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$EVWUDFW

3RVLWLYH FORVHG FXUUHQWV� WKH DQDO\WLF FRXQWHUSDUW RI HIIHFWLYH F\FOHV LQ DOJHEUDLF
JHRPHWU\� DUH FHQWUDO REMHFWV LQ SOXULSRWHQWLDO WKHRU\� 7KH\ ZHUH LQWURGXFHG LQ FRP�
SOH[ G\QDPLFV LQ WKH ����V DQG EHFRPH QRZ D SRZHUIXO WRRO LQ WKH ILHOG� &KDOOHQJLQJ
G\QDPLFDO SUREOHPV LQYROYH FXUUHQWV RI DQ\ GLPHQVLRQ� :H ZLOO UHSRUW UHFHQW GHYHO�
RSPHQWV RQ SRVLWLYH FORVHG FXUUHQWV RI DUELWUDU\ GLPHQVLRQ� LQFOXGLQJ WKH VROXWLRQV WR
WKH UHJXODUL]DWLRQ SUREOHP� WKH WKHRU\ RI VXSHU�SRWHQWLDOV DQG WKH WKHRU\ RI GHQVLWLHV�
$SSOLFDWLRQV WR G\QDPLFV VXFK DV SURSHUWLHV RI G\QDPLFDO LQYDULDQWV �H�J� G\QDPLFDO
GHJUHHV� HQWURSLHV� FXUUHQWV� PHDVXUHV�� VROXWLRQV WR HTXLGLVWULEXWLRQ SUREOHPV� DQG
SURSHUWLHV RI SHULRGLF SRLQWV ZLOO EH GLVFXVVHG�

&RQWHQWV

� ,QWURGXFWLRQ ����

� 5HJXODUL]DWLRQ RI FXUUHQWV� G\QDPLFDO GHJUHHV DQG HQWURSLHV ����

� 6XSHU�SRWHQWLHO WKHRU\ DQG HTXLGLVWULEXWLRQ SUREOHPV ����

� 7KHRU\ RI GHQVLWLHV RI FXUUHQWV DQG SHULRGLF SRLQWV ����

� 6RPH RSHQ SUREOHPV ����

7KH DXWKRU ZDV VXSSRUWHG E\ 6WDUW�8S *UDQW 5���������������� DQG 7LHU � *UDQW 5���������������� IURP
WKH 1DWLRQDO 8QLYHUVLW\ RI 6LQJDSRUH�
06&����� SULPDU\ ��8[[� VHFRQGDU\ ��)��� ��)���
.H\ZRUGV� SRVLWLYH FORVHG FXUUHQW� VXSHU�SRWHQWLDO� WDQJHQW FXUUHQW� G\QDPLFDO V\VWHP� G\QDPLFDO GHJUHH�
HQWURS\� HTXLGLVWULEXWLRQ� SHULRGLF SRLQW�
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� ,QWURGXFWLRQ

/HW X EH D FRPSDFW .lKOHU PDQLIROG RI GLPHQVLRQ k� /HW f : X ! X EH D G\QDPLFDO
V\VWHP DVVRFLDWHG ZLWK D GRPLQDQW KRORPRUSKLF PDS� RU PRUH JHQHUDOO\� D PHURPRUSKLF
PDS RU FRUUHVSRQGHQFH� L�H� PXOWLYDOXHG PDS� $V D EDVLF H[DPSOH� RQH FDQ FRQVLGHU
WKH FRPSOH[ DIILQH VSDFH Ck DV WKH FRPSOHPHQW RI D SURMHFWLYH K\SHUSODQH LQ WKH FRPSOH[
SURMHFWLYH VSDFH P k � 7KHQ� DQ\ SRO\QRPLDO PDS IURPCk WRCk H[WHQGV WR D PHURPRUSKLF
PDS IURP P k WR P k �

'HQRWH E\ f n := f ı ! ! ! ı f �n WLPHV� WKH LWHUDWH RI RUGHU n RI f � 7KH DLP RI WKH WKH�
RU\ RI FRPSOH[ G\QDPLFV LV WR VWXG\ WKH ORQJWLPH DV\PSWRWLF EHKDYLRXU RI WKH VHTXHQFH
(f n)n!0� 7KLV LQFOXGHV QRW RQO\ WKH VWXG\ RI WKH RUELWV RI SRLQWV� VHWV� FXUUHQWV� PHDVXUHV�
XQGHU WKH DFWLRQ RI f � EXW DOVR WKH G\QDPLFDO LQYDULDQWV VXFK DV G\QDPLFDO GHJUHHV� HQ�
WURSLHV� *UHHQ FXUUHQWV� HTXLOLEULXP PHDVXUHV� DQG WKH GLVWULEXWLRQ RI SHULRGLF SRLQWV� HWF�

&RPSOH[ G\QDPLFV LQ GLPHQVLRQ � KDV D ORQJ KLVWRU\� JRLQJ EDFN WR WKH ZRUNV E\ )D�
WRX DQG -XOLD LQ ����V� VHH H�J� %HUWHORRW DQG 0D\HU >����@ DQG &DUOHVRQ DQG *DPHOLQ
>����@� ,Q ����� %UROLQ FRQVLGHUHG WKH KDUPRQLF PHDVXUH RI WKH -XOLD VHW RI D SRO\QRPLDO
LQ RQH FRPSOH[ YDULDEOH ZKLFK WXUQV RXW WR EH D IXQGDPHQWDO G\QDPLFDO REMHFW� VHH %UROLQ
>����@� ,Q ����� 6LERQ\ FRQVLGHUHG WKH *UHHQ IXQFWLRQV DVVRFLDWHG ZLWK %UROLQ¶V PHDVXUHV
RI SRO\QRPLDOV RI IL[HG GHJUHH� 7KH\ FDQ EH REWDLQHG DV WKH UDWH RI HVFDSLQJ WR LQILQLW\
RI WKH RUELWV RI SRLQWV LQ C XQGHU WKH DFWLRQ RI WKH SRO\QRPLDOV� VHH 6LERQ\ >����� ����@�
6LERQ\ DOVR FRQVLGHUHG WKHVH *UHHQ IXQFWLRQV LQ D IDPLO\ ZKLFK FRQVWLWXWH WKH *UHHQ IXQF�
WLRQ IRU VRPH G\QDPLFDO V\VWHPV LQ KLJKHU GLPHQVLRQ� +XEEDUG H[WHQGHG WKLV QRWLRQ RI
*UHHQ IXQFWLRQ WR FRPSOH[ +pQRQ PDSV RQ C2� VHH +XEEDUG >����@� ,Q ����� 6LERQ\ FRQ�
VLGHUHG SRVLWLYH FORVHG FXUUHQWV DVVRFLDWHG WR WKHVH *UHHQ IXQFWLRQV DQG WKHLU LQWHUVHFWLRQ�
VHH %HGIRUG� /\XELFK� DQG 6PLOOLH >����E� S���@ DQG DOVR 6LERQ\ >����@�

*UHHQ FXUUHQWV DQG WKHLU LQWHUVHFWLRQV WXUQ RXW WR EH IXQGDPHQWDO REMHFWV LQ G\QDPLFV
DQG SOXULSRWHQWLDO WKHRU\ EHFRPHV D SRZHUIXO WRRO LQ WKH ILHOG� 7KH WKHRU\ RI FRPSOH[
G\QDPLFV RI VHYHUDO YDULDEOHV KDV EHHQ GHYHORSHG TXLFNO\� VHH IRU H[DPSOH� WKH ZRUNV
E\ %HGIRUG� /\XELFK� DQG 6PLOOLH >����D�E@ DQG %HGIRUG DQG 6PLOOLH >����� ����@ DQG
)RUQ VV DQG 6LERQ\ >����� ����D�E�F� ����D@ DPRQJ RWKHUV� 2QH FDQ REVHUYH WKDW PDQ\
ZRUNV RQO\ LQYROYH FXUUHQWV RI EL�GHJUHH (1; 1) DQG WKHLU LQWHUVHFWLRQV EHFDXVH SOXULSRWHQ�
WLDO WKHRU\ KDV EHHQ GHYHORSHG ILUVW LQ WKLV VHWWLQJ� +RZHYHU� VRPH YHU\ EDVLF TXHVWLRQV
DOUHDG\ VKRZ WKH QHFHVVLW\ RI XVLQJ SRVLWLYH FORVHG FXUUHQWV RI DUELWUDU\ EL�GHJUHH�

:H ZLOO VHH LQ WKLV VXUYH\ GLIIHUHQW DSSOLFDWLRQV RI VXFK FXUUHQWV� /HW¶V LOOXVWUDWH KHUH
WKHLU LPSRUWDQW UROH LQ WKH IROORZLQJ EDVLF SLFWXUH� 7KH SHULRGLF SRLQWV RI SHULRG n RI f DUH
WKH VROXWLRQV RI WKH HTXDWLRQ f n(z) = z� 7KH\ FDQ EH LGHQWLILHG ZLWK WKH LQWHUVHFWLRQ RI
WKH JUDSK Γn RI f n ZLWK WKH GLDJRQDO∆ RI X "X � :KHQ n JRHV WR LQILQLW\� IRU LQWHUHVWLQJ
G\QDPLFDO V\VWHPV� WKH YROXPH RI Γn WHQGV WR LQILQLW\� 6R LQ RUGHU WR VWXG\ WKH GLVWULEXWLRQ
RI SHULRGLF SRLQWV ZKHQ n WHQGV WR LQILQLW\� LW LV QHFHVVDU\ WR FRQVLGHU WKH SRVLWLYH FORVHG
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(k; k)�FXUUHQW [Γn] DVVRFLDWHG ZLWK Γn� ,QGHHG� LQ WKLV ZD\� RQH FDQ QRUPDOL]H [Γn] WR KDYH
PDVV � DQG FRQVLGHU WKH OLPLW DV n WHQGV WR LQILQLW\�

,W LV ZRUWK QRWLQJ WKDW LQ JHQHUDO Γn LV QRW D FRPSOHWH LQWHUVHFWLRQ RI K\SHUVXUIDFHV LQ
X " X � ZH PD\ QHHG PRUH WKDQ k K\SHUVXUIDFHV LQ RUGHU WR JHW Γn DV WKHLU LQWHUVHFWLRQ�
)RU H[DPSOH� WKH GLDJRQDO RI P k " P k � ZLWK k # 2� ZKLFK LV WKH JUDSK RI WKH LGHQWLW\ PDS
RQ P k � LV QRW D FRPSOHWH LQWHUVHFWLRQ� 0RUH JHQHUDOO\� WKH FXUUHQW DVVRFLDWHG ZLWK Γn LV
UDUHO\ WKH LQWHUVHFWLRQ RI SRVLWLYH FORVHG (1; 1)�FXUUHQWV� 6R LW LV QRW HQRXJK WR XVH (1; 1)�
FXUUHQWV WR VWXG\ Γn� )XUWKHUPRUH� FRPSXWLQJ WKH OLPLW RI D VHTXHQFH RI LQWHUVHFWLRQV RI
(1; 1)�FXUUHQWV UHTXLUHV VWURQJ FRQGLWLRQV RQ WKHVH FXUUHQWV ZKLFK DUH QRW DOZD\V DYDLODEOH
LQ WKH G\QDPLFDO VHWWLQJ�

:H ZLOO IRFXV RXU GLVFXVVLRQ RQ WKH UHFHQW GHYHORSPHQWV RI SOXULSRWHQWLDO WKHRU\ IRU
FXUUHQWV RI DUELWUDU\ EL�GHJUHH DQG WKHLU DSSOLFDWLRQV WR G\QDPLFV� :H UHIHU WKH UHDGHU
WR WKH QRQ�H[KDXVWLYH OLVW RI UHIHUHQFHV DW WKH HQG RI WKH SDSHU� LQ SDUWLFXODU WKH VXUYH\V
'LQK DQG 6LERQ\ >����D� ����@� )RUQ VV >����@� DQG 6LERQ\ >����@� IRU D PRUH FRPSOHWH
SDQRUDPD RI WKH WKHRU\ RI FRPSOH[ G\QDPLFV LQ KLJKHU GLPHQVLRQ�

,Q 6HFWLRQ �� ZH ZLOO UHFDOO EDVLF IDFWV RQ FXUUHQWV DQG GLVFXVV WKH SUREOHP RI DS�
SUR[LPDWLQJ SRVLWLYH FORVHG FXUUHQWV E\ DSSURSULDWH VPRRWK GLIIHUHQWLDO IRUPV� $V FRQ�
VHTXHQFHV� ZH ZLOO JLYH VRPH FDOFXOXV RQ SRVLWLYH FORVHG FXUUHQWV� '\QDPLFDO GHJUHHV�
WRSRORJLFDO DQG DOJHEUDLF HQWURSLHV ZLOO EH LQWURGXFHG WRJHWKHU ZLWK WKH IDPRXV *URPRY¶V
LQHTXDOLW\ VD\LQJ WKDW WKH WRSRORJLFDO HQWURS\ LV ERXQGHG IURP DERYH E\ WKH DOJHEUDLF RQH�
7KH UHJXODUL]DWLRQ WKHRUHP LV D NH\ SRLQW LQ WKH SURRIV�

,Q 6HFWLRQ �� ZH ZLOO LQWURGXFH WKH QRWLRQ RI VXSHU�SRWHQWLDOV ZKLFK DUH FDQRQLFDO
IXQFWLRQV DVVRFLDWHG ZLWK SRVLWLYH FORVHG (p; p)�FXUUHQWV� 7KH\ SOD\ WKH UROH RI TXDVL�
SOXULVXEKDUPRQLF IXQFWLRQV ZKLFK DUH XVHG DV TXDVL�SRWHQWLDOV IRU SRVLWLYH FORVHG (1; 1)�
FXUUHQWV� $Q LQWHUVHFWLRQ WKHRU\ IRU SRVLWLYH FORVHG FXUUHQWV RI DUELWUDU\ EL�GHJUHHV ZLOO EH
SUHVHQWHG� :H WKHQ VWDWH VRPH WKHRUHPV LQ G\QDPLFV RQ WKH HTXLGLVWULEXWLRQ RI RUELWV RI
SRLQWV DQG YDULHWLHV� 8QLTXH HUJRGLFLW\ SURSHUW\ DQG ULJLGLW\ IRU G\QDPLFDO FXUUHQWV ZLOO
EH GLVFXVVHG�

,Q 6HFWLRQ �� ZH ZLOO LQWURGXFH WKH WKHRU\ RI GHQVLWLHV IRU SRVLWLYH FORVHG FXUUHQWV� $
EDVLF H[DPSOH RI WKH WKHRU\ LV WKH FDVH RI WZR DQDO\WLF VXEVHWV ZKRVH LQWHUVHFWLRQ LV ODUJHU
WKDQ H[SHFWHG� LQ WHUPV RI GLPHQVLRQ� 7KH GHQVLWLHV DUH LQWURGXFHG LQ RUGHU WR PHDVXUH
WKH GLPHQVLRQ H[FHVV IRU WKH LQWHUVHFWLRQ RI SRVLWLYH FORVHG FXUUHQWV� VHH )XOWRQ >����@
IRU DQ DOJHEUDLF FRXQWHUSDUW� $SSOLFDWLRQV WR G\QDPLFV FRQFHUQLQJ WKH GLVWULEXWLRQ RU WKH
FRXQWLQJ RI SHULRGLF SRLQWV ZLOO EH FRQVLGHUHG�

