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$EVWUDFW
0DWKHPDWLFDO FRQFHSWV DQG UHVXOWV KDYH RIWHQ EHHQ JLYHQ D ORQJ KLVWRU\� VWUHWFK�

LQJ IDU EDFN LQ WLPH� <HW UHFHQW ZRUN LQ WKH KLVWRU\ RI PDWKHPDWLFV KDV WHQGHG WR
IRFXV RQ ORFDO WRSLFV� RYHU D VKRUW WHUP�VFDOH� DQG RQ WKH VWXG\ RI HSKHPHUDO FRQ�
ILJXUDWLRQV RI PDWKHPDWLFLDQV� WKHRUHPV RU SUDFWLFHV� 7KH ILUVW SDUW RI WKH SDSHU
H[SODLQV ZK\ WKLV FKDQJH KDV WDNHQ SODFH� D UHQHZHG LQWHUHVW LQ WKH FRQQHFWLRQV EH�
WZHHQ PDWKHPDWLFV DQG VRFLHW\� DQ LQFUHDVHG DWWHQWLRQ WR WKH YDULHW\ RI FRPSRQHQWV
DQG DVSHFWV RI PDWKHPDWLFDO ZRUN� DQG D FULWLFDO RXWORRN RQ KLVWRULRJUDSK\ LWVHOI�
7KH SUREOHPV RI D ORQJ�WHUP KLVWRU\ DUH LOOXVWUDWHG DQG WHVWHG XVLQJ D QXPEHU RI
HSLVRGHV LQ WKH QLQHWHHQWK�FHQWXU\ KLVWRU\ RI +HUPLWLDQ IRUPV� DQG ILQDOO\� VRPH
RSHQ TXHVWLRQV DUH SURSRVHG�

³0DWKHPDWLFV LV WKH DUW RI JLYLQJ WKH VDPH QDPH WR GLIIHUHQW WKLQJV�´ ZURWH +HQUL
3RLQFDUp DW WKH YHU\ EHJLQQLQJ RI WKH WZHQWLHWK FHQWXU\ �3RLQFDUp >����� S� ��@�� 7KH
VHQWHQFH� WR EH IRXQG LQ D FKDSWHU HQWLWOHG ³7KH IXWXUH RI PDWKHPDWLFV´ VHHPHG SDUWLFX�
ODUO\ UHOHYDQW DURXQG ����� D VWUXFWXUDO SRLQW RI YLHZ DQG D ZLVK WR FODULI\ DQG WR ILUPO\
IRXQG PDWKHPDWLFV ZHUH WKHQ JDLQLQJ JURXQG DQG ERWK FRQWULEXWHG WR VKRUWHQ FKDLQV RI
DUJXPHQW DQG JDWKHU WRJHWKHU XQGHU WKH VDPH ZRUG SKHQRPHQD ZKLFK KDG XQWLO WKHQ
EHHQ VFDWWHUHG �&RUU\ >����@�� 6LJQLILFDQWO\� 3RLQFDUp¶V H[DPSOHV LQFOXGHG XQLIRUP
FRQYHUJHQFH DQG WKH FRQFHSW RI JURXS�

� /RQJ�WHUP KLVWRULHV

%XW WKH YLHZ RI PDWKHPDWLFV HQFDSVXODWHG E\ WKLV ² WKDW LW GHDOV VRPHKRZ ZLWK
³VDPHQHVV´ ² KDV DOVR IRXQG LWV ZD\ LQWR WKH KLVWRU\ RI PDWKHPDWLFV� ,W KDV EHHQ LQ
SDUWLFXODU D NH\ IHDWXUH �WKRXJK RIWHQ RQO\ LPSOLFLWO\� LQ WKH ZULWLQJ RI PRVW ORQJ�WHUP
KLVWRULHV� ,Q WKH SRSXODU JHQUHV RI WKH KLVWRU\ RI ! RU RI WKH 3\WKDJRUHDQ WKHRUHP IURP
$QWLTXLW\ WR SUHVHQW WLPHV� LV KLGGHQ WKH LGHD WKDW� GHVSLWH FKDQJHV LQ V\PEROLVP� GHVSLWH
WKH XVH RU QRW RI ILJXUHV� WDEOHV RU OHWWHUV� GHVSLWH WKH SUHVHQFH RU QRW RI SURRIV� VRPH
PDWKHPDWLFDO WKLQJ LV LQGHHG WKH VDPH� 7KDW� IRU H[DPSOH� LW LV LQWHUHVWLQJ WR H[WUDFW�
IURP EHKLQG ZKDW ZRXOG EH WKHQ RQO\ LWV PDVNV� WKH FRPSXWDWLRQV RI D FHUWDLQ TXDQWLW\�
VD\ WKH UDWLR RI D FLUFOH¶V FLUFXPIHUHQFH WR LWV GLDPHWHU� EHIRUH WKH TXDQWLW\ PD\ KDYH
, ZRXOG OLNH WR ZDUPO\ WKDQN 6pEDVWLHQ *DXWKLHU� )UDQoRLV /r� ,UqQH 3DVVHURQ DQG -LP 5LWWHU IRU WKHLU KHOSIXO

VXJJHVWLRQV DQG FRPPHQWDULHV�
06&����� SULPDU\ ��$��� VHFRQGDU\ ��$��� ������ ������ ������
.H\ZRUGV� ORQJ�WHUP KLVWRU\� +HUPLWLDQ IRUPV�
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EHHQ EDSWLVHG ! � EHIRUH LW KDV EHHQ GHVFULEHG DV EHLQJ D QXPEHU RU D ZHOO�GHILQHG UDWLR�
HYHQ EHIRUH DQ\ UHODWLRQ KDV EHHQ HVWDEOLVKHG EHWZHHQ LW DQG WKH FRPSXWDWLRQ RI WKH DUHD
RI D GLVN� ,Q PRUH VRSKLVWLFDWHG YHUVLRQV� E\ WHOOLQJ WKH VWRU\ RI D VHULHV RI SDVW HYHQWV
ZKLFK KDYH OHG WR ILQDOO\ GHILQH DQ REMHFW LQ RXU SUHVHQW� KLVWRU\ RI PDWKHPDWLFV PD\
FRQYH\ WKH LGHD WKDW WKH VHULHV RI SDVW REMHFWV DVVRFLDWHG ZLWK WKHVH HYHQWV ZHUH DOUHDG\
PRUH RU OHVV WKH VDPH LQ WKH SDVW� DQG KDYH RQO\ EHHQ VXEVXPHG XQGHU WKH VDPH QDPH�
7KDW WKHUH LV DQ LGHQWLW\ WR EH GHWHFWHG WKURXJK RU EHKLQG FRQWLQJHQW GLVJXLVHV FRQFHUQV
QRW RQO\ QXPEHUV RU VLPSOH VWDWHPHQWV EXW DOVR ZKROH GRPDLQV OLNH DOJHEUD RU VWDWLVWLFV�
RU DGYDQFHG FRQFHSWV OLNH JURXS RU PHWKRGV RI SURRI� ,Q VXFK D KLVWRU\� WKH SUHVHQW RI
PDWKHPDWLFV VSHDNV IRU LWV SDVW RQ YDULRXV VFDOHV� EHVLGHV WKH SUHVHQW IRUPXODWLRQ RI
D VWDWHPHQW RU DQ REMHFW� LW DOVR GHILQHV WKH LPSOLFLW QRUPV IRU PDWKHPDWLFDO DFWLYLWLHV�
IRU LQVWDQFH WKDW WKH\ VKRXOG LQYROYH SURRIV �HYHQ LI XQZULWWHQ�� RU WKDW GLVFLSOLQHV DUH
PRUH RU OHVV IL[HG� 'HEDWHV RI FRXUVH PD\ KDYH EHHQ ODXQFKHG DQG FRUUHFWLRQV EHHQ
PDGH DERXW WKH SRLQW RI GHSDUWXUH� WKH UHDO RULJLQ� GLG (XFOLG¶V (OHPHQWV RU %DE\ORQLDQ
WDEOHWV FRQWDLQ DOJHEUD� VKRXOG ZH EHJLQ WKH KLVWRU\ RI DOJHEUD RQO\ ZLWK DO�.KZƗUL]PƯ
RU )UDQoRLV 9LqWH" %XW WKHUH ZHUH UDUHO\ GRXEWV UDLVHG DERXW WKH UHOHYDQFH RI WKH TXHV�
WLRQ LWVHOI DQG WKH OLQHDU FKDUDFWHU RI WKH KLVWRU\ FRQVWUXFWHG XQGHU WKH NH\ SUHPLVH RI
DQ LGHQWLILDEOH WKLQJ UXQQLQJ DOO WKH ZD\ ORQJ� 0DQ\ ZRXOG DJUHH ZLWK $QGUp :HLO WKDW�
³0RUH RIWHQ WKDQ QRW� ZKDW PDNHV >KLVWRU\@ LQWHUHVWLQJ LV SUHFLVHO\ WKH HDUO\ RFFXUUHQFH
RI FRQFHSWV DQG PHWKRGV GHVWLQHG WR HPHUJH RQO\ ODWHU LQWR WKH FRQVFLRXV PLQG RI PDWK�
HPDWLFLDQV� WKH KLVWRULDQ¶V WDVN LV WR GLVHQJDJH WKHP DQG WUDFH WKHLU LQIOXHQFH RU ODFN RI
LQIOXHQFH RQ VXEVHTXHQW GHYHORSPHQWV´ �:HLO >����� SS� ���±���@��

7KHUH DUH VHYHUDO JRRG UHDVRQV WR DGRSW VXFK D SRLQW RI YLHZ� )RU RQH� LW LV FORVH WR WKH
³VSRQWDQHRXV KLVWRU\´ RI WKH ZRUNLQJ PDWKHPDWLFLDQ� WKH FKURQRORJ\ RIWHQ JLYHQ DW WKH
EHJLQQLQJ RI D PDWKHPDWLFDO DUWLFOH LQ RUGHU WR PRWLYDWH WKH UHVXOWV LW HVWDEOLVKHV�� 7KH
WRSLFV RI VXFK D KLVWRU\ DUH DOVR PRUH HDVLO\ WKRVH RI SULPDU\ LQWHUHVW WR PDWKHPDWLFLDQV
�UHFHQW FRQFHSWV RU WKHRUHPV� LQ SDUWLFXODU�� 7KDW PDWKHPDWLFV GHDOV ZLWK ORQJ�OLYHG
REMHFWV PD\ DOVR KHOS WR FRQVROLGDWH LWV VWDWXV� DW WLPHV ZKHQ WKH LPSRUWDQFH RI PDWK�
HPDWLFV LV TXHVWLRQHG RU WKH SRSXODWLRQ RI VWXGHQWV LQ PDWKHPDWLFV LV GHFUHDVLQJ� WKDW
³PDWKHPDWLFDO WUXWKV KDYH EHHQ FDOOHG HWHUQDO WUXWKV«>EHFDXVH@ LQ YHU\ GLIIHUHQW H[SUHV�
VLRQV� RQH FDQ UHFRJQLVH WKH VDPH WUXWKV�´ LQ +LHURQ\PXV =HXWKHQ¶V WHUPV �/�W]HQ DQG
3XUNHUW >����� S� ��@�� JXDUDQWHHV D SDUWLFXODU YDOXH IRU WKH GLVFLSOLQH DV D ZKROH� 6XFK
D FRQYLFWLRQ PD\ DOVR UHLQIRUFH �RU EH UHLQIRUFHG E\� 3ODWRQLVW YLHZV RI PDWKHPDWLFV�
DQG DV VXFK KDV EHHQ WDNHQ RYHU E\ VRPH SKLORVRSKHUV� )RU LQVWDQFH� WKH SKLORVRSKHU RI
PDWKHPDWLFV -DFTXHV�3DXO 'XEXFV� DIWHU SRLQWLQJ RXW WKH GLIIHUHQFHV EHWZHHQ WZR SUH�
VHQWDWLRQV RI D SURRI WKDW WKHUH DUH LQILQLWHO\ PDQ\ SULPH QXPEHUV� RQH LQ (XFOLG� RQH
PRGHUQ E\ *RGIUH\ +� +DUG\ DQG (GZDUG 0� :ULJKW� FODLPHG WKDW SURSHU HSLVWHPRORJ�
LFDO LQYHVWLJDWLRQ VKRXOG IRFXV RQ ZKDW LV SHUFHLYHG DV D VWDEOH DQG LGHQWLFDO FRUH DQG LQ
SDUWLFXODU KDV ³QR UHDVRQ WR GLVFULPLQDWH WKH WZR WH[WV ZKLFK SURSRVH IXQGDPHQWDOO\ WKH
VDPH SURRI�´ HPSKDVLVLQJ KLV DJUHHPHQW RQ WKLV LVVXH ZLWK WKH DXWKRUV RI WKH PRGHUQ
WH[W �'XEXFV >����� S� ��@��

�7KH H[SUHVVLRQ ³VSRQWDQHRXV KLVWRU\´ DORQJ ZLWK /RXLV $OWKXVVHU¶V ³VSRQWDQHRXV SKLORVRSK\´ LV QRZ
RIWHQ XVHG LQ KLVWRU\ DQG SKLORVRSK\ RI VFLHQFH WR GHVLJQDWH FDVXDO UHPDUNV PDGH E\ ZRUNLQJ VFLHQWLVWV DERXW
WKH SDVW RI WKHLU ZRUN �UHVS� WKHLU JHQHUDO YLHZV RQ PDWKHPDWLFV�� VHH IRU LQVWDQFH 5KHLQEHUJHU >����@�
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� (SKHPHUDO FRQILJXUDWLRQV

+RZHYHU� :LOOLDP $VSUD\ DQG 3KLOLS .LWFKHU QRWLFHG LQ ���� WKDW ³D QHZ DQG PRUH VR�
SKLVWLFDWHG KLVWRULRJUDSK\ KDV DULVHQ >«@ 7KLV KLVWRULRJUDSK\ PHDVXUHV HYHQWV RI WKH
SDVW DJDLQVW WKH VWDQGDUGV RI WKHLU WLPH� QRW DJDLQVW WKH PDWKHPDWLFDO SUDFWLFHV RI WRGD\´
�$VSUD\ DQG .LWFKHU >����� SS� ��±��@�� ,QGHHG� LQQRYDWLYH DSSURDFKHV LQ WKH KLVWRU\
RI PDWKHPDWLFV RI WKH ODVW GHFDGHV KDYH RIWHQ H[SUHVVHG PLVJLYLQJV RYHU D FOHDQHG�XS
KLVWRU\� EDVHG RQ D WRR�UDSLG LGHQWLILFDWLRQ RI D FRQFHSW RU D SUREOHP� DQG RYHU LWV KLVWRUL�
RJUDSKLFDO FRQVHTXHQFHV� ,Q 7KRPDV +DZNLQV¶V ZRUGV� ³7KH FKDOOHQJH WR WKH KLVWRULDQ
LV WR GHSLFW WKH RULJLQV RI D PDWKHPDWLFDO WKHRU\ VR DV WR FDSWXUH WKH GLYHUVH ZD\V LQ
ZKLFK WKH FUHDWLRQ RI WKDW WKHRU\ ZDV D YLWDO SDUW RI WKH PDWKHPDWLFV DQG PDWKHPDWLFDO
SHUFHSWLRQV RI WKH HUD ZKLFK SURGXFHG LW´ �+DZNLQV >����@�� &RQVHTXHQWO\� WKH IRFXV RI
UHFHQW KLVWRU\ RI PDWKHPDWLFV KDV EHHQ PXFK PRUH RQ ORFDOLVHG LVVXHV� VKRUW�WHUP LQWHU�
HVWV DQG HSKHPHUDO VLWXDWLRQV� RQ ³WKH HUD ZKLFK SURGXFHG´ WKH PDWKHPDWLFV LQ TXHVWLRQ�
DQG PRUHRYHU LW KDV FHQWUHG RQ GLYHUVLW\� GLIIHUHQFHV DQG FKDQJHV�

&RQIOXHQW IDFWRUV DUH KHUH DW VWDNH� 2QH KDV EHHQ ODUJHO\ DGYHUWLVHG� ,W LV OLQNHG WR
FRQWHPSRUDU\ GHEDWHV LQ WKH KLVWRU\ RI VFLHQFH LQ WKH ODUJH DQG FRPHV ZLWK WKH ZLVK
WR WDNH LQWR DFFRXQW VRFLDO DVSHFWV RI PDWKHPDWLFV DQG ³KRZ WKH\ VKDSH WKH IRUP DQG
WKH FRQWHQW RI PDWKHPDWLFDO LGHDV´ �$VSUD\ DQG .LWFKHU >����� S� ��@�� ZKLOH GLPPLQJ
WKH OLQH EHWZHHQ VR�FDOOHG LQWHUQDO KLVWRU\ �WKDW RI FRQFHSWV DQG UHVXOWV� DQG H[WHUQDO
KLVWRU\ �WKDW RI LQVWLWXWLRQV RU VFLHQWLILF SROLWLFV�� *LYHQ WKH TXDQWLW\ RI UHFHQW KLVWRULFDO
ZULWLQJ RQ WKHVH LVVXHV� , VKDOO RQO\ PHQWLRQ D IHZ H[DPSOHV� 7KH XQLILFDWLRQ RI ,WDOLDQ
VWDWHV GXULQJ WKH QLQHWHHQWK FHQWXU\ DQG WKH FXOWXUDO 5LVRUJLPHQWRZKLFK DFFRPSDQLHG LW
IDYRXUHG D IORXULVKLQJ RI PDWKHPDWLFV� LQ SDUWLFXODU D VWURQJ UHQHZDO RI LQWHUHVW LQ JHRP�
HWU\ LQ DOO LWV IRUPV� ZLWK /XLJL &UHPRQD� &RUUDGR 6HJUH� *XLGR &DVWHOQXRYR RU (XJH�
QLR %HOWUDPL DQG WKHLU IROORZHUV �%RWWD]]LQL >����@� %RWWD]]LQL DQG 1DVWDVL >����@� DQG
&DVQDWL� &RQWH� *DWWR� *LDFDUGL� 0DUFKLVLR� DQG 9HUUD >����@�� 7KH 0HLML 5HVWRUDWLRQ
LQ -DSDQ ZLWQHVVHG D PXOWLIDFHWHG FRQIURQWDWLRQ EHWZHHQ WKH WKHQ H[WUHPHO\ DFWLYH� WUD�
GLWLRQDO -DSDQHVH PDWKHPDWLFV �ZDVDQ� DQG LWV :HVWHUQ FRXQWHUSDUWV �+RULXFKL >����@��
7KH )LUVW :RUOG :DU� D ³ZDU RI JXQV DQG PDWKHPDWLFV´ DV RQH VROGLHU GHVFULEHG LW� GLG
QRW MXVW NLOO KXQGUHGV RI PDWKHPDWLFLDQV RQ WKH EDWWOHILHOGV� DPRQJ PDQ\ PLOOLRQV RI
RWKHUV� LW DOVR ODXQFKHG HQWLUH GRPDLQV RQ D YDVW QHZ VFDOH� VXFK DV IOXLG PHFKDQLFV RU
SUREDELOLW\ WKHRU\� DQG FRPSOHWHO\ UHFRQILJXUHG LQWHUQDWLRQDO PDWKHPDWLFDO H[FKDQJHV
�IRU LQVWDQFH IRVWHULQJ D GHYHORSPHQW RI VHW WKHRU\� ORJLF DQG UHDO DQDO\VLV LQ QHZO\ LQ�
GHSHQGHQW 3RODQG� �$XELQ DQG *ROGVWHLQ >����@�� 2QH PLJKW DOVR WKLQN RI WKH YDULHW\
RI QDWLRQDO FLUFXPVWDQFHV ZKLFK SUHFHGHG WKH FUHDWLRQ RI PDWKHPDWLFDO VRFLHWLHV LQ WKH
ODWH QLQHWHHQWK DQG HDUO\ WZHQWLHWK FHQWXULHV �3DUVKDOO >����@� RU WKH YDULRXV UHIRUPV LQ
PDWKHPDWLFDO HGXFDWLRQ �*LVSHUW DQG 6FKXEULQJ >����@ DQG .DUS DQG 6FKXEULQJ >����@��

$W D VPDOOHU VFDOH� VSHFLILF RSSRUWXQLWLHV DW VSHFLILF WLPHV� SXWWLQJ PDWKHPDWLFLDQV LQ
FORVH FRQWDFW ZLWK FHUWDLQ PLOLHX[� KDYH KRVWHG SDUWLFXODU� VRPHWLPHV XQH[SHFWHG� PDWK�
HPDWLFDO ZRUN� EH LW DQDO\VLV LQ DGPLQLVWUDWLYH UHIRUPV �%ULDQ >����@�� QXPEHU WKHRU\ LQ
WKH WH[WLOH LQGXVWU\ �'HFDLOORW >����@� DQG LQ FRPSXWHU KDUGZDUH �'H 0RO DQG %XOO\QFN
>����@�� RU FRQYH[LW\ LQ WKH PLOLWDU\ �.MHOGVHQ >����@�� ,Q VXFK FDVHV �DQG LQ PDQ\ RWK�
HUV VWXGLHG LQ GHWDLO RYHU WKH ODVW GHFDGHV�� LW LV QRW D TXHVWLRQ RI VXSHUILFLDO DQDORJLHV
RU REYLRXV DSSOLFDWLRQV� YHU\ RIWHQ WKH ZD\V WKHVH FRQQHFWLRQV ZHUH PDGH� WKH FRQFUHWH
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PDQQHU RI WUDQVPLVVLRQ RI NQRZOHGJH WKURXJK SHUVRQDO RU LQVWLWXWLRQDO OLQNV� WKH REMHF�
WLYHV SXUVXHG� DUH ZKDW SURYLGHV LPSXOVH WR D PDWKHPDWLFDO LQYHVWLJDWLRQ� H[SODLQV WKH
IRUPXODWLRQ LW WDNHV RU WKH SDUWLFXODU EDODQFH EHWZHHQ FRPSXWDWLRQV DQG WKHRU\ LW GLV�
SOD\V �.MHOGVHQ >����@ DQG 7RXUQqV >����@�� 7KLV LV� E\ GHILQLWLRQ� HSKHPHUDO LQ WKH
VHQVH WKDW LW LPSOLHV OLQNV ZLWK VRFLDO VLWXDWLRQV ZKLFK KDYH WKHLU RZQ WLPH VFDOH DQG DUH
PRVW FHUWDLQO\ QRW ³HWHUQDO WUXWKV�´

+RZHYHU� DQRWKHU UHDVRQ IRU WKLV VKRUWHU�WHUP IRFXV KDV UHFHQWO\ EHFRPH HYHQ PRUH
GHFLVLYH� WR ZLW� D PRUH DFXWH VHQVLELOLW\ WR WKH PXOWL�OD\HUHG VWUXFWXUH RI PDWKHPDWLFV
DQG WKH QHHG WR VWXG\ PRUH FDUHIXOO\ LWV YDULHJDWHG FRPSRQHQWV� $W ILUVW VLJKW� LW VHHPV
VLPSOH HQRXJK� PDWKHPDWLFV LV PRVW RIWHQ LQVFULEHG LQ WH[WV²DOWKRXJK HWKQRPDWKH�
PDWLFLDQV DOVR VWXG\ LW GLUHFWO\ LQ VWULQJV RU VDQG �$VFKHU >����@� G¶$PEURVLR >����@�
DQG 3HWLW DQG 9DQGHQGULHVVFKH >����@�²� LW XVHV ZRUGV� V\PEROV DQG GUDZLQJV� LW GH�
ILQHV RU VWXGLHV FHUWDLQ REMHFWV� LW VWDWHV UHVXOWV DQG MXVWLILHV WKHP� ,W FRXOG VHHP WKDW
DOO ZH KDYH WR GR LV WR GHFLSKHU WKH WH[WV DQG H[SODLQ WKH REMHFWV� WKH UHVXOWV DQG WKH
SURRIV� 2I FRXUVH� WKDW WKHUH ZHUH DW WLPHV GHEDWHV DPRQJ PDWKHPDWLFLDQV DERXW FHU�
WDLQ SURRIV RU REMHFWV LV ZHOO�NQRZQ� HYHQ DV ODWH DV HDUO\ PRGHUQ WLPHV� VRPH ZRXOG
QRW DFFHSW D SURRI EDVHG RQ DQ DOJHEUDLFDOO\�H[SUHVVHG UHODWLRQ DQG UHTXLUHG JHRPHWULF
SURRIV LQ WKH (XFOLGHDQ VW\OH� DV PRUH VROLG� RWKHUV GLVPLVVHG SURRIV E\ FRQWUDGLFWLRQ
RU� ODWHU� QRQ�FRQVWUXFWLYH SURRIV� WKH OHJLWLPDF\ RI QHJDWLYH QXPEHUV RU RI IXQFWLRQV
ZLWKRXW GHULYDWLYHV RU RI VHWV KDV EHHQ SXW LQWR TXHVWLRQ� $QG DURXQG ����� KRZ WR
IRXQG PDWKHPDWLFV²RQ D[LRPDWLFV� RQ LQWHJHUV� RU RQ ORJLF²ZDV D WRSLF RI KHDWHG
FRQWURYHUV\ DPRQJ PDWKHPDWLFLDQV� ZKLFK LQ WXUQ KDV EHHQ VWXGLHG E\ KLVWRULDQV�

%XW PRUH UHFHQWO\� RWKHU DVSHFWV KDYH EHHQ H[SORUHG� DVSHFWV ZKLFK DUH QRW QHFHVVDU�
LO\ OLQNHG WR SXEOLF DQG QRLV\ GHEDWHV� EXW DUH SDUW DQG SDUFHO RI RUGLQDU\ PDWKHPDWLFDO
DFWLYLWLHV� :KDW LV RU FRXOG EH DQ REMHFW RU D UHVXOW� KRZ DUH WKH\ FKRVHQ RU GHILQHG RU
MXVWLILHG� KDV FKDQJHG LQ WLPH� LW KDV DOVR EHHQ VHHQ DV GHSHQGLQJ RQ WKH SODFH RU WKH
DXWKRU� :KDW VRUW RI TXHVWLRQ LV FRQVLGHUHG LQWHUHVWLQJ� E\ ZKRP DQG ZK\� ZKLFK FUL�
WHULD DUH UHTXLUHG WR PDNH DQ DUJXPHQW FRQYLQFLQJ RU D VROXWLRQ VDWLVIDFWRU\� DJDLQ IRU
ZKRP DQGZK\� DOO WKHVH DVSHFWV DQG WKHLU UHODWLRQV DUH ZRUWK EHLQJ VWXGLHG IRU WKHLU RZQ
VDNH� +LVWRULDQV KDYH� IRU LQVWDQFH� VKRZQ WKDW DUJXPHQWV LQ ZRUGV RU V\PEROV PD\ UHO\
XSRQ� RU EH LQVSLUHG E\� RU VRPHWLPHV HYHQ EHHQ UHSODFHG E\ ILJXUHV� GLDJUDPV� WDEOHV�
LQVWUXPHQWV�� 7KDW DQ DFFHSWDEOH DQVZHU WR D SUREOHP PD\ EH� DW WLPHV� DQG IRU FHUWDLQ
JURXSV RI PDWKHPDWLFLDQV� D VLQJOH QXPEHU� DQ H[SOLFLW GHVFULSWLRQ RI DOO WKH VROXWLRQV�
DQ HTXDWLRQ� DQ H[LVWHQFH WKHRUHP� RU WKH FUHDWLRQ RI D QHZ FRQFHSW �*ROGVWHLQ >����@�
&KRUOD\ >����@� DQG (KUKDUGW >����@�� 7KH ZD\ YDULRXV GRPDLQV DUH GHILQHG DQG LQWHU�
DFW� RU DUH SHUFHLYHG DV GLVWLQFW� KDV DOVR FKDQJHG ZLWKLQ PDWKHPDWLFV� EXW DOVR EHWZHHQ
PDWKHPDWLFV DQG RWKHU GRPDLQV� LQ SDUWLFXODU SK\VLFV �$UFKLEDOG >����@� *UD\ >����@�
DQG 6FKORWH DQG 0� 6FKQHLGHU >����@��

�)RU LOOXVWUDWLRQV RI WKHVH GLIIHUHQW FDVHV� VHH IRU LQVWDQFH 1HW] >����@� /RUHQDW >����@� 0XPPD� 3DQ]D�
DQG 6DQGX >����@� &DPSEHOO�.HOO\� &URDUNHQ� )ORRG� DQG 5REVRQ >����@� 'XUDQG�5LFKDUG >����@� 7RELHV
DQG 7RXUQqV >����@� DQG )ODPHQW DQG 1DERQQDQG >����@� 5HIHUHQFHV EHLQJ WRR QXPHURXV IRU H[KDXVWLYLW\�
WKRVH JLYHQ DUH RQO\ LOOXVWUDWLYH�
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:KDW DUH FDOOHG ³HSLVWHPLF YDOXHV�´ WKDW LV WKH LQWHUQDOLVHG FULWHULD RI ZKDW FRQVWLWXWHV
JRRG PDWKHPDWLFV DW RQH WLPH� KDYH DOVR EHHQ VWXGLHG� ULJRXU LV WKH PRVW REYLRXV SHU�
KDSV DQG KDV D FRPSOH[ KLVWRU\� EXW XQLYHUVDOLVP RU HIIHFWLYHQHVV RU JHQHUDOLW\ RU QDWX�
UDOQHVV PD\ DSSHDU DW VRPH PRPHQWV WR EH HYHQ PRUH GHFLVLYH �0HKUWHQV >����@� 5RZH
>����@� 6FKXEULQJ >����@� &RUU\ >����@� DQG &KHPOD� &KRUOD\� DQG 5DERXLQ >����@��
:RUNLQJ PDWKHPDWLFLDQV KDYH XVXDOO\ WKHLU RZQ DQVZHU WR WKHVH TXHVWLRQV� EXW WKH SRLQW
KHUH LV WR UHFRQVWUXFW WKH ZKROH UDQJH RI SRVLWLRQV DW D JLYHQ WLPH� LQ D JLYHQ PLOLHX� DQG
WR XQGHUVWDQG WKHLU HIIHFW LQ PDWKHPDWLFDO ZRUN� )RU LQVWDQFH� LQ WKH GLVSXWH EHWZHHQ
/HRSROG .URQHFNHU DQG &DPLOOH -RUGDQ LQ ���� DERXW ZKDW ZH QRZ VHH DV WKH VDPH
UHGXFWLRQ WKHRUHP IRU PDWULFHV� GLIIHUHQFHV LQ IRUPXODWLRQ �HOHPHQWDU\ GLYLVRUV RQ RQH
VLGH� FDQRQLFDO IRUPV RQ WKH RWKHU�� DQG LQ GLVFLSOLQHV �LQYDULDQW WKHRU\ YV JURXS WKHRU\�
ZHUH DW SOD\� EXW DOVR GLIIHUHQFHV LQ FRQFHSWLRQV RI JHQHUDOLW\ �%UHFKHQPDFKHU >����@��

/DVW� EXW QRW OHDVW� WKH ZD\ PDWKHPDWLFV LV PDGH SXEOLF DQG FLUFXODWHV KDV EHHQ
SURYHG WR EH ERWK D VHULRXV FRQVWUDLQW RQ LWV IRUP DQG DQ HVVHQWLDO IDFWRU LQ LWV WUDQV�
PLVVLRQ� WKH RUJDQL]DWLRQ RI FRUUHVSRQGHQFH DPRQJ PDWKHPDWLFLDQV �LQGHHG WKH PHUH
IRUP RI DPDWKHPDWLFDO OHWWHU�� WKH FUHDWLRQ RI PDWKHPDWLFDO UHVHDUFK MRXUQDOV LQ WKH QLQH�
WHHQWK FHQWXU\ DQG WKHLU GLIIHUHQW RUJDQLVDWLRQ WKURXJK WLPH� WKH DGYHQW RI DFDGHPLHV�
VHPLQDUV DQG FRQIHUHQFHV� WHDFKLQJ SURJUDPV DQG WH[WERRNV� IRU LQVWDQFH� KDYH DOO EHHQ
VFUXWLQLVHG �3HLIIHU >����@� 5RZH >����@� 6FKXEULQJ >����D�E@� $XVHMR DQG +RUPLJyQ
>����@� 9HUGLHU >����@� *pULQL >����@� DQG 5HPPHUW DQG 8� 6FKQHLGHU >����@�� 7KH ODVW
WZR DVSHFWV FRXOG DOVR EH FRQVLGHUHG DV OLQNV EHWZHHQ PDWKHPDWLFDO GHYHORSPHQWV DQG
JHQHUDO FXOWXUDO LVVXHV� EXW KHUH WKH HPSKDVLV LV RQ WKH FRPELQDWLRQ RI WKHVH FRPSRQHQWV
LQVLGH PDWKHPDWLFDO WH[WV WKHPVHOYHV�

'HSHQGLQJ RQ RQH¶V RZQ WDVWHV� WKLV VKHHU YDULHW\ LQ WKH FRXUVH RI WLPH PD\ DSSHDU
IDVFLQDWLQJ RU DQ LUUHOHYDQW DQWLTXDULDQ LQWHUHVW� +RZHYHU� ZH QRZ KDYH HQRXJK HY�
LGHQFH WKDW DOO WKHVH DVSHFWV PD\ FRXQW IRU XQGHUVWDQGLQJ WKH GHYHORSPHQW RI PDWKH�
PDWLFV� 0DWKHPDWLFV ZHDYHV WRJHWKHU REMHFWV� WHFKQLTXHV� VLJQV RI YDULRXV NLQGV� MXV�
WLILFDWLRQV� SURIHVVLRQDO OLIHVW\OHV� HSLVWHPLF LGHDV� 5HFHQW ELRJUDSKLHV� LQGHHG� RIIHU
VXFFHVVIXO H[DPSOHV RI WKH VWXG\ RI VXFK DUWLFXODWLRQV �3DUVKDOO >����@� &ULOO\ >����@�
DQG $OIRQVL >����@�� %XW KLVWRULDQV KDYH DOVR VWXGLHG WKHVH FRPSRQHQWV VHSDUDWHO\� LQ
D FRPSDUDWLYH ZD\� LQ RUGHU WR GLVSOD\ WKHLU UDQJH DQG WKHLU HYROXWLRQ LQ WLPH� 7KHVH
FRPSRQHQWV KDYH GLVWLQFW WLPH�VFDOHV DQG FKDQJHV GR QRW RFFXU VLPXOWDQHRXVO\� (YHQ
ZKHQ RQH LV DEOH WR XQGHUVWDQG D ORQJ�WHUP GHYHORSPHQW RI RQH FRPSRQHQW �IRU LQVWDQFH�
RI PDWKHPDWLFDO SXEOLVKLQJ�� LWV DUWLFXODWLRQ ZLWK RWKHU FRPSRQHQWV LV JHQHUDOO\ VWDEOH
RQO\ RYHU D VKRUWHU SHULRG� $ IXUWKHU GLIILFXOW\ LV WKDW LI FRQFHSWV RU WKHRUHPV DUH DV�
SHFWV RI ZKLFK WKH PDWKHPDWLFLDQ LV DZDUH �DQG YHU\ PXFK VR�� VRPH RI WKH FRPSRQHQWV
, PHQWLRQHG DUH PXFK PRUH LPSOLFLW� RU DUH RSHUDWLRQDO DW D FROOHFWLYH� QRW DW DQ LQGLYLG�
XDO� OHYHO� WKH\ FDQ EH EHVW GHWHFWHG DQG DQDO\VHG IRU DQ HQWLUH JURXS �*ROGVWHLQ >����@��
$OO WKLV H[SODLQV WKH LQWHUHVW LQ VWXG\LQJ ZKDW , DP FDOOLQJ KHUH ³FRQILJXUDWLRQV�´ D ZRUG
ERUURZHG IURP WKH VRFLRORJLVW 1RUEHUW (OLDV� (OLDV ZDQWHG WR VHW KLPVHOI DSDUW IURP
SUHYLRXV VRFLRORJLFDO WKHRULHV EDVHG RQ DQ D SULRUL KLHUDUFKLF RSSRVLWLRQ EHWZHHQ LQGL�
YLGXDOV DQG VRFLHW\� DQG KH SURPRWHG WKH LGHD RI ILUVW VWXG\LQJ FRQILJXUDWLRQV IRUPHG
E\ LQWHUDFWLRQV EHWZHHQ SHUVRQV LQ LQWHUGHSHQGHQFH� DW GLIIHUHQW VFDOHV� EH WKH\ SOD\HUV
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LQ D JDPH RU ZRUNHUV LQ DQ HQWHUSULVH� )RU XV� FRQILJXUDWLRQV RUJDQLVH WH[WV DQG SHU�
VRQV� FRRUGLQDWLQJ VRPH RI WKH FRPSRQHQWV ZH KDYH PHQWLRQHG �ZH VKDOO VHH FRQFUHWH
H[DPSOHV ODWHU��

$ ODVW UHDVRQ KDV IDYRXUHG PRUH ORFDOLVHG VWXGLHV� D FULWLFDO RXWORRN E\ KLVWRULDQV
RI PDWKHPDWLFV RQ WKHLU RZQ SUDFWLFH� :RUGV OLNH ³GLVFLSOLQH´ RU ³VFKRRO´ KDYH EHHQ
XVHG LQ WKH SDVW ZLWKRXW IXUWKHU DGR� LQ SDUWLFXODU EHFDXVH WKH\ ZHUH WHUPV LQKHULWHG
IURP PDWKHPDWLFLDQV WKHPVHOYHV� 5HFHQW ZRUN KDV VKRZQ WKDW WR GHILQH DQG XVH WKHP
PRUH FDUHIXOO\ JDYH D EHWWHU JUDVS IRU GHVFULELQJ WKH SDVW� )RU LQVWDQFH� XVLQJ D FKDU�
DFWHULVDWLRQ RI D GLVFLSOLQH DV D OLVW RI LQWHUQDO HOHPHQWV �FRUH FRQFHSWV� SURRI V\VWHP�
HWF�� 1RUEHUW 6FKDSSDFKHU DQG , ZHUH DEOH WR GLVWLQJXLVK LQ WKH OLQHDJH RI &� )� *DXVV¶V
'LVTXLVLWLRQHV $ULWKPHWLFDH WKRVH SDUWV ZKLFK IXVHG LQWR D H[LVWLQJ GLVFLSOLQH �KLV WUHDW�
PHQW RI WKH F\FORWRPLF HTXDWLRQ� IRU LQVWDQFH� ZKLFK KDG D SRWHQW HIIHFW RQ WKH WKHRU\ RI
HTXDWLRQV�� WKRVH SDUWV ZKLFK HPDQFLSDWHG WKHPVHOYHV DV DXWRQRPRXV GLVFLSOLQHV ZLWK
WKHLU RZQ SURJUDPPHV DQG SULRULWLHV �TXDGUDWLF IRUPV LQ WKH PLGGOH RI WKH QLQHWHHQWK
FHQWXU\� UHFLSURFLW\ ODZV LQ WKH WKHRU\ RI QXPEHU ILHOGV ODWHU�� DQG WKRVH SDUWV ZKLFK� LQ
WKH QLQHWHHQWK FHQWXU\� ZHUH WDNHQ RYHU LQ DQ LVRODWHG PDQQHU E\ VRPH PDWKHPDWLFLDQV
�SULPDOLW\ WHVWV��� &DXWLRQ DOVR DSSOLHV WR FRPPRQ GHVFULSWRUV RI KLVWRULFDO SKHQRP�
HQD WKHPVHOYHV� VXFK DV ³FRQWH[W´ �5LWWHU >����@�� ³ORQJXH GXUpH´ �$XELQ DQG 'DKDQ
'DOPHGLFR >����@� RU ³UHYROXWLRQ´ �*LOOLHV >����@�� 7KLV UHIOH[LYLW\ KDV DOVR SHUPLWWHG
KLVWRULDQV WR ILQG FRXQWHU�H[DPSOHV WR RYHUO\�FUXGH K\SRWKHVHV RQ WKH ORQJ�WHUP GHYHO�
RSPHQW RI PDWKHPDWLFV �*ROGVWHLQ DQG 5LWWHU >����@ DQG *LODLQ DQG *XLOEDXG >����@��

7KXV� LQ WKH ODVW GHFDGHV� KLVWRULDQV KDYH XVHG WKHVH DQDO\VHV RI FRQILJXUDWLRQV WR GH�
FRQVWUXFW WKH LGHQWLILFDWLRQV SURYLGHG E\ PDWKHPDWLFDO ZRUNV LQ WKH FRXUVH RI WLPH� ([�
DPSOHV LQFOXGH VWDWHPHQWV VXFK DV WKH IXQGDPHQWDO WKHRUHP RI DOJHEUD �*LODLQ >����@��
6WXUP¶V WKHRUHP �6LQDFHXU >����@�� )HUPDW¶V WKHRUHP WKDW ³WKH DUHD RI D ULJKW�DQJOHG
WULDQJOH LQ LQWHJHUV FDQQRW EH D VTXDUH´ �*ROGVWHLQ >����@� RU WKH GHFRPSRVLWLRQ WKHR�
UHP RI PDWULFHV �%UHFKHQPDFKHU >����@�� FRQFHSWV OLNH LGHDOV �(GZDUGV >����� ����@�
RU SRLQWV �6FKDSSDFKHU >����@�� RU HYHQ ZKROH GRPDLQV OLNH *DORLV WKHRU\ �(KUKDUGW
>����@�� $V H[SODLQHG E\ $QGUp :HLO� IRU LQVWDQFH� )HUPDW¶V ���� VWDWHPHQW� DQG HYHQ
KLV SURRI� FDQ EH LGHQWLILHG DQG VHHQ DV WKH VDPH DV D VSHFLDO FDVH RI WKH 0RUGHOO±:HLO
WKHRUHP� DFFRUGLQJ WR ZKLFK WKH JURXS RI UDWLRQDO SRLQWV RI WKH HOOLSWLF FXUYH GHILQHG E\
y2z = x3 ! xz2 LV Z/2Z " Z/2Z� %XW ZH FDQ DOVR VHH WKLV LGHQWLILFDWLRQ DV D KLVWRUL�
FDO SUREOHP� LW UHTXLUHV ILUVW WR UHFRQVWUXFW YDULRXV FRQILJXUDWLRQV LQYROYLQJ HDFK RI WKH
VWDWHPHQWV� DQG WKHQ WR XQGHUVWDQG KRZ WKH\ KDYH FRPH WR EH LGHQWLILHG²LQ RWKHU ZRUGV�
WR VWXG\ DOVR WKH PDWKHPDWLFDO ZRUN WKDW SURYLGHG VXFK UHWURVSHFWLYH LGHQWLILFDWLRQ�

+HUH� GLIIHUHQFHV DUH REYLRXV� EXW VRPH FDVHV DUH PRUH GHOLFDWH� 7KLV FDQ EH LOOXV�
WUDWHG E\ WKH WKHRUHP WKDW WKHUH DUH H[DFWO\ WZHQW\�VHYHQ OLQHV RQ D QRQ�VLQJXODU FXELF
SURMHFWLYH VXUIDFH� VLQFH LWV VWDWHPHQW �DQG SURRI� LQ ���� E\ ERWK $UWKXU &D\OH\ DQG
*HRUJH 6DOPRQ� LWV IRUPXODWLRQ KDV UHPDLQHG UHPDUNDEO\ VWDEOH IRU PRUH WKDQ D FHQWXU\�
%XW ZKDW FKDQJHG LV LWV DVVRFLDWLRQ ZLWK RWKHU SUREOHPV� DV VKRZQ LQ �/r >����@�� LW LV
IRU LQVWDQFH LQ WDQGHP ZLWK WKH IDFW WKDW WKHUH DUH � LQIOHFWLRQ SRLQWV RQ D FXELF SURMHF�
WLYH SODQH FXUYH DQG RWKHU DQDORJRXV VWDWHPHQWV WKDW LW SOD\HG D GHFLVLYH UROH IRU WKH

�*ROGVWHLQ DQG 6FKDSSDFKHU >����@� VHH DOVR *DXWKLHU >����� ����@� 2Q WKH LVVXH RI ³VFKRRO�´ VHH WKH
V\QWKHVLV �5RZH >����@��
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DVVLPLODWLRQ RI JURXS�WKHRUHWLFDO PHWKRGV E\ JHRPHWHUV EHIRUH )HOL[ .OHLQ¶V (UODQJHQ
3URJUDP� WKLV VSHFLILF FRQILJXUDWLRQ RI TXHVWLRQV DQG GLVFLSOLQDU\ LVVXHV� DURXQG WKH VR�
FDOOHG ³HTXDWLRQV RI JHRPHWU\�´ ODVWHG RQO\ D IHZ \HDUV� EXW ZDV D NH\ IHDWXUH LQ WKH
WUDQVPLVVLRQ RI WKH WKHRUHP�

,Q ZKDW IROORZV� , ZRXOG OLNH WR LOOXVWUDWH WKHVH LVVXHV ZLWK ZKDW FRXOG EH GHVFULEHG
DV D PLQLPDO H[DPSOH� WKH FRQFUHWH FDVH RI D UDWKHU WHFKQLFDO DQG DSSDUHQWO\ VWDEOH
FRQFHSW� WKDW RI DQ +HUPLWLDQ IRUP�� RYHU D VKRUW SHULRG RI WLPH� WKH VHFRQG KDOI RI WKH
QLQHWHHQWK FHQWXU\�

� 'LG +HUPLWH LQYHQW +HUPLWLDQ IRUPV"

)URP DOO DFFRXQWV� IRU LQVWDQFH E\ 9DKOHQ >����� SS� ���±���@ RU 'LFNVRQ >����±�����
YRO� �� S� ���@� IRUPV RI WKLV W\SH ILUVW SXEOLFO\ DSSHDU LQ DQ DUWLFOH DXWKRUHG E\ &KDUOHV
+HUPLWH DQG LW LV WKXV OHJLWLPDWH WR DVN LI +HUPLWH LQGHHG LQYHQWHG +HUPLWLDQ IRUPV� DQG
KRZ�

$W WKH YHU\ EHJLQQLQJ RI WKLV SDSHU �+HUPLWH >����@�� +HUPLWH H[SODLQHG�

2QH NQRZV KRZ HDVLO\ RQH FDQ H[WHQG WKH PRVW IXQGDPHQWDO DULWKPHWL�
FDO FRQFHSWV FRPLQJ IURP UHDO LQWHJHUV WR FRPSOH[ QXPEHUV RI WKH W\SH
a+ b

p
!1� 7KXV� VWDUWLQJ IURP HOHPHQWDU\ SURSRVLWLRQV FRQFHUQLQJ GLYLVL�

ELOLW\� RQH TXLFNO\ UHDFKHV WKRVH GHHSHU DQG PRUH KLGGHQ SURSHUWLHV ZKLFK
UHO\ XSRQ WKH FRQVLGHUDWLRQ RI TXDGUDWLF IRUPV� ZLWKRXW FKDQJLQJ DQ\WKLQJ
HVVHQWLDO LQ WKH SULQFLSOH RI PHWKRGV ZKLFK DUH SURSHU WR UHDO QXPEHUV� ,Q
FHUWDLQ FLUFXPVWDQFHV� KRZHYHU� WKLV H[WHQVLRQ VHHPV WR UHTXLUH QHZ SULQ�
FLSOHV DQG RQH LV OHG WR IROORZ LQ VHYHUDO GLIIHUHQW GLUHFWLRQV WKH DQDORJLHV
EHWZHHQ WKH WZR RUGHUV RI DULWKPHWLFDO FRQVLGHUDWLRQV� :H ZRXOG OLNH WR RI�
IHU DQ H[DPSOH WR ZKLFK ZH KDYH EHHQ OHG ZKLOH VWXG\LQJ WKH UHSUHVHQWDWLRQ
RI D QXPEHU DV D VXP RI IRXU VTXDUHV�

1R UHIHUHQFHV ZHUH SURYLGHG LQ WKLV LQWURGXFWLRQ� EXW WKH DOOXVLRQV VHHP UDWKHU FOHDU�
ERWK WKHQ DQG QRZ� &DUO )ULHGULFK *DXVV� VHDUFKLQJ IRU DQ H[WHQVLRQ WR KLJKHU SRZHUV RI
WKH UHFLSURFLW\ ODZ IRU VTXDUHV WKDW KH KDG SURYHG LQ KLV ���� 'LVTXLVLWLRQHV $ULWKPHWL�
FDH� ODXQFKHG DQ DULWKPHWLFDO VWXG\ RI ZKDW KH FDOOHG ³FRPSOH[ LQWHJHUV´ �QRZ *DXV�
VLDQ LQWHJHUV�� WKDW LV ³FRPSOH[ QXPEHUV RI WKH W\SH a + b

p
!1�´ ZLWK a DQG b RUGLQDU\

LQWHJHUV �*DXVV >���������@�� $PRQJ WKHP KH GHILQHG SULPH FRPSOH[ QXPEHUV DQG
XQLWV� SURYHG WKH IDFWRULVDWLRQ RI WKH ³FRPSOH[ LQWHJHUV´ LQWR D SURGXFW RI WKHVH SULPH
QXPEHUV �XQLTXH XS WR XQLWV DQG WR WKH RUGHU RI WKH IDFWRUV�� VKRZHG KRZ WR H[WHQG
(XFOLGHDQ GLYLVLRQ DQG FRQJUXHQFHV WR WKHVH QXPEHUV� LQ VKRUW� ³WKH HOHPHQWDU\ SURSR�
VLWLRQV ZKLFK FRQFHUQ GLYLVLELOLW\�´ ,Q ����� 3HWHU *XVWDY /HMHXQH 'LULFKOHW EHJDQ WR
VWXG\ ³WKRVH GHHSHU DQG PRUH KLGGHQ SURSHUWLHV ZKLFK UHO\ XSRQ WKH FRQVLGHUDWLRQ RI
TXDGUDWLF IRUPV�´ LQ SDUWLFXODU WKH UHSUHVHQWDWLRQ RI *DXVV¶V ³FRPSOH[ LQWHJHUV´ E\ ZKDW
ZLOO FRPH WR EH NQRZQ DV 'LULFKOHW IRUPV DW WKH HQG RI WKH FHQWXU\� WKDW LV� TXDGUDWLF

�)RU RXU SXUSRVH� VXFK D IRUPZLOO EH VLPSO\ DQ H[SUHVVLRQ RI WKH W\SH
Pn

i;j=1 aij xi xj � ZLWK FRHIILFLHQWV
aij LQ C� VXFK WKDW aji = aij �KHUH� WKH EDU GHVLJQDWHV WKH FRPSOH[ FRQMXJDWLRQ�� LQ SDUWLFXODU� WKH GLDJRQDO
FRHIILFLHQWV aii DUH UHDO QXPEHUV�
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IRUPV f (x; y) = ax2 + 2bxy + cy2� ZKHUH WKH FRHIILFLHQWV a; b; c� DQG HYHQWXDOO\
WKH YDOXHV WDNHQ E\ WKH LQGHWHUPLQDWHV x DQG y� DUH DOVR ³FRPSOH[ LQWHJHUV´ �'LULFKOHW
>����@��

6XFK D GLVFRQWLQXRXV FKURQRORJ\ �����±����±����±����� PLJKW OHDG XV WR WKH WRSLF
RI +HUPLWH¶V SDSHU� EXW ZRXOG QRW EH VXIILFLHQW WR XQGHUVWDQG +HUPLWH¶V EDFNJURXQG RU
SRLQW RI YLHZ� )LUVW RI DOO� *DXVV¶V GLVFXVVLRQ RI KLV FRPSOH[ LQWHJHUV DSSHDUHG LQ /DWLQ
LQ WKH SURFHHGLQJV RI WKH *|WWLQJHQ 6RFLHW\ RI 6FLHQFH� ZLWK OLPLWHG GLVWULEXWLRQ� %XW
DV HDUO\ DV ����� 'LULFKOHW H[SODLQHG *DXVV¶V ZRUN DQG FRPSOHWHG LW LQ ZKDW ZDV DW
WKH WLPH WKH RQO\ LPSRUWDQW MRXUQDO HQWLUHO\ GHYRWHG WR PDWKHPDWLFV� $XJXVW /HRSROG
&UHOOH¶V -RXUQDO I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN� FUHDWHG LQ ����� 'LULFKOHW�
ZKR KDG VSHQW VHYHUDO \HDUV LQ 3DULV� ZDV DQ LPSRUWDQW JR�EHWZHHQ IRU PDWKHPDWLFV� KLV
���� DUWLFOH� ZULWWHQ LQ )UHQFK� ZDV FOHDUO\ DLPHG DW DQ LQWHUQDWLRQDO DXGLHQFH� ,Q WKH
VDPH GHFDGH� KH ZRXOG XVH QHZ WRROV GHYHORSHG E\ DQDO\VWV� LQ SDUWLFXODU )RXULHU VHULHV�
WR FRPSOHWH SURRIV RI *DXVV¶V VWDWHPHQWV DQG UHYLVLW D QXPEHU RI KLV DULWKPHWLFDO UHVXOWV�
VWUHVVLQJ WKHLU OLQNV WR YDULRXV DUHDV RI PDWKHPDWLFV LQ D ZD\ WKDW ZRXOG GUDZ JUHDWHU
DWWHQWLRQ WR WKHP� ,Q ����� IRU LQVWDQFH� D OHWWHU WR -RVHSK /LRXYLOOH� RQ WKH RFFDVLRQ RI D
)UHQFK WUDQVODWLRQ RI RQH RI KLV SDSHUV� DQQRXQFHG WR WKH )UHQFK FRPPXQLW\ KLV FXUUHQW
LQWHUHVW IRU ³H[WHQGLQJ WR TXDGUDWLF IRUPV ZLWK FRPSOH[ FRHIILFLHQWV DQG LQGHWHUPLQDWHV�
WKDW LV� RI WKH IRUP t + u

p
!1� WKH WKHRUHPV ZKLFK RFFXU LQ WKH RUGLQDU\ FDVH RI UHDO

LQWHJHUV� ,I RQH WULHV LQ SDUWLFXODU WR REWDLQ WKH QXPEHU RI GLIIHUHQW TXDGUDWLF IRUPVZKLFK
H[LVW LQ WKLV FDVH IRU D JLYHQ GHWHUPLQDQW� RQH DUULYHV DW WKLV UHPDUNDEOH UHVXOW� WKDW WKH
QXPEHU LQ TXHVWLRQ GHSHQGV RQ WKH GLYLVLRQ RI WKH OHPQLVFDWH� H[DFWO\ DV LQ WKH FDVH RI
UHDO IRUPV ZLWK SRVLWLYH GHWHUPLQDQW� LW LV OLQNHG WR WKH GLYLVLRQ RI WKH FLUFOH´ �'LULFKOHW
>����@�� 7KH OHPQLVFDWH SRLQWHG WR WKH LQWHJUDO

R
dxp
1!x4

DQG WR HOOLSWLF IXQFWLRQV� WKHQ
DW WKH IRUHIURQW RI UHVHDUFK� DQG ZKLFK ZLOO EH VRRQ WKH PDLQ WRSLF RI LQWHUHVW RI WKH
\RXQJ +HUPLWH�

7KHQ� WKH WHQ \HDUV SUHFHGLQJ +HUPLWH¶V ���� SDSHU ZHUH WXUEXOHQW \HDUV IRU FRPSOH[
IXQFWLRQV DQG QXPEHUV� DQG WR D OHVVHU H[WHQW� IRU TXDGUDWLF IRUPV� ,Q D IRRWQRWH RI
KLV ���� SDSHU� 'LULFKOHW DQQRXQFHG� VRPHKRZ RSWLPLVWLFDOO\� WKDW QXPEHUV RI WKH W\SH
t + u

p
a� IRU t DQG u LQWHJHUV DQG a DQ LQWHJHU ZLWKRXW VTXDUH GLYLVRUV� JLYH ULVH WR

WKHRUHPV DQDORJRXV WR WKRVH RQ *DXVVLDQ LQWHJHUV� DQG ZLWK VLPLODU SURRIV� ,Q ����
�ZLWK D )UHQFK WUDQVODWLRQ LQ /LRXYLOOH¶V -RXUQDO GH PDWKpPDWLTXHV SXUHV HW DSSOLTXpHV
WKUHH \HDUV ODWHU�� &DUO -DFRE -DFREL� DJDLQ UHFDOOLQJ *DXVV¶V WKHRU\ RI FRPSOH[ LQWHJHUV�
VKRZHG WKDW D SULPH QXPEHU p = 8n + 1 FDQ EH ZULWWHQ DV D SURGXFW RI IRXU FRPSOH[
QXPEHUV� HDFK RI WKHP D OLQHDU FRPELQDWLRQ ZLWK LQWHJUDO FRHIILFLHQWV RI SRZHUV RI D
JLYHQ 8WK�URRW RI XQLW\� VXFK WKDW WKH WKUHH GHFRPSRVLWLRQV RI p DV x2 + y2� x2 + 2y2

DQG x2!2y2 EH LVVXHG ³IURP D FRPPRQ VRXUFH�´ $QQRXQFLQJ VLPLODU UHVXOWV IRU D SULPH
p = 5n + 1 �DQG 5WK�URRWV RI XQLW\�� EXW ZLWK QR KLQW RI D SURRI� -DFREL SURYLGHG WKH
VSXU IRU GHFLVLYH ZRUN E\ VHYHUDO \RXQJHU PDWKHPDWLFLDQV LQ WKH ����V� 7KHVH LQFOXGHG
*RWWKROG (LVHQVWHLQ¶V DSSURDFK WR FRPSOH[ PXOWLSOLFDWLRQ� DQG (UQVW (GXDUG .XPPHU¶V
WKHRU\ RI LGHDO QXPEHUV �LQ ZKDW ZH FDOO QRZ F\FORWRPLF ULQJV�� .XPPHU¶V GLVSOD\
WKDW XQLTXH IDFWRUL]DWLRQ IDLOHG LQ JHQHUDO FHUWDLQO\ FUXVKHG 'LULFKOHW¶V ���� KRSHV DQG
VKRZHG� DV +HUPLWH SRLQWHG RXW LQ ����� WKDW ³LQ FHUWDLQ FLUFXPVWDQFHV� WKLV H[WHQVLRQ
>RI DULWKPHWLF WR FRPSOH[ QXPEHUV@ VHHPV WR UHTXLUH QHZ SULQFLSOHV�´ ,W DOVR LQFOXGHG
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+HUPLWH¶V RZQ ILUVW UHVHDUFK RQ TXDGUDWLF IRUPV� FRQFHUQLQJ ZKLFK KH ZURWH GLUHFWO\ WR
-DFREL IURP ���� RQ�� 3HUVRQDO UHODWLRQV KHUH UHLQIRUFHG WKH FLUFXODWLRQ RI WKH DUWLFOHV�
+HUPLWH ZDV LQIRUPHG RI .XPPHU¶V DSSURDFK WR WKH DULWKPHWLF RI FRPSOH[ QXPEHUV
E\ WKH PDWKHPDWLFLDQ &DUO :LOKHOP %RUFKDUGW GXULQJ WKH ODWWHU¶V ���� 3DULVLDQ WRXU
DQG KH PHW 'LULFKOHW DQG (LVHQVWHLQ� DPRQJ RWKHUV� GXULQJ KLV RZQ WULS WR %HUOLQ DW WKH
EHJLQQLQJ RI WKH ����V�

+HUPLWH¶V ZRUN RQ IRUPV DURVH DW OHDVW DVPXFK IURP KLV FORVH UHDGLQJ RI -DFREL²WKDW
RQ WKH GHFRPSRVLWLRQ RI SULPHV� EXW DOVR WKDW RQ HOOLSWLF IXQFWLRQV²DV IURP 'LULFKOHW¶V
DUWLFOHV RQ FRPSOH[ QXPEHUV� ,Q KLV OHWWHUV WR -DFREL RQ TXDGUDWLF IRUPV� +HUPLWH >����@
FRQVLGHUHG IRUPV ZLWK DQ\ QXPEHU RI LQGHWHUPLQDWHV DQG UHDO FRHIILFLHQWV �LQVWHDG RI
WKH WZR LQGHWHUPLQDWHV DQG LQWHJUDO FRHIILFLHQWV RI *DXVV¶V 'LVTXLVLWLRQHV�� +LV PDLQ
WKHRUHP ZDV WR HVWDEOLVK WKDW WKHUH H[LVWV D �QRQ�]HUR� YDOXH RI WKH IRUP� ZKHQ HYDOX�
DWHG RQ LQWHJHUV� ZKLFK LV OHVV WKDQ D FHUWDLQ ERXQG� GHSHQGLQJ RQO\ RQ WKH QXPEHU RI
LQGHWHUPLQDWHV DQG RQ WKH GHWHUPLQDQW RI WKH IRUP� EXW QRW RI LWV FRHIILFLHQWV�� 7KDW LV�

/HW f (x0; x1 : : : ; xn) D GHILQLWH SRVLWLYH TXDGUDWLF IRUP ZLWK n + 1 LQGHWHUPLQDWHV�
UHDO FRHIILFLHQWV� DQG GHWHUPLQDQW D� 7KHQ� WKHUH H[LVW n+1 LQWHJHUV ˛� ˇ� : : :� "� VXFK
WKDW

��� 0 < f (˛; ˇ; : : : ; ") <

!
4

3

"n/2
n+1

p
j D j:

$OWKRXJK WKH IRUPXODWLRQ GRHV QRW PDNH LW REYLRXV� WKLV VWDWHPHQW LV FORVHO\ UHODWHG
WR WKH FODVVLILFDWLRQ RI IRUPV� )RU GHILQLWH ELQDU\ IRUPV� f (x; y) = ax2+2bxy + cy2�
ZLWK GHWHUPLQDQW D = ac!b2 DQG LQWHJUDO FRHIILFLHQWV� *DXVV¶V UHGXFWLRQ WKHRU\ VWDWHG
WKDW DPRQJ DOO WKH IRUPV DULWKPHWLFDOO\ HTXLYDOHQW WR D JLYHQ IRUP f �WKDW LV DOO WKH IRUPV
ZKLFK DUH GHULYHG IURP f E\ DQ LQYHUWLEOH OLQHDU WUDQVIRUPDWLRQ RI WKH LQGHWHUPLQDWHV
ZLWK LQWHJUDO FRHIILFLHQWV�� WKHUH H[LVWV RQH� VD\ F � ZKRVH ILUVW FRHIILFLHQW A LV OHVV WKDQ
2
q

jDj
3 � 7KLV FRHIILFLHQW A = F (1; 0) LV D YDOXH RI F � DQG WKXV LW LV DOVR �E\ OLQHDU

WUDQVIRUPDWLRQ� D YDOXH DW VRPH LQWHJHUV RI DOO WKH HTXLYDOHQW IRUPV f � )RU WKHVH IRUPV�
WKLV LV H[DFWO\ +HUPLWH¶V PDLQ WKHRUHP IRU n = 1� +HUPLWH XVHG KLV JHQHUDO VWDWHPHQW
WR SURYH WKDW LI RQH UHVWULFWV RQHVHOI WR IRUPV ZLWK LQWHJUDO FRHIILFLHQWV� WKH QXPEHU
RI FODVVHV RI DULWKPHWLFDOO\ HTXLYDOHQW IRUPV IRU D JLYHQ GHWHUPLQDQW LV ILQLWH� DQG LQ
SDUWLFXODU WKDW� IRU n = 1; 2; : : : ; 6� WKHUH LV RQO\ RQH FODVV RI IRUPV ZLWK j D j= 1�
UHSUHVHQWHG LQ HDFK FDVH E\ WKH VXP RI n VTXDUHV�

&ODVVLILFDWLRQ ZDV D NH\ REMHFWLYH IRU +HUPLWH� ³>7@KH WDVN IRU QXPEHU WKHRU\ DQG
LQWHJUDO FDOFXOXV�´ KH ZURWH WR -DFREL� ³>LV@ WR SHQHWUDWH LQWR WKH QDWXUH RI VXFK D PXOWL�
WXGH RI HQWLWLHV RI UHDVRQ� WR FODVVLI\ WKHP LQWR PXWXDOO\ LUUHGXFLEOH JURXSV� WR FRQVWLWXWH
WKHP DOO LQGLYLGXDOO\ WKURXJK FKDUDFWHULVWLF DQG HOHPHQWDU\ GHILQLWLRQV´ �+HUPLWH >LELG��
S� ���@�� 7KH VWULNLQJ HFKR RI D TXDVL�ERWDQLFDO SURMHFW LQ WKLV TXRWH LV WR EH WDNHQ VH�
ULRXVO\� IRU +HUPLWH DQG VRPH RI KLV FRQWHPSRUDULHV� WKH HPSKDVLV RQ FODVVLILFDWLRQ

�7KLV LV H[SODLQHG LQ PRUH GHWDLO LQ *ROGVWHLQ DQG 6FKDSSDFKHU >����� SS� ��±��@�
�,W ZDV FRPPRQ DW WKH WLPH QRW WR GLVWLQJXLVK H[SOLFLWO\ DPRQJ LQGHWHUPLQDWHV� YDULDEOHV DQG YDOXHV� RU

WR JLYH JHQHUDO VWDWHPHQWV ZLWKRXW D FOHDU OLVW RI H[FHSWLRQV� 0RUHRYHU GLIIHUHQW FRQYHQWLRQV FRH[LVWHG� IRU
LQVWDQFH IRU WKH GHILQLWLRQ DQG WKH VLJQ RI GHWHUPLQDQWV� HWF� )RU UHDVRQV RI VSDFH� DQG DOWKRXJK WKHVH TXHVWLRQV
PD\ EH UHYHDOLQJ DQG KDYH EHHQ WDNHQ LQWR DFFRXQW LQ KLVWRULFDO ZRUN� , VKDOO QRW LQ JHQHUDO GLVFXVV WKHP KHUH�
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GLUHFWO\ FDPH IURP D YLHZ RI PDWKHPDWLFV DV D QDWXUDO VFLHQFH �/r DQG 3DXPLHU >����@��
³&ROOHFWLQJ DQG FODVVLI\LQJ´ ZDV DOVR D YHU\ VWURQJ LQFHQWLYH IRU LQYDULDQW WKHRULVWV OLNH
$UWKXU &D\OH\ �&ULOO\ >����� SS� ���±���@�� DQG LW ZDV QRW OLPLWHG WR WKHP� QRU WR WKH
����V� LQ ����� VWLOO� /HR .|QLJVEHUJHU ZURWH IRU LQVWDQFH� ³,W VHHPV WR PH WKDW WKH PDLQ
WDVN QRZ MXVW DV IRU GHVFULSWLYH QDWXUDO KLVWRU\ FRQVLVWV LQ JDWKHULQJ DV PXFK PDWHULDO DV
SRVVLEOH DQG LQ GLVFRYHULQJ SULQFLSOH E\ FODVVLI\LQJ DQG GHVFULELQJ WKLV PDWHULDO´ �)LOH
+�������� 6WDDWVELEOLRWKHN ]X %HUOLQ� +DQGVFKULIWHQDEWHLOXQJ��

+HUPLWH¶V PDLQ WKHRUHP ZDV TXLWH YHUVDWLOH� ZLWK LW� IRU LQVWDQFH� +HUPLWH VLPXOWDQH�
RXVO\ VKRZHG KRZ WR DSSUR[LPDWH UHDO QXPEHUV E\ UDWLRQDOV DQG SURYHG WZR VWDWHPHQWV
OHIW XQSURYHG E\ -DFREL� WKDW WKHUH LV QR FRPSOH[ IXQFWLRQ RI RQH YDULDEOH ZLWK WKUHH LQ�
GHSHQGHQW SHULRGV DQG� DV DQQRXQFHG DERYH� WKDW SULPH QXPEHUV RI WKH IRUP p = 5n+1
FDQ EH GHFRPSRVHG LQWR D SURGXFW RI � OLQHDU FRPELQDWLRQV ZLWK LQWHJUDO FRHIILFLHQWV RI
SRZHUV RI D ILIWK URRW RI �� &KDUDFWHULVWLFDOO\� WKH XQLW\ RI PDWKHPDWLFV LV KHUH IRXQG
LQ WKH EULGJHV EHWZHHQ DQDO\VLV� DOJHEUD DQG DULWKPHWLF� ,Q HDFK FDVH� WKH ZKROH SRLQW
LV WR FKRRVH FRUUHFWO\ D TXDGUDWLF IRUP �RU VRPHWLPHV D FRQWLQXRXV IDPLO\ RI WKHP� WR
HQFDSVXODWH WKH SKHQRPHQRQ XQGHU VFUXWLQ\ DQG WR FRPELQH LQHTXDOLWLHV SURYLGHG E\
WKH WKHRUHP ZLWK LQWHJUDOLW\ SURSHUWLHV�

+HUPLWH DOVR DGDSWHG WKLV FRQVWUXFWLRQ WR GLVFXVV WKH GLYLVRUV RI IRUPV RI WKH W\SH
x2 + Ay2� DQG WKHQ� LQ ����� WRRN WKH QDWXUDO VWHS RI WHVWLQJ LW RQ WKH IDPRXV WKHRUHP
WKDW HYHU\ LQWHJHU LV WKH VXP RI IRXU VTXDUHV�

/HW A EH D QRQ�]HUR LQWHJHU �ZLWKRXW ORVV RI JHQHUDOLW\� RQH PD\ DVVXPH WKDW � GRHV
QRW GLYLGH A�� $V D SUHOLPLQDU\ VWHS� +HUPLWH ILUVW VKRZHG KRZ WR ILQG LQWHJHUV ˛ DQG
ˇ VXFK WKDW ˛2 + ˇ2 # !1 PRG (A)�

+H WKHQ LQWURGXFHG WKH TXDGUDWLF IRUP ZLWK � YDULDEOHV�

f (x; y; z; u) = (Ax + ˛z + ˇu)2 + (Ay ! ˇz + ˛u)2 + z2 + u2;

ZLWK GHWHUPLQDQW A4� :KHQ x� y� z� u DUH LQWHJHUV� WKH YDOXH f (x; y; z; u) LV DOVR DQ
LQWHJHU DQG� WKDQNV WR WKH FKRLFH RI ˛ DQG ˇ� LW LV GLYLVLEOH E\ A� 2Q WKH RWKHU KDQG�
+HUPLWH¶V PDLQ WKHRUHP VWDWHV WKDW WKHUH H[LVW LQWHJHUV x; y; z; u VXFK WKDW
0 < f (x; y; z; t) < ( 43 )

3
2

4
p

A4� WKDW LV� 0 < f (x; y; z; u) < 1:54A� 7KH RQO\ SRV�
VLELOLW\ LV WKDW f (x; y; z; u) = A� ZKLFK H[SUHVVHV A DV D VXP RI � VTXDUHV�

+RZHYHU� ZLWK FODVVLILFDWLRQ LQ PLQG� +HUPLWH GHFLGHG WR UHIRUPXODWH WKLV SURRI� LQ�
VWHDG RI f � KH FRQVLGHUHG 1

A f �WKH GHWHUPLQDQW RI ZKLFK LV WKHQ ��� ,W FDQ EH ZULWWHQ�
ZKHQ UHDUUDQJLQJ WHUPV� DV

���
1

A
f (x; y; z; u) = A(x2 + y2) + 2˛(zx + yu) + 2ˇ(xu ! zy)

+
˛2 + ˇ2 + 1

A
(z2 + u2):

$V VDLG DERYH� +HUPLWH KDG DOUHDG\ SURYHG WKDW� XS WR DULWKPHWLF HTXLYDOHQFH� WKHUH
LV RQO\ RQH TXDWHUQDU\ TXDGUDWLF IRUP RI GHWHUPLQDQW � ZLWK LQWHJUDO FRHIILFLHQWV� WKH
IRUP X2 + Y 2 + Z2 + U 2� 7KDW LV� WKHUH H[LVW LQWHJHUV m; m0; : : : ; n; n0; : : : VXFK WKDW
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WKH FKDQJH RI YDULDEOHV

X = mx + m0y + m00z + m000u

Y = nx + n0y + n00z + n000u

Z = px + p0y + p00z + p000u

U = qx + q0y + q00z + q000u

WUDQVIRUPV X2 + Y 2 +Z2 +U 2 LQWR WKH IRUP 1
A f � %\ LGHQWLILFDWLRQ RI WKH WHUP LQ x2�

IRU LQVWDQFH� RQH REWDLQV A = m2 + n2 + p2 + q2� DV GHVLUHG�
9LHZLQJ PDWKHPDWLFV DV D QDWXUDO VFLHQFH DOVR HQWDLOHG WKH KLJKOLJKWLQJ RI VSHFLILF

SUDFWLFHV� ³>0\ RZQ ZRUN@ ZRXOG YHU\ VWULNLQJO\ LOOXVWUDWH KRZ PXFK REVHUYDWLRQ� GLY�
LQDWLRQ� LQGXFWLRQ� H[SHULPHQWDO WULDO� DQG YHULILFDWLRQ� FDXVDWLRQ� WRR >«@ KDYH WR GR
ZLWK WKH ZRUN RI WKH PDWKHPDWLFLDQ�´ FODLPHG -DPHV -RVHSK 6\OYHVWHU DW WKH %ULWLVK $V�
VRFLDWLRQ IRU WKH $GYDQFHPHQW RI 6FLHQFH LQ ���� �3DUVKDOO >����@� DQG+HUPLWH KLPVHOI
UHSHDWHG VHYHUDO WLPHV WKDW ³WKH PRVW DEVWUDFW DQDO\VLV LV IRU WKH PRVW SDUW DQ REVHUYD�
WLRQDO VFLHQFH´ �*ROGVWHLQ >����� S� ���@�� 2EVHUYHG FDUHIXOO\� WKH YHU\ VKDSH RI WKH
IRUP 1

A f (x; y; z; u) �HTXDWLRQ �� VXJJHVWV ³FRPSOH[ QXPEHUV�´ $W WKLV VWDJH� LQGHHG�
+HUPLWH LQWURGXFHG D QHZ VHW RI LQGHWHUPLQDWHV�

v = x +
p

!1y V = X +
p

!1Y

v0 = x !
p

!1y V0 = X !
p

!1Y

w = z +
p

!1u W = Z +
p

!1U

w0 = z !
p

!1u W0 = Z !
p

!1U

DQG UHVWULFWHG WKH W\SH RI OLQHDU WUDQVIRUPDWLRQV WR EH WDNHQ LQWR DFFRXQW�

2QH FDQ GLVWLQJXLVK DPRQJ DOO UHDO WUDQVIRUPDWLRQV EHWZHHQ WKH WZR JURXSV
RI YDULDEOHV x; y; z; u RQ RQH KDQG� DQGX; Y; Z; U RQ WKH RWKHU� WKRVHZKLFK
FDQ EH H[SUHVVHG DV�

v = aV + bW

v0 = a0V0 + b0W0

w = cV + dW

v0 = c0V0 + d0W0

ZKHUH a; b; c; d DUH DUELWUDU\ LPDJLQDU\ QXPEHUV DQG a0; b0; c0; d0 WKHLU
FRQMXJDWHV� 7KXV RQH REWDLQV D SHUIHFWO\ GHILQHG FODVV RI UHDO WUDQVIRUPD�
WLRQV�

,Q D PRGHUQLVHG PDWUL[ QRWDWLRQ� WKHVH WUDQVIRUPDWLRQV FDQ EH H[SUHVVHG DV VSHFLDO
WUDQVIRUPDWLRQV ZLWK � UHDO YDULDEOHV�0

BB@
x

y

z

u

1
CCA =

0
BB@
5H (a) ! ,P (a) 5H (b) ! ,P (b)
,P (a) 5H (a) ,P (b) 5H (b)
5H (c) ! ,P (c) 5H (d ) ! ,P (d )
,P (c) 5H (c) ,P (d ) 5H (d )

1
CCA

0
BB@

X

Y

Z

U

1
CCA :
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7KHVH WUDQVIRUPDWLRQV� LQ WXUQ� SUHVHUYH VSHFLILF TXDGUDWLF IRUPV WKDW +HUPLWH LQWUR�
GXFHG DW WKLV SRLQW �WKRVH ZH QRZ FDOO +HUPLWLDQ IRUPV��

��� f (v; w) = Avv0 + Bvw0 + B0wv0 + C ww0

ZKHUH A HW C DUH UHDO QXPEHUV� DQG B D FRPSOH[ QXPEHU �B0 LWV FRPSOH[ FRQMXJDWH��
,I RQH UHSODFHV WKH FRPSOH[ YDULDEOHV v DQG w E\ WKHLU UHDO DQG LPDJLQDU\ SDUWV� WKDW

LV E\ UHDO YDULDEOHV� RQH ILQGV�

f (x; y; z; u) = A(x2 + y2)+ 25H(B)(zx + yu)+ 2 ,P(B)(xu ! zy)+C (z2 +u2);

RI ZKLFK WKH IRUP ��� XVHG WR SURYH WKH WKHRUHP RI IRXU VTXDUHV LV LQGHHG D SURWRW\SH�
,Q +HUPLWH¶V WHUPV�

&RQVLGHUHG ZLWK UHVSHFW WR WKH RULJLQDO YDULDEOHV x; y; z; u� WKHVH IRUPV DUH
HQWLUHO\ UHDO� EXW WKHLU VWXG\� ZLWK UHVSHFW WR WKH WUDQVIRUPDWLRQV ZH KDYH GH�
ILQHG SUHYLRXVO\� HVVHQWLDOO\ UHOLHV XSRQ WKH XVH RI FRPSOH[ QXPEHUV� 2QH
LV WKHQ OHG WR DWWULEXWH WR WKHP D PRGH RI H[LVWHQFH VLQJXODUO\ DQDORJRXV WR
WKDW RI ELQDU\ TXDGUDWLF IRUPV� DOWKRXJK WKH\ HVVHQWLDOO\ FRQWDLQ IRXU LQGH�
WHUPLQDWHV �+HUPLWH >����� S� ���@��

0RUHRYHU� LI WKH OLQHDU WUDQVIRUPDWLRQV SUHYLRXVO\ FRQVLGHUHG KDYH D GHWHUPLQDQW RI
FRPSOH[ QRUP �� WKH\ OHDYH LQYDULDQW WKH TXDQWLW\ ∆ = BB0 ! AC � ZKLFK SOD\V WKH
UROH RI WKH GHWHUPLQDQW IRU WKH IRUP ���� +HUPLWH WKHQ XQGHUWRRN D FODVVLILFDWLRQ RI WKHVH
IRUPV�

7ZR LPSRUWDQW IHDWXUHV VKRXOG EH XQGHUOLQHG KHUH� 7KH ILUVW RQH LV WKH FHQWUDO UROH
SOD\HG E\ WKH OLQHDU WUDQVIRUPDWLRQV� DV NH\ WRROV IRU FODVVLILFDWLRQV� WKLV LV WKH UHVWULF�
WLRQ RQ WKHVH WUDQVIRUPDWLRQV WKDW GHILQHG WKH QHZ W\SH RI IRUPV� ,Q VHYHUDO PHPRLUV
DURXQG ����� +HUPLWH DQG VRPH RI KLV FRQWHPSRUDULHV� &D\OH\� %RUFKDUGW� (LVHQVWHLQ�
2WWR +HVVH� IRU LQVWDQFH� GHVFULEHG VHYHUDO W\SHV RI HTXLYDOHQFH DPRQJ IRUPV� GHSHQG�
LQJ RQ WKH WUDQVIRUPDWLRQV ZKLFK ZHUH WDNHQ LQWR DFFRXQW� HLWKHU WKH\ ORRNHG IRU WUDQV�
IRUPDWLRQV NHHSLQJ D JLYHQ IRUP RU IXQFWLRQ LQYDULDQW� RU� IL[LQJ D JURXS RI WUDQVIRUPD�
WLRQV� WKH\ VWXGLHG WKH IRUPVZKLFK DUH OHIW LQYDULDQW E\ WKHP� 7KH FODVVLILFDWLRQ RI IRUPV
ZLWK UHDO FRHIILFLHQWV �WKURXJK OLQHDU WUDQVIRUPDWLRQV ZLWK UHDO FRHIILFLHQWV�� ZKLFK OHG
WR WKH QRWLRQ RI VLJQDWXUH� EHORQJHG WR WKH VDPH SURJUDPPH� ,Q ����� LQ D VWXG\ RQ WKH
WUDQVIRUPDWLRQV RI $EHOLDQ IXQFWLRQV ZLWK � YDULDEOHV �PRUH SUHFLVHO\ RI WKHLU SHULRGV��
+HUPLWH DJDLQ LQWURGXFHG RWKHU ³SDUWLFXODU IRUPV ZLWK � LQGHWHUPLQDWHV� ZKHUH RQH GRHV
QRW XVH DV DQDO\WLFDO WRRO WKH PRVW JHQHUDO WUDQVIRUPDWLRQV DPRQJ � YDULDEOHV� EXW SDU�
WLFXODU WUDQVIRUPDWLRQV«ZKLFK UHSURGXFH DQDORJRXV IRUPV´ �+HUPLWH >����E� S� ���@��
7KHVH IRUPV DQG WUDQVIRUPDWLRQV ZRXOG EH RQH RI WKH RULJLQV RI WKH V\PSOHFWLF IRUPV
DQG JURXS �%URX]HW >����@��

7KLV SRLQW RI YLHZ� FKDQJLQJ WKH JURXS RI WUDQVIRUPDWLRQV RSHUDWLQJ RQ WKH YDULDEOHV
LQ RUGHU WR GHOLQHDWH ZKLFK W\SH RI IRUPV RU IXQFWLRQV ZLOO EH VWXGLHG� ZDV DW WKH WLPH
WLJKWO\ OLQNHG WR LQYDULDQW WKHRU\ �3DUVKDOO >����@� DQG LWV DSSOLFDWLRQV ZHUH YDULHG� ,W LV
LQ WKH FRQWH[W RI 6WXUP¶V WKHRUHP RQ WKH QXPEHU RI URRWV RI DQ DOJHEUDLF HTXDWLRQ WKDW
EHORQJ WR D JLYHQ GRPDLQ WKDW +HUPLWH JHQHUDOLVHG KLV ���� FRQVWUXFWLRQ WR TXDGUDWLF
IRUPV ZLWK 2n ³SDLUZLVH FRQMXJDWH´ LQGHWHUPLQDWHV �DJDLQ WKH LQGH[ � GHVLJQDWHV WKH
FRPSOH[ FRQMXJDWLRQ��
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f (x1; x2; : : : ; xn; x1;0; : : : ; xn;0) =
X
i;j

ai;j xi xj;0;

ZLWK ai;j DQG aj;i FRPSOH[ FRQMXJDWHV �WKXV ai;i UHDO QXPEHUV� �+HUPLWH >����D� ����@��
KH FDOOHG WKHP VLPSO\ ³TXDGUDWLF IRUPV ZLWK FRQMXJDWH LPDJLQDU\ LQGHWHUPLQDWHV�´

7KH VHFRQG IHDWXUH ZRUWK VWUHVVLQJ FRQFHUQV WKH ZD\ PDWKHPDWLFDO REMHFWV DUH LQ�
WURGXFHG� +HUPLWH¶V ³IRUPV ZLWK FRQMXJDWH LPDJLQDU\ LQGHWHUPLQDWHV´ ZHUH IRU KLP
TXDGUDWLF IRUPV RI D VSHFLILF W\SH� QRW D QHZ W\SH RI REMHFWV GHILQHG LQ DQ DG KRF ZD\� RU
E\ VLPSOH DQDORJ\� WR DFFRPPRGDWH FRPSOH[ QXPEHUV� 7KH\ DUH GLVWLQJXLVKHG DPRQJ
D ODUJHU IDPLO\ RI ZHOO�NQRZQ REMHFWV EHFDXVH RI WKHLU VSHFLDO SURSHUWLHV �KHUH WKHLU VWD�
ELOLW\ XQGHU D FHUWDLQ JURXS RI WUDQVIRUPDWLRQV�� DV D QHZ VSHFLHV FRXOG KDYH EHHQ� ,Q
+HUPLWH¶V YLHZ� FRKHUHQW ZLWK WKDW RI PDWKHPDWLFV DV D QDWXUDO VFLHQFH� PDWKHPDWLFLDQV
GR QRW� VKRXOG QRW� FUHDWH WKHLU REMHFWV� WKH\ ³PHHW WKHP RU GLVFRYHU WKHP DQG VWXG\
WKHP� OLNH SK\VLFLVWV� FKHPLVWV DQG ]RRORJLVWV´ �+HUPLWH DQG 6WLHOWMHV >����� YRO� �� S�
���@�� +HUPLWH¶V NH\ UROH LQ D KLVWRU\ RI +HUPLWLDQ IRUPV FDQQRW EH GRXEWHG� EXW LWV
GHVFULSWLRQ LV WKXV GHOLFDWH� %HVLGHV WKH SUREOHPV UDLVHG E\ WKH ZRUG ³LQYHQWLRQ´ LQ WKLV
SDUWLFXODU FRQWH[W� DQRWKHU LVVXH LV GLUHFWO\ FRQQHFWHG WR RXU PDLQ SRLQW� WKDW RI VDPH�
QHVV� $OIUHG &OHEVFK LQ ���� DQG ���� �&OHEVFK >����� ����@�� (OZLQ %UXQR &KULVWRIIHO
D ELW ODWHU �&KULVWRIIHO >����@� DOVR LQWURGXFHG� LQ FRPSOHWHO\ GLIIHUHQW FRQWH[WV� PDWKH�
PDWLFDO REMHFWV FORVH WR +HUPLWH¶V RQH� &OHEVFK VWXGLHG VTXDUH PDWULFHV ZLWK FRPSOH[
HQWULHV� VXFK WKDW HQWULHV V\PPHWULF ZLWK UHVSHFW WR WKH GLDJRQDO DUH FRPSOH[ FRQMXJDWHV
�WKDW LV� QRZ� +HUPLWLDQ PDWULFHV�� &KULVWRIIHO FRQVLGHUHG ELOLQHDU IRUPV RQ WZR VHWV RI
LQGHWHUPLQDWHV� # =

P
[gh]ugvh DQG WKHLU YDOXHV ZKHQ ug DQG vg DUH VHW WR EH FRPSOH[

FRQMXJDWH QXPEHUV� XQGHU WKH DVVXPSWLRQ WKDW WKH FRHIILFLHQWV [gh] DQG [hg] DUH FRPSOH[
FRQMXJDWHV� %RWK UHIHUUHG WR +HUPLWH¶V ���� DUWLFOH �RQO\ DV DQ DIWHUWKRXJKW� LQ �����
IRU &OHEVFK� IRU VSHFLILF UHVXOWV� EXW QRQH LGHQWLILHG KLV RZQ FRQVWUXFWLRQ WR +HUPLWH¶V
RQH QRU JDYH DQ\ VSHFLDO QDPH WR LW� 7KHVH YDULRXV SRLQWV RI YLHZ RQ +HUPLWLDQ IRUPV
ZLOO EH XQLILHG PXFK ODWHU LQ WKH FHQWXU\�

7KH FRQILJXUDWLRQ DERXW WKH DSSHDUDQFH RI +HUPLWLDQ IRUPV , KDYH EULHIO\ VNHWFKHG
WKXV LQFOXGHV ORFDO LQFHQWLYHV� D VHULHV RI VSHFLILF PDWKHPDWLFDO WKHPHV� D FROOHFWLRQ RI
REMHFWV DQG WKH GLVFLSOLQDU\ WRROV DYDLODEOH WR VWXG\ WKHP �KHUH IRU LQVWDQFH WKH UHGXFWLRQ
WKHRU\ RI IRUPV�� WKH VWDWH RI WKH DUW RQ FHUWDLQ WRSLFV �IRU LQVWDQFH FRPSOH[ QXPEHUV��
EXW DOVR KHUH D QHZ HPSKDVLV RQ OLQHDU WUDQVIRUPDWLRQV DQG D PDWKHPDWLFDO ZRUOG�YLHZ
ZLWK DQ LPSDFW RQ WKH SUDFWLFH RI PDWKHPDWLFV DQG KRZ DQ HQWLW\ LV FRQVWUXFWHG DQG DF�
FHSWHG� 1RQH RI WKHVH FRPSRQHQWV LV SURSHU WR +HUPLWH DORQH� HYHQ LI WKHLU FRRUGLQDWLRQ
PD\ EH� DQG WKH\ ZRXOG UHTXLUH WR EH VWXGLHG DV FROOHFWLYH SKHQRPHQD� 6RPH RI WKHVH
FRPSRQHQWV ZLOO HYROYH VHSDUDWHO\ DQG DW GLIIHUHQW UDWHV� ORVLQJ WKHLU FRQQHFWLRQV ZLWK
WKH GHYHORSPHQW RI RXU IRUPV ³ZLWK FRQMXJDWH LPDJLQDU\ LQGHWHUPLQDWHV�´

7UDFLQJ� RQ WKH RWKHU KDQG� WKH IDWH RI WKLV SDUWLFXODU W\SH RI IRUPV LV QRW REYLRXV�
,Q ����� IRU LQVWDQFH� &D\OH\ GLVFXVVHG ³+HUPLWLDQ PDWULFHV´ DQG DVVRFLDWHG IRUPV� EXW
WKH\ ZHUH WKRVH DWWDFKHG WR WKH WUDQVIRUPDWLRQ RI $EHOLDQ IXQFWLRQV� QRW ³RXU´ IRUPV
DQG WUDQVIRUPDWLRQV �&D\OH\ >����@�� 7KH YDULHW\ RI QDPHV RU RI QRWDWLRQV �IRU FRPSOH[
FRQMXJDWLRQ� LQ SDUWLFXODU� DOVR IRUELGV XV WR XVH VLPSOH FULWHULD RU YLVXDO GLVSOD\�

$ WHFKQLTXH ZKLFK KDV UHFHQWO\ GHPRQVWUDWHG LWV HIIHFWLYHQHVV IRU RWKHU WRSLFV �*ROG�
VWHLQ >����@� %UHFKHQPDFKHU >����@� DQG 5RTXH >����@� LV ILUVW WR V\VWHPDWLVH WKH VHDUFK



��� &$7+(5,1( *2/'67(,1

IRU UHOHYDQW ZULWLQJV LQ UHYLHZ MRXUQDOV �VXFK DV WKH -DKUEXFK �EHU GLH )RUWVFKULWWH GHU
0DWKHPDWLN�� WKHQ WR UHFRQVWUXFW WKHLU RZQ QHWZRUNV RI UHIHUHQFHV LQ RUGHU WR WUDFN GRZQ
KRZ +HUPLWLDQ IRUPV FLUFXODWHG DIWHU ����� 7KDPRXV� DQ HOHFWURQLF WRRO GHYHORSHG E\
$ODLQ +HUUHPDQ IRU FROODERUDWLYHO\ FRQVWUXFWLQJ UHODWLRQDO GDWDEDVHV� ZDV XVHG KHUH H[�
WHQVLYHO\ WR UHJLVWHU FURVV�UHIHUHQFHV DQG RWKHU OLQNV EHWZHHQ DUWLFOHV DQG WR RUJDQLVH
WKH FRUSXV� )RU UHDVRQV RI VSDFH� DQG ZLWK D YLHZ WR WKH ORQJ�WHUP TXHVWLRQ� , VKDOO RQO\
EULHIO\ UHSRUW RQ VRPH RI WKH FRQILJXUDWLRQV LQ ZKLFK RXU IRUPV RFFXU EHIRUH WKH )LUVW
:RUOG :DU�

� 3LFDUG¶V DQG %LDQFKL¶V JURXSV

%RWK ePLOH 3LFDUG DQG /XLJL %LDQFKL ZHUH ERUQ LQ ����� DW PRUH RU OHVV WKH VDPH WLPH
DV +HUPLWLDQ IRUPV� $QG ERWK ZRXOG EH LQVWUXPHQWDO LQ EULQJLQJ WKHP EDFN FHQWHU�
VWDJH� WKLV WLPH ZLWK D JURXS�WKHRUHWLFDO DQG JHRPHWULFDO DSSDUDWXV� $OWKRXJK VRPH RI
WKHLU UHVXOWV DUH YHU\ FORVH �HYHQ OHDGLQJ WR VRPH WHQVLRQV�� WKHLU EDFNJURXQGV DUH TXLWH
GLIIHUHQW� 3LFDUG LV EHVW NQRZQ IRU KLV ZRUN RQ FRPSOH[ DQDO\VLV DQG LWV DSSOLFDWLRQ
WR DOJHEUDLF VXUIDFHV �+RX]HO >����� S� ���@� DQG� PRUH JHQHUDOO\� IRU H[WHQGLQJ WR GL�
PHQVLRQ � D QXPEHU RI UHVXOWV ILUVW HVWDEOLVKHG LQ GLPHQVLRQ �� $W WKH EHJLQQLQJ RI WKH
����V� IRU LQVWDQFH� KH SURYHG� LQ SDUDOOHO ZLWK WKH ��GLPHQVLRQDO FDVH� WKDW RI WKH HO�
OLSWLF FXUYH� WKDW VXUIDFHV ZKLFK FDQ EH SDUDPHWULVHG E\ $EHOLDQ IXQFWLRQV KDYH �XQGHU
VRPH UHVWULFWLRQV RQ WKHLU VLQJXODULWLHV� D JHRPHWULF JHQXV pg $ 1 �3LFDUG >����@��

%XW DW WKH YHU\ VDPH WLPH DQG LQ FORVH SUR[LPLW\� D JUHDW HQWHUSULVH ZDV XQGHUZD\�
+HQUL 3RLQFDUp KDG MXVW GHYHORSHG KLV WKHRU\ RI ³)XFKVLDQ´ DQG ³.OHLQLDQ´ IXQFWLRQV
�QRZ ERWK FRQVLGHUHG SDUWLFXODU FDVHV RI DXWRPRUSKLF IXQFWLRQV�� WKDW LV� PHURPRUSKLF
IXQFWLRQV RI RQH FRPSOH[ YDULDEOH z LQVLGH D FHUWDLQ GLVN VXFK WKDW

��� f

!
az + b

cz + d

"
= f (z);

ZKHUH WKH 0RHELXV WUDQVIRUPDWLRQV z ! az+b
cz+d EHORQJ WR D GLVFRQWLQXRXV JURXS RI LQ�

YHUWLEOH WUDQVIRUPDWLRQV� WKH JURXSV DQG WKH IXQFWLRQV ZHUH ³)XFKVLDQ´ IRU 3RLQFDUp
ZKHQ WKH FRHIILFLHQWV a; b; c; d DUH UHDO� 3RLQFDUp KDG LQWHUSUHWHG WKH 0RHELXV WUDQV�
IRUPDWLRQV RQ WKH XQLW GLVN �RU HTXLYDOHQWO\ RQ WKH XSSHU KDOI SODQH� DV LVRPHWULHV LQ
D QRQ�(XFOLGHDQ� K\SHUEROLF� JHRPHWU\ DQG KH KDG FRQVWUXFWHG IXQGDPHQWDO GRPDLQV
IRU WKH )XFKVLDQ JURXSV� +H KDG DOVR VKRZQ� JLYHQ D )XFKVLDQ JURXS� KRZ WR FRQVWUXFW
)XFKVLDQ IXQFWLRQV LQYDULDQW XQGHU WKH JURXS DQG KRZ WR FRQQHFW WKHP WR WKH VROXWLRQ
RI GLIIHUHQWLDO HTXDWLRQV �*UD\ >����@��

3LFDUG ZDV DW ILUVW LQ VHDUFK RI D ILUVW� DQDORJRXV� H[DPSOH ZLWK WZR YDULDEOHV� )RU
WKLV KH LQWURGXFHG WKH IDPLO\ RI FXUYHV RI HTXDWLRQ z3 = t(t ! 1)(t ! x)(t ! y)� ZLWK
x DQG y WZR UHDO SDUDPHWHUV� DQG KH VWXGLHG WKH SHULRGV RI

R
z!1dt �3LFDUG >����D@��

7KHVH SHULRGV� DV IXQFWLRQV RI x DQG y� VDWLVI\ D V\VWHP RI SDUWLDO GLIIHUHQWLDO HTXDWLRQV�
ZKLFK DGPLWV D EDVLV RI WKUHH LQGHSHQGHQW VROXWLRQV A1; A2; A3� 7KH IXQFWLRQV u = A2

A1

DQG v = A3

A1
RI WKH WZR YDULDEOHV x DQG y FDQ EH LQYHUWHG� SURYLGLQJ 3LFDUG ZLWK ZKDW

KH ZDV ORRNLQJ IRU� WZR XQLIRUP IXQFWLRQV RI WKH WZR YDULDEOHV u; v� GHILQHG RQ WKH
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GRPDLQ 25H(v) + 5Hu2 + ,P(u)2 < 0� +H DOVR FRPSXWHG D JURXS RI OLQHDU WUDQVIRU�
PDWLRQV XQGHU ZKLFK KLV IXQFWLRQV ZRXOG UHPDLQ LQYDULDQW� %XW� DV KH H[SODLQHG ODWHU�
LQ RUGHU WR REWDLQ PRUH WKDQ WKLV RQH LVRODWHG H[DPSOH� ³WKH WKRXJKW RI D UHFRXUVH WR
WHUQDU\ TXDGUDWLF IRUPV ZLWK FRQMXJDWH LQGHWHUPLQDWHV VKRZHG >KLP@ WKH ZD\ RXW´ �3L�
FDUG >����� S� ��@��

$ WHUQDU\ IRUP ZLWK FRQMXJDWH LQGHWHUPLQDWHV� DQDORJRXV WR ����

��� f (x; y; z; x0; y0; z0) = axx0 + a0yy0 + a00zz0 + byz0 + b0y0z

+ b0zx0 + b0
0z0x + b00xy0 + b00

0x0y

ZLWK UHDO FRHIILFLHQWV a; a0; a00� DQG WKH LQGH[ 0 GHVLJQDWLQJ WKH FRPSOH[ FRQMXJDWLRQ� DV
IRU +HUPLWH� EHFRPHV EHFRPHV HLWKHU ˙(xx0 + yy0 + zz0) RU ˙(xx0 + yy0 ! zz0) E\
DQ DGHTXDWH OLQHDU WUDQVIRUPDWLRQ RI WKH LQGHWHUPLQDWHV� 7KH ILUVW FDVH FRUUHVSRQGV WR
GHILQLWH IRUPV� WKH VHFRQG WR LQGHILQLWH IRUPV� ,Q WKH ��GLPHQVLRQDO �UHDO� VSDFH GHILQHG
E\ WKH WZR FRPSOH[ YDULDEOHV u = x

z ; v = y
z � WKH HTXDWLRQ f = 0 UHSUHVHQWV D ��

GLPHQVLRQDO �UHDO� K\SHUVXUIDFH �IRU LQVWDQFH� WKH IRUP xx0+yy0 ! zz0 FRUUHVSRQGV WR
WKH K\SHUVSKHUH uu0+vv0 = 1�� 3LFDUG WKHQ UHVWULFWHG WKH FRHIILFLHQWV RI WKH IRUP WR EH
³FRPSOH[ LQWHJHUV´ � DQG VWXGLHG WKH OLQHDU WUDQVIRUPDWLRQV OHDYLQJ WKH IRUP LQYDULDQW
RU� PRUH SUHFLVHO\� WKHLU QRQ�KRPRJHQHRXV YHUVLRQV RSHUDWLQJ RQ u DQG v� ,I WKH IRUP
LV GHILQLWH� WKH JURXS WKDW RQH REWDLQV LV ILQLWH� EXW 3LFDUG¶V KRSH ZDV WR XVH WKH JURXSV
REWDLQHG LQ WKH LQGHILQLWH FDVH DV DQDORJXHV RI )XFKVLDQ JURXSV� +H KDG ILUVW WR MXVWLI\
WKHLU H[LVWHQFH DQG PDLQ SURSHUWLHV �3LFDUG >����E@��

7KLV ZDV GRQH E\ VKRZLQJ KRZ WKH LQWHULRU RI WKH K\SHUVXUIDFH f = 0 FDQ EH FXW
LQWR D WHVVHOODWLRQ RI SRO\KHGUD� WUDQVIRUPHG RQH IURP DQRWKHU E\ DQ LQILQLWH GLVFRQWLQ�
XRXV JURXS� 7KH SURFHGXUH FRUUHVSRQGHG JHRPHWULFDOO\ WR +HUPLWH¶V VR�FDOOHG FRQWLQ�
XRXV UHGXFWLRQ SURFHVV IRU TXDGUDWLF IRUPV� 3LFDUG DVVRFLDWHG WR WKH LQGHILQLWH IRUP D
��SDUDPHWHU IDPLO\ RI GHILQLWH IRUPV� IRU ZKLFK D ZHOO�NQRZQ WKHRU\ RI UHGXFWLRQ H[�
LVWHG DQG FRXOG EH H[SUHVVHG DV LQ WKH FODVVLFDO ELQDU\ FDVH E\ FRQGLWLRQV RI LQHTXDOLWLHV
RQ WKH FRHIILFLHQWV RI WKH IRUPV� 7R HDFK FKRLFH RI WKH SDUDPHWHUV� WKDW LV� WR HDFK GHIL�
QLWH IRUP LQ WKH IDPLO\� 3LFDUG FRXOG DVVRFLDWH LQ D ��GLPHQVLRQDO VSDFH D SRLQW� ZKLFK
EHORQJV WR D VSHFLILF GRPDLQ� WKLV GRPDLQ LV D IXQGDPHQWDO SRO\KHGURQ GHILQHG E\ WKH
LQHTXDOLWLHV RI WKH UHGXFWLRQ WKHRU\� H[DFWO\ LI WKH IRUP LV UHGXFHG� %\ FKDQJLQJ WKH
SDUDPHWHUV FRQWLQXRXVO\� WKH DVVRFLDWHG GHILQLWH IRUP PD\ FHDVH WR EH UHGXFHG� EXW� DV
LQ WKH ELQDU\ FODVVLFDO FDVH� FDQ EH WUDQVIRUPHG LQWR DQ HTXLYDOHQW UHGXFHG IRUP E\ D
OLQHDU WUDQVIRUPDWLRQ� DQG FRUUHVSRQGLQJO\ WKH SRLQW DVVRFLDWHG WR LW LV WUDQVIRUPHG LQWR
D SRLQW LQ WKH IXQGDPHQWDO SRO\KHGURQ� 7KH LQLWLDO WHUQDU\ LQGHILQLWH IRUP WKXV JDYH ULVH
WR DQ LQILQLWH GLVFRQWLQXRXV JURXS RI WUDQVIRUPDWLRQV �WKDW 3LFDUG FDOOHG K\SHUIXFKVLDQ��
DVVRFLDWHG WR WKH WHVVHODWLRQ RI WKH K\SHUVXUIDFH� ,Q ODWHU SDSHUV� 3LFDUG FRQVWUXFWHG K\�
SHUIXFKVLDQ IXQFWLRQV GHILQHG LQ WKH LQWHULRU RI WKH K\SHUVXUIDFH DQG LQYDULDQW E\ VXFK D
JURXS DQG VKRZHG WKDW K\SHUIXFKVLDQ IXQFWLRQV FRUUHVSRQGLQJ WR WKH VDPH JURXS FRXOG
EH H[SUHVVHG DV UDWLRQDO IXQFWLRQV RI WKUHH RI WKHP� OLQNHG E\ DQ DOJHEUDLF UHODWLRQ� 3L�
FDUG DOVR GHYHORSHG DQ DQDORJRXV DULWKPHWLFDO VWXG\ RI ELQDU\ IRUPV ZLWK FRQMXJDWH
LQGHWHUPLQDWHV� LQWHUSUHWLQJ WKHLU UHGXFWLRQ JHRPHWULFDOO\ LQ WHUPV RI GRPDLQV RQ WKH

�,W PHDQV� IRU PRVW RI KLV ZRUN� *DXVVLDQ LQWHJHUV� 3LFDUG GLG LQ IDFW FRQVLGHU FRPSOH[ TXDGUDWLF QXPEHUV
LQ JHQHUDO� EXW KLV GHILQLWLRQ RI ³LQWHJHUV´ KHUH ZDV QRW FRUUHFW�
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SODQH OLPLWHG E\ DUFV RI FLUFOHV DQG� WKLV ZD\� FRQVWUXFWHG DIUHVK )XFKVLDQ JURXSV �3L�
FDUG >����� ����� ����@��

:KHQ KH SLFNHG XS WKH WRSLF LQ ����� /XLJL %LDQFKL ZDV FRPLQJ IURP D TXLWH GLIIHU�
HQW EDFNJURXQG� ZKLFK LQFOXGHG QXPEHU WKHRU\� JURXS WKHRU\ DQG VRPH JHRPHWU\� EXW
QRW WKH DQDO\WLFDO FRQQHFWLRQV GHDU WR 3LFDUG� %LDQFKL KDG VWXGLHG ZLWK )HOL[ .OHLQ LQ
*|WWLQJHQ GXULQJ KLV (XURSHDQ SRVW�GRFWRUDO WRXU DQG WKH PDLQ UHIHUHQFH LQ KLV SDSHUV
RQ WKH DULWKPHWLF RI IRUPV LV .OHLQ¶V 9RUOHVXQJHQ �EHU GLH 7KHRULH GHU HOOLSWLVFKHQ 0RG�
XOIXQFWLRQHQ� FRPSOHWHG E\ 5REHUW )ULFNH� ZKLFK KDG MXVW DSSHDUHG LQ ����� $V %LDQFKL
>����� S� ���@ H[SODLQHG LW�

7KH JHRPHWULFDO PHWKRG� RQ ZKLFK 3URIHVVRU .OHLQ EDVHV WKH DULWKPHWLFDO
WKHRU\ RI WKH RUGLQDU\ ELQDU\ TXDGUDWLF IRUPV� PD\ EH DSSOLHG ZLWK WKH VDPH
VXFFHVV RQ D ODUJHU VFDOH� 7R SURYH WKLV LV WKH DLP RI WKH IROORZLQJ GHYHO�
RSPHQW ZKLFK ZLOO WUHDW LQ WKH VDPH ZD\ WKH WKHRU\ RI 'LULFKOHW IRUPV ZLWK
LQWHJUDO FRPSOH[ FRHIILFLHQWV DQG LQGHWHUPLQDWHV DQG RI +HUPLWLDQ IRUPV
ZLWK LQWHJUDO FRPSOH[ FRHIILFLHQWV DQG FRQMXJDWH LQGHWHUPLQDWHV�

,QGHHG� %LDQFKL KDG MXVW VWXGLHG WKH DULWKPHWLF RI 'LULFKOHW IRUPV ZLWK *DXVVLDQ�
LQWHJHU FRHIILFLHQWV� LQ RUGHU WR FRPSOHWH 'LULFKOHW¶V UHVXOWV RQ WKH QXPEHU RI FODVVHV
RI VXFK IRUPV� +H WKHQ SURFHHGHG WR FRPSOHWH VRPH SRLQWV LQ 3LFDUG¶V VWXG\ RI WKH
DULWKPHWLF RI +HUPLWLDQ IRUPV� ODXQFKLQJ ERWK DQ H[WHQVLRQ WR IRUPV ZLWK FRHIILFLHQWV
LQ DQ\ TXDGUDWLF ILHOG DQG D GHWDLOHG H[DPLQDWLRQ RI WKH DVVRFLDWHG JURXSV RI WUDQVIRU�
PDWLRQV DQG WKHLU VXEJURXSV RI ILQLWH LQGH[ �%ULJDJOLD >����@�� ,Q SDUWLFXODU� %LDQFKL
ZRXOG KDQGOH IRUPV ZKRVH FRHIILFLHQWV DUH LQWHJHUV LQ TXDGUDWLF ILHOGV Q

p
!D IRU D =

1; 2; 3; 5; 6; 7; 10; 11; 13; 15; 19� GLVSOD\LQJ D JRRG NQRZOHGJH RI 5LFKDUG 'HGHNLQG¶V
WKHRU\ RI LGHDOV� +H DOVR H[WHQGHG WKH PDLQ JURXS RI WUDQVIRUPDWLRQV WR LQFOXGH WKRVH
ZKRVH GHWHUPLQDQW LV DQ\ XQLW\ DQG� H[SOLFLWO\ IROORZLQJ DQ LGHD RI )ULFNH� WKRVH RI
WKH W\SH z ! az0+b

cz0+d �WKH LQGH[� DV EHIRUH� LQGLFDWLQJ WKH FRPSOH[ FRQMXJDWLRQ� DQG
KH FRPSXWHG WKH FRUUHVSRQGLQJ IXQGDPHQWDO SRO\KHGUD� $V DQQRXQFHG� DOO DORQJ� DQG
LQ SDUWLFXODU LQ KLV V\QWKHVLV SXEOLVKHG LQ 0DWKHPDWLVFKH $QQDOHQ LQ *HUPDQ� %LDQFKL
KDQGOHG VLGH E\ VLGH WKH DULWKPHWLF RI 'LULFKOHW DQG RI +HUPLWLDQ IRUPV DQG WKHLU JHR�
PHWULFDO LQWHUSUHWDWLRQV� LQ SDUWLFXODU WKH GHWHUPLQDWLRQ RI WKHLU IXQGDPHQWDO SRO\KHGUD�
7KH HPSKDVLV PRYHG IURP D FRQILJXUDWLRQ ZKHUH FRPSOH[ DQDO\VLV SOD\V D NH\ UROH WR
RQH FHQWHUHG RQ QXPEHU WKHRU\ DQG JURXS WKHRU\� +HUPLWLDQ IRUPV DUH WKHQ QXPEHU�
WKHRUHWLFDO REMHFWV SDUDOOHO WR WKRVH LQWURGXFHG E\ 'LULFKOHW�

3LFDUG¶V DQG %LDQFKL¶V UHVXOWV ZHUH LQWHJUDWHG E\ .OHLQ DQG )ULFNH LQ WKHLU ���� 9RU�
OHVXQJHQ �EHU GLH 7KHRULH GHU DXWRPRUSKHQ )XQNWLRQHQ� EXW WKURXJK %LDQFKL¶V SRLQW
RI YLHZ� 7KH\ ZRXOG WKHQ EH WDNHQ XS DQG GHYHORSHG WKURXJK GLIIHUHQW PHWKRGV E\
D QXPEHU RI PDWKHPDWLFLDQV LQ WKH IROORZLQJ GHFDGHV� 2QRUDWR 1LFROHWWL� 2WWR %RKOHU�
/HRQDUG 'LFNVRQ� *HRUJHV +XPEHUW� *DVWRQ -XOLD� +HO %UDXQ� +XD /XRJHQJ� DQG PDQ\
RWKHUV�

� $ WKHRUHP DQG WKUHH DXWKRUV

7KH TXHVWLRQ RI WKH ILQLWH VXEJURXSV RI WKH OLQHDU JURXSV UHWXUQHG WR WKH IRUHIURQW DV
WKH WKHRUHP� ³)RU DQ\ ILQLWH JURXS RI n�DU\ OLQHDU KRPRJHQHRXV WUDQVIRUPDWLRQV� WKHUH
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H[LVWV DQ n�DU\ SRVLWLYH GHILQLWH +HUPLWLDQ IRUP� VD\�
P

aikxi x̄k � WKDW WKH JURXS OHDYHV
DEVROXWHO\ LQYDULDQW�´�

)RU RQFH� WKH GDWH RI WKLV WKHRUHP LV UDWKHU SUHFLVH� -XO\ ����� 7KH GD\� RQ WKH RWKHU
KDQG� DQG WKH DXWKRU� DUH DQRWKHU VWRU\� ZKLFK LOOXVWUDWHV WKH QHZ UROH RI PDWKHPDWLFDO
VRFLHWLHV DQG VHPLQDUV DQG WKHLU LQWHUDFWLRQZLWK MRXUQDOV IRU WKH FLUFXODWLRQ RIPDWKHPDW�
LFV� DV ZHOO DV WKH ZLGHU LQWHUQDWLRQDOL]DWLRQ RI PDWKHPDWLFV DW WKH HQG RI WKH QLQHWHHQWK
FHQWXU\ �3DUVKDOO >����@�� 2Q 0RQGD\ -XO\ ��� ����� WKH VWDWHPHQW DSSHDUHG LQ D QRWH
E\ $OIUHG /RHZ\ SUHVHQWHG WR WKH )UHQFK $FDGHP\ RI 6FLHQFHV E\ 3LFDUG IRU LQVHUWLRQ
LQ WKH &RPSWHV UHQGXV �/RHZ\ >����@�� )ROORZLQJ WKH UXOH RI WKLV MRXUQDO WR DFFHSW RQO\
YHU\ VKRUW FRPPXQLFDWLRQV� LW FRQVLVWHG PDLQO\ RI DQ DQQRXQFHPHQW DQG FRQWDLQHG QR
SURRIV� 7ZR \HDUV HDUOLHU� /RHZ\ KDG REWDLQHG KLV WKHVLV XQGHU )HUGLQDQG /LQGHPDQQ�
ZLWK D ZRUN RQ WKH WUDQVIRUPDWLRQ RI D TXDGUDWLF IRUP LQWR LWVHOI� ,Q KLV ���� QRWH�
/RHZ\ ILUVW JDYH D FRQGLWLRQ IRU D OLQHDU WUDQVIRUPDWLRQ WR IL[ DQ DUELWUDU\ ELOLQHDU IRUP
ZLWK FRQMXJDWH LQGHWHUPLQDWHV�

P
aikxi x

0
k � ZLWK DUELWUDU\ FRHIILFLHQWV �WKH FRPSOH[ FRQ�

MXJDWLRQ LV LQGLFDWHG KHUH E\ WKH H[SRQHQW ³0´�� :KHQ UHVWULFWHG WR D ³TXDGUDWLF IRUP
RI 0� +HUPLWH�´ LQ /RHZ\¶V WHUPV� WKDW LV� ZKHQ aik = a0

ki � LW VD\V WKDW WKH IRUP FDQ EH
WUDQVIRUPHG LQWR LWVHOI RQO\ E\ WUDQVIRUPDWLRQV ZKRVH FKDUDFWHULVWLF SRO\QRPLDOV KDYH
VLPSOH HOHPHQWDU\ GLYLVRUV DQG URRWV RI PRGXOXV �� /RHZ\ WKHQ VWDWHG WKH DERYH WKHR�
UHP� DQG XVHG LW LQ SDUWLFXODU WR FRPSOHWH D SUHYLRXV VWXG\ E\ 3LFDUG RI WKH ILQLWH JURXSV
RI WHUQDU\ OLQHDU WUDQVIRUPDWLRQV �3LFDUG >����@�� )RU HDFK VXFK JURXS� H[FHSW RQH� 3L�
FDUG KDG GLVSOD\HG D TXDGUDWLF IRUP OHIW LQYDULDQW E\ WKH JURXS� DQG /RHZ\ SURYLGHG DQ
H[SOLFLW LQYDULDQW +HUPLWLDQ IRUP IRU WKH UHPDLQLQJ FDVH� )ROORZLQJ LPPHGLDWHO\ DIWHU
WKH SXEOLFDWLRQ RI KLV QRWH� WKHUH ZDV XQOHDVKHG D IORRG RI SXEOLFDWLRQV�

2Q $XJXVW �� /D]DUXV )XFKV FRPPXQLFDWHG WR WKH )UHQFK $FDGHP\ D QRWH SRLQWLQJ
RXW WKDW ZKDW /RHZ\ KDG SXEOLVKHG ³ZLWKRXW SURRI ´ �)XFKV¶V HPSKDVLV� ZDV D VSHFLDO
FDVH RI KLV RZQ UHVXOWV SUHVHQWHG DW WKH %HUOLQ $FDGHP\ H[DFWO\ RQH PRQWK HDUOLHU� RQ
-XO\ � �)XFKV >����@�� 1RZ )XFKV KDG� IRU TXLWH VRPH WLPH� EHHQ VWXG\LQJ GLIIHUHQWLDO
HTXDWLRQV RI WKH W\SH�

d n!

dzn
+ q1

d n!1!

