
3උඈർ� ,ඇඍ� &ඈඇ� ඈൿ 0ൺඍඁ� ± ����
5LR GH -DQHLUR� 9RO� � �����±�����

620( 48(67,216 $5281' 48$6,�3(5,2',& '<1$0,&6

%ൺඌඌൺආ )ൺඒൺൽ ൺඇൽ 5ൺඉඁൺඥඅ .උංඈඋංൺඇ

$EVWUDFW

:H SURSRVH LQ WKHVH QRWHV D OLVW RI VRPH ROG DQG QHZ TXHVWLRQV UHODWHG WR TXDVL�
SHULRGLF G\QDPLFV� $ PDLQ DVSHFW RI TXDVL�SHULRGLF G\QDPLFV LV WKH FUXFLDO LQIOXHQFH
RI DULWKPHWLFV RQ WKH G\QDPLFDO IHDWXUHV� ZLWK D VWURQJ GXDOLW\ LQ JHQHUDO EHWZHHQ
'LRSKDQWLQH DQG /LRXYLOOH EHKDYLRU� :H ZLOO GLVFXVV ULJLGLW\ DQG VWDELOLW\ LQ 'LR�
SKDQWLQH G\QDPLFV DV ZHOO DV WKHLU DEVHQFH LQ /LRXYLOOH RQHV� %H\RQG WKLV FODVVLFDO
GLFKRWRP\ EHWZHHQ WKH 'LRSKDQWLQH DQG WKH /LRXYLOOH ZRUOGV� ZH GLVFXVV VRPH XQL�
ILHG DSSURDFKHV DQG VRPH SKHQRPHQD WKDW DUH YDOLG LQ ERWK ZRUOGV� 2XU IRFXV LV
PDLQO\ RQ ORZ GLPHQVLRQDO G\QDPLFV VXFK DV FLUFOH GLIIHRPRUSKLVPV� GLVF G\QDPLFV�
TXDVL�SHULRGLF FRF\FOHV� RU VXUIDFH IORZV� DV ZHOO DV ILQLWH GLPHQVLRQDO +DPLOWRQLDQ
V\VWHPV�

,Q DQ RSSRVLWH GLUHFWLRQ� WKH VWXG\ RI WKH G\QDPLFDO SURSHUWLHV RI VRPH GLDJRQDO
DQG XQLSRWHQW DFWLRQV RQ WKH VSDFH RI ODWWLFHV FDQ EH DSSOLHG WR DULWKPHWLFV� QDPHO\ WR
WKH WKHRU\ RI 'LRSKDQWLQH DSSUR[LPDWLRQV� :H ZLOO PHQWLRQ LQ WKH ODVW VHFWLRQ VRPH
SUREOHPV UHODWHG WR WKDW WRSLF�

7KH ILHOG RI TXDVL�SHULRGLF G\QDPLFV LV YHU\ H[WHQVLYH DQG KDV D ZLGH UDQJH RI
LQWHUDFWLRQV ZLWK RWKHU PDWKHPDWLFDO GRPDLQV� 7KH OLVW RI TXHVWLRQV ZH SURSRVH LV
QDWXUDOO\ IDU IURP H[KDXVWLYH DQG RXU FKRLFH ZDV RIWHQ PRWLYDWHG E\ RXU UHVHDUFK
LQYROYHPHQWV�

� $ULWKPHWLF FRQGLWLRQV

$ YHFWRU ˛ 2 Rd LV QRQ�UHVRQDQW LI LW KDV UDWLRQDOO\ LQGHSHQGHQW FRRUGLQDWHV� IRU DOO
(k1 : : : ; kd ) 2 Zd � WKH LGHQWLW\
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)RU !; " > 0� ZH GHILQH WKH VHW DCd (!; ") ! Rd RI GLRSKDQWLQH YHFWRUV ZLWK H[SRQHQW
" DQG FRQVWDQW ! DV WKH VHW RI ˛ = (˛1; : : : ; ˛d ) 2 Rd VXFK WKDW

����� 8(k1; : : : ; kd ) 2 Zd ; j
dX

i=1

ki ˛i j " !

(
Pd

i=1 jki j)!
;

ZH WKHQ VHW DCd (") =
S

">0 DC (!; ")� DCd =
S

!>0 DC (")� )RU HDFK IL[HG " > d

DQG ! VPDOO HQRXJK WKH VHW DC (!; ") KDV SRVLWLYH /HEHVJXH PHDVXUH LQ WKH XQLW EDOO RI
Rd DQG WKH /HEHVJXH PHDVXUH RI LWV FRPSOHPHQW JRHV WR ]HUR DV ! JRHV WR ]HUR� 7KXV WKH
VHWV DC (")� " > d DQG DCd KDYH IXOO /HEHVJXH PHDVXUH LQ Rd � 7KH VHW DCd LV WKH VHW
RI 'LRSKDQWLQH YHFWRUV RI Rd ZKLOH LWV FRPSOHPHQW LQ WKH VHW RI QRQ�UHVRQDQW YHFWRUV LV
FDOOHG WKH VHW RI /LRXYLOOH YHFWRUV�

)RU D WUDQVODWLRQ YHFWRUV RI T d GHILQHG DV ˛ + Zd � ˛ 2 Rd � ZH VD\ WKDW LW LV UHVRQDQW�
'LRSKDQWLQH RU /LRXYLOOH� LI WKH Rd+1 YHFWRU (1; ˛) LV UHVRQDQW� 'LRSKDQWLQH RU /LRXYLOOH
UHVSHFWLYHO\�

� 'LIIHRPRUSKLVPV RI WKH FLUFOH DQG WKH WRUXV

)RU k 2 N [ f1; !g ZH GHILQH 'LIIk0(T d ) DV WKH VHW RI RULHQWDWLRQ SUHVHUYLQJ KRPHR�
PRUSKLVPV RI T d RI FODVV C k WRJHWKHU ZLWK WKHLU LQYHUVH� 7R DQ\ f 2 'LII00(T d ) RQH
FDQ DVVRFLDWH LWV URWDWLRQ VHW #(f ) := f

R
T (f̄ # id )d$; $ 2 M(f )g PRG Zd ZKHUH

f̄ : Rd ! Rd LV D OLIW RI f DQG M(f ) LV WKH VHW RI DOO f �LQYDULDQW SUREDELOLW\ PHD�
VXUHV RQ T d � /HW T˛ : T d ! T d EH WKH WUDQVODWLRQ x 7! x + ˛� F k

˛ (T d ) = ff 2
'LIIk0(T d ); #(f ) = f˛gg� Ok

˛(T
d ) = fh ı T˛ ı h!1; h 2 'LIIk0(T d )g� :H VD\ WKDW

f 2 'LII10 (T d ) LV DOPRVW UHGXFLEOH LI WKHUH H[LVWV D VHTXHQFH (hn)n2N 2 ('LII10 (T d ))N

VXFK WKDW hn ı f ı h!1
n FRQYHUJHV LQ WKH C 1�WRSRORJ\ WR T˛ � :KHQ d = 1� #(f ) LV UH�

GXFHG WR D VLQJOH HOHPHQW DQG ZH GHQRWH E\ #(f ) WKLV HOHPHQW� %\ 'HQMR\ 7KHRUHP� DQ\
f 2 'LIIk0(T ) ZLWK k " 2� LV FRQMXJDWHG E\ DQ RULHQWDWLRQ SUHVHUYLQJ KRPHRPRUSKLVP WR
T˛ � ,I IXUWKHUPRUH ˛ LV 'LRSKDQWLQH DQG k = 1 WKHQ E\ +HUPDQ�<RFFR] WKHRUHP+HUPDQ
>����@� <RFFR] >����@ WKLV FRQMXJDF\ LV VPRRWK ZKLFK DPRXQWV WR F 1

˛ (T ) = O1
˛ (T )� ,W

LV RI FRXUVH QDWXUDO WR WU\ WR H[WHQG WKLV UHVXOW WR WKH KLJKHU GLPHQVLRQDO VLWXDWLRQ ZKHUH
f LV DQ RULHQWDWLRQ SUHVHUYLQJ GLIIHRPRUSKLVP RI WKH d �GLPHQVLRQDO WRUXV T d � 8QIRUWX�
QDWHO\� QR 'HQMR\ WKHRUHP LV DYDLODEOH LQ WKLV VLWXDWLRQ DQG WKH RQO\ UHDVRQDEOH TXHVWLRQ
WR DVN IRU LV WKH IROORZLQJ

4XHVWLRQ �� /HW f : T d ! T d EH D VPRRWK GLIIHRPRUSKLVP RI WKH WRUXV T d = Rd/Zd

ZKLFK LV WRSRORJLFDOO\ FRQMXJDWH WR D WUDQVODWLRQ T˛ : T d ! T d � x 7! x + ˛ ZLWK ˛

'LRSKDQWLQH� ,V WKH FRQMXJDF\ VPRRWK"
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1RWLFH WKDW ZKHQ d = 2� HYHQ LI ˛ LV 'LRSKDQWLQH� F 1
˛ (T 2) LV QRW HTXDO WR O1

˛ (T 2) RU
O1̨(T d ) DV LV VKRZQ E\ WDNLQJ SURMHFWLYL]DWLRQ RI FRF\OHV LQ SW 1(T ; SL(2; R))� VXFK
FRF\FOHV KDYH D XQLTXHO\ GHILQHG URWDWLRQ QXPEHU� WKDW FDQ EH FKRVHQ 'LRSKDQWLQH� DQG
DW WKH VDPH WLPH FDQ KDYH SRVLWLYH /\DSXQRY H[SRQHQWV �ZKLFK SUHYHQWV WKH SURMHFWLYH
DFWLRQ WR EH FRQMXJDWHG WR D WUDQVODWLRQ� �FI� +HUPDQ >����@�� $QDORJRXVO\� E\ WDNLQJ SUR�
MHFWLYL]DWLRQ RI FRF\FOHV LQ SW !(T ; SL(2; R)) DQG XVLQJ $YLOD¶V WKHRU\ FKDUDFWHUL]LQJ
VXE�FULWLFDO�FULWLFDO FRF\FOHV DQG WKH $OPRVW 5HGXFLELOLW\ &RQMHFWXUH �VHH 6HFWLRQ �� RQH
FDQ VKRZ WKDW WKHUH H[LVW HOHPHQWV RI O1̨(T d ) ZKLFK DUH QRW C 1� DOPRVW UHGXFLEOH DQG�
HYHQ LI ˛ 2 T d LV 'LRSKDQWLQH� WKDW WKH VHW O1

˛ (T d ) LV QRW FORVHG�
,Q D VLPLODU YHLQ

4XHVWLRQ �� /HW f : T d ! T d EH D VPRRWK GLIIHRPRUSKLVP ZKLFK LV WRSRORJLFDOO\
FRQMXJDWH WR WKH WUDQVODWLRQ ZLWK ˛ QRQ�UHVRQDQW� ,V LW C 1�DFFXPXODWHG E\ HOHPHQWV RI
O1

˛ (T d )" ,V LW C 1�DOPRVW UHGXFLEOH"

:KHQ d = 1 WKH ILUVW DQG WKH VHFRQG SDUW RI WKH SUHFHGLQJ TXHVWLRQ KDYH D SRVLWLYH DQ�
VZHU� <RFFR] SURYHG <RFFR] >����E@ WKDW F 1

˛ (T ) = O1̨(T ) DQG LW LV SURYHG LQ $YLOD DQG
.ULNRULDQ >Q�G��E�@ WKDW DQ\ VPRRWK RULHQWDWLRQ SUHVHUYLQJ GLIIHRPRUSKLVP RI WKH FLUFOH LV
C 1�DOPRVW UHGXFLEOH� 7KH SURRI RI WKLV UHVXOW XVHV UHQRUPDOL]DWLRQ WHFKQLTXHV ZKLFK DW
WKH SUHVHQW WLPH GRHVQ¶W VHHP WR H[WHQG WR WKH KLJKHU GLPHQVLRQDO FDVH� 6WLOO WKH VLWXDWLRQ
LQ WKH VHPL�ORFDO FDVH PLJKW EH PRUH DFFHVVLEOH�

4XHVWLRQ �� 6DPH TXHVWLRQV DV LQ 4XHVWLRQV � DQG � LQ WKH VHPL�ORFDO FDVH WKDW LV IRU f

LQ VRPH QHLJKERUKRRG RI WKH VHW RI URWDWLRQV� LQGHSHQGHQW RI ˛�

,I RQH DVVXPHV ˛ WR EH 'LRSKDQWLQH DQG f WR EH LQ D QHLJKERUKRRG RI T˛ WKDW GHSHQGV
RQ ˛ WKH DQVZHU WR 4XHVWLRQ � LV SRVLWLYH� WKLV FDQ EH SURYHG E\ VWDQGDUG .$0 WHFKQLTXHV�

� 3VHXGR�URWDWLRQV RI WKH GLVF

$ C k �k 2 N [ f1; !g� SVHXGR URWDWLRQ RI WKH GLVN D = f(x; y) 2 R2; x2 + y2 $
1g LV D C k RULHQWDWLRQ DQG DUHD SUHVHUYLQJ GLIIHRPRUSKLVP RI WKH GLVN D WKDW IL[HV WKH
RULJLQ� OHDYHV LQYDULDQW WKH ERXQGDU\ @D RI WKH GLVN DQG ZLWK QR RWKHU SHULRGLF SRLQW WKDQ
WKH RULJLQ� /LNH LQ WKH FDVH RI FLUFOH GLIIHRPRUSKLVPV RQH FDQ GHILQH IRU VXFK SVHXGR�
URWDWLRQ D XQLTXH URWDWLRQ QXPEHU DURXQG WKH RULJLQ ZKLFK LV LQYDULDQW E\ FRQMXJDWLRQ
�VHH IRU H[DPSOH )UDQNV >����E� &RUROODU\ ���@ RU )UDQNV >����D� 7KHRUHP ���@�� $QRVRY
DQG .DWRN >����@ FRQVWUXFWHG LQ ����� YLD DSSUR[LPDWLRQ E\ SHULRGLF G\QDPLFV� HUJRGLF
�IRU WKH DUHD PHDVXUH� DQG LQILQLWHO\ GLIIHUHQWLDEOH SVHXGR�URWDWLRQV RI WKH GLVN� SURYLGLQJ
WKXV WKH ILUVW H[DPSOHV RI SVHXGR�URWDWLRQV ZKLFK DUH QRW WRSRORJLFDOO\ FRQMXJDWH WR ULJLG
URWDWLRQV� %\ D WKHRUHP RI )UDQNV DQG +DQGHO >����@ D WUDQVLWLYH DUHD DQG RULHQWDWLRQ
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SUHVHUYLQJ GLIIHRPRUSKLVP RI WKH GLVN IL[LQJ WKH RULJLQ DQG OHDYLQJ LQYDULDQW WKH ERXQGDU\
RI WKH GLVN PXVW EH D SVHXGR�URWDWLRQ�

��� %LUNKRII ULJLGLW\ FRQMHFWXUH� $ IDPRXV TXHVWLRQ RQ SVHXGR�URWDWLRQV DWWULEXWHG WR
%LUNKRII LV WKH IROORZLQJ�

4XHVWLRQ �� ,V D UHDO DQDO\WLF SVHXGR�URWDWLRQ RI DQJOH ˛ DQDO\WLFDOO\ FRQMXJDWHG WR WKH
URWDWLRQ R˛ RI DQJOH ˛ RQ WKH GLVF"

$GGUHVVLQJ WKLV TXHVWLRQ VKRXOG LQYROYH WKH DUWLKPHWLFV RI ˛� 2Q RQH KDQG� 5�VVPDQQ
5�VVPDQQ >����@ SURYHG WKH IROORZLQJ DOWHUQDWLYH IRU D 'LRSKDQWLQH �LQ IDFW RI %UMXQR
W\SH LV VXIILFLHQW� HOOLSWLF IL[HG SRLQW RI D UHDO DQDO\WLF DUHD SUHVHUYLQJ VXUIDFH GLIIHRPRU�
SKLVP f � HLWKHU WKH SRLQW LV VXUURXQGHG E\ D SRVLWLYH PHDVXUH VHW RI LQYDULDQW FLUFOHV ZLWK
GLIIHUHQW 'LRSKDQWLQH IUHTXHQFLHV� RU WKH PDS f LV ORFDOO\ FRQMXJDWH WR D URWDWLRQ LQ WKH
QHLJKERUKRRG RI WKH IL[HG SRLQW� 2Q WKH RWKHU KDQG� ZKHQ WKH UHDO DQDO\WLF FDWHJRU\ LV
UHOD[HG WR LQILQLWH GLIIHUHQWLDELOLW\� $QRVRY�.DWRN FRQVWUXFWLRQ SURYLGHV PDQ\ FRXQWHU�
H[DPSOHV WR WKH SUHFHGLQJ TXHVWLRQ �IRU /LRXYLOOH ˛¶V�� :H FDQ WKXV GLYLGH WKH SUHFHGLQJ
TXHVWLRQ LQWR WZR TXHVWLRQV

4XHVWLRQ �� &DQ RQH FRQVWUXFW $QRVRY�.DWRN H[DPSOHV �YL]� HUJRGLF SVHXGR�URWDWLRQV�
LQ WKH UHDO DQDO\WLF FDWHJRU\" ,I SRVVLEOH� FDQ RQH LPSRVH WKH URWDWLRQ QXPEHU WR EH DQ\
QRQ�%UMXQR QXPEHU"

