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RŽsumŽ

Nous prouvons que pour tout schŽma formel propre et lisseX sur OK , o• OK est lÕan-

neau dÕentiers dans une extension non archimŽdienne compl•te de valuation discr•reK de

Qp avec corps rŽsiduel parfaitk et degrŽ de ramiÞcatione, le i -•me groupe de cohomolo-

gie de Breuil-Kisin et sa spŽcialisation de Hodge-Tate admettent de belles dŽcompositions

lorsque ie < p ! 1. Gr‰ce aux thŽor•mes de comparaison issus des travaux rŽcents de

Bhatt, Morrow and Scholze [BMS18], [BMS19], nous pouvons alors obtenir un thŽor•me

de comparaison entier pour des schŽmas formels, qui gŽnŽralise le cas des schŽmas prouvŽ

par Fontaine et Messing dans [FM87] et Caruso dans [Car08].

Mots-clŽ

Cohomologie deAinf , cohomologie de Breuil-Kisin, thŽorie de Hodgep-adique.
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Abstract

We prove that for any proper smooth formal schemeX over OK , whereOK is the ring

of integers in a complete discretely valued nonarchimedean extensionK of Qp with perfect

residue Þeldk and ramiÞcation degreee, the i -th Breuil-Kisin cohomology group and

its Hodge-Tate specialization admit nice decompositions whenie < p ! 1. Thanks to the

comparison theorems in the recent works of Bhatt, Morrow and Scholze [BMS18], [BMS19],

we can then get an integral comparison theorem for formal schemes, which generalizes the

case of schemes proven by Fontaine and Messing in [FM87] and Caruso in [Car08].

Keywords

Ainf -cohomology, Breuil-Kisin cohomology,p-adic Hodge theory.
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Introduction

Fix a prime number p. Given a proper smooth schemeX over OK , whereOK is the ring

of integers in a complete discretely valued nonarchimedean extensionK of Qp with perfect

residue Þeldk and ramiÞcation degreee, there are several classical cohomology theories

one can deÞne, such asp-adic «etale cohomology H !
«et(X øK , Zp) of the geometric generic

Þbre X øK , crystalline cohomologyH !
crys(X k/W (k)) of the special ÞbreX k and de Rham

cohomology H !
dR(X/ OK ). These cohomology theories are not unrelated. In fact, there

are very deep connections among their structures.p-adic Hodge theory, roughly speaking,

studies the relations of these cohomology theories. It was Fontaine who formulated the so-

called crystalline conjecture making precise these relations withp inverted, via his period

ring Bcrys. Note that p is invertible in Bcrys. This conjecture now has been proved after

many peopleÕs works (cf. [Fal88], [Tsu99], [Niz08], [Bei12]) :

Theorem 0.0.1 (Crystalline conjecture). Let X be a proper smooth scheme over OK ,
where OK is the ring of integers in a complete discretely valued nonarchimedean extension
K of Qp with perfect residue field k. There is a natural isomorphism compatible with Galois
and Frobenius actions

H i
«et(X øK , Zp) " Zp Bcrys

#= H i
crys(X k/W (k)) " W (k) Bcrys.

for each i $ 0.

The crystalline conjecture is very beautiful but it requires p to be invertible. There are

many cases where we would like to study the cohomology theories integrally. In particular,

the integral structure contains the information about the torsion. So what happens without

inverting p? Fontaine and Messing have proved in [FM87] that there is an abstract iso-

morphism of W (k)-modulesH i
«et(X øK , Zp) " Zp W (k) #= H i

crys(X k/W (k)) in the unramiÞed

case (i.e. the ramiÞcation degreee of the Þeld K is 1) under the restriction i < p ! 1.

In the ramiÞed case, a similar result has been obtained by Caruso under the restriction

(i + 1) e < p ! 1 in [Car08]. It is until very recently that Bhatt, Morrow and Scholze have

made great breakthroughs in integralp-adic Hodge theory. They have constructed a new

cohomology theory calledAinf -cohomology in [BMS18]. With the help ofAinf -cohomology,

they have generalized the rational comparison theorem to the case of formal schemes and

11



12 INTRODUCTION

obtained a very general result comparing the integral structure ofp-adic «etale cohomo-

logy to crystalline cohomology without any restrictions on the ramiÞcation degree and the

degree of the cohomology groups.

The goal of this thesis is to present some results generalizing the works of Fontaine-

Messing and Caruso to the case of formal schemes and reproving some of their results, by

studying the new cohomology theories introduced by Bhatt, Morrow and Scholze. Before

we state our main theorems, we will discuss some history of integralp-adic Hodge theory.

Integral p-adic Hodge theory. As we have said, integralp-adic Hodge theory studies the

relations of di!erent cohomology theories without inverting p. It also tries to understand

Galois stableZp-lattices in crystalline (semi-stable) p-adic representations and their links

with integral p-adic cohomology theories via semi-linear algebra data.

The Þrst result concerning integral comparison was given by Fontaine and Messing in

[FM87].

Theorem 0.0.2 ([FM87]) . Let X be a proper smooth scheme over W (k) and X n =

X %Spec(W (k)) Spec(Wn(k)) , where k is a perfect field of characteristic p. Let GK
0

denote
the absolute Galois group of K 0 = W (k)[ 1

p]. Then for any integer i such that 0 & i & p! 2,
there exists a natural isomorphism of GK

0

-modules

Tcrys(H i
dR(X n)) ' H i

«et(X øK
0

, Zp/p n)

where Tcrys is a functor from the category of torsion Fontaine-Laffaille modules to the
category of Zp[GK

0

]-modules, which preserves invariant factors.

Note that H r
dR(X n) #= H r

crys(X k/W n(k)) . Here we have used implicitly that H r
dR(X n)

is in the category of torsion Fontaine-La!aille modules, which is actually one of the main

di%culties. The proof of Fontaine-MessingÕs theorem relies on syntomic cohomology which

acts as a bridge connectingp-adic «etale cohomology and crystalline cohomology.

Recall that rational p-adic Hodge theory provides an equivalence between the category

of crystalline representations and the category of (weakly) admissible Þltered" -modules.

The idea of Fontaine-La!ailleÕs theory is to try to classifyGK
0

-stable Zp-lattices in a

crystalline representation V by " -stable W (k)-lattices in D satisfying some conditions,

where D is the corresponding admissible Þltered" -module.

In order to generalize Fontaine-La!ailleÕs theory to the semi-stable case, Breuil intro-

duced the ring S (see DeÞnition 6.0.7) and related categories ofS-modules in order to add

a monodromy operator. He has also obtained an integral comparison result in the unra-

miÞed case wheni < p ! 1 in [Bre98a]. Later, this result was generalized to the case that

e(i + 1) < p ! 1 by Caruso in [Car08].

Theorem 0.0.3 ([Bre98a] [Car08]). Let X be a proper and semi-stable scheme over OK ,
where OK is the ring of integers in a complete discretely valued nonarchimedean extension
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K of Qp with perfect residue field k and ramification degree e. Let X n be X %SpecOK

Spec(OK /p n). Fix a non-negative integer r such that er < p ! 1. Then there exists a
canonical isomorphism of Galois modules

H i
«et (X øK , Z/p nZ)( r ) #= Tst! (H i

log" crys(X n / (S/pnS)))

for any i < r .

Tst! is a functor from the category Modr,!
/S 1 (see DeÞnition 6.0.10) to the category of

Zp[GK ]-modules, which preserves invariant factors. The proof also relies on the use of synto-

mic cohomology. One of the main di%culties in their proof is to showH i
log" crys(X n / (S/pnS))

is in the category Modr,!
/S 1 , in particular, to show H i

log" crys(X n / (S/pS)) is Þnite free over

S/pS.

Remark 0.0.4. One crucial point of BreuilÕs theory is that it highly depends on the

restriction r & p ! 1 which is rooted in the fact that the inclusion " (Fil rS) ( pr S is true

only when r & p! 1. One way to remove this restriction is to consider Breuil-Kisin modules.

In fact, one of the main motivations of Ainf -cohomology theory is to give a cohomological

construction of Breuil-Kisin modules. The techniques in [BMS18] can not directly give

the desired Breuil-Kisin cohomology. However, this goal is achieved in [BMS19] by using

topological cyclic homology and in [BS19] by deÞning the prismatic site in a more general

setting.

Recently, Bhatt, Morrow and Scholze have obtained a more general result about the

relation betweenp-adic Žtale cohomology and crystalline cohomology in [BMS18] by using

Ainf -cohomology. Their result is about formal schemes and does not impose any restriction

on the ramiÞcation degree, roughly saying that the crystalline cohomology is a degeneration

of the p-adic Žtale cohomology. Throughout the thesis, formal schemes always meanp-adic

formal schemes.

Theorem 0.0.5 ([BMS18]Theorem 1.1). Let X be a proper smooth formal scheme over OK ,
where OK is the ring of integers in a complete discretely valued nonarchimedean extension
K of Qp with perfect residue field k. Let C be a completed algebraic closure of K and write
XC for the geometric rigid analytic fiber of X. Fix some i $ 0.

1. There is a comparison isomorphism

H i
«et(XC , Zp) " Zp Bcrys

#= H i
crys(Xk/W (k)) " W (k) Bcrys,

compatible with the Galois and Frobenius actions, and filtration.

2. For all n $ 0, we have the inequality

lengthW (k) (H
i
crys(Xk/W (k)) tor /p n) $ lengthZp

(H i
«et(XC , Zp)tor /p n).
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3. Assume that H i
crys(Xk/W (k)) and H i +1

crys(Xk/W (k)) are p-torsion-free. Then one can
recover H i

crys(Xk/W (k)) with its " -action from H i
«et(XC , Zp) with its GK -action.

Main theorems. In this part, we will state our main theorems and brießy explain our

strategies of proofs.

Let X be a proper smooth formal scheme overOK , where OK is the ring of integers

in a complete discretely valued nonarchimedean extensionK of Qp with perfect residue

Þeld k. DeÞneS := W (k)[[u]] and Þx a uniformizer # of OK . There is a natural W (k)-

linear surjective morphism $ : S ) O K sendingu to #, whose kernel is generated by an

Eisenstein polynomialE = E(u) for #. We can deÞne the Breuil-Kisin cohomologyR! S (X)

of X by using topological cyclic homology or deÞne it to be the prismatic cohomology of

X associated to the prism(S , (E )) (see Theorem 1.6.6). Moreover we can also deÞne its

Hodge-Tate specialization :R! HT (X) := R! S (X) " L
S ," OK . We simply call R! HT (X) the

Hodge-Tate cohomology ofX (this may not be a standard notion).

Let OC be the ring of integers in a complete algebraically closed nonarchimedean

extension C of K and øX denote X %Spf(OK ) Spf(OC ). DeÞne Ainf := W (O#
C ) where

O#
C := lim*! x#$xp OC /p . Then we can deÞne theAinf -cohomology of øX as : R! A

inf

( øX) :=

R! zar( øX, A" øX), where A" øX is a certain complex of sheaves ofAinf -modules on the Za-

riski site of øX. There is also a Hodge-Tate specialization ofAinf -cohomology :R! HT ( øX) =

R! A
inf

( øX) " L
A

inf

,e$
OC (for the deÞnition of e%, see DeÞnition 1.4.1).

For more precise deÞnitions about these cohomology theories, see Chapter 1. Now we

can state our Þrst main result which is about the structure of theAinf -cohomology groups

and the Breuil-Kisin cohomology groups in low ramiÞcation.

Theorem 0.0.6 (Theorem 3.2.5, Theorem 5.2.1). Let X be a proper smooth formal scheme
over OK , where OK is the ring of integers in a complete discretely valued nonarchimedean
extension K of Qp with perfect residue field k and ramification degree e. Let OC be the ring
of integers in a complete algebraically closed nonarchimedean extension C of K and X be
the adic generic fibre of øX := X %Spf(OK ) Spf(OC ). Assume ie < p ! 1. Then there is an
isomorphism of S = W (k)[[u]]-modules

H i
S (X) #= H i

«et(X, Zp) " Zp S

where H i
S (X) := H i (R! S (X)) is the Breuil-Kisin cohomology of X. Consequently, we also

have
H i

A
inf

( øX) #= H i
«et(X, Zp) " Zp Ainf ,

where H i
A

inf

( øX) := H i (R! A
inf

( øX)) is the Ainf -cohomology of øX. Similarly under the same
assumption ie < p ! 1, there is an isomorphism of OK -modules

H i
HT (X) #= H i

«et(X, Zp) " Zp OK ,
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and an isomorphism of OC -modules

H i
HT ( øX) #= H i

«et(X, Zp) " Zp OC ,

where H i
HT (X) := H i (R! HT (X))(resp. H i

HT ( øX) := R! HT ( øX)) is the Hodge-Tate cohomo-
logy of X (resp. øX).

Remark 0.0.7. The Ainf -cohomology is usually di%cult to calculate and its structure can

be very subtle. In [CDN19], the authors have calculated theAinf -cohomology of Drinfeld

symmetric spaces and given an explicit description. In particular, they have also shown

that the Ainf -cohomology groups of Drinfeld symmetric spaces aree&-torsion-free (for the

deÞnition of e&, see DeÞnition 1.4.1) by using di!erent regulator maps.

Remark 0.0.8. Note that the deÞnition of Breuil-Kisin modules (see DeÞnition 1.5.1) in

[BMS18], [BMS19] is slightly more general than the original deÞnition given by Kisin in

[Kis06]. The di!erence lies in the existence ofu-torsion (note that S = W (k)[[u]] is a two

dimensional regular local ring). However, the theorem above shows that the Breuil-Kisin

cohomology theory constructed by Bhatt, Morrow and Schloze does take values in the

category of Breuil-Kisin modules in a traditional sense, at least whenie < p ! 1.

Unfortunately, we can not give any canonical isomorphisms between these modules.

Our method only enables us to compare the module structure. The proof of this theo-

rem relies essentially on the existence of Breuil-Kisin cohomology and the construction of

Ainf -cohomology in [BMS18] by using theL! -functor and the pro-«etale site. In fact, this

construction presents a close relation betweenAinf -cohomology andp-adic «etale cohomo-

logy. The L! -functor provides us with two morphisms betweenH i
A

inf

( øX) (resp. H i
HT ( øX))

and H i
«et(X, Zp) " Zp Ainf (resp. H i

«et(X, Zp) " Zp OC ), whose composition in both direction

is µi (resp. (' p ! 1)i ). For the deÞnitions of µ and ' p, see DeÞnition 1.4.1.

Note that H i
HT ( øX) is just the base change ofH i

HT (X) along the canonical injection

OK ) O C . We can then directly obtain the statement about the Hodge-Tate cohomology

groups in Theorem 0.0.6 by studying the two morphisms provided by theL! -functor and

the lemmas of commutative algebra in Chapter 2.

For the part concerning the Breuil-Kisin cohomology groups, we need to prove some

torsion-free results. Namely, whenie < p ! 1, the Breuil-Kisin cohomology groupH i +1
S (X)

is E-torsion-free (equivalently u-torsion-free by Corollary 5.1.4). Moreover for any positive

integer n, we haveH i
S (X)/p n is alsoE(u)-torsion-free whenie < p ! 1.

As we have said, by studyingAinf -cohomology and its descent Breuil-Kisin cohomology,

we can generalize the results of Fontaine-Messing, Breuil and Caruso to the case of formal

schemes, at least in the good reduction case. This is actually the main motivation of this

work.
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Theorem 0.0.9 (Theorem 4.3.6, Theorem 5.2.3). Let X be a proper smooth formal scheme
over OK , where OK is the ring of integers in a complete discretely valued nonarchimedean
extension K of Qp with perfect residue field k and ramification degree e. Let C be a complete
algebraically closed nonarchimedean extension of K and øX := X %Spf(OK ) Spf(OC ). Write
X for the adic generic fiber of øX. Then when ie < p ! 1, there is an isomorphism of
W (k)-modules H i

«et(X, Zp) " Zp W (k) #= H i
crys(Xk/W (k)) .

We will study unramiÞed case and ramiÞed case in di!erent ways. For the proof in the

unramiÞed case, we need the following theorem :

Theorem 0.0.10 (Theorem 4.3.5). With the same assumptions as the theorem above,
when e = 1 , for any n < p ! 1, we have

lengthZp
(H n

«et(X, Zp)tor /p m )) $ lengthW (k) (H
n
crys(Xk/W (k)) tor /p m )

for all positive integer m.

In fact, we Þrst compare Hodge-Tate cohomology to Hodge cohomology by proving that

the truncated Hodge-Tate complex of sheaves( %p" 1e" øX is formal in this case, i.e. there is

an isomorphism ( %p" 1e" øX '
Lp" 1

i =0 H i (e" øX)[! i ]. We then study the Hodge-to-de Rham

spectral sequence to relate Hodge cohomology to de Rham cohomology. By Theorem 0.0.6,

we can Þnally relate de Rham (or crystalline) cohomology top-adic Žtale cohomology. Note

that the theorem above gives a converse to Theorem 1.4.7 in [BMS18], which implies that

H n
«et(X, Zp) and H n

crys(Xk/W (k)) have the same invariant factors.

In the ramiÞed case, the integral comparison theorem follows directly from Theorem

0.0.6 and Theorem 1.4.5.

Remark 0.0.11. The Ainf -cohomology theory in the semi-stable case has been studied in

[CK19]. The Breuil-Kisin cohomology might be also generalized to the semi-stable case by

using prismatic site. Then one could also hope to generalize Theorem 0.0.6 and Theorem

0.0.9 to the semi-stable case.

We also remark that although the result in the ramiÞed case can recover that in the

unramiÞed case, the method used in the unramiÞed case can lead to the following theorem

concerning Hodge-to-de Rham spectral sequence and integral comparison result for all

cohomological degrees..

Theorem 0.0.12 (Theorem 4.4.3, Corollary 4.4.4). Assume d = dim X < p ! 1.

1. There is an isomorphism of W (k)-modules for all n

H n
«et(X, Zp) " Zp W (k) #= H n

crys(Xk/W (k)) .

2. The (integral) Hodge-to-de Rham spectral sequence degenerates at E1-page.
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Outline. We explain the content of each chapter.

In Chapter 1, we recall the construction ofAinf -cohomology and recollect some impor-

tant theorems that we need.

In Chapter 2, we prove the key lemmas of commutative algebra that lies in the heart

of our proof of the comparison isomorphism and collect some useful results about derived

Hom functor and derived completion.

In Chapter 3, we study the Hodge-Tate cohomology and prove the part concerning the

Hodge-Tate cohomology in Theorem 0.0.6.

In Chapter 4, we prove the comparison isomorphism in the unramiÞed case. We will

prove a decomposition of the Hodge-Tate cohomology groups and study the Hodge-to-de

Rham spectral sequence.

In Chapter 5, we turn to study the comparison isomorphism in the ramiÞed case.

In Chapter 6, we will prove some results about Breuil-Kisin modules which might be

already known to experts. This will provide another (partial) proof of the comparison

isomorphism in Chapter 5.
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Chapitre 1

Recollections on prismatic

cohomology

In this chapter, we simply recall the necessary ingredients for deÞning theAinf -cohomology

theory in [BMS18]. We will stick to the method using the pro-«etale site and the d«ecalage

functor L! for deÞning theAinf -cohomology, which will provide us with some useful mor-

phisms betweenAinf -cohomology groups andp-adic «etale cohomology groups for later use.

We will also brießy introduce the prismatic cohomology that provides a site-theoretical

construction of the Ainf -cohomology.

1.1 Adic spaces

In this section, we brießy introduce the theory of adic spaces, which was introduced by

Huber. Our basic references are [Hub13] and [SW20].

There are several theories of non-archimedean geometry, including the theory of rigid-

analytic spaces due to Tate and the theory of Berkovich spaces. But both of them have

some defects (cf. [Con18], [Wei17]), which are solved by the theory of adic spaces. The

category of adic spaces contain both the category of locally noetherian formal schemes

and the category of rigid-analytic varieties as full subcategories. More recently, in his Phd

thesis [Sch12], Scholze used the theory of adic spaces as the basic language of his theory

of perfectoid spaces.

Like rigid-analytic spaces are built out of a%noid spaces associated to a%noid algebras,

adic spaces are built out of a%noid adic spaces, which are associated to pairs of certain

topological rings (A, A + ).

