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According to Lidstone’s interpolation theory, an entire function of a single variable of
exponential type < m is determined by it derivatives of even order at 0 and 1. In a
previous paper, we gave a survey of this classical univariate theory. Here we generalize it
to two variables. Multivariate Lidstone interpolation will be the topic of a forthcoming
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1. Introduction

In [7], we gave a survey of Lidstone theory for analytic functions of single variable.
Here we extend this theory to two variables.

In § 1 we give references to earlier papers on bivariate Lidstone polynomials. In
§ 2 we introduce our generalization to two variables of the univariate theory. The ex-
istence of the bivariate polynomials follows from Theorem 2.1. They give rise to four
new sequences of polynomials - they correspond to the two sequences (Ak (z))
and (Ag(1— Z))k:ZO
for these polynomials in terms of the univariate Lidstone polynomials.

In § 5 we give a characterization of these polynomials by means of a system of
partial differential equations (Proposition 5.1). In § 6, we give explicitly the gener-
ating series of these sequences (Theorem 6.1) involving the generating series %
of the sequence of univariate Lidstone polynomials. In § 7 we give a two dimensional
generalization of the theorem of Poritsky and Whittaker on the expansion of entire
functions of exponential type < 7 (Theorem 7.1) — we start the proof by explaining
how these polynomials and their generating series were identified. We also prove
2—-dimensional analogs of the results of Buck and Schoenberg for entire functions of
two variables of finite exponential type (Theorem 8.1 and Corollary 8.1).

k>0
for the univariate case. In Theorem 4.1 we give a closed formula
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This paper is an introduction to a forthcoming paper [8] where we extend the
theory to several variables.

We work with two complex variables z = (z1, z2). We write |z| for max{|z1], |22}
For an analytic function f of two variables, we use the notation

|[flr = sup [f(2)]

|z|=r

For t = (t1,t2) € N2, we set ||t|| = t1 + t2, t! = t1!t5! and we define

AR
o 821 82’2 '

We also write zt = z{'25?. For ¢ = (C1,¢2) and z = (21,22) in C?, we write (z =
(121 + (229. We use the Kronecker symbol

1 ifa=0b,
6ab = .
0 ifa##b.
According to Lidstone interpolation in one variable, any polynomial f € C[z] has a
finite expansion

=D fE0)ALL = 2) + D (1) Ak(2).

k>0 k>0

We keep the notations of [7] for the Lidstone polynomials in one variable: for k > 0,
Aok 1(2) = Ax(2), Aok o(2) = Ax(1 - 2),

so that any polynomial f € Cl[z] in a single variable can be written

Zf 0)A¢0(2 +Zf DA (2

te2N te2N

Let f € Clz1, 22] be a polynomial in two variables. Using Lidstone polynomials in
a single variable, one deduces

f(z1,22) Z Z( DUt2) £(0,0) Ay, 0(21) Aty 0(22)+

t1E2N to 2N
(DU82) £)(1,0)A¢, 1 (21) Aty 0(22) + (D) £)(0,1) Ay, 0(21) Mgy 1 (22)+

(D2 ) (1, 1) A, 1 (21) A1 (22) ) -

This produces an expansion involving the derivatives D(*1:%2) f at the four points
ey = (0,0), e; = (1,0), e, = (0,1) and e; + e, = (1,1) with ¢; and ¢2 both even.
If we know (Dtf)(e;) for t; and ts both even at these four points, we know the
polynomial f. However, if f has degree D, this expansion involves polynomials
Ay, i(21) A, j(22) (with 4,5 € {0,1}) of degree D + 1.

Let T € 2N. For a polynomial f of total degree < T + 1, we have Dif = 0 as
soon as ||t]| > T is even. The dimension of the space C[z1, z2]<r+1 of polynomials
of total degree < T'+1is (T +2)(T 4 3). The number of ¢ € N? with [|¢|| even and
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[t < T is $(T + 2)2. The number of ¢ € N? with ¢ and ¢, both even and [|¢|| < T
is (T + 2)(T + 4). We notice that

1 1 , 1
ST +2(T+3) = [(T+2)° + (T +2)(T +4).

The generalization to functions of two variables of Lidstone univariate theory that
we develop in this paper involves giving up the symmetry among the three points ¢,
€1, €5. Our conditions at e, involve all Dt with t; +to even, while the conditions at
e; and ¢, involve only the Dt with both #; and t5 even. Consequently, we introduce
the following subset of N2 x {0, 1, 2}:

T={(t0) | |t € 2N} J{(t.i) € N> x {1,2} | t; and t, € 2N}.

Our approach is different from the one in [3], where the authors use the univariate
theory to cover the triangle with corners g, e, e,5: they write the expansion of a
function on each segment [te;,tes], 0 < t < 1, by means of Lidstone interpolation
in a single variable. They produce explicit formulae for the main terms and also
for the remainder. They study uniform convergence and investigate computational
aspects.

These interpolation formulae of [3] are combined with bivariate Shepard opera-
tors in [1,2]. The point of view of [3] is also used in [4] where the authors obtain a
new class of embedded boundary-type cubature formulae on the simplex.

2. The sequences of bivariate polynomials

Here is the corresponding generalization of [7, Lemma 1].