4XHVWLRQ � �5HGXFLELOLW\�� ,V LW WUXH WKDW HYHU\ C k � k = 1; !� SVHXGR�URWDWLRQ RI WKH GLVN
ZLWK GLRSKDQWLQH URWDWLRQ QXPEHU ˛ C k�FRQMXJDWHG WR D ULJLG URWDWLRQ E\ DQJOH ˛"

1RWLFH WKDW LQ WKH VPRRWK FDWHJRU\ WKH DQVZHU WR 4XHVWLRQ � LV SRVLWLYH� IRU WKH ILUVW SDUW
WKLV LV WKH H[LVWHQFH RI $QRVRY�.DWRN HUJRGLF� HYHQ ZHDNPL[LQJ� SVHXGR�URWDWLRQV DQG IRU
WKH VHFRQG SDUW RQH FDQ SURYH WKDW IRU DQ\ /LRXYLOOH QXPEHU ˛� WKHUH H[LVWV ZHDN PL[LQJ
SVHXGR�URWDWLRQV DV ZHOO DV H[DPSOHV WKDW DUH LVRPRUSKLF WR WKH URWDWLRQ RI IUHTXHQF\ ˛

RQ WKH FLUFOH )D\DG DQG 6DSU\NLQD >����@ DQG )D\DG� 6DSU\NLQD� DQG :LQGVRU >����@�
7RJHWKHU ZLWK +HUPDQ¶V ODVW JHRPHWULF WKHRUHP� WKLV JLYHV LQ WKH C 1�FDVH D FRPSOHWH
GLFKRWRP\ EHWZHHQ 'LRSKDQWLQH DQG /LRXYLOOH EHKDYLRU�

/HW F 1
˛ EH WKH VHW RI C 1 SVHXGR�URWDWLRQV ZLWK URWDWLRQ QXPEHU ˛ DQG O1

˛ EH WKH VHW
RI h ı R˛ ı h!1 ZKHUH h LV D C 1 DUHD DQG RULHQWDWLRQ SUHVHUYLQJ PDS RI WKH GLVN IL[LQJ �
DQG OHDYLQJ LQYDULDQW WKH ERXQGDU\ RI WKH GLVN� $ ZHDNHU TXHVWLRQ LQ WKH VPRRWK FDVH LV �

4XHVWLRQ �� )RU ˛ GLRSKDQWLQH LV O1
˛ FORVHG IRU WKH C 1�WRSRORJ\"

,Q IDFW� D PRUH JHQHUDO TXHVWLRQ WKDQ 4XHVWLRQ � LV WKH IROORZLQJ�
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4XHVWLRQ � �$OPRVW UHGXFLELOLW\�� ,V DQ\ C k�SVHXGR�URWDWLRQ k = 1; !� f RI WKH GLVN
ZLWK LUUDWLRQDO URWDWLRQ QXPEHU ˛ DOPRVW UHGXFLEOH� WKHUH H[LVWV D VHTXHQFH RI DUHD SUH�
VHUYLQJ VPRRWK PDS hn VXFK WKDW hn ı f ı h!1

n FRQYHUJHV LQ WKH C k WRSRORJ\ WR R˛ �LQ
WKH DQDO\WLF FDVH WKLV FRQYHUJHQFH VKRXOG RFFXU RQ D IL[HG FRPSOH[ QHLJKERUKRRG RI WKH
GLVN�"

4XHVWLRQ � KDV D SRVLWLYH DQVZHU LQ WKH ORFDO FDVH �5�VVPDQQ IRU k = !� +HUPDQ�
)D\DG DQG .ULNRULDQ >����D@ IRU k = 1� WKDW LV ZKHQ f LV LQ VRPH C k�QHLJKERUKRRG RI
R˛ �WKH VL]H RI WKLV QHLJKERUKRRG GHSHQGLQJ RQ WKH DULWKPHWLFV RI ˛�� 7KXV� D SRVLWLYH
DQVZHU WR 4XHVWLRQ � ZRXOG LPSO\ D SRVLWLYH DQVZHU WR 4XHVWLRQ �� :KHQ k = 1� 4XHV�
WLRQ � �KHQFH 4XHVWLRQ �� KDV D SRVLWLYH DQVZHU LQ WKH VHPL�ORFDO FDVH $YLOD DQG .ULNRULDQ
>Q�G��E�@ WKDW LV ZLWK WKH H[WUD DVVXPSWLRQ WKDW IRU VRPH k DQG " LQGHSHQGHQW RI ˛� WKH
C k�QRUP RI Df # id LV OHVV WKDQ "� ,Q WKLV VLWXDWLRQ RQH DOVR KDV F 1

˛ \W ! O˛
1� ZKHUH

W LV D QHLJKERUKRRG IRU WKH C 1�WRSRORJ\ RI WKH VHW RI ULJLG URWDWLRQV� 7KH SURRI RI WKH
UHVXOW RI $YLOD DQG .ULNRULDQ >LELG�@ LV EDVHG RQ UHQRUPDOL]DWLRQ WHFKQLTXHV DQG RQ WKH IDFW
�SURYHG LQ $YLOD� )D\DG� &DOYH]� ;X� DQG =KDQJ >����@� WKDW LI RQH KDV D FRQWURO RQ WKHC 1�
QRUP RI D SVHXGR�URWDWLRQ f � WKH GLVSODFHPHQW PD[D kf # idk SRO\QRPLDOO\ FRPSDUHV
ZLWK WKH URWDWLRQ QXPEHU RI f � 6XFK D FRQWURO LV LQ JHQHUDO QRW WUXH IRU GLIIHRPRUSKLVPV
RI WKH FLUFOH� ,W LV WKXV QDWXUDO WR DVN�

4XHVWLRQ �� 'HVFULEH WKH VHW RI VPRRWK GLIIHRPRUSKLVPV RI WKH FLUFOH WKDW DUH REWDLQHG
DV WKH UHVWULFWLRQ RQ D RI WKH G\QDPLFV RI SVHXGR�URWDWLRQV"

��� 5LJLGLW\ WLPHV� PL[LQJ DQG HQWURS\� $ GLIIHRPRUSKLVP RI FODVVC k � k 2 N[f1g�
LV VDLG WR DGPLWC k ULJLGLW\ WLPHV �RU IRU VKRUW LVC k�ULJLG� LI WKHUH H[LVWV D VHTXHQFH qn VXFK
WKDW f qn FRQYHUJHV WR WKH ,GHQWLW\ PDS LQ WKH C k WRSRORJ\� ,I ZH MXVW NQRZ WKDW WKH ODWWHU
KROGV LQ D IL[HG QHLJKERUKRRG RI VRPH SRLQW p� ZH VD\ WKDW f LV C k ORFDOO\ ULJLG DW p� $OO
WKH VPRRWK H[DPSOHV RQ WKH GLVF RU WKH VSKHUH REWDLQHG E\ WKH $QRVRY�.DWRN PHWKRG DUH
C 1�ULJLG E\ FRQVWUXFWLRQ� 2EYLRXVO\� ULJLGLW\ RU ORFDO ULJLGLW\ SUHFOXGHV PL[LQJ� +HQFH�
WKH IROORZLQJ QDWXUDO TXHVWLRQ ZDV UDLVHG LQ )D\DG DQG .DWRN >����@ LQ FRQQHFWLRQ ZLWK
WKH VPRRWK UHDOL]DWLRQ SUREOHP DQG WKH $QRVRY�.DWRN FRQVWUXFWLRQ PHWKRG�

4XHVWLRQ ��� ,V LW WUXH WKDW D VPRRWK DUHD SUHVHUYLQJ GLIIHRPRUSKLVP RI WKH GLVF ZLWK ]HUR
PHWULF HQWURS\ LV QRW PL[LQJ"

,Q WKH FDVH RI ]HUR WRSRORJLFDO HQWURS\� DQG LQ OLJKW RI )UDQNV DQG +DQGHO UHVXOW� WKH
TXHVWLRQ EHFRPHV

4XHVWLRQ ��� ,V LW WUXH WKDW D VPRRWK SVHXGR�URWDWLRQ LV QRW PL[LQJ"

%UDPKDP >����@ SURYHG WKDW WKLV LV WUXH LI WKH URWDWLRQ QXPEHU LV VXIILFLHQWO\ /LRXYLOOH�
LQGHHG KH SURYHV LQ WKDW FDVH WKH H[LVWHQFH RI C 0�ULJLGLW\ WLPHV� ,W ZDV VKRZQ LQ $YLOD�



���� %$66$0 )$<$' $1' 5$3+$É/ .5,.25,$1

)D\DG� &DOYH]� ;X� DQG =KDQJ >����@ WKDW UHDO DQDO\WLF SVHXGR�URWDWLRQV �ZLWK QR UHVWULF�
WLRQ RQ WKH URWDWLRQ QXPEHU� DUH QHYHU WRSRORJLFDOO\ PL[LQJ� %\ D FRPELQDWLRQ RI .$0
UHVXOWV DQG FRQWURO RI UHFXUUHQFH IRU SVHXGR�URWDWLRQV ZLWK /LRXYLOOH URWDWLRQ QXPEHUV� LW
LV DFWXDOO\ VKRZQ WKDW UHDO DQDO\WLF SVHXGR�URWDWLRQV DUH C 1 ORFDOO\ ULJLG QHDU WKHLU FHQWHU�

1RWH WKDW WKH IROORZLQJ LV QRW NQRZQ� H[FHSW LQ C 1 UHJXODULW\ ZKHUH D SRVLWLYH DQVZHU
LV JLYHQ E\ %RFKL >����@�

4XHVWLRQ ��� 'RHV WKHUH H[LVW D VPRRWK DUHD SUHVHUYLQJ GLVF GLIIHRPRUSKLVP WKDW KDV
]HUR PHWULF HQWURS\ DQG SRVLWLYH WRSRORJLFDO HQWURS\"

7KH IROORZLQJ TXHVWLRQ ZDV UDLVHG E\ %UDPKDP LQ %UDPKDP >����@�

4XHVWLRQ ��� 'RHV HYHU\ C k SVHXGR�URWDWLRQ f DGPLW C 0 ULJLGLW\ WLPHV" 7KH TXHVWLRQ
FDQ EH DVNHG IRU DQ\ k " 1� k = 1 RU k = !�

,Q WKH FDVH k = ! RU #(f ) 'LRSKDQWLQH DQG k = 1� WKH ODWWHU TXHVWLRQ EHFRPHV
DQ LQWHUPHGLDWH TXHVWLRQ UHODWLYH WR WKH %LUNKRII�+HUPDQ SUREOHP RQ WKH FRQMXJDELOLW\
RI f WR WKH ULJLG GLVF URWDWLRQ RI DQJOH #(f )� ,Q $YLOD� )D\DG� &DOYH]� ;X� DQG =KDQJ
>����@ LW ZDV VKRZQ WKDW IRU HYHU\ LUUDWLRQDO ˛� LI DQ DQDO\WLF SVHXGR�URWDWLRQ RI DQJOH ˛

LV VXIILFLHQWO\ FORVH WR R˛ WKHQ LW DGPLWV C 1�ULJLGLW\ WLPHV�

4XHVWLRQ ��� *LYHQ D IL[HG DQDO\WLFLW\ VWULS� GRHV WKHUH H[LVW % > 0 VXFK WKDW LI D UHDO
DQDO\WLF SVHXGR�URWDWLRQ LV % FORVH WR WKH URWDWLRQ RQ WKH JLYHQ DQDO\WLFLW\ VWULS� WKHQ LW LV
ULJLG"

$Q D SULRUL FRQWURO RQ WKH JURZWK RI kDf mk IRU D SVHXGR�URWDWLRQ LV VXIILFLHQW WR GHGXFH
WKH H[LVWHQFH RI ULJLGLW\ WLPHV IRU ODUJHU FODVVHV RI URWDWLRQ QXPEHUV� ,I IRU H[DPSOH D
SRO\QRPLDO ERXQG KROGV RQ WKH JURZWK RI kDf mk IRU D VPRRWK SVHXGR�URWDWLRQ� WKHQ WKH
H[LVWHQFH RI C 1 ULJLGLW\ WLPHV ZRXOG IROORZ IRU DQ\ /LRXYLOOH URWDWLRQ QXPEHU �VHH $YLOD�
)D\DG� &DOYH]� ;X� DQG =KDQJ >LELG�@�� ,Q WKH FDVH RI D FLUFOH GLIIHRPRUSKLVP f D JDS LQ
WKH JURZWK RI WKHVH QRUPV LV NQRZQ WR KROG EHWZHHQ H[SRQHQWLDO JURZWK LQ WKH FDVH f KDV
D K\SHUEROLF SHULRGLF SRLQW RU D JURZWK ERXQGHG E\ O(m2) LI QRW 3ROWHURYLFK DQG 6RGLQ
>����@� 'RHV D VLPLODU GLFKRWRP\ KROG IRU DUHD SUHVHUYLQJ GLVF GLIIHRPRUSKLVPV"

4XHVWLRQ ��� ,V WKHUH DQ\ SRO\QRPLDO ERXQG RQ WKH JURZWK RI WKH GHULYDWLYHV RI D SVHXGR�
URWDWLRQ" 'RHV HYHU\ C 1 SVHXGR�URWDWLRQ ZLWK /LRXYLOOH URWDWLRQ QXPEHU DGPLW C 0 �RU
HYHQ C 1� ULJLGLW\ WLPHV"

:LWK +HUPDQ¶V ODVW JHRPHWULF WKHRUHP� D SRVLWLYH DQVZHU WR WKH VHFRQG SDUW RI 4XHV�
WLRQ �� ZRXOG LPSO\ WKDW VPRRWK SVHXGR�URWDWLRQV� DQG WKHUHIRUH DUHD SUHVHUYLQJ VPRRWK
GLIIHRPRUSKLVPV RI WKH GLVF ZLWK ]HUR WRSRORJLFDO HQWURS\ DUH QHYHU WRSRORJLFDOO\ PL[LQJ�

,Q WKH SURRI RI DEVHQFH RI PL[LQJ RI DQ DQDO\WLF SVHXGR�URWDWLRQ� $YLOD� )D\DG� &DOYH]�
;X� DQG =KDQJ >����@ XVHV DQ D SULRUL ERXQG RQ WKH JURZWK RI WKH GHULYDWLYHV RI WKH LWHUDWHV
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RI D SVHXGR�URWDWLRQ WKDW LV REWDLQHG YLD DQ HIIHFWLYH ILQLWH LQIRUPDWLRQ YHUVLRQ RI WKH .DWRN
FORVLQJ OHPPD IRU DQ DUHD SUHVHUYLQJ VXUIDFH GLIIHRPRUSKLVP f � 7KLV HIIHFWLYH UHVXOW
SURYLGHV D SRVLWLYH JDS LQ WKH SRVVLEOH JURZWK RI WKH GHULYDWLYHV RI f EHWZHHQ H[SRQHQWLDO
DQG VXE�H[SRQHQWLDO�

,Q )D\DG DQG =KDQJ >����@� DQ H[SOLFLW ILQLWH LQIRUPDWLRQ FRQGLWLRQ LV REWDLQHG IRU DUHD
SUHVHUYLQJ C 2 VXUIDFH GLIIHRPRUSKLVPV� WKDW JXDUDQWHHV SRVLWLYH WRSRORJLFDO HQWURS\�

4XHVWLRQ ��� )LQG D ILQLWH LQIRUPDWLRQ FRQGLWLRQ RQ WKH FRPSOH[LW\ JURZWK RI DQ DUHD
SUHVHUYLQJ C 2 VXUIDFH GLIIHRPRUSKLVP WKDW LQVXUHV SRVLWLYH PHWULF HQWURS\�

)LQDOO\� LQVSLUHG E\ 5�VVPDQQ DQG +HUPDQ¶V ODVW JHRPHWULF WKHRUHP RQ RQH KDQG� DQG
WKH /LRXYLOOH SVHXGR�URWDWLRQV ULJLGLW\ RQ WKH RWKHU� ZH DVN WKH IROORZLQJ

4XHVWLRQ ��� &DQ D VPRRWK DUHD SUHVHUYLQJ GLIIHRPRUSKLVP RI D VXUIDFH WKDW KDV DQ
LUUDWLRQDO HOOLSWLF IL[HG SRLQW EH WRSRORJLFDOO\ PL[LQJ" &DQ LW KDYH DQ RUELW WKDW FRQYHUJHV
WR WKH IL[HG SRLQW"

� +DPLOWRQLDQ V\VWHPV

$ C 2 IXQFWLRQ H : (R2d ; 0) ! R VXFK WKDW DH (0) = 0 GHILQHV RQ D QHLJKERUKRRG RI
� D KDPLOWRQLDQ YHFWRU ILHOG XH (x; y) = (@yH (x; y); #@xH (x; y)) DQG LWV IORZ &t

H LV D
IORZ RI V\PSOHFWLF GLIIHRPRUSKLVPV SUHVHUYLQJ WKH RULJLQ� :H VKDOO DVVXPH WKDW 0 2 R2n

LV DQ HOOLSWLF HTXLOLEULXP SRLQW ZLWK H RI WKH IROORZLQJ IRUP

����� H (x; y) =
dX

j=1

!j (x
2
j + y2

j )/2 + O3(x; y);

