ON DIFFERENTIAL GRADED CATEGORIES

BERNHARD KELLER

Abstract. Differential graded categories enhance our understanding of triangulated categories appearing in algebra and geometry. In this survey, we review their foundations and report on recent work by Drinfeld, Dugger-Shipley, . . . , Toën and Toën-Vaquié.

1. Introduction

1.1. Triangulated categories and dg categories. Derived categories were invented by Grothendieck-Verdier in the early sixties in order to formulate Grothendieck’s duality theory for schemes, cf. [69]. Today, they have become an important tool in many branches of algebraic geometry, in algebraic analysis, non commutative algebraic geometry, representation theory, mathematical physics . . . . In an attempt to axiomatize the properties of derived categories, Grothendieck-Verdier introduced the notion of a triangulated category. For a long time, triangulated categories were considered too poor to allow the development of more than a rudimentary theory. This vision has changed in recent years [112] [113], but the fact remains that many important constructions of derived categories cannot be performed with triangulated categories. Notably, tensor products and functor categories formed from triangulated categories are no longer triangulated. One approach to overcome these problems has been the theory of derivators initiated by Heller [63] and Grothendieck [59], cf. also [77], at the beginning of the nineties. Another, perhaps less formidable one is the theory of differential graded categories (=dg categories), together with its cousin, the theory of A_∞-categories.

Dg categories already appear in [86]. In the seventies, they found applications [130] [35] in the representation theory of finite-dimensional algebras. The idea to use dg categories to ‘enhance’ triangulated categories goes back at least to Bondal-Kapranov [22], who were motivated by the study of exceptional collections of coherent sheaves on projective varieties.

The synthesis of Koszul duality [9] [10] with Morita theory for derived categories [124] was the aim of the study of the unbounded derived category of a dg category in [78].

It is now well-established that invariants like K-theory, Hochschild (co-)homology and cyclic homology associated with a ring or a variety ‘only depend’ on its derived category. However, in most cases, the derived category (even with its triangulated structure) is not enough to compute the invariant, and the datum of a triangle equivalence between derived categories is not enough to construct an isomorphism between invariants (cf. Dugger- Shipley’s [38] results in section 3.9). Differential graded categories provide the necessary structure to fill this gap. This idea was applied to K-theory by Thomason-Trobaugh [152] and to cyclic homology in [80] [82].

The most useful operation which can be performed on triangulated categories is the passage to a Verdier quotient. It was therefore important to lift this operation to the

Date: February 26, 2006.

1991 Mathematics Subject Classification. 18E30, 16D90.

Key words and phrases. Homological algebra, derived category, homotopy category, derived functor, K-theory, Hochschild cohomology, Morita theory, non commutative algebraic geometry. 1

world of differential graded categories. This was done implicitly in [82] but explicitly, by Drinfeld, in [34].

In a certain sense, differential graded categories and differential graded functors contain too much information and the main problem in working with them consists in ‘discarding what is irrelevant’. It now appears clearly that the best tool for doing this are Quillen model categories [121]: They provide a homotopy theoretic framework which allows simple, yet precise statements and rigorous but readable proofs. Building on the techniques of [34], a suitable model structure on the category of small differential graded categories was constructed in [146]. Starting from this structure, Toën has given a new approach to Morita theory for dg categories [155]. In their joint work [156], Toën and Vaquié have applied this to the construction of moduli stacks of objects in dg categories, and notably in categories of perfect complexes arising in geometry and representation theory.

Thanks to [155], [87] and to recent work by Tamarkin [149], we are perhaps getting closer to answering Drinfeld’s question [34]: What do DG categories form?

1.2. Contents. After introducing notations and basic definitions in section 2 we review the derived category of a dg category in section 3. This is the first opportunity to practice the language of model categories. We present the structure theorems for algebraic triangulated categories which are compactly generated or, more generally, well-generated. We conclude with a survey of recent important work by Dugger and Shipley on topological Morita equivalence for dg categories. In section 4, we present the homotopy categories of dg categories and of ‘triangulated’ dg categories following Toën’s work [155]. The most important points are the description of the mapping spaces of the homotopy category via quasi-functors (Theorem 4.3), the closed monoidal structure (Theorem 4.5) and the characterization of dg categories of finite type (Theorem 4.12). We conclude with a summary of the applications to moduli problems. In the final section 5, we present the most important invariance results for K-theory, Hochschild (co-)homology and cyclic homology. The derived Hall algebra presented in section 5.6 is a new invariant due to Toën [153]. Its further development might lead to significant applications in representation theory.

1.3. Acknowledgments. I thank Bertrand Toën, Henning Krause, Brooke Shipley and Gonçalo Tabuada for helpful comments on previous versions of this article.

2. Definition

2.1. Notations. Let k be a commutative ring, for example a field or the ring of integers Z. We will write ⊗ for the tensor product over k. Recall that a k-algebra is a k-module A endowed with a k-linear associative multiplication A ⊗_k A → A admitting a two-sided unit 1 ∈ A. For example, a Z-algebra is just a (possibly non commutative) ring. A k-category A is a ‘k-algebra with several objects’ in the sense of Mitchell [106]. Thus, it is the datum of a class of objects obj(A), of a k-module A(X, Y ) for all objects X, Y of A, and of k-linear associative composition maps

A(Y, Z) ⊗ A(X, Y ) → A(X, Z) , (f, g) → fg

admitting units 1_X ∈ A(X, X). For example, we can view k-algebras as k-categories with one object. The category Mod A of right A-modules over a k-algebra A is an example of a k-category with many objects. It is also an example of a k-linear category, i.e. a k-category which admits all finite direct sums.

A graded k-module is a k-module V together with a decomposition indexed by the positive and the negative integers: V = ⨁ p∈Z V^p.

The shifted module V [1] is defined by V [1]^p = V^{p+1}, p ∈ Z. A morphism f : V → V^′ of graded k-modules of degree n is a k-linear morphism such that f(V^p) ⊂ V^{p+n} for all p ∈ Z. The tensor product V ⊗ W of two graded k-modules V and W is the graded k-module with components (V ⊗ W )^n = ⨁ p+q=n

V^p ⊗ W^q , n ∈ Z.

The tensor product f ⊗ g of two maps f : V → V^′ and g : W → W^′ of graded k-modules is defined using the Koszul sign rule: We have

(f ⊗ g)(v ⊗ w) = (−1)^{pq}f(v) ⊗ g(w)

if g is of degree p and v belongs to V^q. A graded k-algebra is a graded k-module A endowed with a multiplication morphism A ⊗ A → A which is graded of degree 0, associative and admits a unit 1 ∈ A^0. We identify ‘ordinary’ k-algebras with graded k-algebras concentrated in degree 0. We write G(k) for the category of graded k-modules.

A differential graded (=dg) k-module is a Z-graded k-module V endowed with a differential d_V , i.e. a map d_V : V → V of degree 1 such that d^2_V = 0. Equivalently, V is a complex of k-modules. The shifted dg module V [1] is the shifted graded module endowed with the differential −d_V . The tensor product of two dg k-modules is the graded module V ⊗ W endowed with the differential d_V ⊗ 1_W + 1_V ⊗ d_W .

2.2. Differential graded categories. A differential graded or dg category is a k-category A whose morphism spaces are dg k-modules and whose compositions

A(Y, Z) ⊗ A(X, Y ) → A(X, Z)

are morphisms of dg k-modules.

For example, dg categories with one object may be identified with dg algebras, i.e. graded k-algebras endowed with a differential d such that the Leibniz rule holds:

d(fg) = d(f)g + (−1)^pf d(g)

for all f ∈ A^p and all g. In particular, each ordinary k-algebra yields a dg category with one object. A typical example with several objects is obtained as follows: Let B be a k-algebra and C(B) the category of complexes of right B-modules

. . . � M p^{dM} � M p+1 � . . . , p ∈ Z .

For two complexes L, M and an integer n ∈ Z, we define Hom(L, M)^n to be the k-module formed by the morphisms f : L → M of graded objects of degree n, i.e. the families f = (f^p) of morphisms f^p : L^p → M^{p+n}, p ∈ Z, of B-modules. We define Hom(L, M) to be the graded k-module with components Hom(L, M)^n and whose differential is the commutator d(f) = d_M ∘ f − (−1)^nf ∘ d_L.

The dg category C_{dg}(B) has as objects all complexes and its morphisms are defined by

C_{dg}(B)(L, M) = Hom(L, M).

The composition is the composition of graded maps.

Let A be a dg category. The opposite dg category A^{op} has the same objects as A and its morphisms are defined by A^{op}(X, Y ) = A(Y, X);

the composition of f ∈ A^{op}(Y, X)^p with g ∈ A^{op}(Z, Y )^q is given by (−1)^{pq}gf. The category Z^0(A) has the same objects as A and its morphisms are defined by

(Z^0A)(X, Y ) = Z^0(A(X, Y )) ,

where Z^0 is the kernel of d : A(X, Y )^0 → A(X, Y )^1. The category H^0(A) has the same objects as A and its morphisms are defined by

(H^0(A))(X, Y ) = H^0(A(X, Y )) ,

where H^0 denotes the 0th homology of the complex A(X, Y ). For example, if B is a k-algebra, we have an isomorphism of categories

Z^0(C_{dg}(B)) = C(B)

and an isomorphism of categories

H^0(C_{dg}(B)) = H(B) ,

where H(B) denotes the category of complexes up to homotopy, i.e. the category whose objects are the complexes and whose morphisms are the morphisms of complexes modulo the morphisms f homotopic to zero, i.e. such that f = d(g) for some g ∈ Hom(L, M)^{−1}. The homology category H^∗(A) is the graded category with the same objects as A and morphisms spaces H^∗A(X, Y ).

2.3. The category of dg categories. Let A and A^′ be dg categories. A dg functor F : A → A^′ is given by a map F : obj(A) → obj(A^′) and by morphisms of dg k-modules

F (X, Y ) : A(X, Y ) → A(F X, F Y ) , X, Y ∈ obj(A) ,

compatible with the composition and the units. The category of small dg categories dgcat_k has the small dg categories as objects and the dg functors as morphisms. Note that it has an initial object, the empty dg category ∅, and a final object, the dg category with one object whose endomorphism ring is the zero ring. The tensor product A ⊗ B of two dg categories has the class of objects obj(A) × obj(B) and the morphism spaces

(A ⊗ B)((X, Y ), (X^′, Y^′)) = A(X, X^′) ⊗ B(Y, Y^′)

with the natural compositions and units.

For two dg functors F, G : A → B, the complex of graded morphisms Hom(F, G) has as its nth component the module formed by the families of morphisms

ϕ_X ∈ B(F X, GX)^n

such that (Gf)(ϕ_X ) = (ϕ_Y )(F f) for all f ∈ A(X, Y ), X, Y ∈ A. The differential is induced by that of B(F X, GX). The set of morphisms F → G is by definition in bijection with Z^0Hom(F, G).

Endowed with the tensor product, the category dgcat_k becomes a symmetric tensor category which admits an internal Hom-functor, i.e.

Hom(A ⊗ B, C) = Hom(A, Hom(B, C)) ,

for A, B, C ∈ dgcat_k, where Hom(B, C) has the dg functors as objects and the morphism space Hom(F, G) for two dg functors F and G. The unit object is the dg category associated with the k-algebra k.

A quasi-equivalence is a dg functor F : A → A^′ such that

1) F (X, Y ) is a quasi-isomorphism for all objects X, Y of A and

2) the induced functor H^0(F ) : H^0(A) → H^0(A^′) is an equivalence. Note that neither the tensor product nor the internal Hom-functor respect the quasiequivalences, a source of technical difficulties.

3. The derived category of a dg category 3.1. Dg modules. Let A be a small dg category. A left dg A-module is a dg functor L : A → C_{dg}(k) and a right dg A-module a dg functor M : A^{op} → C_{dg}(k).

Equivalently, a right dg A-module M is given by complexes M(X) of k-modules, for each X ∈ obj(A), and by morphisms of complexes M(Y ) ⊗ A(X, Y ) → M(X) compatible with compositions and units. The homology H^∗(M) of a dg module M is the induced functor H^∗(A) → G(k) , X → H^∗(M(X)) with values in the category G(k) of graded k-modules (cf. 2.1). For each object X of A, we have the right module represented by X X^∧ = A(?, X).

The category of dg modules C(A) has as objects the dg A-modules and as morphisms L → M the morphisms of dg functors (cf. 2.3). Note that C(A) is an abelian category and that a morphism L → M is an epimorphism (respectively a monomorphism) iff it induces surjections (respectively injections) in each component of L(X) → M(X) for each object X of A. A morphism f : L → M is a quasi-isomorphism if it induces an isomorphism in homology.

