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Introduction

La notion de cat�egorie triangul�ee a �et�e introduite par V erdier et Grothendieck dans
les ann�ees 60 (cf. [Ver96]). Leur but �etait d'axiomatisercertaines propri�et�es des cat�egories
d�eriv�ees. A partir des ann�ees 80, ces cat�egories ont beaucoup �et�e �etudi�ees en th�eorie des
repr�esentations, notamment par D. Happel, C. Riedtmann, M. Brou�e et J. Rickard. Voici
une liste des principales cat�egories utilis�ees en th�eorie des repr�esentations (nous travaillons
sur un corpsk alg�ebriquement clos) :

{ la cat�egorie stable ModA desA-modules �a droite sur unek-alg�ebre auto-injective ;
{ la cat�egorie d�eriv�ee born�ee Db(modA) des modules de type �ni sur unek-alg�ebre

de dimension �nie ;
{ la cat�egorie stable CM (R) des modules de Cohen-Macaulay sur une singularit�e

isol�ee R ;
{ certaines cat�egories d'orbites de cat�egories triangul�ees.

D�ecrivons plus en d�etail cette derni�ere classe. SiA est unek-alg�ebre de dimension �nie,
et � une auto-�equivalence (alg�ebrique) de la cat�egorie d�eriv�ee born�ee Db(modA) des
A-modules (�a droite) de dimension �nie, alors on peut construire la cat�egorie d'orbites
Db(modA)=� : les objets sont les mêmes que ceux de la cat�egorieDb(modA) tandis que
l'espace des morphismes entreX et Y est de la forme

M

n2 Z

HomD bA (X; � nY):

B. Keller a montr�e le th�eor�eme essentiel suivant dans [Kel05] :

Th�eor�eme 0.1 (Keller) . Soit A une k-alg�ebre de dimension �nie et � =?
L

 A X une

auto-�equivalence alg�ebrique deDb(modA). Supposons que
{ la cat�egorie Db(modA) est �equivalente �a une cat�egorie de la formeDb(H ) o�u H est

une cat�egorie h�er�editaire,
{ pour tout ind�ecomposableX de H, il n'y a qu'un nombre �ni d'entiers n tels que

� n (X ) appartient �a H .
{ il existe un entier N � 0 tel que l'orbite sous� de tout objet ind�ecomposable de

Db(modA) contient un objetU[n], o�u 0 � n � N et U appartient �a H .
Alors la cat�egorie d'orbites est triangul�ee.
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Appelons acyclique un carquois sans cycle orient�e. Alors le th�eor�eme implique en
particulier que la cat�egorie amass�eeCQ associ�ee �a un carquois acycliqueQ est triangul�ee.

Ce travail de th�ese se compose de deux parties ind�ependantes. Le but de la premi�ere
(chapitre 2) est la classi�cation des cat�egories triangul�eesk-lin�eaires n'ayant qu'un nombre
�ni d'ind�ecomposables (et v�eri�ant certaines condition s suppl�ementaires). Dans la deuxi�eme
(chapitres 4, 5, 6 et 7), le but est de g�en�eraliser la construction de cat�egories amass�ees
en partant non plus d'un carquois acyclique mais d'une alg�ebre de dimension �nie et de
dimension globale 2. Le chapitre 1 est d�edi�e �a des pr�eliminaires sur les notions de base
utilis�ees dans cette th�ese.

Premi�ere partie

Dans cette partie (correspondant au chapitre 2 de la th�ese)on classi�e, dans une large
mesure, les petites cat�egories triangul�eesk-lin�eaires T (o�u k est un corps alg�ebriquement
clos) v�eri�ant la propri�et�e de Krull-Schmidt et les cond itions de �nitude :

a) T est Hom-�nie , i.e. les espaces de morphismes sont de dimension �nie surk.
b) T est localement �nie, i.e. pour tout objet X ind�ecomposable deT , il existe

un nombre �ni de classes d'isomorphisme d'objets ind�ecomposablesY tels que l'espace
HomT (X; Y ) est non nul.

Il est montr�e dans [XZ05] que la conditionb) implique son dual. On dira queT est
additivement �nie si le nombre de classes d'isomorphisme d'ind�ecomposablesest �ni.
Notons que si la cat�egorieT est additivement �nie, elle est localement �nie.

Ces conditions peuvent parâ�tre tr�es restrictives, maisbeaucoup de cat�egories cons-
truites de mani�eres tr�es di��erentes rentrent dans cette description. En particulier, on
retrouve des cat�egories de tous les types d�ecrits ci-dessus :

{ Si A est unek-alg�ebre auto-injective de dimension �nie et de repr�esentation �nie,
la cat�egorie modA v�eri�e toutes les hypoth�eses. Dans [Rie80a], [Rie80b], [Rie83b]
et [Rie83a], C. Riedtmann a classi��e ces alg�ebres et d�ecrit la structure k-lin�eaire de
leur cat�egorie de modules stables.

{ Dans [Hap87], D. Happel a montr�e que la cat�egorie d�eriv�ee born�eeDb(kQ) (o�u Q
est un carquois connexe et acyclique) est localement �nie siet seulement siQ est
un carquois de Dynkin, c'est-�a-dire que le graphe sous-jacent �a Q est un diagramme
de Dynkin simplement lac�e.

{ Grâce �a ce r�esultat, il est facile de voir que la cat�egorie amass�eeCQ associ�ee �a un
carquois connexe acycliqueQ est additivement �nie si et seulement siQ est un
carquois de Dynkin.

{ Si R est une singularit�e isol�ee de dimension 1, M. Auslander etI. Reiten ont montr�e
dans [AR86] que la cat�egorie stable des modules de Cohen-Macaulay est additive-
ment �nie, et ont calcul�e son carquois d'Auslander-Reiten.
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Carquois d'Auslander-Reiten

La strat�egie pour classi�er les cat�egoriesT v�eri�ant les hypoth�eses de �nitude com-
porte comme premi�ere �etape le calcul d'un invariant important : le carquois d'Auslander-
Reiten de T . Rappelons d'abord quelques r�esultats sur les exemples pr�ec�edents :

Le th�eor�eme suivant de D. Happel (cf. [Hap87]) donne une description explicite du
carquois d'Auslander-Reiten de la cat�egorie d�eriv�eeDb(kQ), o�u Q est un carquois de
Dynkin.

Th�eor�eme 0.2 (Happel). Soit Q un carquois de Dynkin. Alors le carquois d'Auslander-
Reiten de la cat�egorie d�eriv�ee Db(kQ) est le carquois de r�ep�etition ZQ, muni de la trans-
lation canonique.

Exemple. Soit Q le carquois suivant 1 //2 //3 //4 . Le carquois d'Auslander-
Reiten de la cat�egorieDb(kQ) a alors la forme suivante :

4 [� 1]
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4
3
2
1

��22
2

1 [1]

��>>
>>

>
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��>>
>>
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HHH
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��::
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CC�����
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@@�����
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1
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<<

<<

??•••••
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DD




��22
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3
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��>>
>>
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1
[1]

>>}}}

��>>>

4
3
2
[1]

��>>
>>

>>}}}

1

<<yyyyyyyy
2

FF�����
3

CC�����
4

@@����� 4
3
2
1
[1]

@@���

1 [2]

Chaque module est ici repr�esent�e par sa �ltration radicale. Le module
3
2
1

a une tête iso-
morphe au module simpleS3 associ�e au sommet 3, la tête de son radical estS2, et son
socle estS1.

Utilisant ce dernier th�eor�eme, A. Buan, R. Marsh, M. Reineke, I. Reiten et G. Todorov
ont determin�e dans [BMR+ 06] la structure du carquois d'Auslander-Reiten d'une cat�egorie
d'orbites de la formeDb(kQ)=�, o�u Q est un carquois de Dynkin.

Th�eor�eme 0.3 (Buan-Marsh-Reineke-Reiten-Todorov). Soit Q un carquois de Dynkin, et
� une auto-�equivalence d'ordre in�ni de la cat�egorieDb(kQ). Alors le carquois d'Auslander-
Reiten de la cat�egorieDb(kQ)=� est de la formeZQ=' , o�u ' est l'automorphisme de
carquois �a translation de ZQ correspondant �a l'auto-�equivalence� .

Exemple.Soit Q le carquois pr�ec�edent 1 //2 //3 //4 . Alors la cat�egorie amass�ee
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CQ a pour carquois d'Auslander-Reiten :

4 [� 1]
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1
[1] ' 4

3 [� 1]

1

88qqqqqqq
2
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3

>>||||
4
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Les bords droit et gauche de ce carquois sont identi��es. On obtient ainsi un \ruban de
M•obius".

Exemple. Soit A l'alg�ebre pr�eprojective de type A4, c'est-�a-dire l'alg�ebre d�e�nie par le
carquois :

1
a ((

2
b ((

a�
hh 3

c ((

b�
hh 4

c�
hh

et par les relations

a� a = 0; aa� + b� b= 0; bb� + c� c = 0 et cc� = 0:

La �gure 1 pr�esente le carquois de la cat�egoriemodA. Les modules projectifs-injectifs sont
entour�es en rouge. On voit alors que la cat�egorie stablemodA a le même carquois que la
cat�egorie amass�ee associ�ee au carquoisD6.
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Fig. 1 { Carquois d'Auslander-Reiten de la cat�egoriemod�( A4)
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Exemple.Soit R la singularit�e isol�ee kf x; yg=(x2y+ y4) de dimension 1, o�ukf x; yg d�esigne
l'anneau des s�eries formelles. Alors le carquois d'Auslander-Reiten deCM (R) a la forme
suivante (cf. [Yos90], Exemple 9.11) :
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Les pointill�es repr�esentent la translation d'Auslander-Reiten qui, dans ce cas, est d'ordre
2. L'unique module de Cohen-Macaulay projectif est le module R. Il est alors facile de
voir que ce carquois muni de la translation est isomorphe au quotient de ZA7 par l'auto-
morphisme envoyant le domaine fondamental� sur le domaine fondamental� .
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Dans le deuxi�eme chapitre de cette th�ese, section 2.4, on donne une autre preuve du
r�esultat suivant dû �a J. Xiao et B. Zhu [XZ05], o�u contrai rement �a eux, on ne traite pas
�a part le cas o�u le carquois d'Auslander-Reiten comporte une boucle.

Th�eor�eme (Xiao-Zhu). (Th�eor�eme 2.9) Soit T une cat�egorie triangul�ee de Krull-Schmidt
localement �nie. Soit � une composante connexe de son carquois d'Auslander-Reiten.
Alors il existe un arbre de DynkinQ de type A, D ou E, et un automorphisme'
d'ordre in�ni (ou trivial) de ZQ, tel qu'on ait un isomorphisme de carquois �a transla-
tion � : �

� //ZQ=' .

Dans cette th�ese, la preuve consiste d'abord �a d�emontrerl'existence d'un foncteur
de Serre dans la cat�egorieT (section 2.1), c'est-�a-dire d'une auto-�equivalence� et d'un
isomorphisme bifonctoriel :

� X;Y : HomT (X; Y ) � //DHomT (Y; �X )

o�u D = Homk(?; k) est la dualit�e par rapport au corps de base. Ceci revient �ad�emontrer
l'existence de triangles d'Auslander-Reiten. Puis il est possible de construire une fonction
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sous-additive sur le carquois d'Auslander-Reiten et d'utiliser des r�esultats de combinatoire
de D. Happel, U. Preiser et C. M. Ringel (cf. [HPR80a], [HPR80b]) pour conclure sur la
structure de � T (sections 2.2, 2.3 et 2.4).

Etant donn�e un carquois �a translation de la formeZ� =' , il existe une cat�egorie trian-
gul�ee admettant ce carquois comme carquois d'Auslander-Reiten : la cat�egorie d'orbites
Db(k�) =�. La question naturelle qui se pose donc est la suivante :

Si T est une cat�egorie triangul�ee localement �nie dont le carquois d'Auslander-Reiten
de la formeZQ=' , peut-on construire une �equivalence entreT et Db(modkQ)=� ?

Si on distingue le cas d'�equivalence seulementk-lin�eaire (on dira dans ce cas que la
cat�egorie T est standard), du cas plus fort d'une �equivalence triangul�ee, cette question se
divise en r�ealit�e en deux.

Equivalence k-lin�eaire

Pour construire une �equivalencek-lin�eaire entre T et la cat�egorie d'orbites Db(kQ)=�,
le plus simple est d'utiliser la propri�et�e universelle dela cat�egorie k-lin�eaire sous-jacente
�a la cat�egorie d'orbites. Il faut donc construire un foncteur de revêtement :

F : Db(modkQ)

�

UU
////T

et un isomorphisme de foncteurs entreF et F � �. Suivant la m�ethode de C. Riedtmann
dans [Rie80a], il est facile de construire un foncteur de revêtement (section 2.5), avec donc
pour corollaire imm�ediat (Corollaire 2.11) que si le carquois � est isomorphe �a ZQ, alors
la cat�egorie T est standard et donck-lin�eairement �equivalente �a Db(kQ).

Ensuite, on montre qu'il est possible de construire un isomorphisme de foncteurs entre
F et F � � si la cat�egorie est \su�samment grande" et on obtient le th �eor�eme suivant :

Th�eor�eme. (cf. Th�eor�emes 2.12 et 2.13) Soit T une cat�egorie triangul�ee de Krull-
Schmidt localement �nie de carquois d'Auslander-ReitenZQ=' . Alors T est standard,
i.e. k-lin�eairement �equivalente �a Db(modkQ)=� o�u � est l'�equivalence deDb(modkQ)
induite par ' , si on est dans un des deux cas suivants :

{ le carquois Q est de typeAn et ' est une puissance de la translation d'Auslander-
Reiten ;

{ le nombre de classes d'isomorphisme d'ind�ecomposables de la cat�egorieT est sup�erieur
au nombre d'ind�ecomposables de la cat�egoriemodkQ.

En particulier, si T est maximaled-Calabi-Yau avecd � 2, alorsT est k-lin�eairement
�equivalente �a la cat�egorie d-amass�eeCd

Q (Corollaire 2.14).
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N�eanmoins en utilisant les travaux de J. Bia lkowski, K. Erdmann, et A. Skowro�nski
[BES07], il est possible de trouver des cat�egories 1-Calabi-Yau non standard. Ceci est
trait�e �a la �n du deuxi�eme chapitre (section 2.8). On mont re le th�eor�eme suivant :

Th�eor�eme. (Th�eor�eme 2.21) Soit P une cat�egoriek-lin�eaire munie d'une auto-�equivalence
S, telle quemodP soit une cat�egorie de Frobenius. Supposons qu'il existe une suite exacte
de foncteurs exacts demodP dansmodP :

0 //Id //X 0 //X 1 //X 2 //S //0

o�u les X i sont �a valeurs dansprojP, et o�u S est le foncteur demodP induit par S. Alors
la cat�egorie P a une structure naturelle de cat�egorie triangul�ee avec foncteur suspension
S.

Ce th�eor�eme nous permet de montrer que les cat�egories desmodules projectifs de di-
mension �nie sur des alg�ebres pr�eprojectives d�eform�ees de type Dynkin g�en�eralis�e ont
une structure de cat�egorie triangul�ee (Corollaire 2.24). Puis en utilisant les r�esultats
de J. Bia lkowski, K. Erdmann, et A. Skowro�nski (cf.[BES07]), on montre l'existence de
cat�egories triangul�ees non standard en caract�eristique 2.

Le chapitre 3 de cette th�ese est un appendice dans lequel il est montr�e (Th�eor�eme 3.1)
que la structure naturelle triangul�ee des complexes parfaits perA sur une dg-alg�ebreA
provient d'une suite exacte comme dans le th�eor�eme 2.21.

Equivalence triangul�ee

Montrer qu'une cat�egorie triangul�ee est triangle-�equivalente �a une cat�egorie d'orbites
est beaucoup plus complexe. On ne peut parvenir �a une r�eponse partielle qu'en rajou-
tant une hypoth�ese suppl�ementaire sur la structure triangul�ee. Nous supposons que la
structure triangul�ee de T est alg�ebrique, c'est-�a-dire queT est la cat�egorie stable d'une
cat�egorie de Frobenius, ou de mani�ere �equivalente qu'elle admet un renforcement en une
cat�egorie di��erentielle gradu�ee (dg) (cf. [Kel06]). Notons que toutes les cat�egories cit�ees
en exemple comme �etant des cat�egories triangul�ees utilis�ees en th�eorie des repr�esentations
sont alg�ebriques.

Supposons donc queT est une cat�egorie alg�ebrique de la formeperB, o�u B est une
dg-cat�egorie. Alors pour construire une �equivalence alg�ebrique entre T et Db(kQ)=�, o�u

� est un foncteur alg�ebrique de la forme ?
L

 kQ Y, on doit construire un foncteur de

revêtement alg�ebriqueF =? 
 kQ X et un isomorphisme dansD(kQop 
 B ) entre Y
L

 kQ X

et X . Nous parvenons alors au r�esultat suivant :

Th�eor�eme. (Th�eor�eme 2.16) Toutes les cat�egories triangul�ees localement �nies standard
connexes et alg�ebriques sont des cat�egories d'orbites dela forme Db(kQ)=� , o�u Q est un
carquois de Dynkin, et o�u� est une auto-�equivalence d'ordre in�ni deDb(kQ).
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Ces r�esultats s'appliquent en particulier �a de nombreuses cat�egories stablesmodA
d'alg�ebres autoinjectives de repr�esentation �nie. Ces alg�ebres ont �et�e classi��ees �a �equivalence
stable pr�es par C. Riedtmann dans [Rie80b] et [Rie83b] et par H. Asashiba dans [Asa99].
Dans [BS06], J. Bia lkowski et A. Skowro�nski donnent une une condition n�ecessaire et su�-
sante sur ces alg�ebres pour que leur cat�egorie stablemodA soit Calabi-Yau. Dans [HJ06a]
et [HJ06b] T. Holm et P. J�rgensen prouvent que certaines cat�egories stablesmodA sont
en fait des cat�egoriesd-amass�ees en utilisant le th�eor�eme 2.16.

Deuxi�eme partie

Dans la deuxi�eme partie de cette th�ese, correspondant auxchapitres 3, 4, 5 et 6, nous
nous int�eressons �a g�en�eraliser la construction des cat�egories amass�ees.

D�e�nition 0.4. [BMR+ 06] Soit k un corps alg�ebriquement clos. SoitQ un carquois
�ni connexe acyclique. Notons� le foncteur de Serre de la cat�egorie d�eriv�ee born�ee
Db(modkQ) des kQ-modules �a droite de dimension �nie et [1] son foncteur suspension.
Alors la cat�egorie amass�eeest la cat�egorie d'orbitesDb(modkQ)=� [� 2].

Notons qu'une autre d�e�nition a �et�e donn�ee ind�ependam ment par [CCS06] pour le cas
o�u le carquois Q est de typeAn .

Ces cat�egories ont �et�e introduites dans le but de \cat�egori�er" les alg�ebres amass�ees,
invent�ees par S. Fomin et A. Zelevinski en 2000 (cf. [FZ02],[FZ03],[FZ07]) l'objectif �etant
de mieux en comprendre la combinatoire. De tr�es nombreux articles ([MRZ03], [BMR+ 06],
[CK08],[CC06],[BMR07], [BMR08], [BMRT07],[CK06]) traitent du probl�eme de cat�egori-
�cation d'alg�ebres amass�ees par des cat�egories amass�ees associ�ee �a un carquois acyclique.

Un autre point de vue de la th�eorie consiste �a cat�egori�erdes alg�ebres amass�ees par des
sous-cat�egories de modules d'une alg�ebre pr�eprojective associ�ee �a un carquois acyclique
(cf. [GLS07a], [GLS06a], [GLS06b], [GLS07b], [BIRS07]).

Dans ces deux cadres, les cat�egoriesT �etudi�ees v�eri�ent les propri�et�es-cl�es suivantes :
{ la propri�et�e 2-Calabi-Yau, i.e. il existe un isomorphisme

HomT (X; Y ) � //DHomT (Y; X [2])

bifonctoriel en les objetsX et Y de T ;
{ l'existence d'objetsamas-basculants, c'est-�a-dire d'objets basiques tels que pour tout

objet X , l'espaceExt1T (T; X ) s'annule si et seulement siX appartient �a add(T), la
plus petite sous-cat�egorie deT contenant T et stable par facteurs directs.

Des cat�egories v�eri�ant ces propri�et�es ont donc �et�e � etudi�ees de mani�ere plus g�en�erale (cf.
[IY06],[KR06], [KR07], [Kel08a], [Pal], [Tab07]). Dans [IY06] O. Iyama et Y. Yoshino ont
montr�e en particulier que dans une cat�egorie triangul�eeayant ces deux propri�et�es, il existe
une \mutation", concept essentiel �a la cat�egori�cation.
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Le but de cette partie est de construire une \cat�egorie amass�ee" v�eri�ant ces deux
propri�et�es en partant non plus d'une alg�ebre h�er�edita ire kQ mais d'une alg�ebre de dimen-
sion globale 2, de dimension �nie. Le candidat naturel pour cette cat�egorie est donc la
cat�egorie d'orbites

Db(modA)=� [� 2]

o�u � d�esigne le foncteur de Serre deDb(modA). Mais on ne peut conclure sur la structure
triangul�ee de cette cat�egorie d'orbites que dans le cas o�u on a une �equivalence d�eriv�ee
entre modA et une cat�egorie h�er�editaire H en utilisant le th�eor�eme 0.1 de B. Keller.
D'apr�es la classi�cation de D. Happel et I. Reiten (cf.[HR02] [Hap01]), ceci se produit si
et seulement siA est �equivalente par d�erivation �a une alg�ebre h�er�edit aire ou �a une alg�ebre
canonique. On se trouve donc dans un des deux cas suivants :

{ Soit A l'alg�ebre des endomorphismes d'un module basculantT d'une alg�ebre h�er�editaire
kQ. Alors A est de dimension globale� 2. De plus, d'apr�es D. Happel [Hap88], on
a une �equivalence de cat�egories

Db(modkQ)
RHomkQ (?;T ) //Db(modA) :

Donc d'apr�es le th�eor�eme 0.1, la cat�egorie d'orbitesDb(modA)=� A [� 2] est triangul�ee
et �equivalente �a la cat�egorie amass�eeCQ .

{ Dans [Rin84], C. M. Ringel a introduit les alg�ebres canoniquesA(p; � ), d�ependant
d'une suite de poidsp = ( p1; : : : ; pt ) d'entiers positifs et d'une suite de param�etres
� = ( � 3; : : : ; � t ) dansk deux �a deux distincts. Plus pr�ecis�ement l'alg�ebre A(p; � ) est
d�e�nie par le carquois :

� a12 //� � � � � //�

a1p1

��..
..

..
..

..
..

..
.

� a22 //� � � � � //�

a2p2
��<<

<<
<<

<<

�

a11

GG���������������
a21

AA��������

at 1

��<<
<<

<<
<<

... �

� at 2 //� � � � � //�
atp t

AA��������

et les t � 3 relations suivantes :

pour tout i = 3; : : : ; t aip i � � � ai 2ai 1 = a2p2 � � � a22a21 � � i a1p1 � � � a12a11:

Cette alg�ebre est de dimension globale 2. W. Geigle et H. Lenzing ont montr�e dans
[GL] l'�equivalence entre les cat�egoriesDb(modA(p; � )) et Db(cohX) o�u X est la
droite projective pond�er�ee X(p; � ). La cat�egorie des faisceaux coh�erentscoh(X) est
une cat�egorie h�er�editaire, donc l�a encore le th�eor�eme 0.1 s'applique, et la cat�egorie
d'orbites Db(modA(p; � ))=� A [� 2] est triangul�ee.
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Construction de la cat�egorie amass�ee et propri�et�e 2-CY

Mais pour une alg�ebreA de dimension globale� 2 quelconque, la cat�egorie d'orbites
Db(modA)=� A [� 2] n'est pas triangul�ee. Il semble donc judicieux de prendre son enveloppe
triangul�ee calcul�ee par B. Keller dans [Kel05] (Th�eor�eme 2). Ceci nous am�ene �a poser la
d�e�nition suivante :

D�e�nition. Soit A une k-alg�ebre de dimension globale 2. PosonsB = A � DA [� 3]
l'alg�ebre di��erentielle gradu�ee, o�u DA est le A-A-bimodule Homk(A; k). Alors on d�e�nit
la cat�egorie amass�eeCA associ�ee �a A comme la sous-cat�egorie �epaisse engendr�ee parA
dans le quotient :

C+
A = Db(B )=perB

o�u Db(B ) est la cat�egorie d�eriv�ee des dg-B-modules dont l'homologie est de dimension
totale �nie, et o�u perB est la sous-cat�egorie �epaisse engendr�ee parB dansDb(B ).

La cat�egorie quotient C+
A n'est pasHom-�nie en g�en�eral, ce qui pose donc un probl�eme

si on veut montrer queCA est 2-Calabi-Yau. En revanche, il existe une forme bilin�eaire
bifonctorielle non-d�eg�en�er�ee � :

� NX : HomD (N; X ) � HomD (X; N [3]) ! k

pour tout N dansperB et pour tout X dansDb(B ). Ceci nous permet (chapitre 4, section
1) de construire une forme bilin�eaire bifonctorielle� 0

� 0
XY : HomC(X; Y ) � HomC(Y; X [2]) ! k

pour tous X et Y objets deC+
A . Cette forme � 0 sera non d�eg�en�er�ee (chapitre 4, sections

2 et 3) si les objets deDbB sont \limites" d'objets de perB . En particulier on obtient le
corollaire suivant :

Corollaire. (Corollaire 4.4) Soit A une k-alg�ebre de dimension �nie et de dimension glo-
bale� 2. Supposons que le foncteurTorA

2 (?; DA ) est nilpotent. Alors la cat�egorie amass�ee
CA est Hom-�nie et 2-Calabi-Yau.

Je remercie R. Rouquier de m'avoir inform�ee que ces r�esultats ont �et�e obtenus de fa�con
ind�ependante, sous une forme beaucoup plus forte, dans la pr�epublication en pr�eparation
[CR].

Objet amas-basculant

Le but est maintenant de trouver un objet amas-basculant dans cette cat�egorie 2-
Calabi-Yau. Il y a un candidat canonique qui est l'alg�ebreA elle-même, de même que
l'alg�ebre kQ vue comme objet dans la cat�egorie amass�eeCQ est un objet amas-basculant.
Cet objet A est en e�et rigide (Proposition 5.4.1). Et de plus, si le foncteur TorA

2 (?; DA )



20 Introduction

est nilpotent, l'objet A est amas-basculant dans la cat�egorie d'orbitesDb(modA)=� A [� 2]
(Proposition 5.4.2). De mani�ere plus pr�ecise, siX est un objet de Db(modA)=� A [� 2]
tel que Ext1C(T; X ) est nul, alors X est dansadd(A) la sous-cat�egorie deCA des facteurs
directs de somme directes deA. Au chapitre 7, nous montrerons par d'autres m�ethodes un
r�esultat plus fort : l'objet A est amas-basculant dans la cat�egorie amass�ee toute enti�ere.

On peut calculer l'alg�ebre des endomorphismes de cet objetA dans la cat�egorie
amass�ee, et on obtient l'alg�ebre tensorielleTA Ext2A (DA; A ) (Proposition 5.2.1). Cette
alg�ebre est de dimension �nie si et seulement si le foncteurTorA

2 (?; DA ) est nilpotent
(Th�eor�eme 5.1).
Remarque.Si A est l'alg�ebre des endomorphismes d'un objet basculantT de modkQ o�u
Q est un carquois acyclique, alors les cat�egories amass�eesCA et CQ sont �equivalentes.
L'objet T vu dansCQ est amas-basculant, et il est montr�e dans [ABS06] que son alg�ebre
des endomorphismesCQ est

EndCA (A) ' EndCQ (T) ' A � Ext2A (DA; A ):

En e�et dans ce cas le produit tensorielExt2A (DA; A ) 
 A Ext2A (DA; A ) est nul.

Cas d'une alg�ebre d'endomorphismes d'un morceau \postpro jec-
tif "

On s'int�eresse dans le chapitre 6 au cas particulier o�uA est l'alg�ebre des endomor-
phismes d'un morceau \postprojectif"M stable par pr�edecesseurs d'une alg�ebre d�erob�ee
(=concealed) B (cf. [Rin84]). Plus pr�ecis�ement, soit T un module basculant pr�einjectif
d'une alg�ebre h�er�editaire kQ et B l'alg�ebre d'endomorphismesEndkQ (T). On pose

M = f X 2 modB j Ext1B (X; H ) = 0 g

o�u H est une tranche post-projective demodB.
Dans ce cas, d'apr�es le r�esultat pr�ec�edent et les r�esultats de I. Assem, T. Br•ustle et

R. Schi�er, le carquois de l'alg�ebre des endomorphismes deA dans la cat�egorie amass�ee
CA est le carquois d'Auslander-Reiten deM auquel on rajoute, pour chaque modulex de
M non-projectif, une 
�eche x ! � B x o�u � B est la translation d'Auslander-Reiten de la
cat�egorie modB (Proposition 5.2.2).
Exemple.Soit A l'alg�ebre d'Auslander du carquois de Dynkin :

1 //2 //3 //4:

Alors le carquois de l'alg�ebreEndCA (A) est le suivant :

�
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>>~~~

  @@@
�oo

  @@@

�
>>~~~

  @@@
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>>~~~
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>>~~~
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qui est le carquois d'un objet amas-basculant de la cat�egorie mod�( A5) d'apr�es [GLS06a].
On peut donc se demander si les cat�egoriesmod�( A5) et CA sont �equivalentes.

Plus g�en�eralement, C. Geiss, B. Leclerc et J. Schr•oer ontconstruit [GLS07b] des sous-
cat�egories CM de mod� (o�u � = � Q est une alg�ebre pr�eprojective) associ�ees �a certains
kQ-modules terminaux. On montre dans cette th�ese (Th�eor�eme 6.5) que la cat�egorie stable
de cette cat�egorie de Frobenius est triangle �equivalente�a une cat�egorie amass�eeCA o�u A
est une l'alg�ebre des endomorphismes d'un module postprojectif d'une alg�ebre h�er�editaire.

Suivant un autre point de vue, A. Buan, O. Iyama, I. Reiten et J. Scott ont construit
dans [BIRS07] des cat�egories triangul�ees 2-Calabi-Yau de la formeSub� =I w o�u I w est un
id�eal d'une alg�ebre pr�eprojective � = � Q associ�e �a un �el�ement w du groupe de Weyl du
graphe deQ. Pour certains �el�ements w du groupe de Weyl, qui sont associ�es �a deskQ-
modules basculants pr�einjectifs, on construit une �equivalence triangul�ee entreSub� =I w

et une cat�egorie amass�eeCA (Th�eor�eme 6.8) o�u A est l'alg�ebre des endomorphismes d'un
module post-projectif d'une alg�ebre d�erob�ee.

Alg�ebre pr�eprojective d�eriv�ee

En utilisant la th�eorie du basculement g�en�eralis�ee aux dg-alg�ebres �elabor�ee par B. Kel-
ler dans [Kel94], on trouve dans le chapitre 7 une autre construction de la cat�egorie
amass�eeCA . La cat�egorie amass�ee est d�e�nie comme le quotient de cat�egories triangul�ees

CA = hAi B =perB;

o�u B est la dg-alg�ebreA � DA [� 3] et hAi B est la sous-cat�egorie �epaisse deDbB engendr�ee
par A. Notons � 3A la dg-alg�ebre RHomB (AB ; AB ). D'apr�es [Kel94], le foncteur

RHomB (AB ; ?) : DbB ! per� 3A

induit une �equivalence triangul�ee entre les cat�egories

RHomB (AB ; ?) : hAi B
� //per� 3A

perB
?�
OO

� //Db� 3(A)
?�
OO :

On obtient donc une autre d�e�nition de la cat�egorie amass�ee comme le quotient

CA = per� 3A=Db� 3A:

L'image deA par ce foncteur est le dg-module libre �3A.
Cette dg-alg�ebre est isomorphe dans la cat�egorie homotopique des dg-alg�ebres �a la

dg-alg�ebre TA �[2] o�u � est le dg- A-bimodule RHom�
A (DA; A ). Cette dg-alg�ebre (la 3-

alg�ebre pr�eprojective d�eriv�ee) a �et�e introduite tr� es r�ecemment par B. Keller et v�eri�e les
propri�et�es (cf.[Kel08a], [Kel08b]) :
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{ � 3A est homologiquement lisse (au sens de M. Kontsevich et Y. Soibelman [KS06]) ;
{ � 3A a son homologie nulle en degr�es strictement positifs ;
{ � 3A est 3-Calabi-Yau en tant que bimodule (au sens de V. Ginzburg[Gin06]).
La condition de nilpotence deTorA

2 (?; DA ) est �equivalente au fait queH 0(� 3A) est de
dimension �nie. On obtient dans cette th�ese le r�esultat suivant :

Th�eor�eme. (Th�eor�eme 7.1) Soit � une dg-alg�ebre homologiquement lisse,3-Calabi-Yau
en tant que bimodule, d'homologie nulle en degr�e strictement positif et telle queH 0(�) est
de dimension �nie. Alors la cat�egorie per� =Db(�) est Hom-�nie, 2-Calabi-Yau et l'objet
libre � est un objet amas-basculant.

Ce th�eor�eme implique donc que l'objetA est un objet amas-basculant de la cat�egorie
amass�eeCA (Corollaire 7.2).

De plus, le th�eor�eme 7.1 peut s'appliquer aux dg-alg�ebres de Ginzburg (cf. [Gin06])
�( Q; W) o�u ( Q; W) est un carquois �a potentiel (cf. [DWZ07]) dans le cas o�u l'alg�ebre de
JacobiJ (Q; W) est de dimension �nie. On construit alors une cat�egorie amass�eeHom-�nie
2-Calabi-Yau qu'on noteraC(Q;W ) . Le r�esultat suivant est alors un corollaire imm�ediat :

Th�eor�eme. (Th�eor�eme 7.10) Soit (Q; W) un carquois �a potentiel. Si l'alg�ebre Jacobienne
J (Q; W) est de dimension �nie, alorsJ (Q; W) est Calabi-Yau-amass�ee (Calabi-Yau-
tilted au sens de Reiten [Rei07]).

En combinant ce dernier r�esultat avec des r�esultats r�ecents de B. Keller ([Kel08b]), de
B. Keller et D. Yang [KY08] et de A. Buan, O. Iyama, I. Reiten etD. Smith [BIRS08],
on obtient en particulier le r�esultat suivant :

Proposition. (Corollaire 7.13) Soit Q un carquois acyclique etT un objet amas-basculant
de la cat�egorie amass�eeC = CQ . Soit (Q0; W) le carquois �a potentiel associ�e �a l'alg�ebre
des endomorphismesEndCQ (T) (cf. [BIRS08] et [Kel08b]). Alors la cat�egorie C(Q0;W ) est
triangle �equivalente �a la cat�egorie CQ .

Perspectives

Les r�esultats de cette deuxi�eme partie am�enent de nombreuses nouvelles questions.
{ Soit C une cat�egorie triangul�ee 2-Calabi-Yau etT = T1 � � � � � Tn un objet amas-

basculant. Alors d'apr�es [IY06], on peut \muter" l'objet T pour chaquei = 1; : : : ; n.
Si le carquoisQT de T et le carquois de son \mut�e" � i (T) n'ont ni boucle ni 2-cycle,
alors le carquois du \mut�e" � i (T) est le \mut�e" du carquois � i (QT ). Il s'agirait donc
de trouver des conditions sur le carquois �a potentiel (Q; W) associ�e �a une alg�ebreA
de dimension globale 2 pour qu'il soit rigide au sens de [DWZ07]. Ainsi, on pourrait
muter (Q; W) ind�e�niment sans qu'il n'apparaisse ni boucle ni 2-cycle.

{ B. Keller et I. Reiten ont montr�e dans [KR06] que si une cat�egorie triangul�ee
alg�ebrique 2-Calabi-Yau C a un objet amas-basculantT dont le carquoisQT est
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acyclique, alors il existe une �equivalence triangul�ee entre C et la cat�egorie amass�ee
CQ . Ceci serait faux dans le cas o�u le carquois deT comporte des cycles orient�es
(cf. [Tep]), mais il semblerait que le carquois �a potentiel(Q; W) soit un meilleur
invariant de la cat�egorie amass�eeC(Q;W ) . Formulons donc la question suivante :

Soit C une cat�egorie 2-Calabi-Yau alg�ebrique admettant un objet amas-basculant.
Existe-t-il un carquois �a potentiel (Q; W) et une �equivalence triangul�ee entreC et
C(Q;W ) ?

{ La motivation initiale des cat�egories amass�ees est de `cat�egori�er' des alg�ebres
amass�ees. Il serait donc int�eressant d'explorer la classe des alg�ebres pouvant être
cat�egori��ees par les cat�egories C(Q;W ) . Nous montrons une premi�ere propri�et�e de
clôture �a la section 7.4.3 : la classe des carquois �a potentiels (Q; W) Jacobi-�nis est
stable par extension triangulaire (Proposition 7.4.1). Soient deux alg�ebres amass�ees
A 1 et A 2 cat�egori��ees par des cat�egoriesC(Q1 ;W1) et C(Q2 ;W2) Jacobi-�nies. Soit A un
\recollement" (=gluing) des alg�ebresA 1 et A 2 comme le d�ecrivent C. Fu et B. Keller
(cf. [FK07] section 5). Alors l'alg�ebre A pourra être cat�egori��ee par une cat�egorie
C( �Q; �W ) o�u le carquois �a potentiel ( �Q; �W) est une extension triangulaire de (Q1; W1)
par (Q2; W2).
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Summary of results

This thesis is divided into two independant parts. The �rst one, corresponding to chapters
2 and 3, is devoted to the problem of classifying triangulated categories with �nitely
many indecomposables. In the second one (chapters 4, 5, 6, and 7), we are concerned in
generalizing the construction of cluster categories. The �rst chapter is devoted to basic
de�nitions and properties used in this thesis.

Part 1

The results of the �rst part are communicated in the article [Ami07]. The aim is to classify
the small triangulated k-categoriesT (where k is an algebraically closed �eld) with the
Krull-Schmidt property and satisfying the following �nite ness properties:

� T is Hom-�nite i.e. the morphism spacesHomT (X; Y ) are �nite dimensional for all
objectsX and Y in T ;

� T is locally �nite, i.e. for each indecomposableX of T , there are at most �nitely
many isoclasses of indecomposablesY such that HomT (X; Y ) 6= 0 (this condition
implies its dual by [XZ02]).

Auslander-Reiten quiver

The strategy to classify such categories consists �rst in computing an invariant of the
category T : the Auslander-Reiten quiver. Here we give another proof ofa theorem by
B. Xiao and J. Zhu [XZ02].

Theorem (Xiao-Zhu). (theorem 2.9) Let T be a triangulated Krull-Schmidtk-category
which is Hom-�nite and locally �nite. Let � be a connected component of its Auslander-
Reiten quiver. There exists a simply laced Dynkin quiverQ and an automorphism' of
the repetition quiverZQ of in�nite order (or trivial) and an isomorphism of translat ion
quivers � : �

� //ZQ=' .

The �rst step of the proof consists in showing the existence of Auslander-Reiten trian-
gles inT (section 2.1). Next we construct a subadditive function on the Auslander-Reiten
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quiver. Finally we conclude the proof using combinatorial results of D. Happel, U. Preiser
and C. M. Ringel [HPR80a], [HPR80b](sections 2.2, 2.3 and 2.4).

