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Abstract

Following Favre, we define a holomorphic germ f : (C%,0) — (C%0) to
be rigid if the union of the critical set of all iterates has simple normal
crossing singularities. We give a partial classification of contracting rigid
germs in arbitrary dimensions up to holomorphic conjugacy. Interestingly
enough, we find new resonance phenomena involving the differential of f
and its linear action on the fundamental group of the complement of the
critical set.

Introduction

In this paper, we are concerned with the problem of analytic and formal classifications of con-
tracting holomorphic germs at the origin in C?, i.e., holomorphic germs f : (C¢,0) — (C%,0)
such that every eigenvalue A of the differential dfy at 0 satisfies 0 < |A| < 1. The case of locally
invertible maps is treated in detail in the literature (see, e.g., [Ste57], [RR&8] or [Ber06, Chapter
4]). Such a map is not necessarily linearizable, but is analytically conjugated to a polynomial
normal form that involves only resonant monomials. In particular, the analytic and formal clas-
sifications coincide. When the map is not invertible, the situation is far more complicated since
the topological type of the critical set and its images are formal (hence analytic) invariants of
conjugacy.

To get around this problem, a natural class of maps has been introduced in [Fav00] and was
referred to as rigid germs. A rigid germ f : (C?¢,0) — (C%,0) is a holomorphic germ for which
the generalized critical set C(f*°) = U, ey f~"C(f), where C(f) denotes the critical set of f, has
simple normal crossing singularities at the origin.

Favre gave a complete classification of contracting rigid germs in dimension 2 (when C(f°°)
is also totally invariant), and proved these germs were conjugated to a polynomial (or rational)
normal form. This classification has very interesting applications to the study of a special class
of non-Kéhler compact complex surfaces: Kato surfaces (see, e.g., [Dlo84], [Dlo88], [DOT03]).
The importance of this class was further emphasized by the work of [FJ07] and [Rugli], since
any holomorphic two-dimensional germ is birationally conjugated to a rigid germ.

In this article, we explore the classification of contracting rigid germs in higher dimensions.

In this setting, we shall exhibit new resonance phenomena involving the differential of f at
0 and its linear action on the fundamental group of the complement of the generalized critical
set. We shall then give some partial results on the classification of contracting rigid germs (see
Theorem and Theorem |4.1J).

We shall also show (see Examples and how the complexity of the geometry of the
images of C(f°°) by f and its iterates makes it impossible to get an explicit full classification.

A general motivation for studying contracting rigid germs in higher dimensions comes from
the close relationship between these objects and special non-Kéahler manifolds introduced by Kato
(see, e.g., [Kat78|, [Kat85], [OR06]). We shall return to this in a later work.



The first natural invariant for holomorphic germs f : (C%,0) — (C%,0) is given by the differ-
ential dfy at 0. In particular the number of non-zero eigenvalues of dfy, or equivalently the rank
of df, is also invariant under iterations.

For contracting rigid germs one can consider a second natural invariant related to the (gen-
eralized) critical set. Let W1, ... W4 be the irreducible components of C(f°°): since f is rigid,
they are smooth and intersect transversely at 0; moreover, since C(f*°) is backward invariant,
for every k= 1,...,q we have

q
P = Z ak W
=1

for suitable a¥ € N. We define the internal action of f to be the matrix A = A(f) = (af). It
can be understood geometrically since A represents the action of f on the fundamental group
71 (A4\ C(f>)), where A? is a small open polydisc centered in 0.

If Wk = {u* = 0} is a periodic component for f*, i.e., (f*)"W* = W* for a suitable n € N*,
then %h) defines an eigenvector for dfy associated to a non-zero eigenvalue. These eigenvalues
are responsable for (part of) the classical resonances, given by the Poincaré-Dulac theorem.

For sake of simplicity, assume all periodic components are fixed and the nilpotent part of dfy
vanishes. Observe that this can always be achieved replacing f by a suitable iterate.

We shall also assume that A is injective. We observe that in dimension 2, one can always semi-
conjugate a rigid germ f to another one g satisfying this condition by [Fav0Q, Proposition 1.4],
[EJ07, Theorem 5.1], [Rugll, Remark 4.8] (see also Remark [3.11)): there exists a (not necessarily
invertible) holomorphic germ @ : (C2,0) — (C2,0) such that det d®y # 0 and ® o f = go ®.

Classical resonances appear as algebraic relations between the eigenvalues of dfy. The analysis
of these resonances leads to the Poincaré-Dulac theorem. Studying contracting rigid germs, a
second kind of resonances appears, involving algebraic relations between (non-zero) eigenvalues
of dfp and eigenvalues of the internal action A(f).

Let us denote by A € (D*)® the vector of non-eigenvalues of dfy (where D* denotes the
punctured unitary disc in C), and pick some coordinates w = (z,-) such that dfy = Diag(}, 0).

Set x = (x,...,2%) and let n = (ny,...,n,) € N° be a multi-index with |n| :=n;+...+ns >
1. Then a monomial z" := [[;_, (z¥)"* is secondary resonant if and only if A" is an eigenvalue
for A.

We can now state our main result.

Theorem A. Let f: (C?0) — (C? 0) be a contracting rigid germ with injective internal action.
Suppose that all periodic components of C(f*°) are fized, and the nilpotent part of dfy vanishes.
Then f is holomorphically conjugated to a map of the form

(2,9,2) = (oep(2), B2EyP (1+ g(x)), Ay, 2) ) &)
where

ez cC’ycCr,2cC¥6*P) Bc(CHP and 1= (1,...,1);

E € M(s xp,N) and D € M(p x p,N) are matrices with det D # 0;

opp : (C%,0) — (C*,0) is a contracting invertible germ in Poincaré-Dulac normal form
(hence a polynomial), and dfy = d(opp)o ® 0;

{y' =0} cc(f~) c {z'y' = 0};

g:(C*%,0) = (CP,0) is a polynomial map that contains only secondary resonant monomials;



e h:(C%0) — (C=6+P) 0) is a holomorphic map such that dhg = 0.

Remark. Theorem [A|still holds if we replace C by a (possibly non-archimedean, not algebraically
closed) complete metrized field K of char(K) = 0, provided that the eigenvalues of dfy belong to
K. See Remarks [I.1} [1.6] 21} 2:16] 312} [£.5] for further details.

Notice that Theorem [A] does not hold over fields of positive characteristic, already for d =
p =1 (see Remark for further details).

To read , we set zF = ((zE)l, cee (:cE)p) € CP, with

(«)" =TT,

=1

where z = (z1,...,2°) and E = (ef), and analogously for other similar expressions. Moreover, if
a=(al,...,aP) €CP and y = (y',...,y?) € CP, we shall write

ay = (a'y!, ..., aPyP) € CP.

This normal form has several features. The first part x o f depends only on z, and defines a
polynomial biholomorphism opp : C* — C*. The second part y o f depends only (polynomially)
on z and (monomially) on y. We also get the following corollary.

Corollary B. Let f : (C40) — (C%,0) be a contracting rigid germ satisfying the hypotheses of
Theorem . Then f preserves (at least) s + 1 smooth foliations F,...,Fs, G. The foliation Fy,
has codimension k for k =1,...,s, while G has codimention s+ p. Moreover, F; is a subfoliation
of Fi, for every l > k, and G is a subfoliation of Fy.

In the following we shall deal with rigid germs without the assumptions on the fixed compo-
nents and the nilpotent part. We shall then prove Theorem [3.7]as a generalization of Theorem [A]
We shall also study the special case of a rigid germ f : (C%,0) — (C%,0) with s+p = d— 1, where
s is the number of non-zero eigenvalues of dfy, and p is the number of non-periodic irreducible
components of C(f*) (see Theorem . In particular we get the classifications for rigid germs
for which C(f°°) has either (d — 1) or d irreducible components.

These results solve the classification of rigid germs in dimension 3, but for the case s+p = 1.
We shall show (see Examples and how an explicit classification of rigid germs in this case
is not possible.

To prove Theorem [A] we first apply Poincaré-Dulac normalization techniques. We then get
a germ f : (C%0) — (C%0) whose first s coordinates are given by a contracting invertible
polynomial opp : (C?,0) — (C®,0) in Poincaré-Dulac normal form. We then use the rigid
assumption to get with ¢ = g(z,y,2) that a priori depends on all coordinates. We finally
conjugate again to get g = g(z) that depends only on 2. The study of resonances in this case
will allow us to get g polynomial.

Conjugations that maintain the Poincaré-Dulac normal form are called renormalizations. See
for example [AT05] for a renormalization process in the tangent-to-the-identity case, [AR] for
a general procedure for formal renormalizations, or [Rail(] for other techniques to study the
convergence of the Poincaré-Dulac normalization.