Lemma 2.1. Let f € C[z] be a polynomial satisfying
Dtf(e;) =0 for all (t,i) € T. (2.1)
Then f = 0.

We will give two proofs of this lemma.

Proof. [First proof of Lemma 2.1] This first proof relies on [7, Lemma 1] (Lidstone
interpolation for polynomials in a single variable).
Let

f(ZhZ?) = Z Z akhkzzllﬁzéw € (C[ZhZ?]
k120 k22>0

satisfy
(DLf)(e;) = 0 for all (¢,4) € T.

For ky > 0, define a polynomial fi, of a single variable by setting

1
ka(Zl) = Z a’k17k2zfl = QD(QICZ)JC(ZDO))
k1>0 ’
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so that
f(z1,22) = Z sz(zl)zlg"’.

k2>0

Let ko € 2N. For each t1, we have

d ) 1 (t1,k2)
(dzl) sz(zl):H(D £)(z1,0).
,1

If ¢; is even and ¢ € {0,1}, then ((¢1,k2),i) € T. Using [7, Lemma 1], we deduce
fr, = 0, hence ay, r, = 0 for all ky even and all k; > 0. In the same way, fixing
k1 > 0, considering the polynomial

D k2t = %(D(kl’o)f)(om)

ka>0 B
and using [7, Lemma 1], we deduce ag, x, = 0 for all k; € 2N and all ky > 0.
Therefore the condition ay, , # 0 implies that k; and kg are both odd - this implies
that k; + ks is even. But the hypothesis (D*1:%2) £)(0,0) = 0 for all (ki, ko) € N?
with k1 + k2 € 2N implies ay, x, = 0 for all (k1, ko) € N2 with k; and ks both odd,
hence a, k, = 0 for all (kq, ko) € N2, and therefore f = 0. O

We have seen in § 1 that the dimension of the space C[z]<r1, which is (T +
2)(T + 3), is also the number of (¢,7) € T which satisfy [|t|| < T. Therefore Lemma
2.1 can be stated as follows:

Lemma 2.2. For T € 2N, the map f — ((Df)(e;)) woer is an isomorphism

from the space of polynomials of total degree < T + 1 to t/gﬂ‘ ?S;G,CE of complex tuples
(91.6) e <

For T an even nonnegative integer, there is a natural bijective map between the
set of k € N? with ||k|| < T+ 1 and the set {(t,i) € T | ||t]| < T}: the image of
(k’l, ]412) with k‘l + kiz even is ((k’l, ]{12), O), the image of (k‘l, k‘g) with ]{11 odd and k‘g
even is ((k1 — 1,k2),1), and finally the image of (k1,k2) with k; even and ks odd
is ((k1, k2 —1),2). For the inverse bijective map, the image of ((t1,%2),0) is (¢1,%2),
the image of ((¢1,%2),1) is (¢; + 1,2) and the image of ((t1,12),2) is (t1,t2 + 1).

For (k1,k2) € N? and (t1,t2) € N?, we have

Bkl kitigeet s -
Dtnt2) (pnk2) = {(kl‘tl)‘ a—ta)1 71 22 if ky > 1 and kz > 1,

0 otherwise.
Hence
D) (41 280) ey) = 1161 5.
Also for {i,j} = {1,2}, we have

(k‘i—ti)!

D(tit2) (R K2y (o
(ar22")( 0 otherwise.

=4

):{W ifkiZtiandkj:tj,
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Proof. [Second proof of Lemma 2.1] We proceed by induction on the even integer
T > 0 to prove that the map of Lemma 2.2 is injective on C[z]<r41: if a polynomial
f of total degree < T + 1 satisfies (D%f)(e;) = 0 for all (t,4) € T with ||¢]] < T,
then f = 0. This is true for T' = 0: a polynomial f of total degree < 1 is of the
form agg + a1021 + ap122, there are 3 elements (¢,4) € T with ||¢]| < 1, which are
((0,0),0), ((0,0),1), ((0,0),2), and the conditions f(e,) = f(e;) = f(es) = 0 imply
ago = aig = agpy = 0.

Assume that T' > 2 is even and that the result is true for T'— 2. Let f € Clz1, 23]
have total degree < T + 1:

k1 k
f(ZhZQ) = Z ak17k2211222'

k1+ko<T+1

Let k1, ko satisfy k1 + ko = T. Using the assumption (D:f)(e;) = 0 with (¢1,t2) =
(k1, ko) and ¢ = 0, we deduce ay, , = 0.

Next, let k1, ko satisfy k1 + ko = T + 1. If k; is odd (hence ko is even) we use
the assumption (Dtf)(e;) = 0 with (t1,¢2) = (k; — 1,k2) and i = 1. If k; is even
(hence ks is odd) we use the assumption (Dtf)(e;) = 0 with (¢1,t2) = (k1,ke — 1)
and ¢ = 2. In both cases we deduce ay, r, = 0. Hence f has total degree < T — 2
and we conclude thanks to the induction hypothesis. O

From Lemma 2.2 we deduce:

Theorem 2.1. For each (t,7) € T, there exists a unique polynomial Ay, satisfying,
forall (r,5) €T,

(DlAﬁ,i)(Qj) = 5171617"
The polynomial Ay ; has degree at most ||t|| + 1.