In the other hand, by [Kel05] and [BMR+ 06], for each quiverZQ=' whereQ is Dynkin,
there exists a triangulated category whose quiver isZQ=' : the orbit category Db(kQ)=�.
Thus we formulate the following question:

If T is a triangulated locally �nite category with Auslander-Reiten quiver ZQ=' , is it
possible to construct an equivalence between the categories T and Db(kQ)=� ?

In order to answer to this question, we have to make precise what we mean by `equiv-
alence'. We consider two possibilities:k-linear equivalence and triangle equivalence.

k-linear equivalence

In order to give a k-linear equivalence betweenT and Db(kQ)=�, we use the universal
property of the orbit category. First we construct a covering functor (section 2.5)

F : Db(kQ)

�

UU
////T

following the method of C. Riedtmann [Rie80a]. We provide then an isomorphism of
functors betweenF and F � � when the category T has `enough' indecomposables. More
explicitly, we obtain the following result:

Theorem. (cf. Theorems 2.12 and 2.13) LetT be a Krull-Schmidt locally �nite trian-
gulated category with Auslander-Reiten quiverZQ=' . The categoryT is standard, i.e.
k-linearly equivalent toDb(kQ)=� where� is the equivalence ofDb(kQ) induced by' , if
we are in one of the following two cases:

� the quiver ofQ is of type An and ' is a power of the Auslander-Reiten translate;

� the number of isoclasses of indecomposables of the categoryT is at least equal to the
number of indecomposables of the categorymodkQ.

In particular, if T is maximal d-Calabi-Yau, with d � 2, then T is k-linearly equivalent
to the d-cluster category (corollary 2.14).

By using results of J. Bia lkowski, K. Erdmann, and A. Skowro�nski [BES07], we succeed
in constructing non-standard 1-Calabi-Yau categories in caracteristic 2 (Theorem 2.25).
We show the existence of a triangulated structure on the category of projective mod-
ules of �nite dimension over deformed preprojective algebras of generalized Dynkin type
(Corollary 2.24).
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Triangle equivalence

We make some additional assumptions on the triangulated category T . We assume that
T is algebraic,i.e. triangle equivalent to the stable category of a Frobenius category. We
prove the following result:

Theorem. (Theorem 2.16) If T is a triangulated category which is locally �nite, con-
nected, algebraic and standard, thenT is triangle equivalent to some categoryDb(kQ)=� ,
whereQ is a Dynkin quiver and� is an autoequivalence of in�nite order ofDb(kQ).

Part 2

In the second part of the thesis (chapters 4, 5, 6, and 7), we generalize the construction
of cluster categories.

Let k be an algebraically closed �eld, andQ an acyclic quiver. The cluster category
CQ is the orbit category

Db(kQ)=� [� 2]

where � is the Serre functor of the derived categoryDb(kQ) and where [1] denotes its
suspension functor.

This category has been introduced by [BMR+ 06] (and by [CCS06] in theAn case) in
order to `categorify' cluster algebras. In the `categori�cation' process, all categoriesT
satisfy the following fundamental properties:

� T is a triangulated category;

� T satis�es the 2-Calabi-Yau property,i.e. there exists an isomorphism

HomT (X; Y ) � //DHomT (Y; X [2])

which is bifunctorial in the objectsX and Y of T ;

� there exist cluster-tilting objects, i.e. basic objectsT with the property that the
spaceExt1T (T; X ) vanishes if and only ifX is in add(T) (= the smallest subcategory
of T which containsT and which is stable under direct summands).

If T is a category with such properties, then by [IY06], it is possible to mutate the
cluster-tilting objects. This is an essential property of the `categori�cation' process.

Cluster category and 2-CY property

We want to generalize the construction ofCQ by replacing the hereditary algebrakQ with
a �nite dimensional algebraA of global dimension� 2. A candidate might be the orbit
category Db(A)=� [� 2]; where � is the Serre functor of the derived categoryDb(A). By
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[Kel05], such a category is triangulated ifA is derived equivalent to an hereditary category
H . By [HR02] and [Hap01], this is true if and only ifA is a canonical algebra, or ifA
is the endomorphism algebra of a tilting module over an hereditary algebra. However in
general, it is not triangulated.

Thus a more appropiate candidate is the triangulated hull ofthe orbit category
Db(A)=� [� 2]. It is de�ned in [Kel05] as follows: LetB be the dg algebraA � DA [� 3]
where DA is the dual Homk(A; k) of A over k. The categoryDb(B ) is the derived cate-
gory of dg B-modules whose homology is of �nite total dimension. Denoteby perB its
thick subcategory generated byB. The cluster category ofA is then de�ned as the thick
subcategoryCA of the quotient

C+
A = Db(B )=perB

generated byA.
The categoryC+

A is not Hom-�nite in general. This can be a problem since we want
to show that CA is 2-Calabi-Yau. Nevertheless there exists a non degenerate bilinear
bifunctorial form � :

� NX : HomD (N; X ) � HomD (X; N [3]) ! k

for eachN in perB and eachX in Db(B ). This allows us to construct a bilinear bifunctorial
form (chapter 4, section 1)

� 0
XY : HomC(X; Y ) � HomC(Y; X [2]) ! k

for all X and Y objects ofC+
A . The form � 0 will be non degenerate (chapter 4, sections 2

and 3) if each object ofDb(B ) is a `limit' of objects of perB . In particular we obtain the
following result:

Corollary. (Corollary 4.4) Let A be a �nite dimensional k-algebra of global dimension
� 2. If the functor TorA

2 (?; DA ) is nilpotent then the cluster categoryCA is Hom-�nite
and 2-Calabi-Yau.

I thank R. Rouquier for informing me that these results have been independently
obtained, in a much stronger form, in the forthcoming preprint [CR].

Cluster-tilting object

The next step is to �nd a cluster-tilting object in this 2-Calabi-Yau category. SincekQ is
a cluster-tilting object of CQ , the canonical candidate would be the objectA itself. This
object A is rigid (Proposition 5.4.1). Moreover, if the functorTorA

2 (?; DA ) is nilpotent,
the object A is orbit-cluster-tilting (Proposition 5.4.2). More precisely, if X is an object of
the orbit category Db(A)=� [� 2] such that Ext1CA

(T; X ) vanishes, thenX is in add(A). In
chapter 7 we will show thatA is in fact cluster-tilting using completely di�erent methods.
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Its endomorphism algebra is the tensor algebraTA Ext2A (DA; A ) (Proposition 5.2.1).
It is �nite dimensional if and only if the functor TorA

2 (?; DA ) is nilpotent (Theorem 5.1).
Using same techniques as in the paper [ABS06] we can compute its quiver (Proposition
5.2.2).

Endomorphism algebra of a postprojective module

In [GLS07b], C. Geiss, B. Leclerc and J. Schr•oer constructed subcategoriesCM of mod�
(where � = � Q is a preprojective algebra of an acyclic quiver) associatedto certain ter-
minal kQ-modulesM . We show in chapter 6, that the stable category in such a Frobenius
categoryCM is triangle equivalent to a cluster categoryCA whereA is an endomorphism
algebra of a postprojective module over an hereditary algebra (Theorem 6.5).

Another approach is given by A. Buan, O. Iyama, I. Reiten and J. Scott in [BIRS07].
They construct 2-Calabi-Yau triangulated categoriesSub� =I w where I w is a two-sided
ideal of the preprojective algebra � = � Q associated with an elementw of the Weyl group
of Q. For certain elementsw of the Weyl group (namely those coming from preinjective
tilting modules), we construct a triangle equivalence between Sub� =I w and a cluster
category CA where A is the endomorphism algebra of a postprojective module overa
concealed algebra (Theorem 6.8).

Derived preprojective algebra

Using generalized tilting theory (cf. [Kel94]), we give another construction of the cluster
category in chapter 7. LetA be a �nite dimensional algebra of global dimension� 2 and
let B be the dg algebraA � DA [� 3]. Let � 3(A) be the dg algebraRHomB (AB ; AB ).
Using the results of [Kel94] we show that the functorRHomB (AB ; ?) : DbB ! per� 3A
induce the following triangle equivalences:

RHomB (AB ; ?) : hAi B
� //per� 3A

perB
?�
OO

� //Db� 3(A)
?�
OO ;

wherehAi B is the thick subcategory ofDb(B ) generated byAB . We then obtain another
de�nition of the cluster category as the quotient:

CA = per� 3A=Db� 3A:

The image of the rigid objectA is the free dg module �3(A). This dg algebra is in
fact isomorphic, in the homotopy category of dg algebras, tothe derived 3-preprojective
algebra de�ned by B. Keller. As a consequence of results in [Kel08a] and [Kel08b], it
satis�es the following properties:

1. it is homologically smooth in the sense of M. Kontsevich and Y. Soibelman (cf.
[KS06]);
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2. it has its homology concentrated in negative degrees;

3. it is bimodule 3-Calabi-Yau (i.e. 3-Calabi-Yau in the sense of V. Ginzburg [Gin06]).

The nilpotence of the functorTorA
2 (?; DA ) is equivalent to the fact that H 0(� 3(A)) is

�nite-dimensional. Therefore we study in chapter 7 dg algebras with such properties and
we prove the theorem

Theorem. (Theorem 7.1) Let � be a dgk-algebra with properties (1), (2) and (3). Sup-
pose thatH 0(�) is �nite dimensional. The categoryper� =Db(�) is Hom-�nite, 2-Calabi-
Yau and the free dg module� is a cluster-tilting object.

As a direct consequence of this theorem,A becomes a cluster-tilting object of the
cluster categoryCA (Corollary 7.2).

Furthermore it is possible to apply Theorem 7.1 to Ginzburg's dg algebras �(Q; W) (cf.
[Gin06]) where (Q; W) is a quiver with potential (cf. [DWZ07]) when the Jacobi algebra
J (Q; W) is �nite dimensional. We construct a cluster categoryC(Q;W ) which isHom-�nite,
2-Calabi-Yau. This category admits a cluster-tilting object whose endomorphism algebra
is isomorphic toJ (Q; W).

Combining this last result with some results of [Kel08b], [KY08] and [BIRS08], we
obtain the corollary:

Corollary. (Corollary 7.13) Let Q be an acyclic quiver, andT a cluster-tilting object
of the cluster categoryCQ . Let (Q0; W 0) be the quiver with potential associated to the
endomorphism algebraEndCQ (T). The cluster categoryC(Q;W 0) is triangle equivalent to the
categoryCQ .

Perspectives

The results of the second part of this thesis lead to many questions:

� Let Cbe a 2-Calabi-Yau triangulated category andT = T1 � � � �� Tn a cluster-tilting
object. By [IY06], for eachi = 1; : : : ; n it is possible to mutate the objectT into
another cluster-tilting object � i (T). If the quivers of T and of � i (T) have no loops
nor 2-cylces, then the quiver of the mutated object� i (T) is the mutation � i (QT ) of
the quiver QT of the endomorphism algebra ofT. Therefore, it would be very useful
to �nd conditions on the quiver with potential ( Q; W) associated to an algebraA
of global dimension 2 to be rigid in the sense of [DWZ07]. We could then mutate
inde�nitely the quiver with potential ( Q; W).

� B. Keller and I. Reiten showed in [KR06] that if a 2-Calabi-Yau algebraic triangu-
lated categoryC has a cluster-tilting object whose quiverQ is acyclic, thenC and
CQ are triangle equivalent. This is not true when the quiverQ has oriented cycles,
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but the quiver with potential ( Q; W) might be a better invariant. Therefore we
formulate the following question:

Let C be a2-Calabi-Yau algebraic triangulated category with a cluster-tilting object.
Does there exist a quiver with potential(Q; W) such thatC and C(Q;W ) are triangle
equivalent?

� Cluster categories have been constructed in order to categorify cluster algebras.
Hence it might be interesting to explore the class of clusteralgebras that may be
categori�ed by categories of the formC(Q;W ) . We show a �rst closure property of this
class in section 7.4.3 which can be related to the `gluing process' of cluster algebras
described in section 5 of [FK07].
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Chapitre 1

Pr�eliminaires

1.1 Cat�egories triangul�ees

1.1.1 D�e�nitions et propri�et�es de base

Soit T une (petite) cat�egorie additive munie d'une auto-�equivalence �. Soit S l'en-
semble dessextuplets(X; Y; Z; u; v; w) o�u X , Y et Z sont des objets deT et u : X ! Y,
v : Y ! Z et w : Z ! � X des morphismes. On notera un tel sextuplet :

X
u //Y

v //Z
w //� X

Un morphisme de sextupletsest la donn�ee d'un diagramme commutatif

X
f

��

u //Y
g

��

v //Z

h
��

w //� X
� f

��
X 0 u0

//Y 0 v0
//Z 0 w0

//� X 0

:

Si f , g et h sont des isomorphismes, on dira que (f; g; h) est un isomorphisme de sextuplets.

D�e�nition 1.1. Une cat�egorie triangul�ee T est une cat�egorie additive munie d'une auto-
�equivalence � et d'un sous-ensemble � de S appel�e l'ensemble destriangles qui v�eri�ent
les axiomes suivants :

TR0 : L'ensemble des triangles est stable par isomorphisme. Pour tout objet X
de T , le sextuplet X X //0 //� X est un triangle.

TR1 : Pour tout morphisme u : X ! Y dansT , il existe un triangle :

X
u //Y //Z //� X

TR2 : Si X
u //Y

v //Z
w //� X est un triangle, alors le sextuplet

Y
v //Z

w //� X
� � u //� Y

33
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est un triangle.
TR3 : Pour tout diagramme commutatif de la forme

X
f

��

u //Y
g

��

v //Z
w //� X

� f
��

X 0 u0
//Y 0 v0

//Z 0 w0
//� X 0

o�u les deux lignes sont des triangles, il existe un morphisme h : Z ! Z 0 (non unique) tel
que (f; g; h) est un morphisme de triangles.

TR4 (Axiome de l'octah�edre) : Etant donn�e un diagramme commutatif de la
forme

X
x

��

X

��
Y

y //Y1
//

��

Y2

��

//� Y

� y

��

Y //Z1
f //

��

Z2
g //

��

� Y

� X
� x

99� X � Y1

o�u les deux colonnes et la premi�ere ligne sont des triangles, il existe des morphismes
f : Z1 ! Z2 et g : Z2 ! � Y , tels que la deuxi�eme ligne soit un triangle et que tous les
carr�e commutent, y compris le carr�e :

Z2
g //

��

� Y

� y
��

� X
� u //� Y1

Si les axiomesTR1-TR3 sont v�eri��es, cet axiome est �equivalent �a l'axiome suivant
[Nee01] :

TR4' : Etant donn�e un diagramme

X
f

��

u //Y
g

��

v //Z
w //� X

� f
��

X 0 u0
//Y 0 v0

//Z 0 w0
//� X 0

o�u les lignes sont des triangles, il existe un morphismeh : Z ! Z 0 rendant le diagramme
commutatif et tel que le cône est un triangle :

Y � X 0

� � v 0
g u0

�

//Z � Y 0

�
� w 0
h v0

�

//� X � Z 0

� � � u 0
� f w 0

�

//� Y � � X 0
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Pour les propri�et�e de bases des cat�egories triangul�ees, nous renvoyons au premier
chapitre de [Hap88]. Rappelons juste la propri�et�e bihomologique du bifoncteurHom.

Proposition 1.1.1. Soit T une cat�egorie triangul�ee. Alors, tout triangle

X
u //Y

v //Z
w //� X

induit des suites exactes longues :

� � � //HomT (?; � � 1Z) //HomT (?; X ) //HomT (?; Y) //HomT (?; Z ) //HomT (?; � X ) //� � �

� � � //HomT (� X; ?) //HomT (Z; ?) //HomT (Y;?) //HomT (X; ?) //HomT (� � 1Z; ?) //� � �

D�e�nition 1.2. Soit (T ; �) et ( T 0; � 0) deux cat�egories triangul�ees. Une foncteur tri-
angul�e (F; �) : T ! T 0 est la donn�ee d'un foncteurF : T ! T 0 de cat�egories addi-
tives et d'un isomorphisme de foncteurs � :F � � ! � 0 � F tel que pour tout triangle
X

u //Y
v //Z

w //� X de T , le sextuplet

FX
F u //FY

F v //FZ
� X � F w //� 0FX

est un triangle deT 0.

1.1.2 Dualit�e de Serre et cat�egories de Calabi-Yau

Soit k un corps commutatif.

D�e�nition 1.3. Une cat�egorie triangul�ee k-lin�eaire T v�eri�e la propri�et�e de Krull-Remak-
Schmidt si tout objet est isomorphe �a une unique (�a permutation pr�es) somme directe de
d'objets ind�ecomposables et si l'anneau des endomorphismes d'un objet ind�ecomposable
est local. Cel�a est �equivalent au fait que les idempotentsse scindent,i.e. si e est un
idempotent deX , alorse s'�ecrit �� o�u � est une section et� une r�etraction [Hap88](I.3.2).

Dans toute cette th�ese, les cat�egories triangul�ees �etu di�ees sont k-lin�eaires
et v�eri�ent la propri�et�e de Krull-Remak-Schmidt.

La cat�egorie est diteHom-�nie si pour tous objets X et Y dansT , le k-espace vectoriel
HomT (X; Y ) est de dimension �nie.

D�e�nition 1.4. Soit T une cat�egorie triangul�ee k-lin�eaire et Hom-�nie. Un foncteur de
Serre est la donn�ee d'une auto-�equivalencek-lin�eaire � : T ! T et d'un isomorphisme de
foncteur

DHomT (X; ?) � //HomT (?; �X )

pour tout objet X de T , o�u D est le foncteur dualHomk(?; k).

Si T admet un foncteur de Serre, alors celui-ci est unique �a isomorphisme pr�es.

D�e�nition 1.5. Soit T une cat�egorie triangul�ee k-lin�eaire et Hom-�nie, de foncteur sus-
pension �. La cat�egorie T est dite d-Calabi-Yau, si le foncteur � d est un foncteur de
Serre.
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1.1.3 Exemples

Alg�ebre pr�eprojective

Un carquois Q = ( Q0; Q1; s; t) est la donn�ee d'un ensemble de sommetsQ0, d'un
ensemble de 
�echesQ1 et de deux applicationss : Q1 ! Q0 (l'application source) et
t : Q1 ! Q0 (l'application but).

Soit Q un carquois �ni et sans cycle orient�e. On d�e�nit �Q le carquois double �a partir
de Q en ajoutant �a chaque 
�eche a : i ! j une 
�eche a : j ! i . L'alg�ebre pr�eprojective
� Q = k �Q=I Q associ�ee �a Q est d�e�nie comme le quotient de l'alg�ebre des cheminsk �Q du
carquois double quotient�e par l'id�eal I Q engendr�e par les relations :

X

a2 Q1

(aa + aa):

Les r�esultats suivants sont classiques :

Th�eor�eme 1.6. Si le graphe sous-jacent �aQ est Dynkin de typeA, D ou E, alors l'alg�ebre
� Q est de dimension �nie, auto-injective, et la cat�egorie stable mod� Q est triangul�ee 2-
Calabi-Yau.

Q = An (n � 1) : 0
a0 //1

a1 //
a0

oo 2
a1

oo n � 2
an � 2 //n � 1
an � 2

oo

Q = Dn (n � 4) : 0
a0

��;;
;;

;;
;;

2
a2 //

a0

]];;;;;;;;

a1����
��

��
��

3
a2

oo n � 2
an � 2 //n � 1
an � 2

oo

1

a1

@@��������

Q = En (n = 6; 7; 8) : 0

a0

��
1

a1 //2
a1

oo
a2 //3
a2

oo
a3 //

a0

OO

4
a3

oo n � 2
an � 2 //n � 1
an � 2

oo

Th�eor�eme 1.7. ([BBK02], [Boc07]) Si Q n'est pas de type Dynkin, alors l'alg�ebre� Q

est de dimension in�nie. Notons �� Q la compl�etion de l'alg�ebre � , et f :l: �� Q la cat�egorie
des �� Q-modules de longueur �nie. Alors la cat�egorie d�eriv�ee Db(f :l: �� Q) est triangul�ee
2-Calabi-Yau.
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Cat�egorie amass�ee

Soit Q un carquois �ni sans cycle orient�e. Lacat�egorie amass�eeest d�e�nie comme la
cat�egorie d'orbites :

CQ = Db(kQ)=� [� 2]

o�u � est le foncteur de Serre de la cat�egorieDb(kQ) et [1] le foncteur d�ecalage, qui est
la suspension de la cat�egorie triangul�eeDb(kQ). Les objets de cette cat�egorie sont les
mêmes que ceux deDb(kQ), et �etant donn�es deux objets X et Y de Db(kQ), l'espace des
morphismes dansCQ entre X et Y est donn�e par :

HomCQ (X; Y ) =
M

p2 Z

HomD b(kQ)(X; � pY[� 2p]):

Un corollaire du th�eor�eme 0.1 est le suivant :

Corollaire 1.8. Soit Q un carquois �ni sans cycle orient�e. La cat�egorie amass�eeCQ est
Hom-�nie, triangul�ee, 2-Calabi-Yau. La projection canonique� : Db(kQ) �! C Q est un
foncteur triangul�e.

La structure k-lin�eaire sous-jacente �a la cat�egorieCQ v�eri�e la proposition universelle
suivante : soitT une cat�egorie triangul�ee etF un foncteurk-lin�eaire F : Db(modkQ) ! T .
Si il existe un isomorphisme de foncteur entreF et F � � [� 2], alorsF se factorise �a travers
� . En particulier, si T est 2-Calabi-Yau et queF est triangul�e, alors F induit un foncteur
k-lin�eaire CQ ! T .

1.2 G�en�eralit�es sur les dg-cat�egories

Cette section reprend les notations et d�e�nitions de [Kel06].
Soit k un corps commutatif.

1.2.1 Cas g�en�eral

k-modules di��erentiels gradu�es

Un k-module gradu�eest un k-espace vectorielV muni d'une d�ecomposition :

V =
M

p2 Z

V p:

On note V[1] le k-module gradu�e tel que pour toutp and Z, on a V[1]p = V p+1 .
Un morphisme dek-module gradu�e homog�ene de degr�en est une application lin�eaire

f : V ! V 0 telle que pour tout p dansZ, on a f (V p) � V 0p+ n .
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Le produit tensoriel de deuxk-modules gradu�es est unk-module gradu�e par

(V 
 W)n =
M

p+ q= n

V p 
 W q:

Si f : V ! V 0 est un morphisme gradu�e etg : W ! W 0 est un morphisme homog�ene
de degr�e p, alors l'application f 
 g est d�e�nie par

(f 
 g)(v 
 w) = ( � 1)pqf (v) 
 g(w)

si v 2 V est homog�ene de degr�eq.
On note G(k) la k-cat�egorie tensorielle desk-modules gradu�es o�u les morphismes sont

les morphismes homog�enes de degr�e 0.

Un k-module di��erentiel gradu�e (dg-k-module) est unk-module gradu�e V muni d'un
endomorphisme de degr�e 1dV : V ! V appel�e di��erentielle tel que d2

V = 0. Alors on
d�e�nit le d�ecalage et le produit tensoriel de dg-k-modules par :

(V; d)[1] = ( V [1]; � d) et (V; dV ) 
 (W; dW ) = ( V 
 W; dV 
 1W + 1V 
 dW ):

Un morphisme de dg-k-module est un morphisme homog�ene de degr�e 0 qui commute �ala
di��erentielle.

dg-cat�egories

D�e�nition 1.9. Une dg-cat�egorie A est unek-cat�egorie dont les espaces de morphismes
sont des dg-k-modules et dont les compositions

A(x; y) 
 A (y; z) ! A (x; z)

sont des morphismes de dg-k-modules.

Exemple.Soit Cdg(k) la cat�egorie d�e�nie comme suit :
{ les objets deCdg(k) sont les dg-k-modules,
{ si V et W sont des dg-k-modules, l'espaceCdg(k)(V; W) = Hom�

k(V; W) est le com-
plexe suivant :

� � � //G(k)(V; W[p]) d //G(k)(V; W[p + 1]) //� � � ;

o�u d est d�e�nie comme df = dW � f � (� 1)pf � dV , si f est dansG(k)(V; W[p]),
c'est-�a-dire homog�ene de degr�ep.

Cette cat�egorie est une dg-cat�egorie.

D�e�nition 1.10. Soient A et A 0 deux dg-cat�egories. Undg-foncteurest la donn�ee d'une
application F : obj(A ) ! obj(A 0) et de morphismes de dg-k-modules

Fxy : A (x; y) ! A 0(Fx; Fy)

pour tous objetsx et y de A .



1.2. G�en�eralit�es sur les dg-cat�egories 39

dg-A -modules

D�e�nition 1.11. Un dg-A -moduleM est un dg-foncteur deA op ! C dg(k). En particulier,
M est la donn�ee :

{ pour tout objet x de A , d'un complexe dek-espaces vectorielsMx ,
{ pour tous objets x, y de A d'un morphisme de complexes :

M (x; y) : A (y; x) //Cdg(k)(Mx; My )

qui doit être compatible avec la composition.
CommeM (x; y) = M est un morphisme de dg-k-module, il commute �a la di��erentielle et
alors si f est dansA(y; x), on a M � d(f p) = dMx � Mf p � (� 1)pMf p � dMy :

Notons CdgA la classe des dg-A -modules. Un morphismef entre deux dg-A -modules
M et N , est la donn�ee pourx dansA d'un �el�ement f x de G(k)(Mx; My ) tel que si g est
dansA p(y; x), alors pour tout q on a le diagramme commutatif suivant :

Mx
f q

x //

Mg
��

Nx[q]

Ng
��

My[p]
f q

y //Ny[p + q]

:

On munit cet espace gradu�e de morphismes de la di��erentielle induite par celle deCdg(k).
C'est-�a-dire que si f est homog�ene de degr�eq entre M et N , on pose (df )x = d(f x).
Munie de ces espaces de morphismes, la cat�egorie des dg-A -modulesCdg(A ) forme alors
une dg-cat�egorie.

Pour tout objet x de A , le foncteur x^ = A(?; x) est un dg-A -module. Le foncteur de
Yoneda :

Yon : A �! C dg(A )
x 7�! x^

est un dg-foncteur pleinement �d�ele.

Cat�egorie d�eriv�ee d'une dg-cat�egorie

On d�e�nit ensuite les cat�egories CA et HA . Les objets sont les mêmes que ceux de
Cdg(A ) et les espaces de morphismes sont donn�es par :

CA(M; N ) = Z 0(Cdg(A )(M; N ));

et HA (M; N ) = H 0(Cdg(A )(M; N )):

Donc si f est dansCA(M; N ), et x dansA , alors f x est un morphisme de complexes entre
Mx et Nx. Si f est dansHA (M; N ) alors f x est un morphisme de complexes modulo
homotopie entreMx et Nx.
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Un quasi-isomorphismeh est un morphisme deHA tel que pour tout x de A et pour
tout p, H p(f x ) est inversible. On d�e�nit la cat�egorie d�eriv�ee DA comme la localisation de
la cat�egorie HA par les quasi-isomorphismes.

La cat�egorie CA est une cat�egorie exacte pour les con
ations

0 //L
i //M

p //N //0

qui sont les suites exactes scind�ees deCA. Les objets contractiles, c'est-�a-dire homotopes
�a 0 sont les projectifs-injectifs de cette cat�egorie. La cat�egorie CA est une cat�egorie de
Frobenius. Sa cat�egorie stable est la cat�egorieHA qui est donc une cat�egorie triangul�ee.
La cat�egorie DA est alors triangul�ee, comme localisation d'une cat�egorie triangul�ee.

On a la suite de foncteurs suivante :

A �• Y on //Cdg(A ) Z 0
//CA //HA //DA

La cat�egorie perA est d�e�nie comme la plus petite sous-cat�egorie triangul�ee deDA conte-
nant les x^ et stable par facteurs directs (=sous-cat�egorie �epaisse). La cat�egorie DbA est
la sous-cat�egorie deDA form�ee des objetsM tels que pour toutx de A , l'espace vectoriel

M

p2 Z

H p(Mx )

est de dimension �nie. C'est une sous-cat�egorie triangul�ee deDA .

1.2.2 Cas o�u la dg-cat�egorie provient d'une dg-alg�ebre

Cas g�en�eral

Une dg-alg�ebreA est une alg�ebreZ-gradu�ee munie d'une di��erentielle v�eri�ant la r�egle
de Leibniz, c'est-�a-dire qued est un morphismek-lin�eaire homog�ene de degr�e 1 et sia et
b sont dansA et a est homog�ene de degr�ep, alors d(ab) = ( da)b+ ( � 1)pad(b).

On peut voir A comme une dg-cat�egorie : la dg-cat�egorie n'ayant qu'un seul objet �
et o�u End(� ) est la dg-alg�ebreA.

Un dg-A-module est alors la donn�ee :
{ d'un complexe dek-espaces vectorielsM � , que l'on noteraM ,
{ et d'un morphisme de dg-alg�ebresM (� ; � ) : A ! C dg(k)(M; M ).

M (� ; � ) est un morphisme gradu�e, donc pour toutp, Ap s'envoie dansCdg(k)(M; M [p]),
c'est-�a-dire que pour tout n, on a une application

M n � Ap �! M n+ p

(m; a) 7�! m:a:

De plus,M (� ; � ) est un morphisme de complexes, il commute donc �a la di��erentielle. Ceci
signi�e que si a est dansAp et m dansM n , alors

m:dA a = dM (m:a) � (� 1)p(dM m):a:
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En�n M (� ; � ) est un morphisme dek-alg�ebre, donc pourm dansM n , a dansAp et b
dansAq, on a (m:a):b= m:(ab) dans M n+ p+ q.

Soient M et N deux dg-A-modules. Un morphismef de dg-A-modules entreM et N
est un �el�ement de Cdg(k)(M; N ) tel que pour tout a dans Ap, et pour tous n; q, le carr�e
suivant commute :

M n f q
//

:a
��

N n+ q

:a
��

M n+ p
f q

//N n+ p+ q:

Dans la cat�egorieCA les morphismes sont les morphismes de complexes dek-espaces
vectoriels gradu�es entreM et N tels que sia est dansAp, on a le carr�e commutatif :

M n f //

:a
��

N n

:a
��

M n+ p
f //N n+ p:

Le dg-A -module repr�esentable� ^ est le complexeA muni de la multiplication de l'alg�ebre.

Cas d'une alg�ebre

Soit A une k-alg�ebre, on peut la voir comme une dg-alg�ebre concentr�ee en degr�e 0.
Les objets deCdg(A) sont alors les complexes deA-modules �a droite. La composante
homog�ene de degr�ep de l'espace des morphismes deCdg(A) de M dansN est l'ensemble
des morphismes gradu�es deA-modules deM dans N [p] (f commute avec l'action deA
mais pas avec la di��erentielle deM ).

La cat�egorie CA est simplement la cat�egorie des complexes deA-modules.
La cat�egorie DA est la cat�egorieD(ModA). Si A est de dimension �nie, on a toujours :

perA � D b(modA) � D bA � D A = D(ModA);

o�u modA d�esigne la cat�egorie des modules de pr�esentation �nie sur A (=modules de type
�ni).

Si A est de dimension globale �nie, on a de plus l'�egalit�eperA = Db(modA) = DbA.

1.2.3 Foncteur de Serre

Soit A une dg-alg�ebre de dimension �nie. NotonsD la cat�egorie DbA, et pour X et
Y des dg-A-modules, notonsHom�

A (X; Y ) l'espace des morphismes entreX et Y dans la
dg-cat�egorie Cdg(A). Il a donc une structure de complexe dek-espaces vectoriels.
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Lemme 1.2.1. Soit X un objet deperA et Y un objet deDbA, alors on a un isomorphisme
bifonctoriel

DHomD (X; Y ) ' HomD (Y; X
L

 A DA ):

D�emonstration. Pour X dansperA, notons �X = DHom�
A (X; A ). Nous allons construire

un morphisme bifonctoriel :

FXY : DHom�
A (X; Y ) //Hom�

A (Y; �X )

Soit ' un �el�ement du dual de Hom�
A (X; Y ). On utilise l'isomorphisme canonique

Hom�
A (Y; �X ) ' H om�

A (Hom�
A (A; Y ); DHom�

A (X; A )):

A un �el�ement f de Hom�
A (A; Y ) on associe la formeFXY (f ), qui �a un g de Hom�

A (X; A )
associe' (gf ).

En utilisant les formules classiques d'adjonction, on v�eri�e facilement que FAY est un
isomorphisme. Donc pour toutX appartenant �a la sous-cat�egorie �epaisseHA contenant
A, FXY est un quasi-isomorphisme. Donc,H 0(FXY ) est un isomorphisme,i.e. on a un
isomorphisme fonctoriel :

DHomH A (X; Y ) � //HomH A (Y; �X )

Pour tout objet co�brant X de perA, �X est �brant et on a donc un isomorphisme :

DHomDA (X; Y ) � //HomDA (Y; �X )

Il reste �a montrer que pour tout X de perA, on a un quasi-isomorphisme entre�X =

DHom�
A (X; A ) et X

L

 A DA . Si X est un dg-module, on a un morphisme fonctoriel :

X
L

 A DA

//DHom�
A (X; A )

x 
 ' � //
�
g 7! ' (g(x))

�

qui s'�etend �a un morphisme pour tout X dansperA. Comme c'est un isomorphisme pour
X = A, c'est un quasi-isomorphisme pourX dansperA.

Remarque.En utilisant les formules d'adjonction, on obtient imm�ediatement que siX est
dansperA et Y dansDb(A) alors on a un isomorphisme

DHomD (X; Y ) ' HomD (Y
L

 A RHomA (A; DA ); X ):

Ce lemme nous donne imm�ediatement le corollaire suivant :
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Corollaire 1.12. Soit A une dg-alg�ebre de dimension �nie. SiDA est isomorphe �aA[d]
en tant queA-A-bimodule, alors pour toutX dans perA et pour tout Y dans DbA, on a
un isomorphisme fonctoriel :

DHomD (X; Y ) � //HomD (Y; X [d]) :

En particulier la cat�egorie perA est d-Calabi-Yau.

Remarque.Plus g�en�eralement, Keller a montr�e dans [Kel08a] que siA est un dg-alg�ebre
de dimension quelconque, alors pour toutX dansperA et Y dansDb(A) on a un isomor-
phisme

DHomD (X; Y ) ' HomD (Y
L

 A RHomA e(A; A e); X ):

Si A est une alg�ebre de dimension �nie et de dimension globale �nie alors le foncteur

� =?
L

 A DA est une �equivalence dont l'inverse est ?

L

 A RHomA (A; DA ). Donc la cat�egorie

Db(A) = perA admet un foncteur de Serre.

1.2.4 Cat�egories triangul�ees alg�ebriques

Soit T une cat�egorie triangul�ee k-lin�eaire. On dit que T est alg�ebrique s'il existe une
�equivalence triangul�ee entre T et E o�u E est une cat�egorie de Frobeniusk-lin�eaire. En
fait d'apr�es Keller [Kel06], une cat�egorie triangul�ee est alg�ebrique si et seulement si elle
admet un renforcement en cat�egorie di��erentielle-gradu�ee, i.e. il existe une �equivalence
triangul�ee entre T et DA o�u A est une dg-cat�egorie. Cette notion est stable par passage
�a une sous-cat�egorie triangul�ee et par localisation. Ainsi, toutes les cat�egories triangul�ees
apparaissant en alg�ebre et en g�eom�etrie sont alg�ebriques.

Si DA et DB sont des cat�egories triangul�ees alg�ebriques, alors un foncteur alg�ebrique

F est un foncteur `provenant' des renforcementsA et B, i.e. F =?
L

 A X est le produit

tensoriel d�eriv�e par un objet X de D(A op 
 B ).
Cette d�e�nition nous permet de donner la propri�et�e unive rselle de la cat�egorie amass�ee.

Soit T = DA une cat�egorie alg�ebrique, et soitX un objet de D(kQop 
 A ).

Db(modkQ)

?
L

 kQ DkQ [� 2]

UU

?
L

 kQ X //DA

Si il existe un isomorphisme dansD(kQop 
 A ) entre DkQ 
 kQ X [� 2] et X , alors le

foncteur ?
L

 kQ X se factorise en un foncteur alg�ebrique deCQ vers DA .
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1.3 Une autre construction de la cat�egorie amass�ee

1.3.1 Enveloppe triangul�ee

Soit A unek-alg�ebre de dimension �nie et de dimension globale �nie. Alors la cat�egorie

Db(A) est triangul�ee et admet un foncteur de Serre� A =?
L

 A DA o�u DA = Homk(A; k)

est le dual deA. La cat�egorie d'orbites

Db(A)=?
L

 A DA [� 2]

n'est pas triangul�ee en g�en�eral si la dimension globale de A est � 2. Sonenveloppe trian-
gul�ee est la cat�egorieCA v�eri�ant la propri�et�e universelle suivante :

{ il existe un foncteur triangul�e alg�ebrique � : Db(A) ! C A (pas essentiellement
surjectif en g�en�eral) ;

{ Soit ?
L

 A X : Db(A) ! DB un foncteur alg�ebrique o�u B est une dg-cat�egorie. Si

on a un isomorphisme dansD(Aop 
 B ) entre DA
L

 A X [� 2] et X , alors le foncteur

?
L

 A X se factorise par� .

Db(A)

?
L

 A DA [� 2]

UU
?

L

 A X //

�

""FF
FF

FF
FF

DA

CA

==

1.3.2 Construction du foncteur �

Soit B la dg-alg�ebre suivante :

A � DA [� 3] = � � � //0 //A //0 //0 //DA //0 //� � � :

Un objet M de CB est un complexe deA-modules muni d'une action deDA de degr�e
3 qui anticommute �a la di��erentielle. Ce qui signi�e que pour tout n et pour tout a� dans
DA le diagramme suivant anticommute :

M n � DA a�
//

(dM ;id )
��

M n+3

dM

��
M n+1 � DA

a�
//M n+4

et que pour tousa� ; b� dansDA , m:a� :b� = 0.
La projection p : B ! A induit un foncteur restriction pleinement �d�ele p� : CA ! C B.

Ce foncteur envoie un complexe deA-modules sur lui même muni de l'action deDA
nulle. L'objet A peut être vu comme unA-B-bimodule, et alors le foncteurp� est �egal
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au foncteur ?
 A AB . Deux complexes homotopes dansCA vont être homotopes dansCB
donc ce foncteur induit un foncteurHA ! H B. De même les quasi-isomorphismes deCA
sont des quasi-isomorphismes deCB, donc la projection induit un foncteur DA ! D B.
De plus si l'homologie deM est de dimension totale �nie alors l'homologie de son image
sera la même et donc de dimension totale �nie. Finalement, on a un foncteur :

p� : DbA �! D bB:

Maintenant, commeA (et donc DA ) est de dimension �nie,perB est inclus dansDbB.
On obtient donc un foncteur :

F : DbA �! D bB=perB =: C+
A :

Notons i : A ! B l'injection canonique, eti � : DbB ! D bA, le foncteur `oubli' associ�e.
Alors on a les adjonctions suivantes :

DbB
i �

��

et DbA
p�

��
DbA

�
L

 A B

OO

DbB

�
L

 B A

OO :

La suite exacte deA-B-bimodules :

0 //DA [� 3] //B //A //0

nous donne un triangle dansD(Aop 
 B )

A DA B [� 3] //
A BB

//
A AB

//
A DA B [� 2] :

L'objet BB est parfait donc le morphismeAB ! DA B [� 2] est un isomorphisme dans
C+

A = DbB=perB . D'apr�es la propri�et�e universelle de l'enveloppe triangul�ee de la cat�egorie
d'orbites, p� induit un foncteur triangul�e alg�ebrique :

p� : CA ! C +
A = DbB=perB:

Ce foncteur est pleinement �d�ele et Keller a montr�e le th�eor�eme suivant [Kel05] :

Th�eor�eme 1.13 (Keller) . Soit A une alg�ebre de dimension �nie et de dimension globale
�nie. Soit B la dg-alg�ebreA � DA [� 3] et p� : DbA ! D bB le foncteur restriction de la
projection p : B ! A. Notons hAi B la sous-cat�egorie �epaisse (=sous-cat�egorie triangul�ee
stable par facteurs directs) deDbB engendr�ee par l'image deA par p� . Alors l'enveloppe
triangul�ee de la cat�egorie d'orbites

Db(A)=?
L

 A DA [� 2]

est alg�ebriquement �equivalente �a la cat�egoriehAi B =perB .
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Notons que dans le cas o�u la dimension globale deA est 1, ou queA est d�eriv�ee
�equivalente �a une cat�egorie h�er�editaire, la cat�egor ie d'orbites est triangul�ee et donc on a
une �equivalence triangul�ee :

Db(A)=?
L

 A DA [� 2] ' h Ai B =perB



Chapter 2

On the structure of triangulated
categories with �nitely many
indecomposables

Ce chapitre correspond �a l'article [Ami07].