We have C(A) = Z^0(C_{dg}(A)), where, in the notations of 2.3, the dg category C_{dg}(A) is defined by C_{dg}(A) = Hom(A^{op}, C_{dg}(k)).

We write Hom(L, M) for the complex of morphisms from L to M in C_{dg}(A). For each X ∈ A, we have a natural isomorphism (1) Hom(X^∧, M)^∼→ M(X). The category up to homotopy of dg A-modules is H(A) = H^0(C_{dg}(A)).

The isomorphism (1) yields isomorphisms (2) H(A)(X^∧, M[n])^∼→ H^n(Hom(X^∧, M))^∼→ H^nM(X) , where n ∈ Z and M[n] is the shifted dg module Y → M(Y )[n].

If A is the dg category with one object associated with a k-algebra B, then a dg Amodule is the same as a complex of B-modules. More precisely, we have C(A) = C(B), C_{dg}(A) = C_{dg}(B) and H(A) = H(B). In this case, if X is the unique object of A, the dg module X^∧ is the complex formed by the free right B-module of rank one concentrated in degree 0.

3.2. The derived category, resolutions. The derived category D(A) is the localization of the category C(A) with respect to the class of quasi-isomorphisms. Thus, its objects are the dg modules and its morphisms are obtained from morphisms of dg modules by formally inverting [53] all quasi-isomorphisms. The projection functor C(A) → D(A) induces a functor H(A) → D(A) and the derived category could equivalently be defined as the localization of H(A) with respect to the class of all quasi-isomorphisms. Note that from this definition, it is not clear that the morphism classes of D(A) are sets or that D(A) is an additive category.

Call a dg module P cofibrant if, for every surjective quasi-isomorphism L → M, every morphism P → M factors through L. For example, for an object X of A, the dg module X^∧ is cofibrant. Call a dg module I fibrant if, for every injective quasi-isomorphism L → M, every morphism L → I extends to M. For example, if E is an injective cogenerator of the category of k-modules and X an object of A, the dg module Hom(A(X, ?), E) is fibrant.

Proposition 3.1. a) For each dg module M, there is a quasi-isomorphism pM → M with cofibrant pM and a quasi-isomorphism M → iM with fibrant iM.

b) The projection functor H(A) → D(A) admits a fully faithful left adjoint given by M → pM and a fully faithful right adjoint given by M → iM.

One can construct pM and iM explicitly, as first done in [5] (cf. also [78]). We call pM → M a cofibrant resolution and M → iM a fibrant resolution of M. According to b), these resolutions are functorial in the category up to homotopy H(A) and we can compute morphisms in D(A) via

H(A)(pL, M) = D(A)(L, M) = H(A)(L, iM).

In particular, for an object X of A and a dg module M, the isomorphisms (2) yield

(3) D(A)(X^∧, M[n])^∼→ H(A)(X^∧, M[n])^∼→ H^nM(X)

since X^∧ is cofibrant. The embedding D(A) → H(A) provided by p also shows that the derived category is additive.

If A is associated with a k-algebra B and M is a right B-module considered as a complex concentrated in degree 0, then pM → M is a projective resolution of M and M → iM an injective resolution. The proposition is best understood in the language of Quillen model categories [121]. We refer to [45] for a highly readable introduction and to [66] [65] for in-depth treatments. The proposition results from the following theorem, proved using the techniques of [66, 2.3].

Theorem 3.2. The category C(A) admits two structures of Quillen model category whose weak equivalences are the quasi-isomorphisms:

1) The projective structure, whose fibrations are the epimorphisms. For this structure, each object is fibrant and an object is cofibrant iff it is a cofibrant dg module.

2) The injective structure, whose cofibrations are the monomorphisms. For this structure, each object is cofibrant and an object is fibrant iff it is a fibrant dg module.

For both structures, two morphisms are homotopic iff they become equal in the category up to homotopy H(A).

3.3. Exact categories, Frobenius categories. Recall that an exact category in the sense of Quillen [120] is an additive category E endowed with a distinguished class of sequences

0 � A^i � B^p � C � 0 , where i is a kernel of p and p a cokernel of i. We will state the axioms these sequences have to satisfy using the terminology of [52]: The morphisms p are called deflations, the morphisms i inflations and the pairs (i, p) conflations. The axioms are:

Ex0 The identity morphism of the zero object is a deflation. Ex1 The composition of two deflations is a deflation. Ex2 Deflations are stable under base change. Ex2’ Inflations are stable under cobase change.

As shown in [76], these axioms are equivalent to Quillen’s and they imply that if E is small, then there is a fully faithful functor from E into an abelian category E^′ whose image is an additive subcategory closed under extensions and such that a sequence of E is a conflation iff its image is a short exact sequence of E^′. Conversely, one easily checks that an extension closed full additive subcategory E of an abelian category E^′ endowed with all conflations which become exact sequences in E^′ is always exact. The fundamental notions and constructions of homological algebra, and in particular the construction of the derived category, naturally extend from abelian to exact categories, cf. [107] and [79].

A Frobenius category is an exact category E which has enough injectives and enough projectives and where the class of projectives coincides with the class of injectives. In this case, the stable category E obtained by dividing E by the ideal of morphisms factoring through a projective-injective carries a canonical structure of triangulated category, cf. [62] [60] [85] [57]. We write f for the image in E of a morphism f of E. The suspension functor S of E is obtained by choosing a conflation

0 � A � IA � SA � 0 for each object A. Each triangle is isomorphic to a standard triangle (ı, p, e) obtained by embedding a conflation (i, p) into a commutative diagram

0 � A^i � 1 � B � p � C e � � 0

0 � A � IA � SA � 0.

3.4. Triangulated structure. Let A be a small dg category. Define a sequence

0 � L^i � M^p � N � 0

of C(A) to be a conflation if there is a morphism r ∈ Hom(M, L)^0 such that ri = 1_L or, equivalently, a morphism s ∈ Hom(N, M) such that ps = 1_N .

Lemma 3.3. a) Endowed with these conflations, C(A) becomes a Frobenius category.

The resulting stable category is canonically isomorphic to H(A). The suspension functor is induced by the shift M → M[1].

b) Endowed with the suspension induced by that of H(A) and the triangles isomorphic to images of triangles of H(A) the derived category D(A) becomes a triangulated category. Each short exact sequence of complexes yields a canonical triangle.

3.5. Compact objects, Brown representability. Let T be a triangulated category admitting arbitrary coproducts. Since the adjoint of a triangle functor is a triangle functor [85], the coproduct of triangles is then automatically a triangle. Moreover, T is idempotent complete [18], i.e. each idempotent endomorphism of an object of T is the composition of a section with a retraction. An object C of T is compact if the functor T (C, ?) commutes with arbitrary coproducts, i.e. for each family (X_i) of objects of T , the canonical morphism ∐ T (C, X_i) → T (C, ∐ X_i) is invertible. The triangulated category T is compactly generated if there is a set G of compact objects G such that an object X of T vanishes iff we have T (G, X) = 0 for each G ∈ G.

Theorem 3.4 (Characterization of compact objects [152] [108]). An object of T is compact iff it is a direct factor of an iterated extension of copies of objects of G shifted in both directions.

Theorem 3.5 (Brown representability [25] [1] [109]). If T is compactly generated, a cohomological functor F : T^{op} → Mod Z is representable iff it takes coproducts of T to products of Mod Z.

A set of objects G symmetrically generates T [95] if we have

1) an object X of T vanishes iff T (G, X) = 0 for each G ∈ G and 2) there is a set of objects G^′ such that a morphism f : X → Y of T induces surjections T (G, X) → T (G, Y ) for all G ∈ G iff it induces injections T (Y, G^′) → T (X, G^′) for all G^′ ∈ G^′.

If G compactly generates T , then we can take for G^′ the set of objects G^′ defined by

T (?, G^′) = Hom_k(T (G, ?), E) , G ∈ G , where E is an injective cogenerator of the category of k-modules. Thus, in this case, G also symmetrically generates T .

Theorem 3.6 (Brown representability for the dual [111] [95]). If T is symmetrically generated, a homological functor F : T → Mod Z is corepresentable iff it commutes with products.

Let A be a small dg category. The derived category D(A) admits arbitrary coproducts and these are induced by coproducts of modules. Thanks to the isomorphisms (4) D(A)(X^∧[n], M)^∼→ H^{−n}M(X)

obtained from (3), each dg module X^∧[n], where X is an object of A and n an integer, is compact. The isomorphism (4) also shows that a dg module M vanishes in D(A) iff each morphism X^∧[n] → M vanishes. Thus the set G formed by the X^∧[n], X ∈ A, n ∈ Z, is a set of compact generators for D(A). The triangulated category tria(A) associated with A is the closure in D(A) of the set of representable functors X^∧, X ∈ A, under shifts in both directions and extensions. The category of perfect objects per(A) the closure of tria(A) under passage to direct factors in D(A). The above theorems yield the

Corollary 3.7. An object of D(A) is compact iff it lies in per(A). A cohomological functor D(A)^{op} → Mod k is representable iff it takes coproducts of D(A) to products of Mod k. A homological functor D(A) → Mod k is corepresentable iff it commutes with products.

3.6. Algebraic triangulated categories. Let T be a k-linear triangulated category. We say that T is algebraic if it is triangle equivalent to E for some k-linear Frobenius category E. It is easy to see that each k-linear triangulated subcategory of an algebraic triangulated category is algebraic. We will see below that each Verdier localization of an algebraic triangulated category is algebraic (if we neglect a set-theoretic problem). Moreover, categories of complexes up to homotopy are algebraic, by 3.4. Therefore, ‘all’ triangulated categories occurring in algebra and geometry are algebraic. Non algebraic triangulated categories appear naturally in topology (cf. also section 3.9): For instance, in the homotopy category of 2-local spectra, the identity morphism of the cone over twice the identity of the sphere spectrum is of order four, but in each algebraic triangulated category, the identity of the cone on twice the identity of an object is of order two at most.

A general method to prove that a triangulated category obtained from a suitable stable Quillen model category is not algebraic is to show that its [123] Hom-functor enriched in spectra does not factor through the canonical functor from the derived category of abelian groups to the homotopy category of spectra.

We wish to show that ‘all’ algebraic triangulated categories can be described by dg categories. Let T be a triangulated category and G a full subcategory. We make G into a graded category G_{gr} by defining

G_{gr}(G, G^′) = ⨁ n∈Z T (G, S^nG^′).

We obtain a natural functor F from T to the category of graded G_{gr}-modules by sending an object Y of T to the G_{gr}-module X → ⨁ n∈Z T (X, S^nY )

Theorem 3.8 ([78]). Suppose that T is algebraic. Then there is a dg category A such that H^∗(A) is isomorphic to G_{gr} and a triangle functor

F : T → D(A)

such that the composition H^∗ ∘ F is isomorphic to F . Moreover,

a) F induces an equivalence from T to tria(A) iff T coincides with its smallest full triangulated subcategory containing G;

b) F induces an equivalence from T to per(A) iff T is idempotent complete (cf. section 3.5) and equals the closure of G under shifts in both directions, extensions and passage to direct factors;

c) F is an equivalence T^∼→ D(A) iff T admits arbitrary coproducts and the objects of G form a set of compact generators for T .

Examples arise from commutative and non commutative geometry: A. Bondal and M. Van den Bergh show in [20] that if X is a quasi-compact quasi-separated scheme, then the (unbounded) derived category T = D_{qc}(X) of complexes of O_X -modules with quasicoherent homology admits a single compact generator G and that moreover, Hom(G, G[n]) vanishes except for finitely many n. Thus T is equivalent to the derived category of a dg category with one object whose endomorphism ring has bounded homology.

R. Rouquier shows in [131] (cf. also [96]) that if X is a quasi-projective scheme over a perfect field k, then the derived category of coherent sheaves over X admits a generator as a triangulated category (as in part b) and, surprisingly, that it is even of ‘finite dimension’ as a triangulated category: each object occurs as a direct factor of an object which admits a ‘resolution’ of bounded length by finite sums of shifts of the generator. Thus, the bounded derived category of coherent sheaves is equivalent to per(A) for a dg category with one object whose endomorphism ring satisfies a strong regularity condition.

In [17], J. Block describes the bounded derived category of complexes of sheaves with coherent homology on a complex manifold X as the category H^0(A) associated with a dg category constructed from the Dolbeault dg algebra (A^{0,•}(X), ∂). This can be seen as an instance of a), where, for G, we can take for example the category of coherent sheaves (i.e. complexes concentrated in degree 0). Note however that the term ‘perfect derived category’ is used with a different meaning in [17].

