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$EVWUDFW

:H GLVFXVV VHYHUDO UHVXOWV SHUWDLQLQJ WR WKH +RGJH DQG F\FOH WKHRULHV RI ORFDOO\
V\PPHWULF VSDFHV� 7KH XQLW\ EHKLQG WKHVH UHVXOWV LV PRWLYDWHG E\ D YDJXH EXW IUXLWIXO
DQDORJ\ EHWZHHQ ORFDOO\ V\PPHWULF VSDFHV DQG SURMHFWLYH YDULHWLHV�

� ,QWURGXFWLRQ

/RFDOO\ V\PPHWULF VSDFHV DUH FRPSOHWH 5LHPDQQLDQ PDQLIROGV ORFDOO\ PRGHOHG RQ FHU�
WDLQ KRPRJHQHRXV VSDFHV� 7KHLU KRORQRP\ JURXSV DUH W\SLFDOO\ VPDOOHU WKDQ 62n ± WKH
KRORQRP\ JURXS RI D JHQHULF 5LHPDQQLDQ PDQLIROG ± DQG WKHUH DUH LQYDULDQW WHQVRUV RQ
WKH WDQJHQW VSDFH WKDW DUH SUHVHUYHG E\ SDUDOOHO WUDQVSRUW� ,W ZDV ILUVW REVHUYHG E\ &KHUQ
>����@ WKDW +RGJH WKHRU\ FDQ EH XVHG WR SURPRWH WKHVH ORFDO DOJHEUDLF VWUXFWXUHV WR VWUXF�
WXUHV WKDW H[LVW RQ WKH FRKRPRORJ\ JURXSV RI ORFDOO\ V\PPHWULF VSDFHV� 7KLV LV YHU\ VLPLODU
WR ZKDW KDSSHQV IRU FRPSDFW .lKOHU PDQLIROGV� ,Q IDFW WKH DQDORJ\ EHWZHHQ ORFDOO\ V\P�
PHWULF VSDFHV DQG .lKOHU PDQLIROGV ± RU UDWKHU FRPSOH[ SURMHFWLYH YDULHWLHV ± LV D IUXLWIXO
RQH LQ PDQ\ DVSHFWV� ,Q WKLV UHSRUW ZH VKDOO GLVFXVV VHYHUDO LQVWDQFHV RI WKLV DQDORJ\� :H
GRQ¶W JLYH SURRIV� ZH RQO\ VWDWH UHFHQW UHVXOWV WKDW LOOXVWUDWH YDULRXV LWHPV RI WKH IROORZLQJ
GLFWLRQDU\�

3URMHFWLYH YDULHWLHV V ! Pn /RFDOO\ V\PPHWULF VSDFHV ΓnS

&RPSOH[LW\ GHJUHH YROXPH
+RGJH WKHRU\ +RGJH�/HIVFKHW] GHFRPSRVLWLRQ 0DWVXVKLPD¶V IRPXOD DQG (g; K)�FRKRPRORJ\
&\FOHV $OJHEUDLF F\FOHV 0RGXODU F\FOHV

�,QWHUVHFWLRQV RI� +\SHUSODQH VHFWLRQV 6XPV RI +HFNH WUDQVODWHV RI PRGXODU F\FOHV
.RGDLUD YDQLVKLQJ 7KHRUHP 9DQLVKLQJ WKHRUHPV XVLQJ VSLQRUV

&RKRPRORJ\ /HIVFKHW] K\SHUSODQH 7KHRUHP $XWRPRUSKLF /HIVFKHW]¶ SURSHUWLHV
+RGJH &RQMHFWXUH +RGJH W\SH WKHRUHPV
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7KH IROORZLQJ UHVXOW �VHH 7KHRUHP � EHORZ�� MRLQWO\ REWDLQHG ZLWK 0LOOVRQ DQG 0RHJOLQ�
VKRZV WKDW WKH ULJKW VLGH RI WKH DERYH GLFWLRQDU\ PD\ HYHQWXDOO\ VKHG VRPH OLJKW RQ WKH
OHIW �PRUH FODVVLFDO� VLGH�

7KHRUHP� 2Q D SURMHFWLYH XQLWDU\ 6KLPXUD YDULHW\ XQLIRUPL]HG E\ WKH FRPSOH[ n�EDOO�
DQ\ +RGJH (r; r)�FODVV ZLWK r 2 [0; n]n]n

3 ; 2n
3 [ LV DOJHEUDLF�

&RQWH[W� 7KHUH KDV EHHQ D JUHDW GHDO RI ZRUN RQ WKH FRKRPRORJ\ RI ORFDOO\ V\PPHWULF
VSDFHV� 7KLV LQYROYHV PHWKRGV IURP JHRPHWU\� DQDO\VLV DQG QXPEHU WKHRU\� :H QRWH LQ
SDUWLFXODU WKDW UHODWHG WRSLFV KDYH EHHQ GLVFXVVHG +DUULV >����@� 9HQNDWDUDPDQD >����@�
DQG 6SHK >����@ LQ WKH ODVW WKUHH ,&0V� ,QGHHG� +DUULV >����@ FRQWDLQV DQ RYHUYLHZ RI
WKH SURJUDP IRU DQDO\]LQJ FRKRPRORJ\ RI 6KLPXUD YDULHWLHV GHYHORSHG E\ /DQJODQGV DQG
.RWWZLW]� ,W DLPV DW DWWDFKLQJ *DORLV UHSUHVHQWDWLRQV WR WKH FRUUHVSRQGLQJ FRKRPRORJ\
FODVVHV� 2XU SRLQW RI YLHZ LV FORVHU WR 9HQNDWDUDPDQD >����@ DQG 6SHK >����@ WKDW GLVFXVV
FRQMHFWXUHV WKDW QDWXUDOO\ ILW LQWR WKH DERYH GLFWLRQQDU\� 7KH ODWWHU KDV EHHQ YHU\ PXFK
LQIOXHQFHG E\ IRUPHU ZRUNV RI 2GD� 9HQNDWDUDPDQD� +DUULV�/L GLVFXVVHG LQ 9HQNDWDUD�
PDQD >����@� :H DOVR KDYH ERUURZHG VRPH H[SRVLWRU\ LGHDV IURP �� RI 9HQNDWHVK 7DNDJL
OHFWXUHV 9HQNDWHVK >����@�

� /RFDOO\ V\PPHWULF VSDFHV

��� 6\PPHWULF VSDFHV� $ V\PPHWULF VSDFH LV D 5LHPDQQLDQ PDQLIROG ZKRVH JURXS
RI V\PPHWULHV FRQWDLQV DQ LQYHUVLRQ V\PPHWU\ DERXW HYHU\ SRLQW� :H ZLOO EH PDLQO\
FRQFHUQHG ZLWK V\PPHWULF VSDFHV RI QRQ�FRPSDFW W\SH� 6XFK D VSDFH S LV DVVRFLDWHG WR
D FRQQHFWHG FHQWHU�IUHH VHPL�VLPSOH /LH JURXS G ZLWKRXW FRPSDFW IDFWRU� $V D PDQLIROG
S LV WKH TXRWLHQW G/K RI G E\ D PD[LPDO FRPSDFW VXEJURXS K ! G� LW LV NQRZQ WKDW
DOO VXFK K DUH FRQMXJDWH LQVLGH G� 2QH PD\ HDVLO\ YHULI\ WKDW G SUHVHUYHV D 5LHPDQQLDQ
PHWULF RQ S � 8QOHVV RWKHUZLVH VSHFLILHG RXU V\PPHWULF VSDFHV S ZLOO DOZD\V EH DVVXPHG
WR EH RI QRQ�FRPSDFW W\SHV�

)RU H[DPSOH� LI G = 36/2(R)� ZH FDQ WDNH K = 3622� DQG WKH DVVRFLDWHG V\PPHWULF
VSDFH S = G/K FDQ EH LGHQWLILHG ZLWK WKH 3RLQFDUp XSSHU�KDOI SODQH H2 = fz 2 C :
,P(z) > 0g DQG WKH DFWLRQ RI G LV E\ IUDFWLRQDO OLQHDU WUDQVIRUPDWLRQV� LW SUHVHUYHV WKH
VWDQGDUG K\SHUEROLF PHWULF jdzj2/,P(z)2�

,I G = 36/2(C)� ZH FDQ WDNH K = 3682� DQG WKH DVVRFLDWHG V\PPHWULF VSDFH S FDQ
EH LGHQWLILHG ZLWK WKH WKUHH�GLPHQVLRQDO K\SHUEROLF VSDFH H3�

:H VKDOO EH SDUWLFXODUO\ FRQFHUQHGZLWK FDVHVZKHUHG LV HLWKHU D XQLWDU\ JURXS 38(p; q)
RU DQ RUWKRJRQDO JURXS 620(p; q)� 7KDQNV WR VSHFLDO LVRPRUSKLVPV EHWZHHQ ORZ GLPHQ�
VLRQDO /LH JURXSV WKH V\PPHWULF VSDFHV DVVRFLDWHG WR 38(1; 1) DQG 620(2; 1) DUH ERWK
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LVRPHWULF WR WKH 3RLQFDUp XSSHU�KDOI SODQH H2 DQG WKH V\PPHWULF VSDFH DVVRFLDWHG WR
620(3; 1) LV LVRPHWULF WR WKH WKUHH�GLPHQVLRQDO K\SHUEROLF VSDFH H3�

$QRWKHU LPSRUWDQW FDVH WR FRQVLGHU LV WKDW RI G = 36/n(R)� 7KHQ ZH FDQ WDNH
K = 362n� DQG WKH V\PPHWULF VSDFH S FDQ EH LGHQWLILHG ZLWK WKH VSDFH RI SRVLWLYH GHI�
LQLWH� V\PPHWULF� UHDO YDOXHG n " n PDWULFHV A ZLWK GHW(A) = 1� ZLWK PHWULF JLYHQ E\
WUDFH(A"1dA)2�

��� /RFDOO\ V\PPHWULF VSDFHV� /RFDOO\ V\PPHWULF VSDFHV DUH FRPSOHWH 5LHPDQQLDQ
PDQLIROGV ORFDOO\ PRGHOHG RQ VRPH V\PPHWULF VSDFH S ZLWK FKDQJHV RI FKDUWV JLYHQ E\
UHVWULFWLRQV RI HOHPHQWV RI G� ,W LV NQRZQ WKDW DOO VXFK PDQLIROGV DUH LVRPHWULF WR TXRWLHQWV
ΓnS RI S E\ VRPH GLVFUHWH WRUVLRQ�IUHH VXEJURXS Γ ! G� 2QH PD\ PHDVXUH WKH FRPSOH[�
LW\ RI D ORFDOO\ V\PPHWULF VSDFH E\ FRQVLGHULQJ LWV YROXPH� RU HTXLYDOHQWO\ WKH YROXPH RI
D IXQGDPHQWDO GRPDLQ IRU WKH DFWLRQ RI Γ RQ S � :H VKDOO EH RQO\ FRQFHUQHG ZLWK ORFDOO\
V\PPHWULF VSDFHV RI ILQLWH YROXPH� WKH JURXS Γ LV WKHQ D ODWWLFH LQ G ± LQ PDQ\ FDVHV ZH
VKDOO HYHQ UHVWULFW WR FRPSDFW ORFDOO\ V\PPHWULF VSDFHV�

%\ D JHQHUDO WKHRUHP RI %RUHO� DQ\ V\PPHWULF VSDFH S DGPLWV D FRPSDFW PDQLIROG TXR�
WLHQW �S �PDQLIROG� ΓnS � ,Q %RUHO¶V FRQVWUXFWLRQ Γ LV D FRQJUXHQFH DULWKPHWLF JURXS� )RU
RXU SXUSRVH OHW XV GHILQH WKHVH JURXSV DV WKRVH REWDLQHG E\ WDNLQJ D VHPL�VLPSOH DOJHEUDLF
Q�JURXS + ! 6/N � DQG WDNLQJ

����� fh 2 +(Q) : h KDV LQWHJUDO HQWULHVg:

(DFK VXFK JURXS LV FRQWDLQHG LQ DQ DPELHQW /LH JURXS� QDPHO\ WKH UHDO SRLQWV RI +� ,I
+(R) LV LVRJHQHRXV WR G " (FRPSDFW) WKH SURMHFWLRQ RQ WKH ILUVW IDFWRU PDSV WKH GLVFUHWH
VXEJURXS ����� RQWR D ODWWLFH Γ LQ G� ,I WKH FRPSDFW IDFWRU LQ+(R) LV QRQ�WULYLDO WKHQ Γ LV
QHFHVVDULO\ FR�FRPSDFW LQ G� )LQDOO\� UHSODFLQJ WKH GLVFUHWH JURXS ����� E\ LWV LQWHUVHFWLRQ
ZLWK WKH NHUQHO RI D UHGXFWLRQ PRG ` PDS 6/N (Z) ! 6/N (Z/`Z)� RQH FDQ REWDLQ D
WRUVLRQ�IUHH ODWWLFH Γ� :H UHIHU WR WKH FRUUHVSRQGLQJ ORFDOO\ V\PPHWULF VSDFHV ΓnS DV
FRQJUXHQFH DULWKPHWLF�

��� ([DPSOHV� /RFDOO\ V\PPHWULF VSDFHV SOD\ D FHQWUDO UROH LQ JHRPHWU\� +HUH DUH
VRPH LPSRUWDQW H[DPSOHV�

6KLPXUD YDULHWLHV� 7KHVH DSSHDU LQ DOJHEUDLF JHRPHWU\ DV PRGXOL VSDFHV RI FHUWDLQ W\SHV
RI +RGJH VWUXFWXUHV� (�J� IRU DOO g WKH PRGXOL VSDFH Kg RI JHQXV g TXDVL�SRODUL]HG .�
VXUIDFHV LGHQWLILHV ZLWK D ORFDOO\ V\PPHWULF VSDFH DVVRFLDWHG WRG = 620(2; 19)� 6KLPXUD
YDULHWLHV WKHPVHOYHV DUH TXDVL�SURMHFWLYH YDULHWLHV� 7KH\ SOD\ DQ LPSRUWDQW UROH LQ QXPEHU
WKHRU\ WKURXJK /DQJODQGV¶ SURJUDP�
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&RPSOH[ EDOO TXRWLHQWV� %\ <DX¶V VROXWLRQ WR WKH &DODEL FRQMHFWXUH� FRPSOH[ DOJHEUDLF
VXUIDFHV ZKRVH &KHUQ QXPEHUV VDWLVI\ c21 = 3c2 DUH TXRWLHQWV RI WKH XQLW EDOO LQ C2 E\ D
WRUVLRQ�IUHH FR�FRPSDFW ODWWLFH LQ 38(2; 1)� 0RVW IDPRXVO\� WKLV LQFOXGHV WKH FODVVLILFDWLRQ
RI IDNH SURMHFWLYH SODQHV E\ .OLQJOHU >����@� 3UDVDG DQG <HXQJ >����@ DQG &DUWZULJKW DQG
6WHJHU >����@� 3LFDUG >����@� 'HOLJQH DQG0RVWRZ >����@ DQG 7KXUVWRQ >����@ JLYH PDQ\
H[DPSOHV RI EDOO TXRWLHQWV FRPLQJ IURP QDWXUDO PRGXOL SUREOHPV� &RQJUXHQFH DULWKPHWLF
EDOO TXRWLHQWV DUH SDUWLFXODU 6KLPXUD YDULHWLHV�

+\SHUEROLF PDQLIROGV� ,Q GLPHQVLRQ 3� DFFRUGLQJ WR 7KXUVWRQ¶V JHRPHWUL]DWLRQ FRQMHF�
WXUH� SURYHG E\ 3HUHOPDQ� D µJHQHULF¶ PDQLIROG LV K\SHUEROLF� 0RUH JHQHUDOO\� *URPRY
WKHRU\ RI ı�K\SHUEROLF JURXSV VXJJHVW WKDW QHJDWLYH FXUYDWXUH LV µTXLWH JHQHULF�¶ +RZHYHU�
DW OHDVW LQ GLPHQVLRQ # 5� DOO NQRZQ �WR WKH DXWKRU� FRQVWUXFWLRQV RI FORVHG PDQLIROGV WKDW
FDQ FDUU\ D QHJDWLYHO\ FXUYHG PHWULF DUH HVVHQWLDOO\ REWDLQHG E\ UDWKHU VLPSOH VXUJHULHV
RQ ORFDOO\ V\PPHWULF PDQLIROGV� 7KHVH VSDFHV WKHUHIRUH IRUP D IXQGDPHQWDO IDPLO\ RI
H[DPSOHV LQ JHRPHWU\ DQG PRUH JHQHUDOO\ SOD\ D FUXFLDO UROH LQ JHRPHWULF JURXS WKHRU\�

7HLFKP�OOHU VSDFHV RI IODW XQLPRGXODU PHWULFV RQ WRUL Rn/Zn� 7KHVH DUH ORFDOO\ V\P�
PHWULF VSDFHV DVVRFLDWHG WR 36/n(R)� 7KHLU FRKRPRORJ\ JURXSV DUH YHU\ WLJKWO\ ERXQG
WR DOJHEUDLF K�WKHRU\� ,Q SDUWLFXODU WKLV YLHZSRLQW TXLWH QDWXUDOO\ OHDGV WR WKH IDPRXV
UHJXODWRU RI %RUHO�

��� 1RWDWLRQ� :H KDYH DOUHDG\ GHILQHG K ! G DQG WKH DVVRFLDWHG 5LHPDQQLDQ V\P�
PHWULF VSDFH S = G/K� /HW g EH WKH FRPSOH[LILHG /LH DOJHEUD RI G DQG OHW Gc EH D
FRPSDFW IRUP RI G� /HW Sc = Gc/K EH WKH FRPSDFW GXDO RI S � /HW ! EH WKH &DUWDQ
LQYROXWLRQ RI G IL[LQJ K DQG OHW g = p ˚ k EH WKH DVVRFLDWHG &DUWDQ GHFRPSRVLWLRQ� :H
QRUPDOL]H WKH 5LHPDQQLDQ PHWULF RQ Sc VXFK WKDW PXOWLSOLFDWLRQ E\ i LQ p EHFRPHV DQ
LVRPHWU\ TeKS ! TeKSc �

)URP QRZ RQ ΓnS ZLOO GHQRWH D ILQLWH YROXPH ORFDOO\ V\PPHWULF S �PDQLIROG� ,Q JHQ�
HUDO ZH WU\ WR UHVHUYH n IRU LWV UHDO GLPHQVLRQ� RU FRPSOH[ GLPHQVLRQ LI S LV +HUPLWLDQ�

:H GHQRWH E\ bk(M ) WKH %HWWL QXPEHUV RI D PDQLIROG M �

� +RGJH WKHRU\

)RU VLPSOLFLW\� LQ WKLV VHFWLRQ� ZH ZLOO DVVXPH WKDW DOO WKH ORFDOO\ V\PPHWULF VSDFHV ΓnS

ZH FRQVLGHU DUH FRPSDFW� 7KLV H[FOXGHV VRPH RI WKH LPSRUWDQW H[DPSOHV PHQWLRQHG DERYH�
+RZHYHU PRGLILHG YHUVLRQV RI WKH GLVFXVVLRQ EHORZ VWLOO DSSO\ DQG ZH ZLOO DEXVLYHO\ LJQRUH
WKLV LVVXH LQ WKH UHVW RI WKLV GRFXPHQW�



+2'*( 7+(25< 2) /2&$//< 6<00(75,& 63$&(6 ���

%HLQJ D FRPSDFW PDQLIROG� WKH TXRWLHQW ΓnS VDWLVILHV 3RLQFDUp GXDOLW\� %XW� DV PHQ�
WLRQHG LQ WKH ,QWURGXFWLRQ� WKH 5LHPDQQLDQ PDQLIROG ΓnS LQ JHQHUDO KDV D PXFK VPDOOHU
KRORQRP\ JURXS WKDQ 62n� DQG RQH FDQ VKRZ WKDW WKLV IRUFHV ΓnS WR VDWLVI\ PDQ\ PRUH
FRQVWUDLQWV� VHH ����� DQG ������ 7KHVH FRQVWUDLQWV FDQ EH XQGHUVWRRG LQ WHUPV RI FRKR�
PRORJLFDO UHSUHVHQWDWLRQV� L�H� XQLWDU\ UHSUHVHQWDWLRQV " RI G VXFK WKDW WKH UHODWLYH /LH
DOJHEUD FRKRPRORJ\ H #(g; K;") LV QRQ�]HUR �VHH 6HFWLRQ ��� EHORZ��

6LQFH WKH JHQHUDO VHWXS RI (g; K)�FRKRPRORJ\ LV UDWKHU IRUELGGLQJ ZH ZLOO GLVFXVV LQ
PRUH GHWDLO WZR VSHFLDO H[DPSOHV� %XW ILUVW� OHW XV HPSKDVL]H WKH DQDORJ\ ZLWK SURMHFWLYH
PDQLIROGV� RU UDWKHU KHUH ZLWK .lKOHU PDQLIROGV�

��� &RPSDULVRQ ZLWK .lKOHU PDQLIROGV� +RGJH WKHRU\ JLYHV D ZD\ WR VWXG\ WKH FR�
KRPRORJ\ RI D FORVHG 5LHPDQQLDQ PDQLIROG M � ,QGHHG� HDFK FODVV LQ H #(M; C) KDV D
FDQRQLFDO µKDUPRQLF¶ UHSUHVHQWDWLYH� D GLIIHUHQWLDO IRUP ! WKDW UHSUHVHQWV WKLV FODVV DQG
LV RI PLQLPDO L2 QRUP� (TXLYDOHQWO\ WKH IRUP ! LV DQQLKLODWHG E\ WKH +RGJH�/DSODFH
RSHUDWRU∆� 2QH JHWV

����� KDUPRQLF k�IRUPV RQ M„ ƒ‚ …
:=Hk(M )

'$! H k(M; C):

6XSSRVH IXUWKHUPRUH WKDW M LV DQ n�GLPHQVLRQDO FRPSOH[ .lKOHU PDQLIROG� 7KHQ� LWV
KRORQRP\ JURXS LV FRQWDLQHG LQ WKH XQLWDU\ JURXS 8n ! 622n DQG WKHUH LV DQ DFWLRQ RI C#

RQ HDFK WDQJHQW VSDFH WKDW LV SUHVHUYHG E\ SDUDOOHO WUDQVSRUW� 7KLV \LHOGV DQ DFWLRQ RI C#

RQ GLIIHUHQWLDO IRUPV ZLWK FRPSOH[ FRHIILFLHQWV� $ FUXFLDO DVSHFW RI WKH WKHRU\ RI .lKOHU
PDQLIROGV LV WKDW WKLV DFWLRQ SUHVHUYHV KDUPRQLF IRUPV� ,W WKHQ IROORZV IURP +RGJH WKHRU\
WKDW C# DFWV RQ WKH FRKRPRORJ\ JURXSV DQG WKLV JLYHV ULVH WR WKH +RGJH GHFRPSRVLWLRQ�

��� 0DWVXVKLPD¶V IRUPXOD� /HW XV QRZ FRPH EDFN WR WKH FDVH RI D FRPSDFW ORFDOO\
V\PPHWULF PDQLIROG ΓnS �

%HFDXVH WKH FRWDQJHQW EXQGOH T #(ΓnS) LV LVRPRUSKLF WR WKH EXQGOH ΓnG "K p# !
ΓnG/K� ZKLFK LV DVVRFLDWHG WR WKH SULQFLSDOK�EXQGOHK ! ΓnG ! ΓnS DQG WKH DGMRLQW
UHSUHVHQWDWLRQ RI K LQ p#� WKH VSDFH RI GLIIHUHQWLDO k�IRUPV RQ ΓnS FDQ EH LGHQWLILHG ZLWK
+RPK(^kp; C 1(ΓnG))� 7KH FRUUHVSRQGLQJ FRPSOH[ FRPSXWHV WKH (g; K)�FRKRPRORJ\
RI C 1(ΓnG) ± WKH VXEVSDFH RI VPRRWK YHFWRUV LQ WKH ULJKW �TXDVL��UHJXODU UHSUHVHQWDWLRQ
RI G LQ L2(ΓnG)� 2QH VLPLODUO\ GHILQHV WKH (g; K)�FRKRPRORJ\ JURXSV H $(g; K;")
RI DQ\ XQLWDUL]DEOH (g; K)�PRGXOH ("; V!)� %\ D WKHRUHP RI +DULVK�&KDQGUD� WKH VHW RI
HTXLYDOHQFH FODVVHV RI LUUHGXFLEOH XQLWDUL]DEOH (g; K)�PRGXOHV LV QDWXUDOO\ LGHQWLILHG ZLWK
WKH VHW RI HTXLYDOHQFH FODVVHV RI LUUHGXFLEOH XQLWDU\ UHSUHVHQWDWLRQV RI G� ,Q WKH IROORZLQJ�
ZH ZLOO DEXVLYHO\ XVH WKH VDPH QRWDWLRQ WR GHQRWH DQ LUUHGXFLEOH XQLWDU\ UHSUHVHQWDWLRQ
DQG LWV DVVRFLDWHG (g; K)�PRGXOH RI VPRRWK YHFWRUV�
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7KH GHFRPSRVLWLRQ RI ^$p# LQWR LUUHGXFLEOH K�PRGXOHV LQGXFHV D GHFRPSRVLWLRQ RI
WKH H[WHULRU DOJHEUD ^$T #(ΓnS) = ΓnG "K ^$(p#)� 7KLV GHFRPSRVLWLRQ FRPPXWHV ZLWK
WKH DFWLRQ RI WKH +RGJH�/DSODFH RSHUDWRU� JLYLQJ ELUWK WR D GHFRPSRVLWLRQ RI WKH FRKRPRO�
RJ\ H $(ΓnS; C) ZKLFK UHILQHV WKH +RGJH GHFRPSRVLWLRQ LI S LV +HUPLWLDQ V\PPHWULF
DQG JLYHV DQ DQDORJRXV GHFRPSRVLWLRQ RI WKH FRKRPRORJ\ LQ WKH FDVH S LV QRW +HUPLWLDQ�
,Q ERWK FDVHV ZH ZLOO FDOO WKLV GHFRPSRVLWLRQ RI H $(ΓnS; C) WKH JHQHUDOL]HG +RGJH GH�
FRPSRVLWLRQ� LW LV EHWWHU XQGHUVWRRG LQ WHUPV RI FRKRPRORJLFDO UHSUHVHQWDWLRQV WKURXJK
0DWVXVKLPD¶V IRUPXOD�

����� H $(ΓnS; C) =
M

!

m(";Γ)H $(g; K;"):

+HUH WKH �ILQLWH� VXP LV RYHU �FODVVHV RI� LUUHGXFLEOH XQLWDU\ UHSUHVHQWDWLRQV RI G VXFK
WKDW H $(g; K;") ¤ 0 DQG m(";Γ) LV WKH �ILQLWH� PXOWLSOLFLW\ ZLWK ZKLFK " RFFXUV LQ WKH
TXDVL�UHJXODU UHSUHVHQWDWLRQ L2(ΓnG)�

&RKRPRORJLFDO UHSUHVHQWDWLRQV RI G DUH FODVVLILHG LQ WHUPV RI WKH ! �VWDEOH SDUDEROLF
VXEDOJHEUDV q ! g� /HW q = l ˚ u EH WKH ! �VWDEOH /HYL GHFRPSRVLWLRQ RI q� :H KDYH
u = u \ k ˚ u \ p� 3XW R = GLP(u \ p)� 7KH OLQH ^R(u \ p) JHQHUDWHV DQ LUUHGXFLEOH
UHSUHVHQWDWLRQ V (q) RI K LQ ^Rp�

7KH FODVVLILFDWLRQ RI XQLWDU\ LUUHGXFLEOH FRKRPRORJLFDO UHSUHVHQWDWLRQV RI G DVVRFLDWHV
WR HDFK ! �VWDEOH SDUDEROLF VXEDOJHEUDV q ! g D FRKRPRORJLFDO UHSUHVHQWDWLRQ Aq FKDUDF�
WHUL]HG E\ WKH SURSHUW\ WKDW WKH RQO\ LUUHGXFLEOH K�UHSUHVHQWDWLRQ FRPPRQ WR ^$p DQG Aq

LV WKH UHSUHVHQWDWLRQ V (q)� 0RUHRYHU� HYHU\ FRKRPRORJLFDO UHSUHVHQWDWLRQ LV DQ Aq� VHH
9RJDQ DQG =XFNHUPDQ >����@�

(DFK H $(g; K;Aq) LGHQWLILHV ZLWK WKH FRKRPRORJ\ ± ZLWK GHJUHH VKLIWHG E\ R ± RI WKH
FRPSDFW V\PPHWULF VSDFH DVVRFLDWHG WR D VXEJURXSL ! Gc ZLWK FRPSOH[LILHG /LH DOJHEUD
l� ,Q SDUWLFXODU� WKH FRPSRQHQW FRUUHVSRQGLQJ WR WKH WULYLDO UHSUHVHQWDWLRQ RI G LQ ����� LV
LVRPRUSKLF WR H $(Sc ; C)� ,Q WKH +HUPLWLDQ FDVH ZH UHFRYHU +LU]HEUXFK SURSRUWLRQDOLW\
SULQFLSOH�

,I ! EHORQJV WR H R(ΓnS; C) DQG� XQGHU WKH 0DWVXVKLPD GHFRPSRVLWLRQ ������ OLHV
LQ WKH FRPSRQHQW FRUUHVSRQGLQJ WR VRPH Aq ZLWK R = GLP(u \ p)� E\ DQDORJ\ ZLWK
WKH QRWLRQ RI SULPLWLYH FODVV LQ WKH +RGJH�/HIVFKHW] GHFRPSRVLWLRQ� ZH UHIHU WR ! DV D
VWURQJO\ SULPLWLYH FODVV RI W\SH Aq�

��� 7ZR IDPLOLHV RI H[DPSOHV�

����� &RPSDFW TXRWLHQWV RI WKH V\PPHWULF VSDFH DVVRFLDWHG WR 38(p; q)� 7KHQ WKH
KRORQRP\ JURXS LV FRQWDLQHG LQ 8p "8q DQG Sc LV WKH FRPSOH[ *UDVVPDQQLDQ *Up(Cp+q)



+2'*( 7+(25< 2) /2&$//< 6<00(75,& 63$&(6 ���

RI p�SODQHV LQ Cp+q � :H ILUVW FRQVLGHU WKH GHFRPSRVLWLRQ RI ^$p# LQWR LUUHGXFLEOH K�
PRGXOHV� 7KH V\PPHWULF VSDFH S EHLQJ RI +HUPLWLDQ W\SH� WKH H[WHULRU DOJHEUD ^$p GH�
FRPSRVHV DV�

����� ^$ p = ^$p0 ˝ ^$p00

ZKHUH p0 DQG p00 UHVSHFWLYHO\ GHQRWH WKH KRORPRUSKLF DQG DQWL�KRORPRUSKLF WDQJHQW VSDFHV�
,Q WKH FDVH q = 1 ± WKHQ S LV WKH FRPSOH[ EDOO RI GLPHQVLRQ p ± LW LV DQ H[HUFLVH WR FKHFN
WKDW WKH GHFRPSRVLWLRQ RI ����� LQWR LUUHGXFLEOH PRGXOHV UHFRYHUV WKH XVXDO /HIVFKHW] GH�
FRPSRVLWLRQ� %XW� LQ JHQHUDO� WKH GHFRPSRVLWLRQ LV PXFK ILQHU� DQG LW LV KDUG WR ZULWH
GRZQ WKH IXOO GHFRPSRVLWLRQ RI ����� LQWR LUUHGXFLEOH PRGXOHV� ,QGHHG� DV D UHSUHVHQWD�
WLRQ RI */p(C)"*/q(C) WKH VSDFH p0 LV LVRPRUSKLF WR V+ ˝ V #

" ZKHUH V+ = Cp �UHVS�
V" = Cq� LV WKH VWDQGDUG UHSUHVHQWDWLRQ RI */p(C) �UHVS� */q(C)� DQG WKH GHFRPSRVL�
WLRQ RI ^$p0 LV DOUHDG\ TXLWH FRPSOLFDWHG �VHH )XOWRQ >����� (TXDWLRQ ����� S� ���@��

����� ^R (V+ ˝ V #
" ) Š

M
"`R

S"(V+) ˝ S"!(V")#:

+HUH ZH VXP RYHU DOO SDUWLWLRQV RI R �HTXLYDOHQWO\ <RXQJ GLDJUDPV RI VL]H j#j = R� DQG
## LV WKH FRQMXJDWH SDUWLWLRQ �RU WUDQVSRVHG <RXQJ GLDJUDP��

+RZHYHU� WKH FODVVLILFDWLRQ RI FRKRPRORJLFDO UHSUHVHQWDWLRQV ZH MXVW DOOXGHG WR LPSOLHV
WKDW YHU\ IHZ RI WKH LUUHGXFLEOH VXEPRGXOHV RI ^$p# FDQ RFFXU DV UHILQHG +RGJH W\SHV RI
QRQ�WULYLDO FRKRPRORJ\ FODVVHV� 7KLV LV YHU\ DQDORJRXV WR WKH .RGDLUD YDQLVKLQJ WKHRUHP�
7KH SURRI LQGHHG PDNHV D FUXFLDO XVH RI D µ'LUDF LQHTXDOLW\¶ GXH WR 3DUWKDVDUDWK\� VHH
%RUHO DQG:DOODFK >����� /HPPD ,,����� DQG �,,��@� 7KH YDQLVKLQJ WKHRUHP WKXV REWDLQHG
JHQHUDOL]HV D FHOHEUDWHG UHVXOW RI 0DWVXVKLPD >����@�

7KHK�W\SHVV (q) WKDW FDQ RFFXU DUH GHWHUPLQHG E\ DGPLVVLEOH SDLUV RI SDUWLWLRQV (#; $)
L�H� SDUWLWLRQV # DQG$ DV LQ ����� DQG VXFK WKDW LI # �UHVS� $� LV RQ WKH WRS OHIW �UHVS� ERWWRP
ULJKW� FRUQHU RI WKH UHFWDQJOH p " q DV SLFWXUHG EHORZ �ZLWK p = 4� q = 7� # = (6; 6; 2; 0)
DQG $ = (5; 2; 1; 0)�� WKH FRPSOHPHQWDU\ ER[HV IRUP D GLVMRLQW XQLRQ RI UHFWDQJOHV p1 "
q1 [ : : : [ pr " qr �LQ WKH H[DPSOH EHORZ 1 " 2 [ 1 " 3 [ 1 " 1�� VHH %HUJHURQ >�����
/HPPH �@�

& & & & & &
& & & & & & '
& & ' '

' ' ' ' '

:H GHQRWH E\ V (#; $) WKH FRUUHVSRQGLQJ K�W\SH� ,Q SDUWLFXODU WKH K�PRGXOH V (#) :=
V (#; 0) LV LVRPRUSKLF WR S"(V+) ˝ S"!(V")#� ,Q JHQHUDO V (#; $) LV LVRPRUSKLF WR WKH
&DUWDQ SURGXFW RI V (#) DQG V ($)#� 7KH ILUVW GHJUHH ZKHUH VXFK D K�W\SH FDQ RFFXU LQ
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WKH FRKRPRORJ\ LV R = j#j + j$j� 0RUH SUHFLVHO\� LW FRQWULEXWHV WR WKH FRKRPRORJ\ RI
EL�GHJUHH (j#j; j$j) LQ WKH +RGJH�/HIVFKHW] GHFRPSRVLWLRQ DQG ZH KDYH�

H $(g; K;Aq) Š H $"R(*Up1(C
p1+q1) " : : : " *Upr (C

pr+qr ); C):

0DWVXVKLPD¶V IRUPXOD ����� WKHQ VWURQJO\ UHILQHV WKH +RGJH�/HIVFKHW] GHFRPSRVLWLRQ RI
FRPSDFW TXRWLHQWV ΓnS �

([DPSOH� 7DNH p = 2 DQG q = 2� &RPSDFW TXRWLHQWV ΓnS DUH 4�GLPHQVLRQDO FRPSOH[
PDQLIROGV� 7KHLU %HWWL QXPEHUV VDWLVI\ WKH UHODWLRQ bk = b8"k EHFDXVH RI 3RLQFDUp GXDOLW\�
7KH\ PRUHRYHU GHFRPSRVH DV VXPV bk =

P
p+q=k hp;q RI +RGJH QXPEHUV WKDW VDWLVI\

hp;q = hq;p � %XW PRUH LV WUXH� WKH YHFWRU (b0; : : : ; b8) RI %HWWL QXPEHUV RI D FRPSDFW
TXRWLHQW ΓnS LV DFWXDOO\ RI WKH IRUP

�����

0
BBBBBBBBB@

1
0
1
0
2
0
1
0
1

1
CCCCCCCCCA

+ 2h2;0

0
BBBBBBBBB@

0
0
1
0
1
0
1
0
0

1
CCCCCCCCCA

+ (h1;1 $ 1)

0
BBBBBBBBB@

0
0
1
0
2
0
1
0
0

1
CCCCCCCCCA

+ 2(h3;0 + h2;1)

0
BBBBBBBBB@

0
0
0
1
0
1
0
0
0

1
CCCCCCCCCA

+ k

0
BBBBBBBBB@

0
0
0
0
1
0
0
0
0

1
CCCCCCCCCA

IRU VRPH LQWHJHU k # 0� 7KH ILUVW YHFWRU LQGHHG FRUUHVSRQGV WR WKH FRPSRQHQW RI WKH
WULYLDO UHSUHVHQWDWLRQ LQ 0DWVXVKLPD¶V IRUPXOD� 7KH VHFRQG WHUP FRUUHVSRQGV WR WKH FRP�
SRQHQWV RI WKH FRKRPRORJLFDO UHSUHVHQWDWLRQV Aq ZLWK R = 2 WKDW FRQWULEXWH HLWKHU WR WKH
KRORPRUSKLF RU DQWL�KRORPRUSKLF FRKRPRORJ\� 7KHLU DVVRFLDWHG SDLUV RI SDUWLWLRQV (#; $)
DUH

