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For z € C,

Lll
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Usual logarithm

Z_

n>1

—log(1 —2) =

0

z

dt
1 -1



Classical polylogarithms
(Definition as series)

For s €Z with s >1 and for z € C with |z| <1 satisfying
(s,2) # (1,1), define

. "
Lis(z) = » —
n>1

For s > 2, the value of Lis(z) at z = 1 produces Euler zeta values
(Riemann zeta function)

C(S) — Lis(l)'
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Definition as solutions of differential equations

These functions Lig are also defined inductively by the differential
equations

d 1

Bl _
dz h(2) 1 — 2

and P |
ELiS(z) = ;Lis_l(z) for s > 2,

with the initial conditions Liz(0) = 0.
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L11
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Integral representation

Z—: log(l —2) =

n>1

0

z

dt

1 -1



Integral representation

“ dt
L11 Z—: log 1—2) ; 1——t
n>1
, z" d _ . 1.
Lis(z) = Zﬁ’ —Liz(z) = —Lit(2),  Lis(0) =
n>1
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Integral representation

® o dt
L11 Z—: log 1—2) ; ]_——t
n>1
, z" d _ . 1.
Lis(2) = Zﬁ’ —Lip(z) = —Lii(2),  Lia(0) =0.
n>1

Lig(z):/o Liy (02 /dt/ A
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© at
Liv(s) = [ / /
o 1—1 I —u

and by induction, for s > 2,

Lii() = [ Lia®

t

/ dt; /’fl dto /’582 dt, 1 /tsl dt
0 tS—l 0 1—t3
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Example.

/ di /tl dty / dt,  dits
1 =15 1>t >t5>0 L1 1 —1,
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Example.

)=

¢(3)

di /tl dty / dt,  dits
1 =15 1>t >t5>0 L1 1 —1,

B / di /tl dts /t2 dts
B 1 —t3

_!/ dty dty  dt
1>t >t >13>0 U1 12 1 —?53

10
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Example.

/dt1 / dt2 - / dt,  dt
1>t1>t5>0 tl 1 _t2

- [

- / dty diy  dty
1>t1>t9>13>0 tl t2 1 _t3

For s > 2 and z > 0,

dt, dt dts_ dt s

St>e>tg>0 U1 12 ts—1 1 —tg
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Chen lterated Integrals

|
0

For a holomorphic 1-form ¢,

Is the primitive of ¢ which vanishes at z = 0.

For 1-forms 4, ..., v, define inductively

z z t
0 0 0

http://www.math.jussieu.fr/~miw/

" Pk

12



Chen Iterated Integrals

z z t
/ 901...90k = / gpl(t)/‘ (p2..
0 0 0

|f QY1 = ¢1(2)d2’, then

d z z
@/O 901°°°90k—¢1(2’)/0 P2 -

http://www.math.jussieu.fr/~miw/

" Pk

" Pk
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Chen Iterated Integrals

z z t
/ 901...90]? = / Sp]_(t)/‘ @2...90]{.
0 0 0

dt dt
ot 1 —¢

Define
Wo

Then

Lis(z):/ wilwy for s>1 and |z| <1
0

while
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For 0 < z < 1:

Liy (2)Lis(2) = /

http://www.math.jussieu.fr/~miw/

Product of polylogarithms
Example

dt

z>t>0 1—t z>u>v>0

du

dv

u

1l —w
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Product of polylogarithms
Example

For 0 < z < 1:

Liy(2)Lia(2) = / dr du _dv

2>1>0 1—t 2>u>v>0 U 1 —v

{(t,u,v); 2>t>0, 2>u>v >0}
{(t,u,v); 2>t >u>v>0}
x{(t,u,v); 2 >u>t>v >0}
x{(t,u,v); 2 >u>v>t>0}

http://www.math.jussieu.fr/~miw/
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For 0 < z < 1:

http://www.math.jussieu.fr/~miw/

Product of polylogarithms
Example

/ dt du  dv
est>0 L =1 osyseso v 1 —w
B / dt du dv
sstsuses0 L —1T w1 —w
/ du dt dv
_|_ . .
ssustspso W 1 —1 1T —w

