MINIMAL DISKS BOUNDED BY THREE STRAIGHT LINES IN
EUCLIDEAN SPACE AND TRINOIDS IN HYPERBOLIC SPACE

BENOIT DANIEL

ABSTRACT. Following Riemann’s idea, we prove the existence of a minimal disk in Euclidean
space bounded by three lines in generic position and with three helicoidal ends of angles less
than 7. In the case of general angles, we prove that there exist at most four such minimal disks,
we give a sufficient condition of existence in terms of a system of three equations of degree 2,
and we give explicit formulas for the Weierstrass data in terms of hypergeometric functions.
Finally, we construct constant-mean-curvature-one trinoids in hyperbolic space by the method
of the conjugate cousin immersion.

1. INTRODUCTION

In this paper we investigate minimal disks in Euclidean space R?® bounded by three straight
lines in generic position (i.e. the lines do not intersect one another and do not lie in parallel
planes, in particular they are not pairwise parallel). This problem was investigated by Riemann
in his posthumous memoir [Rie68]. He actually introduced the spinor representation, the Gauss
map and the Hopf differential of minimal surfaces in Euclidean space. He investigated the case
of minimal surfaces bounded by a contour composed of pieces of straight lines (possibly going
to infinity). He studied more precisely the cases where the contour is composed of 2, 3 or 4
lines.

However, his study was not complete and sometimes not precise; in particular, he did not
deal with questions of orientations. The first aim of this paper is to complete Riemann’s study
of minimal surfaces bounded by three straight lines. More precisely we will investigate minimal
immersions x from ¥ = {z € C|Im z > 0} \ {0, 1} into R® mapping (—o0,0), (0,1) and (1, c0)
onto three lines (in generic position) and having helicoidal ends (in the sense explained in
section 2.2) at 0, 1 and oco. The method is to study the Weierstrass data of x and to use the
spinor representation.

We first prove that there exist at most four minimal immersions bounded by three given lines
(in generic position) with helicoidal ends of given parameters (theorem 21). To do this, we use
a result by Riemann: he proved that the spinor data satisfy a differential equation involving
the Schwarzian derivative of the Gauss map. This is a second order equation with five regular
singularities. Studying the behaviour of the Schwarzian derivative at these singular points,
we prove that the Schwarzian derivative only depends on two parameters that are related by
two polynomial equations of degree 2, and thus that there are at most four possiblities for the
Schwarzian derivative of the Gauss map.

We next study the explicit immersion given by Riemann in his memoir [Rie68]: he introduced
spinors in terms of hypergeometric functions, but he did not check that they actually gave a
minimal immersion bounded by given lines. We establish this fact in proposition 31. More
precisely, given three lines in generic position, denoting by A, B, C' the distances between the
lines, and wa, w3, 7y the angles of the ends (with signs as explained in section 2.2), we prove

1991 Mathematics Subject Classification. Primary: 53A10. Secondary: 53C42, 53A35, 30F45.
Key words and phrases. Minimal surfaces, Euclidean space, Weierstrass representation, Bryant surfaces,
hyperbolic space, constant mean curvature.
1



2 BENOIT DANIEL

that to each real solution (p,q, ) (up to a sign) of the system

PP =ai(ptqgtr)? = 5?
¢ = BFptatr) = 5!

o2t gbr)? = el

where ¢ € {1,—1} (depending on the geometric configuration of the lines and on the angles)
corresponds a minimal immersion (with possibly a singular point when the Hopf differential
has a double zero, which is a non-generic situation) bounded by these lines and with helicoidal
ends of parameters (A, «), (B, 3), (C,~) (theorem 33). In particular we prove the existence of
at least one minimal immersion in the case where the angles are less than 7 (corollary 34).

However we do not know if we obtain all the solutions in this way.

Figure 1 is a picture of a minimal surface bounded by three lines with helicoidal ends, drawn
with the software “Evolver”.

FI1GURE 1. A minimal surface with three helicoidal ends.

In the last part of this paper, we construct constant-mean-curvature-one (CMC-1) trinoids
in hyperbolic space H?® applying the conjugate cousin method to minimal disks bounded by
three straight lines in R3. CMC-1 surfaces in H? are called Bryant surfaces. Bryant proved in
[Bry87] that they are closely related to minimal surfaces in R? (see also [UY93] and [Ros02]); in
particular there exists a representation in terms of holomorphic data analogous to Weierstrass
representation.

Irreducible trinoids in H? were first classified by Umehara and Yamada in [UY00], and then
by Bobenko, Pavlyukevich and Springborn in [BPS02], using different techniques: their method
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has some similarities with that used in this paper to find minimal surfaces bounded by three lines
in R? (they use a spinor representation for Bryant surfaces and they obtain explicit formulas in
terms of hypergeometric functions). The technique of the conjugate cousin immersion was used
by Karcher in [Kar01] to construct trinoids with dihedral symmetry. Here we use this technique
to construct general irreducible trinoids with a symmetry plane (actually every irreducible
trinoid has a symmetry plane by the classification of [UY00]). We also prove that the asymptotic
boundary points of the ends of these trinoids are distinct (except in exceptionnal cases) (theorem
49). Finally we give examples of minimal disks bounded by three lines whose conjugate cousins
are invariant by some parabolic isometries.

Acknowledgements. The author is grateful to Pascal Collin for his explainations on Rie-
mann’s memoir [Rie68], and to Harold Rosenberg for submitting this problem and for discus-
sions about this paper.

2. PRELIMINARIES
In all this paper, we will set C = CU {oo}, R = RU {oc},
Y={z€C|lImz>0}\{0,1}, Xo={z¢€X|z] <1},

Yi={zeXllz—-1 <1}, E2x={z€X|z|>1}.
The canonical scalar product of R? is denoted by < -,- >. If D is a straight line in R3, then

D+ denotes the set of unit vectors that are orthogonal to D. The canonical basis of R? will be
denoted by (€71, €3, €3):

ey = (1,0,0), é»=(0,1,0), ¢€53=1(0,0,1).

We define the logarithm and non-integer powers on ¥ in the following way. Let x € R. If
z = pe’ € ¥ with p > 0 and § € [0,7], then Inz = Inp + if and 2~ = pe®. If z € ¥ and
z—1 = pe? with p > 0 and 6 € [0,7], then (z — 1)* = p“e™? and (1 — 2)* = pre0—™) =
e~ (z — 1) (this convention is chosen in order that (1 — z)* is real when z is real and less
than 1).

Finally, D denotes the set of the triples of straight lines in R® that are neither pairwise
concurrent, neither pairwise parallel, nor lying in parallel planes, modulo direct isometries of
R3.

2.1. Weierstrass representation. In this section we recall basic facts about Weierstrass rep-
resentation and we introduce some notations.

Let S be a Riemann surface with boundary, and = = (z1,2,73) : S — R*® a conformal
minimal immersion. Then we have

z(z) = 2(2) + Re/ (1=¢%),i(1+¢%),29) w
20
where 2 is a fixed point in S and (g, w) the Weierstrass data of z: ¢ is a meromorphic function
on § and w a holomorphic 1-form on §. The poles of g are the zeros of w, and z is a pole of g of
order k if and only if z is a zero of w of order 2k. Conversely, if g and w satisfy this condition,
then they define a minimal immersion.
We define X = (X1, X5, X3): S — C? by

z

X(2) = 2(z) + / (1=9¢%),i(1+¢%),29) w.

20

We have
dz; +idry = © — g°w, drz = Re(2gw).
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9 21
N:( g lgl )
9>+ 17 |g]? +1

The orientations induced on x(S) by the Gauss map N and the immersion = are compatible.
The function ¢ is the composition of the Gauss map and the stereographic projection with
respect to the north pole of the sphere. If D is a line parallel to the vector (cos(ma), sin(mwa), 0)
for o € R, then the circle D+ corresponds to g € ie'™R.

If f is a meromorphic function on an open set U C S, we define its Schwarzian derivative
with respect to a local conformal coordinate z by

" "
r=((5) -2(5) )=
If ¢ is another local conformal coordinate, then S, f = S¢f 4+ S.¢. If f is regular at a point 2,
then S, f is holomorphic at z1; if f has a branch point of order j — 1 at 21 with j > 2, then S, f

has a pole of order 2 at z;, and its coefficient of order —2 is equal to =
The Hopf differential is the holomorphic 2-form on & defined by

Q = wdg = —dxgdg
g

The Gauss map of z is

The forms @ and S.g are invariant by a direct isometry of R3. The first and second fondamental
forms of the surface given by

= (1492w 1= —2ReQ.

Proposition 1. Let z € § and k € N*. Then z is a zero of Q) of order k if and only if z is a
branch point of g of order k. This happens if and only if one of the following conditions holds:

e 2 is a zero of g of order k + 1,
e 2 is a pole of g of order k+1,
e 2 is a zero of % of order k.

Proof. If z is a zero of g of order d € N*, then it is not a zero of w and it is a simple pole of d?g.
Consequently it is a zero of ) of order k if and only if k =d — 1.

If z is a pole of g of order d € N*, then it is a zero of w of order 2d and it is a simple pole of
d?g. Consequently it is a zero of ) of order k if and only if £k = d — 1.

If z is neither a zero nor a pole of g, then it is not a zero of w, and consequently it is a zero
of @ of order k if and only if it is a zero of d?g of order k. O

We recall the spinor representation of a minimal surface:

oz) = alea) +Re [ (6 - €,1(6 + ). 2612)
20

where & and & are holomorphic sections of a spin structure (see [KS96] for more information).
These spinors satisfy

&
=22 = &2,

&

Two such holomorphic spinors define a minimal immersion if and only if they do not have

common zeros (if they have a common zero, then the map x is not an immersion at this point).
We will call (&1,&) the spinor data of .
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2.2. Helicoidal ends. Most of the results of this section are contained in Riemann’s memoir
[Rie68]. Here we prove these results using modern formalism, and we give precise definitions
for helicoidal ends and the signs of distances and angles.

Definition 2. Let Dy and Dy be two nonparallel and nonconcurrent oriented straight lines,
and let iy and iy be unit vectors inducing the orientations of Dy and Ds. Then the unit vector
iy X (—u:
g X (=T
|1 x |
is called the vector associated to the couple (D1, Ds) of oriented straight lines.

Definition 3. The signed distance of D1 and Dy is the number D(Dy, Do) =< p1ps, ¥ > where
p1 € Dy and py € Dy (this number does not depend on the choices of p1 and py, and |D(Dy, Ds)|
is the distance between Dy and Ds).

Definition 4. Let U be a neighbourhood of 0 in C that is symmetric with respect to the real axis
(ie. zeU < ze€U), Q=XNU, QY =QN(-0,0), Q= QN (0, +0) and z : Q2 — R3 be
a conformal minimal immersion that is complete at 0. Let Dy and Dy be two nonparallel and
nonconcurrent oriented straight lines, let u; and s be unit vectors inducing the orientations of
Dy and D, and let U be the vector associated to (D1, D3).
We say that the immersion x has an end (at z = 0) bounded by the couple of oriented lines
(Dh D2) Zf
1. the immersion © maps Q1 to a part of Dy and < x(z),u; >— +o00 when z — 0 with z
real and negative,
2. the immersion © maps Qo to a part of Dy and < x(z), Uy >— —o0 when z — 0 with z
real and positive.

