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7KLV LV D VXUYH\ RI UHFHQW DGYDQFHV LQ FRPPXWDWLYH DOJHEUD� HVSHFLDOO\ LQ PL[HG
FKDUDFWHULVWLF� REWDLQHG E\ XVLQJ WKH WKHRU\ RI SHUIHFWRLG VSDFHV� $Q H[SODQDWLRQ RI
WKHVH WHFKQLTXHV DQG D VKRUW DFFRXQW RI WKH DXWKRU¶V SURRI RI WKH GLUHFW VXPPDQG FRQ�
MHFWXUH DUH LQFOXGHG� 2QH WKHQ SRUWUD\V WKH SURJUHVVHV PDGH ZLWK WKHVH �DQG UHODWHG�
WHFKQLTXHV RQ WKH VR�FDOOHG KRPRORJLFDO FRQMHFWXUHV�

� 7KH GLUHFW VXPPDQG FRQMHFWXUH

/HWR EH D 1RHWKHULDQ �FRPPXWDWLYH� ULQJ DQG S D ILQLWH ULQJ H[WHQVLRQ� DQG OHW XV FRQVLGHU
WKH H[DFW VHTXHQFH RI ILQLWHO\ JHQHUDWHG R�PRGXOHV

����� 0 ! R ! S ! S/R ! 0:

:KHQ GRHV WKLV VHTXHQFH VSOLW" (TXLYDOHQWO\� ZKHQ LV R ! S SXUH� L�H� UHPDLQV
LQMHFWLYH DIWHU DQ\ EDVH FKDQJH" 7KLV KROGV IRU LQVWDQFH ZKHQ R ! S LV IODW� RU ZKHQ R

LV D QRUPDO Q�DOJHEUD� EXW QRW LQ JHQHUDO �WKH HPEHGGLQJ RI Q[x; y]/(xy) LQ LWV QRUPDO
FORVXUH JLYHV D FRXQWHU�H[DPSOH� VLQFH LW LV QR ORQJHU DQ HPEHGGLQJ PRGXOR x + y��

7KH GLUHFW VXPPDQG FRQMHFWXUH� IRUPXODWHG E\ 0� +RFKVWHU DURXQG ����� FODLPV WKDW
����� VSOLWV ZKHQHYHU R LV UHJXODU� +RFKVWHU SURYHG LW ZKHQ R FRQWDLQV D ILHOG +RFKVWHU
>����@� 5� +HLWPDQQ SURYHG LW LQ GLPHQVLRQ ! 3 5� &� +HLWPDQQ >����@�

5HFHQWO\� WKH DXWKRU SURYHG LW LQ JHQHUDO $QGUp >����D@�

����� 7KHRUHP� ����� VSOLWV LI R LV UHJXODU�

7KLV KDV PDQ\ �QRQ WULYLDOO\� HTXLYDOHQW IRUPV� 2QH RI WKHP LV WKDW HYHU\ LGHDO RI D
UHJXODU ULQJ R LV FRQWUDFWHG IURP HYHU\ ILQLWH �RU LQWHJUDO� H[WHQVLRQ RI R� $QRWKHU �PRUH

06&����� SULPDU\ ��'��� VHFRQGDU\ ��+��� ��*���
.H\ZRUGV� KRPRORJLFDO FRQMHFWXUHV� ELJ &RKHQ±0DFDXOD\ DOJHEUD� SHUIHFWRLG DOJHEUD� SXULW\�
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LQGLUHFW� HTXLYDOHQW IRUP LV WKH IROORZLQJ VWDWHPHQW� ZKLFK VHWWOHV D TXHVWLRQ UDLVHG E\ /�
*UXVRQ DQG 0� 5D\QDXG 5D\QDXG DQG *UXVRQ >����� S� �����@��

����� 7KHRUHP� $Q\ LQWHJUDO H[WHQVLRQ RI D 1RHWKHULDQ ULQJ GHVFHQGV IODWQHVV RI PRGXOHV�

:H ZLOO VHH RQH PRUH HTXLYDOHQW IRUP EHORZ LQ WKH IUDPHZRUN RI WKH VR�FDOOHG KRPR�
ORJLFDO FRQMHFWXUHV ������

� 7KH UROH RI SHUIHFWRLG VSDFHV

��� 6RPH KHXULVWLFV� $IWHU +RFKVWHU¶V ZRUN +RFKVWHU >����@� LW LV HQRXJK WR SURYH WKH
GLUHFW VXPPDQG FRQMHFWXUH LQ WKH FDVH ZKHQ R LV D FRPSOHWH XQUDPLILHG ORFDO UHJXODU ULQJ
RI PL[HG FKDUDFWHULVWLF (0; p) DQG SHUIHFW UHVLGXH ILHOG k� %\ &RKHQ¶V VWUXFWXUH WKHRUHP�
RQH PD\ WKXV DVVXPH R = W (k)[[x1; : : : ; xn]]�

,Q FKDUDFWHULVWLF p� DOO SURRIV RI WKH GLUHFW VXPPDQG FRQMHFWXUH XVH WKH )UREHQLXV HQ�
GRPRUSKLVP F LQ VRPH ZD\� ,Q PL[HG FKDUDFWHULVWLF� R = W (k)[[x1; : : : ; xn]] FDUULHV D
)UREHQLXV�OLNH HQGRPRUSKLVP �DFWLQJ DV WKH FDQRQLFDO DXWRPRUSKLVP RI W (k) DQG VHQG�
LQJ xi WR x

p
i �� ZKLFK KRZHYHU GRHV QRW H[WHQG WR JHQHUDO ILQLWH H[WHQVLRQV S RI R� 7R

UHPHG\ WKLV� p�DGLF +RGJH WKHRU\ VXJJHVWV WR ³UDPLI\ GHHSO\´� E\ DGMRLQLQJ LWHUDWHG pth

URRWV RI p; x1; : : : ; xn� 'RLQJ WKLV� RQH OHDYHV WKH IDPLOLDU VKRUH RI 1RHWKHULDQ FRPPXWD�
WLYH DOJHEUD IRU SHUIHFWRLG JHRPHWU\� UHFHQWO\ LQWURGXFHG E\ 3� 6FKRO]H >����@�

7R EHJLQ ZLWK� W (k) LV UHSODFHG E\ WKH QRQ�1RHWKHULDQ FRPSOHWH YDOXDWLRQ ULQJ Ko :=5
W (k)[p

1
p1 ]� 7KH YDOXDWLRQ ULQJ Lo RI DQ\ ILQLWH H[WHQVLRQ L RI WKH ILHOG K[ 1p ] VDWLVILHV�

�����
F : Lo/p

x 7!xp

! Lo/p LV VXUMHFWLYH� DQG Lo LV p
1

p1 �DOPRVW ILQLWH HWDOH RYHU Ko;

WKLV EHLQJ XQGHUVWRRG LQ WKH FRQWH[W RI DOPRVW ULQJ WKHRU\� LQWURGXFHG E\ *� )DOWLQJV DQG
GHYHORSSHG E\ *DEEHU DQG 5DPHUR >����@� ZKLFK JLYHV SUHFLVH PHDQLQJ WR ³XS WR p

1
p1 �

WRUVLRQ´� IRU LQVWDQFH� p
1

p1 �DOPRVW HWDOHQHVV PHDQV WKDW p
1

p1 ΩLo/Ko = 0� $FWXDOO\�
*DEEHU DQG 5DPHUR >LELG�@ LV PXFK PRUH JHQHUDO� LW GHDOV ZLWK PRGXOHV RYHU D FRPPX�
WDWLYH ULQJ XS WR k�WRUVLRQ� IRU VRPH LGHPSRWHQW LGHDO k� *RLQJ EH\RQG WKH FDVH RI D YDO�
XDWLRQ LGHDO k ZLOO EH FUXFLDO� EHVLGH ³p

1
p1 �DOPRVW´ PRGXOHV� ZH ZLOO KDYH WR FRQVLGHU

³(pg)
1

p1 �DOPRVW´ PRGXOHV IRU VRPH ³JHRPHWULF´ GLVFULPLQDQW g�

�FI� 2KL >����@ IRU WKH HTXLYDOHQFH� *UXVRQ DQG 5D\QDXG VHWWOHG WKH FDVH RI D ILQLWH H[WHQVLRQ DQG RXWOLQHG
WKDW WKH WUDQVLWLRQ WR LQWHJUDO H[WHQVLRQV LV QRW D URXWLQH H[HUFLVH�
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��� 3HUIHFWRLG QRWLRQV� ,Q SHUIHFWRLG JHRPHWU\� RQH ZRUNV ZLWK FHUWDLQ %DQDFK� K�
DOJHEUDV A� 2QH GHQRWHV E\ Ao WKH Ko�VXEDOJHEUD RI SRZHU�ERXQGHG HOHPHQWV� 2QH
VD\V WKDW A LV XQLIRUP LI Ao LV ERXQGHG� DQG WKDW A LV SHUIHFWRLG LI LW LV XQLIRUP DQG
F : Ao/p

x 7!xp

! Ao/p LV VXUMHFWLYH� $Q H[DPSOH ZKLFK SOD\V D FUXFLDO UROH LQ WKH VHTXHO

LV [̂i W (k)[p
1

pi ][[x
1

pi

1 ; : : : ; x
1

pi

n ]][ 1p ] � D GHHSO\ UDPLILHG DYDWDU RI R� 0RUSKLVPV RI SHU�
IHFWRLG DOJHEUDV A ! B DUH FRQWLQXRXV DOJHEUD KRPRPRUSKLVPV �RQH WKHQ VD\V WKDW B LV
D SHUIHFWRLG A�DOJHEUD��

3HUIHFWRLG DOJHEUDV HQMR\ WKUHH IXQGDPHQWDO VWDELOLW\ SURSHUWLHV 6FKRO]H >����@�

����� 7HQVRU SURGXFW� ,IB DQGC DUH SHUIHFWRLGA�DOJHEUDV� VR LVB ˆ̋AC� DQG (B ˆ̋AC)o

LV p
1

p1 �DOPRVW LVRPRUSKLF WR Bo ˆ̋AoCo�

����� /RFDOL]DWLRQ� 7KH ULQJ RI IXQFWLRQV Af f
g g RQ WKH VXEVHW RI WKH SHUIHFWRLG VSDFH

6SD(A; Ao) ZKHUH jf j ! jgj KROGV LV SHUIHFWRLG� DQG Af f
g go LV p

1
p1 �DOPRVW LVRPRUSKLF

WR Aoh(f 0
g0 )

1
p1 i IRU VRPH DSSUR[LPDWLRQV f 0; g0 RI f; g ZKLFK DGPLW LWHUDWHG pth�URRWV LQ

A�

����� )LQLWH HWDOH H[WHQVLRQ� $Q\ ILQLWH HWDOH H[WHQVLRQ B RI A LV SHUIHFWRLG� DQG Bo LV
D p

1
p1 �DOPRVW ILQLWH HWDOH H[WHQVLRQ RI Ao�
7KLV JHQHUDOL]DWLRQ RI ��� WR SHUIHFWRLG DOJHEUDV LV )DOWLQJV¶V ³DOPRVW SXULW\ WKHRUHP´

)DOWLQJV >����@ DV UHYLVLWHG E\ 6FKRO]H >����@ DQG .HGOD\D DQG /LX >����@�

/HW XV H[SODLQ KRZ WKH VHFRQG DVVHUWLRQ RI ����� IROORZV IURP WKH ILUVW IROORZLQJ $QGUp >����E�
S� �����@� 7KH LGHD LV WR UHGXFH WR WKH FDVH ZKHQ B LV *DORLV RYHU A ZLWK *DORLV JURXS G� L�H�
BG = A DQG B ˝A B

∼! Q
G B� 7KLV LPSOLHV BoG = Ao� 2Q WKH RWKHU KDQG� VLQFH B LV D ILQLWHO\

JHQHUDWHG SURMHFWLYH A�PRGXOH� B ˝A B = B ˆ̋AB� DQG RQH GHGXFHV IURP ����� �DVVXPLQJ B

SHUIHFWRLG� WKDWBo ˆ̋AoBo ! Q
G Bo LV Dp

1
p1 �DOPRVW LVRPRUSKLVP� 7R JHW ULG RI WKH FRPSOHWLRQ�

RQH SDVVHV PRGXOR pm� Bo/pm LV DOPRVW *DORLV RYHU Ao/pm� KHQFH DOPRVW ILQLWH HWDOH� DQG D
YDULDQW RI *URWKHQGLHFN¶V ³pTXLYDOHQFH UHPDUTXDEOH´ *DEEHU DQG 5DPHUR >����� S� ������@ DOORZV
WR FRQFOXGH WKDW Bo LW LWVHOI DOPRVW ILQLWH HWDOH RYHU Ao�

��� 'LUHFW VXPPDQG FRQMHFWXUH� WKH FDVH ZKHQ S [ 1p ] LV HWDOH RYHU R[ 1p ]� /HW XV JR
EDFN WR WKH GLUHFW VXPPDQG FRQMHFWXUH IRU R = W (k)[[x1; : : : ; xn]]� 7KH VSHFLDO FDVH

�KHUH DQG LQ WKH VHTXHO� RQH FDQ ZRUN ZLWK DQ\ SHUIHFWRLG ILHOG K �RI PL[HG FKDU� (0; p)�� � L�H� FRPSOHWH�
QRQ�GLVFUHWHO\ YDOXHG� DQG VXFK WKDW F LV VXUMHFWLYH RQ Ko/p� $Q H[WHQVLYH GLFWLRQDU\ EHWZHHQ WKH ODQJDJH
RI FRPPXWDWLYH DOJHEUD DQG WKH ODQJXDJH RI QRQ�DUFKLPHGHDQ IXQFWLRQDO DQDO\VLV LV SUHVHQWHG LQ $QGUp >����E�
S� �����@�
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ZKHQ S [ 1p ] LV HWDOH RYHU R[ 1p ]ZDV VHWWOHG E\ %� %KDWW >����@ DQG E\ .� 6KLPRPRWR >����@�
XVLQJ ������ +HUH LV D VOLJKWO\ GLIIHUHQW DFFRXQW� VXLWDEOH WR WKH VHTXHO�

/HW XV FRQVLGHU WKH SHUIHFWRLG DOJHEUD A = [̂i W (k)[p
1

pi ][[x
1

pi

1 ; : : : ; x
1

pi

n ]][ 1p ] DQG

QRWLFH WKDW Ao = [̂i W (k)[p
1

pi ][[x
1

pi

1 ; : : : ; x
1

pi

n ]] LV D IDLWKIXOO\ IODW H[WHQVLRQ RI R� %\
DVVXPSWLRQ B := S ˝R A LV ILQLWH HWDOH RYHU A� KHQFH E\ ������ Bo LV p

1
p1 �DOPRVW

ILQLWH HWDOH� KHQFH DOPRVW SXUH �LQ WKH VHQVH� DOPRVW XQLYHUVDOO\ LQMHFWLYH� RYHU Ao� $
IRUWLRUL� ����� DOPRVW VSOLWV DIWHU WHQVRULQJ ZLWK Ao� ,Q RWKHU ZRUGV� LI e 2 ([W1R(S/R; R)

GHQRWHV WKH FODVV FRUUHVSRQGLQJ WR ������ WKHQ p
1

p1 (e ˝ 1) = 0 LQ ([W1R(S/R; R) ˝R

Ao Š ([W1Ao((S ˝R Ao)/Ao; Ao)� 2QH FRQFOXGHV WKDW e = 0 E\ WKH IROORZLQJ JHQHUDO
HOHPHQWDU\ OHPPD �DSSOLHG WR M = Re DQG K = p

1
p1 Ao��

����� /HPPD� $QGUp >����D� S� �����@ /HW R EH D ORFDO 1RHWKHULDQ ULQJ� M D ILQLWHO\
JHQHUDWHG R�PRGXOH� A D IDLWKIXOO\ IODW R�DOJHEUD� /HW K EH DQ LGHPSRWHQW LGHDO RI A

VXFK WKDW K:MA = 0 DQG R \ K ¤ 0� 7KHQ M = 0�

��� 7KH SHUIHFWRLG $EK\DQNDU OHPPD� ,Q WKH JHQHUDO FDVH� S ˝R A LV QR ORQJHU HWDOH
RYHUA� RQHPXVW WDNH LQWR DFFRXQW D GLVFULPLQDQW g 2 R RIS [ 1p ] RYHUR[ 1p ]� 7KLV VXJJHVWV
WR WU\ WR JHQHUDOL]H ����� WR UDPLILHG H[WHQVLRQV RI SHUIHFWRLG DOJHEUDV� ,W WXUQV RXW WKDW WKLV
LV SRVVLEOH� SURYLGHG RQH H[WUDFWV VXLWDEOH URRWV RI g LQ WKH VSLULW RI $EK\DQNDU¶V OHPPD�

7KLV OHDGV WR UHSODFH HYHU\ZKHUH ³p
1

p1 �DOPRVW´ E\ ³(pg)
1

p1 �DOPRVW´� WKHUHE\ H[�
WHQGLQJ WKH EDVLF VHWWLQJ RI DOPRVW ULQJ WKHRU\ EH\RQG WKH XVXDO VLWXDWLRQ RI D QRQ�GLVFUHWH
YDOXDWLRQ ULQJ� 7KLV DOVR OHDGV WR LQWURGXFH WKH QRWLRQ RI DOPRVW SHUIHFWRLG DOJHEUD� ZKHUH
F : Ao/p

x 7!xp

! Ao/p LV RQO\ DVVXPHG WR EH (pg)
1

p1 �DOPRVW VXUMHFWLYH $QGUp >����E�
S� �����@�

����� 7KHRUHP� $QGUp >LELG�@ /HW A EH D SHUIHFWRLG K�DOJHEUD� ZKLFK FRQWDLQV D FRP�
SDWLEOH V\VWHP RI p�SRZHU URRWV g

1

pj RI VRPH QRQ�]HUR�GLYLVRU g 2 Ao� /HW B0 EH D ILQLWH
HWDOH A[ 1g ]�DOJHEUD� /HW B EH WKH LQWHJUDO FORVXUH RI g! 1

p1 A LQ B0� VR WKDW B[ 1g ] = B0�

7KHQ B LV DOPRVW SHUIHFWRLG� DQG IRU DQ\ n� Bo/pm LV (pg)
1

p1 �DOPRVW ILQLWH HWDOH
�KHQFH (pg)

