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5pVXPp
2Q SUpVHQWH XQ UpVXPp GH QRV WUDYDX[ VXU OD FRXUEH TXH QRXV DYRQV LQWURGXLWH

DYHF -HDQ�0DUF )RQWDLQH HW VHV DSSOLFDWLRQV HQ WKpRULH GH +RGJH p�DGLTXH DLQVL TX¶DX
SURJUDPPH GH /DQJODQGV�

,QWURGXFWLRQ

/D FRXUEH IRQGDPHQWDOH HQ WKpRULH GH +RGJH S�DGLTXH D pWp LQWURGXLWH SDU -HDQ�0DUF
)RQWDLQH HW O¶DXWHXU GDQV )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@� 2Q SUpVHQWH G¶DERUG FHOOH�FL� O¶pWXGH
GHV ILEUpV YHFWRULHOV HW GH OHXUV PRGLILFDWLRQV GDQV OD 6HFWLRQ �� 'DQV OD 6HFWLRQ � RQ H[�
SOLTXH QRV UpVXOWDWV VXU O¶pWXGH GHV G�ILEUpV HW OHXUV DSSOLFDWLRQV DX[ HVSDFHV GH SpULRGHV
S�DGLTXHV� (QILQ� RQ FRQFOXW GDQV OD 6HFWLRQ � SDU GHV UpVXOWDWV UpFHQWV VXU OHV IDPLOOHV GH
ILEUpV HW OH OLHQ FRQMHFWXUDO DYHF OD FRUUHVSRQGDQFH GH /DQJODQGV ORFDOH� &H WH[WH HVW HQ
TXHOTXH VRUWH XQ UpFLW GX SDUFRXUV TXL QRXV D PHQp GHV ILOWUDWLRQV GH +DUGHU�1DUDVLPKDQ
GHV VFKpPDV HQ JURXSHV ILQLV HW SODWV �)ൺඋඎൾඌ >����E@� j OD FRQMHFWXUH GH JpRPpWULVDWLRQ
GH OD FRUUHVSRQGDQFH GH /DQJODQGV ORFDOH �6HFWLRQ ���

� &RXUEH HW ILEUpV YHFWRULHOV

��� )RQFWLRQV KRORPRUSKHV GH OD YDULDEOH p� 6RLHQW E XQ FRUSV ORFDO GH FRUSV UpVL�
GXHO OH FRUSV ILQL Fq HW ! XQH XQLIRUPLVDQWH GH E� 2Q D GRQF VRLW [E : Qp] < +1� VRLW
E = Fq((!))� 6RLW F jFq XQ FRUSV SHUIHFWRwGH� 2Q QRWH $ 2 F XQH SVHXGR�XQLIRUPLVDQWH
L�H� 0 < j$ j < 1� &RQVLGpURQV O¶DQQHDX GH )RQWDLQH �)ඈඇඍൺංඇൾ >����@�
)ඈඇඍൺංඇൾ >����D@�

$ =

(
WOE

(OF ) VL EjQp

OF !!" VL E = Fq((!)):

/¶DXWHXU D EpQpILFLp GX VXSSRUW GHV SURMHWV $15����&(�� ´3HU&R/D7RU´ HW (5&$GYDQFHG *UDQW ������ ´*HR�
/RF/DQJ´�
06&���� � SULPDU\ ��6�� � VHFRQGDU\ ��6��� ��*��� ��.���
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/D WKpRULH GH OD FRXUEH VFKpPDWLTXH QH QpFHVVLWH SDV OD WKpRULH GHV HVSDFHV SHUIHFWRwGHV
TX¶HOOH SUpGDWH RX GHV HVSDFHV DGLTXHV� 1pDQPRLQV LO HVW SOXV QDWXUHO PDLQWHQDQW GH O¶H[�
SRVHU HQ LQWURGXLVDQW FHV REMHWV� &RQVLGpURQV GRQF O¶HVSDFH DGLTXH

Y = 6SD($;$) n V (! [$ ]):

6L E = Fq((!)) LO V¶DJLW G¶XQ GLVTXH RXYHUW pSRLQWp GH OD YDULDEOH ! � D!F = f0 < j!j <

1g ! A1
F TXL HVW H[DFWHPHQW FHOXL TXL DSSDUDvW GDQV OHV WUDYDX[ GH �+ൺඋඍඅ HW 3ංඇ >����@��

1pDQPRLQV RQ QH OH FRQVLGqUH SDV LFL FRPPH XQ HVSDFH DGLTXH VXU F PDLV VXU E�

Y = D!F

6SD(F ) D!Fq
= 6SD(Fq((!))):

ORF� GH W\SH ILQL SDV ORF� GH W\SH ILQL

,O HVW SUpSHUIHFWRwGH� VLEjQp HWE1 HVW OH FRPSOpWp GH O¶H[WHQVLRQ HQJHQGUpH SDU OHV SRLQWV
GH WRUVLRQ G¶XQ JURXSH GH /XELQ�7DWH� O¶HVSDFH Y ˆ̋E E1 HVW SHUIHFWRwGH GH EDVFXOp OH
PrPH HVSDFH DVVRFLp j E[

1 L�H� D!;1/p1
F XQ GLVTXH SHUIHFWRwGH pSRLQWp �)ൺඋඎൾඌ >����F@

VHF� �����
/¶DOJqEUH GH )UpFKHW O(Y ) HVW REWHQXH SDU FRPSOpWLRQ GHV IRQFWLRQV KRORPRUSKHV VXU

Y � PpURPRUSKHV OH ORQJ GHV GLYLVHXUV (!) HW ([$ ])�

$[ 1! ; 1
[$ ] ];

UHODWLYHPHQW DX[ QRUPHV GH *DXVV j:j" SRXU GHV UD\RQV " 2]0; 1[
ˇ̌ X

n"#1
[xn]!

n
ˇ̌
"
= VXS

n
jxnj"n:

8Q pOpPHQW # =
P

n[xn]!n 2 $ HVW GLW SULPLWLI GH GHJUp d > 0 VL x0 ¤ 0� x0; : : : ; xd#1
2 mF HW xd 2 O$F � /H SURGXLW G¶XQ pOpPHQW SULPLWLI GH GHJUp d SDU XQ GH GHJUp d 0 HVW
SULPLWLI GH GHJUp d + d 0 HW RQ D GRQF XQH ERQQH QRWLRQ G¶pOpPHQW SULPLWLI LUUpGXFWLEOH�
'HX[ WHOV pOpPHQWV VRQW pTXLYDOHQWV V¶LOV VRQW PXOWLSOHV SDU XQH XQLWp GDQV $$� /H UpVXOWDW
VXLYDQW HVW XQ XQ UpVXOWDW FOHI SRXU WRXWH OD VXLWH �RQ UHQYRLH pJDOHPHQW DX[ DUWLFOHV GH
UHYXH )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@� )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@ HW )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ
>����@��

7KpRUqPH ��� �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@ WKpR� ���� FRUR� ������� WKpR� ��������
�� 6L F HVW DOJpEULTXHPHQW FORV DORUV WRXW pOpPHQW SULPLWLI GDQV $ LUUpGXFWLEOH HVW GH

GHJUp 1� pTXLYDOHQW j ! " [a] DYHF 0 < jaj < 1� (Q G¶DXWUHV WHUPHV� WRXW # SULPLWLI
D XQH IDFWRULVDWLRQ �GH :HLHUVWUDVV�

# = u(! " [a1]) : : : (! " [ad ]); u 2 $$; 0 < jai j < 1:
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�� 3RXU # SULPLWLI LUUpGXFWLEOH GDQV$�$[ 1! ]/(#) = O(Y )/(#) HVW XQ FRUSV SHUIHFWRwGH
GH EDVFXOp XQH H[WHQVLRQ GH GHJUp GHJ(#) GH F YLD x 7! [x] PRG #� &HOD LQGXLW XQH
pTXLYDOHQFH

fpOpPHQWV SULPLWLIV LUUpGXFWLEOHV GH GHJUp �g/ ∼ ∼""! GpEDVFXOHPHQWV GH F VXU E:

3DU GpILQLWLRQ OHV SRLQWV FODVVLTXHV GH Y � jY jcl � VRQW OHV ]pURV GHV pOpPHQWV SULPLWLIV GH
$� /HV QRUPHV GH *DXVV j:j" VRQW PXOWLSOLFDWLYHV HW RQ GLVSRVH GRQF G¶XQH ERQQH QRWLRQ
GH SRO\JRQH GH 1HZWRQ SRXU OHV IRQFWLRQV KRORPRUSKHV f VXU Y DLQVL TXH VXU VHV FRX�
URQQHV� FHFL SDU DSSOLFDWLRQ G¶XQH WUDQVIRUPpH GH /HJHQGUH LQYHUVH DSSOLTXpH j OD IRQFWLRQ
FRQFDYH ]0;+1[3 r 7! " ORJ jf jq!r � 3DU © ERQQH QRWLRQ GH SRO\JRQH GH 1HZWRQ ª RQ
HQWHQG W\SLTXHPHQW OH IDLW TXH OH SRO\JRQH G¶XQ SURGXLW HVW OH FRQFDWpQp GHV SRO\JRQHV
�)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >LELG�� VHF� �@� )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����� VHF� �@�� 3DU H[HPSOH� OH
SRO\JRQH GH 1HZWRQ GH

P
n"0[xn]!n 2 $[ 1! ; 1

[$ ] ] HVW O¶HQYHORSSH FRQYH[H GpFURLVVDQWH
GHV SRLQWV (n; v(xn))n2Z� 6L # =

P
n[xn]!n HVW SULPLWLI GH GHJUp d RQ GpILQLW VD YDOXDWLRQ

�OD © GLVWDQFH j O¶RULJLQH ! = 0 GDQV OH GLVTXH pSRLQWp Y ª� FRPPH pWDQW 1
d v(x0)�

7KpRUqPH ��� �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����� WKpR� �����@��
�� 3RXU f 2 O(Y ) QRQ QXO OHV SHQWHV GH VRQ SRO\JRQH GH 1HZWRQ VRQW OHV YDOXDWLRQV

GHV ]pURV GH f GDQV jY jcl � f (y) = 0 DYHF y 2 jY jcl � FRPSWpHV DYHF PXOWLSOLFLWp
RUGy(f ) GHJ(y) R� OD YDOXDWLRQ RUGy HVW FHOOH GH O¶DQQHDX GH SpULRGHV GH )RQWDLQH
bOY;y = B+

dR(k(y)) DVVRFLp DX FRUSV SHUIHFWRwGH k(y)�
�� /¶DOJqEUH GH %DQDFK GHV IRQFWLRQV KRORPRUSKHV VXU XQH FRXURQQH FRPSDFWH f"1 #

j!j # "2g GH Y HVW XQ DQQHDX SULQFLSDO GH VSHFWUH PD[LPDO OHV pOpPHQWV GH jY jcl

GDQV FHWWH FRXURQQH �j XQH XQLWp SUqV WRXW pOpPHQW LUUpGXFWLEOH HVW SULPLWLI LUUpGXF�
WLEOH GDQV $��

&RQFUqWHPHQW� VLF HVW DOJpEULTXHPHQW FORV HW VL $ HVW XQH SHQWH GX SRO\JRQH GH f DORUV
f = (! " [a])g DYHF v(a) = $ HW OD PXOWLSOLFLWp GH $ GDQV OH SRO\JRQH GH g HVW XQH GH
PRLQV� /¶DQDO\VH p�DGLTXH G¶XQH IRQFWLRQ G¶XQH YDULDEOH GpYHORSSpH GDQV /ൺඓൺඋൽ >����@
V¶pWHQG j FH FDGUH� 2Q SHXW W\SLTXHPHQW IRUPHU GHV SURGXLWV GH:HLHUVWUDVV HW YpULILHU DLQVL
TXH WRXW f 2 O(Y ) VH PHW VRXV OD IRUPH

Y
n%0

!
1 " [xn]

!

"
$ g

DYHF xn ! 0� g VDQV ]pURV DX YRLVLQDJH GH ! = 0 HW GRQF PpURPRUSKH HQ ! = 0� GH OD
IRUPH

P
n"0[xn]!n DYHF xn 2 F HW SRXU WRXW " 2]0; 1[� OLP

n!+1
jxnj"n = 0 �)ൺඋඎൾඌ HW

)ඈඇඍൺංඇൾ >����@ VHF� ����� &HOD SHUPHW GH UHQGUH FRQFUHW OHV pOpPHQWV GH O(Y ) SXLVTX¶HQ
JpQpUDO� VDXI VL ELHQ V�U VL E = Fq((!))� XQ WHO pOpPHQW Q¶DGPHW SDV GH GpYHORSSHPHQW
XQLTXH HQ VpULH GH /DXUHQW GH OD IRUPH

P
n2Z[xn]!n�
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��� /D FRXUEH VFKpPDWLTXH� /¶HVSDFH Y HVW PXQL G¶XQ )UREHQLXV ' LQGXLW SDU OH )UR�
EHQLXV x 7! xq GH F � /HV WKpRUqPHV GH IDFWRULVDWLRQ SUpFpGHQWV SHUPHWWHQW G¶DQDO\VHU
OHV SpULRGHV p�DGLTXHV� 7\SLTXHPHQW XQ pOpPHQW GH O(Y )'=!d D XQ SRO\JRQH GH 1HZWRQ
VDWLVIDLVDQW XQH pTXDWLRQ IRQFWLRQQHOOH TXL VH UpVRXW IDFLOHPHQW� 2Q SHXW DORUV OXL DSSOLTXHU
OHV UpVXOWDWV GH IDFWRULVDWLRQ SUpFpGHQW� 8WLOLVDQW FHV UpVXOWDWV RQ REWLHQW OH WKpRUqPH FOHI
VXLYDQW�

7KpRUqPH ��� �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����� WKpR� �����@�� 6L OH FRUSV F HVW DOJpEULTXH�
PHQW FORV O¶DOJqEUH GH SpULRGHV P =

L
d%0 O(Y )'=!d HVW JUDGXpH IDFWRULHOOH L�H� OH

PRQRwGH DEpOLHQ
`

d%0 Pd n f0g/E$ HVW OLEUH GH EDVH P1 n f0g/E$�

&RQFUqWHPHQW� VL f 2 Pd n f0g� f = f1 : : : fd DYHF fi 2 P1 HW XQH WHOOH pFULWXUH HVW
XQLTXH j GHV VFDODLUHV GDQV E$ SUqV� &H WKpRUqPH �TXL VH IRUPXOH HW VH GpPRQWUH VDQV HV�
SDFHV DGLTXHV� V¶HVW UpFHPPHQW UHWURXYp GH QRXYHDX DX FRHXU GH UpVXOWDWV SOXV FRPSOH[HV
j SULRUL� FI� SURSRVLWLRQ ���� ,O HVW DX FRHXU PrPH GH OD FRXUEH�

'H OD PrPH IDoRQ� HQ XWLOLVDQW FHV UpVXOWDWV G¶DQDO\VH FRQFHUQDQW OHV IRQFWLRQV GHO(Y )
HW OHXUV ]pURV� RQ GRQQH XQH GpPRQVWUDWLRQ UDSLGH GH OD VXLWH H[DFWH IRQGDPHQWDOH GH OD
WKpRULH GH +RGJH S�DGLTXH GDQV �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >LELG�� WKpR� �����@�� (Q FRPELQDQW
FHV GLYHUV UpVXOWDWV RQ REWLHQW OD FRQVWUXFWLRQ GH OD FRXUEH VFKpPDWLTXH�

7KpRUqPH ��� �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >LELG�� WKpR� ������ �����@�� /H VFKpPD X = 3URM(P )
HVW QRHWKpULHQ UpJXOLHU GH GLPHQVLRQ 1� L�H� GH 'HGHNLQG� 'H SOXV

�� ,O \ D XQ PRUSKLVPH G¶HVSDFHV DQQHOpV Y ! X TXL LQGXLW XQH ELMHFWLRQ jY jcl/'Z

! jX j �SRLQWV IHUPpV GH X � WHO TXH VL y 7! x DORUV k(y) = k(x) HW B+
dR(k(y)) =bOY;y = bOX;x �

�� /D FRXUEH HVW © FRPSOqWH ª DX VHQV R� VL SRXU x 2 jX j RQ SRVH GHJ(x) := [k(x)[ :
F ]� DORUV SRXU WRXW f 2 E(X)$� GHJ(%f ) = 0�

�� 6L F HVW DOJpEULTXHPHQW FORV DORUV WRXW SRLQW HVW GH GHJUp 1� P1 n f0g/E$
∼"! jX j

YLD t 7! V +(t)� 'H SOXV OX (D+(t)) = O(Y )[ 1t ]
'=Id = Bcris(Ct )'=Id HVW XQ

DQQHDX SULQFLSDO R� Ct HVW OH FRUSV UpVLGXHO HQ V +(t)� C [
t = F �

��� /D FRXUEH DGLTXH� &RPPH RQ O¶D GLW SUpFpGHPPHQW O¶HVSDFH Y HVW DGLTXH SUpSHU�
IHFWRwGH� 2Q GpILQLW DORUV OD FRXUEH DGLTXH FRPPH pWDQW

Xad = Y /'Z:

&¶HVW XQ HVSDFH DGLTXH TXDVLFRPSDFW SDUWLHOOHPHQW SURSUH �PDLV SDV GH W\SH ILQL� VXU
6SD(E)� ,O \ D XQ PRUSKLVPH G¶HVSDFHV DQQHOpV Xad ! X TXL LGHQWLILH OHV SRLQWV FODV�
VLTXHV GH Xad HW OHV SRLQWV IHUPpV GH X DLQVL TXH OHV FRPSOpWpV GHV DQQHDX[ ORFDX[ FRU�
UHVSRQGDQWV� %LHQ TXH QRQ ORFDOHPHQW GH W\SH ILQL RQ VDLW TXH Y HW Xad VRQW ORFDOHPHQW



/$ &285%( ���

QRHWKpULHQV �)ൺඋඎൾඌ >����F@ FRQMHFWXUH � GpPRQWUpH SDU .ൾൽඅൺඒൺ >����D@�� /¶XQ GHV
LQWpUrWV GH FH UpVXOWDW HVW TXH GX FRXS Y HW Xad UHQWUHQW GDQV OH FDGUH GH OD WKpRULH © FODV�
VLTXH ª GpYHORSSpH SDU +ඎൻൾඋ >����@� $LQVL� SDU H[HPSOH� VL Z HVW XQ E�HVSDFH ULJLGH
GH 7DWH� L�H� XQ E�HVSDFH DGLTXH ORFDOHPHQW GH W\SH ILQL� RQ SHXW IRUPHU O¶HVSDFH DGLTXH
Xad $ Z HW UHJDUGHU OHV IDLVFHDX[ FRKpUHQWV GHVVXV ORUVTXH Z YDULH �FI� .ൾൽඅൺඒൺ� 3ඈඍ�
ඍඁൺඋඌඍ HW ;ංൺඈ >����@ SRXU XQH H[HPSOH G¶XQH YHUVLRQ QRQ SHUIHFWRwGH GH FHOD��

��� )LEUpV YHFWRULHOV� %LHQ TXH O¶DOJqEUH JUDGXpH GH SpULRGHVP XWLOLVpH SRXU GpILQLUX

GpSHQGH GX FKRL[ GH ! � X Q¶HQ GpSHQG FDQRQLTXHPHQW SDV� &HFL GLW� OH FKRL[ GH ! GpILQLW
XQ ILEUp © WUqV DPSOH ª O(1) = eP [1] VXU X WHO TXH

P =
M
d%0

H 0(X; O(d )):

2Q VXSSRVH PDLQWHQDQW TXH F FRQWLHQW XQH FO{WXUH DOJpEULTXH Fq GH Fq � 2Q QRWH En

O¶H[WHQVLRQ QRQ UDPLILpH GH GHJUp n GH E HW Ĕ = bEnr PXQL GH VRQ )UREHQLXV % � 2Q D XQH
LGHQWLILFDWLRQ �O¶LQGLFH E VLJQLILH OD FRXUEH DVVRFLpH DX FKRL[ GH E�

XE ˝E En = XEn

HW OH UHYrWHPHQW F\FOLTXH Xad
En

! Xad
E V¶LGHQWLILH j

Y /'nZ "! Y /'Z:

$LQVL�
WULYLDOLVDWLRQ GX UHYrWHPHQW Y ! Y /'Z

Xad

PRQGH SHUIHFWRwGH:

H[W� GHV VFDODLUHV QRQ UDPLILpHV

H[W� GHV VFDODLUHV UDPLILpHV

3RXU WRXW $ = d
h 2 Q� (d; h) = 1� RQ GpILQLW OX ($) FRPPH pWDQW OH SRXVVp HQ DYDQW SDU OH

UHYrWHPHQW pWDOH ILQL XEh
! XE GH OXEh

(d )� 8Q GHV SRLQWV IRQGDPHQWDX[ GH OD WKpRULH
HVW PDLQWHQDQW OH VXLYDQW � SXLVTXH OD FRXUEH HVW FRPSOqWH �WKpRUqPH ���� RQ SHXW GpILQLU
QDWXUHOOHPHQW OH GHJUp G¶XQ ILEUp HQ GURLWHV HW RQ GLVSRVH HQ SDUWLFXOLHU GX IRUPDOLVPH GHV
ILOWUDWLRQV GH +DUGHU�1DUDVLPKDQ �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@ VHF� ����� $LQVL OH ILEUp
O($) HVW VWDEOH GH SHQWH $�

7KpRUqPH ��� �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >LELG�@ WKpR� �������� 6XSSRVRQV F DOJpEULTXHPHQW
FORV�
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�� 3RXU WRXW $ 2 Q� XQ ILEUp VXU X HVW VHPL�VWDEOH GH SHQWH $ VL HW VHXOHPHQW VL LO HVW
LVRPRUSKH j XQH VRPPH GLUHFWH GH O($)�

�� /D ILOWUDWLRQ GH +DUGHU�1DUDVLPKDQ G¶XQ ILEUp VXU X HVW VFLQGpH�
�� /¶DSSOLFDWLRQ ($i )i 7! ˚i O($i ) LQGXLW XQH ELMHFWLRQ HQWUH VXLWHV GpFURLVVDQWHV GH

QRPEUHV UDWLRQQHOV HW FODVVHV G¶LVRPRUSKLVPH GH ILEUpV VXU X �

&H UpVXOWDW UHVVHPEOH IRUWHPHQW j XQH JpQpUDOLVDWLRQ GX WKpRUqPH GH *URWKHQGLHFN
FRQFHUQDQW OD GURLWH SURMHFWLYH� 1pDQPRLQV VD SUHXYH HVW EHDXFRXS SOXV FRPSOH[H FDU
FRQWUDLUHPHQW j ‘1� H 1(X; O("1)) ¤ 0 � VL V +(t) = 1 DYHF t 2 P1 n f0g DORUV O¶DQQHDX
SULQFLSDO O(Y )[1/t ]'=Id PXQL GX VWDWKPH "RUG1 Q¶HVW SDV HXFOLGLHQ � /D GpPRQVWUDWLRQ
GH FH UpVXOWDW XWLOLVH GHV UpVXOWDWV ILQV GH WKpRULH GH +RGJH S�DGLTXH FRQFHUQDQW OHV SpULRGHV
GH JURXSHV p�GLYLVLEOHV HW OHXUV OLHQV DYHF OHV PRGLILFDWLRQV GH ILEUpV �FI� 6HFWLRQ �������

/RUVTXH OH FRUSV F Q¶HVW SOXV DOJpEULTXHPHQW FORV GHV SKpQRPqQHV PRQRGURPLTXHV
DSSDUDLVVHQW� 2Q YpULILH W\SLTXHPHQW TXH SRXU t 2 P1 n f0g

&O(O(Y )[1/t ]'=Id ) = 3LF0(X) = +RP(*DO(F jF ); E$):

2Q D SOXV JpQpUDOHPHQW OH UpVXOWDW VXLYDQW�

7KpRUqPH ��� �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@ WKpR� ������ GX W\SH 1DUDVLPKDQ 1ൺඋൺඌංආ�
ඁൺඇ HW 6ൾඌඁൺൽඋං >����@�� 9LD OH IRQFWHXU E 7! H 0(XbF ; EjXbF )� OD FDWpJRULH GHV ILEUpV

VHPL�VWDEOHV GH SHQWH 0 VXU XF HVW pTXLYDOHQWH j FHOOH GHV UHSUpVHQWDWLRQV p�DGLTXHV GH
*DO(F jF ) j FRHIILFLHQWV GDQV E�

(QILQ� YHQRQV HQ DX WKpRUqPH *$*$�

7KpRUqPH ��� �*$*$� )ൺඋඎൾඌ >����F@ WKpR� ���� .ൾൽඅൺඒൺ HW /ංඎ >����@ WKpR� �������
/¶LPDJH UpFLSURTXH SDU OH PRUSKLVPH G¶HVSDFHV DQQHOpV Xad ! X LQGXLW XQH pTXLYD�
OHQFH HQWUH IDLVFHDX[ FRKpUHQWV VXU X HW Xad �

/D SUHPLqUH GpPRQVWUDWLRQ GH FH UpVXOWDW �)ൺඋඎൾඌ >����F@� FRQVLVWDLW j FRPSDUHU OH
WKpRUqPH GH FODVVLILFDWLRQ ��� DYHF FHOXL GH .ൾൽඅൺඒൺ >����@ ORUVTXH EjQp RX ELHQ OH
WKpRUqPH G¶+DUWO 3LQN HQ pJDOHV FDUDFWpULVWLTXHV �+ൺඋඍඅ HW 3ංඇ >����@�� 3OXV SUpFLVpPHQW�
OHV ILEUpV YHFWRULHOV VXU Xad V¶LGHQWLILHQW DX[ ILEUpV '�pTXLYDULDQWV VXU Y � TXL HX[�PrPH
V¶LGHQWLILHQW DX[ JHUPHV GH ILEUpV YHFWRULHOV '�pTXLYDULDQWV DX YRLVLQDJH GH ! = 0 VXU
Y �VL U HVW XQ WHO YRLVLQDJH DORUV Y = [n%0'n(U )�� /¶DQQHDX GHV JHUPHV GH IRQFWLRQV
KRORPRUSKHV DX YRLVLQDJH GH ! = 0 V¶LGHQWLILH j O¶DQQHDX GH 5REED DVVRFLp j F � HW GRQF
OHV ILEUpV YHFWRULHOV VXU Xad V¶LGHQWLILHQW DX[ '�PRGXOHV VXU FHW DQQHDX GH 5REED�

.ൾൽඅൺඒൺ HW /ංඎ >����@ RQW GRQQp XQH DXWUH GpPRQVWUDWLRQ UHSRVDQW VXU OHXU SUHXYH GX
IDLW TXH O(1) HVW DPSOH VXU Xad � SRXU WRXW ILEUp E VXU Xad � SRXU d & 0� E(d ) HVW
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HQJHQGUp SDU VHV VHFWLRQV JOREDOHV �ELHQ V�U FH UpVXOWDW HVW WDXWRORJLTXH VXU OD FRXUEH VFKp�
PDWLTXH� F¶HVW XQH GHV UDLVRQV SRXU ODTXHOOH HOOH HVW SOXV VLPSOH j PDQLSXOHU� FH UpVXOWDW
HVW LQWpJUp GDQV VD FRQVWUXFWLRQ�� ,O V¶DJLW GH FRQVWUXLUH VXIILVDPPHQW GH VHFWLRQV GH E(d )�
d & 0� SDU XQ SURFHVVXV LWpUDWLI FRQYHUJHDQW �.ൾൽඅൺඒൺ HW /ංඎ >LELG�@ VHF� ����� OHV Pp�
WKRGHV XVXHOOHV GH VpULHV GH 3RLQFDUp �&ൺඋඍൺඇ >����@� VXU Y QH VHPEODQW SDV IRQFWLRQQHU
�GH SOXV� VL F HVW DOJpEULTXHPHQW FORV� RQ QH VDLW SDV j O¶DYDQFH TXH OH WLUp HQ DUULqUH j Y

G¶XQ ILEUp VXU Xad HVW WULYLDO� L�H� TX¶XQ WHO ILEUp HVW GRQQp SDU XQ IDFWHXU G¶DXWRPRUSKLH�
DORUV TXH F¶HVW XQH FRQVpTXHQFH GX WKpRUqPH GH FODVVLILFDWLRQ��

8QH IDoRQ SOXV LQWULQVqTXH G¶H[SRVHU OH WKpRUqPH GH FODVVLILFDWLRQ GHV ILEUpV HVW G¶XWLOL�
VHU OHV LVRFULVWDX[ WHOV TX¶LOV DSSDUDLVVHQW GDQV OH WKpRUqPH GH'LHXGRQQp�0DQLQ �'"0RGĔ

TXL HVW OD FDWpJRULH GHV FRXSOHV (D; ') R� D HVW XQ Ĕ±HVSDFH YHFWRULHO GH GLPHQVLRQ ILQLH
HW ' XQ DXWRPRUSKLVPH % �OLQpDLUH� /¶HVSDFH Y YLW DX GHVVXV GH 6SD(Ĕ)� 'qV ORUV RQ SHXW
FRQVWUXLUH SRXU XQ WHO LVRFULVWDO

E(D; ') = Y $'Z D "! Y /'Z = Xad

TXL HVW XQ ILEUp WULYLDOLVp GH ILEUH D VXU Y D\DQW SRXU IDFWHXU G¶DXWRPRUSKLH ' DJLVVDQW
VXU D� 9LD *$*$ FHOD FRUUHVSRQG DX ILEUp DVVRFLp DX P �PRGXOH JUDGXp ˚d%0(D ˝
O(Y ))'˝'=!d � 'qV ORUV OH WKpRUqPH ��� V¶pQRQFH HQ GLVDQW TXH

E(") : '"0RGĔ "! )LEUpV VXU X

HVW HVVHQWLHOOHPHQW VXUMHFWLI�

��� 6LPSOH FRQQH[LWp JpRPpWULTXH GH OD FRXUEH� 'X WKpRUqPH GH FODVVLILFDWLRQ GHV
ILEUpV RQ SHXW GpGXLUH OH UpVXOWDW VXLYDQW�

7KpRUqPH ��� �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@ WKpR� ������� 6L F HVW DOJpEULTXHPHQW FORV
OH VFKpPD XE HVW VLPSOHPHQW FRQQH[H � WRXW UHYrWHPHQW pWDOH ILQL HVW VFLQGp�

(Q G¶DXWUHV WHUPHV!1(X) = *DO(EjE)� 3OXV JpQpUDOHPHQW� SRXUF TXHOFRQTXH�!1(X) =
*DO(F jF ) $ *DO(EjE) �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >LELG�@ WKpR� ������� 2Q GLVSRVH GX PrPH
UpVXOWDW� VRLW SDU OD PrPH PpWKRGH VRLW SDU *$*$� VXU OD FRXUEH DGLTXH � OHV UHYrWHPHQWV
pWDOHV ILQLV GH 6SD(E) FRUUHVSRQGHQW j FHX[ GH Xad � &H UpVXOWDW D G¶LPSRUWDQWHV DSSOLFD�
WLRQV� ,O VH UpLQWHUSUqWH GH IDoRQ IRUPHOOH HQ GLVDQW TXH VL F HVW DOJpEULTXHPHQW FORV DORUV
OH GLDPDQW DX VHQV GH 6ർඁඈඅඓൾ >S� G�� ����@ �FI� )ൺඋඎൾඌ >����@ SDU H[HPSOH SRXU FH
GLDPDQW HQ SDUWLFXOLHU HW OD 6HFWLRQ ����

'LY1F = 6SD(F ) $ 6SD(E)˘/'Z
E˘
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D SRXU !1 OH JURXSH GH *DORLV *DO(EjE) �Xad;˘
F HW 'LY1F RQW PrPH FDWpJRULH GH UHYrWH�

PHQWV pWDOHV�� 2Q D
6SD(F ) $ 6SD(E)˘ = D!;1/p1

F /O$E

XQ GLVTXH SHUIHFWRwGH pSRLQWp GLYLVp SDU O¶DFWLRQ GH /XELQ�7DWH GH O$E �)ൺඋඎൾඌ >����F@
VHF�� HW 6ർඁඈඅඓൾ >����@�� 'qV ORUV� VL F = C[

p RQ WURXYH FRPPH FRUROODLUH GX WKpR�
UqPH ��� TXH OH JURXSH GH *DORLV *DO(EjE) FODVVLILH OHV UHYrWHPHQWV pWDOHV ILQLV O$E �
pTXLYDULDQWV GH D!Cp

/'Z �:ൾංඇඌඍൾංඇ >����@�� &H UpVXOWDW D PRWLYp O¶DUWLFOH .ඎർඁൺඋർඓඒ
HW 6ർඁඈඅඓൾ >����@ GH .XFKDUF]\N HW 6FKRO]H TXL HVW OD UHFKHUFKH G¶XQ UpVXOWDW DQDORJXH
VXU OHV FRUSV GH QRPEUHV�

/H WKpRUqPH ��� HVW pJDOHPHQW j OD EDVH GH OD SUHXYH GX OHPPH GH 'ULQIHOG�6FKRO]H
�6ർඁඈඅඓൾ >����@� TXL DIILUPH TXH © !1

!
('LY1)d

"
= !1('LY1)d ª �FI� )ൺඋඎൾඌ >����@

VHF� � SRXU XQH VLJQLILFDWLRQ SUpFLVH GH FHW pQRQFp HQ WHUPHV GH 'LY1��

��� )LEUpV HW HVSDFHV GH%DQDFK�&ROPH]� /D GpFRXYHUWH GH OD FRXUEH UHPRQWH j O¶pWXGH
SDU )RQWDLQH HW O¶DXWHXU GHV UpVXOWDWV GH &ROPH] VXU OHV HVSDFHV GH %DQDFK GH GLPHQVLRQ
ILQLH �&ඈඅආൾඓ >����@� &ඈඅආൾඓ >����@�� &¶HVW HQ GpILQLVVDQW GHV ILOWUDWLRQV GH +DUGHU�
1DUDVLPKDQ VXU FHX[�FL HW HQ WHQWDQW GH OHV FODVVLILHU TXH QRXV VRPPHV WRPEpV VXU OD
FRXUEH� 0DLQWHQDQW� OH OLHQ HQWUH ILEUpV YHFWRULHOV VXU OD FRXUEH HW HVSDFHV GH %DQDFK�
&ROPH] HVW FRPSOqWHPHQW FODULILp SDU OH WKpRUqPH VXLYDQW�

7KpRUqPH ��� �/ൾ %උൺඌ >����@�� 6XSSRVRQV TXH F = C [ DYHF C DOJpEULTXHPHQW FORV�

�� /D FDWpJRULH GHV HVSDFHV GH %DQDFK�&ROPH] HVW OD SOXV SHWLWH VRXV�FDWpJRULH DEp�
OLHQQH GH OD FDWpJRULH GHV IDLVFHDX[ SUR�pWDOHV GH E�HVSDFHV YHFWRULHOV VXU 6SD(C )
FRQWHQDQW Ga� E HW VWDEOH SDU H[WHQVLRQV�

�� /H IRQFWHXU FRKRPRORJLH UHODWLYH LQGXLW XQH pTXLYDOHQFH HQWUH OH FRHXU GDQVDb
coh(OX )

GH OD t �VWUXFWXUH
² GRQW OD SDUWLH# 0 HVW IRUPpH GHV FRPSOH[HV E& VDWLVIDLVDQWHi (E&) = 0 VL i > 0

HW H0(E&) HVW j SHQWHV GH +1 ' 0�
² OD SDUWLH ' 0 GHV FRPSOH[HV VDWLVIDLVDQW Hi (E&) = 0 VL i < "1 HW H#1(E&) HVW

j SHQWHV GH +1 < 0�
HW OD FDWpJRULH GHV HVSDFHV GH %DQDFK�&ROPH]�

�� /¶pTXLYDOHQFH SUpFpGHQWH V¶pWHQG HQ XQH pTXLYDOHQFH GpULYpH�

,FL SDU FRKRPRORJLH UHODWLYH RQ HQWHQG OD FKRVH VXLYDQWH� 2Q SHXW GpILQLU XQ PRUSKLVPH
GH �JURV� WRSRV SUR�pWDOHV

& : (Xad
C [ )

e
SUR�pW "! 6SD(C [)eSUR�pW = 6SD(C )eSUR�pW
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JUkFH j OD IRQFWRULDOLWp GH OD FRXUEH DGLTXH � S 7! Xad
S �FI� 6HFWLRQ ���� R� S HVW XQ HVSDFH

SHUIHFWRwGH VXU 6SD(Fq)� 'qV ORUV� VL E& HVW XQ FRPSOH[H GH IDLVFHDX[ FRKpUHQWV VXU Xad
C [

RQ SHXW GpILQLU R&!E&�
&HUWDLQV GH FHV IDLVFHDX[ GH FRKRPRORJLH UHODWLYH� FHX[ DVVRFLpV DX[ ILEUpV YHFWRULHOV j

SHQWHV GDQV [0; 1]� VRQW UHSUpVHQWDEOHV SDU GHV C �HVSDFHV SHUIHFWRwGHV GX W\SH OLP #
$p

Grig R�

G HVW XQ JURXSH IRUPHO p�GLYLVLEOH VXUOC �FI� VHF� � GH )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@� F¶HVW
FH TXH 6FKRO]H HW :HLQVWHLQ RQW DSSHOp SOXV WDUG OH UHYrWHPHQW XQLYHUVHO G¶XQ JURXSH p�
GLYLVLEOH �6ർඁඈඅඓൾ HW:ൾංඇඌඍൾංඇ >����@�� 1pDQPRLQV HQ JpQpUDO LOV QH VRQW UHSUpVHQWDEOHV
TXH SDU GHV GLDPDQWV �HW FHV HVSDFHV GH %DQDFK�&ROPH] RQW SUREDEOHPHQW pWp XQH IRUWH
VRXUFH G¶LQVSLUDWLRQ SRXU O¶LQWURGXFWLRQ SDU 6FKRO]H GH OD WKpRULH GHV GLDPDQWV��

9LD OH WKpRUqPH GH FODVVLILFDWLRQ GHV ILEUpV ��� FHOD IRXUQLW XQH FODVVLILFDWLRQ GHV HV�
SDFHV GH %DQDFK�&ROPH]� 5HPDUTXRQV TXH OD W�VWUXFWXUH LQWHUYHQDQW GDQV FH GHUQLHU WKpR�
UqPH HVW DQDORJXH j FHOOH XWLOLVpH SDU %ULGJHODQG �%උංൽൾඅൺඇൽ >����@� TXL D pWp XQH LQV�
SLUDWLRQ SRXU FH UpVXOWDW�

'DQV FH FDGUH Oj� )RQWDLQH D UpFHPPHQW IDLW OH OLHQ HQWUH OH FRHXU GH OD t �VWUXFWXUH
DQDORJXH VXU OHV ILEUpV *DORLV pTXLYDULDQWV HW VD WKpRULH GHV SUHVTXH Cp�UHSUpVHQWDWLRQV
�)ඈඇඍൺංඇൾ >����@�� &HOD SHUPHW GH ERXFOHU OD ERXFOH SXLVTXH FHWWH WKpRULH D pWp XQH IRUWH
LQVSLUDWLRQ SRXU OD WKpRULH GHV HVSDFHV GH %DQDFK�&ROPH] �)ඈඇඍൺංඇൾ >LELG�@ VHF� ��� SDU
H[HPSOH��

(QILQ� OHV UpVXOWDWV GH %ൾඋൾඋ >����D@ FODULILHQW FRPSOqWHPHQW OH OLHQ HQWUH ILEUpV *D�
ORLV pTXLYDULDQWV HW OD WKpRULH © FODVVLTXH ª GHV (';Γ)�PRGXOHV � VL K HVW GH YDOXDWLRQ
GLVFUqWH j FRUSV UpVLGXHO SDUIDLW�C = bK HWF = C [ DORUV OD FDWpJRULH GHV ILEUpV *DO(KjK)�
pTXLYDULDQWV VXU OD FRXUEH HVW pTXLYDOHQWH j FHOOH GHV (';Γ)�PRGXOHV�

��� 0RGLILFDWLRQV GH ILEUpV HW WKpRULH GH +RGJH S�DGLTXH�

����� )DLEOHPHQW DGPLVVLEOH LPSOLTXH DGPLVVLEOH� /D SUHPLqUH DSSOLFDWLRQ TXH QRXV
DYRQV GRQQpH GH OD FRXUEH DYHF )RQWDLQH GDQV )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@� VHF� ��� HVW
XQH QRXYHOOH SUHXYH GX WKpRUqPH © IDLEOHPHQW DGPLVVLEOH pTXLYDOHQW j DGPLVVLEOH ª GH
&ඈඅආൾඓ HW )ඈඇඍൺංඇൾ >����@� %ൾඋൾඋ >����E@�� &¶pWDLW OD VHFRQGH IRLV� DSUqV OD SUHXYH GX
WKpRUqPH GH FODVVLILFDWLRQ GHV ILEUpV� TXH VRQW DSSDUXHV QDWXUHOOHPHQW OHV PRGLILFDWLRQV GH
ILEUpV TXL VRQW GHYHQXHV HVVHQWLHOOHV GDQV OD VXLWH �GDQV O¶H[SRVp )ൺඋඎൾඌ >����D@� S����
RQ GLW DSSOLTXHU XQH FRUUHVSRQGDQFH GH +HFNH ORUVTX¶RQ PRGLILH XQ ILEUp��

3OXV SUpFLVpPHQW� SUHQRQV E = Qp HW VRLW KjQ̆p XQH H[WHQVLRQ GH GHJUp ILQL� 2Q QRWH
C = bK HW Γ = *DO(KjK)� /D FRXUEH DVVRFLpH j C [ HVW PXQLH G¶XQH DFWLRQ GH Γ HW G¶XQ
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SRLQW IHUPp 1 GH FRUSV UpVLGXHO C LQYDULDQW VRXV O¶DFWLRQ GH Γ� &HWWH DFWLRQ © DULWKPp�
WLTXH ª GH Γ ULJLGLILH FRPSOqWHPHQW OD VLWXDWLRQ� 2Q D HQ HIIHW OHV SURSULpWpV VXLYDQWHV �

�� 1 HVW OH VHXO SRLQW IHUPp GRQW OD Γ�RUELWH VRLW ILQLH HW GRQF OD FDWpJRULH GHV ILEUpV Γ�
pTXLYDULDQWV VXU X nf1g HVW DEpOLHQQH �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@ ������� �������

�� VL (D; ') 2 '"0RGQ̆p
DORUV OHV VRXV�ILEUpV Γ�LQYDULDQWV GH E(D; ')jXnf1g VRQW

HQ ELMHFWLRQ DYHF OHV VRXV�LVRFULVWDX[ GH (D; ') �)ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >LELG�@ WKpR�
���������

6RLW GRQF (D; ') 2 '"0RGQ̆p
XQ LVRFULVWDO� 2Q V¶LQWpUHVVH DX[PRGLILFDWLRQVΓ�pTXLYDULDQWHV

GH E(D; ') HQ 1� &H ILEUp HVW WULYLDOLVp HQ 1 HW 2E(D; ')1 = D ˝ B+
dR = DK ˝K B+

dR�
2Q GLVSRVH PDLQWHQDQW GH O¶pQRQFp VXLYDQW � SRXU W XQ K�HVSDFH YHFWRULHO GH GLPHQVLRQ
ILQLH LO \ D XQH ELMHFWLRQ

)LOWUDWLRQV GH :
∼""! UpVHDX[ Γ�LQYDULDQWV GDQV W ˝ BdR

)LO&W 7"! )LO0(W ˝ BdR):

'X SRLQW GH YXH © GH OD JUDVVPDQLHQQH DIILQH ª �6ർඁඈඅඓൾ >����@ R� 6FKRO]H PRQWUH
TXH O¶RQ SHXW PHWWUH XQH VWUXFWXUH GH LQG�GLDPDQW VXU FHV REMHWV�� VL ' HVW XQ FRFDUDFWqUH
GLDJRQDO GRPLQDQW j YDOHXUV GDQV */n HW

*U# = */n(B
+
dR)'(t)*/n(B

+
dR)/GLn(B

+
dR)

HVW XQH FHOOXOH GH 6FKXEHUW DIILQH �FRPPH HQVHPEOH�� LO \ D XQH DSSOLFDWLRQ GH %LDO\QLFNL�
%LUXOD �&ൺඋൺංൺඇං HW 6ർඁඈඅඓൾ >����� SURS� �����@ SRXU OD YHUVLRQ HQ IDPLOOHV SRXU Q¶LP�
SRUWH TXHO JURXSH�

*U# "! */n(C )/P#(C ):

/H UpVXOWDW SUpFpGHQW GLW TXH FHOD LQGXLW XQH ELMHFWLRQ

*UΓ#
∼""! */n(K)/P#(K):

,O V¶DJLW Oj G¶XQ UpVXOWDW DQDORJXH DX UpVXOWDW © FODVVLTXH ª VXU C TXL GLW TXH SRXU O¶DFWLRQ
GH Gm VXU OD FHOOXOH DIILQH *U#� DYHF LFL *U(C) = */n

!
C((t))

"
/*/n

!
C!t"

"
� LQGXLWH SDU

$:t = $t DYHF $ 2 Gm� DORUV
*UGm

#

∼""! G/P#:

'X SRLQW GH YXH GHV HVSDFHV GH ODFHWV FHWWH DFWLRQ DOJpEULTXH GH Gm FRUUHVSRQG j O¶DFWLRQ
GH U (1) GH URWDWLRQ GHV ODFHWV� ,O \ D GRQF XQH IRUWH DQDORJLH HQWUH U (1) HW Γ� 3DU H[HPSOH�
SRXU % 2 Γ� %(t) = (cyc(%)t R� LFL t HVW OH 2i! p�DGLTXH GH )RQWDLQH�

,O UpVXOWH GH FHOD TXH OHV PRGLILFDWLRQV Γ�pTXLYDULDQWHV GH E(D; ') VRQW HQ ELMHFWLRQ
DYHF OHV ILOWUDWLRQV GH DK � 3DUWDQW GRQF G¶XQ '�PRGXOH ILOWUp (D; '; )LO&DK) DX VHQV
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GH )RQWDLQH �)ඈඇඍൺංඇൾ >����E@� RQ HQ GpGXLW SDU PRGLILFDWLRQ XQ ILEUp Γ�pTXLYDULDQW
E(D; '; )LO&DK)� 6D ILOWUDWLRQ GH +DUGHU�1DUDVLPKDQ HVW Γ�LQYDULDQWH HW SURYLHQW GRQF
G¶XQH ILOWUDWLRQ GH (D; ')� 3DUWDQW GH Oj © OH WKpRUqPH IDLEOHPHQW DGPLVVLEOH ª LPSOLTXH
DGPLVVLEOH HVW XQH FRQVpTXHQFH IDFLOH GX WKpRUqPH GH FODVVLILFDWLRQ GHV ILEUpV TXL LP�
SOLTXH TXH GLPE H 0(X; F ) = UJ(F ) VVL F HVW VHPL�VWDEOH GH SHQWH 0�

2Q GRQQH pJDOHPHQW GDQV )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@� VHF� ����� XQH SUHXYH GX WKpR�
UqPH GH OD PRQRGURPLH p�DGLTXH �GH 5KDP LPSOLTXH SRWHQWLHOOHPHQW VHPL�VWDEOH �&ඈඅ�
ආൾඓ >����@�� HQ XWLOLVDQW OD FRXUEH�

����� 0RGLILFDWLRQV GH ILEUpV HW JURXSHV p�GLYLVLEOHV� /D SUHXYH GX WKpRUqPH GH FODV�
VLILFDWLRQ GHV ILEUpV XWLOLVH GH IDoRQ IRQGDPHQWDOH GHX[ UpVXOWDWV VXU OHV PRGLILFDWLRQV GH
ILEUpV TXL VH GpGXLVHQW GH UpVXOWDWV VXU OHV SpULRGHV GH JURXSHV p�GLYLVLEOHV� &¶HVW DX FRXUV
GH FHWWH SUHXYH TXH O¶DXWHXU D FRPPHQFp j V¶LQWpUHVVHU DX[ OLHQV HQWUH JURXSHVp�GLYLVLEOHV
HW PRGLILFDWLRQV GH ILEUpV� 3OXV SUpFLVpPHQW� VXSSRVRQV TXH E = Qp HW F = C [ DYHF
C jQp DOJpEULTXHPHQW FORV� 6L %7OC

GpVLJQH OHV JURXSHV GH %DUVRWWL�7DWH VXU OC LO \ D
XQ IRQFWHXU

M : %7OC
˝ Q "!

#
PRGLILFDWLRQV PLQXVFXOHV GH ILEUpV HQ 1

F ,! E DYHF F VHPL�VWDEOH GH SHQWH 0 L�H� WULYLDO

$
:

&H IRQFWHXU DGPHW OHV GHX[ GHVFULSWLRQV VXLYDQWHV� VL G 7! [F ,! E]�
² >3pULRGHV GH GH 5KDP@ 2Q D F = Vp(G) ˝ OX HW E = E(D; p#1') R� (D; ')

HVW OH PRGXOH GH 'LHXGRQQp FRYDULDQW GH GkC
� /H PRUSKLVPH F ,! E HVW DORUV

GRQQp SDU XQH DSSOLFDWLRQ OLQpDLUH

Vp(G) ! H 0(E(D; p#1')) = (D ˝ O(Y ))'=p

TXL HVW XQH DSSOLFDWLRQ GH SpULRGHV FULVWDOOLQHV GH )RQWDLQH� /H IDLVFHDX
FRNHU(F ! E) HVW DORUV OH IDLVFHDX JUDWWH�FLHO /LH(G)

%
1
p

&
HQ 1�

² >3pULRGHV GH +RGJH�7DWH@ ,O \ D XQ PRUSKLVPH GH +RGJH�7DWH ˛GD : Vp(GD) !
!G

%
1
p

&
�)ඈඇඍൺංඇൾ >����@� )ൺඋඎൾඌ >����@� )ൺඋඎൾඌ >����@� TXL LQGXLW XQH VXUMHF�

WLRQ Vp(GD)˝OX ! i1!!G
%
1
p

&
HW GRQF XQH PRGLILFDWLRQ� /D PRGLILFDWLRQ GXDOH

GH FHWWH PRGLILFDWLRQ HVW [F ,! E]�
&HV GHX[ W\SHV GH SpULRGHV RQW pWp XQLILpHV SOXV WDUG YLD O¶LQWURGXFWLRQ GHV '�PRGXOHV

VXUALQI �FI� 6HFWLRQ ������� /H WKpRUqPH GH FODVVLILFDWLRQ GHV ILEUpV XWLOLVH OHV GHX[ UpVXOWDWV
VXLYDQWV �

�� �/DIDLOOH�*URVV�+RSNLQV� 7RXW pOpPHQW GH ‘n#1(C ) HVW OD SpULRGH GH GH 5KDP G¶XQ
JURXSH IRUPHO GH KDXWHXU n HW GH GLPHQVLRQ 1
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�� �'ULQIHOG� 7RXW pOpPHQW GH P n#1(C ) n S
H2‘̌n!1(Qp) H (C ) HVW OD SpULRGH GH GH

5KDP G¶XQ OD�PRGXOH IRUPHO VSpFLDO HW GRQF �SULQFLSH GHV WRXUV MXPHOOHV� FI� 6HF�
WLRQ ���� OD SpULRGH GH +RGJH�7DWH G¶XQ JURXSH IRUPHO GH KDXWHXU n HW GH GLPHQVLRQ
1�

9LD OH IRQFWHXU M OH SRLQW ��� LPSOLTXH TXH WRXWH PRGLILFDWLRQ GH GHJUp 1 GH O( 1n ) HVW
LVRPRUSKH j On� /H SRLQW ��� LPSOLTXH TXH WRXW PRGLILFDWLRQ GH GHJUp "1 GH On HVW LVR�
PRUSKH j On#r ˚ O( 1r )� 1 # r # n �FI� VHF� ��� GH )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@��
5pFLSURTXHPHQW� OH WKpRUqPH GH FODVVLILFDWLRQ IRXUQLW GH QRXYHDX[ UpVXOWDWV FRQFHUQDQW
OHV HVSDFHV GH SpULRGHV p�DGLTXHV �FI� 6HFWLRQ ����� $LQVL� OD FRXUEH HVW XQH PDFKLQH TXL
UHF\FOH OHV GHX[ UpVXOWDWV SUpFpGHQWV SRXU HQ SURGXLUH GH QRXYHDX[�

/D FDWpJRULH GH PRGLILFDWLRQV SUpFpGHQWH GDQV OH EXW GH M V¶LGHQWLILH �GX SRLQW GH
YXH GHV SpULRGHV GH +RGJH�7DWH� j FHOOH GHV FRXSOHV (V; W ) R� � V HVW XQ Qp�HVSDFH
YHFWRULHO GH GLPHQVLRQ ILQLH HW W ! VC HVW XQ VRXV�HVSDFH� 2Q LQWURGXLW GDQV )ൺඋඎൾඌ
>����@ OD QRWLRQ GH JURXSHV ULJLGHV DQDO\WLTXHV GH W\SH p�GLYLVLEOH� ,O V¶DJLW GH JURXSHV
ULJLGHV DQDO\WLTXHV DEpOLHQV G VXU C WHOV TXH

² $p : G ! G HVW VXUMHFWLI GH QR\DX ILQL
² $p : G ! G HVW WRSRORJLTXHPHQW QLOSRWHQW L�H� © G HVW WRSRORJLTXHPHQW GH p1�

WRUVLRQ ª�
2Q D DORUV OH WKpRUqPH VXLYDQW�

7KpRUqPH ���� �)ൺඋඎൾඌ >LELG�@�� �� /H IRQFWHXU G 7! Grig GH OD FDWpJRULH GHV JURXSHV
IRUPHOV p�GLYLVLEOHV VXU OC YHUV OHV JURXSHV ULJLGHV DQDO\WLTXHV GH W\SH p�GLYLVLEOH
HVW SOHLQHPHQW ILGqOH� G¶LPDJH HVVHQWLHOOH OHV JURXSHV G WHOV TXH G ' B̊d

C FRPPH
HVSDFHV ULJLGH SRXU XQ HQWLHU d �

�� /D FDWpJRULH GHV JURXSHV ULJLGHV DQDO\WLTXHV p�GLYLVLEOHV V¶LGHQWLILH j FHOOH GHV WUL�
SOHWV (Λ; W; u) R� Λ HVW XQ Zp�PRGXOH OLEUH GH UDQJ ILQL� W XQ C �HVSDFH YHFWRULHO
GH GLPHQVLRQ ILQLH HW u : W ! ΛC HVW C �OLQpDLUH�

'DQV OH SRLQW ���� DX WULSOHW (Λ; W; u) RQ DVVRFLH OH JURXSH ULJLGH DQDO\WLTXH
(ORJ˝Id )#1(W ˝ Ga) GDQV OD VXLWH H[DFWH

0 "!
!
Λ

%
1
p

&
/Λ

"
(1) "! bGrig

m ˝Zp Λ
ORJ˝Id""""""! Ga ˝ ΛC "! 0:

/HV JURXSHVG DVVRFLpV DX[ WULSOHWV (Λ; W; u) DYHF u LQMHFWLI FRUUHVSRQGHQW DX[ JURXSHVG

©K\SHUEROLTXHV ª L�H� WHOV TXH WRXW PRUSKLVPH ULJLGH DQDO\WLTXHA1 ! G VRLW FRQVWDQW� /HV
JURXSHV ULJLGHV DQDO\WLTXHV GH W\SH p�GLYLVLEOH K\SHUEROLTXHV j LVRJpQLH SUqV VRQW GRQF
pTXLYDOHQWV DX[ PRGLILFDWLRQV PLQXVFXOHV GDQV OH EXW GX IRQFWHXU M� &H PrPH IRQFWHXU
M HVW GRQF GH SOXV SOHLQHPHQW ILGqOH G¶DSUqV OH SRLQW ��� GX WKpRUqPH SUpFpGHQW� 6FKRO]H
HW :HLQVWHLQ RQ FRPSOpWp FH UpVXOWDW HQ PRQWUDQW TX¶LO HVW HQ IDLW HVVHQWLHOOHPHQW VXUMHFWLI�



/$ &285%( ���

7KpRUqPH ���� �6ർඁඈඅඓൾ HW :ൾංඇඌඍൾංඇ >����@�� /H IRQFWHXU M HVW XQH pTXLYDOHQFH GH
FDWpJRULHV�

/HXU SUHXYH FRQVLVWH jPRQWUHU TXH VLC HVW VSKpULTXHPHQW FRPSOHW DYHF FRPPH JURXSH
GH YDOXDWLRQV R� DORUV SRXU WRXW JURXSH ULJLGH DQDO\WLTXH GH W\SH p�GLYLVLEOH G © K\SHUER�
OLTXHª RQ DG ' B̊d

C � ,OV PRQWUHQW HQVXLWH TXH O¶RQ SHXW GHVFHQGUH GX FDVC VSKpULTXHPHQW
FRPSOHW DX FDV C TXHOFRQTXH HQ XWLOLVDQW OH IDLW TXH OHV RUELWHV GH +HFNH� FRPPH ILEUHV
GHV DSSOLFDWLRQV GH SpULRGHV GH GH 5KDP GH 5DSRSRUW�=LQN� VRQW GHV HVSDFHV ULJLGHV GH
GLPHQVLRQ 0�

����� '�PRGXOHV VXU ALQI HW PRGLILFDWLRQV GH ILEUpV� ,O V¶HVW DORUV SRVp OD TXHVWLRQ
GH VDYRLU FRPPHQW IDLUH OH OLHQ SDU XQ REMHW LQWHUPpGLDLUH HQWUH SpULRGHV GH +RGJH�7DWH
HW GH GH 5KDP� /H SRLQW GH GpSDUW HVW OD UHPDUTXH VXLYDQWH TXL UpVXOWH GX WKpRUqPH GH
IDFWRULVDWLRQ ��� � OHV PRGLILFDWLRQV GH O ,! O(d ) VRQW WRXWHV REWHQXHV SDU XQ SURFpGp
LWpUDWLI TXL HVW OH VXLYDQW� 3DUWDQW GH # SULPLWLI GH GHJUp d WHO TXH # =

P
n%0[xn]!n DYHF

xd 2 1 + mF RQ SHXW IRUPHU OH SURGXLW GH :HLHUVWUDVV

Y
n%0

'n(#)

!d
( ©

Y
n<0

'n(#) ª 2 O(Y )'=!d

OH SURGXLW HQWUH JXLOOHPHWV Q¶pWDQW SDV FRQYHUJHDQW PDLV SRXYDQW rWUH GpILQL FRPPH VR�
OXWLRQ GH O¶pTXDWLRQ IRQFWLRQHOOH '(x) = #x GDQV $ �FI� )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@
VHF� ����� &HOD D FRQGXLW �)ൺඋඎൾඌ >����F@� j OD © YHUVLRQ SHUIHFWRwGH ª VXLYDQWH GHV '�
PRGXOHV GH %UHXLO�.LVLQ �.ංඌංඇ >����@�� 6RLW # SULPLWLI GH GHJUp 1 TXL HQJHQGUH OH QR\DX
GH ) : $ ! OC � 3DU GpILQLWLRQ XQ '�PRGXOH VXU $ HVW XQ FRXSOH (M; ') R� M HVW XQ
$�PRGXOH OLEUH HW ' : M ! M HVW VHPL�OLQpDLUH GH FRQR\DX DQQXOp SDU XQH SXLVVDQFH GH
# � 2Q D DORUV OH UpVXOWDW VXLYDQW�

7KpRUqPH ���� �)ൺඋඎൾඌ >����F@� 6ർඁඈඅඓൾ >����@�� ,O \ D XQH DQWL�pTXLYDOHQFH HQWUH
'"0RG$ HW OD FDWpJRULH GHV PRGLILFDWLRQV GH ILEUpV HQ 1� F ,! G DYHF F WULYLDO PXQL
G¶XQ UpVHDX GDQV H 0(X; F )�

3DUWDQW G¶XQ '�PRGXOH (M; ') RQ FRQVWUXLW XQ © 6KWXND ª (M; ') = (M ˝ OY ; ' ˝ ')