At every step, we first deal with the formal conjugacy. To expand in formal power series
compositions of maps, we shall need to introduce matrices of indices. This will allow to fully
understand the combinatorial structure of the formal problem. Dealing with the general case
(where the components of C(f*) are not necessarily fixed, and dfy has a nilpotent part) will
make the combinatorial structure even more intricate.



Once the formal normal form is achieved, we solve the convergence problem as in the Poincaré-
Dulac result.

This paper is organized as follows. In Section 1 we prove some preparatory lemmas. In Section
2 we prove a generalization of the Poincaré-Dulac Theorem suited for contracting rigid germs. In
Section 3 we define secondary resonances and prove Theorem [A]in the general case. In Section 4
we deal with the special case s +p = d — 1. In Section 5 we specify all results to dimension 3.
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1 Linear Part

Let f: (C%,0) — (C%,0) be a contracting rigid germ, and W, ... W9 be the irreducible compo-
nents of C(f°°). It is natural to choose coordinates w = (w!, ..., w?) such that W* = {w* = 0}
for k=1,...,q. Moreover, as anticipated in the introduction, we want to split irreducible compo-
nents between periodic and non-periodic ones with respect to the action of f*. Up to permuting
coordinates, we can then suppose that the matrix A = A(f) is of the form

1=(0 ) @

where B € M(r x r,N) for a suitable 0 < r < ¢ is a permutation matrix, C € M(r x p,N) with
p=gq—r,and D € M(p x p,N).
Since C(f*°) is backward f-invariant, in the chosen coordinates we can write

(u,y,t) (auB (1+ 0w, 5,1)), BuCyP (1 + g(u, y, 1)), k(u,, t)), (3)
with
uweCr, yeCPandteCla,
a € (C*)" and B € (C*)P;
6:(C%0)— (C,0), g: (C40) — (C?,0), k: (C%0) — (C?~9,0);
o C(f*) = {uly' =0}.

Remark 1.1. Observe that this reduction to maps of the form is also valid over an arbitrary
field.

Remark 1.2. Suppose ¢ = d. If det D # 0, the condition C(f*°) = {u'y! = 0} implies that the
matrix C = (c); ; satisfies ¢} + -+ ¢l > 1 for every i = 1,...,r. It is easy to check that every
germ of the form with C as above is a rigid germ.

If det D = 0, then every rigid germ can be written in the form 7 but not every germ of the
form is a rigid germ. For example, let us consider f : (C%,0) — (C?,0), given by

W) = (W +yh) P (L+ 7).



Here
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a=p=(} ).

hence det D = 0, while det df = y'y?(y' + y* + 3y'y?), hence f is not rigid.
When ¢ < d, a germ of the form needs to satisfy suitable additional conditions (depending
on C,k and g if det D = 0) to be rigid.

Starting from a germ of the form , we would like to kill # (up to holomorphic conjugacy).
This is exactly the result of this section.

Theorem 1.3. Let f: (C% 0) — (C%,0) be a contracting rigid germ. Then f is holomorphically
conjugated to

(u,y,t) — (auB,BucyD (]l + g(my,t)),k(u,y,t)), (4)

where

e ucCr,ycCrandte Ci4;

o a € (CY)" and p € (C*)P;

e B e M(r xrN) is a permutation matriz, C € M(r x p,N) and D € M(p x p,N);

e g:(C%0)— (CP,0), k: (C%0) — (CT9,0);

o C(f*) ={u'y' =0}.

Before proving this theorem, we need an easy notation Lemma and a Proposition.

Lemma 1.4. Let f = (f1,...,fr) : (C4,0) — (C",0) be an r-uple of formal power series, and
let D € M(r x s,Q). Then we have

log (f*) = (log ) D,
where log here means that we are taking the log coordinate by coordinate.
Proof. 1t easily follows from a direct computation. O

Proposition 1.5. Let (f,)n be a sequence of r-uples of formal power series, and let (D), be a
sequence of matrices in M(r x s,Q) (with s > 1). Then

[T+

n

> faDn

converges if and only if

does.

Proof. It follows from Lemma [I.4] and the analogous result in dimension one, taking the log of
the absolute value. O



Proof of Theorem[1.3 We can suppose that f is of the form .
We would like to find a conjugacy between f and a germ f : (C%,0) — (C%,0) of the form

(with §,E replaced by some holomorphic maps g and k respectively).
Let us consider a local diffeomorphism of the form

®(u,y,t) = (u(]l + ¢(u,y,t)), v, t),
where ¢ : (C¢,0) — (C",0). Set
(1) = (w(1+ b (uy,) 1),
with N
1+ ¢y (w IIﬂ+9o°“%w»

where w = (u,y,t). We have
uo®yof=uofodyy.

Indeed
N
uo®yo f(w) =au(l+6(w H (1460 fo(w)),
N N+1 B
uo fodyii(w)=ou H (T+00 f Hw)),
n=1

which are equivalent expressions.
Let us prove that ® 5 converges to a holomorphic germ ® = ®.,. Thanks to Proposition [[.5]
we just have to prove that
oo
S0
n=0

converges in a neighborhood of 0. Since #(0) = 0, we have that there exists M > 0 such that
[10(w)|| < M ||w||, while being f contracting, there exists 0 < A < 1 such that || f°™(w)|| < A™ |Jw]|,
both estimates for |w|| small enough. Then we have

= on on = n M
> (00 F( < E 160 fo(w)] <> MA lwll = 7= llwll < +o0,
n=0 n=0

and hence ® : (C?,0) — (C% 0) is a holomorphic invertible map, that satisfies the conjugacy
relation

dof=7fod (5)

for the first coordinate u.
We can just define

~ 1+g 1
1 = —Z= i)
30 = (e ) o # 7 w),
k(w) = ko @ (w),
to have satisfied for all coordinates. O

Remark 1.6. Observe the arguments of the proof of Theorem [I.3]are also valid over any complete
metrized field of characteristic 0.



2 Primary Resonances

2.1 Resonance Relation

Considering the differential dfy at 0 for a map f : (C%,0) — (C¢,0) of the form , we get

Diag(a)BT 0 0
dfo = * 0 0 7
ok
* Gl
where Diag(a) is the diagonal matrix of entries & = (al,...,a"), and T denotes the transposition.

Some of the non-zero eigenvalues of dfy arise from the block Diag(a)BT, but they can arise

also from %’ o- We can change coordinates to have %| o in Jordan normal form, and split the

coordinate t in (v, z), with v € C® and z € C?(9+¢) to have the diagonal part equal to (u,0),
where p € (D*)¢ is the vector of non-zero eigenvalues of dfy that do not arise from Diag(a)B”.
With these new coordinates we can write f as follows:

(u,v,y,2) — (auB, v + p(u,v,y, 2), BuCy? (1+ g(u,v,y,2)), h(u, v,y, 2)), (6)

where
eucC,veCewithe=s—r,yeCPand z € Ci(tp),

a € (C*)", pe (D*) and B € (C*)P;

B € M(r x r,N) is a permutation matrix, C € M(r x p,N) and D € M(p x p,N);
p:(C%0) = (C°0), g:(C%0)— (CP,0) and h : (C%,0) — (CI=(+P) 0);

C(f>) = {u'y' = 0};

p € Spec(dfo) \ {0}

® pl{u=y=2=0} and h|gy—,—y—0} have nilpotent linear part.

Remark 2.1. Over an arbitrary field K, this argument works as soon as all the eigenvalues of
dfy belong to K. In particular, it always works if K is algebraically closed.

We want now to kill as many coefficients of p (expanded in formal power series) as we can. As
in the case of attracting invertible germs, some formal obstructions appear. We shall call them
primary resonances to make a distinction with secondary resonances, that will be introduced in

Definition (see also the introduction at page .

Definition 2.2. Let f : (C? 0) — (C%,0) be a contracting rigid germ as in @, and let n € N*
be the order of B. A monomial u™=v™ is called primary resonant with respect to the k-th
coordinate of v if it satisfies the Poincaré-Dulac resonance relation for f°7, i.e., if

grepm = (uh), (7)

where & € (D*)" is the vector of eigenvalues of (u — au®)"" (counted with multiplicities), and
p=(ut . pe).



Remark 2.3. If n =1 in Definition the resonance relation becomes
)\n — A'H»k

where A = (A,...,\%) := (a,u) € (D*)* is the vector of non-zero eigenvalues for dfy, and
n = (Ny,ny,) € N°.