1
p1 �DOPRVW IODW� RYHU Ao/pm�

�,I g = 1� RQH PD\ XVH *DEEHU DQG 5DPHUR >����� S� ������@ DJDLQ WR FRQFOXGH WKDW
Bo LV LWVHOI DOPRVW ILQLWH HWDOH RYHU Ao DQG UHFRYHU �������

7KH EDVLF LGHD LV WR ORRN DW WKH SUR�V\VWHP RI DOJHEUDV RI IXQFWLRQV Aj := Af pj

g g RQ
FRPSOHPHQWV RI WXEXODU QHLJKERUKRRGV RI WKH K\SHUVXUIDFH g = 0 LQ WKH SHUIHFWRLG VSDFH
6SD(A; Ao)� UHVS� DW WKH SUR�V\VWHP Bj := B0 ˝A[ 1g ] Af pj

g g� (DFK Aj LV SHUIHFWRLG
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�������� DQG HDFK Bj LV ILQLWH HWDOH RYHU Aj � KHQFH SHUIHFWRLG� PRUHRYHU Bjo LV p
1

p1 �
DOPRVW ILQLWH HWDOH RYHU Ajo E\ DOPRVW SXULW\ �������� 2QH FDQ VKRZ WKDW Bo LV LVRPRUSKLF
WR OLPBjo� DQG WKDW WKH ODWWHU KDV WKH DVVHUWHG SURSHUWLHV�

+RZHYHU� LQ WKH VHTXHO� WKH LGHQWLILFDWLRQ RI (OLPBjo)[ 1p ] ZLWK WKH LQWHJUDO FORVXUH RI

g! 1
p1 A LQ B0 SOD\V QR UROH� FKDQJLQJ QRWDWLRQ� ZH ZLOO VHW B := (OLPBjo)[ 1p ]� ZKLFK LV

D XQLIRUP %DQDFK DOJHEUD� DQG VNWHFK WKH SURRI WKDW B LV DOPRVW SHUIHFWRLG DQG WKDW IRU
HYHU\ m� Bo/pm LV (pg)

1
p1 �DOPRVW ILQLWH HWDOH RYHU Ao/pm�

7KH SURRI LQYROYHV VL[ VWHSV�

�� )RU DQ\ r 2 N[ 1p ]� OLP(Ajo/pr ) LV (pg)
1

p1 �DOPRVW LVRPRUSKLF WRAo/pr � 7KLV LV HVVHQWLDOO\
6FKRO]H¶V SHUIHFWRLG YHUVLRQ RI 5LHPDQQ¶V H[WHQVLRQ WKHRUHP 6FKRO]H >����� S� ,,����@ �KLQW� LI R

GHQRWHV Ao/pr IRU VKRUW� Ajo/pr LV p
1

p1 �DOPRVW LVRPRUSKLF WR Rj := R[(pj

g )
1

p1 ]� WKH NH\

LGHD LV WKDW IRU j 0 # j + rpk ; Rj 0 ! Rj IDFWRUV WKURXJK Rjk :=
P

s" 1

pk
R(pj

g )s � VR WKDW

OLPRj Š OLPRjk � RQ WKH RWKHU KDQG� WKH NHUQHO DQG FRNHUQHO RI R ! Rjk DUH NLOOHG E\ g UDLVHG WR
D SRZHU ZKLFK WHQGV WR 0 ZKHQ j; k ! 1�� 3DVVLQJ WR WKH OLPLW r ! 1� LW IROORZV WKDW OLPAjo =

g
! 1

p1 A; DQG WKLV DOVR KROGV XQGHU WKH ZHDNHU DVVXPSWLRQ WKDW A LV DOPRVW SHUIHFWRLG� FI� $QGUp
>����E� S� �����@�

�� OLP1(Bjo/pr ) LV (pg)
1

p1 �DOPRVW ]HUR� 7KH WHFKQLTXH LV VLPLODU WR WKH RQH LQ ��� FI� $QGUp
>LELG�� S� �����@�

�� OLP(Bjo/p)
F! OLP(Bjo/p) LV (pg)

1
p1 �DOPRVW VXUMHFWLYH� ,QGHHG� WDNLQJ WKH OLPLW RI WKH

H[DFW VHTXHQFH 0 ! Bjo/p
p!1

p ! Bjo/p ! Bjo/p
1
p ! 0� RQH GHGXFHV IURP 2) �IRU r = p!1

p )�

WKDW OLP(Bjo/p) ! OLP(Bjo/p
1
p ) LV (pg)

1
p1 �DOPRVW VXUMHFWLYH� RQ WKH RWKHU KDQG� Bjo/p

1
p !

Bjo/p LV DQ LVRPRUSKLVP EHFDXVH Bj LV SHUIHFWRLG�
�� B LV DOPRVW SHUIHFWRLG� )URP ��� LW VXIILFHV WR VKRZ WKDW WKH QDWXUDO PDS

Bo/p = (OLPBjo)/p ! OLP(Bjo/p) LV D (pg)
1

p1 �DOPRVW LVRPRUSKLVP� ,W LV HDV\ WR VHH WKDW
LW LV LQMHFWLYH $QGUp >LELG�� S� �����@� DQG RQ WKH RWKHU KDQG� WKH FRPSRVLWLRQ OLPF;j (B

jo/p) =

B[o ! (OLPBjo)/p ! OLP(Bjo/p) LV DOPRVW VXUMHFWLYH E\ ���

�� B ! Bj IDFWRUV WKURXJK D g
1

p1 �DOPRVW LVRPRUSKLVP Bf pj

g g aŠ Bj � 7KH IDFWRUL]DWLRQ

FRPHV IURP WKH IDFW WKDW Bj Š Bj f pj

g g� DQG RQH FRQVWUXFWV DQ DOPRVW LQYHUVH WR Bf pj

g g a! Bj

DV IROORZV �FI� $QGUp >LELG�� S� �����@�� WKH LQWHJUDO FORVXUH RI Ao LQ B0 PDSV WR WKH LQWHJUDO FORVXUH
Ajo LQ Bj � ZKLFK LV p