& & &
& ' '

'
'

7KH WKLUG WHUP FRUUHVSRQGV WR WKH FRPSRQHQWV RI WKH �XQLTXH� FRKRPRORJLFDO UHSUHVHQWD�
WLRQ Aq ZLWK R = 2 WKDW FRQWULEXWHV WR WKH FRKRPRORJ\ RI EL�GHJUHH (1; 1)� ,WV DVVRFLDWHG
SDLU RI SDUWLWLRQV (#; $) LV

&
'

$QG VR RQ���

����� &RPSDFW TXRWLHQWV RI WKH V\PPHWULF VSDFH DVVRFLDWHG WR 620(p; q)� (YHQ WKRXJK
WKHVH DUH QRW +HUPLWLDQ LQ JHQHUDO� 0DWVKXVKLPD¶V IRUPXOD VWLOO PDNHV VHQVH� &RQVLGHUD�
WLRQV� VLPLODU WR WKRVH LQ WKH XQLWDU\ FDVH� VKRZ WKDW FRKRPRORJLFDO UHSUHVHQWDWLRQV RIG DUH
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HVVHQWLDOO\� SDUDPHWUL]HG E\ SDUWLWLRQV # = (#1; : : : ; #p)� ZLWK q # #1 # : : : # #p # 0�
VXFK WKDW WKH SDLU (#; #) LV DGPLVVLEOH�

([DPSOH� 7DNH p = 5 DQG q = 4� &RPSDFW TXRWLHQWV ΓnS DUH 20�GLPHQVLRQDO UHDO PDQ�
LIROGV� 7KHLU %HWWL QXPEHUV VDWLVI\ WKH UHODWLRQ bk = b20"k EHFDXVH RI 3RLQFDUp GXDOLW\�
%XW PRUH LV WUXH� WKH %HWWL QXPEHUV RI D FRPSDFW TXRWLHQWΓnS DFWXDOO\ YHULI\ WKH UHODWLRQV

����� b1 = b2 = b3 = 0; b8 # 2b6 DQG b10 # 3b6:

+\SHUEROLF PDQLIROGV RI GLPHQVLRQ n FRUUHVSRQG WR p = n DQG q = 1� 7KHQ 0DW�
VXVKLPD¶V IRUPXOD HVVHQWLDOO\ JLYHV QR UHVWULFWLRQV RQ WKH %HWWL QXPEHUV��

$PRQJ WKH IDPLO\ RI V\PPHWULF VSDFHV DVVRFLDWHG WR 620(p; q)� WKH RQHV ZKHUH q = 2
DUH ± XS WR H[FKDQJLQJ WKH UROHV RI p DQG q ± WKH RQO\ +HUPLWLDQ VSDFHV� WKHVH DUH RI
FRPSOH[ GLPHQVLRQ n = p� ,Q WKHVH FDVHV� K ! 2n " 22 DFWV RQ p = Cn ˝ (C2)#

WKURXJK WKH VWDQGDUG UHSUHVHQWDWLRQ RI 2n RQ Cn DQG WKH VWDQGDUG UHSUHVHQWDWLRQ RI 22 RQ
C2� 'HQRWH E\ C+ DQG C" WKH C�VSDQ RI WKH YHFWRUV e1 + ie2 DQG e1 $ ie2 LQ C2� 7KH
WZR OLQHV C+ DQG C" DUH OHIW VWDEOH E\ 22� 7KLV \LHOGV D GHFRPSRVLWLRQ p = p+ ˚ p"

ZKLFK FRUUHVSRQGV WR WKH GHFRPSRVLWLRQ JLYHQ E\ WKH QDWXUDO FRPSOH[ VWUXFWXUH RQ p0� )RU
HDFK QRQ�QHJDWLYH LQWHJHU k WKH K�UHSUHVHQWDWLRQ ^kp = ^k(p+ ˚ p") GHFRPSRVHV DV
WKH VXP�

^kp =
M

r+s=k

^rp+ ˝ ^sp":

7KH K�UHSUHVHQWDWLRQV ^rp+ ˝ ^sp" DUH QRW LUUHGXFLEOH LQ JHQHUDO� WKHUH LV DW OHDVW D
IXUWKHU VSOLWWLQJ JLYHQ E\ WKH /HIVFKHW] GHFRPSRVLWLRQ�

^rp+ ˝ ^sp" =

PLQ(r;s)M
`=0

%r"`;s"`:

2QH FDQ FKHFN WKDW IRU 2(r+s) < n HDFKK�UHSUHVHQWDWLRQ %r;s LV LUUHGXFLEOH� 0RUHRYHU LQ
WKH UDQJH 2(r + s) < n RQO\ WKRVH ZLWK r = s FDQ RFFXU DV D K�W\SH V (q) DVVRFLDWHG WR D
FRKRPRORJLFDO UHSUHVHQWDWLRQ� 2QH FDQPRUHRYHU FKHFN WKDW HDFK %r;r LV LUUHGXFLEOH DV ORQJ
DV r < n� LW LV LVRPRUSKLF WR VRPH V (q) DQG FRUUHVSRQGV WR WKH SDUWLWLRQ # = (2r ; 0n"r)��
/HW XV GHQRWH E\ Ar;r WKH FRUUHVSRQGLQJ FRKRPRORJLFDO UHSUHVHQWDWLRQ� :H KDYH�

H i;j (g; K;Ar;r) =

8<
:

C LI r ( i = j ( n $ r; 2i ¤ n

C + C LI 2i = 2j = n

0 RWKHUZLVH:
�7KLV LV FRPSOHWHO\ WUXH RQO\ LI ERWK p DQG q DUH RGG�
�7R EH SUHFLVH LW JLYHV QR UHVWULFWLRQ DW DOO LI n LV RGG DQG RQH UHFRYHUV WKDW bn/2 LV HYHQ LI n LV HYHQ�
�:KHQ 2(r + s) % n WKH SDUWLWLRQV (2r ; 1s ; 0n"r"s) DOVR FRUUHVSRQG WR FRKRPRORJLFDO UHSUHVHQWDWLRQV�
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,Q WKH SDUWLFXODU FDVH ZKHUH n LV HYHQ DQG (r; r) = (0; 0) ± VR WKDW A0;0 LV WKH WULYLDO
UHSUHVHQWDWLRQ ± ZH KDYHH $(g; K;A0;0) = H $(Sc ; C)� ZKHUH Sc = 62(n+2)/62(n)"
62(2) LV WKH FRPSOH[ TXDGULF� 7KH VSDFH H $(Sc ; C) KDV D EDVLV f1; c1; c21 ; : : : ; cn"1

1 ; eg�
ZKHUH c1 LV WKH &KHUQ FODVV RI WKH FRPSOH[LILFDWLRQ RI WKH OLQH EXQGOH DULVLQJ IURP WKH
VWDQGDUG UHSUHVHQWDWLRQ RI 62(2)� L�H� WKH .lKOHU IRUP RQ Sc � DQG ZKHUH e LV WKH (XOHU
FODVV RI WKH YHFWRU EXQGOH DULVLQJ IURP WKH VWDQGDUG UHSUHVHQWDWLRQ RI 62(n)�

� %HWWL QXPEHUV RI ORFDOO\ V\PPHWULF PDQLIROGV

2QH PD\ ZRQGHU�

ZKDW DUH WKH %HWWL QXPEHUV RI D UDQGRP ORFDOO\ V\PPHWULF VSDFH "

$ FODVVLFDO WKHRUHP RI *URPRY �VHH %DOOPDQQ� *URPRY� DQG 6FKURHGHU >����@� ERXQGV
IURP DERYH WKH %HWWL QXPEHUV RI D ORFDOO\ V\PPHWULF VSDFH E\ D FRQVWDQW �GHSHQGLQJ RQO\
RI WKH GLPHQVLRQ� WLPHV LWV YROXPH� ,W LV WKHUHIRUH QDWXUDO WR LQYHVWLJDWH WKH JURZWK RI
WKH %HWWL QXPEHUV DV WKH YROXPH WHQGV WR LQILQLW\� 7KH DQDORJRXV TXHVWLRQ IRU FRPSOH[
K\SHUVXUIDFHV LQ P n+1 LV FODVVLFDO�

��� &RPSDULVRQ ZLWK SURMHFWLYH K\SHUVXUIDFHV� 7KH IXQGDPHQWDO SURMHFWLYH LQYDUL�
DQW RI DQ n�GLPHQVLRQDO DOJHEUDLF YDULHW\ V ! P N LV LWV GHJUHH d ZKLFK LV DOVR HTXDO WR
WKH YROXPH ± ZLWK UHVSHFW WR WKH VWDQGDUG .lKOHU IRUP RQ P N ± GLYLGHG E\ n!�

,Q FDVH V ! P n+1 LV DQ K\SHUVXUIDFH� E\ VWDQGDUG DUJXPHQWV LQYROYLQJ /HIVFKHW] +\�
SHUSODQH 7KHRUHP DQG 3RLQFDUp GXDOLW\ �VHH H�J� *D\HW DQG :HOVFKLQJHU >����� /HPPD
�@�� ZH KDYH bk(V ) = bk(P n) IRU k ¤ n� 2Q WKH RWKHU KDQG� WKH (XOHU�3RLQFDUp FKDUDF�
WHULVWLF RI V LV HTXDO WR

&(V ) = hcn(TV ); [V ]i = 1

d

!
(1 $ d )n+2 $ 1

"
+ n + 2:

,W IROORZV WKDW WKH JURZWK RI WKH %HWWL QXPEHUV RI V ZLWK UHVSHFW WR WKH GHJUHH d LV JLYHQ
E\

����� bk(V ) =

#
O(1) LI k ¤ n

($1)n&(V ) + O(1) = d n+1 + O(d n) LI k = n:

��� $V\PSWRWLFV RI %HWWL QXPEHUV RI ORFDOO\ V\PPHWULF PDQLIROGV� ,W LV QRW REYLRXV
DW DOO WKDW ODUJH YROXPH ORFDOO\ V\PPHWULF S �PDQLIROGV VKRXOG KDYH UHODWHG WRSRORJLFDO
EHKDYLRU� +RZHYHU� RQH FRQVHTXHQFH RI $EHUW� %HUJHURQ� %LULQJHU� *HODQGHU� 1LNRORY�
5DLPEDXOW� DQG 6DPHW >����@ DQG $EHUW� %HUJHURQ� %LULQJHU� DQG *HODQGHU >Q�G�@ LV WKH
IROORZLQJ WKHRUHP WKDW LV DQDORJRXV WR ������
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7KHRUHP �� 6XSSRVH WKDW G KDV SURSHUW\ �7� DQG UDQN DW OHDVW WZR� 7KH JURZWK RI WKH
%HWWL QXPEHUV RI ORFDOO\ V\PPHWULF S �PDQLIROGV LV JLYHQ E\

bk(ΓnS) =

(
o (YRO(ΓnS)) LI k ¤ 1

2 GLPS
#(Sc)
YRO(Sc)YRO(ΓnS) + o (YRO(ΓnS)) LI k = 1

2 GLPS:

([DPSOH� /HW n # 3 DQG OHW (Γm) EH D VHTXHQFH RI GLVWLQFW WRUVLRQ�IUHH ODWWLFHV LQ 6/n(R)�
7KHQ IRU DOO k� ZH KDYH bk(Γm) = o(YRO(Γmn6/n(R))) DV m ! +1�

+\SHUEROLF VSDFHV KDYH D UDQN RQH JURXS RI LVRPHWULHV DQG LW LV QRW KDUG WR FRQVWUXFW H[�
DPSOHV RI ODUJH YROXPH K\SHUEROLF PDQLIROGV ZLWK YHU\ GLIIHUHQW WRSRORJLHV� VHH H�J� %HUJ�
HURQ >����@ IRU PDQ\ H[DPSOHV� 7KLV DOORZV LQ SDUWLFXODU WR FRQVWUXFW FRXQWHU�H[DPSOHV WR
WKH FRQFOXVLRQ RI 7KHRUHP �� +RZHYHU UHFHQW ZRUNV RI )UDF]\N >����@ DQG )UDF]\N DQG
5DLPEDXOW >Q�G�@ LPSO\ WKDW WKLV FRQFOXVLRQ KROGV IRU FRQJUXHQFH DULWKPHWLF K\SHUEROLF
PDQLIROGV� 0RUH JHQHUDOO\ WKH\ SURYH�

7KHRUHP �� /HW S EH DUELWUDU\� 7KH JURZWK RI WKH %HWWL QXPEHUV RI FRQJUXHQFH DULWKPHWLF
S �PDQLIROGV LV JLYHQ E\

bk(ΓnS) =

(
o (YRO(ΓnS)) LI k ¤ 1

2 GLPS
#(Sc)
YRO(Sc)YRO(ΓnS) + o (YRO(ΓnS)) LI k = 1

2 GLPS:

2XWVLGH WKH PLGGOH GHJUHH LW LV KDUG WR JXHVV ZKDW VKRXOG EH WKH µWUXH¶ JURZWK UDWH RI WKH
%HWWL QXPEHUV� )RU FRQJUXHQFH DULWKPHWLF UHDO K\SHUEROLF PDQLIROGV ΓnHn� DVVRFLDWHG WR
D IL[HG UDWLRQDO JURXS + �VHH 6HFWLRQ ����� LW ZDV VXJJHVWHG E\ *URPRY �VHH 6DUQDN DQG
;XH >����@� WKDW

����� bk(ΓnHn) )+;" YRO(ΓnHn)
2k

n"1+":

&RVVXWWD DQG 0DUVKDOO >����@ VXJJHVW ± DQG DFWXDOO\ SURYH LQ D TXLWH JHQHUDO VLWXDWLRQ ±
WKDW WKH EHVW H[SRQHQW LV LQ IDFW 2j /n DV ORQJ DV k ¤ (n ˙ 1)/2� 6HH 0DUVKDOO >����@ IRU
VLPLODU UHVXOWV RQ RWKHU FODVVHV RI V\PPHWULF VSDFHV�

5HPDUN� ,Q D ZD\ WKDW LV TXLWH VLPLODU WR %LVPXW¶V SURRI RI 'HPDLOO\¶V DV\PSWRWLF
0RUVH LQHTXDOLWLHV �VHH %LVPXW >����@ DQG 'HPDLOO\ >����@� IRU SURMHFWLYH YDULHWLHV� WKH
H[LVWHQFH RI DQ XSSHU ERXQG VXEOLQHDU LQ WKH YROXPH LV UHODWHG �VHH H�J� WKH LQIOXHQWLDO
6DUQDN DQG ;XH >����@� WR WKH H[LVWHQFH RI D VSHFWUDO JDS IRU WKH +RGJH�/DSODFH RSHUDWRU
DFWLQJ RQ GLIIHUHQWLDO k�IRUPV ZLWK k ¤ (n ˙ 1)/2�

7KHRUHP �� /HW k EH GLIIHUHQW IURP (n˙1)/2� 7KHUH H[LVWV D SRVLWLYH FRQVWDQW " = "(n; k)
VXFK WKDW IRU DQ\ FRQJUXHQFH DULWKPHWLF UHDO K\SHUEROLF PDQLIROGV ΓnHn� WKH ILUVW QRQ�
]HUR HLJHQYDOXH RI WKH +RGJH�/DSODFH RSHUDWRU RI ΓnHn DFWLQJ RQ GLIIHUHQWLDEOH k�IRUPV
LV ERXQGHG EHORZ E\ "�
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7KLV ZDV FRQMHFWXUHG LQ %HUJHURQ DQG &OR]HO >����@ DQG SURYHG LQ %HUJHURQ DQG &OR]HO
>����@�

:KHQ k = (n ˙ 1)/2 WKHUH LV QR VSHFWUDO JDS ± WKH FRUUHVSRQGLQJ FRKRPRORJLFDO
UHSUHVHQWDWLRQ RI G LV µWHPSHUHG¶ ± DQG ZH GR QRW NQRZ ZKDW WR H[SHFW IRU WKH JURZWK RI
bk(ΓnHn)� +RZHYHU IRU SDUWLFXODU VHTXHQFHV RI Γ¶V� &DOHJDUL DQG (PHUWRQ >����@ ZHUH
DEOH WR SURYH DQ XSSHU ERXQG VXEOLQHDU LQ WKH YROXPH� VHH DOVR %HUJHURQ� /LQQHOO� /�FN�
DQG 6DXHU >����@�

��� ([SOLFLW FRPSXWDWLRQV� 0DWVXKLPD¶V IRUPXOD DQG WKH FODVVLILFDWLRQ RI FRKRPRORJ�
LFDO UHSUHVHQWDWLRQV LPSO\ PDQ\ UHVWULFWLRQV RQ WKH %HWWL QXPEHUV �H�J� LQ VPDOO GHJUHH
VRPH YDQLVKLQJ UHVXOWV RU HTXDOLW\ ZLWK WKH FRUUHVSRQGLQJ %HWWL QXPEHUV RI Sc�� $SDUW
IURP WKHVH UHVWULFWLRQV� H[SOLFLW FRPSXWDWLRQV RI WKH %HWWL QXPEHUV RI D IL[HG ORFDOO\ V\P�
PHWULF VSDFH ΓnS LQ WHUPV RI WKH DOJHEUDLF GDWD GHILQLQJ Γ LV XVXDOO\ D FKDOOHQJH� 9HU\
IHZ FDVHV DUH NQRZQ� 2QH RI WKH ILUVW UHVXOWV RI WKLV W\SH LV WKH FRPSXWDWLRQ� E\ -��6� /L
>����@� RI WKH GLPHQVLRQ RI WKH L2�FRKRPRORJ\ VSDFH RI GHJUHH g RI FHUWDLQ FRQJUXHQFH
DULWKPHWLF TXRWLHQWV RI WKH 6LHJHO XSSHU KDOI VSDFH RI JHQXV g�

7KH SURRI LV GLYLGHG LQWR WZR SDUWV� )LUVW� UHO\LQJ RQ SUHYLRXV ZRUNV RI +RZH� -LDQ�
6KX /L SURYHV WKDW WKH FRKRPRORJ\ LV JHQHUDWHG E\ FHUWDLQ WKHWD VHULHV� 7KHQ KH FRPSXWHV
WKH GLPHQVLRQ RI WKH VSDFH JHQHUDWHG E\ WKHVH WKHWD VHULHV� 0RUH UHFHQWO\ LQ %HUJHURQ�
0LOOVRQ� DQG 0RHJOLQ >����@ DQG %HUJHURQ� =� /L� 0LOOVRQ� DQG 0RHJOLQ >����@ ZH ZHUH
DEOH WR SURYH WKDW D ODUJH SDUW RI WKH FRKRPRORJ\ RI FHUWDLQ ORFDOO\ V\PPHWULF VSDFHV
DVVRFLDWHG WR 620(n; 2) LV JHQHUDWHG E\ FHUWDLQ WKHWD VHULHV� 8VLQJ SUHYLRXV FRPSXWDWLRQV
E\ %UXLQLHU >����@ RI GLPHQVLRQV RI WKH VSDFHV JHQHUDWHG E\ WKHVH WKHWD VHULHV ZH JHW
H[SOLFLW H[SUHVVLRQV IRU FHUWDLQ %HWWL QXPEHUV� :H SURYH LQ SDUWLFXODU�

7KHRUHP �� 7KH UDQN RI WKH 3LFDUG JURXS RI WKH PRGXOL VSDFH Kg � GHILQHG LQ 6HFWLRQ ����
LV
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� &\FOH WKHRU\

/HW M EH D �FORVHG� PDQLIROG� 6R IDU� ZH KDYH FRPSXWHG WKH FRKRPRORJ\ RI M XVLQJ
VPRRWK GLIIHUHQWLDO IRUPV� :H FRXOG DVZHOO KDYH XVHG FXUUHQWV� 7KH UHVXOWLQJ FRKRPRORJ\
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JURXSV H k(M; C) DUH WKH VDPH �DQG VLPLODUO\ IRU WKH JURXSV RFFXUULQJ LQ WKH +RGJH�
/HIVFKHW] RU 0DWVXVKLPD GHFRPSRVLWLRQV�� ,I Z LV D FORVHG RULHQWDEOH VXEPDQLIROG RI UHDO
FR�GLPHQVLRQ k� LW LV DQ LQWHJUDO F\FOH DQG� E\ 3RLQFDUp GXDOLW\� LW GHILQHV D FODVV FO(Z) LQ
H k(M; C)� 7KH LQWHJUDWLRQ FXUUHQW RQ Z LV FORVHG RI GHJUHH k DQG UHSUHVHQWV WKH LPDJH
RI FO(Z) LQ H k(M; C)�

%\ D FODVVLFDO WKHRUHP RI 7KRP� DQ\ FODVV LQ WKH UDWLRQDO FRKRPRORJ\ JURXSVH k(M; Q)
LV D UDWLRQDO PXOWLSOH RI WKH F\FOH FODVV FO(Z) RI D �PD\EH GLVFRQQHFWHG� FR�GLPHQVLRQ k

FORVHG VXEPDQLIROG� :KHQ M LV ORFDOO\ V\PPHWULF� LW LV QDWXUDO WR DVN LI RQH FDQ UHVWULFW
RXU FKRLFHV RI FORVHG VXEPDQLIROG� H�J� WR FHUWDLQ ORFDOO\ V\PPHWULF VXEVSDFHV DVVRFLDWHG
WR VXEJURXSV H ! G�

��� &RPSDULVRQ ZLWK SURMHFWLYH YDULHWLHV� ,Q FDVH M LV D SURMHFWLYH QRQ�VLQJXODU DO�
JHEUDLF YDULHW\ V ! P N RYHU C� LW LV QDWXUDO WR UHVWULFW WR FORVHG DQDO\WLF VXEVSDFHV
Z ! V � RU HTXLYDOHQO\� E\ &KRZ¶V WKHRUHP� WR DOJHEUDLF F\FOHV� /HW p EH WKH FRPSOH[ FR�
GLPHQVLRQ RI Z LQ V � 7ZR DQDO\WLF VXEYDULHWLHV RI FRPSOHPHQWDU\ GLPHQVLRQ PHHWLQJ LQ
LVRODWHG SRLQWV KDYH D QRQ�QHJDWLYH ORFDO LQWHUVHFWLRQ QXPEHU� 6LQFH ZH FDQ ILQG D OLQHDU
VXEVSDFH P N "p LQ P N PHHWLQJ V LQ LVRODWHG SRLQWV� LW IROORZV WKDW WKH F\FOH FODVV FO(Z)
LV QRQ�]HUR LQ H 2p(V; C)� 1RZ WKH LQWHJUDWLRQ FXUUHQW RQ Z LV FORVHG RI W\SH (p; p)�
7KH FODVV FO(Z) LQ H 2p(V; C) LV KHQFH RI W\SH (p; p)� 5DWLRQDO (p; p)�FODVVHV DUH FDOOHG
+RGJH FODVVHV� 7KH\ IRUP WKH JURXS +GJp(V; Q) = H 2p(V; Q)\ H p;p(V )� DQG +RGJH
SRVHG WKH IDPRXV�

+RGJH &RQMHFWXUH� 2Q D SURMHFWLYH QRQ�VLQJXODU DOJHEUDLF YDULHW\ RYHU C� DQ\ +RGJH
FODVV LV D UDWLRQDO OLQHDU FRPELQDWLRQ RI F\FOH FODVVHV FO(Z) RI DOJHEUDLF F\FOHV�

+RGJH DOVR SURSRVHG D IXUWKHU FRQMHFWXUH� FKDUDFWHUL]LQJ WKH VXEVSDFH RI H $(V; Q)
VSDQQHG E\ WKH LPDJHV RI FRKRPRORJ\ FODVVHV ZLWK VXSSRUW LQ D VXLWDEOH FORVHG DQDO\WLF
VXEVSDFH RI FRPSOH[ FRGLPHQVLRQ k� *URWKHQGLHFN REVHUYHG WKDW WKLV IXUWKHU FRQMHFWXUH
LV IDOVH� DQG JDYH D FRUUHFWHG YHUVLRQ RI LW LQ *URWKHQGLHFN >����@�

��� 0RGXODU DQG V\PPHWULF F\FOH FODVVHV� /HW XV FRPH EDFN WR ORFDOO\ V\PPHWULF
PDQLIROGV ΓnS � 7R DQ\ FRQQHFWHG FHQWHU�IUHH VHPL�VLPSOH FORVHG VXEJURXS H ! G FRU�
UHVSRQGV DQ HPEHGGLQJ RI WKH V\PPHWULF VSDFH SH DVVRFLDWHG WR H LQWR S � ,I Γ \ H

LV D ODWWLFH� WKH LQFOXVLRQ SH ,! S LQGXFHV DQ LPPHUVLRQ RI UHDO DQDO\WLF YDULHWLHV (Γ \
H )nSH ! ΓnS ZKRVH DVVRFLDWHG F\FOH FODVV LQ H $(ΓnS; C) ZH GHQRWH E\ CΓ

H � :H ZLOO
UHIHU WR WKHVH FODVVHV DV PRGXODU FODVVHV� :KHQ ΓnS LV QRQ�FRPSDFW� CΓ

H LV VRPHWLPHV
FRPSDFWLILHG WR JLYH D F\FOH RQ D QDWXUDO FRPSDFWLILFDWLRQ RI ΓnS EXW ZH ZRQ¶W GLVFXVV
WKHVH LVVXHV KHUH�
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([DPSOHV� �� :KHQ S LV WKH UHDO K\SHUEROLF n�VSDFH Hn� WKH PRGXODU FODVVHV LQ ΓnHn

DUH WKH F\FOH FODVVHV RI WRWDOO\ JHRGHVLF LPPHUVHG VXEPDQLIROG RI ILQLWH YROXPH�
�� ,Q FRPSOH[ EDOO TXRWLHQWV� F\FOH FODVVHV RI ILQLWH YROXPH TXRWLHQWV RI VXE�EDOOV JLYH

H[DPSOHV RI PRGXODU FODVVHV� 7KHVH DUH WKH RQO\ PRGXODU FODVVHV WKDW DUH F\FOH FODVVHV RI
DOJHEUDLF F\FOHV EXW WKHUH PLJKW EH RWKHU PRGXODU FODVVHV� WR WKH LQFOXVLRQ 620(n; 1) !
38(n; 1) FRUUHVSRQGV D WRWDOO\ UHDO JHRGHVLF HPEHGGLQJ RI WKH UHDO K\SHUEROLF n�VSDFH
LQWR WKH FRPSOH[ n�EDOO WKDW PD\ SURMHFWV RQWR D QRQ�]HUR PRGXODU FODVVHV�

�� 7KH PRGXOL VSDFH Kg RI JHQXV g TXDVL�SRODUL]HG .� VXUIDFHV ± WKDW LGHQWLILHV ZLWK
D ORFDOO\ V\PPHWULF VSDFH DVVRFLDWHG WR G = 620(2; 19) ± FDQ KDYH DUELWUDULO\ ODUJH 3L�
FDUG JURXS �VHH 7KHRUHP �� DQG� PRUH JHQHUDOO\� PDQ\ FODVVHV RI F\FOHV LQ WKHLU &KRZ
JURXSV� ,Q SDUWLFXODU WKHUH DUH PDQ\ F\FOHV FRPLQJ IURP 1RHWKHU�/HIVFKHW] WKHRU\� WKH
ORFXV SDUDPHWUL]LQJ WKH .� VXUIDFHV ZLWK 3LFDUG QXPEHU VWULFWO\ JUHDWHU WKDQ VRPH SRVLWLYH
LQWHJHU r ( 19 = GLPC Kg LV LQGHHG D FRXQWDEOH XQLRQ RI VXEYDULHWLHV RI FR�GLPHQVLRQ r �
7KH F\FOH FODVVHV RI WKH LUUHGXFLEOH FRPSRQHQWV RI WKLV ORFXV DUH PRGXODU FODVVHV DVVRFL�
DWHG WR VXEJURXSV H ! G LVRPRUSKLF WR 620(2; 19 $ r)� $V LQ WKH FDVH RI EDOO TXRWLHQWV
WKHUH DUH DOVR QRQ�DOJHEUDLF PRGXODU FODVVHV�

7KHUH DUH D QXPEHU RI UHVXOWV RQ PRGXODU FODVVHV� EXW RXU FXUUHQW NQRZOHGJH QHYHU�
WKHOHVV DSSHDUV WR EH TXLWH SRRU� D ODUJH SDUW RI WKH OLWHUDWXUH RQ PRGXODU FODVVHV LV RQO\
FRQFHUQHG LQ HVWDEOLVKLQJ WKH QRQ�YDQLVKLQJ RI WKHVH FODVVHV� $V LQ WKH FDVH RI DQDO\WLF
VXEVSDFHV RI SURMHFWLYH YDULHWLHV� WKLV KDV EHHQ DGGUHVVHG XVLQJ WKH LQWHUVHFWLRQ QXPEHUV
RI WKHVH F\FOHV� VHH H�J� 0LOOVRQ >����@� 0LOOVRQ DQG 5DJKXQDWKDQ >����@� DQG .XGOD
DQG 0LOOVRQ >����@� 7KLV KDV DOVR EHHQ DGGUHVVHG XVLQJ WRROV FRPLQJ IURP UHSUHVHQWDWLRQ
WKHRU\� VHH HVSHFLDOO\ 7RQJ DQG :DQJ >����@ DQG -��6� /L >����@� 7KLV QRQ�YDQLVKLQJ
TXHVWLRQ LV XVXDOO\ WRR KDUG WR VWXG\ IRU D JLYHQ PDQLIROG� RQH VLPSOLILHV WKH SUREOHP E\
µVWDELOL]LQJ¶ LW� WKDW LV WR VD\ E\ FRQVLGHULQJ WRZHUV RI ILQLWH FRYHULQJV UDWKHU WKDQ D VLQJOH
PDQLIROG� /HW XV VD\ WKDW D PRGXODU FODVV CΓ

H LV YLUWXDOO\ QRQ�]HUR LI WKHUH H[LVWV D ILQLWH
LQGH[ VXEJURXS Γ0 ! Γ VXFK WKDW WKH PRGXODU FODVV CΓ0

H LV QRQ�]HUR LQ H $(Γ0nS; C)�
7KH IROORZLQJ FRQMHFWXUH ± VHH %HUJHURQ >����@ IRU PRUH GHWDLOV �LQ SDUWLFXODU ZLWK

UHVSHFW WR QRQ�FRPSDFW TXRWLHQWV ΓnS � ± SURYLGHV D TXLWH JHQHUDO DQVZHU WR WKH TXHVWLRQ
RI WKH YLUWXDO QRQ�YDQLVKLQJ RI PRGXODU FODVVHV� 7R RXU NQRZOHGJH WKLV FRQMHFWXUH HQFRP�
SDVVHV DOO NQRZQ UHVXOWV� ,W KDV EHHQ �RU FDQ EH� FKHFNHG LQ PRVW FODVVLFDO VLWXDWLRQV �VHH
HVSHFLDOO\ %HUJHURQ >����@� %HUJHURQ >����@� DQG %HUJHURQ DQG &OR]HO >����� ����@�� 7R
IRUPXODWH LW� OHW XV ILUVW GLVWLQJXLVK VRPH SDUWLFXODU PRGXODU V\PEROV� 6D\ WKDW D FORVHG
VXEJURXS H ! G LV D V\PPHWULF VXEJURXS RI G LI WKHUH H[LVWV DQ LQYROXWLRQ % RI G VXFK
WKDW H = G$ LV WKH FRQQHFWHG FRPSRQHQW RI WKH LGHQWLW\ LQ WKH JURXS RI IL[HG SRLQWV RI
% � :H ZLOO UHIHU WR WKH FRUUHVSRQGLQJ PRGXODU FODVVHV CΓ

H DV V\PPHWULF PRGXODU FODVVHV�
$OO WKH PRGXODU FODVVHV IURP WKH H[DPSOHV DERYH DUH V\PPHWULF�
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&RQMHFWXUH �� $VVXPH IRU VLPSOLFLW\ WKDWΓnS LV FRPSDFW� $ V\PPHWULF PRGXODU FODVVCΓ
H

LV YLUWXDOO\ QRQ�]HUR LQ WKH VWURQJO\ SULPLWLYH SDUW RI WKH FRKRPRORJ\ RI GHJUHH GLPS $
GLPSH LI DQG RQO\ LI UDQNC(G/H ) = UDQNC(K/(K \ H ))�

��� +RGJH W\SHV RI PRGXODU FODVVHV� .HHSLQJ LQ PLQG WKH DQDORJ\ ZLWK SURMHFWLYH
YDULHWLHV� WKH QH[W VWHS LV WR GHWHUPLQH RQ ZKLFK +RGJH W\SHV RI WKH FRKRPRORJ\ RI ΓnS

PRGXODU FODVVHV FDQ SURMHFW QRQ�WULYLDOO\� 8S WR QRZ LW VHHPV WR KDYH EHHQ DGGUHVVHG RQO\
LQ IHZ SDUWLFXODU FDVHV� $V H[SODLQHG LQ KLV ���� ,&0 WDON .RED\DVKL >����@� MRLQWO\ ZLWK
2GD� .RED\DVKL KDV GHYLVHG D VXIILFLHQW FULWHULRQ IRU D PRGXODU FODVV WR EH DQQLKLODWHG E\
D "�FRPSRQHQW LQ 0DWVXVKLPD¶V GHFRPSRVLWLRQ ������ 7KHLU SURRI LV EDVHG RQ D WKHRU\ RI
GLVFUHWH EUDQFKLQJ ODZV IRU XQLWDU\ UHSUHVHQWDWLRQV RI G� 7KH PRVW LQWHUHVWLQJ FDVHV WKH\
FDQ GHDO ZLWK DUH FRPSDFW TXRWLHQWV RI WKH V\PPHWULF VSDFH S = 620(2n; 2)/622n "
622� ,I ΓnS LV D FRPSDFW S �PDQLIROG� WKH FRQWULEXWLRQ RI WKH WULYLDO UHSUHVHQWDWLRQ RI
G WR 0DWVXVKLPD¶V IRUPXOD ����� \LHOGV D QDWXUDO LQMHFWLYH PDS RI FRKRPRORJ\ JURXSV
H $(Sc ; C) ! H $(ΓnS; C)� LQ SDUWLFXODU ZH VKDOO VHH WKH (XOHU FODVV e 2 H n;n(Sc ; C)�
GHILQHG LQ 6HFWLRQ ������ DV DQ HOHPHQW LQ H n;n(ΓnS; C)� .RED\DVKL DQG 2GD WKHQ SURYH�

7KHRUHP�� 7KH+RGJH (n; n)�W\SH FRPSRQHQW RI DPRGXODU FODVVCΓ
H ZLWKH Š 620(2n; 1)

LV SURSRUWLRQDO WR WKH (XOHU FODVV e�

7KHVH PRGXODU FODVVHV DUH F\FOH FODVVHV RI WRWDOO\ UHDO� WRWDOO\ JHRGHVLF VXEPDQLIROGV RI
UHDO GLPHQVLRQ 2n LQWR ΓnS ZKLFK LV D .lKOHU PDQLIROG RI FRPSOH[ GLPHQVLRQ 2n� ,Q FDVH
n = 1 WKH VSDFH S LV D SURGXFW H2 " H2 DQG WKH F\FOHV GHULYHG IURP H DUH REWDLQHG E\
µSDUWLDO FRPSOH[ FRQMXJDWLRQ¶ RI DOJHEUDLF F\FOHV ZLWK UHVSHFW WR WKH FRPSOH[ FRQMXJDWLRQ
RQ WKH VHFRQG IDFWRU RI S � 7KHQ 7KHRUHP � LV HTXLYDOHQW WR WKH ZHOO�NQRZQ IDFW WKDW WKH
F\FOH FODVV RI D FORVHG DQDO\WLF �FRPSOH[� FR�GLPHQVLRQ 1 VXEVSDFH LQ D FRPSDFW DOJHEUDLF
VXUIDFH RYHU C KDV QR +RGJH (2; 0) + (0; 2)�W\SH FRPSRQHQWV�

%HVLGH WKH UHSUHVHQWDWLRQ WKHRUHWLF PHWKRG RI .RED\DVKL DQG 2GD� D FODVVLFDO ZRUN RI
.XGOD DQG 0LOOVRQ >����@ VXJJHVWV DQRWKHU DSSURDFK� .XGOD DQG 0LOOVRQ LQGHHG SURYLGH
H[SOLFLW GXDO IRUPV WR VRPH QDWXUDO PRGXODU FODVVHV LQ ORFDOO\ V\PPHWULF VSDFHV DVVRFLDWHG
WR FODVVLFDO JURXSV� )URP WKLV� RQH FDQ GHULYH VHULRXV UHVWULFWLRQV RQ WKH SRVVLEOH +RGJH
W\SHV WR ZKLFK WKHVH PRGXODU FODVVHV FDQ FRQWULEXWH� /HW¶V GHVFULEH WKH WZR PDLQ IDPLOLHV
RI H[DPSOHV�

����� 4XRWLHQWV RI WKH V\PPHWULF VSDFH DVVRFLDWHG WR 38(p; q)� /HW QRWDWLRQV EH DV LQ
6HFWLRQ ������ /HW cq 2 H q;q(Sc ; C) EH WKH WRS &KHUQ FODVV RI WKH q�GLPHQVLRQDO YHFWRU
EXQGOH RYHU Sc = 8p+q/8p " 8q DVVRFLDWHG WR WKH VWDQGDUG UHSUHVHQWDWLRQ RI 8q � L�H�
WKH q�WK SRZHU RI WKH .lKOHU IRUP RI Sc � +HUH DJDLQ LI ΓnS LV D FRPSDFW S �PDQLIROG�
WKH FRQWULEXWLRQ RI WKH WULYLDO UHSUHVHQWDWLRQ RI G WR 0DWVXVKLPD¶V IRUPXOD ����� \LHOGV
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D QDWXUDO LQMHFWLYH PDS RI FRKRPRORJ\ JURXSV H $(Sc ; C) ! H $(ΓnS; C) DQG ZH VKDOO
VHH WKH &KHUQ FODVV cq 2 H q;q(Sc ; C) DV DQ HOHPHQW LQ H q;q(ΓnS; C)� :HGJLQJ ZLWK cq

