahori subgroup of
M0. Let P0 = M0N0 is the standard parabolic subgroup of G0 with
Levi subgroup M0 and let I0 be the corresponding G0-cover of (IM0 , 1):
it is an Iwahori subgroup of G0.

Then (JM , λM) = (
∏k

i=1 Ji,
⊗k

i=1 λi) is a M -cover of (Je, λ⊗e) (see
[12, Corollary 1.5]), and

H(JM , λM) '

k⊗

i=1

H(GL(lmi, λi)).

By [10, Theorem 7.6.20], there exists, for each i ∈ {1, . . . , k}, support-
preserving algebra isomorphisms

Φi : H(GL(li, K), 1) → H(GL(mli, F ), λi),

Φ⊗li
1 : H(Ti, 1) → H(GL(m,F )li, λi|Ji ∩ GL(m,F )li)
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such that the diagram

H(Ti, 1)
Φ

⊗li
1−−−→ H(GL(m,F )li, λi|Ji ∩ GL(m,F )li)

tBi

y
ytPi

H(GL(li, K), 1) −−−→
Φ

H(GL(mli, F ), λi)

(68)

commute.
We have T = ⊗k

i=1Ti. We set B := ⊗k
i=1Bi, ΦT := ⊗k

i=1Φ
⊗li
1 , ΦM =

⊗k
i=1Φi, tP = ⊗k

i=1tPi
, and tP0 = ⊗k

i=1tBi
. Then, since e = l1 + · · ·+ lk,

ΦT : H(T, 1) → H(GL(m,F )e, λ⊗e) and ΦM : H(M0, 1) → H(M,λM)

define support-preserving algebra isomorphisms such that the diagram

H(T, 1)
ΦT−−−→ H(GL(m,F )e, λ⊗e)

tB

y
ytP∩M

H(M0, 1) −−−→
ΦM

H(M,λM)

(69)

commutes.
Let (JG, λG) be a G-cover of (JM , λM) (it exists by [12, Main The-

orem]). In particular, we have JM = JG ∩ M and JG = (JG ∩ N) ·
JM · (JG ∩ N). It follows from [10, Theorem 7.6.20] and [25, (6.6)]
that there exists a (uniquely determined) support-preserving algebra
isomorphism

Φ: H(G0, 1) → H(G, λG)

such that the diagram

H(M0, 1)
ΦT−−−→ H(M,λM)

tP0

y
ytP

H(G0, 1) −−−→
Φ

H(G, λG)

(70)

commutes. Hence the assumption (9.1) is satisfied.

The Pontrjagin dual of N can be identified with N , and from now we
choose on N the measure dual to the one chosen on N . By [8, Theorem
5.3], this choice of measures is compatible with the one made by Shahidi
in [27]. We set πMχ := π1χ1 ⊗ · · · ⊗ πkχk and χ = χ1 ⊗ · · · ⊗ χk in the
notation of Theorem 8.1.
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Lemma 9.5. We have

v(JG ∩N) · v(JG ∩N)

v(I0 ∩N0) · v(I0 ∩N 0)
=

j(πMχ)

j0(χ|M0)
= q−

∑
1≤i<j≤k lilja(ρ

∨⊗ρ).

Proof. We apply Corollary 9.4. It gives

v(JG ∩N) v(JG ∩ N) j0(χ|M0)) = v(I0 ∩N0) v(I0 ∩ N0) j(πMχ),

since under the equivalence Φ∗
M , the representation πMχ corresponds

to χ|M0 (see [10, (7.5.12)]). ¿From Corollary 8.3, we have

q
∑

1≤i<j≤k lilja(ρ
∨×ρ) · j(πMχ) =

∏
|ΓK(q−gK zi/zj)|

2 = j0(χ|M0).

Theorem 9.6. Let dν (resp. dν0) denote Plancherel measure on the
tempered dual of GL(n, F ) (resp. GL(e,K)). We have

dν(ω) = const. dν0(ω),

where

const. =
v(I0)

v(JG)
· dim(λG).

Proof. By Theorem 8.4, the Plancherel measures on IrrtGL(n, F )Ω and
IrrtGL(e,K)Ω0 are given respectively by

dν(ω) = q
∑

1≤i<j≤k lilja(ρ
∨⊗ρ) · γ(G/M) ·

d(ω)∏
|ΓK(q−gK zi/zj)|2

· dω

dν0(ω) = γ(G0/M0) ·
d(ω)0∏

|ΓK(q−gK zi/zj)|2
· dω,

where d(ω)0 denotes the formal degree of ω ∈ E2(M0), and qK = qr.
By [10, (7.7.11)], we have

v(JM) d(ω) = v(IM0) d(ω)0 dim(λM).

Therefore we have

dν(ω) = const. dν0(ω),

with const. equal to

q
∑

1≤i<j≤k lilj(a(ρ
∨⊗ρ)) ·

v(JG ∩N) · v(JG ∩N)

v(I0 ∩N0) · v(I0 ∩N 0)
·
v(I0)

v(JG)
· dim(λM),
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by using the formula (5). Since by definition of covers (see [11, §8]), the
representation λG is trivial on JG ∩N and JG ∩N , while λG|JM ' λM ,
we have dim(λG) = dim(λM). Then, it follows from Lemma 9.5 that

const. =
v(I0)

v(JG)
· dim(λG).
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[5] N. Bourbaki, Groupes et Algèbres de Lie, chap. IV, V, VI, Paris, Hermann

1968.
[6] C.J. Bushnell, Representations of reductive p-adic groups: Localization of

Hecke algebras and applications, J. Lond. Math. Soc., II. Ser. 63, No.2 (2001)
364–386.

[7] C.J. Bushnell, G. Henniart, Local tame lifting for GL(n) II: wildly ramified
supercuspidals, Astérisque 254 (1999).
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