1
p1 �DOPRVW Bjo �E\ DOPRVW SXULW\�� 3DVVLQJ WR WKH OLPLW DQG LQYHUWLQJ pg�

RQH JHWV D PRUSKLVP B0 ı! B[ 1g ]� DQG WKH VRXJKW IRU LQYHUVH LV LQGXFHG E\ ı ˝ 1Aj �

�� IRU HYHU\ m� Bo/pm LV (pg)
1

p1 �DOPRVW ILQLWH HWDOH RYHU Ao/pm� 7KLV LV WKH GHFLVLYH VWHS�
KRZ WR NHHS WUDFN RI WKH DOPRVW ILQLWH HWDOHQHVV RI Bjo RYHU Ajo DW WKH OLPLW" $V LQ ������ WKH
LGHD LV WR UHGXFH WR WKH FDVH ZKHQ B0 LV *DORLV RYHU A[ 1g ] ZLWK *DORLV JURXS G� L�H� (B0)G =
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A[ 1g ] DQG B0 ˝A[ 1g ] B0 ∼! Q
G B0� ,W IROORZV WKDW Bj LV G�*DORLV RYHU Aj � DQG �DV LQ ������ WKDW

Bjo ˆ̋
AjoBjo ! Q

G Bjo LV D p
1

p1 �DOPRVW LVRPRUSKLVP� 3DVVLQJ WR WKH OLPLW� �DQG WDNLQJ LQWR
DFFRXQW WKDW E\ �� DQG ��� B ˆ̋AB LV DQ DOPRVW SHUIHFWRLG DOJHEUD� DQG B ˆ̋ABf pj

g g Š Bj ˆ̋
Aj Bj �

VR WKDW RQH FDQ DSSO\ ���� RQH FRQFOXGHV WKDW Ao ! BoG DQG Bo ˆ̋AoBo ! Q
G Bo DUH (pg)

1
p1 �

DOPRVW LVRPRUSKLVPV� 7R JHW ULG RI WKH FRPSOHWLRQ� RQH SDVVHV PRGXORpm� Bo/pm LV DOPRVW *DORLV
RYHU Ao/pm� KHQFH (pg)

1
p1 �DOPRVW ILQLWH HWDOH �LQ FRQVWUDVW WR ������ RQH FDQQRW FRQFOXGH WKDW Bo

LV (pg)
1

p1 �DOPRVW ILQLWH HWDOH RYHU Ao VLQFH p PD\ QRW EHORQJ WR (pg)
1

p1 �� !

��� ,QILQLWH .XPPHU H[WHQVLRQV� ,Q RUGHU WR H[WHQG WKH VWUDWHJ\ RI ��� WR WKH JHQHUDO
FDVH E\ PHDQV RI WKH SHUIHFWRLG $EK\DQNDU OHPPD� RQH KDV ILUVW WR DGMRLQ WR WKH SHUIHFWRLG
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p1 i� 2QH LQWURGXFHV WKH ILQLWH HWDOH H[WHQVLRQB0 :=
S ˝R A[ 1g ] RI A[ 1g ]� DQG RQH UHSODFHV B = S ˝R A LQ ��� E\ B := (OLPBjo)[ 1p ]� QRWLQJ
WKDW Bo LV WKH S �DOJHEUD OLPBjo� 7UDQVODWLQJ 7K� ����� DQG 7K� ����� LQ WHUPV RI DOPRVW
SXULW\ PRGXOR pm� DQG UHDVRQLQJ DV LQ ��� �XVLQJ WKH VDPH OHPPD�� RQH REWDLQV WKDW �����
VSOLWV PRGXOR pm IRU DQ\ n $QGUp >����D� ��@� $ 0LWWDJ�/HIIOHU DUJXPHQW �UHWUDFWLRQV RI
R/pm ! S/pm IRUP D WRUVRU XQGHU DQ DUWLQLDQ R/pm�PRGXOH +RFKVWHU >����� S� ��@�
VKRZV WKDW ����� LWVHOI VSOLWV� !

��� 'HULYHG YHUVLRQ� ,Q � %� %KDWW UHYLVLWV WKLV SURRI DQG SURSRVHV D YDULDQW� ZKLFK
GLIIHUV LQ WKH DQDO\VLV RI WKH SUR�V\VWHP Ajo/pr RFFXUULQJ LQ WKH SURRI RI 7K� ������ KH
VWUHQJWKHQV VWHS �� E\ VKRZLQJ WKDW WKH SUR�V\VWHP RI NHUQHOV DQG FRNHUQHOV RI (A/pr)j !
(Ajo/pr)j LV SUR�LVRPRUSKLF WR D SUR�V\VWHP RI (pg)

1
p1 �WRUVLRQ PRGXOHV� WKLV DOORZV WR

DSSO\ YDULRXV IXQFWRUV EHIRUH SDVVLQJ WR WKH OLPLW j ! 1� ZKHQFH D JDLQ LQ IOH[LELOLW\�
0RUH LPSRUWDQWO\� KH REWDLQV WKH IROORZLQJ GHULYHG YHUVLRQ RI WKH GLUHFW VXPPDQG FRQMHF�
WXUH� ZKLFK KDG EHHQ FRQMHFWXUHG E\ -� GH -RQJ�

����� 7KHRUHP� %KDWW >Q�G�@ /HW R EH D UHJXODU 1RHWKHULDQ ULQJ� DQG f : X ! 6SHFR

EH D SURSHU VXUMHFWLYH PRUSKLVP� 7KHQ WKH PDS R ! RΓ(X; OX ) VSOLWV LQ WKH GHULYHG
FDWHJRU\ D(R)�

� ([LVWHQFH RI �ELJ� &RKHQ±0DFDXOD\ DOJHEUDV

��� &RKHQ±0DFDXOD\ ULQJV DQG&RKHQ±0DFDXOD\ DOJHEUDV IRU WKH QRQ�&RKHQ�0DFDXOD\
ULQJV� /HW S EH D ORFDO 1RHWKHULDQ ULQJ ZLWK PD[LPDO LGHDO m DQG UHVLGXH ILHOG k� 5HFDOO
WKDW D VHTXHQFH x = (x1; : : : ; xn) LQm LV VHFDQW� LI GLPS/(x) = GLPS $n� DQG UHJXODU LI
IRU HYHU\ i � PXOWLSOLFDWLRQ E\ xi LV LQMHFWLYH LQ S/(x1; : : : ; xi!1)S � $Q\ UHJXODU VHTXHQFH