FRUUHVSRQGV WR DSSO\LQJ WKH q�WK SRZHU RI WKH /HIVFKHW] RSHUDWRU DVVRFLDWHG WR WKH .lKOHU
IRUP RQ ΓnS � DQG ZH GHILQH WKH VXEVHW SH $(ΓnS; C) RI VSHFLDO FRKRPRORJ\ FODVVHV LQ
H $(ΓnS; C) E\

����� SH $(ΓnS; C) =
pM

a;b=0

PLQ(p"a;p"b)M
k=0

ck
q H a'q;b'q(ΓnS; C);

ZKHUH H a'q;b'q(ΓnS; C) GHQRWHV WKH JHQHUDOL]HG +RGJH VXEVSDFH RI WKH FRKRPRORJ\
FRUUHVSRQGLQJ WR WKH SDLU RI SDUWLWLRQV (#; $) ZLWK # DQ a E\ q UHFWDQJOH DQG $ D b E\ q

UHFWDQJOH� $V ZLWK WKH XVXDO +RGJH�/HIVFKHW] GHFRPSRVLWLRQ� ZH KDYH�

SH $(ΓnS; C) =
pM

a;b=0

SH aq;bq(ΓnS; C)

ZKHUH WKH �XVXDO� SULPLWLYH SDUW RI WKH VXEVSDFH SH aq;bq(ΓnS; C) LV H[DFWO\
H a'q;b'q(ΓnS; C)�

1RZ WKH SURRI RI %HUJHURQ� 0LOOVRQ� DQG 0RHJOLQ >����� 7KHRUHP ���@ LPSOLHV WKH
IROORZLQJ�

3URSRVLWLRQ �� /HW r EH D QRQ�QHJDWLYH LQWHJHU ZLWK r ( p DQG OHW CΓ
H EH D PRGXODU

FODVV LQ H 2rq(ΓnS; C) ZLWK H Š 38(p $ r; q)� 7KHQ CΓ
H LV DQ DOJHEUDLF FODVV DQG LW LV

FRQWDLQHG LQ 6+GJr(ΓnS; Q) := SH rq;rq(ΓnS; C) \ H 2rq(ΓnS; Q)�

����� 4XRWLHQWV RI WKH V\PPHWULF VSDFH DVVRFLDWHG WR 620(p; q)� 6LPLODUO\ DQG ZLWK
QRWDWLRQV DV LQ 6HFWLRQ ������ DQ\ PRGXODU FODVV CΓ

H � ZLWK H LVRPRUSKLF WR D VPDOOHU
RUWKRJRQDO JURXS IL[LQJ D SRVLWLYH VXEVSDFH� LV FRQWDLQHG LQ

����� SH $(ΓnS; C) = ˚[p/2]
r=0 ˚p"2r

k=0 ek
q H r'q(ΓnS; C):

+HUH eq LV ]HUR LI q LV RGG DQG LV WKH (XOHU FODVV DULVLQJ IURP WKH VWDQGDUG UHSUHVHQWDWLRQ
RI 62q LI q LV HYHQ� :H WKHQ ZULWH 6+GJr(ΓnS; Q) = SH rq(ΓnS; C) \ H rq(ΓnS; Q)�

([DPSOHV �� ,I q = 1 WKH VSDFH S LV WKH p�GLPHQVLRQDO K\SHUEROLF UHDO VSDFH DQG WKH
VXEVSDFH SH $(ΓnS; C) LV LQ IDFW HTXDO WR WKH IXOO FRKRPRORJ\ JURXS H $(ΓnS; C)�

�� ,I q = 2 WKH VSDFH LV +HUPLWLDQ DQG ZH KDYH�

SH $(ΓnS; C) = ˚p
r=0H r;r(ΓnS; C):

%HZDUH WKDW LQ WKLV FDVH WKH (XOHU FODVV e2 LV WKH FODVV RI WKH .lKOHU IRUP WKDW ZH GHQRWHG
c1 LQ 6HFWLRQ ������
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��� +RGJH W\SH WKHRUHPV� 0RGXODU F\FOH FODVVHV EHORQJ WR D VXEVSDFH
6+GJ$(ΓnS; Q) RI WKH IXOO FRKRPRORJ\ JURXS H $(ΓnS; C)� (YHU\WKLQJ LV WKHUHIRUH LQ
SODFH WR UDLVH D TXHVWLRQ DQDORJRXV WR WKH +RGJH &RQMHFWXUH�

'R PRGXODU F\FOH FODVVHV VSDQ WKH VXEVSDFH 6+GJ$(ΓnS; Q)"

:H VKDOO VHH WKDW LW LV WRR PXFK WR KRSH IRU LQ JHQHUDO� EXW VXUSULVLQJO\ HQRXJK WKLV LV FORVH
WR EH WUXH LQ VHYHUDO LQWHUHVWLQJ FDVHV� /HW XV DJDLQ FRQVLGHU RXU WZRPDLQ IDPLOLHV RI H[DP�
SOHV� %RWK FDVHV DUH GHDOW ZLWK LQ MRLQW ZRUNV ZLWK 0LOOVRQ DQG 0RHJOLQ� 7KH SURRIV UHO\
KHDYLO\ RQ $UWKXU¶V FODVVLILFDWLRQ $UWKXU >����@ RI DXWRPRUSKLF UHSUHVHQWDWLRQV RI FODVVL�
FDO JURXSV ZKLFK GHSHQGV RQ WKH VWDELOL]DWLRQ RI WKH WUDFH IRUPXOD IRU GLVFRQQHFWHG JURXSV
GLVFXVVHG LQ :DOGVSXUJHU¶V ���� ,&0 WDON :DOGVSXUJHU >����@ DQG UHFHQWO\ REWDLQHG E\
0°JOLQ DQG :DOGVSXUJHU >Q�G�@�

����� $ +RGJH W\SH WKHRUHP IRU TXRWLHQWV RI WKH V\PPHWULF VSDFH DVVRFLDWHG WR
38(p; q)� (YHQ LQ WKH VLPSOH FDVH ZKHUH p = 2 DQG q = 1 ± VR WKDW S LV WKH FRPSOH[
2�EDOO ± LW ZDV SURYHG E\ %ODVLXV DQG 5RJDZVNL >����@ WKDW WKHUH H[LVW FRPSDFW TXRWLHQWV
ΓnS VXFK WKDW WKH VSDFH RI +RGJH (1; 1)�FODVVHV LV QRW VSDQQHG E\ PRGXODU FODVVHV� +RZ�
HYHU� YDJXHO\ VWDWHG� WKH PDLQ UHVXOW RI %HUJHURQ� 0LOOVRQ� DQG 0RHJOLQ >����@ DVVHUWV
WKDW IRU FRQJUXHQFH DULWKPHWLF TXRWLHQWV ΓnS �ZLWK DUELWUDU\ p DQG q¶V� WKH VSHFLDO FRKR�
PRORJ\ SH n(ΓnS; C) LV JHQHUDWHG� IRU n VPDOO HQRXJK� E\ FXS SURGXFWV RI WKUHH W\SHV RI
FODVVHV�

� FODVVHV LQ SH q;q(ΓnS; C)�

� KRORPRUSKLF DQG DQWL�KRORPRUSKLF VSHFLDO FRKRPRORJ\ FODVVHV� L�H� FODVVHV LQSH $;0(ΓnS; C)
DQG SH 0;$(ΓnS; C)�

� PRGXODU F\FOH FODVVHV RI 6HFWLRQ ������

����� $ +RGJH W\SH WKHRUHP IRU TXRWLHQWV RI WKH V\PPHWULF VSDFH DVVRFLDWHG WR
620(p; q)� ,Q WKDW FDVH� YDJXHO\ VWDWHG� WKHPDLQ UHVXOW RI %HUJHURQ�0LOOVRQ� DQG0RHJOLQ
>����@ VWDWHV WKDW DV ORQJ DV r LV OHVV WKDQ 1

2p DQG 1
3 (p + q $ 1)� WKH µSULPLWLYH¶ VXEVSDFH

H r'q(ΓnS; C) RI SH rq(ΓnS; C)� LQ WKH GHFRPSRVLWLRQ ������ LV VSDQQHG E\ SURMHFWLRQV
RI PRGXODU F\FOH FODVVHV�

��� $SSOLFDWLRQV�

����� � 7KH PRVW VWULNLQJ FRQVHTXHQFHV RI WKH DERYH PHQWLRQHG µ+RGJH W\SH WKHRUHPV¶
FRQFHUQ WKH FDVHV ZKHUH S LV D FRPSOH[ EDOO RU D UHDO K\SHUEROLF VSDFH� ,QGHHG� LQ WKHVH
FDVHV SH $(ΓnS; C) = H $(ΓnS; C) DQG ZH REWDLQ WKH WZR IROORZLQJ WKHRUHPV�
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:H ILUVW KDYH WR GHILQH PRUH SUHFLVHO\ WKH FRQJUXHQFH DULWKPHWLF ORFDOO\ V\PPHWULF
VSDFH ZH GHDO ZLWK� OHW E EH HLWKHU D WRWDOO\ UHDO QXPEHU ILHOG RU D WRWDOO\ LPDJLQDU\
TXDGUDWLF H[WHQVLRQ RI D WRWDOO\ UHDO QXPEHU ILHOG� ,Q ERWK FDVHV ZH GHQRWH E\ F WKH PD[�
LPDO WRWDOO\ UHDO VXEILHOG RI E� 1RZ OHW V EH D E�YHFWRU VSDFH RI GLPHQVLRQ n + 1 # 3
DQG OHW h : V " V ! E EH D +HUPLWLDQ IRUP ZLWK UHVSHFW WR WKH FRQMXJDLVRQ RI E/F �
VXFK WKDW h LV RI VLJQDWXUH (n; 1) DW RQH UHDO SODFH RI F DQG GHILQLWH DW WKH RWKHUV� /HW+ EH
WKH VHPL�VLPSOH DOJHEUDLF Q�JURXS REWDLQHG IURP WKH DOJHEUDLF F �JURXS 68(h) E\ UHVWULF�
WLRQ RI VFDODUV� 7R DQ\ FRQJUXHQFH VXEJURXS LQ +(Q) ZH DWWDFK D FRQJUXHQFH DULWKPHWLF
TXRWLHQW ΓnS ZKHUH S LV WKH UHDO K\SHUEROLF n�VSDFH� LI E = F � DQG WKH FRPSOH[ n�EDOO�
RWKHUZLVH�

7KHRUHP �� 6XSSRVH WKDW ΓnS LV D FORVHG FRPSOH[ n�EDOO TXRWLHQW DQG OHW
r 2 [0; n]n]n

3 ; 2n
3 [� 7KHQ HYHU\ +RGJH FODVV LQ H 2r(ΓnS; Q) LV DOJHEUDLF�

5HPDUNV� �� %HZDUH WKDW KHUH PRGXODU F\FOH FODVVHV GR QRW VSDQ� HYHQ LQ FR�GLPHQVLRQ ��
2QH KDV WR FRQVLGHU DUELWUDU\ (1; 1)�FODVVHV�

�� ,Q VPDOO GHJUHH RQH FDQ HYHQ FRQILUP +RGJH¶V JHQHUDOL]HG FRQMHFWXUH LQ LWV RULJLQDO
IRUPXODWLRQ �ZLWK Q FRHIILFLHQWV��

7KHRUHP �� 6XSSRVH WKDW ΓnS LV D UHDO K\SHUEROLF n�PDQLIROG� 7KHQ� IRU DOO r < n/3�
WKH Q�YHFWRU VSDFH H r(ΓnS; Q) LV VSDQQHG E\ FODVVHV RI WRWDOO\ JHRGHVLF F\FOHV�

5HPDUNV� �� ,Q %HUJHURQ� 0LOOVRQ� DQG 0RHJOLQ >����@ ZH SURYLGH VWURQJ HYLGHQFH WKDW
7KHRUHP � VKRXOG QRW KROG DERYH WKH GHJUHH n/3�

�� :KHQ n LV HYHQ� DOO FRQJUXHQFH DULWKPHWLF UHDO K\SHUEROLF n�PDQLIROGV DUH RI WKH
VLPSOH W\SH GHVFULEHG DERYH� +RZHYHU� ZKHQ n LV RGG� WKHUH DUH RWKHU W\SHV RI FRQJUXHQFH
DULWKPHWLF UHDO K\SHUEROLF n�PDQLIROGV� 7KHVH GR QRW FRQWDLQ WRWDOO\ JHRGHVLF LPPHUVHG
FR�GLPHQVLRQ � VXEPDQLIROGV� 6WLOO� WKH\ PD\ KDYH D QRQ�]HUR ILUVW %HWWL QXPEHU� 7KHR�
UHP � WKHUHIRUH FDQQRW KROG IRU JHQHUDO �FRQJUXHQFH DULWKPHWLF� K\SHUEROLF PDQLIROGV�

����� � :KHQ G = 620(n; 2) WKH VSDFH S LV +HUPLWLDQ DQG RXU JHQHUDO µ+RGJH W\SH
WKHRUHP¶ DJDLQ VSHFLDOL]HV LQWR QHZ FDVHV RI WKH +RGJH FRQMHFWXUH� /HW XV HPSKDVL]H
WKH HYHQ PRUH VSHFLDO FDVH RI WKH PRGXOL VSDFHV Kg �LQ ZKLFK FDVHV ZH KDYH n = 19�� D
WKHRUHP RI 2JXLVR >����@ LQGHHG LPSOLHV WKDW DQ\ FXUYH RQKg PHHWV VRPH RI WKH 1RHWKHU�
/HIVFKHW] �1/� GLYLVRUV GHVFULEHG LQ ([DPSOH ��� RI 6HFWLRQ ���� 6R LW LV QDWXUDO WR DVN
ZKHWKHU WKH 3LFDUG JURXS 3LFQ(Kg) RI Kg ZLWK UDWLRQDO FRHIILFLHQWV LV VSDQQHG E\ 1/�
GLYLVRUV� 7KLV ZDV FRQMHFWXUHG WR EH WUXH E\ 0DXOLN DQG 3DQGKDULSDQGH� VHH µ1RHWKHU�
/HIVFKHW] &RQMHFWXUH¶ 0DXOLN DQG 3DQGKDULSDQGH >����� &RQMHFWXUH �@� 0RUH JHQHUDOO\�
RQH FDQ H[WHQG WKLV TXHVWLRQ WR KLJKHU 1/�ORFL RQ Kg � ,Q %HUJHURQ� =� /L� 0LOOVRQ� DQG
0RHJOLQ >����@� ZH SURYH�
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7KHRUHP ��� )RU DOO g # 2 DQG DOO r ( 4� WKH FRKRPRORJ\ JURXSH 2r(Kg ; Q) LV VSDQQHG
E\ 1/�F\OHV RI FRGLPHQVLRQ r � ,Q SDUWLFXODU �WDNLQJ r = 1�� 3LFQ(Kg) Š H 2(Kg ; Q) DQG
WKH 1RHWKHU�/HIVFKHW] &RQMHFWXUH KROGV RQ Kg IRU DOO g # 2�

5HPDUN� %HIRUH %HUJHURQ� 0LOOVRQ� DQG 0RHJOLQ >����@� +H DQG +RIIPDQ >����@ FRQVLG�
HUHG DQRWKHU LQWHUHVWLQJ VSHFLDO FDVH RI RXU JHQHUDO µ+RGJH W\SH WKHRUHP�¶ WKDW RI VPRRWK
6LHJHO PRGXODU WKUHHIROGV Y ZKHUH p = 3 DQG q = 2� 7KH\ SURYH WKDW 3LF(Y ) ˝ C Š
H 1;1(Y ) LV JHQHUDWHG E\ +XPEHUW VXUIDFHV�

� $XWRPRUSKLF /HIVFKHW] SURSHUWLHV

$OPRVW �� \HDUV DJR 2GD >����@ SURYHG WKDW WKH $OEDQHVH YDULHW\ RI D FRQJUXHQFH DULWK�
PHWLF FRPSOH[ EDOO TXRWLHQW LV VSDQQHG E\ WKH +HFNH WUDQVODWHV RI WKH -DFRELDQ RI D IL[HG
6KLPXUD FXUYH� 7KLV LPSOLHV D YHUVLRQ RI WKH /HIVFKHW] 7KHRUHP RQ WKH LQMHFWLRQ RI WKH
FRKRPRORJ\ WR 6KLPXUD FXUYHV WKDW FDQ DUJXDEO\ EH FRQVLGHUHG DV WKH VWDUWLQJ SRLQW RI WKH
DQDORJ\ EHWZHHQ ORFDOO\ V\PPHWULF VSDFHV DQG SURMHFWLYH YDULHWLHV WKDW ZH DUH GLVFXVVLQJ
KHUH� 6LQFH 2GD¶V SLRQHHULQJ ZRUN� D QXPEHU RI FULWHULD KDYH EHHQ GHYHORSHG WR GHWHU�
PLQH LI VRPH +HFNH WUDQVODWH RI D JLYHQ FRKRPRORJ\ FODVV RQ D ORFDOO\ V\PPHWULF VSDFH
UHVWULFWV QRQ�WULYLDOO\ WR D JLYHQ ORFDOO\ V\PPHWULF VXEVSDFH� 9HQNDWDUDPDQD¶V ,&0 ����
WDON 9HQNDWDUDPDQD >����@ ZDV GHYRWHG WR WKLV VXEMHFW� :H VKDOO WKHUHIRUH LQVLVW RQ UHVXOWV
REWDLQHG VLQFH WKHQ�

��� &RPSDULVRQ ZLWK SURMHFWLYH YDULHWLHV� /HW V ! P N EH D SURMHFWLYH QRQ�VLQJXODU
DOJHEUDLF YDULHW\ DQG V \ H D K\SHUSODQH VHFWLRQ RI V � 7KHQ ZH KDYH WKH

/HIVFKHW] +\SHUSODQH 7KHRUHP� 7KH UHVWULFWLRQ PDS

����� H i (V; Q) ! H i (V \ H; Q)