)LQDOO\� LQ 6HFWLRQ �� VRPH RSHQ SUREOHPV LQ G\QDPLFV ZLOO EH VWDWHG� 7KH\ DUH UHODWHG
WR WKH GLVFXVVLRQV LQ WKH SUHYLRXV VHFWLRQV DQG ZLOO UHTXLUH QHZ LGHDV IURP SOXULSRWHQWLDO
WKHRU\ RU IURP FRPSOH[ JHRPHWU\� :H H[SHFW WKDW WKH VROXWLRQV WR WKHVH TXHVWLRQV ZLOO
SURYLGH QHZ WRROV IRU FRPSOH[ G\QDPLFV�
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$FNQRZOHGJPHQWV� 7KH SDSHU ZDV SDUWLDOO\ SUHSDUHG GXULQJ D YLVLW RI WKH DXWKRU DW WKH
8QLYHUVLW\ RI 7RN\R� +H ZRXOG OLNH WR H[SUHVV WKH JUDWLWXGH WR WKLV XQLYHUVLW\ DQG WR .HLML
2JXLVR IRU WKHLU KRVSLWDOLW\ DQG VXSSRUW� 7KH DXWKRU DOVR WKDQNV 9LHW�$QK1JX\HQ� 1HVVLP
6LERQ\� 7X\HQ�7UXQJ 7UXRQJ DQG 'XF�9LHW 9X IRU WKHLU FROODERUDWLRQV ZKLFK DUH ODUJHO\
UHSRUWHG LQ WKLV SDSHU�

� 5HJXODUL]DWLRQ RI FXUUHQWV� G\QDPLFDO GHJUHHV DQG HQWURSLHV

,Q WKLV VHFWLRQ� ZH ZLOO GLVFXVV D UHJXODUL]DWLRQ WKHRUHP IRU SRVLWLYH FORVHG FXUUHQWV DQG LWV
DSSOLFDWLRQV� :H UHIHU WKH UHDGHU WR 'HPDLOO\ >����@� +|UPDQGHU >����@� 6LX >����@ IRU
EDVLF QRWLRQV DQG UHVXOWV RI SOXULSRWHQWLDO WKHRU\ DQG WR 9RLVLQ >����@ IRU +RGJH WKHRU\
RQ FRPSDFW .lKOHU PDQLIROGV�

/HW X EH D FRPSDFW .lKOHU PDQLIROG RI GLPHQVLRQ k DQG OHW ! EH D .lKOHU IRUP RQ
X � /HW T EH D SRVLWLYH FORVHG (p; p)�FXUUHQW RQ X � 7KH SDLULQJ hT; !k"pi� L�H� WKH
YDOXH RI T DW WKH WHVW IRUP !k"p � GHSHQGV RQO\ RQ WKH �+RGJH RU GH 5KDP� FRKRPRORJ\
FODVVHV RI T DQG !� 0RUHRYHU� WKLV TXDQWLW\ LV FRPSDUDEOH ZLWK WKH PDVV RI T ZKLFK LV� E\
GHILQLWLRQ� WKH QRUP RI T DV D OLQHDU RSHUDWRU RQ WKH VSDFH RI FRQWLQXRXV WHVW (k$p; k$p)�
IRUPV� 7KHUHIRUH� D ODUJH SDUW RI WKH FRPSXWDWLRQV ZLWK SRVLWLYH FORVHG FXUUHQWV UHGXFHV
WR D FRPSXWDWLRQ ZLWK FRKRPRORJ\ FODVVHV ZKLFK LV RIWHQ VLPSOHU�

3RVLWLYH FORVHG FXUUHQWV FDQ EH VHHQ DV SRVLWLYH FORVHG GLIIHUHQWLDO IRUPV ZLWK GLVWULEX�
WLRQ FRHIILFLHQWV� ,Q JHQHUDO� WKH\ DUH VLQJXODU DQG FDOFXOXV ZLWK WKHP UHTXLUHV VXLWDEOH
UHJXODUL]DWLRQ SURFHVVHV� 7KH IROORZLQJ UHVXOW JLYHV XV D UHJXODUL]DWLRQ ZLWK D FRQWURO RI
WKH SRVLWLYLW\ ORVV� VHH 'HPDLOO\ >����@ DQG 'LQK DQG 6LERQ\ >����@� 7KH ORVV RI SRVLWLY�
LW\ LV XQDYRLGDEOH LQ JHQHUDO� )RU VLPSOLFLW\� ZH DOVR FDOO kT k := hT; !k"pi WKH PDVV RI
T �

7KHRUHP ��� �'HPDLOO\ IRU p = 1� 'LQK±6LERQ\ IRU p # 1�� /HW (X; !) EH D FRPSDFW
.lKOHU PDQLIROG� 7KHUH LV D FRQVWDQW c > 0 GHSHQGLQJ RQO\ RQ X DQG ! VDWLVI\LQJ WKH
IROORZLQJ SURSHUW\� ,I T LV D SRVLWLYH FORVHG (p; p)�FXUUHQW RQ X � WKHUH DUH SRVLWLYH FORVHG
(p; p)�FXUUHQWV T + DQG T " ZKLFK FDQ EH DSSUR[LPDWHG E\ VPRRWK SRVLWLYH FORVHG (p; p)�
IRUPV DQG VXFK WKDW

T = T + $ T " DQG kT ˙k % ckT k:

7KLV UHVXOW VWLOO KROGV IRU ODUJHU FODVVHV RI FXUUHQWV� H�J� SRVLWLYH dd c�FORVHG FXUUHQWV�
,W LV WKH DQDO\WLF FRXQWHUSDUW RI WKH NQRZQ IDFW LQ DOJHEUDLF JHRPHWU\ WKDW DQ\ F\FOH FDQ
EH UHSUHVHQWHG DV WKH GLIIHUHQFH RI PRYDEOH HIIHFWLYH F\FOHV� 7KH UHJXODUL]DWLRQ SURFHVV
XVHG LQ WKH SURRI SUHVHUYHV JRRG SURSHUWLHV RI T ZKHQ WKH\ H[LVW� :H ZLOO JLYH QRZ WZR
FRQVHTXHQFHV RI WKH UHJXODUL]DWLRQ WKHRUHP� 7KH\ DUH XVHG WR SURYH WKH SURSHUWLHV RI
G\QDPLFDO GHJUHHV DQG HQWURSLHV WKDW ZH ZLOO GLVFXVV ODWHU�
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&RUROODU\ ���� /HW X; ! EH DV DERYH DQG OHW U EH DQ RSHQ VXEVHW RI X � /HW T1; : : : ; Tn EH
SRVLWLYH FORVHG FXUUHQWV RQ X RI PDVV DW PRVW HTXDO WR 1 ZKRVH WRWDO EL�GHJUHH LV DW PRVW
(k; k)� $VVXPH WKDW T1; : : : ; Tn"1 DUH JLYHQ E\ VPRRWK SRVLWLYH FORVHG IRUPV RQ U � VR WKH
LQWHUVHFWLRQ �ZHGJH�SURGXFW� T1 ^ : : : ^ Tn LV D ZHOO�GHILQHG SRVLWLYH FORVHG FXUUHQW RQ U �
7KHQ� WKHUH LV D SRVLWLYH FORVHG FXUUHQW S RQ X VXFK WKDW T1 ^ : : : ^ Tn % S RQ U DQG WKH
PDVV RI S RQ X LV ERXQGHG E\ D FRQVWDQW GHSHQGLQJ RQO\ RQ X; !�

,Q WKH G\QDPLFDO VHWWLQJ� ZH QHHG WR ZRUN ZLWK SRVLWLYH FORVHG IRUPV ZKLFK DUH VPRRWK
RXWVLGH DQ DQDO\WLF VXEVHW RI X � 7KLV FRUROODU\ DOORZV XV WR VKRZ WKDW WKH LQWHJUDOV LQYROY�
LQJ VXFK VLQJXODU IRUPV GR QRW H[SORGH QHDU WKH VHW RI VLQJXODULWLHV�

5HFDOO WKDW D PHURPRUSKLF PDS IURP X WR X LV D KRORPRUSKLF PDS f IURP D GHQVH
=DULVNL RSHQ VHW Ω RI X WR X ZKRVH JUDSK LQ Ω" X LV D =DULVNL RSHQ VHW RI DQ LUUHGXFLEOH
DQDO\WLF VXEVHW Γ RI GLPHQVLRQ k LQ X " X � )RU VLPSOLFLW\� ZH FDOO Γ WKH JUDSK RI WKH
PHURPRUSKLF PDS f : X ! X � :H DVVXPH WKDW f LV GRPLQDQW� WKDW LV� WKH LPDJH RI
f FRQWDLQV D QRQ�HPSW\ RSHQ VXEVHW RI X � VHH 2JXLVR >����E�D� ����@ DQG 2JXLVR DQG
7UXRQJ >����@ IRU VRPH UHFHQW H[DPSOHV�

'HQRWH E\ !1 DQG !2 WKH WZR FDQRQLFDO SURMHFWLRQV IURP X " X WR X � 6R WKH PDS !1

UHVWULFWHG WR Γ LV JHQHULFDOO\ ���� /HW I (f ) EH WKH VHW RI SRLQWV x 2 X VXFK WKDW Γ\!"1
1 (x)

LV QRW D VLQJOH SRLQW� RU HTXLYDOHQWO\� RI SRVLWLYH GLPHQVLRQ� 7KLV LV WKH LQGHWHUPLQDF\ VHW
RI f ZKLFK LV DQ DQDO\WLF VXEVHW RI FRGLPHQVLRQ DW OHDVW � LQ X � ,W LV QRQ�HPSW\ ZKHQ f

LV QRW KRORPRUSKLF RQ X �
&RQVLGHU WZR GRPLQDQW PHURPRUSKLF PDSV f DQG f 0 IURP X WR X � :H FDQ GHILQH WKH

FRPSRVLWLRQ f 0 ı f DV D KRORPRUSKLF PDS RQ D VXLWDEOH =DULVNL RSHQ VHW RI X DQG WKHQ
H[WHQG LW WR D PHURPRUSKLF PDS IURP X WR X � %\ FRPSRVLQJ f ZLWK LWVHOI� ZH REWDLQ WKH
LWHUDWHV RI f �

/HW S EH D (p; q)�FXUUHQW RQ X � 'HILQH IRUPDOO\ WKH SXOO�EDFN RI S E\ f E\

f #(S) := (!1)#(!#
2 (S) ^ [Γ]);

ZKHQ WKH ODVW H[SUHVVLRQ PDNHV VHQVH� 6LQFH WKH RSHUDWRUV !#
i DQG (!i )# DUH ZHOO�GHILQHG

RQ DOO FXUUHQWV� WKH ODVW GHILQLWLRQ LV PHDQLQJIXO ZKHQ WKH ZHGJH�SURGXFW !#
2 (S) ^ [Γ] LV

PHDQLQJIXO� 6LPLODUO\� WKH SXVK�IRUZDUG RSHUDWRU f# LV GHILQHG E\

f#(S) := (!2)#(!#
1 (S) ^ [Γ]);

ZKHQ WKH ODVW H[SUHVVLRQ PDNHV VHQVH�
&RQVLGHU WKH SDUWLFXODU FDVH RI D VPRRWK GLIIHUHQWLDO (p; q)�IRUP " RQ X � 7KH ZHGJH�

SURGXFW !#
2 (") ^ [Γ] LV ZHOO�GHILQHG EHFDXVH !#

2 (") LV VPRRWK� 6R f #(") LV ZHOO�GHILQHG
LQ WKH VHQVH RI FXUUHQWV� 0RUHRYHU� WKH YDOXH RI f #(") DW D SRLQW x LV URXJKO\ WKH VXP RI
WKH YDOXHV RI !#

2 (") RQ WKH ILEHU !"1
1 (x) \ Γ� :H FDQ FKHFN WKDW f #(") LV LQ JHQHUDO DQ
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L1 IRUP DQG LW PD\ EH VLQJXODU DW WKH LQGHWHUPLQDF\ VHW I (f )� 6R ZH FDQQRW LWHUDWH WKH
RSHUDWRU f # RQ VPRRWK IRUPV�

5HFDOO WKDW WKH +RGJH FRKRPRORJ\ JURXS H p;q(X; C) RI X FDQ EH GHILQHG XVLQJ HLWKHU
VPRRWK IRUPV RU VLQJXODU FXUUHQWV� :KHQ " LV FORVHG RU H[DFW WKHQ f #(") LV DOVR FORVHG RU
H[DFW� 7KHUHIRUH� WKH DERYH RSHUDWRU f # LQGXFHV D OLQHDU PDS IURP H p;q(X; C) WR LWVHOI�
WKDW ZH VWLOO GHQRWH E\ f #� 7KH RSHUDWRU f# RQ H p;q(X; C) LV GHILQHG VLPLODUO\� :H FDQ
LWHUDWH WKRVH RSHUDWRUV DV IRU HYHU\ OLQHDU RSHUDWRU RQ D YHFWRU VSDFH EXW LQ JHQHUDO ZH
GRQ¶W KDYH (f n)# = (f #)n RQ H p;q(X; C)�

&RQVLGHU DQ DUELWUDU\ SRVLWLYH FORVHG (p; p)�FXUUHQW T RQX � 7KH SXOO�EDFN f #(T ) DQG
WKH SXVK�IRUZDUG f#(T ) RI T DUH QRW DOZD\V ZHOO�GHILQHG� :H FDQ KRZHYHU GHILQH D VWULFW
WUDQVIRUP RI T E\ f LQ WKH IROORZLQJ ZD\� &KRRVH D =DULVNL RSHQ VHW Ω RI X VXFK WKDW !2

UHVWULFWHG WR Γ \ !"1
2 (Ω) GHILQHV D XQUDPLILHG FRYHULQJ RYHU Ω� 7KHQ WKH SXOO�EDFN RI T

E\ !2 LV ZHOO�GHILQHG RQ Γ \ !"1
2 (Ω)� :H FDQ VKRZ XVLQJ 7KHRUHP ��� WKDW LW KDV ILQLWH

PDVV DQG WKHQ LWV H[WHQVLRQ E\ � LV D SRVLWLYH FORVHG FXUUHQW RQ X " X � DFFRUGLQJ WR D
WKHRUHP RI 6NRGD >����@� 7KH SXVK�IRUZDUG RI WKH ODVW FXUUHQW E\ !1 LV D SRVLWLYH FORVHG
(p; p)�FXUUHQW RI X WKDW ZH GHQRWH E\ f $(T )� :H GHILQH f$(T ) LQ D VLPLODU ZD\�

,Q WKH IROORZLQJ UHVXOW� WKH QRUPV RI WKH RSHUDWRUV f # DQG f# DUH FRQVLGHUHG XVLQJ D
IL[HG QRUP RQ WKH YHFWRU VSDFH H p;p(X; C)�

&RUROODU\ ���� 7KHUH LV D FRQVWDQW c > 0 GHSHQGLQJ RQO\ RQ X; ! DQG WKH QRUP RQ
H p;p(X; C) VXFK WKDW

kf $(T )k % ckT kkf # : H p;p(X; C) ! H p;p(X; C)k
DQG

kf$(T )k % ckT kkf# : H p;p(X; C) ! H p;p(X; C)k:

7KLV UHVXOW LV FOHDU ZKHQ T LV D VPRRWK IRUP� :H WKHQ GHGXFH WKH JHQHUDO FDVH XVLQJ
7KHRUHP ���� 1RWH WKDW WKH RSHUDWRUV f $ DQG f$ GHSHQG RQ WKH FKRLFH RI D =DULVNL RSHQ
VHW� +RZHYHU� ZKHQ ZH ZRUN ZLWK L1 IRUPV IRU H[DPSOH� WKLV FKRLFH LV QRW LPSRUWDQW�
1RWH DOVR WKDW WKH FRQVWDQWV LQYROYHG LQ WKH DERYH UHVXOWV GR QRW GHSHQG RQ T QRU RQ f �
,Q WKH SURRIV RI WKH UHVXOWV EHORZ� WKH\ ZLOO LQWHUYHQH XQGHU WKH IRUP c1/n DQG WKHLU UROH
ZLOO EH QHJOLJLEOH ZKHQ n JRHV WR LQILQLW\�

$V PHQWLRQHG DERYH� ZH GRQ¶W KDYH LQ JHQHUDO (f n)# = (f #)n RQ H p;q(X; C)� +RZ�
HYHU� ZH FDQ VKRZ WKDW WKH IROORZLQJ TXDQWLWLHV DUH DOZD\V ZHOO�GHILQHG�

'HILQLWLRQ ���� :H FDOO G\QDPLFDO GHJUHH RI RUGHU p RI f WKH IROORZLQJ OLPLW

dp(f ) := OLP
n!1 k(f n)# : H p;p(X; C) ! H p;p(X; C)k1/n;

DQG DOJHEUDLF HQWURS\ RI f WKH IROORZLQJ TXDQWLW\

ha(f ) := PD[
0%p%k

ORJ dp(f ):



3/85,327(17,$/ 7+(25< $1' &203/(; '<1$0,&6 ����

7KH ODVW G\QDPLFDO GHJUHH dk(f ) LV DOVR FDOOHG WRSRORJLFDO GHJUHH EHFDXVH LW LV HTXDO WR
WKH QXPEHU RI SRLQWV LQ f "1(a) IRU D JHQHULF SRLQW a LQ X �

1RWH WKDW E\ 3RLQFDUp GXDOLW\� ZH DOVR KDYH

dp(f ) := OLP
n!1 k(f n)# : H k"p;k"p(X; C) ! H k"p;k"p(X; C)k1/n:

7KHRUHP ��� �'LQK±6LERQ\�� 7KH OLPLW LQ WKH DERYH GHILQLWLRQ RI dp(f ) DOZD\V H[LVWV�
,W LV ILQLWH DQG GRHVQ¶W GHSHQG RQ WKH FKRLFH RI WKH QRUP RQ H p;p(X; C)� 0RUHRYHU� WKH
G\QDPLFDO GHJUHHV DQG WKH DOJHEUDLF HQWURS\ DUH EL�PHURPRUSKLF LQYDULDQWV RI WKH G\QDP�
LFDO V\VWHP� LI ! : X 0 ! X LV D EL�PHURPRUSKLF PDS EHWZHHQ FRPSDFW .lKOHU PDQLIROGV�
WKHQ

dp(!
"1 ı f ı !) = dp(f ) DQG ha(!

"1 ı f ı !) = ha(f ):

:H DOVR KDYH IRU n # 1 WKDW dp(f n) = dp(f )n DQG ha(f n) = nha(f )�

:KHQ X LV D SURMHFWLYH VSDFH� WKH ILUVW VWDWHPHQW ZDV XVHG E\ )RUQ VV±6LERQ\ IRU p =
1 LQ RUGHU WR FRQVWUXFW WKH *UHHQ G\QDPLFDO (1; 1)�FXUUHQW )RUQ VV DQG 6LERQ\ >����F@�
$OVR IRU SURMHFWLYH VSDFHV� LW ZDV H[WHQGHG E\ 5XVVDNRYVNLL±6KLIIPDQ IRU KLJKHU GHJUHHV
5XVVDNRYVNLL DQG 6KLIIPDQ >����@� ,Q WKLV FDVH� WKH JURXS H p;p(X; C) LV RI GLPHQVLRQ �
DQG WKH DFWLRQ RI (f n)# LV MXVW WKH PXOWLSOLFDWLRQ E\ DQ LQWHJHU dp;n� 7KHUHIRUH� ZH HDVLO\
JHW dp;n+m % dp;ndp;m ZKLFK LPSOLHV WKH H[LVWHQFH RI WKH OLPLW RI (dp;n)1/n DV n WHQGV
WR LQILQLW\�

7KH SURRI RI WKH DERYH WKHRUHP LQ WKH JHQHUDO FDVH XVHV LQ DQ HVVHQWLDO ZD\ D FRPSXWD�
WLRQ ZLWK SRVLWLYH FORVHG FXUUHQWV DQG 7KHRUHP ��� SOD\V D FUXFLDO UROH� :H UHIHU WR 'LQK
DQG 6LERQ\ >����� ����@ IRU GHWDLOV DQG 'LQK� 1JX\rQ� DQG 7UXRQJ >����@� (VQDXOW DQG
6ULQLYDV >����@� DQG 7UXRQJ >����@ IRU UHODWHG UHVXOWV� :H DOVR REWDLQHG LQ WKHVH ZRUNV
WKH IROORZLQJ UHVXOW� ZKLFK LV GXH WR *URPRY IRU KRORPRUSKLF PDSV *URPRY >����@�

7KHRUHP ��� �*URPRY� 'LQK±6LERQ\�� /HW X DQG f EH DV DERYH� 7KHQ WKH WRSRORJLFDO
HQWURS\ ht (f ) RI f LV ERXQGHG IURP DERYH E\ LWV DOJHEUDLF HQWURS\ ha(f )� ,Q SDUWLFXODU�
WKH WRSRORJLFDO HQWURS\ RI f LV ILQLWH�

7KH WRSRORJLFDO HQWURS\ LV DQ LPSRUWDQW G\QDPLFDO LQYDULDQW� ,W PHDVXUHV WKH UDWH RI
GLYHUJHQFH RI WKH RUELWV RI SRLQWV� 7KH IRUPDO GHILQLWLRQ IRU PHURPRUSKLFPDSV LV WKH VDPH
DV WKH %RZHQ¶V GHILQLWLRQ IRU FRQWLQXRXV PDSV� H[FHSW WKDW ZH GRQ¶W FRQVLGHU RUELWV ZKLFK
UHDFK WKH LQGHWHUPLQDF\ VHW� 7KHUHIRUH� LW LV QRW REYLRXV WKDW WKH HQWURS\ RI D PHURPRUSKLF
PDS LV ILQLWH� 1RWH DOVR WKDW ZKHQ f LV D KRORPRUSKLF PDS� WKH DERYH UHVXOW FRPELQHG
ZLWK D WKHRUHP E\ <RPGLQ >����@ LPSOLHV WKDW WKH WRSRORJLFDO HQWURS\ LV LQGHHG HTXDO WR
WKH DOJHEUDLF RQH� 7KLV SURSHUW\ VWLOO KROGV IRU ODUJH IDPLOLHV RI PHURPRUSKLF PDSV� :H
GRQ¶W NQRZ LI LQ JHQHUDO� WKHUH LV DOZD\V D PDS f̂ EL�PHURPRUSKLFDOO\ FRQMXJDWH WR f VXFK
WKDW ht (f̂ ) = ha(f̂ )� VHH 3UREOHP ��� EHORZ�
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2EVHUYH WKDW WKH DFWLRQ RI f n RQ H p;q(X; C) LV QRW H[SOLFLWO\ XVHG LQ WKH DERYH SURS�
HUW\ RI HQWURSLHV ZKHQ p 6= q� 7KLV FDQ EH H[SODLQHG E\ WKH IROORZLQJ LQHTXDOLW\ IURP
'LQK >����@

OLP VXS
n!1

k(f n)# : H p;q(X; C) ! H p;q(X; C)k1/n %
q

dp(f )dq(f ):

/HW T EH D SRVLWLYH FORVHG (p; p)�FXUUHQW RQ X � IRU H[DPSOH� WKH FXUUHQW RI LQWHJUDWLRQ
RQ D FRPSOH[ VXEYDULHW\ RI FRGLPHQVLRQp� $SSO\LQJ &RUROODU\ ��� WR f n LQVWHDG RI f � ZH
REWDLQ WKDW WKH PDVV RI (f n)$(T ) LV ERXQGHG E\ D FRQVWDQW WLPHV (dp(f ) + #)n IRU HYHU\
# > 0� 6LPLODUO\� WKH PDVV RI (f n)$(T ) LV ERXQGHG E\ D FRQVWDQW WLPHV (dk"p(f ) + #)n�
:H VHH WKDW G\QDPLFDO GHJUHHV PHDVXUHV WKH JURZWK RI WKH GHJUHH DQG YROXPH RI YDULHWLHV
XQGHU WKH DFWLRQ RI f RU LWV LQYHUVH f "1� 6R G\QDPLFDO GHJUHHV DUH IXQGDPHQWDO LQYDULDQWV
LQ WKH VWXG\ RI WKH RUELWV RI YDULHWLHV� 7KH\ SOD\� ZLWK VRPH YDULDQWV� DQ LPSRUWDQW UROH
LQ WKH SUREOHP RI FODVVLILFDWLRQ RI PHURPRUSKLF G\QDPLFDO V\VWHPV XVLQJ LQYDULDQW PHUR�
PRUSKLF ILEUDWLRQV� VHH $PHULN DQG &DPSDQD >����@� 'LQK� 1JX\rQ� DQG 7UXRQJ >����@�
1DND\DPD DQG =KDQJ >����@� 2JXLVR >����D@� DQG =KDQJ >����D�E@ IRU GHWDLOV

)LQDOO\� UHFDOO WKDW D GLUHFW FRQVHTXHQFH RI WKH PL[HG +RGJH±5LHPDQQ WKHRUHP DSSOLHG
WR �UHVROXWLRQV RI VLQJXODULWLHV RI� WKH JUDSKV RI f n� VHH H�J� 'LQK DQG 1JX\rQ >����@ DQG
*URPRY >����@� LPSOLHV WKDW� WKH IXQFWLRQ p 7! ORJ dp(f ) LV FRQFDYH� (TXLYDOHQWO\� ZH
KDYH

dp(f )2 # dp"1(f )dp+1(f ) IRU 1 % p % k $ 1:

,Q SDUWLFXODU� ZH KDYH 1 % dp(f ) % d1(f )p � ha(f ) > 0 LI DQG RQO\ LI d1(f ) > 1� DQG
WKHUH DUH WZR QXPEHUV r DQG s ZLWK 0 % r % s % k VXFK WKDW

1 = d0(f ) < ! ! ! < dr(f ) = ! ! ! = ds(f ) > ! ! ! > dk(f ):

7KH PD[LPDO G\QDPLFDO GHJUHH dr(f ) LV DOVR FDOOHG WKH PDLQ G\QDPLFDO GHJUHH� 7KH
DOJHEUDLF HQWURS\ RI f LV WKHQ HTXDO WR ORJ dr(f )�

� 6XSHU�SRWHQWLHO WKHRU\ DQG HTXLGLVWULEXWLRQ SUREOHPV

6XSHU�SRWHQWLDOV KDYH EHHQ LQWURGXFHG LQ RUGHU WR GHDO ZLWK SRVLWLYH FORVHG FXUUHQWV RI DU�
ELWUDU\ EL�GHJUHH� /HW T EH D SRVLWLYH FORVHG (p; p)�FXUUHQW RQ D FRPSDFW .lKOHU PDQLIROG
X DV DERYH� $Q\ DQDO\WLF VHW RI SXUH FRGLPHQVLRQ p LQ X GHILQHV E\ LQWHJUDWLRQ D SRVLWLYH
FORVHG (p; p)�FXUUHQW� 6R WKH FXUUHQW T FDQ EH VHHQ DV D JHQHUDOL]DWLRQ RI DQDO\WLF VHWV RI
FRGLPHQVLRQ p�

:KHQ p = 1� WKH FXUUHQW T FDQ EH VHHQ DV D JHQHUDOL]DWLRQ RI K\SHUVXUIDFHV� /RFDOO\�
ZH FDQ ZULWH T = dd cu� ZKHUH u LV D SOXULVXEKDUPRQLF �S�V�K� IRU VKRUW� IXQFWLRQ� 7KLV
IXQFWLRQ LV XQLTXH XS WR DQ DGGLWLYH SOXULKDUPRQLF IXQFWLRQZKLFK LV UHDO DQDO\WLF� *OREDOO\�
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LI ˛ LV D VPRRWK FORVHG UHDO (1; 1)�IRUP RQX � LQ WKH FRKRPRORJ\ FODVV RI T � E\ WKH FODVVLFDO
@@�OHPPD� RQH FDQ ZULWH T = ˛ + dd cu� +HUH� u LV D TXDVL�S�V�K� IXQFWLRQ RQ X � WKDW LV�
u LV ORFDOO\ WKH VXP RI D S�V�K� IXQFWLRQ DQG D VPRRWK IXQFWLRQ� ,W LV XQLTXHO\ GHWHUPLQHG
E\ T DQG ˛� XS WR DQ DGGLWLYH FRQVWDQW� ,Q SDUWLFXODU� WKHUH LV D XQLTXH IXQFWLRQ u VXFK WKDW
PD[u = 0� 5HFDOO WKDW d c := 1

2! i (@ $ @) DQG dd c = i
! @@�

)RU WKH FDVH RI KLJKHU EL�GHJUHH� WKH FXUUHQW T FRUUHVSRQGV WR D JHQHUDOL]HG DOJHEUDLF
F\FOH RI KLJKHU FR�GLPHQVLRQ� :H VWLOO FDQ ZULWH T LQ D VLPLODU ZD\ EXW u ZLOO EH D FXUUHQW
RI EL�GHJUHH (p $1; p $1)� ,W GRHVQ¶W VDWLVI\ D VLPLODU XQLTXHQHVV SURSHUW\ DQG WKHUH LV QR
LQWULQVLF FKRLFH IRU u� 6XSHU�SRWHQWLDOV DUH FDQRQLFDO IXQFWLRQV GHILQHG RQ VRPH LQILQLWH
GLPHQVLRQDO VSDFHV� 7KH\ SOD\ WKH UROH RI TXDVL�SRWHQWLDOV DV TXDVL�S�V�K� IXQFWLRQV GR IRU
EL�GHJUHH (1; 1)� )RU VLPSOLFLW\� ZH ZLOO QRW LQWURGXFH WKLV QRWLRQ LQ IXOO JHQHUDOLW\ DQG
UHIHU WKH UHDGHU WR 'LQK DQG 6LERQ\ >����� ����F@ IRU GHWDLOV�

/HW Dq(X) GHQRWH WKH UHDO YHFWRU VSDFH VSDQQHG E\ SRVLWLYH FORVHG (q; q)�FXUUHQWV
RQ X � 'HILQH WKH &�QRUP RQ WKLV VSDFH E\ kRk# := PLQ(kR+k + kR"k)� ZKHUH R˙

DUH SRVLWLYH FORVHG (q; q)�FXUUHQWV VDWLVI\LQJ R = R+ $ R"� :H FRQVLGHU WKLV VSDFH RI
FXUUHQWV ZLWK WKH IROORZLQJ WRSRORJ\ � D VHTXHQFH (Rn)n!0 LQ Dq(X) FRQYHUJHV LQ WKLV
VSDFH WR R LI Rn ! R ZHDNO\ DQG LI kRnk# LV ERXQGHG LQGHSHQGHQWO\ RI n� 2Q DQ\
&�ERXQGHG VXEVHW RI Dq(X)� WKLV WRSRORJ\ FRLQFLGHV ZLWK WKH FODVVLFDO ZHDN WRSRORJ\
IRU FXUUHQWV� %\ 7KHRUHP ���� WKH VXEVSDFH eDq(X) RI UHDO FORVHG VPRRWK (q; q)�IRUPV LV
GHQVH LQ Dq(X) IRU WKH FRQVLGHUHG WRSRORJ\�

/HW D0
q(X) DQG eD0

q(X) GHQRWH WKH OLQHDU VXEVSDFHV LQ Dq(X) DQG eDq(X) UHVSHFWLYHO\
RI FXUUHQWV ZKRVH FRKRPRORJ\ FODVVHV LQ H q;q(X; R) YDQLVK� 7KHLU FR�GLPHQVLRQV DUH
HTXDO WR WKH GLPHQVLRQ RI H q;q(X; R)ZKLFK LV ILQLWH� )L[ D UHDO VPRRWK DQG FORVHG (p; p)�
IRUP ˛ LQ WKH FRKRPRORJ\ FODVV RI T LQ H p;p(X; R)� :H ZLOO FRQVLGHU WKH VXSHU�SRWHQWLDO
RI T ZKLFK LV WKH UHDO IXQFWLRQ UT RQ eD0

k"p+1(X) GHILQHG E\

UT (R) := hT $ ˛; URi IRU R 2 eD0
k"p+1(X);

ZKHUH UR LV DQ\ VPRRWK IRUP RI EL�GHJUHH (k $ p; k $ p) VXFK WKDW dd cUR = R� 7KLV
IRUP DOZD\V H[LVWV EHFDXVH WKH FRKRPRORJ\ FODVV RI R YDQLVKHV� 1RWH WKDW VLQFH WKH FR�
KRPRORJ\ FODVV RI T $ ˛ YDQLVKHV� ZH FDQ ZULWH T $ ˛ = dd cUT IRU VRPH FXUUHQW UT �
%\ 6WRNHV WKHRUHP� ZH KDYH

UT (R) = hdd cUT ; URi = hUT ; dd cURi = hUT ; Ri:
:H GHGXFH IURP WKHVH LGHQWLWLHV WKDW UT (R) GRHVQ¶W GHSHQG RQ WKH FKRLFH RI UR DQG UT �
+RZHYHU� UT GHSHQGV RQ WKH UHIHUHQFH IRUP ˛: 1RWH DOVR WKDW LI T LV VPRRWK� LW LV QRW
QHFHVVDU\ WR WDNH R DQG UR VPRRWK�

)RU VLPSOLFLW\� ZH ZLOO QRW FRQVLGHU RWKHU VXSHU�SRWHQWLDOV RI T � 7KH\ DUH VRPH DIILQH
H[WHQVLRQV RI UT WR VRPH VXEVSDFHV RI Dk"p+1(X)� 7KH IROORZLQJ QRWLRQV GR QRW GH�
SHQG RQ WKH FKRLFH RI VXSHU�SRWHQWLDO QRU RQ WKH UHIHUHQFH IRUP ˛� :H VD\ WKDW T KDV
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D ERXQGHG VXSHU�SRWHQWLDO LI UT LV ERXQGHG RQ HDFK &�ERXQGHG VXEVHW RI eD0
k"p+1(X)�

:H VD\ WKDW T KDV D FRQWLQXRXV VXSHU�SRWHQWLDO LI UT FDQ EH H[WHQGHG WR D FRQWLQXRXV
IXQFWLRQ RQ D0

k"p+1(X) ZLWK UHVSHFW WR WKH WRSRORJ\ SUHYLRXVO\ LQWURGXFHG�
$V WKH GHILQLWLRQ RI VXSHU�SRWHQWLDOV LQWURGXFHV D QHZ VSDFH Dk"p+1(X)� WKHLU FDOFX�

OXV LV QRW LPPHGLDWH� 5HFHQWO\� ZLWK 1JX\HQ DQG 9X� ZH SURYHG WKDW LI D SRVLWLYH FORVHG
FXUUHQW LV ERXQGHG E\ DQRWKHU RQH ZLWK ERXQGHG RU FRQWLQXRXV VXSHU�SRWHQWLDOV� WKHQ LW
VDWLVILHV WKH VDPH SURSHUW\ 'LQK� 1JX\rQ� DQG 7UXRQJ >����E@� 7KH UHVXOW SOD\V D UROH LQ
VRPH FRQVWUXFWLRQV RI G\QDPLFDO *UHHQ FXUUHQWV DQG WKH VWXG\ RI SHULRGLF SRLQWV� 6XSHU�
SRWHQWLDOV DOVR SHUPLW WR EXLOG DQ LQWHUVHFWLRQ WKHRU\� VHH %HGIRUG DQG 7D\ORU >����@� 'H�
PDLOO\ >����@� DQG )RUQ VV DQG 6LERQ\ >����E@ IRU WKH FDVH RI EL�GHJUHH (1; 1)� ,Q WKH
G\QDPLFDO VHWWLQJ� WKH\ DOORZ XV WR GHILQH LQYDULDQW PHDVXUHV DV LQWHUVHFWLRQV RI G\QDPL�
FDO *UHHQ FXUUHQWV�

&RQVLGHU WZR SRVLWLYH FORVHG FXUUHQWV T DQG S RQ X RI EL�GHJUHH (p; p) DQG (q; q)
UHVSHFWLYHO\� $VVXPH WKDW p+q % k DQG WKDW T KDV D FRQWLQXRXV VXSHU�SRWHQWLDO� 6R UT

LV GHILQHG RQ ZKROH D0
k"p+1(X)� :H FDQ GHILQH WKH ZHGJH�SURGXFW T ^ S E\

hT ^ S; "i := h˛ ^ S; "i + UT (S ^ dd c")

IRU HYHU\ VPRRWK UHDO WHVW IRUP " RI EL�GHJUHH (k $p $q; k $p $q)� 1RWH WKDW S ^dd c"

EHORQJV WR D0
k"p+1(X) EHFDXVH LW LV HTXDO WR dd c(S ^ ")� ,W LV QRW GLIILFXOW WR FKHFN WKDW

T ^ S LV HTXDO WR WKH XVXDO ZHGJH�SURGXFW RI T DQG S ZKHQ RQH RI WKHP LV VPRRWK� 7KH
FXUUHQW T ^ S LV SRVLWLYH DQG FORVHG� VHH 'LQK� 1JX\rQ� DQG 7UXRQJ >����E@� 'LQK DQG
6LERQ\ >����� ����F@� DQG 9X >����E@ IRU GHWDLOV�

,Q WKLV VKRUW VXUYH\� ZH ZLOO QRW EH DEOH WR GLVFXVV DOO SURSHUWLHV RI VXSHU�SRWHQWLDOV� /HW
XV IRFXV RXU GLVFXVVLRQ LQ D NH\ SURSHUW\ ZKLFK LV FUXFLDO LQ WKH VROXWLRQ RI HTXLGLVWULEXWLRQ
SUREOHPV� ,W DOVR LOOXVWUDWHV KRZ RQH FDQ XVH VXSHU�SRWHQWLDOV LQ D VLPLODU ZD\ WKDW RQH FDQ
GR ZLWK TXDVL�S�V�K� IXQFWLRQV�

,W LV QRW GLIILFXOW WR VKRZ WKDW TXDVL�S�V�K� IXQFWLRQV DUH LQWHJUDEOH ZLWK UHVSHFW WR WKH
/HEHVJXH PHDVXUH RQ X � +RZHYHU� ZH KDYH WKH IROORZLQJ PXFK VWURQJHU SURSHUW\� VHH
H�J� 'LQK� 1JX\rQ� DQG 6LERQ\ >����@� .DXIPDQQ >����@� DQG 9X >����D@� ,W LPSOLHV WKDW
TXDVL�S�V�K� IXQFWLRQV DUH Lp IRU DOO 1 % p < 1�

7KHRUHP ��� �6NRGD�� /HW X DQG ! EH DV DERYH� /HW ˛ EH D VPRRWK UHDO FORVHG (1; 1)�
IRUP RQ X � 7KHUH DUH FRQVWDQWV $ > 0 DQG c > 0 VXFK WKDW LI T LV DQ\ SRVLWLYH FORVHG
(1; 1)�FXUUHQW LQ WKH FRKRPRORJ\ FODVV RI ˛ DQG u LV WKH TXDVL�S�V�K� IXQFWLRQ VDWLVI\LQJ
dd cu = T $ ˛ DQG PD[u = 0� WKHQ ZH KDYH

Z
X

e"juj!k % c:
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,W LV QRW FOHDU KRZ WR JHQHUDOL]H WKLV UHVXOW WR VXSHU�SRWHQWLDOV EHFDXVH WKHUH LV QR QDWXUDO
PHDVXUH RQ WKH GRPDLQ RI GHILQLWLRQ RI VXSHU�SRWHQWLDOV� 7KH IROORZLQJ UHVXOW RI 'LQK DQG
6LERQ\ >����� ����F@ JLYHV XV DQ DQVZHU WR WKLV TXHVWLRQ�

7KHRUHP ��� �'LQK±6LERQ\�� /HW X DQG ! EH DV DERYH� /HW ˛ EH D VPRRWK UHDO FORVHG
(p; p)�IRUP RQ X � 7KHUH LV D FRQVWDQW c > 0 VXFK WKDW LI T LV DQ\ SRVLWLYH FORVHG (p; p)�
FXUUHQW LQ WKH FRKRPRORJ\ FODVV RI ˛ DQG UT LV LWV VXSHU�SRWHQWLDO GHILQHG DERYH� WKHQ

jUT (R)j % c(1 + ORJ+ kRkC1);

IRU R 2 D0
k"p+1(X) ZLWK kRk# = 1� ZKHUH ORJ+ := PD[(ORJ; 0)�

,I ZH UHPRYH ORJ+ IURP WKH VWDWHPHQW� WKH REWDLQHG HVWLPDWH LV PXFK ZHDNHU DQG HDV\
WR SURYH� 6R WKH FRQWULEXWLRQ RI ORJ+ KHUH LV VLPLODU WR WKH UROH RI WKH H[SRQHQWLDO LQ 7KH�
RUHP ���� 6HYHUDO DSSOLFDWLRQV RI VXSHU�SRWHQWLDOV LQ G\QDPLFV KDYH EHHQ REWDLQHG� :H
ZLOO RQO\ SUHVHQW KHUH WZR UHVXOWV DQG UHIHU WKH UHDGHU WR $KQ >����@� 'H 7KpOLQ DQG 9LJQ\
>����@� DQG 'LQK DQG 6LERQ\ >����� ����F@ IRU VRPH RWKHU DSSOLFDWLRQV� LQ SDUWLFXODU� IRU
G\QDPLFV RI DXWRPRUSKLVPV RI FRPSDFW .lKOHU PDQLIROGV�

/HW Hd GHQRWH WKH IDPLO\ RI DOO KRORPRUSKLF VHOI�PDSV RI P k VXFK WKDW WKH ILUVW G\�
QDPLFDO GHJUHH LV DQ LQWHJHU d # 2� 7KLV FDQ EH LGHQWLILHG WR D =DULVNL RSHQ VXEVHW RI
D SURMHFWLYH VSDFH� $ JHQHULF PDS IURP Ck WR Ck ZKRVH FRPSRQHQWV DUH SRO\QRPLDOV
RI GHJUHH d FDQ EH H[WHQGHG WR D KRORPRUSKLF VHOI�PDS RI P k � 7KH IROORZLQJ UHVXOW ZDV
REWDLQHG LQ 'LQK DQG 6LERQ\ >����@� VHH DOVR $KQ >����@ IRU VRPH H[WHQVLRQ�

7KHRUHP ��� �'LQK±6LERQ\�� 7KHUH LV DQ H[SOLFLW GHQVH =DULVNL RSHQ VXEVHW H 0
d RI Hd

VXFK WKDW IRU HYHU\ f LQ H 0
d DQG HYHU\ DQDO\WLF VXEVHW V RI SXUH FRGLPHQVLRQ p DQG RI

GHJUHH GHJ(V ) RI P k ZH KDYH

OLP
n!1

1

d pn GHJ(V )
(f n)#[V ] = T p;

ZKHUH T p LV WKH p�WK SRZHU RI WKH G\QDPLFDO *UHHQ (1; 1)�FXUUHQW T RI f � 0RUHRYHU� WKH
FRQYHUJHQFH LV XQLIRUP RQ V DQG H[SRQHQWLDOO\ IDVW ZLWK UHVSHFW WR VRPH QDWXUDO GLVWDQFHV
RQ WKH VSDFH RI SRVLWLYH FXUUHQWV�

:H KDYH QRW \HW LQWURGXFHG WKH *UHHQ FXUUHQW T � 7KLV LV D SRVLWLYH FORVHG (1; 1)�FXUUHQW
RQ P k � LQYDULDQW E\ d "1f #� ZLWK XQLW PDVV DQG FRQWLQXRXV SRWHQWLDOV� 7KH SRZHU T p

LV ZHOO�GHILQHG DQG LV FDOOHG *UHHQ (p; p)�FXUUHQW RI f � 7KH ODVW WKHRUHP JLYHV XV D
FRQVWUXFWLRQ RI T E\ SXOOLQJ EDFN D K\SHUVXUIDFH V E\ f n �FDVH p = 1�� +RZHYHU� T

ZDV RULJLQDOO\ FRQVWUXFWHG IRU HYHU\ f 2 Hd E\ SXOOLQJ EDFN VPRRWK SRVLWLYH FORVHG
(1; 1)�IRUPV� VHH 'LQK DQG 6LERQ\ >����D@ DQG 6LERQ\ >����@ IRU GHWDLOV�
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1RWH WKDW 7KHRUHP ��� VWLOO KROGV LI ZH UHSODFH [V ] E\ DQ\ SRVLWLYH FORVHG (p; p)�FXUUHQW�
6R f VDWLVILHV WKH XQLTXH HUJRGLFLW\ IRU FXUUHQWV� 7KH UHVXOW LV KRZHYHU QRW WUXH IRU HYHU\
PDS f LQ Hd � ,Q JHQHUDO� WKHUH PD\ H[LVW H[FHSWLRQDO DQDO\WLF VHWV V IRU ZKLFK WKH FRQ�
YHUJHQFH LQ WKH WKHRUHP GRHVQ¶W KROG� VHH &RQMHFWXUH ��� EHORZ� 7KHUH DUH VDWLVIDFWRU\
HTXLGLVWULEXWLRQ UHVXOWV IRU JHQHUDO PDSV f RQO\ ZKHQ p = k DQG p = 1� WKDW LV� ZKHQ V

LV D SRLQW RU D K\SHUVXUIDFH� 7KH IXOO UHVXOW IRU p = k ZDV REWDLQHG E\ 'LQK DQG 6LERQ\
>����� ����E@ JHQHUDOL]LQJ UHVXOWV REWDLQHG E\ )RUQ VV DQG 6LERQ\ >����F@ DQG %ULHQG
DQG 'XYDO >����@� 7KH FDVH p = 1 ZDV REWDLQHG LQ 'LQK DQG 6LERQ\ >����@ DQG 7DIOLQ
>����@ JHQHUDOL]LQJ UHVXOWV REWDLQHG HDUOLHU E\ )RUQ VV DQG 6LERQ\ >����E@� 5XVVDNRYVNLL
DQG 6KLIIPDQ >����@ DQG )DYUH DQG -RQVVRQ >����@ �IRUp = 1; k = 2�� 7KH VDPH SURSHUW\
IRU G\QDPLFV LQ RQH YDULDEOH� H[FHSW WKH UDWH RI FRQYHUJHQFH� KDV EHHQ SURYHG E\ %UROLQ
>����@� )UHLUH� /RSHV� DQG 0Dxp >����@ DQG /MXELFK >����@�

7KH FRQYHUJHQFH RI FXUUHQWV LQ 7KHRUHP ��� LV HTXLYDOHQW WR WKH FRQYHUJHQFH RI WKHLU
VXSHU�SRWHQWLDOV� 7KH UDWH RI WKH FRQYHUJHQFH RI VXSHU�SRWHQWLDOV LPSOLHV WKH UDWH RI FRQ�
YHUJHQFH RI FXUUHQWV ZLWK UHVSHFW WR VRPH QDWXUDO GLVWDQFHV IRU SRVLWLYH FXUUHQWV� 7KHVH
GLVWDQFHV DUH DQDORJRXV WR WKH FODVVLFDO .DQWRURYLFK±:DVVHUVWHLQ GLVWDQFH IRU PHDVXUHV�

:H GLVFXVV QRZ WKH VHFRQG UHVXOW ZKHUH� DV IRU WKH ODVW UHVXOW� VXSHU�SRWHQWLDOV DQG
7KHRUHP ��� SOD\ FUXFLDO UROHV LQ WKH SURRI� /HW f EH D SRO\QRPLDO DXWRPRUSKLVP RI
Ck � :H H[WHQG LW WR D ELUDWLRQDO PDS RQ WKH SURMHFWLYH VSDFH P k � 'HQRWH E\ I (f ) DQG
I (f "1) WKH LQGHWHUPLQDF\ VHWV RI f DQG f "1 UHVSHFWLYHO\� 7KH\ DUH DQDO\WLF VXEVHWV RI
WKH K\SHUSODQH DW LQILQLW\ P k n Ck � 7KH IROORZLQJ QRWLRQ ZDV LQWURGXFHG XQGHU WKH QDPH
RI UHJXODU DXWRPRUSKLVPV LQ 6LERQ\ >����@�

'HILQLWLRQ ��� �6LERQ\�� :H VD\ WKDW f LV D +pQRQ�W\SH DXWRPRUSKLVP LI f LV QRW DQ
DXWRPRUSKLVP RI P k DQG I (f ) \ I (f "1) = ¿:

7KLV LV D ODUJH IDPLO\ RI PDSV� ,Q GLPHQVLRQ �� DOO SRO\QRPLDO DXWRPRUSKLVPV RIC2 DUH
FRQMXJDWHG HLWKHU WR +pQRQ�W\SH PDSV DV LQ 'HILQLWLRQ ��� RU WR HOHPHQWDU\ PDSV ZKRVH
G\QDPLFV LV VLPSOH WR VWXG\� VHH )ULHGODQG DQG 0LOQRU >����@� &RQVLGHU D +pQRQ�W\SH
PDS f DV DERYH� ,W LV NQRZQ WKDW WKHUH LV DQ LQWHJHU p VXFK WKDW GLP I (f ) = k $ p $ 1
DQG GLP I (f "1) = p $ 1� 7KH DFWLRQ RI f RQ FRKRPRORJ\ LV VLPSOH DQG dp(f ) LV WKH
PDLQ G\QDPLFDO GHJUHH�

,W LV DOVR NQRZQ WKDW WKH VHW I (f "1) LV DWWUDFWLYH IRU f � /HW U(f ) GHQRWH WKH EDVLQ RI
I (f "1) ZKLFK LV DQ RSHQ QHLJKERXUKRRG RI I (f "1) LQ P k � 7KH VHW K(f ) := Ck nU(f )

LV WKH VHW RI DOO SRLQWV z 2 Ck ZKRVH RUELWV E\ f DUH ERXQGHG LQ Ck � 7KH FORVXUH K(f )
RI K(f ) LQ P k LV NQRZQ WR EH WKH XQLRQ RI K(f ) ZLWK I (f )� 7KH IROORZLQJ UHVXOW ZDV
REWDLQHG LQ 'LQK DQG 6LERQ\ >����@ JHQHUDOL]LQJ UHVXOWV E\ %HGIRUG� /\XELFK� DQG 6PLOOLH
>����E@ DQG )RUQ VV DQG 6LERQ\ >����F@� ZKHUH WKH FDVH RI GLPHQVLRQ �� H[FHSW WKH UDWH
RI FRQYHUJHQFH� ZDV FRQVLGHUHG�
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7KHRUHP ��� �'LQK±6LERQ\�� /HW V EH DQ DQDO\WLF VXEVHW RI SXUH GLPHQVLRQ k $ p DQG
RI GHJUHH GHJ(V ) LQ P k VXFK WKDW V \ I (f "1) = ¿� 7KHQ GHJ(V )"1dp(f )"n(f n)#[V ]
FRQYHUJHV H[SRQHQWLDOO\ IDVW WR D SRVLWLYH FORVHG (p; p)�FXUUHQW T (f ) ZLWK VXSSRUW LQ
K(f )� 0RUHRYHU� WKH VHW K(f ) LV ULJLG LQ WKH VHQVH WKDW T (f ) LV WKH XQLTXH SRVLWLYH
FORVHG (p; p)�FXUUHQW RI PDVV 1 ZLWK VXSSRUW LQ K(f )�

1RWH WKDW WKH ULJLGLW\ RIK(f ) LPSOLHV WKH FRQYHUJHQFH RI GHJ(V )"1dp(f )"n(f n)#[V ]

WR T (f ) EHFDXVH f "n(V ) FRQYHUJHV WR K(f )� +RZHYHU� LW GRHVQ¶W LPSO\ WKH UDWH RI
FRQYHUJHQFH� 7KH FXUUHQW T (f ) LV WKH G\QDPLFDO *UHHQ (p; p)�FXUUHQW RI f � ,W ZDV FRQ�
VWUXFWHG E\ 6LERQ\ DV D SRZHU RI WKH G\QDPLFDO *UHHQ (1; 1)�FXUUHQW� 7KH ODWHU KDV EHHQ RE�
WDLQHG E\ SXOOLQJ EDFN VPRRWK SRVLWLYH FORVHG (1; 1)�IRUPV� VHH 6LERQ\ >����@ DQG 7DIOLQ
>����@ IRU GHWDLOV� 2EVHUYH WKDW 7KHRUHP ��� VWLOO KROGV LI ZH UHSODFH [V ] E\ DQ\ SRVLWLYH
FORVHG (p; p)�FXUUHQW ZKRVH VXSSRUW LV GLVMRLQW IURP I (f "1)� 7KH UHVXOW FDQ EH DSSOLHG
IRU f "1 LQVWHDG RI f VLQFH f "1 LV DOVR D +pQRQ�W\SH DXWRPRUSKLVP RI Ck � :H UHIHU WKH
UHDGHU WR WKH VXUYH\ 'LQK DQG 6LERQ\ >����@ IRU D PRUH FRPSOHWH SDQRUDPD RQ ULJLGLW\
SURSHUW\ LQ G\QDPLFV�

� 7KHRU\ RI GHQVLWLHV RI FXUUHQWV DQG SHULRGLF SRLQWV

7KH WKHRU\ RI GHQVLWLHV KDV EHHQ LQWURGXFHG LQ RUGHU WR VWXG\ WKH LQWHUVHFWLRQ EHWZHHQ SRV�
LWLYH FORVHG FXUUHQWV RI DUELWUDU\ GLPHQVLRQ� 7KHVH FXUUHQWV PD\ QRW DGPLW DQ LQWHUVHFWLRQ
LQ WKH FODVVLFDO VHQVH� ,Q SDUWLFXODU� WKH WKHRU\ SHUPLWV WR PHDVXUH WKH GLPHQVLRQ H[FHVV RI
WKH LQWHUVHFWLRQ DQG WR XQGHUVWDQG ZKDW KDSSHQV IRU WKH OLPLW RI VXFK LQWHUVHFWLRQV� 6XFK
VLWXDWLRQV DSSHDU LQ VHYHUDO G\QDPLFDO SUREOHPV� :H ZLOO QRW UHSRUW RQ WKH WKHRU\ LQ IXOO
JHQHUDOLW\ DQG UHIHU WKH UHDGHU WR 'LQK DQG 6LERQ\ >����� ����@ IRU GHWDLOV� 6RPH DSSOL�
FDWLRQV LQ G\QDPLFV ZLOO EH GLVFXVVHG DW WKH HQG RI WKLV VHFWLRQ�

&RQVLGHU WKH FDVH RI WZR SRVLWLYH FORVHG FXUUHQWV � WKH ILUVW RQH LV D JHQHUDO SRVLWLYH
FORVHG (p; p)�FXUUHQW T DQG WKH VHFRQG RQH LV WKH FXUUHQW RI LQWHJUDWLRQ RQ D VXEPDQLIROG
V RIX � :H ZDQW WR XQGHUVWDQG WKH GHQVLWLHV RI T � L�H� WKH UHSDUWLWLRQ RI PDVV LQ YDULRXV GL�
UHFWLRQV� DORQJ V YLD D QRWLRQ RI WDQJHQW FXUUHQW� 7KH FDVH ZKHUH V LV D SRLQW FRUUHVSRQGV
WR WKH FODVVLFDO WKHRU\ RI /HORQJ QXPEHU IRU SRVLWLYH FORVHG FXUUHQWV� 7KH URXJK LGHD LV
WR GLODWH WKH PDQLIROG X LQ WKH QRUPDO GLUHFWLRQV WR V � :KHQ WKH GLODWLRQ IDFWRU WHQGV WR
LQILQLW\� WKH LPDJH RI T E\ WKH GLODWLRQ DGPLWV OLPLWV WKDW ZH ZLOO FDOO WDQJHQW FXUUHQWV RI
T DORQJ V � 7KH\ PD\ QRW EH XQLTXH EXW EHORQJ WR WKH VDPH FRKRPRORJ\ FODVV� +RZHYHU�
LQ JHQHUDO� WKHUH LV QR QDWXUDO GLODWLRQV LQ WKH QRUPDO GLUHFWLRQV WR V DQG WDQJHQW FXUUHQWV
DUH GHILQHG LQ D PRUH VRSKLVWLFDWHG ZD\�

/HW E GHQRWH WKH QRUPDO YHFWRU EXQGOH WR V LQ X DQG E LWV FDQRQLFDO FRPSDFWLILFDWLRQ�
'HQRWH E\ A" : E ! E WKH PDS LQGXFHG E\ WKH PXOWLSOLFDWLRQ E\ $ RQ ILEHUV RI E ZLWK
$ 2 C#� :H DOVR LGHQWLI\ V ZLWK WKH ]HUR VHFWLRQ RI E� 7KH WDQJHQW FXUUHQWV WR T DORQJ
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V ZLOO EH SRVLWLYH FORVHG (p; p)�FXUUHQWV RQ E ZKLFK DUH V �FRQLF� L�H� LQYDULDQW XQGHU WKH
DFWLRQ RI A"�

/HW % EH D GLIIHRPRUSKLVP EHWZHHQ D QHLJKERXUKRRG RI V LQ X DQG D QHLJKERXUKRRG
RI V LQ E ZKRVH UHVWULFWLRQ WR V LV LGHQWLW\� $VVXPH WKDW % LV DGPLVVLEOH LQ WKH VHQVH WKDW
WKH HQGRPRUSKLVP RI E LQGXFHG E\ WKH GLIIHUHQWLDO RI % LV WKH LGHQWLW\ PDS IURP E WR E�
8VLQJ H[SRQHQWLDO PDSV DVVRFLDWHG ZLWK D .lKOHU PHWULF RQ X � LW LV QRW GLIILFXOW WR VKRZ
WKDW VXFK PDSV H[LVW� +HUH LV D PDLQ UHVXOW RI WKH WKHRU\ RI GHQVLWLHV�

7KHRUHP ���� /HW X; V; T; E; E; A" DQG % EH DV DERYH� 7KHQ WKH IDPLO\ RI FXUUHQWV
T" := (A")#%#(T ) LV UHODWLYHO\ FRPSDFW DQG DQ\ OLPLW FXUUHQW� IRU $ ! 1� LV D SRVL�
WLYH FORVHG (p; p)�FXUUHQW RQ E ZKRVH WULYLDO H[WHQVLRQ LV D SRVLWLYH FORVHG (p; p)�FXUUHQW
RQ E� 0RUHRYHU� LI S LV VXFK D FXUUHQW� LW LV V �FRQLF� L�H� LQYDULDQW XQGHU (A")#� DQG LWV
FRKRPRORJ\ FODVV LQ H p;p(E; R) GRHV QRW GHSHQG RQ WKH FKRLFH RI % DQG S �

1RWH WKDW T" LV QRW RI EL�GHJUHH (p; p) LQ JHQHUDO DQG RQH FDQQRW WDON DERXW LWV SRVLWLYLW\�
7KH DERYH WKHRUHP QRW RQO\ VWDWHV WKH H[LVWHQFH RI D XQLTXH FRKRPRORJ\ FODVV� EXW LW FODLPV
WKDW LW FDQ EH FRPSXWHG XVLQJ DQ\ DGPLVVLEOH % � 7KH UHVXOW VWLOO KROGV DQG ZH REWDLQ WKH
VDPH IDPLO\ RI OLPLW FXUUHQWV XVLQJ ORFDO DGPLVVLEOH GLIIHRPRUSKLVPV� 7KLV IOH[LELW\ LV
YHU\ XVHIXO LQ WKH DQDO\WLF FDOFXOXV ZLWK WDQJHQW FXUUHQWV DQG GHQVLWLHV ZKLOH WKH XVH RI
JOREDO DGPLVVLEOH GLIIHRPRUSKLVPV LV FRQYHQLHQW IRU FDOFXOXV RQ FRKRPRORJ\�

:H VD\ WKDW S LV D WDQJHQW FXUUHQW WR T DORQJ V � ,WV FRKRPRORJ\ FODVV LV FDOOHG WKH WRWDO
WDQJHQW FODVV RI T DORQJ V � 1RWH WKDW WKLV QRWLRQ JHQHUDOL]HV D QRWLRQ RI WDQJHQW FRQH LQ
WKH DOJHEUDLF VHWWLQJ ZKHUH T LV DOVR JLYHQ E\ D PDQLIROG� ,W PHDVXUHV WKH GHQVLWLHV RI T

DORQJ V � 7KH FRKRPRORJ\ ULQJ RI E LV JHQHUDWHG E\ WKH FRKRPRORJ\ ULQJ RI V DQG WKH
WDXWRORJLFDO (1; 1)�FODVV RQ E� 7KHUHIRUH� ZH FDQ GHFRPSRVH WKH FRKRPRORJ\ FODVV RI S

DQG DVVRFLDWH WR LW FRKRPRORJ\ FODVVHV RI GLIIHUHQW GHJUHHV RQ V � 7KHVH FODVVHV UHSUHVHQW
GLIIHUHQW SDUWV RI WKH WDQJHQW FODVV RI T DORQJ V �

1RWH DOVR WKDW IRU WKH JHQHUDO FDVH RI WZR DUELWUDU\ SRVLWLYH FORVHG FXUUHQWV T DQG T 0

RQ X �WKH PDQLIROG V LV UHSODFHG E\ D JHQHUDO FXUUHQW T 0�� WKH GHQVLWLHV EHWZHHQ T DQG
T 0 DUH GHWHUPLQHG E\ WKH GHQVLWLHV EHWZHHQ WKH WHQVRU SURGXFW T ˝ T 0 RQ X " X DQG WKH
GLDJRQDO RI X " X � $V DOUHDG\ PHQWLRQHG DERYH� ZH ZLOO QRW GHYHORS WKH JHQHUDO FDVH LQ
WKLV UHSRUW�

,W LV LPSRUWDQW WR HVWLPDWH RU FRPSXWH WKH GHQVLWLHV� 7KH IROORZLQJ SDUWLFXODU FDVH RI
'LQK DQG 6LERQ\ >����� 7K�����@ LV XVHG LQ WKH SURRIV RI WKH G\QDPLFDO SURSHUWLHV SUH�
VHQWHG EHORZ� ,W LV DQDORJRXV WR D UHVXOW E\ 6LX IRU /HORQJ QXPEHUV�

7KHRUHP ���� /HW Tn EH D VHTXHQFH RI SRVLWLYH FORVHG (p; p)�FXUUHQW FRQYHUJLQJ WR D
SRVLWLYH FORVHG (p; p)�FXUUHQW T RQ X � /HW V EH D VXEPDQLIROG RI X DQG GHQRWH E\ &n; &

WKH WRWDO WDQJHQW FODVVHV RI Tn; T DORQJ V � /HW c EH WKH FRKRPRORJ\ FODVV RI D SURMHFWLYH
VXEVSDFH RI D ILEHU RI E� $VVXPH WKDW & = $c IRU VRPH QRQ�QHJDWLYH FRQVWDQW $� 7KHQ
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DQ\ FOXVWHU YDOXH RI &n KDV WKH IRUP $0c ZLWK D FRQVWDQW 0 % $0 % $� ,Q SDUWLFXODU� LI
$ = 0 WKHQ &n WHQGV WR 0�

:H ZLOO JLYH QRZ VRPH DSSOLFDWLRQV LQ G\QDPLFV ZKHUH WKH ODVW WZR VWDWHPHQWV SOD\
D FUXFLDO UROH LQ WKH SURRI� )RU WKH IROORZLQJ UHVXOW� VHH %HGIRUG� /\XELFK� DQG 6PLOOLH
>����D@ DQG 'LQK DQG 6LERQ\ >����@�

7KHRUHP ��� �%HGIRUG±/\XELFK±6PLOOLH IRU k = 2� 'LQK±6LERQ\ IRU k # 2�� 8QGHU
WKH K\SRWKHVHV RI 7KHRUHP ���� OHW Pn GHQRWH WKH VHW RI SHULRGLF SRLQWV RI SHULRG n RI f

LQ Ck � 7KHQ WKH SRLQWV LQ Pn(f ) DUH DV\PSWRWLFDOO\ HTXLGLVWULEXWHG ZLWK UHVSHFW WR WKH
HTXLOLEULXP PHDVXUH ' RI f � 0RUH SUHFLVHO\� LI ıa GHQRWHV WKH 'LUDF PDVV DW D SRLQW a�
WKHQ

OLP
n!1 dp(f )"n

X
a2Pn(f )

ıa = ':

7KH UHVXOW VWLOO KROGV LI ZH UHSODFH Pn(f ) E\ WKH VHW RI VDGGOH SHULRGLF SRLQWV RI SHULRG n�

7KHPHDVXUH'ZDV FRQVWUXFWHG E\ 6LERQ\ >����@� :LWK WKH QRWDWLRQV RI 7KHRUHP ���� LW
LV HTXDO WR WKH LQWHUVHFWLRQ RI WKH *UHHQ FXUUHQW T (f ) RI f DQG WKH *UHHQ FXUUHQW T (f "1)
RI f "1� ,W KDV VXSSRUW LQ WKH FRPSDFW VHW K(f ) \ K(f "1) LQ Ck � ,I ∆ GHQRWHV WKH
GLDJRQDO RI P k " P k � WKHQ ' FDQ EH LGHQWLILHG ZLWK WKH LQWHUVHFWLRQ EHWZHHQ WKH FXUUHQW
[∆] DQG WKH WHQVRU SURGXFW T (f ) ˝ T (f "1)�

/HW Γn GHQRWH WKH JUDSK RI f n LQ P k " P k � 7KH VHW Pn(f ) FDQ EH LGHQWLILHG ZLWK WKH
LQWHUVHFWLRQ RI Γn DQG ∆ LQ Ck " Ck � 'HQRWH IRU VLPSOLFLW\ d := dp(f )� :H FDQ VKRZ
WKDW WKH SRVLWLYH FORVHG (k; k)�FXUUHQWV d "n[Γn] FRQYHUJH WR WKH FXUUHQW T (f )˝ T (f "1)�
7KHUHIRUH� 7KHRUHP ��� LV HTXLYDOHQW WR WKH LGHQWLW\

OLP
n!1

!
[∆] ^ d "n[Γn]

"
= [∆] ^

!
OLP

n!1 d "n[Γn]
"

RQ Ck " Ck �
,Q WKH JHQHUDO VHWWLQJ RI WKH WKHRU\ RI FXUUHQWV� WKH WZR RSHUDWLRQV RI LQWHUVHFWLRQ DQG RI

WDNLQJ WKH OLPLW� HYHQZKHQ WKH\ DUHZHOO�GHILQHG� PD\ QRW FRPPXWH� ,Q RXU VHWWLQJ� WKH ODVW
LGHQWLW\ UHTXLUHV D WUDQVYHUVDOLW\ SURSHUW\ GHVFULEHG EHORZ IRU WKH LQWHUVHFWLRQ EHWZHHQ Γn

DQG∆ ZKLFK LV� LQ VRPH VHQVH� XQLIRUP LQ n� 7R HVWDEOLVK WKLV SURSHUW\ UHTXLUHV D GHOLFDWH
DQDO\VLV XVLQJ LQ SDUWLFXODU D UHVXOW E\ GH 7KpOLQ >����@�

/HW *U(P k " P k ; k) GHQRWH WKH *UDVVPDQQLDQ EXQGOH RYHU P k " P k ZKHUH HDFK SRLQW
FRUUHVSRQGV WR D SDLU (x; [v]) RI D SRLQW x 2 P k " P k DQG WKH GLUHFWLRQ [v] RI D VLPSOH
WDQJHQW k�YHFWRU v RI P k " P k DW x� /HW eΓn GHQRWH WKH VHW RI SRLQWV (x; [v]) LQ *U(P k "
P k ; k) ZLWK x 2 Γn DQG v D k�YHFWRU QRW WUDQVYHUVH WR Γn DW x� /HW b∆ GHQRWH WKH OLIW RI
∆ WR *U(P k " P k ; k)� L�H� WKH VHW RI SRLQWV (x; [v]) ZLWK x 2 ∆ DQG v WDQJHQW WR ∆� 7KH
LQWHUVHFWLRQ eΓn \ b∆ FRUUHVSRQGV WR WKH QRQ�WUDQVYHUVH SRLQWV RI LQWHUVHFWLRQ EHWZHHQ Γn
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DQG ∆� 1RWH WKDW GLPeΓn + GLP b∆ LV VPDOOHU WKDQ WKH GLPHQVLRQ RI *U(P k " P k ; k) DQG
WKH LQWHUVHFWLRQ RI VXEYDULHWLHV RI VXFK GLPHQVLRQV DUH JHQHULFDOO\ HPSW\�

:H VKRZ WKDW WKH FXUUHQWV d "n[eΓn] FOXVWHU WRZDUGV D SRVLWLYH FORVHG FXUUHQW ZKRVH WDQ�
JHQW FXUUHQWV DORQJ b∆ YDQLVK� 7KLV WRJHWKHU ZLWK 7KHRUHP ��� LPSOLHV WKDW WKH LQWHUVHFWLRQ
EHWZHHQ Γn DQG∆ LV DV\PSWRWLFDOO\ WUDQVYHUVH DV n JRHV WR LQILQLW\� $V PHQWLRQHG DERYH�
WKLV LV WKH NH\ SRLQW LQ WKH SURRI RI 7KHRUHP ����

:H ZLOO HQG WKLV VHFWLRQ ZLWK DQRWKHU DSSOLFDWLRQ RI WKH WKHRU\ RI GHQVLWLHV� /HW f EH
D JHQHUDO GRPLQDQW PHURPRUSKLF PDS IURP X WR X � :KHQ WKH SHULRGLF SRLQWV RI SHULRG
n RI f DUH LVRODWHG� WKHQ WKHLU QXPEHU� FRXQWLQJ ZLWK PXOWLSOLFLW\� FDQ EH REWDLQHG XVLQJ
/HIVFKHW] IL[HG SRLQW IRUPXOD� ,Q JHQHUDO� WKLV VHW PD\ KDYH FRPSRQHQWV RI SRVLWLYH GL�
PHQVLRQ� EXW ZH VWLOO ZDQW WR VWXG\ WKH GLVWULEXWLRQ RI LVRODWHG SHULRGLF SRLQWV� LQ SDUWLFXODU�
WR FRXQW WKHP� 7KH IROORZLQJ UHVXOW ZDV UHFHQWO\ REWDLQHG LQ 'LQK� 1JX\rQ� DQG 7UXRQJ
>����D@ DV D FRQVHTXHQFH RI 7KHRUHP ��� DQG VRPH SURSHUWLHV RI WKH VHTXHQFH Γn�

7KHRUHP ��� �'LQK±1JX\HQ±7UXRQJ�� /HW f EH D GRPLQDQW PHURPRUSKLF VHOI�PDS RQ D
FRPSDFW .lKOHU PDQLIROG X � /HW ha(f ) EH LWV DOJHEUDLF HQWURS\ DQG Pn(f ) LWV QXPEHU
RI LVRODWHG SHULRGLF SRLQWV RI SHULRG n FRXQWHG ZLWK PXOWLSOLFLW\� 7KHQ ZH KDYH

OLP VXS
n!1

1

n
ORJPn(f ) % ha(f ):

,Q SDUWLFXODU� f LV DQ $UWLQ±0D]XU PDS� L�H�� LWV QXPEHU RI LVRODWHG SHULRGLF SRLQWV RI
SHULRG n JURZV DW PRVW H[SRQHQWLDOO\ IDVW ZLWK n�

1RWH WKDW WKHUH DUH VPRRWK UHDO PDSV RQ FRPSDFW PDQLIROGV ZKLFK DUH QRW $UWLQ±0D]XU
PDSV� VHH H�J� $UWLQ DQG 0D]XU >����@ DQG .DORVKLQ >����@� )RU ODUJH IDPLOLHV RI PHUR�
PRUSKLF PDSV RU FRUUHVSRQGHQFHV� ZH FDQ REWDLQ D VKDUS XSSHU ERXQG IRU WKH FDUGLQDOLW\
RI Pn(f ) ZKLFK LV HTXDO WR 1 + o(1) WLPHV WKH QXPEHU JLYHQ E\ WKH /HIVFKHW] IL[HG SRLQW
IRUPXOD 'LQK� 1JX\rQ� DQG 7UXRQJ >����� ����D�E@� 7KLV LV D FUXFLDO VWHS LQ WKH VWXG\ RI
WKH HTXLGLVWULEXWLRQ SURSHUW\ IRU WKHVH SRLQWV� /RZHU ERXQGV IRU WKH FDUGLQDOLW\ RI Pn(f )
ZHUH DOVR REWDLQHG LQ VRPH FDVHV XVLQJ RWKHU LGHDV IURP G\QDPLFV� :H UHIHU WR &DQ�
WDW >����@� 'LOOHU� 'XMDUGLQ� DQG *XHGM >����@� 'XMDUGLQ >����@� )DYUH >����@� ,ZDVDNL
DQG 8HKDUD >����@� -RQVVRQ DQG 5HVFKNH >����@� 6DLWR >����@� DQG ;LH >����@ IRU ORZHU
ERXQGV DQG UHODWHG UHVXOWV�

� 6RPH RSHQ SUREOHPV

,Q WKLV VHFWLRQ� ZH ZLOO VWDWH WKUHH RSHQ SUREOHPV ZKLFK DUH UHODWHG WR RXU GLVFXVVLRQ LQ WKH
SUHYLRXV WKUHH VHFWLRQV� :H WKLQN WKDW WKH\ DUH LPSRUWDQW SUREOHPV LQ FRPSOH[ G\QDPLFV�
7KH\ UHTXLUH QHZ LGHDV DQG PD\ SURYLGH QHZ WHFKQLTXHV WKDW FDQ EH XVHG WR VROYH RWKHU
TXHVWLRQV�
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7KH IROORZLQJ SUREOHP LV UHODWHG WR 7KHRUHP ���� ,W PD\ UHTXLUH VRPH LGHDV IURP
FRPSOH[ DQDO\VLV WRJHWKHU ZLWK WKH WHFKQLTXHV XVHG E\ <RPGLQ >����@� ,W ZDV DOUHDG\
EULHIO\ PHQWLRQHG LQ 6HFWLRQ ��

3UREOHP ���� /HW f : X ! X EH D GRPLQDQW PHURPRUSKLF PDS� 'RHV WKHUH DOZD\V H[LVW
D EL�PHURPRUSKLF PDS ! : X 0 ! X EHWZHHQ FRPSDFW .lKOHU PDQLIROGV VXFK WKDW WKH
DOJHEUDLF DQG WRSRORJLFDO HQWURSLHV RI !"1 ı f ı ! DUH HTXDO "

6RPH WULYLDO H[DPSOHV VKRZ WKDW ZH GRQ¶W KDYH WKLV HTXDOLW\ ZLWKRXW PRGLI\LQJ WKH
PDQLIROG X � VHH *XHGM >����@�

7KH IROORZLQJ FRQMHFWXUH ZDV VWDWHG LQ 'LQK DQG 6LERQ\ >����@� ,W PD\ UHTXLUHV D GHHS
XQGHUVWDQGLQJ RQ WKH VSDFH RI SRVLWLYH FORVHG FXUUHQWV ZKLFK LV RI LQILQLWH GLPHQVLRQ� /HW
f EH DQ HQGRPRUSKLVP RI P k RI DOJHEUDLF GHJUHH d # 2� $ SURSHU DQDO\WLF VXEVHW RI
P k LV VDLG WR EH WRWDOO\ LQYDULDQW LI LW LV LQYDULDQW E\ ERWK f DQG f "1� 7KH\ DSSHDU DV
H[FHSWLRQDO VHWV� ZKHUH WKH PXOWLSOLFLW\ RI f LV ODUJH� 5HFDOO WKDW WKH IDPLO\ RI DOO WKHVH
DQDO\WLF VHWV LV HLWKHU HPSW\ RU ILQLWH� VHH 'LQK DQG 6LERQ\ >����E@�

&RQMHFWXUH ���� /HW T EH WKH *UHHQ (1; 1)�FXUUHQW RI f DQG OHW p EH DQ LQWHJHU ZLWK
2 % p % k $ 1� 7KHQ (GHJV )"1d "pn(f n)#[V ] FRQYHUJH WR T p IRU HYHU\ DQDO\WLF VXEVHW
V RI P k RI SXUH FRGLPHQVLRQ p ZKLFK LV JHQHULF� +HUH� V LV JHQHULF LI HLWKHU V \ E = ¿
RU FRGLPV \ E = p + FRGLPE IRU DQ\ LUUHGXFLEOH FRPSRQHQW E RI D WRWDOO\ LQYDULDQW
SURSHU DQDO\WLF VXEVHW RI P k �

)LQDOO\� WKH IROORZLQJ SUREOHP VHHPV WR EH YHU\ FKDOOHQJLQJ� 7KH FXUUHQW DSSURDFK WR
JHW WKH HTXLGLVWULEXWLRQ RI SHULRGLF SRLQWV LQ 7KHRUHP ��� FRQWDLQV GLIIHUHQW VWHSV� 6HY�
HUDO RI WKHP DUH TXDQWLILDEOH EXW VRPH RI WKHP QHHG WR EH VXEVWLWXWHG E\ QHZ LGHDV IURP
SOXULSRWHQWLDO WKHRU\�

3UREOHP ���� 6WXG\ WKH UDWH RI FRQYHUJHQFH RI SHULRGLF SRLQWV RI +pQRQ�W\SHPDSV WRZDUG
WKH HTXLOLEULXP PHDVXUH�

5HIHUHQFHV

7DH\RQJ $KQ ������� ³(TXLGLVWULEXWLRQ LQ KLJKHU FRGLPHQVLRQ IRU KRORPRUSKLF HQGRPRU�
SKLVPV RI P k´� 7UDQV� $PHU� 0DWK� 6RF� ������ SS� ����±����� 05� j98R33y �FLW� RQ
S� ������

(NDWHULQD $PHULN DQG )UpGpULF &DPSDQD ������� ³)LEUDWLRQV PpURPRUSKHV VXU FHUWDLQHV
YDULpWpV j ILEUp FDQRQLTXH WULYLDO´� 3XUH $SSO� 0DWK� 4� ���� 6SHFLDO ,VVXH� ,Q KRQRU RI
)HGRU %RJRPRORY� 3DUW �� SS� ���±���� 05� k9yy338 �FLW� RQ S� ������

0LFKDHO $UWLQ DQG %DUU\0D]XU ������� ³2Q SHULRGLF SRLQWV´� $QQ� RI 0DWK� ��� ��� SS� ��±
��� 05� yRde93k �FLW� RQ S� ������

https://doi.org/10.1090/tran/6539
https://doi.org/10.1090/tran/6539
http://www.ams.org/mathscinet-getitem?mr=MR3451880
https://doi.org/10.4310/PAMQ.2008.v4.n2.a9
https://doi.org/10.4310/PAMQ.2008.v4.n2.a9
http://www.ams.org/mathscinet-getitem?mr=MR2400885
https://doi.org/10.2307/1970384
http://www.ams.org/mathscinet-getitem?mr=MR0176482
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(ULF %HGIRUG� 0LNKDLO /\XELFK� DQG -RKQ 6PLOOLH �����D�� ³'LVWULEXWLRQ RI SHULRGLF
SRLQWV RI SRO\QRPLDO GLIIHRPRUSKLVPV RI &2´� ,QYHQW� 0DWK� ������ SS� ���±���� 05�
Rk9yejN �FLW� RQ SS� ����� ������

± �����E�� ³3RO\QRPLDO GLIIHRPRUSKLVPV RI &2� ,9� 7KH PHDVXUH RI PD[LPDO HQWURS\
DQG ODPLQDU FXUUHQWV´� ,QYHQW� 0DWK� ������ SS� ��±����05� Rkyd9d3 �FLW� RQ SS� �����
������

(ULF %HGIRUG DQG -RKQ 6PLOOLH ������� ³3RO\QRPLDO GLIIHRPRUSKLVPV RI&2� FXUUHQWV� HTXL�
OLEULXPPHDVXUH DQG K\SHUEROLFLW\´� ,QYHQW� 0DWK� ������ SS� ��±��� 05� RydN39y �FLW�
RQ S� ������

± ������� ³3RO\QRPLDO GLIIHRPRUSKLVPV RI &2� ,,,� (UJRGLFLW\� H[SRQHQWV DQG HQWURS\
RI WKH HTXLOLEULXP PHDVXUH´� 0DWK� $QQ� ������ SS� ���±���� 05� RR33Rkd �FLW� RQ
S� ������

(ULF %HGIRUG DQG %� $OODQ 7D\ORU ������� ³$ QHZ FDSDFLW\ IRU SOXULVXEKDUPRQLF IXQF�
WLRQV´� $FWD 0DWK� �������� SS� �±��� 05� ed9Re8 �FLW� RQ S� ������

)UDQoRLV %HUWHORRW DQG9RONHU0D\HU �������5XGLPHQWV GH G\QDPLTXH KRORPRUSKH� 9RO� ��
&RXUV 6SpFLDOLVpV >6SHFLDOL]HG &RXUVHV@� 6RFLpWp 0DWKpPDWLTXH GH )UDQFH� 3DULV� ('3
6FLHQFHV� /HV 8OLV� SS� YL����� 05� RNdjy8y �FLW� RQ S� ������

-HDQ�<YHV %ULHQG DQG -XOLHQ 'XYDO ������� ³'HX[ FDUDFWpULVDWLRQV GH OD PHVXUH
G¶pTXLOLEUH G¶XQ HQGRPRUSKLVPH GH 3k(&)´� 3XEO� 0DWK� ,QVW� +DXWHV eWXGHV 6FL� ���
SS� ���±���� 05� R3ejdjd �FLW� RQ S� ������

+DQV %UROLQ ������� ³,QYDULDQW VHWV XQGHU LWHUDWLRQ RI UDWLRQDO IXQFWLRQV´�$UN� 0DW� �� ���±
��� ������� 05� yRN98N8 �FLW� RQ SS� ����� ������

6HUJH &DQWDW ������� ³'\QDPLTXH GHV DXWRPRUSKLVPHV GHV VXUIDFHV K3´� $FWD 0DWK�
������ SS� �±��� 05� R3e9ejy �FLW� RQ S� ������

/HQQDUW &DUOHVRQ DQG 7KHRGRUH :� *DPHOLQ ������� &RPSOH[ G\QDPLFV� 8QLYHUVLWH[W�
7UDFWV LQ 0DWKHPDWLFV� 6SULQJHU�9HUODJ� 1HZ <RUN� SS� [����� 05� Rkjyj3j �FLW� RQ
S� ������

+HQU\ 'H 7KpOLQ DQG *DEULHO 9LJQ\ ������� ³(QWURS\ RI PHURPRUSKLF PDSV DQG G\QDPLFV
RI ELUDWLRQDO PDSV´�0pP� 6RF� 0DWK� )U� �1�6�� ���� SS� YL���� 05� kd8kd8N �FLW� RQ
S� ������

-HDQ�3LHUUH 'HPDLOO\ ������� ³5HJXODUL]DWLRQ RI FORVHG SRVLWLYH FXUUHQWV DQG LQWHUVHFWLRQ
WKHRU\´� -� $OJHEUDLF *HRP� ���� SS� ���±���� 05� RR83ekk �FLW� RQ S� ������

± ������� ³&RPSOH[ DQDO\WLF DQG GLIIHUHQWLDO JHRPHWU\´ �FLW� RQ SS� ����� ������
-HIIUH\ 'LOOHU� 5RPDLQ 'XMDUGLQ� DQG 9LQFHQW *XHGM ������� ³'\QDPLFV RI PHURPRUSKLF

PDSV ZLWK VPDOO WRSRORJLFDO GHJUHH ,,,� JHRPHWULF FXUUHQWV DQG HUJRGLF WKHRU\´� $QQ�
6FL� eF� 1RUP� 6XSpU� ��� ����� SS� ���±���� 05� keekee8 �FLW� RQ S� ������

7LHQ�&XRQJ 'LQK ������� ³6XLWHV G¶DSSOLFDWLRQV PpURPRUSKHV PXOWLYDOXpHV HW FRXUDQWV
ODPLQDLUHV´� -� *HRP� $QDO� ����� SS� ���±���� 05� kR8k93y �FLW� RQ S� ������
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https://doi.org/10.1007/BF01239509
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http://www.ams.org/mathscinet-getitem?mr=MR674165
http://www.ams.org/mathscinet-getitem?mr=MR1973050
https://doi.org/10.1007/s10240-001-8190-4
https://doi.org/10.1007/s10240-001-8190-4
http://www.ams.org/mathscinet-getitem?mr=MR1863737
https://doi.org/10.1007/BF02591353
http://www.ams.org/mathscinet-getitem?mr=MR0194595
https://doi.org/10.1007/BF02392831
http://www.ams.org/mathscinet-getitem?mr=MR1864630
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http://www.ams.org/mathscinet-getitem?mr=MR1230383
http://www.ams.org/mathscinet-getitem?mr=MR2752759
http://www.ams.org/mathscinet-getitem?mr=MR1158622
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3/85,327(17,$/ 7+(25< $1' &203/(; '<1$0,&6 ����

7LHQ�&XRQJ 'LQK DQG 9LrW�$QK 1JX\rQ ������� ³7KH PL[HG +RGJH�5LHPDQQ ELOLQHDU UH�
ODWLRQV IRU FRPSDFW .lKOHU PDQLIROGV´� *HRP� )XQFW� $QDO� ����� SS� ���±���� 05�
kk88j3k �FLW� RQ S� ������

7LHQ�&XRQJ 'LQK� 9LrW�$QK 1JX\rQ� DQG 1HVVLP 6LERQ\ ������� ³([SRQHQWLDO HVWLPDWHV
IRU SOXULVXEKDUPRQLF IXQFWLRQV DQG VWRFKDVWLF G\QDPLFV´� -� 'LIIHUHQWLDO *HRP� �����
SS� ���±���� 05� keeNjek �FLW� RQ S� ������

7LHQ�&XRQJ 'LQK� 9LrW�$QK 1JX\rQ� DQG 7X\HQ 7UXQJ 7UXRQJ ������� ³2Q WKH G\QDPLFDO
GHJUHHV RI PHURPRUSKLF PDSV SUHVHUYLQJ D ILEUDWLRQ´� &RPPXQ� &RQWHPS� 0DWK� �����
SS� �������� ��� 05� kN3Ne9e �FLW� RQ SS� ����� ������

± ������� ³(TXLGLVWULEXWLRQ IRU PHURPRUSKLF PDSV ZLWK GRPLQDQW WRSRORJLFDO GHJUHH´�
,QGLDQD 8QLY� 0DWK� -� ����� SS� ����±����� 05� j9jekje �FLW� RQ S� ������

± �����D�� ³*URZWK RI WKH QXPEHU RI SHULRGLF SRLQWV IRU PHURPRUSKLF PDSV´� %XOOHWLQ
RI WKH /RQGRQ 0DWKHPDWLFDO 6RFLHW\ ����� SS� ���±��� �FLW� RQ S� ������

± �2FW� ����E�� ³6XSHU�SRWHQWLDOV� GHQVLWLHV RI FXUUHQWV DQG QXPEHU RI SHULRGLF SRLQWV IRU
KRORPRUSKLF PDSV´� DU;LY� RdRyXyR9dj �FLW� RQ SS� ����� ������

7LHQ�&XRQJ 'LQK DQG 1HVVLP 6LERQ\ ������� ³'\QDPLTXH GHV DSSOLFDWLRQV G¶DOOXUH SRO\�
QRPLDOH´� -� 0DWK� 3XUHV $SSO� ��� ����� SS� ���±���� 05� RNNkjd8 �FLW� RQ S� ������

± ������� ³5HJXODUL]DWLRQ RI FXUUHQWV DQG HQWURS\´� $QQ� 6FL� eFROH 1RUP� 6XS� ��� �����
SS� ���±���� 05� kRRNk9j �FLW� RQ SS� ����� ������

± ������� ³8QH ERUQH VXSpULHXUH SRXU O¶HQWURSLH WRSRORJLTXH G¶XQH DSSOLFDWLRQ UD�
WLRQQHOOH´� $QQ� RI 0DWK� ��� ������ SS� ����±����� 05� kR3y9yN �FLW� RQ S� ������

± ������� ³(TXLGLVWULEXWLRQ WRZDUGV WKH *UHHQ FXUUHQW IRU KRORPRUSKLF PDSV´� $QQ� 6FL�
eF� 1RUP� 6XSpU� ��� ����� SS� ���±���� 05� k9e3939 �FLW� RQ SS� ����� ������

± ������� ³6XSHU�SRWHQWLDOV RI SRVLWLYH FORVHG FXUUHQWV� LQWHUVHFWLRQ WKHRU\ DQG G\QDP�
LFV´� $FWD 0DWK� ������ SS� �±��� 05� k8983k8 �FLW� RQ SS� ����±������

± �����D�� ³'\QDPLFV LQ VHYHUDO FRPSOH[ YDULDEOHV� HQGRPRUSKLVPV RI SURMHFWLYH VSDFHV
DQG SRO\QRPLDO�OLNH PDSSLQJV´� ,Q� +RORPRUSKLF G\QDPLFDO V\VWHPV� 9RO� ����� /HF�
WXUH 1RWHV LQ 0DWK� 6SULQJHU� %HUOLQ� SS� ���±���� 05� ke93eNy �FLW� RQ SS� �����
������

± �����E�� ³(TXLGLVWULEXWLRQ VSHHG IRU HQGRPRUSKLVPV RI SURMHFWLYH VSDFHV´�0DWK� $QQ�
������ SS� ���±���� 05� ke9yy98 �FLW� RQ SS� ����� ������

± �����F�� ³6XSHU�SRWHQWLDOV IRU FXUUHQWV RQ FRPSDFW .lKOHU PDQLIROGV DQG G\QDPLFV
RI DXWRPRUSKLVPV´� -� $OJHEUDLF *HRP� ����� SS� ���±���� 05� kekN8N3 �FLW� RQ
SS� ����±������

± �0DU� ������ ³'HQVLW\ RI SRVLWLYH FORVHG FXUUHQWV� D WKHRU\ RI QRQ�JHQHULF LQWHUVHF�
WLRQV´� DU;LY� RkyjX83Ry �FLW� RQ SS� ����� ������

± ������� ³5LJLGLW\ RI -XOLD VHWV IRU +pQRQ W\SH PDSV´� -� 0RG� '\Q� ������ SS� ���±����
05� jj983jN �FLW� RQ S� ������
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7LHQ�&XRQJ 'LQK DQG 1HVVLP 6LERQ\ ������� ³(TXLGLVWULEXWLRQ RI VDGGOH SHULRGLF SRLQWV
IRU +pQRQ�W\SH DXWRPRUSKLVPV RI Ck´� 0DWK� $QQ� �������� SS� ����±����� 05�
j8ejkje �FLW� RQ S� ������

± ������� ³(TXLGLVWULEXWLRQ SUREOHPV LQ FRPSOH[ G\QDPLFV RI KLJKHU GLPHQVLRQ´� ,QWHU�
QDW� -� 0DWK� ����� SS� �������� ��� 05� jeedNyR �FLW� RQ S� ������

± ������� ³8QLTXH HUJRGLFLW\ IRU IROLDWLRQV LQ P 2 ZLWK DQ LQYDULDQW FXUYH´� ,QYHQW� 0DWK�
������ SS� �±��� 05� jd9kd88 �FLW� RQ S� ������

5RPDLQ 'XMDUGLQ ������� ³/DPLQDU FXUUHQWV DQG ELUDWLRQDO G\QDPLFV´� 'XNH 0DWK� -�
������ SS� ���±���� 05� kkRNk9R �FLW� RQ S� ������

+pOqQH (VQDXOW DQG 9DVXGHYDQ 6ULQLYDV ������� ³$OJHEUDLF YHUVXV WRSRORJLFDO HQWURS\ IRU
VXUIDFHV RYHU ILQLWH ILHOGV´� 2VDND -� 0DWK� ����� SS� ���±���� 05� jRkNyye �FLW� RQ
S� ������

&KDUOHV )DYUH ������� ³3RLQWV SpULRGLTXHV G¶DSSOLFDWLRQV ELUDWLRQQHOOHV GH 32´� $QQ� ,QVW�
)RXULHU �*UHQREOH� ����� SS� ���±����� 05� Re8eyy8 �FLW� RQ S� ������

&KDUOHV )DYUH DQG 0DWWLDV -RQVVRQ ������� ³%UROLQ¶V WKHRUHP IRU FXUYHV LQ WZR FRPSOH[
GLPHQVLRQV´� $QQ� ,QVW� )RXULHU �*UHQREOH� ����� SS� ����±����� 05� kyjkN9y �FLW�
RQ S� ������

-RKQ (ULN )RUQ VV ������� '\QDPLFV LQ VHYHUDO FRPSOH[ YDULDEOHV� 9RO� ��� &%06 5H�
JLRQDO &RQIHUHQFH 6HULHV LQ 0DWKHPDWLFV� 3XEOLVKHG IRU WKH &RQIHUHQFH %RDUG RI
WKH 0DWKHPDWLFDO 6FLHQFHV� :DVKLQJWRQ� '&� E\ WKH $PHULFDQ 0DWKHPDWLFDO 6RFLHW\�
3URYLGHQFH� 5,� SS� YLLL���� 05� RjejN93 �FLW� RQ S� ������

-RKQ (ULN )RUQ VV DQG 1HVVLP 6LERQ\ ������� ³&RPSOH[ +pQRQ PDSSLQJV LQ &2 DQG
)DWRX�%LHEHUEDFK GRPDLQV´� 'XNH 0DWK� -� ����� SS� ���±���� 05� RR8y8NR �FLW� RQ
S� ������

± �����D�� ³&RPSOH[ G\QDPLFV LQ KLJKHU GLPHQVLRQ� ,´� $VWpULVTXH ���� &RPSOH[ DQ�
DO\WLF PHWKRGV LQ G\QDPLFDO V\VWHPV �5LR GH -DQHLUR� ������ SS� �� ���±���� 05�
Rk38j3N �FLW� RQ S� ������

± �����E�� ³&RPSOH[ G\QDPLFV LQ KLJKHU GLPHQVLRQV´� ,Q� &RPSOH[ SRWHQWLDO WKHRU\
�0RQWUHDO� 34� ������ 9RO� ���� 1$72 $GY� 6FL� ,QVW� 6HU� & 0DWK� 3K\V� 6FL� 1RWHV
SDUWLDOO\ ZULWWHQ E\ (VWHOD $� *DYRVWR� .OXZHU $FDG� 3XEO�� 'RUGUHFKW� SS� ���±����
05� RjjkNeR �FLW� RQ SS� ����� ������

± �����F�� ³&RPSOH[ G\QDPLFV LQ KLJKHU GLPHQVLRQV´� ,Q� &RPSOH[ SRWHQWLDO WKHRU\
�0RQWUHDO� 34� ������ 9RO� ���� 1$72 $GY� 6FL� ,QVW� 6HU� & 0DWK� 3K\V� 6FL� 1RWHV
SDUWLDOO\ ZULWWHQ E\ (VWHOD $� *DYRVWR� .OXZHU $FDG� 3XEO�� 'RUGUHFKW� SS� ���±����
05� RjjkNeR �FLW� RQ SS� ����� ����� ������

± �����D�� ³&RPSOH[ G\QDPLFV LQ KLJKHU GLPHQVLRQ� ,,´� ,Q�0RGHUQ PHWKRGV LQ FRPSOH[
DQDO\VLV �3ULQFHWRQ� 1-� ������ 9RO� ���� $QQ� RI 0DWK� 6WXG� 3ULQFHWRQ 8QLY� 3UHVV�
3ULQFHWRQ� 1-� SS� ���±���� 05� RjeNRjd �FLW� RQ S� ������
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± �����E�� ³2ND¶V LQHTXDOLW\ IRU FXUUHQWV DQG DSSOLFDWLRQV´� 0DWK� $QQ� ������ SS� ���±
���� 05� Rjk98Rd �FLW� RQ S� ������

$OH[DQGUH )UHLUH� $UWXU /RSHV� DQG 5LFDUGR 0Dxp ������� ³$Q LQYDULDQW PHDVXUH IRU UD�
WLRQDO PDSV´� %RO� 6RF� %UDVLO� 0DW� ����� SS� ��±��� 05� dje8e3 �FLW� RQ S� ������

6KPXHO )ULHGODQG DQG -RKQ 0LOQRU ������� ³'\QDPLFDO SURSHUWLHV RI SODQH SRO\QRPLDO
DXWRPRUSKLVPV´� (UJRGLF 7KHRU\ '\QDP� 6\VWHPV ���� SS� ��±��� 05� NNR9Ny �FLW�
RQ S� ������

:LOOLDP )XOWRQ ������� ,QWHUVHFWLRQ WKHRU\� 6HFRQG� 9RO� �� (UJHEQLVVH GHU 0DWKHPDWLN
XQG LKUHU *UHQ]JHELHWH� �� )ROJH� $ 6HULHV RI 0RGHUQ 6XUYH\V LQ 0DWKHPDWLFV >5H�
VXOWV LQ 0DWKHPDWLFV DQG 5HODWHG $UHDV� �UG 6HULHV� $ 6HULHV RI 0RGHUQ 6XUYH\V LQ
0DWKHPDWLFV@� 6SULQJHU�9HUODJ� %HUOLQ� SS� [LY����� 05� Re99jkj �FLW� RQ S� ������

0LNKDÕࡇ O *URPRY ������� ³&RQYH[ VHWV DQG .lKOHU PDQLIROGV´� ,Q� $GYDQFHV LQ GLIIHUHQWLDO
JHRPHWU\ DQG WRSRORJ\� :RUOG 6FL� 3XEO�� 7HDQHFN� 1-� SS� �±��� 05� RyN88kN �FLW� RQ
S� ������

± ������� ³2Q WKH HQWURS\ RI KRORPRUSKLF PDSV´� (QVHLJQ� 0DWK� ��� ������� SS� ���±
���� 05� kyke3N8 �FLW� RQ S� ������

9LQFHQW *XHGM ������� ³(UJRGLF SURSHUWLHV RI UDWLRQDO PDSSLQJV ZLWK ODUJH WRSRORJLFDO
GHJUHH´� $QQ� RI 0DWK� ��� ������ SS� ����±����� 05� kRdNj3N �FLW� RQ S� ������

/DUV +|UPDQGHU ������� $Q LQWURGXFWLRQ WR FRPSOH[ DQDO\VLV LQ VHYHUDO YDULDEOHV� 7KLUG�
9RO� �� 1RUWK�+ROODQG 0DWKHPDWLFDO /LEUDU\� 1RUWK�+ROODQG 3XEOLVKLQJ &R�� $PVWHU�
GDP� SS� [LL����� 05� Ry98ejN �FLW� RQ S� ������

-RKQ +� +XEEDUG ������� ³7KH +pQRQ PDSSLQJ LQ WKH FRPSOH[ GRPDLQ´� ,Q� &KDRWLF G\�
QDPLFV DQG IUDFWDOV �$WODQWD� *D�� ������ 9RO� �� 1RWHV 5HS� 0DWK� 6FL� (QJUJ� $FD�
GHPLF 3UHVV� 2UODQGR� )/� SS� ���±���� 05� 383yyN �FLW� RQ S� ������

.DWVXQRUL ,ZDVDNL DQG 7DNDWR 8HKDUD ������� ³3HULRGLF SRLQWV IRU DUHD�SUHVHUYLQJ ELUD�
WLRQDO PDSV RI VXUIDFHV´�0DWK� =� ������ SS� ���±���� 05� ked3ekN �FLW� RQ S� ������

0DWWLDV -RQVVRQ DQG 3DXO 5HVFKNH �0D\ ������ ³2Q WKH FRPSOH[ G\QDPLFV RI ELUDWLRQDO
VXUIDFH PDSV GHILQHG RYHU QXPEHU ILHOGV´� DU;LY� R8y8Xyj88N �FLW� RQ S� ������

9DGLP <X� .DORVKLQ ������� ³*HQHULF GLIIHRPRUSKLVPV ZLWK VXSHUH[SRQHQWLDO JURZWK RI
QXPEHU RI SHULRGLF RUELWV´� &RPP� 0DWK� 3K\V� ������ SS� ���±���� 05� Rd8dyR8 �FLW�
RQ S� ������

/XFDV .DXIPDQQ ������� ³$ 6NRGD�W\SH LQWHJUDELOLW\ WKHRUHP IRU VLQJXODU 0RQJH�
$PSqUH PHDVXUHV´� 0LFKLJDQ 0DWK� -� ����� SS� ���±���� 05� jeN8j8j �FLW� RQ
S� ������

0NKDLO -X� /MXELFK ������� ³(QWURS\ SURSHUWLHV RI UDWLRQDO HQGRPRUSKLVPV RI WKH 5LH�
PDQQ VSKHUH´� (UJRGLF 7KHRU\ '\QDP� 6\VWHPV ���� SS� ���±���� 05� d9RjNj �FLW�
RQ S� ������
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1RERUX 1DND\DPD DQG 'H�4L =KDQJ ������� ³%XLOGLQJ EORFNV RI pWDOH HQGRPRUSKLVPV
RI FRPSOH[ SURMHFWLYH PDQLIROGV´� 3URF� /RQG� 0DWK� 6RF� ��� ����� SS� ���±���� 05�
k88R9eN �FLW� RQ S� ������

.HLML 2JXLVR �'HF� ����D�� ³$ FULWHULRQ IRU WKH SULPLWLYLW\ RI D ELUDWLRQDO DXWRPRUSKLVP
RI D &DODEL�<DX PDQLIROG DQG DQ DSSOLFDWLRQ´� 7R DSSHDU LQ 0DWK� 5HV� /HWW� DU;LY�
ReRkXyNyRe �FLW� RQ SS� ����� ������

± �����E�� ³3LVRW 8QLWV� 6DOHP 1XPEHUV� DQG +LJKHU 'LPHQVLRQDO 3URMHFWLYH 0DQLIROGV
ZLWK 3ULPLWLYH $XWRPRUSKLVPV RI 3RVLWLYH (QWURS\´� ,QWHUQDWLRQDO 0DWKHPDWLFV 5H�
VHDUFK 1RWLFHV �FLW� RQ S� ������

± �$SU� ������ ³$ IHZ H[SOLFLW H[DPSOHV RI FRPSOH[ G\QDPLFV RI LQHUWLD JURXSV RQ VXU�
IDFHV � D TXHVWLRQ RI 3URIHVVRU ,JRU 'ROJDFKHY´� 7R DSSHDU LQ 7UDQVIRUPDWLRQ *URXSV�
DU;LY� Rdy9XyjR9k �FLW� RQ S� ������

.HLML 2JXLVR DQG 7X\HQ 7UXQJ 7UXRQJ ������� ³([SOLFLW H[DPSOHV RI UDWLRQDO DQG &DODEL�
<DX WKUHHIROGV ZLWK SULPLWLYH DXWRPRUSKLVPV RI SRVLWLYH HQWURS\´� -� 0DWK� 6FL� 8QLY�
7RN\R ����� SS� ���±���� 05� jjkNkyy �FLW� RQ S� ������

$OH[DQGHU 5XVVDNRYVNLL DQG %HUQDUG 6KLIIPDQ ������� ³9DOXH GLVWULEXWLRQ IRU VHTXHQFHV
RI UDWLRQDO PDSSLQJV DQG FRPSOH[ G\QDPLFV´� ,QGLDQD 8QLY� 0DWK� -� ����� SS� ���±
���� 05� R933j9R �FLW� RQ SS� ����� ������

6KXML 6DLWR ������� ³*HQHUDO IL[HG SRLQW IRUPXOD IRU DQ DOJHEUDLF VXUIDFH DQG WKH WKHRU\ RI
6ZDQ UHSUHVHQWDWLRQV IRU WZR�GLPHQVLRQDO ORFDO ULQJV´� $PHU� -� 0DWK� ������ SS� ����±
����� 05� NRNyyk �FLW� RQ S� ������

1HVVLP 6LERQ\ ������� ([SRVpV j 2UVD\ QRQ SXEOLpV ������� &RXUV 8&/$ �FLW� RQ
S� ������

± ������� ³'\QDPLTXH GHV DSSOLFDWLRQV UDWLRQQHOOHV GH 3k´� ,Q� '\QDPLTXH HW JpRPpWULH
FRPSOH[HV �/\RQ� ������ 9RO� �� 3DQRU� 6\QWKqVHV� 6RF� 0DWK� )UDQFH� 3DULV� SS� L[±[�
[L±[LL� ��±���� 05� Rdey399 �FLW� RQ SS� ����� ����� ����±����� ������

<XP 7RQJ 6LX ������� ³$QDO\WLFLW\ RI VHWV DVVRFLDWHG WR /HORQJ QXPEHUV DQG WKH H[WHQ�
VLRQ RI FORVHG SRVLWLYH FXUUHQWV´� ,QYHQW� 0DWK� ��� SS� ��±���� 05� yj8k8Re �FLW� RQ
S� ������

+HQUL 6NRGD ������� ³3URORQJHPHQW GHV FRXUDQWV� SRVLWLIV� IHUPpV GH PDVVH ILQLH´� ,QYHQW�
0DWK� ����� SS� ���±���� 05� eek8Ne �FLW� RQ S� ������

-RKDQ 7DIOLQ ������� ³(TXLGLVWULEXWLRQ VSHHG WRZDUGV WKH *UHHQ FXUUHQW IRU HQGRPRU�
SKLVPV RI P k´� $GY� 0DWK� ������ SS� ����±����� 05� k3yjdN9 �FLW� RQ SS� �����
������

+HQU\ GH 7KpOLQ ������� ³6XU OHV H[SRVDQWV GH /\DSRXQRY GHV DSSOLFDWLRQV PpURPRUSKHV´�
,QYHQW� 0DWK� ������ SS� ��±���� 05� kj38ee3 �FLW� RQ S� ������

7X\HQ 7UXQJ 7UXRQJ �-DQ� ������ ³5HODWLYH G\QDPLFDO GHJUHHV RI FRUUHVSRQGHQFH RYHU
D ILHOG RI DUELWUDU\ FKDUDFWHULVWLF´� 7R DSSHDU LQ -� 5HLQH $QJHZ� 0DWK� DU;LY� R8yRX
yR8kj �FLW� RQ S� ������
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&ODLUH 9RLVLQ ������� +RGJH WKHRU\ DQG FRPSOH[ DOJHEUDLF JHRPHWU\� , � 9RO� ��� &DP�
EULGJH 6WXGLHV LQ $GYDQFHG 0DWKHPDWLFV� 7UDQVODWHG IURP WKH )UHQFK RULJLQDO E\ /HLOD
6FKQHSV� &DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH� SS� [����� 05� RNede3N �FLW� RQ
S� ������

'XF�9LHW 9X �$XJ� ����D�� ³&RPSOH[ 0RQJH�$PSqUH HTXDWLRQ IRU PHDVXUHV VXSSRUWHG
RQ UHDO VXEPDQLIROGV´� 7R DSSHDU LQ0DWK� $QQ� DU;LY� Rey3XykdN9 �FLW� RQ S� ������

± �����E�� ³,QWHUVHFWLRQ RI SRVLWLYH FORVHG FXUUHQWV RI KLJKHU ELGHJUHHV´�0LFKLJDQ 0DWK�
-� ����� SS� ���±���� 05� j8dNRNy �FLW� RQ S� ������

-XQ\L ;LH ������� ³3HULRGLF SRLQWV RI ELUDWLRQDO WUDQVIRUPDWLRQV RQ SURMHFWLYH VXUIDFHV´�
'XNH 0DWK� -� ������ SS� ���±���� 05� jjjk3N9 �FLW� RQ S� ������

<RVHI <RPGLQ ������� ³9ROXPH JURZWK DQG HQWURS\´� ,VUDHO -� 0DWK� ����� SS� ���±����
05� 33NNdN �FLW� RQ SS� ����� ������

'H�4L =KDQJ �����D�� ³&RKRPRORJLFDOO\ K\SHUEROLF HQGRPRUSKLVPV RI FRPSOH[ PDQL�
IROGV´� ,QWHUQDW� -� 0DWK� ����� SS� ���±���� 05� k893jNN �FLW� RQ S� ������

± �����E�� ³'\QDPLFV RI DXWRPRUSKLVPV RQ SURMHFWLYH FRPSOH[ PDQLIROGV´� -� 'LIIHUHQ�
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