�IROORZLQJ %RXUNDNL¶V WHUPLQRORJ\ �IRU LQVWDQFH�� LW LV DOVR RIWHQ FDOOHG ³SDUW RI D V\VWHP RI SDUDPHWHUV´�
DOWKRXJK JUxS PD\ QRW EH D SRO\QRPLDO ULQJ LQ WKH ³SDUDPHWHUV´ xi �LW LV LI x LV UHJXODU��
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LV VHFDQW� DQG LI WKH FRQYHUVH KROGV� S LV VDLG WR EH &RKHQ±0DFDXOD\� 5HJXODU ORFDO ULQJV
KDYH D VHFDQW VHTXHQFH JHQHUDWLQJ m� DQG DUH &RKHQ±0DFDXOD\�

&RKHQ±0DFDXOD\ ULQJV IRUP WKH ULJKW VHWWLQJ IRU 6HUUH GXDOLW\ DQG WKH XVH RI ORFDO KR�
PRORJLFDO PHWKRGV LQ DOJHEUDLF JHRPHWU\� DQG KDYH PDQ\ DSSOLFDWLRQV WR DOJHEUDLF FRP�
ELQDWRULFV %UXQV DQG +HU]RJ >����@� :KHQ FRQIURQWHG ZLWK D QRQ�&RKHQ±0DFDXOD\ ULQJ
S � RQH PD\ WU\ WZR H[SHGLHQWV�

1)0DFDXOD\ILFDWLRQ� FRQVWUXFW D SURSHU ELUDWLRQDO PRUSKLVPX ! 6SHFS VXFK WKDW DOO
ORFDO ULQJV RI X DUH &RKHQ±0DFDXOD\� 7KLV ZHDN UHVROXWLRQ RI VLQJXODULWLHV� LQWURGXFHG
E\ )DOWLQJV� KDV EHHQ HVWDEOLVKHG LQ JHQHUDO E\ 7� .DZDVDNL >����@� +RYHZHU� VHFDQW
VHTXHQFHV LQ S PD\ QRW UHPDLQ VHFDQW �KHQFH QRW EHFRPH UHJXODU� LQ WKH ORFDO ULQJV RI X �
WKLV PRWLYDWHV WKH VHFRQG DSSURDFK�

2) &RQVWUXFWLRQ RI D &RKHQ±0DFDXOD\ DOJHEUD�� DQ S �DOJHEUD C VXFK WKDW DQ\ VHFDQW
VHTXHQFH RI S EHFRPHV UHJXODU LQ C � DQG mC ¤ C �

7KH H[LVWHQFH RI &RKHQ±0DFDXOD\ DOJHEUDV LPSOLHV WKH GLUHFW VXPPDQG FRQMHFWXUH�
LQGHHG� LI C LV D &RKHQ±0DFDXOD\ DOJHEUD IRU D ILQLWH H[WHQVLRQ S RI D UHJXODU ORFDO ULQJ
R� LW LV DOVR D &RKHQ±0DFDXOD\ R�DOJHEUD� WKLV LPSOLHV WKDW R ! C LV IDLWKIXOO\ IODW�
KHQFH SXUH� DQG VR LV R ! S �

��� &RQVWUXFWLRQV RI &RKHQ±0DFDXOD\ DOJHEUDV� 7KH H[LVWHQFH RI D �ELJ� &RKHQ±
0DFDXOD\ DOJHEUD ZDV HVWDEOLVKHG E\ +RFKVWHU DQG &� +XQHNH XQGHU WKH DVVXPSWLRQ WKDW
S FRQWDLQV D ILHOG +RFKVWHU DQG +XQHNH >����@� 2QH PD\ DVVXPH WKDW S LV D FRPSOHWH
ORFDO GRPDLQ� ,Q FKDU� p > 0� RQH PD\ WKHQ WDNH C WR EH WKH WRWDO LQWHJUDO FORVXUH RI S

�L�H� WKH LQWHJUDO FORVXUH RI S LQ DQ DOJHEUDLF FORVXUH RI LWV ILHOG RI IUDFWLRQV�� 7KLV LV QR
ORQJHU WUXH LQ WKH FDVH RI HTXDO FKDU� 0� ZKLFK FDQ QHYHUWKHOHVV EH WUHDWHG E\ UHGXFWLRQ WR
FKDU� p >> 0 XVLQJ XOWUDSURGXFW WHFKQLTXHV�

7KH UHPDLQLQJ FDVH RI PL[HG FKDUDFWHULVWLF ZDV VHWWOHG LQ $QGUp >����D@� XVLQJ WKH
VDPH SHUIHFWRLG PHWKRGV� VR WKDW RQH KDV�

����� 7KHRUHP� $Q\ ORFDO 1RHWKHULDQ ULQJ S DGPLWV D �ELJ� &RKHQ±0DFDXOD\ DOJHEUD
C �

,Q WKH FDVH RI D FRPSOHWH ORFDO GRPDLQ S RI FKDU (0; p) DQG SHUIHFW UHVLGXH ILHOG k �WR ZKLFK
RQH UHGXFHV�� RQH SURFHHGV DV IROORZV� &RKHQ¶V WKHRUHP DOORZV WR SUHVHQW S DV D ILQLWH H[WHQVLRQ RI
R = W [[x1; : : : ; xn]]� 2QH ILUVW FRQVLGHUV WKH R�DOJHEUD
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DQG WKH S �DOJHEUD Bo = OLPBjo DV DERYH ���� ,W IROORZV IURP 7K� ����� DQG 7K� ����� WKDW Bo LV
(pg)

1
p1 �DOPRVW LVRPRUSKLF WR D IDLWKIXOO\ IODW R DOJHEUD PRGXOR DQ\ SRZHU RI p� )URP WKHUH� RQH

GHGXFHV WKDW WKH VHTXHQFH (p; x1; : : : ; xn) LV ³(pg)
1

p1 �DOPRVW UHJXODU´ LQ Bo�
7R JHW ULG RI ³DOPRVW´� /HPPD ����� LV QR ORQJHU VXIILFLHQW� LQVWHDG� RQH XVHV +RFKVWHU¶V WHFK�

QLTXH RIPRQRLGDO PRGLILFDWLRQV +RFKVWHU >����@+RFKVWHU DQG+XQHNH >����@� $IWHUm�FRPSOHWLRQ�
RQH JHWV D S �DOJHEUDC LQ ZKLFK (p; x1; : : : ; xn)� DV ZHOO DV DQ\ RWKHU VHFDQW VHTXHQFH RI S � EHFRPHV
UHJXODU� !

