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Introduction

La notion de cakgorie trianguke aet introduite par V erdier et Grothendieck dans
les anrees 60 (cf. [Ver96]). Leur butetait d'axiomatisercertaines proprees des cakegories
cerivees. A partir des anrees 80, ces cakgories ont besoup et etudees en treorie des
repesentations, notamment par D. Happel, C. Riedtmann, MBrote et J. Rickard. Voici
une liste des principales catgories utilises en threae des repesentations (nous travaillons
sur un corpsk algebriquement clos) :

{ la caegorie stable ModA desA-modulesa droite sur unek-algebre auto-injective;

{ la cakegorie cerivee borree DP(modA) des modules de type ni sur unek-algebre

de dimension nie;

{ la caegorie stable CM (R) des modules de Cohen-Macaulay sur une singularie

isoke R;
{ certaines cakgories d'orbites de cakgories triangaés.
Decrivons plus en cetail cette dernere classe. SA est unek-algebre de dimension nie,
et une autoequivalence (algebrique) de la caegorie @rivee borree DP(modA) des
A-modules @ droite) de dimension nie, alors on peut constrire la caegorie d'orbites
DP(modA)= : les objets sont les mémes que ceux de la catgori@’(modA) tandis que
I'espace des morphismes enté¢ et Y est de la forme
M
Hompopa (X;  "Y):

n2z

B. Keller a monte le theoeme essentiel suivant dans [Ké&5] :

Treoeme 0.1  (Keller). Soit A une k-algebre de dimension nie et =? LA X une
autoequivalence algebrique déP°(modA). Supposons que
{ la catgorie D’(modA) estequivalentea une catgorie de la formeD’(H) a H est
une caegorie reeditaire,
{ pour tout incecomposableX de H, il n'y a qu'un nombre ni d'entiers n tels que
"(X) appartienta H.
{ il existe un entier N O tel que l'orbite sous de tout objet indecomposable de
DP(modA) contient un objetU[n], w 0 n N et U appartienta H.
Alors la cakgorie d'orbites est trianguke.
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Appelons acyclique un carquois sans cycle oriene. Alors le treoeme implige en
particulier que la caktgorie amasel, assoceea un carquois acycliqu&) est triangukee.

Ce travail de these se compose de deux parties inckependast Le but de la premere
(chapitre 2) est la classi cation des cakgories triangaksk-lireaires n‘ayant qu'un nombre
ni d'indkecomposables (et \eri ant certaines condition s suppementaires). Dans la deuxeme
(chapitres 4, 5, 6 et 7), le but est de gereraliser la constiction de cakgories amasses
en partant non plus d'un carquois acycligue mais d'une algge de dimension nie et de
dimension globale 2. Le chapitre 1 est cedea des pelinmaires sur les notions de base
utilisees dans cette trese.

Premere partie

Dans cette partie (correspondant au chapitre 2 de la threse)n classi e, dans une large
mesure, les petites cakegories triangukek-lireaires T (a1 k est un corps algebriguement
clos) \eri ant la propree de Krull-Schmidt et les cond itions de nitude :

a) T estHom nie, i.e. les espaces de morphismes sont de dimension nie &ur

b) T estlocalement nie, i.e. pour tout objet X incecomposable deT, il existe
un nombre ni de classes d'isomorphisme d'objets incecongsablesY tels que l'espace
Hom; (X;Y) est non nul.

Il est monte dans [XZ05] que la conditionb) implique son dual. On dira queT est
additivement nie si le nombre de classes d'isomorphisme d'indecomposablest ni.
Notons que si la caegorieT est additivement nie, elle est localement nie.

Ces conditions peuvent paratre tes restrictives, maideaucoup de cakegories cons-
truites de maneres tes dierentes rentrent dans cette description. En particulier, on
retrouve des caegories de tous les types cecrits ci-dess:

{ Si A est unek-algebre auto-injective de dimension nie et de repesetation nie,
la catgorie modA \eri e toutes les hypotleses. Dans [Rie80a], [Rie80b]Rie83b]
et [Rie83a], C. Riedtmann a classie ces algebres et cedrla structure k-lireaire de
leur cakgorie de modules stables.

{ Dans [Hap87], D. Happel a monte que la catgorie cerivve borreeDP(kQ) (u Q
est un carquois connexe et acyclique) est localement nie ai seulement siQ est
un carquois de Dynkin, c'esta-dire que le graphe sous-jaagta Q est un diagramme
de Dynkin simplement lac.

{ Gracea ce esultat, il est facile de voir que la catgoie amaseeC, assoceea un
carquois connexe acycliqu€® est additivement nie si et seulement siQ est un
carquois de Dynkin.

{ Si R est une singularie isoke de dimension 1, M. Auslander dt Reiten ont monte
dans [AR86] que la cakgorie stable des modules de Cohenddalay est additive-
ment nie, et ont calcuk son carquois d'Auslander-Reiten
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Carquois d'Auslander-Reiten

La strakgie pour classi er les cakgoriesT \eriant les hypotleses de nitude com-
porte comme premereetape le calcul d'un invariant impotant : le carquois d'Auslander-
Reiten de T. Rappelons d'abord quelques esultats sur les exemplegg@dents :

Le theoeme suivant de D. Happel (cf. [Hap87]) donne une ceription explicite du
carquois d'Auslander-Reiten de la catgorie cerieeD®(kQ), au Q est un carquois de
Dynkin.

Tleoeme 0.2  (Happel). Soit Q un carquois de Dynkin. Alors le carquois d'Auslander-
Reiten de la catgorie cerivee DP(kQ) est le carquois de epetition ZQ, muni de la trans-
lation canonique.

Exemple. Soit Q le carquois suivant 1 —/2—/8—/ii. Le carquois d'Auslander-
Reiten de la catgorieD®(kQ) a alors la forme suivante :

A N NN
----- Uty Ay o | }}}}}3111%2 | }}}3111@\% 1 s
M«% 'QFZ% G”C%% @[@]%4 @[@]>>>>

.......... 1 2 3 4 g [1] 1 [2]
1

Chague module est ici repesene par sa ltration radicak. Le modulez a une téte iso-
morphe au module simpleS; assoce au sommet 3, la téte de son radlcal e$h, et son
socle estS;.

Utilisant ce dernier treoeme, A. Buan, R. Marsh, M. Reineke, |. Reiten et G. Todorov
ont determire dans [BMR" 06] la structure du carquois d'Auslander-Reiten d'une cagorie
d'orbites de la formeD?(kQ)=, auw Q est un carquois de Dynkin.

Treoeme 0.3  (Buan-Marsh-Reineke-Reiten-Todorov) Soit Q un carquois de Dynkin, et

une autoequivalence d'ordre in ni de la caegorieD”(kQ). Alors le carquois d'Auslander-
Reiten de la catgorieD(kQ)= est de la formeZQ=', as ' est l'automorphisme de
carquoisa translation de ZQ correspondanta l'autoequivalence .

Exemple.Soit Q le carquois peedent 1 ) /B /i . Alors la cakegorie amassee
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Co a pour carquois d'Auslander-Reiten :

Mél{a é%z @, M

3

i 1 AV

1“% T O }}}}}il g
B [ 31 1]

M #;2# BB.::3|||| 3>%§;fﬂﬁf}6[6 E3

Les bords droit et gauche de ce carquois sont identies. Onbtient ainsi un \ruban de
Mebius".

Exemple. Soit A l'algebre peprojective de type A4, c'esta-dire l'algebre e nie par le
carquois :

1

a b c
160 G G %
a b c
et par les relations
aa=0; aa +bb=0; bb+cc=0 et cc =0:

La gure 1 pesente le carquois de la caegorienodA. Les modules projectifs-injectifs sont
entoues en rouge. On voit alors que la cakgorie stablmodA a le méme carquois que la
cakgorie amasse assocee au carquoids.



= 2 4

3
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Exemple.Soit R la singularie isoke kf x; yg=(x?y+ y*) de dimension 1, aikf x; yg cesigne
'anneau des sries formelles. Alors le carquois d'Auslder-Reiten deCM (R) a la forme
suivante (cf. [Yos90], Exemple 9.11) :

A

E; ; rS?é II___jAA rﬁﬂ“&*%;&o E
%QNE@B |

it

Les pointiles repesentent la translation d'Auslander-Reiten qui, dans ce cas, est d'ordre
2. L'uniqgue module de Cohen-Macaulay projectif est le modeR. Il est alors facile de
Voir que ce carquois muni de la translation est isomorphe awatient de ZA; par l'auto-
morphisme envoyant le domaine fondamental sur le domaine fondamental .

>>@) >>@) >>>>ZZZZ—:
%% >>@) @;i@) @%
>> >>>>>Zzzz—

% >>@) >>% @@b
>>@) >>% >>>>>ZZZZ—
«@ R TG

Dans le deuxeme chapitre de cette trese, section 2.4, orodne une autre preuve du
esultat suivant d0a J. Xiao et B. Zhu [XZ05], ai contrai rementa eux, on ne traite pas
a part le cas ai le carquois d'Auslander-Reiten comporte me boucle.

Threoeme  (Xiao-Zhu). (Theoeme 2.9) Soit T une cakegorie trianguee de Krull-Schmidt
localement nie. Soit une composante connexe de son carquois d'Auslander-Reiten
Alors il existe un arbre de DynkinQ de type A, D ou E, et un automorphisme’
d'ordre in ni (ou trivial) de ZQ, tel qu'on ait un isomorphisme de carquois a transla-
ton : —/ZQ=

Dans cette trese, la preuve consiste d'abord a cemontred'existence d'un foncteur
de Serre dans la caegorid (section 2.1), c'esta-dire d'une autoequivalence et d'un
isomorphisme bifonctoriel :

xy - Homp (X;Y ) ——/DHomy; (Y; X)

al D = Hom(?; k) est la dualie par rapport au corps de base. Ceci revientakmontrer
I'existence de triangles d'Auslander-Reiten. Puis il estgssible de construire une fonction
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sous-additive sur le carquois d'Auslander-Reiten et d'diser des esultats de combinatoire
de D. Happel, U. Preiser et C. M. Ringel (cf. [HPR80a], [HPR&)) pour conclure sur la
structure de 1 (sections 2.2, 2.3 et 2.4).

Etant donre un carquoisa translation de la formeZ =', il existe une caegorie trian-
guke admettant ce carquois comme carquois d'AuslanderelRen : la cakgorie d'orbites
D"k ) =. La question naturelle qui se pose donc est la suivante :

Si T est une caegorie trianguke localement nie dont le carqois d'Auslander-Reiten
de la formeZQ=", peut-on construire uneequivalence entrd et D°’(modkQ)= ?

Si on distingue le cas dequivalence seulemeiitlireaire (on dira dans ce cas que la
cakgorie T eststandard), du cas plus fort d'uneequivalence trianguke, cette gastion se
divise en ealie en deux.

Equivalence k-lireaire

Pour construire uneequivalencek-lireaire entre T et la catgorie d'orbites D°(kQ)=,
le plus simple est d'utiliser la propree universelle dela caegorie k-lireaire sous-jacente
a la cakegorie d'orbites. Il faut donc construire un foncteur de revétement :

F : DY(moakQ) —/fr
UBB

et un isomorphisme de foncteurs entré et F . Suivant la nethode de C. Riedtmann
dans [Rie80a], il est facile de construire un foncteur de #tement (section 2.5), avec donc
pour corollaire immediat (Corollaire 2.11) que si le cargois est isomorphea ZQ, alors
la cakgorie T est standard et donck-lireairementequivalentea D°(kQ).

Ensuite, on montre qu'il est possible de construire un isommhisme de foncteurs entre
F et F sila cakgorie est \su samment grande" et on obtient le th eoeme suivant :

Threoeme. (cf. Theoemes 2.12 et 2.13) Soit T une cakegorie trianguee de Krull-
Schmidt localement nie de carquois d'Auslander-ReiteZQ=". Alors T est standard,
i.e. k-lireairement equivalentea D?(modkQ)= @  est lequivalence deDP(modkQ)
induite par ' , si on est dans un des deux cas suivants :
{ le carquois Q est de typeA, et' est une puissance de la translation d'Auslander-
Reiten;
{ le nombre de classes d'isomorphisme d'incecomposablesld caegorie T est sugerieur
au nombre d'incecomposables de la caegorimodkQ.

En particulier, si T est maximaled-Calabi-Yau avecd 2, alorsT estk-lireairement
equivalentea la caegorie d-amasseecg (Corollaire 2.14).
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Neanmoins en utilisant les travaux de J. Bialkowski, K. Edmann, et A. Skowraski
[BESO7], il est possible de trouver des caegories 1-Cala¥au non standard. Ceci est
traiea la n du deuxeme chapitre (section 2.8). On mont re le threoeme suivant :

Tleoeme. (Theoeme 2.21) Soit P une categoriek-lireaire munie d'une autoequivalence
S, telle quemodP soit une catgorie de Frobenius. Supposons qu'il existe@isuite exacte
de foncteurs exacts denodP dansmodP :

0 fd /6( 0 /6( 1 /5( 2 IS I

al les X' sonta valeurs dansprojP, et ar S est le foncteur demodP induit par S. Alors
la caegorie P a une structure naturelle de cakgorie trianguke avec facteur suspension
S.

Ce treoeme nous permet de montrer que les categories desodules projectifs de di-
mension nie sur des algebres peprojectives ceformes de type Dynkin cereralise ont
une structure de cakgorie trianguke (Corollaire 2.24) Puis en utilisant les esultats
de J. Bialkowski, K. Erdmann, et A. Skowranski (cf.[BESOT), on montre |'existence de
cakgories triangukes non standard en caraceristiqe 2.

Le chapitre 3 de cette these est un appendice dans lequel stenonte (Treoeme 3.1)
que la structure naturelle trianguke des complexes paita perA sur une dg-algebreA
provient d'une suite exacte comme dans le theoeme 2.21.

Equivalence trianguée

Montrer qu'une cakgorie trianguke est triangleequivalentea une catgorie d'orbites
est beaucoup plus complexe. On ne peut parvenira une epea partielle qu'en rajou-
tant une hypotrese suppkmentaire sur la structure triarguke. Nous supposons que la
structure trianguke de T est algebrique, c'esta-dire queT est la cakgorie stable d'une
caegorie de Frobenius, ou de manereequivalente qu'éd admet un renforcement en une
caegorie dierentielle gradiee (dg) (cf. [Kel06]). Notons que toutes les cakgories ciees
en exemple commeetant des caegories triangukes ut#es en treorie des repesentations
sont algebriques.

Supposons donc qu& est une cakgorie algebrique de la formegerB, au B est une
dg-caegorie. Alors pour construire une equivalence arique entre T et D(kQ)=, au

L
est un foncteur algebrique de la forme ? o Y, on doit construire un foncteur de
L
revétement algebriqueF =? o X et un isomorphisme dan®(kQ°® B )entreY o X
et X . Nous parvenons alors au esultat suivant :

Tleoeme. (Theoeme 2.16) Toutes les caegories triangukes loalement nies standard
connexes et algebriques sont des caegories d'orbites ldeforme D°(kQ)= , a1 Q est un
carquois de Dynkin, et ai est une autoequivalence d'ordre in ni deD°(kQ).
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Ces esultats s'appliquent en particulier a de nombreusg catgories stablesmodA
d'algebres autoinjectives de repesentation nie. Ces lEgbres ontet classieesaequivalence
stable pes par C. Riedtmann dans [Rie80b] et [Rie83b] et p&l. Asashiba dans [Asa99].
Dans [BS06], J. Bialkowski et A. Skowraski donnent une umcondition recessaire et su -
sante sur ces algebres pour que leur catgorie stalieodA soit Calabi-Yau. Dans [HJ06a]
et [HJO6Db] T. Holm et P. J rgensen prouvent que certaines agories stablesmodA sont
en fait des caegoriesd-amasses en utilisant le treoeme 2.16.

Deuxeme partie

Dans la deuxeme partie de cette these, correspondant aushapitres 3, 4, 5 et 6, nous
nous ineressonsa gereraliser la construction des cagories amasses.

Ce nition 0.4. [BMR* 06] Soit k un corps algebriguement clos. SoitQ un carquois
ni connexe acycligue. Notons le foncteur de Serre de la catgorie cerivee borree
D"(modkQ) des kQ-modulesa droite de dimension nie et [1] son foncteur sugmsion.
Alors la catgorie amasseest la cakgorie d'orbitesD®(modkQ)= [ 2].

Notons qu'une autre e nition aete donree incependam ment par [CCS06] pour le cas
a le carquois Q est de typeA,.

Ces cakgories ontek introduites dans le but de \cakgori er" les algebres amasses,
invenees par S. Fomin et A. Zelevinski en 2000 (cf. [FZ02JFZ03],[FZ07]) I'objectifetant
de mieux en comprendre la combinatoire. De tes nombreux tigles ((MRZ03], [BMR" 06],
[CKO08],[CC06],[BMRO7], [BMRO08], [BMRTO07],[CK06]) traitent du probeme de caegori-
cation d'algebres amasses par des cakgories amass assoceea un carquois acyclique.

Un autre point de vue de la treorie consistea categori erdes algebres amasses par des
sous-cakegories de modules d'une algebre peprojecvassoceea un carquois acyclique
(cf. [GLSO074a], [GLS06a], [GLS06b], [GLS07b], [BIRSO7]).

Dans ces deux cadres, les caegorid@setudees \eri ent les proprees-ces suivantes :

{ la propree 2-Calabi-Yay, i.e. il existe un isomorphisme

Homy (X; Y ) —/DHomy (Y; X[2])

bifonctoriel en les objetsX etY deT ;

{ l'existence d'objetsamas-basculantsc'esta-dire d'objets basiques tels que pour tout
objet X, I'espaceExt; (T; X) s'annule si et seulement sk appartienta add(T), la
plus petite sous-cakgorie del' contenant T et stable par facteurs directs.

Des catgories \eri ant ces proprees ont doncee etudees de manere plus gererale (cf.
[IY06],[KRO6], [KRO7], [Kel08a], [Pal], [Tab07]). Dans f06] O. lyama et Y. Yoshino ont
monte en particulier que dans une catgorie triangueeayant ces deux proprees, il existe
une \mutation", concept essentiela la catgori cation.
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Le but de cette partie est de construire une \caegorie amase" \eri ant ces deux
proprees en partant non plus d'une algebre heedita ire kQ mais d'une algebre de dimen-
sion globale 2, de dimension nie. Le candidat naturel pourette catgorie est donc la
caegorie d'orbites

DP(modA)= [ 2]

a designe le foncteur de Serre dB®(modA). Mais on ne peut conclure sur la structure
trianguke de cette cakgorie d'orbites que dans le casuoon a une equivalence cerivee
entre modA et une caegorie reeditaire H en utilisant le treoeme 0.1 de B. Keller.
D'apes la classi cation de D. Happel et I. Reiten (cf.[HR@] [Hap01]), ceci se produit si
et seulement siA estequivalente par cerivationa une algebre reedit aire oua une algebre
canonique. On se trouve donc dans un des deux cas suivants :
{ Soit A l'algebre des endomorphismes d'un module basculaitd'une algebre reeditaire
kQ. Alors A est de dimension globale 2. De plus, d'apes D. Happel [Hap88], on
a uneequivalence de cakgories
RHomyq (?;T)

DP(modkQ) 'DP(modA) :

Donc d'apes le treoeme 0.1, la caegorie d'orbitesDP(modA)= A[ 2] est trianguke
etequivalentea la catgorie amasee(,.
{ Dans [Rin84], C. M. Ringel a introduit les algebres canomjuesA(p; ), cependant

d'une suite de poidsp = (ps;:::;p) d'entiers positifs et d'une suite de paranetres
=( 3;:::; t)dansk deuxa deux distincts. Plus peciement l'algebre A(p; ) est
CE nie par le carquois :
a2 I
an  apo2 I N _ap
azi az?i{é
: AA
f1
<<%§<< atp ¢
&2 gy R

et lest 3 relations suivantes :
pour tout i =3;::::t Aip, di2di1 = Ayp, doodpq i Aip, AdjoAjq-

Cette algebre est de dimension globale 2. W. Geigle et H. Leing ont monte dans
[GL] lequivalence entre les caegoriesD’(modA(p; )) et DP(cohX) au X est la
droite projective ponceee X(p; ). La caegorie des faisceaux colerentsoh(X) est
une cakgorie heeditaire, donc A encore le treoeme 0.1 s'applique, et la cakgorie
d'orbites DP(modA(p; ))= a[ 2] est trianguke.
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Construction de la caegorie amas®e et propree 2-CY

Mais pour une algebreA de dimension globale 2 quelconque, la cakgorie d'orbites
DP(modA)= A[ 2] n'est pas trianguke. Il semble donc judicieux de prendrson enveloppe
trianguke calcuke par B. Keller dans [Kel05] (Theoeme 2). Ceci nous anenea poser la
ck nition suivante :

Ce nition. Soit A une k-algebre de dimension globale 2. PosonrB = A DA[ 3]
l'algebre dierentielle gradwee, aw DA est le A-A-bimodule Hom(A; k). Alors on ¢ nit
la caegorie amasee G, assoceea A comme la sous-caegorie epaisse engendee pAr
dans le quotient :

C. = D(B)=perB

ar DP(B) est la catgorie cerivee des dg-B-modules dont 'nomalgie est de dimension
totale nie, et au perB est la sous-caegorieepaisse engendee p& dansDP(B).

La caegorie quotient C; n'est pasHom nie en gereral, ce qui pose donc un probeme
si on veut montrer queG, est 2-Calabi-Yau. En revanche, il existe une forme bilireee
bifonctorielle non-cegereee

nx - HOmp(N;X)  Homp (X;N[3])! Kk

pour tout N dansperB et pour tout X dansDP(B). Ceci nous permet (chapitre 4, section
1) de construire une forme bilireaire bifonctorielle °

9, tHome(X;Y) Home(Y;X[2])! k

pour tous X et Y objets deC; . Cette forme °sera non cegereee (chapitre 4, sections
2 et 3) si les objets deDPB sont \limites" d'objets de perB. En particulier on obtient le
corollaire suivant :

Corollaire. (Corollaire 4.4) Soit A une k-algebre de dimension nie et de dimension glo-
bale 2. Supposons que le fonctedor, (?; DA) est nilpotent. Alors la caegorie amasee
Gy estHom nie et 2-Calabi-Yau.

Je remercie R. Rouquier de m'avoir informee que ces esalts ontet obtenus de facon
incependante, sous une forme beaucoup plus forte, dans legublication en peparation
[CR].

Objet amas-basculant

Le but est maintenant de trouver un objet amas-basculant dancette cakgorie 2-
Calabi-Yau. Il y a un candidat canonique qui est l'algebreA elle-méme, de méme que
l'algebre kQ vue comme objet dans la catgorie amass&, est un objet amas-basculant.
Cet objet A est en e et rigide (Proposition 5.4.1). Et de plus, si le forteur Tors (?; DA)
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est nilpotent, I'objet A est amas-basculant dans la catgorie d'orbite®®(modA)= A[ 2]
(Proposition 5.4.2). De manere plus pecise, siX est un objet de DP(modA)= A[ 2]
tel que Ext:(T; X) est nul, alors X est dansadd(A) la sous-caegorie deC, des facteurs
directs de somme directes d&. Au chapitre 7, nous montrerons par d'autres nethodes un
esultat plus fort : I'objet A est amas-basculant dans la caegorie amasse toute este.

On peut calculer l'alggbre des endomorphismes de cet objét dans la cakegorie
amasse, et on obtient l'algebre tensorielleTAExti (DA; A) (Proposition 5.2.1). Cette
algebre est de dimension nie si et seulement si le foncteufor, (?; DA) est nilpotent
(Treoeme 5.1).

Remarque.Si A est l'algebre des endomorphismes d'un objet basculafit de modkQ au
Q est un carquois acyclique, alors les catgories amas®@s et G, sont equivalentes.
L'objet T vu dansC, est amas-basculant, et il est monte dans [ABS06] que songaibre
des endomorphisme§y est

End, (A)' Endy,(T)' A Extz(DAA):
En e et dans ce cas le produit tensorieExta (DA; A)  Exti (DA;A) est nul.

Cas d'une algebre d'endomorphismes d'un morceau \postpro jec-
tif"

On s'ineresse dans le chapitre 6 au cas particulier aA est l'algebre des endomor-
phismes d'un morceau \postprojectif"M stable par pedecesseurs d'une algebre cerolee
(=concealed) B (cf. [Rin84]). Plus peciement, soit T un module basculant peinjectif
d'une algebre teeditaire kQ et B l'algebre d'endomorphismesEndq (T). On pose

M =fX 2 modB j Extg(X;H)=0g

al H est une tranche post-projective denodB.

Dans ce cas, d'apes le esultat peedent et les esulats de |I. Assem, T. Brastle et
R. Schi er, le carquois de l'algebre des endomorphismes d& dans la cakgorie amasse
Ca est le carquois d'Auslander-Reiten d& auquel on rajoute, pour chaque modulg de
M non-projectif, une eche x I  gx @ g est la translation d'Auslander-Reiten de la
caegorie modB (Proposition 5.2.2).

Exemple. Soit A l'algebre d'Auslander du carquois de Dynkin :
1— b5,
Alors le carquois de l'algebreEnd;, (A) est le suivant :
=@
~f e
>>@)

)
ty
v
i
v
|
)
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qui est le carquois d'un objet amas-basculant de la caegermod ( As) d'apes [GLS06a].
On peut donc se demander si les caegoriesod ( As) et Gy sontequivalentes.

Plus gereralement, C. Geiss, B. Leclerc et J. Schmer ontonstruit [GLSO07b] des sous-
caegoriesGy demod (u = o est une algebre peprojective) assoceesa certains
kQ-modules terminaux. On montre dans cette trese (Theoene 6.5) que la catgorie stable
de cette caegorie de Frobenius est triangleequivaleni® une caegorie amaseeC, a1 A
est une l'algebre des endomorphismes d'un module postpeafif d'une algebre reeditaire.

Suivant un autre point de vue, A. Buan, O. lyama, |. Reiten et J Scott ont construit
dans [BIRS07] des cakgories triangukes 2-Calabi-Yauveda formeSub =l ,, as |, est un
iceal d'une algebre peprojective = o assocea uneement w du groupe de Weyl du
graphe deQ. Pour certainsekments w du groupe de Weyl, qui sont assocesa dekQ-
modules basculants peinjectifs, on construit une equialence trianguke entreSub =l ,,
et une cakegorie amasse;, (Treoeme 6.8) au A est l'algebre des endomorphismes d'un
module post-projectif d'une algebre derokee.

Algebre peprojective criee

En utilisant la theorie du basculement gereralise aux dg-algebreselaboee par B. Kel-
ler dans [Kel94], on trouve dans le chapitre 7 une autre congttion de la catgorie
amas®eC, . La cakgorie amasse est e nie comme le quotient de cagories trianguees

G, = PAig=perB;

al B estladg-alebreA DA[ 3] ethAig estla sous-cakgorieepaisse dB°B engendee
par A. Notons 3A la dg-algebre RHomg (Ag; Ag). D'apes [Kel94], le foncteur

RHomg (Ag;?):DPB ! per ;A
induit uneequivalence trianguke entre les catgories
RHomg (Ag;?) : M&bi/{oeroﬁ ;
peJ'DrB —Ipb J'Z(A)
On obtient donc une autre ¢k nition de la cakgorie amasge comme le quotient
Ga = per 3A=DP ;A:

L'image deA par ce foncteur est le dg-module libre zA.

Cette dg-algebre est isomorphe dans la cakgorie homotapue des dg-algbresa la
dg-algebre Ta [2] au  est le dg- A-bimodule RHom, (DA;A). Cette dg-algebre (la 3-
algebre peprojective cerivee) aee introduite tr es ecemment par B. Keller et \eri e les
proprees (cf.[Kel08a], [Kel08Db]) :
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{ 3A est homologiquement lisse (au sens de M. Kontsevich et Y. Beiman [KS06]) ;

{ 3A ason homologie nulle en deges strictement positifs;

{ 3A est 3-Calabi-Yau en tant que bimodule (au sens de V. Ginzbu{&in06]).

La condition de nilpotence deTor, (?; DA) estequivalente au fait queH( 3A) est de
dimension nie. On obtient dans cette these le esultat suvant :

Treoeme. (Theoeme 7.1) Soit  une dg-algebre homologiquement liss8;Calabi-Yau
en tant que bimodule, d'homologie nulle en dege strictemtepositif et telle queH () est
de dimension nie. Alors la catgorie per =D°() estHom nie, 2-Calabi-Yau et I'objet
libre est un objet amas-basculant.

Ce theoeme implique donc que l'objetA est un objet amas-basculant de la cakgorie
amasseC, (Corollaire 7.2).

De plus, le treoeme 7.1 peut s'appliquer aux dg-algbre de Ginzburg (cf. [Gin06])
( Q;W) ai (Q;W) est un carquoisa potentiel (cf. [DWZ07]) dans le cas a1 dlgebre de
JacobiJ (Q; W) est de dimension nie. On construit alors une cakegorie arsseeHom nie
2-Calabi-Yau qu'on noteraGq.w). Le esultat suivant est alors un corollaire imnediat :

Tleoeme. (Theoeme 7.10) Soit (Q; W) un carquoisa potentiel. Si I'algebre Jacobienne
J (Q;W) est de dimension nie, alorsJ (Q; W) est Calabi-Yau-amasse (Calabi-Yau-
tilted au sens de Reiten [Rei07]).

En combinant ce dernier esultat avec des esultats ecets de B. Keller ([Kel08b]), de
B. Keller et D. Yang [KYO08] et de A. Buan, O. lyama, I. Reiten etD. Smith [BIRS08],
on obtient en particulier le esultat suivant :

Proposition. (Corollaire 7.13) Soit Q un carquois acyclique et un objet amas-basculant
de la cakgorie amaseeC = CG. Soit (Q%W) le carquoisa potentiel assocea l'algebre
des endomorphisme&nd, (T) (cf. [BIRS08] et [Kel08b]). Alors la catgorie Gqow) est
triangle equivalentea la caegorie G,.

Perspectives

Les esultats de cette deuxeme partie anenent de nombngses nouvelles questions.
{ Soit C une cakgorie trianguee 2-Calabi-Yau etT = T, T, un objet amas-

Si le carquoisQt deT et le carquois de son \mue" ;(T) n'ont ni boucle ni 2-cycle,
alors le carquois du \mue" (T) est le \muge" du carquois (Qr). Il s'agirait donc
de trouver des conditions sur le carquoisa potentiel@; W) assocea une algbreA
de dimension globale 2 pour qu'il soit rigide au sens de [DWZP Ainsi, on pourrait
muter (Q; W) ince niment sans qu'il n'apparaisse ni boucle ni 2-cycle

{ B. Keller et I. Reiten ont monte dans [KRO6] que si une caggorie trianguke
algebrique 2-Calabi-Yau C a un objet amas-basculantT dont le carquoisQ+ est
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acyclique, alors il existe uneequivalence trianguee ére C et la cakgorie amasse
G. Ceci serait faux dans le cas au le carquois d& comporte des cycles orienes
(cf. [Tep]), mais il semblerait que le carquois a potentie(Q; W) soit un meilleur
invariant de la caegorie amasseCq.w). Formulons donc la question suivante :

Soit C une catgorie 2-Calabi-Yau algebrique admettant un objet amas-basculan
Existe-t-il un carquoisa potentiel (Q; W) et une equivalence trianguke entreC et
cQQ;W) ?

{ La motivation initiale des cakgories amasses est de aegorier' des algbres
amasees. Il serait donc ineressant d'explorer la classdes algebres pouvant étre
caegoriees par les catgories Gqo.w). Nous montrons une premere propree de
cloturea la section 7.4.3 : la classe des carquoisa potigls (Q; W) Jacobi- nis est
stable par extension triangulaire (Proposition 7.4.1). Sent deux algebres amasses
A, et A, caegoriees par des cakgoriesGq,:w,) et Go,:w,) Jacobi- nies. SoitA un
\recollement” (=gluing) des algebres A; et A, comme le cecrivent C. Fu et B. Keller
(cf. [FKO7] section 5). Alors l'algebre A pourra étre cakgoriee par une categorie
Co:w) @l le carquoisa potentiel (Q; W) est une extension triangulaire de @;; W)

par (Qz; Wo).
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Introduction




Summary of results

This thesis is divided into two independant parts. The rst ae, corresponding to chapters
2 and 3, is devoted to the problem of classifying triangulate categories with nitely
many indecomposables. In the second one (chapters 4, 5, 6d &), we are concerned in
generalizing the construction of cluster categories. Therst chapter is devoted to basic
de nitions and properties used in this thesis.

Part 1

The results of the rst part are communicated in the article AmiO7]. The aim is to classify
the small triangulated k-categoriesT (where k is an algebraically closed eld) with the
Krull-Schmidt property and satisfying the following nite ness properties:

T is Hom nite i.e. the morphism spacesiom; (X;Y ) are nite dimensional for all
objectsX andY in T;

T is locally nite, i.e. for each indecomposablX of T, there are at most nitely
many isoclasses of indecomposabl¥ssuch that Hom; (X;Y ) 6 0 (this condition
implies its dual by [XZ02]).

Auslander-Reiten quiver

The strategy to classify such categories consists rst in ogputing an invariant of the
category T: the Auslander-Reiten quiver. Here we give another proof af theorem by
B. Xiao and J. Zhu [XZ02].