N / du dv dt
ssusostso W L—v 1 —14
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]
J

z z

/ w1 / wWow1
0 0

z

zZ
wiwow1 + 2/ wow%
0
zZ

(w1w0w1 + 20)0(4)2).
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Lll(Z)ng(Z) — /wl/ wWow1
0 0

zZ
/ w1w0w1—|—2/ wow%
0 0

— / (w1w0w1 + 20)0&)2).
0

2
wi(wWow1) = wiwowi + 2wows.

http://www.math.jussieu.fr/~miw/
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Lll(Z)ng(Z) — /wl/ wWow1
0 0

zZ
/ w1w0w1—|—2/ wow%
0 0

— / (w1w0w1 + 20)0&)2).
0

2
w1 (wWow1) = wiwewi + 2wows.

P11I(P2w3) = P1P2P3 + YaP1P3 + Y2P301.

http://www.math.jussieu.fr/~miw/
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Shuffle product of differential forms

901"'90nm¢1'”¢k: 901(902"'90nm¢1"'¢k)

+ (1 ppmihy - - - hy).

©1mYP; = P11 + P1p1.

http://www.math.jussieu.fr/~miw/
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Product of iterated integrals:

Let ©1,...,0n, Y1,...,Y; be differential forms with n > 0 and
k> 0. Then

/Ozgpl"'wn/ozwl"'lpk:/02901"'90nﬂl¢1°"¢k.

Proof. Assume z > 0. Decompose the Cartesian product

{teR"; z2>t> - 2t, >0} x{ueR"; 2> u; > >y >0}

into a disjoint union of simplices (up to sets of zero measure)

fve R 2>0 > >0, >0}
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The product of two polylogarithms:

Lis(z)LiS/(z):/ ws/ wS/:/ WTIW g/
0 0 0

w1 involves more general polylogarithms like

zZ
s1—1 so—1
0

More generally we need to introduce

where wg = wy~

s1—1 sp—1

Ws = Wy """ Ws, = Wy W1 Wy' Wi

k

for s = (s1,...,5k).
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Multiple Polylogarithms in One Variable

Definition as series

For k, si,...,sk positive integers and z € C, |z| < 1, define
s = (s1,.-.,8k) and

ni

Z
- Z n 1 o o o nkk

ni>ng>-->np>1 L

For k£ = 1 one recovers the usual Lis(2).
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Definition as solutions of differential equations

d 1

ELi(Slv'-wSk)(z) — ;Li(sl_l,s%._.7sk)(2) (31 Z 2)

http://www.math.jussieu.fr/~miw/

25



Definition as solutions of differential equations

d 1

ELi(Slv”-vSk)(z) — ;Li(81—1,82,...,8k)(z) (31 Z 2)

d 1

@Li(l,SQ,...,Sk)(z) — 1 —

http://www.math.jussieu.fr/~miw/

Li(SQ,...,Sk)(z) (51 — 1)
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Definition as solutions of differential equations

d._. 1.
ELl(sl,...,sk)(Z’) = ;Ll(sl_l,%._.,sk)(z) (51 > 2)
d 1 .

ELI(LSQ""?SI@)(Z) — 1 — ZLI(SQ,...,Sk;)(Z) (31 — 1)

Initial condition: Lis(0) = 0.

http://www.math.jussieu.fr/~miw/
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Definition as solutions of differential equations

d L.
%Ll(sh...,Sk)(Z) — ;Ll(sl_lvs%'“’sk)(z)

d 1

ELi(l,SQ,...,Sk)(Z) — 1 — -

Li(SQ,...,Sk)(Z)
Initial condition: Lis(0) = 0.

Recall

Hence

http://www.math.jussieu.fr/~miw/
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Multiple Zeta Values (MZV)

For k, sq1,...,s; positive integers with s> 2,

s =(s1,...,8k) and

(W= Y

ni>ng>-->np>1

Hence
((s) = Lis(1) provided that

For k = 1 one recovers Euler’'s numbers ((s).

http://www.math.jussieu.fr/~miw/

8122

define
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Example: s = (2,1), ws = wow?