An equivalent formulation is the following:

Corollary 2.1. Any polynomial f € Clz1, 23] can be expanded as a finite sum
fz1,2) = Y (DE)(e)Ari(z1, 20)-

(t,)eT

This formula can be written

fz1,20) = Y (DEA)(0,0)Ar0(21,22) + D (DEF)(1,0)Az1 (21, 22)

lIlt]l€2N t1,t2€2N

+ ) (DE(0,1)As (21, 22).

t1,t2€2N
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3. Recurrence formulae

From Corollary 2.1 one deduces, for ¢; and ¢y even,

zfﬁl P 1
— = = — A z),
(tl + 1)' to! og;tl (tl — 11+ 1)' (Tl’tZ)’l(i)
T1E2N
t1 to+1
2t 2z 1
- = — A z),
! (ta +1)! ;2 (o —m w11 2(2)
T9 €2N
g > e > ot
— 7 =Meol(2) + Agry12)1(2) + Aty r),2(2),
t1! tz' 0<m <ty (tl — 1)' 12 0<rg<ts (t2 —7'2)! 1Tz
71 €2N 79 E€2N
while for ¢; and ts odd we have
zil zéz

il gl (@)
This yields recurrence formulae producing the polynomials A; ; by induction on ||¢||:

Lemma 3.1. For t, and ty even, we have

z?“ 252 1
Aq(g) = ——— 2 — E —— A z),
11(2) o+t = (- 12),1(2)
_Tigﬁl
t1 tat+1
z z 1
A -2 2 E - A
2,2(5) ! (tz T 1)! (t2 S 1)! (751772)72(§)7

0<Ty<to—2
T €2N

t1 t2 1

1
Aolz) = 55— Agry 12)1(2) — Aty 70),2(2)-
t1! tg! og;tl (tl — Tl)! 2 US;Q (t2 — 7'2)! 2
71 €2N T9 €2N

For t1 and ty odd, we have

4. Explicit formulae

The Lidstone polynomials in a single variable A;;(z) and A o(z) = Ap1(1 — 2),
(t even, z € C) introduced in [7, §2] enable us to give explicit formulae for the
polynomials A; ; —in § 7, before proving Theorem 7.1, we will mimic the argument
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of the proof of [7, §6] to explain how these formulae were found.

Theorem 4.1. For ty and ts both even, we have

to
Aty t0),1(21, 22) = At1,1(21>%7
t1 o
At ),2(21, 22) = Ti!Ah’l(Zz)’
t t by _to

_ 4 2 A%
A(tl,t2)70(21, 2’2) = t1' Atz,O(Zz) + At1,0(Zl) t2' tlltz'

For ty and ty both odd, we have
Aty t0)0(21, 22) = 122

Proof. The last formula of Theorem 4.1, for ¢; and t5 both odd and 7 = 0, follows
from Lemma 3.1.

Suppose now that both ¢; and ¢ are even. It is not difficult to check by brute
force that the right hand sides of each of the three first formulae satisfy the prop-
erties of Theorem 2.1 which give a characterization of Ay ;.

Here is an alternative argument, which relies on Lemma 3.1. We first check the
formula of Theorem 4.1 for A;; with ¢ = 1 by induction on ¢;. For {; = 0 Lemma
3.1 gives

252

A(o,tz),1(2’1,22) = Zlg;
recall Ag1(z1) = 2z1. Assuming that the formula of Theorem 4.1 for ¢ = 1 holds
for 0 < 71 < t1, we deduce it for ¢; by means of Lemma 3.1 and of the recurrence
formula in one variable [7, Equation (4)]. The proof of the formula for ¢ = 2 is

similar.
Once we know the two first formulae (for ¢ = 1 and ¢ = 2), we deduce the third
one (for ¢ = 0) thanks to [7, Equation (5)] in one variable and to Lemma 3.1. O

Example. Here is the formula for the expansion of a polynomial in 2 variables
of total degree < 3, involving the univariate Lidstone polynomials Ag1(z) = z,

Aoo(z) =1—2, Ao a(2) = %(z3 —z) and Ao o(2) = Ao (1 — 2):

f('zl?Z?) = f(07 0)(1 — 21— Z2) + f(lv O)Zl + f(07 1)22 + (D(Ll)f)(ov 0)2122

+(D*9£)(0,0) (Az,O(Zl) - ;Zfzz) + (DO )(1,0)A21(21) + %(D(Q’O)f)(oa 1)27 2

+(D®) £)(0,0) (A2,0<z2> - ;) (DO 1)(0,1)A5,1(22) + 3 (DO 1)(1,0)2125.



September 3, 2022 19:5 BivariateLidstonelnterpolation

8 Michel Waldschmidt

For t; and t3 both even and i € {0,1,2}, the total degree of A, +,,(21,22) is
t1 + t2 + 1, the homogeneous component of highest degree is

t1+1 ta t ta+1
z z z z .
s 72 21 "2 forg = 0,
(t1+1)! to! tq! (t2+1)!
Ztl-‘rl th
1 2 . __
—_— = fori =1,
(tr + 1)1 2]
Ztl thJrl
a2 fOI‘ 1= 2
t1! (tz + 1)'

From Theorem 4.1 and [7, Equation (15)], one deduces, for any (¢,7) € T and any
z€C?