We say that the immersion x has a helicoidal end (at z = 0) bounded by the couple of oriented
lines (Dy, D) if moreover the two following conditions are satisfied:

3. the Gauss map of x has a limit when z — 0,
4. the quantity < x(z),v > is bounded when z — 0.

It will follow from the proof of lemma 7 that a helicoidal end is actually asymptotic to a
helicoid.

Lemma 5. Assume that x has a helicoidal end bounded by (D1, Dy). Let N be the Gauss map
of x. Then the limit point of N at 0 is N(0) =¥ or N(0) = —.

Proof. We have N(z) € Di if z € Q; and N(z) € Dy if z € Qy, so N(0) € D{: N Dy O

Lemma 6. Assume that = has an end bounded by (D1, D). Let (g,w) be the Weierstrass data
of x, and Q its Hopf differential. Then Q extends to a holomorphic 2-form on U\ {0} and S.g
extends to a meromorphic 2-form on U \ {0}.

Proof. Since a direct isometry of R3 does not change @) and S.g, we can assume that D is the
x1-axis. Then x5 is constant on s, so %4 = 0 on {2y, and thus X/ (z) € iR for z € 2. And the

Gauss map N is normal to the zj-axis on Qy, so g(%2) C iR, and thus —/( ) € R for z € Q.

Thus dQ—2 = 1X ; 9 is purely imaginary on €2, (smce it cannot be infinite). The same holds on
;. Thus we can apply the Schwarz reflection to W (which is up to now defined on ), and

we obtain a holomorphic 2-form @ defined on U \ {0}.
In the same way, assuming that D, is the x;-axis, we have Z—l,/(z) € R for z € Qy, and so

1"

(47)" = %(%,,)2 is real or infinite on €25. The same holds on 2y, and we obtain a meromorphic

2-form S, g defined on U \ {0} by Schwarz reflection. O
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Lemma 7. Assume that x has an end bounded by (D1, D). Let (g,w) be the Weierstrass data
of z, and Q its Hopf differential. If x has a helicoidal end bounded by (D1, D), then there exist
AeR* and o € R\ Z such that

1 —a?

(1) Q ~ i&z_QdZZ, S.g ~ 2 2dz2?
27
when z — 0.

The couple (A, «) is then defined uniquely up to a sign. Moreover, if Taq denotes the angle
of Wy and —iy with ag € (0,1), then we have either o € oy + 2Z and A = —D(Dq, Ds), or
—a € ag+ 2Z and A = D(D1, Ds).

We say that x has a helicoidal end of parameters (A, «), and that ma is the angle of the
helicoidal end.

Proof. Since a direct isometry of R?® does not change @ and S.g, we can assume that @; =
(cos(may), sin(may), 0), Wy = —é, Dy is the line (0,0, —A) + Ri/; and D, the x;-axis. Then we
have ¢ = —€&3, and so ¢g(0) = 0 or g(0) = oo by lemma 5. Moreover we have D(Dy, Dy) = —A.

Set h(z) = z7%g(2) for z € Q. Then h(z) € iR if z € Q; (since N(z) € Di) or z € Qy
(since N(z) € D). Thus h extends to a meromorphic map on U \ {0} by Schwarz reflection
principle. Since g has a limit at 0, h has no essential singularity at 0.

Thus there exist a integer j and a nonzero real number p such that g(z) ~ ipz®*. We set
a = ag + j. We compute that S,g ~ %Z*Zdzz.

Let hy(2) = X3(2) —i2 Inz for z € €, with X; as in section 2.1. Then, since z3 = Re X3, we
have hy(z) € iR if z € Q; or z € Q. Thus hy extends to a meromorphic map on U \ {0} by
Schwarz reflection principle. Moreover, z3(z) = — < x(z), ¥ > is bounded in the neighbourhood
of 0 by condition 4 in definition 4, so h; is holomorphic at 0.

Hence we have dX5 ~ i2z71dz, and so Q = %ng% ~ 4227222,

We now prove that the integer j = o — ag is even. We have

2 dXs;  gdX; A e —1+a
% 5~ 27T(p z dz + pz dz).
We set z =t + 47 with ¢ and 7 real. We have < z, 1 >= Re((x; + izq)e ™), so for t < 0 we
have

d A
5 < &>~ —5—cos(m(e — a)) (pE T 4 plt] ).

Thus condition 1 in definition 4 implies that —Ap cos(m(a—cap)) > 0. And we have < z, —ily >=
x1 = Re(x1 + i), so for t > 0 we have

9 A1 1
— < x, —ily >~ —(p I 4 pt ),
Thus condition 2 in definition 4 implies that Ap < 0. We conclude that cos(m(a — ap)) > 0,
that is a — o € 2Z.

Finally, it is clear that (1) defines (A, ) uniquely up to a sign. O

Let = be an immersion having a helicoidal end of parameters (A, a) bounded by two lines
D; and D, that are as in the proof of this lemma. Without loss of generality we can assume
that o € ap + 2Z, and thus A = —D(D;, Dy). Then o > 0 means that the Gauss map at 0
points down and that we turn in the clockwise direction when we go from D; to Dy on the
minimal surface, and o < 0 means that the Gauss map at 0 points up and that we turn in the
counter-clockwise direction when we go from D; to Dy on the minimal surface. On the other
hand, A > 0 means that D; lies below Dy, and A < 0 means that D; lies above Dsy. Thus,
Aa > 0 means that we go down when we turn in the counter-clockwise direction on the minimal
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surface, and Aa < 0 means that we go up when we turn in the counter-clockwise direction on
the minimal surface. This last fact remains true if —a € oy + 2Z. Hence we say that x has
a left-helicoidal end (respectively a right-helicoidal end) if Ao > 0 (respectively Aa < 0) (see
figures 2, 3, 4 and 5).

FIGURE 3. A <0 and a > 0 (right-helicoidal end).

FIGURE 4. A > 0 and a < 0 (right-helicoidal end).

Remark 8. This definition and these lemmas extend for ends at a point z; € R.
They also extend for end at oo using the change of parameters ( = —z~', which maps
{Imz > 0} onto itself. We get

Aa 9 1—a?

Q ~ iz—zfzdz , S.g ~ 272d2?
T

when z — oo (because S,g = S¢g +S.¢ and S, =0).
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iyes

Dy

Do

FIGURE 5. A <0 and a < 0 (left-helicoidal end).

3. MINIMAL SURFACES BOUNDED BY THREE LINES WITH HELICOIDAL ENDS

In this section we will study minimal disks bounded by three lines with three helicoidal ends
when the triple of lines belong to D, which is a generic property.

3.1. Geometric configuration. An element of D has a representant that is described as
follows.

Let D; be the horizontal line oriented by the vector w; = (cos(may),sin(mayg),0) for some
ag € (0,1), Dy the zy-axis oriented by the vector s = —é7, and D3 the line oriented by the
vector i3 = (cos(my’) sin k, — sin(7y’) sin k, cos k) for some 4" € R and x € R (the number 7/
is the angle of the projections of Dy and D3 on the horizontal plane, except if Dj is vertical, in
what case it can take any value).

The number may is the geometric angle of @5 and —1,. Let us denote by 73, with Gy € (0,1)
the geometric angle of w3 and —1;, and by 77y, with 7o € (0, 1) the geometric angle of s and

—3 (see figure 6).
Y0 Dy /ﬁyo

D3

Dy

7Bo

FI1GURE 6. Three lines in generic position.

We denote by 7, 0; and U the vectors associated to (D, Ds), (D2, D3) and (Ds, Dy) (see
definition 2):

5 171Xﬁ2 ﬁgXﬁg ﬁgXﬁl

Vo =

—

—€3, V1 =

?7 = — TS S -
= ||t X 1]

We set A = —D(Dy, D3), B = —D(D3,D;) and C = —D(Dsy, D3). Finally we denote by ¢q
the sign of det(i;, Us, U3).

|l x )| i x @]
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Proposition 9. The map
L: (Dla D27 D3) = (a07 70, ﬁ07 _Aa _07 _Ba 80)

is a bijection from D onto K x R* x R* x R* x {1,—1} where K is the set of the triples
(20,70, B0) € R? satisfying

() ag+ Bo+v>1, —ag+ G+ <1,
ag—Po+w<l, a+B—r<l

Proof. The fact that (ag, Y0, 50) € K is a consequence of Gauss-Bonnet formula applied to the
spherical triangles on S? bounded by the circles Di-, D3> and Dj-.

Conversely, let (ag,70,50) € K, A, B,C € R* and ¢y € {1, —1}. Then there exists a spherical
triangle of angles way, 76y and myy. The three corresponding oriented circles define unit vectors
iy, Uy and @3 uniquely up to a direct isometry of R3. If the sign of det (1, i», i3) is not equal to
g0, then we replace these vectors by their images by an indirect isometry of R3 (which does not
change the angles of the spherical triangle). Up to now, i, iy and i3 are uniquely determined.

Now we consider three lines Dy, Dy and D5 in R? oriented by @, 4y and 5. We translate D,
in the direction of u; X @y in order that D(Dy, Dy) = —A. Then we translate D3 in the direction
of 4y X 43 in order that D(D3, D;) = —B. Finally we translate D3 in the direction of ; in
order that D(D, D3) = —C' (this operation does not change D(Ds, Dy)). The lines Dy, Dy and
D3 are determined uniquely up to a direct isometry of R3. This completes the proof. 0

A precise study of the space of triples of lines in generic position, and in particular a more
detailed proof of proposition 9, can be found in [Bal03].

Definition 10. Two triples in D are called dual configurations if their parameters only differ
by the sign of €.

The dual configuration of that of figure 6 is shown on figure 7; in both configurations the
lines Dy and D, are horizontal, but D3 “goes down” on figure 6 and “goes up” on figure 7.

Do

B0

F1GURE 7. The dual configuration of that of figure 6.

Remark 11. An indirect isometry of R3 changes A, B, C and g, into their opposites. The
dual configuration of a triple is not the image of this triple by a symmetry, but the directions
of the straight lines are symmetric.

We set 3/ =1 — a —+' (the number 7/’ is the angle of the projections of Dy and D3 on the
horizontal plane, except if D3 is vertical, in what case it can take any value).
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Since v; and —e3 are normal to the xq-axis, there exists a rotation R about the oriented
x1-axis that maps ) onto —és; we denote by 6 its angle. We have R(iy) = iy and R(i3) =
(cos(m0), —sin(m0),0). In the same way, U and —€; are normal to Dj, so there exists a
rotation R about the oriented line D; that maps U, onto —e3; we denote by g its angle. We
denote by T the rotation of angle —ma( with respect to the x3-axis. We have T o R(ul) = ey,
T o R(il3) = (cos(mfy), —sin(m ), 0) and T o R(Ts) = —&.

Finally we set t = tang and t = tan g.

Lemma 12. We have
cos(mfy) + cos(mag) cos(myo)

sin(mayg) sin(7yo)
o cos(my) + cos(may) cos(m )
cost = sin(may) sin(7f)

Proof. We notice that the numbers sin(may), sin(7) and sin(7y,) are positive.