dzn!1
+ % % % + qn! = 0

ZKHUH WKH FRHIILFLHQWV qi DUH XQLIRUP IXQFWLRQV RI WKH YDULDEOH z� ZLWK D ILQLWH QXPEHU
RI SROHV� &KRRVLQJ D VHW RI n OLQHDUO\ LQGHSHQGHQW VROXWLRQV LQ WKH QHLJKERXUKRRG RI
D VLQJXODULW\� WKH QHZ VROXWLRQV RQH REWDLQHG ZKHQ WKH YDULDEOH z GHVFULEHV D FLUFXLW
DURXQG WKH VLQJXODULW\ FDQ EH H[SUHVVHG DV WKH LPDJH E\ D OLQHDU WUDQVIRUPDWLRQ RI WKH
RULJLQDO RQHV� DQG )XFKV� DPRQJ RWKHUV� KDG VWXGLHG WKHVH PRQRGURP\ WUDQVIRUPDWLRQV�
LQ SDUWLFXODU WKHLU ³IXQGDPHQWDO HTXDWLRQV´ �IRU XV� WKH FKDUDFWHULVWLF HTXDWLRQV RI WKH
PDWULFHV DVVRFLDWHG WR WKHVH PRQRGURP\ WUDQVIRUPDWLRQV� �*UD\ >����@�� ,Q KLV -XO\
SUHVHQWDWLRQ� )XFKV KDG VWDWHG WKDW� XQGHU VHYHUDO DVVXPSWLRQV �LQ SDUWLFXODU� TXLWH XQ�
QHFHVVDULO\� WKDW WKH URRWV RI DW OHDVW RQH IXQGDPHQWDO HTXDWLRQ VKRXOG EH GLVWLQFW�� WKHUH

�1RWH WKDW IRU WKH DXWKRUV ZH DUH GLVFXVVLQJ� D OLQHDU WUDQVIRUPDWLRQ RI WKH JURXS RSHUDWHV RQ WKH LQGH�
WHUPLQDWHV xi � WKH WUDQVIRUPDWLRQ REWDLQHG E\ FRQMXJDWLRQ RI WKH FRHIILFLHQWV RSHUDWLQJ RQ WKH x̄i � $JDLQ�
WKH WHUPLQRORJ\ DQG WKH YLHZSRLQW YDU\ VOLJKWO\ DFFRUGLQJ WR WKH DXWKRUV� WKH ZRUG ³VXEVWLWXWLRQ´ LQVWHDG
RI ³WUDQVIRUPDWLRQ´ LV VWLOO ZLGHO\ XVHG �VHH WKH WLWOHV RI WKH SDSHUV�� ³KRPRJHQHRXV´ WR LQGLFDWH HOHPHQWV RI
GLn(C) LV VRPHWLPHV RPLWWHG� HWF�
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H[LVWV D OLQHDU FRPELQDWLRQ RI D IXQGDPHQWDO V\VWHP RI VROXWLRQV !i RI WKH GLIIHUHQWLDO
HTXDWLRQ

# = A1!1!0
1 + A2!2!0

2 + % % % + An!n!0
n

�!i
0 EHLQJ KHUH WKH FRQMXJDWH IXQFWLRQ�� ZLWK GHWHUPLQHG UHDO FRHIILFLHQWV Ai � ZKLFK LV

XQDOWHUHG E\ WKH JURXS RI PRQRGURP\� )RU DOJHEUDLFDOO\ LQWHJUDEOH GLIIHUHQWLDO HTXD�
WLRQV� WKH JURXS LV ILQLWH DQG )XFKV KDG DOVR XVHG KLV WKHRUHP WR FRPSOHWH 3LFDUG¶V ZRUN
RQ WHUQDU\ IRUPV�

)HOL[ .OHLQ WRRN WKH RSSRUWXQLW\ RI WKH DQQXDO PHHWLQJ RI WKH 'HXWVFKH 0DWKHPDWL�
NHU�9HUHLQLJXQJ� IURP6HSWHPEHU �� WR 6HSWHPEHU ��� LQ )UDQNIXUW WR SUHVHQW D RQH�SDJH
SDSHU ZKLFK DGGHG DQRWKHU DXWKRU DQG DQRWKHU ILOLDWLRQ WR WKH WKHRUHP �.OHLQ >����@��
)LUVW RI DOO� .OHLQ UHFDOOHG KLV RZQ ���� ZRUN �.OHLQ >����@� ZKHUH KH KDG H[SODLQHG
KRZ WR LQWHUSUHW D ILQLWH JURXS RI FRPSOH[ OLQHDU WUDQVIRUPDWLRQV RQ WZR YDULDEOHV DV D
JURXS RI UHDO TXDWHUQDU\ FROOLQHDWLRQV RI WKH HOOLSVRLG� x2+y2+ z2 ! w2 = 0� DQG WKDW
WKLV JURXS QHFHVVDULO\ IL[HV D SRLQW ZLWKLQ WKH HOOLSVRLG� WKXV SURYLGLQJ D ILQLWH JURXS
RI �UHDO� URWDWLRQV DURXQG D IL[HG SRLQW� 7KLV ZDV WKH EDVLV RI KLV RZQ FODVVLILFDWLRQ�
IRU WKH ELQDU\ FDVH� 7KH WHUQDU\ FDVH KH DWWULEXWHG QRW RQO\ WR 3LFDUG� EXW DOVR WR +HU�
PDQQ 9DOHQWLQHU� 9DOHQWLQHU� ZKR DIWHU D WKHVLV RQ VSDFH FXUYHV KDG JRQH WR ZRUN IRU
D 'DQLVK LQVXUDQFH FRPSDQ\� ZKLOH VWLOO FRQWULEXWLQJ WR PDWKHPDWLFV� KDG LQGHHG SXE�
OLVKHG LQ ���� D ERRN RQ WKH FODVVLILFDWLRQ RI ILQLWH ELQDU\ DQG WHUQDU\ JURXSV RI OLQHDU
WUDQVIRUPDWLRQV �LQFOXGLQJ WKH QRZ�FDOOHG 9DOHQWLQHU JURXS� �9DOHQWLQHU >����@�� 7KHQ�
DIWHU D QRG WR /RHZ\¶V QRWH� .OHLQ GHYRWHG WKH UHPDLQGHU RI KLV SUHVHQWDWLRQ WR DQRWKHU
SURRI WKDW (OLDNLP +DVWLQJV 0RRUH� IURP &KLFDJR� KDG FRPPXQLFDWHG WR KLP� )RU DQ\
+HUPLWLDQ GHILQLWH IRUP� WKH VXP RI LWV WUDQVIRUPDWLRQV E\ WKH �ILQLWHO\� PDQ\ HOHPHQWV
RI WKH JURXS LV VWLOO D +HUPLWLDQ GHILQLWH IRUP DQG LW LV IL[HG E\ WKH JURXS� ,Q WKH ZULWWHQ
YHUVLRQ RI KLV FRPPXQLFDWLRQ� .OHLQ DGGHG WKDW 0RRUH KDG LQGHHG VSRNHQ DERXW KLV WKH�
RUHP DW D PDWKHPDWLFDO PHHWLQJ LQ &KLFDJR RQ -XO\ �� �ZLWK D ZULWWHQ YHUVLRQ SXEOLVKHG
ORFDOO\ RQ -XO\ ����� +H DOVR DOOXGHG WR )XFKV¶V ZRUN ZLWKRXW PRUH GHWDLOV �JLYHQ WKH
SDVW WHQVLRQV EHWZHHQ )XFKV DQG .OHLQ� RQH PD\ WKLQN WKDW WKLV YDJXH UHFRJQLWLRQ ZDV
QRW FRPSOHWHO\ VDWLVIDFWRU\ WR )XFKV �*UD\ >����@���

%RWK 0RRUH DQG /RHZ\ SXEOLVKHG DQ H[WHQGHG YHUVLRQ RI WKHLU UHVSHFWLYH ZRUN LQ
����� LQ WKH VDPH LVVXH RI WKH 0DWKHPDWLVFKHQ $QQDOHQ� RI ZKLFK .OHLQ ZDV HGLWRU�LQ�
FKLHI� %RWKPHQ DQDO\VHG WKH OLWHUDWXUH� DQG LQ SDUWLFXODU XQGHUOLQHG )XFKV¶V VXSHUIOXRXV
FRQGLWLRQ WR UHIXWH KLV FODLP WR WKH WKHRUHP �/RHZ\ HPSKDVLVLQJ WKDW� DERYH DOO� WKH GHIL�
QLWH FKDUDFWHU RI WKH LQYDULDQW IRUPZDV QHYHU HYHQ DOOXGHG WR E\ )XFKV�� 6WLOO WKHLU YLHZ�
SRLQWV ZHUH TXLWH GLIIHUHQW� DV FDQ DOUHDG\ EHHQ LQIHUUHG IURP WKH SURRIV WKHPVHOYHV DQG
WKHLU EDFNJURXQGV� 0RRUH DWWULEXWHG WR ³WKH DQDO\WLF SKUDVLQJ LQ WHUPV RI ELQDU\ JURXSV
RI .OHLQ¶V LQYDULDQW SRLQW´ �LQ .OHLQ¶V ���� SDSHU� KLV RZQ GLVFRYHU\ RI WKH XQLYHUVDO LQ�
YDULDQW +HUPLWLDQ IRUP �0RRUH >����@�� $IWHU KH KDG SURYHG WKH H[LVWHQFH RI WKLV IRUP�
KH SURFHHGHG WR GHGXFH IURP LW WKH WKHRUHP WKDW D n�OLQHDU KRPRJHQHRXV WUDQVIRUPD�
WLRQ RI ILQLWH RUGHU p FDQ EH ZULWWHQ ZLWK DGHTXDWH QHZ YDULDEOHV DV WKH PXOWLSOLFDWLRQ
E\ pWK�URRWV RI XQLW\� D WKHRUHP IRU ZKLFK KH TXRWHG QR OHVV WKDQ ILYH RWKHU SURRIV� 2QH

�$UFKLYHV RI WKH 0DWK &OXE� %R[ �� IROGHU �� S���� VHH �3DUVKDOO DQG 5RZH >����� S� ���@� IRU WKH &KLFDJR
HQYLURQPHQW RI WKLV WKHRUHP DQG D VOLJKWO\ GLIIHUHQW GDWDWLRQ� 2Q WKH DUJXPHQW� VHH �+DZNLQV >����� SS� ���±
���@�� LW LV UHPDUNDEOH WR XV WKDW .OHLQ IHOW LW QHFHVVDU\ WR H[SODLQ WKDW VXFK D SURFHGXUH ZRXOG QRW QHFHVVDULO\
ZRUN LI WKH JURXS ZDV LQILQLWH�
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RI WKHVH� LQFOXGHG MXVW DIWHU KLV RZQ SDSHU LQ 0DWKHPDWLVFKH $QQDOHQ� ZDV GXH WR KLV
&KLFDJR FROOHDJXH +HLQULFK 0DVFKNH �0DVFKNH >����@�� GXULQJ WKLV SHULRG� 0DVFKNH
DOVR ZRUNHG RQ WKH WKHRU\ RI JURXSV RI OLQHDU WUDQVIRUPDWLRQV DQG KH KDG HYHQ GHOLY�
HUHG D VXUYH\ OHFWXUH DW WKH &KLFDJR 0DWKHPDWLFDO &OXE LQ 0D\ ����� +H ZRXOG VRRQ
XVH 0RRUH¶V WKHRUHP WR VWXG\ TXDWHUQDU\ JURXSV RI WUDQVIRUPDWLRQV �3DUVKDOO DQG 5RZH
>����� SS� ���±���@�� EHIRUH H[WHQGLQJ WKHVH UHVXOWV WR KLV QRZ FHOHEUDWHG VWDWHPHQW RQ
WKH UHSUHVHQWDWLRQ RI ILQLWH JURXSV �+DZNLQV >����� S� ���@��

/RHZ\ �ZKR GHYHORSHG KLV ZRUN HYHQ IXUWKHU LQ KLV ���� +DELOLWDWLRQ DW WKH $OEHUW�
/XGZLJV�8QLYHUVLWlW LQ )UHLEXUJ� IRFXVVHG QRW RQ WKH ILQLWH JURXSV� EXW RQ ELOLQHDU IRUPV
�/RHZ\ >����@�� KLV DLP ZDV WKH VWXG\ RI WKH WUDQVIRUPDWLRQ RI D ELOLQHDU IRUP ZLWK FRQ�
MXJDWH FRPSOH[ YDULDEOHV �ZLWK QRQ�]HUR GHWHUPLQDQW� LQWR LWVHOI� LQ GLUHFW FRQWLQXDWLRQ
RI WKH WKHPH RI KLV WKHVLV� +LV IUDPHZRUN DQG KLV PDLQ UHIHUHQFH LV *HRUJ )UREHQLXV¶V
ZRUN� WR ZKLFK KH ERUURZHG LQ SDUWLFXODU KLV V\PEROLF PHWKRGV �)UREHQLXV >����@��
6XFK D V\PEROLVP� DOWKRXJK QRW OLQNHG WR D PDWULFLDO VHWWLQJ� ZRXOG DOORZ KLP IRU LQ�
VWDQFH WR FKDUDFWHULVH D +HUPLWLDQ IRUP S E\ WKH HTXDWLRQ S̄ 0 = S �WKH EDU QRZ GHVLJ�
QDWHV WKH FRPSOH[ FRQMXJDWLRQ� WKH SULPH WKH WUDQVSRVH�� ,Q WKH ODVW SDUW RI KLV SDSHU�
/RHZ\ DOVR DGGUHVVHG WKH LVVXH RI D UHGXFWLRQ WKHRU\ IRU +HUPLWLDQ IRUPV LQ n YDULDEOHV�
,W SURYLGHG KLP ZLWK LQIRUPDWLRQ RQ WKH FKDUDFWHULVWLF SRO\QRPLDO RI WKH OLQHDU WUDQVIRU�
PDWLRQV IL[LQJ D JLYHQ +HUPLWLDQ IRUP� WKXV JHQHUDOLVLQJ D WKHRUHP RI )UREHQLXV >����@�
$OWKRXJK WKHLU QDPH ZDV QRW \HW VHW� WKH ELOLQHDU DQG WKH TXDGUDWLF YLHZSRLQWV KDYH WKXV
PHUJHG DQG +HUPLWLDQ IRUPV KDYH EHFRPH DW WKH HQG RI WKH QLQHWHHQWK FHQWXU\ D IDPLOLDU
REMHFW LQ WKH QDVFHQW DUHD RI OLQHDU DOJHEUD�

� +HUPLWLDQ IRUPV DV JHRPHWULF REMHFWV

$V VHHQ LQ 3LFDUG¶V ZRUN� +HUPLWLDQ IRUPV KDYH EHHQ FRQQHFWHG WR D JHRPHWULF VHWWLQJ
DOUHDG\ LQ WKH ����V� %XW LW LV LQ WKH IUDPHZRUN GHILQHG E\ &RUUDGR 6HJUH ZKR� LQ �����
RSHQHG QHZ YLVWDV LQ FRPSOH[ JHRPHWU\� WKDW WKH\ ZLOO WDNH D NH\ SODFH DV JHRPHWULF
REMHFWV �6HJUH >����D�E@�� $ VWDUWLQJ SRLQW IRU 6HJUH ZDV .DUO 9RQ 6WDXGW¶V SURMHFW ³WR
PDNH WKH JHRPHWU\ RI SRVLWLRQ DQ DXWRQRPRXV VFLHQFH� ZKLFK GRHV QRW QHHG PHDVXUH´
�6WDXGW >����@�� ,QVWHDG RI XVLQJ FURVV�UDWLRV� DV KLV SUHGHFHVVRUV KDG GRQH� YRQ 6WDXGW
EDVHG KLV JHRPHWU\ RQO\ RQ WKH FRQFHSW RI KDUPRQLFLW\ �FRUUHVSRQGLQJ WR WKH FDVH ZKHUH
WKH FURVV�UDWLR LV ���� ZKLFK KH GHILQHG E\ D SXUHO\ JHRPHWULF FRQVWUXFWLRQ� 7ZR JHR�
PHWULF HQWLWLHV ZKRVH UHVSHFWLYH HOHPHQWV DUH SXW LQWR FRUUHVSRQGHQFH DUH WKHQ VDLG WR
EH SURMHFWLYHO\ UHODWHG LI WKH HOHPHQWV RI WKH VHFRQG HQWLW\ FRUUHVSRQGLQJ WR D KDUPRQLF
VHW RI HOHPHQWV RI WKH ILUVW HQWLW\ DUH DOVR DQ KDUPRQLF VHW� $ NH\ FRQFHSW ZDV WKDW RI
WZR HQWLWLHV LQ LQYROXWLRQ� IRU LQVWDQFH� WZR SURMHFWLYHO\ UHODWHG UDQJHV RI SRLQWV RQ WKH
VDPH OLQH DUH VDLG WR EH LQ LQYROXWLRQ LI WKH FRUUHVSRQGLQJ SRLQW RI D SRLQW A0 FRUUH�
VSRQGLQJ WR D SRLQW A LV WKH SRLQW A LWVHOI� LQ PRGHUQ WHUPV� LW PHDQV RI FRXUVH WKDW
WKH WUDQVIRUPDWLRQ IURP WKH ILUVW UDQJH RI SRLQWV WR WKH VHFRQG LV RI RUGHU �� EXW IRU YRQ
6WDXGW� WR EH SURMHFWLYHO\ UHODWHG RU WR EH LQ LQYROXWLRQ ZHUH UHODWLRQV EHWZHHQ JHRPHW�
ULF HQWLWLHV � WKHUH ZHUH QR WUDQVIRUPDWLRQV� DV PDWKHPDWLFDO REMHFWV SHU VH� )RU VRPH
LQYROXWRU\ UHODWLRQV� WKHUH H[LVWV IL[HG �UHDO� HOHPHQWV� IRU RWKHUV QRQH� )RU LQVWDQFH�
DQ\ OLQH WKURXJK D SRLQW O LQVLGH D FLUFOH²OHW XV UHPLQG WKDW LQ WKLV SURMHFWLYH VHWWLQJ� D



��� &$7+(5,1( *2/'67(,1

³FLUFOH´ LV VLPSO\ D SURMHFWLYH OLQH²FXWV WKH FLUFOH LQ WZR SRLQWV A DQG A0 � WKH ³VKHDI´
RI DOO WKHVH OLQHV� LQ YRQ 6WDXGW¶V WHUPLQRORJ\� GHILQHV DQ LQYROXWRU\ UHODWLRQ EHWZHHQ DOO
WKH SRLQWV A RI WKH FLUFOH DQG WKHLU FRUUHVSRQGLQJ SRLQWV A0� 7KLV UHODWLRQ KDV QR IL[HG
SRLQW� 2Q WKH RWKHU KDQG� LI WKH SRLQW O LV RXWVLGH WKH FLUFOH� WKH DQDORJRXV UHODWLRQ KDV
WZR IL[HG SRLQWV� WKDW LV� WKH SRLQWV RI FRQWDFW ZLWK WKH FLUFOH RI WKH WZR WDQJHQWV SDVVLQJ
WKURXJK O � ,Q RUGHU ³WR JLYH WR SURMHFWLYH JHRPHWU\ WKH VDPH JHQHUDOLW\ DV DQDO\VLV�´
YRQ 6WDXGW IRXQG LW QHFHVVDU\ WR LQFOXGH LPDJLQDU\ �WKDW LV� FRPSOH[� SRLQWV LQWR JHRP�
HWU\� EXW� ³:KHUH� HYHU\ERG\ DVNV� LV WKH LPDJLQDU\ SRLQW ZKHQ RQH DEVWUDFWV RQHVHOI
IURP WKH V\VWHP RI FRRUGLQDWHV"´ �6WDXGW >����@�� +LV ILUVW VROXWLRQ ZDV WR DVVRFLDWH
WR DQ LQYROXWRU\ VLWXDWLRQ RQ D UHDO SURMHFWLYH OLQH ZLWK QR UHDO IL[HG SRLQWV D SDLU RI
FRQMXJDWH LPDJLQDU\ SRLQWV� D IHZ \HDUV ODWHU� KH UHILQHG LW� GLVWLQJXLVKLQJ EHWZHHQ WKH
WZR FRQMXJDWHV E\ WDNLQJ LQWR DFFRXQW DQ DGGLWLRQDO GLUHFWLRQ� UHVWULFWHG KLPVHOI WR SUR�
MHFWLYH UHODWLRQV OHDYLQJ WKH GLUHFWLRQ LQYDULDQW DQG WKXV H[WHQGHG DOO KLV FRQVWUXFWLRQV
DQG LQFLGHQFH UHODWLRQV WR FRPSOH[ SRLQWV �1DERQQDQG >����@��

'HVSLWH WKH XQFRPSURPLVLQJ DXVWHULW\ RI YRQ 6WDXGW¶V WUHDWLVH DQG WKH FRPSOHWH DE�
VHQFH RI ILJXUHV� WKH UHFHSWLRQ RI WKLV DSSURDFK ZDV SDUWLFXODUO\ JRRG DV D SUHUHTXLVLWH
IRU FRXUVHV LQ WHFKQLFDO GUDZLQJV DQG LQ HQJLQHHULQJ VFKRROV� DV DGYRFDWHG LQ SDUWLF�
XODU E\ &DUO &XOPDQ DQG 7KHRGRU 5H\H DW =�ULFK¶V 3RO\WHFKQLNXP �WKH IXWXUH (7+�
�FLWH6FKRO]������

%XW VWLOO WKH HQJLQHHU� DQG HYHU\ERG\ HOVH ZKR ZLVKHV WR EHFRPH IDPLOLDU
ZLWK KLV LGHDV� PXVW FRQWLQXDOO\ H[HUW KLV SRZHU RI LPDJLQDWLRQ LQ RUGHU
DFWXDOO\ WR VHH WKH REMHFW LQWHQGHG WR EH UHSUHVHQWHG E\ WKH OLQHV RI D GUDZLQJ
ZKLFK LV QRW DW DOO LQWHOOLJLEOH WR WKH XQLQLWLDWHG� >«@ 2QH SULQFLSDO REMHFW
RI JHRPHWULFDO VWXG\ DSSHDUV WR PH WR EH WKH H[HUFLVH DQG WKH GHYHORSPHQW
RI WKH SRZHU RI LPDJLQDWLRQ LQ WKH VWXGHQW� DQG , EHOLHYH WKDW WKLV REMHFW LV
EHVW DWWDLQHG LQ WKH ZD\ LQ ZKLFK 9RQ 6WDXGW SURFHHGV�

ZURWH 5H\H DW WKH EHJLQQLQJ RI KLV RZQ LQWURGXFWLRQ WR SURMHFWLYH JHRPHWU\ �5H\H
>����@�� 7KH WRSLF JDLQHG D SDUWLFXODU SRSXODULW\ LQ ,WDO\ DIWHU WKH 5LVRUJLPHQWR� ZKHUH
WKH WHDFKLQJ RI JHRPHWU\ ZDV IDYRXUHG ERWK IRU QDWLRQDO DQG HSLVWHPRORJLFDO UHDVRQV�
ZKLOH HQJLQHHULQJ WUDLQLQJ UHVSRQGHG WR WKH QHHGV RI PRGHUQL]DWLRQ �%RWWD]]LQL >����@��
)URP /XLJL &UHPRQD¶V (OHPHQWL GL JHRPHWULD SURMHWWLYD DQG $QWRQLR )DYDUR¶V /H]LRQL
GL VWDWLFD JUDILFD LQ ���� WR $FKLOOH 6DQQLD¶V /H]LRQL GL *HRPHWULD 3URLHWWLYD ������ WR
)UDQFHVFR 6HYHUL ¶V *HRPHWULD SURMHWWLYD ������� FRXUVHV EORVVRPHG LQ 7XULQ� 3DGXD�
%RORJQD� 5RPH RU 3DOHUPR �&DSHFFKL DQG 5XWD >����@�� ,Q 7XULQ� &RUUDGR 6HJUH� EH�
VLGHV KLV RZQ OHFWXUHV RQ SURMHFWLYH JHRPHWU\��� VLJQLILFDQWO\ RUJDQLVHG WKH WUDQVODWLRQ
LQWR ,WDOLDQ RI ERWK YRQ 6WDXGW¶V*HRPHWU\ RI SRVLWLRQ DQG .OHLQ¶V (UODQJHQ SURJUDP� E\
0DULR 3LHUL ������ DQG *LQR )DQR ������ UHVSHFWLYHO\� $ GHFLVLYH FKDQJH ZLWK UHVSHFW
WR YRQ 6WDXGW¶V ZRUN LV WKDW� IRU 6HJUH �DV IRU .OHLQ�� D SURMHFWLYLW\ LV D WUDQVIRUPD�
WLRQ �H�J� D FROOLQHDWLRQ� D KRPRJUDSK\�� D PDWKHPDWLFDO REMHFW� DQG QRW RQO\ D ZD\
RI UHODWLQJ HQWLWLHV� ,Q FRPSOH[ JHRPHWU\� SURMHFWLYLWLHV SUHVHUYH KDUPRQLF UHODWLRQV�
EXW WKH UHFLSURFDO LV IDOVH� IRU LQVWDQFH WKH FRPSOH[ FRQMXJDWLRQ LV QRW D SURMHFWLYLW\�

��+LV OHFWXUH QRWHV DUH DYDLODEOH RQ WKH EHDXWLIXO ZHEVLWH GHYRWHG WR KLP E\ /LYLD *LDFFDUGL� ?iiT,ffrrrX
+Q``�/Qb2;`2XmMBiQXBifAkRnjyXT?T VHH LQ SDUWLFXODU 4XDGUHQR ���

http://www.corradosegre.unito.it/I21_30.php
http://www.corradosegre.unito.it/I21_30.php
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:KLOH YRQ 6WDXGW KDG FKRVHQ WR UHVWULFW WKH UHODWLRQV KH FRQVLGHUHG� 6HJUH LQWURGXFHG
ZKDW KH FDOOHG DQWL�SURMHFWLYLWLHV� DV ZHOO DV WKHLU �� RU ��GLPHQVLRQDO FRPSDQLRQV �DQ�
WLFROOLQHDWLRQV� DQWLSRODULWLHV�«� DQG VWXGLHG SURMHFWLYLWLHV DQG DQWL�SURMHFWLYLWLHV DOLNH�
$QDO\WLFDOO\� D SURMHFWLYLW\ LQ GLPHQVLRQ � FRUUHVSRQGV WR D KRPRJUDSK\

z ! z0 =
˛z + ˇ

$z + ı

ZKLOH DQ DQWL�SURMHFWLYLW\ FRUUHVSRQGV WR �

z ! z0 =
˛z̄ + ˇ

$ z̄ + ı

ZLWK ˛; ˇ; $; ı FRPSOH[ QXPEHUV VXFK WKDW ˛ı ! ˇ$ 6= 0 �WKH EDU LQGLFDWHV WKH FRPSOH[
FRQMXJDWLRQ��

,W LV WKHQ HDV\ WR VHH WKDW� LI RQH SXWV z = x
y � WKH HTXDWLRQ JLYLQJ WKH IL[HG SRLQWV RI

VXFK DQ DQWLSURMHFWLYLW\ LV RI WKH W\SH�

F (x; y) = axx̄ + bxȳ + b̄x̄y + cyȳ = 0

6LPLODUO\� DQWLSRODULWLHV DUH DVVRFLDWHG WR IRUPV ZLWK � YDULDEOHV� 2QH UHFRJQLVHV WKH
IRUPV WKDW� LQ 6HJUH¶V ZRUGV� ³KDYH DOVR DOUHDG\ EHHQ LQWURGXFHG LQ QXPEHU WKHRU\
WKDQNV WR 0� +HUPLWH� 0� 3LFDUG DQG RWKHUV�´ WKDW LV� DJDLQ� +HUPLWLDQ IRUPV �%ULJDJOLD
>����� S� ���@�� 6HJUH H[SODLQHG LQ D OHWWHU WR $GROI +XUZLW] LQ -XQH ����� ³, VWXG\ WKHUH�
DPRQJ WKH RWKHU K\SHUDOJHEUDLF HQWLWLHV� WKRVH WKDW , FDOO K\SHUFRQLF� K\SHUTXDGULF >L�H�
WKH ORFXV RI F (x1; x2; x3; x4) = 0@� HWF� ZKLFK DUH DQDO\WLFDOO\ UHSUHVHQWHG E\ WKH HTXD�
WLRQV RI +HUPLWH� DQG WKXV WKH\ JLYH WKH JHRPHWULF HTXLYDOHQW RI WKH IRUPV RI +HUPLWH´
�%ULJDJOLD ������

$FFRUGLQJ WR .OHLQ¶V (UODQJHQ SURJUDP� WKH JURXS RI SURMHFWLYH DQG DQWLSURMHFWLYH
WUDQVIRUPDWLRQV ZKLFK IL[� VD\� DQ K\SHUTXDGULF� GHILQHV D JHRPHWU\� DQG LW LV DOVR SRV�
VLEOH WR DSSO\ &D\OH\¶V LGHD� DV H[WHQGHG E\ .OHLQ� RI XVLQJ D �K\SHU�TXDGULF WR GHILQH
D PHWULF RQ WKLV SURMHFWLYH FRPSOH[ VSDFH� 7KLV ZDV GRQH DOPRVW VLPXOWDQHRXVO\ DQG
LQGHSHQGHQWO\ E\ ERWK *XLGR )XELQL DQG (GXDUG 6WXG\� )XELQL KDG EHHQ D VWXGHQW RI
8OLVVH 'LQL DQG /XLJL %LDQFKL DW 3LVD DQG %LDQFKL LQFOXGHG UHVXOWV IURP )XELQL¶V WKHVLV
RQ &OLIIRUG SDUDOOHOLVP LQ KLV FHOHEUDWHG ���� ERRN /H]LRQL GL JHRPHWULD GLIIHUHQ]LDOH� $
\HDU ODWHU� )XELQL� WKHQ LQ &DWDQLD� WXUQHG WR +HUPLWLDQ IRUPV �$FFDGHPLD GHOOH 6FLHQ]H
>����@�� 6WDUWLQJ IURP WKH LQWHUSUHWDWLRQ RI WKH JURXS RI OLQHDU WUDQVIRUPDWLRQV OHDYLQJ
LQYDULDQW D TXDGUDWLF IRUP DV D JURXS RI VSDFH PRWLRQV� KH ZDV VHHNLQJ DQ DQDORJRXV
FRQVWUXFWLRQ IRU +HUPLWLDQ IRUPV� )XELQL FRQVLGHUHG DQ +HUPLWLDQ IRUP DOJHEUDLFDOO\
HTXLYDOHQW WR x1x0

1 + x2x0
2 + % % % + xn!1x0

n!1 ! xnx0
n �KHUH DJDLQ WKH H[SRQHQW 0 LQGL�

FDWHV WKH FRPSOH[ FRQMXJDWLRQ� DQG WKH DVVRFLDWHG JURXS WUDQVIRUPLQJ D ³K\SHUYDULHW\´
RI WKH W\SH

Pn!1
1 ui u

0
i ! 1 = 0 LQWR LWVHOI� )RU WZR SRLQWV� u DQG ū �WKH EDU KHUH GRHV

QRW GHVLJQDWH WKH FRPSOH[ FRQMXJDWLRQ�� KH LQWURGXFHG WKH TXDQWLW\

��� Ruū =

#Pn!1
1 ui ū

0
1 ! 1

$ #Pn!1
1 u0

i ū1 ! 1
$

#Pn!1
1 ui u

0
1 ! 1

$ #Pn!1
1 ū0

i ū1 ! 1
$ ! 1:
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7KLV LV LQYDULDQW XQGHU WKH JURXS RI WUDQVIRUPDWLRQV� UHDO DQG HTXDO WR 0ZLWKLQ WKH K\�
SHUYDULHW\ RQO\ ZKHQ WKH WZR SRLQWV FRLQFLGH� LW ZDV WKXV OHJLWLPDWH WR FDOO LW D �SVHXGR��
GLVWDQFH EHWZHHQ WKH WZR SRLQWV� )XELQL >����@ XVHG LW SULPDULO\ ZLWK DULWKPHWLFDO DQG
DQDO\WLFDO DSSOLFDWLRQV LQ YLHZ� EXW KH WKHQ DOVR UHILQHG KLV FRQVWUXFWLRQ LQ RUGHU WR LQ�
WHUSUHW WKH +HUPLWLDQ IRUP DV D PHWULF IRU D FRPSOH[ VSDFH �)XELQL >����@��

:KLOH )XELQL UHIHUHG PRVWO\ WR 3LFDUG� 3RLQFDUp DQG .OHLQ±)ULFNH� 6WXG\¶V LGHD ZDV
WR GHYHORS WKLV VWXG\ ZLWKLQ WKH IUDPHZRUN GHILQHG E\ 6HJUH� 6WXG\ KDG ZRUNHG EHIRUH
RQ LQYDULDQW WKHRU\ DQG TXDWHUQLRQV DQG KDG MXVW SXEOLVKHG LQ ���� D ERRN RQ*HRPHWULH
GHU '\QDPHQ� XVLQJ ELTXDWHUQLRQV DQG JHRPHWULFDO WRROV WR VWXG\ PHFKDQLFDO IRUFHV
�+DUWZLFK >����@�� +H KDG DQ H[WHQVLYH SURJUDP DERXW WKH FRPSOH[ UHDOP DQG LQ DQ
DUWLFOH SXEOLVKHG LQ 0DWKHPDWLVFKH $QQDOHQ �6WXG\ >����@�� KH DOVR GHILQHG +HUPLWLDQ
PHWULFV DQG GLVWDQFHV�

)URP D WHUQDU\ LQGHILQLWH +HUPLWLDQ IRUP� (xx) = x1x1 ! x2x2 ! x3x3 IRU LQVWDQFH
�KHUH WKH EDU GRHV GHVLJQDWH WKH FRPSOH[ FRQMXJDWLRQ�� 6WXG\� IROORZLQJ 6HJUH¶V FRQ�
FHSWV LI QRW KLV WHUPLQRORJ\� GHILQHG D ³+HUPLWLDQ SRLQW�FRPSOH[´ E\ (xx) = 0 �WKLV
LV 6HJUH¶V LSHUFRQLFD� DQG WKH LQVLGH RI WKH SRLQW�FRPSOH[ E\ WKH FRQGLWLRQ (xx) > 0
�E\ WKH YHU\ GHILQLWLRQ RI D +HUPLWLDQ IRUP� LWV YDOXHV DUH UHDO�� +H ZDV WKHQ DEOH WR
GHILQH D K\SHUEROLF +HUPLWLDQ PHWULF DQG WKH �UHDO� GLVWDQFH RI WZR SRLQWV LQVLGH WKH
SRLQW�FRPSOH[� 8QGHU DQ DGHTXDWH QRUPDOL]DWLRQ� WKH GLVWDQFH EHWZHHQ WZR SRLQWV x

DQG y LV

(x; y) = 2 FRVK!1

p
(xy)(xy)p
(xx)

p
(yy)

;

6WXG\ VKRZLQJ WKHQ WKDW WKH GLVWDQFH EHWZHHQ WZR SRLQWV LV WKH OHQJWK RI WKH JHRGHVLFV
OLQNLQJ WKHP� +H DOVR GHYHORSHG WKH FDVH RI DQ HOOLSWLF +HUPLWLDQ PHWULF� EDVHG WKLV
WLPH RQ D GHILQLWH +HUPLWLDQ IRUP� 7KLV VHWWLQJ ZRXOG WKHQ EH GHYHORSHG E\ -XOLDQ
&RROLGJH� :LOKHOP %ODVFKNH DQG RI FRXUVH (ULFK .lKOHU� -DQ 6FKRXWHQ DQG eOLH &DUWDQ
LQ WKH ����V DQG ����V�

� 2SHQ TXHVWLRQV� EDFN WR ORQJ�WHUP KLVWRULHV

$V ZH KDYH VHHQ� ZKLOH LQ WKH ����V� ZKDW ZLOO EH FDOOHG +HUPLWLDQ IRUPV ZHUH D VXE�
FDWHJRU\ RI TXDGUDWLF IRUPV� WKH\ EHFDPH ODWHU D FDWHJRU\ SDUDOOHO WR WKDW RI TXDGUDWLF
IRUPV²DQG VWLOO ODWHU WKH HQFRPSDVVLQJ FDWHJRU\ RI WKRVH TXDGUDWLF IRUPV ZKLFK DUH D
SDUWLFXODU FDVH �WKRVH ZLWK FRPSOH[ FRQMXJDWLRQ UHGXFLQJ WR LGHQWLW\�� $OWHUQDWLYHO\� LW
PD\ EH WHPSWLQJ WR VXPPDULVH WKH KLVWRU\ RI +HUPLWLDQ IRUPV� RI ZKLFK ZH KDYH MXVW
VNHWFKHG VRPH NH\ HSLVRGHV� DV D WKUHDG IURP QXPEHU�WKHRUHWLFDO REMHFWV WR DOJHEUDLF
RQHV WR JHRPHWULF RQHV� +RZHYHU� RQH ZRXOG REYLRXVO\ ORVH VHYHUDO FRPSRQHQWV ZH
KDYH PHW ² EH WKH\ SHGDJRJLFDO VHWWLQJV� RU HSLVWHPRORJLFDO YLHZV� SXWWLQJ REVHUYD�
WLRQV DQG FODVVLILFDWLRQV WRJHWKHU DW WKH FRUH RI PDWKHPDWLFDO DFWLYLWLHV� RU GLVFLSOLQDU\
VWUXFWXUHV� ,Q WKH FRQILJXUDWLRQ ZKLFK DOORZV +HUPLWLDQ IRUPV WR DSSHDU DV JHRPHWULF
REMHFWV� WKHUH DSSHDUV WKH UHQHZDO RI ,WDOLDQ PDWKHPDWLFV DIWHU WKH XQLILFDWLRQ RI WKH
FRXQWU\� D QHZ SURJUDP IRU D JHRPHWU\ DV JHQHUDO DV DQDO\VLV� D FRQFHUQ IRU WKH UHSUH�
VHQWDWLRQ RI FRPSOH[ QXPEHUV E\ UHDO REMHFWV� DQG DQ HPSKDVLV RQ WUDQVIRUPDWLRQV� ,I
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FORVH UHDGLQJ LV UHTXLUHG WR GLVSOD\ KRZ WKHVH FRPSRQHQWV ZHUH DUWLFXODWHG� WKH TXHVWLRQ
LV VWLOO RSHQ RI WKHLU H[WHQW� ERWK LQ WLPH DQG LQ VFRSH� DQG RI WKHLU SUHFLVH UROH LQ WKH
G\QDPLFV RI WKH FKDQJHV�

7KH GLIILFXOW\ LV KDUGO\ UHGXFHG LI RQH IRFXVHV RQ FRPSRQHQWV ZKLFK DUH REYLRXVO\
UHOHYDQW� IRU LQVWDQFH KHUH� WKH LVVXH RI JHRPHWULVDWLRQV� VHYHUDO W\SHV RI JHRPHWULHV RF�
FXUUHG �SURMHFWLYH� QRQ (XFOLGHDQ� GLIIHUHQWLDO� DQG WKH\ SOD\HG VHYHUDO UROHV� IURP VXS�
SRUWLQJ LQWXLWLRQ WR SURYLGLQJ D FRQFUHWH H[LVWHQFH WR JURXSV� $V )XELQL �)XELQL >�����
S� �@� H[SODLQHG� IRU LQVWDQFH� ³WKH LQWURGXFWLRQ RI >KLV@ QHZ PHWULF LV VRPHWKLQJ WRWDOO\
GLIIHUHQW IURP D VLPSO\ IRUPDO WKLQJ� ,W DOORZV XV WR KDYH UHFRXUVH WR WKH LQWXLWLRQ DQG
WKH SURFHGXUHV RI JHRPHWU\ WR VROYH DQ DOJHEUDLF TXHVWLRQ´� 0RUHRYHU� JHRPHWU\ GLG
QRW JR XQFKDOOHQJHG� 9DOHQWLQHU UHPDUNHG DW WKH EHJLQQLQJ RI KLV ERRN RQ ILQLWH JURXSV
RI WUDQVIRUPDWLRQV WKDW ZKLOH .OHLQ KDG DOUHDG\ KDQGOHG WKH ELQDU\ FDVH� KH� 9DOHQWLQHU�
ZDV JRLQJ WR GR LW DJDLQ� EXW WKLV WLPH SXUHO\ DOJHEUDLFDOO\� LQ RUGHU WR IUHH LW IURP JH�
RPHWULFDO FRQVLGHUDWLRQV �9DOHQWLQHU >����� S� �@�� 7KH UHODWLRQ EHWZHHQ JHRPHWU\ DQG
FODVVLILFDWLRQ SURJUDPPHV ZDV HVWDEOLVKHG LQ 6HJUH¶V FDVH� DFFRUGLQJ WR KLV IRUPHU VWX�
GHQW DQG FROOHDJXH $OHVVDQGUR �7HUUDFLQL >����@�� LW ZDV KRZHYHU VWLOO DQ RSHQ TXHVWLRQ
ZKHWKHU WR FRQQHFW LW RU QRW ZLWK PRUH JHQHUDO YLHZV RQ PDWKHPDWLFV DV D VFLHQFH� DV
ZDV WKH FDVH IRU +HUPLWH RU &D\OH\ �/r DQG 3DXPLHU >����@��

%HVLGHV WKHVH TXHVWLRQV DERXW VSHFLILF FRPSRQHQWV� DQ LPSRUWDQW UDQJH RI RSHQ TXHV�
WLRQV FRQFHUQV WKH OLQNV ZKLFK PD\ EH XVHG WR UHODWH WKH YDULRXV HSLVRGHV DQG FRPSR�
QHQWV� LQ SDUWLFXODU WKRVH ZKLFK FDQ KHOS XV WR XQGHUVWDQG KRZ LQIRUPDWLRQ RU UHVXOWV
ZHUH FLUFXODWLQJ� $Q REYLRXV W\SH RI OLQN� ZKLFK KDV EHHQ XVHG WR GHOLQHDWH SUHFHGLQJ
FRQILJXUDWLRQV� DUH FURVV�UHIHUHQFHV DPRQJ DUWLFOHV� 7KH\ LQGLFDWH LQ SDUWLFXODU WKH UROH
SOD\HG E\ 3LFDUG LQ WKH ����V WR SXW +HUPLWLDQ IRUPV EDFN LQWR WKH FHQWUH RI WKH VWDJH�
2QH PLJKW DOVR WKLQN RI &D\OH\¶V GHILQLWLRQ RI D PHWULF LQ D SURMHFWLYH VSDFH� OLQNHG WR
KLV ZRUN RQ LQYDULDQWV LQ WKH ����V� DQG ZKLFK ZLOO EH� LQ D IRUP PDLQO\ PHGLDWHG E\
.OHLQ� D PRGHO IRU WKH IRUPXODV XVHG LQ WKH FRPSOH[ FDVH DW WKH HQG RI WKH FHQWXU\�

&RQIOLFWV RI SULRULW\ RIWHQ JDYH ULVH WR VXFK FURVV�UHIHUHQFHV� EXW WKH\ ZHUH� DW OHDVW
LQ RXU FDVH� SDUWLFXODUO\ HSKHPHUDO� ,VVXHV ZHUH YHU\ VRRQ VHWWOHG LQ WKH OLWHUDWXUH� WKHUH
ZLOO EH D ³)XELQL±6WXG\´ PHWULF� WKH WKHRUHP RQ WKH LQYDULDQFH RI D +HUPLWLDQ IRUP
E\ D ILQLWH JURXS RI OLQHDU WUDQVIRUPDWLRQV ZLOO EH DWWULEXWHG WR DOO WKH DXWKRUV ZH KDYH
GLVFXVVHG DERYH �0H\HU >����� S� ���@� 0LOOHU� %OLFKIHOGW� DQG 'LFNVRQ >����� S� ���@��
<HW ORFDWLQJ DQG VWXG\LQJ VXFK FRQILJXUDWLRQV UHPDLQV RI LQWHUHVW� DV WKH\ KHOS XV UHYHDO
PRUH GHFLVLYH DVSHFWV� VXFK DV� IRU LQVWDQFH� WKH FRQIOXHQFH RI GLIIHUHQW DSSURDFKHV
VHW LQ PRWLRQ WR GHVFULEH WKH ILQLWH VXEJURXSV RI GLn(C)� RU WKH SUREOHPV UDLVHG E\
WKH H[WHQVLRQ RI JHRPHWU\ WR WKH FRPSOH[ UHDOP� RU WKH UROH RI .OHLQ DV D LQWHUPHGLDU\
EHWZHHQ *|WWLQJHQ� ,WDO\ DQG WKH 8QLWHG 6WDWHV �3DUVKDOO DQG 5RZH >����@ DQG &DV�
QDWL� &RQWH� *DWWR� *LDFDUGL� 0DUFKLVLR� DQG 9HUUD >����@�� 7KDW SHUVRQV IURP GLIIHUHQW
EUDQFKHV RI PDWKHPDWLFV FRXOG DJUHH ZDV HYHQ LQWHUSUHWHG E\ VRPH DV D VLJQ RI PRGHU�
QLW\� )UDQFHVFR %ULRVFKL FRPPHQWHG IRU LQVWDQFH LQ ����� ³7KH FKDUDFWHULVWLF QRWH RI
PRGHUQ SURJUHVV LQ PDWKHPDWLFDO VWXGLHV FDQ EH UHFRJQLVHG LQ WKH FRQWULEXWLRQ WKDW HDFK
VSHFLDO WKHRU\²WKDW RI IXQFWLRQV� RI VXEVWLWXWLRQV� RI IRUPV� RI WUDQVFHQGHQWV� JHRPHWUL�
FDO WKHRULHV DQG VR RQ²EULQJV WR WKH VWXG\ RI SUREOHPV� ZKHUH LQ RWKHU WLPHV RQO\ RQH
VHHPHG QHFHVVDU\´ �$UFKLEDOG >����� S� ���@��
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+RZHYHU� WUDQVPLVVLRQV PD\ DOVR RSHUDWH ZLWKRXW H[SOLFLW ELEOLRJUDSKLFDO LQGLFD�
WLRQV� WKURXJK FRUUHVSRQGHQFH RU� DV ZH KDYH VHHQ� WKURXJK FRPPXQLFDWLRQV DW WKH
PHHWLQJV RI D PDWKHPDWLFDO VRFLHW\ RU YLD SXEOLFDWLRQ LQ D JLYHQ MRXUQDO �WKH UROH RI
0DWKHPDWLVFKH $QQDOHQ LV KHUH SDUWLFXODUO\ LQWHUHVWLQJ�� &HUWDLQ OLQNV IXQFWLRQHG RQ D
PXFK ODUJHU VFDOH DQG WR SLQSRLQW WKHP FRQFUHWHO\ LV PRUH GHOLFDWH� KRZ D QHZ REMHFW
LQ PDWKHPDWLFV LV YDOLGDWHG RU KRZ WKH QHZ LGHDV RI OLQHDU DOJHEUD LUULJDWHG D YDULHW\ RI
WRSLFV GXULQJ WKH VHFRQG KDOI RI WKH QLQHWHHQWK FHQWXU\ DUH EXW WZR H[DPSOHV�

)XUWKHU� EUHDNV RU GLVFRQWLQXLWLHV VKRXOG DOVR EH VWXGLHG PRUH FORVHO\� 7KLV LV SDUWLF�
XODUO\ LPSRUWDQW EHFDXVH PRVW WKHRULHV LQ WKH G\QDPLFV RI KLVWRU\ RI VFLHQFH UHO\ RQ WKH
LVVXH RI EUHDNV �IURP 7KRPDV .XKQ¶V VFLHQWLILF UHYROXWLRQV WR ,PUH /DNDWRV¶V UHVHDUFK
SURJUDPPHV� DQG GR QRW VHHP WR EH DSSURSULDWH LQ WKH FDVH RI PDWKHPDWLFV� ,W PD\ KDS�
SHQ WKDW GLIIHUHQW DVSHFWV FKDQJH VLPXOWDQHRXVO\ DQG WKHUH KDYH EHHQ VRPH DWWHPSWV WR
VSHDN LQ WKLV FDVH RI D ³UHYROXWLRQ´ �*LOOLHV >����@�� 9HU\ RIWHQ KRZHYHU WKH FKDQJHV DUH
QRW VLPXOWDQHRXV �*LODLQ DQG *XLOEDXG >����@�� :KLOH LQGLIIHUHQFH LV RI FRXUVH WKH PRVW
REYLRXV FDXVH RI GHFOLQH� UHGLVFRYHU\ RU UHF\FOLQJ LQWR DQRWKHU WKHRU\ DUH TXLWH IUHTXHQW
LQ PRGHUQ WLPHV DQG WKH FLUFXPVWDQFHV RI VXFK D UHELUWK DUH RIWHQ SX]]OLQJ� :H KDYH
RQO\ D IHZ VWXGLHV RI VXFK SKHQRPHQD� WKDW RI LQYDULDQW WKHRU\� GHDG �)LVKHU >����@��
EXW WKHQ ERUQ DJDLQ� ³OLNH DQ $UDELDQ SKRHQL[ DULVLQJ IURP LWV DVKHV¶¶ �5RWD >����@�� 2U
WKDW RI WKH ³WKHRU\ RI RUGHU¶¶ WKDW /RXLV 3RLQVRW� LQVSLUHG E\ WKH UHODWLRQV DPRQJ URRWV
RI XQLW\� SURPRWHG DW WKH EHJLQQLQJ RI WKH FHQWXU\ �%RXFDUG >����@�� DQG ZKLFK GLVDS�
SHDUHG DQG UHDSSHDUHG VHYHUDO WLPHV �VWLOO DWWDFKHG WR 3RLQVRW¶V QDPH�� LQ WKH WKHRU\ RI
HTXDWLRQV� EXW DOVR LQ RUQDPHQWDO DUFKLWHFWXUH �%RXFDUG DQG (FNHV >����@�� LQWHUVHFWLQJ
WKH ORQJ�WHUP FKDQJHV LQ WKH WKHRU\ RI WDFWLFV� D ILHOG ZKLFK PL[HG ZKDW ZH ZRXOG QRZ
GHVFULEH DV FRPELQDWRULFV DQG JURXS WKHRU\ �(KUKDUGW >����@��� ,Q H[DPSOHV UDQJLQJ
IURP 'HVFDUWHV¶V FXUYHV WR )RXULHU VHULHV� $ODLQ +HUUHPDQ >����@ DQDO\VHG KRZ FRQ�
FHSWV ZKLFK KDG DOUHDG\ DSSHDUHG LQIRUPDOO\ LQ PDWKHPDWLFV UHFHLYH� LQ ZKDW KH FDOOV
³LQDXJXUDO WH[WV�¶¶ D IRUPDO GHILQLWLRQ DQG D QDPH� WKXV DFTXLULQJ� VR WR VSHDN� PDWKHPDW�
LFDO FLWL]HQVKLS� EXW VXFK D JHQHUDO VWXG\ RI D VSHFLILF W\SH RI GLVFRQWLQXLW\� RSHUDWLQJ
KHUH LQ SDUWLFXODU DW D VHPLRWLF OHYHO� UHPDLQV H[FHSWLRQDO�

,W PD\ VRPHWLPHV EH QHFHVVDU\ WR FKDQJH RQH¶V VFDOH RI REVHUYDWLRQ LQ RUGHU WR XQ�
GHUVWDQG D GLVFRQWLQXLW\� $ VWULNLQJ WHVWLPRQ\ LV JLYHQ E\ 0D[ %RUQ¶V ���� VWXG\ RI
WKH GLDPRQG �%RUQ >����@�� %RUQ XVHG D GHWHUPLQDQW ZLWK FRPSOH[ HOHPHQWV� VXFK WKDW
WZR HOHPHQWV V\PPHWULFDO ZLWK UHVSHFW WR WKH PDLQ GLDJRQDO DUH FRPSOH[ FRQMXJDWHV�
FRPPHQWHG WKDW WKH GHWHUPLQDQW LV ³UHDO GHVSLWH LWV FRPSOH[ DSSHDUDQFH¶¶ DQG DFNQRZO�
HGJHG LQ D IRRWQRWH WKDW LW WKXV GHULYHG IURP D +HUPLWLDQ IRUP� $V ZHOO�NQRZQ� %RUQ
ZRXOG UHPHPEHU WKLV DJDLQ D GHFDGH ODWHU� RIIHULQJ WR +HUPLWLDQ IRUPV DQG PDWULFHV D
VSHFWDFXODU UROH LQ WKH QHZ TXDQWXP WKHRU\ �%RUQ DQG -RUGDQ >����@�� ,Q WKH ����V� WKH
SURJUDP RI FODVVLILFDWLRQ DQG UHGXFWLRQ RI HTXDWLRQV DQG IRUPV KDG JHQHUDWHG YDULRXV
FRQFHSWV� FKDUDFWHULVWLF SRO\QRPLDOV DQG WKHLU URRWV� ZKLFK ZH KDYH PHW VHYHUDO WLPHV�
OLQHDU WUDQVIRUPDWLRQV RU PDWULFHV �+DZNLQV >����� ����@� %UHFKHQPDFKHU >����@� DQG
+DZNLQV >����@�� 7KDW WKH ³VHFXODU HTXDWLRQ¶¶ ZKLFK GHVFULEHV WKH ORQJ�WHUP SHUWXUED�
WLRQV RI SODQHWDU\PRWLRQ LV RXU FKDUDFWHULVWLF SRO\QRPLDO IRU D V\PPHWULFPDWUL[ DQG KDV
RQO\ UHDO URRWV KDG LQGHHG LQWHUHVWLQJ SK\VLFDO DSSOLFDWLRQV� LW ZDV DQ LQFHQWLYH WR ZRUN
RQ WKH FRPSOH[ FDVH IRU &OHEVFK >����@ DQG &KULVWRIIHO >����@� ZKRP , KDYH PHQWLRQHG
DERYH� 6HFXODU HTXDWLRQV DJDLQ DSSHDUHG LQ D SK\VLFDO HQYLURQPHQW LQ %RUQ¶V SDSHU� EXW
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ZLWKRXW H[SOLFLW OLQN WR WKHVH SUHYLRXV ZRUNV� 7KH FRQQHFWLRQV EHWZHHQ %RUQ DQG -DFRE
5RVDQHV� ZKR VWXGLHG WKH WUDQVIRUPDWLRQ RI TXDGUDWLF IRUPV LQ WKH ����V DQG ����V�
DUH RQ WKH RWKHU KDQG ZHOO DWWHVWHG �0HKUD DQG 5HFKHQEHUJ >����� S� ���@� DQG %RUQ
DOVR TXRWHG PRUH UHFHQW DOJHEUDLF SDSHUV� WKLV VXJJHVWV D ZLGHU� OHVV VSHFLILF� UHOHYDQW
DOJHEUDLF HQYLURQPHQW LQ ZKLFK PDWULFHV DQG IRUPV ZHUH QRZ DYDLODEOH LQGHSHQGHQWO\
RI WKH QDUURZ WRSLF RI WKH VHFXODU HTXDWLRQ RU RI LWV RWKHU DYDWDUV�

,Q JHQHUDO KLVWRU\� IROORZLQJ )HUQDQG %UDXGHO¶V VXJJHVWLRQ WR WDNH LQWR DFFRXQW QRW
RQO\ WKH VKRUW�WHUP HYHQWV RI SROLWLFDO OLIH� EXW DOVR SKHQRPHQD GHSOR\HG RYHU D PRUH
H[WHQGHG SHULRG RI WLPH� EH WKH\ HFRQRPLF WUHQGV RU HYHQ JHRORJLFDO WUDQVIRUPDWLRQV�
WKH ³ORQJ WHUP´ KDV FRPH WR PHDQ D WLPH RI LPPRELOLW\ ZLWK UHVSHFW WR KXPDQ DFWLRQV�
7KLV LV QRW WKH FDVH LQ PDWKHPDWLFV� $ ORQJ WHUP WKUHDG� EDVHG RQ D VLPSOH UHWURVSHFWLYH
LGHQWLILFDWLRQ RI FRQFHSWV� RU UHVXOWV� ZRXOG EH D VQDUH� 7KHUH LV QR HDV\ OLQH IURP
+HUPLWH WR 3LFDUG WR 0RRUH DQG 6WXG\ WR %RUQ� /RQJ WHUP KLVWRULHV WKXV UHTXLUH XV WR
VWXG\ QRW RQO\ ORFDO FRQILJXUDWLRQV EXW DOVR WKH YDULRXV ZD\V LQ ZKLFK WKH\ DUH� RU QRW�
FRQQHFWHG� 7KH OLQNV ZH KDYH PHQWLRQHG� ZKDWHYHU EH WKHLU GXUDWLRQ LQ WLPH RU WKH VFDOH
DW ZKLFK WKH\ RSHUDWH� DUH FRQVWUXFWHG WKURXJK WKH ³DUW¶¶ RI PDWKHPDWLFLDQV� DQG WKLV PD\
EH WUXH DOVR RI WKH GLVFRQWLQXLWLHV� ,QVRIDU DV WKH\ LQYROYH WKH ZRUN RI PDWKHPDWLFLDQV�
WKH\ DUH²RU VKRXOG EH²D SULPDU\ FRQFHUQ IRU WKH KLVWRU\ RI PDWKHPDWLFV�

5HIHUHQFHV

$FFDGHPLD GHOOH 6FLHQ]H� HG� ������� &HOHEUD]LRQH GHO FHQWHQDULR GHOOD QDVFLWD GL
*XLGR )XELQL H )UDQFHVFR 6HYHUL� 7RULQR� ���� 2WWREUH� ����� 7RULQR� $FFDGHPLD
GHOOH 6FLHQ]H� =EO� y8RkXyyyyN �FLW� RQ S� �����

/LOLDQH $OIRQVL ������� eWLHQQH %p]RXW �����±������ PDWKpPDWLFLHQ GHV /XPLqUHV�
3DULV� /¶+DUPDWWDQ� 05� k8jdeej� =EO� Rk8yXyRyRd �FLW� RQ S� �����

7RP $UFKLEDOG ������� ³3K\VLFV DV D FRQVWUDLQW RQ PDWKHPDWLFDO UHVHDUFK� WKH FDVH RI
SRWHQWLDO WKHRU\ DQG HOHFWURG\QDPLFV� ����±����´� ,Q� 7KH +LVWRU\ RI 0RGHUQ 0DWK�
HPDWLFV� (G� E\ 'DYLG 5RZH DQG -RKQ0F &OHDU\� 9RO� �� 1HZ<RUN� $FDGHPLF 3UHVV�
SS� ��±��� 05� Ryjd3y3 �FLW� RQ S� �����

± ������� ³'LIIHUHQWLDO (TXDWLRQV DQG $OJHEUDLF 7UDQVFHQGHQWV´� 5HYXH G¶KLVWRLUH GHV
PDWKpPDWLTXHV �� ���� SS� ���±���� 05� k33j8ky� =EO� Rkj9 X yRyyk �FLW� RQ
S� �����

0DUFLD $VFKHU ������� (WKQRPDWKHPDWLFV� $ 0XOWLFXOWXUDO 9LHZ RI 0DWKHPDWLFDO ,GHDV�
3DFLILF *URYH� %URRNV�&ROH 3XEOLVKLQJ� 05� RyN8d3R� =EO� y388XyRyyk �FLW� RQ
S� �����

:LOOLDP $VSUD\ DQG 3KLOLS .LWFKHU� HGV� ������� +LVWRU\ DQG 3KLORVRSK\ RI 0RGHUQ
0DWKHPDWLFV� 0LQQHDSROLV� 8QLYHUVLW\ RI 0LQQHVRWD 3UHVV� 05� yN989e9 �FLW� RQ
S� �����

'DYLG $XELQ DQG $P\ 'DKDQ 'DOPHGLFR ������� ³:ULWLQJ WKH +LVWRU\ RI '\QDPLFDO
6\VWHPV DQG &KDRV� /RQJXH 'XUpH DQG 5HYROXWLRQ� 'LVFLSOLQHV DQG &XOWXUHV´� +LV�
WRULD 0DWKHPDWLFD ��� SS� �±��� 05� RNRdRjR� =EO� RykeXyRyR9 �FLW� RQ S� �����

'DYLG $XELQ DQG &DWKHULQH *ROGVWHLQ� HGV� ������� $ :DU RI *XQV DQG 0DWKHPDWLFV�
0DWKHPDWLFDO 3UDFWLFHV DQG &RPPXQLWLHV LQ )UDQFH DQG ,WV :HVWHUQ $OOLHV DURXQG
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:RUOG :DU ,� 3URYLGHQFH� 5�,�� $PHULFDQ 0DWKHPDWLFDO 6RFLHW\� 05� jjy3dek� =EO�
RjyyXyRyy3 �FLW� RQ S� �����

(OHQD $XVHMR DQG 0DULDQR +RUPLJyQ� HGV� ������� 0HVVHQJHUV RI 0DWKHPDWLFV� (XUR�
SHDQ 0DWKHPDWLFDO -RXUQDOV �����±������ 0DGULG� 6LJOR ;;, GH (VSDxD (GLWRUHV�
05� R938d3y �FLW� RQ S� �����

/XLJL %LDQFKL ������� ³*HRPHWULVFKH 'DUVWHOOXQJ GHU *UXSSHQ OLQHDUHU 6XEVWLWXWLRQHQ
PLW JDQ]HQ FRPSOH[HQ &RHIILFLHQWHQ QHEVW $QZHQGXQJHQ DXI GLH =DKOHQWKHRULH´�
0DWKHPDWLVFKH $QQDOHQ ��� SS� ���±���� 05� R8Ryedd �FLW� RQ S� �����

± ������� ³6XL JUXSSL GL VRVWLWX]LRQL OLQHDUL FRQ FRHIILFLHQWL DSSDUWHQHQWL D FRUSL
TXDGUDWLFL LPPDJLQDUL´� 0DWKHPDWLVFKH $QQDOHQ ��� SS� ���±���� 05� R8Rydkd�

0D[%RUQ ������� ³=XP5DXPJLWWHUWKHRULH GHV'LDPDQWHQ´�$QQDOHQ GHU 3K\VLN� �WK VHU�
��� SS� ���±��� �FLW� RQ S� �����

0D[ %RUQ DQG 3DVFXDO -RUGDQ ������� ³=XU 4XDQWHQPHFKDQLN´� =HLWVFKULIW I�U 3K\VLN
������ SS� ���±��� �FLW� RQ S� �����

8PEHUWR %RWWD]]LQL ������� 9D¶ SHQVLHUR� ,PPDJLQL GHOOD PDWHPDWLFD QHOO¶,WDOLD
GHOO¶2WWRFHQWR� %RORJQD� ,O 0XOLQR� 05� Rd3Ney3 �FLW� RQ SS� ���� �����

8PEHUWR %RWWD]]LQL DQG 3LHWUR 1DVWDVL ������� /D SDWULD FL YXROH HURL� 0DWHPDWLFL H
YLWD SROLWLFD QHOO¶,WDOLD GHO 5LVRUJLPHQWR� %RORJQD� =DQLFKHOOL� 05� jjdNNjy� =EO�
Rj83XyRyy9 �FLW� RQ S� �����

-HQQ\ %RXFDUG ������� ³/RXLV 3RLQVRW HW OD WKpRULH GH O¶RUGUH � XQ FKDÕࡂ QRQ PDQTXDQW
HQWUH *DXVV HW *DORLV "´ 5HYXH G¶KLVWRLUH GHV PDWKpPDWLTXHV ����� SS� ��±���� 05�
k39NRey� =EO� Rkk3XyRyR8 �FLW� RQ S� �����

-HQQ\ %RXFDUG DQG &KULVWRSKH (FNHV ������� ³/D WKpRULH GH O¶RUGUH GH 3RLQVRW j %RXU�
JRLQ � PDWKpPDWLTXHV� SKLORVRSKLH� DUW RUQHPHQWDO´� 5HYXH GH V\QWKqVH ���� SS� ���±
���� 05� j99R939 �FLW� RQ S� �����

)UpGpULF %UHFKHQPDFKHU ������� ³/¶LGHQWLWp DOJpEULTXH G¶XQH SUDWLTXH SRUWpH SDU OD GLV�
FXVVLRQ VXU O¶pTXDWLRQ j O¶DLGH GH ODTXHOOH RQ GpWHUPLQH OHV LQpJDOLWpV VpFXODLUHV GHV
SODQqWHV �����±�����´� 6FLHQFHV HW 7HFKQLTXHV HQ 3HUVSHFWLYH �� SS� �±�� �FLW� RQ
SS� ���� �����

± ������� ³8QH KLVWRLUH GH O¶XQLYHUVDOLWp GHV PDWULFHV PDWKpPDWLTXHV´� 5HYXH GH V\Q�
WKqVH ������ SS� ���±���� 05� jRyN83R� =EO� Rkk8XR8yyj �FLW� RQ S� �����

± ������� ³$OJHEUDLF *HQHUDOLW\ YHUVXV $ULWKPHWLF *HQHUDOLW\ LQ WKH &RQWURYHUV\ EH�
WZHHQ &� -RUGDQ DQG /� .URQHFNHU ������´� ,Q� 7KH 2[IRUG +DQGERRN RI *HQHUDO�
LW\ LQ 0DWKHPDWLFV DQG WKH 6FLHQFHV� (G� E\ .DULQH &KHPOD� 5HQDXG &KRUOD\� DQG
'DYLG 5DERXLQ� 2[IRUG� 2[IRUG 8QLYHUVLW\ 3UHVV� SS� ���±���� 05� jeRd9eN �FLW�
RQ S� �����

eULF %ULDQ ������� /D 0HVXUH GH O¶eWDW� DGPLQLVWUDWHXUV HW JpRPqWUHV DX ;9,,,H VLqFOH�
3DULV� $OELQ 0LFKHO �FLW� RQ S� �����

$OGR %ULJDJOLD ������� ³$Q 2YHUYLHZ RI ,WDOLDQ $ULWKPHWLF DIWHU WKH 'LVTXLVLWLRQHV
$ULWKPHWLFDH´� ,Q� 7KH 6KDSLQJ RI $ULWKPHWLF DIWHU &� *� *DXVV¶V'LVTXLVLWLRQHV$ULWK�
PHWLFDH� (G� E\ &DWKHULQH *ROGVWHLQ� 1RUEHUW 6FKDSSDFKHU� DQG -RDFKLP 6FKZHUPHU�
%HUOLQ� 6SULQJHU� SS� ���±���� 05� kjy3kNR �FLW� RQ S� �����

± ������� ³6HJUH DQG WKH )RXQGDWLRQV RI *HRPHWU\� )URP &RPSOH[ 3URMHFWLYH *HRP�
HWU\ WR 'XDO 1XPEHUV´� ,Q� )URP &ODVVLFDO WR 0RGHUQ $OJHEUDLF *HRPHWU\� (G� E\
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*LDQIUDQFR &DVQDWL� $OEHUWR &RQWH� /HWWHULR *DWWR� /LYLD *LDFDUGL� 0DULQD 0DUFKL�
VLR� DQG $OHVVDQGUR 9HUUD� %DVHO� %LUNKlXVHU� SS� ���±���� =EO� yeNdNk9j �FLW� RQ
S� �����

5REHUW %URX]HW ������� ³/D GRXEOH RULJLQH GX JURXSH V\PSOHFWLTXH´�([SRVLWLRQHV PDWK�
HPDWLFDH ����� SS� ��±��� 05� kReeNeN� =EO� RR8eXyRjRj �FLW� RQ S� �����

0DUWLQ &DPSEHOO�.HOO\� 0DU\ &URDUNHQ� 5D\PRQG )ORRG� DQG (OHDQRU 5REVRQ� HGV�
������� 7KH +LVWRU\ RI 0DWKHPDWLFDO 7DEOHV� IURP 6XPHU WR 6SUHDGVKHHWV� 2[IRUG�
2[IRUG 8QLYHUVLW\ 3UHVV� 05� kydy3eR� =EO� RykjXyyyye �FLW� RQ S� �����

'DQLOR &DSHFFKL DQG *LXVHSSH 5XWD ������� 6WUHQJWK RI 0DWHULDOV DQG 7KHRU\ RI (ODV�
WLFLW\ LQ ��WK &HQWXU\ ,WDO\� &KDP� 6SULQJHU� 05� jk3NReN �FLW� RQ S� �����

*LDQIUDQFR &DVQDWL� $OEHUWR &RQWH� /HWWHULR *DWWR� /LYLD *LDFDUGL� 0DULQD 0DUFKLVLR�
DQG $OHVVDQGUR 9HUUD� HGV� ������� )URP &ODVVLFDO WR 0RGHUQ $OJHEUDLF *HRPHWU\�
&RUUDGR 6HJUH¶V 0DVWHUVKLS DQG /HJDF\� %DVHO� %LUNKlXVHU� =EO� RjeNXR9yyj �FLW�
RQ SS� ���� �����

$UWKXU &D\OH\ ������� ³$ VXSSOHPHQWDU\ PHPRLU RQ WKH WKHRU\ RI PDWULFHV´� 3KLORVRSK�
LFDO 7UDQVDFWLRQV RI WKH 5R\DO 6RFLHW\ RI /RQGRQ ���� SS� ��±�� �FLW� RQ S� �����

.DULQH &KHPOD� HG� ������� 7KH +LVWRU\ RI 0DWKHPDWLFDO 3URRI LQ $QFLHQW 7UDGLWLRQV�
&DPEULGJH� &DPEULGJH 8QLYHUVLW\ 3UHVV� 05� j9RykRR� =EO� Rk8dXyRyyj�

.DULQH &KHPOD� 5HQDXG &KRUOD\� DQG 'DYLG 5DERXLQ� HGV� ������� 7KH 2[IRUG +DQG�
ERRN RI *HQHUDOLW\ LQ 0DWKHPDWLFV DQG WKH 6FLHQFHV� 2[IRUG� 2[IRUG 8QLYHUVLW\
3UHVV� 05� j833kdj� =EO� Rj93Xyyyje �FLW� RQ S� �����

5HQDXG &KRUOD\ ������� ³)URP 3UREOHPV WR 6WUXFWXUHV� 7KH &RXVLQ 3UREOHPV DQG WKH
(PHUJHQFH RI WKH 6KHDI &RQFHSW´�$UFKLYH IRU +LVWRU\ RI ([DFW 6FLHQFHV ������ SS� �±
��� 05� k8dyjy3� =EO� RRN3XyRyyR �FLW� RQ S� �����

(OZLQ %UXQR &KULVWRIIHO ������� ³9HUDOOJHPHLQHUXQJ HLQLJHU 7KHRUHPH GHV +HUUQ
:HLHUVWUDVV´� -RXUQDO I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ���±����
05� R8dNked �FLW� RQ SS� ���� �����

$OIUHG &OHEVFK ������� ³7KHRULH GHU FLUFXODUSRODULVLUHQGHQ 0HGLHQ´� -RXUQDO I�U GLH
UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ���±���� 05� R8dNRj9 �FLW� RQ SS� ����
�����

± ������� ³8HEHU HLQH &ODVVH YRQ *OHLFKXQJHQ� ZHOFKH QXU UHHOOH :XU]HOQ EHVLW]HQ´�
-RXUQDO I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ���±���� 05� R8dNk9R
�FLW� RQ S� �����

/HR &RUU\ ������� 0RGHUQ $OJHEUD DQG WKH 5LVH RI 0DWKHPDWLFDO 6WUXFWXUHV� �QG HG�
%DVHO� %LUNKlXVHU� 05� kyjjRdR� =EO� Ry99XyRyy3 �FLW� RQ SS� ���� �����

7RQ\ &ULOO\ ������� $UWKXU &D\OH\� 0DWKHPDWLFLDQ /DXUHDWH RI WKH 9LFWRULDQ $JH� %DO�
WLPRUH� -RKQV +RSNLQV 8QLYHUVLW\ 3UHVV� 05� kk39jNe� =EO� RRRdXyRyRe �FLW� RQ
SS� ���� �����

8ELUDWDQ G¶$PEURVLR ������� ³+LVWRULRJUDSKLFDO 3URSRVDO IRU 1RQ�:HVWHUQ 0DWKHPDW�
LFV´� ,Q�0DWKHPDWLFV $FURVV &XOWXUHV� 7KH +LVWRU\ RI 1RQ�:HVWHUQ0DWKHPDWLFV� (G�
E\ +HODLQH 6HOLQ� 'RUGUHFKW� .OXZHU� SS� ��±��� 05� R3y8ede� =EO� yNekXyRyyR
�FLW� RQ S� �����

/LHVEHWK 'H 0RO DQG 0DDUWHQ %XOO\QFN ������� ³$ ZHHN�HQG RII� 7KH ILUVW H[WHQVLYH
QXPEHU�WKHRUHWLFDO FRPSXWDWLRQ RQ WKH (1,$&´� ,Q� &RPSXWDELOLW\ LQ (XURSH �����
/RJLF DQG 7KHRU\ RI $OJRULWKPV� (G� E\ $UQROG %HFNPDQQ� &RVWDV 'LPLWUDFRSRXORV�
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DQG %HQHGLNW /|ZH� %HUOLQ� +HLGHOEHUJ� 6SULQJHU� SS� ���±���� 05� k8ydyR9� =EO�
RR9kXRRjyR �FLW� RQ S� �����

$QQH�0DULH 'HFDLOORW ������� ³*pRPpWULH GHV WLVVXV� 0RVDÕࡇ TXHV� eFKLTXLHUV� 0DWKpPD�
WLTXHV FXULHXVHV HW XWLOHV´� 5HYXH G¶KLVWRLUH GHV PDWKpPDWLTXHV �� SS� ���±���� 05�
kyReRjj �FLW� RQ S� �����

/HRQDUG (XJHQH 'LFNVRQ �����±������+LVWRU\ RI WKH 7KHRU\ RI 1XPEHUV� � YROV� :DVK�
LQJWRQ� &DUQHJLH ,QVWLWXWLRQ� =EO� 9dXyRyyXy9 �FLW� RQ S� �����

-RKDQQ 3HWHU *XVWDY /HMHXQH� 'LULFKOHW ������� ³'pPRQVWUDWLRQ G¶XQH SURSULpWp DQD�
ORJXH j ORL GH UpFLSURFLWp TXL H[LVWH HQWUH GHX[ QRPEUHV SUHPLHUV TXHOFRQTXHV´� -RXU�
QDO I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ���±���� 05� R8ddNR3�

± ������� ³6XU OD WKpRULH GHV QRPEUHV´� -RXUQDO GH PDWKpPDWLTXHV SXUHV HW DSSOLTXpHV
�� SS� ��±�� �FLW� RQ S� �����

± ������� ³5HFKHUFKHV VXU OHV IRUPHV TXDGUDWLTXHV j FRHIILFLHQWV HW j LQGpWHUPLQpHV
FRPSOH[HV´� -RXUQDO I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ���±��� �FLW�
RQ S� �����

-DFTXHV�3DXO 'XEXFV ������� ³/D IDEULTXH GH OD SUHXYH´� (VSDFHV�7HPSV ����� SS� ��±
�� �FLW� RQ S� �����

0DULH -RVp 'XUDQG�5LFKDUG ������� ³3ODQLPHWHUV DQG LQWHJUDSKV LQ WKH ��WK FHQWXU\�
%HIRUH WKH GLIIHUHQWLDO DQDO\VHU´� 1XQFLXV ��� SS� ���±��� �FLW� RQ S� �����

+DUROG (GZDUGV ������� ³7KH *HQHVLV RI ,GHDO 7KHRU\´� $UFKLYH IRU +LVWRU\ RI ([DFW
6FLHQFHV ��� SS� ���±���� 05� yey3jRk� =EO� y9dkXyRyRj �FLW� RQ S� �����

± ������� ³0DWKHPDWLFDO ,GHDV� ,GHDOV DQG ,GHRORJ\´� 0DWKHPDWLFDO ,QWHOOLJHQFHU ���
SS� �±��� 05� RReydyR� =EO� yd8jXyRyRR �FLW� RQ S� �����

&DUROLQH (KUKDUGW ������� ,WLQpUDLUH G¶XQ WH[WH PDWKpPDWLTXH� OHV UppODERUDWLRQV G¶XQ
PpPRLUH G¶(YDULVWH *DORLV DX GL[�QHXYLqPH VLqFOH� 3DULV� +HUPDQQ� 05� k8jdee9
�FLW� RQ SS� ���� �����

± ������� ³7DFWLFV� ,Q VHDUFK RI D ORQJ�WHUP PDWKHPDWLFDO SURMHFW �����±�����´� +LV�
WRULD 0DWKHPDWLFD ����� SS� ���±���� 05� j9kR3ee� =EO� Rjkd X yRyk8 �FLW� RQ
S� �����

0RULW] (SSOH ������� 'LH (QWVWHKXQJ GHU .QRWHQWKHRULH� .RQWH[WH XQG .RQVWUXNWLR�
QHQ HLQHU PRGHUQHQ PDWKHPDWLVFKHQ 7KHRULH� %UDXQVFKZHLJ� 9LHZHJ�6SULQJHU� 05�
RdRejy8�

&KDUOHV )LVKHU ������� ³7KH 'HDWK RI D 0DWKHPDWLFDO 7KHRU\� $ 6WXG\ LQ WKH 6RFLRORJ\
RI .QRZOHGJH´� $UFKLYH IRU +LVWRU\ RI ([DFW 6FLHQFHV �� SS� ���±����05� ykyk89e�
=EO� yRNkXyR8y9 �FLW� RQ S� �����

'RPLQLTXH )ODPHQW DQG 3KLOLSSH 1DERQQDQG� HGV� ������� -XVWLILHU HQ PDWKpPDWLTXHV�
3DULV� 06+ �FLW� RQ S� �����

*HRUJ )UREHQLXV ������� ³8HEHU OLQHDUH 6XEVWLWXWLRQHQ XQG ELOLQHDUH )RUPHQ´� -RXUQDO
I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� �±��� =EO� yNXyy38Xyk �FLW� RQ
S� �����

± ������� ³8HEHU GLH SULQFLSDOH 7UDQVIRUPDWLRQ GHU 7KHWDIXQFWLRQHQ PHKUHUHU 9DUL�
DEOHQ´� -RXUQDO I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ���±���� 05�
R8dNN3k� =EO� R8Xy9j3Xyk �FLW� RQ S� �����

http://www.ams.org/mathscinet-getitem?mr=MR2507014
http://zbmath.org/?q=an:1142.11301
http://www.ams.org/mathscinet-getitem?mr=MR2016133
http://zbmath.org/?q=an:47.0100.04
http://dx.doi.org/10.1515/crll.1832.9.379
http://dx.doi.org/10.1515/crll.1832.9.379
http://www.ams.org/mathscinet-getitem?mr=MR1577918
http://dx.doi.org/10.1515/crll.1842.24.291
http://dx.doi.org/10.1515/crll.1842.24.291
http://dx.doi.org/10.1007/BF00327914
http://www.ams.org/mathscinet-getitem?mr=MR0608312
http://zbmath.org/?q=an:0472.01013
http://dx.doi.org/10.1007/BF03025208
http://www.ams.org/mathscinet-getitem?mr=MR1160701
http://zbmath.org/?q=an:0753.01011
http://www.ams.org/mathscinet-getitem?mr=MR2537664
http://dx.doi.org/10.1016/j.hm.2014.12.002
http://www.ams.org/mathscinet-getitem?mr=MR3421866
http://zbmath.org/?q=an:1327.01025
https://doi.org/10.1007/978-3-322-80295-8
https://doi.org/10.1007/978-3-322-80295-8
http://www.ams.org/mathscinet-getitem?mr=MR1716305
https://doi.org/10.1007/BF00357267
https://doi.org/10.1007/BF00357267
http://www.ams.org/mathscinet-getitem?mr=MR0202546
http://zbmath.org/?q=an:0192.01504
http://zbmath.org/?q=an:09.0085.02
https://doi.org/10.1515/crll.1883.95.264
https://doi.org/10.1515/crll.1883.95.264
http://www.ams.org/mathscinet-getitem?mr=MR1579982
http://zbmath.org/?q=an:15.0438.02


/21*�7(50 +,6725< $1' (3+(0(5$/ &21),*85$7,216 ���

*XLGR )XELQL ������� ³6XOOD WHRULD GHOOH IRUPH TXDGUDWLFKH KHUPLWLDQH H GHL VLVWHPL GL
WDOL IRUPH´� $WWL GHOOD $FFDGHPLD JLRHQLD GL VFLHQ]H QDWXUDOL LQ &DWDQLD ��� �� =EO�
j9XyRkeXyk �FLW� RQ S� �����

± ������� ³6XOOH PHWULFKH GHILQLWH GD XQD IRUPD +HUPLWLDQD´� $WWL GHO 5HDOH ,VWLWXWR
YHQHWR GL VFLHQ]H� OHWWHUH HG DUWL �� ���� SS� ���±��� �FLW� RQ SS� ���� �����

/D]DUXV )XFKV ������� ³8HEHU HLQH.ODVVH OLQHDUHU KRPRJHQHU 'LIIHUHQWLDOJOHLFKXQJHQ´�
6LW]XQJVEHULFKWH GHU N|QLJOLFK�SUHX�LVFKHQ $NDGHPLH GHU :LVVHQVFKDIWHQ ]X %HUOLQ�
SS� ���±���� =EO� kdXyk9RXyk �FLW� RQ S� �����

&DUO )ULHGULFK *DXVV ������������ ³7KHRULD UHVLGXRUXP ELTXDGUDWLFRUXP� &RPPHQWDWLR
VHFXQGD´� ,Q� :HUNH� 9RO� �� *|WWLQJHQ� 8QLYHUVLWlWV�'UXFNHUHL� SS� ��±��� �FLW� RQ
S� �����

6pEDVWLHQ *DXWKLHU ������� ³/D JpRPpWULH GDQV OD JpRPpWULH GHV QRPEUHV � KLVWRLUH GH
GLVFLSOLQH RX KLVWRLUH GH SUDWLTXHV j SDUWLU GHV H[HPSOHV GH 0LQNRZVNL� 0RUGHOO HW
'DYHQSRUW´� 5HYXH G¶KLVWRLUH GHV PDWKpPDWLTXHV ������ SS� ���±���� 05� keeddd3
�FLW� RQ S� �����

± ������� ³+RZ WR 'HILQH WKH *HRPHWU\ RI 1XPEHUV DV D 'LVFLSOLQH´� 2EHUZROIDFK
5HSRUWV ��� SS� ���±��� �FLW� RQ S� �����

&KULVWLDQ *pULQL ������� /HV $QQDOHV GH *HUJRQQH � DSSRUW VFLHQWLILTXH HW pSLVWp�
PRORJLTXH GDQV O¶KLVWRLUH GHV PDWKpPDWLTXHV� 9LOOHQHXYH G¶$VFT� 6HSWHQWULRQ �FLW�
RQ S� �����

&KULVWLDQ *LODLQ ������� ³6XU O¶KLVWRLUH GX WKpRUqPH IRQGDPHQWDO GH O¶DOJqEUH � WKpRULH
GHV pTXDWLRQV HW FDOFXO LQWpJUDO´� $UFKLYH IRU +LVWRU\ RI ([DFW 6FLHQFHV ��� SS� ��±
���� 05� RRR39ek� =EO� ydeeXyRyR3 �FLW� RQ S� �����

&KULVWLDQ *LODLQ DQG $OH[DQGUH *XLOEDXG� HGV� ������� 6FLHQFHV PDWKpPDWLTXHV ����±
������ FRQWLQXLWpV HW UXSWXUHV� 3DULV� &156� 05� jdykyk9 �FLW� RQ SS� ���� �����

'RQDOG *LOOLHV� HG� ������� 5HYROXWLRQV LQ 0DWKHPDWLFV� 2[IRUG� 2[IRUG 8QLYHUVLW\
3UHVV� 05� RRNkj8R� =EO� yd83XyRyRN �FLW� RQ SS� ���� �����

+pOqQH *LVSHUW DQG *HUW 6FKXEULQJ ������� ³6RFLHWDO� 6WUXFWXUDO� DQG &RQFHSWXDO
&KDQJHV LQ 0DWKHPDWLFV 7HDFKLQJ� 5HIRUP 3URFHVVHV LQ )UDQFH DQG *HUPDQ\ RYHU
WKH 7ZHQWLHWK &HQWXU\ DQG WKH ,QWHUQDWLRQDO '\QDPLFV´� 6FLHQFH LQ &RQWH[W ������
SS� ��±���� 05� kddyedj� =EO� RkkeXyyyy3 �FLW� RQ S� �����

&DWKHULQH*ROGVWHLQ �������8Q WKpRUqPH GH )HUPDW HW VHV OHFWHXUV� 6DLQW�'HQLV� 3UHVVHV
XQLYHUVLWDLUHV GH 9LQFHQQHV� 05� Rj8R9Nd �FLW� RQ S� �����

± ������� ³6XU OD TXHVWLRQ GHV PpWKRGHV TXDQWLWDWLYHV HQ KLVWRLUH GHV PDWKpPDWLTXHV�
OH FDV GH OD WKpRULH GHV QRPEUHV HQ )UDQFH �����±�����´� $FWD KLVWRULDH UHUXP QDW�
XUDOLXP QHF QRQ WHFKQLFDUXP� �UG VHU� ��� SS� ���±��� �FLW� RQ SS� ���� �����

± ������� ³/¶H[SpULHQFH GHV QRPEUHV GH %� )UHQLFOH GH %HVV\´� 5HYXH GH V\QWKqVH�
�WK VHU� ������ SS� ���±��� �FLW� RQ S� �����

± ������� ³7KH +HUPLWLDQ )RUP RI 5HDGLQJ WKH '� $�´ ,Q� 7KH 6KDSLQJ RI $ULWKPHWLF
DIWHU &� *� *DXVV¶V'LVTXLVLWLRQHV $ULWKPHWLFDH� (G� E\ &DWKHULQH *ROGVWHLQ� 1RUEHUW
6FKDSSDFKHU� DQG -RDFKLP 6FKZHUPHU� %HUOLQ� 6SULQJHU� SS� ���±����05� kjy3k3N
�FLW� RQ S� �����

&DWKHULQH *ROGVWHLQ DQG -LP 5LWWHU ������� ³7KH 9DULHWLHV RI 8QLW\� 6RXQGLQJ XQLILHG
WKHRULHV �����±�����´� ,Q� 5HYLVLWLQJ WKH )RXQGDWLRQV RI 5HODWLYLVWLF 3K\VLFV� (G�
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E\ $EKD\ $VKWHNDU� 5REHUW &RKHQ� 'RQ +RZDUG� -�UJHQ 5HQQ� 6DKRWUD 6DUNDU� DQG
$EQHU 6KLPRQ\� 'RUGUHFKW� .OXZHU� SS� ��±��� �FLW� RQ S� �����

&DWKHULQH *ROGVWHLQ DQG 1RUEHUW 6FKDSSDFKHU ������� ³$ %RRN LQ 6HDUFK RI D 'LVFL�
SOLQH´� ,Q� 7KH 6KDSLQJ RI $ULWKPHWLF DIWHU &� *� *DXVV¶V'LVTXLVLWLRQHV $ULWKPHWLFDH�
(G� E\ &DWKHULQH *ROGVWHLQ� 1RUEHUW 6FKDSSDFKHU� DQG -RDFKLP 6FKZHUPHU� %HUOLQ�
6SULQJHU� SS� �±��� 05� kjy3kdd �FLW� RQ SS� ���� �����

-HUHP\ *UD\ ������� ³)XFKV DQG WKH 7KHRU\ RI 'LIIHUHQWLDO (TXDWLRQV´� %XOOHWLQ RI WKH
$PHULFDQ 0DWKHPDWLFDO 6RFLHW\ ������ SS� �±��� 05� ydkk388� =EO� y8jeXyRyRj
�FLW� RQ SS� ���� �����

± HG� ������� 7KH 6\PEROLF 8QLYHUVH� *HRPHWU\ DQG 3K\VLFV� ����±����� 2[IRUG� 2[�
IRUG 8QLYHUVLW\ 3UHVV� 05� Rd8ydjd �FLW� RQ S� �����

± ������� /LQHDU 'LIIHUHQWLDO (TXDWLRQV DQG *URXS 7KHRU\ IURP 5LHPDQQ WR 3RLQFDUp�
%DVHO� %LUNKlXVHU� 05� Rd8R3j8� =EO� yN9NXyRyyR �FLW� RQ S� �����

<YRQQH +DUWZLFK ������� ³(GXDUG 6WXG\ �����±������ (LQ PDWKHPDWLVFKHU
0HSKLVWRSKHOHV LP JHRPHWULVFKHQ *lUWFKHQ´� 'RNWRUDW� -RKDQQHV *XWHQEHUJ�
8QLYHUVLWlW LQ 0DLQ] �FLW� RQ S� �����

7KRPDV +DZNLQV ������� ³:HLHUVWUDVV DQG WKH 7KHRU\ RI 0DWULFHV´� $UFKLYH IRU WKH
+LVWRU\ RI ([DFW 6FLHQFHV ������ SS� ���±���� 05� y8k3kNN� =EO� yj8NXyRyRd �FLW�
RQ S� �����

± ������� ³&D\OH\¶V &RXQWLQJ 3UREOHP DQG WKH 5HSUHVHQWDWLRQ RI /LH $OJHEUDV´� ,Q�
3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV� $XJXVW �±��� �����
9RO� �� 3URYLGHQFH� 5�,�� $PHULFDQ 0DWKHPDWLFDO 6RFLHW\� SS� ����±����� 05�
yNj9jeR �FLW� RQ SS� ���� �����

± ������� 7KH 0DWKHPDWLFV RI )UREHQLXV LQ &RQWH[W � D MRXUQH\ WKURXJK ��WK WR ��WK
FHQWXU\ PDWKHPDWLFV� 1HZ <RUN� 6SULQJHU� 05� jyNNd9N� =EO� Rk3RXyRyyk �FLW� RQ
SS� ���� ���� �����

&KDUOHV +HUPLWH ������� ³([WUDLWV GH OHWWUHV j 0� -DFREL VXU GLIIpUHQWV REMHFWV GH OD
WKpRULH GHV QRPEUHV´� -RXUQDO I�U GLH UHLQH XQG DQJHZDQGWH0DWKHPDWLN ��� SS� ���±
���� 05� R8d3eN3 �FLW� RQ S� �����

± ������� ³6XU OD WKpRULH GHV IRUPHV TXDGUDWLTXHV �VHFRQG PpPRLUH�´� -RXUQDO I�U GLH
UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ���±���� 05� R8d33dk �FLW� RQ SS� ����
�����

± �����D�� ³5HPDUTXH VXU XQ WKpRUqPH GH 0� &DXFK\´� &RPSWHV UHQGXV KHEGR�
PDGDLUHV GHV VpDQFHV GH O¶$FDGpPLH GHV VFLHQFHV ��� SS� ���±��� �FLW� RQ S� �����

± �����E�� ³6XU OD WKpRULH GH OD WUDQVIRUPDWLRQ GHV IRQFWLRQV DEpOLHQQHV´� &RPSWHV
UHQGXV KHEGRPDGDLUHV GHV VpDQFHV GH O¶$FDGpPLH GHV VFLHQFHV ��� SS� ���±���� ���±
���� ���±���� ���±���� ���±���� ���±���� ���±���� ���±��� �FLW� RQ S� �����

± ������� ³6XU OH QRPEUH GHV UDFLQHV G¶XQH pTXDWLRQ DOJpEULTXH FRPSULVHV HQWUH GHV
OLPLWHV GRQQpHV´� -RXUQDO I�U GLH UHLQH XQG DQJHZDQGWH 0DWKHPDWLN ��� SS� ��±���
05� R8d3NeN �FLW� RQ S� �����

&KDUOHV +HUPLWH DQG 7KRPDV 6WLHOWMHV ������� &RUUHVSRQGDQFH� � YROV� 3DULV� *DXWKLHU�
9LOODUV� =EO� jeXyyR3Xyk �FLW� RQ S� �����

$ODLQ +HUUHPDQ ������� ³/¶LQDXJXUDWLRQ GHV VpULHV WULJRQRPpWULTXHV GDQV OD 7KpRULH
DQDO\WLTXH GH OD FKDOHXU GH )RXULHU HW GDQV OD FRQWURYHUVH GHV FRUGHV YLEUDQWHV´�
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5HYXH G¶KLVWRLUH GHV PDWKpPDWLTXHV ������ SS� ���±���� 05� jkR833N� =EO� Rjy9X
yRyk9 �FLW� RQ S� �����

$QQLFN +RULXFKL ������� ³6XU OD UHFRPSRVLWLRQ GX SD\VDJH PDWKpPDWLTXH MDSRQDLV DX
GpEXW GH O¶pSRTXH 0HLML´� ,Q� 0DWKHPDWLFDO (XURSH� KLVWRU\� P\WK� LGHQWLW\� (G� E\
&DWKHULQH *ROGVWHLQ� -HUHP\ *UD\� DQG -LP 5LWWHU� 3DULV� eGLWLRQV GH OD 0DLVRQ GHV
VFLHQFHV GH O¶KRPPH� SS� ���±���� 05� RddyRjy� =EO� y3ddXyRyy9 �FLW� RQ S� �����

&KULVWLDQ +RX]HO ������� ³$X[ RULJLQHV GH OD JpRPpWULH DOJpEULTXH � OHV WUDYDX[ GH 3L�
FDUG VXU OHV VXUIDFHV �����±�����´� ,Q� /D )UDQFH PDWKpPDWLTXH� (G� E\ +pOqQH
*LVSHUW� 3DULV� 60) 	 6)+67� SS� ���±���� =EO� ydk3XyRykN �FLW� RQ S� �����

$OH[DQGHU .DUS DQG *HUW 6FKXEULQJ� HGV� ������� +DQGERRN RQ WKH +LVWRU\ RI 0DWKH�
PDWLFV (GXFDWLRQ� 1HZ <RUN� 6SULQJHU� =EO� Rk3kXNdyyR �FLW� RQ S� �����

7LQQH +RII .MHOGVHQ ������� ³'LIIHUHQW PRWLYDWLRQV DQG JRDOV LQ WKH KLVWRULFDO GHYHORS�
PHQW RI WKH WKHRU\ RI V\VWHPV RI OLQHDU LQHTXDOLWLHV´� $UFKLYH IRU +LVWRU\ RI ([DFW
6FLHQFHV ��� SS� ���±���� 05� RN9yy99� =EO� RyR3XyRyyk �FLW� RQ S� �����

± ������� ³+LVWRU\ RI &RQYH[LW\ DQG 0DWKHPDWLFDO 3URJUDPPLQJ� &RQQHFWLRQV DQG
5HODWLRQVKLSV LQ 7ZR (SLVRGHV RI 5HVHDUFK LQ 3XUH DQG $SSOLHG 0DWKHPDWLFV RI WKH
��WK &HQWXU\´� ,Q� 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV�
+\GHUDEDG ����� (G� E\ 5DMHQGUD %KDWLD� $UXS 3DO� *LWD 5DQJDUDMDQ� 9DVXGHYDQ
6ULQLYDV� DQG 0XWKXVDP\ 9DQQLQDWKDQ� 9RO� �� 6LQJDSRUH� +LQGXVWDQ %RRN $JHQF\�
1HZ 'HOKL DQG :RUOG 6FLHQWLILF 3XEOLVKLQJ� SS� ����±����� 05� k3k3yRj� =EO�
RkjyXyRykj �FLW� RQ S� �����

)HOL[ .OHLQ ������� ³8HEHU ELQlUH )RUPHQPLW OLQHDUHQ 7UDQVIRUPDWLRQHQ LQ VLFK VHOEVW´�
0DWKHPDWLVFKH $QQDOHQ �� SS� ���±���� 05� R8yN38d �FLW� RQ S� �����

± ������� ³hEHU HLQHQ 6DW] DXV GHU 7KHRULH GHU HQGOLFKHQ �GLVFRQWLQXLUOLFKHQ� *UXSSHQ
OLQHDUHU 6XEVWLWXWLRQHQ EHOLHELJ YLHOHU 9HUlQGHUOLFKHU´� -DKUHVEHULFKW GHU 'HXWVFKHQ
0DWKHPDWLNHU�9HUHLQLJXQJ �� S� ��� =EO� k3XyRj9Xyk �FLW� RQ S� �����

)UDQoRLV /r ������� ³*HRPHWULFDO (TXDWLRQV� )RUJRWWHQ 3UHPLVHV RI )HOL[ .OHLQ¶V (U�
ODQJHU 3URJUDPP´� +LVWRULD 0DWKHPDWLFD ������ SS� ���±���� 05� jjee3d9� =EO�
Rjk8XyRyR8 �FLW� RQ S� �����

)UDQoRLV /r DQG $QQH�6DQGULQH 3DXPLHU� HGV� ������� /D FODVVLILFDWLRQ FRPPH SUDWLTXH
VFLHQWLILTXH� 6SHFLDO LVVXH RI &DKLHUV )UDQoRLV 9LqWH� VHU� �� YRO� � �FLW� RQ SS� ����
�����

$OIUHG /RHZ\ ������� ³6XU OHV IRUPHV TXDGUDWLTXHV GpILQLHV j LQGpWHUPLQpHV FRQMXJXpHV
GH 0� +HUPLWH´� &RPSWHV UHQGXV KHEGRPDGDLUHV GHV VpDQFHV GH O¶$FDGpPLH GHV VFL�
HQFHV ���� SS� ���±���� =EO� kdXyRyeXyR �FLW� RQ S� �����

± ������� ³8HEHU ELOLQHDUH )RUPHQ PLW FRQMXJLUW LPDJLQlUHQ 9DULDEHOQ´� 0DWKHPDWLV�
FKH $QQDOHQ ��� SS� ���±���� 05� R8RRyR8� =EO� kNXyyN9Xy9 �FLW� RQ S� �����

-HPPD /RUHQDW ������� ³)LJXUHV UHDO� LPDJLQHG DQG PLVVLQJ LQ 3RQFHOHW� 3O�FNHU� DQG
*HUJRQQH´� +LVWRULD 0DWKHPDWLFD ������ SS� ���±���� 05� jjk9ey3� =EO� RjkRX
yRykN �FLW� RQ S� �����

-HVSHU /�W]HQ DQG:DOWHU 3XUNHUW ������� ³&RQIOLFWLQJ 7HQGDQFLHV LQ WKH +LVWRULRJUDSK\
RI0DWKHPDWLFV� =HXWKHQ YV &DQWRU´� ,Q� 7KH +LVWRU\ RI 0RGHUQ0DWKHPDWLFV� (G� E\
(EHUKDUG .QREORFK DQG 'DYLG 5RZH� 9RO� �� %RVWRQ� $FDGHPLF 3UHVV� SS� �±��� 05�
Rk3k9NN� =EO� y3RjXyRyRR �FLW� RQ S� �����
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+HLQULFK 0DVFKNH ������� ³'LH 5HGXFWLRQ OLQHDUHU KRPRJHQHU 6XEVWLWXWLRQHQ YRQ
HQGOLFKHU 3HULRGH DXI LKUH NDQRQLVFKH )RUP´� 0DWKHPDWLVFKH $QQDOHQ ��� SS� ���±
���� 05� R8RyNNk �FLW� RQ S� �����

-DJGLVK 0HKUD DQG +HOPXW 5HFKHQEHUJ ������� 7KH +LVWRULFDO 'HYHORSPHQW RI 4XDQ�
WXP 7KHRU\� YRO� �� 7KH )RUPXODWLRQ RI 0DWUL[ 0HFKDQLFV DQG ,WV 0RGLILFDWLRQV�
����±����� 1HZ <RUN� +HLGHOEHUJ� %HUOLQ� 6SULQJHU� 05� yed3Nkk �FLW� RQ S� �����

+HUEHUW 0HKUWHQV ������� 0RGHUQH 6SUDFKH 0DWKHPDWLN� )UDQNIXUW� 6XKUNDPS� 05�
RyNy89y �FLW� RQ S� �����

)UDQ] 0H\HU ������� ³,QYDULDQWHQWKHRULH´� ,Q� (QF\NORSlGLH GHU PDWKHPDWLVFKHQ :LV�
VHQVFKDIWHQ� 9RO� ,%�� /HLS]LJ� 7HXEQHU� SS� ���±��� �FLW� RQ S� �����

*HRUJH $� 0LOOHU� +DQV )� %OLFKIHOGW� DQG /HRQDUG (� 'LFNVRQ ������� 7KHRU\ DQG $S�
SOLFDWLRQV RI )LQLWH *URXSV� 1HZ <RUN DQG /RQGRQ� -RKQ :LOH\ DQG &KDSPDQQ 	
+DOO� 05� yRkjeyy �FLW� RQ S� �����

(OLDNLP +DVWLQJV 0RRUH ������� ³$Q 8QLYHUVDO ,QYDULDQW IRU )LQLWH *URXSV RI /LQHDU
6XEVWLWXWLRQV� ZLWK $SSOLFDWLRQ LQ WKH 7KHRU\ RI WKH &DQRQLFDO )RUP RI D /LQHDU 6XE�
VWLWXWLRQ RI )LQLWH 3HULRG´�0DWKHPDWLVFKH $QQDOHQ ��� SS� ���±���� 05� R8RyNNR�
=EO� kNXyRR9Xy9 �FLW� RQ S� �����

-RKQ0XPPD�0DUFR 3DQ]D� DQG *DEULHO 6DQGX� HGV� �������'LDJUDPV LQ0DWKHPDWLFV�
+LVWRU\ DQG 3KLORVRSK\� 6SHFLDO LVVXH RI 6\QWKHVH� YRO� ������ 05� kNj8jkd� =EO�
Rkd9XyyyR3 �FLW� RQ S� �����

3KLOLSSH 1DERQQDQG ������� ³/D WKpRULH GHV :�UIH GH YRQ 6WDXGW� XQH LUUXSWLRQ GH
¶DOJqEUH GDQV OD JpRPpWULH SXUH�´$UFKLYH IRU +LVWRU\ RI ([DFW 6FLHQFHV ����� SS� ���±
���� 05� kjN8j3k� =EO� RR98XyRyRk �FLW� RQ S� �����

5HYLHO 1HW] ������� 7KH 6KDSLQJ RI 'HGXFWLRQ LQ *UHHN 0DWKHPDWLFV� $ 6WXG\ LQ &RJ�
QLWLYH +LVWRU\� &DPEULGJH� &DPEULGJH 8QLYHUVLW\ 3UHVV� 05� Re3jRde� =EO� Ryk8X
yRyyk �FLW� RQ S� �����

.DUHQ 3DUVKDOO ������� ³7RZDUG D +LVWRU\ RI 1LQHWHHQWK�&HQWXU\ ,QYDULDQW 7KHRU\´� ,Q�
7KH +LVWRU\ RI 0RGHUQ 0DWKHPDWLFV� (G� E\ 'DYLG 5RZH DQG -RKQ0F &OHDU\� 9RO� ��
%RVWRQ� $FDGHPLF 3UHVV� SS� ���±���� 05� RyjddNN �FLW� RQ S� �����

± ������� ³0DWKHPDWLFV LQ 1DWLRQDO &RQWH[WV �����±������ $Q ,QWHUQDWLRQDO
2YHUYLHZ´� ,Q� 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV�
=�ULFK� $XJXVW �±��� ����� (G� E\ 6ULVKWL 'KDU &KDWWHUML� 9RO� �� %DVHO� %RVWRQ�
%LUNKlXVHU� SS� ����±����� 05� R9y9yeR� =EO� y39yXyRyeR �FLW� RQ SS� ���� �����

± ������� -RKQ 6\OYHVWHU� -HZLVK0DWKHPDWLFLDQ RI D 9LFWRULDQ:RUOG� %DOWLPRUH� -RKQV
+RSNLQV 8QLYHUVLW\ 3UHVV� 05� kkRe89R� =EO� RRyyXyRyye �FLW� RQ SS� ���� �����

.DUHQ 3DUVKDOO DQG 'DYLG 5RZH ������� 7KH (PHUJHQFH RI WKH $PHULFDQ 0DWKHPDWLFDO
5HVHDUFK &RPPXQLW\ ����±����� 3URYLGHQFH �5�,��� $06 DQG /06� 05� RkNyNN9�
=EO� y3ykXyRyy8 �FLW� RQ SS� ���� ���� �����

-HDQQH 3HLIIHU ������� ³)DLUH GHV PDWKpPDWLTXHV SDU OHWWUHV´� 5HYXH G¶KLVWRLUH GHV
PDWKpPDWLTXHV �� SS� ���±���� 05� Ree9y3R �FLW� RQ S� �����

&pFLOH 3HWLW DQG eULF 9DQGHQGULHVVFKH ������� ³,QWURGXFWLRQ� HWKQRORJLH HW HWKQR�
PDWKpPDWLTXHV� GH TXHOTXHV H[SUHVVLRQV G¶XQH UHQFRQWUH´� (WKQRJUDSKLTXHV�RUJ ��
�FLW� RQ S� �����

(PLOH 3LFDUG ������� ³6XU XQ WKpRUqPH UHODWLI DX[ VXUIDFHV SRXU OHVTXHOOHV OHV FRRU�
GRQQpHV G¶XQ SRLQW TXHOFRQTXH V¶H[SULPHQW SDU GHV IRQFWLRQV DEpOLHQQHV GH GHX[
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SDUDPqWUHV´� 0DWKHPDWLVFKH $QQDOHQ ��� SS� ���±���� 05� R8RyR99� =EO� R9 X
yeNdXyR �FLW� RQ S� �����

± �����D�� ³6XU FHUWDLQHV IRQFWLRQV XQLIRUPHV GH GHX[ YDULDEOHV� HW VXU XQ JURXSH GH
VXEVWLWXWLRQV OLQpDLUHV´� &RPSWHV UHQGXV KHEGRPDGDLUHV GHV VpDQFHV GH O¶$FDGpPLH
GHV VFLHQFHV ��� SS� ���±��� �FLW� RQ S� �����

± �����E�� ³6XU FHUWDLQHV IRUPHV TXDGUDWLTXHV HW VXU TXHOTXHV JURXSHV GLVFRQWLQXV´�
&RPSWHV UHQGXV KHEGRPDGDLUHV GHV VpDQFHV GH O¶$FDGpPLH GHV VFLHQFHV ��� SS� ���±
���� =EO� R9XyydNXyk �FLW� RQ S� �����

± ������� ³6XU XQH FODVVH GH JURXSHV GLVFRQWLQXV GH VXEVWLWXWLRQV OLQpDLUHV HW VXU OHV
IRQFWLRQV GH GHX[ YDULDEOHV LQGpSHQGDQWHV UHVWDQW LQYDULDEOHV SDU FHV VXEVWLWXWLRQV´�
$FWD 0DWKHPDWLFD �� SS� ���±���� 05� R88983e �FLW� RQ S� �����

± ������� ³0pPRLUH VXU OHV IRUPHV TXDGUDWLTXHV ELQDLUHV LQGpILQLHV j LQGpWHUPLQpHV
FRQMXJXpHV´� $QQDOHV VFLHQWLILTXHV GH O¶(FROH QRUPDOH VXSpULHXUH� �UG VHU� �� SS� �±
��� 05� R8y3djj� =EO� ReXyRyyXyR �FLW� RQ S� �����

± ������� ³5HPDUTXH VXU OHV JURXSHV OLQpDLUHV G¶RUGUH ILQL j WURLV YDULDEOHV´�%XOOHWLQ GH
OD 6RFLpWp PDWKpPDWLTXH GH )UDQFH ��� SS� ���±���� 05� R8y9yR8� =EO� RNXyR9yX
yk �FLW� RQ S� �����

± ������� 1RWLFH VXU OHV WUDYDX[ VFLHQWLILTXHV� 3DULV� *DXWKLHU�9LOODUV �FLW� RQ S� �����
± ������� ³6XU OHV IRUPHV TXDGUDWLTXHV j LQGppWHUPLQpHV FRQMXJXpHV´�0DWKHPDWLVFKH

$QQDOHQ ��� SS� ���±���� 05� R8RyeN3 �FLW� RQ S� �����
+HQUL 3RLQFDUp ������� 6FLHQFH HW PpWKRGH� 3DULV� )ODPPDULRQ� =EO� jNXyyN8Xyj �FLW�

RQ S� �����
9RONHU 5HPPHUW DQG 8WH 6FKQHLGHU ������� (LQH 'LV]LSOLQ XQG LKUH 9HUOHJHU� 'LV]L�

SOLQHQNXOWXU XQG 3XEOLNDWLRQVZHVHQ GHU 0DWKHPDWLN LQ 'HXWVFKODQG� ����±�����
%LHOHIHOG� 7UDQVFULSW� 05� k8d9k9e �FLW� RQ S� �����

7KHRGRU 5H\H �������*HRPHWULH GHU /DJH� +DQQRYHU� &DUO 5�PSOHU� =EO� yRXykeNXyR
�FLW� RQ S� �����

+DQV�-|UJ 5KHLQEHUJHU ������� ³([SHULPHQWDO 6\VWHPV� +LVWRULDOLW\� 1DUUDWLRQ� DQG 'H�
FRQVWUXFWLRQ´� 6FLHQFH LQ &RQWH[W ����� SS� ��±�� �FLW� RQ S� �����

-LP 5LWWHU ������� ³5HDGLQJ 6WUDVERXUJ ���� $ 7KULFH�7ROG 7DOH´� ,Q� +LVWRU\ RI 6FL�
HQFH� +LVWRU\ RI 7H[W� (G� E\ .DULQH &KHPOD� 'RUGUHFKW� 6SULQJHU� SS� ���±���� 05�
kR98kye� =EO� RR98XyRjyR �FLW� RQ S� �����

7DWLDQD 5RTXH ������� ³/¶RULJLQDOLWp GH 3RLQFDUp HQ PpғFDQLTXH FpOHVWH� SUDWLTXH GHV
VROXWLRQV SpULRGLTXHV GDQV XQ UpVHDX GH WH[WHV´� 5HYXH G¶KLVWRLUH GHV PDWKpPDWLTXHV
��� SS� ��±���� 05� jj9eNd8 �FLW� RQ S� �����

*LDQ�&DUOR 5RWD ������� ³:KDW LV LQYDULDQW WKHRU\� UHDOO\"´ ,Q� $OJHEUDLF &RPELQD�
WRULFV DQG &RPSXWHU 6FLHQFH� (G� E\ +HQU\ &UDSR DQG 'RPHQLFR 6HQDWR� 0LODQR�
6SULQJHU� SS� ��±��� =EO� yNe3Xy8yRy �FLW� RQ S� �����

'DYLG 5RZH� HG� ������� 'DYLG +LOEHUW� 1DWXU XQG (UNHQQWQLVV� %DVHO� %LUNKlXVHU �FLW�
RQ S� �����

± ������� ³0DWKHPDWLFDO 6FKRROV� &RPPXQLWLHV� DQG 1HWZRUNV´� ,Q� 7KH &DPEULGJH
+LVWRU\ RI 6FLHQFH� (G� E\ 0DU\ -R 1\H� 9RO� �� &DPEULGJH� &DPEULGJH 8QLYHUVLW\
3UHVV� SS� ���±���� 05� RNNyjR3� =EO� RRRkXyRjkk �FLW� RQ S� �����

± ������� ³0DNLQJ 0DWKHPDWLFV LQ DQ 2UDO &XOWXUH� *|WWLQJHQ LQ WKH (UD RI .OHLQ DQG
+LOEHUW´� 6FLHQFH LQ &RQWH[W ��� SS� ��±��� 05� ky3Njyk �FLW� RQ S� �����
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1RUEHUW 6FKDSSDFKHU ������� ³5HZULWLQJ SRLQWV´� ,Q� 3URFHHGLQJV RI WKH ,QWHUQDWLRQDO
&RQJUHVV RI 0DWKHPDWLFLDQV� +\GHUDEDG ����� (G� E\ 5DMHQGUD %KDWLD� $UXS 3DO�
*LWD 5DQJDUDMDQ� 9DVXGHYDQ 6ULQLYDV� DQG 0XWKXVDP\ 9DQQLQDWKDQ� 9RO� �� 6LQ�
JDSRUH� +LQGXVWDQ %RRN $JHQF\� 1HZ 'HOKL DQG :RUOG 6FLHQWLILF 3XEOLVKLQJ�
SS� ����±����� 05� k3k3yR9� =EO� Rkj8XyRyRk �FLW� RQ S� �����

.DUO�+HLQ] 6FKORWH DQG 0DUWLQD 6FKQHLGHU� HGV� ������� 0DWKHPDWLFV PHHWV SK\VLFV� $
FRQWULEXWLRQ WR WKHLU LQWHUDFWLRQ LQ WKH ��WK DQG WKH ILUVW KDOI RI WKH ��WK FHQWXU\�
)UDQNIXUW�DP�0DLQ� +DUUL 'HXWVFK� 05� jyN3yN8 �FLW� RQ S� �����

(UKDUG 6FKRO] ������� 6\PPHWULH *UXSSH 'XDOLWlW� =XU %H]LHKXQJ ]ZLVFKHQ WKHR�
UHWLVFKHU 0DWKHPDWLN XQG $QZHQGXQJHQ LQ .ULVWDOORJUDSKLH XQG %DXVWDWLN GHV ���
-DKUKXQGHUWV� %DVHO� %LUNKlXVHU� 05� Rykdj3R� =EO� yed8XyRyR8�

*HUW 6FKXEULQJ �����D�� ³'DV PDWKHPDWLVFKH 6HPLQDU GHU 8QLYHUVLWlW 0�QVWHU�
��������� ELV ����´� 6XGKRIIV $UFKLY ��� SS� ���±���� 05� y39RkjN� =EO� RRdyX
yR9Rk �FLW� RQ S� �����

± �����E�� ³'LH (QWZLFNOXQJ GHV PDWKHPDWLVFKHQ 6HPLQDUV GHU 8QLYHUVLWlW %RQQ�
����±����´� -DKUHVEHULFKW GHU GHXWVFKHQ 0DWKHPDWLNHU�9HUHLQLJXQJ ��� SS� ���±
���� 05� y3R3RkR� =EO� y8NkXyRyj9 �FLW� RQ S� �����

± ������� &RQIOLFWV %HWZHHQ *HQHUDOL]DWLRQ� 5LJRU� DQG ,QWXLWLRQ� 1XPEHU &RQFHSWV
8QGHUO\LQJ WKH 'HYHORSPHQW RI $QDO\VLV LQ ��WK���WK &HQWXU\ )UDQFH DQG *HUPDQ\�
1HZ <RUN� 6SULQJHU� 05� kR999NN� =EO� Ry3eXyRyyR �FLW� RQ S� �����

&RUUDGR 6HJUH �����D�� ³8Q QXRYR FDPSR GL ULFHUFKH JHRPHWULFKH´� $WWL GHOOD 5HDOH
$FFDGHPLD GHOOH 6FLHQ]H GL 7RULQR ��� SS� ���±���� ���±���� ���±���� =EO� kk X
yeyNXyR �FLW� RQ S� �����
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Rkd9XyRyj8 �FLW� RQ S� �����
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GHU PDWKHPDWLVFKHQ :LVVHQVFKDIWHQ� 9RO� , ���� /HLS]LJ� 7HXEQHU� SS� ���±��� �FLW�
RQ S� �����

+HUPDQQ 9DOHQWLQHU ������� 'H HQGHOLJH 7UDQVIRUPDWLRQV�JUXSSHUV 7KHRUL� &RSHQ�
KDJHQ� %LDQFR /XQRV �FLW� RQ SS� ���� �����
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1RUEHUW 9HUGLHU ������� ³/H -RXUQDO GH /LRXYLOOH HW OD SUHVVH GH VRQ WHPSV � XQH HQ�
WUHSULVH G¶pGLWLRQ HW GH FLUFXODWLRQ GHV PDWKpPDWLTXHV DX ;,;qPH VLqFOH �����±
�����´� 7KqVH GH GRFWRUDW� 8QLYHUVLWp 3DULV�6XG �FLW� RQ S� �����

$QGUp :HLO ������� ³+LVWRU\ RI PDWKHPDWLFV� ZK\ DQG KRZ´� ,Q� 3URFHHGLQJV RI WKH
,QWHUQDWLRQDO &RQJUHVV RI 0DWKHPDWLFLDQV ����� (G� E\ 2OOL /HKWR� 9RO� �� +HOVLQNL�
$FDGHPLD 6FLHQWLDUXP )HQQLFD� SS� ���±���� 05� y8ekeRy �FLW� RQ S� �����
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