Notation and terminology

We work over an algebraically closed �eldk. By a triangulated category, we mean a
k-linear triangulated category T . We write S for the suspension functor ofT and
U

u //V
v //W

w //SU for a distinguished triangle. We say thatT is Hom-�nite
if for each pair X , Y of objects in T , the spaceHomT (X; Y ) is �nite-dimensional over
k. The categoryT will be called aKrull-Remak-Schmidt category if each object is iso-
morphic to a �nite direct sum of indecomposable objects withunicity (up to reordering)
of this decomposition, and if the endomorphism ring of an indecomposable object is a
local ring. This implies that idempotents ofT split, i.e. if e is an idempotent ofX , then
e = �� where � is a section and� is a retraction [Hap88, I 3.2]. The categoryT will
be calledlocally �nite if for each indecomposableX of T , there are only �nitely many
isoclasses of indecomposablesY such that HomT (X; Y ) 6= 0. This property is selfdual by
[XZ02, prop 1.1].

The Serre functor will be denoted by� (see de�nition in section 2.1). TheAuslander-
Reiten translation will always be denoted by� (section 2.1).

Let T and T 0be two triangulated categories. AnS-functor (F; � ) is given by ak-linear
functor F : T ! T 0 and a functor isomorphism� between the functorsF � S and S0� F ,
whereS is the suspension ofT and S0 the suspension ofT 0. The notion of � -functor, or
� -functor is then clear. Atriangle functor is anS-functor (F; � ) such that for each triangle

U
u //V

v //W
w //SU of T , the sequenceFU

F u //FV
F v //FW

� U � F w //S0FU

47
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is a triangle ofT 0.
The category T is Calabi-Yau if there exists an integerd > 0 such that we have a

triangle functor isomorphism betweenSd and � . We say that T is maximal d-Calabi-Yau
if T is d-Calabi-Yau and if for each covering functorT 0 ! T with T 0 d-Calabi-Yau, we
have ak-linear equivalence betweenT and T 0.

For an additive k-categoryE, we write modE for the category of contravariant �nitely
presented functors fromE to modk (section 2.8), and if the projectives ofmodE coincide
with the injectives, modE will be the stable category.

2.1 Serre duality and Auslander-Reiten triangles

2.1.1 Serre duality

Recall from [RVdB02] that a Serre functor for T is an autoequivalence� : T ! T
together with an isomorphismDHomT (X; ?) ' HomT (?; �X ) for each X 2 T , where D
is the duality Homk(?; k).

Theorem 2.1. Let T be a Krull-Remak-Schmidt, locally �nite triangulated category.
Then T has a Serre functor� .

Proof. Let X be an object ofT . We write X ^ for the functor HomT (?; X ) and F for the
functor DHomT (X; ?). Using the lemma [RVdB02, I.1.6] we just have to show thatF is
representable. Indeed, the categoryT op is locally �nite as well. The proof is in two steps.

Step 1: The functorF is �nitely presented.
Let Y1; : : : ; Yr be representatives of the isoclasses of indecomposable objects ofT such

that FYi is not zero. The spaceHom(Y ^
i ; F ) is �nite-dimensional over k. Indeed it is

isomorphic to FYi by the Yoneda lemma. Therefore, the functorHom(Y ^
i ; F ) 
 k Y ^

i is
representable. We get an epimorphism from a representable functor to F :

rM

i =1

Hom(Y ^
i ; F ) 
 k Y ^

i �! F:

By applying the same argument to its kernel we get a projective presentation ofF of the
form U^ �! V ^ �! F �! 0, with U and V in T .

Step 2: A cohomological functorH : T op ! modk is representable if and only if it is
�nitely presented.

Let U^ u^
//V ^ � //H //0 be a presentation ofH . We form a triangle

U
u //V

v //W
w //SU:

We get an exact sequence

U^ u^
//V ^ v^

//W ^ w^
//(SU)^ :
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Since the composition of� with u^ is zero andH is cohomological, the morphism�
factors through v^ . But H is the cokernel ofu^ , so v^ factors through � . We obtain a
commutative diagram:

U^ u^
//V ^ v^

//

�
��

W ^ w^
//

� 0
||yy

yy
yy

yy
SU:

H

i
<<yyyyyyyy

The equality � 0� i � � = � 0� v^ = � implies that � 0� i is the identity of H because� is an
epimorphism. We deduce thatH is a direct factor ofW ^ . The compositioni � � 0 = ê is
an idempotent. Then e 2 End(W) splits and we getH = W 0^ for a direct factor W 0 of
W.

2.1.2 Auslander-Reiten triangles

De�nition 2.2. [Hap87] A triangle X
u //Y

v //Z
w //SX of T is called anAuslander-

Reiten triangle or AR-triangle if the following conditions are satis�ed:
(AR1) X and Z are indecomposable objects;
(AR2) w 6= 0;
(AR3) if f : W ! Z is not a retraction, there existsf 0 : W ! Y such that vf 0 = f ;
(AR3') if g : X ! V is not a section, there existsg0 : Y ! V such that g0u = g.

Let us recall that, if (AR1) and (AR2) hold, the conditions (AR3) and (AR3') are
equivalent. We say that a triangulated categoryT has Auslander-Reiten trianglesif, for
any indecomposable objectZ of T , there exists an AR-triangle ending atZ :

X
u //Y

v //Z
w //SX:

In this case, the AR-triangle is unique up to triangle isomorphism inducing the identity
of Z .

The following proposition is proved in [RVdB02, Proposition I.2.3]

Proposition 2.1.1. Let T be a Krull-Remak-Schmidt, locally �nite triangulated category.
Then the categoryT has Auslander-Reiten triangles.

The composition� = S� 1� is called the Auslander-Reiten translation. An AR-triangle
of T ending at Z has the form:

�Z
u //Y

v //Z
w //�Z:
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2.2 Valued translation quivers and automorphism groups

2.2.1 Translation quivers

In this section, we recall some de�nitions and notations concerning quivers [Die87]. A
quiver Q = ( Q0; Q1; s; t) is given by the setQ0 of its vertices, the setQ1 of its arrows, a
source maps and a tail map t. If x 2 Q0 is a vertex, we denote byx+ the set of direct
successors ofx, and by x � the set of its direct predecessors. We say thatQ is locally �nite
if for each vertexx 2 Q0, there are �nitely many arrows ending atx and starting at x (in
this case,x+ and x � are �nite sets). The quiver Q is said to bewithout double arrows, if
two di�erent arrows cannot have the same tail and source.

De�nition 2.3. A stable translation quiver(Q; � ) is a locally �nite quiver without double
arrows with a bijection � : Q0 ! Q0 such that (�x )+ = x � for each vertexx. For each
arrow � : x ! y, let �� be the unique arrow�y ! x.

Note that a stable translation quiver can have loops.

De�nition 2.4. A valued translation quiver(Q; �; a ) is a stable translation quiver (Q; � )
with a map a : Q1 ! N such that a(� ) = a(�� ) for each arrow� . If � is an arrow from
x to y, we write axy instead ofa(� ).

De�nition 2.5. Let � be an oriented tree. The repetition of � is the quiver Z� de�ned
as follows:

� (Z�) 0 = Z � � 0

� (Z�) 1 = Z � � 1 [ � (Z � � 1) with arrows (n; � ) : (n; x) ! (n; y) and � (n; � ) :
(n � 1; y) ! (n; x) for each arrow� : x ! y of �.

The quiver Z� with the translation � (n; x) = ( n � 1; x) is clearly a stable translation
quiver which does not depend (up to isomorphism) on the orientation of � (see [Rie80a]).

2.2.2 Groups of weakly admissible automorphisms

De�nition 2.6. An automorphism groupG of a quiver is said to beadmissible [Rie80a]
if no orbit of G intersects a set of the formf xg [ x+ or f xg [ x � in more than one point.
It said to be weakly admissible [Die87]if, for each g 2 G � f 1g and for eachx 2 Q0, we
have x+ \ (gx)+ = ; .

Note that an admissible automorphism group is a weakly admissible automorphism
group. Let us �x a numbering and an orientation of the simply-laced Dynkin trees.

An : 1 //2 //� � � //n � 1 //n
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n � 1

zzuuu
uuu

uuu

Dn : 1 //2� � � ////n � 2

n

eeJJJJJJJJJJ

4

En : 1 2oo 3oo //

OO

5 //� � � //n

Let � be a Dynkin tree. We de�ne an automorphism S of Z� as follows:

� if � = An , then S(p; q) = ( p + q; n+ 1 � q);

� if � = Dn with n even, thenS = � � n+1 ;

� if � = Dn with n odd, then S = � � n+1 � where � is the automorphism ofDn which
exchangesn and n � 1;

� if � = E6, then S = �� � 6 where � is the automorphism ofE6 which exchanges 2
and 5, and 1 and 6;

� if � = E7, then S = � � 9;

� and if � = E8, then S = � � 15.

In [Rie80a, Anhang 2], Riedtmann describes all admissible automorphism groups of
Dynkin diagrams. Here is a more precise result in which we describe all weakly admissible
automorphism groups of Dynkin diagrams:

Theorem 2.7. Let � be a Dynkin tree andG a non trivial group of weakly admissible
automorphisms ofZ� . Then G is isomorphic to Z, and here is a list of its possible
generators:

� if � = An with n odd, possible generators are� r and �� r with r � 1, where � =
�

n +1
2 S is an automorphism ofZ� of order 2;

� if � = An with n even, then possible generators are� r , where r � 1 and where
� = �

n
2 S. (Since � 2 = � � 1, � r is a possible generator.)

� if � = Dn with n � 5, then possible generators are� r and � r � , where r � 1 and
where� = ( n � 1; n) is the automorphism ofDn exchangingn and n � 1.

� if � = D4, then possible generators are�� r , wherer � 1 and where� belongs toS 3

the permutation group on 3 elements seen as subgroup of automorphisms ofD4.
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� if � = E6, then possible generators are� r and �� r , wherer � 1 and where� is the
automorphism ofE6 exchanging2 and 5, and 1 and 6.

� if � = En with n = 7; 8, possible generators are� r , wherer � 1.

The unique weakly admissible automorphism group which is not admissible exists forAn ,
n even, and is generated by� .

2.3 Property of the Auslander-Reiten translation

We de�ne the Auslander-Reiten quiver �T of the categoryT as a valued quiver (�; a).
The vertices are the isoclasses of indecomposable objects.Given two indecomposable
objects X and Y of T , we draw one arrow fromx = [ X ] to y = [ Y] if the vector space
R(X; Y )=R 2(X; Y ) is not zero, whereR(?; ?) is the radical of the bifunctor HomT (?; ?).
A morphism of R(X; Y ) which does not vanish in the quotientR(X; Y )=R 2(X; Y ) will
be calledirreducible. Then we put

axy = dim k R(X; Y )=R 2(X; Y ):

Remark that the fact that T is locally �nite implies that its AR-quiver is locally �nite .
The aim of this section is to show that �T with the translation � de�ned in the �rst part
is a valued translation quiver. In other words, we want to show the proposition:

Proposition 2.3.1. If X and Y are indecomposable objects ofT , we have the equality

dimk R(X; Y )=R 2(X; Y ) = dim k R(�Y; X )=R 2(�Y; X ):

Let us recall some de�nitions [Hap88].

De�nition 2.8. A morphism g : Y ! Z is calledsink morphism if the following hold
(1) g is not a retraction;
(2) if h : M ! Z is not a retraction, then h factors through g;
(3) if u is an endomorphism ofY which satis�es gu = g, then u is an automorphism.
Dually, a morphism f : X ! Y is calledsource morphismif the following hold:
(1) f is not a section;
(2) if h : X ! M is not a section, thenh factors through f ;
(3) if u is an endomorphism ofY which satis�es uf = f , then u is an automorphism.

These conditions imply thatX and Z are indecomposable. Obviously, if
X

u //Y
v //Z

w //SX is an AR-triangle, then u is a source morphism andv is a
sink morphism. Conversely, ifv 2 HomT (Y; Z) is a sink morphism (or ifu 2 HomT (X; Y )
is a source morphism), then there exists an AR-triangleX

u //Y
v //Z

w //SX (see
[Hap88, I 4.5]).

The following lemma (and the dual statement) is proved in [Rin84, 2.2.5].
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Lemma 2.3.1. Let g be a morphism fromY to Z , whereZ is indecomposable andY =L r
i =1 Y n i

i is the decomposition ofY into indecomposables. Then the morphismg is a sink
morphism if and only if the following hold:

(1) For each i = 1; : : : ; r and j = 1; : : : ; ni , the restriction gi;j of g to the j th component
of the i th isotopic part of Y belongs to the radicalR(Yi ; Z ).

(2) For eachi = 1; : : : ; r , the family (gi;j ) j =1 ;:::;n i forms ak-basis of the spaceR(Yi ; Z )=R 2(Yi ; Z ).
(3) If h 2 HomT (Y 0; Z ) is irreducible andY 0 indecomposable, thenh factors through

g and Y 0 is isomorphic to Yi for somei .

Using this lemma, it is easy to see that proposition 2.3.1 holds. Thus, the Auslander-
Reiten quiver � T = (� ; �; a ) of the categoryT is a valued translation quiver.

2.4 Structure of the Auslander-Reiten quiver

This section is dedicated to another proof of a theorem due toJ. Xiao and B. Zhu ([XZ05]):

Theorem 2.9. [XZ05] Let T be a Krull-Remak-Schmidt, locally �nite triangulated cate-
gory. Let � be a connected component of the AR-quiver ofT . Then there exists a Dynkin
tree � of type A, D or E, a weakly admissible automorphism groupG of Z� and an
isomorphism of valued translation quivers

� : � � //Z� =G:

The underlying graph of the tree� is unique up to isomorphism (it is called thetype of
� ), and the groupG is unique up to conjugacy inAut (Z�) .

In particular, if T has an in�nite number of isoclasses of indecomposable objects, then
G is trivial, and � is the repetition quiverZ� .

2.4.1 Auslander-Reiten quivers with a loop

In this section, we suppose that the Auslander-Reiten quiver of T contains a loop,i.e.
there exists an arrow with same tail and source. Thus, we suppose that there exists an
indecomposableX of T such that

dimk R(X; X )=R 2(X; X ) � 1:

Proposition 2.4.1. Let X be an indecomposable object ofT . Suppose that we have
dimk R(X; X )=R 2(X; X ) � 1: Then �X is isomorphic to X .

To prove this, we need a lemma.

Lemma 2.4.1. Let X 1
f 1 //X 2

f 2 //� � �
f n //X n+1 be a sequence of irreducible mor-

phisms between indecomposable objects withn � 2. If the composition f n � f n� 1 � � � f 1 is
zero, then there exists ani such that� � 1X i is isomorphic to X i +2 .
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Proof. The proof proceeds by induction onn. Let us show the assertion forn = 2.

SupposeX 1
f 1 //X 2

f 2 //X 3 is a sequence such thatf 2 � f 1 = 0. We can then construct
an AR-triangle:

X 1
(f 1 ;f )T

//X 2 � X
(g1 ;g2) //

(f 2 ;0)
��

� � 1X 1
//

�yy

SX1

X 3

The compositionf 2� f 1 is zero, thus the morphismf 2 factors throughg1. As the morphisms
g1 and f 2 are irreducible, we conclude that� is a retraction, and X 3 a direct summand
of � � 1X 1. But X 1 is indecomposable, so� is an isomorphism betweenX 3 and � � 1X 1.

Now suppose that the property holds for an integern� 1 and that we havef n f n� 1 � � � f 1 =
0. If the composition f n� 1 � � � f 1 is zero, the proposition holds by induction. So we can
suppose that fori � n � 2, the objects� � 1X i and X i +2 are not isomorphic. We show now
by induction on i that for each i � n � 1, there exists a map� i : � � 1X i ! X n+1 such
that f n � � � f i +1 = � i gi wheregi : X i +1 ! � � 1X i is an irreducible morphism. Fori = 1, we
construct an AR-triangle:

X 1
(f 1 ;f 0

1)T
//X 2 � X 0

1
(g1 ;g0

1) //

(f n ��� f 2 ;0)
��

� � 1X 1
//

� 1yy

SX1

X n+1

As the compositionf n � � � f 1 is zero, we have the factorizationf n � � � f 2 = � 1g1.
Now for i , as � � 1X i � 1 is not isomorphic to X i +1 , there exists an AR-triangle of the

form:

X i
(gi � 1 ;f i ;f 0

i )T
//� � 1X i � 1 � X i +1 � X 0

i

(g00
i ;gi ;g0

i ) //

(� � i � 1 ;f n ��� f i +1 ;0)
��

� � 1X i
//

� itt

SX i

X n+1

By induction, � � i � 1gi � 1 + f n � � � f i +1 f i is zero, thusf n � � � f i +1 factors through gi . This
property is true for i = n � 1, so we have a map� n� 1 : � � 1X n� 1 ! X n+1 such that
� n� 1gn� 1 = f n . As gn� 1 and f n are irreducible, we conclude that� n� 1 is an isomorphism
betweenX n+1 and � � 1X n� 1.

Now we are able to prove proposition 2.4.1. There exists an irreducible mapf : X !
X . Suppose thatX and �X are not isomorphic. Then from the previous lemma, the
endomorphismf n is non zero for eachn. But since T is a Krull-Remak-Schmidt, locally
�nite category, a power of the radicalR(X; X ) vanishes. This is a contradiction.
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2.4.2 Proof of theorem 2.9

Let ~� = ( ~� 0; ~� 1; ~a) be the valued quiver obtained from � by removing the loops,i.e. we
have ~� 0 = � 0, ~� 1 = f � 2 � 1 such that s(� ) 6= t(� )g, and ~a = aj ~� 1

.

Lemma 2.4.2. The quiver ~� = ( ~� 0; ~� 1; ~a) with the translation � is a valued translation
quiver without loop.

Proof. We have to check that the map� is well-de�ned. But from proposition 2.4.1, if �
is a loop on a vertexx, � (� ) is the unique arrow from�x = x to x, i.e. � (� ) = � . Thus ~�
is obtained from � by removing some� -orbits and it keeps the structure of stable valued
translation quiver.

Now, we can apply Riedtmann's Struktursatz [Rie80a] and theresult of Happel-
Preiser-Ringel [HPR80b]. There exist a tree � and an admissible automorphism groupG
(which may be trivial) of Z� such that ~� is isomorphic to Z� =G as a valued translation
quiver. The underlying graph of the tree � is then unique up to isomorphism and the
group G is unique up to conjugacy inAut (Z�). Let x be a vertex of �. We write x for
the image ofx by the map:

� //Z� � //Z� =G ' ~� �• //� :

Let C : � 0 � � 0 ! Z be the matrix de�ned as follows:

� C(x; y) = � ax y (resp. � ay x ) if there exists an arrow fromx to y (resp. from y to
x) in �,

� C(x; x) = 2 � ax x ,

� C(x; y) = 0 otherwise.

The matrix C is symmetric; it is a `generalized Cartan matrix' in the sense of [HPR80a].
If we remove the loops from the `underlying graph ofC' (in the sense of [HPR80a]), we
get the underlying graph of �.

In order to apply the result of Happel-Preiser-Ringel [HPR80a, section 2], we have to
show:

Lemma 2.4.3. The set � 0 of vertices of� is �nite.

Proof. Riedtmann's construction of � is the following. We �x a verte x x0 in ~� 0. Then
the vertices of � are the paths of ~� beginning on x0 and which do not contain subpaths
of the form �� (� ), where � is in ~� 1. Now suppose that � 0 is an in�nite set. Then for
eachn, there exists a sequence:

x0
� 1 //x1

� 2 //� � �
� n � 1//xn� 1

� n //xn
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such that �x i +2 6= x i . Then there exist some indecomposablesX 0; : : : ; X n such that the
vector spaceR(X i � 1; X i )=R 2(X i � 1; X i ) is not zero. Thus from the lemma 2.4.1, there
exists irreducible morphismsf i : X i � 1 ! X i such that the composition f n f n� 1 � � � f 1

does not vanish. But the functor HomT (X 0; ?) has �nite support. Thus there is an
indecomposableY which appears an in�nite number of times in the sequence (X i ) i . But
sinceR N (Y; Y) vanishes for anN , we have a contradiction.

Let S a system of representatives of isoclasses of indecomposables ofT . For an inde-
composableY of T , we put

l(Y) =
X

M 2S

dimk HomT (M; Y ):

This sum is �nite since T is locally �nite.

Lemma 2.4.4. For x in � 0, we write dx = l(x). Then for eachx 2 � 0, we have:
X

y2 � 0

dyCxy = 2:

Proof. Let X and U be indecomposables ofT . Let

X
u //Y

v //Z
w //SX

be an AR-triangle. We write (U;?) for the cohomological functorHomT (U;?). Thus, we
have a long exact sequence:

(U; S� 1Z)
S� 1w�//(U; X )

u � //(U; Y)
v� //(U; Z)

w� //(U; SX) :

Let SZ (U) be the image of the mapw� . We have the exact sequence:

0 //SS� 1Z (U) //(U; X )
u � //(U; Y)

v� //(U; Z)
w� //SZ (U) //0:

Thus we have the following equality:

dimk SZ (U) + dim k SS� 1Z (U) + dim k(U; Y) = dim k(U; X ) + dim k(U; Z):

If U is not isomorphic to Z , each map fromU to Z is radical, thus SZ (U) is zero. If
U is isomorphic to Z , the map w� factors through the radical ofEnd(Z ), so SZ (Z ) is
isomorphic to k. Then summing the previous equality whenU runs overS, we get:

l(X ) + l(Z ) = l(Y ) + 2 :

Clearly l is � -invariant, thus l(Z ) equals l(X ). If the decomposition ofY is of the formL r
i =1 Y n i

i , we get:

l(Y) =
X

i

ni l (Yi ) =
X

i;X ! Yi 2 ~�

aXY i l (Yi ) + aXX l (X ):
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We deduce the formula:

2 = (2 � aXX )l(X ) �
X

i;X ! Yi 2 ~�

aXY i l (Yi ):

Let x be a vertex of the tree � and x its image in ~�. Then an arrow x ! Y in ~� comes
from an arrow (x; 0) ! (y; 0) in Z� or from an arrow ( x; 0) ! (y; � 1) in Z�, i.e. from
an arrow (y; 0) ! (x; 0). Indeed the projectionZ� ! Z� =G is a covering. From this we
deduce the following equality:

2 = (2 � ax x )dx �
X

y;x ! y2 �

ax ydy �
X

y;y! x2 �

ay xdy =
X

y2 � 0

dyCxy :

Now we can prove theorem 2.9. The matrixC is a `generalized Cartan matrix'. The
previous lemma gives us a subadditive function which is not additive. Thus by [HPR80a],
the underlying graph ofC is of `generalized Dynkin type'. AsC is symmetric, the graph
is necessarily of typeA, D, E, or L. But this graph is the graph � with the valuation a.
We are done in the casesA, D, or E.

The caseLn occurs when the AR-quiver contains at least one loop. We can seeLn asAn

with valuations on the vertices with a loop. Then, it is obvious that the automorphism
groups of ZL n are generated by� r for an r � 1. But proposition 2.4.1 tell us that a
vertex x with a loop satis�es �x = x. Thus G is generated by� and the AR-quiver has
the following form:

1
((
2hh

((
3hh

((nee ee

This quiver is isomorphic to the quiverZA 2n=G where G is the group generated by the
automorphism � nS = � .

The suspension functorS sends the indecomposables on indecomposables, thus it can
be seen as an automorphism of the AR-quiver. It is exactly theautomorphism S de�ned
in section 2.2.2.

As shown in [XZ05], it follows from the results of [Kel05] that for each Dynkin tree �
and for each weakly admissible group of automorphismsG of Z�, there exists a locally
�nite triangulated category T such that � T ' Z� =G. This category is of the form
T = Db(modk�) =' where ' is an auto-equivalence ofDb(modk�).

2.5 Construction of a covering functor

From now, we suppose that the AR-quiver � ofT is connected. We know its structure. It
is natural to ask: Is the categoryT standard, i.e. equivalent as ak-linear category to the
mesh categoryk(�)? First, in this part we construct a covering functor F : k(Z�) ! T .
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2.5.1 Construction

We write � : Z� ! � for the canonical projection. As G is a weakly admissible group,
this projection veri�es the following property: if x is a vertex ofZ�, the number of arrows
of Z� with source x is equal to the number of arrows ofZ� =G with source�x . Let S be
a system of representatives of the isoclasses of indecomposables ofT . We write indT for
the full subcategory ofT whose set of objects isS. For a tree �, we write k(Z�) for the
mesh category (see [Rie80a]). Using the same proof as Riedtmann [Rie80a], one shows
the following theorem:

Theorem 2.10. There exists ak-linear functor F : k(Z�) ! indT which is surjective
and induces bijections:

M

F z= F y

Homk(Z�) (x; z) ! HomT (Fx; Fy);

for all vertices x and y of Z� .

2.5.2 In�nite case

If the categoryT is locally �nite not �nite i.e. if there is in�nitely many indecomposables,
the constructed functorF is immediately fully faithful. Thus we get the corollary.

Corollary 2.11. If indT is not �nite, then we have ak-linear equivalence betweenT and
the mesh categoryk(Z�) .

2.5.3 Uniqueness criterion

The covering functor F can be see as ak-linear functor from the derived category
Db(modk�) to the category T . By construction, it satis�es the following property called
the AR-property:

For each AR-triangle X
f //Y

g //Z
h //SX of Db(modk�), there exists a tri-

angle ofT of the form FX
F f //FY

F g //FZ
� //SFX .

In fact, thanks to this property, F is determined by its restriction to the subcategory
projk� = k(�), i.e. we have the following lemma:

Lemma 2.5.1. Let F and G bek-linear functors from Db(modk�) to T . Suppose thatF
and G satisfy the AR-property and that the restrictionsFjk (�)

and Gjk (�)
are isomorphic.

Then the functorsF and G are isomorphic ask-linear functors.

Proof. It is easy to construct this isomorphism by induction using the (TR3) axiom of
the triangulated categories (see [Nee01]).
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2.6 Particular cases of k-linear equivalence

From now we suppose that the categoryT is �nite, i.e. T has �nitely many isoclasses of
indecomposable objects.

2.6.1 Equivalence criterion

Let � be the AR-quiver of T and suppose that it is isomorphic toZ� =G. Let ' be a
generator ofG. It induces an automorphism in the mesh categoryk(Z�) that we still
denote by ' . Then we have the following equivalence criterion:

Proposition 2.6.1. The categoriesk(�) and indT are equivalent ask-categories if and
only if there exists a covering functorF : k(Z�) ! indT and an isomorphism of functors
� : F � ' ! F .

The proof consists in constructing ak-linear equivalence betweenindT and the orbit
categoryk(Z�) =' Z using the universal property of the orbit category (see [Kel05]), and
then constructing an equivalence betweenk(Z�) =' Z and k(�).

2.6.2 Cylindric case for An

Theorem 2.12. If � = An and ' = � r for some r � 1, then there exists a functor
isomorphism� : F � ' ! F , i.e. for each objectx of k(Z�) there exists an automorphism
� x of Fx such that for each arrow� : x ! y of Z� , the following diagram commutes:

Fx
� x //

F �
��

Fx

F '�
��

Fy
� y //Fy:

To prove this, we need the following lemma:

Lemma 2.6.1. Let � : x ! y be an arrow ofZA n and let c be a path fromx to � r y,
r 2 Z, which is not zero in the mesh categoryk(ZA n ). Then c can be writtenc0� where
c0 is a path from y to � r y (up to sign).

Proof. There is a path fromx to � r y, thus, we haveHomk(Z�) (x; � r y) ' k, and x and � r y
are opposite vertices of a `rectangle' inZA n . This implies that there exists a path fromx
to � r y beginning by � .

Proof. (of theorem 2.12)Combining proposition 2.6.1 and lemma 2.5.1, we have just to
construct an isomorphism between the restriction ofF and F � ' to a subquiverAn .

Let us �x a full subquiver of ZA n of the following form:

x1
� 1 //x2

� 2 //� � �
� n � 1 //xn
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such that x1 : : : ; xn are representatives of the� -orbits in ZA n . We de�ne the (� x i ) i =1 :::n by
induction. We �x � x1 = IdF x 1 . Now suppose we have constructed some automorphisms
� x1 ; : : : ; � x i such that for eachj � i the following diagram is commutative:

Fx j � 1
� x j � 1 //

F � j � 1

��

Fx j � 1

F '� j � 1

��
Fx j

� x j //Fx j :

The composition (F '� i ) � � x i is in the morphism spaceHomT (Fx i ; Fx i +1 ), which is
isomorphic, by theorem 2.10, to the space

M

F z= F x i +1

Homk(Z�) (x i ; z):

Thus we can write

(F '� i )� x i = �F � i +
X

z6= x i +1

F � z

where � z belongs toHomk(Z�) (x i ; z) and Fz = Fx i +1 . But Fz is equal to Fx i +1 if and
only if z is of the form� rl x i +1 for an l in Z. By the lemma, we can write� z = � 0

z� i . Thus
we have the equality:

(F '� i )� x i = F (�Id x i +1 +
X

z

� 0
z)F � i :

The scalar � is not zero. Indeed, �x i is an automorphism, thus the image of (F '� i )� x i

is not zero in the quotient

R(Fx i ; Fx i +1 )=R 2(Fx i ; Fx i +1 ):

Thus � x i +1 = F (�Id x i +1 +
P

z � 0
z) is an automorphism ofFx i +1 which veri�es the

commutation relation
(F '� i ) � � x i = � x i +1 � F � i :

2.6.3 Other standard cases

In the mesh categoryk(Z�), where � is a Dynkin tree, the length of the non zero paths
is bounded. Thus there exist automorphisms' such that, for an arrow � : x ! y of �,
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the paths from x to ' r y vanish in the mesh category for allr 6= 0. In other words, for
each arrow� : x ! y of Z�, we have:

Homk(Z�) =' Z (x; y) =
M

r 2 Z

Homk(Z�) (x; ' r y) = Homk(Z�) (x; y) ' k;

wherek(Z�) =' Z is the orbit category (see section 2.6.1).

Lemma 2.6.2. Let T be a �nite triangulated category with AR-quiver� = Z� =G. Let '
be a generator ofG and suppose that' veri�es for each arrow x ! y of Z�

M

r 2 Z

Homk(Z�) (x; ' r y) = Homk(Z�) (x; y) ' k:

Let F : k(Z�) ! T and G : k(Z�) ! T be covering functors satisfying the AR-property.
Suppose thatF and G agree up to isomorphism on the objects ofk(Z�) . Then F and G
are isomorphic ask-linear functors.

Proof. Using lemma 2.5.1, we have just to construct an isomorphism between the functors
restricted to �. Let � : x ! y be an arrow of �. Using theorem 2.10 and the hypothesis,
we have the following isomorphisms:

HomT (Fx; Fy) '
M

F z= F y

Homk(Z�) (x; z) '
M

r 2 Z

Homk(Z�) (x; ' r y) ' k

and then
HomT (Gx; Gy) ' HomT (Fx; Fy) ' k:

Thus there exists a scalar� such that G� = �F � . This scalar does not vanish sinceF
and G are covering functors. As � is a tree, we can �nd some� x for x 2 � by induction
such that

G� = � x � � 1
y F �:

Now it is easy to check that � x = � x IdF x is the functor isomorphism.

This lemma gives us an isomorphism between the functorsF and F � ' , Moreover,
using the same argument, one can show that the covering functor F is an S-functor and
a � -functor.

For each Dynkin tree � we can determine the automorphisms' which satisfy this
combinatorial property. Using the preceding lemma and the equivalence criterion we
deduce the following theorem:

Theorem 2.13. Let T be a �nite triangulated category with AR-quiver� = Z� =G. Let
' be a generator ofG. If one of these cases holds,
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� � = An with n odd and G is generated by� r or ' = � r � with r � n� 1
2 and

� = �
n +1

2 S;

� � = An with n even andG is generated by� r with r � n � 1 and � = �
n
2 S;

� � = Dn with n � 5 and G is generated by� r or � r � with r � n � 2 and � as in
theorem 2.7;

� � = D4 and G is generated by�� r , wherer � 2 and � runs over � 3;

� � = E6 and G is generated by� r or � r � wherer � 5 and � is as in theorem 2.7;

� � = E7 and G is generated by� r , r � 8;

� � = E8 and G is generated by� r , r � 14.

then T is standard, i.e. the categoriesT and k(�) are equivalent ask-linear categories.

Corollary 2.14. A �nite maximal d-Calabi-Yau (see [Kel05, 8]) triangulated categoryT ,
with d � 2, is standard, i.e. there exists ak-linear equivalence betweenT and the orbit
categoryDb(modk�) =� � 1Sd� 1 where� is Dynkin of type A, D or E

2.7 Algebraic case

For some automorphism groupsG, we know thek-linear structure of T . But what about
the triangulated structure? We can only give an answer adding hypothesis on the trian-
gulated structure. In this section, we distinguish two cases:

If T is locally �nite, not �nite, we have the following theorem which is proved in
section 2.7.2:

Theorem 2.15. Let T be a connected locally �nite triangulated category with in�nitely
many indecomposables. IfT is the base of a tower of triangulated categories [Kel91], then
T is triangle equivalent toDb(modk�) for some Dynkin diagram� .

Now if T is a �nite standard category which is algebraic,i.e. T is triangle equivalent
to E for somek-linear Frobenius categoryE ([Kel06, 3.6]), then we have the following
result which is proved in section 2.7.3:

Theorem 2.16. Let T be a �nite triangulated category, which is connected, algebraic
and standard. Then, there exists a Dynkin diagram� of type A, D or E and an auto-
equivalence� of Db(modk�) such that T is triangle equivalent to the orbit category
Db(modk�) =� :

This theorem combined with corollary 2.14 yields the following result (compare to
[Kel05, Cor 8.4]):
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Corollary 2.17. If T is a �nite algebraic maximal d-Calabi-Yau category withd � 2,
then T is triangle equivalent to the orbit categoryDb(modk�) =Sd� � 1 for some Dynkin
diagram � .

2.7.1 @-functor

We recall the following de�nition from [Kel91] and [Ver77].

De�nition 2.18. Let H be an exact category andT a triangulated category. A@-functor
(I; @) : H ! T is given by:

� an additive k-linear functor I : H ! T ;

� for each con
ation � : X //i //Y
p ////Z of H , a morphism @�: IZ ! SIX func-

torial in � such that IX
I i //IY

Ip //IZ
@� //SIX is a triangle ofT .

For each exact categoryH , the inclusion I : H ! D b(H ) can be completed to a
@-functor (I; @) in a unique way. Let T and T 0 be triangulated categories. If (F; ' ) :
T ! T 0 is an S-functor and (I; @) : H ! T is a @-functor, we say that F respects@if
(F � I; ' (F@)) : H ! T 0 is a @-functor. Obviously each triangle functor respects@.

Proposition 2.7.1. Let H be ak-linear hereditary abelian category and let(I; @) : H !
T be a @-functor. Then there exists a unique (up to isomorphism)k-linear S-functor
F : Db(H ) ! T which respects@.

Proof. On H (which can be seen as a full subcategory ofDb(H )), the functor F is uniquely
determined. We want F to be an S-functor, so F is uniquely determined onSnH for
n 2 Z too. SinceH is hereditary, each object ofDb(H ) is isomorphic to a direct sum
of stalk complexes,i.e. complexes concentrated in a single degree. Thus, the functor F
is uniquely determined on the objects. Now, letX and Y be stalk complexes ofDb(H )
and f : X ! Y a non-zero morphism. We can suppose thatX is in H and Y is in
SnH. If n 6= 0; 1, f is necessarily zero. Ifn = 0, then f is a morphism inH and F f is
uniquely determined. Ifn = 1, f is an element ofExt1H (X; S � 1Y), so gives us a con
ation

� : S� 1Y //i //E
p ////X in H. The functor F respects@, thus F f has to be equal to

' � @�where' is the natural isomorphism betweenSFS� 1Y and FY . Since@is functorial,
F is a functor. The result follows.

A priori this functor is not a triangle functor. We recall a theorem proved by B. Keller
[Kel91, cor 2.7].

Theorem 2.19. Let H be a k-linear exact category, andT be the base of a tower of
triangulated categories [Kel91]. Let(I; @) : H ! T be a @-functor such that for each
n < 0, and all objectsX and Y of H , the spaceHomT (IX; S n IY ) vanishes. Then there
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exists a triangle functorF : Db(H ) ! T such that the following diagram commutes up to
isomorphism of@-functors:

H �• //

(I;@)   @@
@@

@@
@@

Db(H )

F||xxx
xxx

xxx

T

From theorem 2.19, and the proposition above we deduce the following corollary:

Corollary 2.20. (compare to [Rin06]) Let T , H and (I; @) : H ! T be as in theorem
2.19. If H is hereditary, then the unique functorF : Db(H ) ! T which respects@is a
triangle functor.

2.7.2 Proof of theorem 2.15

Let F be the k-linear equivalence constructed in theorem 2.10 between analgebraic tri-
angulated categoryT and Db(H ) where H = modk� and � is a simply-laced Dynkin
graph. As we saw in section 2.6, the covering functor is anS-functor.

The category H is the heart of the standardt-structure on Db(H ). The image of
this t-structure through F is a t-structure on T . Indeed, F is an S-equivalence, so the
conditions (i ) and (ii ) from [BBD82, Def 1.3.1] hold obviously. And sinceH is hereditary,
for an object X of Db(H ), the morphism � > 0X ! S� � 0X of the triangle

� � 0X //X //� > 0X //S� � 0X

vanishes. Thus the image of this triangle throughF is a triangle ofT and condition (iii )
of [BBD82, Def 1.3.1] holds. Then we get at-structure on T whose heart isH .

It results from [BBD82, Prop 1.2.4] that the inclusion of theheart of a t-structure can
be uniquely completed to a@-functor. Thus we obtain a@-functor (F0; @) : H ! T with
F0 = FjH .

The functor F is an S-equivalence. Thus for eachn < 0, and all objectsX and Y of
H , the spaceHomT (FX; S nFY) vanishes. Now we can apply theorem 2.19 and we get
the following commutative diagram:

H �• //

(F0 ;@)   @@
@@

@@
@@

Db(H );

F
{{xxx

xxx
xxxG

{{xxx
xxx

xxx

T

where F is the S-equivalence andG is a triangle functor. Note that a priori F is an S-
functor which does not respect@. The functors FjH and GjH are isomorphic. The functor
F is an S-functor thus we have an isomorphismFjS n H

' GjS n H
for eachn 2 Z. Thus the

functor G is essentially surjective. SinceH is the categorymodk�, to show that G is
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fully faithful, we have just to show that for eachp 2 Z, there is an isomorphism induced
by G

HomD b(H )(A; SpA) � //HomT (GA; SpGA)

whereA is the free modulek�. For p = 0, this is clear becauseA is in H . And for p 6= 0
both sides vanish.