Definition 1.1.1. A topological ring A is called a Huber ring if it admits an open subring
A0 ( A which is adic with respect to a finitely generated idael of definition. Any such A0

is called a ring of definition of A.

19



20 CHAPITRE 1

Definition 1.1.2. Let A be a Huber ring. An element x + A is power-bounded if the set
{ xn |n $ 0} is bounded. Let A& denote the subring of power-bounded elements.

Definition 1.1.3. Let A be a Huber ring. A subring A+ ( A is called a ring of integral
elements if it is open and integrally closed in A and A+ ( A&.

Definition 1.1.4. A Huber pair is a pair (A, A + ), where A is a Huber ring and A+ ( A

is a ring of integral elements.

Example 1.1.5. If A = Qp,T-, then A& = Zp,T-. We can take A+ = A&, i.e. the pair

(A, A &) is a Huber pair.

Now we show how to construct topological spaces out of Huber pairs by considering

continuous valuations as the points.

Definition 1.1.6. A continuous valuation on a topological ring A is a map |á|: A ) ! .{ 0}

into a totally ordered abelian group ! such that

1. |ab| = |a||b|

2. |a + b| & max(|a|, |b|)

3. |1| = 1

4. |0| = 0

5. For all ) + ! lying in the image of | á |, the set { a + A | |a| < ) } is open in A.

We say two continuous valuations | á |1, | á |2 valued in ! 1 resp. ! 2 are equivalent when it is
true that |a|1 & |b|1 if and only if |a|2 & |b|2.

Definition 1.1.7. Let (A, A + ) be a Huber pair. The adic spectrum Spa(A, A + ) is the set
of equivalence classes of continuous valuations | á | on A such that |A+ | & 1. We write
f /) | f (x)| for a choice of valuation corresponding to x + Spa(A, A + ). The topology on
Spa(A, A + ) is generated by open subsets of the form { x | |f (x)| & | g(x)| 0= 0 } with f, g + A.

In order to deÞne the Òstructure sheafÓ on the adic spectrumX = Spa(A, A + ), we need

to introduce the rational subsets.

Definition 1.1.8. Let s + A and T ( A be a finite subset such that T A ( A is open. We
define

U(
T
s

) = { x + X | |t(x)| & | s(x)| 0= 0 , for all t + T} .

We call subsets of this form rational subsets.

Now we state a theorem saying that rational subsets are adic spectra.
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Theorem 1.1.9 ([Hub94] Proposition 1.3). Let U ( X = Spa(A, A + ) be a rational subset.
Then there exists a complete Huber pair (OX (U), O+

X (U)) and a morphism of Huber pairs
(A, A + ) ) (OX (U), O+

X (U)) such that the induced map

Spa(OX (U), O+
X (U)) ) Spa(A, A + )

factors through U and is universal for such maps. This map is a homeomorphism onto U.

Definition 1.1.10. We define a presheaf OX of topological rings on X = Spa(A, A + ) : if
U ( X is a rational subset, OX (U) is as in the theorem above. For an open subset W ( X ,
we define

OX (W ) = lim*!
U' W rational

OX (U)

We can define a presheaf O+
X of topological rings in a similar way.

Definition 1.1.11. A Huber pair (A, A + ) is sheafy if OX is a sheaf of topological rings.

Remark 1.1.12. The presheafOX needs not to be a sheaf. There are some examples in

[Mih16], [BV18].

Now we come to deÞne adic spaces.

Definition 1.1.13. Let V be the category as follows. The objects are triples (X, OX , (| á

(x)|)x( X ), where X is a topological space, OX is a sheaf of topological rings and for each
x + X , |á(x)| is an equivalence class of continuous valuations on OX,x . The morphisms are
maps of topologically ringed spacesf : X ) Y that make the following diagram commute
up to equivalence for all x + X :

OY,f (x) OX,x

! f (x) . { 0} ! x . { 0} .

Then an adic space is an object (X, OX , (| á(x)|)x( X ) of V , which admits a covering by
spaces Ui such that the triple (Ui , OX |Ui , (| á(x)|)x( Ui) is isomorphic to Spa(Ai , A+

i ) for a
sheafy Huber pair (Ai , A+

i ). For sheafy (A, A + ), we call the topological space Spa(A, A + )

together with its structure sheaf and continuous valuations an affinoid adic space.

Remark 1.1.14. For every rigid analytic variety X , there is an associated adic space

r (X ). And there is an equivalence between the Žtale topos ofr (X ) and the Žtale topos of

X (cf. [Hub13, Proposition 2.1.4]). In particular, the Žtale cohomology ofX is the same as

the Žtale cohomology ofr (X ).

We end this section by introducing the notion of perfectoid Tate rings which will appear

in the study of pro-Žtale site in next section.
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Definition 1.1.15. A Huber ring A is Tate if it contains a topologically nilpotent unit
g + A. We also call topological nilpotent units in A pseudo-uniformizers.

Definition 1.1.16. A complete Tate ring A is perfectoid if A& is a ring of definition and
there exists a pseudo-uniformize # + A such that #p divides p in A& and the p-th power
Frobenius map # : A&/# ) A&/# p is an isomorphism.

Remark 1.1.17. We remark that there is another notion of integral perfectoid rings (cf.

[BMS18, Section 3]). These two notions are closely related. In fact, ifA is a perfectoid Tate

ring with a ring of integral elements A+ , then A+ is an integral perfectoid ring ([BMS18,

Lemma 3.20]).

1.2 The pro-Žtale site

The Þrst ingredient for deÞning theAinf -cohomology is the pro-Žtale site. The pro-

Žtale site was introduced by Scholze in [Sch13] in order to studyp-adic Hodge theory of

rigid-analytic varieties. The local structure of rigid-analytic varieties is often complicated.

The introduction of the pro-Žtale site makes the local study much simpler : it is Òlocally

perfectoidÓ.

In this subsection, let C be a complete and algebraically closed nonarchimedean exten-

sion of Qp and X be a smooth rigid-analytic variety over C, viewed as an adic space.

Definition 1.2.1. Let pro-X «et be the category of pro-objects associated to the category
X «et. The objects are functors from a small cofiltered category I to X «et sending i to Ui ,
which we denote Ò lim*! Ói ( I Ui . The underlying topological space of Ò lim*! Ói ( I Ui is defined
to be lim*! i ( I

|Ui |, where |Ui | is the underlying topological space of Ui . The morphisms in
pro-X «et are given by

Hom(F, G) = lim*!
i
2

( I
2

lim!)
i
1

( I
1

Hom(F (i 1), G(i 2))

for any objects F : I 1 ) X «et and G : I 2 ) X «et.

Definition 1.2.2 ([Sch13] DeÞnition 3.9). The category X pro«et is defined to be the full
subcategory of pro-X «et consisting of those objects pro-étale over X . We say that a pro-
object in pro-X «et is pro-étale over X if it is isomorphic to an object U = Ò lim*! Ói ( I Ui with
Ui + X «et such that all maps Ui ) Uj are finite étale and surjective.

Definition 1.2.3 ([Sch13] DeÞnition 3.9). We say a collection of maps { f i : Ui ) U} in
X pro«et is a covering if and only if the following conditions are satisfied :

1. The collection of the maps of the underlying topological spaces { f i : |Ui | ) | U|} is
a pointwise covering.
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2. Each f i satisfies the condition : One can write Ui as an inverse limit Ui = lim*! µ<%
Uµ

of Uµ + X pro«et along some ordinal * such that for all µ > 0, the map Uµ ) U<µ :=

lim*! µ 0<µ
Uµ 0 is the pullback of a finite étale and surjective map in X «et. And there is

an étale map U0 ) U, i.e. the pullback of an étale map in X «et, such that f i : Ui ) U

is the composite of the projection Ui ) U0 and the étale map U0 ) U.

The category X pro«et together with the coverings deÞned above forms a site.

Definition 1.2.4 ([Sch13] DeÞnition 4.3). An object U + X pro«et is said to be affinoid
perfectoid if and only if it is isomorphic in X pro«et to an object Ò lim*! Ói ( I Ui which has the
following properties :

1. The transition maps Uj ) Ui are finite étale surjective for j $ i ;

2. Ui = Spa(Ri , R+
i ) is affinoid for each i ;

3. The complete Tate ring R := (lim!) i
R+

i ))
p " Zp Qp is perfectoid, where () )

p means
p-adic completion.

The next proposition says that the site X pro«et is locally perfectoid.

Proposition 1.2.5 ([Sch13] Proposition 4.8). The set U + X pro«et which are affinoid per-
fectoid form a basis for the topology.

Now we want to deÞne some sheaves onX pro«et . Consider the natural projection map

of sites

+ : X pro«et ) X «et.

which is deÞned by pulling backU + X «et to the constant tower (á á á ) U ) U ) X ) in

X pro«et . This just reßects the fact that an Žtale morphism is pro-Žtale.

Definition 1.2.6 ([Sch13] Section 6). Consider the following sheaves on X pro«et .

1. The integral structure sheaf O+
X := +! O+

X
ét

.

2. The structure sheaf OX := +! OX
ét

.

3. The completed integral structure sheaf bO+
X := lim*! n

O+
X /p n .

4. The completed structure sheaf bOX := bO+
X [1

p].

5. The tilted completed integral structure sheaf bO+
X [ := lim*! !

O+
X /p .

6. Fontaine’s period sheaf Ainf ,X , which is the derived p-adic completion of W ( bO+
X [)

(for the definition of derived p-adic completion, see Section 2.4).

Remark 1.2.7. 1. In [BMS18, Remark 5.5], it has been pointed out that it is not

clear whether W ( bO+
X [) is derived p-adic complete. So in order to make theAinf -

cohomology theory work well, we need to deÞneAinf ,X as the derivedp-adic com-

pletion of W ( bO+
X [), which is actually a complex of sheaves.
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2. Let U = Ò lim*! Ói Ui + X pro«et be a%noid perfectoid with Ui = Spa(Ri , R+
i ). Then

O+
X (U) = lim!) i

R+
i , OX (U) = lim!) i

Ri , bO+
X (U) = R+ , bOX (U) = R, bO+

X [(U) =

R+ #(:= lim*! x#$xp R+ /p ), H 0(U,Ainf ,X ) = Ainf (R+ ) (cf. [Sch13, Lemma 4.10, Lemma

5.10, Thoerem 6.5]).

1.3 The L! -functor

The other important ingredient for deÞning theAinf -cohomology is the d«ecalage functor,

which functions as a tool to get rid of Òjunk torsionÓ. The Òjunk torsionÓ exists already in

FaltingsÕ approach top-adic Hodge theory in [Fal88]. The introduction of the dŽcalage

functor is actually the main novelty of [BMS18] to deal with this Òjunk torsionÓ.

Definition 1.3.1 (The L! -functor, [BMS18] Section 6). Let (T, OT ) be a ringed topos and
I ( O T be an invertible ideal sheaf. For any I -torsion-free complex C¥ + K (OT ) 1, we can
define a new complex ! I C¥ = ( ! I C)¥ + K (OT ) with terms

(! I C)i := { x + Ci |dx + I á Ci +1 } " OT I * i

For every complex D ¥ + K (OT ), there exists a strongly K -flat complex C¥ + K (OT ) and
a quasi-isomorphism C¥ ) D ¥. By saying strongly K -flat, we mean that each Ci is a flat
OT -module and for every acyclic complex P¥ + K (OT ), the total complex Tot( C¥ " P¥) is
acyclic. In particular, C¥ is I -torsion free. Then we can define

L! I : D (OT ) ) D (OT )

L! I (D ¥) := ! I (C¥)

A concrete example is to consider a ringA and a non-zero-divisora + A. If C is a

cochain complex ofa-torsion free A-modules, we can deÞne the subcomplex! aC of C[ 1
a ]

as

(! aC)i := { x + ai Ci : dx + ai +1 áCi +1 }

and this induces the corresponding functorL! a : D (A) ) D (A).

Lemma 1.3.2. The map f : Z (Ci ) ) (! aC)i defined by sending m to ai m induces a
natural isomorphism

H i (C)/H i (C)[a] +!) H i (! aC).

Proof. Let m + Ci be a cocycle, i.e.dm = 0 . Then ai m + (! aC)i is also a cocycle. Let

n + Ci be a coboundary, i.e.n = dx for some x + Ci " 1, then ai n + (! aC)i is also a

1. The category K (OT ) is the category whose objects are complexes ofOT -modules and morphisms
are maps of complexes modulo homotopy equivalence.
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coboundary asai n = d(ai x) and ai x is in (! aC)i " 1. So the map sendingm to ai m induces

a map f : H i (C) ) H i (! aC).

It is easy to see that the induced map is surjective. Since for any cocyclen in (! aC)i ,

we can write n = ai y for somey + Ci . Then dn = 0 implies dy = 0 since C is a-torsion

free. This meansy is a cocycle inCi .

The kernel of the induced map corresponds to thosex + Ci such that dx = 0 and

ax + d(Ci " 1), i.e. H i (C)[a].

This lemma justiÞes that the L! -functor can kill Òjunk torsionÓ in some sense.

Remark 1.3.3. 1. The L! -functor is not an exact functor between derived categories.

For example, consider the distinguished triangleZ/p ) Z/p 2 ) Z/p where the Þrst

map is induced by multiplication by p on Z and the second map is modulop. It is

easy to see thatL! p(Z/p ) = 0 and L! p(Z/p 2) 0= 0 .

2. By [BMS18, Proposition 6.7], theL! -functor is lax symmetric monoidal.

3. The L! -functor was Þrst introduced by Berthelot-Ogus in [BO15] following a sug-

gestion of Deligne. They used it to study the crystalline cohomology of a proper

smooth scheme over a perfect Þeld of characteristicp and the relation between the

associated Newton and Hodge polygons.

1.4 The Ainf -cohomology

From now on to the end of this chapter, letX be a proper smooth formal scheme over

OK , where OK is the ring of integers in a complete discretely valued nonarchimedean

extension K of Qp with perfect residue Þeldk and ramiÞcation degreee. Let OC be the

ring of integers in a complete algebraically closed nonarchimedean extensionC of K and

X be the adic generic Þbre oføX := X %Spf(OK ) Spf(OC ). Let Xk denote the special Þber of

X and Xøk denote its base change toøk which is the residue Þeld ofOC (note that øk is not

necessarily the algebraic closure ofk).

We Þrst recall some basic deÞnitions inp-adic Hodge theory.

Definition 1.4.1 ([Fon94]). 1. Define O#
C := lim*! x$ xp OC /p which is called the tilt of

OC and Ainf := W (O#
C ), the Witt vector ring of O#

C . Note that O#
C is a perfect ring

of characteristic p and Ainf is equipped with a natural Frobenius map " , which is an
isomorphism of rings.

2. Fix a compatible system of primitive p-power roots of unity { ' pn} n( N in OC such that
' p

pn+1

= ' pn . Under the isomorphism of multiplicative monoids O#
C

#= lim*! x$ xp OC ,
we define , := (1 , ' p, ' p2 , á á á, ' pn , á á á) + O #

C and µ := [ , ] ! 1 + Ainf .

3. There is a map %: Ainf ) O C defined by Fontaine. The map %is surjective and
ker(%) is generated by &= µ/" " 1(µ). After twisting with the Frobenius map, we gete%:= %1 " " 1 : Ainf ) O C , whose kernel is generated by e&:= " (&) = " (µ)/µ .
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Now we are ready to deÞne theAinf -cohomology theory. We consider the natural pro-

jection - : X pro«et ) øXzar, which is actually the compositeX pro«et
&!) X «et ) øX«et ) øXzar.

Definition 1.4.2 ([BMS18] DeÞnition 9.1). Define A" øX := L! µR- ! (Ainf ,X ) and e" øX :=

L! ' p�1

R- ! ( bO+
X ). The Ainf -cohomology is defined to be the Zariski hypercohomology of the

complex of sheaves A" øX, i.e. R! A
inf

( øX) := R! zar( øX, A" øX). We can also define the Hodge-
Tate cohomology R! HT ( øX) := R! zar( øX, e" øX).

Remark 1.4.3. As both R- ! and the L! -functor are lax symmetric monoidal, the complexe" øX is a commutative OX-algebra object in the derived category ofOX-modulesD(OX). For

the same reason, the complexA" øX is a commutative ring in the derived categoryD(Xzar, Z)

of abelian sheaves.

The Ainf -cohomology takes values in the category of what we call Breuil-Kisin-Fargues

modules.

Definition 1.4.4 ([BMS18] DeÞnition 4.22). A Breuil-Kisin-Fargues module is a finitely
presented Ainf -module M which becomes free over Ainf [ 1

p] after inverting p and is equipped
with an isomorphism

" M : M " A
inf

,! Ainf [
1e&] +!) M [

1e&].

The main theorem about the Ainf -cohomology theory is the following :

Theorem 1.4.5 ([BMS18] Theorem 14.3). The complex R! A
inf

( øX) is a perfect complex of
Ainf -modules with a " -linear map " : R! A

inf

( øX) ) R! A
inf

( øX) which becomes an isomor-
phism after inverting & resp. e&. The cohomology groups H i

A
inf

( øX) := H i (R! A
inf

( øX)) are
Breuil-Kisin-Fargues modules. Moreover, there are several comparison results :

1. With «etale cohomology : R! A
inf

( øX) " A
inf

Ainf [1/µ ] ' R! «et(X, Zp) " Zp Ainf [1/µ ].

2. With crystalline cohomology : R! A
inf

( øX) " L
A

inf

W (øk) ' R! crys(Xøk/W (øk)) , where the
map Ainf = W (O#

C ) ) W (øk) is induced by the natural projection O#
C ) øk (in fact,

O#
C is a valuation ring with residue field øk).

3. With de Rham cohomology : R! A
inf

( øX) " L
A

inf

,$ OC ' R! dR( øX/ OC ).

4. With Hodge-Tate cohomology : e" øX ' A" øX " L
A

inf

,e$
OC and R! A

inf

( øX) " L
A

inf

,e$
OC '

R! HT ( øX).

Corollary 1.4.6. For all i $ 0, we have isomorphisms and short exact sequences

1. H i
A

inf

( øX) " A
inf

Ainf [1/µ ] #= H i
«et(X, Zp) " Zp Ainf [1/µ ].

2. 0 ) H i
A

inf

( øX) " A
inf

W (øk) ) H i
crys(Xøk/W (øk)) ) T orA

inf

1 (H i +1
A

inf

( øX), W(øk)) ) 0.

3. 0 ) H i
A

inf

( øX) " A
inf

,$ OC ) H i
dR( øX/ OC ) ) H i +1

A
inf

( øX)[&] ) 0.

4. 0 ) H i
A

inf

( øX) " A
inf

,e$ OC ) H i
HT ( øX) ) H i +1

A
inf

( øX)[e&] ) 0.
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One of the most important applications of the Ainf -cohomology theory is to enable us

to compare Žtale cohomology to crystalline cohomology integrally without any restrictions

on the degree of cohomology groups and the ramiÞcation degree of the base Þeld. More

precisely, it can be showed that the torsion in the crystalline cohomology gives an upper

bound for the torsion in the «etale cohomology.

Theorem 1.4.7 ([BMS18] Theorem 14.5). For any n, i $ 0, we have the inequality

lengthW (k) (H
i
crys(Xk/W (k)) tor /p n) $ lengthZp

(H i
«et(X, Zp)tor /p n)

where H i
crys(Xk/W (k)) tor is the torsion submodule of H i

crys(Xk/W (k)) and H i
«et(X, Zp)tor

is the torsion submodule of H i
«et(X, Zp).

