Transcendence problems related to heights.

D. Bertrand (UPMC)

Heights and Applications to Unlikely Intersections

Fields Inst., U. Toronto, Feb. 13-17, 2017

D. Bertrand (UPMC) (Heights and AppliTranscendence problems related to height -



References

[Serre 1989] Lectures on Mordell-Weil ...; Vieweg, Aspects E15.
[B 1994] 1-motifs et relations d'orthogonalité ...; Mat. Zap. 2, 7-22.

[B 1995] Minimal heights and polarizations...; Duke MJ 80, 223-250.

[B 1998] Relative splitting of 1-motives; Contemp. Maths 210, 3-17
[Bost-Kiinnemann 2009] Hermitian... |l; Astérisque 327, 361-424.

[Kim 2010] Massey products for ell. c. of rank 1; JAMS 23, 725-747.
[B 2013] Unlikely intersections ...; NDJFL 54, 365-375, 2013.
[B-Masser-Pillay-Zannier 2016] RMM on semi-ab...; PEMS 59, 837-875.
[B-Pillay, 2016] Galois theory, functional LW ...; Pacific JM 281, 51-82.
[B-Edixhoven] Pink’s conjecture, Poincaré biextensions and generalised

Jacobians; in prep. (see also ArXiv 1104.5178v1).

(*) Comments added after talk : see last slide.

D. Bertrand (UPMC) (Heights and AppliTranscendence problems related to height -



|. Motivations

e Serre's question [1989] on the Néron-Tate pairing over an ell. c. £/Q:
x,n € E(Q),< x,n > = 0= x orn torsion ?

NB : can't hope this for a n.f. kK # Q, nor on an ab. var. A/Q with g > 1.

e Zilber-Pink for a curve in the (4-dim’l) Poincaré bi-extension P* of the

Legendre curve £/S (cf. [B 2013], [B.-Edixhoven]).

Reduces to two "mixed" RMM problems :

P1 (recently solved by F. Barroero): let (x,n) € € xs E(S). If x¢,n: are
End(&;)-lin. dep. for inft'ly many CM t € S, then x,n are (Z)-lin. dep.

P2: let £/Q with CM, and let s be section of a non constant semi-ab.
scheme G € Exts(E,Gpm) ~>n € E(S)\ E(C) : if s is a Ribet point of G¢
for inft'ly many t € S(Q), is then s a Ribet section ?
NB : let x be the projection of s to E(S). Then,

st Ribet = x;,n; are End?"Y™(E)-related = < x¢,n; >= 0.
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Isotropic abelian subvarieties

For A/k, k anf., L symmetric ample, and P the Poincaré bundle on A x A
<x,n > = hp(x,n) = — < x,y >1, where n = ¢(y).

< ox,on >=< x,n > for o € Gal(Q/k), and < x, f(y) >=<y, IA‘(X) >,

so orthogonality occurs as soon as n = f(x) with f € Hom?™'Y™(A, A), or

because of relations on conjugates.

MoreAgeneraIIy, let B = By, be the abelian variety generated by (x,n) in
A x A. Then, P g torsion (< c1(Pg) = 0) implies that hp(x,n) = 0.

Conjecture [B 1994] : let A/Q and (x,n) € (A x A)(Q). Then
hp(X,?]) =0= C1(’P|3) =07
NB 1: rigidifying P> above A x 0, the relation Pz = 0 provides a canon’l

point sg above (x,7) (a). We call sg the Ribet point of G, € Ext(A,Gp)
above x. Ditto for its orbit under (Gp)tors-

NB 2: ci1(P|g) = 0 < IF € Hom*(A x A, A x A) and N € N such that
N.(n,x) = F(x,n). If x generates A, < 3f € Hom*(A, A) s.t. N = f(x).
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One archimedean place

Bloch's construction of < x,n > = h,(x). By the product formula, the

(absolute, logarithmic) normalized height on Gp,(k) is

[kv
h(a) = Tvem, e 1og(laly)].

For G = G, and v € My, there is a unique extension of fog]|.|, to
A=A Gk) 5 R

0o — ke —  G(k)) - Ak,) — O
| Logl.|v L (Av, ) |
0o — R — RxAKk,)  Ak) — 0

Then, ker(\,) = maximal compact subgroup G(k,)¢ of G(k,), and for any
s € Gy(k) above x :

< x> =Tyenm, E2E A(s)

We may choose s with all finite \,’s vanishing, so if k has just one inf’te
place, < x,n > = 0 < this s lies in G(k, )¢ for all v € M.

NB : if c1(Pg) = 0, the Ribet point sg € G,(k) above x satisfies this
property for any number field k.
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[I. Transcendence

Set £ = Log(Q*) D Q.log(Q*).