Thus G is a triangle equivalence betweenDb(H ) and T .

2.7.3 Finite algebraic standard case

For a small dg categoryA , we denote byCA the category of dgA-modules, byDA the
derived category ofA and by perA the perfect derived categoryof A , i.e. the smallest tri-
angulated subcategory ofDA which is stable under passage to direct factors and contains
the freeA-modulesA(?; A), where A runs through the objects ofA . Recall that a small
triangulated category isalgebraicif it is triangle equivalent to perA for a dg categoryA .
For two small dg categoriesA and B, a triangle functor perA ! perB is algebraicif it is
isomorphic to the functor

FX =?
L

 A X

associated with a dg bimoduleX , i.e. an object of the derived categoryD(A op 
 B ).
Let � be an algebraic autoequivalence ofDb(modk�) such that the orbit category

Db(modk�) =� is triangulated. Let Y be a dgk�- k�-bimodule such that � = FY . In
section 9.3 of [Kel05], it was shown that there is a canonicaltriangle equivalence between
this orbit category and the perfect derived category of a certain small dg category. Thus,
the orbit category is algebraic, and endowed with a canonical triangle equivalence to the
perfect derived category of a small dg category. Moreover, by the construction in [loc.
cit.], the projection functor

� : Db(modk�) ! D b(modk�) =�

is algebraic.
The proof of theorem 7.0.5 is based on the following universal property of the trian-

gulated orbit categoryDb(modk�) =�. For the proof, we refer to section 9.3 of [Kel05].

Proposition 2.7.2. Let B be a small dg category and

FX =?
L

 k� X : Db(modk�) ! perB

an algebraic triangle functor given by a dgk� -A -bimoduleX . Suppose that there is an

isomorphism betweenY
L

 k� X and X in the derived bimodule categoryD(k� op
B ). Then

the functor FX factors, up to isomorphism of triangle functors, through the projection

� : Db(modk�) ! D b(modk�) =� :

Moreover, the induced triangle functor is algebraic.



66 Chapter 2. On the structure of triangulated categories with �nitely many indecomposables

Let us recall a lemma of Van den Bergh [KR06]:

Lemma 2.7.1. Let Q be a quiver without oriented cycles andA be a dg category. We
denote byk(Q) the category of paths ofQ and byCan : CA ! DA the canonical functor.
Then we have the following properties:

a) Each functorF : k(Q) ! DA lifts, up to isomorphism, to a functor ~F : k(Q) !
CA which veri�es the following property: For each vertexj of Q, the induced morphism

M

i

~F i ! ~F j;

wherei runs through the immediate predecessors ofj , is a monomorphism which splits as
a morphism of gradedA-modules.

b) Let F and G be functors fromk(Q) to CA, and suppose thatF satis�es the
property of a). Then any morphism of functors' : Can � F ! Can � G lifts to a
morphism ~' : F ! G.

Proof. a) For each vertex i of Q, the object F i is isomorphic in DA to its co�brant
resolution X i . Thus for each arrow� : i ! j , F induces a morphismf � : X i ! X j which
can be lifted to CA since theX i are co�brant. SinceQ has no oriented cycle, it is easy to
choose thef � such that the property is satis�ed.

b) For each vertex i of Q, we may assume thatF i is co�brant. Then we can lift
' i : Can � F i ! Can � Gi to  i : F i ! Gi . For each arrow� of Q, the square

F i
F � //

 i

��

F j

 j

��
Gi

G� //Gj

is commutative in DA . Thus the square

L
i F i F � //

( i )
��

F j

 j

��L
i Gi G� //Gj

is commutative up to nullhomotopic morphismh :
L

i F i ! Gj . Since the morphism
f :

L
i F i ! F j is split mono in the category of gradedA-modules,h extends alongf

and we can modify 	 j so that the square becomes commutative inCA. The quiver Q
does not have oriented cycles, so we can construct ~' by induction.

Proof. (of theorem 2.16) The category T is small and algebraic, thus we may assume
that T = perA for some small dg categoryA . Let F : Db(modk�) ! T be the covering
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functor of theorem 2.10. Let � be an auto-equivalence ofDb(modk�) such that the AR-
quiver of the orbit category Db(modk�) =� is isomorphic (as translation quiver) to the

AR-quiver of T . We may assume that � = �
L

 k� Y for an object Y of D(k� op 
 k�).

The orbit category Db(modk�) =� is algebraic, thus it is perB for some dg categoryB.
The functor Fjk (�)

lifts by lemma 2.7.1 to a functor ~F from k(�) to CA. This means
that the object X = ~F (k�) has a structure of dg k� op 
 A -module. We denote byX the
image of this object inD(k� op 
 A ).

The functors F and �
L

 k� X become isomorphic when restricted tok(�). Moreover

�
L

 k� X satis�es the AR-property since it is a triangulated functor. Thus by lemma

2.5.1, they are isomorphic ask-linear functors. So we have the following diagram:

Db(modk�)
�

L

 k � X //

�
L

 k � Y

UU
perA = T

The categoryT is standard, thus there exists an isomorphism ofk-linear functors:

c : �
L

 k� X

//
�

L

 k� Y

L

 k� X:

The functor �
L

 k� X restricted to the categoryk(�) satis�es the property of a) of lemma

2.7.1. Thus we can applyb) and lift cjk (�)
to an isomorphism ~c betweenX and Y

L

 k� X

as dg-k� op 
 A -modules.
By the universal property of the orbit category, the bimodule X endowed with the

isomorphism ~c yields a triangle functor from Db(modk�) =� to T which comes from a
bimodule Z in D(Bop 
 A ).

Db(modk�)
�

L

 k � X //

�
��

�
L

 k � Y

		
perA = T

Db(modk�) =� = perB
�

L

 k � Z

44hhhhhhhhh

The functor �
L

 k� Z is essentially surjective. Let us show that it is fully faithful. For M

and N objects ofDb(modk�) we have the following commutative diagram:
L

n2 Z HomD (M; � nN )
�

L

 k � X = F

**UUUUUUUUUUUUUUUU
�

tti i i i i i i i i i i i i i i i

HomD=� (�M; �N ) �
L

 k � Z //HomT (FM; FN );
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whereD meansDb(modk�). The two diagonal morphisms are isomorphisms, thus so is

the horizontal morphism. This proves that�
L

 k� Z is a triangle equivalence between the

orbit category Db(modk�) =� and T .

2.8 Triangulated structure on the category of projec-
tives

Let k be an algebraically closed �eld andP a k-linear category with split idempotents.
The categorymodP of contravariant �nitely presented functors from P to modk is exact.
As the idempotents split, the projectives ofmodP coincide with the representables. Thus
the Yoneda functor gives a natural equivalence betweenP andprojP. Assume besides that
modP has a structure of Frobenius category. The stable categorymodP is a triangulated
category, we write � for the suspension functor.

Let S be an auto-equivalence ofP. It can be extended to an exact functor from
modP to modP and thus to a triangle functor of modP. The aim of this part is to �nd
a necessary condition on the functorS such that the category (P; S) has a triangulated
structure. Heller already showed [Hel68, thm 16.4] that if there exists an isomorphism of
triangle functors betweenS and � 3, then P has a pretriangulated structure. But he did
not succeed in proving the octahedral axiom. We are going to impose a stronger condition
on the functor S and prove the following theorem:

Theorem 2.21. Assume there exists an exact sequence of exact functors frommodP to
modP:

0 //Id //X 0 //X 1 //X 2 //S //0 ;

where theX i , i = 0; 1; 2, take values inprojP. Then the categoryP has a structure of
triangulated category with suspension functorS.

For an M in modP, denote TM : X 0M //X 1M //X 2M //SX 0M a standard

triangle. A triangle of P will be a sequenceX : P
u //Q v //R

w //SP which is
isomorphic to a standard triangleTM for an M in modP.

2.8.1 S-complexes, � -S-complexes and standard triangles

Let Acp(modP) be the category of acyclic complexes with projective components. It is
a Frobenius category whose projective-injectives are the contractible complexes,i.e. the
complexes homotopic to zero. The functorZ 0 : Acp(modP) ! modP which sends a
complex

� � � //X � 1 x � 1
//X 0 x0

//X 1 x1
//� � �

to the kernel of x0 is an exact functor. It sends the projective-injectives to projective-
injectives and induces a triangle equivalence betweenAcp(modP) and modP.
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De�nition 2.22. An object of Acp(modP) is called anS-complexif it is S-periodic, i.e.
if it has the following form:

� � � //P
u //Q v //R

w //SP
Su //SQ //� � � :

The category S-comp of S-complexes withS-periodic morphisms is a non full sub-
category of Acp(modP). It is a Frobenius category. The projective-injectives are the
S-contractibles, i.e. the complexes homotopic to zero with anS-periodic homotopy. Us-
ing the functor Z 0, we get an exact functor fromS-compto modP which induces a triangle
functor:

Z 0 : S-comp �! modP:

Fix a sequence as in theorem 2.21. Clearly, it induces for each object M of modP, a
functorial isomorphism in modP, � M : � 3M //SM :

Let Y be anS-complex,

Y : � � � //P
u //Q v //R

w //SP
Su //SQ //� � � :

Let M be the kernel ofu. Then Y induces an isomorphism� (in modP) between � 3M
and SM . If � is equal to � M , we will say that X is a � -S-complex.

Let M be an object ofmodP. The standard triangleTM can be seen as a �-S-complex:

� � � //X 0M //X 1M //X 2M //SX 0M //SX 1M //� � � :

The functor T which sends an objectM of modP to the S-complexTM is exact since
the X i are exact. It satis�es the relationZ 0 � T ' Idmod P : Moreover, as it preserves the
projective-injectives, it induces a triangle functor:

T : modP ! S-comp:

2.8.2 Properties of the functors Z 0 and T

Lemma 2.8.1. An S-complex which is homotopy-equivalent to a� -S-complex is a� -S-
complex.

Proof. Let X : P u //Q v //R w //SP be anS-complex homotopy-equivalent to the �-

S-complex X 0 : P0 u0
//Q0 v0

//R0 w0
//SP0. Let M be the kernel ofu and M 0 the kernel

of u0. By assumption, there exists aS-periodic homotopy equivalencef from X to X 0,
which induces a morphismg = Z 0f : M ! M 0. Thus, we get the following commutative
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diagram:

P //

f 0

��

Q //

f 1

��

R //

f 2

��

""""FF
FF

FF
FF

F SP

Sf 0

��

M

g

��

<<

<<yyyyyyyyy
� 3M

� //

� 3g

��

SM
::

::uuuuuuuuuu

Sg

��

P0 //Q0 //R0

""""EEE
EEE

EEE
//SP0:

M 0
<<

<<yyyyyyyyy
� 3M 0

� M 0

//SM 0
::

::uuuuuuuuuu

The morphismg is an isomorphism ofmodP sincef is an isomorphism ofS-comp. Thus
the morphisms � 3g and Sg are isomorphisms ofmodP. The following equality in modP

� = ( Sg)� 1� M 0� 3g = � M

shows that the complexX is a �- S-complex.

Lemma 2.8.2. Let

X : P
u //Q v //R

w //SP and X 0 : P0 u0
//Q0 v0

//R0 w0
//SP0

be two� -S-complexes. Suppose that we have a commutative square:

P
u //

f 0

��

Q

f 1

��
P0 u0

//Q0:

Then, there exists a morphismf 2 : R ! R0 such that(f 0; f 1; f 2) extends to anS-periodic
morphism from X to X 0.

Proof. Let M be the kernel ofu, M 0 be the kernel ofu0 and f : M ! M 0 be the morphism
induced by the commutative square. AsR and R0 are projective-injective objects, we can
�nd a morphism g2 : R ! R0 such that the following square commutes:

Q v //

f 1

��

R

g2

��
Q0 v0

//R0:
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The morphism g2 induces a morphismg : SM ! SM 0 such that the following square is
commutative in modP:

� 3M
� M //

� 3 f
��

SM
g

��
� 3M 0

� M 0 //SM 0:

Thus the morphismsSf and g are equal inmodP, i.e. there exists a projective-injective
I of modP and morphisms� : SM ! I and � : I ! SM 0 such that g � Sf = �� . Let p
(resp. p0) be the epimorphism fromR onto SM (resp. from R0 onto SM 0). Then, as I is
projective, � factors through p0.

Q v //

f 1

��

R
w //

p ####GGG
GGG

GGG
G

g2

��

SP

Sf 0

��

SM
::

::uuuuuuuuu

�
��

Sf

��

g

��

I

�

��




{{
Q0 v0

//R0

p0 ####GGG
GG

GGG
G

//SP0

SM 0
::

::uuuuuuuuu

We put f 2 = g2 � 
�p . Then obviously, we have the equalitiesf 2v = v0f 1 and
w0f 2 = Sf 0w. Thus the morphism (f 0; f 1; f 2) extends to a morphism ofS-comp.

Proposition 2.8.1. The functor Z 0 : � -S-comp �! modP is full and essentially sur-
jective. Its kernel is an ideal whose square vanishes.

Proof. The functor Z 0 is essentially surjective since we have the relationZ 0 � T = Idmod P :
Let us show that Z 0 is full. Let

X : P
u //Q v //R

w //SP and X 0 : P0 u0
//Q0 v0

//R0 w0
//SP0

be two �- S-complexes. LetM (resp. M 0) be the kernel ofu (resp. u0). As P, Q, P0 and
Q0 are projective-injective, there exist morphismsf 0 : P ! P0 and f 1 : Q ! Q0 such that
the following diagram commutes:

M // //

f
��

P
u //

f 0

��

Q

f 1

��
M 0 // //P0 u0

//Q0:
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Now the result follows from lemma 2.8.2.
Now let f : X ! X 0 be a morphism in the kernel ofZ 0. Up to homotopy, we can

suppose thatf has the following form:

P
u //

0
��

Q v //

0
��

R
w //

f 2

��

SP

0
��

P0 u0
//Q0 v0

//R0 w0
//SP0:

As the compositionw0f 2 vanishes and asQ0 is projective-injective, f 2 factors through
v0. For the same argument,f 2 factors through w. If f and f 0 are composable morphisms
of the kernel ofZ 0, we get the following diagram:

P
u //

0
��

Q v //

0
��

R
w //

f 2

��

h2

~~

SP

0
��

P0 u0
//

0
��

Q0

0
��

v0
//R0

f 02

��

w0
//SP0

0
��

h03

||
P00 u00

//Q00 v00
//R00 w00

//SP00:

The compositionf 0f vanishes obviously.

Corollary 2.23. A � -S-complex morphismf which induces an isomorphismZ 0(f ) in
modP is an homotopy-equivalence.

This corollary comes from the previous theorem and from the following lemma.

Lemma 2.8.3. Let F : C ! C 0 be a full functor between two additive categories. If the
kernel of F is an ideal whose square vanishes, thenF detects isomorphisms.

Proof. Let u 2 HomC(A; B ) be a morphism inC such that Fu is an isomorphism. Since
the functor F is full, there existsv in HomC(B; A ) such that Fv = ( Fu)� 1. The morphism
w = uv � IdB is in the kernel ofF , thus w2 vanishes. Then the morphismv(IdB � w)
is a right inverse ofu. In the same way we show thatu has a left inverse, sou is an
isomorphism.

Proposition 2.8.2. The category of� -S-complexes is equivalent to the category ofS-
complexes which are homotopy-equivalent to standard triangles.

Proof. Since standard triangles are� -S-complexes, eachS-complex that is homotopy
equivalent to a standard triangle is a �-S-complex (lemma 2.8.1).
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Let X : P
u //Q v //R

w //SP be a �- S-complex. Let M be the kernel ofu.
Then there exist morphismsf 1 : P ! X 0M and f 1 : Q ! X 1M such that the following
diagram is commutative:

M // //P
u //

f 0

��

Q

f 1

��
M // //X 0M //X 1M:

We can complete (lemma 2.8.2)f into an S-periodic morphism from X in TM . The
morphism f satis�es Z 0f = IdM , so Z 0(TM ) and Z 0(X ) are equal in modP. By the
corollary, TM and X are homotopy-equivalent. Thus the inclusion functorT is essentially
surjective.

These two diagrams summarize the results of this section:

�-S- comp �• full //S-comp
(Frobenius)

//

Z 0

(exact)

��

Acp(modP)
(Frobenius)

Z 0

(exact)

zzvvv
vvv

vvv
vvv

vvv
vvv

v

modP
(Frobenius)

T
(exact)

OO

T

ccHHHHHHHHHHHHHHHHHHHH

�-S- comp �• //S-comp
(triang.)

//

Z 0

(exact, full,
ess. surj.,
pr.2.8.1)

��

Acp(modP)
(triang.)

Z 0

(triangle
equivalence)

{{ww
ww

ww
ww

ww
ww

ww
ww

ww

modP
(triang.)

T
(triang.)

OO

T
(ess.surj.,
pr. 2.8.2)

ccFFFFFFFFFFFFFFFFFFFF

2.8.3 Proof of theorem 2.21

We are going to show that the �-S-complexes form a system of triangles of the category
P. We use triangle axioms as in [Nee01].

TR0 : For each objectM of P, the S-complex M M //0 //SM is homotopy-
equivalent to the zero complex, so is a �-S-complex.
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TR1 : Let u : P ! Q be a morphism ofP, and let M be its kernel. We can �nd
morphismsf 0 and f 1 so as to obtain a commutative square:

X 0M
a //

f 0

��

X 1M
b //

%%%%KKK
KKK

KKK
K

f 1

��

X 2M

M
::

::uuuuuuuuu
Cokera

99

99ssssssssss




��

P
u //Q

%%%%KKK
KKK

KKK
KK

M
::

::uuuuuuuuuu
Cokeru:

We form the following push-out:

0

PO

//Cokera //



��

X 2M

��

//SM //0

0 //Cokeru //R //SM //0:

It induces a triangle morphism of the triangulated categorymodP:

Cokera //



��

X 2M //

��

SM //� Cokera
� 


��
Cokeru //R //SM //� Cokeru:

The morphism 
 is an isomorphism inmodP sinceCokera and Cokeru are canonically
isomorphic to � 2M in modP. By the �ve lemma, X 2M ! R is an isomorphism inmodP.
SinceX 2M is projective-injective, so isR. Thus the complex P

u //Q //R //SP
is anS-complex. Then we have to see that it is a �-S-complex. Let� be the isomorphism
betweenSM and � 3M induced by this complex. We write� (resp. � ) for the canonical
isomorphism inmodP between � 2M and Cokera (resp. Cokeru). From the commutative
diagram:

Cokera //




��

X 2M //

��

SM //

� M

##GGG
GGG

GGG
� Cokera

� 


��

� 2M

�
99ssssssssss

�

%%KKK
KKK

KKK
K � 3M

� �
99rrrrrrrrrr

Cokeru //R //SM //

�

##HHH
HHH

HHH
� Cokeru

� 3M

� �
88rrrrrrrrrr
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we deduce the equality� = (� � )� 1� 
 � � � M = � M in modP. The constructedS-complex
is a �- S-complex.

TR2 : Let X : P
u //Q v //R

w //SP be a �- S-complex. It is homotopy-equivalent
to a standard triangle TM . Thus the S-complex

X 0 : Q
� v //R

� w //SP
� Su //SQ

is homotopy-equivalent toTM [1]. SinceT is a triangle functor, the objectsT� M and TM [1]
are isomorphic in the stable categoryS-comp, i.e. they are homotopy-equivalent. Thus,
by lemma 2.8.1,TM [1] is a �- S-complex and then so isX 0.

TR3 : This axiom is a direct consequence of lemma 2.8.2.

TR4 : Let X and X 0 be two �- S-complexes and suppose we have a commutative
diagram:

X : P u //

f 0

��

Q v //

f 1

��

R w //SP

Sf 0

��
X 0 : P0 u0

//Q0 v0
//R0 w0

//SP0:

Let M (resp. M 0) be the kernel ofu (resp. u0), and g : M ! M 0 the induced morphism.
The morphism Tg : TM ! TM 0 induces aS-complex morphism ~g = ( g0; g1; g2) between
X and X 0.

We are going to show that we can �nd a morphismf 2 : R ! R0 such that (f 0; f 1; f 2)
can be extended in anS-complex morphism that is homotopic to ~g. As (g0; g1) and (f 0; f 1)
induce the same morphismg in the kernels, we have some morphismsh1 : Q ! P0 and
h2 : R ! Q0 such that f 0 � g0 = h1u and f 1 � g1 = u0h1 + h2v: We put f 2 = g2 + v0h2.
We have the following equalities:

f 2v = g2v + v0h2v and w0f 2 = w0g2

= v0(g1 + h2v) = ( Sg0)w
= v0(f 1 � u0h1) = ( Sf 0 � Sh1Su)w
= v0f 1 = ( Sf 0)w

Thus (f 0; f 1; f 2) can be extended to anS-periodic morphism ~f which is S-homotopic to
~g. Their respective conesC( ~f ) and C(~g) are isomorphic asS-complexes. Moreover, since
~g is a composition ofTg : TM ! TM 0 with homotopy-equivalences, the conesC(~g) and
C(Tg) are homotopy-equivalent.

In modP, we have a triangle

M
g //M 0 //C(g) //� M:
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SinceT is a triangle functor, the sequence

TM
Tg //TM 0 //TC(g) //T� M

is a triangle in S-comp. But we know that

TM
T g //TM 0 //C(Tg) //TM [1]

is a triangle in S-comp. Thus the objectsC(Tg) and TC(g) are isomorphic inS-comp,
i.e. homotopy-equivalent. Thus, the coneC( ~f ) of ~f is a �- S-complex by lemma 2.8.1.

2.9 Application to the deformed preprojective alge-
bras

In this section, we apply the theorem 2.21 to show that the category of �nite dimensional
projective modules over a deformed preprojective algebra of generalized Dynkin type (see
[BES07]) is triangulated. This will give us some examples ofnon standard triangulated
categories with �nitely many indecomposables.

2.9.1 Preprojective algebra of generalized Dynkin type

Recall the notations of [BES07]. Let � be a generalized Dynkin graph of type An , Dn

(n � 4), En (n = 6; 7; 8), or Ln . Let Q� be the following associated quiver:

� = An (n � 1) : 0
a0 //1

a1 //
a0

oo 2
a1

oo n � 2
an � 2 //n � 1
an � 2

oo

� = Dn (n � 4) : 0
a0

��;;
;;

;;
;;

2
a2 //

a0

]];;;;;;;;

a1����
��

��
��

3
a2

oo n � 2
an � 2 //n � 1
an � 2

oo

1

a1

@@��������

� = En (n = 6; 7; 8) : 0

a0

��
1

a1 //2
a1

oo
a2 //3
a2

oo
a3 //

a0

OO

4
a3

oo n � 2
an � 2 //n � 1
an � 2

oo
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� = Ln (n � 1) : 0� = � 99
a0 //1

a1 //
a0

oo 2
a1

oo n � 2
an � 2 //n � 1
an � 2

oo :

The preprojective algebraP(�) associated to the graph � is the quotient of the path
algebrakQ� by the relations:

X

sa= i

aa; for each vertexi of Q� .

The following proposition is classical [BES07, prop 2.1].

Proposition 2.9.1. The preprojective algebraP(�) is �nite dimensional and sel�njective.
Its Nakayama permutation� is the identity for � = A1, D2n , E7, E8 and Ln , and is of
order 2 in all other cases.

2.9.2 Deformed preprojective algebras of generalized Dynk in
type

Let us recall the de�nition of deformed preprojective algebra introduced by [BES07]. Let
� be a graph of generalized Dynkin type. We de�ne an associated algebra R(�) as
follows:

R(An ) = k;
R(Dn ) = khx; yi =(x2; y2; (x + y)n� 2);
R(En ) = khx; yi =(x2; y3; (x + y)n� 3);
R(Ln ) = k[x]=(x2n ):

Further, we �x an exceptional vertex in each graph as follows(with the notations of the
previous section):

0 for � = An or Ln ;
2 for � = Dn ;
3 for � = En :

Let f be an element of the squarerad2R(�) of the radical of R(�). The deformed
preprojective algebraP f (�) is the quotient of the path algebra kQ� by the relations:

X

sa= i

aa; for each non exceptional vertexi of Q,

and

a0a0 for � = An ;
a0a0 + a1a1 + a2a2 + f (a0a0; a1a1); and (a0a0 + a1a1)n� 2 for � = Dn ;
a0a0 + a2a2 + a3a3 + f (a0a0; a2a2); and (a0a0 + a2a2)n� 3 for � = En ;
� 2 + a0a0 + �f (� ); and � 2n for � = Ln :

Note that if f is zero, we get the preprojective algebraP(�).
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2.9.3 Corollaries of [BES07]

The following proposition [BES07, prop 3.4] shows that the category projP f (�) of �nite-
dimensional projective modules over a deformed preprojective algebra satis�es the hy-
pothesis of theorem 2.21.

Proposition 2.9.2. Let A = P f (�) be a deformed preprojective algebra. Then there
exists an exact sequence ofA-A-bimodules

0 //
1A � � 1 //P2

//P1
//P0

//A //0;

where� is an automorphism ofA and where thePi 's are projective as bimodules. More-
over, for each idempotentei of A, we have�( ei ) = e� (i ) .

So we can easily deduce the corollary:

Corollary 2.24. Let P f (�) be a deformed preprojective algebra of generalized Dynkin
type. Then the categoryprojP f (�) of �nite dimensional projective modules is triangulated.
The suspension is the Nakayama functor.

Indeed, ifPi = ei A is a projective indecomposable, thenPi 
 A A � is equal to �( ei )A =
e� (i )A thus to � (Pi ).

Now we are able to answer to the question of the previous part and �nd a triangulated
category with �nitely many indecomposables which is not standard. The proof of the
following theorem comes essentially from the theorem [BES07, thm 1.3].

Theorem 2.25. Let k be an algebraically closed �eld of characteristic2. Then there
exist k-linear triangulated categories with �nitely many indecomposables which are not
standard.

Proof. By theorem [BES07, thm 1.3], we know that there exist basic deformed preprojec-
tive algebras of generalized Dynkin typeP f (�) which are not isomorphic to P(�). Thus
the categoriesprojP f (�) and projP(�) can not be equivalent. But both are triangulated
by corollary 2.24 and have the same AR-quiverZ� =� = Q� .

Conversely, we have the following theorem:

Theorem 2.26. Let T be a �nite 1-Calabi-Yau triangulated category. ThenT is equiv-
alent to proj� as k-category, where� is a deformed preprojective algebra of generalized
Dynkin type.

Proof. Let M1; : : : ; Mn be representatives of the isoclasses of indecomposable objects of
T . The k-algebra � = End(

L n
i =1 M i ) is basic, �nite-dimensional and sel�njective sinceT

has a Serre duality. It is easy to see thatT and proj� are equivalent as k-categories.
Let mod� be the category of �nitely presented �-modules. It is a Frob enius category.

Denote by � the suspension functor of the triangulated category mod�. The category T
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is 1-Calabi-Yau, that is to say that the suspension functorS of the triangulated category
T and the Serre functor� are isomorphic. But in mod�, the functors S and � 3 are
isomorphic. Thus, for each non projective simple �-moduleM we have an isomorphism
� 3M ' �M . By [BES07, thm 1.2], we get immediately the result.
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Chapitre 3

Appendice

Exemple des complexes parfaits

Les hypoth�eses du th�eor�eme 2.21 peuvent parâ�tre tr�esfortes. Dans cette partie nous
allons voir l'exemple d'une cat�egorie triangul�ee dont lastructure provient d'une suite
exacte de foncteurs.

G�en�eralit�es sur les cat�egories de modules

Soient C et D deux cat�egories additives dans lesquelles les idempotents se scindent.
Soit i : C ! D un foncteur pleinement �d�ele. Le foncteur de Yoneda

Yon : C ! modC
C 7! HomC(?; C)

est un foncteur pleinement �d�ele de la cat�egorieC dans la cat�egoriemodC. La cat�egorie
C peut être vue comme la sous-cat�egorie pleine des projectifs demodC.

Le foncteur i induit imm�ediatement un foncteur restriction :

R : modD ! modC
F 7! F � i:

Remarquons que siD est un objet deD vue comme sous-cat�egorie demodD alors RD =
HomD (i?; D) n'est pas forc�ement un foncteur repr�esentable, donc pasforc�ement un objet
de C.

Un objet F de modC est un foncteur de pr�esentation projective �nie, donc on peut
�ecrire une suite exacte :

HomC (?; C1) //HomC(?; C2) //F //0:

Notons LF le conoyau du morphisme de foncteur :

HomD (?; iC1) //HomD (?; iC2):

81
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Ceci nous donne un foncteurL : modC ! modD tel que L jC = i . Ceci se r�esume en un
diagramme :

C �• Yon //•_

i

��

modC

L

��
D �• Yon //modD:

R

OO

Lemme 3.0.1. Les propri�et�es suivantes sont v�eri��ees :
{ Le foncteur L est pleinement �d�ele.
{ Le foncteur R est exact.
{ Le foncteur L est adjoint �a gauche deR.
{ R � L ' Idmod C

D�emonstration.
{ Soient F et G deux objets demodC. Notons C1 et C2 (resp. C0

1 et C0
2) des objets de

C tels queF (resp. G) soit le conoyau d'un morphismeC1 ! C2 (resp. C0
1 ! C0

2).
Alors se donner un morphisme deF dansG revient exactement �a se donner un carr�e
commutatif :

C1
//

��

C2

��
C0

1
//C0

2:

Mais le foncteur i est pleinement �d�ele donc tout revient �a se donner un carr�e
commutatif :

iC1
//

��

iC2

��
iC 0

1
//iC 0

2;

ce qui est encore �equivalent �a se donner un morphisme deLF dansLG.
{ La seconde propri�et�e est �evidente.
{ Soit F un objet demodC et G un objet demodD. On veut montrer l'isomorphisme

suivant :
Hommod D (LF; G) ' Hommod C(F; RG):

Soient C1 ! C2 ! F ! 0 et D1 ! D2 ! G ! 0 des pr�esentations projectives.
Elles induisent les suites exactesiC1 ! iC2 ! LF ! 0 et RD 1 ! RD 2 ! RG ! 0
car R est exact. Il su�t donc de prouver que pour tout objet C de C et pour tout
objet D de D, on a un isomorphisme :

Hommod D (iC; D ) ' Hommod C(C; RD):



83

La cat�egorie D est une sous-cat�egorie pleine demodD donc le terme de gauche
est �egal �a HomD (iC; D ). Par d�e�nition RD est �egal �a HomD (i?; D). Se donner un
morphisme demodC de C dans RD , c'est se donner un morphisme deHomC(?; C)
dansHomD (i?; D). Mais commei est pleinement �d�ele, on a un isomorphisme entre
HomC(?; C) et HomD (i?; iC ). En utilisant maintenant le fait que le foncteur Yon est
pleinement �d�ele, tout ceci revient �a se donner un morphisme entre iC et D dans
D, ce qu'on voulait.

{ La derni�ere propri�et�e est une cons�equence directe desautres.

Lemme 3.0.2. Soit F un objet demodC tel queLF soit dansD. Alors F est un objet
de C.

D�emonstration. Soit C1 ! C2 ! F ! 0 une pr�esentation projective deF . On a alors le
suite exacteiC1 ! iC2 ! LF ! 0. Par hypoth�ese, l'objet LF est projectif, donc il existe
une section deLF dans iC2. En appliquant R on trouve une section deF dans C2. Le
foncteur F est alors un facteur direct d'un projectifC2 car les idempotents se scindent,
donc F est projectif.

Complexes parfaits

Soit A une k-alg�ebre di��erentielle gradu�ee. Dans toute la suite, sauf mention du
contraire, les produits tensoriels seront surk. La cat�egorie descomplexes parfaitsperA
est la sous-cat�egorie triangul�ee de la cat�egorie d�eriv�ee DA stable par passage aux fac-
teurs directs et engendr�ee par le module libreA A. Nous supposerons queperA admet une
dualit�e de Serre et nous noterons � le foncteur suspension de la cat�egorieperA qui n'est
autre que le foncteur d�ecalage.

L'objet de ce paragraphe est de d�emontrer le th�eor�eme suivant :

Th�eor�eme 3.1. Il existe une suite exacte de foncteurs demod(perA) dansmod(perA) :

0 //Idmod (per A) //X 0 //X 1 //X 2 //� //0;

o�u les X i sont des foncteurs exacts �a valeurs dans les projectifs.
La structure de cat�egorie triangul�ee qui en d�ecoule est la structure naturelle deperA.

Lemme 3.0.3. Le foncteur suivant

(perA)op 
 perA ! per(Aop 
 A)
(P; Q) 7! P� 
 Q;

o�u P� = RHomA (P; A), est pleinement �d�ele.
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D�emonstration. Soient P; P0 ; Q ; Q0 des objets deperA. Le foncteur suivant est une
�equivalence de cat�egorie :

(perA)op ! per(Aop)
P 7! P�

De l�a, on d�eduit donc les isomorphismes suivants :

Hom(per A)op 
 per A ((P; Q); (P0; Q0)) ' Hom(per A)op (P; P0) 
 Homper A (Q; Q0)
' Homper (A op )(P� ; P0�) 
 Homper A (Q; Q0):

Notons F (resp. G) le multifoncteur Homper A (?; ?) 
 Homper A (?; ?) (resp.
Homper (A op 
 A )(?
 ?; ?
 ?)) de per(Aop) � perA � per(Aop) � perA dans Dk. Les multi-
foncteurs F et G sont multitriangul�es et additifs. De plus on a un isomorphisme entre
F (Aop; A; A op; A) et G(Aop; A; A op; A). La �n de la preuve d�ecoule directement du lemme
suivant.

Lemme 3.0.4. Soient F et G deux foncteurs additifs et triangul�es deperA dans Dk.
Supposons qu'on ait un morphisme de de foncteur� : F ! G tel que� A : FA ! GA est
un isomorphisme, alors� est un isomorphisme de foncteurs.

D�emonstration. Les foncteursF et G sont triangul�es, donc � est un isomorphisme pour
tous les d�ecal�es deA.

Supposons que pour des objetsX et Y de perA, le morphisme �X � Y soit un isomor-
phisme. Alors, commeF et G sont additifs, on a le carr�e commutatif

F (X � Y)
� X � Y //

��

G(X � Y)

��
FX � FY 2

4
a b
c d

3

5

//GX � GY;

o�u toutes les 
�eches sont des isomorphismes. Les carr�es suivants sont commutatifs :

FX

2

4
1
0

3

5

//

� X

��

FX � FY
2

4
a b
c d

3

5

��

h
0 1

i

//FY

� Y

��
GX 2

4
1
0

3

5

//GX � GY h
0 1

i //GY:
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De l�a, il vient que la matrice
�

a b
c d

�
est �egale �a la matrice

�
� X 0
0 � Y

�
. Comme c'est

un isomorphisme, �X et � Y sont des isomorphismes.
En�n, si X //Y //Z //� X est un triangle deperA et que � X et � Z sont

des isomorphismes, le lemme des cinq nous dit que �Y est aussi un isomorphisme. Comme
la cat�egorie perA est la sous-cat�egorie triangul�ee deDA engendr�ee parA et stable par
passage aux facteurs directs, � est bien un isomorphisme de foncteurs.

Les r�esultats du paragraphe pr�ec�edent nous donnent l'existence des foncteursL et R
adjoints. La cat�egoriemod(per(Aop
 A)) est de Frobenius comme cat�egorie de modules sur
une petite cat�egorie triangul�ee. La cat�egoriemod((perA)op 
 perA) est aussi de Frobenius
car nous avons suppos�e queperA admettait un foncteur de Serre. On a donc le diagramme
suivant :

(perA)op 
 perA �• Yon //
•_

(plein. �d.)

��

mod((perA)op 
 perA)
(Frobenius)

L
(exact,

plein. �d.)
(adj.)

��

per(Aop 
 A) �• Yon //mod(per(Aop 
 A))
(Frobenius)

:

R
(exact)

OO

Lemme 3.0.5. La cat�egorie des foncteurs exacts �a droite demod(perA) dansmod(perA)
est �equivalente �a la cat�egorie mod((perA)op 
 perA).

D�emonstration. Soit F un objet de mod((perA)op 
 perA), alors F est un foncteur :

F : (perA)op 
 perA ! modk
(P; Q) 7! F (P; Q)

:

Regardons le foncteur suivant :

~F : perA ! mod(perA)
P 7! (Q 7! F (P; Q))

Ce foncteur se prolonge surmod(perA) en un foncteur exact �a droite de mani�ere unique.
R�eciproquement, si G est un foncteur exact �a droite demod(perA) dans lui même,

alors le foncteur ~G : (P; Q) 7! GP (Q) est un �el�ement de mod((perA)op 
 perA). On a
donc une �equivalence de cat�egorie.

Montrons maintenant le th�eor�eme 3.1.
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D�emonstration. Le foncteurIdmod (per A) correspond au bifoncteurHomper A (?; � ) par l'�equivalence
du lemme pr�ec�edent. Prenons une copr�esentation injective de ce foncteur dansmod((perA)op

perA). On a alors une suite exacte de la forme :

0 //Idmod (per A) //
L

i (Pi ; Qi ) //
L

j (Pj ; Qj )

Les objets
L

i (Pi ; Qi ) et
L

j (Pj ; Qj ) peuvent être vus comme des objets de (perA)op
 perA
puisque ce sont des projectifs-injectifs demod((perA)op
 perA). Si on applique le foncteur
exact L �a cette suite exacte, on obtient :

0 //LId mod (per A) //
L

i (Pi� 
 Qi ) //
L

j (Pj � 
 Qj ) :

Les objets
L

i (Pi� 
 Qi ) et
L

j (Pj � 
 Qj ) sont dans per(Aop 
 A) qui est triangul�ee.
Formons donc un triangle dansper(Aop 
 A) en utilisant l'axiome TR1 :

L
i (Pi� 
 Qi ) //

L
j (Pj � 
 Qj ) //X //�

L
i (Pi� 
 Qi ):

L'objet X est un objet deper(Aop 
 A). Appliquons le foncteur exactR �a ce triangle, on
obtient : L

i (Pi ; Qi ) //
L

j (Pj ; Qj ) //RX //�
L

i (Pi ; Qi ):

On obtient de cette mani�ere une suite exacte :

0 //Idmod (per A) //
L

i (Pi ; Qi ) //
L

j (Pj ; Qj ) //RX //� //0:

L'objet RX est dansmod((perA)op
 perA). On voudrait montrer qu'il est dans (perA)op

perA, c'est �a dire projectif en tant que bimodule. R�e-appliquons le foncteurL �a la suite
pr�ec�edente :

L
i (Pi� 
 Qi ) //

L
j (Pj � 
 Qj ) //LRX //

��

�
L

i (Pi� 
 Qi )

L
i (Pi� 
 Qi ) //

L
j (Pj � 
 Qj ) //X //�

L
i (Pi� 
 Qi ):

Le morphismeLRX ! X est le morphisme d'adjonction. C'est un isomorphisme par
le lemme des cinq. On peut alors utiliser le lemme 3.0.2 pour conclure queRX est un
objet de (perA)op 
 perA donc projectif en tant que bimodule. Vu comme un foncteur de
mod(perA) dans mod(perA), il envoie tout module dans les projectifs-injectifs.