LV DQ LVRPRUSKLVP IRU i ( n $ 2 DQG LQMHFWLYH IRU i = n $ 1�

7KLV WKHRUHP LQ IDFW FRQWDLQV WZR TXLWH GLIIHUHQW VWDWHPHQWV�

�� WKH PDS ����� LV LQMHFWLYH IRU i < n�

�� WKH PDS Hi (V \ H; Q) ! Hi (V; Q) LV LQMHFWLYH IRU i # n�

��� 5HVWULFWLRQ WR VSHFLDO F\FOHV� 7KH /HIVFKHW] +\SHUSODQH 7KHRUHP DSSOLHV WR FRP�
SDFW TXRWLHQWV ΓnS RI +HUPLWLDQ V\PPHWULF VSDFHV EXW PRGXODU FODVVHV DUH QRW DPSOH�
+RZHYHU� RQH PD\ FRQVLGHU DOO WKH WUDQVODWHV RI WKHVH PRGXODU FODVVHV XQGHU +HFNH RSHU�
DWRUV DQG DVN IRU D ZHDNHU /HIVFKHW] SURSHUW\ IRU WKH FROOHFWLRQ RI WKHVH +HFNH WUDQVODWHV�
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$QG D ODUJH QXPEHU RI VXFK µZHDN /HIVFKHW] SURSHUWLHV¶ LQGHHG KROG HYHQ ZKHQ WKH V\P�
PHWULF VSDFHS LV QRW +HUPLWLDQ� VHH H�J� %HUJHURQ >����@� 6LQFH WKH JHQHUDO UHVXOWV UHTXLUH
D UDWKHU IRUELGGLQJ DPRXQW RI QRWDWLRQ ZH UHVWULFW RXU GLVFXVVLRQ WR WKH VSHFLDO VLWXDWLRQ
RI 6HFWLRQ ������

,Q WKLV VLWXDWLRQ� WR DQ\ QRQ�GHJHQHUDWH� LQGHILQLWH� VXEVSDFH W ! V GHILQHG RYHU
E ZH DWWDFK D VSHFLDO F\FOH ΓW nSW ! ΓnS � ,W LV RI UHDO GLPHQVLRQ m[E : F ]� 7KH
IROORZLQJ WKHRUHP LV RXU DQDORJXH RI WKH ILUVW SDUW RI /HIVFKHW] +\SHUSODQH 7KHRUHP�

7KHRUHP ��� )RU HYHU\ m < n� WKHUH H[LVW (m + 1)�GLPHQVLRQDO VXEVSDFHV W1; : : : ; Ws

LQ V VXFK WKDW WKH UHVWULFWLRQ PDS

����� H i (ΓnS; Q) !
M

j

H i (ΓWj
nSWj

; Q)

LV LQMHFWLYH IRU DOO i < 1
2m[E : F ] DQG IRU i = 1

2m[E : F ] LI ΓnS LV FORVHG�

7KH WKHRUHP FDQ EH UHIRUPXODWHG XVLQJ +HFNH FRUUHVSRQGHQFHV� WR DQ\ F �UDWLRQDO
HOHPHQW g RI WKH LVRPHWU\ JURXS RI h ZH PD\ DVVRFLDWH D ILQLWH FRUUHVSRQGHQFH (Γ \
g"1Γg)nS ! ΓnS ZKHUH WKH ILUVW SURMHFWLRQ LV WKH FRYHULQJ SURMHFWLRQ DQG WKH VHF�
RQG SURMHFWLRQ LV LQGXFHG E\ WKH PXOWLSOLFDWLRQ E\ g� :ULWH C #

g : H $(ΓnS; Q) !
H $(ΓnS; Q) IRU WKH LQGXFHG HQGRPRUSKLVP� 7KHRUHP �� WKHQ VD\V WKDW LI ˛ LV D QRQ�]HUR
FODVV LQ H i (ΓnS; Q) RI GHJUHH i < 1

2 GLPR SW � WKHQ WKHUH H[LVWV D g VXFK WKDW C #
g (˛)

SXOOV EDFN QRQ�WULYLDOO\ WR ΓW nSW �
)RU FRPSDFW EDOO TXRWLHQWV� WKH WKHRUHP LV GXH WR 2GD >����@ LQ GHJUHH i = 1� DQG

WR 9HQNDWDUDPDQD >����@ ± FRQILUPLQJ D FRQMHFWXUH RI +DUULV DQG -��6� /L >����@ ± IRU
DOO GHJUHHV� 7KH HVVHQWLDO SRLQW �LQ WKH FDVH n = m + 1� LV WKDW D OLQHDU FRPELQDWLRQ
RI WKH GLYLVRUV ΓWi

nSWi
! ΓnS JLYHV D SDUWLFXODU DPSOH FODVV� WKH K\SHUSODQH FODVV LQ

WKH FDQRQLFDO SURMHFWLYH HPEHGGLQJ RI ΓnS � 7KH /HIVFKHW] SURSHUW\ WKHQ IROORZV IURP
WKH KDUG /HIVFKHW] WKHRUHP� )RU QRQ�FRPSDFW EDOO TXRWLHQWV� RQH FDQ FRPELQH 9HQNDWDUD�
PDQD¶V LGHD ZLWK WKH VWXG\ RI FRPSDFWLILFDWLRQV� VHH 1DLU >����@� ,W PD\ DSSHDU TXLWH
VXUSULVLQJ WKDW WKH WKHRUHP KROGV IRU UHDO K\SHUEROLF PDQLIROGV� 7KLV LV DJDLQ D WRSRORJ�
LFDO FRQVHTXHQFH RI WKH VSHFWUDO JDS 7KHRUHP �� 7KLV DSSURDFK JLYHV D XQLILHG SURRI RI
7KHRUHP ��� VHH %HUJHURQ DQG &OR]HO >����� ����@�

��� $QRWKHU W\SH RI /HIVFKHW] SURSHUW\� $V IRU WKH VHFRQG SDUW RI /HIVFKHW] +\SHU�
SODQH 7KHRUHP� OHW XV PHQWLRQ WKH IROORZLQJ KRPRWRSLFDO DQDORJXH RI LW� VHH %HUJHURQ�
+DJOXQG� DQG :LVH >����@�

7KHRUHP ��� $ FORVHG DULWKPHWLF K\SHUEROLF PDQLIROG ΓnHn YLUWXDOO\ UHWUDFWV RQWR DQ\
RI LWV FR�GLPHQVLRQ � PRGXODU F\FOH�
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,Q RWKHU ZRUGV� LI ΛnHn"1 ! ΓnHn LV D WRWDOO\ JHRGHVLF LPPHUVLRQ DQG LI ZH ZULWH
' : Λ ! Γ IRU WKH FRUUHVSRQGLQJ �LQMHFWLYH� PRUSKLVP� WKHUH H[LVWV D ILQLWH LQGH[ VXEJURXS
Γ0 ! Γ DQG D PRUSKLVP r : Γ0 ! Λ VXFK WKDW '(Λ) LV FRQWDLQHG LQ Γ0 DQG r ı ' : Λ ! Λ LV
WKH LGHQWLW\ PDS� ,Q SDUWLFXODU WKH LQGXFHG PDS

Hi (ΛnHn"1; Q) ! Hi (Γ
0nHn; Q)

LV LQMHFWLYH IRU DOO i # 0�
7KH SURRI RI 7KHRUHP �� LV YHU\ VSHFLILF WR DULWKPHWLF K\SHUEROLF PDQLIROGV WKDW FRQ�

WDLQ FR�GLPHQVLRQ � PRGXODU F\FOHV� LW XVHV WKDW WKH JURXS Γ PD\ EH µFXEXODWHG¶ �LQ WKH
VHQVH RI :LVH >����@�� ,W LV D YHU\ LQWHUHVWLQJ RSHQ TXHVWLRQ WR GHFLGH ZKLFK ODWWLFHV RI
620(n; 1) FDQ EH FXEXODWHG� EXW LW LV NQRZQ WKDW ODWWLFHV LQ DOO RWKHU UHDO VLPSOH /LH JURXSV
FDQQRW� 2I FRXUVH� WKLV GRHV QRW SUHYHQW 7KHRUHP �� WR KROG IRU RWKHU ORFDOO\ V\PPHWULF
VSDFHV� EXW WR P\ NQRZOHGJH QR RWKHU H[DPSOHV DUH NQRZQ WR �KRPRWRSLFDOO\� UHWUDFW RQWR
D ORFDOO\ V\PPHWULF SURSHU VXEVSDFH H[FHSW IRU D VPDOO ILQLWH QXPEHU RI EHDXWLIXO H[DP�
SOHV� GXH WR 'HUDX[ >����@� RI FRPSOH[ 2�EDOO DQG 3�EDOO TXRWLHQWV WKDW UHWUDFW RQWR RQH RI
WKHLU WRWDOO\ JHRGHVLF VXEPDQLIROGV�

+RZHYHU� WKDQNV WR VSHFWUDO JDS SURSHUWLHV DV LQ 7KHRUHP �� WKH KRPRORJLFDO FRQVH�
TXHQFHV RI 7KHRUHP �� DUH PRUH WUDFWDEOH LQ JHQHUDO� VHH %HUJHURQ >����@� ,Q WKH VSHFLDO
VLWXDWLRQ RI 6HFWLRQ ����� RQH FDQ IRU H[DPSOH SURYH WKH IROORZLQJ DQDORJXH RI WKH VHFRQG
DVSHFW RI /HIVFKHW] +\SHUSODQH 7KHRUHP� VHH %HUJHURQ DQG &OR]HO >����@�

7KHRUHP ��� 6XSSRVH WKDW ΓnS LV FORVHG� /HW W EH D VXEVSDFH RI V � 7KHUH H[LVWV D ILQLWH
LQGH[ VXEJURXS Γ0 ! Γ VXFK WKDW WKH QDWXUDO PDS

����� Hi (Γ
0
W nSW ; Q) ! Hi (Γ

0nS; Q)

LV LQMHFWLYH IRU DOO i # 1
2 GLPR S �

��� 6RPH UHILQHG DQDORJLHVZLWK VSHFLILF SURMHFWLYH YDULHWLHV� $EHOLDQ YDULHWLHV� 7KH�
RUHP � LV DQ DQDORJXH� LQ FRQVWDQW QHJDWLYH FXUYDWXUH� RI WKH FODVVLFDO IDFW WKDW F\FOH FODVVHV
RI WRWDOO\ JHRGHVLF IODW VXE�WRUL VSDQ WKH FRKRPRORJ\ JURXSV RI IODW WRUL� ,Q IDFW LI A LV DQ
$EHOLDQ YDULHW\� LQ PRVW LQWHUHVWLQJ FRKRPRORJ\ WKHRULHV H $(A) LV DQ H[WHULRU DOJHEUD RQ
H 1(A)� ,Q SDUWLFXODU� LIA LV VXIILFLHQWO\ JHQHUDO� WKH DOJHEUD RI +RGJH FODVVHV LV JHQHUDWHG
LQ GHJUHH � DQG WKH +RGJH FRQMHFWXUH IROORZV�

4XLWH VXUSULVLQJO\� LQ VPDOO GHJUHHV� WKH FRKRPRORJ\ ULQJV RI FRQJUXHQFH DULWKPHWLF
ORFDOO\ V\PPHWULFPDQLIROGV HQMR\ VWUXFWXUDO SURSHUWLHV YHU\ DQDORJRXV WR WKRVH RI $EHOLDQ
YDULHWLHV� +HUH DJDLQ ZH GLVFXVV RQO\ WKH VSHFLDO VLWXDWLRQ RI 6HFWLRQ ������ 6XSSRVH
IXUWKHUPRUH WKDW ΓnS LV FORVHG DQG ZULWH +GJ$(ΓnS; Q) = H $(ΓnS; Q) LI E = F � L�H�
LI S LV D UHDO K\SHUEROLF VSDFH Hn� )LUVW� WKH SURRIV RI 7KHRUHPV � DQG � LPSO\�
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7KHRUHP ��� 7KH QDWXUDO PRUSKLVP RI DOJHEUDV

����� ^$ +GJ1(ΓnS; Q) ! +GJ$(ΓnS; Q)

LV RQWR LQ GHJUHH < n/3�

$V RSSRVHG WR ZKDW KDSSHQV ZLWK $EHOLDQ YDULHWLHV� WKH PDS ����� LV QRW LQMHFWLYH LQ
JHQHUDO �DOUHDG\ ZKHQ ΓnS LV D UHDO K\SHUEROLF VXUIDFH�� 7KH QH[W WKHRUHP ± VHH %HUJHURQ
DQG &OR]HO >����� ����@ ± QHYHUWKHOHVV VKRZV WKDW LW LV LQMHFWLYH µXS WR +HFNH FRUUHVSRQ�
GHQFHV�¶

7KHRUHP ��� /HW ˛ DQG ˇ WZR FRKRPRORJ\ FODVVHV LQ H $(ΓnS; Q) RI UHVSHFWLYH GHJUHHV
k DQG ` ZLWK k+` ( 1

2 GLPR S � 7KHQ� WKHUH H[LVWV VRPH UDWLRQDO HOHPHQW g RI WKH LVRPHWU\
JURXS RI h VXFK WKDW

C #
g (˛) ^ ˇ ¤ 0 LQ H k+`(M; Q):

)RU FRPSOH[ EDOO TXRWLHQWV 7KHRUHP �� LV GXH WR 9HQNDWDUDPDQD >����@� 3DUWKDVDUDWK\
>����@� &OR]HO >����� ����@ DQG9HQNDWDUDPDQD >����@ KDYH JHQHUDO UHVXOWV RI WKLV W\SH IRU
RWKHU +HUPLWLDQ VSDFHV� VHH DOVR %HUJHURQ >����@� ,Q %HUJHURQ >����@ ZH FRQVLGHU PRUH
JHQHUDO QRQ +HUPLWLDQ ORFDOO\ V\PPHWULF VSDFHV� +HUH DJDLQ WKH NH\ LQSXW LV D VSHFWUDO
JDS WKHRUHP�

� 3HULRGV

$OJHEUDLF YDULHWLHV DGPLW D SDQRSO\ RI FRKRPRORJ\ WKHRULHV� UHODWHG RYHU C E\ FRPSDU�
LVRQ LVRPRUSKLVPV� 7KHVH JLYH ULVH WR GLIIHUHQW VWUXFWXUHV RQ WKH FRKRPRORJ\ JURXSV�
&RPSDULQJ WZR VXFK VWUXFWXUHV OHDGV LQ SDUWLFXODU WR WKH ULFK WKHRU\ RI SHULRGV�

:KHQ GHDOLQJ ZLWK JHQHUDO ORFDOO\ V\PPHWULF PDQLIROGV ZH GRQ¶W KDYH DOO WKHVH FR�
KRPRORJ\ WKHRULHV DW RXU GLVSRVDO DQ\PRUH� +RZHYHU� XVLQJ WKH FDQRQLFDO 5LHPDQQLDQ
VWUXFWXUH RQ S � ZH FDQ H[WUDFW VRPH QXPHULFDO LQYDULDQWV IURP WKH FRKRPRORJ\� ZKLFK ZH
FDOO µSHULRG PDWULFHV�¶

��� &RPSDULVRQ ZLWK SURMHFWLYH YDULHWLHV� ,I V LV D VPRRWK SURMHFWLYH YDULHW\ GHILQHG
RYHU Q� WKH YHFWRU VSDFH H k(V; C) KDV D QDWXUDO Q�VWUXFWXUH H k

G5(X/Q)� FKRRVH D FRYHU
RI V E\ =DULVNL DIILQH RSHQ VHWV GHILQHG RYHU Q DQG XVH DOJHEUDLF GLIIHUHQWLDO IRUPV ZLWK
FRHIILFLHQWV LQ Q� $ FRPSDULVRQ WKHRUHP� GXH WR *URWKHQGLHFN� JLYHV D QDWXUDO LVRPRU�
SKLVP H k

G5(X/Q) ˝ C Š H k(V; C)�
2QH FDOOV SHULRGV WKH PDWUL[ FRHIILFLHQWV RI WKH FRPSDULVRQ LVRPRUSKLVP

H k
G5(X/Q) ˝ C

Š$! H k(V; Q) ˝ C



+2'*( 7+(25< 2) /2&$//< 6<00(75,& 63$&(6 ���

EHWZHHQ DOJHEUDLF GH 5KDP FRKRPRORJ\ DQG VLQJXODU FRKRPRORJ\ DIWHU FKRRVLQJQ�EDVHV
LQ ERWK JURXSV� ,Q JHQHUDO WKHVH WZR GLIIHUHQW Q�VWUXFWXUHV DUH WUDQVFHQGHQW ZLWK UHVSHFW
WR HDFK RWKHU DQG SHULRGV DUH IXQGDPHQWDO QXPHULFDO LQYDULDQWV� VHH H�J� .RQWVHYLFK DQG
=DJLHU >����@�

��� 3HULRG PDWULFHV RI ORFDOO\ V\PPHWULF VSDFHV� /HW XV FRPH EDFN WR ORFDOO\ V\P�
PHWULF PDQLIROGV ΓnS � 7KURXJK WKH LVRPRUSKLVP ������ WKH 5LHPDQQLDQ VWUXFWXUH RQ S

LQGXFHV D SRVLWLYH GHILQLWH TXDGUDWLF IRUP RQ HDFK FRKRPRORJ\ JURXS H j (ΓnS; Z) PRG�
XOR WRUVLRQ� /HWWLQJ b = bj (ΓnS)� ZH HQFRGH WKH DERYH GDWD LQWR D PDWUL[

M =

)Z
%k

!`

*

1)k;`)b

2 */b(R)

ZKHUH WKH (k 2 Hj (ΓnS; Z) SURMHFW WR D EDVLV IRU Hj (ΓnS; Z) PRGXOR WRUVLRQ DQG WKH
!`¶V DUH DQ RUWKRQRUPDO EDVLV IRU WKH VSDFH RI KDUPRQLF j �IRUPV RQ ΓnS � 7KH PDWUL[M LV
ZHOO�GHILQHG XS WR PXOWLSOLFDWLRQ RQ WKH OHIW E\ */b(Z) DQG RQ WKH ULJKW E\ DQ RUWKRJRQDO
PDWUL[�

$V DQ HOHPHQW RI */b(Z)n*/b(R)/2b � WKH PDWUL[ M LV FKDUDFWHUL]HG E\ LWV GHWHUPL�
QDQW DQG LWV LPDJH LQ WKH ORFDOO\ V\PPHWULF VSDFH WKDW SDUDPHWUL]HV WKH VSDFH RI IODW b�
GLPHQVLRQDO WRUL RI XQLW YROXPH� ,Q DQDORJ\ ZLWK WKH FODVVLFDO 6FKRWWN\ SUREOHP� LW ZRXOG
EH LQWHUHVWLQJ WR DQDO\VH WKH ORFXV RI WKH ODWWHU DV Γ YDULHV� /HW XV UHVWULFW RXU DWWHQWLRQ WR
WKH DSSDUHQWO\ VLPSOHU TXHVWLRQ RI ERXQGLQJ WKH GHWHUPLQDQW�

��� 5HJXODWRUV� )ROORZLQJ %HUJHURQ DQG 9HQNDWHVK >����@ DQG %HUJHURQ� ùHQJ�Q� DQG
9HQNDWHVK >����@ ZH FDOO µGHJUHH j UHJXODWRU¶ WKH GHWHUPLQDQW RI WKH GHJUHH j SHULRG
PDWUL[ RI ΓnS � ZH GHQRWH LW E\ Rj (ΓnS)�

1RWH WKDW jR0(ΓnS)j = 1/
p
YRO(ΓnS)� jRn(ΓnS)j =

p
YRO(ΓnS)� DQG E\ 3RLQFDUp

GXDOLW\� ZH KDYH jRj (ΓnS)Rn"j (ΓnS)j = 1: :H SURSRVH WKH IROORZLQJ�

&RQMHFWXUH ��� )L[ S DQG j � 7KH JURZWK RI WKH GHJUHH j UHJXODWRUV RI FRQJUXHQFH DULWK�
PHWLF RI S �PDQLIROGV LV JLYHQ E\