In the independently obtained [40], W. Dwyer and J. Greenlees give elegant descriptions via dg endomorphism rings of categories of complete, respectively torsion, modules. Their results are applied in a unifying study of duality phenomena in algebra and topology in [41].

One of the original motivations for the theorem was D. Happel’s description [60] [61] of the bounded derived category of a finite-dimensional associative algebra of finite global dimension as the stable category of a certain Frobenius category. This in turn was inspired by Bernstein-Gelfand-Gelfand’s [15] and Beilinson’s [16] descriptions of the derived category of coherent sheaves on projective space.

A vast generalization of the theorem to non-additive contexts [137] is due to S. Schwede and B. Shipley [139], cf. also section 3.9 below.

3.7. Well-generated algebraic triangulated categories. A triangulated category T is well-generated [112] [94] if it admits arbitrary coproducts and a good set of generators G, i.e. G is stable under shifts in both directions and satisfies

1) an object X of T vanishes iff T (G, X) = 0 for each G ∈ G, 2) there is a cardinal α such that each G ∈ G is α-small, i.e. for each family of objects X_i, i ∈ I, of T , each morphism G → ⨁ i∈I X_i

factors through a subsum ⨁ i∈J X_i for some subset J of I of cardinality strictly smaller than α, 3) for each family of morphisms f_i : X_i → Y_i, i ∈ I, of T which induces surjections

T (G, X_i) → T (G, Y_i)

for all G ∈ G and all i ∈ I, the sum of the f_i induces surjections

T (G, ⨁ X_i) → T (G, ⨁ Y_i)

for all G ∈ G.

Clearly each compactly generated triangulated category is well-generated. A. Neeman proves in [112] that the Brown representability theorem holds for well-generated triangulated categories. This is one of the main reasons for studying them. Another important result of [112] is that if T is well-generated and S → T is a localization (i.e. a fully faithful triangle functor admitting a left adjoint whose kernel is generated by a set of objects) then S is well-generated. Thus each localization of a compactly generated triangulated category is well-generated and in particular, so is each localization of the derived category of a small dg category.

Here is another class of examples: Let B be a Grothendieck abelian category, e.g. the category of modules on a ringed space. Then, by the Popescu-Gabriel theorem [118] [101], B is the localization of the category of Mod A of A-modules over some ring A. One can deduce from this that the unbounded derived category of of the abelian category B (cf. [51] [151] [71]) is a localization of D(A) and thus is well-generated.

Theorem 3.9 ([119]). Let T be an algebraic triangulated category. Then T is wellgenerated iff it is a localization of D(A) for some small dg category A. Moreover, if T is well-generated and U ⊂ T a full small subcategory such that, for each X ∈ T , we have

X = 0 ⇔ T (U, S^nX) = 0 for all n ∈ Z and U ∈ U ,

then there is an associated localization T → D(A) for some small dg category A with H^∗(A) = U_{gr}.

3.8. Morita equivalence. Let A and B be small dg categories. Let X be an A-B-bimodule, i.e. a dg A^{op} ⊗ B-module X. Thus X is given by complexes X(B, A), for all A in A and B in B, and morphisms of complexes

B(A, A^′) ⊗ X(B, A) ⊗ A(B^′, B) → X(B^′, A^′).

For each dg B-module M, we obtain a dg A-module

GM = Hom(X, M) : A → Hom(X(?, A), M).

The functor G : C(B) → C(A) admits a left adjoint F : L → L⊗_A X. These functors do not respect quasi-isomorphisms in general, but they form a Quillen adjunction (cf. section 3.9) and their derived functors

LF : L → F (pL) and RG : M → G(iM)

form an adjoint pair of functors between D(A) and D(B).

Lemma 3.10 ([78]). The functor LF : D(A) → D(B) is an equivalence if and only if a) the dg B-module X(?, A) is perfect for all A in A, b) the morphism A(A, A^′) → Hom(X(?, A), X(?, A^′)) is a quasi-isomorphism for all A, A^′ in A and c) the dg B-modules X(?, A), A ∈ A, form a set of (compact) generators for D(B).

For example, if E : A → B is a dg functor, then X(B, A) = B(B, E(A)) defines a dg bimodule so that the above functor G is the restriction along E. Then the lemma shows that RG is an equivalence iff E is a quasi-equivalence. We loosely refer to the functor LF associated with a dg A-B-bimodule as a tensor functor.

Theorem 3.11 ([78]). The following are equivalent 1) There is an equivalence D(A) → D(B) given by a composition of tensor functors and their inverses.

2) There is a dg subcategory G of C(B) formed by cofibrant dg modules such that the objects of G form a set of compact generators for D(B) and there is a chain of quasi-equivalences

A ← A^′ → · · · ← G^′ → G

linking A to G.

We say that A and B are dg Morita equivalent if the conditions of the theorem are satisfied. In this case, there is of course a triangle equivalence D(A) → D(B). In general, the existence of such a triangle equivalence is not sufficient for A and B to be dg Morita equivalent, cf. section 3.9. The following theorem is therefore remarkable:

Theorem 3.12 (Rickard [124]). Suppose that A and B have their homology concentrated in degree 0. Then the following are equivalent:

1) A and B are dg Morita equivalent. 2) There is a triangle equivalence D(A) → D(B). 3) There is a full subcategory T of D(B) such that

a) the objects of T form a set of compact generators of D(B), b) we have D(B)(T, T^′[n]) = 0 for all n ≠ 0 and all T , T^′ of T , c) there is an equivalence H^0(A)^∼→ T .

We refer to [78] or [39] for this form of the theorem. A subcategory T satisfying a) and b) in 3) is called a tilting subcategory, a concept which generalizes that of a tilting module. We refer to [122] [3] for the theory of tilting, from which this theorem arose and which provides huge classes of examples from the representation theory of finite-dimensional algebras and finite groups as well as from algebraic geometry, cf. also the appendix to [113] and [88] [125] [132].

3.9. Topological Morita equivalence. In recent years, Morita theory has been vastly generalized from algebraic triangulated categories to stable model categories in work due to S. Schwede and B. Shipley. This is based on the category of symmetric spectra as constructed in [67] (cf. [46] for a different construction of a symmetric monoidal model category for the category of spectra). We refer to [136] for an excellent exposition of these far-reaching results and their surprising applications in homotopy theory. In work by D. Dugger and B. Shipley [38], cf. also [36] [37], this ‘topological Morita theory’ has been applied to dg categories. We briefly describe their results and refer to [141] for a highly readable, more detailed survey.

The main idea is to replace the monoidal base category, the derived category of abelian groups D(Z), by a more fundamental category: the ‘derived category of the category of sets’, i.e. the homotopy category of spectra. To preserve higher homotopical information, one must not, of course, work at the level of derived categories but has to introduce model categories. So instead of considering D(Z), one considers its model category C(Z) of complexes of abelian groups and replaces it by a convenient model of the category of spectra: the category of symmetric spectra, which one might imagine as ‘complexes of abelian groups up to homotopy’. We refer to [67] or [136] for the precise definition. As shown in [67], symmetric spectra form a symmetric monoidal category which carries a compatible Quillen model structure and whose homotopy category is equivalent to the homotopy category of spectra of Bousfield and Friedlander [24]. The tensor product is the smash product ∧ and the unit object is the sphere spectrum S. The unit object is cofibrant and the smash product induces a monoidal structure on the homotopy category of symmetric spectra. The Eilenberg-MacLane functor H is a lax monoidal functor from the category of complexes C(k) to the category of symmetric spectra such that the homology groups of a complex C become isomorphic to the homotopy groups of HC. Since H is lax monoidal, if A is a dg Z-algebra, then HA is naturally an algebra in the category of symmetric spectra and if M is an A-module, then HM becomes an HA-module. More generally, if A is a dg category over Z, then HA becomes a spectral category, i.e. a category enriched in symmetric spectra, cf. [138] [140]. Each A-module M then gives rise to a spectral module HM over HA. The spectral modules over a spectral category form a Quillen model category [140].

Recall that if L and M are Quillen model categories, a Quillen adjunction is given by a pair of adjoint functors L : L → M and R : M → L such that L preserves cofibrations and R fibrations. Such a pair induces an adjoint pair between the homotopy categories of L and M. If the induced functors are equivalences, then (L, R) is a Quillen equivalence. The model categories L and M are Quillen equivalent if they are linked by a chain of Quillen equivalences.

It was shown by A. Robinson [129], cf. also [139], that for an ordinary ring R, the unbounded derived category of R-modules is equivalent to the homotopy category of spectral modules over HR. This result is generalized and refined as follows:

Theorem 3.13 (Shipley [140]). If A is a dg category over Z, the model categories of dg A-modules and of spectral modules over HA are Quillen equivalent.

This allows us to define two small dg categories A and B to be topologically Morita equivalent if their categories of spectral modules are Quillen equivalent.

Proposition 3.14 ([38]). Let A and B be two dg rings. Then statement a) implies b) and b) implies c):

a) A and B are dg Morita equivalent. b) A and B are topologically Morita equivalent. c) D(A) is triangle equivalent to D(B).

It is remarkable that in general, these implications are strict. Examples which show this were obtained in recent joint work by D. Dugger and B. Shipley [38], cf. also [141]. To show that c) does not imply b), they invoke Schlichting’s example [135]: Let p be an odd prime. The module categories over A^′ = Z/p^2 and B^′ = (Z/p)[ε]/ε^2 are Frobenius categories. Their stable categories are triangle equivalent (both are equivalent to the category of Z/p-vector spaces with the identical suspension and the split triangles) but the K-theories associated with the stable module categories are not isomorphic. Since K-theory is preserved under topological Morita equivalence (cf. section 5.2 below), the dg algebras A and B associated (cf. section 3.6) with the canonical generators (corresponding to the one-dimensional vector space over Z/p) of the stable categories of A^′ and B^′ cannot be topologically Morita equivalent.

To show that b) does not imply a), Dugger and Shipley consider two dg algebras A and B with homology isomorphic to Z/2 ⊕ Z/2[2]. The isomorphism classes of such algebras in the homotopy category of dg Z-algebras are parametrized by the Hochschild cohomology group HH^4_Z(Z/2, Z/2). Their isomorphism classes in the homotopy category of S-algebras are parametrized by the topological Hochschild cohomology group T HH^4_S (Z/2, Z/2) as shown in [97]. The computation of the Hochschild cohomology group HH^4_Z(Z/2, Z/2) is elementary and, thanks to Franjou-Lannes-Schwartz’ work [50], the topological Hochschild cohomology algebra T HH^∗_S (Z/2, Z/2) is known. Dugger-Shipley then conclude by exhibiting a non-trivial element in the kernel of the canonical map

Φ : HH^4_Z(Z/2, Z/2) → T HH^4_S (Z/2, Z/2).

The explicit description of the two algebras is given in [140] [39] [38]. The appearance of torsion in these examples is unavoidable: for dg algebras over the rationals, statements a) and b) above are equivalent [38].

4. The homotopy category of small dg categories

4.1. Introduction. Invariants like K-theory, Hochschild homology, cyclic homology . . . naturally extend from k-algebras to dg categories (cf. section 5). In analogy with the case of ordinary k-algebras, these extended invariants are preserved under dg Morita equivalence. However, unlike the module category over a k-algebra, the derived category of a dg category, even with its triangulated structure, does not contain enough information to compute the invariant (cf. the examples in section 3.9). Our aim in this section is to present a category obtained from that of small dg categories by ‘inverting the dg Morita equivalences’. It could be called the ‘homotopy category of enhanced (idempotent complete) triangulated categories’ [21] or the ‘Morita homotopy category of small dg categories’ Hmo, as in [145]. Invariants like K-theory and cyclic homology factor through the Morita homotopy category.

The Morita homotopy category very much resembles the category of small, idempotent complete, triangulated categories. In particular, it admits ‘dg quotients’ [34], which correspond to Verdier localizations. Like these, they are characterized by a universal property.

The great advantages of the Morita homotopy category over that of small triangulated categories are that moreover, it admits all (homotopy) limits and colimits (like any homotopy category of a Quillen model category) and is monoidal and closed.

The Morita homotopy category Hmo is a full subcategory of the localization Hqe of the category of small dg categories with respect to the quasi-equivalences. The first step is therefore to analyze the larger category Hqe. Its morphism spaces are revealed by Toën’s theorem 4.3 below.

4.2. Inverting quasi-equivalences. Let k be a commutative ring and dgcat_k the category of small dg k-categories as in section 2.2. An analogue of the following theorem for simplicial categories is proved in [14].