Le th�eor�eme 2.21 nous donne une structure de cat�egorie triangul�ee sur perA. V�eri�ons
que cette structure correspond �a la structure classique. Commen�cons par �enoncer un
r�esultat imm�ediat :
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Lemme 3.0.6. Si P //Q //R //� P est un triangle deper(Aop 
 A) alors pour
tout objet M de perA, la suite

M 
 A P //M 
 A Q //M 
 A R //�( M 
 A P)

est un triangle deperA.

La suite exacte d'objets demod((perA)op 
 perA) que l'on vient de construire

0 //Id //X 0 //X 1 //X 2 //� //0

est telle que
LX 0 //LX 1 //LX 2 //� LX 0

est un triangle deper(Aop 
 A). Donc d'apr�es le lemme ci-dessus,

M 
 A LX 0 //M 
 A LX 1 //M 
 A LX 2 //�( M 
 A LX 0)

est un triangle deperA. Les "triangles standards" du th�eor�eme 2.21 sont les �-complexes
de la forme

X 0M //X 1M //X 2M //� X 0M :

Il su�t donc de v�eri�er qu'on a un isomorphisme :

X 0M ' M 
 A LX 0:

L'objet X 0 est un �el�ement de (perA)op 
 perA, supposons qu'il soit de la forme (P; Q)
avecP et Q dans perA. Alors vu comme un foncteur de (perA)op 
 perA dans modk le
foncteur X 0 s'�ecrit Hom(per A)op 
 per A (?; (P; Q)). On en tire les �egalit�es suivantes :

X 0M = Hom(per A)op 
 per A ((M; ?); (P; Q))
= HomperA (P; M ) 
 Homper A (?; Q)

:

De l'autre côt�e on a les �egalit�es :

M 
 A LX 0 = Homper A (?; M 
 A (P� 
 Q))
= Homper A (?; (M 
 A HomperA (P; A)) 
 Q)
= Homper A (?; Homper A (P; M ) 
 Q)
= Homper A (P; M ) 
 Homper A (?; Q)

:

De l�a, on d�eduit le th�eor�eme 3.1.
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Chapter 4

Construction of a Serre functor in a
quotient category

4.1 Bilinear form in a quotient category

Let k be a �eld. Let T be ak-linear triangulated category andN a thick subcategory of
T (i.e. a triangulated subcategory stable under taking direct summands). We denote by
[1] the suspension functor ofT . We assume that there is an auto-equivalence� in T such
that � (N ) � N . Moreover we assume that for eachN in N and eachX in T there is a
bifunctorial non degenerate bilinear form:

� N;X : T (N; X ) � T (X; �N ) �! k:

4.1.1 The quotient category T =N

The objects of the categoryT =N are the objects of the categoryT . Given two objects
X and Y in T , the morphisms fromX to Y in T =N are given by equivalence classes of
diagrams:

s� 1 � f : X

f ��@@
@@

@@
@@

Y

s
••••

••
••

••

Y 0

wheref and s are morphisms inT and where the cone ofs is in N .

89
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Two diagramss� 1 � f and s0� 1 � f 0 are equivalent if there exists a diagram

Y 00

��
X

f !!BB
BB

BB
BB

f 0
==||||||||
//Z Yt

oo

s~~||
||

||
||

s0
`B̀BBBBBBB

Y 0

OO

where all `triangles' commute and where the cone oft is in N .
If s� 1 � f : X ! Y and s0� 1 � g : Y ! Z are morphisms inT =N , then the composition

(s0� 1 � g) � (s� 1 � f ) is de�ned as follows:
Denote byM the cone ofs, and let Z 00be the object inT such that there is a triangle

morphisms

Y
s //

g

��

Y 0 //

f 0

��

M //Y[1]

g[1]
��

Z 0 s00
//Z 00 //M //Z 0[1]:

It yields the following diagram:

X
f

  AA
AA

AA
AA

Y

s}}||
||

||
|| g

!!BB
BB

BB
BB

Z

s0~~~~
~~

~~
~

Y 0

f 0

!!BB
BB

BB
BB

Z 0

s00}}||
||

||
||

Z 00

:

Then the composition (s0� 1 � g) � (s� 1 � f ) is de�ned by (s" s0)� 1 � f 0f . Note that the
cones ofs0 and s are in N , so by the octahedral axiom, the cone of the compositions00s0

is also inN .
It is now classical to check that this composition is well-de�ned on the equivalence

classes of diagrams and that it is associative. ThusT =N is a k-category.
Moreover, the categoryT =N is naturally triangulated and there is an exact sequence

of triangulated categories

0 //N
I //T

P //T =N //0

whereI and P are triangle functors.

Lemma 4.1.1. A morphism f : X ! Y is in the kernel ofP if and only if it factorizes
through an object ofN .
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Proof. Let f : X ! Y be a morphism inT which factorizes through an objectN in N .
Then we have the following commutative diagram:

Y

X

0

<<xxxxxxxxxxxxx

f
""FF

FF
FF

FF
FF

FF
F

�
0
g

�

//Y � N

( 1 0 )

OO

( 1 h )

��

Y

FFFFFFFFFFFFF

FFFFFFFFFFFFF

xx
xx

xx
xx

xx
xx

x

xx
xx

xx
xx

xx
xx

x( 1
0 )

oo

Y

wheref = h� g is the factorization off through N . Thus the image off in T =N vanishes.
Conversely, letf : X ! Y be a morphism inT such that its image inT =N vanishes.

It means that there exists a commutative diagram:

Y

X

0
>>~~~~~~~~

f   AA
AA

AA
A

g //Z

t

OO

u
��

Y:

AAAAAAA

AAAAAAA

~~
~~

~~
~~

~~
~~

~~
~~

s
oo

Y

The composition t � s is the identity of Y, so Z decomposes inY � Cone(s). But by
de�nition, the cone of s is in N . Finally, the previous diagram can be written:

Y

X

0

<<xxxxxxxxxxxxx

f
""FF

FF
FF

FF
FF

FF
F

�
0
g2

�

//Y � N

( 1 t2 )

OO

( 1 h )

��

Y

FFFFFFFFFFFFF

FFFFFFFFFFFFF

xx
xx

xx
xx

xx
xx

x

xx
xx

xx
xx

xx
xx

x( 1
s2

)
oo

Y

Thus f is the composition h � g2, and sinceN = Cone(s) is in N , the morphism f
factorizes through an object ofN .

4.1.2 Construction of a bilinear form in T =N

Let X and Y be objects in T . The aim of this section is to construct a bifunctorial
bilinear form:

� 0
X;Y : T =N (X; Y ) � T =N (Y; �X [� 1]) �! k:
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Let s� 1 � f : X ! Y and t � 1 � g : Y ! �X [� 1] be two morphisms inT =N . As we saw
previously, we can construct a diagram

X

f ��??
??

??
??

Y

s
{{vvv

vvv
vvv

vv

g &&MMMMM
MMM

MMMM
�X [� 1]

tyyrrr
rrr

rrr
r

�u [� 1]

ss

Y 0

##HHH
HHH

HHH
H �X 0[� 1]

xxqqqqqqq
qqq

�X 00[� 1]

:

Denote by N [1] the cone ofu. It is in N sinceN is � -stable. Thus we get a diagram of
the form:

N //

v
//

X
u //

f
��

X 00 //N [1]

Y 0

��

w

��
�X [� 1]

�u [� 1]
//�X 00[� 1] //�N //�X;

where the two horizontal rows are triangles ofT . Then we de�ne � 0
X;Y as follows:

� 0
X;Y (s� 1 � f; t � 1 � g) = � N;Y 0(v; w):

Lemma 4.1.2. The form � 0 is well-de�ned.

Proof. Let X and Y two objects ofT . We have to show that if two fractionss� 1
1 � f 1 and

s� 1
2 � f 2 are equal, then we have

� 0
X;Y (s� 1

1 � f 1; t � 1 � g) = � 0
X;Y (s� 1

2 � f 2; t � 1 � g):

We can assume that there exists such a commutative diagram:

Y2

X

f 2
>>}}}}}}}

f 1   AA
AA

AA
A Y

s2
`@̀@@@@@@

s1~~~~
~~

~~
~

Y1

'

OO

For i = 1; 2 let M i be the cone off i : X ! Yi . Then ' induces immediately a morphism
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m : M1 ! M2. Then we get the following commutative diagram:

M2 = Cone(s2) �X 00
2 [� 1]

Y2

;;vvvvvvvvvv

ffMMMMMMMMMMMM
�X 0[� 1]

s00
2

ffMMMMMMMMMM

X

f 1
&&MMM

MMMM
MMMM

MMM

f 2

88qqqqqqqqqqqqqq
Y

s2

ccHHHHHHHHHHH

s1
{{vvv

vvv
vvv

vv

g
88qqqqqqqqqqqq

g

&&MMM
MMM

MMM
MMM

�X [� 1]
t

eeLLLLLLLLLL

tyyrrr
rrr

rrr
r

�u 2 [� 1]

kk

�u 1 [� 1]

ss

Y1

##HHH
HHH

HHH
H

'

OO

xxqqqqqqqqqqqq
�X 0[� 1]

s00
1

xxqqqqqqqq
qq

M1 = Cone(s1)

m

EE

�X 00
1 [� 1]

 

EE
:

But M i is also the cone ofs00
i : �X 0[� 1] ! �X 00

i [� 1], som induces a morphism

 : �X 00
1 [� 1] ! �X 00

2 [� 1]:

Now, if we denote byN i [1] the cone ofui : X ! X 00
i , the morphism  induces a

morphism n : N1 ! N2 such that the following diagram commutes:

N1
v1 //

n
��

Y1
w1 //

'
��

�N 1

�n
��

N2
v2 //Y2

w2 //�N 2

:

Since the form � is bifunctorial, we have immediately the equality � N1 ;Y1 (v1; w1) =
� N2 ;Y2 (v2; w2). By de�nition � 0

X;Y (s� 1
i � f i ; t � 1 � g) is equal to � N i ;Yi (vi ; wi ). Thus we

get the equality:
� 0

X;Y (s� 1
1 � f 1; t � 1 � g) = � 0

X;Y (s� 1
2 � f 2; t � 1 � g):

We can show similary that� 0 is well-de�ned on the second factor.

Lemma 4.1.3. The form � 0 is bilinear and bifunctorial.

Proof. These two properties come directly by the construction of� 0 and by the bilinearity
and bifunctoriality of � .

4.1.3 Cluster category of an hereditary algebra

Let A be a �nite dimensional hereditary k-algebra. Denote byB the dg-algebraA �
DA [� 3]. The cluster categoryCA is the orbit category Db(modA)=� [� 2] where � =
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?
L

 A DA is the Serre functor ofDb(modA). By [Kel05], it is triangle equivalent to the

quotient category Db(B )=perB . The category perB is 3-Calabi-Yau, and there is even
such a duality: for X in Db(B ) and N in perB , there is an isomorphism (see chapter 1)

HomDB (N; X ) ! DHomDB (X; N [3]):

Thus, by the last section, it is possible to construct a bifunctorial bilinear form

� 0
XY : CA (X; Y ) � C A (Y; X [2]) ! k

on the cluster categoryCA . But in the other hand, the cluster category is 2-Calabi-Yau.
Thus there is a bifunctorial duality

� XY : CA (X; Y ) � C A (Y; X [2]) ! k

We show in this section that the bilinear form� 0 constructed on the quotientDb(B )=perB
coincide with � .

Recall by chapter 1, that the morphismsA
i //B

p //A induce the following ad-
joint functors:

DbB
i �

��

and DbA
p�

��
DbA

i � = �
L

 A B

OO

DbB:

p� �
L

 B A

OO

Let X and Y be two A-modules. The exact sequence ofA-B-bimodules

0 //DA [� 3] � //B
p //A //0

induces a canonical triangle inDbB

p� (�X [� 3]) u //i � X
v //p� X w //p� (�X [� 2])

Let f : X ! Y and g : Y ! �X be morphisms inDbA. We have the following diagram

X
L

 A B

v //p� X w //

p� f

��

p� (�X [� 2]) //X
L

 A B[1]

p� Y

p� g

��
p� X [2] //p� (�X )

u[3] //X
L

 A B[3] //p� (X [3]);
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Since i � X = X
L

 A B is an object ofperB , by de�nition of � 0, we have� 0(p� f; p � g) =

� (p� f � v; u[3] � p� g).
The morphism v is induced by the morphismp : B ! A of A-B-bimodules. The

morphism u[3] is induced by�[3] : DA ! B [3] which is also equal to the composition
Dp : DA ! DB ' B [3]. Then the equality � (p� f � p; Dp � p� g) = � (f; g ) comes directly
by the following lemma.

Lemma 4.1.4. Let A and B be k-algebras, andp : B ! A a morphism of B-module,
then the following diagram commutes:

HomB (A; DA ) //

�
��

k

HomB (B; DB )

99rrrrrrrrrrrr

where the application� is given by� (f ) = Dp � f � p and where the other two arrows are
standard duality.

4.2 Non-degeneracy

In this section, we �nd conditions onX and Y such that the bilinear form � 0
XY is non-

degenerate.

De�nition 4.1. Let X and Y be objects inT . A morphism p : N ! X is called alocal
N -cover of X relative to Y if N is in N and if it induces an exact sequence:

0 //T (X; Y )
p�

//T (N; Y ):

Let Y and Z be objects inT . A morphism i : Z ! N 0 is called alocal N -envelope of
Z relative to Y if N 0 is in N and if it induces an exact sequence:

0 //T (Y; Z)
i � //T (Y; N0):

Theorem 4.2. Let X and Y be objects ofT . If there exists a localN -cover ofX relative
to Y and a localN -envelope of�X relative to Y, then the bilienar form� 0

XY constructed
in the previous section is non-degenerate.

Proof. Let f : X ! Y be a morphism inT whose image inT =N is in the kernel of � 0.
We have to show that it factorizes through an object ofN .

Let p : N ! X be a localN -cover ofX relative to Y, and let X 0 be the cone ofp. The
morphism f is in the kernel of� 0. Thus for each morphismg : Y ! �N which factorizes
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through �X 0[� 1], � (fp; g) vanishes.

N
p //X //

f
��

X 0 //N [1]

Y

���
�
�

g

$$III
III

III
II

�X [� 1] //�X 0[� 1] //�N //�X

This means that the linear form� (fp; ?) vanishes on the image of the morphism

T (Y; �X 0[� 1]) �! T (Y; �N ):

This image is canonically isomorphic to the kernel of the morphism

T (Y; �N ) �! T (Y; �X ):

Let �i : �X ! �N 0 be a localN -envelope of�X relative to Y. Then the sequence

0 //T (Y; �X ) //T (Y; �N 0)

is exact. Therefore, the form� (fp; ?) vanishes onKer(T (Y; �N ) �! T (Y; �N 0)) :

N
p //X //

f

��

i

!!DD
DD

DD
DD

X 0 //N [1]

N 0

||y
y

y
y

Y
g

��
�X 0[� 1] //�N //

..

�X
�i

""EEE
EEE

EEE
//�X 0

�N 0

Now, � is non-degenerate on

Coker(T (N 0; Y) �! T (N; Y )) � Ker(T (Y; �N ) �! T (Y; �N 0)) :

Thus the morphismfp lies on

Coker(T (N 0; Y) �! T (N; Y ));

that is to say that fp factorizes throughip. Sincep : N ! X is a localN -cover ofX , f
factorizes throughN 0.
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Proposition 4.2.1. Let X and Y be objects inT . If for each N in N the vector spaces
T (N; X ) and T (Y; N) are �nite-dimensional, then the existence of a localN -cover of X
relative to Y is equivalent to the existence of a localN -envelope ofY relative to X .

Proof. Let g : N ! X be a localN -cover ofX relative to Y. It induces an injection

0 //T (X; Y )
g�

//T (N; Y ):

The spaceT (N; Y ) is �nite dimensional by hypothesis. Fix a basis (f 1; f 2; : : : ; f r ) of this
space. This space is in duality with the spaceT (Y; �N ). Let ( f 0

1; f 0
2; : : : ; f 0

r ) the dual basis
of the basis (f 1; f 2; : : : ; f r ). We show that the morphism

Y
(f 0

1 ;:::;f 0
r ) //

L r
i =1 �N

is a localN -envelope ofY relative to X . We have a commutative diagram:

T (X; Y )
��
g�

��

(f 0
1 ;:::;f 0

r ) � //
L

T (X; �N )

g�

��
T (N; Y )

(f 0
1 ;:::;f 0

r ) � //
L

T (N; �N ):

If f is in the kernel of (f 0
1; : : : ; f 0

r )� , then for all i = 1; : : : ; r , the morphism f 0
i � f � g is

zero. Thusf � g is orthogonal on the vectors of the basisf 0
1; : : : ; f 0

r and therefore vanishes.
But since g is a localN -cover ofX relative to Y, f is zero, and the morphism

T (X; Y )
(f 0

1 ;:::;f 0
r ) � //

L
T (X; �N )

is injective. Therefore, the morphism

Y
(f 0

1 ;:::;f 0
r ) //

L r
i =1 �N

is a localN -envelope ofY relative to X . The proof of the converse is dual.

4.3 Examples

This section is dedicated to examples where the hypothesis of theorem 4.2 are satis�ed.

4.3.1 Stable category

Let A be a �nite dimensional self-injectivek-algebra. Denote byT the derived category
Db(modA) and by N the triangulated category perA. Since A is �nite dimensional,
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there is an inclusionN � T . Moreover A is self-injective so of in�nite global dimension.
Therefore the inclusion is strict. From [KV87], there is an exact sequence of triangulated
categories:

0 //perA //Db(modA) //modA //0:

The derived categoryDb(modA) admits a Serre functor� =?
L

 A DA which stabilizes

perA. Thus there is an induced functor in the quotientmodA that we will also denote
by � . Let � be the suspension of the categorymodA which comes directly from the
suspension [1] ofDb(modA). Then we have the following proposition:

Proposition 4.3.1. The functor � � 1 � � is a Serre functor for the stable categorymodA.

Proof. We have to check that modA satis�es the hypothesis of theorem 4.2. Since
Db(modA) is Hom-�nite, by proposition 4.2.1, it is su�cient to show the existence of
local N -covers. LetX and Y be in Db(modA). We can assume thatX co�brant, i.e.

X : � � � //P� 2 //P� 1 //P0
//P1

//� � � //Pm
//0 //� � �

where thePi are projective. We can also assume thatY is of the form:

� � � 0 //0 //Y0
//Y1

//� � � Yn� 1 //Yn
//0 //� � �

Now let N be the stupid truncation of X in degrees� 0.

N : � � � //0 //

��

P0
//P1

//� � � //Pn
//Pn+1 //� � �

X : � � � //P� 1

��

//P0

��

//P1
//

��

� � � //Pn

��

//Pn+1
//

��

� � �

Y : � � � //0 //Y0
//Y1

//� � � //Yn
//0 //� � �

It is then obvious that there is an exact sequence

0 //T (X; Y ) //T (N; Y ):

SinceN is left bounded with projective components,N is perfect, and there exist local
N -covers.

Thus by theorem 4.2, the stable categorymodA = Db(modA)=perA admits a Serre
functor induced by the functor � � [� 1] of the derived categoryDb(modA).
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Note that we could see directly, givenM and N in modA, that there is a duality
betweenHomA (M; N ) and HomA (N; � � 1�M ). Let

� � � //P� 2 //P� 1 //P0 (resp. I 1
//I 2

//I 3
//� � � )

be a projective (resp. injective) resolution ofM . Since A is self-injective, there is an
acyclic complex with projective components

� � � //P� 2 //P� 1 //P0
//

!!!!CC
CC

CC
CC

I 1
//I 2

//I 3
//� � �

M
>>

>>||||||||

If we apply the functor HomA (� ; N ), we get the complex

� � � HomA (P� 1; N )oo HomA (P0; N )oo HomA (I 1; N )oo � � �oo

By de�nition, the space HomA (M; N ) is exactly the zeroth cohomology of this complex.
More precisely, it is the space of morphismsP0 ! N whose composition withP� 1 ! P0 is
zero, modulo the morphisms which factorize throughI 1. By de�nition of � , this complex
is in duality with the complex:

� � � //HomA (N; �P � 1) //HomA (N; �P 0) //HomA (N; �I 1) //� � �

Therefore HomA (M; N ) is in duality with the zeroth homology of this complex. More
precisely,HomA (M; N ) is in duality with the space of morphismsN ! �P 0 whose com-
position with �P 0 ! I 1 vanishes modulo the morphims which factorize through�P 1. We
have the following diagram:

� � � //P� 2 //P� 1

%%%%KKK
KKK

KKK
K

0

--

//P0

��

//

""""FFF
FFF

FF
F I 1

qq

//I 2
//I 3

//� � �

� � 1M
::

::tttttttttt
M

w•ww
ww

ww
ww

ww
ww

ww
ww

<<

<<yyyyyyyyy

N

��tt

0

))RRRRRRRRRRRRRRRRRR

•���
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

� � � //�P � 2 //�P � 1 //

%%%%KKK
KKK

KKK
K �P 0

//

""""FFF
FFF

FFF
�I 1

//�I 2
//�I 3

//� � �

� � � 1M
::

::ttttttttt
�M

<<

<<yyyyyyyyy

Thus HomA (M; N ) is isomorphic to the dual of the spaceHomA (N; � �M ).
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4.3.2 Cluster category: general case

Let A be a �nite dimensional k-algebra with �nite global dimension. Let B be the dg
algebraA � DA [� 3]. The projection p : B ! A yields a restriction functor p� : DbA !
DbB. We denote byhAi B the thick subcategory ofDbB containing the image ofDbA.
(This is not equal to DbB in general.) We de�ne the cluster categoryCA as the quotient
categoryhAi B =perB . This is the triangulated hull of the orbit categoryDb(modA)=� A [� 2]

(cf [Kel05]) where� A is the auto-equivalence ?
L

 A DA of Db(modA).

The categoriesT = hAi B and N = perB satisfy the hypothesis of the chapter: for

all N in perB and all X in DbB, the spacesHomD (N; X ) and HomD (X; N
L

 B DB ) are

�nite dimensional. Now by corollary 1.12, the functor� B =
L

 B DB is isomorphic to [3]

and therefore it stabilizesperB . So we can construct a bifunctorial bilinear form:

� 0
XY : HomCA (X; Y ) � HomCA (Y; X [2]) ! k:

Theorem 4.3. Let X andY be objects inDbB. If the spacesHomD (X; Y ) andHomD (Y; � B X ) =
HomD (Y; X [3]) are �nite dimensional, then the bilinear form

� 0
XY : HomCA (X; Y ) � HomCA (Y; X [2]) ! k

is non-degenerate.

Before proving this theorem, we recall some results about inverse limits of sequence of

vector spaces that we will use in the proof. Let: : : //Vp
' //Vp� 1

' //� � � //V1
' //V0

be an inverse system of vector spaces (or vector space complexes). We then have the fol-
lowing exact sequence

0 //V1 = lim
 

Vp //
Q

p Vp
� //

Q
q Vq //lim

 

1Vp //0

where � is de�ned by �( vp) = vp � ' (vp) 2 Vp � Vp� 1 wherevp is in Vp.
Recall two classical lemmas due to Mittag-Le�er:

Lemma 4.3.1. If for all p, the sequence of vector spacesWi = Im(Vp+ i ! Vp) is station-
ary, then lim

 

1Vp vanishes.

This happens in particular when all vector spacesVp are �nite dimensional.

Lemma 4.3.2. Let : : : //Vp
' //Vp� 1

' //� � � //V1
' //V0 be an inverse system

of �nite dimensional vector spaces such thatV1 = lim
 

Vp is also �nite dimensional. Let V 0
p

be the image ofV1 in Vp. Then the sequenceV 0
p is stationary and we haveV 0

1 = lim
 

V 0
p =

V1 .
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Proof. (of theorem 4.3) Let X and Y be objects ofDbB such that HomD bB (X; Y ) is
�nite-dimensional. We will prove that there exists a localperB-cover ofX relative to Y.

Let P� : : : : //Pn+1 //Pn
//Pn� 1 //: : : //P0 be a projective resolution

of X . The complexP� has components inperB , and its homology vanishes in all degrees
except in degree zero, where it isX . Let P� n and P>n be the natural truncations, and
denote by Tot(P) the total complex associated toP� . Then for all n 2 N, there is an
exact sequence of dgB-modules:

0 //Tot(P� n) //Tot(P) //Tot(P>n ) //0

The complex Tot(P) is quasi-isomorphic toX , and the complexTot(P� n ) is in perB .
Moreover, Tot(P) is the colimit of Tot(P� n). Thus by de�nition, we have the following
equalities

Hom�
B (Tot(P); Y) = Hom�

B (colim
!

Tot(P� n ); Y)

= lim
 

Hom�
B (Tot(P� n ); Y):

Denote by Vp the complexHom�
B (Tot(P� p); Y). In the inverse system

: : : //Vp
' //Vp� 1

' //� � � //V1
' //V0 ;

all the maps are surjective. Thus by lemma 4.3.1, there is a short exact sequence

0 //V1
//
Q

p Vp
� //

Q
q Vq //0

which induces a long exact sequence in cohomology

� � �
Q

q H � 1Vq

''''OOOOOOOOOOO
//H 0(V1 )

%%%%JJJ
JJJ

JJJ
J

//
Q

H 0Vp
//
Q

H 0Vq � � �

lim
 

1H � 1Vp

99

99rrrrrrrrrr
lim
 

H 0Vp

99

99tttttttttt

:

We have the equalities

H 0(V1 ) = H 0(Hom�
B (Tot(P); Y))

= HomH (Tot(P); Y)
= HomD (X; Y ):

Denote by Wp the complex HomD (Tot(P� p); Y) and by Up the complex H � 1(Vp) =
HomD (Tot(P� p); Y[� 1]). The vector spacesUp are �nite dimensional. Thus by lemma
4.3.1, lim

 

1Up vanishes and we have an isomorphism

H 0(lim
 

Vp) = H 0(V1 ) ' lim
 

H 0(Vp):
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The system (Wp)p satis�es the hypothesis of lemma 4.3.2. In fact, for each integerp, the
spaceHomD (Tot(P� p); Y) is �nite dimensional becauseTot(P� p) is in perB . Moreover,
by the last two equalities W1 = lim

 
Wp is isomorphic to HomD (X; Y ) which is �nite

dimensional by hypothesis. By lemma 4.3.2, the system (W 0
p)p formed by the image of

W1 in Wp is stationary. More precisely, there exists an integern such that W 0
n = lim

 
W 0

p.

But W 0
n is a subspace ofWn = HomD (Tot(P� n); Y) and there is an injection

HomD (X; Y ) �• //HomD (Tot(P� n); Y) :

This yields a localperB-cover ofX relative to Y.
The spacesHomD (N; X ) and HomD (X; N ) are �nite dimensional for N in perB and

X in DbB. Thus by proposition 4.2.1, there exists localperB envelopes. Thus theorem
4.2 applies and� 0 is non-degenerate.

By theorem 4.3, we can deduce the corollary:

Corollary 4.4. Let A be a �nite dimensional k-algebra with �nite global dimension. If
the cluster categoryCA is Hom-�nite, then it is 2-Calabi-Yau as a triangulated category.

Proof. Denote by p� : DbA ! D bB the restriction of the projection p : B ! A. Let X
and Y be in Db(A). Then by hypothesis, the vector spaces

M

p2 Z

HomD bA (X; � p
A Y[� 2p]) and

M

p2 Z

HomD bA (Y; � p
A X [� 2p + 3])

are �nite dimensional. But by [Kel05], the spaceHomD bB (p� X; p � Y) is isomorphic to

M

p� 0

HomD bA (X; � p
A Y[� 2p]);

so is �nite dimensional. For the same reasons, the spaceHomD bB (Y; X [3]) is also �nite
dimensional. Applying theorem 4.3, we get a non-degeneratebilinear form � 0

p� X;p � Y . The
non-degeneracy property is extension closed, so for eachM and N in hAi B , the form � 0

MN
is non-degenerate.

4.3.3 Relation with Tabuada's article

An article of G. Tabuada [Tab07] gives another example of such categories. LetD be
an algebraic 2-Calabi-Yau category endowed with a cluster-tilting object. The author
constructs a triangulated categoryT and a triangulated 3-Calabi-Yau subcategoryN
such that the quotient categoryT =N is triangle equivalent toD.
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More precisely, letC be a cluster-tilting object of D. The category D is algebraic,
therefore it is the stable categoryE of a certain Frobenius categoryE. Denote byM the
preimage ofC under the projectionE ! E . The categoryM contains the subcategoryP
of projective-injectives. We have the following commutative diagram

M �• //

����

E

����
C�• //E = D:

Denote byHE the homotopic category ofE, and let T = H P� b
E� ac be the full subcategory

of HE of E-acyclic complexes of the form

� � � Pi � 2 //Pi � 1 //M i
//M i +1 //: : : //Mn

//0 //0 //: : :

where thePj are in P and where theM j are in M . Denote byN = H b
E� ac the subcategory

of HE of the E-acyclic complexes which are bounded and which have components in M .
Then G. Tabuada shows the following result:

Theorem 4.5. [Tab07] The categoryH b
E� ac is 3-Calabi-Yau and there exists a triangle

equivalence betweenD and the quotientH P� b
E� ac=H b

E� ac.

The categoriesT = H P� b
E� ac and N = H b

E� ac satisfy the hypothesis of theorem 4.2.
Indeed, let X and Y be objects inH P� b

E� ac. We can assume that forn � 1 the X n are
projective-injective, and that for n � 0, the Yn are projective-injective.

Y = � � � //Q� 2 //Q� 1 //Q0
//

''''PPPP
PP N1

//N2
//� � �

K
77

77nnnnnn

Denote by K the kernel of the morphismN1 ! N2. Since M is a cluster-tilting
subcategory ofE there exists an admissible short exact sequence:

0 //N � 1 //N0
//K //0

with N0 and N � 1 in M .
Let N be the following complex:

N = � � � //0 //N � 1 //N0
//N1

//N2
//� � �

This complex N is acyclic and bounded, so it belongs toN = H b
E� ac. Moreover since

Q0 and Q� 1 are projective, there exists a morphism of complexes:
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� � � //Q� 2 //

��

Q� 1

��

//Q0

��

//N1
//N2

//� � �

� � � //0 //N � 1 //N0
//N1

//N2
//� � �

Let us show that this morphismY ! N is a local N -envelope ofY relative to X .
Let f : X ! Y be a morphism of complexes such that the compositionX ! Y ! N is
homotopic to zero.

� � � //P� 2
x � 2 //

��

P� 1

|| ��

x � 1 //P0

}}

����
��
��
��
��
��
��
��

��

x0 //P1

����
��
��
��
��
��
��
�

//

��~~

M2
//

��h2}}||
| |

||
||

� � �

� � � //Q� 2
y� 2 //

��

Q� 1

��

y� 1 //Q0

��

y0 //N1
//N2

//� � �

� � � //0 //N � 1 //N0
//N1

//N2
//� � �

Since P1 is projective, it is possible to �nd a morphism h1 : P1 ! Q0 such that
f 1 = y0h1 + h2x1. Then since allPi and Qi are projective for i � 0, it is classical to
construct an homotopy (see also [Pal08]). Thus there exist local N -envelopes inT .

Since the categoryT = H P� b
E� ac is Hom-�nite, by proposition 4.2.1 there exist local

N -covers.



Chapter 5

Cluster category of an algebra of
global dimension 2

Let A be a �nite dimensional k-algebra with global dimension� 2. SinceA is of �nite

global dimension, the triangulated categoryDb(modA) admits a Serre functor� =?
L

 A DA

(cf. chapter 1). In this chapter, we want to study the clustercategoryCA associated to
this algebra, namely the triangulated hull of the orbit category Db(modA)=� [� 2]. We
will still denote by A the image ofA under the functor

Db(modA) //Db(modA)=� [� 2]�
• //CA

5.1 Reminder on t-structures

The derived categoryDb(modA) = DbA admits a t-structure. For eachn 2 Z, let D � n be
the full subcategory ofDbA consisting of complexes whose cohomology vanishes in degrees
> n , and D � n the full subcategory ofDbA consisting of complexes whose cohomology
vanishes in degrees< n . The categoriesD � n and D � n satisfy the following properties:

� D � 0[n] = D �� n and D � 0[n] = D �� n ;

� D � 0 � D � 1, D � 1 � D � 0;

� HomD (D � 0; D � 1) = 0,

� for each objectY in DbA, there exists a unique (up to unique triangle isomorphism)
triangle

� � 0Y //Y //� � 1Y //(� � 0Y)[1]

such that � � 0Y 2 D � 0 and � � 1Y 2 D � 1.

105



106 Chapter 5. Cluster category of an algebra of global dimension 2

Lemma 5.1.1. Let A be a �nite dimensionalk-algebra with global dimension� 2. Denote

by � =?
L

 A DA the Serre functor of the derived categoryDbA. Then we have the follow-

ing inclusions � (D � 0) � D �� 2 and � � 1(D � 0) � D � 2. Moreover, the spaceHomD (U; V)
vanishes for allU in D � 0 and all V in D �� 3.

5.2 Endomorphism algebra of the object A

5.2.1 Endomorphism algebra

In this section, we study the endomorphism algebra of the object A in the cluster category
CA .

Proposition 5.2.1. Let A be a �nite dimensional k-algebra with global dimension� 2.
Let X be theA-A-bimoduleExt2A (DA; A ). Then there is an isomorphism

eA = EndCA (A) ' TA X

whereTA X is the tensor algebra ofX over A.

Proof. By de�nition, we know that EndCA (A) =
L

p2 Z HomD (A; � pA[� 2p]). For p � 1,
the object � pA[� 2p] is in D � 2, so sinceA is in D � 0, the spaceHomD (A; � pA[� 2p]) vanishes.
Therefore, we can writeEndCA (A) =

L
p� 0 HomD (A; � � pA[2p]).

The functor � =?
L

 A DA admits an inverse

� � 1 = �
L

 A RHomA (DA; A ):

Since the global dimension ofA is � 2, the homology of the complexRHomA (DA; A ) is
concentrated in degrees 0, 1 and 2 :

H 0(RHomA (DA; A )) = HomD (DA; A )

H 1(RHomA (DA; A )) = Ext1A (DA; A )

H 2(RHomA (DA; A )) = Ext2A (DA; A )

Let us denote byY the complexRHomA (DA; A )[2]. Then we have

� � pA[2p] = A
L

 A (Y

L

 A p) = Y

L

 A p:

Therefore we get the following equalities

HomDA (A; � � pA[� 2p]) = HomDA (A; Y
L

 A p)

= H 0(Y
L

 A p):

SinceH 0(Y) = X , we conclude using the following lemma.
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Lemma 5.2.1. Let M and N two complexes ofA-modules whose homology is concentrated
in negative degrees. Then there is an isomorphism

H 0(M
L

 A N ) ' H 0(M ) 
 A H 0(N ):

Proof. Without loss of generality, we can assume thatM and N are co�brant. Then, we

have M
L

 A N = M 
 A N and so we have

H 0(M 
 A N ) = Coker(M � 1 
 A N 0 � M 0 
 A N � 1 ! M 0 
 A N 0)

' (CokerdM ) 
 A (CokerdN )

' H 0(M ) 
 A H 0(N ):

5.2.2 Quiver of the endomorphism algebra

Let A = kQ=I be a �nite dimensional k-algebra of global dimension� 2. Suppose that
I is an admissible ideal generated by a �nite set of minimal relations r i , i 2 J where for
eachi 2 J , the relation r i starts at the vertex s(r i ) and ends at the vertext(r i ). Let eQ
the following quiver:

� the set of the vertices ofeQ equals that ofQ;

� the set of arrows of eQ is obtained from that of Q by adding a new arrow� i with
sourcet(r i ) and target s(r i ) for each i in J .

Then we have the following proposition, which has essentially been proved by I. Assem,
T. Br•ustle and R. Schi�er [ABS06] (thm 2.6). The propositio n is also proved in [Kel08b].

Proposition 5.2.2. If the algebraEndCA (A) = eA is �nite-dimensional, then its quiver is
eQ.

Proof. Let B be a �nite dimensional algebra. The vertices of its quiver are determined
by the quotient B=rad(B) and the arrows are determined byrad(B)=rad2(B ). Denote by
X the A-A-bimodule Ext2A (DA; A ). SinceX 
 A X is in rad2(B ), the quiver of ~A = TA X
is the same as the quiver of the algebraA o X . Then the proof is exactly the same as in
[ABS06] (thm 2.6).
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5.3 Condition of Hom-�niteness

5.3.1 Criterion

Theorem 5.1. Let A be a �nite-dimensional k-algebra of global dimension� 2. Then
the cluster categoryCA is Hom-�nite if and only if the functor Tor2

A (?; DA ) is nilpotent.

Lemma 5.3.1. The functor Tor2
A (?; DA ) is nilpotent if and only if the functor ? 
 A

Ext2A (DA; A ) is nilpotent. This is equivalent to the existence of an integer N such that
� N (D � 0) is included in D � 1 where� is the functor � [� 2] of Db(A).

Proof. The functor � is the following endofunctor � (?)[� 2] =?
L

 A DA [� 2] ofDb(A). Thus

it is obvious that Tor2
A (?; DA ) is the functor H 0(�(?)). Since A is of global dimension

� 2, if M is an A-module, the objectM
L

 A DA [� 2] lies in D � 0. Thus H 0(� H 0�( M )) =

H 0� 2(M ) and we get for alln � 0

Tor2
A (?; DA )n(M ) ' H 0(� nM ):

Using the formula � � 1 = �
L

 A RHomA (DA; A ), one can easily check that the functor

?
L

 A Ext2A (DA; A ) is isomorphic to the functorH 0(� � 1(?)). By lemma 5.2.1, we have for

all n � 0,

M
L

 A Ext2A (DA; A )

L

 A n ' H 0(� � nM ):

Proof. (of theorem 5.1)By proposition 5.2.1, the algebraeA = EndCA (A) is �nite-dimensional
if and only if the functor ? 
 A Ext2A (DA; A ) is nilpotent.

Now suppose that there exists someN � 0 such that � N (D � 0) is included in D � 1.
For each objectX in CA , the class of the objectsY such that the spaceHomCA (X; Y )
(resp. HomCA (Y; X)) is �nite dimensional, is extension closed. Therefore, itis su�cient
to show that for all simplesS, S0, and each integern, the spaceHomCA (S; S0[n]) is �nite
dimensional.

There exists an integerp0 such that for all p � p0 � p(S0) is in D � n+1 . Therefore,
because of the de�ning properties of thet-structure, the space

L
p� p0

HomD (S; � p(S0)[n])
vanishes. Similary, there exists an integerq0 such that for all q � q0, we have � q(S) 2
D �� n+3 . Since the algebraA is of global dimension� 2, the space

L
q� q0

HomD (� q(S); S0[n])
vanishes. Thus the space

M

p2 Z

HomD (S; � p(S0)[n]) =
p0M

p= � q0

HomD (S; � p(S0)[n])

is �nite dimensional.
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5.3.2 Examples

1. Let Q be a Dynkin quiver. LetA be its Auslander algebra. The algebraA is of global
dimension� 2. The categorymodA is equivalent to the categorymod(modkQ) of
�nitely presented functors (modkQ)op ! modk. The projective indecomposables of
modA are the representable functorsU^ = HomkQ (?; U) whereU is an indecompos-
able kQ-module. Let S be a simpleA-module. SinceA is �nite dimensional, this
simple is associated to an indecomposableU of modkQ. If U is not projective, then
it is easy to check that inDb(A) the simple SU is isomorphic to the complex:

� � �
//0
� 3

//(�U )^

� 2

//E ^

� 1

//U^

0

//0
1

//
� � �

where 0 //�U //E //U //0 is the Auslander-Reiten sequence associ-
ated to U. Thus �( SU ) = �S U [� 2] is the complex:

� � �
//0
� 1

//(�U )_

0

//E _

1

//U_

2

//0
3

//
� � �

whereU_ is the injective A-module DHomkQ (U;?). It follows from the Auslander-
Reiten formula that this complex is quasi-isomorphic to thesimple S�U .