We have

cosf =

)

cos(myy) =< Uy, —ti3 >= cos(my') sin K,

sin(myo) = /1 — cos?(mo) \/ sin?(7y') sin® k + cos? k

cos(mfy) = < s, —1u; >

= —cos(mag) cos(my') sin k + sin(mag) sin(77’) sin k.
We compute that
Uy X Uy = sin(mag)€3, 1ty X Uz = (0, cos K, sin(m) sin k).

Thus we have

< Uy X U, Uy X Uz > sin(7y') sin &
cosf = ———— — —— = .
i@y x o[ - |[d2 x @3] /sin?(7y) sin? k + cos? k
Finally we get
cos(mfy) = — cos(may) cos(myy) + sin(mayg) sin(myo) cos 6.

This proves the first formula.
And we have
cos(mfy) = cos(nf’) sin &,

sin(mfy) = /1 — cos?(n ) = \/SlIl (73 sin® k + cos? K

We compute that
U3 X 1 = (—sin(way) cos K, cos(Tag) cos K, sin(r3') sin k).

Thus we have

cosf = < Uy X Uy, Ug X Uy > _ sin(w/’) sin k
[ty % || - ||tz X w@||  /sin®(7 @) sin® k + cos? k-
Finally we have
cos(myy) = —cos(m(ag+ f'))sink

= —cos(map) cos(mf') sin k + sin(ray) sin(wf’) sin k
— —cos(may) cos(mBy) + sin(may) sin(mB,) cos 6.
This proves the second formula. 0

Lemma 13. The signs of cos k, sin @, sin 0, t and t are equal to €.
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Proof. Since sin 0 = t and sin # have the same sign. In the same way ¢ and sin § have the
same sign.
By definition of # we have 9} x (—€3) = sinfé;. We compute that

COS K

1+t2 )

1

V1 X (—e3) =
(=) V/sin?(7y/) sin® k 4 cos? K

so cos k and sin # have the same sign.
In the same way we have v, x (—€3) = sin 6, so
COS K

V/sin?(73) sin? k + cos? k-

sin 0 = det(Tso, —€3, 1)) =

Finally we have det(iy, iy, t3) = sin(mayg) cos k. O

3.2. The Hopf differential and the spinor data. Proceeding as for lemma 6, we get the
following result.

Lemma 14. Let z : ¥ — R? be a conformal minimal immersion bounded by three straight lines.
Let (g,w) be its Weierstrass data. Then its Hopf differential Q) extends to a holomorphic 2-form
on C\ {0,1} and the Schwarzian derivative S,g of its Gauss map extends to a meromorphic

2-form on C\ {0, 1}.
From now on we consider a triple of lines (Dy, Do, D3) € D. Let
L<D17 D27 D3) = (Oéo, Yo, 507 _A7 _C7 _B7 <C30)7

a € ag+2Z, 3 € By+2Z and v € vy + 2Z. We assume that z : ¥ — R3 is a conformal
minimal immersion bounded by (D1, Dy, D3) and having helicoidal ends of parameters (A, «),
(B, ) and (C, ) at 0, oo and 1 respectively. We denote by (g,w) its Weierstrass data.

Proposition 15 (Riemann, [Rie68]). Then the Hopf differential of x is

(3) Q =iz (z — 1)"%p(2)dz"
where

Bg A« Cy
4 = oz —1)— " (z—1)+ L
() o(2) = o) - 221y +
Proof. At z = 0 we have Q ~ i42272dz% At 2 =1 we have Q ~iS2(z — 1)72d22. At 2 = o0
we have () ~ iZ2 W 272dz%. Hence the map ¢(z) = 2%(z — 1)? W has no singularity on C, and we
have ¢(z) = O(z?) when z — o0, 50 ¢ is a polynomial of degree less than or equal to 2. Finally
we compute that ¢ has the announced expression. Il

Lemma 16. The polynomial ¢ defined by (4) has two nonreal conjugate roots if and only if
Aa, Bf and Cvy have the same sign, \/|Aa| < /|BB| + /ICv|, /IBB| < /]Aa] + /|CH|
and /[C7] < /[Aal + \/TBB].

It has a double real root if and only if Ao, BB and Cvy have the same sign, and +/|Aa| =

VIBBI+ /101, VIBBl = /[Aa] + /ICh] or \/IC7] = \/]Aa] + /| BB].

It has two distinct real roots in all other cases.

Proof. The discriminant of ¢ is % where
5= A%? + BZBZ + C?~* — 2ABaf — 2ACay — 2BC3y.

Thus the three cases in the lemma correspond respectively to 6 < 0, 6 = 0 and § > 0. The
expression d is a polynomial in the variable C, whose discriminant is equal to 16ABa3~2. If
AaBf < 0, then §(C) > 0 for all C' € R*.
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We assume that Ao > 0 and B > 0. Then we have §(C') < 0 if and only if
(VAa —\/BB)? < Cy < (VAa + \/BB)*.
This condition is not satisfied if Cy < 0, and if Cy > 0 it is satisfied if and only if /Cvy >
VAa — /Bf, \/Cv > /Bf — VA«a and /Cv < vVAa + /BfS. And we have §(C) = 0 if and
only if C' > 0, and /Cvy = VAa — /B, /Cv =+/Bf — VAa or \/Cvy = vVAx + /Bf.

We deal with the case where Ao < 0 and Bf < 0 in the same way. U
We set B
)= | elrr
0

This is a local diffeomorphism except at the zeros of ¢. The Schwarzian derivative of g in the
“coordinate” ( satisfies

SCg = Szg - SZC
We set

o S _ (L(d\Y_&(L(2YY
dz? g \¢ 2\ \¢
AN AN AN 7\ 2
1 1
Y AN VAN AN Y AN
g 2\¢ @ 2\
Let (£1,&5) be the spinor data of x. We set
&=z =1 kvVdz, & =22z —1)"kyVdz
Then k1 and kg are holomorphic functions on Y, and we have

) 9=, w=2z7(2-1)"kide,
Q= 2"2(z — 1) (ki kb, — ki ko)d22

We will abusively call &k and ks the spinors associated to (g,w).

Lemma 17 (Riemann, [Rie68]). The functions ki and ky satisfy the following relation on X:

They are solutions on % of the following differential equation:
., ©

7 E'— =K+ —k=0.

7) K

Proof. Equality (6) follows from (3).
Since kf = %, we have

On the other hand we have

So

and
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Thus k; is solution of equation (7).
We also have

! ! ! "
okr _ o9 ¢ v
ko g ¢ g
So
AN k!
(08
g\ vg ko
1 AN " 2 I, L k?l2 'L
(7<g—)):29__292_29029 —2—+2 22+2S022’
g \y vg ¥y ©lg ok ks P2k
1 12 !/ k// /k/ /k/ k// /k/
0=2L 4L _9FY o oFB I 92 0P
g g ®Yg ko ks gko ko ko
Thus k9 is solution of equation (7). O
Lemma 18. We have
D(z Az 20"
o DA %
2z =12 2(z—=1p(2)  »(2)
where
1— 32 1—a? 1—~2
(8) B(z) Qﬁ (=) - -

and where A is an affine function.

Proof. The form S.( is meromorphic on C, with double poles at co and the roots of ¢. Since
Odz? = S.g—S.¢, by section 2.2 and lemma, 14 the function © is meromorphic on C, its possible
poles are 0, 1, oo and the zeros of ¢, and these poles are at most double.

By lemma 7 we have S.g ~ %z”dz2 when z — 0. On the other hand, S, is holomorphic
at 0 since 0 is not a zero of . Thus we have O(z) ~ 1_2"2
way we have O(z) ~ #(z —1)72 when z — 1 and O(z2) ~ #z”df when z — oo (since
S.¢ ~ —4z72dz?). At a root of ¢, since g and ¢ have branch points of the same order, the
order —2 terms in S,g and S,( at this root are equal, and so the order of © is greater than or
equal to —1.

We have ;(LZN) ~ 4272 when 2 — oo (and ¢” is a constant). Consequently the function
A=z2(z—1)p(©—272(2—1)2®) —2z(2 — 1)¢” is holomorphic on C, and we have A(z) = O(z)
when z — 00, so it is an affine function. O

272 when z — 0. In the same

Lemma 19. If the roots of ¢ are distinct, then there are at most four possibilities for the
function A.

Proof. Equation (7) has regular singularities at 0, 1, co and the roots a; and as of ¢ (see
[WW63], paragraph 10.3). Moreover, at least one of the roots of ¢ lies in X, for example a;.

Since a; # as, the exponents of equation (7) at a; are 0 and 2, and since k; and ko are well-
defined on ¥, the solutions of (7) have no logarithmic term at a;. Thus, in the neighbourhood
of ay, equation (7) has a solution having the following form:

Z Az —ay)”
n=0
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with A\g # 0. Writing ©(2) = ¥_1(2—ay) "'+ +0(2—ay), since ;((;)) = _1a1 —i—ali% +0(z—ay),
reporting in equation (7) we get

- 1
—A1+@A0—o (wl— ))\1+%>\0—0

2 ap — Qo

Hence we get

9) b (1“ _ ! ) o =0,

2 ap — as

We also compute using (9) that

b ——(ma +mat_y +mg?,)(z — a1)

Bﬁ( 4ai(a; — 1) +map_q) + or

Az) = 27

with
(a1 — az)®(a;)

my = a1<0,1 — 1)(&1 — CLQ), Mo = — a (a 1) — 4(20,1 — 1),
1\w1 —
my
ms = 2a1(a; — 1) + (2a1 — 1)(a1 — az), my = -5

Assume that a; and ay are distinct real roots. Then ay € 3 and we can apply the same
argument at as with a coefficient ¢_; analogous to ¥_1: we have

B - BS - -
M) = 52 (~ar(as — 1) g 1) + 0 (s + gty ) (2 — o)
where 7 has the same expression as m; exchanging a; and ay. Identifying these two expressions
of A, we get g + fitgth_1 +Math? | = may+mgb_y +ma?, and myy_,y —mﬂ/) 1 —4ai(a; —1) +
das(as—1) = (a1 —az)(ma+ms_1 +myp?,). Setting R = ay(a; —1)1_; and R= as(ag—1 )w,l,
we get

(0 — (a1) 1

0 = —4- al(allfl) + (alfag + + a1 — 1) R

1 D 1 2
(10) _alfag R - 2a1(a1 1) R B
0:—4—‘1’(“’1’+(i++ )R

az(az—1) az—ai as—1
1 - 1 2
L as—ai 2a2(az—1) :

Assume that a; and ay are complex conjugate roots. Since ©(z) € R when z € R\ {0,1}, A
must have real coefficients, so we have Im(my + m3tb_; + myp?|) = 0 and Im(—4a;(a; — 1) +
myp_y — ay(mg +matp_y +myp?,)) = 0. Setting R = a;(a; — 1)¢_; and R = R, since ay = ay,
this is equivalent to system (10).

System (10) has at most four solutions (R, R). Thus there are at most four possible functions

A. U

Lemma 20. If the polynomial ¢ has a double real root, then there are at most three possibilities
for the function A.