—t1 3ﬂ|z1|/2@
|Ae1(2)] < 217 "e |
- !
t1
|AL2(§)| S 2|Zt17|'7-1-_152837r|z2|/27
1!
| 21| | 22| 2 ses2 (121"t selmaly2 |ty swlaj2122]"
|ALO(§)| < W + 2e tiﬂ— 20 /2 4 it 1 Ty

(4.1)
Example. From Theorem 4.1, using equation [7, Equation (3)] for A4, we deduce

4,4 5 3 4 4 5 3
S e B (e T G U e T W B R B 2 I
Aanolzz2) =5 (5! TR 45) ar (5! T 45)’

using the numerical values 4! = 576, 415! = 2880, 4!18 = 432, 4!45 = 1080 we
deduce

1 1 1
Aaay,0(21,22) = — 5330 22 — 728802%23 + 75762%23 (42)
4.2
— Lz‘fzS — izi)’zgl + LzlzéL + iz‘f,zQ.
432 432 1080 1080

5. Differential equation

The following result is an analog in two variables of [7, Lemma 2] for the family
of polynomials Ao (¢ = (t1,%2), t1, t2 both even). There are three further sim-
ilar statements, that we will not need nor prove, for the three other families of
polynomials

Aty ,2),0, 11 and 3 both odd > 1,

Aty t2),1, t1 and 3 both even > 0,

A(t,,15),2> t1 and ta both even > 0.

Proposition 5.1. The family of polynomials Ao (t = (t1,t2), t1, to both even) is
the unique solution of the system of differential equations

{ D(2’O)Lt1,t2 = Lt 21, when both t; and ty are even with t; > 2

0.9 (5.1)
DO )Ltl,t2 =Lt +,—2  when both t1 and ta are even with ty > 2
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satisfying Li, o0 = A, 0),0 for t1 > 0 even and Lo, = Ao,1,),0 for t2 > 0 even, with
the four initial conditions

Lt17t2 (QO) = Lt17t2 (Ql) = Lt1,t2 (QQ) :D(Ll)Ltl,tz (QO) =0
for all t1 and to both even with ||t|| > 2.

Notice that A, 0),0(21,22) = A(07t1)70(22, 21).
The families of polynomials, for t1,ts € 2N,

t1+1

to t1 t1 2
21 29 2 21 2

(t+ Dl tl (o + DI il 6!

Zt2+1
2
Apgia1(1 — 21 — 22),

satisfy the system of differential equations (5.1), but not the other assumptions.
Notice also that D(l’l)A(1,1)70(Zl, 2’2) = 1, while A(O,O),O(Z17 ZQ) =1—21 — 2.

Proof. [Proof of Proposition 5.1] The fact that the family of polynomials Ay
(t = (t1,t2), t1, t2 both even), satisfies these conditions follows from Theorem 2.1.

Conversely, let L; be a solution. We prove L, 1, = A, 4,),0 by induction on
t1 + to. This is true by assumption for t; = 0 and also for to = 0. Assume t; > 2
and t3 > 2. Define g = Ly, 1, — A4, 4,),0- Using the two differential equations

DPOLy, 4, = Lty 24, and DO? Ly 4, = Ly, 4,2
together with
DPONG, 10 = Aty 2,470 and DOPAG, 4y 0= Aty 1, -2).0
and with the induction hypothesis

Ly 24, = A(tl—z,m),o and Ly, 1,2 = A(tl,t2—2),07

we deduce D29 g = D02y = 0; therefore g has degree < 1 in z; and z: it is
of the form g(z) = ago + a1021 + ao122 + a112122. Such a polynomial is completely
determined by the four numbers g(ey), g(e;), gles), (DA Vg)(ey). From the four
initial conditions we deduce g = 0. The result follows. O

6. Generating series

Following [5, p. 27], we will say that a series of functions )" a(z) converges nor-
mally in an open subset  of C™ if Y°  supg |aq(2)| converges for every compact
set K C Q. For instance [5, Theorem 2.2.6] an analytic function in a polydisc
{z€C" | |zj| <rj, j=1,...,n} is the sum of its Taylor expansion at the origin
with normal convergence in this polydisc.
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Denote by Mp, Mg, My, M the four generating series
Mo(¢, z) = Z Aty 12),0(21, 22) (G2,

t1,t2 both even

MO(Q’ é) = Z A(tl,tz),O(ZhZ?)C)lflC;zv

t1,t2 both odd

M (¢(,2) = Z A(tl,tz),l(zl,zz)ql 2.

t1,t2 both even

Ms(¢,2) = Z Aty 1),0(21, 22) (1 G2

t1,t2 both even
Using the generating series [7, Equation (6)] of Lidstone polynomials in a single
variable

. sinh(Cz)
t;mAm(z)g = Smn(d) (6.1)

combined with Theorem 4.1, we deduce:

Theorem 6.1. These four generating series are normally convergent in the domain

{(¢1,¢2,21,22) € C* | |G| <,y |Gof < 7}
where they define analytic functions of 4 variables, namely
sinh(¢a(1 — 2z2))  sinh({i(1 — 21))

sinh((2) sinh(¢1)
— cosh((y21) cosh(Cazs),

Mo(¢, z) = cosh(Ci21) cosh((z22)

Mo(¢, 2) = sinh(r21) sinh(Cozo),
sinh(¢121)

My(C,2) = Snh (1) cosh((222),
M2(£a é) - COSh(Clzl)SiSrilrljflg(z-j;)_

For the proof of the normal convergence of the series (6.1) in {((,z) € C? |
[¢] < 7}, let us introduce the entire function of a single variable

() % for z # 0,
zZ) =
4 1 for z = 0.