Theorem (Xiao-Zhu). (theorem 2.9) Let T be a triangulated Krull-Schmidtk-category
which is Hom- nite and locally nite. Let be a connected component of its Auslander-
Reiten quiver. There exists a simply laced Dynkin quiv€) and an automorphism' of
the repetition quiverZQ of in nite order (or trivial) and an isomorphism of translation

quivers : —JZQ="".

The rst step of the proof consists in showing the existencef duslander-Reiten trian-
glesinT (section 2.1). Next we construct a subadditive function onhte Auslander-Reiten
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quiver. Finally we conclude the proof using combinatorialasults of D. Happel, U. Preiser
and C. M. Ringel [HPR80a], [HPR80b](sections 2.2, 2.3 and4).

In the other hand, by [Kel05] and [BMR 06], for each quiveZQ=" whereQ is Dynkin,
there exists a triangulated category whose quiver BQ=": the orbit category DP(kQ)=.
Thus we formulate the following question:

If T is a triangulated locally nite category with Auslander-Reen quiver ZQ=", is it
possible to construct an equivalence between the categofieand D®(kQ)= ?

In order to answer to this question, we have to make precise atwe mean by “equiv-
alence'. We consider two possibilitiesk-linear equivalence and triangle equivalence.

k-linear equivalence

In order to give ak-linear equivalence betwee and D(kQ)=, we use the universal
property of the orbit category. First we construct a coverig functor (section 2.5)

F : D°(kQ) —4fT
> e

following the method of C. Riedtmann [Rie80a]. We provide #n an isomorphism of
functors betweenF and F  when the category T has "enough' indecomposables. More
explicitly, we obtain the following result:

Theorem. (cf. Theorems 2.12 and 2.13) LefT be a Krull-Schmidt locally nite trian-
gulated category with Auslander-Reiten quiveZQ="'. The categoryT is standard, i.e.
k-linearly equivalent toD(kQ)= where is the equivalence oD®(kQ) induced by' , if
we are in one of the following two cases:

the quiver ofQ is of type A, and' is a power of the Auslander-Reiten translate;

the number of isoclasses of indecomposables of the catedorg at least equal to the
number of indecomposables of the categanodkQ.

In particular, if T is maximald-Calabi-Yau, with d 2, thenT isk-linearly equivalent
to the d-cluster category (corollary 2.14).

By using results of J. Bialkowski, K. Erdmann, and A. Skowreski [BES07], we succeed
in constructing non-standard 1-Calabi-Yau categories inatcacteristic 2 (Theorem 2.25).
We show the existence of a triangulated structure on the cagery of projective mod-
ules of nite dimension over deformed preprojective algehs of generalized Dynkin type
(Corollary 2.24).
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Triangle equivalence

We make some additional assumptions on the triangulated agory T. We assume that
T is algebraic,i.e. triangle equivalent to the stable category of a Frobenius tegory. We
prove the following result:

Theorem. (Theorem 2.16) If T is a triangulated category which is locally nite, con-
nected, algebraic and standard, thef is triangle equivalent to some catego®°(kQ)=
whereQ is a Dynkin quiver and is an autoequivalence of in nite order ofD°(kQ).

Part 2

In the second part of the thesis (chapters 4, 5, 6, and 7), werggalize the construction
of cluster categories.
Let k be an algebraically closed eld, and)Q an acyclic quiver. The cluster category
G is the orbit category
D°kQ)=[ 2]

where is the Serre functor of the derived categor{p?(kQ) and where [1] denotes its
suspension functor.

This category has been introduced by [BMR06] (and by [CCSO06] in theA, case) in
order to “categorify' cluster algebras. In the “categoriation' process, all categorie§
satisfy the following fundamental properties:

T is a triangulated category;

T satis es the 2-Calabi-Yau property,i.e. there exists an isomorphism
Homy (X; Y ) —/DHomy (Y; X[2])

which is bifunctorial in the objectsX andY of T;

there exist cluster-tilting objects, i.e. basic objectsT with the property that the
spaceExtr (T; X) vanishes if and only ifX is in add(T) (= the smallest subcategory
of T which containsT and which is stable under direct summands).

If T is a category with such properties, then by [IY06], it is podsle to mutate the
cluster-tilting objects. This is an essential property of he "categori cation' process.

Cluster category and 2-CY property

We want to generalize the construction o€, by replacing the hereditary algebrekQ with
a nite dimensional algebraA of global dimension 2. A candidate might be the orbit
category DP(A)= [ 2], where is the Serre functor of the derived categorfp®(A). By
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[Kel05], such a category is triangulated iA is derived equivalent to an hereditary category
H. By [HRO2] and [Hap01], this is true if and only ifA is a canonical algebra, or ifA
is the endomorphism algebra of a tilting module over an hergdry algebra. However in
general, it is not triangulated.

Thus a more appropiate candidate is the triangulated hull othe orbit category
DP(A)= [ 2]. Itis de ned in [Kel05] as follows: LetB be the dg algebraA DA[ 3]
where DA is the dual Hom(A; k) of A over k. The categoryD®(B) is the derived cate-
gory of dg B-modules whose homology is of nite total dimension. Denotby perB its
thick subcategory generated byB. The cluster category ofA is then de ned as the thick
subcategoryG, of the quotient

C. = D(B)=perB

generated byA.

The categoryC, is not Hom nite in general. This can be a problem since we want
to show that G, is 2-Calabi-Yau. Nevertheless there exists a non degenexdtilinear
bifunctorial form

nx - HOmp(N; X))  Homp(X;N[3])! k

for eachN in perB and eachX in D®(B). This allows us to construct a bilinear bifunctorial
form (chapter 4, section 1)

9, Home(X;Y) Homy(Y:X[2)! kK

for all X and Y objects ofC;. The form °will be non degenerate (chapter 4, sections 2
and 3) if each object ofDP(B) is a “limit' of objects of perB. In particular we obtain the
following result:

Corollary. (Corollary 4.4) Let A be a nite dimensional k-algebra of global dimension
2. If the functor Tors (?; DA) is nilpotent then the cluster categonG, is Hom- nite
and 2-Calabi-Yau.

| thank R. Rouquier for informing me that these results have &en independently
obtained, in a much stronger form, in the forthcoming prepnt [CR].

Cluster-tilting object

The next step is to nd a cluster-tilting object in this 2-Calabi-Yau category. Since&kQ is
a cluster-tilting object of Gy, the canonical candidate would be the objecA itself. This
object A is rigid (Proposition 5.4.1). Moreover, if the functorTor, (?; DA) is nilpotent,
the objectA is orbit-cluster-tilting (Proposition 5.4.2). More precsely, if X is an object of
the orbit category DP(A)= [ 2] such that Exlf:A (T; X) vanishes, thenX is in add(A). In
chapter 7 we will show thatA is in fact cluster-tilting using completely di erent methods.
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lts endomorphism algebra is the tensor algebr@i, Exti (DA;A) (Proposition 5.2.1).
It is nite dimensional if and only if the functor Tor, (?; DA) is nilpotent (Theorem 5.1).
Using same techniques as in the paper [ABS06] we can compugequiver (Proposition
5.2.2).

Endomorphism algebra of a postprojective module

In [GLSO7Db], C. Geiss, B. Leclerc and J. Schmer constructesubcategoriesG, of mod
(where = o is a preprojective algebra of an acyclic quiver) associatéd certain ter-
minal kQ-modulesM . We show in chapter 6, that the stable category in such a Frobeus
category Gy is triangle equivalent to a cluster categoryGy, whereA is an endomorphism
algebra of a postprojective module over an hereditary algeb(Theorem 6.5).

Another approach is given by A. Buan, O. lyama, I. Reiten and JScott in [BIRS07].
They construct 2-Calabi-Yau triangulated categoriesSub =, wherel,, is a two-sided
ideal of the preprojective algebra = q associated with an elemeniv of the Weyl group
of Q. For certain elementsw of the Weyl group (namely those coming from preinjective
tilting modules), we construct a triangle equivalence beteen Sub =, and a cluster
category Gy where A is the endomorphism algebra of a postprojective module over
concealed algebra (Theorem 6.8).

Derived preprojective algebra

Using generalized tilting theory (cf. [Kel94]), we give artber construction of the cluster
category in chapter 7. LetA be a nite dimensional algebra of global dimension 2 and
let B be the dg algebraA DAJ[ 3]. Let 3(A) be the dg algebraRHomg (Ag;Ag).
Using the results of [Kel94] we show that the functoRHomg (Ag;?) : DPB ! per 3A
induce the following triangle equivalences:

RHoOmg (Ag;?) 1 PALg,——/per oA ;
perB ——/pb J'Z(A)
wherehAig is the thick subcategory ofDP(B) generated byAgz. We then obtain another
de nition of the cluster category as the quotient:
Ca = per 3A=D" ZA:

The image of the rigid objectA is the free dg module 3(A). This dg algebra is in
fact isomorphic, in the homotopy category of dg algebras, tihe derived 3-preprojective
algebra de ned by B. Keller. As a consequence of results in ¢l08a] and [Kel08b], it
satis es the following properties:

1. it is homologically smooth in the sense of M. Kontsevich a@nY. Soibelman (cf.
[KS06]);
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2. it has its homology concentrated in negative degrees;
3. itis bimodule 3-Calabi-Yau {.e. 3-Calabi-Yau in the sense of V. Ginzburg [Gin06]).

The nilpotence of the functorTor, (?; DA) is equivalent to the fact that Ho( 3(A)) is
nite-dimensional. Therefore we study in chapter 7 dg algels with such properties and
we prove the theorem

Theorem. (Theorem 7.1) Let be a dgk-algebra with properties (1), (2) and (3). Sup-
pose thatH®() is nite dimensional. The categoryper =D"() is Hom nite, 2-Calabi-
Yau and the free dg module is a cluster-tilting object.

As a direct consequence of this theorenA becomes a cluster-tilting object of the
cluster categoryG, (Corollary 7.2).

Furthermore it is possible to apply Theorem 7.1 to Ginzburg' dg algebras (@Q; W) (cf.
[GIN06]) where Q; W) is a quiver with potential (cf. [DWZ07]) when the Jacobi algbra
J (Q; W) is nite dimensional. We construct a cluster categoryGq.w ) Which is Hom nite,
2-Calabi-Yau. This category admits a cluster-tilting objet whose endomorphism algebra
is isomorphic toJ (Q; W).

Combining this last result with some results of [Kel08b], [K08] and [BIRS08], we
obtain the corollary:

Corollary. (Corollary 7.13) Let Q be an acyclic quiver, andl a cluster-tilting object
of the cluster categoryG,. Let (Q%W?9 be the quiver with potential associated to the
endomorphism algebr&nds, (T). The cluster categoryGo.w o is triangle equivalent to the

category Gg.

Perspectives

The results of the second part of this thesis lead to many quéems:
Let Cbe a 2-Calabi-Yau triangulated category and = T; T, a cluster-tilting

another cluster-tilting object (T). If the quivers of T and of (T) have no loops
nor 2-cylces, then the quiver of the mutated object;(T) is the mutation ;(Qt) of

the quiver Qt of the endomorphism algebra of . Therefore, it would be very useful
to nd conditions on the quiver with potential (Q;W) associated to an algebra

of global dimension 2 to be rigid in the sense of [DWZ07]. We Wd then mutate

inde nitely the quiver with potential ( Q; W).

B. Keller and I. Reiten showed in [KRO6] that if a 2-Calabi-Ya algebraic triangu-
lated categoryC has a cluster-tilting object whose quivelQ is acyclic, thenC and
Gy are triangle equivalent. This is not true when the quiveiQ has oriented cycles,
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but the quiver with potential (Q; W) might be a better invariant. Therefore we
formulate the following question:

Let C be a2-Calabi-Yau algebraic triangulated category with a clustélting object.
Does there exist a quiver with potentialQ; W) such thatC and Gq.w) are triangle
equivalent?

Cluster categories have been constructed in order to catety cluster algebras.
Hence it might be interesting to explore the class of clustalgebras that may be
categori ed by categories of the fornGq.w). We show a rst closure property of this
class in section 7.4.3 which can be related to the "gluing ess' of cluster algebras
described in section 5 of [FKO7].
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Summary of results




Chapitre 1

Peliminaires

1.1 Caegories triangukes

1.1.1 e nitions et proprees de base

Soit T une (petite) cakgorie additive munie d'une autoequivdence . Soit S I'en-
semble desextuplets(X;Y;Z;u;v;w) ar X, Y etZ sont des objets del' etu: X ! Y,
v:Y! Zetw:Z! X des morphismes. On notera un tel sextuplet :

X — =g =" x

Un morphisme de sextupletsst la donree d'un diagramme commutatif
X — g = x

f 9 h f

X 0 Jhro_ Y Jo Wl w0

Sif , geth sont des isomorphismes, on dira qué& @; h) est un isomorphisme de sextuplets.

le nition 1.1.  Unecakgorie trianguke T est une cakgorie additive munie d'une auto-
equivalence et d'un sous-ensemble de S appek I'ensemble degriangles qui \eri ent
les axiomes suivants :

TRO : L'ensemble des triangles est stable par isomorphisme. Pdaut objet X
deT, le sextuplet X ——= X —0—— X est un triangle.
TR1 : Pour tout morphismeu: X ! Y dansT, il existe un triangle :

X — 4 I
TR2 :Si X —J Yz "I x estun triangle, alors le sextuplet

VA RN

33
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est un triangle.
TR3 : Pour tout diagramme commutatif de la forme

X — —Jzg —I'x
f ‘9 f
X 0_Y2 ko2 Jo_W2 ] w0

ai les deux lignes sont des triangles, il existe un morphish : Z ! Z°(non unique) tel
qgue (f; g; h) est un morphisme de triangles.

TR4 (Axiome de l'octatedre) . Etant donre un diagramme commutatif de la
forme
X =X
X
y Y Ik, I, Iy
Y — g g,y )
X== X 99'1

@ les deux colonnes et la premere ligne sont des triangleil existe des morphismes
f:zZ,! Z,etg:2Z,! Y, tels que la deuxeme ligne soit un triangle et que tous les
care commutent, y compris le care :

Zz—g// Y
‘ y
X —9 i Y,

Si les axiomesTR1-TR3 sont \eries, cet axiome estequivalenta l'axiome suivant
[NeeO1] :
TR4' : Etant donre un diagramme
X — I —Jg =" x
f g f
X 0 Jhro_ ¥ Jo Wl w0

al les lignes sont des triangles, il existe un morphisme: Z ! Z°rendant le diagramme
commutatif et tel que le cbne est un triangle :

v 0 w 0 u o0
vy X0 9% gp oyo__ h v gy o fW oy yo



1.1. Cakgories triangukes 35

Pour les propree de bases des cakgories trianguegsnous renvoyons au premier
chapitre de [Hap88]. Rappelons juste la propree bihomimgique du bifoncteurHom

Proposition 1.1.1. Soit T une catgorie trianguke. Alors, tout triangle
X —Iy Ly =\
induit des suites exactes longues :
—Homy (?;  1Z) —Homy; (2;X) —Homy; (?;Y) —/Hom (?;Z) —/Homy (?; X) —//

—IHomy; ( X; ?) —Homy (Z; ?) —Homy (Y;?) —/Homy; (X; ?) —Homy ( 1Z;?)

e nition 1.2.  Soit (T;) et ( T% 9 deux cakgories triangukes. Une foncteur tri-
angue (F;): T !' T %est la donree d'un foncteurF : T ! T °de cakgories addi-
tives et d'un isomorphisme de foncteurs :F ! O F tel que pour tout triangle

X LIy Y7 Y x deT, le sextuplet

FX dpy k7 XTI gy

est un triangle deT?®

1.1.2 Dualie de Serre et caegories de Calabi-Yau

Soit k un corps commutatif.

Ce nition 1.3.  Une cakegorie trianguke k-lireaire T \eri e la propree de Krull-Remak-
Schmidt si tout objet est isomorphea une unique @ permutation pes) somme directe de
d'objets indecomposables et si I'anneau des endomorphieseid'un objet indecomposable
est local. Ceh estequivalent au fait que les idempotentse scindent,i.e. si e est un
idempotent deX, alorseskcrit a1 est une section et une etraction [Hap88](l.3.2).

Dans toute cette tlese, les caegories trianguéesetu dees sont K-lireaires
et \eri ent la propreé de Krull-Remak-Schmidt.

La cakgorie est diteHom- nie si pour tous objets X etY dansT, le k-espace vectoriel
Homy (X;Y ) est de dimension nie.

Be nition 1.4. Soit T une caegorie trianguke k-lireaire et Hom nie. Un foncteur de
Serre est la donree d'une autoequivalencek-lireaire : T !'T et d'un isomorphisme de
foncteur

DHomy; (X; ?) ——/Homy; (?; X )

pour tout objet X de T, air D est le foncteur dualHom(?; k).
Si T admet un foncteur de Serre, alors celui-ci est unique a isamrphisme pes.

Ce nition 1.5.  Soit T une cakgorie trianguke k-lireaire et Hom- nie, de foncteur sus-
pension . La caegorie T est dite d-Calabi-Yau, si le foncteur ¢ est un foncteur de
Serre.
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1.1.3 Exemples
Algebre peprojective

Un carquois Q = (Qo; Qq;s;t) est la donree d'un ensemble de sommet®,, d'un
ensemble de echesQ; et de deux applicationss : Q; ! Qo (I'application source) et
t: Q1! Qo (I'application but).

Soit Q un carquois ni et sans cycle oriene. On ¢ nit Q le carquois doublea partir
de Q en ajoutanta chaque eche a:i! j une eche a:j ! |i.L'algebre peprojective

o = kQ=l o assoceeaQ est & nie comme le quotient de l'algebre des chemin&Q du
carquois double quotiene par l'iceal | o engende par les relations :
X
(aa+ aa):
a2Q1

Les esultats suivants sont classiques :

Treoeme 1.6.  Si le graphe sous-jacent& est Dynkin de typeA, D ou E, alors 'algebre
o est de dimension nie, auto-injective, et la catgorie sthle mod o est trianguke 2-
Calabi-Yau.

Q=A,(n 1): 00120://1@:/@ ______________ n 2m—h 1

ax
az an 2

Q = Dn (n 4) : O]]"
’.,’.;_;_a_o
@ v ) )
ea—s n 20th 1
az a 10—
ay
1
o | | @0

1031 /éO(;Z /é033 /P n 202:2/41 1
%

ai as an 2

Treoeme 1.7. ([BBKO2], [Boc07]) Si Q n'est pas de type Dynkin, alors l'algebre o
est de dimension in nie. Notons ¢ la competion de l'algebre , et f:l: o la catgorie
des o-modules de longueur nie. Alors la cakegorie cerivee D°(f:l: o) est trianguke
2-Calabi-Yau.
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Caegorie amas®ee

Soit Q un carquois ni sans cycle oriene. Lacakgorie amasseest ¢k nie comme la
caegorie d'orbites :

G = DkQ)=[ 2]

al  est le foncteur de Serre de la caegori®®(kQ) et [1] le foncteur cecalage, qui est
la suspension de la cakegorie triangueeD®(kQ). Les objets de cette cakegorie sont les
meémes que ceux dBP(kQ), etetant donres deux objets X et Y de D°(kQ), I'espace des
morphismes dan<, entre X etY est donre par :

M
Homg, (X;Y) = Hompso)(X; PY[ 2p]):
p2z

Un corollaire du threoeme 0.1 est le suivant :

Corollaire 1.8. Soit Q un carquois ni sans cycle oriene. La catgorie amasse(, est
Hom nie, trianguee, 2-Calabi-Yau. La projection canonique : DP(kQ) ! C o est un
foncteur triangue.

La structure k-lireaire sous-jacentea la catgorieC, \eri e la proposition universelle
suivante : soitT une caegorie trianguke etF un foncteurk-lireaire F : D’(modkQ) ! T
Si il existe un isomorphisme de foncteur entré et F [ 2], alorsF se factorisea travers
. En particulier, si T est 2-Calabi-Yau et queF est trianguk, alors F induit un foncteur
K-lireaire G !' T

1.2 (ereralies sur les dg-caegories

Cette section reprend les notations et ¢ nitions de [Kel6].
Soit k un corps commutatif.

1.2.1 Cas greral
k-modules dierentiels grades

Un k-module gradie est unk-espace vectorieV muni d'une cecomposition :

M
V = VP
p2Z

On note V[1] le k-module gradie tel que pour toutp and Z, on aV[1P = VP,
Un morphisme dek-module gradie homogene de degm est une application lireaire
f : V! VOtelle que pour toutp dansZ, on af (VP) V®n,



38 Chapitre 1. Peliminaires

Le produit tensoriel de deuxk-modules gradies est urk-module gradie par
M
(V W)= (VAR VAE
p+g=n
Sif : V! VOYest un morphisme gradie etg: W ! W?9est un morphisme homogene
de degep, alors l'applicationf g est ¢ nie par

f ov wy=( DM (v) gWw)

siv 2 V est homogene de dege.
On note G(k) la k-cakegorie tensorielle dek-modules gradwes ai les morphismes sont
les morphismes homogenes de dege 0.

Un k-module dierentiel gradie (dg-k-module) est unk-module gradie V- muni d'un
endomorphisme de dege ©y : V ! V appek dierentielle tel que d2 = 0. Alors on
e nit le decalage et le produit tensoriel de dg-k-modules par :

(Vi = (V[ d) et (Vid) (Wdw)=(V Widv 1w+1ly dw):

Un morphisme de dgk-module est un morphisme homogene de dege 0 qui commutda
dierentielle.

dg-caegories
Ce nition 1.9. Une dg-cakgorie A est unek-caegorie dont les espaces de morphismes
sont des dgk-modules et dont les compaositions
Ay) A (yi9)!A (X 2)
sont des morphismes de dig-modules.

Exemple. Soit Gyy(K) la catgorie ce nie comme suit :
{ les objets deCyy(k) sont les dgk-modules,
{ si V et W sont des dgk-modules, I'espacey(k)(V; W) = Hom,(V; W) est le com-
plexe suivant :

—IG(k)(V; W[p]) —G(k)(V; Wp + 1) — 5

a dest ckkniecommed =dy f ( 1Pf dy, sif est dansGKk)(V;WI[p]),
c'esta-dire homogene de degep.
Cette cakegorie est une dg-categorie.

Ce nition 1.10. Soient A et A°deux dg-catgories. Undg-foncteurest la donree d'une
application F : obj(A) ! obj(A9 et de morphismes de dd—modules

Foy tAXGY) A YFX Fy)

pour tous objetsx ety deA.
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dg-A-modules

Ce nition 1.11.  Un dg-A-moduleM est un dg-foncteur deA°? ! C 44(k). En particulier,
M est la donree :

{ pour tout objet x de A, d'un complexe dek-espaces vectorielx,

{ pour tous objets x, y de A d'un morphisme de complexes :

M(x;y) @ A(y; X) ———— G (K)(Mx; My )

qui doit étre compatible avec la composition.
CommeM (x;y) = M est un morphisme de dd«-module, il commutea la dierentielle et
alors sif est dansA(y;x),onaM d(fP)= dux MfP ( 1)PMFfP dyy:

Notons CyA la classe des dgv-modules. Un morphisme entre deux dgA-modules
M et N, est la donree pourx dansA d'uneement f, de G(k)(Mx; My ) tel que sig est
dansAP(y; x), alors pour tout g on a le diagramme commutatif suivant :
fx
Mx ——INx[q]
Mg Ng

My [o] — Ny [p+ q

On munit cet espace gradwe de morphismes de la dierentié induite par celle deCyy(k).
C'esta-dire que sif est homogene de degeq entre M et N, on pose (f), = d(fy).
Munie de ces espaces de morphismes, la catgorie desAdgiodulesCyy(A) forme alors
une dg-caegorie.

Pour tout objet x de A, le foncteurx” = A(?;x) est un dg-A-module. Le foncteur de
Yoneda :

Yon:A | C 4(A)
x 7! X"

est un dg-foncteur pleinement cele.

Caegorie ckriee d'une dg-caegorie

On ¢k nit ensuite les cakgories CA et HA . Les objets sont les m&mes que ceux de
Cig(A) et les espaces de morphismes sont donres par :

CAM;N) = Z°%Cyg(A)(M;N));

et HA (M;N) = H%(Cyy(A)(M;N)):

Donc sif est dansCA(M;N ), et x dansA, alorsf, est un morphisme de complexes entre
Mx et Nx. Sif est dansHA (M;N) alors f, est un morphisme de complexes modulo
homotopie entreMx et NXx.
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Un quasi-isomorphismeh est un morphisme deHA tel que pour tout x de A et pour
tout p, HP(fy) est inversible. On ck nit la cakgorie cerivce DA comme la localisation de
la caegorie HA par les quasi-isomorphismes.

La caegorie CA est une caegorie exacte pour les con ations

o— —IM >IN —b

qui sont les suites exactes scincees @@A. Les objets contractiles, c'esta-dire homotopes
a 0 sont les projectifs-injectifs de cette caegorie. La aegorie CA est une catgorie de
Frobenius. Sa caegorie stable est la cakgorielA qui est donc une caegorie trianguke.
La cakgorie DA est alors trianguke, comme localisation d'une caegoei trianguke.

On a la suite de foncteurs suivante :

AL Yon o(A) 2° _Iea IHA IbA

La catgorie perA est te nie comme la plus petite sous-caegorie triangude deDA conte-
nant lesx” et stable par facteurs directs (=sous-catgorieepais$elLa catgorie DA est

la sous-caegorie deDA fornee des objetsM tels que pour toutx de A, I'espace vectoriel
M
HP(Mx)

p2z

est de dimension nie. C'est une sous-caegorie triangaé deDA .

1.2.2 Cas w la dg-caegorie provient d'une dg-algbre
Cas greral

Une dg-algebreA est une algebreZ-gradiee munie d'une dierentielle \eri ant la egle
de Leibniz, c'esta-dire qued est un morphismek-lireaire homogene de dege 1 et sia et
b sont dansA et a est homogene de degep, alorsd(ab = (da)b+ ( 1)Pad(b).

On peut voir A comme une dg-cakgorie : la dg-cakgorie n'ayant qu'un sg objet
et a End ) est la dg-algebreA.

Un dg-A-module est alors la donree :

{ d'un complexe dek-espaces vectoriel , que I'on noteraM,

{ et d'un morphisme de dg-alggbresM ( ; ): A!C g(k)(M;M).

M ( ; ) est un morphisme gradiwe, donc pour toutp, AP s'envoie dansCyy(K)(M; M [p]),
c'esta-dire que pour tout n, on a une application

M" AP I Mn*P
(ma) 7! ma:

De plus,M ( ; ) est un morphisme de complexes, il commute donca la diemstielle. Ceci
signi e que sia est dansAP et m dansM ", alors

m:dpa=dy(m:@) ( 1)°(dym):a:
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Enn M( ; ) est un morphisme dek-algebre, donc pourm dansM", a dansAP et b
dansAf, on a (m:a):b= m:(ab dansM "*P*q,

SoientM et N deux dg-A-modules. Un morphismd de dgA-modules entreM et N
est uneement de Gyy(k)(M; N ) tel que pour tout a dans AP, et pour tous n;q, le care
suivant commute :

M L/N n+q
a

g
Mn+p#/Nn+p+q:

a

Dans la caegorie CA les morphismes sont les morphismes de complexeskdespaces
vectoriels gradwes entreM et N tels que sia est dansA,, on a le care commutatif :

M — "
a

Mn+pf_/Nn+p:

a

Le dg-A-module repesentable * est le complexeA muni de la multiplication de l'algebre.

Cas d'une algbre

Soit A une k-algebre, on peut la voir comme une dg-algebre concent en dege O.
Les objets deCyy(A) sont alors les complexes dé&-modules a droite. La composante
homogene de degep de I'espace des morphismes d&gq(A) de M dansN est I'ensemble
des morphismes gradiwes dé&-modules deM dans N [p] (f commute avec l'action deA
mais pas avec la dierentielle deM).

La cakegorie CA est simplement la caegorie des complexes demodules.

La cakegorie DA est la caegorieD(ModA). Si A est de dimension nie, on a toujours :

perA D °(modA) D A D A = D(ModA);

al modA cesigne la caegorie des modules de pesentation nie SUA (=modules de type
ni).
Si A est de dimension globale nie, on a de plus legaligperA = D?(modA) = DPA.

1.2.3 Foncteur de Serre

Soit A une dg-algebre de dimension nie. NotondD la catgorie DA, et pour X et
Y des dgA-modules, notonsHom, (X;Y ) I'espace des morphismes ent¢ et Y dans la
dg-caegorie Gyg(A). Il a donc une structure de complexe d&-espaces vectoriels.
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Lemme 1.2.1. Soit X un objet deperA etY un objet deDPA, alors on a un isomorphisme
bifonctoriel

L
DHomp (X;Y) ' Homp(Y;X A DA):

Demonstration. Pour X dansperA, notons X = DHom, (X;A). Nous allons construire
un morphisme bifonctoriel :

Fxy : DHom,(X;Y) ———Hom,(Y; X)
Soit"' unekment du dual de Hom, (X;Y ). On utilise l'isomorphisme canonique
Hom,(Y; X)'H omy,(Hom,(A;Y);DHom, (X;A)):

A unekment f deHom,(A;Y) on associe la formdyxy (f ), quia un gdeHom, (X;A)
associ€ (gf).

En utilisant les formules classiques d'adjonction, on e facilement que Fay est un
isomorphisme. Donc pour toutX appartenanta la sous-catgorie epaisseHA contenant
A, Fxy est un quasi-isomorphisme. Dondd °(Fxy ) est un isomorphisme,.e. on a un
isomorphisme fonctoriel :

DHomya(X;Y) —/Homya(Y; X)
Pour tout objet co brant X de perA, X est brant et on a donc un isomorphisme :
DHomba(X;Y) —/Homba(Y; X))

Il restea montrer que pour tout X de perA, on a un quasi-isomorphisme entreX =
L
DHom,(X;A) et X 5 DA. SiX estun dg-module, on a un morphisme fonctoriel :

X ", DA —/DHom, (X;A)

x Tg 7t (9(x))

qui setenda un morphisme pour tout X dansperA. Comme c'est un isomorphisme pour
X = A, c'est un quasi-isomorphisme pouX dansperA.
]

Remarque.En utilisant les formules d'adjonction, on obtient immediatement que siX est
dansperA et Y dansDP(A) alors on a un isomorphisme

L
DHomp(X;Y )" Homp(Y A RHoma(A;DA); X):

Ce lemme nous donne imnediatement le corollaire suivant :



1.2. CGereralies sur les dg-cakgories 43

Corollaire 1.12. Soit A une dg-algebre de dimension nie. SDA est isomorpheaA[d]
en tant queA-A-bimodule, alors pour toutX dansperA et pour tout Y dansDPA, on a
un isomorphisme fonctoriel :

DHomy (X; Y ) ——Homy (Y; X[d]) :
En particulier la cakegorie perA estd-Calabi-Yau.

Remarque.Plus gereralement, Keller a monte dans [Kel08a] que sA est un dg-algebre
de dimension quelconque, alors pour tou dansperA et Y dansDP(A) on a un isomor-
phisme

L
DHomy (X;Y) "' Homp(Y A RHomae(A;A®); X):

Si A est une algebre de dimension nie et de dimension globale ie alors le foncteur

L L
=? aADA estuneequivalence dont l'inverse est ?o RHom, (A; DA). Donc la cakegorie
DP(A) = perA admet un foncteur de Serre.

1.2.4 Caegories trianguées algbriques

Soit T une cakgorie trianguke k-lireaire. On dit que T estalgebrique s'il existe une
equivalence trianguke entre T et E au E est une cakegorie de Frobeniuk-lireaire. En
fait d'apes Keller [Kel06], une caegorie trianguke est algebrique si et seulement si elle
admet un renforcement en catgorie dierentielle-gradee, i.e. il existe une equivalence
trianguke entre T et DA a1 A est une dg-cakgorie. Cette notion est stable par passage
a une sous-cakgorie trianguke et par localisation. Ansi, toutes les caegories trianguees
apparaissant en algebre et en geonetrie sont algebriges.

Si DA et DB sont des catgories triangukes algebriques, alors urohcteur algebrique

L
F est un foncteur “provenant' des renforcement& et B, i.e. F =? 5 X est le produit
tensoriel cerive par un objet X deD(A° B ).

Cette ¢k nition nous permet de donner la propree unive rselle de la caegorie amasse.
Soit T = DA une cakgorie algbrique, et soitX un objet deD(kQ° A ).

L
Db(moqh?) LDA
O
?L ko DKQ[ 2]
Si il existe un isomorphisme dan® (kQ° A ) entre DkQ o X[ 2] et X, alors le

L
foncteur ? o X se factorise en un foncteur algebrique d€; vers DA.
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1.3 Une autre construction de la caegorie amas®e

1.3.1 Enveloppe trianguée

Soit A unek-algebre de dimension nie et de dimension globale nie. Adrs la cakgorie

L
DP(A) est trianguke et admet un foncteur de Serre, =? A DA @ DA = Hom(A; k)
est le dual deA. La caegorie d'orbites

DPA)=? , DA[ 2]
2 A

n'est pas trianguke en gereral si la dimension globale €A est 2. Sonenveloppe trian-
guke est la caegorie G, \eri ant la propret universelle suivante :
{ il existe un foncteur trianguk algebrique : DP(A) ! C o (pas essentiellement
surjectif en gereral);

L

{ Soit 2 A X : DP(A) ! DB un foncteur algebrique ai B est une dg-caegorie. Si

L
on a un isomorphisme dan®(A°® B ) entre DA A X[ 2] et X, alors le foncteur

L
? A X se factorise par .
L
Db(A L/@_A
) .