Proof. Equation (7) has regular singularities at 0, 1, oo and the root a; of ¢. Moreover, a; lies
in ¥. Since @, is a double root of ¢, the exponents of equation (7) at a; are 0 and 3, and since
ki and ky are well-defined on X, the solutions of (7) have no logarithmic term at a;. Thus, in
the neighbourhood of ay, equation (7) has a solution having the following form:

Z Az —ay)”
n=0
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with A\g # 0. Writing
O(z) = tp_1(z — ar) " + o + 1(z — a1) + O((z — a1)?),

since S:;((j)) = ﬁ, reporting in equation (7) we get
—2>\1 + E)\0 = 0, —2>\2 + E)\1 + %)\0 = O,
2 2 2
(O o (!

7)\2 —|— 7)\1 + 7)\0 — 0

Hence we get

Vi Pt _
(11) 16 + 5 +1; =0.
We also compute that
B B
Az) = —42—5611(@1 —-1)+ Z—fnl(z —ay)

+§—5n2(z - a1)2 + g—fng(z — a1)3 +0O((z — a1)4)
with
ny = a1<0,1 — 1)’(/J,1 — 4(20,1 — 1),

ns = ar(ag — 1) (1/10 _ %) + (201 — )by — 4,

T el aféfai)n " Qali(lal—) ) (ail ’ ﬁ)
+(2a; — 1) (wo - %) by,

On the other hand, A is an affine function, so we have ny = ng = 0, and using (11) we obtain
that ¢ _; is solution of a degree 3 polynomial equation. Thus there are at most three possible
functions A. O

All that has been done up to now does not depend on €, i.e. it holds for (Dy, Dy, D3) as
well as for its dual configuration.

Theorem 21. There exist at most four minimal disks bounded by (D1, Dy, D3) or its dual
configuration and with helicoidal ends of parameters (A, «), (B, ) and (C,v) at 0, oo and 1
respectively.

Proof. By lemmas 19 and 20, it suffices to prove that for each possibility of the Schwarzian
derivative there exists at most one minimal immersion bounded by (Di, Dy, D3) or its dual
configuration and with helicoidal ends of parameters (A, a), (B, 3), (C,7).

Assume that the function © is known. Then the set of the solutions of equation (7) on X
is a vector space generated by two independent solutions. Thus, if (¢g,w) and (g, ) are the
Weierstrass data of two minimal immersions corresponding to O, then g and g are quotients
of linear combinations of these two independent solutions, so there exists a Mobius transform
i : C — C such that § = o g. But the value of the Gauss map at each end is uniquely
determined, so we have ¢(0) = g(0), ¢g(1) = g(1) and g(co) = g(oco). Moreover, ¢(0), g(1) and
g(00) are pairwise distinct (since the straight lines do not lie in parallel planes), so pu is the
identity, and so ¢ = g and @ = w. O
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3.3. Some facts about the hypergeometric differential equation. In this section we
recall some facts about the hypergeometric differential equation and hypergeometric series that
will be useful to give explicit examples of minimal disks bounded by three straight lines.

Let s1, sy and s3 be three complex numbers such that s; ¢ —N*. The hypergeometric series

is defined by

oo T(s) o Tit+n)l(sa+n)
F(s1, 89;83;2) = (5T (59) Z z

r — [(s3+n)
for |z| < 1.
We use the notations of section 3.2. We define eight numbers
l+a+p+

(12> St44+ = —2 b 7.
These numbers are noninteger. We also set

I = (I+a+f+7)(1-a+f+y)(1+a—-F+7)
(13) XQIt+a+f-—y)l-—a=-F+7)1-a+f-7)

XI+a=pF=y)1-a=F-7).

We consider the following hypergeometric equation on i

l—a 1—7v w
14 " "+s. s, —-—=0.
(14) w+( . +z—1)w+5 8+z(z—1)
0 s——_— 0
@ sS4 7
fundamental system of linear independent solutions of hypergeometric equation (14) at the
singular points is given (see section 2.2, paragraph 1 in [MOS66], or [BPS02])

This equation is usually denoted by P{ z} Since we have a, (3,7 ¢ Z, the

e on Xy by
wi(2) =F(s___,s 11— a;2),
wéo)@) = 2" F(si——, 54451+ a5 2),
e on X, by
wil(z) = Fls___,s_41—71-2)
22F(sp——yspp5 1 =71 = 2),
wil(2) = (1=2)F(s_y, 54451+ 71-2)
= 2%(1—2)"F(s4—t, s44045 1+ 731 = 2),
e on Y, by

W (z) =27 F(s___, 84 ;1 3;27Y),

Wi (2) = 27 Fs_a, spes L4 Bi270).
The second expressions for wgl) and wgl)
[MOS66].

For z € (—1,0) we have w'”(z) € R and w”(2) € ¢™R; for z € (0,1) we have w\”(z) € R
and wl"(z) € R. For z € (0,1) we have w{"”(z) € R and wi"(z) € R; for z € (1,2) we have
wi(z) € R and wi”(z) € e™R. For z € (1,400) we have w!™(z) € R and wi™ () € R; for
2 € (00, —1) we have w!™(z) € e=™-—-R and w{™(z) € e~im—+-R.

are obtained using first formula of section 2.4.1 in
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These solutions are connected in the following way. On ¥y N ¥; we have
O\ (ol
wéo) wél)
where

F(1—a)l'(y) F(1—a)l'(=y)

(15) y— [ Y1 2 ) _ [ TG plG6—y4) Tl - )0(s—4-)
Vo1 Voo C(1+o)'(y) C(1+o)l(—)

P(st—)0(s44+)  Dls4——)(s44-)

(we used fourth formula of section 2.4.1 in [MOS66] to compute this matrix). In the same way

we have
W _, (ol
w§0) wéoo)

where
b o= 711 712
Vo1 V22

P(s—)(s—4+) P(s——)I(s——4)
6i7TS+__ F(1+a)r(ﬂ) el'7l'8++_ F(1+a)r(_ﬁ)
P(s44-)l(s444) P(s4——)l(s4—4)

(we used fifth formula of section 2.4.1 in [MOS66] to compute this matrix; we should notice
that in this formula (—z)~® is defined with arg(—z) € (—m,7), and thus with this convention
we get (—z)~® = €™ z~%). This last formula is actually valid for the analytic continuations of
the solutions on ¥, and X, since the intersection of these two domains is empty.

In the sequel, o7 and o9 will denote the solutions on ¥ of hypergeometric equation (14) such
that

(16) < gims——- _LA=LB) _ girs—y- _LU=all(=h) )

01 = w§0)7 02 = ng)

on .
Lemma 22. We have 0,0} — 0joe = az® (1 — 2)77 L.

Proof. Since o, and o9 are solutions of (14), we get that oy0) — 009 is a solution on ¥ of the
following equation:
1-— 1-—
w' = — < S 7) w.
z z—1

Thus it is proportional to 2*7!(1 — 2)?~!. And since o0} — 00y ~ @z when z — 0, we get
the announced expression. 0

Lemma 23. We have viova; = —t2v11099 where t has been defined in section 3.1.

Proof. Using that I'(1 + z) = 2I'(2) and I'(1 — 2)T'(2) = = (see section 1.1 in [MOS66]), we

sin(mz)

compute that
I+ al()
e F(so )T (s )l (s )T (5444
o Il —a)l'(1 = )P (y)
S P (D T PSS T B
_asin(rs___)sin(mrs_;_)

v sin(ma)sin(my)
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Il =)'y + )l(=y)

I (s (s )T (57— )T (544
o T(-alprri-1)
YT (s )T (s )P(1 = sy )I(L =54
_ asin(rs__y)sin(ms_ )
4 sin(ra)sin(m)
Thus proving that viavs; = —t2111v99 is equivalent to prove that
(17) sin(rs___)sin(ms_,_) = —t*sin(ms__, ) sin(ms_4).

But we have
2sin(ms___)sin(mws_y_) = cos(wf3) — cos(m(—a — v + 1))

)
= cos(mf3) + cos(ma) cos(my) — sin(mwa) sin(77y),
)

2sin(rs__, ) sin(ms_, ) = cos(m ) — cos(m(—a + v+ 1))
= cos(m3) + cos(ma) cos(my) + sin(wa) sin(77y).

Thus, since ;tQ = cos 0, condition (17) is equivalent to

cos(m3) + cos(mar) cos(my)
sin(ma) sin(my)

cosf =

which is satified according to lemma 12 and since ma, 70 and 7y are congruent to mwayg, 703

and 7y, modulo 27. O
Lemma 24. We have D190y = —1201099 where t has been defined in section 3.1.
Proof. Since e'™--—¢ims++- = (177 = ims—+-¢imsi——  proceeding as in lemma 23 and ex-

changing the roles of 3 and v, we obtain that the equality of the lemma is equivalent to

cosf — cos(my) + cos(mar) cos(m/3)

sin(ra) sin(w/3)
This condition is satified according to lemma 12 and since ma, w3 and 7y are congruent to
Tag, Ty and my, modulo 27. O

Lemma 25. We have

tﬁll tVll

—iTo
A

Va1 V21
Proof. Proving this equality is equivalent to prove that
tsin(rs__,) = tsin(ms_4_).

We have computed that

o sin(ms___)sin(ms_y_) 5  sin(ms___)sin(mrs__ )
~ sin(ms__,)sin(ms_,4)’ ~ sin(ms_y_)sin(ms_4 )
We deduce that t?sin?(7s__,) = t?sin?(ws_,_). Since sinf = littQ and sin § = i’;, we deduce

from lemma 13 that ¢ and # have the same sign. So it now suffices to prove that sin(7s__,)
and sin(ms_, ) have the same sign.

We have 2sin(ms__ ) sin(ms_y_) = cos(m(y—0))—cos(m(1l—a)) = cos(m(vo—Fo)) —cos(m(1—
ap)). We also have 1 —aqg € (0,1) and 79— By € (—1,1), and by (2) we have 1 —ag > |y — So,
so we get cos(m(1 — ag)) < cos(m(vo — Fo)) and 2sin(ws__)sin(ws_;_) > 0. This proves the
lemma. U
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3.4. Existence of a minimal surface bounded by three lines. In this section we give
explicit examples of minimal disks bounded by three lines in generic position. We use the
notations of section 3.2.

Let a, b and ¢ be three real numbers. For 7 = 1,2 and z € X, we set

(18) Kj=272"(1-2)% ((a+b2)o; + cz(1 — 2)0).
These functions were introduced by Riemann in his memoir [Rie68] (where they are denoted
by ki and ko).
Lemma 26 (Riemann, [Rie68]). The functions K, and Ky satisfy
KKy — KKy =271 — 2)' (010} — 0}09) F(2)
with

(19) F(z) = ala+ca)(l—2)+(a+b)(a+b—cy)z
—(b+s___c)b+s_1_c)z(1 —2).
Proof. Using the fact that o; is a solution of (14), we compute that

1+ 1+

K, = 272 (1-2)77 x
(n12® 4+ nez(1 — 2) + nz(1 — 2)*)0;)

+(naz*(1 = 2) + ns52(1 — 2)%)0%)

with
1— - 3 —
n1=—T,y(a+b)> Ng = 1 2aa+ 2ab+05———5—+—7
11—« ) 1+~ + 1+ o
Na = a nis = Qa —_ C N = a C.
3 9 s 4 2 ’ 5 2
Thus we get

K\K)— KK, = 27%1—2)""7(010, — 0jo3) x

(((a + b)ng — cnq)z?