Since the function 1/¢({) is analytic in || < 7, the function of two variables

©(¢z)
©(¢)

is analytic in the domain {({, 2) € C? | |{| < m, 2z € C}; hence its Taylor expansion
is normally convergent in this domain. Finally, for z € C, we have

Ssi;“n‘;(fg for ¢ # 0,
z for ( = 0.

F(2) =2

F(¢2) =
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7. Expansion of entire functions of two variables
Let f be an entire function of two complex variables. We define the exponential

type 7(f) € [0,00] as

7(f) = limsup

T log | f(z1, 22)|.
|21 |+ 22 =00 121] + [22] ’

If f has an exponential type < 7, then for each z; € C, the function 2z — f(z1, 22)
has exponential type < 7 and for each zo € C, the function z; — f(21,22) has
exponential type < 7:

1
limsup — log sup |f(z1,22)| <7 forall z; € C

r—oo T ‘zQ‘ST

and

1
limsup —log sup |f(z1,22)] <7 for all z; € C.

r—oo T |z1]<r
As pointed out by Damien Roy, the function

zZ122 k
3 ( k:!2)

k>0

has exponential type 1; however, for each € > 0, for each z; € C, the function 25 —
f (21, 22) has exponential type < e and for each z € C, the function z; — f(z1, 22)
has exponential type < e.

Lemma 7.1. For any z, € C?, we have

limsup |[D®1k2) f(z0)| R = 7(f)-
k]-‘rkz—)OO

Proof. Since f(z) and f(z,+z) have the same exponential type, it suffices to prove
the result for z, = 0. We write the Taylor expansion of f at the origin

f(g) = Z Z Cklyk’zzflzgz
k120 k220
with
1
ke k!
We first prove the upper bound for 7(f). Let 7 > 0. Assume

D(khkz)f(o)_

Cky,ky =

Tk1+k’2
|Ck1,k2 | S kl‘kQ'

for all sufficiently large k1 + ko, say k1 + ka2 > K. Then, for z € C?,

7—/@1+7€2|21‘7€1 |22‘/€2

kl k}z
RIS D lenmllal®z+ > PNT

k1+ko<K k1+ka>K
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with

keitks | o (k1| (K
Z TR |2 M1 2|2 < o7zl +22))

kqlko! - '
kit+ka>K 12

Hence 7(f) < 7.
We now prove the lower bound for 7(f). From Parseval’s relation

1 T[T ) )
W/ / | (r1e®® roe’®) P01 d0s = > Y ek, g, 1 r3t
o k1>0k22>0

for r1 > 0 and ro > 0, we deduce Cauchy’s inequalities [5, Theorem 2.2.7]:

|Chy oo | P72 < sup | (21, 22)]. (7.1)

lz1]=r1
lzo|=r2

Assume 7(f) < oo0; let 7 = 7(f). For any € > 0 we have

£ (21, 22)] < (T zlH=2)

for sufficiently large |z1]| + |22| depending on e. We apply this upper bound for
|z1] =11 = k1 /7 and |23| = 79 = ko /7 using Cauchy’s inequalities (7.1):

k k
Dk (o)) < FUTE R (e i)
I R
1 2
for sufficiently large ki + ko. From Stirling’s formula (for N > 1)
N! < NVe Ny/ogNel/(12N)
we conclude

limsup |D®1k2) f(0)H/ (Fathkz) < 7

ki1+ko—o00
From Lemma 7.1 se deduce:

Corollary 7.1. Let f be an entire function of two variables of exponential type
< 7. Then the Laplace transform of f, viz. the function of two complex variables

F(C1,¢2) = Z Z D(klakz)f(o)cl—klflggbil7

k120 k220

is analytic in the domain {(¢1,¢2) € C? | |G| > 7, |G| > 7}

Theorem 7.1. Let f be an entire function in C? having exponential type < 7.
Then

@)= > (D) (e)Ani(2),

(L)eT

where the series is normally convergent in C2.
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Before starting with the proof of Theorem 7.1, let us look at what it means for
the function e* when ¢ € C? satisfies 0 < |¢1| < 7 and 0 < [(2| < m; this function
has exponential type max{|(1], |C2|} < 7; from Theorem 7.1 we deduce:

efz — Z Abo(é)gz_i_ecl Z A§71(§)£L+6Cz Z A£,2<§)§£a
[|t]|€2N t1, t2€2N ti, t2€2N
which can be written
ez = Z Ay i(2)eci ¢t (7.2)
(t2)eT
by setting (o = 0.
We wish to use this formula by replacing ¢; with —(; and/or {3 with —(s.