If U is projective, thenSU is isomorphic inDb(A) to

� � �
//0
� 2

//(radU)^

� 1

//U^

0

//0
1

//
� � � ;

and then �( SU ) is in D � 1. Since for each indecomposableU there is someN such
that � N U is projective, there is someM such that � M (D � 0) is included in D � 1. By
theorem 6.1, the cluster categoryCA is Hom-�nite, and 2-Calabi-Yau by corollary
4.4.

The quiver ofA is the Auslander-Reiten quiver ofmodkQ. The minimal relations of
the algebraA are given by the mesh relations. Thus the quiver of~A is the same as
that of A in which arrows�x ! x are added for each non projective indecomposable
x.

For instance, ifQ is A4 with the orientation 1 //2 //3 //4 , then the quiver
of the algebra ~A is

�
  @@@

�
>>~~~

  @@@
�oo

  @@@

�
>>~~~

  @@@
�oo

>>~~~

  @@@
�oo

  @@@

�
>>~~~

�oo
>>~~~

�oo
>>~~~

�oo
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2. Let A be the Auslander algebra of the algebra of dual numbersk[X ]=X 2. This
algebra is de�ned by the quiver

P
a ))

S
b

ii with the relations ab= 0:

This a �nite dimensional algebra of global dimension 2 sinceit is an Auslander
algebra. The vertex P corresponds to the unique projective-injectivek[X ]=X 2-
module, andS corresponds to the simple. Moreover we have�S = S, so � is of
in�nite order. In the derived category Db(modA), we have �( SS) = SS. Therefore
the space of morphism in the cluster categoryHomC(SS; SS) is in�nite dimensional.

3. Let A the following algebra:

2 a
��<<<

1 c
//

b @@���
3

with the relations ab= 0:

This is clearly a �nite dimensional algebra of global dimension 2. The projectives
and the injectives have the following composition series:

P1 = 1 ; P2 = 2
1 ; P3 = 3

1 2 ; I 1 = 2 3
1 ; I 2 = 3

2 ; and I 3 = 3 :

The A-module 3
1 is quasi-isomorphic to the complex:

� � � //0 //1 //2
1

// 3
1 2

//0 //� � �

Thus the object �( 3
1 ) is quasi-isomorphic to:

� � � //0 //2 3
1

//3
2

//3 //0 //� � �

and so to 3
1 . Therefore the spaceHomC( 3

1 ; 3
1 ) is in�nite-dimensional.

5.4 Cluster-tilting in the orbit category

5.4.1 Proof of the rigidity

Proposition 5.4.1. Let A be a �nite dimensionalk-algebra of global dimension� 2. Then
the objectA is a rigid object in the categoryCA , in the sense that the spaceExt1CA

(A; A)
vanishes.

Proof. By de�nition, the space Ext1CA
(A; A) is isomorphic to

L
p2 Z HomD (A; � pA[� 2p+1]).

We show that for all p in Z, the spaceHomD (A; � pA[� 2p + 1]) vanishes.
For p = 0, the spaceHomD (A; � pA[� 2p + 1]) = HomD (A; A [1]) obviously vanishes.
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Let p be � 1. Then, since�A = DA is in modA, �A is in D � 0. Thus by lemma 5.1.1,
the object � pA lies in D �� 2(p� 1). Finally, the object � pA[� 2p+ 1] is in D � 1. But, since A
is in D � 0, the spaceHomD (A; � pA[� 2p + 1]) vanishes.

Now, let p = � q be � � 1. Then we haveHomD (A; � pA[� 2p+1]) = HomD (� qA; A[2q+
1]). The object � qA is in D �� 2q+2 and the objectA[2q+ 1] is in D � 2q+1 . Since the space
HomD (D � 0; D �� 3) is zero, the spaceHomD (A; � pA[� 2p + 1]) vanishes.

5.4.2 Orbit-cluster-tilting

De�nition 5.2. Let A be a �nite dimensional k-algebra of global dimension� 2. A rigid
object T of the orbit category will be calledorbit-cluster-tilting if for all X in the orbit
categoryDbA=�, the space Ext1CA

(T; X ) vanishes if and only ifX is in add(T).

Proposition 5.4.2. Let A be a �nite dimensional k-algebra with global dimension� 2.
If the functor TorA

2 (?; DA ) is nilpotent, then the objectA is orbit-cluster-tilting.

Remark. We will show in chapter 7, that under the hypotheses of the proposition, the
object A is in fact cluster-tilting in the triangulated hull of the orbit category.

Proof. Denote by � the auto-equivalence � [� 2] of D = Db(modA). Let X be an object
in Db(modA) such that Ext1CA

(A; X ) vanishes. We have to show thatX lies in add(A),
i.e. that X is a direct sum of objects of the form �n (P), where n is an integer andP is
a projective module.

The spaceExt1CA
(A; X ) vanishes, so for each integern in Z, the spaceHomD (A; � n (X )[1])

vanishes. In other words, for eachn we haveH 1(� n (X )) = 0. By hypothesis, there exists
an integer N such that � N (D � 0) � D � 1 for the t-structure of Db(modA). Therefore we
can assume thatX lies in D � 0. Look at the canonical triangle:

� � 0X //X //� � 1X w //� � 0X [1] :

SinceH 1(X ) is zero, the complex� � 1X lies in D � 2. The global dimension ofA is � 2
and so� � 0X [1] lies in D �� 1 Thus by lemma 5.1.1, the morphismw is zero. Therefore we
can write X = � � 0X � � � 1X .

SinceX is in D � 0, � � 0X is the moduleH 0(X ). The spaceExt1CA
(A; H 0(X )) is a direct

summand ofExt1CA
(A; X ), so it vanishes. Therefore we have

HomD (A; �( H 0(X ))[1]) = 0 :

But this space isHomD (A; �H 0(X )[� 1]) = HomD (A; �H 0(X )): Thus H 0(X ) is a projective
module, which may be zero.

Let Y be the complex � � 1(� � 1X ). The complex � � 1X lies in D � 2, and so is� � 1X .
ThereforeY = � � 1� � 1X [2] lies inD � 0. On the other hand, since� � 1X is a direct summand
of X , for each integern, the spaceHomD (A; � n (� � 1X )[1]) vanishes. Thus for eachn,
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HomD (A; � n (Y)[1]) is zero. The complexY satis�es the same hypothesis asX and we
have the decompositionY = H 0(Y) � � � 1Y whereH 0(Y) is a projective module (possibly
zero).

Finally, we have

� � 1X = �( H 0� � 1(� � 1X )) � � � � 1� � 1� � 1X:

We can continue and apply this process to �� � 1� � 1� � 1X , and �nally we get, by an obvious
induction, the decomposition:

X = H 0(X ) � �( H 0� � 1(� � 1X )) � � 2(H 0(� � 1� � 1� � 1� � 1X )) � � � � :

The decomposition ends sinceX is the sum of �nitely many indecomposables.

Proposition 5.4.3. Let T be an orbit-cluster-tilting object of the cluster categoryCA .
Then for eachX in the orbit categoryDb(A)=� , there exists a triangle inCA

T1
//T0

//X //T1[1]

with T0 and T1 in add(T).

Proof. Let X be an object inDbA. Let t be the full subcategory ofDbA generated by the
� pT where p is in Z. The object T is orbit-cluster-tilting, so the subcategoryadd(t) of
Db(A) is a 2-cluster-tilting subcategory ofDb(A) in the sens of Iyama and Yoshino (see
[IY06]). Let T0 ! X be a right add(t)-approximation in DbA. Denote by T1[1] the cone
of this morphism. For p in Z, let f : � pT ! T1[1] be a morphism inDbA. We have the
following diagram in DbA

T0
u //X

v //T1[1] w //T0[1]:

� pT

f

OO
0

;;vvvvvvvvv

aahh

The composition w � f vanishes, becauseT is a rigid object in CA . Thus f factorizes
through v. But since u is an add(t)-approximation, this factorization factorizes through
u. Thus f is zero andT1 is in add(t). The image of this triangle through the triangle
functor

Db(A) ! D b(A)=� ! C A

gives the result.

Lemma 5.4.1. Let C be a2-Calabi-Yau category endowed with a cluster-tilting object R.
Let A be a �nite dimensional k-algebra of global dimension� 2 with an orbit-cluster-
tilting object T. Assume thatF : CA ! C is an algebraic triangle functor which induces
an equivalence betweenadd(T) and add(R). Then F is triangle equivalence.
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Proof. Look at the following diagram:

DbA=� F � i //
�q

i ##GGG
GGG

GGG
C

CA

F

;;wwwwwwwwww

add(T) � //
?�

OO

add(R)
?�

OO

First we show that the functor F is essentially surjective. In fact, letX be in C, there
exists a triangle inC

R1
r //R0

//X //R1[1] :

SinceF induces an equivalence betweenadd(T) and add(R), the cone ofF � 1r yields an
object which is sent onX .

Now let X and Y be objects in the orbit categoryDbA=�. There exist triangles in CA

T1
t //T0

//X //T1[1] and S1
s //S0

//Y //S1[1]

where Si and Ti are in add(T). These triangles are just images through of the previous
triangles in DbA. The space of morphismsHomCA (X; Y ) is then isomorphic to the space
of commutative squares

T1
t //

��

T0

��
S1

s //S0

Thus it is isomorphic to the space of commutative squares of the form:

FT1
F t //

��

FT0

��
FS1

F s //FS0:

which is clearly isomorphic to the space of morphismsHomC(FX; FY ) in C. This proves
that the functor F � i is fully faithful. The functor F is the `triangulated hull' of the
functor F � i . It stays fully faithful. Thus F is an triangulated equivalence.
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Chapter 6

Particular case coming from
preprojective algebras

6.1 De�nition and �rst properties

Let Q be a �nite quiver without oriented cycles with set of vertices f 1; � � � ; ng. Let T be
a preinjective tilting kQ-module. We denote byB the endomorphism algebraEndkQ (T).
The algebraB is a concealedalgebra in the sense of Ringel [Rin84]. By Happel [Hap87],
there is a triangle equivalence:

Db(modkQ)
RHomkQ (T;?) //Db(modB):

?
L

 B T

oo

We denote byH the image of the injective moduleDkQ under the functor RHomkQ (T;?).
The B-module H is a `slice' in the postprojective component ofmodB. De�ne M 0 and
M as the following subcategories:

M 0 = f Y 2 modkQ j Ext1kQ (T; Y) = 0 g = f Y 2 modkQ j Y is generated byTkQ g

and

M = f X 2 modB j Ext1B (X; H ) = 0 g = f X 2 modB j X is cogenerated byHB g

115
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HDb(B )

M 0

M

T

RHomkQ (T;?)

Db(kQ)

?
L

 B T

Let � B be the Auslander-Reiten translation ofmodB, and � D the Auslander-Reiten
translation of Db(modkQ) ' D b(modB). Note that � kQ and � D become isomorphic when
we restrict them to the full subcategory ofkQ-modules without non zero projective direct
factors. But in general,� B and � D are not isomorphic when restricted to the full subcat-
egory ofB-modules without non zero projective direct factors. IfX is an object ofM ,
then X has projective dimension 1, soX is isomorphic inDb(modB) to a complex of the
form:

� � � //0 //0 //P1
//P0

//0 //� � �

Thus � D X is isomorphic to

� � � //0 //0 //0 //� B P1
//� B P0

//0 //� � �

where � B is the Serre functor of the categorymodB. By de�nition, � B X is the kernel of
� B P1 ! � B P0, so it is isomorphic inDb(modB) to H 0(� D X ). Therefore there is a non
trivial morphism � B X ! � D X .

The following proposition is a classical result in tilting theory (see for example [Rin84]).

Proposition 6.1.1. 1. For eachX in M there exists a triangle

X //H0
//H1

//X [1]

in Db(modB) functorial in X with H0 and H1 in add(H );

2. the functor HomkQ (T;?) induces an equivalence between the exact categoriesM 0 and
M ;

3. M seen as a subcategory ofmodB, is closed under kernels so in particular,M is
closed under� B ;
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4. for each indecomposableX in M there exists a uniqueq � 0 such that � � q
B X is in

add(H );

5. the categoryM has �nitely many indecomposables.

Proof. 1. SinceM is the subcategory ofB-modules cogenerated byH , we have just to
see that the triangle X //H0

//H1
//X [1] is functorial in X . This comes

from the fact that kQ-modules admit functorial injective resolutions.

2. this is classical [Rin84][Theorem of Brenner-Butler, p.170];

3. see [Rin84][(1), p. 179];

4. The indecomposable direct factors ofH form a slice in the postprojective component
of the Auslander-Reiten quiver ofB . Therefore, they contain a unique vertex of each
� � 1

B -orbit of this component;

5. this is obvious sinceH is a post-projective slice ofmodB.

6.1.1 Hom-�niteness

Let M be the quotient M =add(H ). Denote by p : M ! M the canonical projection.
SinceH is a slice, we have the following properties.

Proposition 6.1.2. 1. The categoryM is equivalent to the full subcategory ofM
whose objects do not have non zero direct factors inadd(H ). We denote byi :
M ! M the associated inclusion.

2. The categoryM � modB is closed under kernels, and hence under� B .

3. The right exact functori : modM ! modM induced byi : M ! M is isomorphic
to the restriction alongp.

Proposition 6.1.3. Let A be the endomorphism algebraEndB (
L

M 2 ind M M ). Then the
global dimension ofA is at most 2.

Proof. Let F be the following functor

mod(M ) �! modA

F 7! F (
M

M 2 ind M

M ):

It is right exact and induces an equivalence between the projectives. In fact, the inde-
composable projectives ofmodM are the representable functorsM ^ = HomB (?; M ) jM ,
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where M is an indecomposable ofM . But their image through F is exactly the direct
summand ofA seen as rightA-module. ThusF is an equivalence of category.

Now let F be in modM , it is of �nite type. Thus there is an exact sequence:

U^ ' //V ^ //F //0;

whereU and V are in M . By Yoneda's lemma, the morphism' comes from a morphism
f : U ! V in M . The categoryM is stable under kernels, so the following sequence

0 //(Kerf )^ //U^
f ^

//V ^ //F //0

is exact and gives a projective resolution of length 2 of the module F .

Theorem 6.1. The cluster categoryCA is a Hom-�nite, 2-Calabi-Yau category, and the
object A is an orbit-cluster-tilting object in CA .

Remark. We will show in chapter 7 that the image ofA in CA is in fact a cluster-tilting
object.

Proof. Using corollary 4.4, theorem 5.1 and proposition 5.4.2, we have just to check that
the functor Tor2

A (?; DA ) is nilpotent.
Denote by D the derived categoryDb(modA) and � the endofunctor � � [� 2]. We

have to show the existence of a positive integerN such that � N (D � 0) is included in D � 1.
Let U be an indecomposable ofM . Denote bySU the simpleA-module associated to

U. If U is not projective, then look at the Auslander-Reiten sequence associated toU:

0 //� B U //E //U //0:

Then the simpleSU is isomorphic inD to the complex

� � �
//0
� 3

//(� B U)^

� 2

//E ^

� 1

//U^

0

//0
1

//
� � � :

By proposition 6.1.2,E and � B U are also inM . Thus this complex has projective com-
ponents. Therefore the object�S U is isomorphic inD to the complex:

� � �
//0
� 3

//(� B U)_

� 2

//E _

� 1

//U_

0

//0
1

//
� � �

whereU_ is the injectiveA-moduleDHomB (U; � ) j �M
. Since 0 //� B U //E //U //0

is an Auslander-Reiten sequence, this complex is exact except in degree� 2 where its ho-
mology isS� B U . Therefore we get an isomorphism between�S U [� 2] = �( SU ) and S� B U .

If U is projective, thenSU is isomorphic inD to the complex
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� � �
//0
� 2

//(radU)^

� 1

//U^
0

//0
1

//
� � �

Thus the object �S U [� 2] is quasi-isomorphic to

� � �
//0
0

//(radU)_

1

//U_

2

//0
3

//
� � �

which lies in D � 1.
For each indecomposableU in M , there exists an integerNU � 0 such that � NU

B U is a
projective of modB. The categoryM has only �nitely many indecomposables, so forN
the maximum of the NU , we get the inclusion �N (SU ) 2 D � 1.

The algebraA is �nite dimensional, so all simples ofmodA are of the formSU . More-
over, each objectX of D � 0 is an iterated extension of shiftsSU [� i ], i � 0, of simplesSU ,
where U is indecomposable inM . Thus, for each objectX of D � 0, the object � N (X )
belongs toD � 1.

6.1.2 Construction of the functor F : modM ! f.l. �

Denote by I (kQ) the subcategory of the preinjective modules ofmodkQ.

Proposition 6.1.4. There exists ak-linear functor P : I (kQ) ! M unique up to iso-
morphism such that

� P restricted to subcategory of the injectivekQ-modules is isomorphic to the restric-
tion functor HomkQ (T;?);

� for each indecomposableX in I (kQ) such thatP(X ) is not projective, the image

0 //P(� D X ) P i //P(E)
P p //P(X ) //0

of an Auslander-Reiten sequence inmodkQ ending atX

0 //� D X i //E
p //X //0

is an Auslander-Reiten sequence inmodB ending atP(X ).

Moreover, this functor P is full, essentially surjective, and satis�esP � � D ' � B � P.

Proof. The Auslander-Reiten quivers �I of I (kQ) and � M of M are connected translation
quivers. Each vertex of �I is of the form � q

D x with q � 0 and x indecomposable injective.
Each vertex of �M is of the form � q

B x where x is in add(H ) (cf. (4) of prop 6.1.1).
Moreover, there is a canonical isomorphism of quivers�P : � DkQ ! � add(H ) . Thus we can
construct inductively a morphism of quivers (that we will still denote by �P) �P : � I ! � M

extending �P such that:
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� �P(� D x) = � B
�P(x) for each vertexx of � I ;

� �P(� D � ) = � B
�P(� ) for each arrow� : x ! y of � I , where� D � (resp. � B � ) denotes

the arrow � D y ! x (resp. � B y ! x) such that the mesh relations in �I (resp. in
� M ) are of the form

P
t (� )= x � D (� )� (resp.

P
t (� )= x � B (� )� ).

Clearly, this morphism of translation quivers induces surjections in the sets of vertices
and the sets of arrows.

The categoriesI (kQ) and M are standard, i.e. k-linearly equivalent to the mesh
categories of their Auslander-Reiten quivers. Up to isomorphism, an equivalencek(� I ) !
I (kQ) is uniquely determined by its restriction to a slice. Thus there exists ak-linear
functor P : I (kQ) ! M up to isomorphism which is equal toHomkQ (T;?) on the slice of
the injectives and such that the square

k(� I )

�P
��

� //I (kQ)

P
��

k(� M ) � //M

is commutative. This functor P sends Auslander-Reiten sequences

0 //� D X i //E
p //X //0

to Auslander-Reiten sequences

0 //� B P(X ) P i //P(E)
P p //P(X ) //0

if P(X ) is not projective. Since �P is surjective, P is full and essentially surjective.

Lemma 6.1.1. Let X andY be indecomposables inI (kQ). The kernel ofHomkQ (X; Y ) !
HomB (P X; P Y ) is generated by compositions of the formX //Z //Y whereZ is
indecomposable andP(Z ) is zero.

Proof. If P(X ) or P(Y) is zero this is obviously true. Suppose they are not. The mesh
relations are minimal relations of thek-linear categoryM and P is full. Thus the kernel
of the functor P is the ideal generated by the morphisms of the form

U
g //V

h //W

where

0 //P(U)
P g //P(V) P h //P(W) //0

is an Auslander-Reiten sequence inM . SinceP(U) is isomorphic to � B P(W), the inde-
composableU is isomorphic to � D (W). By the construction of P, V is a direct factor of
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the middle term of the Auslander-Reiten sequence ending atW, and we can `complete'

the composition � D W
g //V

h //W in an Auslander-Reiten sequence

0 //� D W

� g
g0

�

//V � V 0 ( h h0) //W //0

with P(V 0) = 0 and P(g0) = P(h0) = 0. Thus, the morpism hg = � h0g0 does indeed
factor through an object in the kernel ofP.

Now let � be the preprojective algebra associated toQ. We denote byei the idempo-
tents of � associated with the vertex i . Then we have a natural functor

proj� �! I � (kQ)
� ei 7!

Q
p� 0 � p

D I i

whereI � (kQ) is the closure ofI (kQ) under countable products. Composing this functor
with the natural extension of P to I � (kQ), we get a functor:

proj� �! M
ei � 7!

L
p� 0 � p

B H i :

Therefore the restriction along this functor yields a functor F : modM ! mod�.
Moreover, sinceM has �nitely many indecomposables, the functorF takes its values in
the full subcategory f:l:� formed by the �-modules of �nite length.

This is an exact functor since it is a restriction functor. IfM is aM -module, that is to
say a �nitely presented functorM ! modk, then the vector spaceF (M )ej is isomorphic
to

L
p� 0 M (� p

B H j ). For X in M , there existsi 2 Q0 and q � 0 such that � qH i = X . It
is then easy to check that the imageF (SX ) of the simple associated toX is the simple
�-module Si .

6.1.3 Fundamental propositions

Proposition 6.1.5. For eachX in M , there exists a functorial sequence inmod� of the
form

0 //F � i � (X ^ ) //F (H ^
0 ) //F (H ^

1 ) //F � i � (X _ ) //0

wherei � : modM ! modM is the right exact functor induced byi : M ! M , and where
H0 and H1 are in add(H ).

Proof. Let X be in M , and iX its image in M . By property 1 of proposition 6.1.1, there
exists a triangle, functorial in X :

iX //H0
//H1

//(iX )[1]
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with H0 and H1 in add(H ). It yields a long exact sequence inmodM :

0 //(iX )^ //H ^
0

//H ^
1

//Ext1B (?; iX ) jM
//Ext1B (?; H0) jM

//� � � :

By de�nition, the functor Ext1B (?; H0) jM is zero. The Auslander-Reiten formula gives us
an isomorphism

Ext1B (?; iX ) jM ' DHomB (� � 1
B iX; ?)jM =projB:

SinceF is an exact functor, we get the following exact sequence inf:l: �:

0 //F (( iX )^ ) //F (H ^
0 ) //F (H ^

1 ) //F ((� � 1
B iX )_ =projB) //0

By de�nition, we have F (( iX )^ ) ' (F � i � )(X ^ ). For j = 1; � � � ; n, we have an isomor-
phism:

F (( � � 1
B iX )_ =projB)ej '

M

p� 0

DHomB (� � 1
B iX; � p

B H j )=projB:

For p � 0, we have� p
B (H j ) = � � 1

B (� p+1
B H j ) if and only if � p

B H j is not projective. Thus we
have a vector space isomorphism

F ((� � 1
B iX )_ =projB)ej '

M

p� 0

DHomB (� � 1
B iX; � � 1

B � p+1
B H j )=projB:

A morphism f : � � 1X ! � � 1Y factorizes through a projective object if and only if
� (f ) : X ! Y is not zero. Thus we have:

F (( � � 1
B iX )_ =projB)ej '

M

p� 1

DHomB (iX; � p
B H j )

'
M

p� 0

DHomB (X; � p
B H j )=[add(H )]

' (F � p� )(X _ )ej ' (F � i � )(X _ )ej :

Therefore we get this exact sequence inf:l: �, functorial in X :

0 //(F � i � )(X ^ ) //F (H ^
0 ) //F (H ^

1 ) //(F � i � )(X _ ) //0

Proposition 6.1.6. Let U and V be indecomposables inM . Then we have

HomCA (U^ ; V ^ ) '
M

p� 0

M (� p
B U; V)=[add� p

B H ]

whereM (� p
B U; V)=[add� p

B H ] is the cokernel of the composition map

M (� p
B U; � p

B H ) 
 M (� p
B H; V ) �! M (� p

B U; V):
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We �rst show the following lemma:

Lemma 6.1.2. Let eU and eV be the idempotents ofA associated to the indecomposables
U and V. Then we have an isomorphism

eUExt2A (DA; A )eV ' M (� B U; V)=[add�B H ]

whereM (� B U; V)=[add�B H ] is the coker of the composition map

M (� B U; �B H ) 
 M (� B H; V ) �! M (� B U; V):

Proof. We have the following isomorphisms:

eUExt2A (DA; A )eV = Ext2A (D(eUA); AeV )

' HomD(M )(DM (U;?); M (?; V)[2]):

Denote by M the categoryM =projB . Then � B induces an equivalence ofk-linear cate-
gories� B : M ! M : Thus we get the following isomorphisms

HomD(M )(DM (U;?); M (?; V)[2]) ' HomD(M )(DM (� � 1
B U; � � 1

B ?); M (� � 1
B ?; � � 1

B V)[2])

' HomD(M )(DM (� � 1
B U;?); M (?; � � 1

B V[2]))

' HomD(M )(DM (� � 1
B U;?)=projB; M (?; � � 1

B V)=projB [2])

But by the previous lemma, we know a projective resolution inmodM of the module
DM (� � 1

B U;?)=projB . Namely, there exists an exact sequence inmodM of the form:

0 //M (?; U) //M (?; H0) //M (?; H1) //DM (� � 1
B U;?)=projB //0

whereH0 and H1 are in add(H ). Thus we get (using Yoneda's lemma)

HomD(M )(DM (U;?); M (?; V)[2]) ' HomD(M )(M (?; U); M (?; � � 1
B V)=projB)=[addM (?; H )]

' M (U; � � 1
B V)=[addH]

' M (� B U; V)=[add�B H ]:

SinceV is in M , a non-zero morphism ofM (� B U; V) cannot factorize throughadd(H ).
Thus we getM (� B U; V)=[add�B H ] ' M (� B U; V)=[add�B H ].

Proof. (of proposition 6.1.6) In this proof, for simplicity we denote� B by � . Let ~A be the
algebraEndCA (A). By proposition 5.2.1, we have a vector space isomorphism

eU
~AeV ' eUAeV � eU Ext2A (DA; A )eV � eUExt2A (DA; A )
 A 2eV � : : :
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We prove by induction that

eUExt2A (DA; A )
 A peV ' M (� pU; V)=[add� pH ]:

For p = 0, eUAeV is isomorphic toM (U; V) by Yoneda's lemma, and so toM (U; V)=[add(H )].
Suppose the proposition holds for an integerp � 1 � 0. Then we have

euExt2A (DA; A )
 A peV '
X

W 2 ind (M )

euExt2A (DA; A )
 A p� 1eW 
 eW Ext2A (DA; A )eV :

The sum means here the direct sum modulo the mesh relations ofthe categoryM . Thus
this vector space is the sum over the indecomposablesW of M of

M (� p� 1U; W)=[add(� p� 1H )] 
 M (�W; V )=[add(�H )]

modulo the mesh relations ofM . This is isomorphic to the cokernel of the map' p� 1
� p� 1U;W 


1�W;V + 1 � p� 1U;W 
 ' 1
�W;V where

' j
X;Y : M (X; � j H ) 
 M (� j H; Y ) �! M (X; Y )

is the composition map and where

1X;Y : M (X; Y ) �! M (X; Y )

is the identity. The cokernel of this map is isomorphic to thecokernel of the map' p
� p U;�W 


1�W;V + 1U;�W 
 ' 1
�W;V . But we have an isomorphism

X

W 2 ind M

M (� pU; �W ) 
 M (�W; V ) ' M (� pU; V):

Finally we get

Coker

0

@
X

W 2 ind M

' p
� p U;�W 
 1�W;V + 1U;�W 
 ' 1

�W;V

1

A ' Coker(' p
� p U;V + ' 1

� p U;V ):

Furthermore, a morphism inM (� pU; V) which factorizes through�H factorizes through
� pH since H is a slice andU is in M . Thus this cokernel is in fact isomorphic to the
cokernel of' p

� p U;V that is to say to the space

M (� pU; V)=[add� pH ]:
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6.2 Case where B = EndkQ(T) is hereditary

6.2.1 Results of Geiss, Leclerc and Schr•oer

Let us �rst recall some de�nitions and results of Geiss, Leclerc and Schr•oer [GLS07b].
Let Q be a �nite connected quiver without oriented cycles withn vertices. Denote

by P the postprojective component of the Auslander-Reiten quiver of modkQ, and by
P1; : : : ; Pn the indecomposable projectives.

De�nition 6.2 (Geiss-Leclerc-Schr•oer, [GLS07b]). A kQ-module M = M1 � � � � � M r

with M i indecomposables and pairwise non isomorphic, is calledinitial if the following
conditions hold:

� for all i = 1; : : : ; r , M i is postprojective;

� if X is an indecomposablekQ-module with HomkQ (X; M ) 6= 0, then X is in add(M );

� and Pi 2 add(M ) for each indecomposable projectivekQ-module Pi .

We de�ne the integerst i as

t i = maxf j � 0j� � j (Pi ) 2 add(M ) � f 0gg:

Denote by � the preprojective algebra associated toQ. There is a canonical algebras
embedding kQ�• //� : Denote by � Q : mod� ! modkQ the corresponding restriction
functor.

Geiss, Leclerc and Schr•oer showed the following theorem:

Theorem 6.3 (Geiss-Leclerc-Schr•oer, [GLS07b]). Let M be an initial kQ-module, and let
CM = � � 1

Q (add(M )) be the subcategory of all� -modulesX with � Q(X ) 2 add(M ). Then
the following holds:

(i) the category CM is a Frobenius category withn projective-injectives;
(ii) the stable categoryCM is a 2-Calabi-Yau triangulated category.

Recall from Ringel [Rin98] that the categorymod� can be seen asmodkQ(� � 1; 1).
The objects are pairs (X; f ) where X is in modkQ and f : � � 1X ! X is a morphism in
modkQ.The morphisms' between (X; f ) and (Y; g) are commutative squares:

� � 1X
f //

� � 1 '
��

X
'

��
� � 1Y

g //Y

The image of an object (X; f ) under � Q : mod� ! modkQ is then the moduleX .
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Let X = � � lPi be an indecomposable summand of an initial moduleM . Then let
RX = ( Y; f ) be the following object inmodkQ(� � 1; 1) ' mod�:

Y =
lM

j =0

� � j Pi and f :
l+1M

j=1

� � jPi �!
lM

j=0

� � jPi

is given by the matrix

f =

0

@

0

1
...
... ...

1 0

1

A :

Geiss, Leclerc and Schr•oer proved the following:

Proposition 6.2.1 (Geiss-Leclerc-Schr•oer,[GLS07b]). The category CM has a canoni-
cal maximal rigid objectR =

L
X 2 ind add(M ) RX . The projective-injectives ofCM are the

R� � t i Pi
, i = 1; : : : ; n. Therefore, R is a cluster-tilting object in CM .

6.2.2 Endomorphism algebra of the cluster-tilting object

Let Q be a connected quiver without oriented cycles and denote byB the path algebra
kQ. Let M be an initial B -module. Let H be the followingB-module H =

L n
i =1 � � t i Pi .

Thus EndB (H ) is an hereditary algebra isomorphic tokQ0 whereQ0 is a quiver with the
same underlying graph asQ. We have the following triangle equivalence:

Db(modkQ0)
?

L

 kQ 0� � 1H

//Db(modkQ0)
DR HomkQ (?;H )

oo

which sendsH on DkQ0 2 modkQ0. Let T be the image inDb(modkQ0) of kQ under this
equivalence. ThusT is a tilting object in the preinjective component ofDb(modkQ0), and
B = EndkQ0(T) ' kQ. The previous equivalence can be also written

Db(modkQ0)
RHomkQ 0(T;?)

//Db(modkQ):
?

L

 kQ T

oo

Let us de�ne, as in the previous section, the subcategoryM of Db(modkQ) as

M = f X 2 modkQ =Ext1B (X; H ) = 0 g:

Then it is obvious that M = add(M ). As previously, we put � = � Q = � Q0 because
Q and Q0 have the same underlying graph. Recall that we haveM = M =add(H ), and
that A = EndB (M ) is an algebra of global dimension 2. Note that in this case� B and � D

coincide onmodB sinceB is hereditary.
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Lemma 6.2.1. Let U and V be indecomposables inM . Then we have

Hom� (RU ; RV ) '
M

j � 0

M (� j U; V):

Proof. Let P and Q be projective indecomposables such thatU = � � qQ and V = � � pP.
Then the morphisms bewteenRU and RV are given by commutative diagrams

L q+1
i =1 � � i Q

� � 1 f

��

0

B
B
B
@

0

1
...
... ...

1 0

1

C
C
C
A

//
L q

i =0 � � i Q

f

��L p+1
j =1 � � j P

0

B
B
B
@

0

1
...
... ...

1 0

1

C
C
C
A

//
L p

j =0 � � j P

Case 1:p � q
An easy computation gives the following equalities

Hom� (RU ; RV ) '
pM

j =0

M (Q; � � j P)

'
pM

j =0

M (� � p+ j Q; � � pP)

'
pM

j =0

M (� � p+ j + q(� � qQ); � � pP)

'
qM

j = q� p

M (� j U; V)

SinceM (� kU; V) vanishes fork � q � p+ 1 and since� kU vanishes fork � q+ 1, we get
an isomorphism

Hom� (RU ; RV ) '
M

j � 0

M (� j U; V):

Case 2:p > q
In this case, a morphism fromRU to RV is given by morphismsaj 2 M (Q; � � j P), with
j = 0; : : : ; p such that � � q+1 aj = 0 for j = 0; : : : ; p � q � 1. But since � � q+1 � j P is not
zero for j = 0; : : : ; p� q� 1, the morphism� � q+1 aj : � � q+1 Q ! � � q+1 � j P vanishes if and
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only if aj vanishes. Thus we get

Hom� (RU ; RV ) '
pM

j = p� q

M (Q; � � j P)

'
pM

j = p� q

M (� � p+ j Q; � � pP)

'
pM

j = p� q

M (� � p+ j + q(� � qQ); � � pP)

'
qM

j =0

M (� j U; V)

Since� j U vanishes forj � q+ 1 we get

Hom� (RU ; RV ) '
M

j � 0

M (� j U; V):

Corollary 6.4. Let U and V be indecomposable objects inM . Then we have

HomCM
(RU ; RV ) ' eU

~AeV

and therefore the algebras~A and EndCM
(R) are isomorphic.

Proof. The projective-injectives in the categoryCM are theRH i with i = 1; : : : ; n. Denote
by RH the sum

L n
i =1 RH i . Then HomCM

(RU ; RV ) is the cokernel of the composition map

HomCM (RU ; RH ) 
 HomCM (RH ; RV ) �! HomCM (RU ; RV ):

By the previous lemma this map is isomorphic to the following
L

i;j � 0 M (� i U; H) 
 M (� j H; V ) � //
L

p� 0 M (� pU; V)

Given two morphisms f 2 M (� i U; H) and M (� j H; V ), �( f 
 g) is the composition
� j f � g 2 M (� i + j U; V). Thus the cokernel of this map is the cokernel of the map

L
p� 0

L p
i =0 M (� pU; � i H ) 
 M (� i H; V ) � //

L
p� 0 M (� pU; V) :

SinceH is a slice and sinceU is in M , a morphism inM (� pU; V) which factorizes through
� i H with i � p factorizes through� pH . Finally we get

HomCM
(RU ; RV ) '

M

p� 0

M (� pU; V)=[add� pH ];

and we conclude using proposition 6.1.6.
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6.2.3 Triangle equivalence

The aim of this section is to prove the following theorem:

Theorem 6.5. The functor F � i � : modM ! f:l: � yields a triangle equivalence between
CM and CM .

Proof. Let X = � � l
B Pi be an indecomposable ofM . The M -moduleX ^ = HomB (?; X ) jM

is projective. The underlying vector space ofF (X ^ ) is

F (X ^ ) '
M

q� 0

HomB (� q
B H; � � l

B Pi )

'
M

q� 0

HomB (� � q
B B; � � l

B Pi )

'
M

q� 0

HomB (B; � q� l
B Pi ) '

lM

q=0

� � q
B Pi

The action on the arrows is obviously given by the morphism

f :
l+1M

j =1

� � j Pi �!
lM

j =0

� � j Pi

with

f =

0

@

0

1
...
... ...

1 0

1

A :

Thus each projectiveX ^ is sent on an object ofCM . Moreover,H is equal to
L n

i =1 � � t i Pi

soF (H ^ ) is equal to
L n

i =1 R� � t i Pi
the sum of all the projective-injectives ofCM . Therefore

F induces a functorF : Db(modM ) ! D b(CM ). We have the following composition:

Db(modM ) ' D b(modA)

?
L

 A DA [� 2]

TT
i � //Db(modM ) F //Db(CM ) � //Db(CM )=perCM ' C M

The functor F � i � is clearly isomorphic to the left derived tensor product with the A-�-
bimodule R = F � i � (A). By proposition 6.1.5, forX in M , we have the following exact
sequence, functorial inX :

0 //F � i � (X ^ ) //F (H ^
0 ) //F (H ^

1 ) //F � i � (X _ ) //0

with H0 and H1 in add(H ). It yields a morphism

F � i � (DA ) ! F � i � (A)[2]
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in the derived category ofA-�-bimodules. Since the objectsF (H ^
0 ) and F (H ^

1 ) vanish in
the stable categoryCM , the image

F � i � (DA ) ! F � i � (A)[2]

of this morphism in the category ofA-B-bimodules is invertible, whereB is a dg category
whose perfect derived category is algebraically equivalent to the stable categoryCM . In
other words, in the derived categoryD(Aop 
 B ), we have an isomorphism

DA
L

 A �F i � (A) ' �F i � (A)[� 2]:

By the universal property of the orbit category, we have the factorization

Db(modM )
?

L

 A R //

%%KKK
KKKK

KKK
CM :

CM

==

This factorization is an algebraic functor between 2-Calabi-Yau categories which sends
the orbit-cluster-tilting object A on the cluster-tilting object R. Moreover by corollary
6.4, it yields an equivalanece between the categoriesadd(A) and add(R). Thus using the
lemma 5.4.1, it is an algebraic triangle equivalence.

Note that if M is the initial module kQ � � � 1kQ, Geiss, Leclerc and Schr•oer proved,
using a result of Keller and Reiten [KR06], that the 2-Calabi-Yau categoryCM is triangle
equivalent to the cluster categoryCQ . Here, H is � � 1kQ and then M is kQ, so we get
another proof of this fact.

6.2.4 Example: Dynkin case

Let Q be A4 with the following orientation:

1 2oo //3 //4:

Let M be the following initial module:

M = 2 � 3
2 � 1

2 �
4
3
2

� 1 3
2 �

4
1 3

2
� 3 � 1 � 4

3

Thus we have

H =
4

1 3
2

� 3 � 1 � 4
3 and M = 2 � 3

2 � 1
2 �

4
3
2

� 1 3
2 :
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Figure 6.1: Auslander-Reiten quiver of the categorymodkQ
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Figure 6.2: Auslander-Reiten quiver of the categoryCM

In �gure 6.1 we can see the Auslander-Reiten quiver of the category modkQ. The in-
decomposables ofadd(M ) are framed and the indecomposables ofadd(H ) are marked in
red.