+(ang + (a + b)ns — cng)z(1 — 2)

+(ans — cns)(1 — 2)?).

The last factor in this expression is a polynomial of degree 2. We compute that its values at 0
and 1 and its degree 2 coefficient are the same as those of the polynomial F' in the lemma. [
Corollary 27. The functions Ky and Ky satisfy

(20) K\ K\ — K|Ky =aF, K K)—K/Ky,=aF',

with F' as in (19).

Proof. The first formula comes from lemmas 22 and 26. We obtain the second one by differen-
tiation. 0

Lemma 28. Let A\, Ao, pu1, pio be complex numbers such that )\fl,ug — A;lm # 0. Then the
spinors ki = )\1_1K1 + /\2_1K2 and ko = p1 Ky + po Ky define a conformal minimal immersion
x X — R3, with possibly a singular point at the root of F when F has a double root. The
immersion x has, up to a translation in R3, a helicoidal end bounded by D, and Dy and of

parameters (A, a) if and only if Ao = py = 0, A\; € iR*, puy € R* and a} ' psala + ac) = ig‘—?.
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Proof. The singularities of x correspond to the common zeros of k; and ko, and thus to the
common zeros of K; and Kj. Using (20) we conclude that a singular point of z is necessarily
a double root of F.

Let (g,w) be the Weierstrass data of x. We will use the expressions of oy and o9 valid in X,

that is 0y = wﬁo) and oy = w2 . We have

K A Ko
CONIK MK
kky — kike = (A 2 — Ay ) (KK — K Eo) = a(A] e — Ay ) F
with I as in (19).

Assume that z has, up to a translation in R3, a helicoidal end bounded by D; and D, and
of parameters (A4, «). Then when z — 0 we have Q ~ i92272d2?, so we get 192 = a(A] ' pip —
A ) F(0) = (A o — Ay My )a(a + ac). This implies in particular that A ps — Ay 'y € iR,
a# 0 and a+ ac # 0.

Then we have K1(z) ~ az 2= and Ky(z) ~ (a4 ac)z 2° when z — 0. We must have
g(z) ~ ipz® for some p € R* (see the proof of lemma 7), since o € (0,1) + 2Z. This implies
that 1 =0if & > 0 and Ay =0 if o < 0.

We deal with the case where o > 0. In this case we have g = #Kf_% ~ A1fto
1 2

A1z € iR. And since we also have A\; 'y € iR (because A\, ‘1 = 0), we get y2 € R and \? € R.
Moreover, we have g(z) € iR if z € (0, 1) (since Dy is the z;-axis), and the functions K; and Ky
take real values on (0, 1), so we also have Aous € iR, and so A3 € R. Since x maps (—1,0) onto
a straight line, and since d(z; + ixs) = & — g?w = 27 2(2 — 1) 2k?dz — 272(2 — 1) 2k3dz, the
argument of k? — k2 must be constant on (—1,0). We have k? — k? = A\[2K? + 2\ '\ 'K Ky +
A;2K2 — 12K2; on the other hand we have arg K (z) = 7r12" mod 7 and arg K»(z) = 752
mod 7 if z € (—1,0), so we conclude that A\, = 0. Thus we have w ~ A %a?z~!7%dz and
G*w ~ pi(a+ac)®z71*dz. Since 11 — 400 when z — 0 with z real and positive (by condition
2 in definition 4), we get A\} < 0 and p3 > 0, which implies \; € {R* and uy € R*.

We proceed in the same way in the case where a < 0.

Conversely, assume that Ay = 1 = 0, Ay € 1R*, up, € R* and oz)\l_luga(a + ac) = z— Then

atac o gq
a

we have arg k? = arg( k3) = ma on (—1,0) and arg k? = arg(—k3) = 7 on (0, 1), and we have
d(zy +iz) = @ — g%w ~ A\[%a’z~1-2dz — p2(a + ac)?z~'**dz. This proves that z has an end
bounded by two lines D} and D), that are parallel to D; and D, respectively. Moreover, we
have g(z) ~ A2 and Q ~ aA] ' poa(a + ac)z72dz* = i42272d2?, so « has a helicoidal
end of parameters (A «) by lemma 4. This finally implies that D(D}, D}) = —A = D(Dy, D»),

and so D] and D), are the images of D; and Dy by a translation in R3. U

In the sequel we will study the minimal immersion z : ¥ — R3 (with possibly a singularity
at a double root of F') given by the spinors k; = MK, and ky = puKs for some A € C* and
some p € C*. We first notice the following fact.

Remark 29. For p € R*, the transformation
(a,b,¢, X, 1) — (pa, pb, pc, pA, p~' 1)
does not change the Weierstrass data (g,w) (and consequently does not change the immersion

x), and changes A\~ into pA7'u.  Thus, without loss of generality, we can assume that
A=t = lal.

Remark 30. Replacing (A, ) by (—iX,ipn) would change g into —g and w into —w. Thus the
immersion x would be replaced by its image by the reflexion about the x3-axis.
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Proposition 31. Let A\ and p be two nonzero complex numbers such that [A\u=t| = |«|. Let
r: Y — R3 be the conformal minimal immersion (with possibly a singularity at a double root
of F') whose Weierstrass data are given by

w=z"2(z— 1)k,

g:k_la

where
ki =2AT'Ky, ke = pKs
with Ky and Ky as in formula (18).

Then, up to a translation, the immersion x maps (—o0,0), (0,1) and (1,4+00) to D1, Dy and
D3 respectively, and has helicoidal ends of parameters (A, ), (B,3) and (C,~) at 0, co and 1
respectively if and only if the following conditions hold:

L. A = —ciap where £ is the sign of egH- with v as defined in section 3.3,
2. eau?® = t:Tlll (this implies in particular that p is real),
3. F=cp with ¢ as in (4) and F as in (19), i.e. the real numbers a, b and ¢ satisfy

5% = a(a + ac)
(21) 5?‘3 = (b+s___c)(b+s_4_c)
g5t = (a+b)(a+b—nc).

Proof. We denote by Ay, Ay, Az, A, A AY and A the images by z of (—o0,0), (0,1),
(1,00), (—o0, —1), (—1,0), (1,2) and (2, +00).

If x has, up to a translation in R®, a helicoidal end at 0 bounded by D; and D, and of
parameters (A, ), then by lemma 28 we have A € iR*, y € R* and aX " ua(a + ac) = i‘;‘—:.
Since |[A\pu~!| = |a|, we have A = —eiau with ¢ = 41, and so the first equality in (21) holds.

From now on we assume that
(22) A = —ciap

with € = £1 and p € R*, and that % = a(a + ac). Then by lemma 28 we can assume that
the immersion = has a helicoidal end at 0 bounded by D; and D, and of parameters (A, «)
(it suffices to consider the good translation in R?). Moreover we have AY C Dy, Ay C Dy, Af
contains a half of D; in the direction of #;, and A, contains a half of Dy in the direction of
—U9.

We now prove the necessity of (21). By (20) we have kjky — kikos = A\ 'paF = eiF with F
as in (19). On the other hand, if x has helicoidal ends of parameters (A, «), (B, 3) and (C,7)
at 0, oo and 1 respectively, then equation (6) holds with ¢ as in (4), so we get ¢ = eF, which
implies that (21) holds.

From now on we assume that a, b, ¢ and ¢ satisfy (21). We study the behaviour of z at z = 1.

The rotation R defined in section 3.1 moves D3 onto a horizontal line oriented by the vector
(cos(my), —sin(my), 0), the vector ¥ to the vector —és, and it does not change Ds. Let & = Rox.
Let (§,®) be its Weierstrass data, and N its Gauss map. There exists a matrix

h= ( Tz ) € SU,(C)

hor Do
such that ) "
_ 229 + ho1 - 2
= = h h .
J hiag + hii’ “ ( 129+ 11) “

Then the associated spinors can be choosen as

ky = (h12g + hi1)k1 = (hazka + ha1kq), ky = §];?1 = (hagks + harky).
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We compute that

p_ | 1 it
_,/1+t2 it 1 )

Consequently we have

oy =225 (1— 2) = ((a + b2)61 + c2(1 — 2)5),
oo = 2725 (1 — 2) 7 ((a + b2)6s + c2(1 — 2)5)),
where
6'1 wg)
Gy ) W
2 Wy
with

m_(mn m12)_ 1 ( A ,Uit)(Vn V12)

T\ ma ma ) JTxe \ ANt Vo1 Vg )

These expressions are valid for z € ¥;. We notice that mq; € iR and moy € R since A € iR
and p € R.

We claim that Z has a helicoidal end at z = 1 of parameters (C,~) bounded by Dy = R(D>)
and R(Ds) if and only if mis = mg; = 0. The proof of this claim is similar to that of lemma
28, so we will only outline the proof. We already know that Z maps (0, 1) to a part of Ds.

Assume that 7 has a helicoidal end of parameters (C, ) bounded by Dy and R(D3). Then
we must have g(z) ~ ip(1 — 2)7 for some p € R*. This implies mg; = 0 if ¥ > 0 and mi2 =0
if v < 0 (this follows from the fact that wgl)(l) =1 and wél)(z) ~ (1 = 2)Y when z — 1).
Moreover, & maps (1,2) onto a straight line, so the argument of k2 — k2 is constant on (1,2).
This implies that miy = 0 if mg; = 0 and mg; = 0 if myy = 0 (because wg), wél) and their
derivatives take real values on (1, 2)).

Conversely, we assume that mis = mo; = 0. Since mq; € iR and mgy € R we have arg /:;% =
arg(—k2) = 7 on (1,0) and argk? = arg(—k3) = —my on (1,2), and we have d(#; + iZ,) =
O—g*w ~m?(a+b)2(1 — 2)"17dz —m3,(a+b—~c)*(1 — 2) "™ dz. This proves that 7 has an
end bounded by two lines that are parallel to Dy and R(Ds), and the signed distance of these
lines is equal to —C' because of the third equation in (21). Thus, since we know that Z maps
(0,1) to a part of Ds, we have proved that Z has a helicoidal end of parameters (C,~) bounded
by Dy and R(Ds3). This completes proving the claim.

The condition m;5 = mg; = 0 is satisfied if and only if A\~ vy + pitvee = X~ Yitvy) + pva = 0,
that is, because of (22), if and only if

vl
23 cap’ = ——= = —.
(23) : oy Vo
We recall that ;1 must be real. Thus there exist © € R* and ¢ € {1, —1} satisfying (23) if and
only if v1ov91 = —t2111v99, Which is true by lemma 23.

Henceforth we assume that p and e are given by (23). The real number p is defined uniquely
up to its sign, and ¢ is the sign of ;”71211, i.e. of g9 - by lemma 13. Thus the number A is also
defined uniquely up to its sign by (22). Thus we have proved the necessity of conditions 1 and
2.

We have AY C Dy, Ay = Dy, AL C D3, A contains a half of Dy in the direction of @; and
Al contains a half of D3 in the direction of —3. It now suffices to check that z has a helicoidal
end at oo bounded by D3 and D; and of parameters (B, [3).