However the first sum does not behave well under these substitutions. This is why
we splitted it into two parts in § 6, so that

D7 Ani(2)eSiCt = Mo(¢, 2) + Mo(C, 2) + Mi(C 2)e%" + Mo(C, 2)e.
(t,0)eT

Hence (7.2) yields
GGz — Mo ((, 2) 4+ Mo(C, 2) + M (G, 2)eS + My(C, 2)e,
e GGz — V(¢ 2) — Mo(C,2) + Mi(C, 2)et + Ma(C, 2)e2,
eG1#1 6% — Mo (¢, 2) — Mo((, 2) + Mi (G )6t + Ma(G, 2)e™,
™6 = Mo(C, 2) + Mo(G,2) + Mi (G, 2)e™ 0 + Ma(C, z)e.
Let U, Uy, Us, V1, Vo be five variables. Introduce the matrix

U U Uy U
U-UV;, Uy
U-UU Vs,
UU WV

Its determinant is 4U?(U; — V1) (U — Va), hence is not 0. Denote by R the matrix
P specialized at (U, Uy, Vy,Us, Vo) = (1,e%1,e7, e e7¢2), and by Q the matrix P
specialized at (U, Uy, V1,Us, Vo) = (1,1,-1,1,—1):

(7.3)

11 e e 11 1 1
1—le S e 1-1-11
R= 1-1 e e |’ @= 1-11 -1
11 e e 11 -1-1

Their determinants are not 0, thanks to our assumption 0 < |(1],|¢2] < 7. From
(7.3) we deduce

e¢121+C222 %)(§7 g)
ecomren | | i)
6121 —C222 - M, (g, g)
e—¢121—C222 M2(<7§)
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We also have

1 0 cosh(¢1) cosh((z)
01 0 0
QER=41,, sinh(¢;) 0 ’

00 O sinh((2)

hence
My(¢, 2) My(¢, z) + cosh(¢1) M1 (G, z) + cosh(¢2) M2(C, z)
MO(Q; g) — MO(£7 g)
s |~ Sinh(C) M (¢, 2)
Ms(¢, 2) sinh((2) M2 (¢, 2)

~—

(¢121) cosh(Caze
sinh(¢721) sinh((o 29
sinh((7 21) cosh((222
cosh((121) sinh((222).

~— ~—

Therefore (7.3) implies
MO(Q z) = sinh((121) sinh((222),

_ sinh((y21) cosh((z22)
MG 2) = sinh(C,) :
_cosh((y21)sinh((222)
My(G2) = sinh(¢2)
and
My(¢, z) = cosh(C121) cosh(Caz2) — sinh(Cglilzzs?(@@)
11 1
_ cosh(Gyz1) sinh(Ga22) 7-4)
tanh((z)
From
sinh(¢(1 — z)) = sinh(¢) cosh(¢z) — sinh({z) cosh(¢) (7.5)

we see that (7.4) is equivalent to the formula for My in Theorem 6.1.

In conclusion, from (7.2), which is a special case of Theorem 7.1, we deduce
(7.3), which yields the results of Theorem 6.1. One easily deduces Theorem 4.1
from Theorem 6.1, and this is how we discovered the explicit formulae for the
polynomials Ay ;.

We are now ready to proceed to the proof of Theorem 7.1.

Proof. [Proof of Theorem 7.1]
We start by using elementary hyperbolic trigonometric formulae:
e1#:1+6222 — cosh (¢ 2y 4 Cozg) + sinh(Crzy + Goza),
cosh(C121 + (222) = cosh((121) cosh((z22) + sinh((r 21) sinh(C222),
sinh({121 + (222) = sinh(¢q21) cosh({a22) + cosh((y21) sinh((a22).
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Using Theorem 6.1 (with the formula for My given by (7.4)) and writing

N _ (1 4 cosh(e)
et My(¢,2) = <1 + sinh(¢7)
. _ (14 cosh(&)
e2Ms((,z) = <1 T sinh(¢s)

we deduce the first formula of (7.3), which implies the three other ones. As a

> sinh (¢ 21) cosh((a22),

) sinh({222) cosh((y21),

consequence, we obtain (7.2), which is the special case of Theorem 7.1 for the
functions z — €42 when ¢ € C2 has |¢1] < 7 and |(2| < 7. As a matter of fact, the
results we established before the present proof show that (7.2) is equivalent to the
formulae of Theorem 6.1.

From this special case we deduce the general case of Theorem 7.1 by means of
Laplace transform in two variables, as follows. Let

Ay ko kl k2
frm) =) Z el 1 %2

k120 k2 >0

be an entire function in C? of exponential type < 7. Corollary 7.1 shows that the
Laplace transform of f

F(C,G) =D ) ak k(NG

k12>0k2>0

is analytic in the domain {(¢1,¢2) € C* | |G| > 7, [G2] > 7}. For r > 7, it
follows from Cauchy’s residue Theorem [7, Equation (11)] and from the uniform
convergence of the series for F on |(1| = |(2| = r that we have

_ 1 C1z1+(222
f(Z17Z2) B (27Ti)2 //Cll [C2 =re : F(Ch <2>d<1d42 (7'6)
and

1
DU f(a1,22) = s / /IC e _ QGETTERE(G,Q)AGAG.  (7T)

Assume 7 < 7. Let r satisfy 7 < r < 7. In (7.6) we replace e“1*17¢2%2 by the right
hand side of (7.2):

frm) = 3 Auilero) g / / bR F (G ()AGHAG.
7” [=[2|=r
(t,5)eT G
Using (7.7), we deduce
fz1,2) = Y (DE)(e)Ari(z1, 20).
(ti)eT