Remark 2.4. Let f: (C%,0) — (C%,0) be a contracting rigid germ as in @ Let us suppose for
example that W* = {u* =0} for k = 1,..., x form a cycle of order Y; i.e., the first x coordinates

of f are of the form

(ul,... uX) = (a'u?, ..., X uX, aXut).

Taking the x-th iterate, we get
X
(ul, ... uX) = (Eut,. .. EuX), with € = Hak.
k=1

In particular all % |0 belong to the eigenspace of eigenvalue ¢ for df, and & will have multiplicity
(at least) .

The following lemma is a classical result for primary resonances in contracting germs (see,
e.g., [Ber06, p. 467]).

Lemma 2.5. Let f : (C%,0) — (C%,0) be a contracting rigid germ written as in (6). Then there
are only finitely-many primary resonant monomials.

Remark 2.6. We notice that periodic non-fixed irreducible components of the generalized critical
set of a contracting rigid germ f : (C%,0) — (C%0) can appear only for d > 3, and primary
resonances for B # Id can appear only for d > 4.

2.2 Main Theorem

Our next goal is to kill all coefficients of p in @ except for primary resonant monomials.

Theorem 2.7. Let f : (C%0) — (C%,0) be a contracting rigid germ. Then f is analytically
conjugated to

(,0,9,2) = (o, + plu,v), BuCyP (1+ g(u,0,,2)) hlw,v,9,2)), (8)
where

e ucCr,veCe yeCPland z € CI=G+p);

a € (C", ue (D*) and B € (C*)P;

B € M(r x r,N) is a permutation matriz, C € M(r x p,N) and D € M(p x p,N);
p:(C*%,0) — (C¢,0), g: (C%0) — (CP,0) and h : (C¢,0) — (CI=(+P) 0);

C(f=) = {u'y' = 0};

p € Spec(dfo) \ {0} and h|{y—y—y—0) has nilpotent linear part;

® p is a polynomial map with only primary resonant monomials.



Remark 2.8. For a contracting rigid germ f : (C%,0) — (C%,0) written as in @7 up to permuting

coordinates in v = (v',...,v¢), we can order u!,...,u¢ such that

1> |pt>...>pf>0. (9)
In this case a primary resonant monomial for the k-th coordinate is either of the form:
o u™ ™ with n, = (n,1,...,ne) such that n,y =0 for | > k,
e or v! for a suitable 1 <1 < e.

We shall first take care of the linear part, and then of higher order terms, to get p = (p!,..., p°)
(strictly) triangular, meaning precisely that p* depends only on u and v!,... v*~! for every
k=1,...,e.

Proof. We first prove in Step 1 the formal counterpart of this theorem, and then we will deal

with the convergence of the formal power series involved in Step 2.

(Step 1). First, we can suppose that f is of the form @ Moreover we can suppose that
(p, h)|u=y—o has lower triangular linear part, and that p satisfies (9)).

Then, up to linear conjugacy, we can suppose that the linear part of p has only resonant
monomials. Indeed, we can consider a linear map of the form L: (u,v,y,z) — (Lu,v,y, z) that
conjugates f with f = Lo fo L™! such that uo f(u,v,y,z) = Gu, where & € (D*)" is a vector
of non-zero eigenvalues for dfy. Then there is a linear change of coordinates M that conjugates
f with a map whose linear part is in Jordan normal form, and LYo M o L is the wanted linear
conjugacy. _

Now we want to conjugate f with a map f : (C¢,0) — (C%,0) of the form (8) (with g, p and
h instead of g, p and h respectively).

Set w = (u,v,y, z), and consider a local diffeomorphism ® : (C%,0) — (C%,0) of the form

(w) = (u, d(w),y,z),

with ¢ : (C%,0) — (C®,0) a formal map such that d®o = Id, is tangent to the identity.
Considering the conjugacy relation ® o f = f o ® for the coordinate v, we have to solve

o f(w)=vodo fw)=vo fod(w)=(uw+p)(u¢w)) = up(w) + plu,$(w))  (10)
for suitable ¢ and p. Set
I(w) = ¢o f(w),  Mw):= p(w)+ pu, p(w)).

We now expand in formal power series , and solve it by defining recursively the coefficients
of ¢ and p. Set

o v = (v} ... v°);

e p=(p,...,p°%) and pFoF + pF(w) =3, phw™ for 1 < k < e;
p=(p"...,p%) and p*o* + pF(u,0) =32, ﬁ’(cnmnv)u"“v”v for 1 <k<e;

e o= (¢l,...,0° and ¢F(w) =3, dkw" for 1 <k < e;
I=(I',...,I°) and I*(w) = 3, I%w™ for 1 < k < e, and analogously for II;
(

gl .. gP) and 1+ g% (w) =3, ghwm for 1 < k < p;



e h=(h',...,h?=0*P)) and h*(w) =Y, hEw" for 1 <k <d— (s +p).

Remark 2.9. Multi-indices n € N, although they are written as horizontal vectors, are meant
to be wvertical vectors. We shall always omit the transposition on multi-indices, but we still use
subscripts to indicate their coordinates, instead of superscripts used for horizontal vectors (as in
the standard notation).

We shall use the notation n = (ny,n,,ny, n;), denoting by ,, the projection onto the co-
ordinate u and analogously for the other coordinates, so that n, € N, n, € N° n, € N? and
n, € Na—(st+p),

In the following, we shall need some properties of formal power series and new notations to
keep the equations as compact as possible.

Remark 2.10. Let = (2!,...2") € C", A € M(a x b,N) and B € M(b x ¢,N). By direct

computation we get
A\ B AB
(z ) =z77.

Remark 2.11. Let ¢ : (C%0) — C® be a formal map, and i € N’ a multi-index. Pick w =

(w?, ..., w) some coordinates at 0 € C°. We shall need to write in formal power series expressions

of the form _
(¥(w))" € Cllw]].
Set i = (i1,...,ip) and 1 = (Y1, ..., ¥¥) with ¥ (w) =3 ¢kw" for k=1,...,b. Then

b b ik bk
()’ = I (e H( S dzw) HH( S b )
k=1 \nkeNe k=11=1 \nk.leNe
Set
No(i) = {N = ("', .onb | oo bt by st nbt e N VR, 1} = M(e x Ji],N).
and for N € N_(i) write

b i b i
'(/)N = H Hwikl S (C7 ‘N| = Zznk’l e N¢.

k=11=1 k=11=1

> vV

NeN(7)
When ¢ = d, we shall omit the subscript and write Ny(i) = N (7).

Then we have

Coming back to the proof of Theorem by direct computations we get

1 = 3 [t (@)™ ot o) (3C9P (1 -+ g0))” ()"

1ENd
= 3 sbaiuPi gy (S pll 3 gl Y bl (1)
i€eNd IeN (iy) JEN (iy) KeN (i)

M= 3 e (ew)” = 3 Fu | Y smul ), (12)

jEN"'+e J6N7+e HEN(]v)

10



fork=1,...,e.

Expressing explicitly the coefficients of I¥ and II* written in formal power series, from
and respectively we obtain:

=Y ¢Fa™Bvpigshi, M= FFon,

ieN? jeNTte
IEN(iv)vJeN(iy)vKEN(iz) HEN(jv)
Cond1 Conds
for k=1,...,e and n € N%; moreover

|I|'u + |J‘v + ‘K|v =Ny

Cond; =

and
|H|, =ny
Conds = v
2 |H‘y - ny
|H‘z =Ny
We want to solve the equation
EF :=1F —1F =0 (13)

for every k and n, where the unknowns are the coefficients ¢F of ¢ and pF of p.
To understand the combinatorics of , we need a partial order and a total order on indices

in N%. Set n = (ny,...,n4) and m = (mq,...,mg).
Partial order <: we say that m =< n iff we have my < ny for every k=1,....d.
Total order <: we say that m < n iff (|m|,m1,...,mq) <iex (In],n1,...,n4), where <jex is the

lexicographic order (on N¢+1).
For example, for d = 3 we have:

(0,0,0) <

(0,0,1) < (0,1,0) < (1,0,0) <

(0,0,2) < (0,1,1) < (0,2,0) < (1,0,1) < (1,1,0) < (2,0,0) <
(0,0,3) < (0,1,2) < --- < (2,1,0) < (3,0,0) <

We notice that if m < n then m < n. Moreover if m’ < n/ and m” < n'” then m’ +m” <n'4+n".

Lemma 2.12. Let ¢ : (C%0) — (C%0), j € N and H € N(j). Take coordinates w =
(wl,...,w) € C4, and set p = (P1,... ,¢°) with Y*(w) =3, wEw™ for every k =1,...,b.