1.5 Breuil-Kisin cohomology

As we have mentioned, there is a reÞnement of theAinf -cohomology, i.e. the Breuil-

Kisin cohomology, which recoversAinf -cohomology after base change along a faithfully ßat

map . : S = W (k)[[u]] ) Ainf . In fact, there is a commutative diagram

S Ainf

OK OC

(

" e$
i

where$ is the natural projection sendingu to # and i is the natural injection. To deÞne the

map . , we Þx a uniformizer# of K and a compatible system ofp-power roots #1/p n
+ C,

which deÞnes an element## = ( #, #1/p , #1/p 2

, á á á) + lim*! x#$xp OC
#= O#

C . Then . is deÞned

to sendu to [##]p and be the Frobenius onW (k). In particular, we have (. (E )) = ( e&) where

E is a Þxed Eisenstein polynomial for#. To see this, recall that an elementx + ker(%) is a

generator if and only if the second termx1 of the Witt vector expansion x = ( x0, x1, á á á) is

a unit in O#
C (cf. [Fon82, Proposition 2.4]). So an elementy + ker(e%) is a generator if and

only if the second term y1 of y = ( y0, y1, á á á) is a unit in O#
C . Note that E =

Pe
i =0 ai ui

for some ai + W (k) such that ae = 1 , ai + pW(k) for 0 & i < e and a0 /+ p2W (k).

Then . (E ) =
Pe

i =0 " (ai )[##]pi . Let x = ( x0, x1, á á á), y = ( y0, y1, á á á) be two elements in

Ainf = W (O#
C ). Recall the following formulas

x + y = ( x0 + y0, x1 + y1 +
xp

0 + yp
0 ! (x0 + y0)p

p
, á á á)

px = (0 , xp
0, xp

1, á á á)

Then it is easy to check that the second item of. (E ) is a unit in O#
C . For the ßatness of

the map . , see [BMS18, Lemma 4.30].
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The Breuil-Kisin cohomology takes value in the category of Breuil-Kisin modules, which

dates back to the work of Breuil [Bre] and the work of Kisin [Kis06]. It has shown great

power in integral p-adic Hodge theory. For instance, it has been used by Kisin to give an

alternative proof of Clomez-FontaineÕs fundamental result in [CF00] that weakly admissi-

bility implies admissibility and also to give a classiÞcation ofp-divisible groups and Þnite

ßat group schemes. In [Kis09], Kisin has used the Breuil-Kisin modules with coe%cients

to prove some modularity lifting theorems. More recently, Emerton and Gee constructed a

moduli stack of Breuil-Kisin modules and used it to study Galois representations in [EG19].

The Þrst attempt to Þnd a cohomological construction of Breuil-Kisin modules dates

back to the PhD thesis [B¬12] of Ojeda B¬ar, who used crystalline cohomology to construct

certain perfect complexes. Later, after the birth ofAinf -cohomology theory, Cais and Liu, in

their paper [CL19], also used crystalline cohomology andAinf -cohomology to give a coho-

mological construction of Breuil-Kisin modules under some restrictions on the ramiÞcation

degree.

The Þrst unconditional construction of the Breuil-Kisin cohomology is given in [BMS19]

by using topological cyclic homology. Another construction is given in [BS19] by using the

prismatic site. We will not say anything about the construction of Breuil-Kisin cohomology

theory here but choose to state a similar comparison theorem as in theAinf case.

We give the deÞnition of Breuil-Kisin module which is slightly more general than the

original deÞnition due to Kisin.

Definition 1.5.1 ([BMS18] DeÞnition 4.1). A Breuil-Kisin module is a finitely generated
S -module M together with an isomorphism

" M : M " S ,! S [
1
E

] ) M [
1
E

].

Theorem 1.5.2 ([BMS19] Theorem 1.2). For any proper smooth formal scheme X/ OK ,
there is a S -linear cohomology theory R! S (X) which is a perfect complex of S -modules.
Moreover, it is equipped with a " -linear map " : R! S (X) ) R! S (X) which induces an
isomorphism

R! S (X) " S ,! S [
1
E

] ' R! S (X)[
1
E

]

The cohomology groups H i
S (X) := H i (R! S (X)) are Breuil-Kisin modules. There are several

specializations that recover other p-adic cohomology theories :

1. With Ainf -cohomology : after base change along . : S ) Ainf , it recovers Ainf -
cohomology : R! S (X) " S ,( Ainf ' R! A

inf

( øX).

2. With étale cohomology : R! S (X) " S ,e( W (C#) ' R! «et(X, Zp) " Zp W (C#), where e.
is the composition S (!) Ainf /) W (C#).

3. With de Rham cohomology : R! S (X) " L
S ,e"

OK ' R! dR(X/ OK ), where e$ := $ 1 " :

S ) O K .
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4. With crystalline cohomology : after base change along the map S ) W (k) which is
the Frobenius on W (k) and sends u to 0, it recovers the crystalline cohomology of
the special fiber : R! S (X) " L

S W (k) ' R! crys(Xk/W (k)) .

For later convenience, we deÞneR! HT (X) := R! S (X) " L
S ," OK and call it the Hodge-

Tate cohomology ofX. Note that there is an isomorphism :R! HT (X) " L
OK

OC ' R! HT (X).

Remark 1.5.3. Note that there is a Frobenius twist appearing in the specializations above.

As explained in [BMS19, Remark 1.4], this is not artiÞcial but contains some information

about the torsion in the de Rham cohomology.

1.6 Prismatic cohomology

The goal of this subsection is to recall howAinf -cohomology and Breuil-Kisin cohomo-

logy can be uniÞed by prismatic cohomology. We hope that the results in this thesis can

be generalized to the semi-stable case by applying the prismatic formalism. But we will

not address this question here.

The basic object for deÞning the prismatic site is called a prism, which can be viewed

as a deperfection of a perfectoid ring. Before introducing prisms, we need to deÞne0-rings.

Definition 1.6.1 ([BS19] DeÞnition 2.1). A 0-ring is a pair (R, 0) where R is a commu-
tative ring and 0 : R ) R is a map of sets such that 0(0) = 0(1) = 0 and satisfies the
following identities :

0(xy) = xp0(y) + yp0(x) + p0(x)0(y)

and
0(x + y) = 0(x) + 0(y) +

xp + yp ! (x + y)p

p

The identities on 0 enables us to construct a ring map" R : R ) R by deÞning

" R(x) = xp + p0(x). Then " R can be regarded as a Frobenius lift. Now we introduce the

notion of a prism.

Definition 1.6.2 ([BS19] DeÞnition 1.1). A prism is a pair (A, I ) where A is 0-ring and
I ( A is an ideal defining a Cartier divisor in Spec(A), and satisfying the following two
conditions :

1. The ring A is derived (p, I )-adically complete (for the definition of derived comple-
tion, see Section 2.4).

2. The ideal I + " A (I ) contains p, where " A is the Frobenius lift induced by the 0-
structure on A.

A map of prisms (A, I ) ) (B, J ) is given by a map of A ) B of 0-rings sending I into J .

Remark 1.6.3. There are two examples which are related to the ringsAinf and S .
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1. One is (Ainf , ker(%)) , where %is FontaineÕs map. In fact, for any perfectoid ringR,

there is a corresponding perfect prism(Ainf (R), ker(%)) . Here perfect means that

" R : R ) R is an isomorphism.

2. The other is (S , (E )) . The Frobenius lift on S extends the Frobenius onW (k) and

sendsu to up.

Definition 1.6.4. A prism (A, I ) is bounded if there exists some integer n such that
A/I [p, ] = A/I [pn ].

In general, given a bounded prism(A, I ) and a smoothp-adic formal schemeX over

A/I , one can deÞne the prismatic site((X/A )! , O! ). The construction of the prismatic

site is similar to that of the crystalline site, but considering prisms instead of nilpotent

thickenings.

Definition 1.6.5. The prismatic site (X/A )! is the opposite category of prisms (B, J )

with a map (A, I ) ) (B, J ) and a map Spf(B/J ) ) X over Spf(A/I ), equipped with the
faithfully flat covers. We say a map (A, I ) ) (B, J ) of prisms is faithfully flat if A ) B

is (p, I )-completely faithfully flat which means that the derived tensor product M " L
A N is

concentrated in degree 0 for any (p, I )-torsion A-module N and B " L
A A/ (p, I ) is a faithfully

flat A/ (p, I )-module.

The structure sheafO! on (X/A )! is deÞned to be the sheaf taking a pair(B, J ) to B .

And there is another sheafO! of rings on (X/A )! which is deÞned to take a pair(B, J )

to B/J . This is a sheaf ofO(X )-algebras.

Now we state the theorem showing that prismatic cohomology can recoverAinf -cohomology

and Breuil-Kisin cohomology.

Theorem 1.6.6 ([BS19] Theorem 1.8). Let (A, I ) be a bounded prism, and let X be a
smooth p-adic formal scheme over A/I . We consider the sheaf cohomology of the structure
sheaf

R! ! (X/A ) := R!(( X/A )! , O! ),

which is a commutative algebra in the derived category D(A) of A-modules and is equipped
with a " A -linear map " .

1. (Base change) Let (A, I ) ) (B, J ) be a map of bounded prisms, and let Y =

X %Spf(A/I ) Spf(B/J ). Then there is a canonical isomorphsim

R! ! (X/A ) b" L
A B ' R! ! (Y /B ),

where the completion on the left is the derived (p, J)-adic completion.
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2. (Ainf -cohomology) Let (A, I ) be the perfect prism (Ainf , ker(%)) , then there exists a
canonical " -equivariant isomorphism

R! A
inf

(X) ' " !
A R! ! (X/A inf ) = R! ! (X/A inf ) b" L

A
inf

,! Ainf .

3. (Breuil-Kisin cohomology) Let (A, I ) to be the prism (S , (E )) . Then there is a ca-
nonical " -equivariant isomorpshim

R! S (X) ' R! ! (X/ S ).

4. (Crystalline cohomology) If I = ( p), then there is a canonical " -equivariant isomor-
phism

R! crys(X/A ) ' " !
A R! ! (X/A ) = R! ! (X/A ) b" L

A,! A
A.

of commutative algebras in D(A).
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Chapitre 2

Preliminaries on commutative

algebra

In this chapter, we will recollect some results on commutative algebra and prove some

key lemmas that are frequently used later. We Þx a complete, algebraically closed nonar-

chimedean extensionC of Qp, with ring of integers OC .

2.1 Finitely presented modules over valuation rings

In this section, we study Þnitely presented modules overOC .

Lemma 2.1.1 ([Sta19]Lemma 0ASN). Let R be a ring. The following are equivalent :

1. For a, b+ R, either a divides b or b divides a.

2. Every finitely generated ideal is principal and R is local.

3. The set of ideals of R are linearly ordered by inclusion.

In particular, all valuation rings satisfy these equivalent conditions. The module struc-

ture of Þnitely presented modules over valuation rings is similar to that of Þnitely generated

modules over principal ideal domains as the following lemma shows.

Lemma 2.1.2 ([Sta19]Lemma 0ASP). Let R be a ring satisfying the equivalent conditions
above, then every finitely presented R-module is isomorphic to a finite direct sum of modules
of the form R/aR where a + R.

Corollary 2.1.3. Any finitely presented module over OC is of the form
Ln

i =1 OC /# i for
some #i + OC .

We will need to study Þnitely presented torsionOC -modules later. The main tool to

deal with these modules is the length functionlOC , as used in [CK19], see also [Bha17a].

In particular, this length function behaves additively under short exact sequences. Usually,

we use the normalized length function, i.e.lOC (OC /p ) = 1 .

33
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Lemma 2.1.4. Let A and B be base changes to OC of finitely presented torsion W (k)-
modules. If for each m > 0, we have

lOC (A/p m ) = lOC (B/p m )

then A is isomorphic to B as OC -modules.

Proof. Note that 2lOC (A/p ) ! lOC (A/p 2) is the number of copies ofOC /p in A. This implies

that the number of copies ofOC /p in A is equal to that of B . By induction on m, it is

easy to proveA #= B as OC -modules.

2.2 Key lemmas

In this section, we want to prove the following key lemma which will be used in the

comparison of Hodge-Tate cohomology andp-adic Žtale cohomology.

Lemma 2.2.1. Let M =
Lm

i =1 OC /$ m i and N =
Ln

j =1 OC /$ nj , where $ 0= 0 is in the
maximal ideal m of OC and all mi , nj are positive integers. Suppose there are two OC -
linear morphisms f : M ) N and g : N ) M such that g 1 f = . and f 1 g = . , where
. + OC and v($) > v (. ). Then m = n and the multi-sets { mi } and { nj } are the same,
i.e., M #= N .

In order to prove this lemma, we consider all Þnitely presented torsion modules overOC .

As we have mentioned, any such module looks like
Ln

i =1 OC /# i for some non-zero#i + m.

We call trk( N ) := n the torsion-rank of N . Note that the torsion-rank of N is equal to the

dimension ofN base changed to the residue Þeld ofOC . So it is well-deÞned. We will also

use the normalized length functionlOC for Þnitely presented torsionOC -modules.

Now we prove a lemma concerning the torsion-rank :

Lemma 2.2.2. Let N /) M be an injection of finitely presented torsion OC -modules.
Then trk( N ) & trk( M ). Dually if N ⇣ M is a surjection of finitely presented torsion
OC -modules, then trk( N ) $ trk( M ).

Proof. Write N =
Ln

i =1 OC /# i and M =
Lm

i =1 OC /1 i . Let # be the smallest of the#i

(i.e., the one with the smallest valuation), and let 1 be the largest of1 i . Then

(OC /# )n ( N /) M ( (OC /1 )m ,

which shows that 1 + #OC ; write 1 = #x. The composition of these maps lands in the

#-torsion of (OC /1 )m , which is isomorphic to (xOC /1 OC )m #= (OC /# OC )m . So now we

have an injection (OC /# )n /) (OC /# )m . Taking length shows that n & m.
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If N ⇣ M is a surjection of Þnitely presented torsionOC -modules, we can consider the

injection Hom(M, OC /t ) /) Hom(N, OC /t ) where t is any non-zero element inm. Then

we havetrk( M ) = trk(Hom( M, OC /t )) & trk(Hom( N, OC /t )) = trk( N ).

Lemma 2.2.3. Let g : N ) M be a morphism of finitely presented torsion OC -modules ;
write N =

Ln
i =1 OC /# i and M =

Lm
i =1 OC /1 i . Assume that ker(g) is killed by some

element . + OC whose valuation is strictly smaller that all of the #i . Then trk( N ) &

trk( M ).

Proof. By assumption ker(g) is contained in the . -torsion N [. ] of N , which is given by

N [. ] #=
Ln

i =1
) i
( OC /# i OC . So

N ⇣ N/ ker(g) ⇣ N/N [. ] #=
nM

i =1

#i

.
OC /# i OC .

Taking torsion-ranks, Lemma 2.2.2 for surjections shows thattrk( N/ ker(g)) = trk( N ). But

N/ ker(g) /) M , so Lemma 2.2.2 also shows thattrk( N/ ker(g)) & trk( M ).

Now we are ready to prove Lemma 2.2.1.

Proof of Lemma 2.2.1. Note that the number of invariant factor $k in M is equal to

trk( $k" 1M ) ! trk( $kM ). By Lemma 2.2.3 applied to f |" kM : $kM ) $kN and g|" kN :

$kN ) $kM , we havetrk( $kM ) = trk( $kN ) for any k. This means that the number of

invariant factor $k in M and that in N are equal for anyk. So we must haveM #= N .

Lemma 2.2.4. Let M = Or
C 2 (

Lm
i =1 OC /$ m i) and N = Os

C 2 (
Ln

j =1 OC /$ nj ). Suppose
there are two OC -linear morphisms f : M ) N and g : N ) M such that g 1 f = . and
f 1 g = . , where . + OC and v($) > v (. ). Then M #= N . In particular, if M = 0 , then
N = 0 .

Proof. According to Lemma 2.2.1, M/$ k and N/$ k are isomorphic for all k. For large

enoughk, this means the torsion submoduleM tor of M is isomorphic to the torsion sub-

module Ntor of N and also the rank of the free part ofM is equal to that of N , i.e. r = s.

We are done.

2.3 Derived Hom

In this section, we collect some results about the derived Hom functor. These results

will be used in Chapter 3 when we deal with derived category. For the proofs of these

results, we refer to [Sta19, Section 0A5W].

Let R be a ring. The derived Hom is a functor

D(R)opp %D(R) ) D(R)

https://stacks.math.columbia.edu/tag/0A5W
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(K, L ) /) RHomR(K, L )

More explicitly, choose aK -injective complexI of R-modules representingL , then RHomR(K, L ) '

Hom¥(K, I ), where the Hom complexHom¥(K, I ) is deÞned byHomn(K, I ) =
Q

n= p+ q Hom(K " q, I p)

with di!erential d(f ) = dI 1 f ! (! 1)n f 1 dK for f + Homn(K, I ).

Note that the derived Hom is right adjoint to the derived tensor product, i.e.

HomD (R) (K, RHomR(L, M )) = Hom D (R) (K " L
R L, M )

for K, L, M + D(R).

Lemma 2.3.1 ([Sta19]Lemma 0A65). Let R be a ring and K, L, M + D(R). Then there
is a canonical isomorphsim

RHomR(K, RHomR(L, M )) ' RHomR(K " L
R L, M )

in D(R) functorial in K, L, M . In particular, if we take the 0-th cohomology groups, this
gives back

HomD (R)(K, RHomR(L, M )) = Hom D (R) (K " L
R L, M )

Lemma 2.3.2 ([Sta19]Lemma 0A66). Let R be a ring. Let P be a bounded above complex of
projective R-modules and L be a complex of R-modules. Then RHomR(P, L) is represented
by the complex Hom¥(P, L).

Lemma 2.3.3 ([Sta19]Lemma 07VI). Let R be a ring. Let K + D(R) be perfect. Then
K - = RHom R(K, R ) is a perfect complex and K ' (K - )- .

2.4 Derived completion

In this section, we collect some basic facts about derived completion. We will focus on

the derived category ofA-modules for some ringA. The basic reference is [Sta19, Section

091N]. One can also consider the more general case about ringed topoi but the results in

this section remain true in that general case. We refer to [BS15] and [Sta19, Section 0995]

for discussions in the case of ringed topoi.

Definition 2.4.1. Let A be a ring and f + A. Let K + D(A). We say K is derived
f -adically complete if the derived limit T(K, f ) of the system

á á á
f
!) K

f
!) K

f
!) K

vanishes. Let I be an ideal of A. We say K is derived I -adically complete if T(K, f ) vanishes
for all f + I .

https://stacks.math.columbia.edu/tag/0A65
https://stacks.math.columbia.edu/tag/0A66
https://stacks.math.columbia.edu/tag/07VI
https://stacks.math.columbia.edu/tag/091N
https://stacks.math.columbia.edu/tag/091N
https://stacks.math.columbia.edu/tag/0995
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Proposition 2.4.2 ([Sta19][Proposition 091T, [BS15] Proposition 3.4.2). Let I be a finitely
generated ideal of a ring A. Let M be an A-module. Then M is I -adically complete if and
only if M is derived I -adically complete and I -adically separated.

There is a useful criterion to tell if a complex ofA-modules is derivedI -adically com-

plete :

Lemma 2.4.3 ([Sta19]Lemma 091P). Let I be a finitely generated ideal of a ring A. An
object K + D(A) is derived I -adically complete if and only if each H i (K ) is so.

Lemma 2.4.4 ([Sta19]Lemma 091V). Let I be a finitely generated ideal of a ring A.
Let Dcomp(A, I ) be the full subcategory consisting of deirved I -adically complete objects of
D(A). The inclusion functor Dcomp(A, I ) ) D (A) has a left adjoint, i.e. given any object
K + D(A), there exists a map K ) bK , where bK is derived I -adically complete, such that
the map

HomD (A) ( bK, E ) ) HomD (A) (K, E )

is bijective whenever E is a derived I -adically complete object of D(A). In fact, if I is
generated by f 1, f 2, á á á, f r + A, then we have

bK = RHom(( A )
Y
i
0

Af i
0

)
Y

i
0

<i
1

Af i
0

f i
1

) á á á ) Af
1

f
2

áááf r ), K )

functorially in K .

Remark 2.4.5. SinceRHomD (A) (L, (! )) is an exact functor from D(A) to D(A) for any

L + D(A), the derived completion functor deÞned above is also exact.

Lemma 2.4.6 (Derived Nakayama lemma, [Sta19]Lemma 0G1U). Let I be a finitely ge-
nerated ideal of a ring A. Let K be a derived I -adically complete object of D(A). Then
K = 0 if and only if K " L

A A/I ' 0.