L
2 ADA[ 2]

1.3.2 Construction du foncteur
Soit B la dg-algebre suivante :
A DAJ[ 3]= I ——In o —b—'pbA lo—1

Un objet M de CB est un complexe déA-modules muni d'une action deDA de dege
3 qui anticommutea la dierentielle. Ce qui signi e que pour tout n et pour tout a dans
DA le diagramme suivant anticommute :

M" DA a_/M n+3
(dwm ;id) dm
M n+1 DA a_/M n+4

et que pour tousa ;b dansDA, m:a :b =0.

La projectionp: B ! A induit un foncteur restriction pleinement cele p : CA!C B.
Ce foncteur envoie un complexe dé&-modules sur lui m&éme muni de l'action deDA
nulle. L'objet A peut étre vu comme unA-B-bimodule, et alors le foncteurp estegal
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au foncteur ? 5 Ag. Deux complexes homotopes dar@GA vont &tre homotopes dan<CB
donc ce foncteur induit un foncteurHA 'H B. De méme les quasi-isomorphismes @A
sont des quasi-isomorphismes déB, donc la projection induit un foncteurDA ! D B.
De plus si 'homologie deM est de dimension totale nie alors I'homologie de son image
sera la méme et donc de dimension totale nie. Finalementhaa un foncteur :

p :D°A 1D ©PB:

Maintenant, commeA (et donc DA) est de dimension nie,perB est inclus dansD"B.
On obtient donc un foncteur :

F:D°A!D PB=perB =:G:

Notonsi : A! B linjection canonique, eti : DB ! D PA, le foncteur “oubli' assoce.
Alors on a les adjonctions suivantes :

DST et D(BT :
LAB i LBA p

DPA DB

La suite exacte deA-B-bimodules :

0—bA[ 3] ! Iip /0

nous donne un triangle dan® (A°®® B)

ADAg[ 3] /hBg IhAg —h\DAg[ 2]:

L'objet Bg est parfait donc le morphismeAg ! DAg[ 2] est un isomorphisme dans
C. = DPB=perB. D'apes la propret universelle de I'enveloppe trianguke de la caegorie
d'orbites, p induit un foncteur trianguk algebrique :

p :G !C ; = DPB=perB:
Ce foncteur est pleinement cele et Keller a monte le theoeme suivant [Kel05] :

Treoeme 1.13  (Keller). Soit A une algbre de dimension nie et de dimension globale
nie. Soit B la dg-algebreA DAJ[ 3]etp :DPA ! D PB le foncteur restriction de la
projection p: B ! A. Notons hAig la sous-cakegorieepaisse (=sous-catgorie triangde
stable par facteurs directs) dé®B engendee par I'image deA par p . Alors I'enveloppe
trianguke de la cakegorie d'orbites

DPA)=? A DA[ 2]
2 A

est algebriqguementequivalentea la catgoriehAig =perB.
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Notons que dans le cas aJi la dimension globale d® est 1, ou queA est ckerivee
equivalentea une caegorie reeditaire, la cakgor ie d'orbites est trianguke et donc on a
uneequivalence trianguke :

DPA)=? A DA[ 2]'h Aig=perB



Chapter 2

On the structure of triangulated
categories with nitely many
Indecomposables

Ce chapitre corresponda l'article [Ami07].

Notation and terminology

We work over an algebraically closed eldk. By a triangulated category we mean a
k-linear triangulated category T. We write S for the suspension functor ofT and
uUu—A LNy "Iy for a distinguished triangle. We say thatT is Hom nite
if for each pair X, Y of objects inT, the spaceHom; (X;Y ) is nite-dimensional over
k. The categoryT will be called aKrull-Remak-Schmidt category if each object is iso-
morphic to a nite direct sum of indecomposable objects withunicity (up to reordering)
of this decomposition, and if the endomorphism ring of an iretomposable object is a
local ring. This implies that idempotents of T split, i.e. if e is an idempotent ofX, then
e= where is a section and is a retraction [Hap88, | 3.2]. The categoryl will
be calledlocally nite if for each indecomposabléX of T, there are only nitely many
isoclasses of indecomposabl¥ssuch that Homy (X;Y ) 6 0. This property is selfdual by
[XZ02, prop 1.1].

The Serre functor will be denoted by (see de nition in section 2.1). TheAuslander-
Reiten translation will always be denoted by (section 2.1).

Let T and T °be two triangulated categories. ArS-functor (F; ) is given by ak-linear
functor F : T !' T %and a functor isomorphism between the functorsF S and S° F,
where S is the suspension o and S°the suspension off © The notion of -functor, or

-functor is then clear. Atriangle functor is anS-functor (F; ) such that for each triangle

U-—Y sy Y iy " 5y of T, the sequenceF U eV "V lpw — ™Y gy

47
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is a triangle of T

The category T is Calabi-Yau if there exists an integerd > 0 such that we have a
triangle functor isomorphism betweerS® and . We say that T is maximal d-Calabi-Yau
if T is d-Calabi-Yau and if for each covering functo°®! T with T d-Calabi-Yau, we
have ak-linear equivalence betwee and T°

For an additive k-categoryE, we write modE for the category of contravariant nitely
presented functors fromE to modk (section 2.8), and if the projectives omodE coincide
with the injectives, modE will be the stable category

2.1 Serre duality and Auslander-Reiten triangles

2.1.1 Serre duality

Recall from [RvdBO02] that a Serre functor for T is an autoequivalence : T ! T
together with an isomorphismDHomy (X; ?) ' Homy (?; X ) for eachX 2 T, whereD
is the duality Hom(?; k).

Theorem 2.1. Let T be a Krull-Remak-Schmidt, locally nite triangulated catgory.
Then T has a Serre functor .

Proof. Let X be an object ofT. We write X" for the functor Hom; (?;X) and F for the

functor DHomy (X; ?). Using the lemma [RVdBO02, 1.1.6] we just have to show th&t is

representable. Indeed, the category P is locally nite as well. The proof is in two steps.
Step 1: The functorF is nitely presented.

that FY; is not zero. The spaceHom(Y;";F) is nite-dimensional over k. Indeed it is
isomorphic to FY; by the Yoneda lemma. Therefore, the functoHom(Y;";F) Y, is
representable. We get an epimorphism from a representablen€tor to F:

M

N

Hom(Y,";F) Y ! F:
i=1

By applying the same argument to its kernel we get a projectvpresentation ofF of the
fomuUu” ! V1 F1 O,withUandVinT.

Step 2: A cohomological functoH : T°° ! modk is representable if and only if it is
nitely presented.

Let U* —4 /" H /6 be a presentation oH. We form a triangle

U —N —"w —/5u:

We get an exact sequence

U u Y v ™ w’ /(SU)/\:
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Since the composition of with u” is zero andH is cohomological, the morphism
factors throughv". But H is the cokernel ofu”, sov" factors through . We obtain a
commutative diagram:

AW VY s W e
U v W su:
oW
Theequalty °i = ° v' = impliesthat © iis the identity of H because is an

epimorphism. We deduce thaH is a direct factor of W". The compositioni °= €' is
an idempotent. Thene 2 EndW) splits and we getH = W for a direct factor W° of
W.

O

2.1.2 Auslander-Reiten triangles

De nition 2.2.  [Hap87] A triangle X —/ Y7z — Y I5x of T is called anAuslander-
Reiten triangle or AR-triangle if the following conditions are satis ed:
(AR1) X and Z are indecomposable objects;
(AR2) w 6 0;
(AR3)if f : W ! Z is not aretraction, there existsf °: W ! Y such thatvf°= f;
(AR3) if g: X ! V is not a section, there existg’: Y ! V such thatgl = g.

Let us recall that, if (AR1) and (AR2) hold, the conditions (AR3) and (AR3') are
equivalent. We say that a triangulated categoryl has Auslander-Reiten trianglesf, for
any indecomposable objecZ of T, there exists an AR-triangle ending atZ:

X — 7 —=Isx:

In this case, the AR-triangle is unique up to triangle isomgahism inducing the identity
of Z.
The following proposition is proved in [RvdB02, Propositia 1.2.3]

Proposition 2.1.1. Let T be a Krull-Remak-Schmidt, locally nite triangulated catgory.
Then the categoryT has Auslander-Reiten triangles.

The composition = S ! is called the Auslander-Reiten translation. An AR-triangé
of T ending atZ has the form:

z — 7 =iz
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2.2 Valued translation quivers and automorphism groups

2.2.1 Translation quivers

In this section, we recall some de nitions and notations ca®rning quivers [Die87]. A
quiver Q = (Qo; Q1; s;t) is given by the setQq of its vertices, the setQ; of its arrows, a
source maps and a tail mapt. If x 2 Qg is a vertex, we denote byx* the set of direct
successors of, and by x the set of its direct predecessors. We say th& is locally nite
if for each vertexx 2 Qo, there are nitely many arrows ending atx and starting at x (in
this case,x®* and x are nite sets). The quiver Q is said to bewithout double arrowsif
two di erent arrows cannot have the same tail and source.

De nition 2.3. A stable translation quiver(Q; ) is a locally nite quiver without double
arrows with a bijection : Qg ! Qg such that (x)* = x for each vertexx. For each
arrow  :x! vy, let be the unique arrowy ! Xx.

Note that a stable translation quiver can have loops.

De nition 2.4. A valued translation quiver(Q; ;a) is a stable translation quiver Q; )
withamapa:Q;! Nsuchthata( )= a( ) for each arrow . If is an arrow from
X to y, we write a,, instead ofa( ).

De nition 2.5. Let be an oriented tree. The repetition of is the quiver Z de ned
as follows:

(Z) 0=2 0

Z).1=12 1 (Z 1) with arrows (n; ) : (n;x) ! (n;y) and (n; ) :
(n Ly)! (n;x) for each arrow :x! yof .

The quiver Z with the translation (n;x) =(n 1;x) is clearly a stable translation
quiver which does not depend (up to isomorphism) on the ori&tion of (see [Rie80a]).

2.2.2 Groups of weakly admissible automorphisms

De nition 2.6.  An automorphism groupG of a quiver is said to beadmissible [Rie80a]
if no orbit of G intersects a set of the fornfxg[ x™ orfxg[ x in more than one point.
It said to be weakly admissible [Die87if, for eachg2 G f 1g and for eachx 2 Qq, we
havex™ \ (gx)* = ;.

Note that an admissible automorphism group is a weakly adns#ble automorphism
group. Let us x a numbering and an orientation of the simplylaced Dynkin trees.

A, 1 ) I h 1—h
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n 1

e

D,: 1—/ —h %3’33
‘]JJ
‘]JJ

n

%0

E,: 100 200 3 Ik I h
Let be a Dynkin tree. We de ne an automorphism S of Z as follows:

if = An thenS(p;9=(p+aq;n+l Q)

=
[

D, with n even, thenS= ",

if = D, with nodd, thenS= "1 where is the automorphism ofD, which
exchangesh andn 1,

if = Eg thenS = 6 where is the automorphism ofEg which exchanges 2
and 5, and 1 and 6;

if = E; thenS= 9
andif = Eg, thenS= 15

In [Rie80a, Anhang 2], Riedtmann describes all admissibleitamorphism groups of
Dynkin diagrams. Here is a more precise result in which we dete all weakly admissible
automorphism groups of Dynkin diagrams:

Theorem 2.7. Let be a Dynkin tree andG a non trivial group of weakly admissible
automorphisms ofZ . Then G is isomorphic to Z, and here is a list of its possible
generators:

if = A, with n odd, possible generators are" and ' withr 1, where =
"z-S is an automorphism ofZ  of order 2;

if = A, with n even, then possible generators aré, wherer 1 and where
= 2S. (Since 2= 1, ' is a possible generator.)
if = D, withn 5 then possible generators are" and " , wherer 1 and

where =(n 1;n) is the automorphism ofD, exchangingn andn 1.

if = Dy, then possible generators are ", wherer 1 and where belongs toS 3
the permutation group on 3 elements seen as subgroup of auigohisms ofD,.
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if = Es, then possible generators are” and ', wherer 1 and where is the
automorphism ofEg exchanging2 and 5, and 1 and 6.

if = E, with n=7;8, possible generators are', wherer 1.

The unique weakly admissible automorphism group which is mamissible exists forA,,
n even, and is generated by.

2.3 Property of the Auslander-Reiten translation

We de ne the Auslander-Reiten quiver 1 of the categoryT as a valued quiver (;a).
The vertices are the isoclasses of indecomposable objec@Given two indecomposable
objects X and Y of T, we draw one arrow fromx = [X] to y = [Y] if the vector space
R(X;Y)=R?(X;Y) is not zero, whereR (?;?) is the radical of the bifunctor Homy (?; ?).
A morphism of R(X;Y ) which does not vanish in the quotientR (X;Y )=R2(X;Y ) will
be calledirreducible. Then we put

ay =dim R(X;Y)=R*X;Y):

Remark that the fact that T is locally nite implies that its AR-quiver is locally nite .
The aim of this section is to show that t with the translation de ned in the rst part
is a valued translation quiver. In other words, we want to she the proposition:

Proposition 2.3.1. If X andY are indecomposable objects df, we have the equality
dim R(X;Y)=R2(X;Y) =dim R( Y;X)=R2(Y;X):
Let us recall some de nitions [Hap88].

De nition 2.8. A morphismg:Y ! Z is calledsink morphismif the following hold
(1) g is not a retraction;
(2)if h:M ! Z is not a retraction, then h factors through g;
(3) if uis an endomorphism ofY which satis es gu = g, then u is an automorphism.
Dually, a morphismf : X ! Y is calledsource morphismif the following hold:
(1) f is not a section;
(2)if h: X I M is not a section, thenh factors throughf ;
(3) if uis an endomorphism ofyY which satis esuf = f, then u is an automorphism.

These conditions imply thatX and Z are indecomposable. Obviously, if
X —L Y Iz Y I5x is an AR-triangle, then u is a source morphism and’ is a
sink morphism. Conversely, iv 2 Hom; (Y; Z) is a sink morphism (or ifu 2 Homy (X;Y)
is a source morphism), then there exists an AR-trianglex —/ X1z " /gx (see
[Hap88, | 4.5]).

The following lemma (and the dual statement) is proved in [Ri84, 2.2.5].
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emma 2.3.1. Let g be a morphism fromY to Z, whereZ is indecomposable an¥ =
", Y,"" is the decomposition off into indecomposables. Then the morphisgis a sink
morphism if and only if the following hold:

g and Y %is isomorphic toY; for somei.

Using this lemma, it is easy to see that proposition 2.3.1 8. Thus, the Auslander-
Reiten quiver 1 =( ; ;a) of the categoryT is a valued translation quiver.

2.4 Structure of the Auslander-Reiten quiver

This section is dedicated to another proof of a theorem due b Xiao and B. Zhu ([XZ05]):

Theorem 2.9. [XZO05] Let T be a Krull-Remak-Schmidt, locally nite triangulated cate
gory. Let be a connected component of the AR-quiver of. Then there exists a Dynkin
tree  of type A, D or E, a weakly admissible automorphism groug of Z and an
isomorphism of valued translation quivers

— =G:

The underlying graph of the tree is unique up to isomorphism (it is called theype of
), and the groupG is unique up to conjugacy inAut(Z) .
In particular, if T has an in nite number of isoclasses of indecomposable oltgechen
G is trivial, and s the repetition quiverZ

2.4.1 Auslander-Reiten quivers with a loop

In this section, we suppose that the Auslander-Reiten quiveof T contains a loop,i.e.
there exists an arrow with same tail and source. Thus, we supge that there exists an
indecomposableX of T such that

dim R(X; X )=R?(X;X) 1

Proposition 2.4.1. Let X be an indecomposable object df. Suppose that we have
dim R(X; X )=R?(X;X) 1: Then X is isomorphic toX.

To prove this, we need a lemma.

Lemma 2.4.1. Let X, Ik, 2/ "Ik . be a sequence of irreducible mor-
phisms between indecomposable objects with 2. If the compositionf, f, ; f;is
zero, then there exists am such that 1X; is isomorphic to X;.,.
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Proof. The proof proceeds by induction om. Let us show the assertion fom = 2.

SupposeX; —*I&, 2 IK . is a sequence such that, f;=0. We can then construct
an AR-triangle:

fqi:f)) :
Xl (fa )(b(z X(glgz)(/ 1X1 (le

(fz;o)_____.........
X4 yy

The compositionf, f, is zero, thus the morphisnf , factors throughg;. As the morphisms
0, and f, are irreducible, we conclude that is a retraction, and X 3 a direct summand
of 1X,. But X, is indecomposable, so is an isomorphism betweerX; and  1X;.

Now suppose that the property holds for an integan 1 and that we havef ,f, ; f;=
0. If the compositionf, ; f; is zero, the proposition holds by induction. So we can
suppose that fori  n 2, the objects X; and X;;, are not isomorphic. We show now
by induction on i that for each i n 1,there existsamap; : X;! Xu+1 such
that f, fijs1 = g whereg : X1 ! X is an irreducible morphism. Fori = 1, we
construct an AR-triangle:

((FREVY 01:99)
X, xg(l_l// X, —IsX,
(fo 12:0)

Xn+1

yy 1

As the compositionf, f, is zero, we have the factorizatiof, f,= 0.

Now fori, as X; 1 is not isomorphic toX;.;, there exists an AR-triangle of the
form:

(g 1:fif9T (9%gi:99)
Xi——" X 1 X X I —BX;
( i usfn fi+1;0)

X o1

By induction, i 16 1+ f, fi.f; is zero, thusf, fi;; factors through g. This
property is true fori = n 1, sowe have a map, 1 : }X, 1! Xpns such that
n 10 1= fnh. Asg, 1 andf, are irreducible, we conclude that ,, ; is an isomorphism
betweenX,,; and X, ;. O

Now we are able to prove proposition 2.4.1. There exists ameducible mapf : X !
X . Suppose thatX and X are not isomorphic. Then from the previous lemma, the
endomorphismf " is non zero for eacn. But since T is a Krull-Remak-Schmidt, locally
nite category, a power of the radicalR (X; X ) vanishes. This is a contradiction.
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2.4.2 Proof of theorem 2.9

Let ™= ( To; T1; &) be the valued quiver obtained from by removing the loopsj.e. we
have o= o, 71 = 2 jsuchthats( )6 t( )g, anda= g_ -

Lemma 2.4.2. The quiver 7= ( T; 71; &) with the translation is a valued translation
quiver without loop.

Proof. We have to check that the map is well-de ned. But from proposition 2.4.1, if

is a loop on a vertexx, ( ) isthe unique arrow from x = xtox,i.e. ( )= . Thus™
is obtained from by removing some -orbits and it keeps the structure of stable valued
translation quiver. O

Now, we can apply Riedtmann's Struktursatz [Rie80a] and theesult of Happel-
Preiser-Ringel [HPR80b]. There exist a tree and an admis&ile automorphism groupG
(which may be trivial) of Z such that ~is isomorphic to Z =G as a valued translation
quiver. The underlying graph of the tree is then unique up to isomorphism and the
group G is unique up to conjugacy inAut(Z ). Let x be a vertex of . We write X for
the image ofx by the map:

—'Z —'2 =G' ~ —'/:
LetC: o o! Z be the matrix de ned as follows:

C(x;y) = axy (resp. ayx) if there exists an arrow fromx to y (resp. fromy to
X) in ,

C(x;x)=2  ax,
C(x;y) = 0 otherwise.

The matrix C is symmetric; it is a "generalized Cartan matrix' in the seresof [HPR80a].
If we remove the loops from the “underlying graph o' (in the sense of [HPR80a]), we
get the underlying graph of .

In order to apply the result of Happel-Preiser-Ringel [HPR®a, section 2], we have to
show:

Lemma 2.4.3. The set o of vertices of is nite.

Proof. Riedtmann's construction of is the following. We x a verte X Xq in 7. Then
the vertices of are the paths of “beginning on xo and which do not contain subpaths
of the form (), where isin 7;. Now suppose that , is an in nite set. Then for
eachn, there exists a sequence:

Xo —2 kg 211 " Yk, o1 —" K,
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vector spaceR (X; 1;X;)=R?(X; 1;X;) is not zero. Thus from the lemma 2.4.1, there
exists irreducible morphismsf; : X; ; ! X; such that the compositionf,f, ; f;
does not vanish. But the functorHomy (Xo;?) has nite support. Thus there is an
indecomposabley which appears an in nite number of times in the sequenceX();. But
sinceRN (Y;Y) vanishes for anN, we have a contradiction. O

Let S a system of representatives of isoclasses of indecompossloif T. For an inde-
composableY of T, we put

X
I(Y) = dimy Homr (M;Y):
M 2S

This sum is nite since T is locally nite.

Lemma 2.4.4. For x in o, we write dy = |(X). Then for eachx 2 ,, we have:
X
y2 o

Proof. Let X and U be indecomposables of . Let
X —h =7z 15X

be an AR-triangle. We write (U;?) for the cohomological functorHomy (U;?). Thus, we
have a long exact sequence:

(U:S 12)220U: X) - 4U; Y)—4U:; )" 4U: SX):

Let Sz (U) be the image of the mapw . We have the exact sequence:
0—8s 17 (U) —HU; X) —HU; Y) —U; 2) =I5, (U) — b
Thus we have the following equality:

dimg Sz (U) +dim ¢ Sg 17 (U) + dim (U; Y) = dim (U; X) + dim (U; Z):

If U is not isomorphic toZ, each map fromU to Z is radical, thus S;(U) is zero. If
U is isomorphic to Z, the map w factors through the radical ofEndZ), so Sz (2) is
isomorphic tok. Then summing the previous equality wherJ runs overS, we get:

I(X)+ I(Z)=I(Y)+2:
E:Iearly | is -invariant, thus 1(Z) equals|(X). If the decomposition ofY is of the form
Y we get:

X X
IY)= " nil(Y) = axy, [(Yi) + axx [(X):

[ X1 Yi2~
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We deduce the formula:
X
2=(2 axx)I(X) axy,; 1(Yi):

X y2~

Let x be a vertex of the tree and X its image in = Then an arrow X! Y in “comes
from an arrow (x;0) ! (y;0)in Z or from an arrow ( x;0)! (y; 1)inZ, i.e. from
an arrow (y;0)! (x;0). Indeed the projectionZ ! Z =Gis a covering. From this we
deduce the following equality:

X X X
2=(2 axx)dg axyCy ayxdy = dyCyy:

O

Now we can prove theorem 2.9. The matrixC is a ‘generalized Cartan matrix'. The
previous lemma gives us a subadditive function which is notlditive. Thus by [HPR80a],
the underlying graph ofC is of "generalized Dynkin type'. ASC is symmetric, the graph
is necessarily of typeA, D, E, or L. But this graph is the graph with the valuation a.
We are done in the case8, D, or E.

The case.,, occurs when the AR-quiver contains at least one loop. We caeet , asA,
with valuations on the vertices with a loop. Then, it is obviais that the automorphism
groups of ZL , are generated by " for anr 1. But proposition 2.4.1 tell us that a
vertex x with a loop satises x = x. Thus G is generated by and the AR-quiver has
the following form:

This quiver is isomorphic to the quiverZA,,=G where G is the group generated by the
automorphism "S =
The suspension functoiS sends the indecomposables on indecomposables, thus it can
be seen as an automorphism of the AR-quiver. It is exactly th@utomorphism S de ned
in section 2.2.2.
As shown in [XZ05], it follows from the results of [Kel05] thiafor each Dynkin tree
and for each weakly admissible group of automorphisn@@ of Z , there exists a locally
nite triangulated category T such that ' Z =G. This category is of the form
T = DP’(modk ) =' where' is an auto-equivalence ob°(modk ).

2.5 Construction of a covering functor

From now, we suppose that the AR-quiver ofT is connected. We know its structure. It
is natural to ask: Is the categoryT standard i.e. equivalent as ak-linear category to the
mesh categoryk()? First, in this part we construct a covering functor F : k(Z) !'T
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2.5.1 Construction

We write :Z !  for the canonical projection. As G is a weakly admissible group,
this projection veri es the following property: if X is a vertex ofZ , the number of arrows
of Z with source x is equal to the number of arrows oZ =G with source x . Let S be
a system of representatives of the isoclasses of indeconginbss of T. We write indT for
the full subcategory of T whose set of objects i§. For a tree , we write k(Z) for the
mesh category (see [Rie80a]). Using the same proof as Riedtm [Rie80a], one shows
the following theorem:

Theorem 2.10. There exists ak-linear functor F : k(Z) ! indT which is surjective
and induces bijections:
M
Homz) (x;z) ! Homy (FX;Fy);
Fz=Fy

for all verticesx andy of Z

2.5.2 Innite case

If the category T is locally nite not nite i.e. if there is in nitely many indecomposables,
the constructed functorF is immediately fully faithful. Thus we get the corollary.

Corollary 2.11. If indT is not nite, then we have ak-linear equivalence betweefh and
the mesh categork(Z) .

2.5.3 Uniqueness criterion

The covering functor F can be see as &-linear functor from the derived category
DP(modk ) to the category T. By construction, it satis es the following property called
the AR-property:

For each AR-triangle X — & %/ " J5x of D(modk ), there exists a tri-

angle of T of the form FX —fy 2 JE7 SFX .
In fact, thanks to this property, F is determined by its restriction to the subcategory
projk = k(), i.e. we have the following lemma:

Lemma 2.5.1. Let F and G bek-linear functors from D°(modk ) to T. Suppose thafF
and G satisfy the AR-property and that the restrictions;, , and G;, are isomorphic.

Then the functorsF and G are isomorphic ask-linear functors.

Proof. It is easy to construct this isomorphism by induction using he (TR3) axiom of
the triangulated categories (see [Nee0O1]). O
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2.6 Particular cases of k-linear equivalence

From now we suppose that the category is nite, i.e. T has nitely many isoclasses of
indecomposable objects.

2.6.1 Equivalence criterion

Let be the AR-quiver of T and suppose that it is isomorphic toZ =G. Let' be a
generator ofG. It induces an automorphism in the mesh categori(Z ) that we still
denote by' . Then we have the following equivalence criterion:

Proposition 2.6.1. The categoriesk() and indT are equivalent ak-categories if and
only if there exists a covering functoF : k(Z) ! indT and an isomorphism of functors
F ! F.

The proof consists in constructing &-linear equivalence betweeindT and the orbit
categoryk(Z ) ='“ using the universal property of the orbit category (see [K85]), and
then constructing an equivalence betweek(Z ) ='4 and k().

2.6.2 Cylindric case for A,

Theorem 2.12. If = A, and' = ' for somer 1, then there exists a functor
isomorphism : F ' ! F, i.e. for each objectx of k(Z) there exists an automorphism
« Of Fx such that for each arrow :x! y of Z , the following diagram commutes:

Fx —Fx
e

Fy —/Fy:

F

To prove this, we need the following lemma:

Lemma 2.6.1. Let :x! vy be an arrow ofZA, and letc be a path fromx to "y,
r 2 Z, which is not zero in the mesh categorg(ZA,). Then c can be writtenc® where
c®is a path fromy to "y (up to sign).

Proof. There is a path fromx to 'y, thus, we haveHomz) (X; "y)' k,andx and "y
are opposite vertices of a ‘rectangle' idA,,. This implies that there exists a path fromx
to "y beginning by . O

Proof. (of theorem 2.12) Combining proposition 2.6.1 and lemma 2.5.1, we have just to
construct an isomorphism between the restriction df and F ' to a subquiverA,.
Let us x a full subquiver of ZA, of the following form:

Xyt Ik, 20 "Mk,
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such thatx, :::; X, are representatives of the -orbits in ZA,,. We de ne the ( y,)iz1..n Dy
induction. We x , = lIdgx,. Now suppose we have constructed some automorphisms
x1:. .0 x such that for eachj i the following diagram is commutative:

X
FXJ' 1—’J 1FXJ' 1
Fj1

Fx; — L JFx;:

F'

The composition F' ) x, 1S In the morphism spaceHomy (Fx;; FXi+1), which is
isomorphic, by theorem 2.10, to the space

M
Homz) (xi;2):
Fz=FXj+1
Thus we can write
X
(FI i) Xi — F it F z
z6 Xj+1

where , belongs toHom,z) (xi;z) and Fz = Fx;;1. But Fz is equal toFx;.; if and
only if z is of the form "x;,; for anlin Z. By the lemma, we can write , = Q i. Thus
we have the equality:

X
(F'" ) x =F(ld x,, + I i

z

The scalar is not zero. Indeed, 4, is an automorphism, thus the image ofK' ;)
is not zero in the quotient

R(FXi;FXi+1)=R?(FXi;FXis1):

P
Thus ., = F(ld ., + , 2 is an automorphism of Fx;.; which veries the
commutation relation

(F' i) Xi T X+ F o

2.6.3 Other standard cases

In the mesh categoryk(Z ), where is a Dynkin tree, the length of the non zero paths
is bounded. Thus there exist automorphisms such that, for an arrow  :x! vy of ,
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the paths from x to ' "y vanish in the mesh category for alr 6 0. In other words, for
each arrow :x! yofZ, we have:
M
Homzy = 2(X;y) = Homz) (X' "y) = Homkz) (Xy) " K;

r22
wherek(Z ) ='“ is the orbit category (see section 2.6.1).

Lemma 2.6.2. Let T be a nite triangulated category with AR-quiver = Z =G. Let'
be a generator ofG and suppose that veries for each arrowx ! y of Z
M
Homz) (%' "y) = Homkz) (x;y) " Kk
r2z

letF :k(Z) '!'T andG:k(Z) !'T be covering functors satisfying the AR-property.
Suppose that and G agree up to isomorphism on the objects &Z) . Then F and G
are isomorphic ask-linear functors.

Proof. Using lemma 2.5.1, we have just to construct an isomorphisnetwveen the functors
restrictedto . Let :x! ybean arrow of . Using theorem 2.10 and the hypothesis,
we have the following isomorphisms:

M M
Homy (FXx; Fy) Homzy (x;2)" Homz) (x;' "y) " k
Fz=Fy r2z
and then
Homy (Gx; Gy) ' Homy (Fx;Fy)' k:
Thus there exists a scalar such thatG = F . This scalar does not vanish sincé&

and G are covering functors. As is a tree, we can nd some 4 for x 2 by induction
such that

G = ,,'F:
Now it is easy to check that = «ldgx is the functor isomorphism. O
This lemma gives us an isomorphism between the functoFs and F ' , Moreover,

using the same argument, one can show that the covering fuonctF is an S-functor and
a -functor.

For each Dynkin tree we can determine the automorphisms' which satisfy this
combinatorial property. Using the preceding lemma and thegeivalence criterion we
deduce the following theorem:

Theorem 2.13. Let T be a nite triangulated category with AR-quiver = Z =G. Let
' be a generator ofG. If one of these cases holds,
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= A, with n odd andG is generated by " or ' = " withr 11 and

n+l

- 2
’

= A, with n even andG is generated by " withr n land = :2S;

= D,withn 5andGisgenerated by or " withr n 2and asin
theorem 2.7;

= D, andG is generated by ', wherer 2 and runs over g3;
= Egand G is generated by " or " wherer 5and is as in theorem 2.7,
= E;andGis generated by ", r  8;
= EgandGis generated by ", r 14
then T is standard, i.e. the categorie§ and k() are equivalent ak-linear categories.

Corollary 2.14. A nite maximal d-Calabi-Yau (see [Kel05, 8]) triangulated category ,
with d 2, is standard, i.e. there exists ak-linear equivalence betweem and the orbit
categoryDP(modk ) = 1S9 ! where is Dynkin of type A, D or E

2.7 Algebraic case

For some automorphism group$s, we know thek-linear structure of T. But what about
the triangulated structure? We can only give an answer addinhypothesis on the trian-
gulated structure. In this section, we distinguish two case

If T is locally nite, not nite, we have the following theorem which is proved in
section 2.7.2:

Theorem 2.15. Let T be a connected locally nite triangulated category with imitely
many indecomposables. [T is the base of a tower of triangulated categories [Kel91] et
T is triangle equivalent toD®(modk ) for some Dynkin diagram

Now if T is a nite standard category which is algebraicj.e. T is triangle equivalent
to E for somek-linear Frobenius categoryE ([Kel06, 3.6]), then we have the following
result which is proved in section 2.7.3:

Theorem 2.16. Let T be a nite triangulated category, which is connected, algeiic

and standard. Then, there exists a Dynkin diagram of type A, D or E and an auto-
equivalence of D°(modk) such thatT is triangle equivalent to the orbit category
DP(modk ) = :

This theorem combined with corollary 2.14 yields the folloing result (compare to
[Kel05, Cor 8.4]):
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Corollary 2.17. If T is a nite algebraic maximal d-Calabi-Yau category withd 2,
then T is triangle equivalent to the orbit categonD’(modk ) =S ! for some Dynkin
diagram

2.7.1 ©@functor
We recall the following de nition from [Kel91] and [Ver77].

De nition 2.18. Let H be an exact category and a triangulated category. A@functor
(h@:H!T s given by:

an additive k-linear functor| :H!T ;

for each conation X Lty 2 Uy of H, a morphism@ :1Z ! SIX func-

torial in  such that 1X hy P Jfz —@ KX s a triangle of T .