The fact that this series is normally convergent in C? follows from Lemma 7.1 and
the upper bounds (4.1) : given r > 0 and k with 7(f) < k < 7, there exists ¢ > 0
such that, for (¢,7) € T with sufficiently large ||¢||, we have

IDf(e)| <l and  sup [Agi(2)] < s
lzi<r il
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hence the series

D 1D (e)] sup [Agi(2)]

(t,))eT lzll<r

converges. This completes the proof of Theorem 7.1. D

8. Functions of finite exponential type

Let K be a nonnegative integer and hy 1,...,hk,1 and hy2,...,hx 2 be even entire
functions of a single variable with exponential type < K7. Then the function

K

f(z1,29) = (hi1(22) sin(kmzy) + hi o (21) sin(kmz2))

k=1
is an entire function of exponential type < K which satisfies (Df)(e;) = 0 for all
(t,i) € T. Corollary 8.1 below shows that any entire function having exponential
type < K7 which satisfies (Dtf)(e;) = 0 for all (¢,7) € T is of this form.

Here is the two—variable analog of the result of Buck’s [7, Proposition 3] for a

single variable:

Theorem 8.1. Let K be a nonnegative integer. Let f be an entire function in C?
of finite exponential type < 7, with 7 < (K + 1)7. Then for z € C? we have

K

fl2)= > (DF)(e)gri(z) + Y (hia(z2)sin(kmz) + by o(21) sin(krzo)) |

(t)ET k=1

where the functions g, ;(z) are entire functions in C?, the series is normally con-
vergent in C* and hy1, hro (k=1,2,...,K) are even entire functions of a single
variable of exponential type < T.

Proof. Theorem 7.1 proves the formula of Theorem 8.1 for K = 0. Assume K > 1.
We extend the proof of [7, § 8] to two variables: in the formula of the Laplace
transform (7.6), we will expand 1176222 ysing the first formula of (7.3) together
with Theorem 6.1.

For M;(¢,z) and M5(¢, z) we use [7, Equation (17)] in the form

sinh(Cz)
Snh(C) Ak (C,2) + Gk (¢, 2)
with
K — 1)k sin(krz
AK(<7 Z) = 27TZ ( )CQ T ksgﬂ_(g )
k=1

and Gk an analytic function in the domain {(¢,z) € C* | [(| < (K + 1)7}. For
My(¢, z) we use [7, Equation (20)] in the form

sinh(¢z) coth(¢) = Bk (¢, 2) + Hi (¢, 2)
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with
ksin(kmz)
Bk = —27 Z C2 1 k22

and Hg an analytic function in the domain { (¢,z) € C? | [¢| < (K +1)7}. From
Theorem 6.1 we derive

Mi(¢,z) = (Ax(C1,21) + Gk (C1, 21)) cosh(Caza),
M;(¢, z) = cosh(Crz1) (Ak (G 22) + Gk (G2, 22))
and from (7.4) we get
Mo(¢, z) = cosh((r21) cosh(Caza) — (B (s 21) + Hi (€1, 21)) cosh(Caz2)
— cosh(C121) (Bk (2, 22) + Hi ((2,22)).
We define g 1(z) and g 2(z) for t; and to in 2N by writing the Taylor series
Gr (G 21)cosh(Gaze) = Y gra(z1,22)¢
(t.1)eT

cosh((121)Gr (2, 22) = Z gr.2(21, 22)

(t,2)eT
and so
gtl,t2,2(zl7 Zz) = gt2,t1,1(22, Z1)~

Next we define g, ¢(z) for ||£|| € 2N as the coefficients of the Taylor series
cosh((12z1 + Coz2) — Hi (C1, 71) cosh(Caza) — cosh(Crz1) Hi (Ca, 22)
= Z gr0(21, 22)¢

(t,00eT
Finally we set
X(¢,2) = (Ak(C1y21)e" — Bi(Cr, 21)) cosh(Cazs)
+ (AK(CQ,,zzg)e<2 — Bk (Ca, 22)) cosh(¢y121).
Using the first formula of (7.3) we obtain
e = 3" gri(2)ef¢t+x(¢ 2), (8.1)
(t,))eT

where for each z € C the series is normally convergent in {¢ € C* | |¢| < (K+1)7}.
Further, we have

K
Z Xk,1(C, 22) sin(kmz1) + xk,2(¢, 21) sm(/mrzg)) (8.2)
k=1
where
2k k+1 oG
Xk,1(C5 2) ((—1)""*eS 4 1) cosh(¢22)

s
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and
21k

- W((_l)kﬂe@ + 1) cosh((12).

Xk.2(C, 2)

For k=1,...,K and j = 1,2, the function x4, ;(¢, z) is analytic in the domain
{((,2) eC® | Kr<|G] < (K+1)m, Kr <|G| < (K+1)r}

and the map z — x (¢, 2) is even.