Theorem 4.1 ([146]). The category dgcat_k admits a structure of cofibrantly generated model category whose weak equivalences are the quasi-equivalences and whose fibrations are the dg functors F : A → B which induce componentwise surjections A(X, Y ) → B(F X, F Y ) for all X, Y in A and such that, for each isomorphism v : F (X) → Z of H^0(B), there is an isomorphism u of H^0(A) with F (u) = v.

This shows in particular that the localization Hqe of dgcat_k with respect to the quasiequivalences has small Hom-sets and that we can compute morphisms from A to B in the localization as morphisms modulo homotopy from a cofibrant replacement A_{cof} of A to B (note that all small dg categories are fibrant). In general, the cofibrant replacement A_{cof} is not easy to compute with but if A(X, Y ) is cofibrant in C(k) and the unit morphisms k → A(X, X) admit retractions in C(k) for all objects X, Y of A, for example if k is a field, then for A_{cof} , we can take the category with the same objects as A and whose morphism spaces are given by the ‘reduced cobar-bar construction’, cf. e.g. [34] [74]. The homotopy relation is then the one of [82, 3.3].

However, the morphism sets in the localization are much better described as follows: Consider two dg categories A and B. If necessary, we replace A by a quasi-equivalent dg category so as to achieve that A is k-flat, i.e. the functor A(X, Y )⊗? preserves quasiisomorphisms for all X, Y of A (for example, we could take a cofibrant replacement of A). Let rep(A, B) be the full subcategory of the derived category D(A^{op} ⊗B) of A-B-bimodules formed by the bimodules X such that the tensor functor

?^L⊗_A X : D(A) → D(B)

takes the representable A-modules to objects which are isomorphic to representable Bmodules. In other words, we require that X(?, A) is quasi-isomorphic to a representable B-module for each object A of A. We call such a bimodule a quasi-functor since it yields a genuine functor H^0(A) → H^0(B).

We think of rep(A, B) as the ‘category of representations up to homotopy of A in B’.

Theorem 4.2 (Toën [155]). The morphisms from A to B in the localization of dgcat_k with respect to the quasi-equivalences are in natural bijection with the isomorphism classes of rep(A, B).

The theorem has been in limbo for some time, cf. [80, 2.3] [82] [34]. It is due to B. Toën, as a corollary of a much more precise statement: Recall from [66, Ch. 5] that each model category M admits a mapping space bifunctor

Map : Ho(M)^{op} × Ho(M) → Ho(Sset) such that we have, for example, the natural isomorphisms

π_0(Map(X, Y )) = Ho(M)(X, Y ).

The spaces Map may also be viewed as the morphism spaces in the Dwyer-Kan localization [44] [42] [43] of M with respect to the class of weak equivalences, cf. [43] [65]. Now let R(A, B) be the category with the same objects as rep(A, B) and whose morphisms are the quasi-isomorphisms of dg bimodules. Thus, the category R(A, B) is a non full subcategory of the category of dg bimodules C(A^{op} ⊗ B).

Theorem 4.3 (Toën [155]). There is a canonical weak equivalence of simplicial sets between Map(A, B) and the nerve of the category R(A, B).

The theorem allows one to compute the homotopy groups of the classifying space | dgcat | of dg categories, which is defined as the nerve of the category of quasi-equivalences between dg categories. Of course, the connected components of this space are in bijection with the isomorphism classes of Hqe. Now let A be a small dg category. Then the fundamental group of | dgcat | at A is the group of automorphisms of A in Hqe (cf. [120]). For example, if A is the category of bounded complexes of projective B-modules over an ordinary kalgebra B, then this group is the derived Picard group of B as studied in [133] [83] [166]. For the higher homotopy groups, we have the

Corollary 4.4 ([155]). a) The group π_2(| dgcat |, A) is the group of invertible elements of the dg center of A (=its zeroth Hochschild cohomology group).

b) For i ≥ 2, the group π_i(| dgcat |, A) is the (2 − i)-th Hochschild cohomology of A.

4.3. Closed monoidal structure. As we have observed in section 2.2, the category dgcat_k admits a tensor product ⊗ and an internal Hom-functor Hom. If A is cofibrant, then the functor A⊗? preserves weak equivalences so that the localization Hqe inherits a

tensor product^L⊗. However, the tensor product of two cofibrant dg categories is not cofibrant in general (in analogy with the fact that the tensor product of two non commutative free algebras is not non commutative free in general). By the adjunction formula

Hom(A, Hom(B, C)) = Hom(A ⊗ B, C) ,

it follows that even if A is cofibrant, the functor Hom(A, ?) cannot preserve weak equivalences in general and thus will not induce an internal Hom-functor in Hqe. Nevertheless, we have the

Theorem 4.5 ([34] [155]). The monoidal category (Hqe,^L⊗) admits an internal Homfunctor RHom. For two dg categories A and B such that A is k-flat, the dg category RHom(A, B) is isomorphic in Hqe to the dg category rep_{dg}(A, B), i.e. the full subcategory of the dg category of A-B-bimodules whose objects are those of rep(A, B) and which are cofibrant as bimodules.

Thus we have equivalences (we suppose A k-flat)

H^0(RHom(A, B)) = H^0(rep_{dg}(A, B))^∼→ rep(A, B).

In terms of the internal Hom-functor Hom of dgcat_k, we have

H^0(RHom(A, B)) = H^0(Hom(A, B))[Σ^{−1}] ,

where Σ is the set of morphisms ϕ : F → G such that ϕ(A) is invertible in H^0(B) for all objects A of A, cf. [80].

Yet another description can be given in terms of A_∞-functors: Let A be a dg category such that the morphism spaces A(A, A^′) are cofibrant in C(k) and the unit maps k → A(A, A) admit retractions in C(k) for all objects A, A^′ of A. Then the dg category RHom(A, B) is quasi-equivalent to the A_∞-category of (strictly unital) A_∞-functors from A to B, cf. [91] [98] [104] [74]. Since B is a dg category, this A_∞-category is in fact a dg category.

An important point of classical Morita theory is that for two rings B, C, there is an equivalence between the category of B-C-bimodules and the category of coproduct preserving functors from the category of B-modules to that of C-modules (note that here and in what follows, we need to consider ‘large’ categories and should introduce universes to make our statements rigorous . . . ). Similarly, if A is a small k-flat dg category, we consider the large dg category D_{dg}(A): it is the full dg subcategory of C_{dg}(A) whose objects are all the cofibrant dg modules. Thus we have an equivalence of categories

D(A) = H^0(D_{dg}(A)).

This shows that if B is another dg category, then each quasi-functor X in

rep(D_{dg}(A), D_{dg}(B))

gives rise to a functor D(A) → D(B). We say that the quasifunctor X preserves coproducts if this functor preserves coproducts.

Theorem 4.6 ([155]). There is a canonical isomorphism in Hqe

D_{dg}(A^{op} ⊗ B)^∼→ RHom_c(D_{dg}(A), D_{dg}(B)) ,

where RHom_c denotes the full subcategory of RHom formed by the coproduct preserving quasifunctors.

If we apply this theorem to B = A and compare the endomorphism algebras of the identity functors on both sides, we see that the Hochschild cohomology (cf. section 5.4 below) of the small dg category A coincides with the Hochschild cohomology of the large dg category D_{dg}(A), which is quite surprising. An analogous result for Grothendieck abelian categories (in particular, module categories) is due to T. Lowen and M. Van den Bergh [102].

4.4. Dg localizations, dg quotients, dg-derived categories. Let A be a small dg category. Let S be a set of morphisms of H^0(A). Let us say that a morphism R : A → B of Hqe makes S invertible if the induced functor

H^0(A) → H^0(B)

takes each s ∈ S to an isomorphism.

Theorem 4.7 ([155]). There is a morphism Q : A → A[S^{−1}] of Hqe such that Q makes S invertible and each morphism R of Hqe which makes S invertible uniquely factors through Q. We call A[S^{−1}] the dg localization of A at S. Note that it is unique up to unique isomorphism in Hqe. It is constructed in [155] as a homotopy pushout ∐ s∈S I � � A � ∐ s∈S k � A[S^{−1}],

where I denotes the dg k-category freely generated by one arrow f : 0 → 1 of degree 0 with df = 0 and left vertical arrow is induced by the morphisms I → k which sends f to

1. The universal property of Q : A → A[S^{−1}] admits refined forms, namely, Q induces an equivalence of categories rep(A[S^{−1}], B)^∼→ rep_S (A, B) , an isomorphism of Hqe

rep_{dg}(A[S^{−1}], B)^∼→ rep_{dg,S}(A, B) ,

and a weak equivalence of simplicial sets

Map(A[S^{−1}], B)^∼→ Map_S (A, B).

Here rep_S and rep_{dg,S} denote the full subcategories of quasi-functors whose associated functors H^0(A) → H^0(B) make S invertible and Map_S the union of the connected components containing these quasi-functors.

An important variant is the following: Let N be a set of objects of A. Let us say that a morphism Q : A → B of Hqe annihilates N if the induced functor

H^0(A) → H^0(B)

takes all objects of N to zero objects (i.e. objects whose identity morphism vanishes in H^0(B)).

Theorem 4.8 ([82] [34]). There is a morphism Q : A → A/N of Hqe which annihilates N and is universal among the morphisms annihilating N .

We call A/N the dg quotient of A by N . If A is k-flat (cf. section 4.2), then A/N admits a beautiful simple construction [34]: One adjoins to A a contracting homotopy for each object of N . The general case can be reduced to this one or treated using orthogonal subcategories [82]. The dg quotient has refined universal properties analogous to those of the dg localization. In particular, the morphism A → A/N induces an equivalence [34]

rep(A/N , B) → rep_N (A, B) ,

where rep_N denotes the full subcategory of quasi-functors whose associated functors H^0(A) → H^0(B) annihilate N .

Dg quotients yield functorial dg versions of Verdier localizations [160]. For example, if E is a small abelian (or, more generally, exact) category, we can take for A the dg category of bounded complexes C^b_{dg}(E) over E and for N the dg category of bounded acyclic complexes Ac^b_{dg}(E). Then we obtain the dg-derived category

D^b_{dg}(E) = C^b_{dg}(E)/Ac^b_{dg}(E)

so that we have D^b(E) = H^0(D^b_{dg}(E)).

More generally, every localization pair [82] (=Frobenius pair [134]) gives rise to a dg category. After taking the necessary set-theoretic precautions, we also obtain a dg-derived category D_{dg}(E) = C_{dg}(E)/Ac_{dg}(E) which refines the unbounded derived category of a k-linear Grothendieck abelian category E. For a quasi-compact quasi-separated scheme X, let us write D_{dg}(X) for D_{dg}(E), where E is the Grothendieck abelian category of quasi-coherent sheaves on X. The following theorem shows that dg functors between dg derived categories are much more closely related to geometry than triangle functors between derived categories, cf. [19] [114].

Theorem 4.9 ([155]). Let X and Y be quasi-compact separated schemes over k such that X is flat over Spec k. Then we have a canonical isomorphism in Hqe

D_{dg}(X ×_k Y )^∼→ RHom_c(D_{dg}(X), D_{dg} (Y )) ,

where RHom_c denotes the full subcategory of RHom formed by the coproduct preserving quasi-functors. Moreover, if X and Y are smooth and projective over Spec k, we have a canonical isomorphism in Hqe

par_{dg}(X ×_k Y )^∼→ RHom(par_{dg}(X), par_{dg}(Y ))

where par_{dg} denotes the full dg subcategory of D_{dg} whose objects are the perfect complexes.

4.5. Pretriangulated dg categories. Let A be a small dg category. We say that A is pretriangulated or exact if the image of the Yoneda functor

Z^0(A) → C(A) , X → X^∧

is stable under shifts in both directions and extensions (in the sense of the exact structure of section 3.4). Equivalently, for all objects X, Y of A and all integers n, the object X^∧[n] is isomorphic to X[n]^∧ and the cone over a morphism f^∧ : X^∧ → Y^∧ is isomorphic to C(f)^∧ for unique objects X[n] and C(f) of Z^0(A). If A is exact, then Z^0(A) becomes a Frobenius subcategory of C(A) and H^0(A) a triangulated subcategory of H(A). If B is an exact dg category and A an arbitrary dg category, then Hom(A, B) is exact (whereas A ⊗ B is not, in general).

If A is an arbitrary small dg category, there is a universal dg functor

A → pretr(A)

to a pretriangulated dg category pretr(A), i.e. a functor inducing an equivalence

Hom(A, B)^∼→ Hom(pretr(A), B)

for each exact dg category B. The dg category pretr(A) is the pretriangulated hull of A constructed explicitly in [22], cf. also [34] [145].