Lemma 2.4.7 ([Sta19]Lemma 0A6E). Let I be a finitely generated ideal of a ring A. Let
K, L + D(A). Then

!RHomA (K, L ) ' RHomA (K, bL) ' RHomA ( bK, bL).

Lemma 2.4.8. Let I be a finitely generated ideal of a ring A and K + D(A). ThenbK " L
A A/I ' K " L

A A/I .

Proof. First note that any A/I -complex is derived I -adically complete. In fact, all the

cohomology groups of aA/I -complex is classicallyI -complete, then also derivedI -adically

complete by Proposition 2.4.2. Then this statement follows from Lemma 2.4.3. SobK " L
A A/I

and K " L
A A/I are both derived I -adically complete. Let M be any derived I -adically

https://stacks.math.columbia.edu/tag/091T
https://stacks.math.columbia.edu/tag/091P
https://stacks.math.columbia.edu/tag/091V
https://stacks.math.columbia.edu/tag/0G1U
https://stacks.math.columbia.edu/tag/0A6E
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complete object inD(A). By the universal property of the derived completion, there exists

a unique mapf : bK ) K " L
A A/I which makes the following diagram commute :

K bK
K " L

A A/I bK " L
A A/I

s
1

h
1 f

h
2

s
2

Next we consider the composition of mapsA/I ) A/I " L
A A/I ) A/I where the Þrst map

is induced by A ) A/I and the second map is the multiplication map (one can choose

the resolution A. r ) A of A/I induced by the generatorsi 1, á á á, i r of I to make the

maps explicit). This composite is in fact the identity map. Now we can get a commutative

diagram induced by the compositeA/I ) A/I " L
A A/I ) A/I as follows :

K " L
A A/I bK " L

A A/I

K " L
A A/I " L

A A/I bK " L
A A/I " L

A A/I

K " L
A A/I bK " L

A A/I

s
2

øh
1 øf

øh
2

øs
2

s
2

in particular, the compositions of the vertical maps are the identity map. The commutati-

vity of the diagram implies s21(p11 øf ) = ( p11 øf )1s2 = id (wherep1 : (K " L
A A/I ) " L

A A/I )

K " L
A A/I ), which shows that s2 is an isomorphism andp1 1 øf is its inverse. So we are

done.

Corollary 2.4.9. Let I be a finitely generated ideal of a ring A and K, M + D(A). Then
we have

!K " L
A M ' !bK " L

A M.

Proof. Recall that there is a natural map i : K ) bK . By the exactness of derived com-

pletion, we have the distinguished triangle !K " L
A M ) !bK " L

A M ) !cone(i ) " L
A M . By

Lemma 2.4.6, we just need to check thatA/I " L
A ( !cone(i ) " L

A M ) ' 0 or equivalently

A/I " L
A ( !K " L

A M ) ' A/I " L
A ( !bK " L

A M ). By Lemma 2.4.8, this is equivalent to proving

A/I " L
A (K " L

A M ) ' A/I " L
A ( bK " L

A M ). Again, this follows from Lemma 2.4.8.



Chapitre 3

Hodge-Tate cohomology

In this chapter, we study the Hodge-Tate specialization of Breuil-Kisin cohomology

of a proper smooth formal schemeX over OK , where OK is the ring of integers in a

complete discretely valued nonarchimedean extensionK of Qp with perfect residue Þeld and

ramiÞcation degreee. We will prove the isomorphism concerning Hodge-Tate cohomology

groups in Theorem 0.0.6 under the restriction :ie < p ! 1.

Our strategy is to Þrst study the Hodge-Tate specialization ofAinf -cohomology. Then

we can take advantage of theL! -construction of Ainf -cohomology and its Hodge-Tate

specializaton. This will provide us with two morphisms which enable us to use Lemma

2.2.4.

3.1 Almost mathematics

In order to make our strategy more precise, we need to introduce the framework of

almost mathematics (derived category version) following [Bha18, Section 3]. All results in

this subsection can be found there.

Throughout this section, let C be a complete, algebraically closed nonarchimedean

extension ofK and OC be its ring of integers. Let m denote the maximal ideal ofOC and

k denote the residue Þeld ofOC . Recall that Ainf = W (O#
C ) where O#

C = lim*! x#$xp OC /p .

Definition 3.1.1 (The pair (OC , m)). We say an OC -module M is almost zero if máM = 0 .
A map f : K ) L in D(OC ) is an almost isomorphism if the cohomology groups of the
mapping cone of f are almost zero.

Example 3.1.2 ([Sch13] Lemma 4.10(v)). Let X be a locally notherian adic space over

Spa(C, OC). Then for any U + X pro«et which is a%noid perfectoid, the cohomology groups

H i (U, bO+
X ) are almost zero fori > 0.

Now we consider the almost derived category ofOC -modules. Firstly, the restriction

of scalar functor Res : D(k) ) D (OC ) is in fact fully faithful. To see this, note that

39
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the restriction of scalar functor Res : Mod(k) ) Mod(OC ) admits a left adjoint func-

tor given by (! ) " OC k. By [Sta19, Lemma 09T5], Res : D(k) ) D (OC ) has a left

adjoint functor given by (! ) " L
OC

k : D (OC ) ) D (k). For any M, N + D(k), we have

HomD (k) (Res(M ) " L
OC

k, N ) #= HomD (OC ) (Res(M ), Res(N )) by the adjunction. Next we

will construct a natural isomorphism (! " L
OC

k) 1 Res ) id and then the restriction of

scalar functor Res is fully faithful by Lemma [Sta19, Lemma 07RB].

To prove there is a natural isomorphism Res(M ) " L
OC

k ' M in D(k), note that

Res(M ) " L
OC

k ' M " L
k k " L

OC
k. So we just need to prove there is an isomorphism

k " L
OC

k ' k in D(k). To prove this, we consider the short exact sequence0 ) m )

OC ) k ) 0. In fact, m ) O C is a ßat resolution ofk in D(OC ) as m can be regarded as

a Þltered colimit of ßat (free) OC -modules and Þltered colimit of ßat modules is ßat. So

k " L
OC

k ' (k " OC m ) k " OC OC ). Sincem = m2, we havek " OC m = 0 . So we are done

and the restriction of scalar functor Res : D(k) ) D (OC ) is fully faithful.

Now we can consider the following two functors :

D (OC )
() a
!!) D (OC )a := D(OC )/D (k), L /) L a

D(OC )a () ⇤!!) D (OC ), L a /) (L a)! := RHom OC (m, L)

where the Verdier quotientD (OC )/D (k), i.e. the derived category of almostOC -modules, is

actually the localization of D(OC ) with respect to almost isomorphisms. For the deÞnitions

of Verdier quotient and localization of triangulated categories, we refer to [Nee01].

Next we state a lemma which enables us to move freely between the real world and the

almost world.

Lemma 3.1.3. Let C be spherically complete, i.e. any decreasing sequence of discs in
C has nonempty intersection. For any perfect complex L + D(OC ), the natural map
L = RHom OC (OC , L ) ) RHomOC (m, L) induced by the natural injection m ) O C is
an isomorphism.

Proof. This is [Bha18, Lemma 3.4]. For readersÕ convenience, we give the proof here.

We Þrst prove that if this lemma is true when L = OC , then it is true for any perfect

complex L + D(OC ). Let L - denote RHomOC (L, OC ). By Lemma 2.3.3, we have

RHomOC (L - , OC ) ' L.

So in order to prove that RHomOC (OC , L ) ) RHomOC (m, L) is an isomorphism, we just

need to proveRHomOC (OC , RHomOC (L - , OC )) ) RHomOC (m, RHomOC (L - , OC )) is an

isomorphism. Next by Lemma 2.3.1, we have

RHomOC (m, RHomOC (L - , OC )) ' RHomOC (L - " L
OC

m, OC )

https://stacks.math.columbia.edu/tag/09T5
https://stacks.math.columbia.edu/tag/07RB
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and

RHomOC (OC , RHomOC (L - , OC )) ' RHomOC (L - " L
OC

OC , OC ).

So now we just need to prove that the mapRHomOC (L - " L
OC

OC , OC ) ) RHomOC (L - " L
OC

m, OC ) is an isomorphism. Again by Lemma 2.3.1, we see that this is equivalent to requiring

the map

RHomOC (L - , RHomOC (OC , OC )) ) RHomOC (L - , RHomOC (m, OC ))

to be an isomorphism. By our assumption that the natural map RHomOC (OC , OC ) )

RHomOC (m, OC ) is an isomorphism, we are done.

Now we assumeL = OC . We have to show that the natural map HomOC (OC , OC ) )

HomOC (m, OC ) induced by the injection m ) O C is an isomorphism and all the higher

cohomology groups ofRHomOC (m, OC ) vanish. Write m = . nmn with mn = ( a
1

n ), where

a is any non-zero element inm and a
1

n is a Þxedn-th root of a.

1. For the Þrst one. Note that for anyf + HomOC (m, OC ), we havef (a) = f (a
n�1

n a
1

n ) =

a
n�1

n f (a
1

n ) for all n. Then v(f (a)) = v(a
n�1

n )+ v(f (a
1

n )) for all n. This implies that

v(f (a)) $ v(a). So we can Þndx + OC such that f (a) = ax. This shows that the

natural map HomOC (OC , OC ) ) HomOC (m, OC ) is an isomorphism.

2. For the second one. Note thatRHomOC (m, OC ) = RHom OC (. nmn, OC ). Choose a

K -injectve resolution I of OC and then RHomOC (. nmn, OC ) ' Hom¥
OC

(. nmn, I ) '

lim*! n
Hom(mn, I ). Let m-

n denoteHomOC (mn, OC ) and Mod(OC , N) denote the abe-

lian category of inverse systems ofOC -modules. Then the inverse system(m-
n )

is in Mod(OC , N). Since mn is principal for all n, the complex of inverse system

Hom(mn, I ) gives an injective resolution of(m-
n ). So we can writelim*! n

Hom(mn, I ) =

Rlim( m-
n ). By [Sta19, Lemma 091D], we haveRi lim( m-

n ) = H i (Rlim( m-
n )) = 0 for

i > 1. So now we just need to proveR1lim( m-
n ) = 0 . For each n, consider the map

m-
n ) C deÞned byf /) f (a

1

n )a" 1

n . This map is injective and its image is the

OC -submodule ofC generated bya" 1

n . Now we will seem-
n as anOC -submodule of

C via this injection. Note that the canonical map . : C ) lim*! C/ m-
n is surjective.

Indeed, an element(xn) + lim*! C/ m-
n gives a descending sequence{ xn + m-

n } of

open discs inC, where xn is any lift of xn + C/ m-
n . By spherical completeness of

C, there exists somex + C such that x + xn + m-
n for all n. Then x + C maps to

(xn) + lim*! C/ m-
n under the map . . This shows the surjectivity of . . Now we apply

the long exact sequence forRi lim to the short exact sequence of inverse systems of

OC -modules :

0 ) { m-
n } ) { C} ) { C/ m-

n } ) 0

https://stacks.math.columbia.edu/tag/091D
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and we get the sequence

0 ) lim*! m-
n ) C (!) lim*! C/ m-

n ) R1lim( m-
n ) ) 0.

As the map . is surjective, we see thatR1lim( m-
n ) = 0 . So we are done.

Remark 3.1.4. As we see in the proof above, the spherical completeness is necessary.

There are some examples which are not spherical complete. For instance,C = cQp is not

spherical complete.

There are similar constructions and results in the setting ofAinf -modules.

Definition 3.1.5 (The pair (Ainf , W(m#)) ). An Ainf -module M is called almost zero if
W (m#) áM = 0 , where W (m#) = Ker( Ainf ) W (k)) . A map f : K ) L in D(Ainf ) is
called an almost isomorphism if the cohomology groups of the mapping cone of f are almost
zero.

Similarly, we consider the almost derived category ofAinf -modules. But we can not

simply repeat the preceding deÞnition asW (m#)2 might not be equal to W (m#) as ideals in

Ainf (see [Ked16, Remark 1.4]). The solution is to consider the derivedp-adically complete

complexes.

Let Dcomp(Ainf ) ( D (Ainf ) be the full subcategory consisting of all derivedp-adically

complete complexes. Again, we Þrst show that the restriction of scalar functorRes :

Dcomp(W (k)) ) Dcomp(Ainf ) is fully faithful. For any N + Dcomp(Ainf ) and M + Dcomp(W (k)) ,

we have

HomD (W (k)) (N " L
A

inf

W (k), M ) ' HomD (A
inf

) (N, Res(M )) .

By Lemma 2.4.4 , we have

HomD (W (k)) (N " L
A

inf

W (k), M ) ' HomD
comp

(W (k)) ( !N " L
A

inf

W (k), M ).

This means that the restriction of scalar functor Res : Dcomp(W (k)) ) Dcomp(Ainf ) is

right adjoint to the functor !(! ) " L
A

inf

W (k) : Dcomp(Ainf ) ) Dcomp(W (k)) .

Now we want to prove !Res(M ) " L
A

inf

W (k) ' M . Note that

!Res(M ) " L
A

inf

W (k) ' !M " L
W (k) W (k) " L

A
inf

W (k).

Considering the short exact sequence0 ) W (m#) ) Ainf ) W (k) ) 0, we get a distin-

guished triangle

W (k) " L
A

inf

W (m#) ) W (k) " L
A

inf

Ainf ) W (k) " L
A

inf

W (k).
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Since derivedp-adic completion is exact by Remark 2.4.5, we get another distinguished

triangle
!W (k) " L

A
inf

W (m#) ) !W (k) " L
A

inf

Ainf ) !W (k) " L
A

inf

W (k).

Note that we have Ainf /p " L
A

inf

( !W (k) " L
A

inf

W (m#)) ' Ainf /p " L
A

inf

W (k) " L
A

inf

W (m#)

by Lemma 2.4.8. Moreover,Ainf /p " L
A

inf

W (k) " L
A

inf

W (m#) ' k " L
O[

C
m# where m# is the

maximal ideal in O#
C . Since m# is a ßat O#

C -module and (m#)2 = m#, we have k " L
O[

C

m# ' k " O[
C

m# = 0 . Then by Lemma 2.4.6, the derived Nakayama lemma, we have

!W (k) " L
A

inf

W (m#) = 0 . This implies !W (k) " L
A

inf

W (k) ' W (k). Finally, by Corollary

2.4.9 we have !M " L
W (k) W (k) " L

A
inf

W (k) ' !M " L
W (k) W (k) ' M . So the restriction of

scalar functor is fully faithful by Lemma [Sta19, Lemma 07RB].

Now, we can consider the following functors :

Dcomp(Ainf )
() a
!!) Dcomp(Ainf )a := Dcomp(Ainf )/D comp(W (k)) , L /) L a

Dcomp(Ainf )a () ⇤!!) Dcomp(Ainf ), L a ) (L a)! := RHom A
inf

(W (m#), L )

where the Verdier quotient Dcomp(Ainf )a := Dcomp(Ainf )/D comp(W (k)) is actually the

localization of Dcomp(Ainf ) with respect to almost isomorphisms.

Lemma 3.1.6. Let C be spherically complete. If L + Dcomp(Ainf ) is perfect, then the natu-
ral map L = RHom A

inf

(Ainf , L ) ) (L a)! = RHom A
inf

(W (m#), L ) induced by the injection
W (m#) ) Ainf is an isomorphism.

Proof. This is [Bha18, Lemma 3.10]. For readersÕ convenience, we give the proof here.

By the same argument as in Lemma 3.1.3, we may assumeL = Ainf . So we need to

check that Ainf = RHom A
inf

(Ainf , Ainf ) ' RHomA
inf

(W (m#), Ainf ). By Lemma 2.4.7, both

sides are derived&-adically complete (for the deÞnition of &, see DeÞnition 1.4.1). So we

just need to check the isomorphism after applying(! ) " L
A

inf

Ainf /& by derived Nakayama

lemma.

By choosing a projective (free) resolutionP of W (m#) and Lemma 2.3.2, we can see

that

RHomA
inf

(W (m#), Ainf ) " L
A

inf

Ainf /& ' Hom¥(P, Ainf ) " A
inf

Ainf /& ' Hom¥(P, OC )

and moreover, we have an isomorphism of complexes ofOC -modules,

Hom¥(P, OC ) ' Hom¥(P " A
inf

OC , OC ).

As P " A
inf

OC is also a representative ofW (m#) " L
A

inf

OC , we have

Hom¥(P " A
inf

OC , OC ) ' RHomOC (W (m#) " L
A

inf

OC , OC ).

https://stacks.math.columbia.edu/tag/07RB
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Using the projective resolution Ainf
/ *
!!) Ainf of OC , we can get that W (m#) " L

A
inf

OC '

W (m#)/&. Then it is enough to checkRHomOC (Ainf /&, OC ) ' RHomOC (W (m#)/&, OC ).

Recall that there is a short exact sequence ofAinf -modules 0 ) W (m#) ) Ainf )

W (k) ) 0. Then we can get a long exact sequence

W (k)[&] ) W (m#)/& ) Ainf /& ) W (k)/& ) 0

Since & is sent to p under the canonical mapAinf ) W (k), we have W (k)[&] = 0 and

W (m#)/& #= m. Then by Lemma 3.1.3, we are done.

3.2 Structure of the Hodge-Tate cohomology groups

Now we are ready to study the structure of the Hodge-Tate cohomology groups. We Þrst

state a lemma about theL! -functor, which will give us two important maps connecting

Hodge-Tate cohomology andp-adic «etale cohomology.

Lemma 3.2.1. Let A be a commutative ring and a + A be a non-zero divisor. Assume
K + D [0,s](A) with H 0(K ) being a-torsion free. Then there are natural maps L! a(K ) ) K

and K ) L! a(K ) whose composition in either direction is as.

Proof. This is [BMS18, Lemma 6.9]. We also give the proof here.

Firstly, we choose a representativeL of K such that L is a-torsion free. Then we apply

the truncation functor ( %s and ( 0 0 to L , i.e. ( %s( 0 0L = ( á á á )0 ) L 0/ Im( d" 1) ) L 1 )

á á á ) L s" 1 ) ker(ds) ) 0á á á). Since K + D [0,s](A), ( %s( 0 0L is still isomorphic to K .

We now prove ( %s( 0 0L is still a-torsion-free. It is easy to see thatker(ds) is a-torsion

free. For L 0/ Im( d" 1) , supposeøx + L 0/ Im( d" 1) is killed by a, then ax + Im( d" 1) for any

lifting x + L 0 of øx and d0(ax) = ad0(x) = 0 . As L 0 is a-torsion free, d0(x) must be 0,

which implies that x + ker(d0). But this also means that H 0(L ) = H 0(K ) has a-torsion.

So ( %s( 0 0L is still a-torsion free and we can apply! -functor to it.

There is a natural inclusion ! a(( %s( 0 0L ) ) ( %s( 0 0L . We can deÞne another map

( %s( 0 0L ) ! a(( %s( 0 0L ) by multiplying by as. Then the composition of these two maps

in either direction is as.

Let OC be the ring of integers in a complete algebraically closed nonarchimedean ex-

tension C of K and øX denoteX %Spf(OK ) Spf(OC ). We may apply Lemma 3.2.1 toA = OøX,

a = ' p ! 1 and K = ( %i R- ! bO+
X . In fact ( %i R- ! bO+

X is in D [0,i ](OøX) with H 0(( %i R- ! bO+
X )

being (' p ! 1)-torsion free. By the same argument in the proof of Lemma 3.2.1 we can

always Þnd a representativeL of ( %i R- ! bO+
X such that L is (' p ! 1)-torsion free andL s = 0

for any s /+ [0, i ]. Then there are two natural maps which we denote byf and g,

f : L! ' p" 1(( %i R- ! bO+
X ) ' ( %i e" øX ) ( %i R- ! bO+

X
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g : ( %i R- ! bO+
X ) ( %i e" øX

whose composition in either direction is(' p ! 1)i . The isomorphismL! ' p" 1(( %i R- ! bO+
X ) '

( %i e" øX is due to the commutativity of the L! functor and the canonical truncation func-

tor ( %i (see [BMS18, Corollary 6.5]). Recall that for anyK + D(OøX), ( %i K := ( á á á )

K i " 1 di�1

!!!) ker(di ) ) 0 ) á á á).