VXU Y GRQW OH ]pUR HVW ORFDOLVp HQ V (#)� FRNHU(M
'"! M) HVW VXSSRUWp HQ V (#)� 2Q IRUPH

DORUV �)ൺඋඎൾඌ >����F@ VHF� ����

M1 = OLP # n%0 'n!M HW M1 = OLP#! n'0 'n!M;

�RSpUDWLRQ TXL HVW O¶DQDORJXH GX SURGXLW GH :HLHUVWUDVV SUpFpGHQW SRXU */1�� 3XLVTXH
' © GLODWH VXU OH GLVTXH pSRLQWp Y ª OHV GHX[ OLPLWHV SUpFpGHQWHV VRQW HVVHQWLHOOHPHQW
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FRQVWDQWHV VXU WRXW RXYHUW TXDVLFRPSDFW GH Y � HW M1 HW M1 VRQW GRQF GHV ILEUpV '�
pTXLYDULDQWV L�H� GHV ILEUpV VXU Xad � /D PRGLILFDWLRQ DVVRFLpH j (M; ') HVW DORUV OD GXDOH
GH M1 ,! M1�
'DQV O¶DXWUH VHQV XQH WHOOH PRGLILFDWLRQ IRXUQLW SDU XQ SURFpGp LQYHUVH XQ WHO 6KWXND
(M; ') VXU Y � 2Q XWLOLVH DORUV OD FRPSDFWLILFDWLRQ SDU GHX[ GLYLVHXUV �6ർඁඈඅඓൾ >����@�

Y = 6SD($;$) n V (!; [$ ]) = Y [ V (!) [ V ([$ ]):

(Q XWLOLVDQW OH WKpRUqPH ������ GH )ൺඋඎൾඌ HW )ඈඇඍൺංඇൾ >����@ RQ YpULILH TXH M V¶pWHQG
DXWRPDWLTXHPHQW JUkFH j OD VWUXFWXUH GH )UREHQLXV OH ORQJ GX GLYLVHXU ([$ ])� (Q XWLOL�
VDQW OD FRQGLWLRQ GH WULYLDOLWp GH F FRXSOpH DX FKRL[ GX UpVHDX GDQV H 0(X; F ) RQ Yp�
ULILH TXH M V¶pWHQG HQ ! = 0� /H ILEUp M V¶pWHQG GRQF FDQRQLTXHPHQW j Y� 2Q SHXW
DORUV DSSOLTXHU OH UpVXOWDW *$*$ GH .HGOD\D �.ൾൽඅൺඒൺ >����E@� TXL GLW TXH OHV ILEUpV VXU
6SHF($) n V (!; [$ ]) HW 6SD($;$) n V (!; [$ ]) V¶LGHQWLILHQW HW TXH FHX[�FL VRQW WULYLDX[
SRXU FRQFOXUH �$ VH FRPSRUWH HQ TXHOTXH VRUWH FRPPH XQ DQQHDX ORFDO UpJXOLHU GH GLPHQ�
VLRQ 2��

3DUWDQW GH (M; ') 2 '"0RG$� VL (N; ') = (M; ') ˝ OY �
² VL V (!) = fyH́Wg �GLYLVHXU pWDOH� � (NyH́W ; ') IRXUQLW OH ILEUp WULYLDO F _ DLQVL TXH OH

UpVHDX GDQV H 0(X; F _)�
² VL V ([$ ]) = fyFULVg �GLYLVHXU FULVWDOOLQ� � (NyFULV ; ') IRXUQLW OH ILEUp G_ TXL HVW

DVVRFLp j O¶LVRFULVWDO (NyFULV ˝ k(ycris); ')�
² VLV (#) = fyG5g �GLYLVHXU GH GH5KDP� � O¶LQFOXVLRQ GHB+

dR�UpVHDX[' : bN'(yG5) ,!
bNyG5 IRXUQLW OD ILOWUDWLRQ GH +RGJH L�H� OD PRGLILFDWLRQ G_ ,! F _�

&¶HVW HQ FH VHQV Oj TXH O¶RQ D XQLILp OHV GLIIpUHQWHV SpULRGHV� 2Q UHQYRLH j 6ർඁඈඅඓൾ >����@
SRXU SOXV GH GpWDLOV�

&RPPH FRUROODLUH GX WKpRUqPH SUpFpGHQW RQ GpGXLW FRPPH GDQV .ංඌංඇ >����@ TXH OD
FDWpJRULH GHV JURXSHV p�GLYLVLEOHV VXU OC V¶LGHQWLILH j FHOOH GHV '�PRGXOHV VXU$� (M; ')�
WHOV TXH FRNHU' VRLW DQQXOp SDU # �)ൺඋඎൾඌ >����F@ VHF ����� &H UpVXOWDW D pWp UHSULV SDU /DX
VXU GHV EDVHV DIILQRwGHV SHUIHFWRwGHV SOXV JpQpUDOHV GDQV /ൺඎ >����@ SDU OHV PpWKRGHV GH
'LVSOD\V�:LQGRZV GH =LQN� 5HPDUTXRQV HQILQ TXH VXUOC O¶K\SRWKqVH p ¤ 2 GH )ൺඋඎൾඌ
>����F@ HW /ൺඎ >����@ Q¶HVW HQ IDLW SDV QpFHVVDLUH SXLVTXH WRXW JURXSH p�GLYLVLEOH G VXU
OC HVW VRPPH GLUHFWH G¶XQ JURXSH pWDOH HW G¶XQ JURXSH FRQQH[H�

6L X HVW XQ VFKpPD SURSUH HW OLVVH VXU OK GH YDOXDWLRQ GLVFUqWH j FRUSV UpVLGXHO SDUIDLW
DYHF C = bK� OHV GLIIpUHQWV WKpRUqPHV GH FRPSDUDLVRQ FULVWDOOLQV�VHPL�VWDEOHV �)ඈඇඍൺංඇൾ
HW 0ൾඌඌංඇ >����@� 7ඌඎඃං >����@� 1ංඓංඈඅ >����@ SDU H[HPSOH� IRXUQLVVHQW DXWRPDWLTXH�
PHQW GH WHOOHV PRGLILFDWLRQV GH ILEUpV DYHF F = H &H́W(XK ; Qp) ˝ OX HW G = E(D; ')�
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(D; ') pWDQW OD FRKRPRORJLH FULVWDOOLQH GH OD ILEUH VSpFLDOHXkK
� 2Q SHXW GRQF GpILQLU JUkFH

j ���� XQH WKpRULH FRKRPRORJLTXH VXU GH WHOV X j YDOHXUV GDQV OHV '�PRGXOHV VXU $�
¬ OD VXLWH GH FHOD %KDWW� 0RUURZ HW 6FKRO]H �%ඁൺඍඍ� 0ඈඋඋඈඐ HW 6ർඁඈඅඓൾ >����@�

%ඁൺඍඍ� 0ඈඋඋඈඐ HW 6ർඁඈඅඓൾ >����@� RQW GpILQL GH PDQLqUH JpRPpWULTXH XQH WHOOH WKpRULH
FRKRPRORJLTXH VXU OHV VFKpPDV IRUPHOV SURSUHV HW OLVVHV VXU OC � j YDOHXUV GDQV GHV FRP�
SOH[HV GH '�PRGXOHV VXU $ HW RQW GRQQp GHV DSSOLFDWLRQV j O¶pWXGH GH OD WRUVLRQ GDQV OD
FRKRPRORJLH pWDOH GH FHV YDULpWpV� /H SRLQW HVW TX¶LOV QH FRQVWUXLVHQW SDV VHXOHPHQW GHV '�
PRGXOHV VXU$PDLV SOXW{W XQ FRPSOH[H GH FRKRPRORJLH� FH TXL UDIILQH OD FRQVWUXFWLRQ SUp�
FpGHQWH HW GRQQH GHV LQIRUPDWLRQV VXU OD WRUVLRQ� (Q HIIHW� O¶pTXLYDOHQFH GX WKpRUqPH ����
Q¶HVW SDV XQH pTXLYDOHQFH H[DFWH HW QH SDVVH SDV DX[ FRPSOH[HV GH FRKRPRORJLH�

1RWRQV pJDOHPHQW TXH 1L]LRO D LQWHUSUpWp OD FRKRPRORJLH V\QWRPLTXH JpRPpWULTXH HQ
WHUPHV GH ILEUpV VXU OD FRXUEH GDQV 1ංඓංඈඅ >S� G�@� 3OXV SUpFLVpPHQW� OD FRKRPRORJLH GH
'HOLJQH V¶LQWHUSUqWH SDUIRLV FRPPH JURXSHV G¶H[WHQVLRQV GH VWUXFWXUHV GH +RGJH PL[WHV�
OHV UpJXODWHXUV DUFKLPpGLHQV HQYR\DQW XQH H[WHQVLRQ GH PRWLIV PL[WHV VXU O¶H[WHQVLRQ FRU�
UHVSRQGDQWH GH VWUXFWXUHV GH +RGJH� 1L]LRO GRQQH XQH LQWHUSUpWDWLRQ VLPLODLUH GDQV 1ංඓංඈඅ
>LELG�@ SRXU OD FRKRPRORJLH V\QWRPLTXH HQ WHUPHV G¶H[WHQVLRQV GH PRGLILFDWLRQV GH ILEUpV
YHFWRULHOV�

(QILQ FRQFOXRQV SDU OD FRQMHFWXUH VXLYDQWH� DSSDUXH DX FRXUV GH QRPEUHXVHV GLVFXV�
VLRQV DYHF /H %UDV HW 6FKRO]H� pJDOHPHQW LQVSLUpH SDU OHV WUDYDX[ GH &ROPH] HW 1L]LRO
�&ඈඅආൾඓ HW 1ංඓංඈඅ >����@ VHF� ��� R� OHV HVSDFHV GH %DQDFK�&ROPH] DSSDUDLVVHQW QDWX�
UHOOHPHQW� TXL GHYUDLW JpQpUDOLVHU OD FRKRPRORJLH GH +\RGR�.DWR GHV VFKpPDV SURSUHV HW
OLVVHV j UpGXFWLRQ VHPL�VWDEOH�

&RQMHFWXUH ����� 6RLW C jQp FRPSOHW HW DOJpEULTXHPHQW FORV� 2Q SHXW GpILQLU XQH WKpRULH
FRKRPRORJLTXH VXU OHV C �HVSDFHV ULJLGHV OLVVHV TXDVLFRPSDFWV VpSDUpV� j YDOHXUV GDQV
OHV ILEUpV YHFWRULHOV VXU OD FRXUEH DVVRFLpH j C [ TXL JpQpUDOLVH OD FRKRPRORJLH GH +\RGR�
.DWR GHV VFKpPDV SURSUHV HW OLVVHV j UpGXFWLRQ VHPL�VWDEOH� &HWWH WKpRULH FRKRPRORJLTXH
GHYUDLW VH IDFWRULVHU SDU OD FDWpJRULH GHV PRWLIV ULJLGHV GH $\RXE �$ਙਏਕਂ >����@��

2Q HVSqUH PrPH OD FRQVWUXFWLRQ G¶XQ FRPSOH[H GH FRKRPRORJLH GDQV Db
coh(OX )� 3DU

VHPL�VLPSOLILFDWLRQ GH OD ILOWUDWLRQ GH +DUGHU�1DUDVLPKDQ FHOD IRXUQLUDLW XQH WKpRULH FRKR�
PRORJLTXH j YDOHXUV GDQV OHV LVRFULVWDX[� &HSHQGDQW OD FRQMHFWXUH SUpFpGHQWH HVW SOXV VXE�
WLOH SXLVTX¶RQ SUpGLW O¶H[LVWHQFH G¶XQ UHOqYHPHQW DX QLYHDX GHV ILEUpV� %LHQ V�U VL C = bK
FHOD GHYUDLW GpILQLU XQH WKpRULH FRKRPRORJLTXH VXU GH WHOVK�HVSDFHV ULJLGHV j YDOHXUV GDQV
OHV ILEUpV *DORLV pTXLYDULDQWV�

� *pRPpWULVDWLRQ GH O¶HQVHPEOH GH .RWWZLW] HW DSSOLFDWLRQV
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��� *pRPpWULVDWLRQ� 'DQV FHWWH VHFWLRQ X HVW OD FRXUEH DVVRFLpH j XQ FRUSV F DOJp�
EULTXHPHQW FORV HW E FRPPH SUpFpGHPPHQW� 6RLW G XQ JURXSH UpGXFWLI VXU E� 2Q FRQVL�
GqUH O¶HQVHPEOH GH .RWWZLW] B(G) = G(Ĕ)/% �FRQM: GHV FODVVHV G¶LVRPRUSKLVPHV GH
G�LVRFULVWDX[� ,FL SDU % �FRQMXJDLVRQ RQ HQWHQG b ∼ gbg#$ � 6L b 2 G(Ĕ) RQ SHXW OXL
DVVRFLHU XQ G�ILEUp VXU X SDU FRPSRVLWLRQ

5HS(G) "! '"0RGĔ

E(#)""""! ILEUpV VXU X

(V; ") 7"! (VĔ ; "(b)%
"
:

2Q OH QRWH Eb HW RQ OH YRLW pJDOHPHQW FRPPH XQ G�WRUVHXU pWDOH� 7LUp HQ DUULqUH VXU OD
FRXUEH DGLTXH LO V¶DJLW GX Gan�WRUVHXU ORFDOHPHQW WULYLDO SRXU OD WRSRORJLH DGLTXH

Y $'Z Gan
Ĕ

R� ' DJLW VXU GĔ YLD b% � /H WKpRUqPH SULQFLSDO GH )ൺඋඎൾඌ >����D@ HVW DORUV OH VXLYDQW �FI�
$ඇඌർඁඳඍඓ >����@ SRXU OH FDV E = Fq((!))�� ,O V¶DJLW G¶XQH JpQpUDOLVDWLRQ GX WKpRUqPH
GH FODVVLILFDWLRQ ����

7KpRUqPH ��� �)ൺඋඎൾඌ >����D@� $ඇඌർඁඳඍඓ >����@�� ,O \ D XQH ELMHFWLRQ G¶HQVHPEOHV
SRLQWpV

B(G)
∼""! H 1

H́W(X; G)

[b] 7"! [Eb]:

&H UpVXOWDW HVW XWLOLVp GDQV &ൺඋൺංൺඇං HW 6ർඁඈඅඓൾ >����@ DILQ GH FRQVWUXLUH GHV DSSOLFD�
WLRQV GH SpULRGHV GH +RGJH�7DWH SRXU GHV YDULpWpV GH 6KLPXUD GH W\SH +RGJH HW VWUDWLILHU
SDU XQ HQVHPEOH GH .RWWZLW] OD YDULpWp GH GUDSHDX[ DX EXW GH FHV DSSOLFDWLRQV GH SpULRGHV�

&HWWH ELMHFWLRQ VDWLVIDLW GHV SURSULpWpV WUqV DJUpDEOHV �
² ,O \ D XQ GLFWLRQQDLUH HQWUH WKpRULH GH OD UpGXFWLRQ GH +DUGHU�1DUDVLPKDQ� $WL\DK�

%RWW HW OD GHVFULSWLRQ SDU .RWWZLW] GH B(G)� 3DU H[HPSOH �
² b HVW EDVLTXH VVL Eb HVW VHPL�VWDEOH
² OH SRO\JRQH GH +DUGHU�1DUDVLPKDQ f*Eb

g YX FRPPH FODVVH GH FRQMXJDLVRQ JpR�
PpWULTXH GH FRFDUDFWqUH D ! GF HVW pJDO j f*#1b g O¶LQYHUVH GX SRO\JRQH GH
1HZWRQ�

² /¶DSSOLFDWLRQ + : B(G) ! !1(G)Γ GH .RWWZLW] V¶LQWHUSUqWH FRPPH O¶RSSRVp G¶XQH
SUHPLqUH FODVVH GH &KHUQ G¶XQ G�ILEUp�

² 2Q GLVSRVH G¶XQ DQDORJXH GX WKpRUqPH GH 'ULQIHOG�6LPSVRQ � ORUVTXH G HVW TXDVL�
GpSOR\p� SRXU WRXW SRLQW IHUPp 1 2 jX j� EjXnf1g HVW WULYLDO� /HV ILEUpV VXU X V¶RE�
WLHQQHQW DLQVL SDU UHFROOHPHQW © j OD %HDXYLOOH�/DV]OR ª HW GRQF VL f1g = V +(t)� GH
FRUSV UpVLGXHO C � OH JURXSRwGH GHV G�ILEUpV VXU X V¶LGHQWLILH DX JURXSRwGH TXRWLHQW

%
G

!
O(Y )[ 1t ]

'=Id
"
nG(BdR(C ))/G(B+

dR(C ))
&
:
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��� ,QWHUSUpWDWLRQ JpRPpWULTXH GH FHUWDLQV UpVXOWDWV GH 7DWH� 2Q VXSSRVH GDQV FHWWH
VHFWLRQ TXH EjQp � 'XUDQW OD GpPRQVWUDWLRQ GX WKpRUqPH ��� HVW DSSDUX XQ OLHQ LQWpUHVVDQW
HQWUH WKpRULH GX FRUSV GH FODVVH HW ILEUpV VXU OD FRXUEH� 3DU H[HPSOH� VL B HVW XQH DOJqEUH j
GLYLVLRQ VXU E� G¶DSUqV OD WKpRULH GX FRUSV GH FODVVH �FDOFXO GX JURXSH GH %UDXHU�� LO H[LVWH
XQ LVRFULVWDO LVRFOLQH (D; ') WHO TXH B ' End (D; ')� 2Q D DORUV

B ˝E OX
∼""! End (E(D; ')):

,O HQ UpVXOWH TXH OH PRUSKLVPH %U(E) ! %U(X) HVW QXO� 3DUWDQW GH FH UpVXOWDW RQ GpPRQWUH
GDQV )ൺඋඎൾඌ >����D@ TXH OH JURXSH GH %UDXHU %U(X) HVW QXO� 2Q FRQMHFWXUH PrPH HQ
IDLW TXH OH FRUSV GHV IRQFWLRQV GH X HVW �&�� �)ൺඋඎൾඌ >LELG�@��

2Q SHXW DOOHU SOXV ORLQ GDQV OHV OLHQV HQWUH FRUSV GH FODVVH HW FRKRPRORJLH GH OD FRXUEH�
2Q QRWH Γ = *DO(EjE)� '¶DSUqV OH WKpRUqPH ��� OHV V\VWqPHV ORFDX[ pWDOHV ILQLV VXU X

FRUUHVSRQGHQW SDU WLUp HQ DUULqUH YLD X ! 6SHF(E) DX[ Γ�PRGXOHV GLVFUHWV ILQLV� 2Q D
DORUV OH UpVXOWDW VXLYDQW�

7KpRUqPH ��� �)ൺඋඎൾඌ >LELG�@�� 6RLW M XQ Γ�PRGXOH GLVFUHW ILQL HW F OH IDLVFHDX pWDOH
ORFDOHPHQW FRQVWDQW DVVRFLp VXU X SDU WLUp HQ DUULqUH YLD X ! 6SHF(E)� 2Q D DORUV �

�� H &(E; M )
∼""! H &H́W(X; F )�

�� 9LD FHW LVRPRUSKLVPH SRXU M = Z/nZ(1)� OD FODVVH IRQGDPHQWDOH GH OD WKpRULH GX
FRUSV GH FODVVH FRUUHVSRQG j OD FODVVH IRQGDPHQWDOH GH OD FRXUEH ,X = c1(O(1)) 2
H 2

H́W(X; Z/nZ(1))� F¶HVW j GLUH OD FODVVH GH F\FOH G¶XQ SRLQW IHUPp VXU OD FRXUEH�

2Q SHXW DLQVL UpLQWHUSUpWHU �PDLV SDV UHGpPRQWUHU FRPSOqWHPHQW MXVTX¶j PDLQWHQDQW L�H�
SDU GHV PpWKRGHV SXUHPHQW JpRPpWULTXHV� JpRPpWULTXHPHQW OHV GHX[ WKpRUqPHV VXLYDQWV
GH 7DWH �

�� /D GXDOLWp GH 7DWH�1DND\DPD V¶LQWHUSUqWH FRPPH OD GXDOLWp GH 3RLQFDUp VXU OD
FRXUEH�

�� /D IRUPXOH GH 7DWH SRXU OD FDUDFWpULVWLTXH G¶(XOHU�3RLQFDUp GH OD FRKRPRORJLH JD�
ORLVLHQQH V¶LQWHUSUqWH FRPPH XQH IRUPXOH GH *URWKHQGLHFN�2JJ�6KDIDUHYLFK�

2Q HVSqUH SRXYRLU pWXGLHU OHV V\VWqPHV ORFDX[ VXU GHV RXYHUWV GH OD FRXUEH DLQVL TXH
OHXU FRKRPRORJLH �FI� )ൺඋඎൾඌ >LELG�@ VHF� ��� SRXU GHV FRQMHFWXUHV SUpFLVHV HW pJDOHPHQW
)ൺඋඎൾඌ >����D@ VHF� � SRXU XQH GHVFULSWLRQ FRQMHFWXUDOH GX JURXSH IRQGDPHQWDO G¶XQ
RXYHUW��

��� $SSOLFDWLRQ DX[ HVSDFHV GH SpULRGHV p�DGLTXHV� 5DSRSRUW D GRQQp XQH SUHPLqUH
DSSOLFDWLRQ GX WKpRUqPH ��� DX[ HVSDFHV GH SpULRGHV GH 5ൺඉඈඉඈඋඍ HW =ංඇ >S� G�@ GDQV
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5ൺඉඈඉඈඋඍ >S� G�@ HQ PRQWUDQW TXH OH OLHX DGPLVVLEOH FRwQFLGH DYHF WRXWH OD YDULpWp GH
GUDSHDX[ XQLTXHPHQW GDQV OH FDV /XELQ�7DWH HW VRQ GXDO GH &DUWLHU� ,O IDXW IDLUH DWWHQWLRQ
LFL TXH� ELHQ TXH OH WKpRUqPH GH &ROPH]�)RQWDLQH GLVH TXH © DGPLVVLEOH HVW pTXLYDOHQW
j IDLEOHPHQW DGPLVVLEOH ª� GX SRLQW GH YXH JpRPpWULTXH GHV HVSDFHV GH SpULRGHV FHOD GLW
XQLTXHPHQW TXH OHV OLHX[ DGPLVVLEOH HW IDLEOHPHQW DGPLVVLEOH RQW PrPHV SRLQWV j YDOHXUV
GDQV GHV FRUSV p�DGLTXHV GH YDOXDWLRQ GLVFUqWH� PDLV LOV QH VRQW SDV pJDX[ HQ JpQpUDO�

5DSSHORQV OH FRQWH[WH GH FH W\SH GH SUREOqPH �5ൺඉඈඉඈඋඍ HW =ංඇ >S� G�@�'ൺඍ� 2උඅං HW
5ൺඉඈඉඈඋඍ >����@�� 2Q IL[H XQH FODVVH GH FRQMXJDLVRQ JpRPpWULTXH GH FRFDUDFWqUH PLQXV�
FXOH f'g j YDOHXUV GDQV G HW RQ UHJDUGH OD YDULpWp GH GUDSHDX[ DVVRFLpH F (G; ') FRPPH
HVSDFH DGLTXH VXU OH FRPSOpWp GH O¶H[WHQVLRQ PD[LPDOH QRQ UDPLILpH GX FRUSV GH GpILQL�
WLRQ GH f'g� 2Q IL[H XQ LVRFULVWDO DYHF G�VWUXFWXUH [b] 2 B(G; ')� O¶HQVHPEOH GH .RWWZLW]
�.ඈඍඍඐංඍඓ >����@� TXL SDUDPqWUH OHV VWUDWHV GH 1HZWRQ GDQV OHV YDULpWpV GH 6KLPXUD GRQW
OD GRQQpH LQGXLW (G; ') ORFDOHPHQW HQ p �OD QRQ YDFXLWp GHV VWUDWHV GH 1HZWRQ DVVRFLpHV
j XQ pOpPHQW GH B(G; ')� FRQMHFWXUpH GDQV )ൺඋඎൾඌ >����@� HVW FRQQXH GDQV GH WUqV QRP�
EUHX[ FDV PDLQWHQDQW�� 2Q UHJDUGH OH OLHX IDLEOHPHQW DGPLVVLEOH F (G; '; b)ID� XQ RXYHUW
SDUWLHOOHPHQW SURSUH REWHQX HQ HQOHYDQW XQ QRPEUH ILQL GH Jb(E)�RUELWHV GH YDULpWpV GH
6FKXEHUW R� OD FRQGLWLRQ GH IDLEOH DGPLVVLELOLWp GH )RQWDLQH Q¶HVW SDV VDWLVIDLWH� 5DSRSRUW
HW =LQN DYDLHQW FRQMHFWXUp GDQV 5ൺඉඈඉඈඋඍ HW =ංඇ >S� G�@ O¶H[LVWHQFH G¶XQ RXYHUW

F (G; '; b)D ! F (G; '; b)ID

D\DQW PrPH SRLQWV FODVVLTXHV GH 7DWH �j YDOHXUV GDQV XQ FRUSV GH YDOXDWLRQ GLVFUqWH� TXH
F (G; ')D� DLQVL TXH O¶H[LVWHQFH G¶XQ E�V\VWqPH ORFDO pWDOH DYHF G�VWUXFWXUH GHVVXV TXL
LQWHUSROHUDLW OHV UHSUpVHQWDWLRQV FULVWDOOLQHV j YDOHXUV GDQV G(E) HQ OHV SRLQWV FODVVLTXHV�
&HV GHUQLqUHV UHSUpVHQWDWLRQV VRQW IRXUQLHV SDU )RQWDLQH YLD OH WKpRUqPH © IDLEOHPHQW DG�
PLVVLEOH pTXLYDOHQW j DGPLVVLEOH ª HQ FHV SRLQWV� /¶H[LVWHQFH GH FHW RXYHUW HVW PDLQWHQDQW
FRQQXH JUkFH j OD FRXUEH� OHV WUDYDX[ GH .HGOD\D�/LX �.ൾൽඅൺඒൺ HW /ංඎ >����@� FI� OH SRLQW
��� GX WKpRUqPH ���� HW GH 6FKRO]H �6ർඁඈඅඓൾ >S� G�@�� FI� VHF� � GH &ඁൾඇ� )ൺඋඎൾඌ HW
6ඁൾඇ >����@ SRXU XQ UDSLGH VXUYRO� *UkFH j FHOD RQ SHXW FRQVWUXLUH OHV YDULpWpV GH 6KL�
PXUD ORFDOHV DVVRFLpHV �5ൺඉඈඉඈඋඍ HW 9ංൾඁආൺඇඇ >����@� FRPPH HVSDFH GH UpVHDX[ GDQV
FH V\VWqPH ORFDO �GH -ඈඇ >����@��

'DQV +ൺඋඍඅ >����@ +DUWO FODVVLILH OHV ' PLQXVFXOHV DVVRFLpV j G = */n WHOV TXH
F D = F ID� ,QVSLUpV HQWUH DXWUH SDU FH UpVXOWDW� 5DSRSRUW HW O¶DXWHXU RQW FRQMHFWXUp OH UpVXOWDW
VXLYDQW TXL HVW PDLQWHQDQW GpPRQWUp�

7KpRUqPH ��� �&ඁൾඇ� )ൺඋඎൾඌ HW 6ඁൾඇ >����@�� 3RXU [b] 2 B(G; ') EDVLTXH VRQW pTXL�
YDOHQWV

�� F (G; '; b)D = F (G; '; b)ID�

�� /¶HQVHPEOH B(G; ') HVW SOHLQHPHQW +1 GpFRPSRVDEOH�
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3DU GpILQLWLRQ O¶HQVHPEOH B(G; ') HVW SOHLQHPHQW +1 GpFRPSRVDEOH VL SRXU WRXW [b0] 2
B(G; ') QRQ EDVLTXH VRQ SRO\JRQH GH 1HZWRQ� FRPPH pOpPHQW G¶XQH FKDPEUH GH :H\O
SRVLWLYH� © WRXFKH OH SRO\JRQH GH +RGJH GpILQL SDU ' HQ GHKRUV GH VHV H[WUpPLWpV ª� /HV
HVSDFHV�YDULpWpV GH 6KLPXUD DVVRFLpV DX[ HQVHPEOHV B(G; ') SOHLQHPHQW +1 GpFRPSR�
VDEOHV MRXLVVHQW GH SURSULpWpV WRXW j IDLW UHPDUTXDEOHV �*ඈൾඋඍඓ� +ൾ HW 1ංൾ >����@�� /H
SUHPLHU H[HPSOH GH WHO HQVHPEOH TXL D LQWULJXp O¶DXWHXU UHPRQWH j © O¶DVWXFH GH %R\HU ª
DND OD GpFRPSRVLWLRQ GH +RGJH�1HZWRQ �%ඈඒൾඋ >����@ SRXU O¶DVWXFH RULJLQHOOH� +ൺඋඋංඌ
HW 7ൺඒඅඈඋ >����@ SRXU VD YDULDQWH YDULpWpV GH 6KLPXUD� 0ൺඇඍඈඏൺඇ >����@� 0ൺඇඍඈඏൺඇ HW
9ංൾඁආൺඇඇ >����@� 6ඁൾඇ >����E@ SRXU GHV JpQpUDOLVDWLRQV DX FDV GHV YDULpWpV GH 6KLPXUD�
*ඈൾඋඍඓ� +ൾ HW 1ංൾ >����@ SRXU OH FDV GH OD ILEUH VSpFLDOH� +ൺඇඌൾඇ >����@ DQG *ൺංඌංඇ HW
,ආൺං >����@ SRXU GHV YHUVLRQV ´PRGHUQHV´ GDQV OH FDGUH GHV HVSDFHV GH PRGXOH GH 6KWXNDV
ORFDX[��

9RLFL XQ H[HPSOH GH (2) ) (1) GDQV OH WKpRUqPH SUpFpGHQW� ,O DYDLW pWp WUDLWp DXSDUD�
YDQW �)ൺඋඎൾඌ >����E@� DSSHQGLFH GH 6ඁൾඇ >����@� HW D VHUYL GH JXLGH GDQV OD GpPRQVWUD�
WLRQ GH (2) ) (1)�

&RUROODLUH ��� �$SSOLFDWLRQ GH OD FRXUEH DX[ VXUIDFHV�� 6XSSRVRQV p ¤ 2� 6RLW F = fq =
0g ! ‘20

Q̆p
OD YDULpWp GH GUDSHDX[ IRUPpHV GHV GURLWHV LVRWURSHV SRXU OD IRUPH TXDGUDWLTXH

q WHOOH TXH q(x) =
P21

i=1 xi x22#i � 6RLW Z = fx12 = ( ( ( = x21 = 0g \ F � XQH YDULpWp GH
6FKXEHUW SRXU G = SO(q)� /¶HVSDFH GHV SpULRGHV p�DGLTXHV GHV VXUIDFHV .� SRODULVpHV
j UpGXFWLRQ VXSHUVLQJXOLqUH V¶LGHQWLILH j F n G(Qp) ( Z�

/D GpPRQVWUDWLRQ GX WKpRUqPH ��� UHSRVH VXU OD FRQVWUXFWLRQ VXLYDQWH� ¬
x 2 F (G; ')(C ) HVW DVVRFLp XQH PRGLILFDWLRQ Eb;x GH Eb � (Q HIIHW� Eb HVW FDQRQLTXH�
PHQW WULYLDOLVp HQ 1 HW RQ XWLOLVH OH IDLW TXH ' HVW PLQXVFXOH DILQ G¶DVVRFLHU j XQ WHO x XQH
GRQQpH GH PRGLILFDWLRQ GDQV G(BdR)/G(B+

dR)� 9LD OH WKpRUqPH ��� OD FODVVH G¶LVRPRU�
SKLVPH GH Eb;x IRXUQLW XQ pOpPHQW GH B(G)� 2Q SHXW FODVVLILHU FHV pOpPHQWV SRVVLEOHV SDU
XQ DXWUH HQVHPEOH �ILQL� GH .RWWZLW] B(G; 0; *b'#1) �5ൺඉඈඉඈඋඍ >S� G�@ FRUR� ����� &ඁൾඇ�
)ൺඋඎൾඌ HW 6ඁൾඇ >����@ VHF� ��� &HOD IRXUQLW XQH VWUDWLILFDWLRQ GH F (G; ')� OD VWUDWH RX�
YHUWH pWDQW FHOOH DVVRFLpH j [1] 2 B(G) TXL HVW H[DFWHPHQW O¶RXYHUW DGPLVVLEOH L�H� OH OLHX
R� OH G�ILEUp Eb;x HVW WULYLDO �FI� &ඁൾඇ� )ൺඋඎൾඌ HW 6ඁൾඇ >LELG�@ VHF� ��� &¶HVW O¶pWXGH GH
FHWWH VWUDWLILFDWLRQ TXL PqQH j OD SUHXYH GX WKpRUqPH ���� &H W\SH GH VWUDWLILFDWLRQ DSSDUDvW
pJDOHPHQW GDQV &ൺඋൺංൺඇං HW 6ർඁඈඅඓൾ >����@ SDU OH PrPH W\SH GH FRQVWUXFWLRQ� (Q HIIHW�
OHV SpULRGHV GH +RGJH�7DWH HW GH GH 5KDP GH OD 6HFWLRQ ����� V¶LQWHUSUqWHQW DJUpDEOHPHQW
DX VHQV R� VL Eb Ý E1 HVW XQH PRGLILFDWLRQ PLQXVFXOH GH W\SH ' HQ 1 �

² VD SpULRGH GH GH 5KDP HVW GRQQpH SDU O¶pOpPHQW x 2 F (G; ')(C ) TXL LGHQWLILH OD
PRGLILFDWLRQ j Eb Ý Eb;x

² VD SpULRGH GH +RGJH�7DWH HVW GRQQpH SDU O¶pOpPHQW y 2 F (G; '#1)(C ) TXL LGHQWLILH
OD PRGLILFDWLRQ j E1;y Ý Eb �
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&HV SpULRGHV GH +RGJH�7DWH HW GH GH 5KDP VRQW O¶RPEUH GH GHX[ SDWWHV GX FKDPS GH
+HFNH GHV PRGLILFDWLRQV GHV *�ILEUpV �FI� 6HFWLRQ ����� &H W\SH GH FRQVLGpUDWLRQV VXU OHV
SpULRGHV GH +RGJH�7DWH HW GH GH 5KDP D pWp XQH WUqV IRUWH LQVSLUDWLRQ SRXU O¶LQWURGXFWLRQ
GH OD FRQMHFWXUH GH JpRPpWULVDWLRQ GH OD 6HFWLRQ ��

3XLVTXH QRXV O¶XWLOLVRQV GDQV OD SUHXYH GX WKpRUqPH ���� UHPDUTXRQV TXH OD FRQVLGpUD�
WLRQ GHVG�ILEUpV VXU OD FRXUEH� SRXUG TXHOFRQTXH� FODULILH FRPSOqWHPHQW O¶LVRPRUSKLVPH
HQWUH OHV WRXUV MXPHOOHV GH )ൺඅඍංඇඌ >����@ HW )ൺඅඍංඇඌ >����@ �FI� pJDOHPHQW )ൺඋඎൾඌ
>����@ HW 6ർඁඈඅඓൾ HW :ൾංඇඌඍൾංඇ >����@�� 3OXV SUpFLVpPHQW� SRXU [b] 2 B(G) EDVLTXH OH
JURXSH UpGXFWLI Jb GHYLHQW XQH IRUPH LQWpULHXUH SXUH GH G DSUqV H[WHQVLRQ GHV VFDODLUHV j
OD FRXUEH � Jb $ X HVW OD WRUVLRQ LQWpULHXUH GH G $ X SDU OH G�WRUVHXU Eb � ,O HQ UpVXOWH
XQH pTXLYDOHQFH GH JURXSRwGHV HQWUH Jb�ILEUpV VXU X HW G�ILEUpV VXU X TXL UHVSHFWH OHV
PRGLILFDWLRQV� ¬ SDUWLU GH Oj OHV HVSDFHV GH PRGXOHV GH PRGLILFDWLRQV VRQW LGHQWLILpV� 2Q
UHQYRLH j OD VHFWLRQ ��� GH &ඁൾඇ� )ൺඋඎൾඌ HW 6ඁൾඇ >����@ SRXU SOXV GH GpWDLOV�

(QILQ� O¶DXWHXU D FRPPHQFp j V¶LQWpUHVVHU DX[ ILOWUDWLRQV GX W\SH +DUGHU�1DUDVLPKDQ
HQ WKpRULH GH +RGJH p�DGLTXH ORUV GH OD GpFRXYHUWH GH O¶H[LVWHQFH GH WHOOHV ILOWUDWLRQV VXU
OHV VFKpPDV HQ JURXSHV ILQLV HW SODWV �)ൺඋඎൾඌ >����E@�� &HV ILOWUDWLRQV SHUPHWWHQW GH Gp�
ILQLU GHV GRPDLQHV IRQGDPHQWDX[ GDQV OHV HVSDFHV GH PRGXOHV GH JURXSHV p�GLYLVLEOHV
�)ൺඋඎൾඌ >LELG�@ FRUR� �� HW 6ඁൾඇ >����D@�� 2Q D DORUV OD FRQMHFWXUH VXLYDQWH FRQFHU�
QDQW O¶H[LVWHQFH GH © GRPDLQHV IRQGDPHQWDX[ GH 6LHJHO ª GDQV OHV HVSDFHV GH SpULRGHV
p�DGLTXHV� &HWWH FRQMHFWXUH HVW OLpH DX WKpRUqPH ��� YLD OH IDLW TXH ORUVTXH B(G; ') HVW
SOHLQHPHQW +1 GpFRPSRVp DORUV F (G; ') n F (G; '; b)D HVW © SDUDEROLTXHPHQW LQGXLW ª
�&ඁൾඇ� )ൺඋඎൾඌ HW 6ඁൾඇ >����@ VHF� ���

&RQMHFWXUH ��� �&ඁൾඇ� )ൺඋඎൾඌ HW 6ඁൾඇ >LELG�@ VHF� ��� 3RXU [b] 2 B(G; ') EDVLTXH�
VRQW pTXLYDOHQWV �

�� F (G; '; b)D = F (G; '; b)ID

�� ,O H[LVWH XQ RXYHUW TXDVLFRPSDFWU ! F (G; '; b)D WHO TXH F (G; '; b)D = Jb(E)(U �

6L G HVW XQ PRGqOH HQWLHU GH G� OHV ILOWUDWLRQV GH +DUGHU�1DUDVLPKDQ GHV VFKpPDV HQ
JURXSHV ILQLV HW SODWV V¶pWHQGHQW DX[ '�PRGXOHV GH %UHXLO�.LVLQ DYHFG�VWUXFWXUH �/ൾඏංඇ HW
:ൺඇ�(උංർඌඌඈඇ >����@� 3ൾർඁൾ ,උංඌඌൺඋඋඒ >S� G�@� DLQVL TX¶DX[ '�PRGXOHV VXU ALQI GH OD
6HFWLRQ ������ (Q pWXGLDQW OHV G�6KWXNDV VXU Y LO HVW SUREDEOH TXH O¶RQ SXLVVH JpQpUDOLVHU
OD SUHXYH GH ���� j FDGUH Oj� 2Q SHXW GRQF HVSpUHU GHV FRQVWUXFWLRQV JpQpUDOHV GH WHOV
GRPDLQHV IRQGDPHQWDX[ JUkFH j FHV WHFKQLTXHV�

� *pRPpWULVDWLRQ GH OD FRUUHVSRQGDQFH GH /DQJODQGV ORFDOH
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��� /D FRXUEH HQ IDPLOOHV� 6RLW 3HUIFq OD FDWpJRULH GHVFq�HVSDFHV SHUIHFWRwGHV �6ർඁඈඅඓൾ
>����@�� 2Q QH V¶LQWpUHVVH GpVRUPDLV TX¶j OD FRXUEH DGLTXH HW RQ QRWH X FH TXH O¶RQ QRWDLW
DXSDUDYDQW Xad � 3RXU S 2 3HUIFq RQ SHXW FRQVWUXLUH XQ E�HVSDFH DGLTXH XS TXH O¶RQ
SHXW YRLU FRPPH pWDQW © OD IDPLOOH GH FRXUEHV DGLTXHV (Xk(s);k(s)+)s2S ª� &RPPH GDQV OH
FDV G¶XQ SRLQW EDVH