For any k = 1,...,d, let e* € N% be the multi-index with 1 in the k-th coordinate and 0 in
all the others. Suppose there exists 0 < ¢ < d — b — 1 such that ¥* = 0 for every n < ecyr,
k=1,...,b.

Then g =0 for |H| < (0, 5,04_c_p) (where 0, € N¢ and 04_._p € N=¢=%). Moreover:
(Z) ifw§c+k =0 fO'I" k= 17 ce abf then ¢H =0 fOT |H| < (OCa.ja Od—c—b) Zf] 7é O;
(ii) if Y*(w) = Fwt* + h.o.t. for k = 1,...,b, then 1y # 0 only if one of the following

conditions is satisfied:
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o |H|=(0.,7,04_c_p), and in this case H is uniquely determined in N'(j) and g = (7,
where ¢ = (¢, .., C");

o ||H|| > |j|, where ||H|| € N denotes the sum of all elements of |H| € N¢, and hence
the sum of all elements of H € M(d x |j|,N).

Proof. Set j = (j1,...,7Js), and write explicitly
H: ( hl’l...hlgjl ‘ h2’1...h2aj2 ‘ ‘ hb’l...hbﬁjb )7

where h*! € N¢ is a multi-index for every k =1,...,band [ = 1,...,jx
To have ¥y # 0, we must have Wik,z # 0 for every k and [.
Thanks to our assumption, w’,fbk,, # 0 only if hF! > e“t%. Then we have that ¢ # 0 only if

Jk b Jk b
|H| = Zzhkl = ZZ = ijec+k = (0c7j, Odfc*b)' (14)

k=11=1 k=1

(i) Assume that Q/JZM # 0 only if RF! > etk Since j # 0, the sums in are not empty, and
the inequality is strict.

(ii) Since ¢*(w) — Fwe** is at least of order 2, ¥ # 0 only if n = e“** or |n| > 2.

o If WPl = etk for every k, [, then

0---0/0---0|---10---0 0
0---0 0---0 0
1---110---0 0---0 71
0---0|1--1]---]0---0 iz ‘
|H] = : : : : =1 . | =0¢5,04-c-b)
0---0]0---0 1.1 i
0.-0/0---0 0---0 0
0---0]0--0 0---0 0

In this case,
b

<z>H—HH¢ec+ H&M—@

k=11=1 k=1

e If there exist k& and [ such that ’hkl| > 2, then to have ¢y # 0 we must have

e

HHII—ZZ|W| >ijf 141

k=11=1

O

Recall that e is the number of components of v, and hence of T and II. We shall need a weight
on indices (k,n) € {1,...,e} x N9,

12



Definition 2.13. Let k € {1,...,e} be an integer and n be a multi-index (in N¢ or N*). We call
weight of (k,n) the value

kN
weight(k, n) = weight(k, [n|) := |n| + e

Notice that for every W € N/e, there are only finitely many (k, n) such that weight(k,n) < W.
Lemma 2.14. We have

HHEL = 5gyégzﬁ]gnu,nv) + ,uk:¢’:,, + Qky‘n|(¢'lm7ﬁi(mu,mv))7

where 6 denotes the Kronecker’s delta function, and Qy, || is a polynomial in the variables B,
and ,Bi(mu o) satisfying
weight(l,m) < weight(k, |n|).

In order to simplify notations, we shall simply write
I, = 0, 00 Bny n,) + kG + 1.0t o) (1 5), (15)

where 1. 0. t.j (¢, p) stands for a suitable polynomial in the variables ¢, and ﬁ( i) satisfying

weight(l, m) < weight(k, |n|). We shall also omit p when the polynomial does not depend on any
coefficient ﬁi(mu .

Proof. Set W := weight(k, |n|). From the first equation of Conds, we get j, =< n,, and in
particular |j,| < |ny|. From Lemma [2.12](ii) we can have two cases when ¢ # 0.

e Either j, = |H|, = n,, and in this case the term ,bf with the biggest weight is given by
Ju = Ny Its weight is < W, and the equality holds only if n, = 0 and n, = 0, when we get
the first term of .

e Or

11 = 1gul + 17| <liul + [1HI| = [jul + 2] = [jul = Inl,
and in this case the weight strictly less than W.

Still from Conds, we get |H| < n. It follows that the only way to have ¢ # 0 and with some
¢!, with weight(l,m) > W is to have H made by just a column in position I > k, given by n. In

this case we get j, = €/, ¢y = ¢L, and from the first equation of Condy we get j, = 0. Since
ﬁ’;, =0 forl >k and ﬁ’;k = pF, we get the second term of . O

Lemma 2.15. We have
“1n n c
Hi = 5gy522a3 “p v¢€B*1nu,nql,070) +1 O't'k,ln\(¢)' (16)

Proof. Set W := weight(k, |n|). Thanks to Lemmal2.12|we get that p; # 0 only if || > (0, 4,,0, 0).
Thanks to Lemma (i) we get that hx # 0 only if |K| > (0,0,0,i,) when i, # 0.

From the first equation in Cond; we get Bi, =< n,, hence i, < B~ 'n, and in particular
liw| < |nu|. Notice that the equality on modules holds only if 4, = B~'n,. From the third
equation we get |i,| < |Diy| < |n,| for i, # 0.

Then we get

i =[] + Jio] + iy [ + [i-|
il + |1+ Jiy | + K]
= In| = [|J1] = |Ciy| = (|Diy| = liy])
<|nl,

13



where the equality can hold only if i, = 0 and i, = 0.

It follows that terms ¢f”' such that weight(k,i) > W appear only when i, = n, = 0 and
i, = n, = 0. In this case, J = K = 0, and gy = hyp = 1. The third equation of Cond; gives
1], = 0, while the fourth gives [I|, = 0. The second equation of Cond; gives |I|, = n,. To
have a term ¢ of weight W, we need to have then i, = B~1n,, from which it follows |I|, = 0.
Then the second equation of Cond; gives i, < |I|, = n,. But Lemma says that p; = 0 for
|I], > i,. Hence the only term that appears is for i, = n,. Following the computation of the

proof of Lemma (ii), we get p; = pu™v, and the statement. O
Thanks to Lemmas and [2.15) EX = 0 becomes
Py -t Ny —
/u‘kd):, + 52?,522 (p}(cnu,nv) - aB “p d)?B—lnu,nv,0,0)) =lo. t'ka|"‘ (¢7 m (17)

This affine equation, where the unknowns are ¢* and ﬁl(“n ny)? has always a solution. At this
point we conjugated f to a map f as in (®), but with p: (C*,0) — (C°,0) a (vector of) formal
power series. Next we show that we can solve the conjugacy relation and get p polynomial
with only primary resonant monomials.

We solve EF = 0 inductively on weight(k,n) as follows.
For weight(k,n) < 2, i.e., if |n| < 1, we set ¢F := 1 if n = e"** and 0 otherwise, while ﬁl(fnu’nv) =
p’(“nu 110,0,0)" An easy computation shows that EF = 0 holds for these values.
Set 2 < W € N/e, and suppose that we have determined ¢, and ,T)l(mu’mv) for weight(l,m) < W
satisfying E!, = 0 when weight(l,m) < W. We want to solve for weight(k,n) = W.

Notice that 1. 0.t.; || (¢, p) is a polynomial that depend on @, and Z)i(mmmv) only for weights

strictly less than TW. Hence thanks to the induction hypothesis, 1. 0. t.j |,,|(#, p) is a known value
in C.

1) Suppose (ny,n.) # (0,0). Then becomes
1Bk =10t 10 (¢, D),

and there exists a unique ¢* that solves the equation.

2) Suppose (ny,n.) = (0,0). Then becomes

—1
— Pk 4 aB n“ﬂ"”¢’(€3—1n,u,nru’070) = j“numv) + 1.0 tug 1) (05 9)- (18)

2.1) Suppose that n, = B~'n,: we have two cases.
Suppose p* # a™u ™ i.e., u™v™ is not primary resonant for the k-th coordinate. Then
we can put ﬁ’(“nmnv) = 0 and there exists a unique ¢* that solves the equation.