Passing to sheaf cohomology, we get two natural maps

f : ( %i R! zar( øX, ( %i e" øX) ) ( %i R! zar( øX, ( %i R- ! bO+
X )

g : ( %i R! zar( øX, ( %i R- ! bO+
X ) ) ( %i R! zar( øX, ( %i e" øX)

whose composition in either direction is(' p! 1)i . Since there is an isomorphsim( %i R! zar( øX, ( %i e" øX) '

( %i R! zar( øX, e" X) which is induced by the canonical morphism( %i e" øX ) e" øX, we get two

maps

f : ( %i R! zar( øX, e" øX) ) ( %i R! zar( øX, R- ! bO+
X )

g : ( %i R! zar( øX, R- ! bO+
X ) ) ( %i R! zar( øX, e" øX)

whose composition in either direction is(' p ! 1)i .

Note that there is an isomorphism R! zar( øX, R- ! bO+
X ) ' R! pro«et (X, bO+

X ). What we

want to study at the end is the p-adic «etale cohomology but not pro-Žtale cohomology.

But actually we get almost what we want. Recall the primitive comparison theorem due

to Scholze.

Theorem 3.2.2 ([Sch13, Theorem 8.4]). For any proper smooth adic space X over C,
there are natural isomorphisms in D(OC )a and D(Ainf )a respectively,

R! «et(X, Zp) " L
Zp

OC ' R! pro«et (X, bO+
X )

and
R! «et(X, Zp) " L

Zp
Ainf ' R! pro«et (X, Ainf ,X ).

Then by passing to the world of almost mathematics, we get two natural maps in

D(OC )a :

f a : (( %i R! zar( øX, e" øX))a ) (( %i R! zar( øX, R- ! bO+
X ))a ' (( %i R! «et(X, Zp) " Zp OC )a

ga : (( %i R! zar( øX, R- ! bO+
X ))a ' (( %i R! «et(X, Zp) " Zp OC )a ) (( %i R! zar( øX, ( %i e" øX))a

where we have used the following lemma.

Lemma 3.2.3. If h : K ) L is an almost isomorphism in D(OC ) (resp. D(Ainf )), then
so is øh : ( %i K ) ( %i L .
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Proof. Let M denotecone(h) and øM denotecone(øh). Then there is a morphism of distin-

guished triangle

( %i K ( %i L øM

K L M.

We then get a morphism of long exact sequences

· · · H i�1(K ) H i�1(L ) H i�1(M̄ ) H i(K ) H i(L ) H i(M̄ ) 0 · · ·

· · · H i�1(K ) H i�1(L ) H i�1(M ) H i(K ) H i(L ) H i(M ) H i+1(K ) · · ·

By using Þve lemma, it is easy to deduce that whenn < i , we haveH n( øM ) #= H n(M ) ;

whenn = i , the map H i ( øM ) ) H i (M ) is injective ; whenn > i , we haveH n( øM ) = 0 . Then

we conclude that the cohomology groups ofcone(øh) are almost zero, i.e.øh : ( %i K ) ( %i L

is an almost isomorphism.

Lemma 3.2.4. The complex ( %i R! HT ( øX) = ( %i R! zar( øX, e" øX) (resp. ( %i R! A
inf

( øX)) is a
perfect complex of OC -modules (resp. Ainf -modules).

Proof. By Theorem 1.4.5.4 and Theorem 1.5.2.1, we have

R! HT ( øX) ' R! S (X) " L
S ,( Ainf " L

A
inf

Ainf / e&' R! S (X) " L
S ," OK " L

OK
OC .

SinceR! S (X) is a perfect complex ofS -modules andR! HT (X) := R! S (X) " L
S ," OK , the

Hodge-Tate cohomologyR! HT (X) of X is a perfect complex ofOK -modules by [Sta19,

Lemma 066W]. Moreover asOK is a Notherian local ring, the cohomology groupsH i
HT (X)

are Þnitely generatedOK -modules and so Þnitely presentedOK -modules. So we see that

every Hodge-Tate cohomology groupH i
HT ( øX) is also Þnitely presented overOC . By Lemma

2.1.3, this meansH i
HT ( øX) #=

Ln
j =1 OC /# j for some #j + OC . So H i

HT ( øX) is perfect.

The lemma hence follows from [Sta19, Lemma 066U]. For( %i R! A
inf

( øX), this follows from

[BMS18, Lemma 4.9] stating that eachH i
A

inf

( øX) is perfect.

As ( %i R! «et(X, Zp) and ( %i R! zar( øX, e" øX) are perfect complexes, then Lemma 3.1.3

tells us that if C is spherically complete, then(( %i R!( øX, e" øX))a
! ' ( %i R!( X, e" X) and

(( %i R! «et(X, Zp) " Zp OC )a
! ' ( %i R! «et(X, Zp) " Zp OC . By moving back to the real world,

we have two maps

(f a)! : ( %i R! zar( øX, e" øX) ) ( %i R! «et(X, Zp) " Zp OC

(ga)! : ( %i R! «et(X, Zp) " Zp OC ) ( %i R! zar( øX, e" øX)

whose composition in either direction is(' p ! 1)i . These two maps induce maps between

https://stacks.math.columbia.edu/tag/066W
https://stacks.math.columbia.edu/tag/066U
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cohomology groups for anyn & i .

f : H n( øX, e" øX) ) H n
«et(X, Zp) " Zp OC

g : H n
«et(X, Zp) " Zp OC ) H n( øX, e" øX)

whose composition in either direction is(' p ! 1)i .

Now we come to the following key theorem :

Theorem 3.2.5. Let X be a proper smooth formal scheme over OK , where OK is the ring
of integers in a complete discretely valued nonarchimedean extension K of Qp with perfect
residue field k and ramification degree e. Let OC be the ring of integers in a complete and
algebraically closed nonarchimedean extension C of K and X be the adic generic fibre of
øX := X %Spf(OK ) Spf(OC ). Assuming ie < p ! 1, then there is an isomorphism of OC -
modules between Hodge-Tate cohomology group and p-adic «etale cohomology group,

H i
HT ( øX) := H i ( øX, e" X) #= H i

«et(X, Zp) " Zp OC .

Proof. Note that replacing C by its spherical completionC1will not make any di!erence to

this theorem. The spherical completion always exists (see [Rob13, Chapter 3]), which is still

complete and algebraically closed. On one hand,p-adic «etale cohomology is insensitive to

such extensions in the rigid-analytic setting (see [Hub13, Section 0.3.2]). On the other hand,

by the base change of prismatic cohomology, we haveH i
HT (X " OC OC 0) #= H i

HT (X) " OC OC 0

and the natural injection OC ) O C 0 is ßat.

So now we assumeC is spherically complete. We have seen in the proof of Lemma 3.2.4

that H i ( øX, e" øX) has a decomposition asOn
C 2 (

Lm
j =1 OC /# mj ). By requiring ie < p ! 1,

we havev(( ' p ! 1)i ) < v (#) in OC as v(( ' p ! 1)p" 1) = v(p) and v(p) = v(#e). Now the

theorem follows from Lemma 2.2.4 and the existence of maps

f : H i ( øX, e" øX) ) H i
«et(X, Zp) " Zp OC

g : H i
«et(X, Zp) " Zp OC ) H i ( øX, e" øX)

whose composition in both directions is(' p ! 1)i .
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Chapitre 4

The unramiÞed case : comparison

theorem

In this chapter, let X be a proper smooth formal scheme overOK , where OK is the

ring of integers in a complete discretely valued nonarchimedean extensionK of Qp with

perfect residue Þeldk and ramiÞcation degreee. Let OC be the ring of integers in a Þxed

complete algebraically closed nonarchimedean extensionC of K . We will study the relation

between thep-adic Žtale cohomology groupH i
«et(X, Zp) of the adic generic ÞberX of øX :=

X %Spf(OK ) Spf(OC ) and the crystalline cohomology groupH i
crys(Xk/W (k)) of the special

Þber Xk in the unramifed case, i.e. the ramiÞcation degreee = 1 and OK = W (k). Note

that in the unramiÞed case, the crystalline cohomologyR! crys(Xk/W (k)) is canonically

isomorphic to the de Rham cohomologyR! dR(X/W (k)) (cf. [Ber06]).

In order to prove our integral comparison theorem, we Þrst relate Hodge-Tate coho-

mology to Hodge cohomology. And then we can use Theorem 3.2.5 to get a link between

Hodge-Tate cohomology andp-adic Žtale cohomology. The last step is to study the Hodge-

to-de Rham spectral sequence and we can prove the converse to [BMS18, Theorem 14.5],

which results in the Þnal comparison theorem.

4.1 The cotangent complex

Before we move forward, we brießy recall the construction and basic properties of the

cotangent complex that will be used later.

Definition 4.1.1 (Quillen) . For any map of commutative rings A ) B , we define the
cotangent complex LB/A := " 1

P •/A " P • B , where P¥ 2!) B is a simplicial resolution of B

by polynomial A-algebras and the tensor product is componentwise. Note that LB/A is a
simplicial B -module, which is unique up to homotopy (since P¥ is unique up to homotopy).
So it can be viewed as a complex of B -modules in D(B ) via the Dold-Kan correspondence.

49
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Remark 4.1.2. let A be a commutative ring and S be a set. One can deÞneA[S], the

polynomial A-algebra with variables indexed byS. Consider anA-algebraB . By thinking

of B as a set, we get a naturalA-linear map ) B : A[B ] ) B . Moreover, there are two

maps A[A[B ]] !!!!A[B ] , one of which isA[) B ] and the other is ) A[B ]. By iterating this

process, we can deÞne the canonicalA-algebra resolutionP¥
B/A of B as follows :

P¥
B/A := ( á á áA[A[A[B ]]]

!!!!!!A[A[B ]] !!!!A[B ]) !!B

Using this canonical resolution can make the deÞnition of cotangent complex functorial.

Remark 4.1.3. For any commutative ring map A ) B , there is a canonical isomor-

phism H 0(LB/A ) #= " 1
B/A . If A ) B is surjective with kernel I , then H 0(LB/A ) = 0 and

H " 1(LB/A ) = I/I 2. In some sense, the cotangent complex may be regarded as a Òleft deri-

ved functorÓ of taking K¬ahler di!erentials. In fact, for any sequence of commutative rings

R ) S ) T, there is an exact sequence

" 1
S/R " S T ) " 1

T/R ) " 1
T/S ) 0.

If S ) T is surjective with kernel J , then the sequence above can be extended to

J/J 2 ) " 1
S/R " S S/J ) " 1

T/R ) 0.

The cotangent complex extends these two exact sequences further to the left. Before the

deÞnition of the cotangent complex, there are already some e!orts devoted to extending

these two exact sequences further to the left, such as the Lichtenbaum-Schlessinger functors

[LS67].

Proposition 4.1.4 ([Ill06]) . Let R be a commutative ring and A be a commutative R-
algebra.

1. K¬unneth formula : For any commutative R-algebra B such that TorR
i (A, B ) = 0 for

all i > 0, then
LA* RB/R ' (LA/R " L

R B ) 2 (LB/R " L
R A)

2. Transitivity triangle : Let B be a commutative A-algebra, there is a natural distin-
guished triangle

LA/R " L
A B ) LB/R ) LB/A

3. Base change : For any commutative R-algebra B such that TorR
i (A, B ) = 0 for all

i > 0, then
LA/R " L

R B ' LA* RB/B .

Remark 4.1.5. The cotangent complex is di%cult to compute in general. But there are

some cases that the cotangent complex behaves well.
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1. If a commutative ring map R ) A is smooth, thenLA/R ' " 1
A/R [0]. For the proof,

see [Sta19, Lemma 08R5].

2. Let R be a commutative ring of characteristicp and A be aR-algebra such that the

relative Frobenius FA/R : A(1) := A " R,FR R ) A is an isomorphism, thenLA/R

vanishes. In fact, ifA is a polynomial R-algebra, then the relative Frobenius induces

the zero mapLFA/R
: LA (1)/R ) LA/R asd(xp) = 0 . As the relative FrobeniusFA/R

is an isomorphism, thenLFA/R
is an isomorphism by functoriality. This implies that

LA/R ' 0. For more details, see [Bha17b, Proposition 6.1.4].

3. Let A be a commutative ring andI ( A be an ideal generated by a regular sequence.

Then L(A/I )/A ' I/I 2[1]. To see this, we Þrst consider the caseA = Z[x1, á á á, xr ]

and I = ( x1, á á á, xr ). The transitivity triangle for Z ) A ) A/I is LA/ Z " L
A

A/I ) L (A/I )/ Z ) L (A/I )/A . So L(A/I )/A ' " 1
A/ Z " A A/I [1] ' I/I 2[1]. For the

general case, we choose a regular sequencef 1, á á á, f r generating I , which induces

A/I ' Z " L
Z[x

1

,ááá,xr ],(xi#$f i)
A. Base change for the cotangent complex then implies

that L (A/I )/A ' LZ/ Z[x
1

,ááá,xr ] " L
Z[x

1

,ááá,xr ] A ' I/I 2[1]. For more details, see [Bha17a,

Example 3.1.3].

4. Let R be a perfect ring of characteristicp, then !LW (R)/ Zp
, the derived p-adic com-

pletion of LW (R)/ Zp
, vanishes. This results from Lemma 2.4.6, Lemma 2.4.8 and the

vanishing of the base changeLW (R)/ Zp
" L

Zp
Fp ' LR/ Fp

' 0.

As an application of the cotangent complex, one can give a description of the Breuil-

Kisin twist as deÞned in [BMS18, DeÞnition 8.2].

Definition 4.1.6 (Breuil-Kisin twist) . Define OC { 1} := Tp(" 1
OC / Zp

), the p-adic Tate
module of " 1

OC / Zp
. For any OC -module M , define the i -th Breuil-Kisin twist of M as

M { i } := M " OC OC { 1} * i .

We remark that OC { 1} is a free OC -module of rank 1.

Now we will explain how to use cotangent complex to describe Breuil-Kisin twist. Let

W (k) be the integral closure ofW (k) in OC .

Theorem 4.1.7 ([Bei12] Section 1.3). The map W (k) ) W (k) has a discrete cotangent
complex, i.e., LW (k)/W (k) ' " 1

W (k)/W (k)
.

Note that by base change of cotangent complex, we have

L !W (k)/W (k)
" L

W (k) k ' L (W (k)/p )/k ' LW (k)/W (k) " L
W (k) k.

Then by Lemma 2.4.6 and Lemma 2.4.8 , there is an isomorphism

!L !W (k)/W (k)
' !LW (k)/W (k) .

https://stacks.math.columbia.edu/tag/08R5
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On the other hand by Theorem 4.1.7, we have

!LW (k)/W (k) ' !" 1
W (k)/W (k)

= Rlim(" 1
W (k)/W (k)

" L
W (k) W (k)/p n)

and since every element ofW (k) admits a pn-th root for all n, the map " 1
W (k)/W (k)

/ pn
!!)

" 1
W (k)/W (k)

is surjective for all n. So we have

" 1
W (k)/W (k)

" L
W (k) W (k)/p n ' " 1

W (k)/W (k)
[pn ][1].

As " 1
W (k)/W (k)

[pn+1 ]
/ p
!!) " 1

W (k)/W (k)
[pn ] is surjective for all n, the inverse system(" 1

W (k)/W (k)
[pn ])

is Mittag-Le&er. Hence by [Sta19, Lemma 091D]

Rlim(" 1
W (k)/W (k)

" L
W (k) W (k)/p n) ' lim*!

n
" 1

W (k)/W (k)
[pn ][1] = Tp(" 1

W (k)/W (k)
)[1].

Finally we have

!L !W (k)/W (k)
' Tp(" 1

W (k)/W (k)
)[1] = Tp(" 1

!W (k)/W (k)
)[1].

Since" 1
W (k)/ Zp

= 0 , we have" 1
!W (k)/W (k)

#= " 1
!W (k)/ Zp

by considering the exact sequence

associated toZp ) W (k) ) !W (k). Similarly as !LW (k)/ Zp
vanishes by Remark 4.1.5.4,

we have !LW (k)/W (k) ' !LW (k)/ Zp
by Proposition 4.1.4.2 and the exacteness of derived

completion (Remark 2.4.5). By the derivedp-adic completion of the transitivity triangle

associated toZp ) !W (k) ) O C , we have !LOC / Zp
' !L !W (k)/ Zp

" L
!W (k)

OC as !L
OC / !W (k)

= 0

(which follows from derived Nakayama lemma, Proposition 4.1.4.3 and Remark 4.1.5.2).

So Þnally, we get !LOC / Zp
' Tp(" 1

!W (k)/ Zp

[1]) " !W (k)
OC ' Tp(" 1

OC / Zp
)[1]. For passing

from " 1
!W (k)/ Zp

to " 1
OC / Zp

, we refer to [GR03, 6.5.20]1.

4.2 Decomposition of Hodge-Tate cohomology groups

In this section, we explain how to relate Hodge-Tate cohomology to Hodge cohomology.

In fact, we can show that the complex of sheaves( %p" 1e" øX is formal in the unramiÞed case.

Theorem 4.2.1. For any proper smooth formal scheme X over W (k) and øX = X%Spf(W (k))

1. One can conclude from [GR03, 6.5.20] that there is a short exact sequence0 ! ⌦1

!W (k)/Zp
⌦ !W (k)

OC !

⌦1

OC /Zp
! ⌦1

OC / !W (k)
! 0 and ⌦1

OC / !W (k)
is p-torsion-free. This implies that ⌦1

!W (k)/Zp
[pn] ⌦ !W (k)

OC
⇠=

⌦1

OC /Zp
[pn] for all n.

https://stacks.math.columbia.edu/tag/091D
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Spf(OC ), the complex of sheaves ( %p" 1e" øX is formal, i.e. there is an isomorphism

) :
p" 1M
i =0

" i
øX{! i } [! i ] ' ( %p" 1e" øX,

where " i
øX := lim*! " i

( øX/p n)/ (OC /p n) is the OøX-module of continuous differentials and " i
øX{! i }

is the Breuil-Kisin twist of " i
øX.

Proof. We proceed by Þrst showing that( %1e" øX is formal and then constructing the general

isomorphism in the statement. In this proof, L øX/ Zp
and L øX/W (k) always mean the derived

p-adic complete cotangent complex.

By [BMS18, Proposition 8.15], there is an isomorphism( %1e" øX ' L øX/ Zp
{! 1} [! 1].

Considering the sequence of sheavesZp ) W (k) ) O øX, there is an associated distin-

guished triangle
!LW (k)/ Zp

" L
W (k) OøX ) L øX/ Zp

) L øX/W (k) .

By Remark 4.1.5, we know that !LW (k)/ Zp
vanishes. Therefore, we have

L øX/ Zp
{! 1} [! 1] ' L øX/W (k) {! 1} [! 1].

For any a%ne openSpf(R) ( X, write øR for the base changeR" W (k)OC and bR for

its p-adic completion. Then we have !L bR/W (k)
' !L øR/W (k) which follows from the derived

Nakayama lemma, Remark 2.4.5 and Lemma 2.4.8.

By the K ¬unneth property of cotangent complex in Proposition 4.1.4, we have

L øR/W (k) ' (LOC /W (k) " L
W (k) R) 2 (LR/W (k) " L

W (k) OC ).

Applying the derived p-adic completion functor (which is exact by Remark 2.4.5), we

have
!LR* W (k)OC /W (k) ' ( !LOC /W (k) " L

W (k) R) 2 ( !LR/W (k) " L
W (k) OC ).

On one hand, by Corollary 2.4.9, we get

!LOC /W (k) " W (k) R '
!!LOC /W (k) " W (k) R ' !øR{ 1} [1]

where the last isomorphism follows from the discussion at the end of Section 4.1.

As bR coincides with the derivedp-adic completion of øR (cf. [Sta19, Example 0BKG]),

we have !LOC /W (k) " W (k) R ' bR{ 1} [1]. On the other hand, by the base change property

in Proposition 4.1.4, we getLR/W (k) " W (k) OC ' L øR/ OC
. The derived p-adic completion

!L øR/ OC
is isomorphic to lim*! n

" 1
( øR/p n)/ (OC /p n) . Indeed as øR/p n is a smoothOC /p n-algebra

https://stacks.math.columbia.edu/tag/0BKG
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for all n, we have

!L øR/ OC
' Rlim( L øR/ OC

" L
Zp

Zp/p n) ' Rlim( L( øR/p n)/ (OC /p n) ) ' lim*!
n

" 1
( øR/p n)/ (OC /p n) .