For each exact categoryH, the inclusion| : H ! D P®(H) can be completed to a
@functor (I; @ in a unique way. LetT and T°be triangulated categories. If F;' ) :
T !T %isanS-functor and (I;@ : H! T is a @functor, we say thatF respects@if
(F I;' (F@):H!T PCis a@functor. Obviously each triangle functor respect®

Proposition 2.7.1. Let H be ak-linear hereditary abelian category and lefl; @ : H'!
T be a @functor. Then there exists a unique (up to isomorphismi-linear S-functor
F:DP(H)!T which respects@

Proof. OnH (which can be seen as a full subcategory BP(H)), the functor F is uniquely
determined. We wantF to be an S-functor, so F is uniquely determined onS"H for
n 2 Z too. SinceH is hereditary, each object oD"(H) is isomorphic to a direct sum
of stalk complexes,j.e. complexes concentrated in a single degree. Thus, the funct®
is uniquely determined on the objects. Now, leX and Y be stalk complexes oD?(H)
andf : X ! Y a non-zero morphism. We can suppose that isin H and Y is in
S"H. If n 6 0;1,f is necessarily zero. Ih =0, then f is a morphism inH and Ff is
uniquely determined. Ifn = 1, f is an element ofExt), (X; S 1Y), so gives us a con ation

gy L _JE P Uk in H. The functor F respects@ thus Ff has to be equal to
' @ where' isthe natural isomorphism betweersFS 'Y andFY. Since@is functorial,
F is a functor. The result follows. O

A priori this functor is not a triangle functor. We recall a theorem proved by B. Keller
[Kel91, cor 2.7].

Theorem 2.19. Let H be ak-linear exact category, andT be the base of a tower of
triangulated categories [Kel91]. Let(l;@ : H! T be a@functor such that for each
n < 0, and all objectsX andY of H, the spaceHom (IX; S "lY ) vanishes. Then there
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exists a triangle functorF : D®(H) ! T  such that the following diagram commutes up to
isomorphism of @functors:

From theorem 2.19, and the proposition above we deduce thdldwing corollary:

Corollary 2.20. (compare to [Rin06]) LetT, H and(I;@ : H! T be as in theorem
2.19. If H is hereditary, then the unique functo= : D®(H) ! T  which respects@is a
triangle functor.

2.7.2 Proof of theorem 2.15

Let F be the k-linear equivalence constructed in theorem 2.10 between algebraic tri-
angulated categoryT and D?(H) whereH = modk and is a simply-laced Dynkin
graph. As we saw in section 2.6, the covering functor is &functor.

The categoryH is the heart of the standardt-structure on D(H). The image of
this t-structure through F is a t-structure on T. Indeed, F is an S-equivalence, so the
conditions (1) and (i) from [BBD82, Def 1.3.1] hold obviously. And sincél is hereditary,
for an object X of DP(H), the morphism .oX ! S (X of the triangle

oX /5( /1l > oX IS oX

vanishes. Thus the image of this triangle througlir is a triangle of T and condition (jii )
of [BBD82, Def 1.3.1] holds. Then we get &structure on T whose heart isH.

It results from [BBD82, Prop 1.2.4] that the inclusion of theheart of at-structure can
be uniquely completed to a@functor. Thus we obtain a@functor (Fo; @: H! T  with
Fo = FjH .

The functor F is an S-equivalence. Thus for eacim < 0, and all objectsX and Y of
H, the spaceHom; (FX; S"FY) vanishes. Now we can apply theorem 2.19 and we get
the following commutative diagram:

H W gb(H);
G 40
(Fo:@ %S’%S)‘S(F
T

where F is the S-equivalence andG is a triangle functor. Note that a priori F is an S-
functor which does not respec@ The functors F;, and G;,, are isomorphic. The functor
F is an S-functor thus we have an isomorphisnt,,, ' Gj.., for eachn 2 Z. Thus the

functor G is essentially surjective. Sincéd is the categorymodk , to show that G is
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fully faithful, we have just to show that for eachp 2 Z, there is an isomorphism induced
by G
Homps(n) (A; SPA) ——/Homy (GA; SPGA)

whereA is the free modulek . For p =0, this is clear becauséA isin H. And for p6 0
both sides vanish.
Thus G is a triangle equivalence betwee®°(H) and T.

2.7.3 Finite algebraic standard case

For a small dg categoryA, we denote byCA the category of dgA-modules, byDA the
derived category ofA and by perA the perfect derived categorpf A, i.e. the smallest tri-
angulated subcategory oDA which is stable under passage to direct factors and contains
the free A-modulesA (?; A), where A runs through the objects ofA. Recall that a small
triangulated category isalgebraicif it is triangle equivalent to perA for a dg categoryA.
For two small dg categoriesA and B, a triangle functor perA! perB is algebraicif it is
isomorphic to the functor

Fx =2 A X
associated with a dg bimoduleX, i.e. an object of the derived categonD(A°® B ).

Let be an algebraic autoequivalence ofD’(modk ) such that the orbit category
D°(modk ) = is triangulated. Let Y be a dgk - k -bimodule such that = Fy. In
section 9.3 of [Kel05], it was shown that there is a canonicalangle equivalence between
this orbit category and the perfect derived category of a ctin small dg category. Thus,
the orbit category is algebraic, and endowed with a canonictaiangle equivalence to the
perfect derived category of a small dg category. Moreovery bhe construction in [loc.
cit.], the projection functor

:DP(modk) !'D ®(modk) =

is algebraic.
The proof of theorem 7.0.5 is based on the following univetgaroperty of the trian-
gulated orbit categoryD®(modk ) =. For the proof, we refer to section 9.3 of [Kel05].

Proposition 2.7.2. Let B be a small dg category and

Fx =? Lk X :D(modk) ! perB
an algebraic triangle functor given by a dg -A-bimoduleX . Suppose that there is an

L
isomorphism betweery X and X in the derived bimodule categorip(k °° B ). Then
the functor Fx factors, up to isomorphism of triangle functors, through # projection

:DP(modk) !'D P°(modk) = :

Moreover, the induced triangle functor is algebraic.
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Let us recall a lemma of Van den Bergh [KROG]:

Lemma 2.7.1. Let Q be a quiver without oriented cycles and be a dg category. We
denote byk(Q) the category of paths o and byCan: CA! DA the canonical functor.
Then we have the following properties:
a) Each functorF : k(Q) ! DA lifts, up to isomorphism, to a functorF : k(Q) !
CA which veri es the following property: For each vertex of Q, the induced morphism
M
Fi! Fj;
i
wherei runs through the immediate predecessors jofis a monomorphism which splits as
a morphism of gradedA -modules.
b Let F and G be functors fromk(Q) to CA, and suppose thaF satis es the
property of a). Then any morphism of functors' : Can F ! Can G lifts to a
morphism'~: F | G.

Proof. a) For each vertexi of Q, the object Fi is isomorphic in DA to its co brant
resolution X;. Thus for each arrow :i! j, F induces a morphisnf :X;! X; which
can be lifted to CA since theX; are co brant. SinceQ has no oriented cycle, it is easy to
choose thef such that the property is satis ed.

b) For each vertexi of Q, we may assume that=i is co brant. Then we can lift
"i:Can Fi! Can Gito ;:Fi! Gi. Foreacharrow ofQ, the square

Fi —Fj

Gi G_/Gj

is commutative in DA . Thus the square

L
Fi L IFj
‘( i) ‘ i
L' . ¢ :
. Gi —G;j
is commutative up to nullhomotopic morphismh :  ,Fi ! Gj. Since the morphism
f . Fi! Fj is split mono in the category of gradedA-modules,h extends alongf
and we can modify ; so that the square becomes commutative i€A. The quiver Q
does not have oriented cycles, so we can constructy induction. O

Proof. (of theorem 2.16) The category T is small and algebraic, thus we may assume
that T = perA for some small dg categornA. Let F : D’(modk) ! T be the covering
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functor of theorem 2.10. Let be an auto-equivalence oD(modk ) such that the AR-
quiver of the orbit category D’(modk ) = is isomorphic (as translation quiver) to the

AR-quiver of T. We may assume that = Lk Y for an objectY of D(k °° k).
The orbit category D?(modk ) = is algebraic, thus it is perB for some dg categonB.

The functor F;,, lifts by lemma 2.7.1 to a functorF from k() to CA. This means

that the object X = F(k ) has a structure of dg k °® A -module. We denote byX the
image of this object inD(k °° A ).

L
The functors F and k X become isomorphic when restricted t&( ). Moreover

L
k X satis es the AR-property since it is a triangulated functor Thus by lemma
2.5.1, they are isomorphic a&-linear functors. So we have the following diagram:

Db(mo%@ kgx/berA =T
W,

L
Kk Y

The categoryT is standard, thus there exists an isomorphism &-linear functors:

L I / A L
Cc: Kk X k Y ¢ X

L
The functor k X restricted to the categoryk( ) satis es the property of a) of lemma

2.7.1. Thus we can apphyp) and lift ¢, , to an isomorphismc-betweenX and Y - k X
as dgk °° A -modules.

By the universal property of the orbit category, the bimodué X endowed with the
isomorphism c-yields a triangle functor fromD?(modk ) = to T which comes from a
bimodule Z in D(B°® A ).

Y
() Lo
DP(modk ) X - h/p4erA =T
h
hh
hhb th z
D°(modk ) = = perB

L
The functor x Z is essentially surjective. Let us show that it is fully faitful. For M
and N objects ofD’(modk ) we have the following commutative diagram:

L
n27 Hom, (M; r‘N)L

|
it uu%
il ] *

Homp- (M; N ) < 2 Homy (FM; FN );
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where D meansD®(modk ). The two diagonal morphisms are isomorphisms, thus so is

L
the horizontal morphism. This proves that  Z is a triangle equivalence between the
orbit category D?(modk ) = and T. O

2.8 Triangulated structure on the category of projec-
tives

Let k be an algebraically closed eld and® a k-linear category with split idempotents.
The categorymodP of contravariant nitely presented functors from P to modk is exact.
As the idempotents split, the projectives ofnodP coincide with the representables. Thus
the Yoneda functor gives a natural equivalence betwe&hand projP . Assume besides that
modP has a structure of Frobenius category. The stable categonyodP is a triangulated
category, we write for the suspension functor.

Let S be an auto-equivalence oP. It can be extended to an exact functor from
modP to modP and thus to a triangle functor ofmodP. The aim of this part is to nd
a necessary condition on the functof such that the category P;S) has a triangulated
structure. Heller already showed [Hel68, thm 16.4] that ifitere exists an isomorphism of
triangle functors betweenS and 3, then P has a pretriangulated structure. But he did
not succeed in proving the octahedral axiom. We are going tmpose a stronger condition
on the functor S and prove the following theorem:

Theorem 2.21. Assume there exists an exact sequence of exact functors fimwdP to

modP:

0 g Ik 0 I 1 Ik 2 I o
where theX', i = 0;1;2, take values inprojP. Then the categoryP has a structure of
triangulated category with suspension functds.

ForanM in modP, denote Ty, : X °M —/& 1M ey gy o\ astandard

triangle. A triangle of P will be a sequencex : P ~——/Q Y /R Y /gp which is
isomorphic to a standard triangleT,, for an M in modP.

2.8.1 S-complexes, -S-complexes and standard triangles

Let Acp(modP) be the category of acyclic complexes with projective compents. It is
a Frobenius category whose projective-injectives are therdractible complexes,i.e. the
complexes homotopic to zero. The functoZ® : Acpi(modP) ! modP which sends a
complex

Ik 1X1/5<o x° Ik 1 xt

to the kernel of x° is an exact functor. It sends the projective-injectives to mjective-
injectives and induces a triangle equivalence betwedrcp(modP) and modP.
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De nition 2.22.  An object of Acp(modP) is called anS-complexif it is S-periodic, i.e.
if it has the following form:

b Y /Q YV IR Y Igp Su /lSQ /

The category S-comp of S-complexes with S-periodic morphisms is a non full sub-
category of Acp(modP). It is a Frobenius category. The projective-injectives & the
S-contractibles, i.e. the complexes homotopic to zero with ais-periodic homotopy. Us-
ing the functor Z°, we get an exact functor fronS-compto modP which induces a triangle
functor:

Z°%:S-comp! modP:

Fix a sequence as in theorem 2.21. Clearly, it induces for Bagbject M of modP, a
functorial isomorphism inmodP,  : M —/6M :
Let Y be anS-complex,

Y Ip QIR M Iep SI8Q—

Let M be the kernel ofu. Then Y induces an isomorphism (in modP) between 3M
and SM. If is equalto \, we will say that X isa -S-complex
Let M be an object ofmodP. The standard triangleT,, can be seen as a S-complex:

I& om ki —Ix e —sxom —Isxim —!

The functor T which sends an objecM of modP to the S-complexTy is exact since
the X' are exact. It satis es the relationZ® T ' Idmegp: Moreover, as it preserves the
projective-injectives, it induces a triangle functor:

T :modP ! S-comp:

2.8.2 Properties of the functors Z%and T

Lemma 2.8.1. An S-complex which is homotopy-equivalent to a-S-complex is a -S-
complex.

Proof. Let X : P— 0 R—Y/SP be anS-complex homotopy-equivalent to the -

S-complex X 0: PO o Y* RO W PO et M be the kernel ofu and M the kernel
of u% By assumption, there exists aS-periodic homotopy equivalencé from X to X¢
which induces a morphismg = Z% :M ! MP? Thus, we get the following commutative
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diagram:
M& Q R ’-ﬁ:ﬁ:ﬁ%m M‘SP
M £0 f1 £2 3 ——BM sfo
3g Sg
9 po—— /RO /hoEEEEEEEEE ‘ I po
M © M ll%M 0 /SM 0 M

The morphismg is an isomorphism ofmodP sincef is an isomorphism ofS-comp. Thus
the morphisms 3g and Sg are isomorphisms ofmodP. The following equality in modP

=(S9 * mo *g= w
shows that the complexX is a - S-complex. O

Lemma 2.8.2. Let

X :P QY IR ISP and xO: po QO IRo " I5po

be two -S-complexes. Suppose that we have a commutative square:

po_ Y /o

Then, there exists a morphisni? : R! R%such that(f %;f 1; f 2) extends to anS-periodic
morphism from X to X°

Proof. Let M be the kernel ofu, M °be the kernel ofu’andf : M ! M °be the morphism
induced by the commutative square. AR and R°are projective-injective objects, we can
nd a morphism ¢g?: R ! R9such that the following square commutes:

QY IR
f 1 g2
QOL/RG_
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The morphism g2 induces a morphismg : SM ! SMO%such that the following square is
commutative in modP:
3 — M
3f g

3\ oLOI/SMo_

Thus the morphismsSf and g are equal inmodP, i.e. there exists a projective-injective
| of modP and morphisms :SM! | and :1! SM®suchthatg Sf= . Letp
(resp. pY) be the epimorphism fromR onto SM (resp. fromR%onto SM9. Then, asl is
projective, factors through p°

QIR W gp
e

fl 92

S

Sf

{{

Qo ¥ JRo /$po
S "

SV

We put f2 = g> p . Then obviously, we have the equalitieg v = v¥! and
w% 2 = SfOw. Thus the morphism ¢ °;f *; f 2) extends to a morphism ofS-comp O

Proposition 2.8.1. The functor Z°: -S-comp ! modP is full and essentially sur-
jective. Its kernel is an ideal whose square vanishes.

Proof. The functor Z° is essentially surjective since we have the relaticgd® T = Idmogp:
Let us show thatZ° is full. Let

X P QYR I5p and x©: po- QP o igpo
be two - S-complexes. LetM (resp. M9 be the kernel ofu (resp. u9. As P, Q, P%and

QP are projective-injective, there exist morphism$®: P! PPandf!: Q! Q°such that
the following diagram commutes:

M L—p Y g

f o fl

0

MO o4 /no
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Now the result follows from lemma 2.8.2.
Now let f : X | X%be a morphism in the kernel oZ°. Up to homotopy, we can
suppose thatf has the following form:

Pt QY IR gp
0
po u® /6o VO Jpo_ W k5 po

0 f2 0

As the compositionw¥ 2 vanishes and a®is projective-injective, f ? factors through
v%. For the same argumentf 2 factors throughw. If f and f_Oare composable morphisms
of the kernel ofZ%, we get the following diagram:

p—/Q—/R—Isp

2 -

0 of "2 0
uw 0-7"'”\,0 / wo
po——/Q Ro 5po

el h® 7
0 0 f 0

P00 400 /QOO /00 /RO(’J'I'.WOO/éPO(?

The compositionﬁ vanishes obviously.
]

Corollary 2.23. A -S-complex morphismf which induces an isomorphisnZ°(f ) in
modP is an homotopy-equivalence.

This corollary comes from the previous theorem and from thelowing lemma.

Lemma 2.8.3. Let F : C ! C °be a full functor between two additive categories. If the
kernel of F is an ideal whose square vanishes, théndetects isomorphisms.

Proof. Let u 2 Homg(A; B) be a morphism inC such that Fu is an isomorphism. Since
the functor F is full, there existsv in Home(B; A) such that Fv = (Fu) 1. The morphism
w = uv Idg is in the kernel of F, thus w? vanishes. Then the morphisnv(ldg W)
is a right inverse ofu. In the same way we show thau has a left inverse, sai is an
isomorphism. O

Proposition 2.8.2. The category of -S-complexes is equivalent to the category 6f
complexes which are homotopy-equivalent to standard triges.

Proof. Since standard triangles are -S-complexes, eaclS-complex that is homotopy
equivalent to a standard triangle is a -S-complex (lemma 2.8.1).



2.8. Triangulated structure on the category of projectives 73

Let X :PL—/Q—YIR-—"/5p be a -S-complex. LetM be the kernel ofu.
Then there exist morphismsf 1 : P! X°M andf!:Q! XM such that the following
diagram is commutative:

M L Ib u /Q

M Ik om —Ix1m:

We can complete (lemma 2.8.2J into an S-periodic morphism fromX in Ty . The
morphism f satises Z°% = Idy, soZ%Tw) and Z°(X) are equal inmodP. By the
corollary, Ty and X are homotopy-equivalent. Thus the inclusion functofl is essentially
surjective.

f0 fl

O

These two diagrams summarize the results of this section:

-S-comp " /Scomp_____ jAcp(modP)
(Frober{ (Frobenius)
() W
T Z 0 VVVV
(exact) (exact) VVV
T VVV z0
VVV (exact)
9’
modP

(Frobenius)

-S- comp - /B-comp JAcp(modP)
(tria@ 0 (triang.)
z

(exact, full,
ess. surj.,

(essgjrj.,
pr. 2.8.2)

z 0
(triangle
equivalence)

2.8.3 Proof of theorem 2.21

We are going to show that the -S-complexes form a system of triangles of the category
P. We use triangle axioms as in [NeeO1].

TRO : For each objectM of P, the S-complex M =—M ——0——/&M is homotopy-
equivalent to the zero complex, so is a S-complex.
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TR1: Letu: P ! Q be a morphism ofP, and let M be its kernel. We can nd
morphismsf © and f ! so as to obtain a commutative square:

X °M LI/ YETY b S/SXQZM
Mﬂ % sS
M fO f Cokef d
a
M Cokeu:

We form the following push-out:
0——/Cokea—'k& 2Mm Y 4]
| e |
0——/Cokeu R sMm 6

It induces a triangle morphism of the triangulated categorynodP:

Cokera I 2\m Y II' Cokera

Cokeru R IsMm II' Cokeru:

The morphism is an isomorphism inmodP since Cokera and Cokeru are canonically
isomorphic to ?M in modP. By the ve lemma, XM ! R is an isomorphism inmodP .
SinceX 2M is projective-injective, so isR. Thus the complex p ——/Q R sp
is an S-complex. Then we have to see that itis a S-complex. Let be the isomorphism
betweenSM and 3M induced by this complex. We write (resp. ) for the canonical
isomorphism inmodP between 2M and Cokera (resp. Cokeru). From the commutative
diagram:

Cekera—/X 2M sm II" ggkera

M M
K«’%%%(K’/o ()
Cokeru R sm @gkeru
% rrrrrrr
# T

M
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we deduce the equality =( ) ! M = wm InmodP. The constructedS-complex
is a - S-complex.

TR2: Let X : P +—/Q Y IR /5p bea - S-complex. Itis homotopy-equivalent
to a standard triangle Ty, . Thus the S-complex

X0 QY IR Yigp 3YKQ

is homotopy-equivalent toTy, [1]. SinceT is a triangle functor, the objectsT , and Ty [1]
are isomorphic in the stable categor-comp, i.e. they are homotopy-equivalent. Thus,
by lemma 2.8.1,Ty [1] is a - S-complex and then so isX °

TR3 : This axiom is a direct consequence of lemma 2.8.2.

TR4: Let X and X°be two - S-complexes and suppose we have a commutative
diagram:

X: P~ H L R KBp
f0 fl Sfo
X 0: po_Y’ gyo v’ jro W gspo

Let M (resp. M9 be the kernel ofu (resp. u9, and g: M ! M ?%the induced morphism.
The morphismTg: Ty ! Tmo induces aS-complex morphismg—= (¢ g*; g°) between
X and X°.

We are going to show that we can nd a morphisnf2: R! R%such that (f %;f 1;f ?)
can be extended in ar8-complex morphism that is homotopic tay=As (g°%; g') and (f ©; f 1)
induce the same morphisny in the kernels, we have some morphisnis : Q! P%and
h?:R! Q%°suchthatf® ¢g°=hluandf? g'= uhl+ h?v:We putf?2= g+ vh?
We have the following equalities:

f2v = g>v+ vh?v and w¥?2 = w4
= v{g'+ h?) = (SP)w
= v{f! uhl) = (Sf° ShiSuw
= v¥!? = (Sf9w

Thus (f %;f 1;f 2) can be extended to arS-periodic morphismf~which is S-homotopic to
g. Their respective cone€ (") and C(g) are isomorphic asS-complexes. Moreover, since
g is a composition ofTg: Ty ! Tywo with homotopy-equivalences, the cone€(g) and
C(T g) are homotopy-equivalent.

In modP, we have a triangle

M —2 oI (g) — M-
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SinceT is a triangle functor, the sequence

-
Twm A MO /rrC(g) Ifr M

is a triangle in S-comp. But we know that

T — Iy 0 —IC(T @) — Ty [1]

is a triangle in S-comp. Thus the objectsC(Tg) and T¢(g are isomorphic inS-comp,
i.e. homotopy-equivalent. Thus, the coneC(f") of f7is a - S-complex by lemma 2.8.1.

2.9 Application to the deformed preprojective alge-
bras

In this section, we apply the theorem 2.21 to show that the cagory of nite dimensional

projective modules over a deformed preprojective algebrageneralized Dynkin type (see
[BESOQ7]) is triangulated. This will give us some examples obn standard triangulated

categories with nitely many indecomposables.

2.9.1 Preprojective algebra of generalized Dynkin type

Recall the notations of [BESO7]. Let be a generalized Dynki graph of type A,, D,
(n 4),E,(n=6;7,8),0rL,. Let Q be the following associated quiver:

an 2
Ay (n  1): 011(;:()://1110:/@ -------------- n Zoénzﬂn 1
0 n 2

ap
ap

= Dnh(n 4): O]];;_
17,80

ap ’;”a ay an 2
@@q:/é .............. n ZIEo:/h 1

a1 az an 2
ap

1

= En(n=6;7,8): 70

an 2

ap | | Ao
L il A iZ /ém?:/ﬁ .............. n 20%:2/41 1
ap az as
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an
= Lp(n 1): =C®m§::://1mi:/é .............. n 2%@:2/{1 1:

The preprojective algebraP () associated to the graph is the quotient of the path
algebrakQ by the relations:

X
aa; for each vertexi of Q .

sa=i
The following proposition is classical [BESO7, prop 2.1].
Proposition 2.9.1. The preprojective algebrd& () is nite dimensional and sel njective.

Its Nakayama permutation is the identity for = A, D,,, E7, Eg and L, and is of
order 2 in all other cases.

2.9.2 Deformed preprojective algebras of generalized Dynk in
type

Let us recall the de nition of deformed preprojective algeta introduced by [BESO7]. Let
be a graph of generalized Dynkin type. We de ne an associat algebraR() as
follows:

R(A)) = k;
R(Dn) = khqyi=(xZy2 (x+y)" 2);
R(En) = khayi=(x*y% (x+y)" %)
R(Ln) = KX]=(x*"):

Further, we x an exceptional vertex in each graph as follow$with the notations of the
previous section):

0 for = A,orlLg;
2 for = Dg;
3 for = Ej:

Let f be an element of the squaread?R() of the radical of R(). The deformed
preprojective algebraP' () is the quotient of the path algebra kQ by the relations:

X
aa; for each non exceptional vertex of Q,
sa=i
and

aodop for = Ap;
Ao + Ay + A + f (Fpag;@ay); and (@ap + {ay)" 2 for = Dy;
Aodp + By + a3 + f (Fpag; @ay); and (@ap + way)" 2 for = Eg;
2+ ad+ f (); and for = Lp:

Note that if f is zero, we get the preprojective algebrg ().
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2.9.3 Corollaries of [BES07]

The following proposition [BES07, prop 3.4] shows that theategory projP () of nite-
dimensional projective modules over a deformed preproject algebra satis es the hy-
pothesis of theorem 2.21.

Proposition 2.9.2. Let A = P7() be a deformed preprojective algebra. Then there
exists an exact sequence #f-A-bimodules

0—hA 1 b, b, Py /I 16;

where is an automorphism ofA and where theP;'s are projective as bimodules. More-
over, for each idempotent of A, we have ( ) = e (.

So we can easily deduce the corollary:

Corollary 2.24. Let Pf() be a deformed preprojective algebra of generalized Dynkin
type. Then the categoryprojP’ () of nite dimensional projective modules is triangulated.
The suspension is the Nakayama functor.

Indeed, if P; = A is a projective indecomposable, theR; oA isequalto (g)A =
e (i)A thus to (Py).

Now we are able to answer to the question of the previous pamad nd a triangulated
category with nitely many indecomposables which is not stadard. The proof of the
following theorem comes essentially from the theorem [BEB0thm 1.3].

Theorem 2.25. Let k be an algebraically closed eld of characteristi2. Then there
exist k-linear triangulated categories with nitely many indecorposables which are not
standard.

Proof. By theorem [BESO07, thm 1.3], we know that there exist basic é&med preprojec-
tive algebras of generalized Dynkin typ®' () which are not isomorphic to P (). Thus
the categoriesprojPf () and projP () can not be equivalent. But both are triangulated
by corollary 2.24 and have the same AR-quiveZ = = Q . O

Conversely, we have the following theorem:

Theorem 2.26. Let T be a nite 1-Calabi-Yau triangulated category. Thenl is equiv-
alent to proj as k-category, where is a deformed preprojective algebra of generalized
Dynkin type.

n

T. The k-algebra = End ;_; M;) is basic, nite-dimensional and sel njective sinceT

has a Serre duality. It is easy to see thal and proj are equivalent as k-categories.
Let mod be the category of nitely presented -modules. It is a Frob enius category.

Denote by the suspension functor of the triangulated categry mod. The category T
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is 1-Calabi-Yau, that is to say that the suspension functo$ of the triangulated category

T and the Serre functor are isomorphic. But in mod, the functors S and 32 are

isomorphic. Thus, for each non projective simple -moduléeM we have an isomorphism
SM ' M . By [BESO07, thm 1.2], we get immediately the result. O
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Chapitre 3
Appendice

Exemple des complexes parfaits

Les hypotleses du theoeme 2.21 peuvent paratre tesfortes. Dans cette partie nous
allons voir I'exemple d'une cakgorie triangukee dont lastructure provient d'une suite
exacte de foncteurs.

Gereralies sur les caegories de modules

Soient C et D deux catgories additives dans lesquelles les idempoterge scindent.
Soiti : C ! D un foncteur pleinement ctle. Le foncteur de Yoneda

Yon:C ! modC
C 7! Hom(?;C)

est un foncteur pleinement cele de la categorieC dans la caegoriemodC. La cakegorie
C peut étre vue comme la sous-catgorie pleine des projdstde modC.
Le foncteuri induit immediatement un foncteur restriction :

R :modD ! modC
F 7' F i

Remarquons que sD est un objet deD vue comme sous-caegorie deodD alorsRD =
Hom, (i?; D) n'est pas forement un foncteur repesentable, donc paforement un objet
deC.

Un objet F de modC est un foncteur de pesentation projective nie, donc on pet
ecrire une suite exacte :

Hom (?; C;) —/Home(?; C;) —/F —6:
Notons LF le conoyau du morphisme de foncteur :
Homy (?;iC1) ——Homy (2;iC»):

81
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Ceci nous donne un foncteut : modC ! modD tel que Ljc = i. Ceci se esume en un
diagramme :

Cf___ﬁl_Jho%%

D — JmodD:

Lemme 3.0.1. Les proprees suivantes sont \eriees :
{ Le foncteur L est pleinement ctle.
{ Le foncteur R est exact.
{ Le foncteur L est adjointa gauche deR.
{ R L' ICImodC

Demonstration.
{ Soient F et G deux objets demodC. Notons C; et C, (resp. C? et C?) des objets de
Ctels queF (resp. G) soit le conoyau d'un morphismeC; ! C, (resp.C?2! CJ).
Alors se donner un morphisme dé dansG revient exactementa se donner un care

commutatif :

c,—C;

co—/CY:
Mais le foncteuri est pleinement cele donc tout revienta se donner un care
commutatif :

icC, —IC,

ic{—IcC?;

ce qui est encoreequivalenta se donner un morphisme dé¢= dansLG.

{ La seconde propret estevidente.

{ Soit F un objet demodC et G un objet demodD. On veut montrer I'isomorphisme
suivant :

HOMnoap (LF; G) ' HOMnoac(F; RG):
SoientC; ! C,! F! OetD;! D,! G! 0 des pesentations projectives.
Elles induisent les suites exacte€,! iC,! LF ! OetRD;! RD,! RG! 0

car R est exact. Il sut donc de prouver que pour tout objet C de C et pour tout
objet D de D, on a un isomorphisme :

HOMoap (IC; D) " HOMyoac(C; RD):
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La catgorie D est une sous-cakegorie pleine denodD donc le terme de gauche
estegala Homp (iC; D). Par e nition RD estegala Homy (i7;,D). Se donner un
morphisme demodC de C dansRD, c'est se donner un morphisme delomg(?; C)
dansHomy, (1?7, D). Mais commel est pleinement cele, on a un isomorphisme entre
Hom(?; C) et Homy (17, 1C). En utilisant maintenant le fait que le foncteur Yon est
pleinement ckle, tout ceci revienta se donner un morphisne entreiC et D dans
D, ce qu'on voulait.
{ La dernere propree est une congquence directe desutres.
]

Lemme 3.0.2. Soit F un objet demodC tel queLF soit dansD. Alors F est un objet
deC.

Demonstration. SoitC; ! C,! F ! 0 une pesentation projective deF. On a alors le
suite exacteiC, ! iC,! LF ! 0. Par hypottrese, l'objet LF est projectif, donc il existe
une section deLF dansiC,. En appliquant R on trouve une section de&= dansC,. Le
foncteur F est alors un facteur direct d'un projectifC, car les idempotents se scindent,
doncF est projectif. O

Complexes parfaits

Soit A une k-algebre dierentielle gradwee. Dans toute la suite, sauf mention du
contraire, les produits tensoriels seront suk. La catgorie descomplexes parfaitsperA
est la sous-caegorie trianguke de la cakgorie ceree DA stable par passage aux fac-
teurs directs et engendee par le module librg A. Nous supposerons qugerA admet une
dualie de Serre et nous noterons le foncteur suspensionealla caegorie perA qui n'est
autre que le foncteur decalage.

L'objet de ce paragraphe est de cemontrer le treoeme swant :

Tleoeme 3.1. |l existe une suite exacte de foncteurs arod(perA) dansmod(perA) :

O—/'{d mod (perA) /5( 0 /’5( 1 /5( 2 I /0;

al les X' sont des foncteurs exactsa valeurs dans les projectifs.
La structure de cakgorie trianguke qui en cecoule estd structure naturelle deperA.

Lemme 3.0.3. Le foncteur suivant

(perA)°®  perA ! per(A°® A)
(P;Q 7 P Q

a P = RHom (P;A), est pleinement ctle.
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Demonstration. Soient P; P°;Q ;Q° des objets deperA. Le foncteur suivant est une
equivalence de caegorie :
(perA)°P I per(A°P)
P71 P

De &, on ceduit donc les isomorphismes suivants :

HomperA)OF’ perA((P; Q)’ (PO’ Q%) l Hom(perA)OF’ (P; P% HonberA(Q; Q%
" HoMperaomy (P ; PO) Hompera (Q; Q%

Notons F (resp. G) le multifoncteur Homyera (7;?)  HOMpera (25 ?) (resp.

Homperaor a)(? 2?7 ?)) de per(A°®) perA per(A°®) perA dans Dk. Les multi-

foncteurs F et G sont multitriangues et additifs. De plus on a un isomorphsme entre
F(A%; A; A%; A) et G(AP; A; A°P; A). La n de la preuve decoule directement du lemme
suivant. O

Lemme 3.0.4. SoientF et G deux foncteurs additifs et trianguks deperA dans DK.
Supposons qu'on ait un morphisme de de foncteur F! Gtelque A :FA! GA est
un isomorphisme, alors est un isomorphisme de foncteurs.

Demonstration. Les foncteursF et G sont trianguks, donc est un isomorphisme pour
tous les cecaks deA.

Supposons que pour des objeds et Y de perA, le morphisme x y soit un isomor-
phisme. Alors, comme~ et G sont additifs, on a le care commutatif

F(X Y)—"—IG(X Y)

FX FY-—=>——s/GX GY;

4ab5
c d

al toutes les eches sont des isomorphismes. Les caresiisants sont commutatifs :

2 3
4(]55 h i
FX —FX FY —Fy
2 b3
X 42 d5 Y
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De &, il vient que la matrice 3 estegalea la matrice 6( . Comme c'est
un isomorphisme, x et v sont des isomorphismes.
Enn, si X Iy Iz /I'x est un triangle deperA et que x et , sont

des isomorphismes, le lemme des cing nous dit que est aussi un isomorphisme. Comme
la cakegorie perA est la sous-caegorie trianguee deDA engendee parA et stable par
passage aux facteurs directs, est bien un isomorphisme dericteurs.