Let f be an entire function in C? of finite exponential type < 7, with K7 < 7 <
(K +1)m. The assumption 7 > K is no loss of generality # for the proof of Theorem
8.1. Let r satisfy 7 < r < (K + 1)m. We denote by F the Laplace transform of f.
Combining (7.6) with (8.1) we deduce

reva =g [ | X St | Faaad

(t,)eT

= Y 0l [[ G Gl

(tA)eT
1
+ W//Ill—cz—r X (¢, 2)F(C1, ¢2)d¢1dCo.
From (7.7) we deduce
1 Gt — 1
e [ G GG = (D))
Finally using (8.2) we deduce the formula of Theorem 8.1 with
1
sl = g [ ka6 FQAGG

for any r with 7 < r < (K +1)x. This function hy ; has exponential type < r. Since
this is true for all r in the range 7 < r < (K + 1)7, and since the exponential type
is defined with a lim sup, the exponential type is < 7.

Let x satisfy 7(f) < k < r (recall r < (K 4 1)7) and let R > 0. Lemma 7.1
implies that for (¢,4) € T with sufficiently large ||¢||, we have

|DEf(e;)] < sl
Since the three functions Gk ({1, 21) cosh((azs), cosh(¢121)G Kk (2, 22) and
cosh(Giz1 + (222) — Hi (G, 21) cosh(Caz2) — cosh(Ciz1) Hk (C2, 22)
are analytic in the domain

{(¢1, Gy 21,22) €C | |G| < (K + ), |Gof < (K + D)7}

aIn [7, Proposition 3], the condition 7(f) < r < (K+1)7 should be replaced with max{7(f), Kn} <
r < (K +1)m.



September 3, 2022 19:5 BivariateLidstonelnterpolation

Lidstone interpolation II. Two variables 19

and since r < (K + 1), it follows from Cauchy’s inequalities (7.1) that there exists
¢ > 0 (depending on r and R) such that, for (¢,4) € T, we have
c
sup g4,i(2)| < -
llzl<r ri=
Hence the series

Y D))l sup |gilz)]

(t,))eT lzI<R
converges.
This completes the proof of Theorem 8.1. O

A consequence is the following analog in two variables of Schoenberg’s result [7,
Corollary 2]:

Corollary 8.1. Let f be an entire function having exponential type < 7, with
7 < (K+1)7 . Assume (Df)(e;) = 0 for all (t,i) € T. Then there exist even entire
functions of a single variable hy, 1 and hi2 (k=1,2,..., K) having exponential type
< 7 such that

K
f(z1,22) Z hi1(z2) sin(kmz1) + hi2(21) sm(lmzz))
k=1

9. Further bivariate interpolation theories

In the present paper we extended to two variables the univariate Lidstone interpo-
lation theory by considering

(D®t2) £)(eg) with ¢y and ty even, (D) f)(eg) with ¢; and 5 odd,
(D®t2) £)(e1) with ¢, and ty even, (D) f)(ey) with ¢, and t, even.

Our solution is not the unique one for which the theory can be developed. Indeed,
there is a potential similar story for each choice of 4 triples (v, v2,7) among the
12 elements in (Z/2Z)? x {0,1,2}. For a polynomial or an entire function f, one
considers the set of values

(D(tl’tZ)f)(ei) with ¢1 € 1 and t9 € 1y
for the four selected triples (v1,va,4). Our choice is
(0,0,0), (1,1,0), (0,0,1), (0,0,2).
For each ¢ € {0, 1,2}, the choice of the four triples
(0,0,7), (1,1,4), (1,0,%), (0,1,4)

corresponds to the Taylor expansion at e;. There are (f) = 495 choices for the
four triples (1, v9,1). However, this number can be reduced by using symmetries.
Furthermore, not all of these sets of four triples are admissible.



September 3, 2022 19:5 BivariateLidstonelnterpolation

20 Michel Waldschmidt

9.1. Admissible sets of four triples

Let S be a set of four triples (v1,v2,4) € (Z/2Z)? x {0,1,2}. We denote by Tg the
set of (t,i) € N2 x {0,1,2} such that t; € v; and t5 € v, for all (v1,19,i) € S.

Definition: A set S of four triples (v1,vs,1) is called admissible if the map from
Clz1, 29] to C*s which sends f to the tuple (DLf)(e;), (¢,7) € Tg is an isomorphism.
For instance the choice

{(0,0,0), (1,1,0), (0,0,1), (1,1,1)}

is not admissible: if ¢ is an odd function of a single variable, the function f(z1,22) =
g(z2) satisfies

(Dtf)(eg) = (Dtf)(ey) =0

for all ¢ with ||t|| even. Also, if, for the four triples, the values of vy are all 1,
then the existence and unicity of the interpolation polynomials is not guaranteed;
this situation is similar to the question of interpolation of an univariate function
using derivatives of odd order at two points [6, §1.2] (even Lidstone—type sequences);
for such an interpolation problem, instead of interpolating f(z1,z2) using the four
triples (1, v9,14), we interpolate (0/0z1) f(z1, 22) using the corresponding four triples
(0,2, 1), assuming this second set is admissible.

Lemma 2.1 shows that our set of four triples

{(0,0,0), (1,1,0), (0,0,1), (0,0,2)}

is admissible.

9.2. Bivariate Whittaker interpolation

Two other admissible choices for the four triples (vq,v9,4) are
{(0,0,0), (1,1,0), (1,0,1), (0,1,2)}
and
{(0,0,0), (1,1,0), (0,1,1), (1,0,2)};

one may compare with Whittaker’s expansion of a function of a single variable using
derivatives of odd order at one point and even order at the other [6, §6].
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