The categoryCM is then a subcategory ofmod�( A4). Figure 6.2 shows its Auslander-
Reiten quiver. The corresponding stable category is triangle equivalent toCD 5 . The direct
summands of the canonical maximal rigid object are marked inred. Let � Q : mod� !
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modkQ be the canonical projection. The �-module
2

1 3
2 4

3
is a projective-injective ofCM ,

and its image under� Q is 2 � 1 3
2 � 4

3 which is the direct sum of a� -orbit in add(M ).
The quiver of the categoryM = add(M ) is the following:

4
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@@���
6
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@@���
9

1
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5

@@���

The endomorphism algebraA = EndkQ (M ) is de�ned by the following quiver with the
mesh relations.
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Figure 6.3: Auslander-Reiten quiver of the categorymodA

Figure 6.2.4 shows the Auslander-Reiten ofmodA. The indecomposable projectives
are marked in red and the indecomposable injectives are marked in blue.

The algebraA can be seen as the endomorphism algebra of a tilting module inmodkD5,
so the derived categoryDb(modA) is equivalent to the categoryDb(modkD5). Figure 6.4
shows its Auslander-Reiten quiver. The objectX is the following complex:

� � � //0 //3
2 � 1

2
// 6

1 3
2

//0 //� � �

whose homology is non zero in degree� 1 and 0.
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4[� 1]

!!DD
DD

DD
4
3
2
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1

##GGG
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;;wwwwww
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!!DD
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D
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// 6
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Figure 6.4: Auslander-Reiten quiver of the derived category Db(modA)

Now let X = 2 be an indecomposable ofM = add(M ). Then � � 1X is 1 3
2 2 M . The

triangle X //H0
//H1

//X [1] of property 1 of proposition 6.1.1 is the following:

2 // 4
1 3

2
//1 � 4

3
//2 [1] :

The exact sequence

0 //X ^
jM

//H ^
0jM

//H ^
1jM

//(� � 1X )_
jM

=projB //0

of modM is then

0 //2 ^ //7 ^ //8 ^ � 9 ^ //6 _ =projB //0

that is to say the sequence

0 //2 //
7

6 4
1 3

2

//
9

5 7
6 4

3
�

8
7
6
1

// 9 8
5 7

6
//0 :

Note that in this case, sinceB = EndkQ (T) is hereditary, (� � 1X )_
jM

=projB is isomorphic
to (� � 1X )_

jM
. Its image underF in mod� is

0 //2 //
3

2 4
1 3

2

//
2

1 3
2 4

3
�

4
3
2
1

// 2 4
1 3

2
= F (

6 4
1 3

2
) //0 :

Thus we get an isomorphism inCM between 2 [2] = F ( 2 ^ )[2] and
2 4

1 3
2

= F (
6 4

1 3
2

) =
F ( 2 _

jM
).

Now let X be the indecomposable object32 of M . Then � � 1X is
4

1 3
2

which is in

M . The triangle X //H0
//H1

//X [1] in Db(modkQ) is the following:

3
2

// 4
1 3

2
� 3 //1 � 4

3
//3

2 [1]:



134 Chapter 6. Particular case coming from preprojective algebras

The exact sequence0 //X ^
jM

//H ^
0jM

//H ^
1jM

//(� � 1X )_
jM

//0 of modM
is then

0 //3 ^ //7 ^ � 5 ^ //8 ^ � 9 ^ //7 _ //0

that is to say the sequence

0 //3
2

//
7

6 4
1 3

2
�

5
6
3

//
9

5 7
6 4

3
�

8
7
6
1

//8 9
7

//0 :

Its image underF in mod� is

0 //3
2

//
3

2 4
1 3

2
�

1
2
3

//
2

1 3
2 4

3
�

4
3
2
1

//2 4
3 = F ( 2 4

3 ) //0 :

Thus there is an isomorphism inCM between 3
2 [2] = F ( 3 ^

jM
)[2] and 2 4

3 = F ( 2 4
3 ) =

F ( 3 _
jM

).

6.2.5 Example: Non-Dynkin case

Now take Q = ~A2 = 1 ////2 . Thus the postprojective component of the Auslander-
Reiten quiver ofmodkQ is

P2;1

!!CC
CC

CC
CC

!!CC
CC

CC
CC

P2;2

!!CC
CC

CC
CC

!!CC
CC

CC
CC

P2;3 � � �

P1;1

=={{{{{{{{

=={{{{{{{{
P1;2

=={{{{{{{{

=={{{{{{{{
P1;3

>>}}}}}}}}}

>>}}}}}}}}}
� � �

whereP1;1 = 1 , P2;1 = 2
1 1 , P1;2 = 2 2

1 1 1 , P2;2 = 2 2 2
1 1 1 1 , etc.

Put M = P1;1 � P2;1 � P1;2 � P2;2 � P1;3, then M is the direct sumP1;1 � P2;1 � P1;2

and H is P2;2 � P1;3. Thus the algebraEndkQ (M ) is de�ned by the following quiver with
the mesh relations:

2

��==
==

==
=

��==
==

==
= 4

��??
??

??
??

��??
??

??
??

1

@@�������

@@�������
3

@@�������

@@�������
5:

The indecomposable projectives of the algebraEndkQ (M ) are given by

P1 = 1 ; P2 = 2
1 1 ; P3 =

3
2 2

1 1 1
; P4 =

4
3 3

2 2 2
1 1 1 1

and P5 =
5

4 4
3 3 3

2 2 2 2
1 1 1 1 1

:
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The projective-injectives of the categoryCM are the modulesF (P4) =
2

1 1
2 2 2

1 1 1 1
and

F (P5) =
1

2 2
1 1 1

2 2 2 2
1 1 1 1 1

.

Let X = 1 be an object inM . Then we have the short exact sequence:

0 //1 //P4
2;2

//P3
1;3

//0

But we have X ^
jM

= X ^
jM

= 1 , (� � 1X )_
jM

=
5 5 5

4 4
3

and X _
jM

=
3 3 3

2 2
1

. Therefore the
following sequence is exact inmodM

0 //1 //P4
4

//P5
5

//5 5 5
4 4

3
//0 :

For X = 2, in the same way, we have the following exact sequence

0 // 2
1 1

//P3
4

//P2
5

//5 5
4

//0

Those exact sequences inCM give isomorphisms inCM betweenF (X ^
jM

)[2] and F (X _
jM

).

6.3 Relation with categories Sub� =I w

6.3.1 Results of Buan, Iyama, Reiten and Scott

Let us recall some results of Buan, Iyama, Reiten and Scott in[BIRS07]. LetQ be a �nite
connected quiver without oriented cycles and � the associated preprojective algebra. We
denote by f 1; : : : ; ng the set of vertices ofQ. For a vertex i of Q, we denote byI i the
ideal �(1 � ei )� of �. We denote by W the Coxeter groupassociated to the quiverQ.
The group W is de�ned by the generators 1; : : : ; n and the relations:

� i2 = 1 for all i in f 1; : : : ; ng;

� ij = ji if there are no arrows between the verticesi and j ;

� iji = jij if there is exactly one arrow betweeni and j .

Let w = i1i2 : : : i r be a W-reduced word. Form � r , let I wm be the the following
ideal:

I wm = I i m : : : I i 2 I i 1 :

For simplicity we will denote I wr by I w . The category Sub� =I w is the subcategory of
f :l:� generated by the sub-�-modules of � =I w. Buan, Iyama, Reiten and Scott proved
the following:
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Theorem 6.6 (Buan-Iyama-Reiten-Scott [BIRS07]). The categorySub� =I w is a Frobe-
nius category and its stable categorySub� =I w is 2-Calabi-Yau. The object

L r
m=1 ei m � =I wm

is a cluster-tilting object.

Note that this theorem is written only for non Dynkin quiver in [BIRS07], but the
Dynkin case is an easy consequence of theorem II.2.8 and corollary II.3.5 of [BIRS07].

6.3.2 Construction of a reduced word

Let Q be a �nite connected quiver without oriented cycles, and � the associated prepro-
jective algebra. LetT be a preinjective tilting kQ-module, andB = EndkQ (T) its endo-
morphism algebra. As previously, we de�ne theB-modulesH i = HomkQ (T; I i ) where the
I i are the indecomposable injectives ofmodkQ, and M = f X 2 modB =Ext1B (X; H ) = 0 g
whereH =

L
i H i .

Let us order the indecomposablesX 1; : : : ; X N of M in such a way: if the morphism
spaceHomB (X i ; X j ) does not vanish,i is smaller than j . It is possible sinceQ has no
oriented cycles.

By proposition 6.1.1, forX i 2 M there exists a uniqueq � 0 such that � � q
B X i ' H ' ( i )

for a certain integer ' (i ). So we get a function' : f 1; : : : ; Ng ! f 1; : : : ; ng. Let w be
the word ' (1)' (2) : : : ' (N ).

Proposition 6.3.1. The word w is W-reduced.

Proof. The proof is in several steps:

Step 1: For two integersi < j in f 1; : : : ; Ng, we have' (i ) = ' (j ) if and only if there
exists a positive integerp such thatX i = � p

B X j .

Step 2: The element w of the Coxeter group does not depend on the order on the
indecomposables ofM .

Let i be in f 1; : : : ; N � 1g. Assume there is an arrow' (i ) ! ' (i + 1) in Q. We show
that there is an arrow X i ! X i +1 in the Auslander-Reiten quiver ofM . By proposition
6.1.1, there exist positive integersp and q such that X i = � q

B H ' ( i ) and X i +1 = � p
B H ' ( i +1) .

By hypothesis, there is an arrow betweenH ' ( i ) and H ' ( i +1) . Thus we want to show that
p is equal toq.

Suppose thatp � q + 1, then since M is closed under� B , the objects � q
B H ' ( i +1) and

� q+1
B H ' ( i +1) are non zero and are inM . Let l be the integer in f 1; : : : ; Ng such that

X l = � q+1
B H ' ( i +1) . We have an arrow

X i = � q
B H ' ( i ) ! � q

B H ' ( i +1) = � � 1
B X l :

Thus, by the property of the AR-translation, there is an arrow

X l ! X i :
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Thus i should be strictly greater thanl. But by step 1, and the hypothesisp � q+ 1, we
have i + 1 � l . This a contradiction.

The casesq � p + 1, and ' (i + 1) ! ' (i ) in Q can be solved in the same way.

Step 3: It is not possible to have' (i ) = ' (i + 1) .

Suppose we have' (i ) = ' (i + 1). By step 1 there exists a positive integerp such that
X i = � p

B X i +1 . Suppose thatp is � 2, then � B X i +1 = � � p+1
B X i is in M , it is isomorphic

to an X k for an integer k with ' (k) = ' (i ). But k must be strictly greater than i and
strictly smaller than i + 1 which is clearly impossible. Thusp is equal to 1. There should
exist an X l in M such that Hom(X i ; X l ) 6= 0 and Hom(X l ; X i +1 ) 6= 0. Thus l must be
strictly between i and i + 1 which is impossible.

Step 4: It is not possible to have' (i ) = ' (i + 2) and ' (i + 1) = ' (i + 3) with exactly
one arrow in Q between' (i ) and ' (i + 1) .

In this case we have, by step 1,X i = � p
B X i +2 and X i +1 = � q

B X i +3 . By the same argument
as in step 3,p and q have to be equal to 1. Thus the AR quiver ofM has locally the
following form:

%%L
L

��:
: //__ X i +1

$$JJJJ
X i +3

::v
v

//__

!!BBB

//X i

;;xxxx
X i +2

::tttt
//___

''NNN??~
~ :

There is only one arrow with tail X i +2 . Indeed, suppose there is anX k with an arrow
X k ! X i +2 . Thus there is an arrow� B X i +2 = X i ! X k and k must be strictly betweeni
and i + 2. By the same argument, there is only one arrow with tailX i +3 , one arrow with
sourceX i and one arrow with sourceX i +1 . Thus we have the following AR sequences in
modB:

0 //X i
//X i +1 //X i +2 //0 and 0 //X i +1 //X i +2 //X i +3 //0

which is clearly impossible.

Step 5: There is no subsequence of type jkjlkl in w with an arrow between j and k and
an arrow between k and l

Suppose we have' (i ) = ' (i + 2) = j , ' (i + 1) = ' (i + 4) = k and ' (i + 3) = ' (i + 5) = l.
As previously, we haveX i = � B X i +2 , X i +1 = � B X i +4 and X i +3 = � B X i +5 . There is an
arrow X i +1 ! X i +2 so there is an arrowX i +2 ! X i +4 . There is an arrowX i +3 ! X i +4 .
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Thus there is an arrowX i +1 ! X i +3 . Finally, the AR quiver of M locally looks like:

''OOO

##GGG //___ X i +3

$$JJJJ
X i +5

;;w
w

//

  @@@

//__ X i +1

::tttt

$$JJJJ
X i +4

::tttt
//___

$$J
J

J

//X i

;;xxxx
X i +2

::tttt
//___

''OOO>>}}

As in step 4, it is easy to check that there are only two arrows with tail X i +4 , one arrow
with tail X i +5 and X i +2 , one arrow with sourceX i +3 and X i and two arrows with source
X i +1 . Thus we have the 3 following AR sequences inmodB:

0 //X i
//X i +1 //X i +2 //0 0 //X i +3 //X i +4 //X i +5 //0

and 0 //X i +1 //X i +3 � X i +2 //X i +4 //0

Therefore we get the following equalities:

dimk X i +1 = dim k X i + dim k X i +2

dimk X i +4 = dim k X i +3 + dim k X i +5

dimk X i +3 + dim k X i +2 = dim k X i +1 + dim k X i +4

which imply that X i and X i +5 are zero.
By the second step, we know that using the relation of commutativity is the same as

changing the order on the indecomposables ofM . Moreover we just saw that locally we
can not reduce the wordw. Thus it is reduced.

6.3.3 Image of the orbit-cluster-tilting object

Let F : modM ! f.l.� be the functor constructed in section 6.1.2.

Proposition 6.3.2. For i = 1; : : : ; N , we have an isomorphism in f.l.� :

F (X ^
i ) ' e' ( i ) � =I wi

wherewi is the word' (1) � � � ' (i ).

Proof. The functor F is right exact and sends the simple functorSX i onto the simpleS' ( i ) .
SinceF (X ^

i ) surjects onto F (SX i ), there is a morphisme' ( i ) � ! F (X ^
i ). Explicitly, we

will take the morphism given in this way:
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The object X i is of the form � q
B H ' ( i ) for a q � 0. If j is in f 1; : : : ; ng, the vector

spacee' ( i ) � ej is isomorphic to
Q

p� 0 HomkQ (� p
D I j ; I ' ( i )) where I j is the injective inde-

composable module ofmodkQ corresponding to the vertexj . Let f be a morphism
in HomkQ (� p

D I j ; I ' ( i )), then � q
D (f ) is a morphism in HomkQ (� p+ q

D I j ; � q
D I ' ( i ) ), and then

P(� q
D f ) = � q

B P(f ) is a morphism in M from � p+ q
B H j to � q

B H ' ( i ) = X i , so is inF (X ^
i )ej .

Step 1: The morphisme' ( i ) � ! F (X ^
i ) vanishes on the idealI wi .

A word j 1j 2 � � � j r will be called asubwordof wi if there exist integers 1� l1 < l 2 <
� � � < l r � i such that j 1j 2 � � � j r = ' (l1)' (l2) � � � ' (l r ). Then it is easy to check that the
vector spacee' ( i ) I wi ej is generated by the paths fromj to ' (i ) such that there exists a
factorization

j ///o/o/o j 1 ///o/o/o j 2 ///o/o/o � � � ///o/o/o j r ///o/o/o ' (i )

with jj 1j 2 � � � j r ' (i ) not a subword ofwi .
Let f be a morphism� p

D I j ! I ' ( i ) in I (kQ) given by such a path. Assume that the
imageP(� q

D f ) of f in F (X ^
i ) is non zero. Let

� p
D I j

f 0 //� p1
D I j 1

f 1 //� p2
D I j 2

f 2 //� � � //� pr
D I j r

f r //I ' ( i )

be the factorization of f given by the above factorization of the path. ThenP(� q
D f ) is

equal to the composition

� p+ q
B H j

//� p1+ q
B H j 1

//� p2+ q
B H j 2

//� � � //� pr + q
B H j r

//� q
B H ' ( i ) = X i :

SinceP(� q
D f ) is not zero, all morphismsP(� q

D f l ) are not zero, and all objects� pl + q
B H j l are

non zero. Thus the objects� pl + q
B H j l are of the form X h l with h0 < h 1 < � � � < h r < i .

Furthermore, we have' (hl ) = j l . Thus jj 1 � � � j r ' (i ) = ' (h0)' (h1) � � � ' (hr )' (i ) is a sub-
word of wi . This contradiction shows that the image off in F (X ^

i ) must be zero.

Step 2: The morphisme' ( i ) � ! F (X ^
i ) is surjective.

Let f be a morphism� p+ q
B H j ! � q

B H ' ( i ) = X i in M . Hence � � q
B f is a morphism

� p
B H j ! H ' ( i ) in M . Since P is full (cf. proposition 6.1.4), there exists a morphism

g : � p
D I i ! I ' ( i ) such that P(g) = � � q

B f . Thus we haveP(� q
D g) = � q

B P(g) = f .

Step 3: The morphisme' ( i ) � =I wi ! F (X ^
i ) is injective.

Let f be a non zero morphism� p
D I j ! I ' ( i ) in I (kQ) such that P(� q

D f ) is zero. By
lemma 6.1.1, we can assume that there exists a factorizationof � q

D f of the form

� q+ p
D I j

h //Y
g //� q

D I ' ( i )



140 Chapter 6. Particular case coming from preprojective algebras

with Y indecomposable andP(Y) = 0. The object Y is of the form � h
D I l with h � q and

we have� h
B H l = 0.

The morphismg is a sum of compositions of irreducible morphisms between indecom-
posables. Let

� h
D I l

g0 //Y1
g1 //Y2

g2 //� � � //Ys
gs //� q

D I ' ( i )

be such a summand ofg. The objects Yk , 1 � k � s are indecomposable and so are
of the form � r k

D I j k , and the morphismsgk , 0 � k � s are irreducible. We will show
that the word lj 1j 2 : : : j s' (i ) is not a subword of wi . Without loss of generality, we
may assume that for 1� k � s, P(Yk) is not zero, so there exist integerslk such
that P(Yk) = X lk . Since the morphismsgk are irreducible, P(gk) does not vanish, and
we have 1 � l1 < l 2 < � � � < l s < i . The word j 1j 2 : : : j s' (i ) is equal to the word
' (l1)' (l2) � � � ' (ls)' (i ), so j 1j 2 : : : j s' (i ) is a subword ofwi .

Substep 1: The sequence1 � l1 < l 2 < � � � < l s < i is the maximal element of the set
f 1 � i1 < i 2 < � � � < i s < i s+1 � i j ' (i1) = j 1; : : : ; ' (i s) = j s; ' (i s+1 ) = ' (i )g for the
lexicographic order.

We prove by decreasing induction thatlk is the maximal integer with lk < l k+1 and
' (lk) = j k . For k = s + 1 it is obvious. Now suppose there exists an integeri k such that
' (lk) = ' (i k) = j k and lk < i k < l k+1 . Thus by step 1 of proposition 6.3.1, there exists an
integer r � 1 such that X lk = � r

B X i k . The morphism P(gk) : X lk ! X lk +1 is irreducible,
so there exists a non zero irreducible morphismX lk +1 ! � � 1

B X lk . The object � � 1
B X lk is in

M sinceX lk and � � r
B X lk = X i k are in M . It is of the form X t , and we havelk+1 < t .

Sincer is � 1, by step 1 of proposition 6.3.1,t is � i k . This implies lk+1 < i k which is a
contradiction.

Substep 2:l does not belong to the setf ' (1); ' (2); : : : ; ' (l1 � 1)g.

Suppose that there exists an integer 1� k � N such that ' (k) is equal to l. Thus there
exists an integerr � 0 such that X k is equal to � r

B H l . Since� h
B H l = P(� h

D I l ) is zero, r is
� h � 1.

Since the morphismg0 : � h
D I l ! Y1 is an irreducible morphism ofI (kQ), there exists an

irreducible morphismY1 ! � h� 1
D I l in I (kQ). Thus there exists an irreducible morphism

� r � h+1
D Y1 ! � r

D I l in I (kQ). The object P(� r
D I l ) = � r

B H l = X k is not zero and lies inM ,
so the objectP(� r � h+1

D Y1) = � r � h+1
B X l1 is not zero and lies inM since M is stable by

kernel. Thus there is an irreducible morphism� r � h+1
B X l1 = X t ! X k in M . Therefore t

has to be< k . Moreover sincer � h + 1 � 0, by step 1 of proposition 6.3.1,l1 is � s.
Finally we get l1 < k .

Then combining substep 1 and substep 2, we can prove thatlj 1j 2 : : : j s' (i ) can not
be a subword ofwi . Indeed, assumelj 1j 2 : : : j s' (i ) is a subword ofwi . Thus there exist
1 � i0 < i 1 < : : : < i s < i s+1 � i such that ' (i0)' (i1) : : : ' (i s+1 ) = lj 1j 2 : : : j s' (i ). In
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particular, the word j 1j 2 : : : j s' (i ) is a subword ofwi and 1 � i1 < : : : < i s < i s+1 � i is
in the set of substep 1. Thus by substep 1,i1 has to be� l1. By substep 2,i0 can not
exist.

6.3.4 Endomorphism algebra of the cluster-tilting object

Lemma 6.3.1. Let X i and X j be indecomposables ofM . Then we have an isomorphism
of vector space

Hom� (e' ( j ) � =I wj ; e' ( i ) � =I wi ) '
M

p� 0

M (� p
B X j ; X i ):

Proof. Case 1: j � i

Then by [BIRS07] (lemma II.1.14) we have an isomorphism

Hom� (e' ( j ) � =I wj ; e' ( i ) � =I wi ) ' e' ( i ) � =I wi e' ( j ) :

By proposition 6.3.2, this is isomorphic to the space
M

p� 0

M (� p
B H ' ( j ) ; X i ):

By de�nition of the function ' , there exists someq � 1 such that X j = � q
B H ' ( j ) : Thus we

can write the sum

M

p� 0

M (� p
B H ' ( j ) ; X i ) =

qM

p=1

M (� � p
B X j ; X i ) �

M

p� 0

M (� p
B X j ; X i )

Sincej � i , there is no morphism from� � p
B X j to X i for p � 1, and the �rst summand is

zero. Therefore we get the result.

Case 2: j < i

Then by [BIRS07] (lemma II.1.14) we have an isomorphism

Hom� (e' ( j ) � =I wj ; e' ( i ) � =I wi ) ' e' ( i )(I ' ( i ) : : : I ' ( j +1) =I wi )e' ( j ) :

By proposition 6.3.2, this space is a subspace of the space
M

p� 0

M (� p
B H ' ( j ) ; X i ) '

M

p� 1

M (� � p
B X j ; X i ) �

M

p� 0

M (� p
B X j ; X i ):
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Step 1: If f is a non zero morphism inM (� � p
B X j ; X i ) with p � 1 then f is not in the

spacee' ( i ) I ' ( i ) : : : I ' ( j +1) e' ( j ) .
Let X l0 be the indecomposable� � p

B X j . Sincep � 1 then l0 is � j + 1. The morphism is
a sum of composition of the form

X l0
//X l1

//� � � //X l r
//X i

with the X lk indecomposables. Sincef is not zero, we havej + 1 � l0 < l 1 < : : : < l r < i .
Thus the word ' (l0)' (l1) : : : ' (l r )' (i ) is a subword of' (j + 1) ' (j + 2) : : : ' (i ). Since it
holds for each factorization off , the morphismf is not in the spacee' ( i ) I ' ( i ) : : : I ' ( j +1) e' ( j ) .

Step 2: If f is a morphism in M (� p
B X j ; X i ) with p � 0 then f is in the space

e' ( i ) I ' ( i ) : : : I ' ( j +1) e' ( j ) .
Let X l0 be the indecomposable� p

B X j . Sincep is � 0, we havel0 � j . Let us show that if
f is a composition of irreducible morphisms

X l0
//X l1

//� � � //X l r
//X l r +1 = X i

then the word ' (l0)' (l1) � � � ' (l r )' (i ) is not a subword of' (j + 1) ' (j + 2) : : : ' (i ).
We have l0 < l 1 < � � � < l r < i . Since l0 is < j + 1, and i is � j + 1, there exists

1 � k � r + 1 such that lk� 1 < j + 1 � lk . Therefore ' (lk) : : : ' (l r )' (i ) is a subword of
' (j +1) ' (j +2) : : : ' (i ), and the sequencelk < l k+1 < � � � < l r < i is the maximal element
of the set

f j + 1 � i k < � � � < i r +1 � i j ' (i k) = ' (lk); : : : ; ' (i r ) = ' (l r ); ' (i r +1 ) = ' (i )g

for the lexicographic order (exactly for the same reasons asin substep 1 of proposi-
tion 6.3.2). Now we can prove exactly as in substep 2 of proposition 6.3.2 that ' (lk� 1)
does not belong to the setf ' (j + 1) ; : : : ; ' (lk � 1)g. Thus ' (lk� 1)' (lk) : : : ' (l r )' (i ) can
not be a subword of' (j + 1) ' (j + 2) : : : ' (i ).

Finally, let f = f 1 + f 2 be a morphism in
M

p� 0

M (� p
B H ' ( j ) ; X i ) '

M

p� 1

M (� � p
B X j ; X i ) �

M

p� 0

M (� p
B X j ; X i ):

By step 2, f 2 is in the spacee' ( i ) I ' ( i ) : : : I ' ( j +1) e' ( j ) . By step 1, the morphismf is in
e' ( i ) I ' ( i ) : : : I ' ( j +1) e' ( j ) if and only if f � 1 is zero. Thus we get an isomorphism

Hom� (e' ( j ) � =I wj ; e' ( i ) � =I wi ) '
M

p� 0

M (� p
B X j ; X i ):

Corollary 6.7. If X i and X j are indecomposables ofM , then we have

HomSub� =I w (e' ( j ) � =I wj ; e' ( i ) � =I wi ) ' eX j
~AeX i :

Proof. The proof is exactly the same as the proof of corollary 6.4.
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6.3.5 Construction of the triangle equivalence

Finally, we can formulate the following theorem:

Theorem 6.8. The functor F � i � : modM ! f:l: � induces an algebraic triangle equiv-
alence betweenCM and Sub� =I w.

Proof. For an indecomposableX in M , we have seen thatF (X ^ ) is in Sub� =I w. Thus
F induces a triangulated functorF : Db(modM ) ! D b(Sub� =I w). Thus we have the
following composition:

Db(modM ) ' D b(modA)

?
L

 A DA [� 2]

TT
i � //Db(modM ) F //Db(Sub� =I w) //Sub� =I w

As previously, the functor F � i � is triangulated algebraic. It is isomorphic to the

functor ?
L

 A R where R = F � i � (A) is a cluster-tilting object of Sub� =I w . Let X be

an indecomposable ofM . By proposition 6.1.5, we have the following exact sequence
functorial in X :

0 //F � i � (X ^ ) //F (H ^
0 ) //F (H ^

1 ) //F � i � (X _ ) //0

with H0 and H1 in add(H ).
By lemma 6.3.2, we know that

� =I w '
nM

i =1

� =I wei '
nM

i =1

F (X ^
N � i ) '

nM

i =1

F (H ^
i )

Thus F (H ^
0 ) and F (H ^

1 ) are projective-injective in Sub� =I w . Now we conclude as in
the proof of theorem 6.5. We get a triangle algebraic functorF : CA ! Sub� =I w which
sends the orbit-cluster-tilting objectA onto the cluster-tilting object T =

L N
i =1 e' ( i ) � =I wi .

Moreover, by corollary 6.7 it induces an equivalence between the subcategoriesadd(A)
and add(T). Thus by lemma 5.4.1 this is an algebraic equivalence.

6.3.6 Example: Dynkin case

Let Q be A5 with the following orientation:

Q : 1 //2 //3 //4 //5 ;

and T the following tilting module:
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Then the algebraB = EndkQ (T) is given by the quiver:

5
��<<<

4

@@���
3

2

@@���

1

@@���

with the relation given by the dotted line. On �gure 6.5 we cansee the Auslander-Reiten
quiver of the categorymodB, the subcategoryM is formed by the framed modules.

5
4

��;;;
;

4
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3
2
1
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?
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1

;;wwwwww
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3
5
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Figure 6.5: CategoryM � modB

Now put an order on the indecomposables ofM , respecting the morphisms. For
example:

5
��<<<

1

4

@@���
6

��<<<
2

7
��<<<

3

2
��<<<

@@���
8

��<<<
4

1

@@���
3

@@���
9 5
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The indecomposable projectives ofmodM are the following:

1 ; 2
1 ; 3

2 ; 4 ; 5
4 ; 6

5 ;
7

2 6
1 5

8
7 3

6 2
5

;
9
8
7
6
5

The projective-injectives ofmod�( A5) have the following form:

1
2
3
4
5

;
2

1 3
2 4

3 5
4

;
3

2 4
1 3 5

2 4
3

;
4

3 5
2 4

1 3
2

;
5
4
3
2
1

With the ordering we put on the quiver ofM , we get the wordw = 545212345 of the
Coxeter group ofA5. Then it is easy to compute:

� =I w = 1
2 � 2

1 �
3

2 4
1 5

�
4

3 5
2 4

1
�

5
4
3
2
1

The rigid maximal object associated to this wordw is the following:

R = 5 � 4
5 � 5

4 � 2 � 1
2 � 2

1 �
3

2 4
1 5

�
4

3 5
2 4

1
�

5
4
3
2
1

One can see easily, that this is the image of the projectives of M through the morphism
F : modM ! f:l: �.

Then it is not di�cult to compute the Auslander-Reiten quive r of Sub� =I w. It is
shown here in �gure 6.3.6. The indecomposables of the cluster-tilting object are framed,
and the projective-injectives are framed in red. We can easily check that the stable
categorySub� =I w is equivalent to CA 3 � C A 1 and that the endomorphism algebra of the
tilting object has the form:

1
2

��::
:

2

AA����
2
1

oo

""FF
FF

3
2 4

1 5

$$III
I

4
5

��;;
;;

;;
;;

??~~~~~ 4
3 5

2 4
1

oo

��;;
;;

;;

5

GG�������
5
4

oo

<<yyyyyyy 5
4
3
2
1

oo

Moreover, the categoryM has the following quiver:

4 2
��<<<

1

@@���
3
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Figure 6.6: Auslander-Reiten quiver of the Frobenius category Sub� =I w

Thus M is equivalent to the direct sum ofk with the endomorphism algebra of a tilting
module T0 of modkA3 with the usual orientation. Thus the derived category ofM is
equivalent to Db(modk) � D b(modA3). Finally, the cluster category ofM is equivalent
CA 1 � C A 3 . This con�rms theorem ??.

6.3.7 Example: Non-Dynkin case

Let Q be the following quiver: 1 //2 3oooo . The preinjective component ofmodkQ
looks as follows:

� � � [ 4 16 9 ]
%%LLL

LL

%%LLL
LL

[ 2 6 3 ]
%%KKK

K
%%KKK

K
[ 0 2 1 ]

%%KKK
KK

%%KKK
KK;;wwwwwww

;;wwwwwww

##GGG
GGG [ 3 11 6 ]

99rrrr 99rrrr

%%LLL
LL

[ 1 4 2 ]

99sssss

99sssss

%%KKK
K

[ 0 1 0 ]

� � � [ 3 8 4 ]

99rrrr

[ 0 3 2 ]

99sssss
[ 1 1 0 ]

99ssss

Here we denote thekQ-modules by their dimension vector in order to lighten the writ-
ing. For example the module [1 4 2 ] has the following decomposition series:2 2 2 2

3 1 3 .
If we mutate the tilting object [ 2 6 3 ] � [ 1 4 2 ] � [ 1 1 0 ] in the direction [ 1 4 2 ], we stay
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in the preinjective component. We get the tilting object:

T = [ 2 6 3 ] � [ 3 8 4 ] � [ 1 1 0 ] :

The algebraB = EndkQ (T) is given by the quiver:

2
a

��==
==

==
=

a0
��==

==
==

=

1

b
@@������� b0

@@�������
3

with the relation ba+ b0a0 = 0:

The categoryM � modB, has the following Auslander-Reiten quiver:

2
��===

=

��===
= 5

��===
=

��===
= 3

1

@@����
@@����

3

@@����

@@����

��===
= 6 2

4

@@����
1

The projective indecomposables ofmodM are the followings:
h

0 0
1 0 0

0

i
;

h
1 0

2 0 0
0

i
;

h
2 0

3 1 0
0

i
;

h
2 0

3 1 0
1

i
;

h
3 1

4 2 0
0

i
;

h
6 2

8 4 1
1

i

The associated word isw = 232132. The projectives of the preprojective algebra associ-
ated to Q have the following composition series:

1
2

3 3
2 2 2

3 1 3 3 1 3 3 1 3
...

...
...

;

2
3 1 3

2 2 2 2
3 1 3 3 1 3 3 1 3

...
...

...

; and

3
2 2

3 1 3 1 3
2 2 2 2 2 2

...
...

The maximal rigid object of the categorySub� =I w associated to the writing ofw =
232132 is

R = 2 � 3
2 2 �

2
3 3

2 2 2
�

1
2

3 3
2 2 2

�
3

2 2
3 3 3

2 2 2 2
�

2
3 1 3

2 2 2 2
3 3 3 3 3 3

2 2 2 2 2 2 2 2

:

The last three summands are the projective-injectives of the Frobenius categorySub� =I w.
If we write these modules with their dimension vectors we get:

R =
h

0
1
0

i
�

h
1
2
0

i
�

h
2
4
0

i
�

h
2
4
1

i
�

h
4
6
0

i
�

h
8
13
1

i

and it is easy to check that this module corresponds to the projection of T.
Now take the moduleX = 1 in M . It corresponds to the module [3 8 4 ] in modkQ.

We have the injective resolution inmodkQ:

0 //[ 3 8 4 ] //[ 0 2 1 ]4 � [ 1 1 0 ]3 //[ 0 1 0 ]3 //0
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Thus the short exact sequence inM 0 //X //H0
//H1

//0 is the following:

0 //1 //43 � 54 //63 //0

Therefore, the sequence0 //X ^ //H ^
0

//H ^
1

//(� � 1X )_ =projB //0 in modM
becomes:

0 //
h

0 0
1 0 0

0

i
//
h

2 0
3 1 0

1

i 3
�

h
3 1

4 2 0
0

i 4
//
h

6 2
8 4 1

1

i 3
//
h

0 2
0 1 3

0

i
//0

where
h

0 2
0 1 3

0

i
is the quotient of (� � 1

B 1)_ = 3 _ =
h

0 2
0 1 4

1

i
by the projectives. Applying

the projection functor we get the exact sequence inmod�:

0 //
h

0
1
0

i
//
h

2
4
1

i 3
�

h
4
6
0

i 4
//
h

8
13
1

i 3
//
h

2
4
0

i
//0

The M -module 1_
jM

is
h

2
1 3

0

i
=

3 3 3
2 2

1
. We have F � i � (1_

jM
) =

h
2
4
0

i
. By the exact

sequence above, there is an isomorphism inSub� =I w betweenF � i � (1^
jM

) and F � i � (1_
jM

)[2].
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Cluster-tilting object

Let k be a �eld and A a di�erential graded (=dg) k-algebra. We denote byAe the dg
algebra Aop 
 A. We denote by D = DA the derived category of dgA-modules and
by DbA its full subcategory formed by the dgA-modules whose homology is of �nite
total dimension over k. We write perA for the category of perfect dgA-modules, i.e.
the smallest triangulated subcategory ofDA containing A and stable under taking direct
summands. The suspension functors of all these categories will be denoted by [1].

Suppose thatA has the following properties:

� A is homologically smooth (i.e. the object A, viewed as anAe-module, is perfect);

� for eachp > 0, the spaceH pA is zero;

� the spaceH 0A is �nite dimensional;

� A is bimodule 3-Calabi-Yau,i.e. there is an isomorphism inD(Ae)

RHomA e (A; A e) ' A[� 3]:

Since A is homologically smooth, the categoryDbA is a subcategory ofperA (see
[Kel08a], lemma 4.1). We denote by� the canonical projection functor� : perA ! C =
perA=DbA. Moreover, by the same lemma, there is a bifunctorial isomorphism

DHomD (L; M ) ' HomD (M; L [3])

for all objects L in DbA and all objectsM in perA. We call this property the Calabi-Yau
property.

The aim of this chapter is to show the following result:

Theorem 7.1. Let A be a dg k-algebra with the above properties. Then the category
C = perA=DbA is Hom-�nite and 2-Calabi-Yau. Moreover, the object� (A) is a cluster-
tilting object. Its endomorphism algebra is isomorphic toH 0A.

149
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7.1 t-structure on perA

The main tool of the proof of theorem 7.1 is the existence of a canonical t-structure in
perA.

7.1.1 Construction of a t-structure on DA

Let D � 0 be the full subcategory ofD whose objects are the dg modulesX such that H pX
vanishes for allp > 0.

Lemma 7.1.1. The subcategoryD � 0 is an aisle in the sense of Keller-Vossieck [KV88].

Proof. The canonical morphism� � 0A ! A is a quasi-isomorphism of dg algebras. Thus
we can assume thatAp is zero for all p > 0. The full subcategoryD � 0 is stable under
X 7! X [1] and under extensions. We claim that the inclusionD � 0

�• //D has a right
adjoint. Indeed, for each dg A-moduleX , the dg A-module� � 0X is a dg submodule ofX ,
sinceA is concentrated in negative degrees. Thus� � 0 is a well-de�ned functor D ! D � 0.
One can check easily that� � 0 is the right adjoint of the inclusion.

Proposition 7.1.1. Let H be the heart of thet-structure, i.e. H is the intersection
D � 0 \ D � 0. We have the following properties:

(i) The functor H 0 induces an equivalence fromH onto ModH 0A.
(ii) For all X andY in H, we have an isomorphismExt1H 0A (X; Y ) ' HomD (X; Y [1]).

Note that it is not true for general i that ExtiH (X; Y ) ' HomD (X; Y [i ]).

Proof. (i) We may assume thatAp = 0 for all p > 0. Then we have a canonical morphism
A ! H 0A. The restriction along this morphism yields a functor � : ModH 0A ! H such
that H 0 � � is the identity of ModH 0A. Thus the functor H 0 : H ! ModH 0A is full and
essentially surjective. Moreover, it is exact and an objectN 2 H vanishes if and only
if H 0N vanishes. Thus iff : L ! M is a morphism ofH such that H 0(f ) = 0, then
ImH 0(f ) = 0 implies that H 0(Imf ) = 0 and Imf = 0, so f = 0. Thus H 0 : H ! ModH 0A
is also faithful.

(ii) By section 3.1.7 of [BBD82] there exists a triangle functor Db(H ) ! D which
yields for X and Y are in H and for n � 1 an isomorphism (remark (ii) section 3.1.17
p.85)

HomDH (X; Y [n]) ' HomD (X; Y [n]):

Applying this for n = 1 and using (i), we get the result.
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7.1.2 Hom-�niteness

Proposition 7.1.2. The categoryperA is Hom-�nite.

Lemma 7.1.2. For eachp, the spaceH pA is �nite dimensional.

Proof. By hypothesis, H pA is zero forp > 0. We prove by induction onn the follow-
ing statement: The spaceH � nA is �nite dimensional, and for all p � n + 1 the space
HomD (� �� nA; M [p]) is �nite dimensional for eachM in modH 0A.

For n = 0, the spaceH 0A is �nite dimensional by hypothesis. LetM be in modH 0A.
Since� � 0A is ismorphic to A, HomD (� � 0A; M [p]) is isomorphicH 0(M [p]), and so is zero
for p � 1.