O

Les esultats du paragraphe peedent nous donnent l'eistence des foncteurs et R
adjoints. La cakegoriemod(per(A° A)) est de Frobenius comme catgorie de modules sur
une petite cakgorie trianguke. La cakegoriemod((perA)° perA) est aussi de Frobenius
car nous avons suppos queerA admettait un foncteur de Serre. On a donc le diagramme
suivant :

(perA)OP' perA ﬂ/g})gg&g perA)OpogerA)

(plein. d.) (exact, (adj.)

plein. d) (exact)

per(A® A)——Yon _smod(per(A® A)).

(Frobenius)

Lemme 3.0.5. La cakegorie des foncteurs exactsa droite denod(perA) dansmod(perA)
estequivalentea la caegorie mod((perA)°? perA).

Demonstration. Soit F un objet de mod((perA)°® perA), alors F est un foncteur :

F :(perA)® perA ! modk
(P;Q 7 F(P;Q

Regardons le foncteur suivant :

F:perA | mod(perA)
P 7 (Q7!F(P;Q))

Ce foncteur se prolonge sumod(perA) en un foncteur exacta droite de manere unique.

Reciproquement, siG est un foncteur exacta droite demod(perA) dans lui méme,
alors le foncteurG : (P; Q) 7! Gp(Q) est unekment de mod((perA)°® perA). On a
donc uneequivalence de caegorie. O

Montrons maintenant le treoeme 3.1.
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Demonstration. Le foncteurld moq(pera) COrrespond au bifoncteuHompe A (?; ) par lequivalence
du lemme peedent. Prenons une copesentation injectie de ce foncteur dansod((perA)°P
perA). On a alors une suite exacte de la forme :
0—/4dmod(perA) —/}_ i(Pi ; Q|) —/}_ j (Pj ; QJ)

L L
Lesobjets ;(Pi;Qi)et (P;; Q) peuvent étre vus comme des objets dpgrA)°® perA
puisque ce sont des projectifs-injectifs daod((perA)°® perA). Si on applique le foncteur
exact L a cette suite exacte, on obtient :
_F i(Pi Qi)—/}_ (P Q)

0 —/le mod (perA)

L L
Les objets (P Qi) et (P Qj) sont dans per(A®®  A) qui est trianguke.
Formons donc un triangle danger(A°® A) en utilisant I'axiome TR1 :

) (P Qi) _F (P Q) —Ik —I ) (P Qi):

L'objet X est un objet deper(A°® A). Appliquons le foncteur exactRa ce triangle, on
obtient :

L L
i(Pi;Qi)—/}_ i (P;Q)) —RX I (Pi; Qi):
On obtient de cette manere une suite exacte :

F i) () Ry — I Iy

o—/Id

mod (perA)

L'objet RX est dansmod((perA)°? perA). On voudrait montrer qu'il est dans (perA)°P
perA, c'esta dire projectif en tant que bimodule. Re-appliquas le foncteurL a la suite
peedente :

Li(Pi Qi)—/}_j(Pj Q) —LRX ”Li(Pi Q)

e e Q) ’6( 1t e Q:

Le morphismeLRX ! X est le morphisme d'adjonction. C'est un isomorphisme par
le lemme des cing. On peut alors utiliser le lemme 3.0.2 pouwnclure queRX est un
objet de (perA)°P perA donc projectif en tant que bimodule. Vu comme un foncteur de
mod(perA) dans mod(perA), il envoie tout module dans les projectifs-injectifs.

Le threoeme 2.21 nous donne une structure de catgorie iginguee sur perA. \éri ons
gue cette structure correspond a la structure classique. dnmercons par enoncer un
esultat immediat :
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Lemme 3.0.6. Si P IQ R II'p est un triangle deper(A° A) alors pour
tout objet M de perA, la suite

M AP—M AQ—M ,R—I(M AP)

est un triangle deperA.
La suite exacte d'objets danod((perA)°? perA) que l'on vient de construire

0— Mg — Jheo— ther_ Ihea I It

est telle que

LX 0 /LX 1 /LX 2 /I LX 0
est un triangle deper(A°® A). Donc d'apes le lemme ci-dessus,

M ALXO—M ,LXI—IM ,LX2—(M ALXD9

est un triangle deperA. Les "triangles standards"” du treoeme 2.21 sont les -canplexes
de la forme

XM —kim —Ihkem — xom
Il sut donc de \erier qu'on a un isomorphisme :

XM '™ M ALXC

L'objet X© est unekment de (perA)°®® perA, supposons qu'il soit de la formeR; Q)
avecP et Q dansperA. Alors vu comme un foncteur de gerA)°® perA dansmodk le
foncteur X © secrit Homyperayr pera(?; (P; Q)). On en tire lesegalies suivantes :

XM HoMperayer pera((M; ?);(P;Q)) .
Hompera(P; M) Homyera(7,Q)

De l'autre coe on a lesegalies :

M ALX? Hompera (M A (P Q)
Hompera (2; (M A Hompera(P;A)) Q)
Hompera (?; Hompera(P; M) Q) '

Hompera (P; M) Hompera (75 Q)

De &k, on ceduit le theoeme 3.1.
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Chapitre 3. Appendice




Chapter 4

Construction of a Serre functor in a
guotient category

4.1 Bilinear form in a quotient category

Let k be a eld. Let T be ak-linear triangulated category andN a thick subcategory of
T (i.e. a triangulated subcategory stable under taking direct sumands). We denote by
[1] the suspension functor of . We assume that there is an auto-equivalencein T such
that (N) N . Moreover we assume that for eacN in N and eachX in T there is a
bifunctorial non degenerate bilinear form:

nx CT(N;X) T (X N)D ke

4.1.1 The quotient category T=N
The objects of the categorylT =N are the objects of the categoryl . Given two objects

X andY in T, the morphisms fromX to Y in T=N are given by equivalence classes of
diagrams:

wheref and s are morphisms inT and where the cone o§is in N .

89
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Two diagramss * f ands®?! fCare equivalent if there exists a diagram

i | %@%@
ﬁ%ﬂu !

where all “triangles' commute and where the cone bfis in N .

fs® f:X! Yands®! g:Y ! Z are morphismsinT =N, then the composition
(st g (s?! f)isdened as follows:

Denote byM the cone ofs, and let Z%be the object inT such that there is a triangle
morphisms

Y s /;Yo /M I\ [1]
g o ‘ ‘g[l]

/Q 00 /M Itz 0[ 1]:

Y z
%;3 |||||
| 500
'!ZOJ}

Then the composition €°! g) (s ! f)isdenedby (s"s) ' f%. Note that the
cones ofs®and s are in N, so by the octahedral axiom, the cone of the compositics?%°
is also inN .

It is now classical to check that this composition is well-deed on the equivalence
classes of diagrams and that it is associative. Thus=N is a k-category.

Moreover, the categoryT =N is naturally triangulated and there is an exact sequence
of triangulated categories

0—IN —L i PN

wherel and P are triangle functors.

Lemma 4.1.1. A morphismf : X ! Y is in the kernel ofP if and only if it factorizes
through an object ofN .



4.1. Bilinear form in a quotient category 91

Proof. Letf : X ! Y be a morphism inT which factorizes through an objectN in N .
Then we have the following commutative diagram:

(10)

wheref = h gis the factorization off through N. Thus the image off in T=N vanishes.
Conversely, letf : X ! 'Y be a morphism inT such that its image inT =N vanishes.
It means that there exists a commutative diagram:

The compositiont s is the identity of Y, soZ decomposes iy Congs). But by
de nition, the cone of sis in N . Finally, the previous diagram can be written:

xx<\b
0.0
XxXX (1t2)
X h Noo—Y
(Sz)
f h)
Y
Thus f is the compositionh @, and sinceN = Congs) is in N, the morphism f
factorizes through an object olN . O
4.1.2 Construction of a bilinear form in T=N

Let X and Y be objects inT. The aim of this section is to construct a bifunctorial
bilinear form:

2y STENCOGY) T o=N(Y; X[ 1! ke
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Lets ! f:X ! Yandt?! g:Y! X[ 1] be two morphisms inT=N. As we saw
previously, we can construct a diagram

Denote by N [1] the cone ofu. Itisin N sinceN is -stable. Thus we get a diagram of
the form:

N /5( u /,5( 00 IN [1]

L;o\W

X [ 1] w 1]//x 0? 1] //N //x;

where the two horizontal rows are triangles of . Then we dene 2., as follows:
(st ft g = nyo(viw:
Lemma 4.1.2. The form Cis well-de ned.

Proof. Let X and Y two objects of T. We have to show that if two fractionss,* f; and
s,* f, are equal, then we have

)(g;Y(Sl1 fl;t ! g): )Cz;Y(SZ1 f2;t ! g)

We can assume that there exists such a commutative diagram:

A
W],
Y

Fori=1;2let M; be the cone off; : X ! Y. Then' induces immediately a morphism
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m:Mi! Ms,. Then we get the following commutative diagram:

M1 = Cond(s;) X9 1]

But M; is also the cone o8 X 0 1]! X % 1], som induces a morphism
X1 x P o1

Now, if we denote byN;[1] the cone ofu; : X ! X the morphism induces a
morphismn : N; ! N5 such that the following diagram commutes:

Nl—‘V1 Nl—‘vw /Nl .

n

N, ==k, —=JIN 5

n

Since the form is bifunctorial, we have immediately the equality n,.v,(Vi;W;) =
Naivo(V2;Wo). By denition 2y (st fist ' g)is equal to ., (vi;w;). Thus we
get the equality:
Q;Y (31l futt g)= )?;Y (32l fat * o)
We can show similary that °is well-de ned on the second factor. O
Lemma 4.1.3. The form Cis bilinear and bifunctorial.
Proof. These two properties come directly by the construction of’and by the bilinearity

and bifunctoriality of . O

4.1.3 Cluster category of an hereditary algebra

Let A be a nite dimensional hereditary k-algebra. Denote byB the dg-algebraA
DA[ 3]. The cluster categoryG, is the orbit category DP(modA)= [ 2] where =
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L
? A DA is the Serre functor ofDP(modA). By [Kel05], it is triangle equivalent to the
quotient category DP(B)=perB. The categoryperB is 3-Calabi-Yau, and there is even
such a duality: for X in D?(B) and N in perB, there is an isomorphism (see chapter 1)

Hombg (N; X)) ! DHompg (X; N [3]):
Thus, by the last section, it is possible to construct a bifuctorial bilinear form
v 1GOGY) Ca(YiX[2)! K

on the cluster categoryG,. But in the other hand, the cluster category is 2-Calabi-Yau
Thus there is a bifunctorial duality

xy 1GXGY) Ca(Y;X[(2)! k

We show in this section that the bilinear form °constructed on the quotientD®(B)=perB
coincide with

Recall by chapter 1, that the morphisms A ——/8 — /i induce the following ad-

joint functors:
D@T and D(S)T
L H L
i = AB ! ] BA p

DPA D®B:
Let X and Y be two A-modules. The exact sequence &f-B -bimodules

0—/bA[ 3]—/B L2Ipn—b
induces a canonical triangle irD"B

p(X[ 3—HAXx—pX /(X[ 2)

Letf : X! Yandg:Y! X be morphisms inDPA. We have the following diagram

x “ap b X —b (X[ 20—, B
pf

pyY
Pg

p X[21—b (X )= - gra—b (X[3))
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Sincei X = X LA B is an object ofperB, by de nition of ¢ we have qpf;p g) =
(pf v;ul8] pog).

The morphism v is induced by the morphismp : B ! A of A-B-bimodules. The
morphism u[3] is induced by [3] : DA ! B[3] which is also equal to the composition
Dp:DA! DB ' B[3]. Thenthe equality (pf p;Dp pg) = (f;g)comes directly
by the following lemma.

Lemma 4.1.4. Let A and B bek-algebras, andp : B ! A a morphism of B-module,
then the following diagram commutes:

Homgs (A; DA) rrrﬂg

Homg (B; DB )

where the application is given by (f)= Dp f p and where the other two arrows are
standard duality.

4.2 Non-degeneracy

In this section, we nd conditions onX and Y such that the bilinear form 2, is non-
degenerate.

De nition 4.1. Let X andY be objects inT. A morphismp:N ! X is called alocal
N -cover of X relative to Y if N isin N and if it induces an exact sequence:

0—IT(X;Y) T (N;Y):

Let Y and Z be objects inT. A morphismi:Z ! NZis called alocal N -envelope of
Z relative to Y if N%isin N and if it induces an exact sequence:

00— (Y:Z) ——I (Y;NO):

Theorem 4.2. Let X andY be objects off . If there exists a localN -cover of X relative
to Y and a localN -envelope of X relative to Y, then the bilienar form ., constructed
in the previous section is non-degenerate.

Proof. Let f : X ! Y be a morphism inT whose image inT =N is in the kernel of °
We have to show that it factorizes through an object oN .

Letp: N ! X be alocalN -cover ofX relative to Y, and let X °be the cone op. The
morphismf is in the kernel of % Thus for each morphismg:Y ! N which factorizes
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through X 9 1], (fp;g) vanishes.

N P Ik Ih¢ 0 /N[]_]
f
YII"'IPH
1y
X[ 1]1—X 7 1] ﬁﬁj ITx

This means that the linear form (fp; ?) vanishes on the image of the morphism
T, XT 1D!'T (Y; N):
This image is canonically isomorphic to the kernel of the mphism
TEY; N)IT  (Y; X):
Let i : X ! N %be alocalN -envelope of X relative to Y. Then the sequence
0—Im(Y; X)—IT(Y; N9
is exact. Therefore, the form (fp; ?) vanishes orKer(T(Y; N) !'T  (Y; N9):

N P I Ih¢ 0 IN [1]

X9 1] IIN Iy Iy 0

L
Now, is non-degenerate on
CokefT(N®Y)!IT (N;Y)) KerT(Y;N)!T (Y; N9Y:
Thus the morphismfp lies on
CokefT(N2Y) I'T (N:Y));

that is to say that fp factorizes throughip. Sincep: N ! X is a localN -cover of X, f
factorizes throughN® O
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Proposition 4.2.1. Let X andY be objects inT. If for each N in N the vector spaces
T(N;X) and T(Y;N) are nite-dimensional, then the existence of a local -cover of X
relative to Y is equivalent to the existence of a locil -envelope ofY relative to X .

Proof. Let g: N ! X be a localN -cover of X relative to Y. It induces an injection

0—T (X;Y) ——JT(N;Y):

is a localN -envelope ofY relative to X . The proof of the converse is dual. O

4.3 Examples

This section is dedicated to examples where the hypothesitbeorem 4.2 are satis ed.

4.3.1 Stable category

Let A be a nite dimensional self-injectivek-algebra. Denote byT the derived category
DP(modA) and by N the triangulated category perA. Since A is nite dimensional,
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there is an inclusionN T . MoreoverA is self-injective so of in nite global dimension.
Therefore the inclusion is strict. From [KV87], there is anxact sequence of triangulated
categories:

0—'perA ——/Bb(modA) ——/modA —/b:

The derived categoryD?(modA) admits a Serre functor =? - A DA which stabilizes
perA. Thus there is an induced functor in the quotientmodA that we will also denote
by . Let be the suspension of the categorymodA which comes directly from the
suspension [1] oD’(modA). Then we have the following proposition:

Proposition 4.3.1. The functor ! s a Serre functor for the stable categorgnodA.

Proof. We have to check thatmodA satis es the hypothesis of theorem 4.2. Since
DP(modA) is Hom- nite, by proposition 4.2.1, it is su cient to show the existence of
local N -covers. LetX and Y be in DP(modA). We can assume thatX co brant, i.e.

X - b ,—Ip by Ip I b — Iy

where theP; are projective. We can also assume that is of the form:

0—Jy— Iy Ihyy Il Y, Iy

Now let N be the stupid truncation of X in degrees O.

N - Ib Iy — I, I b, P, Il
X P /Py /b, I P, Py —
Y /(L Ny — Ik I I /(‘) I

It is then obvious that there is an exact sequence
0—T(X;Y) —T(N;Y):

SinceN is left bounded with projective componentsN is perfect, and there exist local
N -covers.
Thus by theorem 4.2, the stable categorynodA = DP(modA)=perA admits a Serre
functor induced by the functor [ 1] of the derived categoryD®(modA).
O
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Note that we could see directly, givelM and N in modA, that there is a duality
betweenHom, (M;N ) and Hom,(N; 1M ). Let

P 2 P 1 /PO (resp.ll /'12 /43 /1 )

be a projective (resp. injective) resolution oM. Since A is self-injective, there is an
acyclic complex with projective components

b, b b, Uy
%Q%l HLlllll

¥

Wy — oyl

If we apply the functor Homy( ;N), we get the complex
00— Homy (P 1;N) 99— Hom (Po; N) 99— Homu (11; N) 90—

By de nition, the space Hom, (M; N ) is exactly the zeroth cohomology of this complex.
More precisely, it is the space of morphismi3, ! N whose composition withP ;! Pqis
zero, modulo the morphisms which factorize through,. By de nition of , this complex
is in duality with the complex:

—IHoma(N; P 1) —Homa(N; P o) —/Homa(N; I 1) —/
Therefore Hom, (M; N ) is in duality with the zeroth homology of this complex. More
precisely,Hom, (M; N ) is in duality with the space of morphismsN ! P, whose com-

position with P! I, vanishes modulo the morphims which factorize throughP ;. We
have the following diagram:

b, b, i, I

I

/1

I 5 I 3

Thus Hom, (M; N ) is isomorphic to the dual of the spacédom, (N; M ).
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4.3.2 Cluster category: general case

Let A be a nite dimensional k-algebra with nite global dimension. LetB be the dg
algebraA DA[ 3]. The projectionp: B ! A yields a restriction functorp : DPA !

DPB. We denote byhAig the thick subcategory ofDB containing the image ofDPA.
(This is not equal to DB in general.) We de ne the cluster categoryCy as the quotient
categoryhAig =perB. This is the triangulated hull of the orbit categoryD®(modA)= A[ 2]

(cf [KelO5]) where A is the auto-equivalence ?LA DA of D°(modA).
The categoriesT = hAig and N = perB satisfy the hypothesis of the chapter: for

L
all N in perB and all X in DPB, the spacesHom, (N; X ) and Homp(X;N g DB) are
L
nite dimensional. Now by corollary 1.12, the functor g = gDB is isomorphic to [3]

and therefore it stabilizesperB. So we can construct a bifunctorial bilinear form:
2y iHome, (X;Y)  Hony, (Y;X[2)! k:

Theorem 4.3. Let X andY be objects irDPB. If the spacesHom, (X;Y ) andHonmp(Y; gX) =
Homy (Y; X[3]) are nite dimensional, then the bilinear form

2y tHome, (X;Y)  Homg (Y;X[2])! K

is non-degenerate.

Before proving this theorem, we recall some results aboutverse limits of sequence of

vector spaces that we will use in the proof. Let:: N, ' Ny 1 -/ y— YA

be an inverse system of vector spaces (or vector space coxgsdg. We then have the fol-
lowing exact sequence

0 Ny =1limV, /P o Vo /P aVa /nmlvp — '

where isdenedby ( vp)=Vvy '"(W) 2V, V, 1wherev,isinV,.
Recall two classical lemmas due to Mittag-Le er:

Lemma 4.3.1. If for all p, the sequence of vector spacké = Im(Vy.i ! V) is station-
ary, then lim*V, vanishes.

This happens in particular when all vector space¥, are nite dimensional.

Lemma 4.3.2. Let :ii— MW, K, — NI I, — Ny be an inverse system
of nite dimensional vector spaces such thaf; =limV, is also nite dimensional. Let VpO

be the image oV, in V,. Then the sequence/p0 Is stationary and we have/;” = lim Vp°:
Vi .
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Proof. (of theorem 4.3) Let X and Y be objects ofDPB such that Hompyog (X;Y) is
nite-dimensional. We will prove that there exists a localperB-cover ofX relative to Y.

Let P :::: P41 P, P, I /P, be a projective resolution
of X. The complexP has components irperB, and its homology vanishes in all degrees
except in degree zero, where it iX. Let P , and P,, be the natural truncations, and
denote by Tot(P) the total complex associated toP . Then for all n 2 N, there is an
exact sequence of dg-modules:

0—Tot(P ,,) —Tot(P) —/Tot(P-,) —/0

The complexTot(P) is quasi-isomorphic toX, and the complexTot(P ) is in perB.
Moreover, Tot(P) is the colimit of Tot(P ,). Thus by de nition, we have the following
equalities

Homg (Tot(P);Y) Homg (cqlimTot(P n):Y)

lim Homg (Tot(P );Y):

Denote by V, the complexHomg (Tot(P p);Y). In the inverse system

S VA VA — Wy —— Iy -

all the maps are surjective. Thus by lemma 4.3.1, there is aait exact sequence

Q Q
0—/y, I Ny —— I Vg ——1I

which induces a long exact sequence in cohomology

Q

H 1V, IHO(V, ) /tgsﬁovp—/P HOV,

a 9
r
rrrr JJJJJ tttt
rf J3 tt
o9 U

We have the equalities

HO(Vy) HO(Homg (Tot(P);Y))
Homy (Tot(P);Y)

Homy (X; Y ):

Denote by W, the complex Homy (Tot(P ;);Y) and by U, the complexH *(V,) =
Homp (Tot(P ); Y[ 1]). The vector spacedJ, are nite dimensional. Thus by lemma
4.3.1, lim'U, vanishes and we have an isomorphism

HO(limVp) = HO(Vy ) ' limHO(V,):



102 Chapter 4. Construction of a Serre functor in a quotient category

The system @V,), satis es the hypothesis of lemma 4.3.2. In fact, for each iegerp, the
spaceHomy (Tot(P );Y) is nite dimensional becauseT ot(P ) is in perB. Moreover,
by the last two equalities W; = lim W, is isomorphic to Hom, (X;Y ) which is nite

dimensional by hypothesis. By lemma 4.3.2, the systenV\/(,?)p formed by the image of
W; in W, is stationary. More precisely, there exists an integar such that W2 = lim WF?.

But W2 is a subspace ofV, = Hom, (Tot(P ,);Y) and there is an injection
Homb (X; Y ) —Homy (Tot(P 4);Y) :

This yields a localperB-cover of X relative to Y.
The spacesHomp (N; X') and Homp (X; N ) are nite dimensional for N in perB and
X in DPB. Thus by proposition 4.2.1, there exists locaperB envelopes. Thus theorem
4.2 applies and °is non-degenerate.
]

By theorem 4.3, we can deduce the corollary:

Corollary 4.4. Let A be a nite dimensional k-algebra with nite global dimension. If
the cluster categoryG, is Hom nite, then it is 2-Calabi-Yau as a triangulated category.

Proof. Denote byp : DPA ! D "B the restriction of the projectionp: B ! A. Let X
and Y be in DP(A). Then by hypothesis, the vector spaces
M M
Hompea (X; AY[ 2p]) and Hompoa (Y; RX[ 2p+3))
p2Z p2z
are nite dimensional. But by [Kel05], the spaceHompsg (P X;p Y) is isomorphic to
M

Hompoa (X; RY[ 2p]);
p O

so is nite dimensional. For the same reasons, the spat®nmyg (Y; X[3]) is also nite
dimensional. Applying theorem 4.3, we get a non-degenerdtdinear form 8x;p v- The
non-degeneracy property is extension closed, so for eAthand N in PAig, the form
is non-degenerate.

]

4.3.3 Relation with Tabuada's article

An article of G. Tabuada [Tab07] gives another example of sucategories. LetD be
an algebraic 2-Calabi-Yau category endowed with a clustéiting object. The author
constructs a triangulated categoryT and a triangulated 3-Calabi-Yau subcategoryN
such that the quotient categoryT =N s triangle equivalent toD.
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More precisely, letC be a cluster-tilting object of D. The categoryD is algebraic,
therefore it is the stable categoryE of a certain Frobenius categorjfe. Denote byM the
preimage ofC under the projectionE ! E_. The categoryM contains the subcategory
of projective-injectives. We have the following commutawe diagram

M —
C—JE=D:
Denote byHE the homotopic category of, and let T = HE ;’C be the full subcategory
of HE of E-acyclic complexes of the form
P /=N IM; —IM 4 I M, I I I

where theP; are in P and where theM; are inM . Denote byN = H2 _ the subcategory
of HE of the E-acyclic complexes which are bounded and which have compotsein M .
Then G. Tabuada shows the following result:

Theorem 4.5. [Tab07] The categoryH® . is 3-Calabi-Yau and there exists a triangle
equivalence betweeb and the quotientHE 2=HE .

The categoriesT = HE 2 and N = HE __ satisfy the hypothesis of theorem 4.2.

Indeed, let X and Y be objects inHE 2. We can assume that fom 1 the X, are

projective-injective, and that forn 0, the Y, are projective-injective.

INy —I

Y = Q Q 1 Qo 7 N1
%,K W{‘m

Denote by K the kernel of the morphismN; ! N,. SinceM is a cluster-tilting
subcategory oft there exists an admissible short exact sequence:

0 IN 1 /No lk /b

with NgandN ;in M.
Let N be the following complex:

N = /6 IN 4 /No IN, N, 4

This complexN is acyclic and bounded, so it belongs thl = H®E Moreover since

E ac*
Qo and Q ; are projective, there exists a morphism of complexes:
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Q ,—IQ 1 —IQo —/N; —IN, —

/J) /N‘ . /N‘ 0 /4\U . /4\‘]‘ ,— i

Let us show that this morphismY ! N is a local N -envelope ofY relative to X.
Letf : X ! Y be a morphism of complexes such that the compositiod ! Y ! N is
homotopic to zero.

p, 22p X ip, X b, M., I

Ity ‘ By = }}' h2 ‘
Q Q{2 IQe >INy —IN, —!

/J) /N‘ . /N‘ o /4\U . /4\‘]‘ , I

Since P, is projective, it is possible to nd a morphismh; : P; ! Qg such that
f1 = yohys + hyxy. Then since allP; and Q; are projective fori 0, it is classical to
construct an homotopy (see also [Pal08]). Thus there exisidal N -envelopes inT .

Since the categoryT = HE 2 is Hom- nite, by proposition 4.2.1 there exist local
N -covers.
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Cluster category of an algebra of
global dimension 2

Let A be a nite dimensional k-algebra with global dimension 2. SinceA is of nite

global dimension, the triangulated categor{p®(modA) admits a Serre functor =? - ADA

(cf. chapter 1). In this chapter, we want to study the clustercategory G, associated to
this algebra, namely the triangulated hull of the orbit catgory D’(modA)= [ 2]. We
will still denote by A the image ofA under the functor

DPmodA) ——/bP(modA)= [ 2]—/Ca

5.1 Reminder on t-structures

The derived categoryD"(modA) = DPA admits at-structure. For eachn 2 Z, let D |, be
the full subcategory ofDPA consisting of complexes whose cohomology vanishes in degre
> n, and D , the full subcategory of DPA consisting of complexes whose cohomology
vanishes in degrees n. The categoriesD , and D , satisfy the following properties:

D on]=D ,andD ¢n]=D ;

D oD 1,D1 D y

Homy(D o;D 1) =0,

for each objectY in DPA, there exists a unique (up to unique triangle isomorphism)
triangle

oY — I —I1 Y — oY)[1]

suchthat oY 2D gand Y 2D ;.

105
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Lemma 5.1.1. Let A be a nite dimensionalk-algebra with global dimension 2. Denote

L
by =? A DA the Serre functor of the derived categorp®?A. Then we have the follow-
ing inclusions (D o) D ,and D o) D ,. Moreover, the spaceHoms (U;V)
vanishes forallU in D gandallVin D j.

5.2 Endomorphism algebra of the object A

5.2.1 Endomorphism algebra

In this section, we study the endomorphism algebra of the obgt A in the cluster category

G-
Proposition 5.2.1. Let A be a nite dimensional k-algebra with global dimension 2.
Let X be theA-A-bimodule Ext3 (DA;A). Then there is an isomorphism
A= End, (A)' TaX
whereTa X is the tensor algebra oK over A.

L
Proof. By de nition, we know that End;, (A) =  ,; Homp(A; PA[ 2p]). For p 1,
the object PA[ 2p]isinD », sosincgAisinD o, the spaceHomp (A; PA[ 2p]) vanishes.
Therefore, we can writeEndg, (A) = | jHomp (A;  PA[2p]).

L
The functor =? , DA admits an inverse
L
1= A RHoma (DA A):

Since the global dimension oA is 2, the homology of the compleXRHoma (DA; A) is
concentrated in degrees 0, 1 and 2 :

H°(RHoma(DA;A)) = Homy(DA;A)
HY(RHoma(DA;A)) = Exty(DA;A)
H?(RHoma(DA;A)) = Exti(DA;A)

Let us denote byY the complexRHom, (DA; A)[2]. Then we have
L L L
PA[2p]= A A (Y ~P)=Y ~»F:
Therefore we get the following equalities
L
Hompa(A;  PA[ 2p]) = Hompa(AY *P)
= HO(Y »P):

SinceH°(Y) = X, we conclude using the following lemma. O
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Lemma5.2.1. LetM andN two complexes oA-modules whose homology is concentrated
in negative degrees. Then there is an isomorphism

HOM A N)* HOM) A HO(N):

Proof. Without loss of generality, we can assume thatl and N are co brant. Then, we
L
haveM AN =M A N and so we have

HOMM AN) = CokefM ' AN° M° AN I M° AN9
" (Cokedy) a (Cokedy)
' HOM) A HON):

5.2.2 Quiver of the endomorphism algebra

Let A = kQ=I be a nite dimensional k-algebra of global dimension 2. Suppose that
| is an admissible ideal generated by a nite set of minimal rationsr;, i 2 J where for
eachi 2 J, the relation r; starts at the vertex s(r;) and ends at the vertext(r;). Let @
the following quiver:

the set of the vertices 0f® equals that of Q;

the set of arrows of® is obtained from that of Q by adding a new arrow ; with
sourcet(r;) and target s(r;) for eachi in J.

Then we have the following proposition, which has essentiyabeen proved by I. Assem,
T. Brastle and R. Schi er [ABS06] (thm 2.6). The proposition is also proved in [Kel08b].

Proposition 5.2.2.  If the algebraEnd;, (A) = A& is nite-dimensional, then its quiver is

®.

Proof. Let B be a nite dimensional algebra. The vertices of its quiver & determined
by the quotient B=rad(B) and the arrows are determined byad(B)=rad?(B). Denote by
X the A-A-bimodule Exti (DA;A). SinceX A X is in rad?(B), the quiver of A = TaX
is the same as the quiver of the algebrd o X. Then the proof is exactly the same as in
[ABS06] (thm 2.6).

O
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5.3 Condition of Hom niteness

5.3.1 Criterion

Theorem 5.1. Let A be a nite-dimensional k-algebra of global dimension 2. Then
the cluster categoryG, is Hom nite if and only if the functor Tor(?; DA) is nilpotent.

Lemma 5.3.1. The functor Tora(?; DA) is nilpotent if and only if the functor 2
Exti (DA;A) is nilpotent. This is equivalent to the existence of an integ N such that
N(D o) is included inD ; where is the functor [ 2] of D(A).

Proof. The functor is the following endofunctor (?)[ 2] :?LADA[ 2] of DP(A). Thus
it is obvious that Torz (?; DA) is the functor H°( (?)). Since A is of global dimension

L
2, if M is an A-module, the objectM 5 DA[ 2] liesinD . Thus H°( HO( M)) =
H® 2(M) and we get foralln 0

Torz (?; DAY (M) ' HO( "M):

L
Using the formula ! = A RHom,(DA;A), one can easily check that the functor

L
? A Exti (DA; A) is isomorphic to the functorH?(  (?)). By lemma 5.2.1, we have for
aln 0O,

L L
M A ExG(DA;A) A" HO( "M):
O

Proof. (of theorem 5.1)By proposition 5.2.1, the algebra& = End, (A) is nite-dimensional
if and only if the functor ? A Exti(DA;A) is nilpotent.

Now suppose that there exists somBbl 0 such that N(D o) is included in D ;.
For each objectX in G, the class of the objectsY such that the spaceHomg, (X;Y)
(resp. Homg, (Y; X)) is nite dimensional, is extension closed. Therefore, its su cient
to show that for all simplesS, S° and each integem, the spaceHony, (S; SIn]) is nite
dimensional.

There exists an integerpy such that for all p  po Io(S(?_ isin D 4. Therefore,
because of the de ning properties of the-structure, the space , , Homy (S; P(S9[N))
vanishes. Similary, there exists an integegy such that for all o4 O We have 9(S) 2
D n:s. Since the algebrah is of global dimension 2, the space Homy ( 9S); Sqn))
vanishes. Thus the space

Mo
Homy (S; P(SY[n]) = Homy (S; P(S9In])
p2Z p= 0o

is nite dimensional. O
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5.3.2 Examples

1. LetQ be a Dynkin quiver. LetA be its Auslander algebra. The algebra is of global
dimension 2. The categorymodA is equivalent to the categorymod(modkQ) of
nitely presented functors (modkQ)°?! modk. The projective indecomposables of
modA are the representable functoré)” = Homq(?; U) whereU is an indecompos-
able kQ-module. LetS be a simpleA-module. SinceA is nite dimensional, this
simple is associated to an indecomposalleof modkQ. If U is not projective, then
it is easy to check that inDP(A) the simple Sy is isomorphic to the complex:

//0 /( U )" /EA /{JA /b /l
3 2 1 0 1

where 0 Ty IE Iy /6 is the Auslander-Reiten sequence associ-
atedtoU. Thus ( Sy)= Sy[ 2]is the complex:
g Uy S Wy Iy
1 0 1 2 3

where U- is the injective A-module D Homq (U;?). It follows from the Auslander-
Reiten formula that this complex is quasi-isomorphic to thesimple S, .