1
dt dt dt
o= [t [ e
0 1

Sty>te>ta>0 1 1 =12 1 —13

http://www.math.jussieu.fr/~miw/



Example: s = (2,1), ws = wowj

1
C(2,1) :/0 Wow?; =

Recall:

http://www.math.jussieu.fr/~miw/

1
/ w%wl =
0

2

/ dt;  dts dt3
1>t1>t9>1t3>0 tl 1 — t2 1 — t3

/ dt1 dto dts
1>t >ty>t350 01 t2 1 —13
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Example: s = (2,1), ws = wow?

1
dt; dt dt
1) = [ wt = | L
0 1

>t1>t0>t3>0 tir 11—t 1—13

Recall:

1

Aty dty  dts
C(3):/ Wgwlz/ - : :
0 1>t >ty>t350 01 t2 1 —13

Remark. From (t1,t5,t3) — (1 —t3,1 —t5,1 — t1) one deduces

(Euler)
¢(2,1) = ¢(3).
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Back to the product of polylogarithms

z z
Lll(Z)LIQ(Z) = / W1/ Wow1
0 0
z
= / Wi IwWoWw1
0
z z
_ 2
= / w1w0w1—|—2/ Wow]
0 0
z z
— / w1w2+2/ wWolq
0 0

= Li(1,2)(2) + 2Li¢2,1)(2).

http://www.math.jussieu.fr/~miw/
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Other example.

abmed = abed + acbd + acdb + cabd + cadb + cdab

http://www.math.jussieu.fr/~miw/
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Other example.

abmed = abed + acbd + acdb + cabd + cadb + cdab

Wow1IMWow] = 4w8w% + 2wowiwowq

http://www.math.jussieu.fr/~miw/
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Other example.

abmed = abed + acbd + acdb + cabd + cadb + cdab

Wow1IMWow] = 4w8w% + 2wowiwowq

LiQ(Z)Q m— 4L1(3,1)(2) —+ 2L1(2,2)(Z)

http://www.math.jussieu.fr/~miw/
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Other example.

abmed = abed + acbd + acdb + cabd + cadb + cdab

Wow1IMWow] = 4w8w% + 2wowiwowq
LiQ(Z)2 — 4L1(3,1)(2) + 2L1(2’2)(Z)

<(2)2 =4¢(3,1) + 2¢(2,2).

http://www.math.jussieu.fr/~miw/
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One more example.

Define {1},, = (1,1,...,1) with n occurences of 1.

Then forn > 2
W M, = nw?

and

Ligy (2)Lii(2) = nLigy, (2),
hence, for n > 1,

wi = nlwy

and .

Ligy, (2) = E(_ log(1 — z))n

http://www.math.jussieu.fr/~miw/
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Proposition. The product of two multiple polylogarithms is a
linear combination of multiple polylogarithms:

Lis(z)LiS/(z):/ WIMWg/ .
0

http://www.math.jussieu.fr/~miw/ 39



Proposition. The product of two multiple polylogarithms is a
linear combination of multiple polylogarithms:

Lis(z)LiS/(z):/ WIMWg/ .
0

Next goal: Associate a multiple polylogarithm to a linear
combination of wg, so that the product of two multiple
polylogarithms is a multiple polylogarithm.

Tool: Free algebra on {wg, w1 }.

http://www.math.jussieu.fr/~miw/ 40



The free monoid X*

Let X = {xg,x1} denote the alphabet with two letters xq, z;
and X* the free monoid on X. The elements of X™ are words.

A word can be written

xe o o

17 Le

k
with & > 0 and where each ¢, is 0 or 1.

This law i1s called concatenation. It is not commutative:

Lo 1 7& L1I(Q-

Its unit is the empty word e € X*: the word for which £ = 0.

http://www.math.jussieu.fr/~miw/ 41



The words which end with x; are the elements of X *z;.

http://www.math.jussieu.fr/~miw/
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The words which end with x; are the elements of X *z;.

Let w € X*x;. Write w =z, -- ‘T, where each ¢; is 0 or 1
and ¢, = 1.

If & is the number of x1, we define positive integers s, ..., s; by

o s1—1 si.—1
”UJ—$O 5131"'330 .CC]_.

http://www.math.jussieu.fr/~miw/ 43



The words which end with x; are the elements of X *z;.

