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Introduction. The entire functions are so closely related with the theory of systems
of partial differential equations with constant coefficients and of convolution equations
(cf. [1], [27], [29]), that about 1950 a deep study of their properties seemed neces-
sary to many mathematicians. Especially, thc connection between the growth of
entire functions and the growth of the sets of zeros appeared of great interest. For
one variable, it is easy to deal with the Jensen formula and with the Weierstrass
canonical products, in a very classical way. For several variables there is no trivial
extension of the Weierstrass products but we are able to build entire functions with
a given set of zeros and whose growth is connected with the growth of zeros. Working
on these problems, the mathematicians were led to use more systematically tools
of complex analysis as positive closed currents, plurisubharmonic functions, L2

estimates or integral methods for the 9 operator.

1. The current of integration and the Lelong—Poincaré equation. Let X be an analytic
subset of dimension p in a complex manifold of dimensijon n. In 1953, P. Lelong [23]
has proved that it is possible 1o define a current [X] using integration over the regular
part RegX of X:

0 Loy=_[o
RegX
where ¢ is a form of total degree 2p. Besides [X] is closed, of bidegree (n—p, n—p)
and positive; a current @ of bidegree (n—p, n—p) is said to be positive if:
PPOAGG AT A ... A0, AT, =0,
for all (1, 0) forms o; (the orientation of the manifold is defined by the (1, n) form
i"dzy AdZy A ... Adz, AdE).
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Let in C" be: a=i0d log |z|*/2, B=i0|z|%/2, let ¢ and v be the positive measures
associated to 6 by:

2 a=—1—11—!—0/\ﬁl’, y=n"PO AP,

Let o(r) be the measure o supported by the closed euclidean ball of radius r.
If 6=[X], o is the 2p-dimensional area of X. The significant growth of 6 (resp. [X])
is measured by the projective indicator: v(r)=n""p!lr *2a(r).

The growth of an entire application F of C" in C* will be described by:

Mp(r) = Imllsp I F (2.

When X is a hypersurface which is defined by only one equation F, then X and
F are connected by the Lelong—Poincaré equation of currents:

3) %Bglog IF| = Sn,[X]] =0
J

(where n; is the multiplicity of F on the irreducible branch X; of X).
With the Poisson-Jensen formula, it is possible exactly as in the case of one
variable, to obtain a bound for v(r):

v(r) < C(s, n)log Mp(r+er),

for all >0 (and supposing |F(0)|=1 for the simplicity). Conversely, if ¥ is
a solution of the equation:

@) i00V/r = 0,

then P. Lelong observed in [24] that necessarily V'=1og |F|, for some entire function
F such that F~1{0}=X.

When @ is of finite order (i.e. limsup,, . r °v()<+o for some 0=0),
P. Lelong [24] has built in 1953 an explicit canonical potential ¥, using a modi-
fication of the kernel —|z—x|~2"*2 by harmonic terms, which is a solution of (4).
This potential exactly generalizes the canonical Weierstrass product. The difficulty
is to prove that ¥, which is already a solution of 44V =g, is in fact a solution of (4).

Therefore, using ¥V we can define a given X by an entire function of the same
order as X. W. Stoll, using H. Kneser’s work [21], reaches the same result in [39],
but does not obtain a globally convergent representation for log |F|.

In 1970, in [33], [34], we dealed with the general case, without restriction about X.
We resolved the equation (4), using a regularization of 6, the classical Cartan—
Poincaré homotopy formula for d=ad +0 and the Hormander’s L? estimates
for 9. We dealt also with the case where F verifies the weaker condition F~1{0}> X,
but not necessarily F~1{0}=X.

E. Bombieri in [2] (1970) has given a beautiful application of Lelong’s results
to the arithmetical properties of entire functions. This work will be pursued by
M. Waldschmidt [43].
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2. The case of analytic sets of codimension > 1. When the analytic set X is a complete
intersection, defined as the set of zeros of a holomorphic map F=(F, F, ..., F,_,)
of C”" (or of a manifold) in C"~?, P. A. Griffiths and J. R. King [10] proved in
1973 the following ‘“Poincaré-Martinelli” equation of currents:

®) (2n)~*1 90 [log || F|[*(i09 log | F|»*~*] = [X],

where k=n—p, where the form in the brackets has locally summable coefficients,
and where each irreducible branch of X is counted with the appropriate multiplicity
of F (this multiplicity is defined for example in [7]). But the relation (5) is less
useful than the Lelong—Poincaré equation, as well to obtain a bound of v(r) when
a bound of Mp(r) is given, as well to iry 1o build the functions F; when X is
given.