6XEVHTXHQWO\� XVLQJ WKH WLOWLQJ HTXLYDOHQFH EHWZHHQ SHUIHFWRLG DOJHEUDV LQ FKDU� 0 DQG
LQ FKDU�p DQG DSSO\LQJ +RFKVWHU¶V PRGLILFDWLRQV LQ FKDU�p UDWKHU WKDQ LQ FKDU�0� .� 6KL�
PRPRWR >����@ VKRZV WKDW LQ 7K� ������ LQ PL[HG FKDUDFWHULVWLF� C FDQ EH WDNHQ WR EH
SHUIHFWRLG� ,Q SDUWLFXODU� LI S LV UHJXODU� LW DGPLWV D SHUIHFWRLG IDLWKIXOO\ IODW DOJHEUD �RQH
PD\ VSHFXODWH DERXW WKH FRQYHUVH��

��� )LQLWH DQG ISTF FRYHUV� 6LQFH &RKHQ±0DFDXOD\ DOJHEUDV IRU UHJXODU ORFDO ULQJV DUH
IDLWKIXOO\ IODW� 7K� ����� LPSOLHV $QGUp >����D@�

����� 7KHRUHP� $Q\ ILQLWH FRYHU RI D UHJXODU VFKHPH LV GRPLQDWHG E\ D IDLWKIXOO\ IODW
TXDVL�FRPSDFW FRYHU�

,I UHJXODULW\ LV RPLWWHG� 6SHF(Q[x; y]/(xy)) DQG LWV QRUPDOL]DWLRQ SURYLGH D FRXQWHU�
H[DPSOH�

� +RPRORJLFDO FRQMHFWXUHV

��� 2ULJLQV IURP LQWHUVHFWLRQ WKHRU\� 8QGHU WKH LQIOXHQFH RI 0� $XVODQGHU� '� %XFKV�
EDXP DQG -��3� 6HUUH� FRPPXWDWLYH DOJHEUD KDV VKLIWHG LQ WKH ODWH ��V IURP WKH VWXG\ RI
LGHDOV RI FRPPXWDWLYH ULQJV WR WKH KRPRORJLFDO VWXG\ RIPRGXOHV �FI� WKHLU FKDUDFWHUL]DWLRQ
RI UHJXODU ORFDO ULQJV E\ WKH H[LVWHQFH RI ILQLWH IUHH UHVROXWLRQV IRU DQ\ ILQLWHO\ JHQHUDWHG
PRGXOH� UHVS� IRU WKH UHVLGXH ILHOG��

6HUUH SURYHG WKDW IRU DQ\ WKUHH SULPH LGHDOV p; q; r RI D UHJXODU ORFDO ULQJ R VXFK WKDW r
LV D PLQLPDO SULPH RI p+q� KW r ! KWp+KWq 6HUUH >����@� 7KH VSHFLDO FDVH r = m FDQ EH
DPSOLILHG� IRU DQ\ LGHDOV I; J RI R VXFK WKDW I +J LV m�SULPDU\� GLPR/I + GLPR/J !
GLPR�

7KLV LV QR ORQJHU WUXH LIR LV QRW UHJXODU� DQG DWWHPSWV WR XQGHUVWDQG WKH JHQHUDO VLWXDWLRQ
OHG WR WKH VR�FDOOHG KRPRORJLFDO FRQMHFWXUHV FI� %UXQV DQG +HU]RJ >����� FK� �@� +RFKVWHU
>����@�

��� ,QWHUVHFWLRQ FRQMHFWXUHV� /HW (R; m) EH ORFDO 1RHWKHULDQ ULQJ�
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7KH ILUVW ³LQWHUVHFWLRQ FRQMHFWXUH´ ZDV SURSRVHG E\ 3HVNLQH DQG 6]SLUR >����@� SURYHG
E\ WKHP ZKHQ R FRQWDLQV D ILHOG E\ UHGXFWLRQ WR FKDU� p DQG )UREHQLXV WHFKQLTXHV� DQG
ODWHU SURYHG LQ JHQHUDO E\ 3� 5REHUWV XVLQJ K�WKHRUHWLF PHWKRGV 5REHUWV >����@� ,W VWDWHV
WKDW LI M; N DUH ILQLWHO\ JHQHUDWHG R�PRGXOHV VXFK WKDW M ˝ N KDV ILQLWH OHQJWK� WKHQ
GLPN ! SGM � ,W LPSOLHV WKDW R LV &RKHQ±0DFDXOD\ LI DQG RQO\ LI WKHUH LV DQ R�PRGXOH
M RI ILQLWH OHQJWK DQG ILQLWH SURMHFWLYH GLPHQVLRQ �LQ WKH VSLULW RI 6HUUH¶V FKDUDFWHUL]DWLRQ
RI UHJXODU ULQJV� ZKLFK LV WKH FDVH M = k�� UHVS� LI WKHUH LV DQ R�PRGXOH M RI ILQLWH
LQMHFWLYH GLPHQVLRQ�

,QGHHG� RQH PD\ WDNH N = R DQG GHGXFH WKDW GLPR ! SGM � E\ WKH $XVODQGHU�%XFKVEDXP
IRUPXOD� SGM = GHSWKR $ GHSWKM � VR WKDW WKH LQHTXDOLW\ GHSWKR ! GLPR LV DQ HTXDOLW\� 7KH
VHFRQG DVVHUWLRQ IROORZV IURP WKH IDFW WKDW LGM = GHSWKR %DVV >����@�

7KH ³QHZ LQWHUVHFWLRQ FRQMHFWXUH´� DOVR SURYHG E\ 3HVNLQH DQG 6]SLUR >����@ DQG
5REHUWV >����@� VWDWHV WKDW IRU DQ\ QRQ H[DFW FRPSOH[ F# RI IUHH R�PRGXOHV FRQFHQWUDWHG
LQ GHJUHHV [0; s] ZLWK ILQLWH OHQJWK KRPRORJ\� s > GLPR�

7KH ³LPSURYHG QHZ LQWHUVHFWLRQ FRQMHFWXUH´ LV D YDULDQW GXH WR (� (YDQV DQG 3� (YDQV
DQG *ULIILWK >����@� LQ ZKLFK WKH FRQGLWLRQ RQ F# LV ³VOLJKWO\´ UHOD[HG� WKH Hi>0 DUH RI
ILQLWH OHQJWK DQG WKHUH H[LVWV D SULPLWLYH F\FOLF VXEPRGXOH RI H0 RI ILQLWH OHQJWK� 7KH\
SURYHG LW� DVVXPLQJ WKH H[LVWHQFH RI �ELJ� &RKHQ±0DFDXOD\ DOJHEUDV�� DQG VKRZHG WKDW
LW LPSOLHV WKHLU ³V\]\J\ FRQMHFWXUH´� ,Q VSLWH RI DSSHDUDQFHV� WKH SDVVDJH IURP WKH QHZ
LQWHUVHFWLRQ FRQMHFWXUH WR LWV ³LPSURYHG´ YDULDQW LV QR VPDOO VWHS�� LQ IDFW� DFFRUGLQJ WR
+RFKVWHU >����@ DQG 6� 'XWWD >����@� WKH ODWWHU LV HTXLYDOHQW WR WKH GLUHFW VXPPDQG FRQ�
MHFWXUH�

2Q WKH RWKHU KDQG� LQ WKH ZDNH RI WKH QHZ LQWHUVHFWLRQ FRQMHFWXUH �DQG PRWLYDWHG E\ WKH
0F.D\ FRUUHVSRQGHQFH LQ GLPHQVLRQ 3 DQG WKH ³IDFW´ WKDW WKUHHIROG IORSV LQGXFH HTXLY�
DOHQFHV RI GHULYHG FDWHJRULHV�� 7� %ULGJHODQG DQG 6� ,\HQJDU REWDLQHG D UHILQHPHQW RI
6HUUH¶V FULWHULRQ IRU UHJXODU ULQJV DVVXPLQJ WKH H[LVWHQFH RI &RKHQ±0DFDXOD\ DOJHEUDV
%ULGJHODQG DQG ,\HQJDU >����� S� ���@�

%\ 7K� ����� DQG 7K� ������ WKH LPSURYHG QHZ LQWHUVHFWLRQ FRQMHFWXUH DQG WKH%ULGJHODQG�
,\HQJDU FULWHULRQ WKXV KROG LQFRQGLWLRQDOO\�

����� 7KHRUHP� /HW R EH D 1RHWKHULDQ ORFDO ULQJ DQG F# EH D FRPSOH[ RI ILQLWHO\ JHQHU�
DWHG IUHH R�PRGXOHV FRQFHQWUDWHG LQ GHJUHH [0; s]� VXFK WKDW H>0(F#) KDV ILQLWH OHQJWK�

�� ,IH0(F#) FRQWDLQV D F\FOLFR�VXEPRGXOH RI ILQLWH OHQJWK QRW FRQWDLQHG LQmH0(F#)�
WKHQ s # GLPR�

�LI R LV &RKHQ±0DFDXOD\� WKH %XFKVEDXP�(LVHQEXG FULWHULRQ JLYHV D FRQGLWLRQ IRU WKH H[DFWQHVV RI F" LQ
WHUPV RI FRGLPHQVLRQ RI )LWWLQJ LGHDOV RI V\]\JLHV� ,Q JHQHUDO� WKH VDPH FRQGLWLRQ JXDUDQWHHV WKDW F" ˝ C LV
H[DFW IRU DQ\ &RKHQ±0DFDXOD\ R�DOJHEUD C %UXQV DQG +HU]RJ >����� S� �����@�

�K�WKHRUHWLF WHFKQLTXHV IDLOHG WR PDNH WKH OHDS�
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�� ,I H0(F#) KDV ILQLWH OHQJWK DQG FRQWDLQV k DV D GLUHFW VXPPDQG� DQG s = GLPR�
WKHQ R LV UHJXODU�

$QG VR GRHV WKH V\]\J\ FRQMHFWXUH�

����� 7KHRUHP� /HW R EH D 1RHWKHULDQ ORFDO ULQJ DQG M D ILQLWHO\ JHQHUDWHG R�PRGXOH
RI ILQLWH SURMHFWLYH GLPHQVLRQ s� 7KHQ IRU i 2 f1; : : : ; s $ 1g� WKH i �WK V\]\J\ PRGXOH RI M

KDV UDQN # i �

��� )XUWKHU ZRUN DURXQG WKH KRPRORJLFDO FRQMHFWXUHV XVLQJ SHUIHFWRLG VSDFHV�

����� � ,Q ����� +HLWPDQQ DQG /� 0D VKRZ WKDW &RKHQ±0DFDXOD\ DOJHEUDV FDQ EH FRQ�
VWUXFWHG LQ D ZD\ FRPSDWLEOH ZLWK TXRWLHQWV S ! S/p E\ SULPHV RI KHLJKW RQH�� 8VLQJ
DUJXPHQWV VLPLODU WR %KDWW¶V GHULYHG WHFKQLTXHV� WKH\ GHGXFH WKH YDQLVKLQJ FRQMHFWXUH IRU
PDSV RI 7RU +RFKVWHU DQG +XQHNH >����@�

����� 7KHRUHP� 5� +HLWPDQQ DQG 0D >����D@ /HW R ! S ! T EH PRUSKLVPV VXFK WKDW
WKH FRPSRVHG PDS LV D ORFDO PRUSKLVP RI PL[HG FKDUDFWHULVWLF UHJXODU ORFDO ULQJV� DQG S

LV D ILQLWH WRUVLRQ�IUHH H[WHQVLRQ RI R� 7KHQ IRU HYHU\ R�PRGXOH M DQG HYHU\ i � WKH PDS
7RURi (M; S) ! 7RURi (M; T ) YDQLVKHV�

7KH\ REWDLQ WKH IROORZLQJ FRUROODU\� ZKLFK JHQHUDOL]HV UHVXOWV E\+RFKVWHU DQG -� 5REHUWV�
-��)� %RXWRW HW DO��

����� &RUROODU\� 5� +HLWPDQQ DQG0D >LELG�@ /HW R ,! S EH D SXUH� ORFDO PRUSKLVP� ZLWK
S UHJXODU� 7KHQ R LV SVHXGR�UDWLRQDO� KHQFH &RKHQ±0DFDXOD\�

����� � ,Q ����� 0D DQG .� 6FKZHGH GHILQH DQG VWXG\ SHUIHFWRLG PXOWLSOLHU�WHVW LGHDOV LQ
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