Let w € X*x;. Write w =z, -- ‘T, where each ¢; is 0 or 1
and ¢, = 1.
If & is the number of x1, we define positive integers s, ..., s; by

o s1—1 si.—1
”UJ—LEO 5131"'330 .CC]_.

For s > 1 define y, = xg_la:l.

http://www.math.jussieu.fr/~miw/ 44



The words which end with x; are the elements of X *z;.

Let w € X*x;. Write w =z, -- ‘T, where each ¢; is 0 or 1
and ¢, = 1.
If & is the number of x1, we define positive integers s, ..., s; by

_s1—1 sp—1
UJ—QZO .CU]_“'CUO :C]_.

For s > 1 define y, = 568_1561.

Hence

w:ysl...ysk_

http://www.math.jussieu.fr/~miw/ 45



This means that w 1s a word on the alphabet

Y:{ylay%"'vysa"'}'

http://www.math.jussieu.fr/~miw/
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This means that w s a word on the alphabet

Y:{ylay27"'7y87"'}°

For s = (s1,...,8k) with s; > 1, set

L 51— 1 si—1
Ys = Ysi """ Ys;. — Ly 1Ty XL1.

The free monoid Y*on Y is

Y*={ys; s=1(s1,-..,8k), k>0, s, >1(1<j5<k)}.

This is also the set {e} U X*x; of words which do not end with
(.-

http://www.math.jussieu.fr/~miw/ 47



Proposition. Set Y = {y1,v2,y3...} Then the free monoid Y*
on Y is a submonoid of X*.

Any message can be coded with only two letters.
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The Algebra Hn = Q<CIZ‘0, ZIZ‘1>

The free Q-vector space with basis X* is the free algebra on

X, denoted by H = Q(X). Its elements are non commutative
polynomials in the two variables ¢, 2.

Its unit is the empty word e.

http://www.math.jussieu.fr/~miw/ 49



The Subalgebra = Qe + Hx1.

The words which end with z; are the elements of X *z;.

The words which do not end with 2y are the elements of
{e} UX*x1. The Q-vector subspace they span in § is a sub-
algebra At of H:

9! = Qe+ Hir1.

http://www.math.jussieu.fr/~miw/ 50



9! is a free algebra.
Recall y, = 2§ 'z, for s > 1 and

Y ={y1,y2,y3-- -}

Since a basis of the Q-vector space $' is {e} U X*z; = Y*, we
deduce:

Proposition. The algebra $' is the free algebra on Y

http://www.math.jussieu.fr/~miw/ 51



Polylogarithms associated to words in X™x;

For s = (s1,...,5k) with k > 1 and s; > 1, set
Li,,(z) = Lig(2).

This defines Liy, (z) for w € X *x1.

When w = z, -- ‘T, where each ¢; i1s 0 or 1 and ¢, = 1,

y
Liy,(z) = / Wep ** * We,-
0

http://www.math.jussieu.fr/~miw/ 52



Polylogarithms associated to elements in $*

By linearity, extend the definition of fiw(z) to w e H' with
Li.(z) = 1 for the empty word e.

Let
P= Y (PwweH"
weX*
The coefficients (P,w) are rational numbers.  Further, the
support {w € X*; (P,w) # 0} is finite and contained in
{6} U X*ZCl =Y.
Then

AN

Lip(z) = ) (P, w)Liu(2).

weX*

http://www.math.jussieu.fr/~miw/ 53



Proposition. For any w and w' in 9, we have
wmw' € 531

and

AN

Liy(2)Liw/(2) = Liyga (2)-

The shuffle m endows $ with a structure of commutative algebra
Ny , and Al is a subalgebra 533[1

http://www.math.jussieu.fr/~miw/ 54



Polylogarithms associated to elements in §)

We want (need) to extend the definition of Li,, to w € § so that
for any w and w’ in §), we have

AN

Liw(2)Liy(2) = Lipme(2)-

It suffices to define leo( The definition is

L1ggO /wo / =logz for |z—1|<1.

http://www.math.jussieu.fr/~miw/ 55



By induction, for n > 1

Lixg(z) —

http://www.math.jussieu.fr/~miw/

'_\N
&
SE
I
=
—
o
0Q
N
N——r"
N
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Knizhnik-Zamolodchikov Differential Equation

Proposition. The generating series

—F(2) = (Z + _Z) F(z)

satisfying the initial condition

lim e~ "0 8L j(z) = 1.
z—0

http://www.math.jussieu.fr/~miw/
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The Knizhnik-Zamolodchikov differential equation means

AN

d Lig,(2) = wi(2)Liy(2)

for i € {0,1} and w € X*.