A counterexample of M. Cornalba and B. Shiffman, in 1972 [5], shows that it is
not possible in general 1o obtain a bound of v(r) when a bound of My(r) is given.
Precisely, they proved:

THEOREM 1. Let s: R, —~ R be an increasing function. There exists a holomorphic
map F of C? in C?* such that X=F~1{0} has dimension O, such that M,(r) is
of order zero, but such that v(r) grows faster than s(r), that is:

im 2
reto s(r) ?
limsupr—¢Log My(r) =0, forall ¢=0.

r—<4oo

This means that the Bezout theorem over the algebraic curve has no transcendental
equivalent. Nevertheless, different works have been done by W. Stoll [41], P. A.
Griffiths [11] and L. Gruman [13] in order to obtain weaker forms of bounds of
“transcendental Bezout theorem” type.

It is therefore surprising that the inverse problem, which seems at first more
difficult, received a positive general answer, given by the author in 1972 in [35].
We have:

THEOREM 2. Let X be an analytic subset of C", such that 0¢ X, let ¢ and S€R™.
Then there exist n+1 entire functions F=(Fy, Fy, ..., F,1,) such that F~1{0}=X
and such that for all r=>0, F verifies one of the following bounds:

1. log Mp(r)<C(e)v(r+er)-log?r,
2. log Mp(r)<C(e, 0)1° [ t=0 2y (t+¢1) dt,
where C(¢) and C(g, ) are independent from r.

Particularly, if v(r)<C,r%, then we are able to find F such that log M (r) < C,re,
for some constant C; and C, (choose d—<g). We obtained in [35] different technical
bounds which we do notl reproduce for simplicity and which especially give the
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following result of W. Stoll [40] and E. Bishop [1] (1966) about algebraic subset
of C".

THEOREM 3. X is algebraic if and only if ¥~ v(r) is a bounded function.

We shall now briefly talk about the methods of the proof. We do not use (5)
which supposes that X is a complete intersection. We begin to build a plurisub-
harmonic function U which behaves intuitively as log]| F||, where F is the requested
map. At first, we locally build U as an explicit negative potential, by integration
of thekernel —|z—x|™%? over X. Then using a partition of unity, we obtain a global
<0 potential U, which is nearly plurisubharmonic (i.e. modulo C*= strictly
plurisubharmonic functions). We estimate the lack of plurisubharmonicity of
U, and we add to U, a strictly plurisubharmonic function with controlled growth
to get U. When X has a low growth, such that f 1 t72y(t) dt<+c and when
0¢ X, we can take very simply (and globally):

6) Uz) = [[~lz—x|"2+|x|~2]8° A O(x),
Crl

where 6=[X]. The difficulty is to prove that U is plurisubharmonic. To be sucess-
ful we represent U as a direct image of a current on C"XC". Let w,; and 7, be the
projections of C"XC" over C", t the diagonal map (x, z) >z —x, and K= — |x|~27 BP.
We prove that choosing a convenient C* function y=0, which is equal to 1 on a
neighbourhood of the diagonal of C"XC", we have:

U = myx(y7*K A 7} 6) +technical terms,
i00U = prgs (yt* o+ A 7¥6) +1echnical terms,

such that the positivity of i9U is a consequence of the positivity of o and 6 and
of the fact that positivity is invariant through the direct and inverse image (modulo
precise estimates for the technical terms, cf. [34] and [35]). Now we build the func-
tions F, F,, ..., F,;; using a theorem of Hormander-Bombieri ([2], [1]) which
gives (because of the plurisubharmonicity of U) the existence of a non trivial
entire function f such that

Q) [ IfFexp (—1U)(1 +|2[8) "2 dA(z) < + =,
cH
where /=0 and where dA is the Lebesgue measure.

U were built such that for some />0, exp (—/U) is not locally summable in
all points of X. Therefore the estimates (7) imply that f is null over X. Besides
the estimates (7) give bounds for the growth of f. We repeat a classical argument
of H. Grauert in order to obtain n- 1 functions satisfying (7) such that F~1{0}=JX.

The results of Theorem 2 seem the best from the point of view of the comparison
of growth of F and X. There is still an open problem, that is to reduce the number
n+1 of functions defining X in theorem 2 without loss of growth. According to O.
Forster and K. J. Ramspott [9] n functions are always sufficient to define X (with-



Integral Methods and Zeros of Holomorphic Functions 679

out controlled growth). When X is a submanifold of C”, topological conditions
which were shown in [10] gives the insurance that X is a complete intersection
(for instance in codimension 2, the necessary and sufficient condition is the vanishing
of the first Chern class of X). New ideas are requested to obtain the equivalent of
Theorem 2 in these cases.

The construction of the potential U associated to X in the proof of the Theorem
2 is much generally valid for an arbitrary positive, closed current 6. Therefore
to each such (n—p, n—p) current is associated a plurisubharmonic function
U and a positive (1, 1) current i0dU, whose properties are intimately connected
with the properties of 6. The density or Lelongs number of 6 at z is defined by:

v(z) =limn~?plr= [ P A0
r+0 B(z,r)

(B(z, r) is the euclidean closed ball of radius r centered at z). v(z)=0 if 0 is
C° in a neighbourhood of z. If 0=[X], v(2) is an integer at each point z€X
and v(z)=1 if z€Reg X. Conversely, the following result of Y. T. Siu [32] (1974),
whose particular case is solved by Bombieri [2], King [15], Harvey [14], Skoda [38]
says how much of a given 6 is an analytic set.