Suppose that the property holds forn. Form the triangle:

(H � nA)[n � 1] //� �� n� 1A //� �� nA //(H � nA)[n]

Let p be an integer� n + 1. Applying the functor HomD (?; M [p]) we get the long exact
sequence:

� � � //HomD (� �� nA; M [p]) //HomD (� �� n� 1A; M [p]) //HomD ((H � nA)[n � 1]; M [p]) //� � � :

By induction the spaceHomD (� �� nA; M [p]) is �nite dimensional.
SinceM [p] is in DbA we can apply the Calabi-Yau property. Ifp is � n + 3, we have

isomorphisms:

HomD ((H � nA)[n � 1]; M [p]) ' HomD ((H � nA); M [p � n + 1])

' DHomD (M [p � n � 2]; H � nA):

Sincep � n � 2 is � 1, this space is zero.
If p = n + 2, we have the following isomorphisms.

HomD ((H � nA)[n � 1]; M [n + 2]) ' HomD ((H � nA); M [3])

' DHomD (M; H � nA)

' DHomH 0A (M; H � nA):

The last isomorphism comes from lemma 7.1.1 (i ). By induction, the space H � nA is
�nite dimensional. Thus for p � n + 2, the spaceHomD ((H � nA)[n � 1]; M [p]) is �nite
dimensional.

If p = n + 1 we have the following isomorphisms:

HomD ((H � nA)[n � 1]; M [n + 1]) ' HomD ((H � nA); M [2])

' DHomD (M; H � nA[1])

' DExt1H 0A (M; H � nA)
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The last isomorphism comes from lemma 7.1.1 (ii ). By induction, since H � nA is �nite
dimensional, the spaceHomD ((H � nA)[n � 1]; M [n + 1]) is �nite dimensional and so is
HomD (� �� n� 1A; M [n + 1]).

Now, look at the triangle

� �� n� 2A //

0
--

� �� n� 1A //

��

(H � n� 1A)[n + 1] //

vvmmmmmmmmmmmm
(� �� n� 2A)[1]

0ppM [n + 1]

:

The spacesHomD (� �� n� 2A; M [n + 1]) and HomD (( � �� n� 2A)[1]; M [n + 1]) vanish since
M [n + 1] is in D �� n� 1. Thus we have

HomD (� �� n� 1A[n � 1]; M [n + 1]) ' HomD ((H � n� 1A)[n + 1] ; M [n + 1])

' HomD (H � n� 1A; M )

' HomH 0A (H � n� 1A; M ):

This holds for all �nite dimensional H 0A-modulesM . Thus it holds for the compact
cogeneratorM = DH 0A. The spaceHomH 0A (H � n� 1A; DH 0A) ' DH � n� 1A is �nite
dimensional, and thereforeH � (n+1) A is �nite dimensional.

Proof. (of proposition 7.1.2) For each integerp, the spaceHomD (A; A [p]) ' H p(A) is
�nite dimensional by lemma 7.1.2. The subcategory of (perA)op � perA whose objects are
the pairs (X; Y ) such that HomD (X; Y ) is �nite dimensional is stable under extensions
and passage to direct factors.

7.1.3 Restriction of the t-structure to perA

Lemma 7.1.3. For each X in perA, there exist integersN and M such thatX belongs
to D � N and ? D � M .

Proof. The object A belongs toD � 0. Moreover, since forX in DA, the spaceHomD (A; X )
is isomorphic to H 0X , the dg moduleA belongs to? D �� 1. Thus the property is true
for A. For the same reasons, it is true for all shifts ofA. Moreover, this property is
clearly stable under taking direct summands and extensions. Thus it holds for all objects
of perA.

This lemma implies the following result:

Proposition 7.1.3. The t-structure on DA restricts to perA.

Proof. Let X be in perA, and look at the canonical triangle:

� � 0X //X //� > 0X //(� � 0X )[1]:
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SinceperA is Hom-�nite, the space H pX ' HomD (A; X [p]) is �nite dimensional for all
p 2 Z and vanishes for allp � 0 by lemma 7.1.3. Thus the object� > 0X is in DbA and
so in perA. SinceperA is a triangulated subcategory, it follows that� � 0X also lies in
perA.

Proposition 7.1.4. Let � be the projection� : perA ! C . Then for X and Y in perA,
we have

HomC(�X; �Y ) = lim
!

HomD (� � nX; � � nY)

Proof. Let X and Y be in perA. An element of lim
!

HomD (� � nX; � � nY) is an equivalence

class of morphisms� � nX ! � � nY. Two morphismsf : � � nX ! � � nY and g : � � m X !
� � m Y with m � n are equivalent if there is a commutative square:

� � nX
f //

��

� � nY

��
� � m X

g //� � mY

where the vertical arrows are the canonical morphisms. Iff is a morphismf : � � nX !
� � nY, we can form the following morphism fromX to Y in C:

� � nX

||zz
zz

zz
zz

f //

$$HHH
HHH

HHH
H

� � nY

��
X Y;

where the morphisms� � nX ! X and � � nY ! Y are the canonical morphisms. This is
a morphism from �X to �Y in C because the cone of the morphism� � nX ! X is in
DbA. Moreover, if f : � � nX ! � � nY and g : � � m X ! � � m Y are equivalent, there is an
equivalence of diagrams:

� � nX

��

||xx
xx

xx
xx

f //

$$JJJ
JJJ

JJJ
J

� � nY

��

��

X Y

� � m X

bbFFFFFFFF
g //

::tttttttttt
� � m Y

OO

Thus we have a well-de�ned map from lim
!

HomD (� � nX; � � nY) to HomC(�X; �Y ) which is

injective.
Now let X 0

s
!!CC}}zz

X Y

be a morphism inHomC(�X; �Y ). Let X 00be the cone ofs. It is

an object ofDbA, and therefore lies inD>n for somen � 0. Thus there are no morphisms
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from � � nX to X 00and there is a factorization:

� � nX

��

0

""EEE
EEE

EEE

||
X 0 s //X //X 00 //X 0[1]

We obtain an isomorphism of diagrams:

X 0

$$III
Is

zzuuu
u

X Y

� � nX f

;;vvvv
ddHHHH

OO

The morphismf : � � nX ! Y induces a morphismf 0 : � � nX ! � � nY which lifts the given
morphism. Thus the map from lim

!
HomD (� � nX; � � nY) to HomC(�X; �Y ) is surjective.

7.2 Fundamental domain

Let F be the following subcategory ofperA:

F = D � 0 \ ?D �� 2 \ perA:

The aim of this section is to show:

Proposition 7.2.1. The projection functor � : perA ! C induces ak-linear equivalence
betweenF and C.

7.2.1 add(A)-approximation for objects of the fundamental do-
main

Lemma 7.2.1. For each objectX of F , there exists a triangle

P1
//P0

//X //P1[1]

with P0 and P1 in add(A).

Proof. For X in perA, the morphism

HomD (A; X ) ! HomH (H 0A; H 0X )
f 7! H 0(f )
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is an isomorphism sinceHomD (A; X ) ' H 0X . Thus it is possible to �nd a morphism
P0 ! X , with P0 a free dgA-module, inducing an epimorphismH 0P0

////H 0X . Now
take X in F and P0 ! X as previously and form the triangle

P1
//P0

//X //P1[1]:

Step 1: The objectP1 is in D � 0 \ ?D �� 1.
The objectsX and P0 are in D � 0, so P1 is in D � 1. Moreover, sinceH 0P0 ! H 0X is an
epimorphism,H 1(P1) vanishes andP1 is in D � 0.

Let Y be in D �� 1, and look at the long exact sequence:

� � � //HomD (P0; Y) //HomD (P1; Y) //HomD (X [� 1]; Y) //� � � :

The spaceHomD (X [� 1]; Y) vanishes sinceX is in ? D �� 2 and Y is in D �� 1. The object
P0 is free, andH 0Y is zero, so the spaceHomD (P0; Y) also vanishes. Consequently, the
object P1 is in ? D �� 1.

Step 2: H 0P1 is a projectiveH 0A-module.
SinceP1 is in D � 0 there is a triangle

� �� 1P1 //P1
//H 0P1

//(� �� 1P1)[1]:

Now take an objectM in the heart H , and look at the long exact sequence:

� � � //HomD (( � �� 1P1)[1]; M [1]) //HomD (H 0P1; M [1]) //HomD (P1; M [1]) //� � � :

The spaceHomD (( � �� 1P1)[1]; M [1]) is zero becauseHomD (D �� 2; D �� 1) vanishes in at-
structure. Moreover, the spaceHomD (P1; M [1]) vanishes becauseP1 is in ? D �� 1. Thus
HomD (H 0P1; M [1]) is zero. But this space is isomorphic to the spaceExt1H (H 0P1; M ) by
proposition 7.1.1. This proves thatH 0P1 is a projectiveH 0A-module.

Step 3: P1 is isomorphic to an object ofadd(A).
As previously, sinceH 0P1 is projective, it is possible to �nd an objectP in add(A) and a
morphism P ! P1 inducing an isomorphismH 0P ! H 0P1. Form the triangle

Q u //P
v //P1

w //Q[1]

SinceP and P1 are in D � 0 and H 0(v) is surjective, the coneQ lies in D � 0. But then w
is zero sinceP1 is in ? D �� 1. Thus the triangle splits, andP is isomorphic to the direct
sum P1 � Q. Therefore we have a short exact sequence:

0 //H 0Q //H 0P //H 0P1
//0;

and H 0Q vanishes. The objectQ is in D �� 1, the triangle splits, and there is no morphism
betweenP and D �� 1, so Q is the zero object.
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7.2.2 Equivalence between the shifts of F

Lemma 7.2.2. The functor � �� 1 induces an equivalence fromF to F [1]

Proof. Step 1: The image of the functor� �� 1 restricted to F is in F [1].

Recall that F is D � 0 \ ?D �� 2 \ perA. Thus F [1] is D �� 1 \ ?D �� 3 \ perA. Let X be an
object in F . By de�nition, � �� 1X lies in D �� 1 and there is a canonical triangle:

� �� 1X //X //H 0X //� �� 1X [1] :

Now let Y be an object inD �� 3 and form the long exact sequence

� � � //HomD (X; Y ) //HomD (� �� 1X; Y ) //HomD ((H 0X )[� 1]; Y) //� � �

SinceX is in ? D �� 2, the spaceHomD (X; Y ) vanishes. The objectH 0X [� 1] is of �nite
total dimension, so by the Calabi-Yau property, we have an isomorphism

HomD (H 0X [� 1]; Y) ' DHomD (Y; H0X [2]):

But sinceHomD (D �� 3; D �� 2) is zero, the spaceHomD ((H 0X )[� 1]; Y) vanishes and� �� 1X
lies in ? D �� 3.

Step 2: The functor� �� 1 : F ! F [1] is fully faithful.

Let X and Y be two objects inF and f : � �� 1X ! � �� 1Y be a morphism.

H 0X [� 1] //� �� 1X //

f
��

X

��

//H 0X

H 0Y[� 1] //� �� 1Y i //Y //H 0Y

The spaceHomD (H 0X [� 1]; Y) is isomorphic to DHomD (Y; H0X [2]) by the Calabi-Yau
property. SinceY is in ? D �� 2, this space is zero, and the compositioni � f factorizes
through the canonical morphism� �� 1X ! X . Therefore, the functor� �� 1 is full.

Let X and Y be objects ofF and f : X ! Y a morphism satisfying� �� 1f = 0. It
induces a morphism of triangles:

H 0X [� 1] //

��

� �� 1X
i //

0
��

X //

f

��

H 0X

}} ��
H 0Y[� 1] //� �� 1Y //Y //H 0Y

The composition f � i vanishes, sof factorizes throughH 0X . But by the Calabi-Yau
property the space of morphismsHomD (H 0X; Y ) is isomorphic to DHomD (Y; H0X [3])
which is zero sinceY is in ? D �� 2. Thus the functor � �� 1 restricted to F is faithful.
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Step 3: The functor� �� 1 : F ! F [1] is essentially surjective.
Let X be in F [1]. By the previous lemma there exists a triangle

P1[1] //P0[1] //X //P1[2]

with P0 and P1 in add(A). Denote by � the Nakayama functor on the projectives of
modH 0A. Let M be the kernel of the morphism�H 0P1 ! �H 0P0. It lies in the heart H .

Substep (i): There is an isomorphism of functors:Hom(?; X [1])jH ' HomH (?; M )
Let L be in H . Then we have a long exact sequence:

� � � //HomD (L; P0[2]) //HomD (L; X [1]) //HomD (L; P1[3]) //HomD (L; P0[3]) //� � � :

The spaceHomD (L; P0[2]) is isomorphic toDHomD (P0; L[1]) by the Calabi-Yau property,
and vanishes becauseP0 is in ? D �� 1. Moreover, we have the following isomorphisms:

HomD (L; P1[3]) ' DHomD (P1; L)

' DHomH (H 0P1; L)

' HomH (L; �H 0P1):

Thus HomD (?; X [1])jH is isomorphic to the kernel ofHomH (?; �H 0P1) ! HomH (?; �H 0P0),
which is just HomH (?; M ).

Substep (ii): There is a monomorphism of functors:Ext1H (?; M ) �• //HomD (?; X [2])jH .

For L in H , look at the following long exact sequence:

� � � //HomD (L; P1[3]) //HomD (L; P1[3]) //HomD (L; X [2]) //HomD (L; P1[4]) //� � � :

The spaceHomD (L; P1[4]) is isomorphic toDHomD (P1[1]; L) which is zero sinceP1[1] is
in D �� 1 and L is in D � 0. Thus the functor HomD (?; X [2])jH is isomorphic to the cokernel
of HomH (?; �H 0P1) ! HomH (?; �H 0P0). By defninition, Ext1H (?; M ) is the �rst homology
of a complex of the form:

� � � //0 //HomH (?; �H 0P1) //HomH (?; �H 0P0) //HomH (?; I ) //� � � ;

where I is an injective H 0A-module. Thus we get the canonical injection:

Ext1H (?; M ) �• //HomD (?; X [2])jH :

Now form the following triangle:

X //Y //M //X [1]:

Substep (iii): Y is in F and � �� 1Y is isomorphic to X .
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SinceX and M are in D � 0, Y is in D � 0. Let Z be in D �� 2 and form the following long
exact sequence:

� � � HomD (X [1]; Z ) //HomD (M; Z ) //HomD (Y; Z) //HomD (X; Z ) //HomD (M [� 1]; Z ) � � � :

By the Calabi-Yau property and the fact that Z [2] is in D � 0, we have isomorphisms

HomD (M [� 1]; Z ) ' DHomD (Z [� 2]; M )

' DHomH (H � 2Z; M ):

Moreover, sinceX is in ? D �� 3, we have

HomD (X; Z ) ' HomD (X; (H � 2Z)[2])

' DHomH (H � 2Z; X [1]):

By substep (i) the functorsHomH (?; M ) and HomD (?; X [1])jH are isomorphic. Therefore
we deduce that the morphismHomD (X; Z ) ! HomD (M [� 1]; Z ) is an isomorphism.

Now look at the triangle

� �� 3Z //Z //H � 2Z[2] //(� �� 3Z)[1]

and form the commutative diagram

HomD (M; � �� 3Z) //HomD (M; Z ) //HomD (M; H � 2Z[2]) //HomD (M; � �� 3Z[1])

HomD (X [1]; � �� 3Z) //

a

OO

HomD (X [1]; Z ) //

b

OO

HomD (X [1]; H � 2Z[2]) //

c

OO

HomD (X [1]; � �� 3Z[1])

d

OO
:

By the Calabi-Yau property and the fact that (� �� 3Z)[� 3] is in D � 0, we have isomor-
phisms

HomD (M [� 1]; � �� 3Z[� 1]) ' DHomD (� �� 3Z[� 1]; M )

' DHomH (H � 3Z; M ):

SinceX is in ? D �� 3, we have

HomD (X; (� �� 3Z)[� 1]) ' HomD (X; H � 3Z[� 2])

' DHomH (H � 3Z; X [1]):

Now we deduce from substep (i) thata[� 1] is an isomorphism.
The spaceHomD (X [1]; � �� 3Z[1]) is zero becauseX is ? D �� 3. Moreover there are

isomorphisms

HomD (M; H � 2Z[2]) ' DHomD (H � 2Z; M [1])

' DExt1H (H � 2Z; M ):
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The spaceHomD (X [1]; H � 2Z[2]) is isomorphic toDHomD (H � 2Z; X [2]). And by substep
(ii), the morphism Ext1H (?; M ) ! HomD (?; X [2])jH is injective, soc is surjective. Therefore
using a weak form of the �ve-lemma we deduce thatb is surjective.

Finally, we have the following exact sequence:

HomD (X [1]; Z ) ////HomD (M; Z ) //HomD (Y; Z) //HomD (X; Z ) � //HomD (M [� 1]; Z )

Thus the spaceHomD (M; Z ) is zero, andZ is in ? D �� 2.
It is now easy to see that there is an isomorphism of triangles:

� �� 1Y //

��

Y //H 0Y //

��

� �� 1Y[1]

��
X //Y //M //X [1]:

7.2.3 Proof of proposition 7.2.1

Step 1: The functor� restricted to F is fully faithful.

Let X and Y be objects inF . By proposition 7.1.1 (iii), the spaceHomC(�X; �Y ) is
isomorphic to the direct limit lim

!
HomD (� � nX; � � nY). A morphism betweenX and Y in

C is a diagram of the form
� � nX

$$IIIzzuuu
X Y:

The canonical triangle

(� >n X )[� 1] //� � nX //X //� >n X

yields a long exact sequence:

� � � //HomD (� >n X; Y ) //HomD (X; Y ) //HomD (� � nX; Y ) //HomD (( � >n X )[� 1]; Y) //� � �

The spaceHomD (( � >n X )[� 1]; Y) is isomorphic to the spaceDHomD (Y;(� >n X )[2]). The
object X is in D � 0, hence so is� >n X , and the spaceDHomD (Y;(� >n X )[2]) vanishes. For
the same reasons, the spaceHomD (� >n X; Y ) vanishes. Thus there are bijections

HomD (� � nX; � � nY) � //HomD (� � nX; Y ) � //HomD (X; Y )

Therefore, the functor� : F ! C is fully faithful.

Step 2: ForX in perA, there exists an integerN and an objectY of F [� N ] such that
�X and �Y are isomorphic in C.
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Let X be in perA. By lemma 7.1.3, there exists an integerN such that X is in
? D � N � 2. For an object Y in D � N � 2, the spaceHomD (( � >N X )[� 1]; Y) is isomorphic
to DHomD (Y;(� >N X )[2]) and so vanishes. Therefore,� � N X is still in ? D � N � 2, and so is
in F [� N ]. Since� >N X is in DbA, the objects� � N X and X are isomorphic inC.

Step 3: The functor� restricted to F is essentially surjective.
Let X be in perA and N such that � � N X is in F [� N ]. By lemma 7.2.2,� �� 1 induces
an equivalence betweenF and F [1]. Thus since the functor� � � �� 1 : perA ! C is
isomorphic to � , there exists an objectY in F such that � (Y) and � (X ) are isomorphic
in C. Therefore, the functor� restricted to F is essentially surjective.

Proposition 7.2.2. If X and Y are objects inF , there is a short exact sequence:

0 //Ext1D (X; Y ) //Ext1C(X; Y ) //DExt1D (Y; X) //0:

Proof. Let X and Y be in F . The canonical triangle

� < 0X //X //� � 0X //(� < 0X )[1]

yields the long exact sequence:

HomD (( � � 0X )[� 1]; Y[1]) HomD (� < 0X; Y [1])oo HomD (X; Y [1])oo HomD (� � 0X; Y [1])oo :

The spaceHomD (X [� 1]; Y [1]) is zero becauseX is in ? D �� 2 and Y is in D � 0. More-
over, the spaceHomD (� � 0X; Y [1]) is zero because of the Calabi-Yau property. Thus this
long sequence reduces to a short exact sequence:

0 //Ext1D (X; Y ) //HomD (� < 0X; Y [1]) //HomD (( � � 0X )[� 1]; Y[1]) //0 :

Step 1: There is an isomorphismHomD (( � � 0X )[� 1]; Y) ' DExt1D (Y; X):
The spaceHomD (( � � 0X )[� 1]; Y [1]) is isomorphic toDHomD (Y; � � 0X [1]) by the Calabi-
Yau property.

Y
0

yy �� %%LLL
LLL

LLL
LL 0

��
(� < 0X )[1] //X [1] //(� � 0X )[1] //(� < 0X )[2]

But since HomD (Y;(� < 0X )[1]) and HomD (Y;(� < 0X )[2]) are zero, we have an isomorphism

HomD (� � 0X [� 1]; Y) ' DExt1D (Y; X):

Step 2: There is an isomorphismExt1C(�X; �Y ) ' HomD (� �� 1X; Y [1]).
By lemma 7.2.2, the object� < 0X belongs toF [1] and clearlyY[1] belongs toF [1]. By
proposition 7.2.1 (applied to the shiftedt-structure), the functor � : perA ! C induces
an equivalence fromF [1] to C and clearly we have� (� < 0X; Y [1]) � //� (X ): We obtain
bijections

HomD (� < 0X; Y [1]) � //HomD (�� < 0X; �Y [1]) � //HomD (�X; �Y [1]):
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7.2.4 Proof of the main theorem

Step 1: The categoryC is Hom-�nite and 2-Calabi-Yau.

The categoryF is obviouslyHom-�nite, hence so isCby proposition 7.2.1. The categories
T = perA and N = DbA � perA satisfy the hypotheses of chapter 4. By [Kel08a], thanks
to the Calabi-Yau property, there is a bifunctorial non degenerate bilinear form:

� N;X : HomD (N; X ) � HomD (X; N [3]) ! k

for N in DbA and X in perA. Thus, by chapter 4, there exists a bilinear bifunctorial form

� 0
X;Y : HomC(X; Y ) � HomC(Y; X [2]) ! k

for X and Y in C = perA=DbA. We would like to show that it is non degenerate. Since
perA is Hom-�nite, by theorem 4.2 and proposition 4.2.1, it is su�cient to show the
existence of localN -envelopes. LetX and Y be objects ofperA. Then by lemma 7.1.3,
X is in ? D � N . Thus there is an injection

0 //HomD (X; Y ) //HomD (X; � >N Y)

and Y ! � >N Y is a localN -envelope relative toX . Therefore,C is 2-Calabi-Yau.
Note that the bilinear form � X;Y yields a bifunctorial map

� XY : Ext1C(X; Y ) ! DExt1C(Y; X):

One can check that it makes the following diagram

0 //Ext1D (X 0; Y0) //

�
��

Ext1C(�X 0; �Y 0) //

�
��

DExt1D (Y 0; X 0) //0

0 //DD Ext1D (X 0; Y0) //DExt1C(�Y 0; �X 0) //DExt1D (Y 0; X 0) //0

commutative, whereX 0 and Y 0 are objects inF such that � (X 0) = X and � (Y 0) = Y.

Step 2: The object�A is a cluster-tilting object of the categoryC.

Let A be the free dgA-module in perA. SinceH 1A is zero, the spaceExt1D (A; A) is also
zero. Thus by the short exact sequence

0 //Ext1D (A; A) //Ext1C(�A; �A ) //DExt1D (A; A) //0

of proposition 7.2.2, � (A) is a rigid object of C. Now let X be an object ofC. By
proposition 7.2.1, there exists an objectY in F such that �Y is isomorphic toX . Now
by lemma 7.2.1 , there exists a triangle inperA

P1
//P0

//Y //P1[1]
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with P1 and P0 in add(A). Applying the triangle functor � we get a triangle inC:

�P 1
//�P 0

//X //�P 1[1]

with �P 1 and �P 0 in add(�A ). If Ext1C(�A; X ) vanishes, this triangle splits andX is a
direct factor of �P 0. Thus, the object �A is a cluster-tilting object in the 2-Calabi-Yau
categoryC.

7.3 Application to the cluster category of an algebra
of global dimension 2

Let A be a �nite dimensional k-algebra of global dimension� 2. We denote byB the
dg-algebraA � (DA )[� 3], and by p the canonical projectionB ! A. Let us denote by
hAi B the thick subcategory ofDbB generated by the image of the restriction alongp. The
cluster category associated toA is de�ned as the quotientCA = hAi B =perB (section 7 of
[Kel05]). We assume that the functorTorA

2 (?; DA ) is nilpotent. This is equivalent to the
fact that CA is Hom-�nite by theorem 5.1.

We denote by � a co�brant resolution of the dg A-bimodule RHom�
A (DA; A ). Fol-

lowing [Kel08a] and [Kel08b], we de�ne the 3-derived preprojective algebra as the tensor
algebra

� 3(A) = TA (�[2]) :

The complexRHom�
A (DA; A )[2] has its homology concentrated in degrees� 2, � 1 and 0,

and we have

H � 2(�[2]) ' HomDA (DA; A ); H � 1(�[2]) ' Ext1A (DA; A ) and H 0(�[2]) ' Ext2A (DA; A ):

Thus the homology of the dg algebra �3(A) vanishes in strictly positive degrees and we
have

H 0� 3A = TA Ext2A (DA; A ) = ~A:

Moreover, by lemma 5.3.1 the nilpotence of the functorTorA
2 (?; DA ) means that there

exists N such that Ext2A (DA; A )
 N vanishes. Keller showed that �3(A) is homologically
smooth and bimodule 3-Calabi-Yau [Kel08b]. Thus we can apply theorem 7.1 and we
have the following results:

Corollary 7.2. The categoryC = per� 3A=Db� 3A is 2-Calabi-Yau and the free dg module
� 3A is a cluster-tilting object in C.

The aim of this section is to construct a triangle equivalence betweenCA and Csending
A to � 3A.

Let us recall a theorem of Keller ([Kel94], or theorem 8.5, p.96 [AHHK07]):
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Theorem 7.3. [Keller] Let B be dg algebra, andT an object ofDB. Denote byC the
dg algebraRHom�

B (T; T). Denote byhTi B the thick subcategory ofDB generated byT.
Then the functor RHom�

B (T;?) : DB ! D C induces an algebraic triangle equivalence

RHom�
B (T;?) : hTi B

� //perC:

Let us denote byHo(dgalg) the homotopy category of dg algebras, i.e. the localization
of the category of dg algebras at the class of quasi-isomorphisms.

Lemma 7.3.1. In Ho(dgalg), there is an isomorphism between� 3A andRHomB (AB ; AB ).

Proof. The dg algebraB is A � (DA )[� 3]. Denote byX a co�brant resolution of the dg
A-bimodule DA [� 2]. Now look at the dg submodule of the bar resolution ofB seen as a
bimodule over itself (see the proof of theorem 7.1 in [Kel05]):

bar(X; B ) : � � � //B 
 A X 
 A 2 
 A B //B 
 A X 
 A B //B 
 A B //0 //� � �

This is a co�brant resolution of the dgB-bimoduleB. Thus A 
 B bar(X; B ) is a co�brant
resolution of the dgB-module A. Therefore, we have the following isomorphisms

RHom�
B (AB ; AB ) ' H om�

B (A 
 B bar(X; B ); A)

'
Y

n� 0

Hom�
B (A 
 A X 
 A n 
 A B; A B )

'
Y

n� 0

Hom�
A (X 
 A n ; HomB (B; A B )A )

'
Y

n� 0

Hom�
A (X 
 A n ; AA );

where the di�erential on the last complex is induced by that of X 
 A n . Note that

Hom�
A (X; A ) = RHom�

A (DA [� 2]; A)

= RHom�
A (DA; A )[2] = �[2] :

We can now use the following lemma:

Lemma 7.3.2. Let A be a dg algebra, andL and M dg A-bimodules such thatMA is
perfect as right dgA-module. Then there is an isomorphism inD(Aop 
 A)

RHom�
A (L; A )

L

 A RHom�

A (M; A ) ' RHom�
A (M

L

 A L; A ):

Proof. Let X and M be dgA-bimodules. The following morphism ofD(Aop 
 A)

X
L

 A RHomA (M; A ) �! RHomA (M; X )

x 
 ' 7! (m 7! x' (m))
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is clearly an isomorphism forM = A. Thus it is an isomorphism if M is perfect as a
right dg A-module. Applying this to the right dg A-module RHomA (L; A ), we get an
isomorphism of dgA-bimodules

RHomA (L; A )
L

 A RHomA (M; A ) ' RHomA (M; R HomA (L; A )):

Finally, by adjunction we get an isomorphism of dgA-bimodules

RHomA (L; A )
L

 A RHomA (M; A ) ' RHomA (M

L

 A L; A ):

Therefore, the dgA-bimoduleHom�
A (X 
 A n ; AA ) is isomorphic to (�[2]) 
 A n , and there

is an isomorphism of dg algebras

RHom�
B (AB ; AB ) '

M

n� 0

(�[2])
L

 A n = � 3(A)

because for eachp 2 Z, the group H p(�[2]
L

 A n ) vanishes for alln � 0.

By theorem 7.3, the functorRHom�
B (AB ; ?) induces an equivalence between the thick

subcategoryhAi B of DB generated byA, and per� 3(A). Thus we get a triangle equiva-
lence that we will denote byF :

F = RHom�
B (AB ; ?) : hAi B

� //per� 3A

This functor sends the objectAB of DbB onto the free module �3A and the freeB-module
B onto RHom�

B (AB ; B), that is to say onto A � 3A . SoF induces an equivalence

F : perB = hB i B
� //hAi � 3A :

Lemma 7.3.3. The thick subcategoryhAi � 3A of D� 3A generated byA is Db� 3A.

Proof. The algebra A is �nite dimensional, therefore hAi � 3A is obviously included in
Db� 3A. Moreover, the categoryDb� 3A equalshmodH 0(� 3A)i � 3A by the existence of the
t-structure. The dg algebra �3A is the tensor algebraTA (� [2]) so there is a canonical
projection � 3A ! A which yields a restriction functor DbA ! D b(� 3A) respecting the
t-structure:

modH 0� 3A = H �• //Db(� 3A)

modA

OO

�• //DbA

OO
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This restriction functor induces a bijection in the set of isomorphism classes of simple
modules because the kernel of the mapH 0(� 3A) ! A is a nilpotent ideal (namely the
sum of the tensor powers overA of the bimodule Ext2A (DA; A )). Thus each simple of
modH 0� 3A is in hAi � 3A and we have

hAi � 3A ' h modH 0(� 3A)i � 3A ' D b� 3A:

In conclusion, we have the following commutative square:

F : hAi B
� //per� 3A

perB � //
?�

OO

Db� 3A
?�

OO

Thus F induces a triangle equivalence

CA = hAi B =perB � //per� 3A=Db� 3A = C

sending the objectA onto the free module �3A. By theorem 7.1,A is therefore a cluster-
tilting object of the cluster categoryCA .

7.4 Cluster category for Jacobi-�nite quivers with
potential

7.4.1 Ginzburg dg algebra

Let k be a �eld and Q a �nite quiver. For each arrowa of Q, we de�ne thecyclic derivative
with respect toa @a as the unique linear map

@a : kQ=[kQ; kQ] ! kQ

which takes the class of a pathp to the sum
P

p= uav vu taken over all decompositions of
the path p (where u and v are possibly idempotentsei associated to a vertexi of Q).

An element W of kQ=[kQ; kQ] is called a potential on Q. It is given by a linear
combination of cycles inQ.

De�nition 7.4 (Ginzburg). [Gin06](section 4.2) LetQ be a �nite quiver and W a po-
tential on Q. Let bQ be the graded quiver with the same vertices asQ and whose arrows
are

� the arrows ofQ (of degree 0),
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� an arrow a� : j ! i of degree� 1 for each arrowa : i ! j of Q,

� a loop t i : i ! i of degree� 2 for each vertexi of Q.

The Ginzburg dg algebra�( Q; W) is a dgk-algebra whose underlying graded algebra is the
graded path algebrak bQ. Its di�erential is the unique linear endomorphism homogeneous
of degree 1 which satis�es the Leibniz rule

d(uv) = ( du)v + ( � 1)pudv;

for all homogeneousu of degreep and all v, and takes the following values on the arrows
of bQ:

� da = 0 for each arrowa of Q,

� d(a� ) = @aW for each arrowa of Q,

� d(t i ) = ei (
P

a[a; a� ])ei for each vertexi of Q whereei is the idempotent associated
to i and the sum runs over all arrows ofQ.

The strictly positive homology of this dg algebra clearly vanishes. Moreover B. Keller
showed the following result:

Theorem 7.5 (Keller) . [Kel08b] Let Q be a �nite quiver andW a potential on Q. Then
the Ginzburg dg algebra�( Q; W) is homologically smooth and bimodule3-Calabi-Yau.

7.4.2 Jacobian algebra

De�nition 7.6. Let Q be a �nite quiver and W a potential on Q. The Jacobian algebra
J (Q; W) is the zeroth homology of the Ginzburg algebra �(Q; W). This is the quotient
algebra

kQ=h@aW; a 2 Q1i

whereh@aW; a 2 Q1i is the two-sided ideal generated by the@aW.

Remark: We follow the terminology of H. Derksen, J. Weyman and A. Zelevinsky
([DWZ07] de�nition 3.1).

Exemple. 1. Let Q be the following quiver

2
b

��==
==

==
=

1

a
@@�������

3c
oo
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with the potential W = acb. Then the quiver bQ is given by

2

t2

��

b ��==
==

==
=

a�

��� �
� �

� �
�

1

t1

LL

a

@@�������

c�
//3

t3

RR

b�
^=̂======

coo

The di�erential of the Ginzburg dg algebra satis�es

d(a� ) = cb; d(t1) = cc� � a� a

d(b) = ac; d(t2) = aa� � b� b

d(c� ) = ba d(t3) = bb� � c� c:

The Jacobi algebraJ (Q; W) is then kQ=hba; ac; cbi and so is �nite dimensional.

2. Let Q be the quiver

1

x

��

y
;;

z

nn

with the potential W = xyz � xzy. Then the Jacobi algebraJ (Q; W) is isomorphic
to the algebra

khx; y; zi =(xy � yx; xz � zx; yz � zy) ' k[x; y; z]

and so is in�nite dimensional.

In recent works, B. Keller [Kel08b] and A. Buan, O. Iyama, I. Reiten and D. Smith
[BIRS08] have shown independently the following result:

Theorem 7.7 (Keller, Buan-Iyama-Reiten-Smith). Let T be a cluster-tilting object in the
cluster categoryCQ associated to an acyclic quiverQ. Then there exists a quiver potential
(Q0; W) such thatEndCQ (T) is isomorphic to J (Q0; W).

7.4.3 Jacobi-�nite quiver potentials

The quiver potential (Q; W) is called Jacobi-�nite if the Jacobian algebraJ (Q; W) is
�nite dimensional.

De�nition 7.8. Let (Q; W) be a Jacobi-�nite quiver potential. Denote by � the Ginzburg
dg algebra �(Q; W). Let per� be the smallest thick subcategory ofD� which contains �
and Db� the full subcategory of D� of the dg �-modules whose homology is of �nite total
dimension. Thecluster categoryC(Q;W ) associated to (Q; W) is de�ned as the quotient of
triangulated categoriesper� =Db� :
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Combining theorem 7.1 and theorem 7.5 we get the result:

Theorem 7.9. Let (Q; W) be a Jacobi-�nite quiver potential. Then the cluster category
C(Q;W ) associated to(Q; W) is Hom-�nite and 2-Calabi-Yau. Moreover the imageT of
the free module� in the quotient per� =Db� is a cluster-tilting object. Its endomorphim
algebra is isomorphic to the Jacobian algebraJ (Q; W).

As a direct consequence of this theorem we get the corollary:

Corollary 7.10. Each �nite dimensional Jacobi algebraJ (Q; W) is 2-Calabi-Yau-tilted
in the sense of I. Reiten (cf. [Rei07]), i.e. it is the endomorphism algebra of some
cluster-tilting object of a2-Calabi-Yau cateogry.

De�nition 7.11. Let (Q; W) and (Q0; W 0) be two quiver potentials. A triangular exten-
sion between (Q; W) and (Q0; W 0) is a quiver potential ( �Q; �W) where

� �Q0 = Q0 [ Q0
0;

� �Q1 = Q1 [ Q0
1 [ f ai ; i 2 I g, where for eachi in the �nite index set I , the source of

ai is in Q0 and the tail of ai is in Q0
0;

� �W = W + W 0.

Proposition 7.4.1. Denote byJ F the class of Jacobi-�nite quiver potentials. ThenJ F
satis�es the properties:

1. it contains all acyclic quivers (with potential 0);

2. it is stable under quiver potential mutation de�ned in [DWZ07];

3. it is stable under triangular extensions.

Proof. 1. This is obvious since the Jacobi algebraJ (Q; 0) is isomorphic tokQ.

2. This is corollary 6.6 of [DWZ07].

3. Let (Q; W) and (Q0; W 0) be two quiver potentials in J F and ( �Q; �W) a triangular
extension. Let �Q1 = Q1 [ Q0

1 [ F be the set of arrows of�Q. Then we have

k �Q = kQ0 
 R0 (R0 � kF � R) 
 R kQ

where R is the semi-simple algebrakQ0 and R0 is kQ0
0. Let �W be the potential

W + W 0 associated to the triangular extension. Ifa is in Q1, then @a
�W = @aW,
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if a is in Q0
1 then @a

�W = @aW 0 and if a is in F , then @a
�W = 0. Thus we have

isomorphisms

J ( �Q; �W) = k �Q=h@a
�W ; a 2 �Q1i

' kQ0 
 R0 (R0 � kF � R) 
 R kQ=h@aW; a 2 Q1; @bW 0; b2 Q0
1i

' kQ0=h@bW 0; b2 Q0
1i 
 R0 (R0 � kF � R) 
 R kQ=h@aW; a 2 Q1i

' J (Q0; W 0) 
 R0 (R0 � kF � R) 
 R J (Q; W):

Thus if J (Q0; W 0) and J (Q; W) are �nite dimensional, J ( �Q; �W) is �nite dimensional
sinceF is �nite.

In a recent work [KY08], B. Keller and D. Yang proved the following:

Theorem 7.12 (Keller-Yang). Let (Q; W) be a Jacobi-�nite quiver potential. Assume that
Q has no loops nor two-cyles. Then for each vertexi of Q, there is a derived equivalence

D�( � i (Q; W)) ' D �( Q; W);

where� i (Q; W) is the mutation of (Q; W) at the vertexi in the sense of [DWZ07].

Remark: in fact Keller and Yang proved this theorem in a more general setting. This
also true if (Q; W) is not Jacobi-�nite, but then there is a derived equivalence between
the completions of the Ginzburg dg algebras.

Combining this theorem with theorem 7.9 and some results of [BIRS08], we get the
corollary:

Corollary 7.13. 1. If Q is an acyclic quiver, andW = 0, the cluster categoryC(Q;W )

is canonically equivalent to the cluster categoryCQ .

2. Let Q be an acyclic quiver andT a cluster-tilting object ofCQ . If (Q0; W) is the quiver
potential associated with the cluster-tilted algebraEndCQ (T) (cf. [Kel08b], [BIRS08]),
then the cluster categoryC(Q;W ) is triangle equivalent to the cluster categoryCQ0:

Proof. 1. The cluster categoryC(Q;0) is a 2-Calabi-Yau category with a cluster-tilting
object whose endomorphism algebra is isomorphic tokQ. Thus by [KR07], this
category is triangle equivalent toCQ .

2. In a cluster category, all cluster-tilting objects are mutation equivalent. Thus by
results of [BIRS08], (Q; W) is mutation equivalent to (Q0; 0). Moreover, (Q; W) and
Q0 have no loops nor two-cycles. Thus, the theorem of Keller andYang [KY08]
applies and we have an equivalence

D�( Q; W) ' D �( Q0; 0):

Thus the categoriesC(Q;W ) and C(Q0;0) are triangle equivalent. By 1. we get the
result.
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