If U is projective, thenSy is isomorphic inD"(A) to

1 0 1

and then ( Sy) isin D ;. Since for each indecomposabld there is someN such
that NU is projective, there is somé such that M (D o) is included inD ;. By
theorem 6.1, the cluster categoryCy is Hom nite, and 2-Calabi-Yau by corollary
4.4.

The quiver of A is the Auslander-Reiten quiver oimodkQ. The minimal relations of
the algebraA are given by the mesh relations. Thus the quiver &% is the same as
that of A in which arrows x ! x are added for each non projective indecomposable
X.

For instance, ifQ is A, with the orientation 1 Ih /B /g, then the quiver
of the algebraA is

@
=
:>>%:>>%>>@)
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2. Let A be the Auslander algebra of the algebra of dual numbetdX ]=X2. This
algebra is de ned by the quiver

a
P8 ~© with the relations ab=0:

b
This a nite dimensional algebra of global dimension 2 sincé is an Auslander
algebra. The vertexP corresponds to the unique projective-injectivek[X J=X2-
module, and S corresponds to the simple. Moreover we hav& = S, so is of
in nite order. In the derived category D°(modA), we have (Ss) = Ss. Therefore
the space of morphism in the cluster categotlomc(Ss; Ss) is in nite dimensional.

3. Let A the following algebra:
) @@@ with the relations ab=0:
1——8

Cc

This is clearly a nite dimensional algebra of global dimensn 2. The projectives
and the injectives have the following composition series:

Pi= 1;P,= 2;P3= ;3,;1:= 2,31,= 3; andl3 = 3:

The A-module $ is quasi-isomorphic to the complex:

Iy—Ih /2 I3,y

Thus the object ( $) is quasi-isomorphic to:

Y- Y R [ | S

and so to . Therefore the spacéHom(3; 3) is in nite-dimensional.

5.4 Cluster-tilting in the orbit category
5.4.1 Proof of the rigidity

Proposition 5.4.1. Let A be a nite dimensionalk-algebra of global dimension 2. Then
the objectA is a rigid object in the categoryG,, in the sense that the spacExllCA (AA)
vanishes.

L
Proof. By de nition, the space ExllCA (A;A)isisomorphicto  ,, Homp(A; PA[ 2p+1]).
We show that for all pin Z, the spaceHom, (A; PA[ 2p + 1]) vanishes.
For p = 0, the spaceHomy (A; PA[ 2p+ 1]) = Homp (A; A[1]) obviously vanishes.
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Let pbe 1. Then, since A = DA isin modA, A isinD . Thus by lemma 5.1.1,
the object PA liesinD 5, 7). Finally, the object PA[ 2p+1]isin D ;. But, since A
isin D o, the spaceHom, (A; PA[ 2p+ 1]) vanishes.

Now, letp= qgbe 1. Then we haveHonmp (A; PA[ 2p+1]) = Honmp( 9A;A[29+
1]). The object 9A isin D .4 and the objectA[2q+ 1] isin D 41 . Since the space
Homy(D o;D 3) is zero, the spaceHomp (A; PA[ 2p+ 1]) vanishes. O

5.4.2 Orbit-cluster-tilting

De nition 5.2. Let A be a nite dimensional k-algebra of global dimension 2. A rigid
object T of the orbit category will be calledorbit-cluster-tilting if for all X in the orbit
category DPA=, the space Exl‘éA (T; X) vanishes if and only ifX is in add(T).

Proposition 5.4.2. Let A be a nite dimensional k-algebra with global dimension 2.
If the functor Tor, (?; DA) is nilpotent, then the objectA is orbit-cluster-tilting.

Remark. We will show in chapter 7, that under the hypotheses of the ppwsition, the
object A is in fact cluster-tilting in the triangulated hull of the orbit category.

Proof. Denote by the auto-equivalence [ 2] of D = DP(modA). Let X be an object
in DP(modA) such that Exl‘éA (A; X)) vanishes. We have to show thak lies in add(A),
i.e. that X is a direct sum of objects of the form "(P), wheren is an integer andP is
a projective module.

The spaceExliCA (A; X') vanishes, so for each integerin Z, the spaceHomy (A; " (X)[1])
vanishes. In other words, for each we haveH*( "(X)) = 0. By hypothesis, there exists
an integerN such that N(D o) D ; for the t-structure of D’(modA). Therefore we
can assume thatX lies inD (. Look at the canonical triangle:

X Ik I X 20X [4]:

SinceH!(X) is zero, the complex X lies inD ,. The global dimension ofA is 2
and so oX[1] liesinD ; Thus by lemma 5.1.1, the morphisnw is zero. Therefore we
can write X = X 1X.

SinceX isinD o, oX isthe moduleH?(X). The spaceExlch (A;HO(X)) is a direct
summand ofExllCA (A; X)), so it vanishes. Therefore we have

Hom (A; ( H(X))[1]) =0:

But this space isHomy (A; H °(X)[ 1]) = Homp (A; H °(X)): Thus HO(X) is a projective
module, which may be zero.

Let Y be the complex ( X). The complex X liesinD ,, and sois !X.
ThereforeY = ! ;X[2]liesinD o. On the other hand, since ;X is a direct summand
of X, for each integern, the spaceHomy (A; "( 1X)[1]) vanishes. Thus for eachn,
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Homy (A; "(Y)[1]) is zero. The complexY satis es the same hypothesis aX and we
have the decompositiorY = HO(Y) 1Y whereH(Y) is a projective module (possibly
zero).

Finally, we have

X = ((H? (X)) 1 b

We can continue and apply this processto ; ! X, and nally we get, by an obvious
induction, the decomposition:

X =HYX) (H® *( X)) 2H°C ' 1 ' X))
The decomposition ends sinc¥ is the sum of nitely many indecomposables. O

Proposition 5.4.3. Let T be an orbit-cluster-tilting object of the cluster categor(, .
Then for eachX in the orbit categoryDP(A)= , there exists a triangle inGy

Ty Iy Ik Imy[1]

with To and T, in add(T).

Proof. Let X be an object inDPA. Let t be the full subcategory oDPA generated by the
PT wherepis in Z. The object T is orbit-cluster-tilting, so the subcategoryadd(t) of
DP(A) is a 2-cluster-tilting subcategory ofDP(A) in the sens of lyama and Yoshino (see
[IYO6]). Let To! X be a right add(t)-approximation in D’A. Denote by T;[1] the cone
of this morphism. Forpin Z, letf : PT ! T;[1] be a morphism inDPA. We have the

following diagram in DA

To /X g M3l ——/To[1]

o f

.

The compositionw f vanishes, becausd is a rigid object in Gi. Thus f factorizes
through v. But since u is an add(t)-approximation, this factorization factorizes through
u. Thus f is zero andT; is in add(t). The image of this triangle through the triangle
functor

DP°(A)ID P(A)= IC ,

gives the result. O

Lemma 5.4.1. Let C be a2-Calabi-Yau category endowed with a cluster-tilting obje&.
Let A be a nite dimensional k-algebra of global dimension 2 with an orbit-cluster-
tilting object T. Assume thatF : G, ! C is an algebraic triangle functor which induces
an equivalence betweeadd(T) and add(R). Then F is triangle equivalence.
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Proof. Look at the following diagram:

D°As; — %o
F
%# WWWWVW
G

add(T) —/édc'iR)

First we show that the functor F is essentially surjective. In fact, letX be in C, there
exists a triangle inC
R: —/Ro Ik IRy[1]:

SinceF induces an equivalence betweesmdd(T) and add(R), the cone ofF *r yields an
object which is sent onX.
Now let X and Y be objects in the orbit categoryD’A=. There exist triangles in Gy

T, ——I, IK Im[a] and S;—K, Iy /8,[1]

where S; and T; are inadd(T). These triangles are just images through of the previous
triangles in DA. The space of morphisméiony, (X;Y') is then isomorphic to the space
of commutative squares

T, ——,

S, —K,

Thus it is isomorphic to the space of commutative squares ofie¢ form:

FT.——FT,

FS, 2 /FS,:

which is clearly isomorphic to the space of morphismtdomc(F X;FY ) in C. This proves
that the functor F i is fully faithful. The functor F is the “triangulated hull' of the
functor F i. It stays fully faithful. Thus F is an triangulated equivalence. O
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Chapter 6

Particular case coming from
preprojective algebras

6.1 De nition and rst properties

Let Q be a nite quiver without oriented cycles with set of verticsf1; ;ng. Let T be

a preinjective tilting kQ-module. We denote byB the endomorphism algebré&Endq (T).
The algebraB is a concealedalgebra in the sense of Ringel [Rin84]. By Happel [Hap87],
there is a triangle equivalence:

RHomyo (T;7?)
D°(modkQ) mo——— 'Bo(modB):
L

2 8T

We denote byH the image of the injective moduleDkQ under the functor RHom (T; ?).
The B-module H is a “slice' in the postprojective component afodB. De ne M ° and
M as the following subcategories:

M %= fY 2 modkQ j Ext&Q(T;Y) =0g=fY 2 modkQ j Y is generated byTyoQ
and

M =fX 2 modB j Extg(X;H)=0g=fX 2 modB j X is cogenerated byHgg

115
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Db(kQ) M 0

L RHomo(T;?)

D(B) M H

Let g be the Auslander-Reiten translation ofmodB, and p the Auslander-Reiten
translation of D’(modkQ) ' D °(modB). Note that o and p become isomorphic when
we restrict them to the full subcategory okQ-modules without non zero projective direct
factors. But in general, g and p are not isomorphic when restricted to the full subcat-
egory of B-modules without non zero projective direct factors. IX is an object ofM ,
then X has projective dimension 1, s& is isomorphic inD’(modB) to a complex of the
form:

Iy —Iy—Ip, — by Iy

Thus pX is isomorphic to
/6 /6 /6 /=% II'g Py /o Il

where g is the Serre functor of the categorynodB. By de nition, X is the kernel of

sP1!  gPyo, so it is isomorphic inDP(modB) to H°( p,X). Therefore there is a non
trivial morphism gX ! pX.

The following proposition is a classical result in tilting heory (see for example [Rin84]).

Proposition 6.1.1. 1. For eachX in M there exists a triangle

X H, IH, IK [1]

in DP(modB) functorial in X with Hg and H, in add(H);

2. the functor Homo (T;?) induces an equivalence between the exact categokie$and
M

3. M seen as a subcategory ohodB, is closed under kernels so in particularM is
closed under g;
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4. for each indecomposablX in M there exists a uniqueg 0 such that 59X is in
add(H);

5. the categoryM has nitely many indecomposables.

Proof. 1. SinceM is the subcategory oB-modules cogenerated b , we have just to
see that the triangle X Hy IH, /X [1] is functorial in X . This comes
from the fact that kQ-modules admit functorial injective resolutions.

2. this is classical [Rin84][Theorem of Brenner-Butler, pl70];
3. see [RIN84][(1), p. 179];

4. The indecomposable direct factors ¢ form a slice in the postprojective component
of the Auslander-Reiten quiver oB. Therefore, they contain a unique vertex of each
g 1-orbit of this component;

5. this is obvious sinceH is a post-projective slice ofnodB.

6.1.1 Hom- niteness

Let M be the quotient M =addH). Denote byp: M ! M the canonical projection.
SinceH is a slice, we have the following properties.

Proposition 6.1.2. 1. The categoryM is equivalent to the full subcategory ofl
whose objects do not have non zero direct factors adH). We denote byi :
MM the associated inclusion.

2. The categoryM  modB is closed under kernels, and hence undes.

3. The right exact functori : modM! modM induced byi : MM is isomorphic
to the restriction alongp.

L
Proposition 6.1.3. Let A be the endomorphism algebands (|, ,inqi M)- Then the
global dimension ofA is at most 2.

Proof. Let F be the following functor

mod(M ) ! mod,bI
F 71 F( M):
M 2indM~
It is right exact and induces an equivalence between the pegjtives. In fact, the inde-
composable projectives omodM are the representable functord”™ = Homg (?; M )i
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where M is an indecomposable ofl . But their image through F is exactly the direct
summand ofA seen as rightA-module. ThusF is an equivalence of category.
Now let F be inmodM , it is of nite type. Thus there is an exact sequence:

v — —IF b,

whereU and V are in M . By Yoneda's lemma, the morphismi comes from a morphism
f:U! Vin M. The categoryM is stable under kernels, so the following sequence

0— NKerf )" — Iy ——Kyn — I —Jp

is exact and gives a projective resolution of length 2 of theodule F. O

Theorem 6.1. The cluster categoryG, is a Hom nite, 2-Calabi-Yau category, and the
object A is an orbit-cluster-tilting object in G,.

Remark. We will show in chapter 7 that the image ofA in G is in fact a cluster-tilting
object.

Proof. Using corollary 4.4, theorem 5.1 and proposition 5.4.2, weve just to check that
the functor Tor3 (?; DA) is nilpotent.
Denote by D the derived categoryD’(modA) and the endofunctor [ 2. We
have to show the existence of a positive integét such that N(D o) is included inD ;.
Let U be an indecomposable d¥l . Denote by S, the simple A-module associated to
U. If U is not projective, then look at the Auslander-Reiten sequee associated tdJ:

0—/'gu—k ——b:

Then the simpleSy is isomorphic inD to the complex

//0 /( B U)A /EA //UA /b /l
3 2 1 0 1

By proposition 6.1.2,E and gU are also inM . Thus this complex has projective com-
ponents. Therefore the objectS is isomorphic inD to the complex:

_//0 _/( B U)— /IE_ //U_ /b /l
3 2 1 0 1

whereU- is the injective A-moduleD Homg (U; );,, . Since 0—//gU IE Iy /6
is an Auslander-Reiten sequence, this complex is exact egican degree 2 where its ho-
mology isS . y. Therefore we get an isomorphism betwee® [ 2]= ( Sy)and S ,y.

If U is projective, thenSy is isomorphic inD to the complex
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1 0
Thus the object Sy[ 2] is quasi-isomorphic to

—b—radv)- — - ——
1

which lies inD ;.

For each indecomposable) in M , there exists an integeNy 0 such that BNU Uisa
projective of modB. The categoryM has only nitely many indecomposables, so foN
the maximum of the Ny, we get the inclusion N(Sy) 2D ;.

The algebraA is nite dimensional, so all simples oimodA are of the formSy. More-
over, each objeciX of D g is an iterated extension of shiftsSy[ i],i 0, of simplesSy,
where U is indecomposable irM . Thus, for each objectX of D o, the object N(X)
belongs toD ;.

]

6.1.2 Construction of the functor F:modv! fl.

Denote byl (kQ) the subcategory of the preinjective modules ahodkQ.

Proposition 6.1.4. There exists ak-linear functor P : | (kQ) ! M  unique up to iso-
morphism such that

P restricted to subcategory of the injectiv&Q-modules is isomorphic to the restric-
tion functor Hom (T;?);

for each indecomposablX in I (kQ) such thatP (X) is not projective, the image

0—1P( pX)PLip(E)-Lip(X) —1b
of an Auslander-Reiten sequence imodkQ ending at X
0—px 12k — b

is an Auslander-Reiten sequence imodB ending atP (X).

Moreover, this functor P is full, essentially surjective, and satise® ' g P.

Proof. The Auslander-Reiten quivers |, of | (kQ)and \ of M are connected translation
quivers. Each vertex of | is of the form Jx with g 0 andx indecomposable injective.
Each vertex of y is of the form Zx where x is in addH) (cf. (4) of prop 6.1.1).
Moreover, there is a canonical isomorphism of quiveB : pig !  agaH)- Thus we can
construct inductively a morphism of quivers (that we will stll denote by P) P : | I
extending P such that:
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P( px) = gP(x) for each vertexx of | ;

P(p )= gP( )foreacharrow :x! yof ,,where p (resp. g ) denotes
the arrow py! X (lgﬁsp. Y ! X) such $at the mesh relations in | (resp. Iin
w ) are of the form \_, o( ) (resp. -4 8() )

Clearly, this morphism of translation quivers induces suections in the sets of vertices
and the sets of arrows.

The categories| (kQ) and M are standard, i.e. k-linearly equivalent to the mesh
categories of their Auslander-Reiten quivers. Up to isomphism, an equivalencé( ) !
I (kQ) is uniquely determined by its restriction to a slice. Thus here exists ak-linear
functor P : 1 (kQ) ' M up to isomorphism which is equal tdHomq (T; ?) on the slice of
the injectives and such that the square

k( 1) — (kQ)

P P
k(' m) M
is commutative. This functor P sends Auslander-Reiten sequences
0—px I LIk —b

to Auslander-Reiten sequences

0—gP(X) FIP(E) —P(X) —b

if P(X) is not projective. SinceP is surjective, P is full and essentially surjective. [

Lemma6.1.1. LetX andY be indecomposables in(kQ). The kernel ofHom (X;Y) !
Homs (P X; PY) is generated by compositions of the fornx —/% —J& whereZ is
indecomposable and (Z) is zero.

Proof. If P(X) or P(Y) is zero this is obviously true. Suppose they are not. The ntes
relations are minimal relations of thek-linear categoryM and P is full. Thus the kernel
of the functor P is the ideal generated by the morphisms of the form

u—M "y

where
0—P(U) 2P (V) PP (W) —b

is an Auslander-Reiten sequence i . SinceP (U) is isomorphic to gP (W), the inde-
composableU is isomorphic to p(W). By the construction of P, V is a direct factor of
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the middle term of the Auslander-Reiten sequence ending 8¢, and we can ‘complete’
the composition pW —— — /y in an Auslander-Reiten sequence

9
0— I oW —F iy oD sy p

with P(V9 =0 and P(g9) = P(h9 = 0. Thus, the morpism hg = h%P does indeed
factor through an object in the kernel ofP. O

Now let be the preprojective algebra associated t&@). We denote bye the idempo-
tents of associated with the vertex i. Then we have a natural functor

proj 1 1 5 (kQ)

e 7 T, 8l

wherel (kQ) is the closure ofl (kQ) under countable products. Composing this functor
with the natural extension of P to | (kQ), we get a functor:

proj ! M L
e 7 5 o BHi
Therefore the restriction along this functor yields a funar F : modM |  mod.

Moreover, sinceM has nitely many indecomposables, the functoF takes its values in
the full subcategory fl: formed by the -modules of nite length.

This is an exact functor since it is a restriction functor. IfM is aM -module, that is to
say a nitely presented functorM!  modk, then the vector space= (M )g is isomorphic
to  , oM( £H;). For X in M, there existsi 2 Qo and g 0 such that 9H; = X. It
is then easy to check that the imagé- (Sx ) of the simple associated toX is the simple
-module S;.

6.1.3 Fundamental propositions

Proposition 6.1.5. For eachX in M, there exists a functorial sequence imod of the
form

o—F i (X")—IFMHy)—FMH))—F i (X-)—b

wherei :modM! modM is the right exact functor induced by : MM, and where
Ho and H; are in add(H).

Proof. Let X beinM , andiX its image inM . By property 1 of proposition 6.1.1, there
exists a triangle, functorial in X:

iX Ho—H, —(iX)I1]
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with Hp and H, in add(H). It yields a long exact sequence imodM :

0o—(ix )" H, /H JExty (7;iX );,, —Exts (2 Ho);,, —

By de nition, the functor Ext (?;Ho);, is zero. The Auslander-Reiten formula gives us
an isomorphism
Exty (?;iX );, ' DHomg( gtiX; ?),, =projB:

SinceF is an exact functor, we get the following exact sequence firh: :
0—F((iX)") —/F (Hg) —F (Hy) —/F (( "X )-=projB) —/0

By de nition, we have F((iX)")"' (F i)XX"). Forj =1; ;n, we have an isomor-
phism: M
F(( gtiX)-=projB)e ' DHomg ( 5 tiX; 5H;)=projB:
p O
Forp 0, wehave (H;)= 5*( 5™ H,)ifand only if 2H; is not projective. Thus we
have a vector space isomorphism
M

F(( gtiX)-=projB)g ° DHoms ( gtiX; gt 5 H;)=projB:
p O
A morphism f : X ! 1y factorizes through a projective object if and only if
(f): X ! Y is not zero. Thus we have:
M
F(( g'iX)-=projB)g DHomg (iX; £H;)

Rﬂ 1

' DHomg (X; EH;)=[add(H)]
p O

C(F op)X-)g " (F i )(XH)s:
Therefore we get this exact sequence fi: |, functorial in X

0o—HF i)(X")—IF(Ho) —/F(H) —AF i )(X-)—0

]
Proposition 6.1.6. Let U andV be indecomposables iN . Then we have
M
Homg, (U™; V") M ( fU;V)=[add S H]
p O

whereM ( fU;V)=add fH] is the cokernel of the composition map

M(5U; SHY M (SH;V)IM  (SU;V):
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We rst show the following lemma:

Lemma 6.1.2. Let ey and e, be the idempotents oA associated to the indecomposables
U and V. Then we have an isomorphism

e Ex; (DA;A)ey 'M  ( gU;V)=[add g H]
whereM ( g U;V)=add gH] is the coker of the composition map
M(sU; gH) M (gH;V)IM (gU;V):
Proof. We have the following isomorphisms:

euExti (DA;A)ey = Ext(D(eyA);Aey)
' Hom, iy (DM (U; ?2); M (2; V)[2]):

Denote by M_ the categoryM =projB. Then g induces an equivalence df-linear cate-
gories g : M ! M : Thus we get the following isomorphisms

Hom, gy (DM (Ui 2 M (% V)[2D) ' Homy (DM (5 'U; 6 M (™2 5 *V)[2)
' Hompm)(DM (5 'U;?); M (2 5 'V[2])
' Hompw)(DM ( g *U;?2)=projB; M (?; 5 V)=projB[2])

But by the previous lemma, we know a projective resolution imodM of the module
DM ( 5 'U;?)=projB. Namely, there exists an exact sequence inodM of the form:

0—M (2;U) —IM (2;Ho) —M (?;H1) —DM ( 5 'U;?2)=projB —b
whereHy and H; are inadd(H). Thus we get (using Yoneda's lemma)

Honb(M—)(DM_(U;?);M_(?;V)[2]) ' Hompm (M (?;U); M (?; 5 'V)=projB)={addM (?;H)]
' M__(U; g'V)=[addH]
' M(gU;V)Tadd gH]:

SinceV is in M, a non-zero morphism oM ( gU; V) cannot factorize throughadd(H).

Thus we getM ( gU;V)add gH]'M ( gU;V)add gH].
]

Proof. (of proposition 6.1.6) In this proof, for simplicity we denote g by . Let A be the
algebraEnd;, (A). By proposition 5.2.1, we have a vector space isomorphism

euAey ' eyAey ey Exti(DA;A)e, eyExt(DA;A) ~%e,
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We prove by induction that
eyExti (DA;A) *Pey 'M ( PU;V)=add PHI:

For p=0, eyAey is isomorphic toM (U; V) by Yoneda's lemma, and so tiv (U; V)=[add(H )].
Suppose the proposition holds for an integgg 1 0. Then we have

X
e Ext: (DA;A) ~Peg e Ext: (DA;A) P loy  ewEXB(DA;A)ey:
W 2ind (M)

The sum means here the direct sum modulo the mesh relationsthé categoryM . Thus
this vector space is the sum over the indecomposabMs of M of

M (P *UW)=fadd P *H)] M (W;V)=fadd( H)]

modulo the mesh relations oM . This is isomorphic to the cokernel of the map ®, 11U;W
1 \AY] + 1 P lUwW ' lW;V Where

ey TM(X THY MO(TH Y)Y M (X))
is the composition map and where
ey M OGY)IM  (XY)

is the identity. The cokernel of this map is isomorphic to theokernel of the map ppU; W
1wy +1luw ' 1W;V . But we have an isomorphism

X
M(PU;, W) M (W;V)'M (PU;V):
W2indM
Finally we get
0 1
X
Coker@ ‘Poow Lwy tluw v A Cokel Py + ! By ):
W2indM~

Furthermore, a morphism inM (' PU; V) which factorizes through H factorizes through
PH sinceH is a slice andU is in M . Thus this cokernel is in fact isomorphic to the
cokernel of' ppU;V that is to say to the space

M ( PU;V)=[add PH]:
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6.2 Case where B = Endq(T) is hereditary

6.2.1 Results of Geiss, Leclerc and Schirer

Let us rst recall some de nitions and results of Geiss, Leekc and Schmer [GLSO07b].
Let Q be a nite connected quiver without oriented cycles withn vertices. Denote
by P the postprojective component of the Auslander-Reiten quér of modkQ, and by

De nition 6.2 (Geiss-Leclerc-Schmer, [GLSO7h])A kQ-moduleM = M; M,
with M; indecomposables and pairwise non isomorphic, is calledtial if the following
conditions hold:

if X is an indecomposabl&Q-module with Homq (X; M ) 6 0, then X is in add(M );
and P; 2 add(M ) for each indecomposable projectivkQ-module P;.

We de ne the integerst; as
tt=maxfj 0 1(P)2addM) f Ogg:

Denote by the preprojective algebra associated t@. There is a canonical algebras
embedding kQ ——// : Denote by o : mod ! modkQ the corresponding restriction
functor.

Geiss, Leclerc and Schmer showed the following theorem:

Theorem 6.3 (Geiss-Leclerc-Schmer, [GLSO7h])Let M be an initial kQ-module, and let
Gu = Ql(add(M)) be the subcategory of all-modulesX with o(X) 2 add(M). Then
the following holds:

(i) the category G, is a Frobenius category witm projective-injectives;

(i) the stable categoryG, is a 2-Calabi-Yau triangulated category.

Recall from Ringel [Rin98] that the categorymod can be seen asmodkQ( 1;1).
The objects are pairs X;f ) where X isin modkQ andf : X ! X is a morphism in
modkQ.The morphisms' between X;f ) and (Y; g are commutative squares:

1y Tk

1.‘ ‘

lY g_/)y

The image of an object X;f ) under o :mod ! modkQ is then the moduleX.
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Let X = 'P; be an indecomposable summand of an initial modulé. Then let
Rx = (Y;f) be the following object inmodkQ( %;1)' mod:

M w M
Y = P, and f: P ! 'Pi
j=0 =1 170
is given by the matrix 0, 1
f = @1 A
1o

Geiss, Leclerc and Schmer proved the following:

Proposition 6.2.1 (Geiss-Lq:_cIerc-Schreer,[GLSO?b])The categoryGy has a canoni-
cal maximal rigid objectR = i 4a4qm) Rx - The projective-injectives ofGy are the
R up,1=1;:::;n. Therefore, R is a cluster-tilting object in G, .

6.2.2 Endomorphism algebra of the cluster-tilting object

Let Q be a connected quiver without oriented cycles and denote B/ the Eath algebra
kQ. Let M be an initial B-module. LetH be the followingB-moduleH = ~ ., 4P;.
Thus Ends (H) is an hereditary algebra isomorphic t&kQ° where Q°is a quiver with the
same underlying graph a€). We have the following triangle equivalence:

L

? H

Db(modkQY) o /Bb(modkQ?)

DR Homyq (?;H)

which sendsH on DkQ°2 modkQP Let T be the image inD’(modkQY of kQ under this
equivalence. ThusT is a tilting object in the preinjective component ofDP(modkQ9Y, and
B = Endo(T) "' kQ. The previous equivalence can be also written

RHom,q o(T;?)
D°(modkQ®) oo—— 'be(modkQ):

? kT

Let us de ne, as in the previous section, the subcategoi of D’(modkQ) as
M = fX 2 modkQ =Ext5 (X;H)=0g:

Then it is obvious that M = addM). As previously, we put = o = o because
Q and Q° have the same underlying graph. Recall that we havel = M =addH), and

that A = Ends (M) is an algebra of global dimension 2. Note that in this casg and p

coincide onmodB sinceB is hereditary.



6.2. Case whereB = Endq(T) is hereditary 127

Lemma 6.2.1. Let U andV be indecomposables iM . Then we have

M _
Hom (Ry;Ry) "’ M ('U;V):
i o

Proof. Let P and Q be projective indecomposables such thdd = 9Q andV = PP,
Then the morphisms bewteerRy and Ry are given by commutative diagrams

OO 1
bk
L M
e Fa, i
09 1
lf f
bk
L . P :
Jp:i ip /}' JP:O ip
Case 1:p q
An easy computation gives the following equalities
M .
Hom (Ry;Rvy) ' M(Q; 'P)
j=0
' M( PIQ; PP)
j=0
© M SQ); PP
j=0
' M (1U;V)
i=a p

SinceM ( *U;V) vanishes fork q p+1 and since kU vanishes fork g+ 1, we get
an isomorphism M
Hom (Ry;Rvy) " M (1U;V):
j 0
Case 2:p>q

In this case, a morphism fronRy to Ry is given by morphismsa; 2 M (Q; 'P), with

j =0;::5;psuch that %'a =0forj =0;:::;p g 1. Butsince 9! IP is not
zero forj =0;:::;p q 1, the morphism 9tg : 1Q! @+l I P vanishes if and
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only if g vanishes. Thus we get

%3 .
Hom (Ry;Rv) M(Q; 'P)

i=p q
M .

' M( PQ; PP)
j=p q
M _

' I\/I( |0+J+Q( qQ); Pp)
j=p q

' M (1U;V)

j=0

Since U vanishes forj g+ 1 we get

Hom (Ry;Ry) " v M (1U;V):
j 0
]
Corollary 6.4. Let U andV be indecomposable objects M . Then we have
Homg, (Ru;Rv) ' eyAey
and therefore the algebra& and End;, (R) are isomorphic.
Proof. The projEctive-injectives in the categoryGy are theRy, with i =1;:::;n. Denote

by Ry the sum ., Ry,. Then Hom, (Ru; Rv) is the cokernel of the composition map
Homg, (Ru;Ry) Homg, (Ru;Ry) ! Homg, (Ru;Rv):

By the previous lemma this map is isomorphic to the following
i;j OM( iU;H) M ( JH’V)4/}— p OM( pU;V)

Given two morphismsf 2 M ( 'U;H) and M ( 'H;V), (f @) is the composition

'f g2M ( "IU;V). Thus the cokernel of this map is the cokernel of the map

L L

b0 toM(PU TH) M (iH;V)gl}_poM(pU;V):

SinceH is a slice and sincéJ is in M , a morphism inM ( PU; V) which factorizes through
'H with i  p factorizes through PH. Finally we get
M

Homy, (Ru;Rv)' M ( PU;V)=fadd PH];
p O

and we conclude using proposition 6.1.6. O
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6.2.3 Triangle equivalence
The aim of this section is to prove the following theorem:

Theorem 6.5. The functor F i :modM! f:I: vyields a triangle equivalence between

G and G, .

Proof. Let X = ;'P; be an indecomposable d¥l . The M -module X" = Homg (?; X);,,
is projective. The underlying vector space of (X ") is

M
F(X") Homs ( §H; 5'Pi)
ﬂ/lo
' Homs ( 3 9B; &'P))
q o0

M | M
' Homs (B; & 'P)° 5 P
q 0 g=0

The action on the arrows is obviously given by the morphism

Mt M
f Pt IP;
j=1 j=0
with 0, 1

f=@t " A
T 1o

A . _ L
Thus each projectivo?_X is sent on an object oGy . Moreover,H isequalto ., P
n

soF(H")isequalto [, R 1 p the sum of all the projective-injectives ofG, . Therefore
F induces a functorF : D’(modM ) ! D (G, ). We have the following composition:

DP(modM ) * Q. ’(modA) ——b(modM ) F=—/D(Gy) —b™(Gy )=perGy ' C_,,

L
2 ADA[ 2]

The functor F i is clearly isomorphic to the left derived tensor product wh the A- -
bimoduleR = F i (A). By proposition 6.1.5, forX in M, we have the following exact
sequence, functorial inX :

o—F i (X")—IFMHy)—FMH))—F i (Xx-)—Ib
with Hp and H; in add(H). It yields a morphism
F i (DA)! F i (A)2]
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in the derived category ofA- -bimodules. Since the objectsF (H,) and F (H;) vanish in
the stable categoryG, , the image

F i (DA)! F i (A)2]

of this morphism in the category ofA-B-bimodules is invertible, whereB is a dg category
whose perfect derived category is algebraically equivateo the stable categoryG, . In
other words, in the derived categonyD (A°® B ), we have an isomorphism

DA 4 Fi (A)' Fi (A) 2L

By the universal property of the orbit category, we have thedctorization

L
Db(mod% R o7

This factorization is an algebraic functor between 2-Calat¥au categories which sends
the orbit-cluster-tilting object A on the cluster-tilting object R. Moreover by corollary
6.4, it yields an equivalanece between the categoriadd(A) and add(R). Thus using the
lemma 5.4.1, it is an algebraic triangle equivalence.

]

Note that if M is the initial module kQ 1kQ, Geiss, Leclerc and Schmer proved,
using a result of Keller and Reiten [KRO06], that the 2-Calablau categoryG,, is triangle
equivalent to the cluster categoryG,. Here,H is  'kQ and then M is kQ, so we get
another proof of this fact.