ZKHUH WKH IUHTXHQF\ YHFWRU ! LV QRQ�UHVRQDQW�
$OWHUQDWLYHO\ ZH PD\ WDNH H D C 2 IXQFWLRQ GHILQHG RQ T d % Rd DQG FRQVLGHU LWV

+DPLOWRQLDQ IORZ XH ('; r) = (@rH ('; r); #@# H ('; r))� ,I

����� H ('; r) = h!0; ri + O(r2)

WKHQ WKH WRUXV T d % f0g LV LQYDULDQW XQGHU WKH +DPLOWRQLDQ IORZ DQG WKH LQGXFHG G\QDPLFV
RQ WKLV WRUXV LV WKH WUDQVODWLRQ &t

H : ' 7! ' + t!0: 0RUHRYHU WKLV WRUXV LV /DJUDQJLDQ ZLWK
UHVSHFW WR WKH FDQRQLFDO V\PSOHFWLF IRUP d' ^ dr RQ T d % Rd � :KHQ ! LV 'LRSKDQWLQH
ZH VD\ WKDW WKLV WRUXV LV D .$0 WRUXV�

7KH VWDELOLW\ RI DQ HTXLOLEULXP RU RI DQ LQYDULDQW TXDVL�SHULRGLF WRUXV E\ D +DPLOWRQLDQ
IORZ FDQ EH VWXGLHG IURP WKUHH SRLQWV RI YLHZ� 7KH XVXDO WRSRORJLFDO RU /\DSXQRY VWDELOLW\�
WKH VWDELOLW\ LQ D PHDVXUH WKHRUHWLF RU SUREDELOLVWLF VHQVH ZKLFK FDQ EH DGGUHVVHG E\ .$0
WKHRU\ �.ROPRJRURY� $UQROG� 0RVHU�� RU WKH HIIHFWLYH VWDELOLW\ LQ ZKLFK RQH LV LQWHUHVWHG
LQ TXDQWLWDWLYH VWDELOLW\ LQ WLPH�
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��� 7RSRORJLFDO VWDELOLW\� $UQROG FRQMHFWXUHG WKDW DSDUW IURP WZR FDVHV� WKH FDVH RI D
VLJQ�GHILQLWH TXDGUDWLF SDUW� DQG JHQHULFDOO\ IRU d = 2� DQ HOOLSWLF HTXLOLEULXP SRLQW LV
JHQHULFDOO\ XQVWDEOH�

&RQMHFWXUH ��� �$UQROG�� $Q HOOLSWLF HTXLOLEULXP SRLQW RI D JHQHULF DQDO\WLF +DPLOWRQLDQ
V\VWHP LV /\DSRXQRY XQVWDEOH� SURYLGHG n " 3 DQG WKH TXDGUDWLF SDUW RI WKH +DPLOWRQLDQ
IXQFWLRQ DW WKH HTXLOLEULXP SRLQW LV QRW VLJQ�GHILQLWH�

'HVSLWH D ULFK OLWHUDWXUH DQG D ZHDOWK RI UHVXOWV LQ WKH C 1 VPRRWKQHVV �WR JLYH D OLVW RI
FRQWULEXWLRQV ZRXOG H[FHHG WKH VFRSH RI WKLV SUHVHQWDWLRQ�� WKLV FRQMHFWXUH LV ZLGH RSHQ
LQ WKH UHDO DQDO\WLF FDWHJRU\� WR VXFK DQ H[WHQW WKDW XQGHU RXU VWDQGLQJ DVVXPSWLRQV �UHDO�
DQDO\WLFLW\ RI WKH +DPLOWRQLDQ DQG D QRQ�UHVRQDQFH FRQGLWLRQ RQ WKH IUHTXHQF\ YHFWRU� QRW
D VLQJOH H[DPSOH RI LQVWDELOLW\ LV NQRZQ�

4XHVWLRQ ��� *LYH H[DPSOHV RI DQ DQDO\WLF +DPLOWRQLDQ WKDW KDYH D QRQ�UHVRQDQW HOOLSWLF
HTXLOLEULXP �RU D QRQ�UHVRQDQW /DJUDQJLDQ TXDVL�SHULRGLF WRUXV� WKDW LV /\DSXQRY XQVWD�
EOH�

4XHVWLRQ ��� *LYH H[DPSOHV RI DQ DQDO\WLF +DPLOWRQLDQ WKDW KDYH D QRQ�UHVRQDQW HOOLSWLF
HTXLOLEULXP �RU D QRQ�UHVRQDQW /DJUDQJLDQ TXDVL�SHULRGLF WRUXV� WKDW DWWUDFWV DQ RUELW
�GLVWLQFW IURP WKH HTXLOLEULXP RU WKH WRUXV LWVHOI��

,Q )D\DG�0DUFR� DQG 6DX]LQ >Q�G�@ DQ H[DPSOH LV JLYHQ RI D*HYUH\ UHJXODU +DPLOWRQLHQ
RQ R6 WKDW KDV D QRQ�UHVRQDQW IL[HG SRLQW DW WKH RULJLQ DQG WKDW KDV DQ RUELW GLVWLQFW IURP
WKH RULJLQ WKDW FRQYHUJHV WR LW LQ WKH IXWXUH� ,Q .DORVKLQ DQG 6DSU\NLQD >����@ DQG *XDUGLD
DQG .DORVKLQ >����@� $UQROG GLIIXVLRQ PHWKRGV DUH XVHG WR \LHOG LQ SDUWLFXODU RUELWV WKDW
KDYH ˛�OLPLW RU !�OLPLW VHWV WKDW DUH QRQ�UHVRQDQW LQYDULDQW /DJUDQJLDQ WRUL LQVWHDG RI D
VLQJOH QRQ�UHVRQDQW IL[HG SRLQW�

)ROORZLQJ 3HUH]�0DUFR ZH DVN�

4XHVWLRQ ��� ,V LW WUXH WKDW D VPRRWK+DPLOWRQLDQ IORZZLWK D QRQ�UHVRQDQW HOOLSWLF HTXLOLE�
ULXP LVRODWHG IURP SHULRGLF SRLQWV KDV D KHGJHKRJ �D WRWDOO\ LQYDULDQW FRPSDFW FRQQHFWHG
VHW FRQWDLQLQJ WKH RULJLQ�"

5HJDUGLQJ WKH DGGLWLRQDO VWDELOLW\ IHDWXUHV RI HOOLSWLF IL[HG SRLQWV LQ WKH FDVH RI WZR
GHJUHHV RI IUHHGRP� ZH DVN WKH IROORZLQJ

4XHVWLRQ ��� ,V WKH LVR�HQHUJHWLF WZLVW FRQGLWLRQ WKH RSWLPDO FRQGLWLRQ IRU /\DSXQRY VWD�
ELOLW\ RI DQ LUUDWLRQDO HOOLSWLF HTXLOLEULXP LQ WZR GHJUHHV RI IUHHGRP"

$ VPRRWK H[DPSOH RI DQ LUUDWLRQDO HTXLOLEULXP ZDV FRQVWUXFWHG E\ )� 7UXMLOOR WKDW VDW�
LVILHV WKH .ROPRJRURY QRQ GHJHQHUDF\ FRQGLWLRQ LQ d = 2 GHJUHHV RI IUHHGRP DQG WKDW
KDV GLIIXVLQJ RUELWV LQ VRPH VSHFLDO HQHUJ\ OHYHOV�
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��� %H\RQG WKH FODVVLFDO .$0 WKHRU\� $Q HTXLOLEULXP �RU DQ LQYDULDQW WRUXV� RI D
+DPLOWRQLDQ V\VWHP LV VDLG WR EH .$0 VWDEOH LI LW LV DFFXPXODWHG E\ D SRVLWLYH PHDVXUH
RI LQYDULDQW .$0 WRUL� DQG LI WKH VHW RI WKHVH WRUL KDV GHQVLW\ RQH LQ WKH QHLJKERUKRRG RI
WKH HTXLOLEULXP �RU WKH LQYDULDQW WRUXV��

����� :HDN WUDQVYHUVDOLW\ FRQGLWLRQV� ,Q FODVVLFDO .$0 WKHRU\� DQ HOOLSWLF IL[HG SRLQW
LV VKRZQ WR EH.$0�VWDEOH XQGHU WKH K\SRWKHVLV WKDW WKH IUHTXHQF\ YHFWRU DW WKH IL[HG SRLQW
LV QRQ�UHVRQDQW �RU MXVW VXIILFLHQWO\ QRQ�UHVRQDQW� DQG WKDW WKH +DPLOWRQLDQ LV VXIILFLHQWO\
VPRRWK DQG VDWLVILHV D JHQHULF QRQ GHJHQHUDF\ FRQGLWLRQ RI LWV +HVVLDQ PDWUL[ DW WKH IL[HG
SRLQW� )XUWKHU GHYHORSPHQW RI WKH WKHRU\ DOORZHG WR UHOD[ WKH QRQ GHJHQHUDF\ FRQGLWLRQ�
,Q (OLDVVRQ� )D\DG� DQG .ULNRULDQ >����@ .$0�VWDELOLW\ ZDV HVWDEOLVKHG IRU QRQ�UHVRQDQW
HOOLSWLF IL[HG SRLQWV XQGHU WKH �PRVW JHQHUDO� 5�VVPDQQ WUDQVYHUVDOLW\ FRQGLWLRQ RQ WKH
%LUNKRII QRUPDO IRUP RI WKH +DPLOWRQLDQ� 6LPLODU UHVXOWV ZHUH REWDLQHG IRU 'LRSKDQWLQH
LQYDULDQW WRUL LQ (OLDVVRQ� )D\DG� DQG .ULNRULDQ >����@�

����� $EVHQFH RI WUDQVYHUVDOLW\ FRQGLWLRQV�

&RQMHFWXUH ���� >+HUPDQ@ 3URYH WKDW DQ HOOLSWLF HTXLOLEULXP ZLWK D GLRSKDQWLQH IUH�
TXHQF\ RU D .$0 WRUXV RI DQ DQDO\WLF +DPLOWRQLDQ LV DFFXPXODWHG E\ D VHW RI SRVLWLYH
PHDVXUH RI .$0 WRUL�

&OHDUO\� RQH FDQ RI FRXUVH DVN ZKHWKHU .$0 VWDELOLW\ DOVR KROGV�
&RQMHFWXUH ��� ZDV ZDV PDGH E\ 0� +HUPDQ LQ KLV ,&0�� OHFWXUH �LQ WKH FRQWH[W RI

V\PSOHFWRPRUSKLVPV�� 7KH FRQMHFWXUH LV NQRZQ WR EH WUXH LQ WZR GHJUHHV RI IUHHGRP5�VV�
PDQQ >����@� EXW UHPDLQV RSHQ LQ JHQHUDO� ,W LV VKRZQ LQ (OLDVVRQ� )D\DG� DQG .ULNRULDQ
>����@ WKDW DQ DQDO\WLF LQYDULDQW WRUXV T0 ZLWK 'LRSKDQWLQH IUHTXHQF\ !0 LV QHYHU LVRODWHG
GXH WR WKH IROORZLQJ DOWHUQDWLYH� ,I WKH %LUNKRII QRUPDO IRUP RI WKH +DPLOWRQLDQ DW T0

VDWLVILHV D 5�VVPDQQ WUDQVYHUVDOLW\ FRQGLWLRQ� WKH WRUXV T0 LV DFFXPXODWHG E\ .$0 WRUL RI
SRVLWLYH WRWDO PHDVXUH� ,I WKH %LUNKRII QRUPDO IRUP LV GHJHQHUDWH� WKHUH H[LVWV D VXEYDULHW\
RI GLPHQVLRQ DW OHDVW d + 1 WKDW LV IROLDWHG E\ DQDO\WLF LQYDULDQW WRUL ZLWK IUHTXHQF\ !0�

)RU /LRXYLOOH IUHTXHQFLHV� RQH GRHV QRW H[SHFW WKH FRQMHFWXUH WR KROG�

4XHVWLRQ ��� *LYH DQ H[DPSOH RI DQ DQDO\WLF +DPLOWRQLDQ WKDW KDV D QRQ�UHVRQDQW �/LRX�
YLOOH� HOOLSWLF HTXLOLEULXP WKDW LV QRW LV DFFXPXODWHG E\ D VHW RI SRVLWLYH PHDVXUH RI .$0
WRUL�

,Q WKHC 1 FDWHJRU\ �RU *HYUH\�� FRXQWHU�H[DPSOHV WR VWDELOLW\ ZLWK SRVLWLYH SUREDELOLW\
FDQ EH REWDLQHG� LQ � RU PRUH GHJUHHV RI IUHHGRP IRU /LRXYLOOH IUHTXHQFLHV� DQG LQ �
RU PRUH GHJUHHV RI IUHHGRP IRU DQ\ IUHTXHQF\ YHFWRU �(OLDVVRQ� )D\DG� DQG .ULNRULDQ
>LELG�@ IRU d " 4 DQG )D\DG DQG 6DSU\NLQD >����@ IRU d " 3�� ,Q WKH UHPDLQLQJ FDVH RI
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'LRSKDQWLQH HTXLOLEULXP ZLWK d = 2� +HUPDQ SURYHG VWDELOLW\ ZLWK SRVLWLYH SUREDELOLW\
ZLWKRXW DQ\ WZLVW FRQGLWLRQ �VHH )D\DG DQG .ULNRULDQ >����D@��

��� (IIHFWLYH VWDELOLW\� &RPELQLQJ .$0 WKHRU\� 1HNKRURVKHY WKHRU\ DQG HVWLPDWHV RI
1RUPDO %LUNKRII IRUPV� LW ZDV SURYHQ LQ %RXQHPRXUD� )D\DG� DQG 1LHGHUPDQ >����@ WKDW
JHQHULFDOO\� ERWK LQ D WRSRORJLFDO DQG PHDVXUH�WKHRUHWLFDO VHQVH� DQ LQYDULDQW /DJUDQJLDQ
'LRSKDQWLQH WRUXV RI D +DPLOWRQLDQ V\VWHP LV GRXEO\ H[SRQHQWLDOO\ VWDEOH LQ WKH VHQVH WKDW
QHDUE\ VROXWLRQV UHPDLQ FORVH WR WKH WRUXV IRU DQ LQWHUYDO RI WLPH ZKLFK LV GRXEO\ H[SR�
QHQWLDOO\ ODUJH ZLWK UHVSHFW WR WKH LQYHUVH RI WKH GLVWDQFH WR WKH WRUXV� ,W LV SURYHQ WKHUH
DOVR WKDW IRU DQ DUELWUDU\ VPDOO SHUWXUEDWLRQ RI D JHQHULF LQWHJUDEOH +DPLOWRQLDQ V\VWHP�
WKHUH LV D VHW RI DOPRVW IXOO SRVLWLYH /HEHVJXH PHDVXUH RI .$0 WRUL ZKLFK DUH GRXEO\ H[�
SRQHQWLDOO\ VWDEOH� 7KHVH UHVXOWV KROG WUXH IRU UHDO�DQDO\WLF EXW PRUH JHQHUDOO\ IRU *HYUH\
VPRRWK V\VWHPV� 6LPLODU UHVXOWV IRU HOOLSWLF HTXLOLEULD DUH REWDLQHG LQ %RXQHPRXUD� )D\DG�
DQG 1LHGHUPDQ >����@�

4XHVWLRQ ��� *LYH H[DPSOHV RI DQDO\WLF RU *HYHUH\ GLIIHUHQWLDEOH +DPLOWRQLDQV WKDW KDYH
D 'LRSKDQWLQH HOOLSWLF HTXLOLEULXP ZLWK SRVLWLYH GHILQLWH WZLVW� WKDW LV QRW PRUH WKDQ GRXEO\�
H[SRQHQWLDOO\ VWDEOH LQ WLPH� 6KRZ WKDW WKLV LV JHQHULF�

4XHVWLRQ ��� *LYH DQ H[DPSOH RI DQ DQDO\WLF +DPLOWRQLDQ WKDW KDV D QRQ�UHVRQDQW HOOLSWLF
HTXLOLEULXP ZLWK SRVLWLYH GHILQLWH WZLVW WKDW LV QRW PRUH WKDQ H[SRQHQWLDOO\ VWDEOH LQ WLPH�

4XHVWLRQ ��� *LYH DQ H[DPSOH RI DQ DQDO\WLF +DPLOWRQLDQ WKDW KDV D 'LRSKDQWLQH HOOLSWLF
HTXLOLEULXP WKDW LV QRW PRUH WKDQ H[SRQHQWLDOO\ VWDEOH LQ WLPH�

��� 2Q LQYDULDQW WRUL RI FRQYH[ +DPLOWRQLDQV�

����� 7KH ´ODVW LQYDULDQW FXUYH´ RI DQQXOXV WZLVW PDSV� $ FODVVLF WRSLF LQ +DPLO�
WRQLDQ V\VWHPV LV WKDW RI WKH UHJXODULW\ RI WKH LQYDULDQW FXUYHV RI DQQXOXV WZLVW PDSV� $
FHOHEUDWHG UHVXOW RI %LUNKRII VWDWHV WKDW VXFK FXUYHV �LI WKH\ DUH QRW KRPRWRSLF WR D SRLQW�
PXVW EH /LSVFKLW]� 1XPHULFDO HYLGHQFH VHHPV WR LQGLFDWH WKDW LQYDULDQW FXUYHV DUH DOZD\V
DW OHDVW C 1� $IWHU 0DWKHU DQG $UQDXG ZH DVN WKH IROORZLQJ�

4XHVWLRQ ��� *LYH DQ H[DPSOH RI D C r � r 2 [2; 1)[ f!g; DQQXOXV WZLVW PDS WKDW KDV DQ
LQYDULDQW C 0 EXW QRW C 1 FXUYH ZLWK PLQLPDO UHVWULFWHG G\QDPLFV�

,Q $YLOD DQG )D\DG >Q�G�@� D C 1 H[DPSOH LV FRQVWUXFWHG� DQG $UQDXG >����@ JLYHV D C 1

H[DPSOH ZLWK DQ LQYDULDQW C 0 EXW QRW C 1 FXUYH KDYLQJ 'HQMR\ W\SH UHVWULFWHG G\QDPLFV�
'XH WR D UHVXOW SURYHG E\ +HUPDQ WKH SUREOHP FDQ EH UHGXFHG WR ILQGLQJ D PLQLPDO

FLUFOH KRPHRPRUSKLVP f VXFK WKDW f + f !1 LV C r EXW f LV RQO\ C 0�
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4XHVWLRQ ��� *LYH DQ H[DPSOH RI D C r � r 2 [2; 1)[ f!g; DQQXOXV WZLVW PDS WKDW KDV DQ
LQYDULDQW C r FXUYH WKDW LV QRW DFFXPXODWHG E\ RWKHU LQYDULDQW FXUYHV�

����� 2Q WKH GHVWUXFWLRQ RI DOO WRUL� *LYHQ WKH +DPLOWRQLDQ H = 1
2

P
r2i RQ T d %Rd �

4XHVWLRQ ��� :KDW LV WKH PD[LPXP RI r IRU ZKLFK LW LV SRVVLEOH WR SHUWXUE H VR WKDW WKH
SHUWXUEHG IORZ KDV QR LQYDULDQW /DJUDQJLDQ WRUXV WKDW LV WKH JUDSK RI D C 1 IXQFWLRQ�

%\ +HUPDQ� r " d + 2 # %� 8% > 0� :H DOVR NQRZ WKDW r $ 2d �VHH 3|VFKHO >����@��
,Q &KHQJ DQG /�:DQJ >����@� JLYHQ DQ\ IUHTXHQF\ !� D C 2d!$ SHUWXUEDWLRQ RI H LV JLYHQ
WKDW KDV QR LQYDULDQW /DJUDQJLDQ WRUXV ZLWK DV XQLTXH URWDWLRQ IUHTXHQF\ YHFWRU !�

��� %LUNKRII 1RUPDO )RUPV� /HW H : (R2d ; 0) ! R EH D UHDO DQDO\WLF KDPLOWRQLDQ
IXQFWLRQ DGPLWWLQJ � DV DQ HOOLSWLF QRQ�UHVRQDQW IL[HG SRLQW� 2QH FDQ DOZD\V IRUPDOO\
FRQMXJDWH H WR DQ LQWHJUDEOH KDPLOWRQLDQ� WKHUH H[LVW D IRUPDO �H[DFW� V\PSOHFWLF JHUP RI
GLIIHRPRUSKLVP g WDQJHQW WR WKH LGHQWLW\ DQG D IRUPDO VHULHVN 2 R[[r1; : : : ; rd ]] VXFK WKDW
g"XH = XB ZKHUH B(x; y) = N (x2

1 +y2
1 ; : : : ; x2

d +y2
d )� 7KLV B LV XQLTXH DQG LV FDOOHG

WKH %LUNKRII 1RUPDO )RUP �%1)�� 7KLV IRUPDO REMHFW LV DQ LQYDULDQW RI C k�FRQMXJDWLRQV
�k = 1; !�� %LUNKRII 1RUPDO )RUPV FDQ EH GHILQHG IRU C k �k = 1; !� V\PSOHFWLF GLI�
IHRPRUSKLVPV DGPLWWLQJ DQ LQYDULDQW HOOLSWLF IL[HG SRLQW RU HYHQ �LQ WKH FDVH RI V\PSOHFWLF
GLIIHRPRUSKLVPV RU KDPLOWRQLDQ IORZV� LQ D QHLJKERUKRRG RI DQ LQYDULDQW .$0 WRUXV �WKH
IUHTXHQF\ PXVW EH WKHQ GLRSKDQWLQH�� 6LHJHO >����@ SURYHG WKDW LQ JHQHUDO WKH FRQMXJDWLQJ
WUDQVIRUPDWLRQ FRXOG QRW EH FRQYHUJHQW DQG (OLDVVRQ DVNHG ZKHWKHU WKH %LUNKRII 1RUPDO
)RUP LWVHOI FRXOG EH FRQYHUJHQW� ,Q WKH UHDO DQDO\WLF VHWWLQJ 3pUH]�0DUFR >����@ SURYHG
WKDW IRU DQ\ JLYHQ QRQ�UHVRQDQW TXDGUDWLF SDUW RQH KDV WKH IROORZLQJ GLFKRWRP\� HLWKHU WKH
%1) DOZD\V FRQYHUJHV RU LW JHQHULFDOO\ GLYHUJHV� *RQJ >����@ SURYLGHG DQ H[DPSOH RI
GLYHUJHQW %1) ZLWK /LRXYLOOH IUHTXHQFLHV� ,Q .ULNRULDQ >Q�G�@ LW LV SURYHG WKDW WKH %1)
RI D UHDO DQDO\WLF V\PSOHFWLF GLIIHRPRUSKLVP DGPLWWLQJ D GLRSKDQWLQH HOOLSWLF IL[HG SRLQW
�ZLWK WRUVLRQ� LV JHQHUDOO\ GLYHUJHQW�

4XHVWLRQ ��� /HW H EH D UHDO DQDO\WLF +DPLOWRQLDQ DGPLWWLQJ WKH RULJLQ DV D GLRSKDQWLQH
HOOLSWLF IL[HG SRLQW DQG DVVXPH WKDW LWV %LUNKRII 1RUPDO )RUP GHILQHV D UHDO DQDO\WLF IXQF�
WLRQ� ,V H UHDO DQDO\WLFDOO\ FRQMXJDWHG WR LWV %LUNKRII 1RUPDO )RUP RQ D QHLJKERUKRRG
RI WKH RULJLQ"

� '\QDPLFV RI TXDVL�SHULRGLF FRF\FOHV

/HWG EH D /LH JURXS �SRVVLEO\ LQILQLWH GLPHQVLRQDO�� $ TXDVL�SHULRGLF FRF\FOH RI FODVVC k �
k 2 N [f1; !g LV D PDS (˛; A) : T d %G ! T d %G RI WKH IRUP (˛; A) : (x; y) 7! (x+
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˛; A(x)y) ZKHUH ˛ 2 T d �ZH DVVXPH ˛ WR EH QRQ�UHVRQDQW� DQG A : T d ! G LV RI FODVV
C k � :H GHQRWH WKH VHW RI VXFK FRF\FOHV (˛; A) E\ SW k(T d ; G) �RU SW k

˛ (T d ; G)�� 7KH
LWHUDWHV (˛; A)n RI (˛; A) DUH RI WKH IRUP (n˛; A(n)) ZKHUH �IRU n " 1� A(n) LV WKH ILEHUHG
SURGXFW A(n)(&) = A(&+(n#1)˛) & & & A(&+˛)A(&)� 7ZR FRF\FOHV (˛; A1) DQG (˛; A2) DUH
VDLG WR EH C l �FRQMXJDWHG LI WKHUH H[LVWV D PDS B : T d ! G �RU B : Rd/N Zd ! G IRU
VRPH N 2 N"� RI FODVV C l VXFK WKDW (˛; A2) = (0; B)ı(˛; A1)ı(0; B)!1 RU HTXLYDOHQWO\
A2 = B(& + ˛)A1B(&)!1� 7KH FRF\FOH (˛; A) LV VDLG WR EH UHGXFLEOH LI LW LV FRQMXJDWHG WR
D FRQVWDQW FRF\FOH DQG� ZKHQ H LV D VXEJURXS RI G� H �UHGXFLEOH LI LW LV FRQMXJDWHG WR DQ
H �YDOXHG �QRW QHFHVVDULO\ FRQVWDQW� FRF\FOH� :H VD\ WKDW WKH FRF\FOH LV OLQHDU ZKHQ WKH
JURXS G LV D JURXS RI PDWULFHV�

��� 7KH FDVH G = SL(2; R)� 4XDVL�SHULRGLF SL(2; R)�YDOXHG FRF\FOHV SOD\ DQ LPSRU�
WDQW UROH LQ WKH WKHRU\ RI TXDVL�SHULRGLF 6FKU|GLQJHU RSHUDWRUV RQ Z RI WKH IRUP Hx :
l2(Z) ! l2(Z)� Hx : (un)n2Z 7! (un+1 + un!1 + V (x + n˛)un)n2Z� LQGHHG� WKH
�JHQHUDOL]HG� HLJHQYDOXH HTXDWLRQ Hxu = Eu OHDGV QDWXUDOO\ WR VWXG\LQJ WKH G\QDPLFV
RI D IDPLO\ RI SL(2; R)�YDOXHG TXDVL�SHULRGLF FRF\FOHV GHSHQGLQJ RQ E� WKH VR�FDOOHG
6FKU|GLQJHU FRF\FOHV� 0DQ\ VSHFWUDO REMHFWV RU TXDQWLWLHV ± VXFK DV� UHVROYHQW VHWV �FRP�
SOHPHQW RI WKH VSHFWUXP�� VSHFWUDO PHDVXUHV� GHQVLW\ RI VWDWHV� VSHHG RI GHFD\ RI *UHHQ
IXQFWLRQV��� ± RI WKH IDPLO\ RI RSHUDWRUV Hx � x 2 T d � FDQ EH UHODWHG WR G\QDPLFDO QRWLRQV
RU LQYDULDQWV IRU WKH DVVRFLDWHG IDPLO\ RI 6FKU|GLQJHU FRF\FOHV ± QDPHO\ �LQ WKDW RUGHU��
XQLIRUP K\SHUEROLFLW\� m�IXQFWLRQV� ILEHUHG URWDWLRQ QXPEHU� /\DSXQRY H[SRQHQWV��� :H
UHIHU WR (OLDVVRQ >����@� <RX >����@ IRU PRUH GHWDLOV RQ WKLV WRSLF�

7KHUH DUH WZR LPSRUWDQW TXDQWLWLHV DVVRFLDWHG WR SL(2R)�YDOXHG TXDVL�SHULRGLF FRF\�
FOHV ZKLFK DUH LQYDULDQW E\ FRQMXJDWLRQ�� WKH /\DSXQRY H[SRQHQW L(˛; A)ZKLFK PHDVXUH
WKH H[SRQHQWLDO VSHHG RI JURZWK RI WKH LWHUDWHV RI WKH FRF\FOH (˛; A) DQG WKH ILEHUHG UR�
WDWLRQ QXPEHU #(˛; A) ZKLFK PHDVXUHV WKH DYHUDJH VSHHG RI URWDWLRQ RI QRQ�]HUR YHFWRUV
LQ WKH SODQH XQGHU LWHUDWLRQ RI WKH FRF\FOH� ,W LV RI FRXUVH WHPSWLQJ WR WU\ DQG FODVVLI\
SL(2; R)�FRF\FOHV DFFRUGLQJ WR WKHVH WZR LQYDULDQWV�

7KH FDVH RI UHDO DQDO\WLF FRF\FOHV ZLWK RQH IUHTXHQF\ LV SDUWLFXODUO\ ZHOO XQGHUVWRRG�
,Q WKDW VLWXDWLRQ� IROORZLQJ $� $YLOD >����@� RQH FDQ DVVRFLDWH WR DQ\ FRF\FOH (˛; A) 2
SW !(T ; SL(2; R)) D QDWXUDO IDPLO\ (˛; A") 2 SW !(T ; SL(2; C)) �" LQ VRPH QHLJKERU�
KRRG RI �� ZLWK A"(&) = A(&+"

p
#1)� 7KH IXQFWLRQ " 7! L(˛; A") SOD\V D YHU\ LPSRUWDQW

UROH LQ WKH WKHRU\� $YLOD SURYHG WKDW LW LV DQ HYHQ FRQYH[ FRQWLQXRXV SLHFHZLVH DIILQH PDS
ZLWK TXDQWL]HG VORSHV LQ 2(Z �WKLV LV WKH SKHQRPHQRQ RI ³TXDQWL]DWLRQ RI DFFHOHUDWLRQ´�
DQG WKDW WKH FRPSOH[ FRF\FOH (˛; A") LV XQLIRUPO\ K\SHUEROLF LI DQG RQO\ " LV QRW D EUHDN
SRLQW RI " 7! L(˛; A")� 7KLV DQDO\VLV OHDGV WR WKH QRWLRQV RI FULWLFDO� VXSHUFULWLFDO DQG
VXEFULWLFDO FRF\FOHV� ZKHUH WKLV ODVW WHUP UHIHUV WR WKH IDFW WKDW WKH IXQFWLRQ " 7! L(˛; A")

�IRU WKH URWDWLRQ QXPEHU RQH KDV WR DVVXPH WKH FRQMXJDWLQJ PDS WR EH KRPRWRSLF WR WKH LGHQWLW\
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LV ]HUR RQ DQ QHLJKERUKRRG RI " = 0� $ FRF\FOH (˛; A) 2 SW !(T ; SL(2; R)) �KR�
PRWRSLF WR WKH LGHQWLW\� FDQ WKXV KDYH IRXU GLVWLQFW SRVVLEOH EHKDYLRUV LI RQH DGGV WR WKH
WKUHH SUHFHGLQJ RQHV XQLIRUP K\SHUEROLFLW\� 0RUHRYHU� WKH TXDQWL]DWLRQ RI DFFHOHUDWLRQ
DOORZV WR SUHGLFW WKH SRVVLEOH WUDQVLWLRQV EHWZHHQ WKHVH IRXU UHJLPHV DQG WR GUDZ FRQVH�
TXHQFHV RQ WKH VSHFWUXP RI 6FKU|GLQJHU RSHUDWRUV VXFK DV IRU H[DPSOH WKH SRVVLELOLW\ RI
FR�H[LVWHQFH RI DEVROXWHO\ FRQWLQXRXV RU SXUH SRLQW VSHFWUXP IRU VRPH W\SH RI SRWHQWLDOV
�FI� $YLOD >LELG�@ DQG IRU RWKHU H[DPSOHV %MHUNO|Y DQG .ULNRULDQ >Q�G�@�� 7KH PRVW VWULN�
LQJ JOREDO UHVXOW RQ WKH G\QDPLFV RI WKHVH FRF\FOHV LV FHUWDLQO\ WKH ³$OPRVW UHGXFLELOLW\
FRQMHFWXUH´ SURYHG E\ $YLOD $YLOD >����@� $YLOD >Q�G�@ ZKLFK DVVHUWV WKDW DQ\ VXEFULWLFDO
FRF\FOH LQ SW !(T ; SL(2; R)) LV DOPRVW�UHGXFLEOH �LQ WKH DQDO\WLF FDWHJRU\� RQ D IL[HG
FRPSOH[ QHLJKERUKRRG RI WKH UHDO D[LV�� %\ +RX DQG <RX >����@� <RX DQG =KRX >����@
LQ WKH UHDO DQDO\WLF VHPL�ORFDO VLWXDWLRQ �YL]� ZKHQ A LV FORVH WR D FRQVWDQW� WKLV FORVHQHVV
EHLQJ LQGHSHQGHQW RI ˛� D FRF\FOH (˛; A) LV HLWKHU XQLIRUPO\ K\SHUEROLF RU VXEFULWLFDO�

,Q WKH C 1 FDWHJRU\� RU IRU PDQ\�IUHTXHQFLHV V\VWHPV� RXU XQGHUVWDQGLQJ RI WKH G\�
QDPLFV RI FRF\FOHV LV PXFK OHVV FRPSOHWH� 7KHUH DUH LPSRUWDQW UHGXFLELOLW\ RU DOPRVW�
UHGXFLELOLW\ UHVXOWV �'LQDEXUJ DQG -� *� 6LQDƱ >����@� (OLDVVRQ >����@� .ULNRULDQ >����D@�
.ULNRULDQ >����E@� .ULNRULDQ >����@� $YLOD DQG.ULNRULDQ >����@�3XLJ >����@� 3XLJ >����@�
)D\DG DQG .ULNRULDQ >����E@� $YLOD� )D\DG� DQG .ULNRULDQ >����@� +RX DQG <RX >����@�
<RX DQG =KRX >����@� $YLOD DQG .ULNRULDQ >����@���� EXW WKH\ RIWHQ LQYROYH GLRSKDQWLQH
FRQGLWLRQV DQG�RU DUH RI SHUWXUEDWLYH QDWXUH� 0RUHRYHU� WKH VHPL�ORFDO YHUVLRQ RI WKH $O�
PRVW UHGXFLELOLW\ FRQMHFWXUH KDV QR UHDVRQDEOH HTXLYDOHQW LQ WKH VPRRWK �RU HYHQ *HYUH\�
VHWWLQJ $YLOD DQG .ULNRULDQ >Q�G��F�@� 6WLOO� RQH FDQ DVN�

4XHVWLRQ ��� ,V WKH VHPL�ORFDO YHUVLRQ RI WKH $OPRVW UHGXFLELOLW\ FRQMHFWXUH WUXH IRU FR�
F\OHV LQ TXDVL�DQDO\WLF FODVVHV"

/HW¶V VD\ WKDW D FRF\FOH LV VWDEOH LI LW LV QRW DFFXPXODWHG E\ QRQ�XQLIRUPO\ K\SHUEROLF
V\VWHPV �ZLWK WKH VDPH IUHTXHQF\ YHFWRU RQ WKH EDVH�� +DYLQJ LQ PLQG $YLOD¶V FODVVLILFD�
WLRQ RQH FDQ DVN�

4XHVWLRQ ��� ,V HYHU\ VWDEOH FRF\FOH LQSW k(T d ; SL(2; R))� k = 1; !� DOPRVW�UHGXFLEOH"

��� 7KH V\PSOHFWLF FDVH� &RF\FOHV LQ SW k(T d ; Sp(2n; R)) DUH RI LQWHUVW ZKHQ RQH
WULHV WR XQGHUVWDQG WKH G\QDPLFV RI D V\PSOHFWLF GLIIHRPRUSKLVP LQ WKH QHLJKERUKRRG RI
DQ LQYDULDQW WRUXV �WKH\ DSSHDU DV OLQHDUL]HG G\QDPLFV� RU LQ WKH VWXG\ RI TXDVL�SHULRGLF
6FKU|GLQJHU RSHUDWRUV RQ VWULSV Z % f1; : : : ; ng� )RU VXFK FRF\FOHV RQH FDQ GHILQH 2n

/\DSXQRY H[SRQHQWV �V\PPHWULF ZLWK UHVSHFW WR �� DQG RQH ILEHUHG 0DVORY LQGH[ ZKLFK
SOD\V WKH UROH RI D ILEHUHG URWDWLRQ QXPEHU �FI� ;X >����@ DQG WKH UHIHUHQFHV WKHUH��

:H GHQRWH E\ SO(2; R) WKH VHW RI V\PSOHFWLF URWDWLRQV Rt =

!
(FRV t)In #(VLQ t)In

(VLQ t)In (FRV t)In

"
�
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4XHVWLRQ ��� /HW (˛; A) 2 SW 1(T ; Sp(2n; R)) KRPRWRSLF �UHVS� QRQ KRPRWRSLF� WR
WKH LGHQWLW\ ZKHUH ˛ 2 T LV �UHFXUUHQW� GLRSKDQWLQH� ,V LW WUXH WKDW IRU /HEHVJXH DOPRVW DOO
t 2 R WKH IROORZLQJ GLFKRWRP\ KROGV� HLWKHU WKH FRF\FOH (˛; Rt A) LV C 1�UHGXFLEOH �UHVS�
SO(2; R)�UHGXFLEOH� RU LWV XSSHU /\DSXQRY H[SRQHQW LV SRVLWLYH"

:KHQ n = 1 WKH DQVZHU LV SRVLWLYH �$YLOD DQG .ULNRULDQ >����@ IRU WKH FDVH KRPRWRSLF
WR WKH LGHQWLW\� $YLOD DQG .ULNRULDQ >����@ IRU WKH FDVH QRQ�KRPRWRSLF WR WKH LGHQWLW\�� 7KH
SURRI RI WKLV UHVXOW LV EDVHG RQ D UHQRUPDOL]DWLRQ SURFHGXUH ZKLFK ZRUNV ZKHQ WKH FRF\FOH
KDV VRPH PLOG ERXQGHGQHVV SURSHUW\ DQG RQ D UHGXFWLRQ WR WKLV FDVH EDVHG RQ .RWDQL
WKHRU\� ,Q WKH FDVH n " 2 VXFK D .RWDQL WKHRU\ ZDV GHYHORSHG E\ ;X LQ ;X >����@� ;X
>����@� )ROORZLQJ WKH VDPH VWUDWHJ\ DV LQ $YLOD DQG .ULNRULDQ >����@ RQH VKRXOG EH WKHQ
UHGXFHG WR VWXG\LQJ FRF\FOHV ZLWK YDOXHV LQ WKH PD[LPDO FRPSDFW VXEJURXS RI Sp(2n; R)�
8QIRUWXQDWHO\� RQH FDQQRW FRQFOXGH OLNH LQ WKH FDVH n = 1 VLQFH QR UHDVRQDEOH D SULRUL
QRWLRQ RI ILEHUHG URWDWLRQ QXPEHU FDQ EH GHILQHG IRU FRF\FOHV ZLWK YDOXHV LQ QRQ�DEHOLDQ
FRPSDFW JURXSV �WKH\ FDQ EH GHILQHG D SRVWHULRUL RQFH RQH NQRZV WKH FRF\FOH LV UHGXFLEOH�
VHH .DUDOLROLRV >����@� .DUDOLROLRV >����@ IRU UHODWHG UHVXOWV��

��� 7KH FDVH G = 'LII10 (T )� $ FRF\FOH (˛; A) 2 SW (T d ; SL(2; R)) QDWXUDOO\ SUR�
GXFHV D SURMHFWLYH FRF\FOH (˛; Ā) 2 SW (T d ;+RP(S1)) ZKHUH +RP(S1) LV WKH JURXS
RI KRPRJUDSKLHV DFWLQJ RQ S1� QDPHO\ Ā(x) & v = (A(x)v)/kA(x)vk� ,W LV WKXV QDWXUDO
WR ORRN DW WKH PRUH JHQHUDO FDVH ZKHUH WKH XQGHUO\LQJ JURXS LV WKH JURXS RI RULHQWDWLRQ
SUHVHUYLQJ GLIIHRPRUSKLVPV RI WKH FLUFOH� ,Q WKDW FDVH RQH FDQ VWLOO GHILQH D ILEHUHG UR�
WDWLRQ QXPEHU +HUPDQ >����@� )RU WKH WRSRORJLFDO DVSHFWV RI WKH WKHRU\ RI VXFK TXDVL�
SHULRGLFDOO\ IRUFHG FLUFOH GLIIHRPRUSKLVPV VHH %MHUNO|Y DQG -lJHU >����@�

4XHVWLRQ �� �1RQ�OLQHDU (OLDVVRQ 7KHRUHP�� /HW ˛ 2 T d EH D IL[HG GLRSKDQWLQH YHFWRU
DQG G = 'LII10 (R/Z)� 'RHV WKHUH H[LVW k0; "0 GHSHQGLQJ RQO\ RQ ˛ VXFK WKDW IRU DQ\
(˛; A) 2 SW 1(T d ;'LII10 (R/Z)) RI WKH IRUP (˛; A)(x; y) = (x + ˛; y + ˇ + f (x; y))
ZLWK kf kC k0 $ "0 DQG #(˛; A) GLRSKDQWLQH� WKH FRF\FOH (˛; A) LV C 1�UHGXFLEOH"

:KHQ G = +RP(S1) WKH DQVZHU LV SRVLWLYH DQG LV �WKH C 1�YHUVLRQ RI� D WKHRUHP RI
(OLDVVRQ >����@ ZKLFK KDV PDQ\ FRQVHTXHQFHV LQ WKH WKHRU\ RI TXDVL�SHULRGLF 6FKU|GLQJHU
RSHUDWRUV� ,I RQH DOORZV "0 WR GHSHQG RQ # WKHQ WKH UHVXOW LV WUXH DQG LV HVVHQWLDOO\ D �JHQ�
HUDOL]DWLRQ RI D� WKHRUHP E\ $UQROG� ,WV SURRI LV FODVVLFDO .$0 WKHRU\� ,Q .ULNRULDQ� -�
:DQJ� <RX� DQG =KRX >Q�G�@ D UHVXOW RI URWDWLRQV�UHGXFLELOLW\ LV SURYHG ZKHUH "0 GHSHQGV
RQ # EXW ZLWK FRQVLGHUDEO\ ZHDNHU DVVXPSWLRQ RQ ˛ WKDQ.$0 WKHRU\ XVXDOO\ DOORZV �FRP�
SDUH ZLWK $YLOD� )D\DG� DQG .ULNRULDQ >����@� )D\DG DQG .ULNRULDQ >����E@ IRU VWURQJHU
UHVXOWV LQ WKH FDVH RI OLQHDU FRF\FOHV��
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)LJ �� 'HJHQHUDWH VDGGOH DFWLQJ DV D VWRSSLQJ SRLQW )LJ �� 1RQ�GHJHQHUDWH VDGGOH WKDW FDXVHV DV\PPHWU\

� 0L[LQJ VXUIDFH IORZV

��� 6SHFWUDO W\SH� $UHD SUHVHUYLQJ VXUIDFH IORZV SURYLGH WKH ORZHVW GLPHQVLRQDO VHW�
WLQJ LQ ZKLFK LW LV LQWHUHVWLQJ WR VWXG\ FRQVHUYDWLYH V\VWHPV� 6XFK IORZV DUH VRPHWLPHV
FDOOHG PXOWL�YDOXHG +DPLOWRQLDQ IORZV WR HPSKDVL]H WKHLU UHODWLRQ ZLWK VROLG VWDWH SK\VLFV
WKDW ZDV SRLQWHG RXW E\ 1RYLNRY >����@� 9LD 3RLQFDUp VHFWLRQV� WKHVH IORZV DUH UHODWHG
WR VSHFLDO IORZV DERYH FLUFOH URWDWLRQV RU PRUH JHQHUDOO\ DERYH ,(7V �,QWHUYDO H[FKDQJH
WUDQVIRUPDWLRQV�� 2QH FDQ WKXV YLHZ WKHP DV WLPH FKDQJHV RI WUDQVODWLRQ IORZV RQ VXUIDFHV�

.DWRN DQG WKHQ .RFKHUJLQ VKRZHG WKH DEVHQFH RI PL[LQJ RI DUHD SUHVHUYLQJ IORZV RQ
WKH WZR WRUXV LI WKH\ GR QRW KDYH VLQJXODULWLHV .DWRN >����@ DQG .RþHUJLQ >����@�

7KH VLPSOHVW PL[LQJ H[DPSOHV DUH WKRVH ZLWK RQH �GHJHQHUDWH� VLQJXODULW\ RQ WKH WZR
WRUXV SURGXFHG E\ .RFKHUJLQ LQ WKH ����V .RþHUJLQ >����@� .RFKHUJLQ IORZV DUH WLPH
FKDQJHV RI OLQHDU IORZV RQ WKH WZR WRUXV ZLWK DQ LUUDWLRQDO VORSH DQG ZLWK D UHVW SRLQW �VHH
)LJXUH ���

0XOWL�YDOXHG +DPLOWRQLDQ IORZV RQ KLJKHU JHQXV VXUIDFHV FDQ DOVR EH PL[LQJ �RU PL[�
LQJ RQ DQ RSHQ HUJRGLF FRPSRQHQW� LQ WKH SUHVHQFH RI QRQ�GHJHQHUDWH VDGGOH W\SH VLQJXODU�
LWLHV WKDW KDYH VRPH DV\PPHWU\ �VHH )LJXUH ��� 6XFK IORZV DUH FDOOHG $UQRO¶G IORZV DQG
WKHLU PL[LQJ SURSHUW\� FRQMHFWXUHG E\ $UQRO¶G LQ $UQROG >����@� ZDV REWDLQHG E\ <� *�
6LQDƱ DQG .KDQLQ >����@ DQG LQ PRUH JHQHUDOLW\ E\ .RFKHUJLQ >����� ����@� 1RWH WKDW
8OFLJUDL SURYHG LQ 8OFLJUDL >����@ WKDW DUHD SUHVHUYLQJ IORZV ZLWK QRQ�GHJHQHUDWH VDGGOH
VLQJXODULWLHV DUH JHQHULFDOO\ QRW PL[LQJ �GXH WR V\PPHWU\ LQ WKH VDGGOHV��

4XHVWLRQ ��� 6WXG\ WKH VSHFWUDO W\SH DQG VSHFWUDO PXOWLSOLFLW\ RI PL[LQJ IORZV RQ VXUIDFHV�



���� %$66$0 )$<$' $1' 5$3+$É/ .5,.25,$1

%\ VSHFWUDO W\SH RI D IORZ fT t g ZH PHDQ WKH VSHFWUDO W\SH RI WKH DVVRFLDWHG .RRSPDQ
RSHUDWRU Ut : L2(M; $) : f ! f ı T t �

,W ZDV SURYHG LQ )D\DG� )RUQL� DQG .DQLJRZVNL >����@ WKDW .RFKHUJLQ IORZV ZLWK D
VXIILFLHQWO\ VWURQJ SRZHU OLNH VLQJXODULW\ KDYH IRU DOPRVW HYHU\ VORSH D PD[LPDO VSHFWUDO
W\SH WKDW LV HTXLYDOHQW WR /HEHVJXH PHDVXUH� 7KH VWXG\ RI WKH VSHFWUDO PXOWLSOLFLW\ RI WKHVH
IORZV LV LQWHUHVWLQJ LQ LWV UHODWLRQ WR WKH %DQDFK SUREOHP RQ WKH H[LVWHQFH RI D G\QDPLFDO
V\VWHP ZLWK VLPSOH /HEHVJXH VSHFWUXP� ,W LV SUREDEOH KRZHYHU WKDW WKH VSHFWUDO PXOWLSOLF�
LW\ RI .RFKHUJLQ IORZV LV LQILQLWH� 0L[LQJ UHSDUDPHWUL]DWLRQV RI OLQHDU IORZV ZLWK VLPSOH
VSHFWUXPZHUH REWDLQHG LQ )D\DG >����@ DQG LW ZRXOG EH LQWHUHVWLQJ WR VWXG\ WKHLU PD[LPDO
VSHFWUDO W\SH IROORZLQJ )D\DG� )RUQL� DQG .DQLJRZVNL >����@�

4XHVWLRQ ��� ,V LW WUXH WKDW $UQRO¶GPL[LQJ IORZV KDYH LQ JHQHUDO D SXUHO\ VLQJXODU VSHFWUDO
W\SH"

$UQRO¶G FRQMHFWXUHG D SRZHU�OLNH GHFD\ RI FRUUHODWLRQ LQ WKH QRQ�GHJHQHUDWH DV\PPHW�
ULF FDVH� EXW WKH GHFD\ LV PRUH OLNHO\ WR EH ORJDULWKPLF� DW OHDVW EHWZHHQ JHQHUDO UHJXODU
REVHUYDEOHV RU FKDUDFWHULVWLF IXQFWLRQV RI UHJXODU VHWV VXFK DV EDOOV RU VTXDUHV� (YHQ D
ORZHU ERXQG RQ WKH GHFD\ RI FRUUHODWLRQV LV QRW VXIILFLHQW WR SUHFOXGH DEVROXWH FRQWLQXLW\
RI WKH PD[LPDO VSHFWUDO W\SH� +RZHYHU� DQ DSSURDFK EDVHG RQ VORZO\ FRDOHVFHQW SHULRGLF
DSSUR[LPDWLRQV DV LQ )D\DG >����@PD\ EH H[SORUHG LQ WKH DLP RI SURYLQJ WKDW WKH VSHFWUXP
LV SXUHO\ VLQJXODU�

��� 6SHFWUDO W\SH RI UHODWHG V\VWHPV�

4XHVWLRQ ��� 3URYH WKDW DOO ,(7 KDYH D SXUHO\ VLQJXODU PD[LPDO VSHFWUDO W\SH�

,W LV NQRZQ WKDW DOPRVW HYHU\ ,(7� QDPHO\ WKRVH WKDW DUH QRW RI FRQVWDQW W\SH� DUH ULJLG�
,W IROORZV WKDW WKHLU PD[LPDO VSHFWUDO W\SH LV SXUHO\ VLQJXODU� )RU WKH UHPDLQLQJ ,(7V�
SDUWLDO ULJLGLW\ ZDV SURYHQ E\ .DWRN DQG XVHG WR VKRZ WKH DEVHQFH RI PL[LQJ� EXW SURYLQJ
WKDW WKH VSHFWUDO W\SH LV SXUHO\ VLQJXODU DSSHDUV WR EH PRUH GHOLFDWH�

4XHVWLRQ ��� 3URYH WKDW RQ T 3 WKHUH H[LVWV D UHDO DQDO\WLF VWULFWO\ SRVLWLYH UHSDUDPHWUL]D�
WLRQ RI D PLQLPDO WUDQVODWLRQ IORZ WKDW KDV D /HEHVJXH PD[LPDO VSHFWUDO W\SH�

7KH GLIIHUHQFH ZLWK WKH .RFKHUJLQ IORZV LV WKDW VXFK IORZV ZRXOG DOVR EH XQLTXHO\
HUJRGLF� 0L[LQJ UHDO DQDO\WLF UHSDUDPHWUL]DWLRQV RI OLQHDU IORZV RQ T 3 ZHUH REWDLQHG LQ
)D\DG >����@�

��� 0XOWLSOH PL[LQJ� 7KH TXHVWLRQ RI PXOWLSOH PL[LQJ IRU PL[LQJ V\VWHPV LV RQH RI WKH
ROGHVW XQVROYHG TXHVWLRQV RI HUJRGLF WKHRU\�

4XHVWLRQ ��� $UH DOO PL[LQJ VXUIDFH IORZV PL[LQJ RI DOO RUGHUV"
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$UQROG DQG .RFKHUJLQ PL[LQJ FRQVHUYDWLYH IORZV RQ VXUIDFHV VWDQG DV WKH PDLQ DQG
DOPRVW RQO\ QDWXUDO FODVV RI PL[LQJ WUDQVIRUPDWLRQV IRU ZKLFK KLJKHU RUGHU PL[LQJ KDV QRW
EHHQ HVWDEOLVKHG QRU GLVSURYHG LQ IXOO JHQHUDOLW\� 8QGHU VXLWDEOH DULWKPHWLF FRQGLWLRQV RQ
WKHLU XQLTXH URWDWLRQ YHFWRU� RI IXOO /HEHVJXHPHDVXUH LQ WKH ILUVW FDVH DQG RI IXOO +DXVGRUII
GLPHQVLRQ LQ WKH VHFRQG� LW ZDV VKRZQ LQ )D\DG DQG .DQLJRZVNL >����@ WKDW WKHVH IORZV
DUH PL[LQJ RI DQ\ RUGHU� .DQLJRZVNL� .XDDJD�3U]\PXV� DQG 8OFLJUDL >Q�G�@ IRU IORZV RQ
KLJKHU JHQXV VXUIDFHV��

� (UJRGLF WKHRU\ RI GLDJRQDO DFWLRQV RQ WKH VSDFH RI ODWWLFHV DQG
DSSOLFDWLRQV WR PHWULF 'LRSKDQWLQH DSSUR[LPDWLRQ

7KH 'LRSKDQWLQH SURSHUWLHV RI OLQHDU IRUPV RI RQH RU VHYHUDO YDULDEOHV HYDOXDWHG DW LQWHJHU
SRLQWV DUH LQWLPDWHO\ UHODWHG WR WKH GLYHUJHQFH UDWHV RI VRPH RUELWV XQGHU VRPH GLDJRQDO
DFWLRQV LQ WKH VSDFH RI �OLQHDU RU DIILQH� ODWWLFHV RI Rn� 7KLV OLQN LV GXH WR ZKDW FDQ EH
FDOOHG WKH 'DQL FRUUHVSRQGHQFH SULQFLSOH EHWZHHQ WKH VPDOO YDOXHV RI WKH OLQHDU IRUPV
RQ RQH KDQG DQG WKH YLVLWV WR WKH FXVS RI FHUWDLQ RUELWV RI FHUWDLQ GLDJRQDO DFWLRQV RQ WKH
VSDFH RI ODWWLFHV �DIILQH ODWWLFHV LQ WKH FDVH RI LQKRPRJHQHRXV OLQHDU IRUPV�� 7KH HUJRGLF
VWXG\ RI GLDJRQDO DQG XQLSRWHQW DFWLRQV RQ WKH VSDFH RI ODWWLFHV SURYLGHV LQGHHG DQ HIILFLHQW
VXEVWLWXWH WR WKH FRQWLQXHG IUDFWLRQ DOJRULWKP WKDW SOD\HG D FUXFLDO UROH LQ WKH ULFK PHWULF
WKHRU\ RI 'LRSKDQWLQH DSSUR[LPDWLRQV LQ GLPHQVLRQ �� 7KHUH LV D QXPEHU RI LPSRUWDQW
FRQWULEXWLRQV WR QXPEHU WKHRU\ UHODWHG WR WKLV SULQFLSOH DQG WR SURJUHVV LQ WKH WKHRU\ RI
KRPRJHQHRXV DFWLRQV IRU H[DPSOH WKH VXUYH\V 'DQL >����@� +DVVHOEODWW DQG .DWRN >����@�
(LQVLHGOHU DQG /LQGHQVWUDXVV >����@� (VNLQ >����@� DQG 0DUNORI >����� ����@�� :H PHQ�
WLRQ KHUH D OLVW RI TXHVWLRQV UHODWHG WR WKH VWDWLVWLFDO SURSHUWLHV RI .URQHFNHU VHTXHQFHV WKDW
FDQ EH DSSURDFKHG XVLQJ WKLV VDPH SULQFLSOH� 0RUH GHWDLOV DQG TXHVWLRQV FDQ EH IRXQG LQ
'ROJRS\DW DQG )D\DG >����@�

��� .URQHFNHU VHTXHQFHV� $TXDQWLWDWLYHPHDVXUH RI XQLIRUP GLVWULEXWLRQ RI.URQHFNHU
VHTXHQFHV LV JLYHQ E\ WKH GLVFUHSDQF\ IXQFWLRQ� IRU D VHW C ! T d OHW

D(˛; x; C; N ) =
N !1X
n=0

�C(x + k˛) # N YROXPH(C)

ZKHUH (˛; x) 2 T d % T d DQG �C LV WKH FKDUDFWHULVWLF IXQFWLRQ RI WKH VHW C�
8QLIRUP GLVWULEXWLRQ RI WKH VHTXHQFH x + k˛ RQ T d LV HTXLYDOHQW WR WKH IDFW WKDW� IRU

UHJXODU VHWV C; D(˛; x; C; N )/N ! 0 DV N ! 1� $ VWHS IXUWKHU LV WKH VWXG\ RI WKH UDWH
RI FRQYHUJHQFH WR 0 RI D(˛; x; C; N )/N �
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$OUHDG\ IRU d = 1� LW LV FOHDU WKDW LI ˛ 2 T #Q LV IL[HG� WKH GLVFUHSDQF\ D(˛; x; C; N )
GLVSOD\V DQ RVFLOODWRU\ EHKDYLRU DFFRUGLQJ WR WKH SRVLWLRQ RI N ZLWK UHVSHFW WR WKH GHQRP�
LQDWRUV RI WKH EHVW UDWLRQDO DSSUR[LPDWLRQV RI ˛� $ JUHDW GHDO RI ZRUN LQ 'LRSKDQWLQH
DSSUR[LPDWLRQ KDV EHHQ GRQH RQ JLYLQJ XSSHU DQG ORZHU ERXQGV WR WKH RVFLOODWLRQV RI WKH
GLVFUHSDQF\ IXQFWLRQ �DV D IXQFWLRQ RI N � LQ UHODWLRQ ZLWK WKH DULWKPHWLF SURSHUWLHV RI
˛ 2 T d �

,Q SDUWLFXODU� OHW
D(˛; N ) = VXS

Ω2B
D(˛; 0;Ω; N )

ZKHUH WKH VXSUHPXP LV WDNHQ RYHU DOO VHWV Ω LQ VRPH QDWXUDO FODVV RI VHWV B� IRU H[DPSOH
EDOOV RU ER[HV�

7KH FDVH RI �VWUDLJKW� ER[HV ZDV H[WHQVLYHO\ VWXGLHG� DQG SURSHUWLHV RI WKH VHTXHQFH
D(˛; N ) ZHUH REWDLQHG ZLWK D VSHFLDO HPSKDVLV RQ WKHLU UHODWLRQV ZLWK WKH 'LRSKDQWLQH
DSSUR[LPDWLRQ SURSHUWLHV RI ˛: ,Q SDUWLFXODU� %HFN >����@ SURYHV WKDW ZKHQ B LV WKH VHW RI
VWUDLJKW ER[HV LQ T d WKHQ IRU DUELWUDU\ SRVLWLYH LQFUHDVLQJ IXQFWLRQ &(n)

�����
X

n

1

&(n)
< 1 () D(˛; N )

(OQN )d &(OQ OQN )

LV ERXQGHG IRU
DOPRVW HYHU\ ˛ 2 T d :

,Q GLPHQVLRQ d = 1� WKLV UHVXOW LV WKH FRQWHQW RI .KLQFKLQH WKHRUHPV REWDLQHG LQ WKH
HDUO\ ����¶V� DQG LW IROORZV HDVLO\ IURP ZHOO�NQRZQ UHVXOWV IURP WKH PHWULFDO WKHRU\ RI
FRQWLQXHG IUDFWLRQV �VHH IRU H[DPSOH WKH LQWURGXFWLRQ RI %HFN >LELG�@�� 7KH KLJKHU GLPHQ�
VLRQDO FDVH LV VLJQLILFDQWO\ PRUH GLIILFXOW DQG PDQ\ TXHVWLRQV WKDW DUH UHODWLYHO\ HDV\ WR
VHWWOH LQ GLPHQVLRQ 1 UHPDLQ RSHQ� :H PHQWLRQ VRPH KHUH DQG UHIHU WR %HFN >����@ DQG
.XLSHUV DQG 1LHGHUUHLWHU >����@ IRU RWKHUV�

4XHVWLRQ ��� ,V LW WUXH WKDW OLP VXS D(˛;N )

OQd N
> 0 IRU DOO ˛ 2 T d"

4XHVWLRQ ��� ,V LW WUXH WKDW WKHUH H[LVWV ˛ VXFK WKDW OLP VXS D(˛;N )

OQd N
< +1"

7KH DERYH TXHVWLRQV DQG UHVXOWV FDQ EH DVNHG IRU EDOOV DQG PRUH JHQHUDO FRQYH[ VHWV�

4XHVWLRQ ��� ,V LW WUXH WKDW IRU DQ\ % > 0� IRU DOPRVW HYHU\ ˛ 2 T d DQG IRU DQ\ FRQYH[
VHW C LQ T d

D(˛; 0; C; N )

N
d!1
2d +$

LV ERXQGHG"

7KH ERXQG LQ ����� IRFXVHV RQ KRZ EDG FDQ WKH GLVFUHSDQF\ EHFRPH DORQJ D VXEVH�
TXHQFH RI N � IRU D IL[HG ˛ LQ D IXOO PHDVXUH VHW� ,Q D VHQVH� LW GHDOV ZLWK WKH ZRUVW FDVH
VFHQDULR DQG GR QRW FDSWXUH WKH RVFLOODWLRQV RI WKH GLVFUHSDQF\�
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$QRWKHU SRLQW RI YLHZ LV WR OHW (˛; x) 2 T d % T d EH UDQGRP DQG KDYH OLPLW ODZV WKDW
KROG IRU DOO N � %\ UDQGRP ZH PHDQ GLVWULEXWHG DFFRUGLQJ WR D VPRRWK GHQVLW\ RQ WKH WRUL�
)RU d = 1� WKLV ZDV GRQH E\ .HVWHQ ZKR SURYHG LQ WKH ����V WKDW WKH GLVFUHSDQFLHV RI WKH
QXPEHU RI YLVLWV RI WKH .URQHFNHU VHTXHQFH WR DQ LQWHUYDO� QRUPDOL]HG E\ # OQN �ZKHUH #

GHSHQGV RQ WKH LQWHUYDO EXW LV FRQVWDQW LI WKH OHQJWK RI WKH LQWHUYDO LV LUUDWLRQDO� FRQYHUJHV
WR D &DXFK\ GLVWULEXWLRQ�

2QH FDQ DVN ZKHWKHU .HVWHQ¶V FRQYHUJHQFH UHPDLQV YDOLG IRU D IL[HG x� $QRWKHU TXHV�
WLRQ LV ZKDW KDSSHQV LQ KLJKHU GLPHQVLRQ" ,Q SDUWLFXODU �

4XHVWLRQ ��� ,V LW WUXH WKDW WKHUH H[LVWV # > 0� VXFK WKDW ZKHQ C LV D JHQHULF ER[ LQ T d

DQG ˛ LV XQLIRUPO\ GLVWULEXWHG RQ T d � WKHQ D(˛;0;C;N )

%(OQN )d FRQYHUJHV LQ GLVWULEXWLRQ WR WKH
&DXFK\ ODZ"

,Q 'ROJRS\DW DQG )D\DG >����@ WKLV ZDV SURYHG ZKHQ x DQG WKH ER[ C DUH DOVR UDQGRP
�D VKDSH LV UDQGRPL]HG E\ DSSO\LQJ VPDOO GHIRUPDWLRQV GLVWULEXWHG DFFRUGLQJ WR D VPRRWK
PHDVXUH RQ WKH VSDFH RI LVRPHWULHV�� ,W ZDV VKRZQ LQ 'ROJRS\DW DQG )D\DG >����@ WKDW LQ
WKH FDVH RI D VWULFWO\ FRQYH[ VKDSH C ! T d RQH KDV D(˛;x;rC;N )

r
d!1
2 N

d!1
2d

FRQYHUJHV LQ GLVWULEXWLRQ

WR D QRQ VWDQGDUG ODZ ZKHQ (˛; x) 2 T d % T d DQG r > 0 DUH UDQGRP� 7KH FRQYH[ VHW rC
LV WKH UHVFDOHG VHW IURP C E\ IDFWRU r DURXQG VRPH IL[HG SRLQW LQVLGH C�

$ VHPLDOJHEUDLF VHWC LQT d LV D VHW GHILQHG E\ D ILQLWH QXPEHU RI DOJHEUDLF LQHTXDOLWLHV�
7KLV LQFOXGHV D GLYHUVH FROOHFWLRQ RI VHWV VXFK DV EDOOV� FXEHV� F\OLQGHUV� VLPSOH[HV HWF�
)ROORZLQJ 'ROJRS\DW DQG )D\DG >LELG�@ ZH DVN

4XHVWLRQ ��� $VVXPH C LV VHPLDOJHEUDLF� 'RHV WKHUH H[LVW D VHTXHQFH aN = aN (C) VXFK
WKDW D(˛;x;C;N )

aN
FRQYHUJHV LQ GLVWULEXWLRQ ZKHQ (x; ˛) 2 %T d % T d DUH UDQGRP�

2QH FDQ VWXG\ WKH IOXFWXDWLRQV RI WKH HUJRGLF VXPV DERYH WRUDO WUDQVODWLRQV IRU IXQFWLRQV
RWKHU IURP FKDUDFWHULVWLF IXQFWLRQV� 7KH IROORZLQJ LV LQWHUHVWLQJ IRU LWV FRQQHFWLRQ ZLWK
QXPEHU WKHRU\ DV ZHOO DV ZLWK WKH HUJRGLF WKHRU\ RI VRPH QDWXUDO FODVVHV RI G\QDPLFDO
V\VWHPV VXFK DV VXUIDFH IORZV�

4XHVWLRQ ��� 6WXG\ WKH EHKDYLRU RI WKH HUJRGLF VXPV
PN

n1=1 A(x + n˛) IRU IXQFWLRQV A

WKDW DUH VPRRWK H[FHSW IRU D ILQLWH QXPEHU RI VLQJXODULWLHV�

7KH IOXFWXDWLRQV FDQ EH VWXGLHG IRU IL[HG ˛ RU x� DV ZHOO DV IRU UDQGRP YDOXHV� 2QH
VKRXOG WKHQ WU\ WR FODVVLI\ WKH IOXFWXDWLRQV DFFRUGLQJ WR WKH W\SH RI WKH VLQJXODULWLHV � SRZHU�
IUDFWLRQDO SRZHU� ORJDULWKPLF �ZH UHIHU WR0DUNORI >����@ DQG'ROJRS\DW DQG )D\DG >����@
IRU PRUH GHWDLOV DQG TXHVWLRQV��

��� +LJKHU GLPHQVLRQDO DFWLRQV� 5HSODFLQJ WKHZ DFWLRQ E\ WUDQVODWLRQZLWKZk DFWLRQV
�VHH ZH JHW IROORZLQJ 'ROJRS\DW DQG )D\DG >����@
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4XHVWLRQ ��� 6WXG\ WKH HUJRGLF VXPV
Pm

j=1

PN
nj =1 A(x +

Pm
j=1 ˛j nj )�

ZLWK (x; ˛1; : : : ; ˛m) 2 (T d )m+1�

,Q WKH FDVH ZKHUH A = )I # jI j DQG )I WKH LQGLFDWRU RI DQ LQWHUYDO ZH JHW WKH IROORZLQJ
SRVVLEOH H[WHQVLRQ RI .HVWHQ¶V WKHRUHP WR WKH VWDWLVWLFDO EHKDYLRU RI OLQHDU IRUPV�

4XHVWLRQ ��� 6KRZ WKDW DV x 2 T DQG ˛ 2 T m DUH UDQGRP

1

#(OQN )d

mX
j=1

NX
nj =1

A(x +
mX

j=1

˛j nj )

FRQYHUJHV LQ GLVWULEXWLRQ WR D &DXFK\ ODZ IRU VRPH # > 0�

2QH FDQ DOVR LQYHVWLJDWH DQDORJXHV RI WKH 6KULQNLQJ 7DUJHWV 7KHRUHPV RI 'ROJRS\DW�
)D\DG� DQG 9LQRJUDGRY >����@ IRU Zk DFWLRQV�

4XHVWLRQ ��� /HW l; l̂ : Rd ! R; EH OLQHDU IRUPV ZLWK UDQGRP FRHIILFLHQWV� Q : Rd ! R
EH D SRVLWLYH GHILQLWH TXDGUDWLF IRUP� ,QYHVWLJDWH OLPLW WKHRUHPV� DIWHU DGHTXDWH UHQRUPDO�
L]DWLRQ� IRU WKH QXPEHU RI VROXWLRQV WR

�D� fl(n)gQ(n) $ c; jnj $ N ;

�E� fl(n)gjl̂(n)j $ c; jnj $ N ;
�F� jl(n)Q(n)j $ c; jnj $ N ;

�G� jl(n)l̂(n)j < c; jnj $ N:

5HIHUHQFHV

'� 9� $QRVRY DQG $QDWROH .DWRN ������� ³1HZ H[DPSOHV LQ VPRRWK HUJRGLF WKHRU\� (U�
JRGLF GLIIHRPRUSKLVPV´� 7UXG\ 0RVNRY� 0DW� 2EVF� ��� SS� �±��� 05� yjdyeek �FLW�
RQ S� ������

0DULH�&ODXGH $UQDXG ������� ³$ QRQGLIIHUHQWLDEOH HVVHQWLDO LUUDWLRQDO LQYDULDQW FXUYH IRU
D C 1 V\PSOHFWLF WZLVW PDS´� -� 0RG� '\Q� ���� SS� ���±���� 05� k389yNe �FLW� RQ
S� ������

9� ,� $UQROG ������� ³7RSRORJLFDO DQG HUJRGLF SURSHUWLHV RI FORVHG 1�IRUPV ZLWK LQFRP�
PHQVXUDEOH SHULRGV´� )XQNWVLRQDO� $QDO� L 3ULOR]KHQ� ����� SS� �±��� ��� 05� RR9kky9
�FLW� RQ S� ������

$� $YLOD �Q�G��� ³.$0� /\DSXQRY H[SRQHQWV DQG WKH VSHFWUDO GLFKRWRP\ IRU RQH�IUHTXHQF\
VFKU|GLQJHU RSHUDWRUV´� ,Q� ,Q SUHSDUDWLRQ �FLW� RQ S� ������

$� $YLOD DQG %DVVDP )D\DG �Q�G��� ³1RQ�GLIIHUHQWLDEOH PLQLPDO LQYDULDQW FXUYHV IRU WZLVW
PDSV RI WKH DQQXOXV´� ,Q SUHSDUDWLRQ �FLW� RQ S� ������

$� $YLOD� %DVVDP )D\DG� 3� /H &DOYH]� '� ;X� DQG =� =KDQJ �6HSW� ������ ³2Q PL[LQJ
GLIIHRPRUSKLVPV RI WKH GLVN´� DU;LY� R8yNXyeNye �FLW� RQ SS� ����� ������
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$� $YLOD DQG 5� .ULNRULDQ �Q�G�>D@�� ³$OPRVW UHGXFLELOLW\ RI FLUFOH GLIIHRPRUSKLVPV´� ,Q
SUHSDUDWLRQ�

± �Q�G�>E@�� ³$OPRVW UHGXFLELOLW\ RI SVHXGR�URWDWLRQV RI WKH GLVN´� ,Q SUHSDUDWLRQ �FLW� RQ
SS� ����� ������

± �Q�G�>F@�� ³6RPH UHPDUNV RQ ORFDO DQG VHPL�ORFDO UHVXOWV IRU 6FKU|GLQJHU FRF\FOHV´� ,Q
SUHSDUDWLRQ �FLW� RQ S� ������

$UWXU $YLOD �-XQH ������ ³$OPRVW UHGXFLELOLW\ DQG DEVROXWH FRQWLQXLW\ ,´� DU;LY� RyyeX
ydy9 �FLW� RQ S� ������

± ������� ³'HQVLW\ RI SRVLWLYH /\DSXQRY H[SRQHQWV IRU 6/(2; R)�FRF\FOHV´� -� $PHU�
0DWK� 6RF� ����� SS� ���±����� 05� k3Rjjje�

± ������� ³*OREDO WKHRU\ RI RQH�IUHTXHQF\ 6FKU|GLQJHU RSHUDWRUV´� $FWD 0DWK� ������
SS� �±��� 05� j9RjNde �FLW� RQ SS� ����� ������

$UWXU $YLOD� %DVVDP )D\DG� DQG 5DSKDsO .ULNRULDQ ������� ³$ .$0 VFKHPH IRU 6/(2; R)
FRF\FOHV ZLWK /LRXYLOOHDQ IUHTXHQFLHV´� *HRP� )XQFW� $QDO� ����� SS� ����±����� 05�
k39ej3y �FLW� RQ SS� ����� ������

$UWXU $YLOD DQG 5DSKDsO .ULNRULDQ ������� ³5HGXFLELOLW\ RU QRQXQLIRUP K\SHUEROLFLW\
IRU TXDVLSHULRGLF 6FKU|GLQJHU FRF\FOHV´� $QQ� RI 0DWK� ��� ������ SS� ���±���� 05�
kk8Nk93 �FLW� RQ SS� ����� ������

± ������� ³0RQRWRQLF FRF\FOHV´� ,QYHQW� 0DWK� ������ SS� ���±���� 05� j9yk3yy �FLW�
RQ SS� ����� ������

-y]VHI %HFN ������� ³3UREDELOLVWLF 'LRSKDQWLQH DSSUR[LPDWLRQ� ,� .URQHFNHU VHTXHQFHV´�
$QQ� RI 0DWK� ��� ������ SS� ���±���� 05� RkN3dky �FLW� RQ S� ������

.� %MHUNO|Y DQG 5� .ULNRULDQ �Q�G��� ³2Q NLFNHG TXDVL�SHULRGLF FRF\FOHV DQG WKH FRH[�
LVWHQFH RI DF DQG SS VSHFWUXP IRU �' TXDVL�SHULRGLF 6FKU|GLQJHU RSHUDWRUV´ �FLW� RQ
S� ������

.ULVWLDQ %MHUNO|Y DQG 7RELDV -lJHU ������� ³5RWDWLRQ QXPEHUV IRU TXDVLSHULRGLFDOO\ IRUFHG
FLUFOH PDSV�PRGH�ORFNLQJ YV� VWULFW PRQRWRQLFLW\´� -� $PHU� 0DWK� 6RF� ����� SS� ���±
���� 05� k9deddd �FLW� RQ S� ������

-DLUR %RFKL ������� ³*HQHULFLW\ RI ]HUR /\DSXQRY H[SRQHQWV´� (UJRGLF 7KHRU\ '\QDP�
6\VWHPV ����� SS� ����±����� 05� RN99jNN �FLW� RQ S� ������

$EHG %RXQHPRXUD� %DVVDP )D\DG� DQG /DXUHQW 1LHGHUPDQ �6HSW� ������ ³'RXEOH H[�
SRQHQWLDO VWDELOLW\ IRU JHQHULF UHDO�DQDO\WLF HOOLSWLF HTXLOLEULXP SRLQWV´� DU;LY� R8yNX
yyk38 �FLW� RQ S� ������

± ������� ³6XSHUH[SRQHQWLDO VWDELOLW\ RI TXDVL�SHULRGLF PRWLRQ LQ +DPLOWRQLDQ V\VWHPV´�
&RPP� 0DWK� 3K\V� ������ SS� ���±���� 05� jeye9d3 �FLW� RQ S� ������

%DUQH\ %UDPKDP ������� ³3VHXGR�URWDWLRQV ZLWK VXIILFLHQWO\ /LRXYLOOHDQ URWDWLRQ QXPEHU
DUHC 0�ULJLG´� ,QYHQW� 0DWK� ������ SS� ���±����05� jjykRkR �FLW� RQ SS� ����� ������
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&KRQJ�4LQJ &KHQJ DQG /LQ :DQJ ������� ³'HVWUXFWLRQ RI /DJUDQJLDQ WRUXV IRU SRVLWLYH
GHILQLWH +DPLOWRQLDQ V\VWHPV´� *HRP� )XQFW� $QDO� ����� SS� ���±���� 05� jyeRdd9
�FLW� RQ S� ������

6� *� 'DQL ������� ³)ORZV RQ +RPRJHQHRXV 6SDFHV DQG 'LRSKDQWLQH $SSUR[LPDWLRQ´�
,Q� 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� =�ULFK� 6ZLW]HUODQG
���� �FLW� RQ S� ������

(� ,� 'LQDEXUJ DQG -D� *� 6LQDƱ ������� ³7KH RQH�GLPHQVLRQDO 6FKU|GLQJHU HTXDWLRQ ZLWK
TXDVLSHULRGLF SRWHQWLDO´� )XQNFLRQDO� $QDO� L 3ULORåHQ� ���� SS� �±��� 05� y9dyjR3
�FLW� RQ S� ������

'PLWU\ 'ROJRS\DW DQG %DVVDP )D\DG �1RY� ������ ³'HYLDWLRQV RI HUJRGLF VXPV IRU WRUDO
WUDQVODWLRQV ,,� %R[HV´� DU;LY� RkRRX9jkj �FLW� RQ S� ������

± ������� ³'HYLDWLRQV RI HUJRGLF VXPV IRU WRUDO WUDQVODWLRQV ,� &RQYH[ ERGLHV´� *HRP�
)XQFW� $QDO� ����� SS� ��±���� DU;LY� RkyeX938j� 05� jRddjdN �FLW� RQ S� ������

± ������� ³/LPLW WKHRUHPV IRU WRUDO WUDQVODWLRQV´� ,Q� +\SHUEROLF G\QDPLFV� IOXFWXDWLRQV
DQG ODUJH GHYLDWLRQV� 9RO� ��� 3URF� 6\PSRV� 3XUH0DWK� $PHU� 0DWK� 6RF�� 3URYLGHQFH�
5,� SS� ���±���� 05� jjyNRyy �FLW� RQ SS� ����� ������

'PLWU\ 'ROJRS\DW� %DVVDP )D\DG� DQG ,O\D 9LQRJUDGRY ������� ³&HQWUDO OLPLW WKHRUHPV
IRU VLPXOWDQHRXV 'LRSKDQWLQH DSSUR[LPDWLRQV´� -� eF� SRO\WHFK� 0DWK� �� SS� �±��� 05�
j83jkdj �FLW� RQ S� ������

0DQIUHG (LQVLHGOHU DQG (ORQ /LQGHQVWUDXVV ������� ³'LDJRQDOL]DEOH IORZV RQ ORFDOO\ KR�
PRJHQHRXV VSDFHV DQG QXPEHU WKHRU\´� ,Q� ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV�
9RO� ,,� (XU� 0DWK� 6RF�� =�ULFK� SS� ����±����� 05� kkd8eed �FLW� RQ S� ������

/� +� (OLDVVRQ ������� ³)ORTXHW VROXWLRQV IRU WKH 1�GLPHQVLRQDO TXDVL�SHULRGLF
6FKU|GLQJHU HTXDWLRQ´� &RPP� 0DWK� 3K\V� ������ SS� ���±���� 05� RRedkNN �FLW�
RQ SS� ����� ������

± ������� ³5HGXFLELOLW\ DQG SRLQW VSHFWUXP IRU OLQHDU TXDVL�SHULRGLF VNHZ�SURGXFWV´� ,Q�
3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 9RO� ,, �%HUOLQ� ������
([WUD 9RO� ,,� SS� ���±���� 05� Re93Rk8 �FLW� RQ S� ������

/� +� (OLDVVRQ� %DVVDP )D\DG� DQG 5� .ULNRULDQ ������� ³$URXQG WKH VWDELOLW\ RI .$0
WRUL´� 'XNH 0DWK� -� ������ SS� ����±����� 05� jj8dR3j �FLW� RQ S� ������

/� +DNDQ (OLDVVRQ� %DVVDP )D\DG� DQG 5DSKDsO .ULNRULDQ ������� ³.$0�WRUL QHDU DQ
DQDO\WLF HOOLSWLF IL[HG SRLQW´� 5HJXO� &KDRWLF '\Q� ����� SS� ���±���� 05� jR9e8Nj
�FLW� RQ S� ������

$OH[ (VNLQ ������� ³8QLSRWHQW IORZV DQG DSSOLFDWLRQV´� ,Q� +RPRJHQHRXV IORZV� PRGXOL
VSDFHV DQG DULWKPHWLF� 9RO� ��� &OD\ 0DWK� 3URF� $PHU� 0DWK� 6RF�� 3URYLGHQFH� 5,�
SS� ��±���� 05� ke93eNj �FLW� RQ S� ������

%DVVDP )D\DG ������� ³$QDO\WLF PL[LQJ UHSDUDPHWUL]DWLRQV RI LUUDWLRQDO IORZV´� (UJRGLF
7KHRU\ '\QDP� 6\VWHPV ����� SS� ���±���� 05� R3N3dNN �FLW� RQ S� ������
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± ������� ³5DQN RQH DQG PL[LQJ GLIIHUHQWLDEOH IORZV´� ,QYHQW� 0DWK� ������ SS� ���±����
05� kRj3yeN �FLW� RQ S� ������

± ������� ³6PRRWK PL[LQJ IORZV ZLWK SXUHO\ VLQJXODU VSHFWUD´� 'XNH 0DWK� -� ������
SS� ���±���� 05� kkRNkeR �FLW� RQ S� ������

%DVVDP )D\DG� *LRYDQQL )RUQL� DQG $GDP.DQLJRZVNL �6HSW� ������ ³/HEHVJXH VSHFWUXP
IRU DUHD SUHVHUYLQJ IORZV RQ WKH WZR WRUXV´� DU;LY� ReyNXyjd8d �FLW� RQ S� ������

%DVVDP )D\DG DQG $GDP.DQLJRZVNL ������� ³0XOWLSOH PL[LQJ IRU D FODVV RI FRQVHUYDWLYH
VXUIDFH IORZV´� ,QYHQW� 0DWK� ������ SS� ���±���� 05� j988R8d �FLW� RQ S� ������

%DVVDP )D\DG DQG $QDWROH .DWRN ������� ³&RQVWUXFWLRQV LQ HOOLSWLF G\QDPLFV´� (UJRGLF
7KHRU\ '\QDP� 6\VWHPV ����� SS� ����±����� 05� kRy98N9 �FLW� RQ S� ������

%DVVDP )D\DG DQG 5DSKDsO .ULNRULDQ �����D�� ³+HUPDQ¶V ODVW JHRPHWULF WKHRUHP´� $QQ�
6FL� eF� 1RUP� 6XSpU� ��� ����� SS� ���±���� 05� k8R3yde �FLW� RQ SS� ����� ������

± �����E�� ³5LJLGLW\ UHVXOWV IRU TXDVLSHULRGLF 6/(2; R)�FRF\FOHV´� -� 0RG� '\Q� ����
SS� ���±���� 05� k83dy3j �FLW� RQ SS� ����� ������

%DVVDP )D\DG� -��3� 0DUFR� DQG '� 6DX]LQ �Q�G��� ³1RQ�UHVRQDQW HOOLSWLF IL[HG SRLQWV ZLWK
DQ DWWUDFWHG RUELW´ �FLW� RQ S� ������

%DVVDP )D\DG� 0� 6DSU\NLQD� DQG $� :LQGVRU ������� ³1RQ�VWDQGDUG VPRRWK UHDOL]DWLRQV
RI /LRXYLOOH URWDWLRQV´� (UJRGLF 7KHRU\ '\QDP� 6\VWHPV ����� SS� ����±����� 05�
kjdR8Ne �FLW� RQ S� ������

%DVVDP )D\DG DQG 0DULD 6DSU\NLQD ������� ³:HDN PL[LQJ GLVF DQG DQQXOXV GLIIHRPRU�
SKLVPV ZLWK DUELWUDU\ /LRXYLOOH URWDWLRQ QXPEHU RQ WKH ERXQGDU\´� $QQ� 6FL� eFROH
1RUP� 6XS� ��� ����� SS� ���±���� 05� kReejjd �FLW� RQ SS� ����� ������

%DVVDP )D\DG DQG =KL\XDQ =KDQJ ������� ³$Q HIIHFWLYH YHUVLRQ RI .DWRN¶V KRUVHVKRH
WKHRUHP IRU FRQVHUYDWLYH C 2 VXUIDFH GLIIHRPRUSKLVPV´� -� 0RG� '\Q� ��� SS� ���±����
05� jee3jdj �FLW� RQ S� ������

-RKQ )UDQNV �����D�� ³*HQHUDOL]DWLRQV RI WKH 3RLQFDUp�%LUNKRII WKHRUHP´� $QQ� RI 0DWK�
��� ������ SS� ���±���� 05� N8R8yN �FLW� RQ S� ������

± �����E�� ³5HFXUUHQFH DQG IL[HG SRLQWV RI VXUIDFH KRPHRPRUSKLVPV´� (UJRGLF 7KHRU\
'\QDP� 6\VWHPV �"�&KDUOHV &RQOH\ 0HPRULDO ,VVXH� SS� ��±���� 05� Nedejk �FLW� RQ
S� ������

-RKQ )UDQNV DQG 0LFKDHO +DQGHO ������� ³(QWURS\ ]HUR DUHD SUHVHUYLQJ GLIIHRPRUSKLVPV
RI S2´� *HRP� 7RSRO� ����� SS� ����±����� 05� jyjj8Rd �FLW� RQ S� ������

;LDQJKRQJ *RQJ ������� ³([LVWHQFH RI GLYHUJHQW %LUNKRII QRUPDO IRUPV RI +DPLOWRQLDQ
IXQFWLRQV´� ,OOLQRLV -� 0DWK� ����� ��±�� ������� 05� jRRdyRN �FLW� RQ S� ������

0DUFHO *XDUGLD DQG 9DGLP .DORVKLQ �'HF� ������ ³2UELWV RI QHDUO\ LQWHJUDEOH V\VWHPV
DFFXPXODWLQJ WR .$0 WRUL´� DU;LY� R9RkXdy33 �FLW� RQ S� ������

%� +DVVHOEODWW DQG $� .DWRN� HGV� �������+DQGERRN RI G\QDPLFDO V\VWHPV� 9RO� �$� 1RUWK�
+ROODQG� $PVWHUGDP� SS� [LL������ 05� RNk38Rd �FLW� RQ S� ������

https://doi.org/10.1007/s00222-004-0408-x
http://www.ams.org/mathscinet-getitem?mr=MR2138069
https://doi.org/10.1215/S0012-7094-06-13225-8
http://www.ams.org/mathscinet-getitem?mr=MR2219261
http://arxiv.org/abs/1609.03757
http://arxiv.org/abs/1609.03757
http://arxiv.org/abs/1609.03757
https://doi.org/10.1007/s00222-015-0596-6
https://doi.org/10.1007/s00222-015-0596-6
http://www.ams.org/mathscinet-getitem?mr=MR3455157
https://doi.org/10.1017/S0143385703000798
http://www.ams.org/mathscinet-getitem?mr=MR2104594
https://doi.org/10.24033/asens.2093
http://www.ams.org/mathscinet-getitem?mr=MR2518076
https://doi.org/10.3934/jmd.2009.3.479
http://www.ams.org/mathscinet-getitem?mr=MR2587083
http://webusers.imj-prg.fr/~bassam.fayad/
http://webusers.imj-prg.fr/~bassam.fayad/
https://doi.org/10.1017/S0143385707000314
https://doi.org/10.1017/S0143385707000314
http://www.ams.org/mathscinet-getitem?mr=MR2371596
https://doi.org/10.1016/j.ansens.2005.03.004
https://doi.org/10.1016/j.ansens.2005.03.004
http://www.ams.org/mathscinet-getitem?mr=MR2166337
https://doi.org/10.3934/jmd.2017017
https://doi.org/10.3934/jmd.2017017
http://www.ams.org/mathscinet-getitem?mr=MR3668373
https://doi.org/10.2307/1971464
http://www.ams.org/mathscinet-getitem?mr=MR951509
https://doi.org/10.1017/S0143385700009366
http://www.ams.org/mathscinet-getitem?mr=MR967632
https://doi.org/10.2140/gt.2012.16.2187
https://doi.org/10.2140/gt.2012.16.2187
http://www.ams.org/mathscinet-getitem?mr=MR3033517
http://projecteuclid.org/euclid.ijm/1380287461
http://projecteuclid.org/euclid.ijm/1380287461
http://www.ams.org/mathscinet-getitem?mr=MR3117019
http://arxiv.org/abs/1412.7088
http://arxiv.org/abs/1412.7088
http://arxiv.org/abs/1412.7088
http://www.ams.org/mathscinet-getitem?mr=MR1928517


���� %$66$0 )$<$' $1' 5$3+$É/ .5,.25,$1

0LFKDHO�5� +HUPDQ ������� ³6XU OD FRQMXJDLVRQ GLIIpUHQWLDEOH GHV GLIIpRPRUSKLVPHV GX
FHUFOH j GHV URWDWLRQV´� ,QVW� +DXWHV eWXGHV 6FL� 3XEO� 0DWK� ��� SS� �±����05� 8j3e3y
�FLW� RQ S� ������

± ������� ³8QH PpWKRGH SRXU PLQRUHU OHV H[SRVDQWV GH /\DSRXQRY HW TXHOTXHV H[HPSOHV
PRQWUDQW OH FDUDFWqUH ORFDO G¶XQ WKpRUqPH G¶$UQROG HW GH0RVHU VXU OH WRUH GH GLPHQVLRQ
2´� &RPPHQW� 0DWK� +HOY� ����� SS� ���±���� 05� dkddRj �FLW� RQ SS� ����� ������

± ������� ³6RPH RSHQ SUREOHPV LQ G\QDPLFDO V\VWHPV´� ,Q� 3URFHHGLQJV RI WKH ,QWHUQD�
WLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 9RO� ,, �%HUOLQ� ������ ([WUD 9RO� ,,� SS� ���±����
05� Re93Rkd�

;XDQML +RX DQG -LDQJRQJ<RX ������� ³$OPRVW UHGXFLELOLW\ DQG QRQ�SHUWXUEDWLYH UHGXFLELO�
LW\ RI TXDVL�SHULRGLF OLQHDU V\VWHPV´� ,QYHQW� 0DWK� ������ SS� ���±���� 05� kNeNkdd
�FLW� RQ S� ������

9DGLP .DORVKLQ DQG 0DULD 6DSU\NLQD ������� ³$Q H[DPSOH RI D QHDUO\ LQWHJUDEOH +DPLO�
WRQLDQ V\VWHPZLWK D WUDMHFWRU\ GHQVH LQ D VHW RI PD[LPDO +DXVGRUII GLPHQVLRQ´�&RPP�
0DWK� 3K\V� ������ SS� ���±���� 05� kN3R3Ry �FLW� RQ S� ������

$� .DQLJRZVNL� -� .XDDJD�3U]\PXV� DQG &� 8OFLJUDL �Q�G��� ³0XOWLSOH PL[LQJ DQG
SDUDEROLF GLYHUJHQFH LQ VPRRWK DUHD�SUHVHUYLQJ IORZV RQ KLJKHU JHQXV VXUIDFHV´� 7R
DSSHDU LQ -RXUQDO RI (XURSHDQ 0DWKHPDWLFDO 6RFLHW\ �FLW� RQ S� ������

1LNRODRV .DUDOLROLRV ������� ³*OREDO DVSHFWV RI WKH UHGXFLELOLW\ RI TXDVLSHULRGLF FRF\FOHV
LQ VHPLVLPSOH FRPSDFW /LH JURXSV´�0pP� 6RF� 0DWK� )U� �1�6�� ���� SS� ��LL����� 05�
j8k9Ry9 �FLW� RQ S� ������

± ������� ³'LIIHUHQWLDEOH ULJLGLW\ IRU TXDVLSHULRGLF FRF\FOHV LQ FRPSDFW /LH JURXSV´� -�
0RG� '\Q� ��� SS� ���±���� 05� jekdRky �FLW� RQ S� ������

$QDWROH .DWRN ������� ³7LPH FKDQJH� PRQRWRQH HTXLYDOHQFH� DQG VWDQGDUG G\QDPLFDO V\V�
WHPV´� 'RNO� $NDG� 1DXN 6665 ������ SS� ���±���� 05� y9Rkj3j �FLW� RQ S� ������

$QDWROH .DWRN� <DNRY 3HVLQ� DQG )HGHULFR 5RGULJXH] +HUW]� HGV� ������� 0RGHUQ WKHRU\
RI G\QDPLFDO V\VWHPV� 9RO� ���� &RQWHPSRUDU\ 0DWKHPDWLFV� $ WULEXWH WR 'PLWU\ 9LF�
WRURYLFK $QRVRY� $PHULFDQ 0DWKHPDWLFDO 6RFLHW\� 3URYLGHQFH� 5,� SS� L[����� 05�
jeeeyeR�

$� 9� .RþHUJLQ ������� ³7KH DEVHQFH RI PL[LQJ LQ VSHFLDO IORZV RYHU D URWDWLRQ RI WKH FLUFOH
DQG LQ IORZV RQ D WZR�GLPHQVLRQDO WRUXV´� 'RNO� $NDG� 1DXN 6665 ���� SS� ���±����
05� yjyeekN �FLW� RQ S� ������

± ������� ³0L[LQJ LQ VSHFLDO IORZV RYHU D UHDUUDQJHPHQW RI VHJPHQWV DQG LQ VPRRWK IORZV
RQ VXUIDFHV´�0DW� 6E� �1�6�� �������� SS� ���±���� ����05� y8Re8yd �FLW� RQ S� ������

$� 9� .RFKHUJLQ ������� ³1RQGHJHQHUDWH IL[HG SRLQWV DQG PL[LQJ LQ IORZV RQ D WZR�
GLPHQVLRQDO WRUXV´� 0DW� 6E� ������ SS� ��±���� 05� kyj98jj �FLW� RQ S� ������

± ������� ³1RQGHJHQHUDWH IL[HG SRLQWV DQG PL[LQJ LQ IORZV RQ D WZR�GLPHQVLRQDO WRUXV´�
0DW� 6E� ���� SS� ���±��� �FLW� RQ S� ������
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5� .ULNRULDQ �Q�G��� ³*HQHULF GLYHUJHQFH RI %LUNKRII 1RUPDO )RUPV´� ,Q SUHSDUDWLRQ �FLW�
RQ S� ������

5� .ULNRULDQ� -� :DQJ� -� <RX� DQG 4� =KRX �Q�G��� ³/LQHDUL]DWLRQ RI TXDVLSHULRGLFDOO\
IRUFHG FLUFOH IORZ EH\RQG %UMXQR FRQGLWLRQ´� 7R DSSSHDU LQ &RPP� 0DWK� 3K\V� �FLW�
RQ S� ������

5DSKDsO .ULNRULDQ �����D�� ³5pGXFWLELOLWp GHV V\VWqPHV SURGXLWV�FURLVpV j YDOHXUV GDQV
GHV JURXSHV FRPSDFWV´� $VWpULVTXH ���� SS� YL����� 05� RdjkyeR �FLW� RQ S� ������

± �����E�� ³5pGXFWLELOLWp SUHVTXH SDUWRXW GHV IORWV ILEUpV TXDVL�SpULRGLTXHV j YDOHXUV
GDQV GHV JURXSHV FRPSDFWV´� $QQ� 6FL� eFROH 1RUP� 6XS� ��� ����� SS� ���±���� 05�
Re3R3yN �FLW� RQ S� ������

± ������� ³*OREDO GHQVLW\ RI UHGXFLEOH TXDVL�SHULRGLF FRF\FOHV RQ 71 % 68(2)´� $QQ� RI
0DWK� ��� ������ SS� ���±���� 05� R3e8Ndk �FLW� RQ S� ������

/� .XLSHUV DQG +� 1LHGHUUHLWHU ������� 8QLIRUP GLVWULEXWLRQ RI VHTXHQFHV� 3XUH DQG
$SSOLHG 0DWKHPDWLFV� :LOH\�,QWHUVFLHQFH >-RKQ :LOH\ 	 6RQV@� 1HZ <RUN�/RQGRQ�
6\GQH\� SS� [LY����� 05� y9RNjN9 �FLW� RQ S� ������

-HQV 0DUNORI ������� ³(QHUJ\ OHYHO VWDWLVWLFV� ODWWLFH SRLQW SUREOHPV� DQG DOPRVW PRGXODU
IXQFWLRQV´� ,Q� )URQWLHUV LQ QXPEHU WKHRU\� SK\VLFV� DQG JHRPHWU\� ,� 6SULQJHU� %HUOLQ�
SS� ���±���� 05� kkeRyN9 �FLW� RQ S� ������

± ������� ³'LVWULEXWLRQ PRGXOR RQH DQG 5DWQHU¶V WKHRUHP´� ,Q� (TXLGLVWULEXWLRQ LQ QXP�
EHU WKHRU\� DQ LQWURGXFWLRQ� 9RO� ���� 1$72 6FL� 6HU� ,, 0DWK� 3K\V� &KHP� 6SULQJHU�
'RUGUHFKW� SS� ���±���� 05� kkNy8yR �FLW� RQ SS� ����� ������

6� 3� 1RYLNRY ������� ³7KH +DPLOWRQLDQ IRUPDOLVP DQG D PXOWLYDOXHG DQDORJXH RI 0RUVH
WKHRU\´� 8VSHNKL 0DW� 1DXN ���������� SS� �±��� ���� 05� edeeRk �FLW� RQ S� ������

5LFDUGR 3pUH]�0DUFR ������� ³&RQYHUJHQFH RU JHQHULF GLYHUJHQFH RI WKH %LUNKRII QRUPDO
IRUP´� $QQ� RI 0DWK� ��� ������ SS� ���±���� 05� RNdjy88 �FLW� RQ S� ������

/HRQLG 3ROWHURYLFK DQG 0LNKDLO 6RGLQ ������� ³$ JURZWK JDS IRU GLIIHRPRUSKLVPV RI WKH
LQWHUYDO´� -� $QDO� 0DWK� ��� SS� ���±���� 05� kydkd9e �FLW� RQ S� ������

-�UJHQ 3|VFKHO ������� ³,QWHJUDELOLW\ RI +DPLOWRQLDQ V\VWHPV RQ &DQWRU VHWV´� &RPP�
3XUH $SSO� 0DWK� ����� SS� ���±���� 05� ee39Ry �FLW� RQ S� ������

-RDTXLP 3XLJ ������� ³&DQWRU VSHFWUXP IRU WKH DOPRVW 0DWKLHX RSHUDWRU´� &RPP� 0DWK�
3K\V� ������ SS� ���±���� 05� kyjRyjk �FLW� RQ S� ������

± ������� ³$ QRQSHUWXUEDWLYH (OLDVVRQ¶V UHGXFLELOLW\ WKHRUHP´� 1RQOLQHDULW\ �����
SS� ���±���� 05� kRNNjNj �FLW� RQ S� ������

+HOPXW 5�VVPDQQ ������� ³hEHU GLH 1RUPDOIRUP DQDO\WLVFKHU +DPLOWRQVFKHU 'LIIHUHQ�
WLDOJOHLFKXQJHQ LQ GHU 1lKH HLQHU *OHLFKJHZLFKWVO|VXQJ´� 0DWK� $QQ� ���� SS� ��±���
05� ykRjedN �FLW� RQ SS� ����� ������

&DUO /XGZLJ 6LHJHO ������� ³hEHU GLH ([LVWHQ] HLQHU 1RUPDOIRUP DQDO\WLVFKHU +DPLOWRQ�
VFKHU 'LIIHUHQWLDOJOHLFKXQJHQ LQ GHU 1lKH HLQHU *OHLFKJHZLFKWVO|VXQJ´� 0DWK� $QQ�
���� SS� ���±���� 05� yyedkN3 �FLW� RQ S� ������
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<D� *� 6LQDƱ DQG .� 0� .KDQLQ ������� ³0L[LQJ RI VRPH FODVVHV RI VSHFLDO IORZV RYHU
URWDWLRQV RI WKH FLUFOH´� )XQNWVLRQDO� $QDO� L 3ULOR]KHQ� ����� SS� �±��� 05� RR3NyRN
�FLW� RQ S� ������

&RULQQD 8OFLJUDL ������� ³$EVHQFH RI PL[LQJ LQ DUHD�SUHVHUYLQJ IORZV RQ VXUIDFHV´� $QQ�
RI 0DWK� ��� ������ SS� ����±����� 05� k3yydkj �FLW� RQ S� ������

'� ;X ������� ³/\DSXQRY H[SRQHQWV DQG ULJLGLW\´� 3K' WKHVLV� 8QLY� 3DULV 'LGHURW� 3DULV
� �FLW� RQ SS� ����� ������

'LVKHQJ ;X �-XQH ������ ³'HQVLW\ RI SRVLWLYH /\DSXQRY H[SRQHQWV IRU V\PSOHFWLF FRF\�
FOHV´� DU;LY� R8yeXy89yj �FLW� RQ S� ������

-��&� <RFFR] ������� ³&RQMXJDLVRQ GLIIpUHQWLDEOH GHV GLIIpRPRUSKLVPHV GX FHUFOH GRQW OH
QRPEUH GH URWDWLRQ YpULILH XQH FRQGLWLRQ GLRSKDQWLHQQH´� $QQ� 6FL� eFROH 1RUP� 6XS�
��� ����� SS� ���±���� 05� dddjd9 �FLW� RQ S� ������

-HDQ�&KULVWRSKH <RFFR] �����D�� ³&HQWUDOLVDWHXUV HW FRQMXJDLVRQ GLIIpUHQWLDEOH GHV GLIIpR�
PRUSKLVPHV GX FHUFOH´� $VWpULVTXH ���� 3HWLWV GLYLVHXUV HQ GLPHQVLRQ 1� SS� ��±����
05� Rjedj89�

± �����E�� ³&HQWUDOLVDWHXUV HW FRQMXJDLVRQ GLIIpUHQWLDEOH GHV GLIIpRPRUSKLVPHV GX FHU�
FOH´� $VWpULVTXH ���� 3HWLWV GLYLVHXUV HQ GLPHQVLRQ 1� SS� ��±���� 05� Rjedj89 �FLW�
RQ S� ������

-� <RX ������� ³4XDQWLWDWLYH DOPRVW UHGXFLELOLW\ DQG LWV DSSOLFDWLRQV´� ,Q� 3URF� RI WKH ,Q�
WHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� 5LR GH -DQHLUR ����� (G� E\ %R\DQ 6LUDNRY�
3DXOR 1H\ GH 6RX]D� DQG 0DUFHOR 9LDQD� ,Q WKLV YROXPH� :RUOG 6FLHQWLILF� SS� ����±
���� �FLW� RQ S� ������

-LDQJRQJ <RX DQG 4L =KRX ������� ³(PEHGGLQJ RI DQDO\WLF TXDVL�SHULRGLF FRF\FOHV LQWR
DQDO\WLF TXDVL�SHULRGLF OLQHDU V\VWHPV DQG LWV DSSOLFDWLRQV´� &RPP� 0DWK� 3K\V� ������
SS� ���±����� 05� jRye8yy �FLW� RQ S� ������
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