So Þnally there is an isomorphism

L øX/W (k) ' O øX{ 1} [1] 2 " 1
øX

So we get a decomposition( %1e" øX ' O øX 2 " 1
øX{! 1} [! 1]. In particular, we have a map

) 1 : " 1
øX{! 1} [! 1] ) e" øX which gives the Hodge-Tate isomorphismC" 1 : " 1

øX/ OC
{! 1} )

H 1(e" øX) (cf. [BMS18, Theorem 8.3]).

Now we consider the map for anyi & p ! 1 given by

(" 1
øX)

* i
) " i

øX, +1 " á á á " +i /) +1 3 á á á 3+i

It has an anti-symmetrization section a as shown in [DI87], given by

a(+1 3 á á á 3+i ) = (1 /i !)
X

s( Sym i

sgn(s)+s(1) " á á á " +s(i ) .

Then we deÞne) i as the composition

" i
øX{! i } [! i ] a!) (" 1

øX{! 1} )
* i

[! i ] ' (" 1
øX{! 1} [! 1])

* L i +⌦L i
1!!!) (e" øX)* L i multi!!!) e" øX

where Ò" L iÓmeansi -fold derived tensor product. Note that e" øX is a commutative OX-
algebra object in D(OX) (see Remark 1.4.3). By applyingH i , we have

⌦i
¯X {�i} a�! Hi((⌦1

¯X {�1}[�1])
⌦L i

) ⇠= (H1(⌦1

¯X {�1}[�1]))⌦i �! L i
1���! (H1(e⌦

¯X ))
⌦i ! Hi((e⌦

¯X )
⌦L i)

multi���! Hi(e⌦
¯X )

Since the Hodge-Tate isomorphism is compatible with multiplication (cf. [BMS18, Co-

rollary 8.13]), this composition is exactly the Hodge-Tate isomorphismC" 1 : " i
øX{! i } '

H i (e" øX). So we have the map) =
Lp" 1

i =0 ) i :
Lp" 1

i =0 " i
øX{! i } [! i ] ) e" øX. Taking (p !

1)-th truncation, we get the desired isomorphism) =
Lp" 1

i =0 ) i :
Lp" 1

i =0 " i
øX{! i } [! i ] '

( %p" 1e" øX.

Remark 4.2.2. Note that the key input in the proof above is the Hodge-Tate isomorphism

C" 1 : " i
øX{! i } ) H i (e" øX). In general, there is a Hodge-Tate isomorphism for any boun-

ded prism (A, I ) (cf. [BS19, Theorem 4.10]) and also a generalization of the isomorphism

( %1e" øX ' L øX/ Zp
{! 1} [! 1].

The map OøX ) ( %1e" øX splits as anOøX-module map if and only if øX lifts to Ainf / e&2 (cf.

[BMS18, Remark 8.4]). In the ramiÞed case, this seems to be hardly satisÞed due to the
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non-vanishing of the cotangent complexLOK /W (k) . Note that H 0(LOK /W (k) ) ' " 1
OK /W (k)

is generated by one element (cf. [Ser13, Chapter III, Proposition 14]).

Corollary 4.2.3. There is a natural decomposition for any n & p ! 1,

H n
HT ( øX) = H n( øX, e" øX) #=

nM
i =0

H n" i ( øX, " i
øX{! i } ).

4.3 Hodge-to-de Rham spectral sequence

In this section, we study the Hodge-to-de Rham spectral sequence and Þnish the proof

of the integral comparison theorem in the unramiÞed case. More precisely, we will prove

the converse to Theorem 1.4.7 by analyzing the length of the torsion part of de Rham

cohomology groups and that ofp-adic Žtale cohomology groups.

Note that we have the Hodge-to-de Rham spectral sequence

E i,j
1 = H j ( øX, " i

øX) =4 H i + j ( øX, " ¥
øX) = H i + j

dR ( øX/ OC )

As øX = X " W (k) OC , this spectral sequence can be seen as the ßat base change toOC of

the Hodge-to-de Rham spectral sequence ofX over W (k). This tells us E i,j
, is a Þnitely

presentedOC -module (note that E i,j
, is also a subquotient ofH j ( øX, " i

øX)).

For any integers i and n such that 0 & i & n, we have the abutment Þltration

0 = F n+1 ( F n ( á á á ( F 0 = H n
dR( øX/ OC )

and the short exact sequences

0 ) F i +1 ) F i ) E i,n " i
, ) 0.

Now we consider the normalized lengthlOC for Þnitely presented torsionOC -modules.

Recall that this length behaves additively under short exact sequences andlOC (OC /p ) = 1 .

For any Þnitely presentedOC -module M , one can deduce from Lemma 2.1.3 thatM tor is

also a Þnitely presentedOC -module and so isM tor /p m for any m > 0. Then we have the

following lemma :

Lemma 4.3.1. For any short exact sequence of finitely presented OC -modules

0 ) A ) B ) C ) 0

we have lOC (Btor ) & lOC (Ator )+ lOC (Ctor ) and lOC (Btor /p m ) & lOC (Ator /p m )+ lOC (Ctor /p m )

for any m > 0.
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Proof. For the Þrst statement, it is easy to see thatM = Btor /A tor is a submodule ofCtor ,

so we havelOC (M ) = lOC (Btor ) ! lOC (Ator ) & lOC (Ctor ) by the additivity of the length.

For the second one, we have an exact sequence

M [pm ] ) Ator /p m ) Btor /p m ) M/p m ) 0

So we getlOC (Btor /p m ) & lOC (Ator /p m )+ lOC (M/p m ). Then we need to provelOC (M/p m ) &

lOC (Ctor /p m ). More generally, given two Þnitely presented torsionOC modulesN1 ( N2,

there is an exact sequence

N [pm ] ) N1/p m ) N2/p m ) N/p m ) 0

where N = N2/N 1. Note that lOC (N [pm ]) = lOC (N/p m ). In fact, this follows from the

exact sequence

0 ) N [pm ] ) N
pm
!!) N ) N/p m ) 0

HencelOC (N2/p m ) $ lOC (N/p m ) + lOC (N1/p m ) ! lOC (N [pm ]) = lOC (N1/p m ). So Þnally

we get lOC (Btor /p m ) & lOC (Ator /p m ) + lOC (Ctor /p m ).

Corollary 4.3.2. For any integers i and n such that 0 & i & n and any positive integer m,
we have lOC (F i

tor /p m ) & lOC (F i +1
tor /p m )+ lOC (E i,n " i

, tor /p m ). In particular, lOC (H n
dR( øX/ OC )tor /p m ) &Pn

i =0 lOC (E i,n " i
, tor /p m ).

Recall that the rational Hodge-to-de Rham spectral sequence degenerates atE1 page :

Theorem 4.3.3 ([Sch13, Corollary 1.8]). For any proper smooth rigid analytic space X

over C, the Hodge-to-de Rham spectral sequence

E i,j
1 = H j (X, " i

X ) =4 H i + j
dR (X/C )

degenerates at E1. Moreover, for all i $ 0,

iX
j =0

dimC H i " j (X, " j
X ) = dim C H i

dR(X/C ) = dim QpH i
«et(X, Qp).

As a consequence, we have the following lemma :

Lemma 4.3.4. For any m > 0, we have

lOC (E i,n " i
, tor /p m ) & lOC (H n" i ( øX, " i

øX)tor /p m ).

Proof. Theorem 4.3.3 tells us that the integral Hodge-to-de Rham spectral sequence dege-

nerates atE1 after inverting p. This means that the coboundariesB i,n " i
, must be a Þnitely
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presented torsionOC -module. Consider the short exact sequence

0 ) B i,n " i
, ) Z i,n " i

, ) E i,n " i
, ) 0.

For any x + E i,n " i
, tor , there exists bx + Z i,n " i

, whose image inE i,n " i
, is x. As E i,n " i

, tor is

killed by pN for some large enoughN , we can see thatpN bx is in B i,n " i
, ( Z i,n " i

, tor . So we

have another short exact sequence

0 ) B i,n " i
, ) Z i,n " i

, tor ) E i,n " i
, tor ) 0.

Then by the additivity of the length, we get that

lOC (E i,n " i
, tor /p m ) & lOC (Z i,n " i

, tor /p m ),

and

lOC (Z i,n " i
, tor /p m ) = lOC (Z i,n " i

, tor [pm ]) & lOC (H n" i ( øX, " i
øX)tor [pm ]) = lOC (H n" i ( øX, " i

øX)tor /p m )

where the middle inequality results from the inclusion Z i,n " i
, tor [pm ] /) E i,n " i

1 [pm ] =

H n" i ( øX, " i
øX)[pm ].

So we havelOC (E i,n " i
, tor /p m ) & lOC (H n" i ( øX, " i

øX)tor /p m ).

Now we prove the converse to Theorem 1.4.7.

Theorem 4.3.5. For any positive integer m and any integer n such that 0 & n < p ! 1,
we have

lOC (H n
dR( øX/ OC )tor /p m ) & lOC (H n

«et(X, Zp)tor " Zp OC /p m ).

Proof. By Theorem 3.2.5 and Theorem 4.2.3, we have

H n
«et(X, Zp) " Zp OC

#= H n
HT ( øX) #=

nM
i =0

H n" i ( øX, " i
øX).

This implies that

nX
i =0

lOC (H n" i ( øX, " i
øX)tor /p m ) = lOC (H n

«et(X, Zp)tor " Zp OC /p m )

Moreover, by Corollary 4.3.2 and Lemma 4.3.4, we have

lOC (H n
dR( øX/ OC )tor /p m ) &

nX
i =0

lOC (E i,n " i
, tor /p m ) &

nX
i =0

lOC (H n" i ( øX, " i
øX)tor /p m ).
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So we get that

lOC (H n
dR( øX/ OC )tor /p m ) & lOC (H n

«et(X, Zp)tor " Zp OC /p m )

Theorem 4.3.6. For any n < p ! 1, there is an isomorphism of W (k)-modules

H n
crys(Xk/W (k)) #= H n

«et(X, Zp) " Zp W (k).

Proof. We Þrst prove that there is an isomorphism ofOC -modules

H n
dR( øX/ OC ) #= H n

«et(X, Zp) " Zp OC .

Note that Theorem 1.4.7 tells us that for any positive integerm,

lOC (H n
«et(X, Zp)tor " Zp OC /p m ) & lOC (H n

dR( øX/ OC )tor /p m )

So they must be equal by Theorem 4.3.5. This means thatH n
«et(X, Zp)tor " Zp OC

#=

H n
dR( øX/ OC )tor by Lemma 2.1.4. Furthermore by [BMS18, Theorem 1.1], theOC -modules

H n
dR( øX/ OC ) and H n

«et(X, Zp) " Zp OC have the same rank. So we haveH n
dR( øX/ OC ) #=

H n
«et(X, Zp) " Zp OC .

On the other hand, there is an isomorphism between de Rham cohomology and crys-

talline cohomology in the unramiÞed case (cf. [Ber06])

H n
dR(X/W (k)) #= H n

crys(Xk/W (k)) .

We also have

H n
dR(X/W (k)) " W (k) OC

#= H n
dR( øX/ OC )

by base change of de Rham cohomology. So Þnally we get the isomorphism ofW (k)-modules

H n
crys(Xk/W (k)) #= H n

«et(X, Zp) " Zp W (k).

4.4 Degeneration of the Hodge-to-de Rham spectral sequence

In this section, we assumed = dim X < p ! 1. We will improve Theorem 4.3.6 by

considering all cohomological degrees and study the degeneration of the Hodge-to-de Rham

spectral sequence. These will follow from improvements of Theorem 3.2.5 and Corollary

4.2.3.
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We begin with an improvement of Corollary 4.2.3.

Lemma 4.4.1. When d = dim X < p ! 1, we have

H n
HT ( øX) = H n( øX, e" øX) #=

nM
i =0

H n" i ( øX, " i
øX{! i } ).

for all n.

Proof. Recall the Hodge-Tate isomorphism :H i (e" X) #= " i
X

(cf. [BMS18, Theorem 8.3]).

When i $ p ! 1 > d , we have " i
X

= 0 . This implies ( %p" 2e" X ' e" X. In particular, the

whole complexe" X is formal by Theorem 4.2.1, from which this lemma follows.

Next we think about the comparison between Hodge-Tate cohomology andp-adic Žtale

cohomology. Recall that we have the following two maps (see Page 45)

f : ( %de" X ) ( %dR- ! bO+
X

g : ( %dR- ! bO+
X ) ( %de" X

whose composition in either direction is(' p ! 1)d.

We claim that R- ! bO+
X is almost supported in degrees& d, i.e. there is an almost

isomorphism ( %dR- ! bO+
X ' R- ! bO+

X . We will check this locally.

Recall that an OC -algebra R is called formally smooth (as in [BMS18]) if it is a p-

adically complete ßatOC -algebra such thatR/p is a smoothOC /p -algebra. And a formally

smooth OC -algebraR is called small (cf. [BMS18, DeÞnition 8.5]) if there is an Žtale map

2 : SpfR ) SpfOC ,T± 1
1 , á á á, T± 1

d -.

We call such Žtale map a framing. Given a framing, we can deÞne

R, := Rb" OC3T±1

1

,ááá,T ±1

d 4OC ,T± 1/p 1
1 , á á á, T± 1/p 1

d -

which is an integral perfectoid ring. And there is an action of ! = Zp(1)d on it. More

precisely, choose a compatible system(' pm) of p-power roots of unity and let ) i , i = 1 , á á á, d

be generators of! . Then ) i acts by sendingT1/p m

i to ' pmT1/p m

i and sendingT1/p m

j to T1/p m

j

for j 0= i .

By FaltingsÕ almost purity theorem (cf. [Fal88, Chapter 1, Section 3 and 4]) and [Sch13,

Proposition 3.5, Proposition 3.7, Corollary 6.6], there is an almost isomorphism of com-

plexes ofOC -modules

R!(! , R, ) ) R!( Ypro«et , bO+
Y ),
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where Y = Spa(R[1/p ], R). Moreover the continuous group cohomology on the left hand

side can be calculated by the Koszul complexK R1() 1 ! 1, á á á, ) d ! 1) by [BMS18, Lemma

7.3], which can be deÞned as

K R1() 1 ! 1, á á á, ) d ! 1) = R, " Z[+
1

,ááá,+d] (
dO

i =1

(Z[) 1, á á á, ) d]
+i" 1
!!!) Z[) 1, á á á, ) d])) .

This complex sits in non-negative cohomological degrees[0, d]. On the other hand, sinceX

is a proper smooth formal scheme overOC , there exists a basis of small a%ne opens (cf.

[Ked03, Theorem 2], [Bha18, Lemma 4.9]). So wheni > d , we get that Ri - ! bO+
X is almost

zero.

So now we have an almost isomorphism :( %dR- ! bO+
X ) R- ! bO+

X . Taking cohomology,

we then get an almost isomorphism :R!( X, ( %dR- ! bO+
X ) ) R!( X, R- ! bO+

X ). Again by

Theorem 3.2.2, we get two maps in almost derived categoryD(OC )a :

f : (R!( X, ( %de" X))a ) (R! «et(X, Zp) " Zp OC )a

g : (R! «et(X, Zp) " Zp OC )a ) (R!( X, ( %de" X))a

whose composition in either direction is(' p ! 1)d. Since both sides are perfect complexes

of OC -modules, we get two maps in the derived categoryD(OC ) :

f : R!( X, ( %de" X) ) R! «et(X, Zp) " Zp OC

g : R! «et(X, Zp) " Zp OC ) R!( X, ( %de" X)

whose composition in either direction is(' p ! 1)d.

Now as( %de" X ' e" X, we haveR!( X, ( %de" X) ' R!( X, e" X) = R! HT (X). So we get two

maps

f : R! HT (X) ) R! «et(X, Zp) " Zp OC

g : R! «et(X, Zp) " Zp OC ) R! HT (X)

whose composition in either direction is(' p ! 1)d.

Theorem 4.4.2. There is an isomorphism of OC -modules for all n

H n
HT (X) #= H n

«et(X, Zp) " Zp OC .

Proof. This follows from Lemma 2.2.4.

Theorem 4.4.3. Assume d = dim X < p ! 1. Then there is an isomorphism of W (k)-
modules for all n

H n
crys(Xk/W (k)) #= H n

«et(X, Zp) " Zp W (k).
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Proof. Note that if Theorem 4.3.5 is true for all n, then Theorem 4.3.6 is true for alln. And

if Theorem 3.2.5 and Corollary 4.2.3 are true for all cohomological degrees, then Theorem

4.3.5 is true for all cohomological degrees. So this theorem follows from Theorem 4.4.1 and

Theorem 4.4.2.

Corollary 4.4.4. If d = dim( X) < p ! 1, the coboundaries B i,n " i
, vanish for all n. In

particular the Hodge-to-de Rham spectral sequence degenerates at E1-page.

Proof. By Theorem 4.4.1 and Theorem 4.4.2, we see that

nX
i =0

lOC (H n" i ( øX, " i
øX)tor /p m ) = lOC (H n

«et(X, Zp)tor " Zp OC /p m )

is true for all n.

Theorem 4.4.3 shows that for alln we have

lOC (H n
dR( øX/ OC )tor /p m ) = lOC (H n

«et(X, Zp)tor " Zp OC /p m ).

So we conclude that

lOC (H n
dR( øX/ OC )tor /p m ) =

nX
i =0

lOC (H n" i ( øX, " i
øX)tor /p m )

holds for all n.

As we have seen in the proof of Lemma 4.3.4, there are inequalities for alln

lOC (E i,n " i
, tor /p m ) & lOC (Z i,n " i

, tor /p m ) & lOC (H n" i ( øX, " i
øX)tor /p m ).

Also by using the same argument as in the proof of Theorem 4.3.5, we have

lOC (H n
dR( øX/ OC )tor /p m ) &

nX
i =0

lOC (E i,n " i
, tor /p m ) &

nX
i =0

lOC (H n" i ( øX, " i
øX)tor /p m ).

holds for all n. But these inequalities are in fact equalities. This means that

lOC (E i,n " i
, tor /p m ) = lOC (Z i,n " i

, tor /p m ) = lOC (H n" i ( øX, " i
øX)tor /p m ).

In other words, the coboundariesB i,n " i
, vanish as we havelOC (B i,n " i

, ) = lOC (Z i,n " i
, tor ) !

lOC (E i,n " i
, tor ) = 0 . So the Hodge-to-de Rham spectral sequence degenerates atE1-page.

Remark 4.4.5. We collect some other results about the degeneration of the (integral)

Hodge-to-de Rham spectral sequence.
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1. In [FM87, Corollary 2.7], Fontaine and Messing have proved that for any proper

smooth (formal) schemX whose special Þber has dimension strictly less thanp, the

Hodge-to-de Rham spectral sequence degenerates atE1-page. Their proof makes

use of the syntomic cohomology.

2. For any projective smooth schemeX over W (k) where k is a perfect Þeld of cha-

racteristic p, Kazuya Kato has proved that if dim(X ) & p, the Hodge-to-de Rham

spectral sequence degenerates atE1-page and the de Rham cohomology groups are

Fontaine-La!aille modules (cf. [K + 87, Proposition 2.5]).

3. For any proper smooth formal schemeX over OK , whereOK is the ring of integers

of a complete discretely valued nonarchimedean extensionK of Qp with perfect

residue Þeldk and ramiÞcation degreee. Let S be W (k)[[u]] and E be an Eisenstein

polynomial for a uniformizer # of OK . Shizhang Li has proved that ifX can be lifted

to S / (E 2) and dim(X) áe < p ! 1, then the Hodge-to-de Rham spectral sequence is

split degenerate (cf. [Li20, Theorem 1.1]). His proof uses Theorem 0.0.6.