Remark.

rolog =z 1 n_.,n - n
e70108 7 — Zﬁ(logz) Ty = Zleg(z)xo.

n>0 n>0

http://www.math.jussieu.fr/~miw/
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A result of Hoang Ngoc Minh, M. Petitot, van der Hoeven

The map w fiw(z) defines an injective homomorphism of
algebras from Y. into the algebra of analytic functions in the
unit disc.

More precisely the functions fiw(z) for w e X* are linearly
independent over the field of meromorphic functions on

C\{0,1}.

The proof rests on the study of the monodromy of the Knizhnik-
/Zamolodchikov differential equation.
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Multizeta values associated to words

Recall: For s = (s1,...,sk) with s1 > 2,

C(ﬁ):::[ds(l)'

The condition s; > 2 means that y; starts with x.

The set of words in X* which start with 2y and end with z7 is
Io)(*xl.

The set of words in X* which do not start with 27 and do not
end with xg is {e} U xoX " x;.
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The Subalgebra $° = Qe + zoH71.

For w € o X *x, define

C(w) = Liy(1).

Define also ((e) = 1 and extend by Q-linearity the definition of
¢ to the Q-vector space spanned by {e} UzoX*z; in ', which
Is the sub-algebra

9’ = Qe + 1oH11
of 9.

http://www.math.jussieu.fr/~miw/ 61



Shuffle relations among MZV

For w and w’ in §°, the shuffle product wmw’ belongs to $°.
Furthermore,

C(w)¢(w') = ¢(wmw')

for any w and w’ in $°.

Proposition The map QA’: 9 — R is a morphism of algebras

of 53 mto R

http://www.math.jussieu.fr/~miw/ 62



The Harmonic Algebra

For s > 2 and s’ > 2:

Zn—s Z m_s’ _ Z n—sm_s’ 4 Z m_sln_s n Zn_8_3/7

n>1 m>1 n>m>1 m>n>1 n>1

G(5)C(s") = ((s,8") + (s, 8) + (s + &)

For instance

C(2)* =2¢(2,2) + ((4).

http://www.math.jussieu.fr/~miw/ 63



The map x: X* x X* — § is defined by induction, starting with
TH*W = W*T; = WL,

for any we X" and any n>0 (for n=0 it means
exw =wxe=w for all w € X*), and then

YsU * YU = Ys(U * Y:0) + ye(ysu *x v) + ysae(u x v)

for w and v in X™*, s and ¢ positive integers.

Hoffman’s harmonic algebra is denoted by $,.

Example.

y§3 = Yo * Yo * Yo = 6?/3 + 3y2y4 + 3Y4y2 + Ys.

http://www.math.jussieu.fr/~miw/ 64



Quadratic relations arising from the product of series

The map E: " “Risa morphism of algebras of 532 into R.:

AN AN

C(uxv) =¢(w)C(v).

for w and v in §°.

http://www.math.jussieu.fr/~miw/
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Quadratic relations arising from the product of series

The map E: " “Risa morphism of algebras of 532 into R.:

AN AN

C(uxv) = C(u)C(v).
for w and v in §°.

Consequence of the two sets of quadratic relations:

E(umv—u*v) =0

for u and v in §°.

http://www.math.jussieu.fr/~miw/
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Hoffman Third Standard Relations

For any w &€ A% we have TIOIW — T1 %W € 6 and

E(a:lmw —x1xw) = 0.

http://www.math.jussieu.fr/~miw/

67



Hoffman Third Standard Relations

For any w € 550, we have zimw — x1 *xw € 530 and
Z(xlmw —x1xw) = 0.
Example. For w = xgxq,
TIMTOT1 = T1T0T1 + 2ToT; = Y1y2 + 2y2y1,

T1* ToT1 = Y1 *x Y2 = Y1Y2 + Y2Y1 + Y3,
hence R
Y2y1 — Y3 € ker ¢
and (Euler)
¢(2,1) = ((3).

http://www.math.jussieu.fr/~miw/ 68



Diophantine Conjecture (simple form)

Conjecture (Petitot, Hoang Ngoc Minh. . . ). The kernel of
C 18 spanned by the standard relations

AN

E(umv —uxv) =0 and ((rimw —x1*w) =0

for u, v and w M o X x.