XS = YS/'Z

R� YS HVW © 6WHLQ ª� 3DU H[HPSOH� VL E = Fq((!))� YS = D!S = f0 < j!j < 1g ! A1
S HW OH

)UREHQLXV ' HVW GRQQp SDU FHOXL GH S � /RUVTXH S = 6SD(R; R+) HVW DIILQRwGH SHUIHFWRwGH
O¶HVSDFH YS VH GpILQLW FRPPH pWDQW

6SD($;$) n V (! [$ ])

R�$ = WOE
(R+) VLEjQp �$ = R+!!" VLE = Fq((!)) HW$ HVW XQH SVHXGR�XQLIRUPLVDQWH

GH R� 0 < j$ j < 1� &HV E�HVSDFHV DGLTXHV VRQW SUp�SHUIHFWRwGHV HW RQ PRQWUH TXH

Y ˘S = S $ 6SD(E)˘

R� ' $ 'S $ Id � ,FL RQ XWLOLVH OD QRWLRQ GH GLDPDQW LQWURGXLWH SDU 6FKRO]H �6ർඁඈඅඓൾ
>����@� 6ർඁඈඅඓൾ >S� G�@�� 6L Z HVW XQ E�HVSDFH DGLTXH DORUV Z˘ HVW OH IDLVFHDX VXU 3HUIFq

WHO TXH

Z˘(T ) = f(T ]; -; f ) jT ] HVW SHUIHFWRwGH; - : T
∼"! T ];[; f : T ] ! Zg/ ∼ :

&HWWH IRUPXOH FDWpJRULTXH� ELHQ TXH SDUWLFXOLqUHPHQW pOpJDQWH� QH GLW ULHQ VXU OD JpRPpWULH
GH YS �SDU H[HPSOH HOOH QH GLW ULHQ VXU FH TX¶HVW XQ ILEUp YHFWRULHO VXU XS ��

��� 5pVXOWDWV GH .HGOD\D HW /LX VXU OHV IDPLOOHV GH ILEUpV� .HGOD\D HW /LX RQW PRQWUp
TXH O¶RQ GLVSRVH G¶XQH ERQQH QRWLRQ GH ILEUp YHFWRULHO VXU GHV HVSDFHV DGLTXHV GX W\SH XS

�.ൾൽඅൺඒൺ HW /ංඎ >����@ VHF� ����� ,OV RQW pJDOHPHQW GpPRQWUp OHV WURLV UpVXOWDWV VXLYDQWV
TXL VRQW DX FRHXU GH OD VWUXFWXUH GX FKDPS GHV G�ILEUpV VXU OD FRXUEH �OHXUV UpVXOWDWV VRQW
pQRQFpV GH PDQLqUH PRLQV © JpRPpWULTXH ª HQ WHUPHV GH '�PRGXOHV VXU GHV DQQHDX[ GH
5REED PDLV VRQW pTXLYDOHQWV j FHX[ TXL VXLYHQW�� 'DQV FHW pQRQFp

& : (XS )
e
SUR�pW "! eSSUR�pW

HVW XQ PRUSKLVPH GH WRSRV SUR�pWDOHV REWHQX SDU H[HPSOH JUkFH j OD IRQFWRULDOLWp GH OD
FRXUEH HQ OD EDVH S �

7KpRUqPH ���� 3RXU S XQ Fq�HVSDFH SHUIHFWRwGH HW E XQ ILEUp YHFWRULHO VXU XS

�� /D IRQFWLRQ jS j 3 s 7"! +1(EjXk(s);k(s)+
) �SRO\JRQH GH +DUGHU�1DUDVLPKDQ� HVW

VHPL�FRQWLQXH VXSpULHXUHPHQW� (Q SDUWLFXOLHU OH OLHX VHPL�VWDEOH GDQV S HVW XQ RX�
YHUW SDUWLHOOHPHQW SURSUH�
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�� /HV IRQFWHXUV R&! HW &!(")˝E OX LQGXLVHQW GHV pTXLYDOHQFHV LQYHUVHV HQWUH ILEUpV
YHFWRULHOV� ILEUH j ILEUH VXU S VHPL�VWDEOHV GH SHQWH 0� HW E�V\VWqPHV ORFDX[ SUR�
pWDOHV VXU S �

�� /H ILEUp O(1) HVW DPSOH DX VHQV R�� VL S HVW DIILQRwGH SHUIHFWRwGH� DORUV SRXU d & 0
LO H[LVWH XQH VXUMHFWLRQ On

XS
! E(d )�

/H SRLQW ��� VH UHIRUPXOH GH IDoRQ DJUpDEOH GH OD IDoRQ VXLYDQWH �F¶HVW XQ H[HUFLFH GH
YpULILHU TXH OHV GHX[ VRQW pTXLYDOHQWV�� ,O \ D GHX[ IRQFWLRQV DGGLWLYHV �LQWURGXLWHV SDU &RO�
PH] GDQV &ඈඅආൾඓ >����@� VXU OD FDWpJRULH GHV HVSDFHV GH %DQDFK�&ROPH] VXU C jE �FI�
6HFWLRQ ����� &H VRQW OHV IRQFWLRQV GLPHQVLRQ HW KDXWHXU GpWHUPLQpHV SDU GLPGa = 1�
GLPE = 0� KWGa = 0 HW KWE = 1 �SDU UpIpUHQFH j OD KDXWHXU HW OD GLPHQVLRQ GX UHYrWH�
PHQW XQLYHUVHO G¶XQ JURXSH p�GLYLVLEOH� XQ FDV SDUWLFXOLHU G¶HVSDFH GH %DQDFK�&ROPH]��
3RXU XQ ILEUp YHFWRULHO F VXU OD FRXUEH XF DVVRFLpH j F = C [ RQ SHXW DORUV GpILQLU OD
GLPHQVLRQ HW OD KDXWHXU GHV HVSDFHV GH %DQDFK�&ROPH] H 0(XF ; F ) HW H 1(XF ; F ) �SOXV
SUpFLVpPHQW� FHV HVSDFHV VRQW GpILQLV SDU WURQFDWXUH YLD OD W�VWUXFWXUH GX WKpRUqPH ���� OD
IRQFWLRQ GLPHQVLRQ VXU OH FRHXU GH FHWWH t �VWUXFWXUH FRwQFLGH DORUV DYHF OH GHJUp HW OD KDX�
WHXU DYHF OH UDQJ� OHV GHX[ YXHV FRPPH IRQFWLRQV DGGLWLYHV VXU Db

coh(OXF
)�� /H SRLQW ���

VH UHIRUPXOH DORUV HQ OH IDLW TXH SRXU ) 2 N� OD IRQFWLRQ

jS j "!
!
GLPH &(Xk(s);k(s)+ ; EjXk(s);k(s)+

); KWH &(Xk(s);k(s)+ ; EjXk(s);k(s)+
)
"

2 N $ Z

HVW VHPL�FRQWLQXH VXSpULHXUHPHQW �SXLVTXH GLPH 0"GLPH 1 = GHJE HW KWH 0"KWH 1 =
UJE TXL VRQW ORFDOHPHQW FRQVWDQWV� FHOD VH UDPqQH DX PrPH pQRQFp SRXU OH H 0�� &HOD
UHSODFH FH W\SH GH UpVXOWDW GDQV OH FDGUH FRQFHSWXHO GHV UpVXOWDWV GH VHPL�FRQWLQXLWp GH
*උඈඍඁൾඇൽංൾർ >����@ �PDLV PDOKHXUHXVHPHQW O¶DXWHXU QH VDLW SDV GRQQHU XQ VHQV DX IDLW
TXH R&!E VRLW XQ © FRPSOH[H SDUIDLW GH TXRL TXH FH VRLW ª� FH TXL GRQQHUDLW XQH SUHXYH
UDSLGH GH FHWWH VHPL�FRQWLQXLWp��

/H SRLQW ��� HVW XQH YDVWH JpQpUDOLVDWLRQ DX[ Qp�V\VWqPHV ORFDX[ GX WKpRUqPH GH
/DQJ �TXL FRQFHUQH OHV Zp�V\VWqPHV ORFDX[�� 3OXV SUpFLVpPHQW� VL S = 6SD(R; R+) DORUV
G¶DSUqV /DQJ�

OE �V\VWqPHV ORFDX[ SUR�pWDOHV
∼""! '"0RGH́W$R;R+

R� OHV '�PRGXOHV VRQW FHX[ GH OD 6HFWLRQ ����� HW OD FRQGLWLRQ G¶rWUH pWDOH VLJQLILH VLPSOH�
PHQW TXH ' : M

∼"! M HVW XQ LVRPRUSKLVPH� &HWWH FRQGLWLRQ VH UppFULW GX SRLQW GH YXH GX
WKpRUqPH SUpFpGHQW HQ GHPDQGDQW TXH SRXU WRXW s 2 S � (M; ') ˝$R;R+ $k(s);k(s)+ VRLW
pWDOH� /H SRLQW ��� GX WKpRUqPH SUpFpGHQW UHPSODFH GRQF OD FRQGLWLRQ G¶rWUH pWDOH ILEUH j
ILEUH SDU OD FRQGLWLRQ G¶rWUH VHPL�VWDEOH GH SHQWH 0 ILEUH j ILEUH HW O¶DQQHDX$ SDU XQ DQQHDX
GH 5REED�
5HPDUTXRQV TXH OH SRLQW ��� HVW pJDOHPHQW XQH JpQpUDOLVDWLRQ GX UpVXOWDW ©GX W\SH1DUDVLPKDQ�
6HVKDGUL ª ����

3RXU OH SRLQW ��� RQ UHQYRLH j OD GLVFXVVLRQ DSUqV ����
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��� /H FKDPS%XQG HW OD FRQMHFWXUH GH JpRPpWULVDWLRQ� 0RWLYp SDU O¶DSSDULWLRQ V\VWp�
PDWLTXH GHV PRGLILFDWLRQV GH ILEUpV YHFWRULHOV �6HFWLRQ ������� OH WKpRUqPH ���� OHV FRQMHF�
WXUHV GH .RWWZLW] GpFULYDQW OD SDUWLH GLVFUqWH GH OD FRKRPRORJLH GHV HVSDFHV GH 5DSRSRUW�
=LQN �5ൺඉඈඉඈඋඍ >����@�� OHV WUDYDX[ QDLVVDQWV GH 6FKRO]H VXU OD FRQVWUXFWLRQ GH /�SDUDPqWUHV
YLD OD FRKRPRORJLH GHV HVSDFHV GH 6KWXNDV ORFDX[ �6ർඁඈඅඓൾ >����@�/ൺൿൿඈඋඎൾ >S� G�@� HW
ELHQ V�U FHX[ GH O¶pFROH UXVVH DXWRXU GX SURJUDPPH GH /DQJODQGV JpRPpWULTXH �'උංඇൿൾඅൽ
>����@� *ൺංඍඌඈඋඒ >����@�� RQ D IRUPXOp XQH FRQMHFWXUH GH JpRPpWULVDWLRQ GH OD FRUUHV�
SRQGDQFH GH /DQJODQGV ORFDOH �)ൺඋඎൾඌ >����E@� )ൺඋඎൾඌ HW 6ർඁඈඅඓൾ >S� G�@�� 3XLVTX¶LO
V¶DJLW G¶XQ WUDYDLO HQ FRXUV QRXV Q¶DOORQV SDV QRXV pWHQGUH HQ GpWDLO GHVVXV� ,QGLTXRQV
VHXOHPHQW TXHOTXHV SRLQWV HQ OLHQ DYHF OHV UpVXOWDWV SUpFpGHQWV�

2Q GpILQLW OH FKDPS %XQG VXU 3HUIFq
FRPPH pWDQW S 7! fG�ILEUpV VXU XS g� 2Q OH

YRLW FRPPH XQ FKDPS SRXU OD v�WRSRORJLH �6ർඁඈඅඓൾ >S� G�@�� /H SRLQW GH GpSDUW HVW TXH OH
WKpRUqPH ��� GRQQH XQH LGHQWLILFDWLRQ

B(G) = j%XQG j:

,O IDXW SUHQGUH JDUGH DX IDLW TXH OD WRSRORJLH TXRWLHQW VXU B(G) = G(Ĕ)/% �FRQM� HVW OD
WRSRORJLH GLVFUqWH �VL OHV PDWULFHV GH )UREHQLXV GH GHX[ LVRFULVWDX[ VRQW SURFKHV HOOHV VRQW
% �FRQMXJXpHV�� &H Q¶HVW SDV OD WRSRORJLH TXL QRXV LQWpUHVVH� RQ UHJDUGH SOXW{W FHOOH GH
j%XQG j LQGXLWH SDU OHV VRXV�FKDPSV RXYHUWV� /¶DSSOLFDWLRQ SUHPLqUH FODVVH GH &KHUQ � L�H�
�+ VXU B(G) �FI� 6HFWLRQ ����� HVW ORFDOHPHQW FRQVWDQWH �)ൺඋඎൾඌ HW 6ർඁඈඅඓൾ >S� G�@� HW
IRXUQLW XQH GpFRPSRVLWLRQ HQ VRXV�FKDPSV RXYHUWV�IHUPpV

%XQG =
a

˛2!1(G)Γ

%XQ˛
G :

,O \ D XQH DSSOLFDWLRQ SRO\JRQH GH +DUGHU�1DUDVLPKDQ VHPL�FRQWLQXH j YDOHXUV GDQV XQH
FKDPEUH GH :H\O �FHW pQRQFp SHXW VH GpGXLUH GH ��� ����� &RQWHQWRQV QRXV VHXOHPHQW GH
GLUH TXH OH OLHX VHPL�VWDEOH HVW RXYHUW� &HW pQRQFp HVW j PHWWUH HQ SDUDOOqOH DYHF OH IDLW
TXH OH OLHX EDVLTXH GDQV OD ILEUH VSpFLDOH G¶XQH YDULpWp GH 6KLPXUD HVW IHUPp � OD FRKpUHQFH
HQWUH OHV GHX[ pQRQFpV SURYHQDQW GX IDLW TXH OH WXEH� DX VHQV GH OD JpRPpWULH ULJLGH� DX
GHVVXV G¶XQ IHUPp HVW RXYHUW� '¶DSUqV .RWWZLW] �.ඈඍඍඐංඍඓ >����@� OD UHVWULFWLRQ GH +

LQGXLW XQH ELMHFWLRQ B(G)basique
∼"! !1(G)Γ� &HOD V¶LQWHUSUqWH JpRPpWULTXHPHQW HQ �

WRXWH FRPSRVDQWH GH %XQG LQGH[pH SDU XQ pOpPHQW GH !1(G)Γ SRVVqGH XQ XQLTXH SRLQW
VHPL�VWDEOH �O¶DXWHXU Q¶DYDLW MDPDLV YUDLPHQW FRPSULV OD VLJQLILFDWLRQ GH FHW pQRQFp GH
.RWWZLW] DYDQW GH WRPEHU VXU FH VLPSOH pQRQFp JpRPpWULTXH�� 6RLW GRQF [b] EDVLTXH HW
˛ = "+(b)� (Q XWLOLVDQW OH SRLQW ��� GH ��� RQ SHXW GpPRQWUHU OH UpVXOWDW VXLYDQW TXL
FDOFXOH OD JHUEH UpVLGXHOOH HQ O¶XQLTXH SRLQW VHPL�VWDEOH GH OD FRPSRVDQWH DVVRFLpH j ˛ �
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YLD OH G�ILEUp Eb � LO \ D XQ LVRPRUSKLVPH
%
6SD(Fq)/Jb(E)

& ∼""! %XQ˛;ss
G :

�FKDPS FODVVLILDQW GHV Jb(E)�WRUVHXUV SUR�pWDOHV�� &¶HVW Oj XQH GHV GLIIpUHQFHV PDMHXUHV
DYHF OH FKDPS © FODVVLTXH ª GHV G�ILEUpV VXU XQH FRXUEH � OH JURXSH GHV DXWRPRUSKLVPHV
GX G�ILEUp WULYLDO HVW G(E) TXL HVW WRWDOHPHQW GLVFRQWLQX WDQGLV TXH GDQV OD VLWXDWLRQ
©FODVVLTXHª F¶HVW OH JURXSH DOJpEULTXH FRQQH[HG�&HWWH GLIIpUHQFH GH QDWXUH HQWUH FKDPSV
FODVVLILDQWV� FRXSOpH DX[ WUDYDX[ GH .DOHWKD HW .RWWZLW] �.ൺඅൾඍඁൺ >����@ SDU H[HPSOH��
HVW LPSRUWDQWH DILQ GH FRPSUHQGUH OD FRQMHFWXUH GH JpRPpWULVDWLRQ� 3OXV SUpFLVpPHQW� VL
O¶RQ SUHQG OD ILEUH HQ XQ SRLQW VHPL�VWDEOH G¶XQ IDLVFHDX `�DGLTXH VXU %XQG RQ REWLHQW
XQH UHSUpVHQWDWLRQ OLVVH GH Jb(E) �DORUV TXH GDQV OD VLWXDWLRQ © FODVVLTXH ª� SXLVTXH G HVW
FRQQH[H� RQ Q¶REWLHQGUDLW TX¶XQ VLPSOH HVSDFH YHFWRULHO `�DGLTXH��

9HQRQV HQ PDLQWHQDQW DX[ PRGLILFDWLRQV GH ILEUpV TXL RQW MRXp XQ U{OH WUqV LPSRUWDQW
GDQV O¶LQWXLWLRQ GH OD FRQMHFWXUH� ,FL O¶LQWXLWLRQ YLHQW GX SRLQW ��� GH ���� (Q HIIHW� OHV GpEDV�
FXOHPHQWV GH S 2 3HUIFq

VXU E� S] XQ E�HVSDFH SHUIHFWRwGH DYHF S
∼"! S];[� IRXUQLVVHQW

GHV GLYLVHXUV GH &DUWLHU
S] ,! XS

GRQQpV SDU S] = V (#) ,! YS VL S HVW DIILQRwGH SHUIHFWRwGH HW # 2 $R;R+ HVW SULPLWLI GH
GHJUp 1 GpILQLVVDQW OH GpEDVFXOHPHQW S]� 3RVRQV DORUV

'LY1S = S $ 6SD(E)˘/'Z
E˘

FRPPH S �GLDPDQW� &HW REMHW HVW HQ TXHOTXH VRUWH © OH PLURLU ª GH X˘S = S $6SD(E)˘/'Z
S

�WRXV GHX[ RQW PrPH VLWH pWDOH SXLVTXH 'S ı 'E˘ HVW OH )UREHQLXV DEVROX GH S $6SD(E)˘�
F¶HVW FH TXH O¶RQ XWLOLVH GDQV OD 6HFWLRQ ����� /H IDLVFHDX 'LY1 HVW DORUV FHOXL GHV © GLYL�
VHXUV GH &DUWLHU HIIHFWLIV GH GHJUp 1 VXU OD FRXUEH ª �TXL Q¶HVW SDV OD FRXUEH HOOH�PrPH
FRQWUDLUHPHQW j OD VLWXDWLRQ © FODVVLTXH ª��

8Q DXWUH SRLQW LPSRUWDQW HVW OD FRQVWUXFWLRQ G¶XQ V\VWqPH GH FDUWH SHUIHFWRwGHV © OLVVHV ª
�`�FRKRPRORJLTXHPHQW OLVVHV DX VHQV GH 6ർඁඈඅඓൾ >S� G�@ SRXU rWUH SOXV SUpFLV� VXU OH
FKDPS %XQG � GRQW RQ PRQWUH DX ILQDO TX¶LO HVW OLVVH GH GLPHQVLRQ 0 �)ൺඋඎൾඌ HW 6ർඁඈඅඓൾ
>S� G�@�� /H SRLQW GH GpSDUW D pWp OD UHPDUTXH VXLYDQWH OLpH DX[ HVSDFHV GH %DQDFK�&ROPH]
�6HFWLRQ ���� � OH FKDPS FODVVLILDQW

%
6SD(Fq)/*/n(Qp)