6.2.4 Example: Dynkin case

Let Q be A, with the following orientation:

100 B iy

Let M be the following initial module:
M:2§%§12313431‘3‘

Thus we have
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QE% }}}
] W
% IS

1],
M$ yV‘Nyyy

ty°

<<<<< I|||I

Figure 6.1: Auslander-Reiten quiver of the categorgnodkQ

Figure 6.2: Auslander-Reiten quiver of the categor@y

In gure 6.1 we can see the Auslander-Reiten quiver of the aagory modkQ. The in-
decomposables cidd(M ) are framed and the indecomposables afid(H) are marked in

red.
The categoryGy is then a subcategory ofmod ( A4). Figure 6.2 shows its Auslander-

Reiten quiver. The corresponding stable category is triatgequivalent toG,. The direct
summands of the canonical maximal rigid object are marked ired. Let o : mod !
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2
modkQ be the canonical projection. The -module?!, 2, is a projective-injective ofGy ,

3
and its image under o is 2 1,3 % which is the direct sum of a -orbit in add(M).
The quiver of the categoryM = add(M) is the following:

de 8o
ée de
2¢ 6éa 6o

1 5

The endomorphism algebra = Endq(M) is de ned by the following quiver with the
mesh relations.

ée
ée
2¢ @bo

1

N JJJ VV) |3 o 2
W Vg W i -
6

4 6

4

A%,

) K ol
% {{{{__6 hﬂ?fé . gttt H"‘H.## 2 2

e ity I
‘ #
4 i

2 123

Figure 6.3: Auslander-Reiten quiver of the categorgnodA

Figure 6.2.4 shows the Auslander-Reiten ohodA. The indecomposable projectives
are marked in red and the indecomposable injectives are matkin blue.

The algebraA can be seen as the endomorphism algebra of a tilting modulenmodkD s,
so the derived categoryD’(modA) is equivalent to the categoryD”(modkDs). Figure 6.4
shows its Auslander-Reiten quiver. The objecX is the following complex:

Y| SR - B S /N
2 2 2

whose homology is non zero in degre€l and O.
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S HH
43[6 13 3_6
M, = B (%,

6 6 4
EA R T P P R R T 634_//6_/

= < - \Aywwv %# 49’”)’)/ CQAQ"&

o[ 1] i 211

Figure 6.4: Auslander-Reiten quiver of the derived categpiD?(modA)

Now let X = 2 be an indecomposable dfl = addM). Then )X is1,32M . The
triangle X Hq H, /KX [1] of property 1 of proposition 6.1.1 is the following:

2 —//1234 —Jh 4 Ih11]
The exact sequence

0 X" IH

Im Ojm

/H ijM I X );,, =ProjB —b
of modM is then
0 Jlp Iz llgn 9" —Jls—=projB —/b

that is to say the sequence

7 9
0—Jh _//1234 _//56;

RO~

%% Jp:
6

Note that in this case, sinceB = End(T) is hereditary, (X );;, =ProjB is isomorphic
to( *X), - Its image underF in mod is

o—h —//1224—//1234 g—//1234 =F(1°3")—Jb:
2 3 1 2 2
Thus we get an isomorphism irG, between2[2] = F(2")[2] and 1 2 3t = F(2 2 34) =
F(sz)'
Now let X be the indecomposable objec§ of M. Then X is 1 X 3" which is in
M . The triangle X H, H, /X [1] in D’(modkQ) is the following:

3 —Jh 3 R 4 — B[]
2
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The exact sequence0—/X| —/Hg Hy, - *X)z, —Ib of modM
is then

0 Jln Ul gh lgn gh L p

that is to say the sequence

7 9 8
5
0_//%_//1234 g_//56;4 % //879 /b:

Its image underF in mod is

3 1 2
0— I _//1234 P e,

RPNWA

_//234: F(234)_/b:

Thus there is an isomorphism inG,, between 3[2] = F(3fw)[2] and 2,4 = F(23;%) =
F(3r).
M

6.2.5 Example: Non-Dynkin case

Now take Q = A; = 1—b. Thus the postprojective component of the Auslander-
Reiten quiver ofmodkQ is

| P21 P22 i;’%;s

I:)1;1 I:’1;2 P1;3

Put M = Pl;l P2;1 P1;2 P2;2 P1;3, then M is the direct sum Pl;l P2;1 P1;2
andH is P,, Pi3. Thus the algebraEnd (M) is de ned by the following quiver with

the mesh relations:

1 3 S
The indecomposable projectives of the algebind.o (M) are given by

5 "

5
44

— .. - 2 . — . — 3 3 —
Pi=1; Py=,%;; Ps= 2.2 Py= 2 22 and Ps= 3 3 3
17171

1 1
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2
The projective-injectives of the categoryGy are the modules=(P,)= ,*,!, and
1 1 1 1
1
_ 2 2
F(Ps) = I
1 1 1 1 1 L
Let X = 1 be an object inM . Then we have the short exact sequence:

0 Il P2, P32, Ib
But we have X, = Xj“M_ =1, ( X), = 54245 and Xp_ = 32?23. Therefore the
following sequence is exact imodM

0 I b3 Ips //54245 I -

For X =2, in the same way, we have the following exact sequence

0o— M2, Ip3 b2 Ik 5 /b

Those exact sequences 1@, give isomorphisms inG,, beMeenF(Xj“W)[Z] and F(Xj_r\T)'

6.3 Relation with categories  Sub =,

6.3.1 Results of Buan, lyama, Reiten and Scott

Let us recall some results of Buan, lyama, Reiten and Scott [BIRS07]. LetQ be a nite
connected quiver without oriented cycles and the associad preprojective algebra. We

ideal (1 ¢g) of . We denote by W the Coxeter groupassociated to the quiverQ.
The group W is de ned by the generators 1:::;n and the relations:

ij = ji if there are no arrows between the verticesand j ;
iji = jij if there is exactly one arrow betweem and j.

Let w = ijip:::1;, be aW-reduced word. Form r, let I, be the the following
ideal:
lwe = iy siili,lige
For simplicity we will denote I, by I . The categorySub =l,, is the subcategory of

f:I: generated by the sub- -modules of =l,. Buan, lyama, Reiten and Scott proved
the following:
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Theorem 6.6 (Buan-lyama-Reiten-Scott [BIRS07]) The categorySub =l w is a Frobe-
r

nius category and its stable catego§ub =l , is 2-Calabi-Yau. The object | _, &, =lw,
is a cluster-tilting object.

Note that this theorem is written only for non Dynkin quiver in [BIRSO07], but the
Dynkin case is an easy consequence of theorem 11.2.8 and targ 11.3.5 of [BIRS07].

6.3.2 Construction of a reduced word

Let Q be a nite connected quiver without oriented cycles, and the associated prepro-
jective algebra. LetT be a preinjective tilting kQ-module, andB = Endq(T) its endo-
morphism algebra. As previously, we de ne th&-modulesH; = Hom(T; I;) where the
l; are the ingecomposable injectives hodkQ, andM = fX 2 modB =Ext; (X;H ) =0g
whereH = | H;.
spaceHomg (X;; Xj) does not vanish,i is smaller thanj. It is possible sinceQ has no
oriented cycles.

By proposition 6.1.1, forX; 2 M there exists a uniqueg 0 such that zX; ' H:
for a certain integer' (i). So we get a function' :f1;:::;Ng!f 1;,:::;ng. Let w be
the word' (1)' (2):::" (N).

Proposition 6.3.1. The wordw is W -reduced.

Proof. The proof is in several steps:

Step 1: For two integerd <j in f1;:::;Ng, we have' (i) ="' (j) if and only if there
exists a positive integeip such thatX; = £X;.

Step 2: The element w of the Coxeter group does not depend o dnder on the
indecomposables d¥ .
Leti beinfl;:::;N 1g. Assume there is an arrow (i) ! ' (i+1)in Q. We show
that there is an arrow X; ! Xj.1 in the Auslander-Reiten quiver ofM . By proposition
6.1.1, there exist positive integerp and g such that X; = gH. 4 and Xix3 = EH: a1y -
By hypothesis, there is an arrow betweeh. ;y and H: (j,1). Thus we want to show that
p is equal toq.

Suppose thatp g+ 1, then sinceM is closed under g, the objects J§H: (.1 and

Xi= §"H. (.1y. We have an arrow
Xi= gH@! gHoy = g X
Thus, by the property of the AR-translation, there is an arrov

X X
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Thus i should be strictly greater thanl. But by step 1, and the hypothesipp g+ 1, we
havei +1 |. This a contradiction.

Thecaseyy p+l,and' (i+1)! ' (i)in Q can be solved in the same way.

Step 3: It is not possible to have(i) =" (i +1).

Suppose we have (i) = ' (i +1). By step 1 there exists a positive integeip such that
Xi = PXi:1. Suppose thatpis 2, then gXj. = gP™X;isin M, itis isomorphic
to an Xy for an integerk with ' (k) = ' (i). But k must be strictly greater thani and
strictly smaller than i + 1 which is clearly impossible. Thusp is equal to 1. There should
exist an X; in M such that Hom(X;; X,) 6 0 and Hom(X,; X;+1) 6 0. Thus | must be
strictly between i andi + 1 which is impossible.

Step 4: It is not possible to have(i)= " (i+2) and' (i+1)= " (i + 3) with exactly
one arrow in Q between' (i) and' (i +1).
In this case we have, by step IX; = §Xi+2 and Xy = SXHg. By the same argument

as in step 3,p and q have to be equal to 1. Thus the AR quiver oM has locally the
following form:

) Lo0s v

: /b% ; X Yo

B Xisag—

o gyt Py

/%i ......................... X4z N__// !
~~. ’ NNI

There is only one arrow with tail X;;,. Indeed, suppose there is aX with an arrow
Xk ! Xijs2. Thus there is an arrow g Xjis» = X! Xy and k must be strictly betweeni
andi + 2. By the same argument, there is only one arrow with taiX .3, one arrow with
sourceX; and one arrow with sourceX;.; . Thus we have the following AR sequences in
modB::

0—X; —Kiva —Kivo 0 and 0—Kix —Kir2 —Kisz —0

which is clearly impossible.

Step 5: There is no subsequence of type jkjlkl in w with an asrdetween j and k and
an arrow between k and |

Suppose we have(i)="(i+2)=j,"' (i+1)= "(i+4)= kand' (i+3)= "(i+5) = I.
As previously, we haveX; = gXj:+2, Xj+1 = BXj+4 and Xiji3 = pgXjss. There is an
arrow Xi+1 ! Xiso so there is an arronX s> ! Xiwa. There is an arrowXiiz ! Xisa.
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Thus there is an arrowXi,; ! Xj.3. Finally, the AR quiver of M locally looks like:

o)
OO WW
G ity Xivs /!
oy at” gy wtt Gy
COING X e/
i+1 J 4 i+4
gyt J
[ Cpe— Xiso ol 88
H 0

As in step 4, it is easy to check that there are only two arrowsith tail X;.4, one arrow
with tail X+5 and X;.>, one arrow with sourceX;,; and X; and two arrows with source
Xi+1. Thus we have the 3 following AR sequences modB:

00— —Kis IK 42 b 0 IK i3 IK i va /K5 20

and 0 IK 41 IKiva  Xis2 IK i 44 20
Therefore we get the following equalities:
dimyg X+ =dim X; +dim X

dimk Xisa = dikai+3 +dikai+5
dimk Xi+3 +dikai+2 = dikai+1 +dikai+4

which imply that X; and X;.s are zero.

By the second step, we know that using the relation of commutaity is the same as
changing the order on the indecomposables bf . Moreover we just saw that locally we
can not reduce the wordw. Thus it is reduced.

O

6.3.3 Image of the orbit-cluster-tilting object
Let F :modM! f.l. be the functor constructed in section 6.1.2.
Proposition 6.3.2. Fori=1;:::;N, we have an isomorphism in f.I.:
FIX')' eq =w
wherew; is the word' (1) ' (i).
Proof. The functor F is right exact and sends the simple functoBy, onto the simpleS .

SinceF (X[") surjects onto F (Sx,), there is a morphisme , ! F(X;"). Explicitly, we
will take the morphism given in this way:
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The object X; is of the formy gH- ¢y foraq 0. If j is in f1;:::;ng, the vector
spacee () § is isomorphic to ~, jHomg( plj;l @) where I is the injective inde-
composable module omodkQ corresponding to the vertexj. Let f be a morphism
in Homq( 5151 ¢y), then J(f) is a morphism in Homg( 57%;; 31 ), and then
P(3f)= gP(f)is amorphisminM from £"9H; to gH. 4 = Xj, soisinF(X[)g.

Step 1: The morphisme ¢, ! F(X;) vanishes on the ideal , .

A word ji1j> jr will be called asubwordof w; if there exist integers 1 1; <1, <
<Il, isuchthatjij, jr="()" (I2) "' (I). Thenitis easy to check that the
vector spacee (! v, € is generated by the paths fronj to ' (i) such that there exists a
factorization
j /ddd{, /dddj, /ddod/  /ddd|{ [dddl (j)

with jj1j2  j+' (i) not a subword ofw;.
Let f be a morphism S1; ! 1. in | (kQ) given by such a path. Assume that the
imageP ( jf) of f in F(X;") is non zero. Let

p|.
D"

o jppyy. Mo yppe 2y neep fogp
D 'j1 D 'j2 D 'r 0]

be the factorization off given by the above factorization of the path. TherP( jf) is
equal to the composition

g — gy, — Ty, — ) — TR, — g = X
SinceP ( Jf) is not zero, all morphismsP ( 2f,) are not zero, and all objects ' *H;, are
non zero. Thus the objects § " 9H;, are of the form Xy, with hy < h; < <h, <i.
Furthermore, we have' (h)) = j;. Thusjj1 j," (i)="(ho)' (hy) ' (hy)" (i) is a sub-
word of w;. This contradiction shows that the image of in F(X;") must be zero.

Step 2: The morphisme , ! F(X;") is surjective.

Let f be a morphism £"9H; ! JH. i = X;in M. Hence ;% is a morphism
PH; ' H. 4 in M. SinceP is full (cf. proposition 6.1.4), there exists a morphism
g: 5li! 1. suchthatP(g)= g%. Thus we haveP( jg)= gP(g)= f.

Step 3: The morphisme ¢, =l ! F(X[) is injective.

Let f be a non zero morphism§1; ! 1. in I (kQ) such that P( 5f) is zero. By
lemma 6.1.1, we can assume that there exists a factorizatioh Jf of the form

h 9 q
Ig+p|j L/ V2 _//D|. 0
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with Y indecomposable andP(Y) = 0. The object Y is of the form fI, with h g and
we have §H, =0.

The morphismg is a sum of compositions of irreducible morphisms betweerdecom-
posables. Let

go g1 92 Os
B| | /yl /WZ /l /Ws /l g | ()

be such a summand o). The objectsYy, 1 k s are indecomposable and so are
of the form [x1;,, and the morphismsg, 0 k s are irreducible. We will show
that the word lj1j,:::js" (i) is not a subword ofw;. Without loss of generality, we
may assume that for 1  k s, P(Yx) is not zero, so there exist integers, such
that P(Yy) = X,.. Since the morphismsy, are irreducible, P(g¢) does not vanish, and
we have 1 [|; <1, < <lg <i. The word jij,:::]js (i) is equal to the word
"))t (s) (1),80]1)2:::)s (i) is a subword ofw;.

Substep 1: The sequende |;<I1,< <ls<i is the maximal element of the set
fl ip<iz< <ig<igny 1 ] "(i)=]Jagii" (is) = jsi' (isea) = ' (i)g for the
lexicographic order.

We prove by decreasing induction thatl, is the maximal integer with Iy, < |+, and
"(I) = jk. For k= s+ 1 it is obvious. Now suppose there exists an integeg such that
"(lk) = " (ix) = jk and lg <ig <ly+1. Thus by step 1 of proposition 6.3.1, there exists an
integerr 1 such thatX;, = §X; .. The morphismP(g) : X;, ! X, is irreducible,
so there exists a non zero irreducible morphisi,,, ! g'X, . The object z'X,, isin
M sinceX, and g'X, = X; areinM . ltis of the form X, and we havel.; <'t.
Sincer is 1, by step 1 of proposition 6.3.1t is ix. This implies .1 <ik which is a
contradiction.

Substep 2: does not belong to the sét (1);' (2);:::;" (I.  1)g.

Suppose that there exists an integer 1 k N such that' (k) is equal tol. Thus there
exists an integerr 0 such that Xy is equal to gH,. Since §H| = P( Bh) is zero,r is
h 1.

Since the morphisnmg, : 31! Y is anirreducible morphism of (kQ), there exists an
irreducible morphismY; ! S 1, in 1 (kQ). Thus there exists an irreducible morphism
5 h*ly, | bl in 1 (kQ). The object P( ;1)) = g£H; = Xk is not zero and lies inM ,
so the objectP( § "Yy) = [ ™X,, is not zero and lies inM sinceM s stable by
kernel. Thus there is an irreducible morphismg *‘+1X|1 = X! Xgin M. Thereforet
has to be< k. Moreover sincer h+1 0, by step 1 of proposition 6.3.1]; is s.

Finally we getl; <k.

Then combining substep 1 and substep 2, we can prove thigj,:::js" (i) can not
be a subword ofw;. Indeed, assumdj 1j,:::js' (i) is a subword ofw;. Thus there exist
1 ig<ip<:ii<ig<igyg dPsuchthat' (ig)' (i1):::" (is+z) = ljaj2:::)s (). In
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particular, the word j1jo:::js" (i) is a subword ofw; and 1 i3 <:::<ig<igq IS
in the set of substep 1. Thus by substep 1; has to be ;. By substep 2,io can not
exist.

0

6.3.4 Endomorphism algebra of the cluster-tilting object

Lemma 6.3.1. Let X; and X; be indecomposables & . Then we have an isomorphism
of vector space M

Hom (e GQ) :ij;e(i) :|Wi)I M(SXJ,XJ
p O

Proof. Case 1:) i
Then by [BIRS07] (lemma 11.1.14) we have an isomorphism

Hom (e ) =lw:e g =w)' en =we g

By proposition 6.3.2, this is isomorphic to the space

M P
M (gH: ); Xi):
p O
By de nition of the function ' , there exists somey 1 such thatX; = JH- ): Thus we
can write the sum
M M M
M ( EH: ); Xi) = M (g "Xj;Xi) M ( £X;;Xi)
p o p=1 p o
Sincej i, there is no morphism from ;°X; to X; for p 1, and the rst summand is

zero. Therefore we get the result.

Case 2:j <i
Then by [BIRS07] (lemma 11.1.14) we have an isomorphism

Hom (e ) =lw;e o =lw) " epl @il gay=we g

By proposition 6.3.2, this space is a subspace of the space
M M M

M (gH: ) Xi) " M (g"X; X)) M ( §Xj;X;):

p O p 1 p O
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Step 1: Iff is a non zero morphism inM ( 5 PX;;X;) with p 1thenf is not in the
Spacee (i)l " (i) - o I (i+1) € ()-
Let X,, be the indecomposable; PX;. Sincep 1thenlyis j +1. The morphism is
a sum of composition of the form

X1 K, I K, K

with the X, indecomposables. Sincke is not zero, we havg +1 lp<l;<:::<l, <i.
Thus the word ' (lp)" (1) :::" (I;)" (i) is a subword of' (j +1)" (j +2) :::' (i). Since it
holds for each factorization of , the morphismf is notin the spacee I ) :::1 <1 € (-

Step 2: If f is a morphism in M ( 5X;;X;) with p 0 then f is in the space
eml @il grye (-
Let X,, be the indecomposablef X;. Sincepis 0, we havel, j. Let us show that if
f is a composition of irreducible morphisms

Xi /b(ll 4 /b(lr /b(|r+]_ =X

then the word " (lp)' (I1) ' (I)" (i) is not a subword of' (j +1)' (j +2) :::" (i).
We havely <17 < <Il, <i. Sincelpis<j +1,andiis | +1, there exists

1 k r+1lsuchthatly ;<j +1 Ix. Therefore' (Iy):::" (I,)" (i) is a subword of
"(J+1)' (j+2) " (i), and the sequencdy <1y < <l, <i is the maximal element
of the set

fi+1 k< <ipa 0] ()= ()t ()= ()" (vea) = 7 (DG
for the lexicographic order (exactly for the same reasons &s substep 1 of proposi-
tion 6.3.2). Now we can prove exactly as in substep 2 of proptoen 6.3.2 that ' (Ix 1)
does not belong to the set’ (j +1);:::;" (Ik 21)g. Thus' (lx 1)" (I):::" (I;)" (i) can
not be a subword of (j +1)' (j +2) :::" (i).
Finally, Ieth =f,+f,bea mor'\elhism in

M
M (EH: )i Xi) ' M (g "X Xi) M (£X;;Xi):
p o p 1 p O

By step 2, f, is in the spacee )l g):::l: j+€ ). By step 1, the morphismf is in

eml ol gye gy ifandonly if f  1is zero. Thus we get an isomorphism
M

Hom (e ) =lw:eq w)' M ( EX; Xi):

p O

Corollary 6.7. If X; and X; are indecomposables d¥l , then we have
Homsw =i, (€ ) Fw e Zw)' e Aex:
Proof. The proof is exactly the same as the proof of corollary 6.4. O
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6.3.5 Construction of the triangle equivalence

Finally, we can formulate the following theorem:

Theorem 6.8. The functor F i :modM! fiI: induces an algebraic triangle equiv-
alence betweerG;- and Sub =l ,.

Proof. For an indecomposableX in M , we have seen thaF (X") is in Sub =l . Thus
F induces a triangulated functorF : D°(modM ) ! D °(Sub =l,). Thus we have the
following composition:

D®(modM ) * Q.(modA) —b>(modM ) —=/Db(Sub =I,,) —/Bub =1,
2" ADA[ 2]

As previously, the functor F i is triangulated algebraic. It is isomorphic to the

L
functor ? A R whereR = F i (A) is a cluster-tilting object of Sub =l ,,. Let X be
an indecomposable oM . By proposition 6.1.5, we have the following exact sequence
functorial in X:

o—F i (X")—EMH;) —IFMH))—F i (X-)—b
with Hyp and Hy in add(H).
By lemma 6.3.2, we know that
M M . M .
=l =lwe’ FOXn i) F(H;)
i=1 i=1 i=1

Thus F(Hy) and F(H;) are projective-injective in Sub =l,,. Now we conclude as in
the proof of theorem 6.5. We get a triangle algebraic functdf : G, ! |_5Lb =l , which

sends the orbit-cluster-tilting objectA onto the cluster-tilting object T =~ I, e ¢y =l .
Moreover, by corollary 6.7 it induces an equivalence betwedhe subcategoriesadd(A)
and add(T). Thus by lemma 5.4.1 this is an algebraic equivalence. O

6.3.6 Example: Dynkin case
Let Q be As with the following orientation:
Q:1 ) B lp—I5;

and T the following tilting module:
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~:>>%
=@ 5“)%
:~>>@) ~:>>@ 5>>@)

~~>>@ ->>@) ~~>>@) ->>>>>
Then the algebraB = Endq(T) is given by the quiver:

e

4 @e
é@

1

with the relation given by the dotted line. On gure 6.5 we cansee the Auslander-Reiten
quiver of the categorymodB, the subcategoryM is formed by the framed modules.

Figure 6.5: CategoryM  modB

Now put an order on the indecomposables d#l , respecting the morphisms. For
example:

&
@
a—hA—w—N—F
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The indecomposable projectives ahodM are the following:

9
7 8
2- 3 5 6 7 3
1, 19 2 4, 41 51 12 65 56 ) g
5

1 2 3 4 5
2. 1.3 2 4 3 5. 4
3; 2 4 ; 1.3 5; 2 47; 3
2 3 5 2 4 173 2
5 4 3 2 1

With the ordering we put on the quiver ofM , we get the wordw = 545212345 of the
Coxeter group ofAs. Then it is easy to compute:

5
3 3

o4.0=1 2 3 5
Slw=2 1 24, (24 3
1

4
— 4 5 1 2 3 5
R=s ¢ 32 2 3 1 2 4 274

RPNWAO

One can see easily, that this is the image of the projective$ M through the morphism
F:modM! fiI: .

Then it is not di cult to compute the Auslander-Reiten quiver of Sub =l . Itis
shown here in gure 6.3.6. The indecomposables of the clustdting object are framed,
and the projective-injectives are framed in red. We can edgicheck that the stable
categorySub =l is equivalent to G, C A, and that the endomorphism algebra of the
tilting object has the form:

AA
200 % FFFF
3
2 4
1272 5
= In
= $$
4 3 5
&G.. <1<2 4
e y
" yyyyy ;5
5 00 5 80 3
a
i

Moreover, the categoryM has the following quiver:

4 @e
1 3



146 Chapter 6. Particular case coming from preprojective algebas

Figure 6.6: Auslander-Reiten quiver of the Frobenius categy Sub = ,

Thus M is equivalent to the direct sum ofk with the endomorphism algebra of a tilting
module T° of modkA; with the usual orientation. Thus the derived category ofM is
equivalent to D®(modk) D P(modAs). Finally, the cluster category ofM is equivalent
Gy, C a,. This conrms theorem ?72.

6.3.7 Example: Non-Dynkin case

Let Q be the following quiver: 1——/288— 3. The preinjective component ofmodkQ
looks as follows:

4169 c&zsa] 21
Mg g g ]%%%%% M |
11 6 42 10
R L'LLL%% sssssbb M0 &B%

[384] [032] [110]

Here we denote th&kQ-modules by their dimension vector in order to lighten the wt-
ing. For example the module { 4 2] has the following decomposition series? ;2 ; 2 ;2.
If we mutate the tilting object [263] [142] [110]in the direction [14 2], we stay
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in the preinjective component. We get the tilting object:
T=[263] [384] [110]:

The algebraB = End(T) is given by the quiver:

. with the relation ba+ Ba°=0:

b =3

P a0 =
1 3

The categoryM  modB, has the following Auslander-Reiten quiver:

The projective indecomposables ahodM are the followings:
h i h ihoihzoih31ih2i

0.0 1 0 2 6
10 0 ; 270 0 ; 371 .0 ; 371 0 ; 47270 ; 8 4 1
0 0 1 0 1

The associated word isv = 232132. The projectives of the preprojective algebra asse
ated to Q have the following composition series:

The maximal rigid object of the categorySub =l ,, associated to the writing ofw =
232132 is

2
R=2 3 33 2 2,2 !
2”2 ) 373 3°3°3

3
2%2%2 333
27272 2727272 ,333

NWNhW

2
33
222
The last three summands are the projective-injectives of éhFrobenius categonysub =1 ,.
If we write these modules with their dimension vectors we get
hi hi hi hi hi h_i
0 1 2 2 4 8
R= 1 6 13
0 0 1

on
BN

2
0
and it is easy to check that this module corresponds to the pjection of T.

Now take the moduleX =1 in M . It corresponds to the module § s 4] in modkQ.
We have the injective resolution inmodkQ:

0—fs84]—fo21]" [110]>—fo10]P—b
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Thus the short exact sequence iM 0 IK H, IH, /0 is the following:

{0

0 — _//43 54 _/63

Therefore, the sequenc® I IH{ IH7 {  1X)-=projB ——b in modMm
becomes:

h [ h i h I 4 h i3 h [
O—”lOOOO —//32100 43210 —//86421 —//00123 —b
0 1 0 1 0
h o 2 [ h 0 2 [
where o 1 03 is the quotient of (g '1)- =3-= o 1 K by the projectives. Applying
the projection functor we get the exact sequence imod :
h i h i h i h i h_i
0— i 9 e et st g2 b
0 1 0 1 0
— h 2 I 3 3 3 h2|
The M -module E_ IS 173 = "2 2. We haveF i (1- )= 4 . By the exact
M 0 1 I 0

sequence above, there is an isomorphism3ab =l ,, betweenF | (1fw) andF i (11']7)[2]'
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Cluster-tilting object

Let k be a eld and A a dierential graded (=dg) k-algebra. We denote byA® the dg

algebra A°®® A. We denote byD = DA the derived category of dgA-modules and

by DPA its full subcategory formed by the dgA-modules whose homology is of nite

total dimension overk. We write perA for the category of perfect dgA-modules,i.e.

the smallest triangulated subcategory oD A containing A and stable under taking direct

summands. The suspension functors of all these categoriali ine denoted by [1].
Suppose thatA has the following properties:

A is homologically smooth ((e. the object A, viewed as anA®-module, is perfect);
for eachp > 0, the spaceHPA is zero;
the spaceH °A is nite dimensional;
A is bimodule 3-Calabi-Yau,i.e. there is an isomorphism inD (A€)
RHomue(A;A®) " A[ 3]
Since A is homologically smooth, the categoryDPA is a subcategory ofperA (see

[Kel08a], lemma 4.1). We denote by the canonical projection functor : perA!C =
perA=DPA. Moreover, by the same lemma, there is a bifunctorial isomginism

DHomp(L;M) " Homp (M; L [3])

for all objectsL in DA and all objectsM in perA. We call this property the Calabi-Yau
property.
The aim of this chapter is to show the following result:

Theorem 7.1. Let A be a dg k-algebra with the above properties. Then the catggor
C = perA=DPA is Hom- nite and 2-Calabi-Yau. Moreover, the object (A) is a cluster-
tilting object. Its endomorphism algebra is isomorphic tél °A.

149
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7.1 t-structure on perA

The main tool of the proof of theorem 7.1 is the existence of amonical t-structure in
perA.

7.1.1 Construction of a t-structure on DA

Let D o be the full subcategory oD whose objects are the dg modulés such that HPX
vanishes for allp > 0.

Lemma 7.1.1. The subcategornD ¢ is an aisle in the sense of Keller-Vossieck [KV88].

Proof. The canonical morphism (A ! A is a quasi-isomorphism of dg algebras. Thus
we can assume thatP is zero for allp > 0. The full subcategoryD ¢ is stable under
X 7! X[1] and under extensions. We claim that the inclusiorD o.—/b has a right
adjoint. Indeed, for each dg A-moduleX, the dg A-module (X is a dg submodule oK,
sinceA is concentrated in negative degrees. Thus g is a well-de ned functorD !'D .
One can check easily that ¢ is the right adjoint of the inclusion.

O

Proposition 7.1.1. Let H be the heart of thet-structure, i.e. H is the intersection
D o\D (. We have the following properties:

(i) The functor H° induces an equivalence frorl onto ModH °A.

(i) Forall X andY in H, we have an isomorphisrExt,o, (X;Y) "' Homp (X;Y [1]).

Note that it is not true for generali that Ext, (X;Y)"' Hom(X;Y [i]).

Proof. (i) We may assume thatAP =0 for all p > 0. Then we have a canonical morphism
Al HOA. The restriction along this morphism yields a functor : ModHC°A !'H such
that H° s the identity of ModHC°A. Thus the functor H® : H! ModH °A is full and
essentially surjective. Moreover, it is exact and an objedl 2 H vanishes if and only
if HON vanishes. Thus iff : L ! M is a morphism ofH such that HO(f ) = 0, then
ImHO(f ) = 0 implies that Ho(Imf ) =0 and Imf =0, sof =0. Thus H°: H! ModH °A
is also faithful.

(i) By section 3.1.7 of [BBD82] there exists a triangle furtor D®(H) ! D  which
yields for X and Y are inH and forn 1 an isomorphism (remark (ii) section 3.1.17
p.85)

Homp (X;Y [n]) * Homp (X; Y [n]):

Applying this for n =1 and using (i), we get the result.
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7.1.2 Hom niteness

Proposition 7.1.2. The categoryperA is Hom nite.
Lemma 7.1.2. For eachp, the spaceHPA is nite dimensional.

Proof. By hypothesis, HPA is zero forp > 0. We prove by induction onn the follow-
ing statement. The spaceH "A is nite dimensional, and for allp n + 1 the space
Homp(  nA;M[p]) is nite dimensional for eachM in modH °A.

For n = 0, the spaceH A is nite dimensional by hypothesis. LetM be in modH °A.
Since (A is ismorphic to A, Homy( oA; M [p]) is isomorphicH°(M [p]), and so is zero
forp 1.

Suppose that the property holds fom. Form the triangle:

H "A)n 11— o A—I A—JH "A)[n]

Let p be an integer n+ 1. Applying the functor Homy (?; M [p]) we get the long exact
sequence:

—Homy( WAM [p]) —Homs (- 1AM [p]) —Homp (H "A)in 1M [p])

By induction the spaceHonmp(  A; M [p]) is nite dimensional.
SinceM [p] is in DPA we can apply the Calabi-Yau property. Ifpis n+ 3, we have
isomorphisms:

Homp((H "A)n  1[M[pl) ' Homp((H "A);M[p n+1])
' DHomp(M[p n 2];H "A):

Sincep n 2is 1, this space is zero.
If p= n+ 2, we have the following isomorphisms.

Homp((H "A)n 1 ;M[n+2]) ' Homy((H "A);M[3])
" DHomp(M;H "A)
' DHomyoa(M;H "A):

The last isomorphism comes from lemma 7.1.1)( By induction, the spaceH "A is
nite dimensional. Thus for p n+ 2, the spaceHomp ((H "A)[n 1 M[p]) is nite
dimensional.

If p= n+1 we have the following isomorphisms:

Homp((H "A)n 1 M[n+1]) ' Homy((H "A);M[2])

' DHomp(M;H "A[1])
' DExtioa(M;H "A)
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The last isomorphism comes from lemma 7.1.1i ). By induction, since H "A is nite
dimensional, the spaceHomy ((H "A)[n  1];M|[n + 1]) is nite dimensional and so is
Homb(  n 1AM [n +1]).