For any dg category A, the category H^0(pretr(A)) is equivalent to the triangulated subcategory of HA generated by the representable dg modules. The functor pretr preserves quasi-equivalences and induces a left adjoint to the inclusion of the full subcategory of exact dg categories into the homotopy category Hqe. If B is pretriangulated, then so is RHom(A, B) for each small dg category A and we have

RHom(pretr(A), B)^∼→ RHom(A, B).

4.6. Morita fibrant dg categories, exact sequences. A dg functor F : A → B between small dg categories is a Morita morphism if it induces an equivalence D(B) → D(A). Each quasi-equivalence is a Morita morphism (cf. section 3.8) and so is the canonical morphism A → pretr(A) from A to its pretriangulated hull.

Theorem 4.10 ([145]). The category dgcat_k admits a structure of cofibrantly generated model category whose weak equivalences are the Morita morphisms and whose cofibrations are the same as those of the canonical model structure on dgcat_k (cf. theorem 4.1).

A dg category A is Morita fibrant (or triangulated in the terminology of [156]) iff it is fibrant with respect to this model structure. This is the case iff the canonical functor H^0(A) → per(A) is an equivalence iff A is pretriangulated and H^0(A) is idempotent complete (cf. section 3.5). We write A → per_{dg}(A) for a fibrant replacement of A and then have per(A) = H^0(per_{dg}(A)).

We write Hmo for the localization of dgcat_k with respect to the Morita morphisms. Then the functor A → per_{dg}(A) yields a right adjoint of the quotient functor Hqe → Hmo and induces an equivalence from Hmo onto the subcategory of Morita fibrant dg categories in Hqe, cf. [145]. The category Hmo is pointed: The dg category with one object and one morphism is both initial and terminal. Moreover, Hmo admits all finite coproducts (they are induced by the disjoint unions) and these are isomorphic to products. Let (5) A^I � B^P � C

be a sequence of Hqe such that P I = 0 in Hmo.

Theorem 4.11. The following are equivalent

i) In Hmo, I is a kernel of P and P a cokernel of I.

ii) The morphism I induces an equivalence of per(A) onto a thick subcategory of per(B) and P induces an equivalence of the idempotent closure [8] of the Verdier quotient with per(C).

iii) The functor I induces an equivalence of D(A) with a thick subcategory of D(B) and P identifies the Verdier quotient with D(C).

The theorem is proved in [82]. The equivalence of ii) and iii) is a consequence of Thomason-Trobaugh’s localization theorem [152] [108] [112]. We say that (5) is an exact sequence of Hmo if the conditions of the theorem hold. For example, if X is a quasi-compact quasi-separated scheme, U ⊂ X a quasi-compact open subscheme and Z = X \ U, then the sequence par_{dg}(X on Z) → par_{dg}(X) → par_{dg}(U)

is an exact sequence of Hmo by the results of [152, Sect. 5], where par_{dg}(X) denotes the dg quotient of the category of perfect complexes (viewed as a full dg subcategory of the category of complexes of O_X -modules) by its subcategory of acyclic perfect complexes and par_{dg}(X on Z) the full subcategory of perfect complexes supported on Z.

4.7. Dg categories of finite type. Let M be a cofibrantly generated model category and I a small category. Recall that the category of functors M^I is again a cofibrantly generated model category (with the componentwise weak equivalences). Thus, the diagonal functor Ho(M) → Ho(M^I ) admits a left adjoint, the homotopy colimit functor, and a right adjoint, the homotopy limit functor. An object X of M is homotopically finitely presented if, for each filtered direct system Y_i, i ∈ I, of M, the canonical morphism

hocolim Map(X, Y_i) → Map(X, hocolim Y_i)

is a weak equivalence of simplicial sets. The category M is homotopically locally finitely presented if, in Ho(M), each object is the homotopy colimit of a filtered direct system (in M) of homotopically finitely presented objects.

For example [64], the category of dg algebras is homotopically locally finitely presented and a dg algebra is homotopically finitely presented iff, in the homotopy category, it is a retract of a non commutative free graded algebra k⟨x_1, . . . , x_n⟩ endowed with a differential such that dx_i belongs to k⟨x_1, . . . , x_{i−1}⟩ for each 1 ≤ i ≤ n. A dg category is of finite type if it is dg Morita equivalent to a homotopically finitely presented dg algebra.

Theorem 4.12 ([156]). The category of small dg categories endowed with the canonical model structure whose weak equivalences are the Morita morphisms is homotopically locally finitely presented and a dg category is homotopically finitely presented iff it is of finite type.

A dg category A is smooth if the bimodule (X, Y ) → A(X, Y ) is perfect in D(A^{op L}⊗ A). This property is invariant under dg Morita equivalence. The explicit description of the homotopically finitely presented dg algebras shows that a dg category of finite type is smooth. Conversely [156], a dg category A is of finite type if it is smooth and proper, i.e. dg Morita equivalent to a dg algebra whose underlying complex of k-modules is perfect.

4.8. Moduli of objects in dg categories. Let T be a small dg category. In [156], B. Toën and M. Vaquié introduce and study the D^−-stack (in the sense of [157]) of objects in T . By definition, this D^−-stack is the functor

M_T : Scalg → Sset

which sends a simplicial commutative k-algebra A to the simplicial set

Map(T^{op}, per_{dg}(NA)) ,

where NA is the commutative dg k-algebra obtained from A by the Dold-Kan equivalence. They show that if T is a dg category of finite type, then this D^−-stack is locally geometric and locally of finite presentation. Moreover, if E : T → per_{dg}(k) is a k-point of M_T , then the tangent complex of M_T at E is given by

T_{MT ,E}^∼→ RHom(E, E)[1].

In particular, if E is quasi-isomorphic to a representable x^∧, then we have

T_{MT ,E}^∼→ T (x, x)[1].

It follows that the restriction of M_T to the category of commutative k-algebras is a locally geometric ∞-stack in the sense of C. Simpson [144]. Here are three consequences derived from these results in [156]:

1) If T is a dg category over a field k and is smooth, proper and Morita fibrant, then the sheaf associated with the presheaf

R → Aut_{HqeR} (T ⊗_k R) ,

on the category of commutative k-algebras is a group scheme locally of finite type over k (cf. [166] for the case where T is an algebra).

2) If X is a smooth proper scheme over a commutative ring k, then the ∞-stack of perfect complexes on X is locally geometric.

3) If A is a (non commutative) k-algebra over a field k, then the ∞-stack of bounded complexes of finite-dimensional A-modules is locally geometric if either A is the path algebra of a finite quiver or a finite-dimensional algebra of finite global dimension.

4.9. Dg orbit categories. Let A be a dg category and F : A → A an automorphism of A in Hqe. Let us assume for simplicity that F is given by a dg functor A → A. The dg orbit category A/F^Z has the same objects as A and the morphisms defined by

(A/F^Z)(X, Y ) = ⨁ d∈Z colim_n A(F^nX, F^{n+d}Y ).

The projection functor P : A → A/F^Z is endowed with a canonical morphism ϕ : P F → P which becomes invertible in H^0(A/F^Z) and the pair (P, ϕ) is the solution of a universal problem, cf. [84]. The category H^0(A)/F^Z is defined analogously. It is isomorphic to H^0(A/F^Z) and can be thought of as the ‘category of orbits’ of the functor F acting in H^0(A).

Let us now assume that k is a field. Let Q be a quiver (=oriented graph) whose underlying graph is a Dynkin graph of type A, D or E. Let mod kQ be the abelian category of finite-dimensional representations of Q over k (cf. e.g. [52] [4]). Let A = D^b_{dg}(mod Q) and

F : A → A an automorphism in Hqe. We say that F acts properly if no indecomposable object of D^b(mod kQ) is isomorphic to its image under F . For example, if Σ is the Serre functor of A, defined by the bimodule (X, Y ) → Hom_k(A(Y, X), k) ,

then Σ acts properly and, more generally, if S is the suspension functor, then S^{−d}Σ acts properly for each d ∈ N unless Q is reduced to a point.

Theorem 4.13 ([84]). If F acts properly, the orbit category D^b_{dg}(mod kQ)/F^Z is Morita fibrant and thus D^b(mod kQ)/F^Z is canonically triangulated.

In the particular case where F = S^{−d}Σ, the triangulated category H^0(A/F^Z) is Calabi- Yau [91] of CY-dimension d (cf. [84]). For d = 1, the category H^0(A/F^Z) is equivalent to the category of finite-dimensional projective modules over the preprojective algebra (cf. [56] [31] [128]) associated with the Dynkin graph underlying Q. For d = 2, one obtains the cluster category associated with the Dynkin graph. This category was introduced in [27] for type A and in [6] in the general case. It serves in the representation-theoretic approach (cf. e.g. [6] [26] [55]) to the study of cluster algebras [47] [48] [12] [49]. It seems likely [2] that if k is algebraically closed, the theorem yields ‘almost all’ Morita fibrant dg categories whose associated triangulated categories have finite-dimensional morphism spaces and only finitely many isoclasses of indecomposables. In particular, those among these categories which are Calabi-Yau of fixed CY-dimension d ≫ 0 are expected to be parametrized by the simply laced Dynkin diagrams.

5. Invariants

5.1. Additive invariants. Let Hmo_0 be the category with the same objects as Hmo and where morphisms A → B are given by elements of the Grothendieck group of the triangulated category rep(A, B). The composition is induced from that of Hmo. The category Hmo_0 is additive and endowed with a canonical functor Hmo → Hmo_0 (cf. [23] for a related construction). One can show [145] that a functor F defined on Hmo with values in an additive category factors through Hmo → Hmo_0 iff for each exact dg category A endowed with full exact dg subcategories B and C which give rise to a semi-orthogonal decomposition H^0(A) = (H^0(B), H^0(C)) in the sense of [22], the inclusions induce an isomorphism F (B) ⊕ F (C)^∼→ F (A). We then say that F is an additive invariant. The most basic additive invariant is given by F A = K_0(per A)). In Hmo_0, it becomes a corepresentable functor: K_0(per(A)) = Hmo_0(k, A). As we will see below, the K-theory spectrum and all variants of cyclic homology are additive invariants. This is of interest since non isomorphic objects of Hmo can become isomorphic in Hmo_0. For example, if k is an algebraically closed field, each finite-dimensional algebra of finite global dimension becomes isomorphic to a product of copies of k in Hmo_0 (cf. [80]) but it is isomorphic to such a product in Hmo only if it is semi-simple.

5.2. K-theory. Let A be a small dg k-category. Its K-theory K(A) is defined by applying Waldhausen’s construction [161] to a suitable category with cofibrations and weak equivalences: here, the category is that of perfect A-modules, the cofibrations are the morphisms i : L → M of A-modules which admit retractions as morphisms of graded A-modules (i.e. the inflations of section 3.4) and the weak equivalences are the quasi-isomorphisms. This construction can be improved so as to yield a functor K from dgcat_k to the homotopy category of spectra. As in [152], from Waldhausen’s results [161] one then obtains the following

Theorem 5.1. a) [39] The map A → K(A) yields a well-defined functor on Hmo.

b) Applied to the bounded dg-derived category D^b_{dg}(E) of an exact category E, the Ktheory defined above agrees with Quillen K-theory.

c) The functor A → K(A) is an additive invariant. Moreover, each short exact sequence A → B → C of Hmo (cf. section 4.6) yields a long exact sequence . . . → K_i(A) → K_i(B) → K_i(C) → . . . → K_0(B) → K_0(A).

Part a) can be improved on: In fact, D. Dugger and B. Shipley show in [39] that Ktheory is even preserved under topological Morita equivalence. Part c) can be improved on by defining negative K-groups and showing that the exact sequence extends indefinitely to the right. We refer to [134] for the most recent results, which include the case of dg categories. By combining part a) with Rickard’s theorem 3.12, one obtains the invariance of the K-theory of rings under triangle equivalences between their derived categories. By combining a) and b), one obtains the invariance of the K-theory of abelian categories under equivalences between their derived categories which come from isomorphisms of Hmo (or, more generally, from topological Morita equivalences). In fact, according to A. Neeman’s results [110] the K-theory of an abelian category is even determined by the underlying triangulated category of its derived category, cf. [113] for a survey of his work.

Of course, any invariant defined for small triangulated categories applied to the perfect derived category yields an invariant of small dg categories. For example, Balmer-Witt groups (cf. [7] for a survey), defined for dg categories A endowed with a suitable involution A^∼→ A^{op} in Hmo, yield such invariants.

5.3. Hochschild and cyclic homology. Let A be a small k-flat k-category. Following [106] the Hochschild chain complex of A is the complex concentrated in homological degrees p ≥ 0 whose pth component is the sum of the

A(X_p, X_0) ⊗ A(X_p, X_{p−1}) ⊗ A(X_{p−1}, X_{p−2}) ⊗ · · · ⊗ A(X_0, X_1) ,

where X_0, . . . , X_p range through the objects of A, endowed with the differential

d(f_p ⊗ . . . ⊗ f_0) = f_{p−1} ⊗ · · · ⊗ f_0f_p + p∑ i=1 (−1)^if_p ⊗ · · · ⊗ f_if_{i−1} ⊗ · · · ⊗ f_0.