Suppose puF = o™ ™, ie., u™=v™ is primary resonant for the k-th coordinate. Then
does not depend on ¢¥ (we put it equal to 0), and there exists a unique ﬁ’(n
that solves the equation.

uwnv)

2.2) In the general case, let 77 be the smallest number in N* such that n, = Bin,. Set
m(f) := B~n, for 1 =0,...,77— 1. We consider the equation for nmng), e ,m(}*n)
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simultaneously (while we fix n,). In this case we get the following linear system:

k T k u v ~k T
(11.10,0.0) —H o - 0 afu” Plnne)
(n£L1)7n’U7070) anSLl)‘unv 7‘uk . . 0 p(ng),nv)
: 0 anf)unv - +1.0.t. s
: k
o <;—'Lf> ’ P
(n7 n,,0,0) 0 R N (ma ™ me)
(19)
where

Lo.t. =1 0.t n(0, ).

for each coordinate, since weight(k, (nq(f)7 Ny,0,0)) = W for each 1 =0,...,7— 1.
By direct computation, the determinant of the matrix in is given (up to sign) by

-1
(T -
=0

Recall that the n in the definition of primary resonances ([7) is the order of B. In
particular, we have 77 | . It follows that the linear system is invertible iff (n,,n,)
is not primary resonant. Notice also that (n,,n,) is primary resonant iff (n&l ), n,) is for
every [ =0,...,n—1.

If (ny,n,) is not primary resonant, we can put ;7’(“ W =0 for every l =0,...,7—1
Ny ” Ny

)

and there exists a unique (¢" ) for I =0,...,7 — 1 that solves the linear system

(n ,ny,0,0)
(19).

If (ny,m,) is primary resonant, we can put qS’(“ (l) =0foreveryl=0,...,7—1and
L2V

14,0,0)
. . ~k _ ~ .
there exists a unique (p(ng))m)) for i =0,...,7 — 1 that solves the linear system (19).

We have defined the conjugation ® as an invertible formal map: we can then define g and h such
that the conjugacy relation holds for all coordinates.

(Step 2). The proof of the convergence of the conjugacy map is completely analogous to the
proof of the Poincaré-Dulac theorem (see, e.g., [Ste57], [RR88| or [Ber(6, Chapter 4]).

Pick 0 < A < 1 such that A > specrad(dfy) the spectral radius of the differential dfy of f at
0, and take N such that AN < |uy| for every k=1,... e.

For proving the formal result, we introduced a weight, and noticed that for every W € N/e,
there are only finitely many (k,n) such that weight(k,n) < W. It follows that there exist M > 0
and a polynomial (hence holomorphic) change of coordinates that conjugates f with a map of
the form

(,0,9,2) = (0P v+ plu,v) + R(u,0,,2), BuyP (1+ g(u,v,9,2)) h(w,v,9,2) ), (20)
with the same conditions as for (§), and R : (C%,0) — (C*,0) such that
N
[B(w)|| < M jw]

for ||w]|| small enough.
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Notice that there are no primary resonances u™v™ such that |n,| + |n,| > N. Indeed,
suppose u"=v™ is resonant for the k-th coordinate for a suitable 1 < k < e. Then from we
would have

|(Mk)n’ — ‘gnuﬂnnv < AN < |Mk|77,

that gives a contradiction.

Set R = (RY,...,R?). We now proceed by induction on k = 1,...,e and prove that we can
conjugate f with a germ of the form , with R! = 0 for any | < k. If k = 0, there is nothing
to prove. Suppose that f is of the form 7 with R' = 0 for | < k. The induction step will
consist in proving that we can conjugate f with j‘v: (C1,0) — (C%,0) of the form , with
R=(R',...,R°) instead of R such that R' =0 for [ < k.

Consider a local diffeomorphism @ : (C¢,0) — (C%,0) of the form

@(w) = (u7 /Ul’ R 7’Uk_17’Uk + ¢k(w)’vk+l7 R 7U67y7 Z)7

where ¢* : (C%,0) — (C,0) is of order at least 2.
Thanks to Remark p is strictly triangular, i.e., p* depends only on u and vl
Hence, considering the coordinate v* of the conjugacy relation ® o f = f o ®, we get

P o ® o flw) = pkok + pF(u, v, .. 0P ) + R (w) + ¢F o f(w)
o 0 Fo@(u,y,v,2) = ok + ph g (w) + o0t 0h ),

k—1

So we have to solve
R¥(w) + ¢ o f(w) = p* 6" (w).
It has an explicit solution, given by

) =Y () "R o f 7 (w).
n=1
Notice that for ||w|| small enough we have || f°"(w)| < A™||w||. Then we have

o0 o0
|0 (w)] < 37 k]| RE o fo w)| < S0 MANT [T
n=1

n=0

that converges since < 1.

AN
[1*]
O

Remark 2.16. The arguments of the proof of Theorem [2.7] are also valid over any complete
metrized field K. Indeed, since is a linear (affine) equation on ¢ and ﬁ](‘:nu_n“), it can be
solved as well if K is not algebraically closed. Moreover, the estimates in Step 2 works as well
(or even better) in the non-archimedean case as in the complex case.

So Theorem holds in general, provided that all eigenvalues of dfy belong to K (see Remark

2.1).
3 Secondary Resonances

3.1 Resonance Relation

Starting from a germ written as in , we can define x = (u,v), so that a contracting rigid germ
f:(C%0) — (C%,0) is holomorphically conjugated to a map of the form

(2,9,2) v (107 + o(@), ByP (1+ g(2,9,2)) by, 2) ), (21)
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where
e rcC® yecCP, and z € CI(s+p);
e y€ (C*)® and B € (C*)P,
P € M(s x s,N) is a permutation matrix, £ € M(s x p,N) and D € M(p x p,N);
o :(C*,0) — (C*,0), g: (C%0) — (CP,0) and h : (C?,0) — (C4=(+P) 0);
{y' =0} cc(f*) C {a'y" =0}

h|{w:y:0} has nilpotent linear part;

e ¢ is a polynomial map with only primary resonant monomials.

Remark 3.1. The relation between equations and is given by the identities:

P<§ Ige)a E:(C O)a ’Y:(O‘a/u‘) aHdJ:(O,p).

The aim of this section is to kill as many coefficients of g (expanded in formal power series)
as possible, under the assumption of det D # 0 (i.e., injective internal action). New formal
obstructions appear: secondary resonances.

Definition 3.2. Let f : (C%,0) — (C?0) be a contracting rigid germ as in with injective
internal action, and let n € N* be the order of P. A monomial 2" is called secondary resonant if

AT € Spec(D"), (22)
where A € (D*)*® is the vector of non-zero eigenvalues of dfy (counted with multiplicities).
Remark 3.3. If f: (C?,0) — (C%,0) is a contracting rigid germ as in (21)), and all the periodic

irreducible components of C(f*°) are fixed, then = 1 and this definition coincides with the
resonance relation given in the introduction.

Lemma 3.4. Let f : (C?,0) — (C%0) be a contracting rigid germ written as in , with
injective internal action. Then there are only finitely-many secondary resonant monomials.

Proof. Tt follows since D" has only a finite number of eigenvalues i, and the secondary resonance
relation is perfectly analogous to the primary resonance relation . O

Example 3.5. Let us see an example of how to compute secondary resonances. Let f : (C3,0) —
(C3,0) be a contracting rigid germ, with internal action A given by

111 2
A=|"T0[2 1 |,
0[1 o

where the splitting is according to the notations in (2. Here

2 1
p=(10):
whose eigenvalues are 1 + V2.

Set A the non-zero eigenvalue for dfy and (x!,y*, y?) suitable coordinates in 0 € C3. Then in
this case (x!)" is secondary resonant if

Am=1-vV2.

Notice that 1+ +/2 > 1 gives no resonances, being |\| < 1.
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Remark 3.6. We notice that secondary resonances for a contracting rigid germ f : (C¢,0) —
(C4,0) can appear only for d > 3; secondary resonances with periodic non-fixed irreducible
components for C(f°°), or equivalently for > 2 in (22)), can appear only for d > 4. Primary and
secondary resonances can appear in the same germ only for d > 4, and with n > 2 for d > 5.

3.2 Main Theorem

Here we prove that we can kill all coefficients of g in except for secondary resonant monomials.
This theorem is the generalization of Theorem [A] stated in the introduction.

Theorem 3.7. Let f : (C%0) — (C%0) be a contracting rigid germ with injective internal
action. Then f is analytically conjugated to

(z,y,2) — (%cP +o(x), BzEyP (1 + g(x)), h(z, y, z)), (23)
where
e z€C*% yeCP, and z € C4—(51p);
e v (C*)* and B € (C*)P;

o P e M(sxs,N) is a permutation matriz, E € M(s x p,N) and D € M(p x p,N) with
det D # 0;

o :(C%,0) = (C*,0), g: (C*,0) = (CP,0) and h : (C4,0) — (C(5+r) 0);
{y' =0} cC(f>) c {a'y' =0};

h|{z=y—0} has nilpotent linear part;

e 0 is a polynomial map with only primary resonant monomials,

® ¢ is a polynomial map with only secondary resonant monomials.