Now, look at the triangle

n AT A HH AN+ I LA

The spacesHomp(  , 2A;M[n + 1]) and Homp(( . 2A)[1];M[n + 1]) vanish since
M[n+1]isin D , ;. Thus we have

Homb( o AN 1M[n+1]) ' Homp((H ™ *A)[n+1];M[n+1))
' Homp(H " 'A;M)
" Homyoa(H " A;M):
This holds for all nite dimensional H°A-modulesM. Thus it holds for the compact

cogeneratorM = DHCA. The spaceHomyoa(H " *A;DHCA) ' DH " A is nite
dimensional, and therefordH ("D A is nite dimensional. O

Proof. (of proposition 7.1.2) For each integemp, the spaceHoms, (A; A[p]) © HP(A) is
nite dimensional by lemma 7.1.2. The subcategory ofgerA)°® perA whose objects are
the pairs (X;Y ) such that Homp (X; Y ) is nite dimensional is stable under extensions
and passage to direct factors. O

7.1.3 Restriction of the t-structure to perA

Lemma 7.1.3. For each X in perA, there exist integersN and M such thatX belongs
toD y and’D .

Proof. The objectA belongs toD ,. Moreover, since foiX in DA, the spaceHom, (A; X)
is isomorphic toH°X, the dg moduleA belongs to’D ;. Thus the property is true
for A. For the same reasons, it is true for all shifts oA. Moreover, this property is
clearly stable under taking direct summands and extension3hus it holds for all objects
of perA. O

This lemma implies the following result:
Proposition 7.1.3. The t-structure on DA restricts to perA.

Proof. Let X be in perA, and look at the canonical triangle:

oX —IK — o X — I oX)[1]:
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SinceperA is Hom nite, the space HPX ' Homy (A; X [p]) is nite dimensional for all
p 2 Z and vanishes for allp 0 by lemma 7.1.3. Thus the object-X is in DPA and
SO in perA. SinceperA is a triangulated subcategory, it follows that (X also lies in
perA. O

Proposition 7.1.4. Let be the projection :perA!C . Then for X andY in perA,
we have
Homg( X; Y ):Iim Homp( o X; YY)

Proof. Let X and Y be in perA. An element of IlirrHomg( nX; nY)Iis an equivalence

class of morphisms X ! nY. Two morphismsf : X ! nYandg: X!
mY with m n are equivalent if there is a commutative square:

f
X — Y

WX 2 Y

where the vertical arrows are the canonical morphisms. 1f is a morphismf : X !
nY, we can form the following morphism fromX to Y in C.

where the morphisms X ! X and ,Y ! Y are the canonical morphisms. This is
a morphism from X to Y in C because the cone of the morphism X ! X is in
DPA. Moreover, iff : X | nYandg: X! mY are equivalent, there is an
equivalence of diagrams:

Xj ........... Y
xXXx J‘]JJ
HXXX J‘]JJ ; :
X 5%:5:5: ttﬂ?OO
tt
gttt
X S Y

Thus we have a well-de ned map fromllirHorrb( nX;  nY)to Homg( X; Y ) which is
injective. '
Now let ﬁx Océ be a morphism inHome( X; Y ). Let X ®be the cone of. Itis
H

X Y
an object of DA, and therefore lies inD., for somen 0. Thus there are no morphisms
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from X to X%and there is a factorization:

/,5( /,5( 00 IK Cll]

ol s

We obtain an isomorphism of diagrams:

X&nll
%
\)y/ll

'
X

nX

The morphismf : X ! Y induces a morphisnf®: X! n Y which lifts the given
morphism. Thus the map from IIin1—|orrb( nX; nY)to Home( X; Y )issurjective. O

7.2 Fundamental domain
Let F be the following subcategory operA:

F=D,y\ °D 5\ perA:
The aim of this section is to show:

Proposition 7.2.1. The projection functor : perA ! C induces ak-linear equivalence
betweenF and C.

7.2.1 add(A)-approximation for objects of the fundamental do-
main

Lemma 7.2.1. For each objectX of F, there exists a triangle

Py — /Py —IK —/P4[1]
with Py and Py in add(A).
Proof. For X in perA, the morphism

Homp(A;X) ! Homy (HOA; HOX)
f 71 HOF)
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is an isomorphism sinceHomy (A; X ) ' HOPX. Thus it is possible to nd a morphism
Po! X, with Py a free dgA-module, inducing an epimorphismH %P, —L/fH 0x . Now
take X in F and Py ! X as previously and form the triangle

P: Py IK /P, [1]:

Step 1: The objecP;,isin D o\ ’D ;.
The objectsX and Py are inD o, SoP; is in D ;. Moreover, sinceH°Py ! HOX is an
epimorphism, H(P;) vanishes andP; is in D o.

Let Y beinD 4, and look at the long exact sequence:

—Homy (Pg; Y) ——Homy (P1; Y) —Homp (X[ 1] Y) —

The spaceHomy, (X[ 1];Y) vanishes sinceX isin?D ,andY isin D ;. The object
P, is free, andH Y is zero, so the spacelomy (Po;Y) also vanishes. Consequently, the
objectP;isin?D ;.

Step 2: HPP, is a projective H °A-module.
SinceP; isin D g there is a triangle

1Py —p, —IHop, —I( 1Py

Now take an objectM in the heart H, and look at the long exact sequence:

—Homs (( 1P)[1]; M [1]) —Homy (H °P1; M [1]) —/Homy (Py; M [1]) —

The spaceHomp(( 1P1)[1]; M[1]) is zero becausélomy (D ;D ;) vanishes in at-
structure. Moreover, the spaceHom, (P1; M [1]) vanishes becaus®; is in ?’D ;. Thus
Homp (H°P1; M[1]) is zero. But this space is isomorphic to the spadext, (H°P1; M) by
proposition 7.1.1. This proves thatH °P; is a projective H °A-module.

Step 3:P; is isomorphic to an object ofadd(A).

As previously, sinceH °P; is projective, it is possible to nd an objectP in add(A) and a
morphismP ! P, inducing an isomorphismH®P ! HP;. Form the triangle

Q—tp I, U]

SinceP and P, are inD o and HO(v) is surjective, the coneQ lies inD . But then w
is zero sinceP; is in D ;. Thus the triangle splits, andP is isomorphic to the direct
sumP; Q. Therefore we have a short exact sequence:

0 IH OQ /H op /H OP]_ /0;

and H°Q vanishes. The objecQ isin D 1, the triangle splits, and there is no morphism
betweenP and D 1, soQ is the zero object.

O
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7.2.2 Equivalence between the shifts of F

Lemma 7.2.2. The functor  ; induces an equivalence frorfr to F [1]

Proof. Step 1: The image of the functor ; restricted to F is in F[1].

Recall that F isD ¢\ °D ,\ perA. ThusF[1]isD ;\ °D 3\ perA. Let X be an
object in F. By de nition, 1X liesinD ; and there is a canonical triangle:

1X % Ity oy I X [1]:

Now let Y be an object inD 3 and form the long exact sequence
—IHompy (X; Y ) —Homp (1 X;Y) —Homp (H°X)[ 1Y) —/

SinceX isin?’D ,, the spaceHomy (X;Y ) vanishes. The objectH%X [ 1] is of nite
total dimension, so by the Calabi-Yau property, we have an anorphism

Homp (HPX[ 15 Y)' DHomp(Y;H°X[2]):
ButsinceHomy (D 3;D ) is zero, the spacdédomy (HOX)[ 1];Y)vanishesand X
liesin?’D .
Step 2: The functor 1 :F!'F [1]is fully faithful.
Let X andY be two objects inF andf : 1 X! 1Y be a morphism.
HOX[ 11—/ X —Ik —IHox
‘ :

HOY[ 1]—/ 1Y Ly — oy

The spaceHomy (HOX [ 1];Y) is isomorphic to DHomy (Y; H°X [2]) by the Calabi-Yau
property. SinceY isin ?D ,, this space is zero, and the composition f factorizes
through the canonical morphism X ! X. Therefore, the functor ; is full.

Let X and Y be objects ofF andf : X ! Y a morphism satisfying ;f =0. It
induces a morphism of triangles:

HOX[ 11— X Ik — oy
HOY[ 11— Y —T }}—/H o0y

The compositionf i vanishes, sdof factorizes throughH%X . But by the Calabi-Yau
property the space of morphismsHom, (H°X;Y ) is isomorphic to DHom, (Y; HOX [3])
which is zero sinceY isin?D ,. Thus the functor 1 restricted to F is faithful.



7.2. Fundamental domain 157

Step 3: The functor ;:F!F [1]is essentially surjective.
Let X be in F[1]. By the previous lemma there exists a triangle

P1[1] —Po[1] —/K ——/P1[2]
with Py and P; in add(A). Denote by the Nakayama functor on the projectives of
modH °A. Let M be the kernel of the morphismH °P; ! H °Py. It lies in the heart H.
Substep (i): There is an isomorphism of functorsHom(?; X [1]);,, * Homy(?; M)
Let L be inH. Then we have a long exact sequence:

—IHomy (L; Po[2]) —Homy (L; X [1]) —Homy (L; P4[3]) —/Homy (L; Po[3]) —/

The spaceHomy (L; Po[2]) is isomorphic toD Homy, (Po; L[1]) by the Calabi-Yau property,
and vanishes becausB; is in ?D ;. Moreover, we have the following isomorphisms:
Homp (L; P4[3]) * DHomp(Py;L)

' DHomy (HPy;L)

' Homy(L; H °Py):
Thus Homy (?; X [1]);,, is isomorphic to the kernel oHom, (?; H °P;) ! Homy (2 H °Py),
which is just Homy (?; M).

Substep (ii): There is a monomorphism of functorExt!, (?; M) °—/Horrb(?; X2, -

For L in H, look at the following long exact sequence:

—/Homy (L; P1[3]) —Homp (L; P4[3]) —Homy (L; X [2]) —/Homy (L; P4[4]) —

The spaceHom, (L; P4[4]) is isomorphic toDHomy, (P1[1]; L) which is zero sinceP,[1] is
inD jandL isinD q. Thus the functor Homy (?; X [2]);,, is isomorphic to the cokernel
of Homy (?; H °Py) ! Homy(?; H °Py). By defninition, Ext,(?; M) is the rst homology

of a complex of the form:

Homy, (?;1) —

—I——Homy (?; H °P,) "Homy, (?; H °Py)
wherel is an injective H°A-module. Thus we get the canonical injection:
Ext, (2; M) —Homs (7, X [2]);,,
Now form the following triangle:

X I —IM IK[1]:

Substep (iii): Y isin F and 1Y is isomorphic to X .
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SinceX andM areinD o, Y isinD . Let Z beinD , and form the following long
exact sequence:

Homb (X [1]; Z) —/Homp (M; Z) —/Homb (Y Z) —/Homy (X;Z) —Homp (M 1, 2)
By the Calabi-Yau property and the fact that Z[2] is inD o, we have isomorphisms

Homp(M[ 1J;Z) ' DHomp(Z[ 2[;M)
' DHomy(H 2Z;M):

Moreover, sinceX isin?’D 3, we have

Homp(X;Z) ' Homp(X; (H 2Z)[2])
' DHomy(H 2Z;X[1]):

By substep (i) the functorsHomy (?; M) and Hom, (?; X [1]);,, are isomorphic. Therefore
we deduce that the morphismHonpy (X;Z)! Homp(M[ 1];Z) is an isomorphism.
Now look at the triangle

3Z — 7 —IH 27[21— N 3Z)[1]
and form the commutative diagram
Horrb(Mc')O 3Z) —/Hom;%Z) —/Horrb(M;5|o 2Z12]) —/Horrb(M;Oo 3Z[1]) :
d

Homp (X [1],  5Z) —Homy (X [1];Z) —/Homp (X [1EH 2Z[2]) —Homp (X [1];  sZ[1])

a b c

By the Calabi-Yau property and the fact that (  3Z)[ 3] isinD o, we have isomor-
phisms
Homp(M[ 1 sZ[ 1]) © DHomp( 3Z[ 1[M)
' DHomy(H 3zZ;M):

SinceX isin?D 3, we have
Homp(X; ( sZ)[ 1]) ' Homp(X;H 3Z[ 2]
' DHomy (H 3z;X[1)):

Now we deduce from substep (i) thag[ 1] is an isomorphism.
The spaceHomy (X [1];  3Z[1]) is zero becaus& is ?D 3. Moreover there are
isomorphisms

Homp(M;H 2Z[2]) ' DHomp(H 2Z;M[1))
' DExti(H %Z;M):
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The spaceHomy (X [1];H 2Z[2]) is isomorphic toDHomy (H 2Z; X [2]). And by substep
(ii), the morphism Ext, (?;M) ! Homy (?; X [2]);, is injective, socis surjective. Therefore
using a weak form of the ve-lemma we deduce thdit is surjective.

Finally, we have the following exact sequence:

Homy (X [1]; Z) —/Homy (M; Z) —/Homp (Y; Z) —/Homy (X; Z ) —Homp (M [ 1], Z)

Thus the spaceHomy (M; Z) is zero, andZ isin’D .
It is now easy to see that there is an isomorphism of triangles

Y I /H oy /l 1Y[1]

X Iy I MK (1

7.2.3 Proof of proposition 7.2.1

Step 1: The functor restricted to F is fully faithful.
Let X and Y be objects inF. By proposition 7.1.1 (iii), the spaceHom( X; Y ) is
isomorphic to the direct limit Ii'm Homp( »X; nY). A morphism betweenX andY in
Cis a diagram of the form
nX
g gy
X Y:

The canonical triangle

(s X)) 21— nX I I on X
yields a long exact sequence:
—Homp (( sy X;Y ) —Hompy (X; Y ) —Homp (o X;Y ) —Homp (( sn X)[ 1Y)

The spaceHomp (( >n X)[ 1];Y) is isomorphic to the spaceD Homp (Y;( >n X)[2]). The
object X isin D o, hence so iss, X, and the spaceD Homp (Y;( >n X)[2]) vanishes. For
the same reasons, the spad¢¢om, ( -, X; Y ) vanishes. Thus there are bijections

Homp( nX; oY) —'Homp( oX;Y)—"Homp(X;Y)

Therefore, the functor : F ! C s fully faithful.

Step 2: ForX in perA, there exists an integeiN and an objectY of F[ N] such that
X and Y are isomorphic inC.
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Let X be in perA. By lemma 7.1.3, there exists an integeN such that X is in
’D n . For an objectY in D y », the spaceHomy(( sy X)[ 1]Y) is isomorphic
to DHomy (Y;( sy X)[2]) and so vanishes. Therefore, y X is stillin ?D  », and so is
in F[ NJ. Since -\ X is in DPA, the objects y X and X are isomorphic inC.

Step 3: The functor restricted to F is essentially surjective.

Let X be inperA and N such that NX isin F[ N]. By lemma 7.2.2, ; induces
an equivalence betweerr and F[1]. Thus since the functor 1. perA! C s
isomorphic to , there exists an objectY in F such that (Y) and (X) are isomorphic
in C. Therefore, the functor restricted to F is essentially surjective.

Proposition 7.2.2. If X andY are objects inF, there is a short exact sequence:
0—Exty (X; Y ) —Exti(X; Y ) —IDExt (Y; X) —b:
Proof. Let X andY be in F. The canonical triangle
<oX — Ik —I o X —( oX)[1]
yields the long exact sequence:
Homp (( oX)[ 1L Y[1]) 22 Homb( <oX; Y [1]) 22 Homp (X; Y [1]) 9@ Homp (- oX; Y [1]) :
The spaceHomy (X[ 1] Y[1]) is zero becausX isin?D ,andY isin D . More-

over, the spaceHomp ( oX;Y [1]) is zero because of the Calabi-Yau property. Thus this
long sequence reduces to a short exact sequence:

0—Exth (X; Y) —/Homp ( <oX; Y [1]) —/Homu (( oX)[ 1] Y[1]) —b:

Step 1: There is an isomorphisnomy (( oX)[ 1Y) ' DExty(Y;X):
The spaceHomp (( oX)[ 1] Y[1]) is isomorphic toDHomp (Y; oX[1]) by the Calabi-
Yau property.

W %%
(<oX)[1]—IX[1]—  oX)1]— <0X)[2]

But since Homy (Y;( <oX)[1]) and Homp (Y;( <oX)[2]) are zero, we have an isomorphism
Homp( oX[ 15 Y)' DExt(Y;X):
Step 2: There is an isomorphisnExtz( X; Y )' Homp( XY [1]).

By lemma 7.2.2, the object <X belongs toF [1] and clearly Y[1] belongs toF [1]. By
proposition 7.2.1 (applied to the shiftedt-structure), the functor : perA ! C induces
an equivalence fronfF [1] to C and clearly we have ( <oX;Y [1]) — (X): We obtain
bijections

Homp ( <oX;Y [1]) —Homp ( <oX; Y [1]) —Homp ( X; Y [1]):
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7.2.4 Proof of the main theorem

Step 1: The categonC is Hom nite and 2-Calabi-Yau.

The categoryF is obviouslyHom nite, hence so isC by proposition 7.2.1. The categories
T = perA andN = DPA  perA satisfy the hypotheses of chapter 4. By [Kel08a], thanks
to the Calabi-Yau property, there is a bifunctorial non degeerate bilinear form:

Nix - HOMB (NG X))  Homp (XiN [3]) ! Kk
for N in DPA and X in perA. Thus, by chapter 4, there exists a bilinear bifunctorial fam
%y tHome(X;Y)  Home(Y:X[2])! Kk

for X andY in C= perA=DPA. We would like to show that it is non degenerate. Since
perA is Hom nite, by theorem 4.2 and proposition 4.2.1, it is su cient to show the
existence of locaN -envelopes. LetX and Y be objects ofperA. Then by lemma 7.1.3,
X isin?D y. Thus there is an injection

0—Homy (X; Y) —Homp (X; »n Y)

andY ! .y Y isalocalN -envelope relative toX . Therefore,Cis 2-Calabi-Yau.
Note that the bilinear form .y yields a bifunctorial map

xy CEX@E(XY) ! DEX(Y;X):
One can check that it makes the following diagram

JExty (X%Y9) ——Exi (X %Y ) —IDEX (YS X —b

0— DD Ext}(X%Y) —/DEXE(Y ¢ X 9 —/DExt(YeX9) —b

0

commutative, whereX ®and Y°are objects inF such that (X9 = X and (Y9 =Y.

Step 2: The objectA is a cluster-tilting object of the categonC.

Let A be the free dgA-module inperA. SinceH A is zero, the spacdxt, (A; A) is also
zero. Thus by the short exact sequence

0—Exts (A;A) —EX(A; A ) —DExt (A;A) —/0

of proposition 7.2.2, (A) is a rigid object of C. Now let X be an object ofC. By
proposition 7.2.1, there exists an objecY in F such that Y is isomorphic toX. Now
by lemma 7.2.1 , there exists a triangle iperA

P1 Py Ik /Pi[1]
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with P; and Py in add(A). Applying the triangle functor we get a triangle inC.

P 1P oI —IIP 1]

with Py and P in add( A ). If Extt( A;X ) vanishes, this triangle splits andX is a
direct factor of P o. Thus, the object A is a cluster-tilting object in the 2-Calabi-Yau
category C.

7.3 Application to the cluster category of an algebra
of global dimension 2

Let A be a nite dimensional k-algebra of global dimension 2. We denote byB the
dg-algebraA (DA)[ 3], and by p the canonical projectionB ! A. Let us denote by
Mig the thick subcategory ofD°B generated by the image of the restriction along. The
cluster category associated t@ is de ned as the quotientG, = hAig=perB (section 7 of
[Kel05]). We assume that the functorTory (?; DA) is nilpotent. This is equivalent to the
fact that G, is Hom nite by theorem 5.1.

We denote by a co brant resolution of the dg A-bimodule RHom, (DA;A). Fol-
lowing [Kel08a] and [Kel08b], we de ne the 3-derived prepjective algebra as the tensor
algebra

3(A) = Ta([2)) :

The complexRHom, (DA; A)[2] has its homology concentrated in degrees2, 1 and O,
and we have

H ?([2)) ' Hompa(DA;A); H Y([2]) ' Exts(DA;A) and HO([2]) ' Ext;(DA;A):

Thus the homology of the dg algebra 3(A) vanishes in strictly positive degrees and we
have
HO ;A = TAEXG (DAA) = A:

Moreover, by lemma 5.3.1 the nilpotence of the functdfors (?; DA) means that there
exists N such that Exti (DA; A) N vanishes. Keller showed that 3(A) is homologically
smooth and bimodule 3-Calabi-Yau [Kel08b]. Thus we can appktheorem 7.1 and we
have the following results:

Corollary 7.2. The categoryC= per 3A=DP ;A is 2-Calabi-Yau and the free dg module
3A is a cluster-tilting object in C.

The aim of this section is to construct a triangle equivalerecbetweenGC, and Csending
Ato 3A.
Let us recall a theorem of Keller ([Kel94], or theorem 8.5, 6 [AHHKO7]):
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Theorem 7.3. [Keller] Let B be dg algebra, and an object ofDB. Denote byC the
dg algebraRHomg (T; T). Denote byhTig the thick subcategory oDB generated byT .
Then the functorRHomg (T;?) : DB I D C induces an algebraic triangle equivalence

RHomg (T;?) : hTig —/perC:

Let us denote byH o(dgalg) the homotopy category of dg algebras, i.e. the localizatio
of the category of dg algebras at the class of quasi-isomoigrhs.

Lemma 7.3.1. In Ho(dgalg), there is an isomorphism betweenzA and RHomg (Ag; Ag).

Proof. The dg algebraB isA (DA)[ 3]. Denote byX a co brant resolution of the dg
A-bimodule DA[ 2]. Now look at the dg submodule of the bar resolution @ seen as a
bimodule over itself (see the proof of theorem 7.1 in [KelQ5]

bar(X;B): —J/B ,X »2 ,B—'B X .B—/8B ,B—H—

This is a co brant resolution of the dgB-bimoduleB. Thus A g bar(X;B) is a co brant
resolution of the dgB-module A. Therefore, we have the following isomorphisms
RHomg (Ag;Ag) ' I—|YomB (A g bar(X;B);A)
' Homg(A A X 2" AB;Ag)
W 0
' Hom, (X ~";Homs(B;Ag)a)
W 0
' Hom, (X A" Aa);

n O

where the di erential on the last complex is induced by that X A". Note that

Hom,(X;A) = RHom,(DA[ 2];A)
RHom, (DA;A)[2] = [2] :

We can now use the following lemma:

Lemma 7.3.2. Let A be a dg algebra, and and M dg A-bimodules such thaM, is
perfect as right dgA-module. Then there is an isomorphism i (A°® A)

RHom, (L;A) ~ 4 RHOm,(M;A) ' RHom,(M =~ L;A):
Proof. Let X and M be dgA-bimodules. The following morphism oD(A°® A)

X " A RHOMA(M:A) | RHoma(M:X)
x "7 (m7!x (m))



164 Chapter 7. Cluster-tilting object

is clearly an isomorphism forM = A. Thus it is an isomorphism ifM is perfect as a
right dg A-module. Applying this to the right dg A-module RHom (L; A), we get an
isomorphism of dgA-bimodules

L
RHomua(L;A) A RHoma(M;A)" RHoma(M;RHOmMA(L; A)):

Finally, by adjunction we get an isomorphism of dgA-bimodules

L L
RHoma(L;A) A RHoma(M;A)' RHoma(M A L;A):
]

Therefore, the dgA-bimoduleHom, (X ~"; Aa) is isomorphic to ([2]) ~", and there
is an isomorphism of dg algebras
M L
RHomg (Ag; Ag) ' (2 ~"= s(A)
0

n

L
because for eaclp 2 Z, the groupHP([2] ~") vanishes for alln 0. O

By theorem 7.3, the functorRH omg (Ag; ?) induces an equivalence between the thick
subcategoryhAig of DB generated byA, and per 3(A). Thus we get a triangle equiva-
lence that we will denote byF:

F = RHomg (Ag;?) : PAig ——/per 3A

This functor sends the objectAz of DPB onto the free module 3;A and the freeB-module
B onto RHomg (Ag;B), that is to say onto A ,». SOF induces an equivalence

F :perB = Big —/hAi _a:

Lemma 7.3.3. The thick subcategornyrAi ., of D 3A generated byA is D? ;A.

Proof. The algebra A is nite dimensional, therefore hAi ,, is obviously included in
DP 3;A. Moreover, the categoryD® 3A equalshmodH?( 3A)i . by the existence of the
t-structure. The dg algebra 3A is the tensor algebraTa( [2]) so there is a canonical
projection 3A ! A which yields a restriction functorDPA ! D P( 3A) respecting the
t-structure:

modH® g4 = H —/b¥ b

modA .—/bbA
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This restriction functor induces a bijection in the set of ismorphism classes of simple
modules because the kernel of the map®( 3A) ! A is a nilpotent ideal (namely the

sum of the tensor powers oveA of the bimodule Exta(DA;A)). Thus each simple of

modH® ;A isin hAi ., and we have

hAI 3A'h mOdHO( 3A)| 3A 'D b 3A:

In conclusion, we have the following commutative square:

F :hhie —/per A
pel}B bb A

Thus F induces a triangle equivalence
Gy = hAig=perB ———per ;A=D" ;A =C

sending the objectA onto the free module 3;A. By theorem 7.1,A is therefore a cluster-
tilting object of the cluster categoryGa.

7.4 Cluster category for Jacobi- nite quivers with
potential

7.4.1 Ginzburg dg algebra

Let k be a eld and Q a nite quiver. For each arrowa of Q, we de ne thecyclic derivative
with respect toa @ as the unique linear map

@ : kQ=[kQ;kQ] ! kQ

which takes the class of a patip to the sum i o=uay VU taken over all decompositions of
the path p (whereu and v are possibly idempotentss associated to a vertex of Q).

An element W of kQ=[kQ; kQ] is called apotential on Q. It is given by a linear
combination of cycles inQ.

De nition 7.4  (Ginzburg). [GinO6](section 4.2) LetQ be a nite quiver and W a po-
tential on Q. Let ® be the graded quiver with the same vertices & and whose arrows
are

the arrows ofQ (of degree 0),
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an arrowa :j ! i of degree 1 foreach arrowa:i! | of Q,
aloopt; :i! i of degree 2 for each vertexi of Q.

The Ginzburg dg algebra( Q; W) is a dgk-algebra whose underlying graded algebra is the
graded path algebrak@. Its di erential is the unique linear endomorphism homogegaous
of degree 1 which satis es the Leibniz rule

d(uv) = (du)v+( 21)Pudv;

for all homogeneousi of degreep and all v, and takes the following values on the arrows

of @:
da= 0 for each arrowa of Q,
d(a)= @W for each arrowa of Q,

P
d(t)) = e( ,la;a])e for each vertexi of Q whereeg is the idempotent associated
to i and the sum runs over all arrows o0@.

The strictly positive homology of this dg algebra clearly vaishes. Moreover B. Keller
showed the following result:

Theorem 7.5 (Keller). [Kel08b] LetQ be a nite quiver andW a potential onQ. Then
the Ginzburg dg algebrg Q; W) is homologically smooth and bimodulgCalabi-Yau.

7.4.2 Jacobian algebra

De nition 7.6. Let Q be a nite quiver and W a potential on Q. The Jacobian algebra
J(Q;W) is the zeroth homology of the Ginzburg algebra Q;W). This is the quotient
algebra

kQ=h@W;a 2 Qi
whereh@W;a 2 Qsi is the two-sided ideal generated by thé@Ww .

Remark: We follow the terminology of H. Derksen, J. Weyman ahA. Zelevinsky
([DWZ07] de nition 3.1).

Exemple. 1. Let Q be the following quiver
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with the potential W = ach Then the quiver @ is given by
t2
A
a é@—:g
a b =
G
11 ts
The di erential of the Ginzburg dg algebra satis es
da)=cb; dqt;)=cc aa
dlb=ac; dt;)=aa bb
d(c)=ba dt3)=bb cc:
The Jacobi algebral (Q; W) is then kQ=hba; ac; cb and so is nite dimensional.
2. Let Q be the quiver

X

m n
y &1 5 ,
with the potential W = xyz xzy. Then the Jacobi algebral (Q; W) is isomorphic
to the algebra

kh;y;zi=(xy yx;xz  zx;yz  zy)' K[xy;z]

and so is in nite dimensional.

In recent works, B. Keller [KelO8b] and A. Buan, O. lyama, |. Riten and D. Smith

[BIRS08] have shown independently the following result:

Theorem 7.7 (Keller, Buan-lyama-Reiten-Smith). Let T be a cluster-tilting object in the
cluster categoryC, associated to an acyclic quive®Q. Then there exists a quiver potential
(Q%W) such thatEndk, (T) is isomorphic to J(Q% W).

7.4.3 Jacobi- nite quiver potentials

The quiver potential (Q; W) is called Jacobi- nite if the Jacobian algebraJ(Q; W) is
nite dimensional.

De nition 7.8.  Let (Q; W) be a Jacobi- nite quiver potential. Denote by the Ginzburg
dg algebra (Q;W). Let per be the smallest thick subcategory ofD which contains
and D® the full subcategory of D of the dg -modules whose homology is of nite total
dimension. Thecluster categoryGq.w) associated to Q; W) is de ned as the quotient of
triangulated categoriesper =D :
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Combining theorem 7.1 and theorem 7.5 we get the result:

Theorem 7.9. Let (Q; W) be a Jacobi- nite quiver potential. Then the cluster categp
Go:w) associated to(Q; W) is Hom- nite and 2-Calabi-Yau. Moreover the imageT of
the free module in the quotient per =D is a cluster-tilting object. Its endomorphim
algebra is isomorphic to the Jacobian algebd& Q; W).

As a direct consequence of this theorem we get the corollary:

Corollary 7.10. Each nite dimensional Jacobi algebral (Q; W) is 2-Calabi-Yau-tilted
in the sense of I. Reiten (cf. [Rei07]), i.e. it is the endomgrhism algebra of some
cluster-tilting object of a2-Calabi-Yau cateogry.

De nition 7.11.  Let (Q; W) and (Q% W9 be two quiver potentials. Atriangular exten-
sion between Q; W) and (Q%W?9 is a quiver potential (Q; W) where

Qo= Qo[ Qf;

Q1= Qi[ QI[f &;i 2 Ig, where for each in the nite index set |, the source of
a; is in Qo and the tail of g is in QY;

W=WwW+ W°

Proposition 7.4.1. Denote byJ F the class of Jacobi- nite quiver potentials. Therd F
satis es the properties:

1. it contains all acyclic quivers (with potential 0);
2. it is stable under quiver potential mutation de ned in [DVZ07];
3. it is stable under triangular extensions.
Proof. 1. This is obvious since the Jacobi algebra(Q; 0) is isomorphic tokQ.
2. This is corollary 6.6 of [DWZ07].

3. Let (Q; W) and (Q%W9 be two quiver potentials inJF and (Q; W) a triangular
extension. LetQ; = Q1[ QY[ F be the set of arrows of). Then we have

kQ=kQ° ro(R° kF R) rkQ

where R is the semi-simple algebr&Q, and R is kQJ. Let W be the potential
W + WP associated to the triangular extension. I is in Q;, then @QW = @QW,
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if aisin QY then @QW = @WPand if ais in F, then @W = 0. Thus we have
isomorphisms

J(Q;W) = kQ=h@W;a2 Qii
" kQ® ro(R® kF R) rkQ=h@W;a2 Q;;@W°%b2 QJi
' kQE@W%b2 Q% re(R° kF  R) g kQ=h@W;a2 Qii
"WYY e (R® KF R) RI(QW):
Thus if J(Q% W9 and J(Q; W) are nite dimensional, J(Q; W) is nite dimensional

sinceF is nite.
]

In a recent work [KYO08], B. Keller and D. Yang proved the follwing:

Theorem 7.12 (Keller-Yang). Let (Q; W) be a Jacobi- nite quiver potential. Assume that
Q has no loops nor two-cyles. Then for each vertexof Q, there is a derived equivalence

D( i(QW))'D (QW);
where ;(Q;W) is the mutation of (Q; W) at the vertexi in the sense of [DWZ07].

Remark: in fact Keller and Yang proved this theorem in a moreaqeral setting. This
also true if (Q; W) is not Jacobi- nite, but then there is a derived equivalene between
the completions of the Ginzburg dg algebras.

Combining this theorem with theorem 7.9 and some results oB[RS08], we get the
corollary:

Corollary 7.13. 1. If Q is an acyclic quiver, andW = 0, the cluster categoryGo.w)
is canonically equivalent to the cluster categoiy,.

2. LetQ be an acyclic quiver and” a cluster-tilting object ofGy. If (Q% W) is the quiver
potential associated with the cluster-tilted algebind:, (T) (cf. [Kel08b], [BIRS08]),
then the cluster categonGo.w) is triangle equivalent to the cluster categor{eo:

Proof. 1. The cluster categoryGq.o) is a 2-Calabi-Yau category with a cluster-tilting
object whose endomorphism algebra is isomorphic t@Q. Thus by [KRO7], this
category is triangle equivalent toG,.

2. In a cluster category, all cluster-tilting objects are mtation equivalent. Thus by
results of [BIRS08], Q; W) is mutation equivalent to (Q%0). Moreover, @Q; W) and
Q% have no loops nor two-cycles. Thus, the theorem of Keller andang [KYO08]
applies and we have an equivalence

D(QW)'D (Q50):

Thus the categoriesGo.w) and Gqepy are triangle equivalent. By 1. we get the

result.
]
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