THEOREM 4. Let 0 be a positive, closed, (k,k) current on a complex manifold
Q. For all ¢>0, the set E,={z€Q|v(z)=c} is an analytic subset of Q (of smaller
dimension than n—k).

The proof heavily depends on the Hormander—Bombieri result (7).

Recently, P. Lelong [25] has proved that the (1, 1) current i0U, locally associated
10 0 as in (6), has the same density as 6 in all points. Therefore, it is sufficient to
prove Theorem 4 for a (1, 1) current. In this last case, the proof of Y. T. Siu
in [32] is particularly elegant.

The result of Theorem 2 has easy extensions to an open pseudoconvex subset of C”
and to Stein manifolds (cf. H. Skoda [35, Proposition 9.1]) but the precision of the
bounds is limited by the L? estimates and is not always the best. Therefore new
methods were necessary.

3. Fine results for strictly pseudoconvex open sets in C". Let Q be a bounded, strictly
pseudoconvex, open set in C", of class C2, that is: Q={z|g(z)<0}, where ¢ is
a real function, defined, of class C?, strictly plurisubharmonic in a neighbourhood
of 2 and verifying do+0 on 0Q. Let Q, be the set {z|o(z)<—¢}.

The Nevanlinna class N() (resp. the space HP(), 0<p<-+ o) is the sel of
holomorphic functions f on € such that:

®8) lim sup f log*|f] dS; <+ oo,
=0 0f,
resp.

lll}l»soup f [fIPdS, <+ oo,

09,

>0 c
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where dS, is the euclidean area of 9Q,. We trivially have
H>(Q)cHP(Q)c N(Q),

for all p, where H*(Q) is the space of bounded functions. An hypersurface X
verifies the Blaschke condition if by definition:

©) [le@do(2) <+e,
X

where do is the area element on X. For one variable, it is classical that the Blaschke
condition (9) characterizes the set of zeros of functions of N(2) and of all H?(Q)
0<p< +oo. For several variables, it is easy to prove using the Poisson-Jensen
formula (cf. [4]) that the zero set of fEN(Q) verifies (9). But W. Rudin [31] has
proved [11] that the characterization of zeros of functions in H?(Q) for the euclidean
ball must necessarily depend on p, so that such a characterization is probably
much more complicated as in the case n=1. Nevertheless, in 1975 G. M. Hen-
kin [17] and the author [37], [38] have independently but by very similar methods
proved the following:

THEOREM 5. Let Q be a strictly pseudoconvex open set such that H*(Q, Z)=0
and let X be an hypersuiface of Q verifying the Blaschke condition, then X is the
zero set of some fEN(Q).

More generally, we solved the Lelong—Poincaré equation 90V =0, where 0 is
a given (1, 1) positive, closed, current verifying:

(10) [loloap=t<+eo,
2
and where ¥V is built so that

lim sup f V*+dS, <+ e.
&e~>0 a0,

Partial results were obtained by L. Gruman [13] and G. Laville [22]. In fact,
Theorem 5 is a consequence of an existence theorem for the @ which is especially
conceived for the theory of H? spaces. For simplicity, we only consider the (0, 1)
form.

THEOREM 6. If f isa (0, 1) current on Q, 9 closed and if the coefficients of f and
of the current |g|™"*d”o Af are bounded measures on Q, then there exists ucL*(Q)
such that

ou=f inQ,

and such that u has a boundary value in IX0Q) in the sense of Stoke’s formula:
qu(p=fqu)+ fu/\5(p,
N Q 2

Sfor all (n,n—1) forms @ of class C' in Q.
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Theorem 6 was obtained by explicit integral formula for differential form of
Cauchy-Leray-Poisson—-Szegé 1ype, which are closely related with the kernels
for @ already built in order to obtain L* estimates for 9 (cf. [26], [15], [20], [30]).

Theorem 5 follows from Theorem 6 using classical splitting of 99 in d and 5,
homotopy formula for d. The new argument is that (10) implies very strong restric-
tion on the tangential coefficients of 0, for instance:

fG AORAD, A (0D <+oo
Q

(found in another more restrictive form by P. Malliavin [28]).

In another direction, Theorem 6 is closely connected with the “corona problem®’
for H=(2) (i.e. the determination of the spectrum of H*(£)) and with Carleson-
Hormander measures on @ (cf. N. Varopoulos [42] and [4], [38], [18]).

Other results for hypersurfaces with polynomial growth:

[le@P*do(z) <+ (@>0)

where recently in 1977 obtained by similar methods by G. M. Henkin [6] (cf. also [44]).
All results of this section are in fact a consequence of an existence theorem for 9.
Perhaps, methods which will be more specific to the real 99 operator, will
permit us 1o reach beiter results concerning {or instance zeros of H?(Q). Besides,
there is no result similar to Theorem 5 for analytic sets of codimension >1.
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