&
HVW OLVVH� (Q HIIHW� O¶HVSDFH GHPR�

GXOH GHV LQMHFWLRQVOn ,! O(1)n V¶LGHQWLILH j O¶RXYHUWU GX GLDPDQW UHODWLIH 0(O(1))n2 !
6SD(Fq) IRUPp GHV PDWULFHV GH GpWHUPLQDQW GDQV H 0(O(n)) n f0g� /¶HVSDFH GH %DQDFK�
&ROPH] UHODWLI H 0(O(1)) ! 6SD(Fq) HVW UHSUpVHQWDEOH SDU XQ GLVTXH RXYHUW SHUIHFWRwGH
�OH UHYrWHPHQW XQLYHUVHO G¶XQ JURXSH GH /XELQ�7DWH� HW U ! 6SD(Fq) HVW GRQF OLVVH� /H
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JURXSH */n(Qp) DJLW OLEUHPHQW VXU U � VL K ! */n(Qp) HVW XQ VRXV�JURXSH FRPSDFW
RXYHUW SUR�p HW F = Fq((T 1/p1)) DORUV

UF /K "!
%
6SD(Fq)/*/n(Qp)

&

HVW XQH SUpVHQWDWLRQ OLVVH SDU XQ GLDPDQW OLVVH�

)LQDOHPHQW� RQ SHXW DORUV GpILQLU GHV FRUUHVSRQGDQFHV GH +HFNH SRXU ' XQH FODVVH GH
FRQMXJDLVRQ GH FRFDUDFWqUH

+HFNH#

%XQG %XQG $ 'LY1:

 
h

!
h

R�
!
h HVW XQH ILEUDWLRQ pWDOH ORFDOHPHQW WULYLDOH HQ OD FHOOXOH GH 6FKXEHUW DVVRFLpH j '

GDQV OD BdR�*UDVVPDQLHQQH GH 6FKRO]H DX GHVVXV GH 'LY1 �6ർඁඈඅඓൾ >����@� &ൺඋൺංൺඇං HW
6ർඁඈඅඓൾ >����@�� /¶pWXGH GHV PRGLILFDWLRQV GH ILEUpV HQ OLHQ DYHF OHV JURXSHVp�GLYLVLEOHV
�6HFWLRQ ������ HW OH OLHQ DYHF OHV HVSDFHV GH SpULRGHV �6HFWLRQ ���� VRQW XQH PRWLYDWLRQ
LPSRUWDQWH SRXU O¶LQWURGXFWLRQ GH FH W\SH GH GLDJUDPPH�

/D FRQMHFWXUH VH IRUPXOH DORUV VRPPDLUHPHQW GH OD IDoRQ VXLYDQWH� 2Q VXSSRVHG TXDVL�
GpSOR\p HW RQ IL[H XQH GRQQpH GH :KLWWDNHU �OD FRQVWUXFWLRQ GHYUDLW GpSHQGUH GH FH FKRL[��
2Q FRQVLGqUH OH /�JURXSH LG = bG Ì WE GH G VXU Q` FRQVWUXLW FDQRQLTXHPHQW j SDU�
WLU G¶XQ LVRPRUSKLVPH GH 6DWDNH JpRPpWULTXH DVVRFLp j OD BdR�JUDVVPDQLHQQH DIILQH GH
6FKRO]H �)ൺඋඎൾඌ HW 6ർඁඈඅඓൾ >S� G�@�� &RQVLGpURQV XQ /�SDUDPqWUH GLVFUHW ' : WE !
LG� 2Q FRQMHFWXUH DORUV O¶H[LVWHQFH G¶XQ IDLVFHDX SHUYHUV F' VXU %XQG PXQL G¶XQH DFWLRQ
GH S' � SURSUH SRXU O¶DFWLRQ GHV FRUUHVSRQGDQFHV GH +HFNH HW GRQW OHV ILEUHV HQ OHV SRLQWV
VHPL�VWDEOHV GH %XQG UpDOLVHQW GHV FRUUHVSRQGDQFHV GH /DQJODQGV ORFDOHV SRXU WRXWHV OHV
IRUPHV LQWpULHXUHV SXUHV GH G �OHV Jb ORUVTXH b SDUFRXUW OHV pOpPHQWV EDVLTXHV�� 6DQV UHQ�
WUHU GDQV OHV GpWDLOV� RXWUH OH IDLW TXH FHWWH FRQMHFWXUH FRQVWUXLVH GHV FRUUHVSRQGDQFHV GH
/DQJODQGV ORFDOHV GDQV OD GLUHFWLRQ

/�SDUDPqWUH 7"! UHSUpVHQWDWLRQ;

O¶XQ GH VHV SRLQWV IRUWV HVW TX¶HOOH SUpGLW OD VWUXFWXUH LQWHUQH GHV /�SDTXHWV DVVRFLpV j
' YLD O¶DFWLRQ GH S' � /D SURSULpWp GH +HFNH VSpFLDOLVpH DX[ SRLQWV VHPL�VWDEOHV LPSOLTXH
DXWRPDWLTXHPHQW OHV FRQMHFWXUHV GH .RWWZLW] VXU OD FRKRPRORJLH GHV HVSDFHV GH 5DSRSRUW�
=LQN �5ൺඉඈඉඈඋඍ >����@� YLD OH OLHQ HQWUH PRGLILFDWLRQV GH ILEUpV YHFWRULHOV HW JURXSHV
p�GLYLVLEOHV �6HFWLRQ �������
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2Q UHQYRLH j )ൺඋඎൾඌ >����E@ HW )ൺඋඎൾඌ HW 6ർඁඈඅඓൾ >S� G�@ SRXU XQ pQRQFp SUpFLV GH
OD FRQMHFWXUH HW VHV FRQVpTXHQFHV� HQ HVSpUDQW DYRLU H[SOLTXp DX OHFWHXU TXHOTXHV pOpPHQWV
GH OD GpPDUFKH TXL D PHQp j VD IRUPXODWLRQ�

��� 6LPSOH FRQQH[LWp GHV ILEUHV G¶XQH DSSOLFDWLRQ G¶$EHO�-DFREL� /HV UpVXOWDWV SUp�
VHQWpV GDQV O¶DUWLFOH )ൺඋඎൾඌ >����@ VRQW XQ FDV SDUWLFXOLHU GH OD FRQMHFWXUH GH JpRPpWUL�
VDWLRQ TXL QH QpFHVVLWH SDV HQ TXHOTXHV VRUWHV GH O¶DYRLU FRPSULVH HQWLqUHPHQW� ,O V¶DJLW GX
FDV GH */1 L�H� GH OD WKpRULH GX FRUSV GH FODVVH JpRPpWULTXH� 'DQV FH FDV Oj� GDQV OH FDGUH
© FODVVLTXH ª� LO HVW ELHQ FRQQX TXH FHWWH PrPH WKpRULH UpVXOWH GH FH TX¶HQ JUDQG GHJUp
OH PRUSKLVPH G¶$EHO�-DFREL HVW XQH ILEUDWLRQ ORFDOHPHQW WULYLDOH HQ YDULpWpV DOJpEULTXHV
VLPSOHPHQW FRQQH[HV �GHV HVSDFHV SURMHFWLIV�� 2Q GpPRQWUH TXH F¶HVW pJDOHPHQW OH FDV
GDQV QRWUH FDGUH GDQV )ൺඋඎൾඌ >LELG�@�

9RLFL WRXW G¶DERUG FRPPHQW UHF\FOHU OH WKpRUqPH GH IDFWRULVDWLRQ GHV SpULRGHV ��� GDQV
XQ FDGUH MRDLOOHU �FH UHF\FODJH Q¶pWDLW SDV SUpYX j O¶RULJLQH PDLV LO PRQWUH FRPELHQ FH
WKpRUqPH GH IDFWRULVDWLRQ GHV SpULRGHV HVW DX FRHXU GH OD PDFKLQH�� 3OXV JpQpUDOHPHQW TXH
'LY1� SRXU d ' 1� RQ SHXW GpILQLU XQ XQ IDLVFHDX SUR�pWDOH 'LYd GHV GLYLVHXUV GH &DUWLHU
HIIHFWLIV GH GHJUp d VXU OD FRXUEH�

3URSRVLWLRQ ��� �)ൺඋඎൾඌ >LELG�@�� /H IDLVFHDX SUR�pWDOH 'LYd HVW XQ GLDPDQW� 'H SOXV OH
PRUSKLVPH VRPPH GH d �GLYLVHXUV Σd : ('LY1)d ! 'LYd HVW TXDVL�SUR�pWDOH VXUMHFWLI HW
LQGXLW XQ LVRPRUSKLVPH GH IDLVFHDX[ SUR�pWDOHV ('LY1)d/Sd

∼"! 'LYd �

,O \ D DORUV XQ PRUSKLVPH G¶$EHO�-DFREL

$-d : 'LYd "! P icd = %XQd
*/1

:

2Q GpPRQWUH DORUV OH UpVXOWDW VXLYDQW�

7KpRUqPH ��� �)ൺඋඎൾඌ >LELG�@�� /H PRUSKLVPH $-d : 'LYd ! P icd HVW XQH ILEUDWLRQ
SUR�pWDOH ORFDOHPHQW WULYLDOH HQ GLDPDQWV VLPSOHPHQW FRQQH[HV VL d > 2�

'¶DSUqV OH SRLQW ��� GX WKpRUqPH WKpRUqPH ���� O¶DSSOLFDWLRQ TXL j XQ ILEUp HQ GURLWHV�
ILEUH j ILEUH GH GHJUp d � DVVRFLH OH WRUVHXU SUR�pWDOH GHV LVRPRUSKLVPHV DYHF O(d ) LQGXLW
XQH LGHQWLILFDWLRQ

P icd =
%
6SD(Fq)/E$

&
:

/H PRUSKLVPH G¶$EHO�-DFREL VH UppFULW DORUV VRXV OD IRUPH

H 0(O(d )) n f0g/E$ "! [6SD(Fq)/E$]:
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,FL H 0(O(d ))� OH IDLVFHDX S 7! H 0(XS ; O(d ))� HVW XQ © HVSDFH GH %DQDFK�&ROPH] DE�
VROX ª L�H� UHODWLI DX GHVVXV GH 6SD(Fq)� O¶REMHW ILQDO GX WRSRV SUR�pWDOH TXL Q¶HVW SDV UHSUp�
VHQWDEOH SDU XQ HVSDFH SHUIHFWRwGH �OHV HVSDFHV GH %DQDFK�&ROPH]� TXL VRQW GHV GLDPDQWV�
WHOV TX¶LQWURGXLWV SDU &ROPH]� YLYHQW G¶KDELWXGH DX GHVVXV G¶XQH EDVH SHUIHFWRwGH IL[pH� FI�
6HFWLRQ ����� %LHQ TXH H 0(O(d )) QH VRLW SDV XQ GLDPDQW� RQ PRQWUH TXH H 0(O(d )) n f0g
HQ HVW XQ HW HVW VLPSOHPHQW FRQQH[H ORUVTXH d > 2�

5pIpUHQFHV

-� $ඇඌർඁඳඍඓ ������� ³5HGXFWLYH JURXS VFKHPHV RYHU WKH )DUJXHV�)RQWDLQH FXUYH´� DU;LY �
RdyjXyydyy �FI� S� �����

-� $ඒඈඎൻ ������� ³0RWLIV GHV YDULpWpV DQDO\WLTXHV ULJLGHV´� 0pP� 6RF� 0DWK� )U� �1�6��
�������� S� YL����� 05 � jj3RR9y �FI� S� �����

/� %ൾඋൾඋ �����D�� ³&RQVWUXFWLRQ GH (.;Γ)�PRGXOHV � UHSUpVHQWDWLRQV p�DGLTXHV HW B�
SDLUHV´� $OJHEUD 1XPEHU 7KHRU\ ���� S� ������� 05 � kjddje9 �FI� S� �����

± �����E�� ³eTXDWLRQV GLIIpUHQWLHOOHV p�DGLTXHV HW (.; N )�PRGXOHV ILOWUpV´� $VWpULVTXH
���� 5HSUpVHQWDWLRQV p�DGLTXHV GH JURXSHV p�DGLTXHV� ,� 5HSUpVHQWDWLRQV JDORLVLHQQHV
HW (.;Γ)�PRGXOHV� S� ������ 05 � k9NjkR8 �FI� S� �����

%� %ඁൺඍඍ� 0� 0ඈඋඋඈඐ HW 3� 6ർඁඈඅඓൾ ������� ³,QWHJUDO p�DGLF +RGJH WKHRU\ ± DQQRXQ�
FHPHQW´� 0DWK� 5HV� /HWW� ����� S� ���������� 05 � j8ydk8k �FI� S� �����

± ������� ³,QWHJUDO p�DGLF +RGJH WKHRU\´� DU;LY � ReykXyjR93 �FI� S� �����
3 %ඈඒൾඋ ������� ³0DXYDLVH UpGXFWLRQ GHV YDULpWpV GH 'ULQIHOG HW FRUUHVSRQGDQFH GH /DQ�

JODQGV ORFDOH´� ,QYHQW� 0DWK� ������ S� ������� �FI� S� �����
7� %උංൽൾඅൺඇൽ ������� ³'HULYHG FDWHJRULHV RI FRKHUHQW VKHDYHV´� ,Q � ,QWHUQDWLRQDO &RQJUHVV

RI 0DWKHPDWLFLDQV� 9RO� ,,� (XU� 0DWK� 6RF�� =�ULFK� S� �������� 05 � kkd8eRy �FI�
S� �����

$� &ൺඋൺංൺඇං HW 3� 6ർඁඈඅඓൾ ������� ³2Q WKH JHQHULF SDUW RI WKH FRKRPRORJ\ RI FRPSDFW
XQLWDU\ 6KLPXUD YDULHWLHV´� 7R DSSHDU LQ $QQDOV RI 0DWK �FI� S� ���� ���� ���� �����

+� &ൺඋඍൺඇ ������� ³)RQFWLRQV DXWRPRUSKHV HW VpULHV GH 3RLQFDUp´� -� $QDO\VH 0DWK� ��
S� �������� 05 � yyNN98y �FI� S� �����

0� &ඁൾඇ� /� )ൺඋඎൾඌ HW ;� 6ඁൾඇ ������� ³2Q WKH VWUXFWXUH RI VRPH p�DGLF SHULRG GR�
PDLQV´� 3UpSXEOLFDWLRQ �FI� S� ���������

3� &ඈඅආൾඓ ������� ³(VSDFHV GH %DQDFK GH GLPHQVLRQ ILQLH´� -� ,QVW� 0DWK� -XVVLHX ����
S� �������� 05 � J_RN8ey88 �FI� S� ���� �����

± ������� ³/HV FRQMHFWXUHV GH PRQRGURPLH p�DGLTXHV´� $VWpULVTXH ���� 6pPLQDLUH %RXU�
EDNL� 9RO� ���������� ([S� 1R� ���� YLL� ������� 05 � kyd9y8R �FI� S� �����

http://arxiv.org/abs/1703.00700
http://arxiv.org/abs/1703.00700
http://www.ams.org/mathscinet-getitem?mr=MR3381140
http://dx.doi.org/10.2140/ant.2008.2.91
http://dx.doi.org/10.2140/ant.2008.2.91
http://www.ams.org/mathscinet-getitem?mr=MR2377364
http://www.ams.org/mathscinet-getitem?mr=MR2493215
http://dx.doi.org/10.4310/MRL.2015.v22.n6.a3
http://dx.doi.org/10.4310/MRL.2015.v22.n6.a3
http://www.ams.org/mathscinet-getitem?mr=MR3507252
http://arxiv.org/abs/1602.03148
http://arxiv.org/abs/1602.03148
http://www.ams.org/mathscinet-getitem?mr=MR2275610
http://dx.doi.org/10.1007/BF02790234
http://www.ams.org/mathscinet-getitem?mr=MR0099450
http://www.ams.org/mathscinet-getitem?mr=MRMR1956055
http://www.ams.org/mathscinet-getitem?mr=MR2074051
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3� &ඈඅආൾඓ ������� ³(VSDFHV YHFWRULHOV GH GLPHQVLRQ ILQLH HW UHSUpVHQWDWLRQV GH GH 5KDP´�
$VWpULVTXH ���� 5HSUpVHQWDWLRQV p�DGLTXHV GH JURXSHV p�DGLTXHV� ,� 5HSUpVHQWDWLRQV
JDORLVLHQQHV HW (.;Γ)�PRGXOHV� S� �������� 05 � J_k9NjkRd �FI� S� �����

3� &ඈඅආൾඓ HW -��0� )ඈඇඍൺංඇൾ ������� ³&RQVWUXFWLRQ GHV UHSUpVHQWDWLRQV p�DGLTXHV VHPL�
VWDEOHV´� ,QYHQW� 0DWK� ������ S� ����� 05 � RddN3yj �FI� S� �����

3� &ඈඅආൾඓ HW :� 1ංඓංඈඅ ������� ³6\QWRPLF FRPSOH[HV DQG p�DGLF QHDUE\ F\FOHV´� ,QYHQW�
0DWK� ������ S� ������ 05 � jekR3jk �FI� S� �����

-��)� 'ൺඍ� 6� 2උඅං HW 0� 5ൺඉඈඉඈඋඍ ������� 3HULRG GRPDLQV RYHU ILQLWH DQG p�DGLF ILHOGV�
7� ���� &DPEULGJH 7UDFWV LQ 0DWKHPDWLFV� &DPEULGJH � &DPEULGJH 8QLYHUVLW\ 3UHVV�
S� [[LL����� 05 � kedeydk �FI� S� �����

9�*�'උංඇൿൾඅൽ ������� ³7ZR�GLPHQVLRQDO l�DGLF UHSUHVHQWDWLRQV RI WKH IXQGDPHQWDO JURXS
RI D FXUYH RYHU D ILQLWH ILHOG DQG DXWRPRUSKLF IRUPV RQ */(2)´� $PHU� -� 0DWK� ������
S� ������� 05 � eNkRyd �FI� S� �����

*� )ൺඅඍංඇඌ ������� ³$ UHODWLRQ EHWZHHQ WZRPRGXOL VSDFHV VWXGLHG E\ 9� *� 'ULQIHOG´� ,Q �
$OJHEUDLF QXPEHU WKHRU\ DQG DOJHEUDLF JHRPHWU\� 7� ���� &RQWHPS� 0DWK� 3� �������
�FI� S� �����

± ������� ³p�DGLF SHULRGV´� ,Q � 6HFRQG ,QWHUQDWLRQDO &RQJUHVV RI &KLQHVH 0DWKHPDWL�
FLDQV� 7� �� 1HZ 6WXG� $GY� 0DWK� ,QW� 3UHVV� 6RPHUYLOOH� 0$� S� ������ 05 � k9NdNdk
�FI� S� �����

/� )ൺඋඎൾඌ ������� ³&RKRPRORJLH GHV HVSDFHV GH PRGXOHV GH JURXSHV p�GLYLVLEOHV HW
FRUUHVSRQGDQFHV GH /DQJODQGV ORFDOHV´� ,Q � 9DULpWpV GH 6KLPXUD� HVSDFHV GH 5DSRSRUW�
=LQN HW &RUUHVSRQGDQFHV GH /DQJODQGV ORFDOHV� $VWHULVTXH ��� �FI� S� �����

± ������� ³/¶LVRPRUSKLVPH HQWUH OHV WRXUV GH /XELQ�7DWH HW GH 'ULQIHOG HW DSSOLFDWLRQV
FRKRPRORJLTXHV´� ,Q � /¶LVRPRUSKLVPH HQWUH OHV WRXUV GH /XELQ�7DWH HW GH 'ULQIHOG�
3URJUHVV LQ PDWK�� ���� %LUNKlXVHU� S� ����� �FI� S� ���� �����

± �����D�� ³([SRVp j OD FRQIpUHQFH HQ O¶KRQQHXU GH -HDQ�0DUF )RQWDLQH´ �FI� S� �����
± �����E�� ³/D ILOWUDWLRQ GH +DUGHU�1DUDVLPKDQ GHV VFKpPDV HQ JURXSHV ILQLV HW SODWV´� -�

5HLQH $QJHZ� 0DWK� ���� S� ����� 05 � kedj9kR �FI� S� ���� �����
± ������� ³/D ILOWUDWLRQ FDQRQLTXH GHV SRLQWV GH WRUVLRQ GHV JURXSHV p�GLYLVLEOHV´� $Q�

QDOHV VFLHQWLILTXHV GH O¶(16 ����� S� ������� �FI� S� �����
± ������� ³*URXSHV ULJLGHV DQDO\WLTXHV p�GLYLVLEOHV´� 3UpSXEOLFDWLRQ �FI� S� �����
± �����D�� ³)URP ORFDO FODVV ILHOG WR WKH FXUYH DQG YLFH�YHUVD´� ¬ SDUDvWUH GDQV OHV © 3UR�

FHHGLQJV RI WKH $06 ���� 6XPPHU 5HVHDUFK ,QVWLWXWH RQ $OJHEUDLF *HRPHWU\ ª D\DQW
HX OLHX j 6DOW /DNH FLW\ HQ -XLOOHW ���� �FI� S� �����

± �����E�� ³/HWWUH j 0LFKDHO 5DSRSRUW´ �FI� S� �����
± �����F�� ³4XHOTXHV UpVXOWDWV HW FRQMHFWXUHV FRQFHUQDQW OD FRXUEH´�$VWpULVTXH ���� S� ����

���� 05 � jjdNejN �FI� S� ���� ���� ���� ���� ���� �����
± �����D�� ³G�WRUVHXUV HQ WKpRULH GH +RGJH p�DGLTXH´� 7R DSSHDU LQ &RPSRVLWLR 0DWKH�

PDWLFD �FI� S� ���� �����

http://www.ams.org/mathscinet-getitem?mr=MRMR2493217
http://dx.doi.org/10.1007/s002220000042
http://dx.doi.org/10.1007/s002220000042
http://www.ams.org/mathscinet-getitem?mr=MR1779803
http://dx.doi.org/10.1007/s00222-016-0683-3
http://www.ams.org/mathscinet-getitem?mr=MR3621832
http://www.ams.org/mathscinet-getitem?mr=MR2676072
http://dx.doi.org/10.2307/2374382
http://dx.doi.org/10.2307/2374382
http://www.ams.org/mathscinet-getitem?mr=MR692107
http://www.ams.org/mathscinet-getitem?mr=MR2497972
https://webusers.imj-prg.fr/~laurent.fargues/ExposeConfFontaine.pdf
http://dx.doi.org/10.1515/CRELLE.2010.058
http://www.ams.org/mathscinet-getitem?mr=MR2673421
http://www.ams.org/mathscinet-getitem?mr=MR3379639
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± �����E�� ³*HRPHWUL]DWLRQ RI WKH ORFDO /DQJODQGV FRUUHVSRQGHQFH� DQ RYHUYLHZ´� DU;LY �
ReykXyyNNN �FI� S� ���� �����

± ������� ³6LPSOH FRQQH[LWp GHV ILEUHV G¶XQH DSSOLFDWLRQ G¶$EHO�-DFREL HW FRUSV GH FODVVH
ORFDO´� 7R DSSHDU LQ $QQDOHV VFLHQWLILTXHV GH O¶(FROH 1RUPDOH 6XSpULHXUH �FI� S� ����
���� �����

/� )ൺඋඎൾඌ HW -��0� )ඈඇඍൺංඇൾ ������� ³)DFWRUL]DWLRQ RI DQDO\WLF IXQFWLRQV LQ PL[HG FKD�
UDFWHULVWLF´� ,Q � )URQWLHUV RI PDWKHPDWLFDO VFLHQFHV� ,QW� 3UHVV� 6RPHUYLOOH� 0$� S� ����
���� 05 � jy8y3kN �FI� S� �����

± ������� ³9HFWRU EXQGOHV RQ FXUYHV DQG p�DGLF +RGJH WKHRU\´� ,Q � $XWRPRUSKLF )RUPV
DQG *DORLV 5HSUHVHQWDWLRQV� 7� ���� /RQGRQ0DWKHPDWLFDO 6RFLHW\ /HFWXUH 1RWH 6HULHV�
&DPEULGJH 8QLYHUVLW\ 3UHVV �FI� S� ���� �����

± ������� ³&RXUEHV HW ILEUpV YHFWRULHOV HQ WKpRULH GH +RGJH p�DGLTXH´� 7R DSSHDU LQ $V�
WHULVTXH �FI� S� �������� ���������

/� )ൺඋඎൾඌ HW 3� 6ർඁඈඅඓൾ �S� G��� ³*HRPHWUL]DWLRQ RI WKH ORFDO /DQJODQGV FRUUHVSRQGHQFH´
�FI� S� ���������

/DXUHQW )ൺඋඎൾඌ HW -HDQ�0DUF )ඈඇඍൺංඇൾ ������� ³9HFWRU EXQGOHV DQG p�DGLF *DORLV UH�
SUHVHQWDWLRQV´� ,Q � )LIWK ,QWHUQDWLRQDO &RQJUHVV RI &KLQHVH 0DWKHPDWLFLDQV� 3DUW �� ��
7� �� $06�,3 6WXG� $GY� 0DWK�� ��� SW� �� $PHU� 0DWK� 6RF�� 3URYLGHQFH� 5,� S� �������
05 � kNy3yek �FI� S� �����

-��0� )ඈඇඍൺංඇൾ ������� ³0RGXOHV JDORLVLHQV� PRGXOHV ILOWUpV HW DQQHDX[ GH %DUVRWWL�7DWH´�
,Q � -RXUQpHV GH *pRPpWULH $OJpEULTXH GH 5HQQHV� �5HQQHV� ������ 9RO� ,,,� 7� ��� $V�
WpULVTXH� 6RF� 0DWK� )UDQFH� 3DULV� S� ����� 05 � 8ej9dk �FI� S� �����

± ������� ³)RUPHV GLIIpUHQWLHOOHV HW PRGXOHV GH 7DWH GHV YDULpWpV DEpOLHQQHV VXU OHV FRUSV
ORFDX[´� ,QYHQW� 0DWK� ����� S� ������� �FI� S� �����

± �����D�� ³/H FRUSV GHV SpULRGHV p�DGLTXHV´� $VWpULVTXH ���� :LWK DQ DSSHQGL[ E\
3LHUUH &ROPH]� 3pULRGHV p�DGLTXHV� S� ������� 05 � J_RkNjNdR �FI� S� �����

± �����E�� ³5HSUpVHQWDWLRQV p�DGLTXHV SRWHQWLHOOHPHQW VHPL�VWDEOHV´� ,Q � 3pULRGHV p�
DGLTXHV� 7� ���� $VWpULVTXH� S� ������� �FI� S� �����

± ������� ³3UHVTXH Cp�UHSUpVHQWDWLRQV´� 'RF� 0DWK� ([WUD 9RO� .D]X\D .DWR¶V ILIWLHWK
ELUWKGD\� S� �������� 05 � ky9eeyj �FI� S� �����

-��0� )ඈඇඍൺංඇൾ HW :� 0ൾඌඌංඇ ������� ³p�DGLF SHULRGV DQG p�DGLF pWDOH FRKRPRORJ\´�
,Q � &XUUHQW WUHQGV LQ DULWKPHWLFDO DOJHEUDLF JHRPHWU\ �$UFDWD� &DOLI�� ������ 7� ���
&RQWHPS� 0DWK� $PHU� 0DWK� 6RF�� 3URYLGHQFH� 5,� S� �������� 05 � Nyk8Nj �FI�
S� �����

,� *ൺංඌංඇ HW 1� ,ආൺං ������� ³1RQ�VHPL�VWDEOH ORFL LQ +HFNH VWDFNV DQG )DUJXHV¶ FRQMHF�
WXUH´� DU;LY � Rey3Xyd99e �FI� S� �����

'� *ൺංඍඌඈඋඒ ������� ³*HRPHWULF /DQJODQGV FRUUHVSRQGHQFH IRU */n´� ,Q � 3URFHHGLQJV
RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 9RO� ,, �%HLMLQJ� ������ +LJKHU (G�
3UHVV� %HLMLQJ� S� �������� 05 � RN8dyee �FI� S� �����

http://arxiv.org/abs/1602.00999
http://arxiv.org/abs/1602.00999
http://www.ams.org/mathscinet-getitem?mr=MR3050829
http://www.ams.org/mathscinet-getitem?mr=MR2908062
http://www.ams.org/mathscinet-getitem?mr=MR563472
http://www.ams.org/mathscinet-getitem?mr=MRMR1293971
http://www.ams.org/mathscinet-getitem?mr=MR2046603
http://dx.doi.org/10.1090/conm/067/902593
http://www.ams.org/mathscinet-getitem?mr=MR902593
http://arxiv.org/abs/1608.07446
http://arxiv.org/abs/1608.07446
http://arxiv.org/abs/1608.07446
http://www.ams.org/mathscinet-getitem?mr=MR1957066
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8� *ඈൾඋඍඓ� ;� +ൾ HW 6� 1ංൾ ������� ³)XOO\ +RGJH�1HZWRQ GHFRPSRVDEOH 6KLPXUD YDULH�
WLHV´� DU;LY � ReRyXy8j3R �FI� S� �����

$� *උඈඍඁൾඇൽංൾർ ������� ³eOpPHQWV GH JpRPpWULH DOJpEULTXH� ,,,� eWXGH FRKRPRORJLTXH
GHV IDLVFHDX[ FRKpUHQWV� ,,´� ,QVW� +DXWHV eWXGHV 6FL� 3XEO� 0DWK� ��� S� ��� 05 �
yRejNRR �FI� S� �����

'� +ൺඇඌൾඇ ������� ³0RGXOL RI ORFDO 6KWXNDV DQG +DUULV¶V FRQMHFWXUH� ,´� 3UpSXEOLFDWLRQ
�FI� S� �����

5� +ൺඋඋංඌ HW 0� 7ൺඒඅඈඋ ������� 7KH JHRPHWU\ DQG FRKRPRORJ\ RI VRPH VLPSOH 6KLPXUD
YDULHWLHV� 7� ���� $QQDOV RI0DWKHPDWLFV 6WXGLHV� 3ULQFHWRQ8QLYHUVLW\ 3UHVV� 3ULQFHWRQ�
1- �FI� S� �����

8� +ൺඋඍඅ ������� ³2Q D FRQMHFWXUH RI 5DSRSRUW DQG =LQN´� ,QYHQW� 0DWK� ������ S� ����
���� 05 � jyNRNdd �FI� S� �����

8� +ൺඋඍඅ HW 5� 3ංඇ ������� ³9HFWRU EXQGOHV ZLWK D )UREHQLXV VWUXFWXUH RQ WKH SXQFWXUHG
XQLW GLVF´� &RPSRV� 0DWK� ������ S� �������� 05 � J_ky9Rddd �FI� S� ���� �����

5� +ඎൻൾඋ ������� eWDOH FRKRPRORJ\ RI ULJLG DQDO\WLF YDULHWLHV DQG DGLF VSDFHV� $VSHFWV
RI 0DWKHPDWLFV� )ULHGU� 9LHZHJ HW 6RKQ� %UDXQVFKZHLJ �FI� S� �����

$� -� GH -ඈඇ ������� ³eWDOH IXQGDPHQWDO JURXSV RI QRQ�$UFKLPHGHDQ DQDO\WLF VSDFHV´�
&RPSRVLWLR0DWK� ������� 6SHFLDO LVVXH LQ KRQRXU RI )UDQV2RUW� S� �������05 � J_Rj88RRN
�FI� S� �����

7� .ൺඅൾඍඁൺ ������� ³5LJLG LQQHU IRUPV RI UHDO DQGp�DGLF JURXSV´�$QQ� RI0DWK� ��� ������
S� �������� 05 � j8938jj �FI� S� �����

.� 6� .ൾൽඅൺඒൺ ������� ³$ p�DGLF ORFDO PRQRGURP\ WKHRUHP´� $QQ� RI 0DWK� ��� ������
S� ������� 05 � kRRNdRN �FI� S� �����

± �����D�� ³1RHWKHULDQ SURSHUWLHV RI )DUJXHV�)RQWDLQH FXUYHV´� ,QW�0DWK� 5HV� 1RW� ,051
�� S� ���������� 05 � j8RNRkj �FI� S� �����

± �����E�� ³6RPH ULQJ�WKHRUHWLF SURSHUWLHV RI ALQI´� DU;LY � ReykXyNyRe �FI� S� �����
.� 6� .ൾൽඅൺඒൺ HW 5� /ංඎ ������� ³5HODWLYH p�DGLF +RGJH WKHRU\ � IRXQGDWLRQV´� $VWpULVTXH

���� S� ���� 05 � jjdNe8j �FI� S� ���� ���� ���� �����
.� 6� .ൾൽඅൺඒൺ� -� 3ඈඍඍඁൺඋඌඍ HW /� ;ංൺඈ ������� ³&RKRPRORJ\ RI DULWKPHWLF IDPLOLHV RI

(';Γ)�PRGXOHV´� -� $PHU� 0DWK� 6RF� ����� S� ���������� 05 � jkjy3R3 �FI� S� �����
0� .ංඌංඇ ������� ³&U\VWDOOLQH UHSUHVHQWDWLRQV DQG F �FU\VWDOV´� ,Q � $OJHEUDLF JHRPHWU\

DQG QXPEHU WKHRU\� 7� ���� 3URJU� 0DWK� %RVWRQ� 0$ � %LUNKlXVHU %RVWRQ� S� ��������
05 � J_kkejRNd �FI� S� ���� �����

5�(� .ඈඍඍඐංඍඓ ������� ³,VRFU\VWDOV ZLWK DGGLWLRQDO VWUXFWXUH�´ &RPSRVLWLR 0DWK� �����
S� ������� �FI� S� �����

± ������� ³,VRFU\VWDOV ZLWK DGGLWLRQDO VWUXFWXUH�,,´� &RPSRVLWLR 0DWK� ������ S� �������
�FI� S� �����
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JURXSV´� DU;LY � ReyNXy9dRd �FI� S� �����
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9� /ൺൿൿඈඋඎൾ �S� G��� ³&KWRXFDV SRXU OHV JURXSHV UpGXFWLIV HW SDUDPpWULVDWLRQ GH /DQ�
JODQGV JOREDOH´� DU;LY � RkyNX8j8k �FI� S� �����

(� /ൺඎ ������� ³'LHXGRQQp WKHRU\ RYHU VHPLSHUIHFW ULQJV DQG SHUIHFWRLG ULQJV´� DU;LY �
ReyjXyd3jR �FI� S� �����

0� /ൺඓൺඋൽ ������� ³/HV ]pURV GHV IRQFWLRQV DQDO\WLTXHV G¶XQH YDULDEOH VXU XQ FRUSV YDOXp
FRPSOHW´� ,QVW� +DXWHV eWXGHV 6FL� 3XEO� 0DWK� ��� S� ������ 05 � J_yR8k8RN �FI�
S� �����

$��&� /ൾ %උൺඌ ������� ³(VSDFHV GH %DQDFK�&ROPH] HW IDLVFHDX[ FRKpUHQWV VXU OD FRXUEH
GH )DUJXHV�)RQWDLQH´� 7R $SSHDU LQ 'XNH 0DWKHPDWLFDO -RXUQDO �FI� S� �����

%� /ൾඏංඇ HW &� :ൺඇ�(උංർඌඌඈඇ ������� ³$ +DUGHU�1DUDVLPKDQ WKHRU\ IRU .LVLQ PR�
GXOHV´� DU;LY � ReyeXyyNR9 �FI� S� �����

(� 0ൺඇඍඈඏൺඇ ������� ³2Q QRQ�EDVLF 5DSRSRUW�=LQN VSDFHV´� $QQ� 6FL� eF� 1RUP� 6XSpU�
��� ����� S� �������� 05 � k8y99jR �FI� S� �����

(� 0ൺඇඍඈඏൺඇ HW (� 9ංൾඁආൺඇඇ ������� ³2Q WKH +RGJH�1HZWRQ ILOWUDWLRQ IRU p�GLYLVLEOH
O�PRGXOHV´� 0DWK� =� ������ S� �������� 05 � kedyedN �FI� S� �����

0� 6� 1ൺඋൺඌංආඁൺඇ HW &� 6� 6ൾඌඁൺൽඋං ������� ³6WDEOH DQG XQLWDU\ YHFWRU EXQGOHV RQ D FRP�
SDFW 5LHPDQQ VXUIDFH´� $QQ� RI 0DWK� ��� ��� S� �������� 05 � yR39k8k �FI� S� �����

:� 1ංඓංඈඅ �S� G��� ³*HRPHWULF V\QWRPLF FRKRPRORJ\ DQG YHFWRU EXQGOHV RQ WKH )DUJXHV�
)RQWDLQH FXUYH´� DU;LY � Rey8XydkRe �FI� S� �����
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kjdkR8y �FI� S� �����
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0� 5ൺඉඈඉඈඋඍ �S� G��� ³$SSHQGL[ $ � $FFHVVLEOH DQG ZHDNO\ DFFHVVLEOH SHULRG GRPDLQV�
$SSHQGL[ WR 6ർඁඈඅඓൾ >����@´ �FI� S� ���� ���� �����

± ������� ³1RQ�$UFKLPHGHDQ SHULRG GRPDLQV´� ,Q � 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO
&RQJUHVV RI0DWKHPDWLFLDQV� 9RO� �� � �=�ULFK� ������ %LUNKlXVHU� S� ������� �FI� S� ����
�����

0� 5ൺඉඈඉඈඋඍ HW (� 9ංൾඁආൺඇඇ ������� ³7RZDUGV D WKHRU\ RI ORFDO 6KLPXUD YDULHWLHV´�
0�QVWHU -� 0DWK� ���� S� �������� 05 � jkdRk9d �FI� S� �����

0� 5ൺඉඈඉඈඋඍ HW 7� =ංඇ �S� G��� 3HULRG VSDFHV IRU p�GLYLVLEOH JURXSV� $QQDOV RI 0DWKH�
PDWLFV 6WXGLHV ���� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV� 3ULQFHWRQ� 1- �FI� S� ���� �����

3� 6ർඁඈඅඓൾ �S� G��� ³eWDOH FRKRPRORJ\ RI GLDPRQGV´� DU;LY � RdyNXydj9j �FI� S� ����
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± ������� ³3HUIHFWRLG VSDFHV´� 3XEO� 0DWK� ,QVW� +DXWHV eWXGHV 6FL� ���� S� �������� 05 �
jyNyk83 �FI� S� �����

± ������� ³3HWHU 6FKRO]H¶V OHFWXUHV RQ p�DGLF JHRPHWU\� )DOO ����� %HUNHOH\´ �FI� S� ����
���� ���� ���� ���� ���� ���� �����
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3� 6ർඁඈඅඓൾ HW -� :ൾංඇඌඍൾංඇ ������� ³0RGXOL RI p�GLYLVLEOH JURXSV´� &DPE� -� 0DWK� ����
S� �������� 05 � jkdky9N �FI� S� ���� ���� �����

3HWHU 6ർඁඈඅඓൾ �MXLQ ������ ³2Q WKH S�DGLF FRKRPRORJ\ RI WKH /XELQ�7DWH WRZHU´� 6HH WKH
$SSHQGL[ LQ 5ൺඉඈඉඈඋඍ >S� G�@� DU;LY � R8yeXy9ykk �FI� S� �����

;� 6ඁൾඇ �����D�� ³&HOO GHFRPSRVLWLRQ RI VRPH XQLWDU\ JURXS 5DSRSRUW�=LQN VSDFHV´�
0DWK� $QQ� �������� S� �������� 05 � jkdje9d �FI� S� �����

± �����E�� ³2Q WKH +RGJH�1HZWRQ ILOWUDWLRQ IRU p�GLYLVLEOH JURXSV ZLWK DGGLWLRQDO VWUXF�
WXUHV´� ,QW� 0DWK� 5HV� 1RW� ,051 ��� S� ���������� 05 � jkkNdej �FI� S� �����

± ������� ³2Q VRPH JHQHUDOL]HG 5DSRSRUW�=LQN VSDFHV´� DU;LY � ReRRXy3Ndd �FI� S� �����
7� 7ඌඎඃං ������� ³p�DGLF pWDOH FRKRPRORJ\ DQG FU\VWDOOLQH FRKRPRORJ\ LQ WKH VHPL�VWDEOH

UHGXFWLRQ FDVH´� ,QYHQW� 0DWK� ������ S� �������� 05 � Rdy83jd �FI� S� �����
-� :ൾංඇඌඍൾංඇ ������� ³*DO�QS�QS� DV D JHRPHWULF IXQGDPHQWDO JURXS´� ,QW� 0DWK� 5HV�

1RW� ,051 ��� S� ���������� 05 � je83Rjy �FI� S� �����
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