Via the cyclic permutations

t_p(f_{p−1} ⊗ · · · ⊗ f_0) = (−1)^pf_0 ⊗ f_{p−1} ⊗ · · · ⊗ f_1 this complex becomes a precyclic chain complex and thus gives rise [79, Sect. 2] to a mixed complex C(A) in the sense of [72], i.e. a dg module over the dg algebra Λ = k[B]/(B^2), where B is of degree −1 and dB = 0. As shown in [72], all variants of cyclic homology [100] only depend on C(A) considered in D(Λ). For example, the cyclic homology of A is

the homology of the complex C(A)^L⊗_Λ k.

If A is a k-flat differential graded category, its mixed complex is the sum-total complex of the bicomplex obtained as the natural re-interpretation of the above complex. If A is an arbitrary dg k-category, its Hochschild chain complex is defined as the one of a k-flat (e.g. a cofibrant) resolution of A.

Theorem 5.2 ([81] [82]). a) The map A → C(A) yields an additive functor Hmo_0 → D(Λ). Moreover, each exact sequence of Hmo (cf. section 4.6) yields a canonical triangle of D(Λ).

b) If A is a k-algebra, there is a natural isomorphism C(A)^∼→ C(per_{dg}(A)). c) If X is a quasi-compact separated scheme, there is a natural isomorphism C(X)^∼→ C(par_{dg}(X)), where C(X) is the cyclic homology of X in the sense of [99] [163] and par_{dg}(X) the dg category defined in section 4.6.

The second statement in a) may be viewed as an excision theorem analogous to [164]. We refer to the recent proof [28] of Weibel’s conjecture [162] on the vanishing of negative K-theory for an application of the theorem. The algebraic description of topological Hochschild (co-)homology [142] would suggest that it is also preserved under topological Morita equivalence but no reference seems to exist as yet.

The endomorphism algebra RHom_Λ(k, k) is quasi-isomorphic to k[u], where u is of

degree 2 and d(u) = 0. It acts on C(A)^L⊗_Λ k and this action is made visible in the isomorphism

C(A)^L⊗_Λ k = C(A) ⊗ k[u] where u is of degree 2 and the differential on the right hand complex is given by

d(x ⊗ f) = d(x) ⊗ f + (−1)^{|x|}xB ⊗ uf.

The following ‘Hodge–de Rham conjecture’ is true for the dg category of perfect complexes on a smooth projective variety or over a finite-dimensional algebra of finite global dimension. It is wide open in the general case.

Conjecture 5.3 ([33] [90]). If A is a smooth proper dg category over a field k of characteristic 0, then the homology of C(A) ⊗ k[u]/(u^n) is a flat k[u]/(u^n)-module for all n ≥ 1.

5.4. Hochschild cohomology. Let A be a small cofibrant dg category. Its cohomological Hochschild complex C(A, A) is defined as the product-total complex of the bicomplex whose 0th column is ∏ A(X_0, X_0) , where X_0 ranges over the objects of A, and whose pth column, for p ≥ 1, is ∏ Hom_k(A(X_{p−1}, X_p) ⊗ A(X_{p−2}, X_{p−1}) ⊗ · · · ⊗ A(X_0, X_1), A(X_0, X_p))

where X_0, . . . , X_p range over the objects of A. The horizontal differential is given by the Hochschild differential. This complex carries rich additional structure: As shown in [58], it is a B_∞-algebra, i.e. its bar construction carries, in addition to its canonical differential and comultiplication, a natural multiplication which makes it into a dg bialgebra. The B_∞-structure contains in particular the cup product and the Gerstenhaber bracket, which both descend to the Hochschild cohomology

HH^∗(A, A) = H^∗C(A, A).

The Hochschild cohomology is naturally interpreted as the homology of the complex

Hom(1_A, 1_A)

computed in the dg category RHom(A, A), where 1_A denotes the identity functor of A (i.e. the bimodule (X, Y ) → A(X, Y )). Then the cup product corresponds to the composition (whereas the Gerstenhaber bracket has no obvious interpretation). Each c ∈ HH^n(A, A) gives rise to morphisms cM : M → M[n] of D(A), functorial in M ∈ D(A). Another interpretation links the Hochschild cohomology of A to the derived Picard group and to the higher homotopy groups of the category of quasi-equivalences between dg categories, cf. section 4.2.

A natural way of obtaining the B_∞-algebra structure on C(A, A) is to consider the A_∞- category of A_∞-functors from A to itself [91] [98] [104]. Here, the B_∞-algebra C(A, A) appears as the endomorphism algebra of the identity functor (cf. [74]).

Note that C(A, A) is not functorial with respect to dg functors. However, if F : A → B is a fully faithful dg functor, it clearly induces a restriction map

F^∗ : C(B, B) → C(A, A) and this map is compatible with the B_∞-structure. This can be used to construct [75] a morphism ϕ_X : C(B, B) → C(A, A) in the homotopy category of B_∞-algebras associated with each dg A-B-bimodule X such that the functor

?^L⊗_A X : per(A) → DB

is fully faithful. If moreover the functor X^L⊗_B? : per(B^{op}) → D(A^{op}) is fully faithful, then ϕ_X is an isomorphism. In particular, the Hochschild complex becomes a functor

Hmo^{op}_ff → Ho(B_∞) ,

where Ho(B_∞) is the homotopy category of B_∞-algebras and Hmo_ff the (non full) subcategory of Hmo whose morphisms are the quasi-functors X ∈ rep(A, B) such that

?^L⊗_A X : per(A) → per(B)

is fully faithful. We refer to [102] for the closely related study of the Hochschild complex of an abelian category.

Let us suppose that k is a field of characteristic 0. Endowed with the Gerstenhaber bracket the Hochschild complex C(A, A) becomes a differential graded Lie algebra and this Lie algebra ‘controls the deformations of the A_∞-category A’, cf. e.g. [93]. Here the A_∞-structures (m_n), n ≥ 0, may have a non trivial term m_0. Some (but not all) Hochschild cocyles also correspond to deformations of A as an object of Hmo. To be precise, let k[ε] be the algebra of dual numbers and consider the reduction functor

R : Hmo_{k[ε]} → Hmo_k , B → B^L⊗_{k[ε]} k.

A first order Morita deformation of A is a pair (A^′, ϕ) formed by a dg k[ε]-category A^′ and an isomorphism ϕ : RA^′ → A of Hmo_k. An equivalence between such deformations is given by an isomorphism ψ : A^′ → A^{′′} such that ϕ^′Rψ = ϕ. Then one can show [54] that the equivalence classes of first order Morita deformations of A are in natural bijection with the classes c ∈ HH^2(A, A) such that the induced morphism cP : P → P [2] is nilpotent in H^∗Hom(P, P ) for each perfect A-module P . If A is proper or, more generally, if H^nA(?, X) vanishes for n ≫ 0 for all objects X of A, then this condition holds for all Hochschild 2- cocycles c. On the other hand, if A is given by the dg algebra k[u, u^{−1}], where u is of degree 2 and du = 0, then it does not hold for the cocycle u ∈ HH^2(A, A).

5.5. Fine structure of the Hochschild complexes. The Hochschild cochain complex of a dg category carries a natural homotopy action of the little squares operad. This is the positive answer to a question by P. Deligne [29] which has been obtained, for example, in [105] [92] [13] . . . . Hochschild cohomology acts on Hochschild homology and this action comes from a homotopy action of the Hochschild cochain complex, viewed as a homotopy algebra over the little squares, on the Hochschild chain complex. This is the positive answer to a series of conjectures due to B. Tsygan [158] and Tamarkin-Tsygan [147]. It has recently been obtained by B. Tsygan and D. Tamarkin [159]. Together, the two Hochschild complexes endowed with these structures yield a non commutative calculus [150] analogous to the differential calculus on a smooth manifold. The link with classical calculus on smooth commutative manifolds is established through M. Kontsevich’s formality theorem [89] [148] for Hochschild cochains and in [143] (cf. also [32]) for Hochschild chains.

Clearly, these finer structures on the Hochschild complexes are linked to the category of dg categories and its simplicial enrichment given by the Dwyer-Kan localization as developped in [155]. At the end of the introduction to [155], the reader will find a more detailed discussion of these links, cf. also [87]. A precise relationship is announced in [149].

5.6. Derived Hall algebras. Let A be a finitary abelian category, i.e. such that the underlying sets of A(X, Y ) and Ext^1(X, Y ) are finite for all objects X, Y of A. The Ringel- Hall algebra H(A) is the free abelian group on the isomorphism classes of A endowed with the multiplication whose structure constants are given by the Hall numbers f^Z_{XY} , which count the number of subobjects of Z isomorphic to X and such that Z/X is isomorphic to Y , cf. [30] for a survey. Thanks to Ringel’s famous theorem [126] [127], for each simply laced Dynkin diagram Δ, the positive part of the Drinfeld-Jimbo quantum group U_q(Δ) (cf. e.g. [73] [103]) is obtained as the (generic, twisted) Ringel-Hall algebra of the abelian category of finite-dimensional representations of a quiver ⃗Δ with underlying graph Δ. After Ringel’s discovery, it was first pointed out by Xiao [165], cf. also [70], that an extension of the construction of the Ringel-Hall algebra to the derived category of the representations of ⃗Δ might yield the whole quantum group. However, if one tries to mimick the construction of H(A) for a triangulated category T by replacing short exact sequences by triangles one obtains a multiplication which fails to be associative, cf. [70] [68]. It is remarkable that nevertheless, as shown by Peng-Xiao [115] [116] [117], the commutator associated with this multiplication yields the correct Lie algebra.

A solution to the problem of constructing an associative multiplication from the triangles has recently been proposed by B. Toën in [153]. He obtains an explicit formula for the structure constants ϕ^Z_{XY} of an associative multiplication on the rational vector space generated by the isomorphism classes of any triangulated category T which appears as the perfect derived category per(T ) of a proper dg category T over a finite field k. The resulting Q-algebra is the derived Hall algebra DH(T ) of T . The formula for the structure constants reads as follows:

ϕ^Z_{XY} = ∑ f | Aut(f/Z)|^{−1} ∏ i>0 | Ext^{−i}(X, Z)|^{(−1)i} | Ext^{−i}(X, X)|^{(−1)i+1} ,

where f ranges over the set of orbits of the group Aut(X) in the set of morphisms f : X → Z whose cone is isomorphic to Y , and Aut(f/Z) denotes the stabilizer of f under the action of Aut(X). The proof of associativity is inspired by methods from the study of higher moduli spaces [157] [155] [156] and by the homotopy theoretic approach to K-theory [120]. From the formula, it is immediate that DH(T ) is preserved under triangle equivalences per(T )^∼→ per(T^′). Another consequence is that if A is the heart of a non degenerate t-structure [11] on per(T ), then the Ringel-Hall algebra of A appears as a subalgebra of DH(T ). The derived Hall algebra of the derived category of representations of ⃗Δ over a finite field appears closely related to the constructions of [70]. Its precise relation to the quantum group U_q(Δ) remains to be investigated.

Notice that like the K_0-group, the derived Hall algebra only depends on the underlying triangulated category of per(T ). One would expect that geometric versions of the derived Hall algebra, as defined in [154, 3.3] will depend on finer data.

References

[1] J. Frank Adams, A variant of E. H. Brown’s representability theorem, Topology 10 (1971), 185–198. [2] Claire Amiot, Sur les catégories triangulées, Ph. D. thesis in preparation.

[3] Lidia Angeleri-Hügel, Dieter Happel, and Henning Krause (eds.), Handbook of tilting theory, to appear. [4] M. Auslander, I. Reiten, and S. Smalø, Representation theory of Artin algebras, Cambridge Studies in Advanced Mathematics, vol. 36, Cambridge University Press, 1995 (English).

[5] Luchezar Avramov and Stephen Halperin, Through the looking glass: a dictionary between rational homotopy theory and local algebra, Algebra, algebraic topology and their interactions (Stockholm, 1983), Lecture Notes in Math., vol. 1183, Springer, Berlin, 1986, pp. 1–27.

[6] Aslak Bakke Buan, Robert J. Marsh, Markus Reineke, Idun Reiten, and Gordana Todorov, Tilting theory and cluster combinatorics, Advances in Mathematics, to appear.