ORJ jRj (ΓnS)j = o(YRO(ΓnS)):

,Q WKH QH[W SDUDJUDSK ZH UHODWH &RQMHFWXUH �� WR WKH JHRPHWULF FRPSOH[LW\ RI F\FOHV
QHHGHG WR JHQHUDWH Hj (ΓnS; R)� µ+RGJH W\SH WKHRUHPV¶ OLNH 7KHRUHP � VXJJHVW WKDW WKH
FRQMHFWXUH FRXOG EH WUDFWDEOH ZKHQ j LV IDU HQRXJK IURP WKH PLGGOH GHJUHH� ,Q JHQHUDO RQH
FDQ WKLQN RI &RQMHFWXUH �� DV DQ DWWHPSW WR VKHG OLWWOH OLJKW RQ WKH P\VWHULRXV F\FOH WKHRU\
RI ORFDOO\ V\PPHWULF VSDFHV QHDU WKH PLGGOH GHJUHH�
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��� %DFN WR F\FOHV� 2XU UHDVRQ WR EHOLHYH LQ &RQMHFWXUH �� LV WKDW� URXJKO\ VSHDNLQJ� ZH
H[SHFW KRPRORJ\ FODVVHV RQ FRQJUXHQFH DULWKPHWLF PDQLIROGV WR EH UHSUHVHQWHG E\ F\FOHV
RI ORZ FRPSOH[LW\� ,Q RXU JHQHUDO VLWXDWLRQ� WKHVH F\FOHV DUH QRW DOJHEUDLF DW DOO EXW RQH
PD\ VWLOO KRSH WKDW WKHLU WRSRORJLFDO FRPSOH[LW\ UHIOHFWV WKH DULWKPHWLF FRPSOH[LW\ RI WKHLU
�/DQJODQGV��DVVRFLDWHG YDULHWLHV�

,Q %HUJHURQ� ùHQJ�Q� DQG 9HQNDWHVK >����@ ZH IRUPXODWH DQG VWXG\ WKH IROORZLQJ SUH�
FLVH FRQMHFWXUH LQ D VLPSOH LQWHUHVWLQJ FDVH� QDPHO\� WKDW RI FRQJUXHQFH DULWKPHWLF K\SHU�
EROLF 3�PDQLIROGV�

&RQMHFWXUH ��� 7KHUH LV DQ DEVROXWH FRQVWDQW C VXFK WKDW� IRU DQ\ FRQJUXHQFH DULWK�
PHWLF K\SHUEROLF 3�PDQLIROG ΓnH3� WKHUH H[LVW LPPHUVHG VXUIDFHV Si RI JHQXV OHVV WKDW
YRO(ΓnH3)C VXFK WKDW WKH [Si ]¶V VSDQ H2(ΓnH3; R)�

7R UHODWH &RQMHFWXUH �� ZLWK R2(ΓnH3)� ZH VWXG\ WKH UHODWLRQVKLS EHWZHHQ WZR QRUPV
RQ WKH VHFRQG KRPRORJ\ JURXS� WKH SXUHO\ WRSRORJLFDO *URPRY�7KXUVWRQ QRUP DQG WKH
PRUH JHRPHWULF µKDUPRQLF¶ QRUP� 5HILQLQJ%HUJHURQ� ùHQJ�Q� DQG9HQNDWHVK >LELG�� 3URSR�
VLWLRQ ���@ %URFN DQG 'XQILHOG >����@ VKRZ WKDW WKHVH WZR QRUPV DUH URXJKO\ SURSRUWLRQDO
ZLWK H[SOLFLW FRQVWDQWV GHSHQGLQJ RQO\ RQ WKH YROXPH DQG LQMHFWLYLW\ UDGLXV� RI ΓnH3�
1RZ� DVVXPLQJ &RQMHFWXUH ��� HDFK [Sj ] KDV *URPRY�7KXUVWRQ QRUP ± DQG WKHUHIRUH
KDUPRQLF QRUP ± ZKLFK LV ERXQGHG E\ D SRO\QRPLDO LQ YRO(ΓnH3)� 7KXV +DGDPDUG¶V
LQHTXDOLW\ VKRZV WKDW jR2(ΓnH3)j ) YRO(ΓnH3)Cb1(ΓnH3)�

5HPDUNV� �� &RQMHFWXUHV �� DQG �� DUH IDOVH LI WKH PDQLIROGV DUH QRW DVVXPHG WR EH FRQ�
JUXHQFH DULWKPHWLF� %URFN DQG 'XQILHOG >LELG�� 7KHRUHP ���@ LQGHHG FRQVWUXFW D VHTXHQFH
RI FORVHG K\SHUEROLF 3�PDQLIROGV Mn �ZKRVH LQMHFWLYLW\ UDGLL VWD\ ERXGHG DZD\ IURP 0�
ZLWK

YRO(Mn) ! 1; b1(Mn) = 1 DQG OLP VXS
n

ORJ jR2(Mn)j
YRO(Mn)

> 0:

�� 8QGHUZHOO EHOLHYHG QXPEHU WKHRUHWLF DVVXPSWLRQV� LQ %HUJHURQ� ùHQJ�Q� DQG9HQNDWHVK
>����@ ZH QRWDEO\ YHULI\ &RQMHFWXUH �� ZKHQ ΓnH3 LV D FRQJUXHQFH FRYHU RI D %LDQFKL
PDQLIROG ZLWK 1�GLPHQVLRQDO FXVSLGDO FRKRPRORJ\ DVVRFLDWHG WR D QRQ�&0 HOOLSWLF FXUYH�
,Q WKDW FDVH WKH SURRI LQGHHG UHODWH WKH FRPSOH[LW\ RI WKH H2�F\FOH WR WKH KHLJKW RI WKH DV�
VRFLDWHG HOOLSWLF FXUYH �L�H�� WKH PLQLPDO VL]H RI A; B VR WKDW LWV HTXDWLRQ FDQ EH H[SUHVVHG
DV y2 = x3 + Ax + B�� 7KDW WKLV PLJKW EH D JHQHUDO SKHQRPHQRQ ZDV DOVR VXJJHVWHG LQ
&DOHJDUL DQG 9HQNDWHVK >����@�

�ZKLFK LV H[SHFWHG WR EH XQLIRUPO\ ERXQGHG DZD\ IURP 0 RQ DULWKPHWLF PDQLIROGV
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� 6RPH UHJUHWV

0DQ\ RWKHU LQWHUHVWLQJ TXHVWLRQV FRXOG �VKRXOG"� KDYH EHHQ GLVFXVVHG LQ WKLV VXUYH\� +\�
SHUEROLF 3�PDQLIROGV IRUP D SDUWLFXODUO\ ULFK DQG LQWHUHVWLQJ IDPLO\ RI ORFDOO\ V\PPHWULF
PDQLIROGV� +RZHYHU� 0DWVXVKLPD¶V IRUPXOD JLYHV QR UHVWULFWLRQ RQ WKHLU FRKRPRORJ\
DQG PRVW RI WKHVH PDQLIROGV GR QRW FRQWDLQ WRWDOO\ JHRGHVLF LPPHUVHG VXEPDQLIROGV� ,W
PD\ WKHUHIRUH DSSHDU WKDW K\SHUEROLF 3�PDQLIROGV DUH QRW UHDOO\ FRQQHFWHGZLWK RXU JHQHUDO
VWRU\� 7KLV LV QRW TXLWH WUXH� $JRO >����� ����@ SURRI RI WKH FHOHEUDWHG µ9LUWXDO +DNHQ &RQ�
MHFWXUH¶ VXJJHVWV FRQVLGHULQJ µDOPRVW JHRGHVLF¶ F\FOHV UDWKHU WKDQ MXVW JHRGHVLF RQHV� :H
KDYHQ¶W DGGUHVVHG WKH ULFK UHODWLRQ EHWZHHQ WKH FRKRPRORJ\ RI ORFDOO\ V\PPHWULF VSDFHV
DQG QXPEHU WKHRU\� /HW XV VLPSO\ VD\ WKDW RXU RULJLQDO PRWLYDWLRQ IRU &RQMHFWXUHV ��
DQG �� FDPH IURP WKH VWXG\ RI WRUVLRQ KRPRORJ\ DQG LWV UHODWLRQ ZLWK *DORLV UHSUHVHQWD�
WLRQV 6FKRO]H >����@� )LQDOO\ 9HQNDWHVK¶V SURJUDP 9HQNDWHVK >����@ VXJJHVWV IDVFLQDWLQJ
UHODWLRQV EHWZHHQ WKH SHULRG PDWULFHV RI 6HFWLRQ ��� DQG SHULRGV �LQ WKH XVXDO VHQVH� RI
DXWRPRUSKLF IRUPV�

$FNQRZOHGJPHQWV� , ZRXOG OLNH WR WKDQN0LNORV$EHUW� 7VDFKLN*HODQGHU� /DXUHQW &OR]HO�
eWLHQQH *K\V� )UpGpULF +DJOXQG� =KL\XDQ /L� -RKQ 0LOOVRQ� &ROHWWH 0RHJOLQ� 3HWHU 6DU�
QDN� 7�1� 9HQNDWDUDPDQD� $NVKD\ 9HQNDWHVK� &ODLUH 9RLVLQ DQG 'DQL :LVH IRU PDQ\ YHU\
KHOSIXO FRQYHUVDWLRQV RYHU WKH \HDUV RQ WKH PDWHULDO UHODWHG WR WKLV VXUYH\�
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O\ GLVFUHWH ,56 DQG QRUPDOOL]HG %HWWL FRQYHUJHQFH´� 7R DSSHDU �FLW� RQ S� �����
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ODWWLFHV LQ /LH JURXSV´� $QQ� RI 0DWK� ��� ������ SS� ���±���� 05� jee93Ry �FLW� RQ
S� �����

,DQ $JRO ������� ³7KH YLUWXDO +DNHQ FRQMHFWXUH´� 'RF� 0DWK� ��� :LWK DQ DSSHQGL[ E\
$JRO� 'DQLHO *URYHV� DQG -DVRQ0DQQLQJ� SS� ����±�����05� jRy988j �FLW� RQ S� �����

± ������� ³9LUWXDO SURSHUWLHV RI 3�PDQLIROGV´� ,Q�3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV
RI 0DWKHPDWLFLDQV� 6HRXO� 9RO� ,� .\XQJ 0RRQ 6$ &R� /WG�� SS� ���±��� �FLW� RQ
S� �����

-DPHV $UWKXU ������� 7KH HQGRVFRSLF FODVVLILFDWLRQ RI UHSUHVHQWDWLRQV� 9RO� ��� $PHUL�
FDQ0DWKHPDWLFDO 6RFLHW\ &ROORTXLXP3XEOLFDWLRQV� 2UWKRJRQDO DQG V\PSOHFWLF JURXSV�
$PHULFDQ 0DWKHPDWLFDO 6RFLHW\� 3URYLGHQFH� 5,� SS� [YLLL����� 05� jRj8e8y �FLW� RQ
S� �����
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:HUQHU %DOOPDQQ� 0LNKDHO *URPRY� DQG 9LNWRU 6FKURHGHU ������� 0DQLIROGV RI QRQSRVL�
WLYH FXUYDWXUH� 9RO� ��� 3URJUHVV LQ 0DWKHPDWLFV� %LUNKlXVHU %RVWRQ� ,QF�� %RVWRQ� 0$�
SS� YL����� 05� 3kjN3R �FLW� RQ S� �����

1� %HUJHURQ ������� ³5HSUpVHQWDWLRQV FRKRPRORJLTXHV LVROpHV� DSSOLFDWLRQV FRKRPRORJL�
TXHV´� -� ,QVW� 0DWK� -XVVLHX ���� SS� ���±���� 05� k9yydkR �FLW� RQ S� �����

± ������� ³5HVWULFWLRQ GH OD FRKRPRORJLH G¶XQH YDULpWp GH 6KLPXUD j VHV VRXV�YDULpWpV´�
7UDQVIRUP� *URXSV ����� SS� ��±��� 05� k93y38k �FLW� RQ S� �����

1LFRODV %HUJHURQ ������� ³3URGXLWV GDQV OD FRKRPRORJLH GHV YDULpWpV GH 6KLPXUD� TXHO�
TXHV FDOFXOV´� &� 5� 0DWK� $FDG� 6FL� 3DULV ������� SS� ���±���� 05� kRRyjde �FLW� RQ
S� �����

± ������� ³3URSULpWpV GH /HIVFKHW] DXWRPRUSKHV SRXU OHV JURXSHV XQLWDLUHV HW RUWKRJR�
QDX[´� 0pP� 6RF� 0DWK� )U� �1�6�� ���� SS� YL����� 05� kkNed88 �FLW� RQ SS� ����
���±�����

± ������� ³9DULpWpV HQ H[SDQVLRQ �G¶DSUqV 0� *URPRY� /� *XWK� : : :�´� 6pPLQDLUH %RXU�
EDNL� �� qPH DQQpH� ([S� 1R� ����� YLL±YLLL� ���±��� �FLW� RQ S� �����

1LFRODV %HUJHURQ DQG /DXUHQW &OR]HO ������� ³6SHFWUH DXWRPRUSKH GHV YDULpWpV K\SHU�
EROLTXHV HW DSSOLFDWLRQV WRSRORJLTXHV´� $VWpULVTXH ���� SS� [[����� 05� kk98deR �FLW�
RQ S� �����

± ������� ³4XHOTXHV FRQVpTXHQFHV GHV WUDYDX[ G¶$UWKXU SRXU OH VSHFWUH HW OD WRSRORJLH
GHV YDULpWpV K\SHUEROLTXHV´� ,QYHQW� 0DWK� ������ SS� ���±���� 05� jy9NNk3 �FLW� RQ
SS� ���� ���� ���±�����

± ������� ³6XU OH VSHFWUH HW OD WRSRORJLH GHV YDULpWpV K\SHUEROLTXHV GH FRQJUXHQFH� OHV
FDV FRPSOH[H HW TXDWHUQLRQLHQ´� 0DWK� $QQ� �������� SS� ����±����� 05� jedje8e
�FLW� RQ SS� ���� ���� �����

1LFRODV %HUJHURQ� )UpGpULF +DJOXQG� DQG 'DQLHO 7� :LVH ������� ³+\SHUSODQH VHFWLRQV
LQ DULWKPHWLF K\SHUEROLF PDQLIROGV´� -� /RQG� 0DWK� 6RF� ��� ����� SS� ���±���� 05�
kddee98 �FLW� RQ S� �����

1LFRODV %HUJHURQ� =KL\XDQ /L� -RKQ -� 0LOOVRQ� DQG &ROHWWH 0RHJOLQ ������� ³7KH 1RH�
WKHU±/HIVFKHW] FRQMHFWXUH DQG JHQHUDOL]DWLRQV´� ,QYHQW� 0DWK� ������ SS� ���±���� 05�
jejN8N3 �FLW� RQ SS� ���� �����

1LFRODV %HUJHURQ� 3HWHU /LQQHOO�:ROIJDQJ /�FN� DQG5RPDQ 6DXHU ������� ³2Q WKH JURZWK
RI %HWWL QXPEHUV LQ p�DGLF DQDO\WLF WRZHUV´�*URXSV *HRP� '\Q� ���� SS� ���±���� 05�
jkjRkRd �FLW� RQ S� �����

1LFRODV %HUJHURQ� -RKQ -� 0LOOVRQ� DQG &ROHWWH 0RHJOLQ ������� ³7KH +RGJH FRQMHFWXUH
DQG DULWKPHWLF TXRWLHQWV RI FRPSOH[ EDOOV´�$FWD0DWK� ������ SS� �±����05� j8y3kRN
�FLW� RQ SS� ���� �����

± ������� ³+RGJH 7\SH 7KHRUHPV IRU $ULWKPHWLF 0DQLIROGV $VVRFLDWHG WR 2UWKRJRQDO
*URXSV´� ,QW� 0DWK� 5HV� 1RW� ,051 ��� SS� ����±����� 05� je38RyN �FLW� RQ SS� ����
���±�����
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1LFRODV %HUJHURQ� 0HKPHW +DOXN ùHQJ�Q� DQG $NVKD\ 9HQNDWHVK ������� ³7RUVLRQ KR�
PRORJ\ JURZWK DQG F\FOH FRPSOH[LW\ RI DULWKPHWLF PDQLIROGV´� 'XNH 0DWK� -� ������
SS� ����±����� 05� j8Rj8dR �FLW� RQ SS� ���� �����

1LFRODV %HUJHURQ DQG $NVKD\ 9HQNDWHVK ������� ³7KH DV\PSWRWLF JURZWK RI WRUVLRQ KR�
PRORJ\ IRU DULWKPHWLF JURXSV´� -� ,QVW� 0DWK� -XVVLHX ����� SS� ���±���� 05� jyk3dNy
�FLW� RQ S� �����

-HDQ�0LFKHO %LVPXW ������� ³'HPDLOO\¶V DV\PSWRWLF 0RUVH LQHTXDOLWLHV� D KHDW HTXDWLRQ
SURRI´� -� )XQFW� $QDO� ����� SS� ���±���� 05� 33e3R9 �FLW� RQ S� �����

'RQ %ODVLXV DQG -RQDWKDQ 5RJDZVNL ������� ³&RKRPRORJ\ RI FRQJUXHQFH VXEJURXSV RI
68(2; 1)p DQG +RGJH F\FOHV RQ VRPH VSHFLDO FRPSOH[ K\SHUEROLF VXUIDFHV´� ,Q� 5HJ�
XODWRUV LQ DQDO\VLV� JHRPHWU\ DQG QXPEHU WKHRU\� 9RO� ���� 3URJU� 0DWK� %LUNKlXVHU
%RVWRQ� %RVWRQ� 0$� SS� �±��� 05� Rdk9338 �FLW� RQ S� �����

$� %RUHO DQG 1� :DOODFK ������� &RQWLQXRXV FRKRPRORJ\� GLVFUHWH VXEJURXSV� DQG UHS�
UHVHQWDWLRQV RI UHGXFWLYH JURXSV� 6HFRQG� 9RO� ��� 0DWKHPDWLFDO 6XUYH\V DQG 0RQR�
JUDSKV� $PHULFDQ 0DWKHPDWLFDO 6RFLHW\� 3URYLGHQFH� 5,� SS� [YLLL����� 05� RdkR9yj
�FLW� RQ S� �����

-HIIUH\ )� %URFN DQG1DWKDQ0�'XQILHOG ������� ³1RUPV RQ WKH FRKRPRORJ\ RI K\SHUEROLF
��PDQLIROGV´� ,QYHQW� 0DWK� ������ SS� ���±���� 05� jdR98RR �FLW� RQ S� �����

-DQ +HQGULN %UXLQLHU ������� ³2Q WKH UDQN RI 3LFDUG JURXSV RI PRGXODU YDULHWLHV DWWDFKHG
WR RUWKRJRQDO JURXSV´� &RPSRVLWLR 0DWK� ������ SS� ��±��� 05� RNR3k3N �FLW� RQ
S� �����

)� &DOHJDUL DQG$� 9HQNDWHVK �'HF� ������ ³$ WRUVLRQ -DFTXHW±/DQJODQGV FRUUHVSRQGHQFH´�
DU;LY� RkRkXj39d �FLW� RQ S� �����

)UDQN &DOHJDUL DQG 0DWWKHZ (PHUWRQ ������� ³%RXQGV IRU PXOWLSOLFLWLHV RI XQLWDU\ UHS�
UHVHQWDWLRQV RI FRKRPRORJLFDO W\SH LQ VSDFHV RI FXVS IRUPV´� $QQ� RI 0DWK� ��� ������
SS� ����±����� 05� keyy3d3 �FLW� RQ S� �����

'RQDOG ,� &DUWZULJKW DQG 7LP 6WHJHU ������� ³(QXPHUDWLRQ RI WKH �� IDNH SURMHFWLYH
SODQHV´�&� 5� 0DWK� $FDG� 6FL� 3DULV �������� SS� ��±��� 05� k83edj8 �FLW� RQ S� �����

6KLLQJ�VKHQ &KHUQ ������� ³2Q D JHQHUDOL]DWLRQ RI .lKOHU JHRPHWU\´� ,Q� $OJHEUDLF JHRP�
HWU\ DQG WRSRORJ\� $ V\PSRVLXP LQ KRQRU RI 6� /HIVFKHW]� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�
3ULQFHWRQ� 1� -�� SS� ���±���� 05� yy3dRdk �FLW� RQ S� �����

/� &OR]HO ������� ³3URGXLWV GDQV OD FRKRPRORJLH KRORPRUSKH GHV YDULpWpV GH 6KLPXUD´� -�
5HLQH $QJHZ� 0DWK� ���� SS� ��±��� 05� RRdkNy3 �FLW� RQ S� �����

± ������� ³3URGXLWV GDQV OD FRKRPRORJLH KRORPRUSKH GHV YDULpWpV GH 6KLPXUD� ,,� &DOFXOV
HW DSSOLFDWLRQV´� -� 5HLQH $QJHZ� 0DWK� ���� SS� �±��� 05� Rk9RdNR �FLW� RQ S� �����

0DWKLHX &RVVXWWD DQG 6LPRQ 0DUVKDOO ������� ³7KHWD OLIWLQJ DQG FRKRPRORJ\ JURZWK LQ
p�DGLF WRZHUV´� ,QW� 0DWK� 5HV� 1RW� ,051 ��� SS� ����±����� 05� jye8y3N �FLW� RQ
S� �����

http://dx.doi.org/10.1215/00127094-3450429
http://dx.doi.org/10.1215/00127094-3450429
http://www.ams.org/mathscinet-getitem?mr=MR3513571
http://dx.doi.org/10.1017/S1474748012000667
http://dx.doi.org/10.1017/S1474748012000667
http://www.ams.org/mathscinet-getitem?mr=MR3028790
http://dx.doi.org/10.1016/0022-1236(87)90089-9
http://dx.doi.org/10.1016/0022-1236(87)90089-9
http://www.ams.org/mathscinet-getitem?mr=MR886814
http://www.ams.org/mathscinet-getitem?mr=MR1724885
http://dx.doi.org/10.1090/surv/067
http://dx.doi.org/10.1090/surv/067
http://www.ams.org/mathscinet-getitem?mr=MR1721403
https://doi.org/10.1007/s00222-017-0735-3
https://doi.org/10.1007/s00222-017-0735-3
http://www.ams.org/mathscinet-getitem?mr=MR3714511
http://dx.doi.org/10.1023/A:1016357029843
http://dx.doi.org/10.1023/A:1016357029843
http://www.ams.org/mathscinet-getitem?mr=MR1918289
http://arxiv.org/abs/1212.3847
http://arxiv.org/abs/1212.3847
http://dx.doi.org/10.4007/annals.2009.170.1437
http://dx.doi.org/10.4007/annals.2009.170.1437
http://www.ams.org/mathscinet-getitem?mr=MR2600878
http://dx.doi.org/10.1016/j.crma.2009.11.016
http://dx.doi.org/10.1016/j.crma.2009.11.016
http://www.ams.org/mathscinet-getitem?mr=MR2586735
http://www.ams.org/mathscinet-getitem?mr=MR0087172
http://dx.doi.org/10.1515/crll.1992.430.69
http://www.ams.org/mathscinet-getitem?mr=MR1172908
http://dx.doi.org/10.1515/crll.1993.444.1
http://dx.doi.org/10.1515/crll.1993.444.1
http://www.ams.org/mathscinet-getitem?mr=MR1241791
http://dx.doi.org/10.1093/imrn/rns139
http://dx.doi.org/10.1093/imrn/rns139
http://www.ams.org/mathscinet-getitem?mr=MR3065089


��� 1,&2/$6 %(5*(521

3� 'HOLJQH DQG *� '� 0RVWRZ ������� ³0RQRGURP\ RI K\SHUJHRPHWULF IXQFWLRQV DQG QRQ�
ODWWLFH LQWHJUDO PRQRGURP\´� ,QVW� +DXWHV eWXGHV 6FL� 3XEO� 0DWK� ��� SS� �±��� 05�
39Ne8R �FLW� RQ S� �����

-HDQ�3LHUUH 'HPDLOO\ ������� ³&KDPSV PDJQpWLTXHV HW LQpJDOLWpV GH 0RUVH SRXU OD d 00�
FRKRPRORJLH´� $QQ� ,QVW� )RXULHU �*UHQREOH� ����� SS� ���±���� 05� 3Rkjk8 �FLW� RQ
S� �����

0DUWLQ 'HUDX[ ������� ³)RUJHWIXO PDSV EHWZHHQ 'HOLJQH�0RVWRZ EDOO TXRWLHQWV´� *HRP�
'HGLFDWD ���� SS� ���±���� 05� kd8jdRR �FLW� RQ S� �����

0� )UDF]\N �'HF� ������ ³6WURQJ /LPLW 0XOWLSOLFLW\ IRU DULWKPHWLF K\SHUEROLF VXUIDFHV DQG
3�PDQLIROGV´� DU;LY� ReRkXy8j89 �FLW� RQ S� �����

0� )UDF]\N DQG -� 5DLPEDXOW �Q�G��� ³&RQYHUJHQFH RI DULWKPHWLF ORFDOO\ V\PPHWULF VSDFHV´�
7R DSSHDU �FLW� RQ S� �����

:LOOLDP )XOWRQ ������� <RXQJ WDEOHDX[� 9RO� ��� /RQGRQ 0DWKHPDWLFDO 6RFLHW\ 6WXGHQW
7H[WV� :LWK DSSOLFDWLRQV WR UHSUHVHQWDWLRQ WKHRU\ DQG JHRPHWU\� &DPEULGJH 8QLYHUVLW\
3UHVV� &DPEULGJH� SS� [����� 05� R9e9eNj �FLW� RQ S� �����

'DPLHQ *D\HW DQG -HDQ�<YHV :HOVFKLQJHU ������� ³:KDW LV WKH WRWDO %HWWL QXPEHU RI D
UDQGRP UHDO K\SHUVXUIDFH"´ -� 5HLQH $QJHZ� 0DWK� ���� SS� ���±���� 05� jR3dNjy
�FLW� RQ S� �����

$� *URWKHQGLHFN ������� ³+RGJH¶V JHQHUDO FRQMHFWXUH LV IDOVH IRU WULYLDO UHDVRQV´� 7RSRORJ\
�� SS� ���±���� 05� yk8k9y9 �FLW� RQ S� �����

0LFKDHO +DUULV ������� ³$XWRPRUSKLF*DORLV UHSUHVHQWDWLRQV DQG WKH FRKRPRORJ\ RI 6KLPXUD
YDULHWLHV´� ,Q� 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 6HRXO� 9RO�
,,� .\XQJ 0RRQ 6$ &R� /WG�� SS� ���±��� �FLW� RQ S� �����

0LFKDHO +DUULV DQG -LDQ�6KX /L ������� ³$ /HIVFKHW] SURSHUW\ IRU VXEYDULHWLHV RI 6KLPXUD
YDULHWLHV´� -� $OJHEUDLF *HRP� ���� SS� ��±���� 05� RekyeNy �FLW� RQ S� �����

+RQJ\X +H DQG -HURPH :LOOLDP +RIIPDQ ������� ³3LFDUG JURXSV RI 6LHJHO PRGXODU ��
IROGV DQG ! �OLIWLQJV´� -� /LH 7KHRU\ ����� SS� ���±���� 05� jyRkR89 �FLW� RQ S� �����

%UXQR .OLQJOHU ������� ³6XU OD ULJLGLWp GH FHUWDLQV JURXSHV IRQGDPHQWDX[� O¶DULWKPpWLFLWp
GHV UpVHDX[ K\SHUEROLTXHV FRPSOH[HV� HW OHV ³IDX[ SODQV SURMHFWLIV´´� ,QYHQW� 0DWK�
������ SS� ���±���� 05� RNNyee3 �FLW� RQ S� �����

7RVKL\XNL .RED\DVKL ������� ³%UDQFKLQJ SUREOHPV RI XQLWDU\ UHSUHVHQWDWLRQV´� ,Q� 3UR�
FHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI0DWKHPDWLFLDQV� 9RO� ,, �%HLMLQJ� ������ +LJKHU
(G� 3UHVV� %HLMLQJ� SS� ���±���� 05� RN8dyeN �FLW� RQ S� �����

0D[LP .RQWVHYLFK DQG 'RQ =DJLHU ������� ³3HULRGV´� ,Q� 0DWKHPDWLFV XQOLPLWHG²����
DQG EH\RQG� 6SULQJHU� %HUOLQ� SS� ���±���� 05� R38kR33 �FLW� RQ S� �����

6WHSKHQ 6� .XGOD DQG -RKQ -� 0LOOVRQ ������� ³,QWHUVHFWLRQ QXPEHUV RI F\FOHV RQ OR�
FDOO\ V\PPHWULF VSDFHV DQG )RXULHU FRHIILFLHQWV RI KRORPRUSKLF PRGXODU IRUPV LQ VHY�
HUDO FRPSOH[ YDULDEOHV´� ,QVW� +DXWHV eWXGHV 6FL� 3XEO� 0DWK� ��� SS� ���±���� 05�
RydNe9e �FLW� RQ SS� ���� �����
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-LDQ�6KX /L ������� ³1RQYDQLVKLQJ WKHRUHPV IRU WKH FRKRPRORJ\ RI FHUWDLQ DULWKPHWLF
TXRWLHQWV´� -� 5HLQH $QJHZ� 0DWK� ���� SS� ���±���� 05� RRee8Rk �FLW� RQ S� �����

± ������� ³2Q WKH GLPHQVLRQV RI VSDFHV RI 6LHJHO PRGXODU IRUPV RI ZHLJKW RQH´� *HRP�
)XQFW� $QDO� ���� SS� ���±���� 05� RjNkjk3 �FLW� RQ S� �����

6LPRQ 0DUVKDOO ������� ³(QGRVFRS\ DQG FRKRPRORJ\ JURZWK RQ U (3)´� &RPSRV� 0DWK�
������ SS� ���±���� 05� jkkj3de �FLW� RQ S� �����

<R]{0DWVXVKLPD ������� ³2Q %HWWL QXPEHUV RI FRPSDFW� ORFDOO\ V\VPPHWULF 5LHPDQQLDQ
PDQLIROGV´� 2VDND 0DWK� -� ��� SS� �±��� 05� yR9RRj3 �FLW� RQ S� �����

'DYHVK 0DXOLN DQG 5DKXO 3DQGKDULSDQGH ������� ³*URPRY�:LWWHQ WKHRU\ DQG 1RHWKHU�
/HIVFKHW] WKHRU\´� ,Q� $ FHOHEUDWLRQ RI DOJHEUDLF JHRPHWU\� 9RO� ��� &OD\ 0DWK� 3URF�
$PHU� 0DWK� 6RF�� 3URYLGHQFH� 5,� SS� ���±���� 05� jRR9N8j �FLW� RQ S� �����

-RKQ -� 0LOOVRQ ������� ³2Q WKH ILUVW %HWWL QXPEHU RI D FRQVWDQW QHJDWLYHO\ FXUYHG PDQL�
IROG´� $QQ� RI 0DWK� ��� ������ SS� ���±���� 05� y9kk8yR �FLW� RQ S� �����

-RKQ -� 0LOOVRQ DQG 0� 6� 5DJKXQDWKDQ ������� ³*HRPHWULF FRQVWUXFWLRQ RI FRKRPRORJ\
IRU DULWKPHWLF JURXSV� ,´� ,Q� *HRPHWU\ DQG DQDO\VLV� ,QGLDQ $FDG� 6FL�� %DQJDORUH�
SS� ���±���� 05� 8Nkk8e �FLW� RQ S� �����

&� 0°JOLQ DQG -��/� :DOGVSXUJHU �Q�G��� 6WDELOLVDWLRQ GH OD IRUPXOH GHV WUDFHV WRUGXH�
DYDLODEOH DW ?iiTb , f f r2#mb2`b X BKD @ T`; X 7` f �+QH2ii2 X KQ2;HBMf �FLW� RQ
S� �����

$UYLQG 1� 1DLU ������� ³/HIVFKHW] SURSHUWLHV IRU QRQFRPSDFW DULWKPHWLF EDOO TXRWLHQWV ,,´�
0DQXVFULSWD 0DWK� �������� SS� ���±���� 05� jey3jyy �FLW� RQ S� �����

7DND\XNL 2GD ������� ³$ QRWH RQ WKH $OEDQHVH YDULHW\ RI DQ DULWKPHWLF TXRWLHQW RI WKH
FRPSOH[ K\SHUEDOO´� -� )DF� 6FL� 8QLY� 7RN\R 6HFW� ,$ 0DWK� ����� ���±��� ������� 05�
e8eyjk �FLW� RQ SS� ���� �����

.HLML 2JXLVR ������� ³3LFDUG QXPEHU RI WKH JHQHULF ILEHU RI DQ DEHOLDQ ILEHUHG K\SHUNlKOHU
PDQLIROG´� 0DWK� $QQ� ������ SS� ���±���� 05� k8ydejk �FLW� RQ S� �����

5� 3DUWKDVDUDWK\ ������� ³+RORPRUSKLF IRUPV LQ ΓnG/K DQG &KHUQ FODVVHV´� 7RSRORJ\
����� SS� ���±���� 05� e9RNN3 �FLW� RQ S� �����

ePLOH 3LFDUG ������� ³6XU XQH H[WHQVLRQ DX[ IRQFWLRQV GH GHX[ YDULDEOHV GX SUREOqPH GH
5LHPDQQ UHODWLI DX[ IRQFWLRQV K\SHUJpRPpWULTXHV´� $QQ� 6FL� eFROH 1RUP� 6XS� ��� ���
SS� ���±���� 05� R8y3dy8 �FLW� RQ S� �����

*RSDO 3UDVDG DQG 6DL�.HH <HXQJ ������� ³$ULWKPHWLF IDNH SURMHFWLYH VSDFHV DQG DULWK�
PHWLF IDNH *UDVVPDQQLDQV´� $PHU� -� 0DWK� ������ SS� ���±���� 05� k8yjN3d �FLW� RQ
S� �����

3HWHU 6DUQDN DQG ;LDR ;L ;XH ������� ³%RXQGV IRU PXOWLSOLFLWLHV RI DXWRPRUSKLF UHSUH�
VHQWDWLRQV´� 'XNH 0DWK� -� ����� SS� ���±���� 05� RRjR9yy �FLW� RQ S� �����

3HWHU 6FKRO]H ������� ³3HUIHFWRLG VSDFHV DQG WKHLU DSSOLFDWLRQV´� ,Q� 3URFHHGLQJV RI WKH
,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 6HRXO� 9RO� ,,� .\XQJ 0RRQ 6$ &R� /WG��
SS� ���±��� �FLW� RQ S� �����
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%LUJLW 6SHK ������� ³5HSUHVHQWDWLRQ WKHRU\ DQG WKH FRKRPRORJ\ RI DULWKPHWLF JURXSV´� ,Q�
,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 9RO� ,,� (XU� 0DWK� 6RF�� =�ULFK� SS� ����±
����� 05� kkd8e9d �FLW� RQ S� �����

:LOOLDP 3� 7KXUVWRQ ������� ³6KDSHV RI SRO\KHGUD DQG WULDQJXODWLRQV RI WKH VSKHUH´� ,Q�
7KH (SVWHLQ ELUWKGD\ VFKULIW� 9RO� �� *HRP� 7RSRO� 0RQRJU� *HRP� 7RSRO� 3XEO�� &RYHQ�
WU\� SS� ���±���� 05� Ree3j9y �FLW� RQ S� �����

<� /� 7RQJ DQG 6� 3� :DQJ ������� ³*HRPHWULF UHDOL]DWLRQ RI GLVFUHWH VHULHV IRU VHPLVLPSOH
V\PPHWULF VSDFHV´� ,QYHQW� 0DWK� ����� SS� ���±���� 05� N3Ndyj �FLW� RQ S� �����

7� 1� 9HQNDWDUDPDQD ������� ³&RKRPRORJ\ RI FRPSDFW ORFDOO\ V\PPHWULF VSDFHV´� &RP�
SRVLWLR 0DWK� ������ SS� ���±���� 05� R3R8jN9 �FLW� RQ SS� ���� �����

± ������� ³&RKRPRORJ\ RI DULWKPHWLF JURXSV DQG UHSUHVHQWDWLRQV´� ,Q� 3URFHHGLQJV RI WKH
,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 9ROXPH ,,,� +LQGXVWDQ %RRN $JHQF\� 1HZ
'HOKL� SS� ����±����� 05� k3kd398 �FLW� RQ SS� ���� ���� �����

$NVKD\ 9HQNDWHVK ������� ³&RKRPRORJ\ RI DULWKPHWLF JURXSV DQG SHULRGV RI DXWRPRUSKLF
IRUPV´� -SQ� -� 0DWK� ����� SS� �±��� 05� jeRN8dd �FLW� RQ SS� ���� �����

'DYLG$� 9RJDQ -U� DQG*UHJJ -� =XFNHUPDQ ������� ³8QLWDU\ UHSUHVHQWDWLRQV ZLWK QRQ]HUR
FRKRPRORJ\´� &RPSRVLWLR 0DWK� ����� SS� ��±��� 05� dekjyd �FLW� RQ S� �����

-��/� :DOGVSXUJHU ������� ³6WDELOLVDWLRQ GH OD SDUWLH JpRPpWULTXH GH OD IRUPXOH GHV WUDFHV
WRUGXH´� ,Q� 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 6HRXO� 9RO�
,,� .\XQJ 0RRQ 6$ &R� /WG�� SS� ���±��� �FLW� RQ S� �����

'DQLHO 7� :LVH ������� ³7KH FXELFDO URXWH WR XQGHUVWDQGLQJ JURXSV´� ,Q� 3URFHHGLQJV RI
WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 6HRXO� 9RO� ,,� .\XQJ0RRQ 6$&R� /WG��
SS� ����±���� �FLW� RQ S� �����
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