The isometry T o R defined in section 3.1 moves D onto the xi-axis oriented by €7, D3 onto a
horizontal line oriented by the vector (cos(wf3), —sin(m/3),0) and the vector U4, onto the vector
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—@. Let # =ToRoux. Let (g,w) be its Weierstrass data, and N its Gauss map. There exists

a matrix ) A
7 hll h12 )
h=1{ - o € SU5(C
( hoy oy 2(C)

such that

= ilzzg + iL21
hi2g + h11 ’

Then the associated spinors can be choosen as
ky = (il12g + ihl)kl = (il12k2 + ilnkl), ky = @7%1 = (il22k2 + ilzllﬁ)-
We compute that

W= (ilug + il11)2w-

Consequently we have

~ 1—a 1—v

ki=2z72 (1—-2)7 ((a+b2)dy + cz(1 — 2)57),

~

oo =22 (1— 2) 2 ((a+ b2)6s + c2(1 — 2)&)),
o1 _ mir My w§°°)
6'2 m21 m22 wéoo)

o A — i R e A A~

mi1 M2 1 A 16” 2 ue ot V11 V12

A A — . . . g A s g ~ ~ .

Mo1  Mag V1 4+ #2 A tie™ 2t e Uo1 Do
These expressions are valid for z € ¥ .

We first prove that My = mo; = 0. Indeed, this condition is equivalent to A Lei™2 Py +
pie "3ty = ANYie ™2t + e 2 0y = 0, that is, because of (22), to

where

with

Vgt

24 ce Tt = — .
(24) 0 T om

Since p is defined by (23), this condition is equivalent to

N to v
PN 9n 11 ima P11
V1alg1 = —t 11192, P e o
21 21

which holds by lemmas 24 and 25. This completes proving that ms = mg; = 0. )

We claim that & has a helicoidal end at z = oo of parameters (B, () bounded by T'o R(D3) and
ToR(D,). Since A € iR and p € R, we have arg(1nf,) = —n(8+7) and arg(1m3,) = 7(1+5—7),
and so arg k2 = arg(—k2) = 7(1+ ) on (1, 400) and arg k2 = arg(—k2) = 0 on (—oco, —1). We

also have d(#) + ids) = & — §%0 ~ k127 11Fdz + Koz ' 78dz for some ky, kg € C*. This proves
that & has an end bounded by two lines that are parallel to T' o R(Ds) and T o R(Ds), and
the signed distance of these lines is equal to —B because of the second equation in (21). Thus,
since we know that # maps (1,2) to a part of T'o R(Ds), we have proved that Z has a helicoidal
end of parameters (B, 3) bounded by T o R(Ds) and T o R(Ds). This completes proving the
claim, and this also prove that A; = Dy and Az = Ds.

Thus the immersion z is bounded by Dy, D, and D3, and it has helicoidal ends of parameters
(A, ), (B, ) and (C,~) at 0, co and 1 respectively. O
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In his memoir [Rie68], Riemann proved the necessity of (21), and only with & = 1: this comes
from the fact that he did not take orientations precisely in consideration. Riemann also noticed
the following fact (page 335).

Lemma 32 (Riemann, [Rie68]). System (21) is equivalent to
PP-aiptgtr) = e

(25) ¢ —Flpratr) = 5%
rP=p+q+r)? = 3}

; a _ l—a— .
withp=a+ 5S¢, ¢=b+ —5"candr = —a—b+ Jc.

Theorem 33. A real solution (p,q,r) of system (25), where ¢ is the sign of 9-2-, gives a

avay’
minimal immersion x : ¥ — R? (possibly with a singular point at a double root of ¢ defined by

(4)) bounded by (D1, Dy, D3) and having helicoidal ends of parameters (A, «), (B, 3) and (C,~)
at 0, oo and 1 respectively. We will denote it Z(«,~y, 3,€0,p,7,q).

Moreover, two different real solutions of system (25) give the same immersion if and only if
they are opposite one to the other.

Proof. The first assertion is a consequence of proposition 28 and lemma 32.

Assume that (p,q,7) and (p,q,7) are two real solution of (25). Then they correspond to
two solutions (a,b,¢) and (a,b,¢) of (21), which define functions K, Ks, Ky, Ky by (18). If
they define the same immersion, then their Weierstrass data are equal, and so K, = +K; and
Ky = £K, (because A and p are determined), which implies (@, b, ¢) = £(a,b,c), and finally
(p,q,7) = £(p,q,r). The converse is clear. d

Corollary 34. If o, 3,y € (0,1) (that is if &« = ag, = By and v = 7o), then there ezists a
minimal immersion x : X — R3 (possibly with a singular point at a double oot of ) bounded
by (D1, Dy, D3) and having helicoidal ends of parameters (A, «), (B, ) and (C,~) at 0, oo and
1 respectively.

Proof. 1t suffices to prove that system (25) has at least one real solution. We set

A
ply) =[5 + a2
_ | BB 2,2
Y
r(y) =yfeg -+
and we define eight functions

Fiis(y) =Fply) T qly) £r(y) —vy

for real numbers y such that these expressions are defined. Then system (25) has a real solution
if and only if at least one of the eight equations Fii1(y) = 0 has a solution y € R. When
y — +oo, we have Flipi(y) ~ (ta+ [+~ —1)y. When y — —oo, we have Fyiy(y) ~
(FaFBFv—1y.

We first deal with the case where cAa, eBf and £C~ are all positive. Then the functions
F, .4 are defined on the whole R. Moreover we have a4+ —v—1<0and —a—F+7—-1<0
because (a, 3,7) € K. Thus by the intermediate value theorem equation F;, (y) = 0 has a
solution y € R.

We now deal with the case where at least one of the numbers e A, e B and £C'y is negative

(for example €Bf3). We can assume that B <24 and £B (L 507. Then the functions Fy 4 4

2B S 27« 23 N 2w
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are defined for |y| > yo where yo = @/%. We have Fly, (yo) = Fy_(yo), a+B+7v—1>0

and a — 4+ v —1 <0 (because («, 3,7) € K). Thus by the intermediate value theorem there
exists y € R such that F'y, (y) =0 or F,_,(y) = 0 (depending on the sign of F', , ;(yo)). O

Remark 35. If o, 3,7 € (0,1), then we have € = &y.

3.5. The differential equation satisfied by K; and K,. This section contains technical
results that will be used to construct trinoids in hyperbolic space (section 4). We assume here
that the numbers p, ¢ and r defined in lemma 32 satisfy system (25), and that they are real.

Lemma 36. Set ©dz2 =S,h—S .C where h = ﬁ and ((z fo o(r)dr. Then Ky and Ky are

solutions on X of the following differential equation:

A

/
©
(26) K'— 2K + 2K =0.
® 2
Proof. We know that K; and K, satisfy (20) with F' = ep (because (p,q,7) is a solution of
(25)). Then the proof is the same as that of equation (7) in lemma 17. O

Lemma 37. The function O extends to a meromorphic function on C. Moreover we have

. d A 2"
6= + +
22(z—=1)2  z(z—1)p ®

with ® as in (8) and wheer A is an affine function.

Proof. By proposition 31 there exist A, u € C* such that the functions k; = A1 K and ky = uK,
define a minimal immersion bounded by some (D1, Dy, D3) € D, with possibly a singular point
if ¢ has a double root). Then the Gauss map of this immersion is ¢ = Auh, so S,h = S.g.
Thus © extends to a meromorphic function on C by Schwarz reflection, and the expression of

O follows from lemma 18 (this remains true in the case where ¢ has a double root, since the
order of the pole of S.h at the root of ¢ is at most 2). 0

Lemma 38. We have

~

AO)=elp+q+r)((v* = B)2p+q+7) + (1 - a?)(g—1)),

~

A1) =elp+q+r)((@” =) p+q+2r)+ (1 =) (a—p),
A1) = A0) = e(p+ g +7)((0® =) (p+2q+7) + (1= 5°)(r — p)).

Proof. We recall that in the neighbourhood of 0 we have

K; = zl_Ta(l — z)lfT7 <(a + bz)w +cz(l —2)(w ](0)) )

(0)

for j = 1,2, with w;” as in section 3.3. We have

Ly LJatact (b—act+ === (a+ (14 a)c)) 2+ O(z?)
(2) == a+ (b+ ==t (a+c)) 2+ O(22) '
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The coefficient of the order —1 term in © at 0is §_; = %Z—; where h(z) = 2%(ho+h12+0(z?)).
We compute that

1
2 —a2(pt gt
(@@ =3+ =1)(p+q+r)+(—a® +562 -5+ 1)p°
+(20% 4+ 26% — 29% — 2)¢° + (—2a° + 2% — 29% + 2)r?
+2(a? +36% = 37* — 1)pg + 2(—a® + 33* — 3v* + Vpr
+4(52 = 9?)qr).
Using that p* — a®(p+ ¢ +r)* = £42 we get that

T

§,1 = e—X

Aa
(~0? = 47 = )5 + 45— )
+(20% + 267 — 29% — 2)¢* + (=20 4+ 23% — 2% 4+ 2)r?
+2(a” +30% = 39% — 1)pg + 2(—a® + 3% — 39" + 1)pr
+4(0% = %)qr).
On the other hand we have §_; = —% +®'(0) +2P(0), so using the fact that ¢'(0) +2P(0) =

% and ¢(0) = 2% we conclude that

AO) =e(p+g+1)((v* = B2 + g +7) + (1= a®)(qg — 7).
In the neighbourhood of 1 we have

K; = zl_Ta(l — Z)PT7 ((a + bz)wj(-l) +cz(1 — z)(w§1))’>

(1)

J
A1) =e(p+g+r)((a® =)+ a+2r) + (1 =" —p)),
and we deduce the expression of A(1) — A(0). O

for j = 1,2, with w; "’ as in section 3.3. In the same way we compute that

4. APPLICATION TO TRINOIDS IN HYPERBOLIC SPACE

4.1. The cousin relation. We recall a few facts about the cousin relation between minimal
surfaces in R® and Bryant surfaces, i.e. constant mean curvature one (CMC-1) surfaces in
hyperbolic space H?. The asymptotic boundary of H? will be denoted by 9., H?>.

Let S be a simply connected Riemann surface. If x : S — R? is a conformal minimal
immersion, I and II its first and second fundamental forms, then there exists a conformal
CMC-1 immersion 7 : S — H? whose first and second fundamental forms are

I=1, H=1II+1,

and conversely. The immersions x and  are said to be cousin immersions. They are unique up
to isometries of R? and H? respectively.

Bryant proved in [Bry87| that if Z is such an immersion (with & non necessarily simply
connected), then there exists a holomorphic immersion F' : S — SLy(C) where S is the universal
cover of 8 such that & = FF* and det(F~'dF') = 0, where the model of hyperbolic space is

H? = {M € My(C)|M* = M,tr M > 0,det M = 1}.
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Moreover we have
2
FldF = (9 Y )w
L =g
where (g,w) are the Weierstrass data of the cousin immersion x (see also [UY93]). The map F
is called the Bryant representation of z.