Chapitre 5

The ramiÞed case : comparison

theorem

In this chapter, let X be a proper smooth formal scheme overOK , which is the ring of

integers of a complete discretely valued nonarchimedean extensionK of Qp with perfect

residue Þeldk and ramiÞcation degreee. We will get some properties about the torsion

in the Breuil-Kisin cohomology groups H i
S (X) when ie < p ! 1 and obtain an integral

comparison theorem comparing thep-adic Žtale cohomology groups and the crystalline

cohomology groups.

5.1 Torsion in Breuil-Kisin cohomology groups

We Þrst Þx a uniformaizer # in OK and choose an Eisenstein polynomialE for #.

Note that the ring S = W (k)[[u]] is a two-dimensional regular local ring. The structure of

S -modules is subtle in general (see Remark 5.2.2). In particular, it is di%cult to study the

u-torsion. But in our case, it turns out to be simpler.

Let C be a complete algebraically closed nonarchimedean extension ofK and OC be its

ring of integers. Let X be X %Spf(OK ) Spf(OC ). Recall that we can deÞneAinf := W (O#
C )

as in DeÞnition 1.4.1. We start by studying theAinf -cohomology groups ofX.

Lemma 5.1.1. For any i such that ie < p ! 1, the cohomology group H i +1
A

inf

(X) is e&-torsion-
free.

Proof. We assume thatC is spherically complete. As in the proof of Theorem 3.2.5, we

see that the spherical completion ofC exists and is still complete and algebraically closed.

Moreover sinceR! A
inf

(X) ' R! S (X) " L
S ,( Ainf where . : S ) Ainf is the faithfully

ßat map taking (E) to (e&) (for the deÞnition of the map . , see Section 1.5), we have

H i +1
A

inf

( øX) #= H i +1
S (X)" S ,( Ainf , in particular H i +1

A
inf

( øX) is e&-torsion-free if and only if H i +1
S (X)

63
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is E-torsion-free as(. (E )) = ( e&). So it does not matter whetherC is spherically complete

or not.

As in Chapter 3, we apply Lemma 3.2.1 to the complex of sheaves ofAinf -modules

( %i R- ! Ainf ,X and the elementµ + Ainf . Precisely, in the categoryD [0,i ](X, Ainf ), we get

two natural maps

f : ( %i R- ! Ainf ,X ) L! µ( %i R- ! Ainf ,X ' ( %i A" X

g : ( %i A" X ' L! µ( %i R- ! Ainf ,X ) ( %i R- ! Ainf ,X

whose composition in either direction isµi .

We consider the the complex of sheaves( %i R- ! bO+
X as in the categoryD( øX, Ainf ) via

the map Ainf
e$!) O C ) O øX. Moreover it is in the category D [0,i ]( øX, Ainf ).

There is a map( %i R- ! Ainf ,X ) ( %i R- ! bO+
X induced by e%: Ainf ,X ) bO+

X . So we can get

a commutative diagram

L! µ( %i R- ! Ainf ,X L! µ( %i R- ! bO+
X

( %i R- ! Ainf ,X ( %i R- ! bO+
X

s
1

f
1

f
2

s
2

g
1

g
2

where the composition of f j with gj in either direction is µi for j = 1 , 2. Note that

L! ' p" 1( %i R- ! bO+
X is isomorphic to L! µ( %i R- ! bO+

X in D( øX, Ainf ).

Recall that ( %i R! A
inf

( øX) is a perfect complex ofAinf -modules according to Lemma

3.2.4. Then by the second almost isomorphism in Theorem 3.2.2 and Lemma 3.1.6, we can

get two maps

f : ( %i R! A
inf

( øX) ) ( %i R! «et(X, Zp) " Zp Ainf .

g : ( %i R! «et(X, Zp) " Zp Ainf ) ( %i R! A
inf

( øX)

whose composition in either direction isµi .

By taking cohomology, we can obtain another commutative diagram

H i
A

inf

( øX) H i
HT ( øX)

H i
«et(X, Zp) " Zp Ainf H i

«et(X, Zp) " Zp OC

s
1

f
1

f
2

s
2

g
1

g
2

Note that Coker(s1) is in fact H i +1
A

inf

( øX)[e&] and Coker(s2) = 0 .

Therefore we get two induced maps

H i +1
A

inf

( øX)[e&] 0
f
3

g
3
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where the composition off 3 and g3 in either direction is µi . SinceH i +1
A

inf

( øX)[e&] ' H i +1
S (X)[E ]" OK

OC asOC -modules, it has a decomposition asOm
C 2 (

Ln
s=1 OC /# ns). Note that the image

of µ under the reduction Ainf ) Ainf / e& is ' p ! 1 and v(( ' p ! 1)i ) < v (#) when ie < p ! 1.

We then can getH i +1
A

inf

( øX)[e&] = 0 by Lemma 2.2.4.

Remark 5.1.2. The previous version of this lemma covers the cohomological degreei such

that ie < p ! 1. We want to thank Shizhang Li for pointing out that the previous proof

can be improved slightly to include the cohomological degreei + 1 such that ie < p ! 1.

In the next lemma, we give an equivalent statement to thee&-torsion-freeness for some

specialAinf -modules.

Lemma 5.1.3. Let M be a finitely presented Ainf -module such that M [1
p] is finite projective

over Ainf [ 1
p], and let x + m\ (p) where m is the maximal ideal of Ainf . Then M is e&-torsion-

free if and only if it is x-torison-free.

Proof. Note that the radical ideal of (p, x) is the maximal ideal. To see this, we take any

y + m. Let øy be its image in O#
C = Ainf /p . Then there exists a positive integers and an

elementa + Ainf with image øa + O #
C such that (øy)s = øxøa where øx is the image ofx in O#

C .

So we getys is in (p, x).

Now If there exists b + M such that xb = 0 , then for any other z + m\ (p), we have

znb = 0 for any su%ciently largen. This is because all torsion inM is killed by some power

of p. Then this lemma follows.

Corollary 5.1.4. When ie < p ! 1, the Ainf -cohomology group H i +1
A

inf

( øX) is &-torsion-free
and the Breuil-Kisin cohomology group H i +1

S (X) is both E -torsion-free and u-torsion-free.

Recall that for any Þnitely presentedAinf -module M such that M [1
p] is Þnite projective

over Ainf [ 1
p], we have the following proposition :

Proposition 5.1.5 ([BMS18] Proposition 4.13). Let M be a finitely presented Ainf -module
such that M [1

p] is finite projective over Ainf [ 1
p]. Then there is a functorial exact sequence

0 ) M tor ) M ) M free ) M ) 0

satisfying :

1. M tor , the torsion submodule of M , is finitely presented and perfect as an Ainf -
module, and is killed by pn for n 5 0.

2. M free is a finite free Ainf -module.

3. M is finitely presented and perfect as an Ainf -module, and is supported at the closed
point s + Spec(Ainf ).
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Here we recall the construction of the free moduleM free. SinceM/M tor is torsion-free,

the quasi-coherent sheaf associated to it restricts to a vector bundle onSpec(Ainf )\{ s} by

[BMS18, Lemma 4.10]. By [BMS18, Lemma 4.6], the global section of this vector bundle

is a Þnite freeAinf -module, which givesM free. In particular, if M/M tor is free itself, then

M/M tor = M free. For more details, see the proof of [BMS18, Proposition 4.13].

By applying this result to H i
A

inf

( øX), we can obtain the following lemma saying that

H i
A

inf

( øX) is a direct sum of its torsion submodule and a freeAinf -module.

Lemma 5.1.6. For any i such that ie < p ! 1, the term M in the functorial exact sequence

0 ) M tor ) M = H i
A

inf

( øX) ) M free ) M ) 0

vanishes.

Proof. Let N = H i
«et(X, Zp) " Zp Ainf , we have two mapsf : M ) N and g : N ) M ,

whose composition in either direction isµi . Then we have a commutative diagram

0 M tor M M free M 0

0 Ntor N Nfree 0 0

by functoriality.

On the other hand, the exact sequence associated toH i
A

inf

( øX) is the ßat base change

of the canonical exact sequence associated toH i
S (X) (see [BMS18, Proposition 4.3 and

4.13]). HenceM #= H i
S (X) " S Ainf and M/ e& #= (H i

S (X)/E ) " S Ainf where H i
S (X) is a

torsion S -module and is killed by some power of(p, u). Again, by using the decomposition

of H i
S (X)/E and the fact that v(( ' p ! 1)i ) < v (#) when ie < p ! 1, we get H i

S (X)/E = 0

and M/ e&= 0 by Lemma 2.2.4. ThenM = 0 follows from Nakayama lemma.

Corollary 5.1.7. For any i such that ie < p ! 1, the Ainf -cohomology group H i
A

inf

(X)

is a direct sum of a free Ainf -module and its torsion submodule. Also, the Breuil-Kisin
cohomology group H i

S (X) is a direct sum of a free S -module and its torsion submodule.

In the following part, we consider the torsion submodules of the cohomology groups

H i
A

inf

( øX) and H i
S (X), and let H i

A " tor , H i
S " tor denote them respectively.

We Þrst prove a key lemma which enables us to study the structure ofH n
S " tor .

Lemma 5.1.8. For any i such that ie < p ! 1, the modules (psH i
A " tor

)/p m (resp. (psH i
S " tor )/p m )aree&-torsion-free (resp. E -torsion-free) for all non-negative integers m, s.

Proof. Recall that we have two injective map f : H i
A " tor ) H i

«et" tor " Zp Ainf and g :

H i
«et" tor " Zp Ainf ) H i

A " tor whose composition in either direction isµi . These induce
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two new maps (we still denotef and g) between((psH i
A " tor

)/p m )[e&] and ((psH i
«et" tor ) " Zp

Ainf /p m )[e&] whose composition in either direction isµi . Note that ((psH i
«et" tor )" ZpAinf /p m )[e&] =

0. This means((psH i
A " tor )/p m )[e&] is killed by µi . As ((psH i

A " tor )/p m )[e&] #= ((psH i
S " tor )/p m )[E ]" S

Ainf admits a decomposition as
Ln

t=1 OC /# nt and v(( ' p! 1)i ) < v (#), the module((psH i
A " tor )/p m )[e&]

must be 0 by Lemma 2.2.4. Since((psH i
A " tor )/p m )[e&] #= (psH i

S " tor )/p m )[E ] " S ,( Ainf and

the map . : S ) Ainf is faithfully ßat, we also have(psH i
S " tor )/p m ) is E-torsion-free.

In order to determine the module structure ofH i
S (X), we need the following lemma.

Lemma 5.1.9. Let M be a finitely presented torsion S -module. If M/p #= (S /p )n and
pM #=

Lr
i =1 S /p ni , then we have an isomorphism of S -modules : M #=

Ln
i =1 S /p m i .

Proof. The proof is just that of [Bre98b, Lemma 2.3.1.1], simply by replacingS by S . For

readersÕ convenience, we give the proof here.

Choosem $ 0 such that pm M = 0 . Let (e1, e2, á á á, en) be a basis ofM/pM over

S /p and we choose their liftingsbe1, be2, á á á, ben in M . By Nakayama lemma, we see that

M is generated by(be1, be2, á á á, ben) as aS /p m -module. So(pbe1, pbe2, á á á, pben) generate the

S /p m -module pM .

After renumbering (bei ), we can suppose that the images ofpbe1, pbe2, á á á, pber in pM " S /p m

k form a basis overk. Choosef 1, á á á, f r + pM such that pM #=
Lr

i =1 S /p niS áf i . Then

there exists ar %r -matrix A + M r (S /p m S ) such that (f 1, f 2, á á á, f r )A = ( pbe1, pbe2, á á á, pber ).

Since A mod (p, u) + GL r (k), we know that A is in GL r (S /p m S ). So we can replace

(be1, be2, á á á, ber ) by (be1, be2, á á á, ber )A" 1 and supposepbei = f i for 1 & i & r .

For r + 1 & j & n, there exist aij + S /p m S for 1 & i & r such that pbej =
Pr

i =1 aij f i =Pr
i =1 aij pbei . Again, we can replacebej by bej !

Pr
i =1 aij bei for r + 1 & j & n. That means

we can supposepbej = 0 for r + 1 & j & n.

Finally, we can construct a surjective morphism ofS /p m S -module :

h : M 1 = (
rM

i =1

S /p ni+1 S %gi )
M

(
nM

i = r +1

S /p S %gi ) ) M

gi /) bei

Note that the morphism h : M 1 ) M induces two isomorphisms :h1 : pM 1 2!) pM and

h2 : M 1/pM 1 2!) M/pM under the choice ofbei , 1 & i & n. For any x such that h(x) = 0 ,

if x + pM 1, then x = 0 sinceh2(x) = h(x) = 0 . If x /+ pM 1, then h2(øx) = 0 implies that

x + pM 1 where øx is the image ofx in M 1/pM 1. So h : M 1 ) M must be an isomorphism.

We are done.

Corollary 5.1.10. Let M be a finitely presented torsion S -module which is killed by some
power of p. If (psM )/p is u-torsion-free for all s $ 0, then M admits a decomposition as
M #=

Ln
i =1 S /p m i .
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Proof. To prove this corollary, we want to apply Lemma 5.1.9 to M . Note that M/p is

u-torsion-free by our assumption, therefore Þnite free as aS /p = k[[u]]-module. So we

need to prove that pM admits a nice decomposition as in Lemma 5.1.9. Since the module

(pM )/p is alsou-torsion-free by our assumption, we only need to prove thatp2M admits

a nice decomposition as in Lemma 5.1.9. We can continue this process until that we need

to prove pm M admits a nice decomposition as in Lemma 5.1.9 for somem such that M is

killed by pm+1 . As p(pm M ) = 0 and (pm M )/p = pm M has nou-torsion, we see thatpm M

is a freeS /p -module by Lemma 5.1.9. So we are done.

5.2 Integral comparison theorem

Now we state our main theorem of this chapter comparing the module structure of

Breuil-Kisin cohomology groups to that of p-adic Žtale cohomology groups.

Theorem 5.2.1. Let X be a proper smooth formal scheme over OK , where OK is the ring
of integers in a complete discretely valued nonarchimedean extension K of Qp with perfect
residue field k and ramification degree e. Let OC be the ring of integers in a complete
algebraically closed nonarchimedean extension C of K and X be the adic generic fibre of
øX := X %Spf(OK ) Spf(OC ). Assuming ie < p ! 1, there is an isomorphism of S -modules

H i
S (X) #= H i

«et(X, Zp) " Zp S .

In particular, we also have an isomorphism of Ainf -modules

H i
A

inf

(X) #= H i
«et(X, Zp) " Zp Ainf .

Proof. Note that the torsion submodule H i
S " tor of H i

S (X) is killed by some power ofp by

the Þrst statement in Proposition 5.1.5. Then by Lemma 5.1.8 and Corollary 5.1.10, we

get a decompositionH i
S " tor

#=
Ln

t=1 S /p mt .

Since H i
S (X) is a direct sum of a freeS -module and H i

S " tor by Corollary 5.1.7, this

theorem then follows from theAinf -comparison of the Breuil-Kisin cohomology groups (see

Theorem 1.5.2.1) and Corollary 1.4.6.1

H n
S (X) " S Ainf [1/µ ] #= H n

«et(X, Zp) " Zp Ainf [1/µ ].

where the mapS ) Ainf [1/µ ] is the composition of the faithfully ßat map . : S ) Ainf

and the natural injection Ainf = W (O#
C ) ) Ainf [1/µ ].
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Remark 5.2.2. In general, for any Þnitely generated moduleM over S (or any other

two dimensional regular local ring), there is a pseudo-isomorphism betweenM and S r 2

(
Ln

i =1 S / Pi ) where eachPi is a prime ideal of height 1. Pseudo-isomorphism means its

localization at all prime ideals of height 1 is in fact an isomorphism. Within the range

ie < p ! 1, the theorem above tells us that the classicalp-adic cohomology theories provide

enough information to determine the structure of Breuil-Kisin cohomology groups. But

beyond this range, the situation gets subtle.

Now we come to prove the integral comparison theorem in the ramiÞed case.

Theorem 5.2.3. Let X be a proper smooth formal scheme over OK , where OK is the ring
of integers in a complete discretely valued nonarchimedean extension K of Qp with perfect
residue field k and ramification degree e. Let OC be the ring of integers in a complete
algebraically closed nonarchimedean extension C of K with residue field øk. Let X be the
adic generic fibre of øX := X " OK OC and Xk be the special fiber of X. Then if ie < p ! 1,
there is an isomorphism of W (k)-modules

H i
«et(X, Zp) " Zp W (k) #= H i

crys(Xk/W (k)) .

Proof. Assumeie < p ! 1. By Corollary 1.4.6.3 and Corollary 5.1.4, we have an isomorphism

of OC -modules

H i
A

inf

( øX)/& #= H i
dR( øX/ OC ).

Since we also haveH i
A

inf

( øX) #= H i
«et(X, Zp) " Zp Ainf by Theorem 5.2.1, we get an iso-

morphism of OC -modules

H i
dR( øX/ OC ) #= H i

«et(X, Zp) " Zp OC .

Note that when e < p, we have an integral comparison isomorphism between de Rham

cohomology and crystalline cohomology (cf. [Ber06])

H i
dR( øX/ OC ) #= H i

crys(Xøk/W (øk)) " W (øk) OC

where Xøk := Xk " k
øk.

So Þnally, we get the isomorphism

H i
«et(X, Zp) " Zp W (øk) #= H i

crys(Xøk/W (øk)) .

By virtue of the base change of crystalline cohomologyH i
crys(Xøk/W (øk)) #= H i

crys(Xk/W (k)) " W (k)

W (øk), we also have

H i
«et(X, Zp) " Zp W (k) #= H i

crys(Xk/W (k)) .
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Remark 5.2.4. When (i + 1) e < p ! 1, the proof of the integral comparison isomor-

phism for schemes in [Car08] depends on the fact that the crystalline cohomology groups

H i
crys(XOK /p /S ) admits a decomposition asH i

crys(XOK /p /S ) #= Sn 2 (
Lm

j =1 S/paj ). This

can also be deduced from Theorem 5.2.1 and the base change of prismatic cohomology

along the map of prisms(S , (E )) ) (S, (p)) , which is the composition of the Frobenius

map S ) S and the natural injection S /) S.
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Categories of Breuil-Kisin modules

In this chapter, let K be a complete nonarchimedean extension ofQp with ring of in-

tegers OK . Let k be its residue Þeld ande be its ramiÞcation degree. We want to give a

slightly more general result about the structure of torsion Breuil-Kisin modules of height

r , under the restriction er < p ! 1. Namely, all torsion Breuil-Kisin modules in this case

are isomorphic to
Ln

i =1 S /p ai , whereS := W (k)[[u]]. As a result, this gives another proof

of Theorem 5.2.1 without using Lemma 5.1.8.

Let # be a Þxed uniformizer ofOK . There is a natural W (k)-linear surjection from

S = W (k)[[u]] to OK by sending u to #. The kernel of this map is generated by an

Eisenstein polynomial E = E(u) for #. Fix a non-negative integer r . We Þrst need to

deÞne some categories that we will study.

Definition 6.0.1 (1Modr,!
/ S ). The objects of category 1Modr,!

/ S are defined to be S -modules
M equipped with a " -linear endomorphism " : M ) M such that the cokernel of id " " :

" ! M := S " !, S M ) M is killed by E r . Morphisms are homomorphisms of S -modules
compatible with " . We say that a short sequence 0 ) M 1 ) M 2 ) M 3 ) 0 is exact if it
is exact in the abelian category of S -modules.

Definition 6.0.2 (Modr,!
/ S

1

). The category Modr,!
/ S

1

is the full subcategory of 1Modr,!
/ S span-

ned by the objects which are finite free over S 1 := S /p = k[[u]].

Definition 6.0.3 (Modr,!
/ S1). We define Modr,!

/ S1 to be the smallest full subcategory of
1Modr,!

/ S which contains Modr,!
/ S

1

and is stable under extensions.

Remark 6.0.4. The category Mod1,!
/ S

1

Þrst appeared in [Bre]. And the categoryMod1,!
/ S1

is just the category Mod/ S deÞned by Kisin in [Kis06].

The following lemma gives us some important descriptions of objects inModr,!
/ S1 .

Lemma 6.0.5. 1. For any M in Modr,!
/ S1 , the morphism id " " : " ! M ) M is

injective.
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2. An object M in 1Modr,!
/ S is in Modr,!