Still assume that k has only one infinite place oo, but take any s € G, (k)
above x. Then,

<x,m>=0=3a € kX, s+a € Glks)" = Ao(s) € L.
To turn this into an amenable transcendence problem, we'd rather have a
complex analytic expression for A\, which happens if 0o is real. This leads
to:
Question : assume that the n.f. k has at least one real place w, and that
Aw(s) € L. Then, c1(Pjg) =07 (If so, s will lie in the G,-orbit of sg.)

This may be too bold, so let's go back to an elliptic curve E, firstly over C,
with @, ¢, o, w;j, n; as usual, u = loge(x), v = loge(n), and

ﬁv(wi) = C(V)wi —niv, (I = 172)
These are the basic periods of the standard logarithmic form &, on E with
residue divisor —1.(0) + 1.(—n).
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Let G = G, (maybe G_,, 7). Then, G-">E admits a rational section
p: E--» G, with (p) = (—n) — (0), and the exponential map of G is

6= (1) = (@56 ) <o

where f,(z) = 5t e 7, so 5 = 3G 2 = expi(€)

Over k C C, a point s € G(k) above x € E(k) is given by

= (%), ety - (SIS

u

where §s := s — p(x) € k*, ls = Log(ds), and
B o(u+v)
£ =08 5 (o tu)
is the “Green function" for the divisor A* — E x0—0x E on E x E.
G(C) ~ (C2/QG, where Q¢ = Zwo @ Zwi @ Zw, with

- () = () - ()
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Assume now that oo is a real place of k. Then, E(R)? = Rw;/Zw; and

G(R)¢ = Rwy /Zwy is 1-dim’l (while dimg(G(C)°) )_

s € G(R)C = det < —g(u, V) + C(V)u_'_es C(V)wl —mv > —0
u w1
& g(u,v) — Buv =1L (= Log(ds) € L).
Not a surprise : this is the restriction to R of the log of the "polar form" of
the Klein form &(u) = o(u)exp(—3n(u)u).
We can now forget about the reality assumption and consider any k C C.
Conjecture (b) . assume E, x, 7 defined over Q, u,v,u+ v ¢ Qg. Then,
g(u,v) — Buv € L= x orn is a torsion point. (= yes to Serre)
Known : 1) /fg(u, v) — ((v)u € L, then n is torsion.
2) in the CM case, let s, € Q, given by the Hecke form of weight 2.
If 3f € End®(E),n = f(x), then g(u,v) — spuv € L (c).
But for a complex place, s € G(k) N G(C) does not imply c1(Pg) = 0.
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p-adic interlude

Kim Minhyong has given an "anabelian-Chabauty" proof of Siegel's
theorem on E(Z), when E/Q has rank 1 (i.e. just above the analogue of
Chabauty’s condition). The idea is that £(Z) is contained in the set of
zeroes of a non trivial p-adic analytic function on E(Zp).

Take p ordinary, so there is a p-adic height h, on E(Q), which is the sum
of the p-adic log of a rational number and of log,(o(u)) — ku? (with
K= %52 in the CM case).

For x € E(Z), the first term vanishes, so h,(x) = log,(c(u)) — xu?. Now,
h”u—(zx) is a constant C since hp, is quadratic and rk(E(Q)) = 1. Therefore
E(Z) is contained in the set of zeroes of the p-adic analytic function
logy(a(z)) — (k + C)z2, non trivial since (say by Ax-Schanuel on Gy)
log(c(z)) and z are algebraically independent over C. Done !

It's anabelian because log(c(v)) is an iterated integral [ w( f;n), which
Kim relates to 7P (E(C) \ 0).
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Additive interlude

Foranell. c. E over k C R, IetNE € Ext(E,G,) be its universal extension.
Its maximal compact subgroup E(R)< is Ry /Zd; for the real period &q of
E. Let X € E(k), above x € E(k); then (cf. [B 1998]),

X € l:’:(R)C & Ky(wr)/wr € ke X € Erors.

Indeed, logg(X) = < C(u)u— @ ) (for some « € k) and &1 = ( Zl > are
1

R-lin. dep. iff ((v)w1 — mu =aw; = x € Etop = X € Eor.

But much better ; let k € C bNe any nf, let A = A~ PicO(NA) be an ab.
var., with universal extension A’ € Ext(A’,Q}), and let 7j € A’(k), above
n € A'(k). Then [Bost-Kiinnemann 2009]:

i€ A(C)° < ij € A,
Idea : ij € A’ «~s G,, plus a connection on the line bundle (G, U 0)/A «~
a character x, of m1(A), for some a = a(fj) € Hom(LieA, LieG ) =~ Q},
and 7j € A/(C)€ iff x, is unitary (= £1 over R). E.g. on an elliptic curve :
IXa(Y))=1< ky(w) — aw € iR.
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Unlikely intersections