[7] Paul Balmer, An introduction to triangular Witt groups and a survey of applications, Algebraic and arithmetic theory of quadratic forms, Contemp. Math., vol. 344, Amer. Math. Soc., Providence, RI, 2004, pp. 31–58.

[8] Paul Balmer and Marco Schlichting, Idempotent completion of triangulated categories, J. Algebra 236 (2001), no. 2, 819–834.

[9] A. A. Beĭlinson, V. A. Ginsburg, and V. V. Schechtman, Koszul duality, J. Geom. Phys. 5 (1988), no. 3, 317–350.

[10] Alexander Beilinson, Victor Ginzburg, and Wolfgang Soergel, Koszul duality patterns in representation theory, J. Amer. Math. Soc. 9 (1996), no. 2, 473–527.

[11] Alexander A. Beilinson, Joseph Bernstein, and Pierre Deligne, Analyse et topologie sur les espaces singuliers, Astérisque, vol. 100, Soc. Math. France, 1982 (French).

[12] Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky, Cluster algebras. III. Upper bounds and double Bruhat cells, Duke Math. J. 126 (2005), no. 1, 1–52.

[13] Clemens Berger and Benoit Fresse, Combinatorial operad actions on cochains, Math. Proc. Cambridge Philos. Soc. 137 (2004), no. 1, 135–174.

[14] Julie Bergner, A model category structure on the category of simplicial categories, math.AT/0406507, to appear in Transactions of the AMS.

[15] I. N. Bernšteĭn, I. M. Gel^′fand, and S. I. Gel^′ fand, Algebraic vector bundles on P^n and problems of linear algebra, Funktsional. Anal. i Prilozhen. 12 (1978), no. 3, 66–67.

[16] A. A. Beĭlinson, Coherent sheaves on P^n and problems in linear algebra, Funktsional. Anal. i Prilozhen. 12 (1978), no. 3, 68–69.

[17] Jonathan Block, Duality and equivalence of module categories in noncommutative geometry I, arXiv:math.QA/0509284.

[18] Marcel Bökstedt and Amnon Neeman, Homotopy limits in triangulated categories, Compositio Math.

86 (1993), 209–234.

[19] A. Bondal and D. Orlov, Derived categories of coherent sheaves, Proceedings of the International Congress of Mathematicians, Vol. II (Beijing, 2002) (Beijing), Higher Ed. Press, 2002, pp. 47–56.

[20] A. Bondal and M. van den Bergh, Generators and representability of functors in commutative and noncommutative geometry, Mosc. Math. J. 3 (2003), no. 1, 1–36, 258.

[21] A. I. Bondal and M. M. Kapranov, Representable functors, Serre functors, and reconstructions, Izv.

Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 6, 1183–1205, 1337.

[22] , Enhanced triangulated categories, Mat. Sb. 181 (1990), no. 5, 669–683, translation in Math.

USSR-Sb. 70 no. 1, 93107.

[23] Alexey I. Bondal, Michael Larsen, and Valery A. Lunts, Grothendieck ring of pretriangulated categories, Int. Math. Res. Not. (2004), no. 29, 1461–1495.

[24] A. K. Bousfield and E. M. Friedlander, Homotopy theory of Γ-spaces, spectra, and bisimplicial sets, Geometric applications of homotopy theory (Proc. Conf., Evanston, Ill., 1977), II, Lecture Notes in Math., vol. 658, Springer, Berlin, 1978, pp. 80–130.

[25] E. H. Brown, Cohomology theories, Annals of Math. 75 (1962), 467–484.

[26] Philippe Caldero and Frederic Chapoton, Cluster algebras as Hall algebras of quiver representations, arXiv:math.RT/0410187.

[27] Philippe Caldero, Frédéric Chapoton, and Ralf Schiffler, Quivers with relations arising from clusters (An case), arXiv:math.RT/0401316.

[28] G. Cortiñas, C. Haesemeyer, M. Schlichting, and C. Weibel, Cyclic homology, cdh-cohomology and negative K-theory, preprint, 2005.

[29] Pierre Deligne, Letter to Stasheff, Gerstenhaber, May, Schechtman, Drinfeld, May 17, 1993. [30] Bangming Deng and Jie Xiao, On Ringel-Hall algebras, Representations of finite dimensional algebras and related topics in Lie theory and geometry, Fields Inst. Commun., vol. 40, Amer. Math. Soc., Providence, RI, 2004, pp. 319–348.

[31] Vlastimil Dlab and Claus Michael Ringel, The preprojective algebra of a modulated graph, Representation theory, II (Proc. Second Internat. Conf., Carleton Univ., Ottawa, Ont., 1979), Lecture Notes in Math., vol. 832, Springer, Berlin, 1980, pp. 216–231.

[32] Vasiliy Dolgushev, Covariant and equivariant formality theorems, math.QA/0307212.

[33] Vladimir Drinfeld, DG categories, Talks at the Geometric Langlands seminar, University of Chicago, Fall 2002, notes by David Ben-Zvi.

[34] , DG quotients of DG categories, J. Algebra 272 (2004), no. 2, 643–691. [35] Ju. A. Drozd, Tame and wild matrix problems, Representation theory, II (Proc. Second Internat.

Conf., Carleton Univ., Ottawa, Ont., 1979), Lecture Notes in Math., vol. 832, Springer, Berlin, 1980, pp. 242–258.

[36] Dan Dugger and Brooke Shipley, Enrichments of additive model categories, arXiv:math.AT/0602107. [37] , Postnikov towers of ring spectra, in preparation.

[38] , Topological equivalences for differential graded algebras, preprint, 2006. [39] Daniel Dugger and Brooke Shipley, K-theory and derived equivalences, Duke Math. J. 124 (2004), no. 3, 587–617.

[40] W. G. Dwyer and J. P. C. Greenlees, Complete modules and torsion modules, Amer. J. Math. 124 (2002), no. 1, 199–220.

[41] W. G. Dwyer, J. P. C. Greenlees, and S. Iyengar, Duality in algebra and topology, arXiv:math.AT/0510247.

[42] W. G. Dwyer and D. M. Kan, Calculating simplicial localizations, J. Pure Appl. Algebra (1980), no. 18, 17–35.

[43] , Function complexes in homotopical algebra, Topology (1980), no. 19, 427–440. [44] , Simplicial localizations of categories, J. Pure Appl. Algebra (1980), no. 17, 267–284. [45] W. G. Dwyer and J. Spaliński, Homotopy theories and model categories, Handbook of algebraic topology, North-Holland, Amsterdam, 1995, pp. 73–126.

[46] A. D. Elmendorf, I. Kriz, M. A. Mandell, and J. P. May, Rings, modules, and algebras in stable homotopy theory, Mathematical Surveys and Monographs, vol. 47, American Mathematical Society, Providence, RI, 1997, With an appendix by M. Cole.

[47] Sergey Fomin and Andrei Zelevinsky, Cluster algebras. I. Foundations, J. Amer. Math. Soc. 15 (2002), no. 2, 497–529 (electronic).

[48] , Cluster algebras. II. Finite type classification, Invent. Math. 154 (2003), no. 1, 63–121. [49] , Cluster algebras: notes for the CDM-03 conference, Current developments in mathematics, 2003, Int. Press, Somerville, MA, 2003, pp. 1–34.

[50] Vincent Franjou, Jean Lannes, and Lionel Schwartz, Autour de la cohomologie de Mac Lane des corps finis, Invent. Math. 115 (1994), no. 3, 513–538.

[51] Jens Franke, On the Brown representability theorem for triangulated categories, Topology 40 (2001), no. 4, 667–680.

[52] P. Gabriel and A.V. Roiter, Representations of finite-dimensional algebras, Encyclopaedia Math. Sci., vol. 73, Springer–Verlag, 1992.

[53] P. Gabriel and M. Zisman, Calculus of fractions and homotopy theory, Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 35, Springer-Verlag New York, Inc., New York, 1967.

[54] Christof Geiß and Bernhard Keller, Infinitesimal deformations of derived categories, Oberwolfach talk, February 2005.

[55] Christof Geiss, Bernard Leclerc, and Jan Schröer, Semicanonical bases and preprojective algebras, Ann. Sci. École Norm. Sup. (4) 38 (2005), no. 2, 193–253.

[56] I. M. Gel^′ fand and V. A. Ponomarev, Model algebras and representations of graphs, Funktsional. Anal.

i Prilozhen. 13 (1979), no. 3, 1–12.

[57] Sergei I. Gelfand and Yuri I. Manin, Methods of homological algebra, Springer-Verlag, Berlin, 1996, Translated from the 1988 Russian original.

[58] Ezra Getzler and J. D. S. Jones, Operads, homotopy algebra, and iterated integrals for double loop spaces, hep-th/9403055.

[59] Alexandre Grothendieck, Les dérivateurs, Manuscript, 1990, edited electronically by M. Künzer, J.

Malgoire and G. Maltsiniotis.

[60] Dieter Happel, On the derived category of a finite-dimensional algebra, Comment. Math. Helv. 62 (1987), no. 3, 339–389.

[61] , Triangulated categories in the representation theory of finite-dimensional algebras, Cambridge University Press, Cambridge, 1988.

[62] Alex Heller, Stable homotopy categories, Bull. Amer. Math. Soc. 74 (1968), 28–63. [63] , Homotopy theories, Mem. Amer. Math. Soc. 71 (1988), no. 383, vi+78. [64] Vladimir Hinich, Homological algebra of homotopy algebras, Comm. Algebra 25 (1997), no. 10, 3291– 3323.

[65] Philip S. Hirschhorn, Model categories and their localizations, Mathematical Surveys and Monographs, vol. 99, American Mathematical Society, Providence, RI, 2003.

[66] Mark Hovey, Model categories, Mathematical Surveys and Monographs, vol. 63, American Mathematical Society, Providence, RI, 1999.

[67] Mark Hovey, Brooke Shipley, and Jeff Smith, Symmetric spectra, J. Amer. Math. Soc. 13 (2000), no. 1, 149–208.

[68] Andrew Hubery, From triangulated categories to Lie algebras: A theorem of Peng and Xiao, arXiv:math.RT/0502403.

[69] Luc Illusie, Catégories dérivées et dualité: travaux de J.-L. Verdier, Enseign. Math. (2) 36 (1990), no. 3-4, 369–391.

[70] M. Kapranov, Heisenberg doubles and derived categories, J. Algebra 202 (1998), no. 2, 712–744. [71] Masaki Kashiwara and Pierre Schapira, Categories and sheaves, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 332, Springer-Verlag, Berlin, 2005.

[72] Christian Kassel, Cyclic homology, comodules and mixed complexes, J. Alg. 107 (1987), 195–216. [73] , Quantum groups, Graduate Texts in Mathematics, vol. 155, Springer-Verlag, New York, 1995. [74] Bernhard Keller, A-infinity algebras, modules and functor categories, arXiv:math.RT/0510508. [75] , Derived invariance of higher structures on the Hochschild complex, preprint, 2003. [76] , Chain complexes and stable categories, Manuscripta Math. 67 (1990), no. 4, 379–417. [77] , Derived categories and universal problems, Comm. in Algebra 19 (1991), 699–747. [78] , Deriving DG categories, Ann. Sci. École Norm. Sup. (4) 27 (1994), no. 1, 63–102. [79] , Derived categories and their uses, Handbook of algebra, Vol. 1, North-Holland, Amsterdam, 1996, pp. 671–701.

[80] , Invariance and localization for cyclic homology of DG algebras, J. Pure Appl. Algebra 123 (1998), no. 1-3, 223–273.

[81] , On the cyclic homology of ringed spaces and schemes, Doc. Math. 3 (1998), 231–259 (electronic).

[82] , On the cyclic homology of exact categories, J. Pure Appl. Algebra 136 (1999), no. 1, 1–56. [83] , Hochschild cohomology and derived Picard groups, J. Pure Appl. Algebra 190 (2004), no. 1-3, 177–196.

[84] , On triangulated orbit categories, Doc. Math. 10 (2005), 551–581.

[85] Bernhard Keller and Dieter Vossieck, Sous les catégories dérivées, C. R. Acad. Sci. Paris Sér. I Math.

305 (1987), no. 6, 225–228.

[86] G. M. Kelly, Chain maps inducing zero homology maps, Proc. Cambridge Philos. Soc. 61 (1965), 847–854.

[87] Joachim Kock and Bertrand Toën, Simplicial localization of monoidal structures, and a non-linear version of Deligne’s conjecture, Compos. Math. 141 (2005), no. 1, 253–261.

[88] Steffen König and Alexander Zimmermann, Derived equivalences for group rings, Lecture Notes in Mathematics, vol. 1685, Springer-Verlag, Berlin, 1998, With contributions by Bernhard Keller, Markus Linckelmann, Jeremy Rickard and Raphaël Rouquier.