Minh, H.N, Jacob, G., Oussous, N. E., Petitot, M. —
Aspects combinatoires des polylogarithmes et des sommes d'Euler-Zagier.
J. Electr. Sém. Lothar. Combin. 43 (2000), Art. B43e, 29 pp.
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Regularized Double Shuffle Relations

The map Z: $Y — R is a morphism of algebras for u and for *:

AN AN AN AN AN

C(umv) = C(u)C(v) and  C(uxv) = (w)C(v),

Question: Is-it possible to extend ¢ to $* into a morphism of

algebras both for m and %7

http://www.math.jussieu.fr/~miw/ 70



Regularized Double Shuffle Relations

The map Z: $Y — R is a morphism of algebras for u and for *:

AN AN AN AN AN

C(umv) = C(u)C(v) and  C(uxv) = (w)C(v),

Question: Is-it possible to extend ¢ to $* into a morphism of

algebras both for m and %7

Answer: NO!

2 2
r1mr] = 227, T1* X1 = Y1 *xy1 = 227 + Y2

AN

C(y2) = ¢(2) # 0.

http://www.math.jussieu.fr/~miw/ 71



Radford’s Theorem:

me — 5731111[370]111 — ﬁ%[aan xl]m

http://www.math.jussieu.fr/~miw/

and
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Radford’s Theorem:

me — 5731111[370]111 — ﬁ%[aan xl]m

Hoffman’s Theorem:

Ny = 55,1([330]* — 52[3707 $1]*

http://www.math.jussieu.fr/~miw/
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Radford’s Theorem:

57)111 — 57)11[1[330]111 — 57)81[37()7 xl]m and 57)3[1 — 57.)1011[371]111

Hoffman’s Theorem:

9y = Hilzole = 9Yv0, 1], and  Hy = H)]x1]..

From 9. = 9221w and H; = H2[z1], we deduce that there are
two uniquely determined algebra morphisms

AN

Zw: 9 — R[T] and  Z,: 9 — R[T]

which extend Eand map x1 to 1.
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Theorem (Boutet de Monvel, Zagier). There is a R-linear
isomorphism o : R|T] — R|X] which makes commutative the
following diagram:

R[X]
G
5k To
Z. ™
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An explicit formula for p is given by means of the generating
series

14 00 .

£>0 n=2

Compare with the formula giving the expansion of the logarithm
of Euler Gamma function:

F(1+t):exp< vt—l—z —t”).
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One may see p as the differential operator of infinite order

exp (i(l)”csﬁ) (5;) n)

n—=2

(just consider the image of e!1).
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Denote by reg. the Q-linear map $H — AV which maps w € 5
onto its constant term when w is written as a polynomial in z¢, 4
in the shuffle algebra $°[zo, z1]. Then reg,. is a morphism of
algebras 9, — H'..

Theorem. (Regularized Double Shuffie Relations — IThara+ Kaneko ).
For w € $' and wy € H°,

reg, (wimwy — w * wp) € ker .

Example. Take w = x;. Since ximwg — x1 *wg € 9" for any
wo € 9, one recovers the third standard relations of Hoffman.
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Diophantine Conjectures

Conjecture (Zagier, Cartier, lhara-Kaneko,. . . ). All existing
algebraic relations between the real numbers ((s) are in the
1deal generated by the ones described above.

Petitot and Hoang Ngoc Minh: up to weight s; + --- s, < 16,
the three standard relations for u, v and w in 2o X 2y

suffice.
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Goncharov’s Conjecture
Let 3 denote the Q-vector space spanned in C by the numbers
(2im)~11¢ ()

s=1(81,...,8:) ENFwithk>1,5>2 5 >1(2<i<k).