The geodesic lines of curvature of x correspond to the geodesic lines of curvature of Z, and
they lie in planes that are orthogonal to the surface. The Schwarz reflexion principle for geodesic
lines of curvature also holds for Bryant surfaces. Thus a planar symmetry of x correspond to
a planar symmetry of Z. These facts are explained in details in [Kar01] and [SETO01].

The cousin immersion of the conjugate immersion of x will be called the conjugate cousin
immersion of x and it will be denoted by x°. Thus the Weierstrass data of z° are (¢°,w°) =
(g,1w). Moreover, straight lines of x correspond to geodesic lines of curvature of z° (hence
lying in hyperbolic planes), and symmetries of x with respect to a straight line correspond to
symmetries of x° with respect to a hyperbolic plane.

4.2. Trinoids. S4 Earp and Toubiana proved in [SET01] that an embedded end of finite total
curvature is either asymptotic to the end of a rotational catenoid cousin (in which case it is
called a catenoidal end) or to a horosphere (in which case it is called a horospherical end). The
catenoidal ends are the embedded type I ends in the sense of [UY93]; they are asymptotically
rotational surfaces (see [Dan02]).

Definition 39. A Bryant surface is called a trinoid if it has genus zero and three catenoidal
ends.

Consequently, a trinoid is given by a conformal CMC-1 immersion defined on C\ {0,1}. The
three ends correspond to 0, 1 and oo.

The definitions of a catenoidal end and of a trinoid in [BPS02] are slightly different from
ours. However it turns out that the definitions of trinoids are equivalent.

In [CHRO1], Collin, Hauswirth and Rosenberg proved many results about properly embedded
Bryant surfaces: a properly embedded Bryant surface of genus 0 with 1 end (respectively 2 ends,
3 ends) is a horosphere (respectively an embedded catenoid cousin, an embedded trinoid).

The aim of this section is to construct trinoids by the method of the conjugate cousin im-
mersion. We first prove the following proposition, which is a reformulation of lemma 2.4 in
[SET01] and which will be useful in the sequel.

Proposition 40. Let O be a neighbourhood of 0 in C, O* = O\ {0} and O* be the universal
cover of O*. Let u € R* and let x : O* — H3 be a conformal CMC-1 immersion whose
Weierstrass data (g,w) satisfy

g(2) ~ goz", W~ wyz THdz

when z — 0 with gg,wg € C*. Let Q) be its Hopf differential.
Then x is an embedding of a punctured neighbourhood of 0 in O* if and only if the 2-form
S.g — 2Q is holomorphic at 0.

Proof. We set

g(2) = 2"(go + 12 + O(2?)), w=2"""(wy +wiz + O(2?))dz.
Then we have
Q=22%q2+q12+0(1))dz? S.g=2%(s_9+ s 12+ 0(1))dz?

2

. _ 2
with ¢_o = pwogo, g1 = pwigo + (1 + p)wogr, s-o = 5=, 51 = -0,
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We first assume that g > 0. Then, according to lemma 2.4 in [SET01], z is an embedding of
a punctured neighbourhood of 0 in O* if and only if
1 — p? w
4 H (1 )™ = 2uwg0 +2(1+ p)wog.
H Wo
The first condition in (27) is equivalent to s_s = 2¢_o (this means that S,g — 2Q) has at most

a pole of order 1 at 0). If this condition is satisfied, then since Z%; =2+ HT“Z—;, the second

(27) Jowo =

condition in (27) is equivalent to (1 + p) <Z:—; — f_ﬁ) = 2¢_1, and thus to s_; = 2¢_;, which
completes the proof in the case where p > 0.

We now deal with the case where 1 < 0. The data (g7, —g*w) define the same CMC-1 immer-
sion as (g,w) (see for example [UY93]), and we have g~ (z) ~ g5 '27*, —g*w ~ —g2woz 1 Tdz,
and S,g — 2@ is unchanged, so it suffices to apply the previous case with —pu instead of p. [

Remark 41. Umehara and Yamada proved in [UY93| that S,G = S,g — 2Q where G is the
hyperbolic Gauss map of the immersion x.

Let (Dy, Dy, D3) € D, (oo, 0,00, —A, —C, —B,eq) = L(D1, Dy, D3) (see section 3.1), o €
ag+27Z, B € By +2Z, v € v+ 27Z. Let v : ¥ — R3 be a minimal immersion bounded by
(D1, Dy, D3) or its dual configuration, and having helicoidal ends of parameters (A, «), (B, (3)
and (C,~) at 0, 1 and oo respectively, corresponding to a solution (p, g, 7) of (25) where ¢ = +1.
Let (g,w) be its Weierstrass data and () = wdg its Hopf differential.

Then the conjugate cousin immersion z° : ¥ — H?® maps (—o00,0), (0,1) and (1,00) onto
three geodesic lines of curvature £, Lo and L3 belonging to three hyperbolic planes Py, Ps
and 7)3.

Proposition 42. [f%2 > g‘—?, %2 > ?—f and “/742 > g—;, then the asymptotic boundary of each end

of x° consists of one point.
Proof. Tt suffices to prove that the asymptotic boundary of the end at 0 consists of one point.
The Hopf differential Q° = w°dg® satisfies Q° ~ g_22z 2dz at 0 with q_, = —g—;’. We proceeding
as in the proof of lemma 2.4 in [SETO01]: since the indicial equations 72 + a7 — g_» and
v? — v — q_5 have a positive discriminant A = a? +4q_, (because of the hypothesis), we prove
: 3 : : { FTA(2) 2'Bi(2)
that, up to an isometry of H”, the Bryant representation of x is F' = ( Ci(z) 2°Ds(2)
where 7 = @, v = # and where A;, By, (7 and D; are holomorphic functions in a
neighbourhood of 0 in {Im z > 0} that do not vanish at 0. Using the identification of H?* with
the upper half-space model {(y1, y2,y3) € R*|yz > 0} described in [SET01], we get

Y1+ iys = |Z|2TA_101 i |Z|2UED1 Ys = !
2P AL + |21 Baf? 227 A2 + |22 By [?
(this is formula (1.2) of [SETO01]). Thus we have y3 — 0 when z — 0 (since 7 or v is negative),
and y; + iy, — iig(o)g or Y1 + 1ys — gigg; (depending on the sign of «). This proves the
assertion. U

2 2 2 .
From now on we assume that - > %, % > % and I > % Thus the lines £, £, and

L3 are pairwise concurrent in d,H? at the asymptotic boundary points. Applying Schwarz
reflections with respect to these planes and repeating the process with respect to the new

—_—

planes infinitely many times, we get a conformal CMC-1 immersion x° : C \ {0, 1} — H? where

C\/{\O,/l} is the universal cover of C\ {0,1}. This immersion x° is well-defined on C\ {0, 1} if
and only if the planes Py, Py and P; are equal.
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Proposition 43. If immersion x° gives a trinoid by Schwarz reflection, then we have

(28) &:az—l B_ﬁZBQ—l Q:f—l
27 4 7 27 4 7 27 4
Proof. Assume that z° gives a trinoid by Schwarz reflection. Then x° is well-defined on C\{0, 1},
and its ends are embedded. Let Q)° be its Hopf differential. We have Q° = iQ).
Its Weierstrass data satisfy ¢°(z) = g(z) ~ goz® and w°® = iw ~ wyz~17*dz when z — 0, with
Jgo,wo € C*. Then by proposition 40 the form S,¢° —2@Q)° is holomorphic at 0. In particular the
order —2 term vanishes, that is 1-o? | 2% =0.

2
The other two identities are obtained in the same way for the ends at co and 1. U

A computation gives the following result.

Lemma 44. The complex solutions of system
2

p’—f(p+qg+r)? = “f
2
(29) ¢ —p+q+r)? = 5
2 _ A2 2 _ 2=
rP=p+aq+r) =

are (—%,%,%), (3, =%, %), (4,4, 1), (U5, V6, W6) and their opposites, where
U==3a"+2(1+ 2+’ + ' + 9" =262 +7* + 0°7°) + 1,
V:_3ﬁ4+2(1+a2+72)/82+a4+,y4_2(a2+72+a272)+1’
W==3y"+2(1+ o+ )7 +a' + 5 = 2(® + B2+ a*5°) + 1,

and where § is a complex square root of —ﬁ with 11 defined by (13).
The complex solutions of system

—_

<
—

2
—

_a2
proallpta+r) =

(30) ¢ —FP+a+r)? =
=t =

are (%, %, —%), (%, —%, %), (—%, %, %), (1U4,iV6,iW ) and their opposites.

Remark 45. These solutions are distinct if and only if 1 —a?— 2+~ #£0, 1 —a?+52—~2 £ 0
and 1+ a? — 3% — 2 £ 0.

Remark 46. We compute that U +V + W 1s —4 times the discriminant of ®.

Proposition 47. The immersion x° gives a trinoid by Schwarz reflection if and only if (28)
holds, ¢ has no double root, and (p,q,r) = £(U, V6, W) in the case where § € R or (p,q,r) =
(U0, iV 6,iW6) in the case where § € iR, where U, V., W and § are as in lemma 44.
Proof. We have

D+ 2 n A
22(z—1)2  pz(z—1

i
S — 2Q° = < L2 ) d22 + 8.
) ¢
with ((z) = [; ¢(r)dr, ® as in (8) and A as A in lemma 38. By proposition 40, z° gives a
trinoid if and only if S,¢° — @Q° is holomorphic at 0, 1 and oco. This holds if and only if & = —2¢p
(i.e. if (28) holds, i.e. if (p,q,r) is a real solution of (29) or (30)) and A = 0 (we recall that
2%;ldz2 +S.¢ is holomorphic at 0o).
By lemma 38 we have A = 0 if and only if p+ ¢+ 7 =0 or

(31) {(72_62)(2p+q+r>+(1‘a2)(q—r) = 0
(@ =) p+q+2r)+(1-22)(g—p) = 0.
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We notice that (U, V, W) # (0,0,0) (since (Ud, V', W) is solution of (29)). Thus the set of
the solutions of (31) is the complex line C(U, V, W). Hence the only solutions of (31) that are
also solutions of (29) or (30) are (Ud, Vo, W), (iU,iV6,iW ) and their opposites.

There is a solution (p, g, ) of (29) or (30) satisfying p+q¢+r = 0if and only if U+ V +W = 0,
i.e. if and only if ¢ has a double real root a; (by remark 46 and since ® = —2¢). In this case
these solutions are again (U9, Vo, Wd), (iU9,iV §,iWd) and their opposites.

Hence, in the case where ¢ has a double root ay, the solutions (p, q,r) satisfy p+q+r =0,
which implies A = 0 by lemma 38. Thus the exponents of equation (7) at a; are 1 and 2. This
implies that the spinors ki and ks associated to x both vanish at a;, and so z and z° do have
a singular point at a;.

Moreover, the numbers p, ¢ and r are required to be real, so the proof is complete. 0]

Remark 48. In the case where ¢ has a double root, the result still holds except that the im-
mersion giving the trinoid has a singularity at the root of .

Theorem 49. Let p, 1 and ps be three positive non-integer real numbers. Assume that

(32) (1lko]l; [Tl Hec]l) € K,

where [r] denotes the unique number in (—1,1] such that r — [r] € 27 (the set K is defined in
proposition 9), and that

(33) Ho ] oo — 2T — 2Hp 15, — 20 + 245 + 247 + 2p5, — 3 F# 0.