Proof. We first prove in Step 1 the formal counterpart of this theorem, and then we will deal
with the convergence of the formal power series involved in Step 2.

(Step 1). First of all, we can suppose that f is of the form , with hl{z—,—o) that has a
nilpotent lower triangular linear part. _ _
We want to conjugate f with a map f : (C? 0) — (C%,0) of the form (with g and h
instead of g and h respectively).
Let us consider a local diffeomorphism @ : (C%,0) — (C%,0) of the form

O(x,y,2) = (x, y(1+ é(z,y, z)),z),
with ¢ : (C%,0) — (CP,0) a formal map. B
Considering the conjugacy relation ® o f = f o ® for the coordinate y, we get
yo®o f(x,y,2) = By (1+ g(x,y,2)) (1+do f(z,y,2))
yo fod(ny.2) = Bz"y” (14 ¢(w,y,2))” (1+§(x).
Hence we have to solve
(1 +g(z,9,2) (1 + o f(z,y,2) = (1+ ¢(x,,2)) " (1+G()). (24)

Let us denote by I and I the left and right hand side of respectively.
We want now to expand in formal power series and to solve it defining (inductively) the
coefficients of ¢ and g. Set w = (z,y, z) and
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(at,...,2%);
e o=(0',...,0°) and yFa* + ok (z) =3 "ok 2" for 1 <k < s
(¢, ..., 8P) and 1+ ¢*(w) =3 ¢Fw" for 1 <k < p;
I, .. ]Ip) and IF(w) = >on I¥w™ for 1 < k < p, and analogously for IT;

e g=(g'....¢") and 1 + g"(w) = 3, ghw" for 1 < k < p;
@,...,g") and 1+ g*(x) = 32, gy a™ for 1 <k <p;

g
e h=(h',...,h?=0*P)) and h¥(w) =Y hEw" for 1 <k <d— (s +p).

Again, we split multi-indices n = (ng,ny,n.) € N?, where , is the projection onto the
coordinate x, and similarly for other coordinates. In particular n, € N°, n, € NP and n, €
Né—(s+p)

By direct computations (see Remarks and [2.11)), we get

I = (L4 g"(w) Y [6F (12" + (@) (8279 1+ g(w)))" (h(w)"]

SE

:Z(ﬁﬂz’ywmyymy Z ol Z gyw!”! Z hgew! Kl (25)

ieNd TeN;(iz) JEN (iy+ek) KeN (i)

= (1+ ¢(w Z gial = > oy ghad, (26)

JENs® HEeN (Dek) jENs

for k =1,...,p, where e* denotes the vector in NP with 1 in the k-th position, and 0 elsewhere.
Expressing explicitly the coefficients of I¥ and II* expanded in formal power series, from
and respectively we obtain:

Hfz = Z QS?ﬁi?’O'[thK, ]DIZ = Z §f¢Hv

ieN? jENS®
TEN, (iz),JEN (iy+e*), KEN (i.) HEN (De")
Cond; Conds
where
Eiy + I +|J], + K|, =
Cond, = ¢ Diy +[J[, + K[, =ny ,
and
COHdQ = ‘H|y =Ny
‘H|z =N

We want to solve the equation
EF :=1F —1F =0 (27)

for every k and n, with respect to the coefficients ¢F of ¢ and @’,kll of g.
We recall the partial order and the total order on indices in N¢ that we need to make com-
putations. Set n = (ny,...,nq) and m = (mq,...,my).
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Partial order <: we say that m < n iff we have my < nj for every k=1,....,d.

Total order <: we say that m < n iff (|m|,m1,...,mq) <iex (In],n1,...,n4), Where <jex is the
lexicographic order (on N¢+1).

Definition 3.8. Let k € {1,...,p} be an integer and n be a multi-index (in N¢ or N*). We call
weight of (k,n) the value
weight(k,n) := |n| € N.

As in Step 1 of the proof of Theorem the notation

l.O.t.|n‘(¢7§)

stands for a suitable polynomial in ¢!, and ﬁfm satisfying
weight(l,m) < |n|.

We shall also omit g when the polynomial does not depend on any coefficient ﬁﬁnT

Notice that the definition of weight here is slightly different from the one given by Defini-
tion Still, we have that for every W € N, there are only finitely many (k,n) such that
weight(k,n) < W.

Lemma 3.9. For everyk=1,...,p and n # 0 we have

p
Iy =60 65 G + > didl, +1.0.t.n(¢,9), (28)
=1

where § denotes the Kronecker’s delta function and D = (d}).

Proof. Set W = |n|. From the first equation of Condy we have j < n,. Hence the only term of
the form ﬁf whose weight is > W is given by j = n,, when n, = 0 and n, = 0. In this case,
|H| =0, and ¢ = 1 (being ¢§ = 1 for k= 1,...p). This gives the first term of (28).

Since |H| < n, the only terms ¢!, with weight(l,m) > W that appear are when m = n, and

H=(0,...,0]---]0,...,0,n,0,...,0]---]0,...,0).
——

dy dr dy

Since we have d;f choices for where to put n, follows. O

Lemma 3.10. For every k=1,...,p and n # 0 we have

-1
Tt = 52y5227P n””gbl(cP*lnI,(],O) +1.0. b (). (29)

Proof. Thanks to Lemma [2.12] we get that o; # 0 only if |I| > i,. Lemma (i) says that
hx # 0 only if |K| > (0,0,4,) when i, # 0. Moreover, we have |i,| < |Di,| if i, # 0. Then we
have

il = [ix] + liy| + ] < U]+ [iy | + [[K|| = [n] = [[J]] = |Eiy| = |Diy| + liy| < [nl,

where the equality can hold only when i, = 0 and ||.J|| = 0. Suppose this is the case; then J is
made by just one column (in position k) made by 0’s, and hence g; = g§ = 1. From the first
equation of Cond; we also get that i, < |I| < n,. It follows that the only terms ¢¥ whose weight
is > |n| appear when |i;| = |ng|, |I| = ny and n, = 0.
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In this case (i, =n, =0, J =0 € N(e*) and |I| = n,), Cond; becomes

K], =0
K], =0
|K|z:nz

From Lemma (i), being |K| = (0,0,|K],), it follows that the only term with weight > |n|
appear when in addition i, = n, = 0. In this case K = () and hy = 1.
We shall show now that the conditions |I| = n, and o1 # 0 are satisfied by a unique I € N (i),
and in this case o = ’yPilnm.
Let us split again x = (u,v), 0 = (0,p), P = Diag(B,Id) and v = (a, u) as in Remark
The condition |I| = n, becomes
{ Bi, = ny,
1], =,
and o7 = a'vpy, . Then i, = B~n,, and thanks to Lemma (ii) we get pr, = p"v.
Writing again with the previous notations, we get the statement. O

Set E,, := (EL,...,EP), ¢, := (pL,...,¢P) and g, := @%1’ ..., gk ). Thanks to Lemmas
and [3:10] E,, = 0 becomes

This affine equation, where the unknowns are ¢,, and g,,, has always a solution. At this point
we conjugated f to a map f as in ([23)), but with g : (C*,0) — (C?,0) a (vector of) formal power
series. Next we show that we can solve and get g polynomial with only secondary resonant
monomials.

We solve E,, = 0 inductively on |n| as follows.

If |[n| =0, ie., if n =0, we set ¢p := 1 and go, = 1.
Set 0 < W € N, and suppose that ¢,, and g,,, are known for |m| < W. We want to solve (30)
for |n| =W.

Notice that 1. 0.t.|,|(¢,9) is a polynomial that depend on ¢!, and ﬁﬁm only for weights strictly
less than W. Hence thanks to the induction hypothesis, 1. 0.t.|,|(¢,¢) is a known value in CP.

Suppose (ny,n;) # (0,0). Then becomes
¢7LD =lo. t\n|(¢a g)

and being det D # 0, there exists a unique ¢,, € CP that solves the equation.
Suppose (ny,n;) = (0,0). Then becomes

1 .
— D+ "G (p-1n,.00) = Gna + 1.0t (9, 9). (31)

Suppose that n, = P~'n,: we have two cases.

Suppose D —~"+1d is invertible, i.e., ™= is not secondary resonant. Then we can put g,, =0
and there exists a unique ¢,, € CP that solves the equation.

Suppose D —~"=1d is not invertible, i.e., 2" is secondary resonant. Then we can put ¢, =0
and there exists a unique g,, € CP that solves the equation.