Hence 3 is a Q-subalgebra of C bifiltered by the weight and by
the depth.
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For a graded Lie algebra C, denote by UC, its universal
envelopping algebra and by

uc) = o),

n>0

its graded dual, which is a commutative Hopf algebra.

Conjecture (Goncharov). There exists a free graded Lie
algebra C'¢ and an isomorphism of algebras

32110:/

filtered by the weight on the left and by the degree on the right.
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References:

Goncharov A.B. — Multiple polylogarithms, cyclotomy and
modular complexes. Math. Research Letter 5 (1998), 497-
H16.

References on multiple zeta values and Euler sums
compiled by Michael Hoffman

http://www.usna.edu/Users/math/meh/biblio.html
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A non commutative but cocommutative Hopf algebra structure

on $) is given by the coproduct
AP=Plzg®1+1®x9, 2101+ 1® x1)

the counit ¢(P) = (P | e) and the antipode

(—1) "y -+ 21

form>1and z1,...,2, In X.

Concatenation (or Decomposition) Hopf algebra:

(537 '767A7€7 S)
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Writing

P = Z (Plu)u
ue X*
we have

AP = Z (Plumv)u @ v.

u,veX*

Friedrichs’ Criterion. The set of primitive elements in £ is
the free Lie algebra Lie(X) on X.

Hence

P € Lie(X) < (Plumwv) =0 for all u, vin X*\ {e}.
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Dual of the concaténation product: ® : § — H ® $H defined by
(Q(w) | u®v) = (uv | w).

Hence

Shuffie (or factorization) Hopf algebra:
(9, m,e, D¢, 5).

Commutative, not cocommutative.
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Cocommutative quasi-shuffle Hopf algebra Q(Y'):

Aly) =yi®e+ ey,

e(P) = (P |e),
S(ysl T 'ysk) — (_1)ky8k " Ysq-
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Duality

Let 7 denote the anti-homomorphism of $ which exchanges xg
and z1. Notice that $° and $' are stable under 7. Then, for

w e HY,

AN

C(Tw) = ((w).

Proof. We have
T<x€1 te xep) — xl—ep T xl—el

and
R 1
C((’CG]_ ...xep) p— / wEl ...wep.
0

In the integral, change the variables

ti— 1 =1, (1<7:<p)'
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Sum Theorem

Fix k> 1, p>2 and denote by Sy, the set of (s1,...,sk) in
Z* with s; > 2, s;i>1for 3 =2,...,k and 51+ -+ s = p.

Then
> () =<(p).

SESk,p

Examples:
k=2 p=3,  ((2,1)=¢3)
k=2, p =4, C(Sv 1) T C(Qa 2) — C<4)
k=p—1p=3 ((2{1}p-2) =¢)
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Hoffman’s derivation Theorem

Theorem (Hoffman). Let D be the derivation on $) with Dxy = 0
and Dx1 = xox1. Then for w & Y

AN AN

((Dw) = ¢((DTw).
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Hoffman’s derivation Theorem

Theorem (Hoffman). Let D be the derivation on ) with Dxy = 0
and Dx1 = xox1. Then for w &€ §Y

AN AN

C(Dw) = ((DT1w).

Equivalent statement: Fix (s1,...,s;) in Z* with s; > 2, and
si>1forj=2,...,k. Then

k
ZC(Sh vy Sh—1,Sh T 1,Sh_|_1, . . 78p) —
h=1

Sh—2

S: S: C(Slw"ash—lash_j7j_|_1773h—|—17°'°78p)°

1<h<k 35=0
Sp=>2
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A generalization of Hoffman’s DerivationTheorem

Theorem (Y. Ohno, K. Ihara and M. Kaneko) Fix n > 1.
Define the antisymmetric derivation ¢,, on $ by

n—1
0nTo = —0,T1 = LI?Q(ZCO + 371) xT1.