Then there exists a trinoid 7T, ,, ... whose ends are of growths 1 — 19, 1 — py and 1 — e and
having a symmetry plane.

The ends of g b pos have distinct asymptotic boundary points if and only if 1—p2—p3+p2, #
0, 1—p2+pd—p2 #0 and 1+ pd — 13 — p2, # 0. More precisely, the ends of growths 1 — gy and
1 — py (respectively 1 — pg and 1 — poo, 1 — g and 1 — po ) have distinct asymptotic boundary
points if and only if 1 —p2 —p2+u2 # 0 (respectively 1 —pd+p3 —p?, # 0, 14+pd—pd—p?, #0).
In particular the three ends cannot have the same asymptotic boundary point.

Proof. We set a = po if po € |[uo)| + 2Z and o = —po if —pg € |[po]| + 2Z (in order to
be compatible with the conventions of section 3.2). In the same way we set § = £pu., and
v = *uy. Let g9 € {1,—1}. By proposition 9 there exists a triple (D1, Dq, D3) such that
L(Dy, D2, Ds) = (|[poll, |[m]], |[oo]], —A, —C, = B, &) with g2 = @=L, 22 — F=1 Gy — 221,
Then by (33) the correspondmg ¢ has no double root, and 50 by proposition 47 there ex1sts
a minimal immersion = : ¥ — R3 bounded by (Dj, D2, Dj3) or its dual configuration whose
conjugate cousin x° gives a trinoid by Schwarz reflection ; moreover the growths of the ends of

this trinoid are 1 — pg, 1 — p; and 1 — uo, respectively (it suffices to consider the coefficient of

the order —2 term of Q° at each end). This proves the existence of the trinoid 7, ,, ... (it has
a symmetry plane by construction).
Up to an isometry of H?, the hyperbolic Gauss map of z° is G°(2) = z + Q(SI;%?_);) where

a; and ay are the roots of ¢ (see [RUY01], example 4.4; we notice that S,G° = S,{ + %;L”sz).
Moreover, the limit of the hyperbolic Gauss map at a catenoidal end is the asymptotic boundary

point of the end (see [SETO01]). Thus, to compare the asymptotic boundary points of the ends,
it suffices to compare G°(0 ) GO( ) and G°(00).

We have G°(0) = — el ag)” ,G°(1) =1+ M and G°(00) = oo. Thus we have G°(0) =

" 2(a1+az2)’ 2(2—a1—az)
G°(1) if and only if a; + ag = 2a1as, i.e. 1 — pd — p? + p2, = 0; we have G°(0) = G°(00) if and
only if a; +ay =0, i.e. 1—p2+p?—p? =0; we have G°(1) = G°(00) if and only if a; +ay = 2,
i.e. 1+ pd — p? — p? = 0. This also implies that we never have G°(0) = G°(1) = G°(c0). O
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Remark 50. If (32) holds but (33) does not hold, then there exists a “trinoid” T, 4, .. With
one singular point.

Corollary 51. If (uo, pi1, fteo) € K and po, pi1, ftoo € (0,1) (i.e. if the growths are positive),

then the trinoid T, ,, ... exists and its ends have distinct asymptotic boundary points.

Proof. In this case we have p; = |[;]| for j = 0,1, 0o, and so (0, i1, ftes) € K. This implies that
foo > 1—po— iy and fioo > =1+ pio+ i1, and 80 1 —pg—pf+pl, > 1= pg—pi + (1= po—pun)* =
2(1—p1o)(1 —p1) > 0. In the same way we have 1 — 2+ p? — p? # 0 and 14 p2 — p? — p? # 0.
Thus the asymptotic boundary points of the ends are distinct.

Set d(fio, i1 foo) = Mo + f1 F fag — 2017 — 20515, — 203 15, + 205 + 247 + 2u2, — 3. The
derivative of d with respect to p? is equal to 2(u2 — p2 — p? + 1), which was proven to be
positive. Without loss of generality we can assume that pg > . We have o < 1 — pg + p1,

and so d(fio, fi1, foo) < d(po, p1, 1 — po + 1) = 8(p1 + 1) (o — 1) (1o — pa) < 0. Thus (33) is
satisfied, and the trinoid has no singularity. O

Irreducible trinoids are classified by theorem 2.6 of [UY00]. They correspond to trinoids with
non-integer growth ends. Theorem 2.6 of [UYO00] states that there exists a trinoid 7, 4, .
(without assuming that it has a symmetry plane) if and only if (33) holds and
(34) cos?(mpg) + cos? (1) 4 cos? (o) + 2 cos(mpug) cos(miuy) cos(Tise) < 1,
and in this case this trinoid is unique (in this theorem, the §; (j = 1,2, 3) correspond to our
pj—1(j =0,1,00), the ¢; to our 1_2%' ). Irreducible trinoids are also classified in [BPS02]; it
is also proved that (34) is equivalent to (32) (in [BPS02] the A, (j = 1,2, 3) correspond to our
@ (7 = 0,1,00)). Pictures of trinoids can be found in [BPS02] (see also [RUY01], example
4.4).

Proposition 52. If the asymptotic boundary points of the ends of x° are distinct and (28)
holds then x° gives a trinoid by Schwarz reflection.

Proof. For j =1,2,3, the oriented curve £; and the mean curvature vector of z° on £; induce
an orientation of the plane P;. Denote by pg, p1 and ps the asymptotic boundaries of the ends
of z° at 0, 1 and oo respectively. Then L£; goes from p., to pg, L2 goes from py to p;, and
L3 goes from p; to po. Denote by @), Q2 and Q3 the asymptotic boundaries of P;, Py and
Ps5. These are great circles in C. They are given the orientation induced by P;, P, and Ps
respectively. We have py € Q1 NQ2, p1 € Q2N Q3 and ps € Q3N Q1. Moreover, the circles are
pairwise tangent at these points, and their orientations at these points are compatible (since
the boundary lines have turned of an angle 7 at each end, because of (28)). Since pg, p1 and ps
are distinct, this is not possible unless the three circles are equal (see figure 8). Consequently,
the planes P, Py and P3 are equal, and doing the Schwarz reflection of x° with respect to this
plane gives a trinoid. O

We now describe what the immersion x° looks like in the case where (p,q,7r) = (
(p,q,7) = (3,—%,%) or (p,q,7) = (—3,3,3). We first notice that (iU6,iV§,iWd) = (3,3, —3)
(iU6,iV6,iWé) = (3, -1, 3) and (iU4, 1V 6,iWé) = (—3, 3, 3) ifand only if 1 —a?— 52+~ =0,
1—a?+p%2—~2=0and 1+ a?— 3% —~2 = 0 respectively. Henceforth we assume that none
of these conditions are satisfied.

If (p,q,r) = (3,1, —1), then by lemma 38 we have A(0) # 0, A(1) =0 and A(1) — A(0) # 0,
s0 S,g° — 2Q° has poles of order 1 at 0 and oo and is holomorphic at 1. This means that the
end at 1 is embedded, but the ends at 0 and oo are not: the planes P, and Ps are identical, and
the plane P; is tangent at infinity to P, but different. Applying Schwarz reflection infinitely

many times, we get a surface that is invariant by the parabolic isometry generated by the

[=D =

1 1
)9 _5)7
1 1
)
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Do

@1

Po

FiGURE 8. The asymptotic boundaries of the boundary planes; there is no ori-
entation of (); compatible with those of ()5 and (3.

reflections with respect to P; and Py. The ends at 0 and oo are not annular ends since z° is
not single-valued at 0 and oo.

If (p,q,r) = (%, -3, %), then we have A(0) # 0, A(1) # 0 and A(1) — A(0) = 0, so similarly

207 202
the end at oo is embedded and the ends at 0 and 1 are not (and they are not annular ends).

If (p,q,r) = (=%, %, 1), then we have A(0) =0, A(1) # 0 and A(1) — A(0) # 0, so the end at

720202
0 is embedded and the ends at 1 and oo are not (and they are not annular ends).

Then by propostion 52 the asymptotic boundary points of these immersions are not pairwise
distinct (otherwise these immersions would give trinoids by Schwarz reflection).

REFERENCES

[Bal03]  A. Balser. On trinoids and minimal disks bounded by lines. Master’s thesis, Technische Universitét
Darmstadt, 2003.

[BPS02] A. Bobenko, T. Pavlyukevich, and B. Springborn. Hyperbolic constant mean curvature one surfaces:
Spinor representation and trinoids in hypergeometric functions. arXiv:math.DG/0206021, to appear
in Math. Z., 2002.

[Bry87] R. Bryant. Surfaces of mean curvature one in hyperbolic space. Astérisque, 154-155:321-347, 1987.

[CHRO1] P. Collin, L. Hauswirth, and H. Rosenberg. The geometry of finite topology bryant surfaces. Ann. of
Math. (2), 153:1-37, 2001.

[Dan02] B. Daniel. Flux for bryant surfaces and applications to embedded ends of finite total curvature.
arXiv:math.DG/0303307, to appear in Illinois J. Math., 2002.

[Kar01] H. Karcher. Hyperbolic constant mean curvature one surfaces with compact fundamental domains.
Preprint, 2001.

[KS96] R. Kusner and N. Schmitt. The spinor representation of surfaces in space. arXiv:dg-ga,/96100050,
1996.

[MOS66] W. Magnus, F. Oberhettinger, and R. P. Soni. Formulas and Theorems for the Special Functions of
Mathematical Physics. Springer-Verlag, 1966.

[Rie68] B. Riemann. Les surfaces d’aire minima pour un contour donné. In (Buvres mathématiques de Riemann
(traduites par L. Langel), pages 305-352. Librairie scientifique et technique Albert Blanchard, Paris,
1968. Written in 1867 by K. Hattendorf from a manuscript by B. Riemann.

[Ros02] H. Rosenberg. Bryant surfaces. In The Global Theory of Minimal Surfaces in Flat Spaces, Martina
Franca, Italy 1999, Lecture Notes in Mathematics 1775. Springer, 2002.

[RUY01] W. Rossman, M. Umehara, and K. Yamada. Period problems for mean curvature 1 surfaces in H3
(with application to surfaces of low total curvature). arXiv:math.DG/0102185, to appear in Advanced
Studies in Pure Mathematics, Surveys on Geometry and Integrable Systems, 2001.



MINIMAL DISKS BOUNDED BY THREE STRAIGHT LINES 33

[SET01] R. S4 Earp and E. Toubiana. On the geometry of constant mean curvature one surfaces in hyperbolic
space. Illinois J. Math., 45(2):371-401, 2001.

[UY93] M. Umehara and K. Yamada. Complete surfaces of constant mean curvature 1 in the hyperbolic
3-space. Ann. of Math. (2), 137:611-638, 1993.

[UY00] M. Umehara and K. Yamada. Metrics of constant curvature 1 with three conical singularities on the
2-sphere. Illinois J. Math., 44(1):72-94, 2000.

[WW63] E. T. Whittaker and G. W. Watson. A Course of Modern Analysis. Cambridge University Press, 1963.