In the general case, let 7 be the smallest number in N* such that n, = P'n,. Set n§f> =P ln,
for | =0,...,7— 1. We consider the equation for n,, n;,”, e ,n(z"_l) simultaneously.
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We get the following (block) linear system:

T Ny ~ T
D(n.,0,0 -D 0 - 0y ldp .,
P ,0,0) v 1, -D 0 - 0 It
: 0 71, : = : +Lo.t., (32
B : - . -D 0 o
Dn=1,0,0) 0 o0 V14, -D (7=

where
lL.o.t.=1o. tn| (0,9).

for each coordinate.
Let us consider the linear combination of the columns (numbered from 1 to 7) of the linear
system , where the [-th column is multiplied by

-1
A= (H v”y”) D,

h=1

Then we get
1=l o n
(—D" + [ Id,,) Dne0.0) = Y Aig,a-v + 1ot
=0

=1
Since det D # 0, it follows that the linear system is invertible iff n, is not secondary resonant.
In this case we can put §n;z) =0for everyl =0,...,77—1, and there exist (unique) ¢(n§f),0,0) €
CP for [ =0,...,n7 — 1 that satisfy .
If n, is secondary resonant we can still set any value for ¢(n&”,0,0 (for example, all equal to
0), and find unique ﬁng) € CP for every [ =0,...,17 — 1 that satisfy .

As in the proof of Theorem we have defined the conjugation ® as an invertible formal
map so we can then define h such that the conjugacy relation holds for all coordinates.

(Step 2). The following estimations are quite standard. Pick 0 < A < 1 such that A >
specrad(dfp) the spectral radius of the differential dfy of f at 0, and take N big enough such that
‘Dil‘ AN <1 and no secondary resonances z" appear for |n| > N.

For proving the formal result, we introduced a weight, and noticed that for every W € N,
there are only finitely many (k, n) such that weight(k,n) < W. It follows that there exist M > 0
and a polynomial (hence holomorphic) change of coordinates that conjugates f with a map of
the form

(2,9,2) = (v + 0(2), B2EyP (1+ g(2) + (2,9, 2)), by, 2)) (33)
with the same conditions as for and R : (C%,0) — (CP,0) such that
1R(w)] < M o]

for a suitable M > 0 and ||w]|| small enough, where w = (z,y, 2).

We can hence suppose that f is of the form , and try to kill the map R: we look for a
conjugacy between f and a map fof the form (with h instead of h).

Let us consider then a local diffeomorphism of the form

O(x,y,2) = (x, y(]l + o(z, v, z)),z)
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Looking at the conjugacy relation ® o f = fo ® at the coordinate y, we get
yo®o f(z,y,2) = BzPy" (14 g(z) + R(z,y,2)) (1+ ¢ o f(z.y,2))
= D
yo fod(x,y,z) = By’ (1+ ¢(z,y,2)) " (1+g(x)).

Hence we have to solve
D

(14 ¢(w))” = (14 ¢o f(w))(1+e(w)), (34)
where w = (z,y, z) and . )
x’ y7z
G s e

In particular we have
N
le(w)]] < K [|w]

for K > 0 big enough and ||w|| small enough.
Equation has an explicit solution, given by

ﬂ—|—¢(w> = H (]1+€of0n—1(w)>D7";
n=1

let us show that this product is convergent.
Thanks to Proposition |1.5] we just need to prove that

Z (6 o fonfl(,w)) D"
n=1

converges for ||w|| small enough.
Notice that for ||w|| small enough we have ||f°"(w)|| < A™ ||w]].
Then we have

Z (6Ofon71(w)) D" < Z |D7n| ||€O fonfl(w)H < Z |D71|n KA(nfl)N Hw”N’
n=1 n=1 n=1

that converges being |[D™1| AN < 1.
O

Remark 3.11. Let us take a rigid germ that has a non-injective internal action: we can write it
in the form , with det D = 0 (suppose also P = Id for simplicity). We can try to kill, at least
formally, as many coefficients of g as possible, as we did in the case of injective internal action.
Proceeding as in the proof of Theorem we get an equation to solve of the form . When
ny or n, are different from 0, the linear system becomes

onD =1.0. t\nI (¢a g)v

that is not invertible, being det D # 0. So in general, besides the secondary resonances already
described, some other resonances of the form z"+y"v 2" with (n,,n.) # (0,0) will appear.

Remark 3.12. Theorem holds over any complete metrized field K of characteristic 0 (pro-
vided that all eigenvalues of dfy belong to K). The reasons are the same as for Theorem (see
Remark . The theorem fails, already for d = p = 1, over a field of positive characteristic.
In fact, although D is invertible as a matrix with integer (rational) coefficients, it could not be
invertible when seen as a matrix with coefficients in K. If this is the case, equation could
not be solved in general.
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4 Rigid Germs with s+p=d—1

Theorem [3.7] gives in particular the complete classification of contracting rigid germs with injective
internal action such that s 4+ p = d, where as before s is the number of non-zero eigenvalues of
dfo, and p is the number of non-periodic components of C(f>°).

In this section we shall deal with the case of a contracting rigid germ with injective internal
action such that s+p = d — 1. Thanks to Theorem we can holomorphically conjugate f with
a map of the form (23, with & : (C%,0) — (C,0) and z € C.

In this case we can say more, and get a similar result of what happens in the 2-dimensional
case (see [Fav00, pp. 491-494]).

Theorem 4.1. Let f : (C%,0) — (C%0) be a contracting rigid germ with injective internal
action, and such that s +p =d — 1, where s is the number of non-zero eigenvalues of dfy, and p
is the number of non-periodic components of C(f°°). Then f is analytically conjugated to a map
of the form

(2.,2) = (2" + 0(2), B2PyP (1+ g()), valy™z + w(z,y)), (35)
where

e x €C? yeCP and z € C;

v € (C*)?, e (C*)P and v € C*;

P € M(s x s,N) is a permutation matriz, E € M(s x p,N), D € M(p x p,N) and (I,m) €
N* > NPA {(0,0)}

o :(C*,0) = (C*,0), g:(C*0) = (CP,0) and w : (C~1,0) — (C,0);
{y' =0} cC(f>) < {ay' =0}

o is a polynomial map with only primary resonant monomials;

e g is a polynomial map with only secondary resonant monomials;
e w s analytic.
For d > 3 we cannot get in general w polynomial (see Remark .

Remark 4.2. Let us suppose that f : (C%,0) — (C%0) is a contracting rigid germ as in
and satisfying the hypotheses of Theorem
Let us split again = = (u, v) (see Remark [3.1]), with u € C" and v € C°: then f is of the form

(w,0,9,2) = (0, v+ pl,v), FuCy” (14 g(u,0)), s, v, 7)) (36)
If we compute det df, we get
oh
detdf = u"y’—
ctdf = uy" 5 Uw),

for suitable @ € N, b € NP and a holomorphic map U : C? — C with U(0) # 0, where
w = (u,v,y,2).
Since C(f*) = {uly! = 0}, we get
oh .

E =u uymv(w)7
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with I, € N", m € NP and V(0) # 0. Integrating, we obtain
h’(u7 v, Y, Z) = Vuluymz(l + g(u, v,Y, Z)) + W(’LL, v, y)a

with v € C*, ¢ : (C%,0) — (C,0) and w : (C4~1,0) — (C,0) (and (l,,m) # 0).
As in Remark to simplify notations we use x instead of (u,v); summing up, we can
suppose that f is of the form

(2.,2) > (127 + o(2), BePyP (1 + (), va'y™ 2 (1 + e(w,y,2) +w(o,y)),  (37)
with the same conditions as in Theorem and ¢ : (C%,0) — (C,0).
Theorem [.1] says exactly then that we can kill €.

Proof. Thanks to Remark we can suppose that f is of the form . We want to conjugate
f with a map f: (C%,0) — (C%,0) of the form (with & instead of w).
We shall consider a local diffeomorphism of the form

d(w) = (x, y,z(1+ ¢(w))),

where w = (z,v,2), and ¢ : (C%,0) — (C,0). N
Considering the conjugacy relation ® o f = f o ® for the last coordinate z, we get
zo®o f(w) =va'y"z(1+e(w)) (1+ ¢ o f(w)) +w(z,y)(1+ ¢ o f(w)) (38)
zo fod(w) = valy™z(1+ ¢p(w)) + @(z,y).