Then for any w € 9

C(8,w) = 0.
Remark: 01 = 7D1 — D:

01(w) = rymw — x1 * w.
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Theorem (Y. Ohno). Let s = (s si) be a tuple of positive
integers with s; > 2. Define &’ (31,.. ,8;,) by the relation
ysr = TYs. Further let £ > 0 be a given integer. Then

| | ~»

Z C(51+€17---73k+6k)

e1t+--tep==~
e,L-ZO

= Z C(s]+ €l ... s +ew)

/ !/ _
el—l—---—i—ek/_ﬁ

ejZO
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Cyclic derivations

Define a derivation C’A:/ﬁ — $ as ,Zloé where (1 : H R H — H
is ula®@b) =ba and C: H — HX®H maps xo to 0 and =1 to
r1 X xg.

Theorem (Ohno, conjectured by Hoffman). For any
w e N\ {x,22,...},

AN AN

((Cw) = ((tCTw).

Example:

C(4,{3}n) = C({3}n+1,1) + C(2,{3}n, 2).
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Zagier-Broadhurst formula

Theorem (Broadhurst - Conjecture of Zagier). For anyn > 1,

C({3,1}n) = 47"C({4}n)-

Remark. N
C({2}n) — (2n n 1)'
and 1 2 o 4
2n + 1¢({2h2n) = 53¢ ({4}n).
hence
C({Sv 1}n) = 2- m

(4n +2)!
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Zagier-Broadhurst formula

Theorem (Broadhurst - Conjecture of Zagier). For anyn > 1,

yy — (dysy1)" € ker Z
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Zagier-Broadhurst formula

Theorem (Broadhurst - Conjecture of Zagier). For anyn > 1,

yy — (dysy1)" € ker Z

C(y) = ¢({4},)

5((93%)”) = (({3,1}n).
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Syntaxic identities

Definition: For w € X*\ {0},
w*=e+w+w+ -

Hence (e — w)w* = w*(e —w) = e.

Lemma 1.

yom(—y2)* = (—4ysy1)™.

Lemma 2.
Yo * (—12)" = (—ya)™.
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Proof of y} — (4ysy1)" € ker E

From
Ys * (—y2)" = (—ya)" and  yomi(—y2)* = (—4ysy1)"
one deduces, for any n > 1,

> 1y xyy = ()"

i+j=2n
and
o
> (=1 Y3y = (—dysy)"”,
i+j=2n
hence

i — (ysy)™ = > (=D (g3 * 5’ — y3'mmys”) € ker (.

1+73=2n
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Lemma 1.

(woz1)*m(—z0z1)* = (—daie])™.

Proof. The series associated to the automaton

L1

<  —
2|
— —_—
Lo

S1=e+ zox1 + (51305171)2 + o+ (o))" + - = (o)™,
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The series associated to

< «—
1A 15
— —
—
IS
Sa=e—zo21 + (xox1)* + -+ + (—xox))" + - -+ = (—2011)™.

The following automaton is the cartesian product of the automata
associated with S; and Sy4:

< a
_ 14 iR 2A
“wol o1 4y —wol 1o
1Bl . 2B

0
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One computes the associated series S14 = S11LS4 by solving a system of
linear (noncommutative) equations as follows. Define also S5, S24 and Sop
as the series of labels of the paths starting at the corresponding state and
ending at a terminal state. Then

S1a4 = e —x051B + TS24,
SiB = 21514 + 20528,
Sa4 = 21514 — 0528,
S2B = 21518 + £1524.

One deduces
S1a=e—x0(S1B — S24), Sip— Soa = —2x0528,
Sop = 1(S1B + S24), Sip+ Soa =221514
and therefore

2 9
Si1a = e+ 4x5r{S14,
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Lemma 2.

Yo x (—y2)" = (—ya)™

Proof. ~ Denote by ¢t = (t1,t2,...) a sequence of commutative variables.
Consider the quasisymmetric series

blys) = Y Ltk

ni>--->np>1

and extend by linearity. Then

d(uxv) = o(u)d(v).
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On the other hand

Slys)=> Y. th et

k=0mn1>--->n;>1

(o)=Y Y e
k=0 ni>-->np>1
o((—y)) = (-0 DT et

ny>->ng>1
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Hence from the identity

oo oo

Lttnt) =) 5 > oy,
k

n=1 =0 ni>--->np>1

one deduces

o(ys) = [T +8), o((-v)) = [T -

¢((—y4)*> — f[(l — 1),

which implies the Lemma.
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