Let S be a curve over Q, £/S an elliptic scheme, x,7 two sections. On
E(S) (and E(S’) for S” — S), we have the Néron-Tate height at the
generic point and its polar form < x,7 >, non degenerate on £(S)/E&*,
where £% is the Manin kernel (= torsion + constant parts).

e Assume that there are infin'ly many CM points t € S(Q) such that
< xe,ne > = 0in &(Q). If £/S not isoconstant, then (Silverman) hy(x) =
< x,m > = 0. Requires conditions on S to go further.

e In Problem P2 on Zilber-Pink for P>, over an E with CM, all x;,7; are
End(E)-dep., so hs(t) is bounded (d). How to use End(E)aS?

e On G/k, the relative height hg rei(s) = zveMk [k Q] |>\ (s)| is "linear"

and vanishes on Ribet points. Under suitable conditions on G/S, it too

e h .
satisfies limyg (¢)—00 G;g?’t()s‘) = hg.re/(s). Does (not) lead to study sections

sin Q(S) with the/(S) =0.
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[11. Functional transcendence

Geometric heights have no “transcendental" parts, but the following alg.
indep. results may help for an o-minimal approach to P2.

Let S/C,K = C(S) C F, embedded in some diff’| field of meromorphic
functions, let E/K, G/F € Extg(E,G,,) ~y € E(F), x € E(F), and let
Eo, Gg be the constant parts. The universal extension G =GxgkE of G
has dimension 3, and carries differential operators Vig: LG — LG,

Olng ==V, o logg : G — LG. Ditto with E. Their solutions generate the
Picard-Vessiot extensions Kfi__ = K(wi,2,m1,2) of K = Kg and

Ff@ = F(w1,2,M1,2, kv(w1,2)) of F, while Fg/F is still mysterious. Finally,
let u = loge(x), v = loge(y).

Ax-Schanuel (on Gp): if E and G are constant (so v := vy € Eo(C)), y
not torsion, x not constant and ¢ € F arbitrary, then

tr'degKK(u¢ C(u)v p(u)>€? e[ exp(g(u, VO))) > 3.
For instance, if x € Eo(K) \ Eo(C) : tr.degk(u,{(u), g(u, vo) — %”VU) = 3.
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Assume now that y € E(K), so G/K. For s € G(F), set logg(s) = U.

Theorem

(Exponential Ax = L-W) [B.-Pillay 2016| Let U € LG(K), projecting to
u € LE(K), such that VH # G, U ¢ LH + LGo(C). Let U € LG(K) be any

lift of U, and let 3 = expg(U) € G. Then,

By oy 3 in general, except
tr.deg.(Kg(8)/Ke) = { 1 if ue LE(C).

(Logarithmic Ax) [B.-Masser-Pillay-Zannier 2016] Let s € G(K), proj.
to x € E(K), such that VH # G,s ¢ H+ Go(C). Let 5 € G(K) be any lift
of s, and let U = lna(E) € LG. Then,

5 3 in general, except
tr.deg (Ki(0)/Kf.) = ¢ 1 if N x € End(E)y (mod. Eo(C)), except
0 if s is Ribet (mod. Go(C)).
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In particular, assume that y € E(K) \ E? where E? = Eo(C) + Etors, i-e.
G/K is not isoconsant nor isotrivial, and that x € E(F)\ E*. Then,
Exponential Ax : if u € K and £ € K*,

tr.deg K (p(u), C(u), Zitth et~y = 3.

Logarithmic Ax : if x € E(K) \ E* and ¢ = fog(a), where o € K*,
tr-degK(sz,m,z)(ua v, C(u)a C(V)a g(“a V)) - f)

is equal to
-5 ,in general, e.g. if E is not constant and x, y are lin. indep. over Z;
-3 ,if E = Ep and x, y are lin. dep. over End(Ep) mod Ey(C),
unless x, y are End®*(Ep)-related mod Ep(C), in which case 3¢ € log(K™)
such that it is equal to
-2 , and indeed g(u,v) — suv then lies in log(K*) := £.
Corollary (e) : let x,y € E(K), not both constant if E = Ey. Then
g(u,v) — Ruv € £= xory is torsion.

So, the functional version of the Conjecture holds true (but to no avail...).
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Further comments

(a) That is, if (x,n) itself lies in B. In the general case, sg is defined only
up to addition of a root of unity.

(b) (answering a question of B. Zilber) This conjecture would follow from
Grothendieck's period conjecture, applied to the 1-motive [Z — G, x Gp,
1 (s,a)] with a € Q*.

(c) In fact, g(u,v) — suv € L < AN € N, f € End®*(E), Nn = f(x),
unless x or 7 is torsion. See Springer LN 1068, p. 19-22, Corollaire 3.

(d) assuming that x and 7 are End(E)-linearly independent modulo £(Q).

(e) This corollary also follows from Ayoub’s theorem on the functional
analogue of Grothendieck's conjecture.
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