[89] Maxim Kontsevich, Deformation quantization of Poisson manifolds, I, Preprint of the IHÉS, October 1997, q-alg/9709040.

[90] , Topological field theory for triangulated categories, Talk at the conference on K-Theory and Noncommutative Geometry, Institut Henri Poincaré, Paris, June 2004.

[91] , Triangulated categories and geometry, Course at the École Normale Supérieure, Paris, Notes taken by J. Bellaïche, J.-F. Dat, I. Marin, G. Racinet and H. Randriambololona, 1998.

[92] Maxim Kontsevich and Yan Soibelman, Deformations of algebras over operads and the Deligne conjecture, Conférence Moshé Flato 1999, Vol. I (Dijon), Math. Phys. Stud., vol. 21, Kluwer Acad. Publ., Dordrecht, 2000, pp. 255–307.

[93] , Homological mirror symmetry and torus fibrations, Symplectic geometry and mirror symmetry (Seoul, 2000), World Sci. Publishing, River Edge, NJ, 2001, pp. 203–263.

[94] Henning Krause, On Neeman’s well generated triangulated categories, Doc. Math. 6 (2001), 121–126 (electronic).

[95] , A Brown representability theorem via coherent functors, Topology 41 (2002), no. 4, 853–861. [96] Henning Krause and Dirk Kussin, Rouquier’s theorem on representation dimension, arXiv:math.RT/0505055.

[97] A. Lazarev, Homotopy theory of A∞ ring spectra and applications to MU-modules, K-Theory 24 (2001), no. 3, 243–281.

[98] Kenji Lefèvre-Hasegawa, Sur les A∞-catégories, Thèse de doctorat, Université Denis Diderot – Paris 7, November 2003, available at B. Keller’s homepage.

[99] Jean-Louis Loday, Cyclic homology, a survey, Geometric and algebraic topology, Banach Center Publ., vol. 18, PWN, Warsaw, 1986, pp. 281–303.

[100] , Cyclic homology, second ed., Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 301, Springer-Verlag, Berlin, 1998, Appendix E by María O. Ronco, Chapter 13 by the author in collaboration with Teimuraz Pirashvili.

[101] W. Lowen, A generalization of the Gabriel-Popescu theorem, J. Pure Appl. Algebra 190 (2004), no. 1-3, 197–211.

[102] Wendy Tor Lowen and Michel Van den Bergh, Hochschild cohomology of abelian categories and ringed spaces, arXive:math.KT/0405227.

[103] George Lusztig, Introduction to quantum groups, Progress in Mathematics, vol. 110, Birkhäuser Boston Inc., Boston, MA, 1993.

[104] Volodymyr Lyubashenko, Category of A∞-categories, Homology Homotopy Appl. 5 (2003), no. 1, 1–48 (electronic).

[105] James E. McClure and Jeffrey H. Smith, A solution of Deligne’s Hochschild cohomology conjecture, Recent progress in homotopy theory (Baltimore, MD, 2000), Contemp. Math., vol. 293, Amer. Math. Soc., Providence, RI, 2002, pp. 153–193.

[106] Barry Mitchell, Rings with several objects, Advances in Math. 8 (1972), 1–161. [107] Amnon Neeman, The derived category of an exact category, J. Algebra 135 (1990), 388–394. [108] , The connection between the K–theory localisation theorem of Thomason, Trobaugh and Yao, and the smashing subcategories of Bousfield and Ravenel, Ann. Sci. École Normale Supérieure 25 (1992), 547–566.

[109] , The Grothendieck duality theorem via Bousfield’s techniques and Brown representability, Jour.

Amer. Math. Soc. 9 (1996), 205–236.

[110] , K–theory for triangulated categories I(A): homological functors, Asian Journal of Mathematics 1 (1997), 330–417.

[111] , Brown representability for the dual, Invent. Math. 133 (1998), no. 1, 97–105. [112] , Triangulated Categories, Annals of Mathematics Studies, vol. 148, Princeton University Press, Princeton, NJ, 2001.

[113] , The K-theory of triangulated categories, Springer-Verlag, 2005, edited by E. Friedlander and D. Grayson.

[114] D. O. Orlov, Equivalences of derived categories and K3 surfaces, J. Math. Sci. (New York) 84 (1997), no. 5, 1361–1381, Algebraic geometry, 7.

[115] Liangang Peng and Jie Xiao, A realization of affine Lie algebras of type eAn−1 via the derived categories of cyclic quivers, Representation theory of algebras (Cocoyoc, 1994), CMS Conf. Proc., vol. 18, Amer. Math. Soc., Providence, RI, 1996, pp. 539–554.

[116] , Root categories and simple Lie algebras, J. Algebra 198 (1997), no. 1, 19–56. [117] , Triangulated categories and Kac-Moody algebras, Invent. Math. 140 (2000), no. 3, 563–603. [118] Nicolae Popesco and Pierre Gabriel, Caractérisation des catégories abéliennes avec générateurs et limites inductives exactes, C. R. Acad. Sci. Paris 258 (1964), 4188–4190.

[119] Marco Porta, Ph. D. thesis in preparation.

[120] Daniel Quillen, Higher algebraic K-theory. I, Algebraic K-theory, I: Higher K-theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), Lecture Notes in Math., vol. 341, Springer verlag, 1973, pp. 85–147.

[121] Daniel G. Quillen, Homotopical algebra, Lecture Notes in Mathematics, No. 43, Springer-Verlag, Berlin, 1967.

[122] Idun Reiten, Tilting theory and quasitilted algebras, Proceedings of the International Congress of Mathematicians, Vol. II (Berlin, 1998), no. Extra Vol. II, 1998, pp. 109–120 (electronic).

[123] Charles Rezk, Stefan Schwede, and Brooke Shipley, Simplicial structures on model categories and functors, Amer. J. Math. 123 (2001), no. 3, 551–575.

[124] Jeremy Rickard, Morita theory for derived categories, J. London Math. Soc. 39 (1989), 436–456. [125] , The abelian defect group conjecture, Proceedings of the International Congress of Mathematicians, Vol. II (Berlin, 1998), no. Extra Vol. II, 1998, pp. 121–128 (electronic).

[126] Claus Michael Ringel, Hall algebras and quantum groups, Invent. Math. 101 (1990), no. 3, 583–591. [127] , Hall algebras revisited, Quantum deformations of algebras and their representations (Ramat- Gan, 1991/1992; Rehovot, 1991/1992), Israel Math. Conf. Proc., vol. 7, Bar-Ilan Univ., Ramat Gan, 1993, pp. 171–176.

[128] , The preprojective algebra of a quiver, Algebras and modules, II (Geiranger, 1996), CMS Conf.

Proc., vol. 24, Amer. Math. Soc., Providence, RI, 1998, pp. 467–480.

[129] Alan Robinson, The extraordinary derived category, Math. Z. 196 (1987), no. 2, 231–238. [130] A. V. Roiter, Matrix problems, Proceedings of the International Congress of Mathematicians (Helsinki, 1978) (Helsinki), Acad. Sci. Fennica, 1980, pp. 319–322.

[131] Raphaël Rouquier, Dimensions of triangulated categories, arXiv:math.CT/0310134. [132] Raphaël Rouquier, to be announced, Proceedings of the ICM 2006, Madrid. [133] Raphaël Rouquier and Alexander Zimmermann, Picard groups for derived module categories, Proc.

London Math. Soc. (3) 87 (2003), no. 1, 197–225.

[134] Marco Schlichting, Negative K-theory of derived categories, preprint, 2005, to appear in Math. Z. [135] , A note on K-theory and triangulated categories, Invent. Math. 150 (2002), no. 1, 111–116. [136] Stefan Schwede, Morita theory in abelian, derived and stable model categories, Structured ring spectra, London Math. Soc. Lecture Note Ser., vol. 315, Cambridge Univ. Press, Cambridge, 2004, pp. 33–86.

[137] Stefan Schwede and Brooke Shipley, Algebras and modules in monoidal model categories, Proc. London Math. Soc. (3) 80 (2000), no. 2, 491–511.

[138] , Equivalences of monoidal model categories, Algebr. Geom. Topol. 3 (2003), 287–334 (electronic).

[139] , Stable model categories are categories of modules, Topology 42 (2003), no. 1, 103–153. [140] Brooke Shipley, HZ-algebra spectra are differential graded algebras, arXiv:math.AT/0209215. [141] , Morita theory in stable homotopy theory, Contribution to the Handbook of Tilting Theory, edited by L. Angeleri, D. Happel and H. Krause, to appear.

[142] , Symmetric spectra and topological Hochschild homology, K-theory (2000), no. 19, 155–183. [143] Boris Shoikhet, A proof of the Tsygan formality conjecture for chains, Adv. Math. 179 (2003), no. 1, 7–37.

[144] Carlos Simpson, Algebraic (geometric) n-stacks, arXiv:math.AG/9609014. [145] Gonçalo Tabuada, Invariants additifs de dg-catégories, Int. Math. Res. Notices 53 (2005), 3309–3339. [146] , Une structure de catégorie de modèles de Quillen sur la catégorie des dg-catégories, C. R.

Math. Acad. Sci. Paris 340 (2005), no. 1, 15–19.

[147] D. Tamarkin and B. Tsygan, Noncommutative differential calculus, homotopy BV algebras and formality conjectures, Methods Funct. Anal. Topology 6 (2000), no. 2, 85–100.

[148] D. E. Tamarkin, Another proof of M. Kontsevich’s formality theorem, Preprint, math.QA/9803025. [149] Dmitri Tamarkin, What do DG categories form?, Talk at the Geometric Landlands seminar, Chicago, October 2005. Preprint in preparation.

[150] Dmitri Tamarkin and Boris Tsygan, The ring of differential operators on forms in noncommutative calculus, Graphs and patterns in mathematics and theoretical physics, Proc. Sympos. Pure Math., vol. 73, Amer. Math. Soc., Providence, RI, 2005, pp. 105–131.

[151] Leovigildo Alonso Tarrío, Ana Jeremías López, and María José Souto Salorio, Localization in categories of complexes and unbounded resolutions, Canad. J. Math. 52 (2000), no. 2, 225–247.

[152] Robert W. Thomason and Thomas F. Trobaugh, Higher algebraic K–theory of schemes and of derived categories, The Grothendieck Festschrift (a collection of papers to honor Grothendieck’s 60’th birthday), vol. 3, Birkhäuser, 1990, pp. 247–435.

[153] Bertrand Toën, Derived Hall algebras, arXiv:math.QA/0501343.

[154] , Higher and derived stacks: a global overview, preprint available at the author’s homepage. [155] , The homotopy theory of dg-categories and derived Morita theory, arXiv:math.AG/0408337. [156] Bertrand Toën and M. Vaquié, Moduli of objects in dg-categories, arXiv:math.AG/0503269. [157] Bertrand Toën and Gabriele Vezzosi, Homotopical algebraic geometry II: Geometric stacks and applications, arXiv:math.AG/0404373, to appear in the Memoirs of the AMS.

[158] B. Tsygan, Formality conjectures for chains, Differential topology, infinite-dimensional Lie algebras, and applications, Amer. Math. Soc. Transl. Ser. 2, vol. 194, Amer. Math. Soc., Providence, RI, 1999, pp. 261–274.

[159] Boris Tsygan, Noncommutative differential calculus, Course during the special period on K-Theory and Noncommutative Geometry, Institut Henri Poincaré, Paris, Spring 2004.

[160] Jean-Louis Verdier, Des catégories dérivées des catégories abéliennes, Astérisque, vol. 239, Société Mathématique de France, 1996 (French).

[161] Friedhelm Waldhausen, Algebraic K-theory of spaces, Algebraic and geometric topology (New Brunswick, N.J., 1983), Springer Verlag, Berlin, 1985, pp. 318–419.

[162] Charles Weibel, K-theory and analytic isomorphisms, Invent. Math. (1980), no. 61, 177–197. [163] , Cyclic homology for schemes, Proc. Amer. Math. Soc. 124 (1996), no. 6, 1655–1662.

[164] Mariusz Wodzicki, Excision in cyclic homology and in rational algebraic K-theory, Ann. of Math. (2) 129 (1989), no. 3, 591–639.

[165] Jie Xiao, Hall algebra in a root category, SFB preprint 95-070, Bielefeld University, 1995. [166] Amnon Yekutieli, The derived Picard group is a locally algebraic group, Algebr. Represent. Theory (2004), no. 7, 53–57.

UFR de Mathématiques, UMR 7586 du CNRS, Case 7012, Université Paris 7, 2 place Jussieu, 75251 Paris Cedex 05, France

E-mail address: keller@math.jussieu.fr