/ S1 if and only if it is of finite type over S , it
has no u-torsion and it is killed by some power of p.

Proof. See [Liu07, section 2.3].

Corollary 6.0.6. The torsion submodule H i
S " tor of the Breuil–Kisin cohomology groups

of a proper smooth formal scheme over OK is in the category Modr,!
/ S1 when i & r < p" 1

e .

Proof. This follow from Corollary 5.1.4 and [BS19, Theorem 1.8 (6)].

Next we introduce BreuilÕs ringS and deÞne some related categories analogous to those

associated with the ringS .

Definition 6.0.7 (BreuilÕs ring). Let S be the p-adic completion of the PD-envelope of
W (k)[u] with respect to the ideal (E ) ( W (k)[u]. The ring S is endowed with several
additional structures :

1. a canonical (PD-)filtration : Fil iS is the p-adic completion of the ideal generated by
elements ( E m

m! )m0 i .

2. a Frobenius " : it is the unique continuous map which is Frobenius semi-linear over
W (k) and sends u to up.

For r < p ! 1, we have" (Fil rS) ( pr S and we can deÞne" r = !
pr : Fil rS ) S. Set

Sn := S/pn .

Definition 6.0.8 (1Modr,!
/S ). The objects of 1Modr,!

/S are the following data :

1. an S-module ;

2. a submodule Fil rM ( M such that Fil rS áM ( Fil rM ;

3. a " -linear map " r : Fil rM ) M such that for all s + Fil rS and x + M we have
" r (sx) = c" r " r (s)" r (E r x), where c = " 1(E ).

The morphisms are homomorphisms of S-modules compatible with additional structures.
We say a short sequence 0 ) M 1 ) M 2 ) M 3 ) 0 in 1Modr,!

/S is exact if both sequences
0 ) M 1 ) M 2 ) M 3 ) 0 and 0 ) Fil rM 1 ) Fil rM 2 ) Fil rM 3 ) 0 are exact in the
abelian category of S-modules.

Definition 6.0.9 (Modr,!
/S

1

). The objects of Modr,!
/S

1

are M in 1Modr,!
/S such that M is finite

free over S1 and the image of " r generates M as an S-module.

Definition 6.0.10 (Modr,!
/S 1). The category Modr,!

/S 1 is the smallest subcategory of 1Modr,!
/S

containing Modr,!
/S

1

and is stable under extensions.

For any r < p ! 1, one can deÞne a functorM S1 : Modr,!
/ S1 ) 1Modr,!

/S as follows :

1. M S1(M ) = S " !, S M . Here " : S ) S is the compositeS ) S ) S where the

Þrst map is the Frobenius onS and the second map is the canonical injection.
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2. Submodule : The Frobenius onM induces aS-linear map id " " : S " !, S M )

S " S M . The submoduleFil rM S1(M ) is then deÞned by the following formula :

Fil rM S1(M ) := { x + M S1(M ) | (id " " )(x) + Fil rS " S M ( S " S M )}

3. Frobenius : the map" r is the following composite :

Fil rM S1(M )
id* !
!!!) Fil rS " S M

! r* id
!!!!) M S1(M ).

Remark 6.0.11. This functor was in fact deÞned by Breuil (see [Bre, Section 2.2]).

We state a theorem describing the functorM S1 .

Theorem 6.0.12. For any r < p ! 1, the functor M S1 takes value in Modr,!
/S 1 . The

induced functor M S1 : Modr,!
/ S1 ) Modr,!

/S 1 is exact and it is an equivalence of categories.
Moreover, if we choose M S1 a quasi-inverse of M S1 , then the functor M S1 is also exact.

Proof. See [CL09, Proposition 2.1.2, Theorem 2.3.1, Proposition 2.3.2].

Theorem 6.0.13. Assuming er < p ! 1, the category Modr,!
/S 1 is an abelian category

and every object is of the form
Ln

i =1 S/pai . For any morphism f : (M 1, Fil rM 1, " r ) )

(M 2, Fil rM 2, " r ) in Modr,!
/S 1 , the underlying module of Ker( f ) is the kernel of the morphism

f : M 1 ) M 2 in the category of S-modules and the underlying module of Fil rKer( f ) is the
kernel of the morphism f : Fil rM 1 ) Fil rM 2 in the category of S-modules. A Similar
statement is true for Coker(f ).

Proof. See [Car06, Section 3]. We remark that the category which Caruso used is di!erent

from ours but they can be proved to be equivalent by using a generalization of [Bre98a,

Proposition 2.3.1.2], as mentioned in the proof of [Car08, Theorem 4.2.1].

Remark 6.0.14. This theorem is false without the restriction er < p ! 1.

From now on, we Þx a non-negative integerr such that er < p ! 1. Then Modr,!
/ S1 is

an abelian category.

Lemma 6.0.15. For any morphism f : M 1 ) M 2 in Modr,!
/ S1 , the underlying module

of Ker( f ) is the kernel of the morphism f : M 1 ) M 2 in the category of S -modules. A
Similar statement is true for Coker(f ).

Proof. By Lemma 6.0.5, the kernel and the image of the underlying morphismf : M 1 )

M 2 in the category of S -modules together with the induced Frobenius maps are objects

of Modr,!
/ S1 . It is easy to see that the kernel equipped with the induced Frobenius map

is indeed Ker( f ) in the category Modr,!
/ S1 . So we can assumef : M 1 ) M 2 is injective.

Then M S1(f ) is also injective. In fact, let L be the kernel of M S1(f ) and we choose
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a quasi-inverse functorM S1 of M S1 . Let h : L ) M 1 be the image of the inclusion

L ) M S1(M 1) under M S1 . Then f 1 h = 0 , which implies h = 0 . In consequence, we

have L = 0 . Put M = Coker( f ). By Theorem 6.0.12 and Theorem 6.0.13, we get an exact

sequence0 ) M 1 ) M 2 ) M S1(M ) ) 0 in the exact categoryModr,!
/ S1 (where the class

of the exact sequences is as deÞned in DeÞnition 6.0.1). So we haveM S1(M ) is isomorphic

to M 2/ M 1 as S -modules. In particular M 2/ M 1 has no u-torsion. By Lemma 6.0.5, the

module M 2/ M 1 equipped with the induced Frobenius map is an object ofModr,!
/ S1 . It is

easy to check thatCoker(f ) is isomorphic toM 2/ M 1 equipped with the induced Frobenius

map.

Corollary 6.0.16. The full subcategory Modr,!
/ S

1

of Modr,!
/ S1 is an abelian category.

Proof. For any morphism f : M 1 ) M 2 in Modr,!
/ S

1

, Ker( f ) and Coker(f ) are then both

killed by p. By Lemma 6.0.5, they areu-torsion free. SoKer( f ) and Coker(f ) are in the

category Modr,!
/ S

1

.

Let ModFI r,!
/ S1 denote the full subcategory ofModr,!

/ S1 spanned by the objects that

are isomorphic to
Ln

i =1 S /p ai as S -modules. In particular, ModFI r,!
/ S1 contains Modr,!

/ S
1

.

Lemma 6.0.17. For any M + Modr,!
/ S1 , the quotient M /p is in Modr,!

/ S
1

.

Proof. Consider the morphismM
/ p
!!) M in Modr,!

/ S1 . SinceModr,!
/ S1 is an abelian category,

we know that M /p is also in Modr,!
/ S1 . It is killed by p and has nou-torsion by Lemma

6.0.5, thereforeM /p is in Modr,!
/ S

1

.

We now reformulate Lemma 5.1.9 by using the categories we have deÞned.

Lemma 6.0.18. Let M be in Modr,!
/ S1 . If pM is in ModFI r,!

/ S1 , so is M .

Proof. By Lemma 6.0.17, we haveM /p + Modr,!
/ S1 . Then this lemma follows from Lemma

5.1.9.

Lemma 6.0.19. Let L /) M be an injection in Modr,!
/ S1 . If M is in ModFI r,!

/ S1 , so is L .

Proof. We show that pL is in ModFI r,!
/ S1 , then this lemma follows from Lemma 6.0.18.

Consider the mappL /) pM . We proceed by induction on the minimal integer such that

pnM = 0 . If n = 1 , this is easy. Assume that whenn < m this lemma is true. Then when

n = m, pL is also in ModFI r,!
/ S1 as pm" 1(pM ) = 0 . We are done.

Theorem 6.0.20. The category ModFI r,!
/ S1 is an abelian category.

Proof. For any morphism f : M 1 ) M 2 in ModFI r,!
/ S1 , we need to showL = Ker( f )

and C = Coker( f ) are also in the categoryModFI r,!
/ S1 . For the kernel L, this follows from

Lemma 6.0.19. For the cokernelC, we proceed by induction on the minimal integern such

that pnM 2 = 0 . Without loss of generality, we can assumef is an injection.
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When n = 1 , we have M 1, M 2 are both in Modr,!
/ S

1

. Then by Corollary 6.0.16, we

see that C is also in Modr,!
/ S

1

( ModFI r,!
/ S1 . Now suppose the statement is true when

n < m . When n = m, consider the sequencepM 1 ) pM 2 ) pC. Then there is a short

exact sequence0 ) L
0

) pM 2/p M 1 ) pC ) 0. Since pm" 1(pM 2/p M 1) = 0 , by the

assumption, we getpC is in ModFI r,!
/ S1 . Then by Lemma 6.0.18, we see thatC is also in

ModFI r,!
/ S1 . This Þnishes the proof.

Theorem 6.0.21. There is an equivalence of categories : ModFI r,!
/ S1=Modr,!

/ S1 .

Proof. We just need to prove that every objectM in Modr,!
/ S1 is also in ModFI r,!

/ S1 . To

see this, we proceed by induction on the minimal integern such that pnM = 0 .

When n = 1 , this follows from Lemma 6.0.18. Now suppose the statement is true when

n < m . Then when n = m, we know that pM is killed by pm" 1. So by the assumption, we

have pM + ModFI r,!
/ S1 . By Lemma 6.0.18, we can obtain thatM + ModFI r,!

/ S1 . We are

done.

So Theorem 6.0.21 and Corollary 6.0.6 provide another proof of Theorem 5.2.1.

Theorem 6.0.22. For any i & r < p" 1
e , we have H i

S " tor , the torsion submodule of the
Breuil–Kisin cohomology group of a proper smooth formal scheme over OK , is in the cate-
gory ModFI r,!

/ S1 , i.e. H i
S " tor

#=
Ln

i =1 S /p ai .



76 CHAPITRE 1



Bibliographie

[B¬12] Nicolas Ojeda BŠr. Towards the cohomological construction of Breuil-Kisin mo-
dules. University of Chicago, Division of the Physical Sciences, Department of

Mathematics, 2012.

[Bei12] Alexander Beilinson. p-adic periods and derived de Rham cohomology.Journal of
the American Mathematical Society, 25(3) :715Ð738, 2012.

[Ber06] Pierre Berthelot. Cohomologie Cristalline des Schemas de Caracteristique p > 0,

volume 407. Springer, 2006.

[Bha17a] Bhargav Bhatt. The Hodge-Tate decomposition via perfectoid spaces.Lecture
notes from the Arizona Winter School, 2017.

[Bha17b] Bhargav Bhatt. Lecture notes for a class on perfectoid spaces, 2017.

[Bha18] Bhargav Bhatt. Specializing varieties and their cohomology from characteristic

0 to characteristic p. Algebraic Geometry : Salt Lake City 2015 : 2015 Summer
Research Institute, July 13-31, 2015, University of Utah, Salt Lake City, Utah,

97 :43, 2018.

[BMS18] Bhatt Bhargav, Matthew Morrow, and Peter Scholze. Integral p-adic Hodge

theory. Publications mathématiques de l’IHÉS 128.1 (2018) : 219-397, 2018.

[BMS19] Bhatt Bhargav, Matthew Morrow, and Peter Scholze. Topological Hochschild

homology and integralp-adic Hodge theory.Publications mathématiques de l’IHÉS
129.1 (2019) : 199–310, 2019.

[BO15] Pierre Berthelot and Arthur Ogus. Notes on crystalline cohomology.(MN-21).
Princeton University Press, 2015.

[Bre] Christophe Breuil. Schemas en groupes et corps des normes. article non publiŽ

datŽ de 1998.

[Bre98a] Christophe Breuil. Cohomologie Žtale dep-torsion et cohomologie cristalline en

rŽduction semi-stable.Duke mathematical journal, 95(3) :523Ð620, 1998.

[Bre98b] Christophe Breuil. Construction de reprŽsentationsp-adiques semi-stables. In

Annales scientifiques de l’Ecole normale supérieure, volume 31, pages 281Ð327.

Elsevier, 1998.

77



78 BIBLIOGRAPHIE

[BS15] Bhargav Bhatt and Peter Scholze. The pro-Žtale topology for schemes.Astérisque,

369 :99Ð201, 2015.

[BS19] Bhargav Bhatt and Peter Scholze. Prisms and prismatic cohomology.arXiv pre-
print arXiv :1905.08229, 2019.

[BV18] Kevin Buzzard and Alain Verberkmoes. Stably uniform a%noids are sheafy.Jour-
nal für die reine und angewandte Mathematik (Crelles Journal), 2018(740) :25Ð39,

2018.

[Car06] Xavier Caruso. ReprŽsentations semi-stables de torsion dans le caser < p ! 1.

Journal fur die reine und angewandte Mathematik (Crelles Journal), 2006(594) :35Ð

92, 2006.

[Car08] Xavier Caruso. Conjecture de lÕinertie modŽrŽe de Serre.Inventiones mathemati-
cae, 171(3) :629Ð699, 2008.

[CDN19] Pierre Colmez, Gabriel Dospinescu, and Wies$awa Nizio$. Integralp-adic Žtale

cohomology of Drinfeld symmetric spaces.arXiv preprint arXiv :1905.11495, 2019.

[CF00] Pierre Colmez and Jean-Marc Fontaine. Construction des reprŽsentationsp-adiques

semi-stables.Inventiones mathematicae, 140(1) :1Ð44, 2000.

[CK19] Kestutis Cesnavicius and Teruhisa Koshikawa. TheAinf -cohomology in the semis-

table case.Compositio Mathematica, 155(11), 2039-2128, 2019.

[CL09] Xavier Caruso and Tong Liu. Quasi-semi-stable representations.Bulletin de la
société mathématique de France, 137(2) :185Ð223, 2009.

[CL19] Bryden Cais and Tong Liu. Breuil-Kisin modules via crystalline cohomology.Tran-
sactions of the American Mathematical Society, 371(2) :1199Ð1230, 2019.

[Con18] Brian Conrad. A brief intoduction to adic spaces, 2018.

[DI87] Pierre Deligne and Luc Illusie. Rel•vements modulop2 et dŽcomposition du com-

plexe de de Rham.Inventiones mathematicae, 89(2) :247Ð270, 1987.

[EG19] Matthew Emerton and Toby Gee. Moduli stacks of Žtale(", !) -modules and the

existence of crystalline lifts. arXiv preprint arXiv :1908.07185, 2019.

[Fal88] Gerd Faltings. p-adic Hodge theory.Journal of the American Mathematical Society,

1(1) :255Ð299, 1988.

[FM87] Jean-Marc Fontaine and William Messing. p-adic periods andp-adic Žtale coho-

mology. Current trends in arithmetical algebraic geometry (Arcata, Calif., 1985),
179–207, Contemp. Math., 67, Amer. Math. Soc., Providence, RI, 1987.

[Fon82] Jean-Marc Fontaine. Sur certains types de reprŽsentationsp-adiques du groupe

de Galois dÕun corps local ; construction dÕun anneau de Barsotti-Tate.Annals of
Mathematics, 115(3) :529Ð577, 1982.



BIBLIOGRAPHIE 79

[Fon94] Jean-Marc Fontaine. Le corps des pŽriodesp-adiques. Astérisque, 223 :59Ð111,

1994.

[GR03] Ofer Gabber and Lorenzo Ramero.Almost ring theory. Springer, 2003.

[Hub94] Roland Huber. A generalization of formal schemes and rigid analytic varieties.

Mathematische Zeitschrift, 217(1) :513Ð551, 1994.

[Hub13] Roland Huber. Étale cohomology of rigid analytic varieties and adic spaces, vo-

lume 30. Springer, 2013.

[Ill06] Luc Illusie. Complexe cotangent et déformations I, volume 239. Springer, 2006.

[K+ 87] Kazuya Kato et al. On p-adic vanishing cycles (application of ideas of Fontaine-

Messing). In Algebraic geometry, Sendai, 1985, pages 207Ð251. Mathematical So-

ciety of Japan, 1987.

[Ked03] Kiran S. Kedlaya. More Žtale covers of a%ne spaces in positive characteristic.

arXiv preprint math/0303382, 2003.

[Ked16] Kiran S. Kedlaya. Some ring-theoretic properties of A_inf. arXiv preprint
arXiv :1602.09016, 2016.

[Kis06] Mark Kisin. Crystalline representations and F-crystals. In Algebraic geometry and
number theory, pages 459Ð496. Springer, 2006.

[Kis09] Mark Kisin. Moduli of Þnite ßat group schemes, and modularity. Annals of Ma-
thematics, pages 1085Ð1180, 2009.

[Li20] Shizhang Li. Integral p-adic Hodge Þltrations in low dimension and ramiÞcation.

arXiv preprint arXiv :2002.00431, 2020.

[Liu07] Tong Liu. Torsion p-adic galois representations and a conjecture of Fontaine. In

Annales Scientifiques de l’École Normale Supérieure, volume 40, pages 633Ð674.

Elsevier, 2007.

[LS67] Stephen Lichtenbaum and Michael Schlessinger. The cotangent complex of a mor-

phism. Transactions of the American Mathematical Society, 128(1) :41Ð70, 1967.

[Mih16] Tomoki Mihara. On TateÕs acyclicity and uniformity of Berkovich spectra and

adic spectra. Israel Journal of Mathematics, 216(1) :61Ð105, 2016.

[Nee01] Amnon Neeman.Triangulated categories. Number 148. Princeton University Press,

2001.

[Niz08] Wies$awa Nizio$. Semistable conjecture via K-theory.Duke Mathematical Journal,
141(1) :151Ð178, 2008.

[Rob13] Alain M Robert. A course in p-adic analysis, volume 198. Springer Science &

Business Media, 2013.

[Sch12] Peter Scholze. Perfectoid spaces. Publications mathématiques de l’IHÉS,

116(1) :245Ð313, 2012.



80 BIBLIOGRAPHIE

[Sch13] Peter Scholze. p-adic hodge theory for rigid-analytic varieties. In Forum of Ma-
thematics, Pi, volume 1. Cambridge University Press, 2013.

[Ser13] Jean-Pierre Serre. Local fields, volume 67. Springer Science & Business Media,

2013.

[Sta19] The Stacks project authors. The stacks project.https://stacks.math.columbia.

edu, 2019.

[SW20] Peter Scholze and Jared Weinstein. Berkeley lectures onp-adic geometry. In

Berkeley Lectures on p-adic Geometry. Princeton University Press, 2020.

[Tsu99] Takeshi Tsuji. p-adic Žtale cohomology and crystalline cohomology in the semi-

stable reduction case.Inventiones mathematicae, 137(2) :233Ð411, 1999.

[Wei17] Jared Weinstein. Arizona winter school 2017 : Adic spaces.Lecture Notes, 2017.

https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	Introduction
	Recollections on prismatic cohomology
	Adic spaces
	The pro-étale site
	The L-functor
	The Ainf-cohomology
	Breuil-Kisin cohomology
	Prismatic cohomology

	Preliminaries on commutative algebra
	Finitely presented modules over valuation rings
	Key lemmas
	Derived Hom
	Derived completion

	Hodge-Tate cohomology
	Almost mathematics
	Structure of the Hodge-Tate cohomology groups

	The unramified case: comparison theorem
	The cotangent complex
	Decomposition of Hodge-Tate cohomology groups
	Hodge-to-de Rham spectral sequence
	Degeneration of the Hodge-to-de Rham spectral sequence

	The ramified case: comparison theorem
	Torsion in Breuil-Kisin cohomology groups
	Integral comparison theorem

	Categories of Breuil-Kisin modules