We want now to split in two parts, one divisible by z, and the other that depends only on
(z,y). Using the equivalence

[ (60 swr9) = 0(5e.02) — (1 (0:0.0) )
and by direct computation we get
valy™z ((1 +e()) (14 o f(w)) +w(z,y) /01 % (f(z,y,72)) (L + ¢y, TZ))dT>
+w(@,y)(1+¢o f(z,,0),
where ¢ : (C%,0) — (C,0) is given by

C(w) :==¢e(w) + z%(w)

The conjugacy relation then gives two equations to solve (comparing the part divisible by z and
the one that does not depend on z), with respect to ¢ and @:

e(w) + To(w) = ¢p(w), (40)
w(az,y)(l—!—quf(x,y,O)) :(:J(xvy)’ (41)

where ¥ — T is the functional given by

(T)(w) = (1+w))do flw) +wles) [ GE (@) (14 Capra)dr. (@2)
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Equation has a solution given by

o0

o(w) = 3 T (w),

n=0

we refer to the proof in [Fav00] in the 2-dimensional case for convergence estimates, that rely on
Cauchy’s estimates. Once that ¢ is defined as a holomorphic germ that satisfies 7 we can use
to define w, and we are done. O

Remark 4.3. Theorem tells us that, given a rigid germ f : (C%,0) — (C%,0) of the form
, we can change coordinates holomorphically in order to have that the last coordinate of f is
an affine function on z (with coefficients that depend on the other coordinates x,y).

Remark 4.4. While studying rigid germs under the hypothesis of Theorem [{-1] following the
argument used in the classification of 2-dimensional contracting rigid germs (see [Fav00, pp.
494-498]), we should consider change of coordinates of the form

O(z,y,2) = (2,y,2 + ¢(z,y)) (43)

(we are using the notations of Theorem . In dimension 2, one can obtain (holomorphically)
that w is a polynomial map in (x,y) = w;. This is no longer true in general, not even formally,
in higher dimensions. Indeed, by computing the coefficients in the conjugacy relation, one can
show that there can be infinitely many coefficients of w that cannot be killed up to a change of
coordinates of the form . It can be also shown that, in order to maintain the normal form as
in , one can (basically) consider only change of coordinates such as .

Remark 4.5. Theoremholds over any complete metrized field K of characteristic 0 (provided
as always that all eigenvalues of dfy belong to K, see Remark . Indeed, in the whole proof we
never take roots of polynomials, so the argument works also for non-algebraically closed fields.

In the proof of we define and estimate an operator T' given by . To define T we
use integrals, so convergence could fail for the presence of (big) integers as denominators of the
coefficients of the formal power series involved. But thanks to , we can write the integral ap-
pearing in as a difference of convergent formal power series. Moreover, to prove convergence
we use Cauchy’s estimates, that are even stronger in the non-archimedean setting. It follows that
the argument works also for non-archimedean fields.

5 Rigid Germs in Dimension 3

With Table [/ we summarize the normal forms obtained for a contracting rigid germ f : (C3,0) —
(C3,0), with the assumption of injective internal action. We set ¢ the number of irreducible
components of C(f*°), r the number of periodic components, s the number of non-zero eigenvalues
of dfy, n € N* the order of (the matrix associated to) the periodic components of C(f>°). We
shall denote by m = (z,y, ) the maximal ideal of C[[x,y, 2]]. We shall also denote by A}, A% \3
the eigenvalues of dfy ordered as following:

M= X = 7%

Remark 5.1. By performing another change of coordinates of the form (z,y, 2) — (k'x, K%y, £32),

with &', k2, k* € C*, we can say a little more on coefficients that arise in the normal forms.
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Table 1: Contracting rigid germs for d = 3.

C(f*) Normal form
0 (Mz, N2y + p'(z), \32 + p*(z,y)), the Poincaré-Dulac normal form.
{z =0} (ﬁmd,?,?),dZQ,BEC*.
(Mz,y?vy™z + w(z,y), d > 2, m > 1, v e C*, wlx,y) — ey € m?
{y =0} :
for a suitable € € {0,1}.
{z=0} | (Mo, XN2y+pz™,2%), p e {0,1}if (\')™ = A2, p = 0 otherwise; d > 2.
{z =0} (Maz,?,7).
1 2 n .0 : Iyn _ )2 —
{z =0} (M2, A2y + pa", 2z + w(z,y)), p € {0,1} if (A1) = A% p =0
otherwise;
{y=0} | (N, Ny, y'z+w(z,y));
in both cases, I > 1, w € m?.
(g —oy | Fatiy® BatiyBvalys +wlay), 51.5° € C, did3 # dids,
d?+d3>2 max{di —1,d3} >1,v€C* I+m>1,wem?
(A, Blyhizt2 (1 + gam), f2y"i2%), B1,62 € C, did3 # didy,
w2 =08 | max{al — 1,8} > 1, g € {0,1} if (A" = dd) ()" — d3) = d3d},
g = 0 otherwise.
{2y = 0} (x\lx,mcyd,yxlymz—|—w(a:,y)), c+d>2,l+m>1,c+1>1,d>1,
d+m>2 veC* wlxy) —ey € m? for a suitable ¢ € {0,1}.
{zz =0} | (Mo, Ny + pa™, z°2), p € {0,1} if (A1)™ = A2, p = 0 otherwise;
fyz=0} | (N A2y.pe2);
in both cases, ¢ > 1, d > 2.
n=1 (M, Ny, aly™z + w(z,y));
{zy =0} n=2: (a'y, oz, zly"z + w(z,y)), ata? = —A1NZ;
in both cases, I,m > 1, w € m?.
(Blatiytds, Badiyd2d, goodiyd 24, g1, 82, 6% € C*, D = (d])
{zyz =0} o ‘
such that det D # 0, df + d, + d} > 2 for j =1,2,3.
(Alx,ﬂlxclydizd%(l + g;L‘"),BQszydfzdg), B, B% € C*, did3 +# d3d3,
leyz =0} | ¢ 4oy > 1, dl +d) > 2for j = 1,2, g € {0, 1} if (A" —db) (AD)" —
d%) = d%d%, g = 0 otherwise.
n=1: (M, Ny, z1y229);
{ayz =0}

n=2: (aly,a2x7xcly02zd), ala? = —A1\2
in both cases, ¢1,c0 > 1,d > 2.
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e for g =2, r = s = 0, we can put 2 coeflicients among ', 32, v equal to 1 if the matrix

di —1 d3 l
d3 -1 m
has rank 2 (the ones associated to a 2 x 2 invertible submatrix), otherwise we can just put

one of them equal to 1 (for example v = 1).

e forq=2,r=s=1, we can put v =1 if

c l
det(d—l m>7é0'

. forq:27r:O7s:1,orq:3,r:s:0,1,ifweputD:(dg),thenwecanputﬁjzl
for as many j as the rank of D — Id.

In this classification, two cases are not completely understood: ¢ = 1 and r = s = 0,1,
i.e., when p+ s = 1. If we consider the action of f on C(f*>°) = {z = 0}, we can have two
behaviors: either f({x =0}) =0, or f({z = 0}) is a (not necessarily smooth) curve in {z = 0}.
The following example will show that this second case can happen for every irreducible curve in

{z =0}.
Example 5.2. Let ¥ : (C,0) — (C2,0) be the parametrization of a curve C, of the form
(t) = (", ¥(1)),

where 9 : (C,0) — (C,0) is a holomorphic map with multiplicity m(y)) > m at 0.
Consider the map f : (C3,0) — (C3,0) given by

(z,y,2) = (N, 2y + 2™ w2 + 2y€(2) +9(2)),
where a > 1, A € C* (and |A| < 1 if a = 1 to have a contracting germ), and £ : (C,0) — C is
given by
_ ¥
5(2) T mzm_l'
Computing the Jacobian, we get
det df = haz®"! (1+y€'(2)),

and hence f is a contracting rigid germ such that f({z =0}) =C.

Example shows how, to study the classification of the missing cases, we have to take care
of the geometry of the images of C(f*°), and maybe make some additional assumptions to get
some classification results.

With the next example, we shall show another phenomenon that can appear.

Example 5.3. Consider the map f : (C3,0) — (C3,0) given by
(.’I}, Y, Z) = (/\xa’ .Z‘(l + y2)7 $922)7

where @ > 1 and A € C* (and || < 1if a =1 to have a contracting germ).
Then C(f*°) = {xyz = 0}, while

f(0,y,2) = (0,0,0),
f(x,0,2) = (\z?, z,0),

f(2,y,0) = Az (1 + y?), 0),
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hence f(C

(f°)) C{z=0} CC(f>), and f is rigid.

But by direct computation we get that f°({y = 0}) =: C,, form a sequence of distinct curves
in {z =0} = (C?,0).

The geometry of |J,, Cp, or rather of A\ |J,, C,, where A is a small polydisc centered in 0,
should be taken into account to find a classification up to holomorphic (or even formal) change
of coordinates.
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